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Summary (English)

This thesis consists of six chapters. The first chapter, contains a short intro-
duction to coding theory in which we explain the coding theory concepts we
use. In the second chapter, we present the required theory for evaluation codes
and also give an example of some fundamental codes in coding theory as eval-
uation codes. Chapter three consists of the introduction to graph based codes,
such as Tanner codes and graph codes. In Chapter four, we compute the di-
mension of some graph based codes with a result combining graph based codes
and subfield subcodes. Moreover, some codes in chapter four are optimal or
best known for their parameters. In chapter five we study some graph codes
with Reed—Solomon component codes. The underlying graph is well known and
widely used for its good characteristics. This helps us to compute the dimension
of the graph codes. We also introduce a combinatorial concept related to the
iterative encoding of graph codes with MDS component code. The last chapter
deals with affine Grassmann codes and Grassmann codes. We begin with some
previously known codes and prove that they are also Tanner codes of the inci-
dence graph of the point-line partial geometry of the Grassmannian. We expect
that the techniques exposed in chapter six are also applicable to other codes as
well.






Summary (Danish)

Afhandlingen bestar af seks kapitler. Kapitel 1 indeholder en kort introduktion
til kodningsteori, hvor de begreber og resultater fra kodningsteori der er benyttet
i det fglgende, bliver gennemgaet. I kapitel 2 bliver den relevante teori for eval-
ueringskoder introduceret og en raekke af de klassiske koder bliver prasenteret
som evalueringskoder. Kapitel 3 indeholder konstruktion af koder baseret pa
grafer, blandt andet Tanner koder og graf koder. I kapitel 4 bestemmes dimen-
sionen af nogle graf baserede koder ved at kombinere resultater om graf koder
og subfield subcodes. En del af disse koder er optimale for de givne parametre
eller blandt de bedst kendte. I kapitel 5 studerer vi en klasse af graf koder med
Reed-Solomon komponentkoder. De underliggende grafer er velkendte og er ofte
udnyttede pa grund af deres fine kombinatoriske egenskaber. Ved hjalp heraf
bestemmes dimensionen af en raekke grafkoder. Kapitlet indeholder ogsa en in-
troduktion til et kombinatorisk begreb der kan udnyttes til iterativ indkodning af
grafkoder med MDS komponentkoder. Det afsluttende kapitel behandler affine
Grassmann koder og Grassmann koder. Det vises blandt andet at en bestemt
klasse af koder kan opfattes som Tanner koder baseret pa incidens grafen af
punkter og linier i den sakaldte Grassmann mangfoldighed. Det forekommer
sandsynligt at de i kapitel 6 udviklede teknikker ogsdkan anvendes pa andre
klasser af fejlrettende koder.






Preface

This thesis was prepared at the Department of Applied Mathematics and Com-
puter Science at the Technical University of Denmark in fulfilment of the re-
quirements for acquiring a Ph.D. in mathematics. It collects the work we’ve
done in the last three years on graph based codes. We have focused on an alge-
braic approach to graph codes. The reason everything works well here is that
the algebraic aspect of the graphs we study complements nicely the algebraic
structure of the component codes. Therefore, we can set both the codes and
the graphs under the same algebraic framework. After this, we obtained some
good results on the dimension of graph codes including the optimality and near
optimality of the dimension is some cases with Reed-Solomon component codes
and the characterization of the dual code of a graph code.

We also obtained some results about Grassmann codes and affine Grassmann
codes. We were able to characterize the minimum weight codewords of the dual
Grassmann codes and dual Affine Grassmann codes. In turn, this implies that
Grassmann codes are Tanner codes where the graph is the point—line incidence
graph of the point—line partial geometry of the Grassmannian. The partial ge-
ometry of the Grassmannian captures the algebraic and geometrical essence of
the Grassmannian, and this is also reflected on the Grassmann code. Further-
more, we also proved that the Grassmann code has optimal dimension with
respect to the graph and MDS component code. We were able to extend this to
an iterative encoding function of the Grassmann code as a Tanner code.

The difference between the techniques used for both classes of codes is that, for
the codes in Chapter four and five, we began with a graph and a component
code and we combined the two together to make graph codes, which we study.
Using the inherent algebraic structure of the graph and the component codes we
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were able to put the whole graph code on the same algebraic framework. This
allowed us to bound their dimension.

For the codes in Chapter six we began with a known code: the Grassmann code.
From the algebraic properties of the Grassmannian we knew the Grassmann
codes are contained in a nontrivial Tanner code. We were able to use the
characterization of a Tanner code in terms of projections and the minimum
weight codewords of the Grassmannian to prove that actually the Grassmann
codes are the Tanner codes of the point-line geometry of the Grassmannian. In
this case, we used the Tanner code concept to study a well known code.

We feel both codes represent an exchange between coding theory and algebraic
geometry. The codes in Chapter four and five have graphs which represent a
finite projective geometry. Furthermore, the component codes also represent
geometrical objects inherent to the geometry of the Grassmannian. Commuta-
tive algebra blends the two together in a way which preserves the graph code
construction. This represents an application of Algebraic Geometry to Coding
Theory. The codes in Chapter six are essentially an algebraic geometrical ob-
ject. From the algebraic geometrical properties of the codes we can prove they
are Tanner codes in a nontrivial way. Moreover, this Tanner code also reflects
the algebraic geometrical properties of the original code. In this way Coding
Theory is applied to Algebraic Geometry.

Both approaches are useful in coding theory. Both approaches were quite pleas-
ing to work with. The work on these classes of codes is not yet exhausted. We
hope to use the results in this Ph.D. thesis to expand results in coding theory.

Lyngby, 31 October-2014

c -

Fernando Luis Pinero Gonzélez
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CHAPTER 1

Introduction

Graph based codes, and affine variety codes, are code constructions. As such,
each code gives a different perspective in coding theory. The graph based code
construction boils down to building a long code starting with several short codes,
and a graph which describes how to join the shorter codes together to build up
the longer code one wants. The choice of code and graph to construct the
long graph code gives some information about the resulting code parameters.
This information is not complete, as the graph based code construction gives
a wide leeway to construct a graph code from a graph and a code. What
makes graph codes tantalizing for implementation is that the graph based code
construction gives a simple and fast decoding algorithm based only on the graph
and the decoder of the component, code. This is where most research of graph
based codes is focused, on minimum distance and decoding. Usually, research
on graph based codes focuses on the class of codes defined by a graph and a
component code, but our research focuses on specific graph based codes in order
to understand the dimension of graph based codes.

When Tanner introduced graph based codes he remarked that any code could
be described as a graph based code construction. This is why we say graph
based codes are also a perspective on coding theory. Here we study codes from
the perspective of both graph based codes and affine variety codes.

In the second chapter, we introduce: polynomial rings, ideals, varieties, Grobner



2 Introduction

bases, polynomial functions and other concepts in order to define affine variety
codes with the required mathematical background. Most of the material is
standard, although we also present theorems specifically for our work on graph
based codes. We finish the second chapter with some examples of affine variety
codes in order to familiarize the reader.

After laying the groundwork on affine variety codes in the third chapter, we
introduce: bipartite graphs, labelings and two constructions of graph based
codes, Tanner codes and graph codes. In this thesis, we have omitted another
well-known class of graph based codes known as expander codes. Introducing
expander codes would have complicated our exposition to the topic severly.
Nonetheless, for those interested in expander codes, they are also constructed
as Tanner codes in a simple and intuitive way. When Tanner introduced graph
based codes he also remarked upon the similarity between the two constructions
we present. We make this similarity rigourous in order to use a original result
on graph codes to get the dimension of some Tanner codes. We finish the third
chapter with some examples of graph codes and Tanner codes.

After presenting the required background, we begin making graph based codes
as affine variety codes. In the fourth chapter, we present some Tanner codes
with cyclic component codes. After the necessary background on subfield sub-
codes we describe the underlying graph as an affine variety. Then, we use some
cyclic component codes such that the graph codes are generated by rational
functions over the affine variety representing the graph. Then, we present some
improvements to compute the dimension for the graph based codes with cyclic
component codes. From this improvement, we present the dimension for some
of these graph codes with cyclic component codes. Since Tanner codes are also
a graph codes with cyclic component codes, we present some Tanner codes from
the same construction which turn out to have maximal or best known parame-
ters.

The fifth chapter consists of studying graph based codes with Reed—Solomon
component codes. We present the graph codes from two different graphs with
the same Reed—Solomon component codes. As in chapter four, we present the
underlying graphs as an affine variety. Then, we present the graph codes as
affine variety codes over the graphs. With Reed—Solomon codes, and as opposed
to chapter four, we can find explicit bounds for the graph code dimension in
this case. We prove when the formulas are exact and give examples when the
formulas fail.

In last chapter, we study Grassmann codes and affine Grassmann codes. Affine
Grassmann codes are defined as affine variety codes. From the minimum dis-
tance codewords of their dual code, we prove affine Grassmann codes are Tanner
codes with other affine Grassmann codes as component codes. Since Tanner code
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is also described in terms of the puncturing and shortening operations, we can
also view Grassmann codes as Tanner codes with other Grassmann codes as
component codes.

Now we present some preliminary notions of coding theory of interest for us.

1.1 Coding Theory Notions

DEFINITION 1.1.1 For ¢ = (x1,%2,...,%4),¥ = (Y1,¥Y2,---,Yn) € F", we
define Hamming distance between = and y as

dlx,y) =#{i | x; £y, i=1,2,...n}.

DEFINITION 1.1.2 For S C F" we define the minimum distance of S as

d(s) := mgl;gs d(z, y).

DEFINITION 1.1.3 Let C be an F -linear subspace of Fyy. Then C is a (linear)
code over F,. The parameters of C are the length n, the dimension dimg, C' and
d(C). If dimp, C = k and d(C) = d, then we say C is a [n,k,d]r, code. If we
wish to emphasize only the field F,, then we say C is a code over F,. If c € C
then ¢ is a codeword of C.

LEMMA 1.1.4 Let C be a linear code over F,. If ¢, ¢ are two codewords of
C of minimum weight and on the same nonzero coordinates, then ¢’ = ae for
some o € Fo.

PROOF.

Let ¢} = ac; # 0. Then the vector ¢/ — ac is a codeword of C' with a weight
strictly less than d(C'). Therefore, ¢’ — ac must be the zero codeword. O

Although, there exist nonlinear codes, we consider only codes which are linear
subspaces of Fy. Hereafter, linear codes will be referred to as codes. Since we
are working with linear spaces, we have the following definitions.

DEFINITION 1.1.5 Let C be a code of length n and dimension k over Fy. An
generator matrix for C' is an k x n matriz G over F, whose rowspace is C.
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The generator matrix for a code gives a compact way to describe a code and its
dual. If G is the generator matrix of C, then C* is the right nullspace of G.

DEFINITION 1.1.6 Let C be an F-linear subspace of ¥. We define the dual
code of C as the orthogonal complement of C. That is

ct ::{mEFZ | Ve € C x1c1 + x2¢2 + -+ + 0 = 0}

The code C* is a [n,n — k,d(CH)]p, code.

DEFINITION 1.1.7 Let C1,Cy be codes of length n over Fy,. We say Cy and
Cs are monomially equivalent codes if there exist a1, s, ..., an € Fy such that

(c1,¢2,...,¢) € Cy if and only if (a1c1,a0ca, ..., ancy) € Co.

And we have the following theorem.

THEOREM 1.1.8 Suppose Cy and Cy are monomially equivalent codes. Then
Ci is monomially equivalent to Cs-.

Now we present another notion of equivalent codes based on permutations.
DEFINITION 1.1.9 Let C be a code of length n. Suppose o is a permutation
of {1,2,...,n}. If ¢ = (c1,¢2,...,¢pn), then o(€) := (Co(1), Co(2)s - -+ Ca(n)). We

also define o(C) := {o(c) | ¢ € C}. In case o(C) = C, then o is called an
automorphism of C. The group of all automorphisms is denoted by Aut(C).

Note that if C'is a code, then o(C) is a code with the same parameters as C.

DEFINITION 1.1.10 If a code D is obtained by permuting the positions of a
code C', then the code D is permutation equivalent to C. We denote it by C = D.

DEFINITION 1.1.11 Let C be a code of length n over F,. Suppose the set
I ={i1,i2,...,0im} is a subset of the code positions {1,2,...,n}. We define the
punctured code of C at I as

chi= {(ciwciz""vcim) € Fé | ce C}

We also define the shortened code of C' at I as
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C[ = {(Cil,CiQ,...,Cim) € Fé | (S C,Ci = O7Z gl}

Note that puncturing a code means discarding all the coordinates outside of I
and shortening means to set all coordinates outside of I equal to 0, and then
discarding these. Mathematically puncturing a code C' on the positions given
by I is projecting the code onto the positions given by I. In coding theory
puncturing is usually reserved for the case the dimension does not decrease. We
use either term. We have the following theorem.

THEOREM 1.1.12 Let C be a code of length n over Fy. Let I = {i1,i2,...,%m}
be a subset of the positions of C, then

(€ =(Cn*.

Puncturing and shortening codes are an elementary way of constructing codes
from longer codes. In addition, puncturing and shortening also give some control
of the parameters of the punctured code in terms of the parameters of the
original code. These two concepts are also important in undestanding graph
based codes.

DEFINITION 1.1.13 Let C be a code of length n over Fy and dimension k. An
information set of C' is a subset, I, of k positions of C such that the submatriz
of the generator matriz of G obtained from the columns of Io has full rank.

An equivalent definition of an information set of C' is a set of coordinates such
that the values of a codeword at the coordinates of the information set determine
the codeword uniquely. Therefore, the information set is a set which has all the
information about a codeword. Once the entries in an information set have been
determined, then all other entries are also determined. Note that, for a code of
dimension k there exists at least one information set of size k,

THEOREM 1.1.14 (THE SINGLETON BOUND) Let C be an [n,k,d] code.
Then,

d<n-k+1.

In coding theory one of the most important class of codes are those for the
Singleton bound holds with equality. That is:
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DEFINITION 1.1.15 An MDS code is an [n, k, d] code which satisfies the Sin-
gleton bound with equality. That is:

d=n—k+1.

MDS is short for Maximum Distance Separable. There are several characteri-
zations of MDS codes. We can relate MDS codes to the other concepts we have
introduced in the following theorem:

THEOREM 1.1.16 Let C be an [n, k,d] code. Let I be a subset of n coordinates
of C. The following are equivalent:

C is an MDS code.

e CL is an MDS code.

Any set of k coordinates of C is an information set for C.

Any puncturing of C (including C itself) is an MDS code.

Any shortening of C (including C itself) is an MDS code.

1.2 What is a good code?

Graph based codes were introduced by Gallagher in [Gal63]. Later, Tanner
also worked on graph based codes starting in [Tan81]. After these seminal
works, others have also worked on graph based codes, such as Low Density
Parity Check (LDPC) codes and Expander codes. Some significant articles are:
|[ABN™92, [Zem01l, [KLF0TL [SS96|, [BZ05, [RS06].

The allure of graph codes is that their performance as a good code does not
depend on their minimum distance, instead it depends on the performance of
the iterative decoder. Normally, the minimum distance of a code is a proxy for
good decoding performance. However, some LDPC codes, Expander codes and
Product codes decode much better than what their minimum distance predicts.
Tanner in [Tan84] shows that the decoding and minimum distance of a graph
based code depends on the second largest eigenvalue of the graphs. The decoding
performance actually depends on the expansion of the graph. Expander graphs
are studied in [Alo86, [IDBL&4, Mar88, [Nil91l [Mor94, [L.U95].
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Good codes with good decoding performance using the graph expansion property

are studied in [GI0T], [GI02, RUOTal RUOIbL, RSUOT, SRO3, LRCOS].
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CHAPTER 2

Affine Variety Codes

Our algebraic approach to graph based codes is based on affine varieties. By
treating both the graphs and the component codes within the same framework
of affine varieties, we can construct some graph based codes under the same
framework. In this chapter, we introduce affine variety codes. With affine vari-
eties, we study codes from algebraic objects such as curves and surfaces. These
algebraic objects add an extra algebraic layer to coding theory. We describe
affine varieties with polynomial rings, ideals and Grobner bases. The material
and notation follows [CLOQT]| closely.

This chapter is organized as follows. First, we introduce polynomial rings. Sec-
ond, we introduce ideals and Groébner bases. Third, we introduce ideals of
polynomial rings and affine varieties. Lastly, we introduce affine variety codes
and give some examples.

2.1 Polynomial Rings

DEFINITION 2.1.1 A monomial in x1,Zo,...,T, S a product of the form

xtxg? - - xen, where ai,ag, ..., a, € N.
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ai .a2

We may simplify the notation of x7*x5*---xi» to x® The total degree of the
monomial is a1 + as + -+ -+ a,. We denote the total degree as deg(x®).

DEFINITION 2.1.2 Let k be a field. A polynomial in k is a finite, k-linear
combination of monomials. We can write a polynomial f in the form

=) far® fack

where the sum is over a finite number of vectors a € N™. The set of all polyno-
mials in x1,Ts,...,x, with coefficients in k is denoted by k[z1, 2, ..., zp].

We can make the polynomial ring k[z1, 23, ...,z,] into a domain with the fol-
lowing addition and multiplication operations.

THEOREM 2.1.3 Suppose that the product of x® and x® is 2%7°. In addition,
let f = Z fax® and g = Zgax be polynomials in k[x1, 22, . ..,x,]. Then, the

Ting k[a:l,xg, o xp] ds a domam with the operations
Frg=> (fa+ga)r® and fg:=> (> foge)z
a a btc=a

DEFINITION 2.1.4 Let f =) fox® be a polynomial in K[z1, 22, ... ,x,]. The

a
element fo € k is the coefficient of @ in f. If f, # 0, then f,x® is a term of
f- The total degree of f is the highest total degree among the monomials of the
terms of f. We denote the total degree of f by deg(f).

2.2 Ideals and Grobner bases

Grobner bases are important computational tools when working with ideals in
polynomial rings. These bases contain the information necessary to answer some
fundamental questions about a polynomial ring ideal quickly and easily. Ideals
and Grobner bases are elementary tools to study affine variety codes.

DEFINITION 2.2.1 A subset I C K[z, o, ..., x,] is an ideal of the polynomial
ring K[x1,xa, ..., x,] if it satisfies the following:

e Iffgel then f+ge€el.
o If feI and h € K[xy,x2,...,x,] then fh € I.



2.2 Ideals and Grébner bases 11

DEFINITION 2.2.2 Let f1, fa,..., fs € klx1,29,...,2,]. We define

(f1, foro s o) =D hifi | hi € K[y, 2o, ... 2]}

i=1

With the definition of an ideal and the definition of {fi, fa,. .., fs) one can easily
work out that (f1, fa,..., fs) is an ideal of k[z1, 2, ..., 2,]. Thus, we call the
ideal (f1, fa,..., fs) the ideal generated by f1, fa,..., fs-

DEFINITION 2.2.3 A monomial order, <, is a total ordering on the monomi-
als on x1,xs,...,T, such that:

o 1 <Xz for all monomials x®.
o For all monomials % and x® if 2% < £® and 2% < x® hold then 2% = 2.

o For all monomials x2, z° and z¢ if % < 2P then zote < gbte,

For a monomial order =, the relation 2 < z® includes the possibility 22 = zP.

The relation 22 < 2P is equivalent to 2 < 2P but 2@ # zP.

DEFINITION 2.2.4 For monomials 2% and z° on x1,2s,...,%,, a, b€ N we
define the lexicographical order, <j., with x1 > x9 > --- > x, as follows.

If a] = b17CL2 = bg, e, Qi1 = bi—1 but a; < bi, then x® <lex Ib.

For monomials % and z° on x1,22,...,2,, a,b € N* we define the degree
graded lexicographical order, <gey, with x1 > x9 > -+ > 2, as follows:

2% <g1ez 2% if and only if deg(a) < deg(b) or deg(a) = deg(b) and 2* <jer 2°,
where <je, is the lexicographical order with T1 > xo > -+ > .
The degree graded reverse lexicographical order, <gyjc, withx; > x92 > -+ > 2,
is defined as

29< gr1ea®? if and only if deg(a) < deg(b) or deg(a) = deg(b) and £ >,jcq x°

where <, S the lexicographical order with x,, > xn,_1 > -+ > X9 > x7.

DEFINITION 2.2.5 Let f =Y fqax® be a polynomial in k[x1,x9,...,2,]. Let

=< be a monomial order among the monomials in x1,%2,...,x, If % is the
greatest monomial among all terms of f, then f, is the leading coefficient of
f under <, x% is the leading monomial of f under < and fqx® is the leading
term of f under < . We denote the leading term of f by LT <(f), the leading
coefficient by LC<(f) and the leading monomial by LM <(f).
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The fundamental algorithm in computations with ideals in a polynomial ring is
the multivariate polynomial division algorithm.

ALGORITHM 1  Multivariate division algorithm in K[x1,zo,...,2,] under
=
Inp'u’t f17f21"'7fsaf'
Output: a1, as,...,as,T.
ay:=0,a2:=0,...,as :=0,7:=0
p=f
while p # 0 do
i1:=1

divisionoccurred := FALSE
while i < s and divisionoccurred = FALSE do

if LM <(f;) divides LM <(p) then
a; = a; + LLTT:((;ZL)

LT
p=p— LT:(fl i

divisionoccurred := TRUFE
else
1:=1+1
end if
end while
if divisionoccurred = FALSE then
r:=r+ LT<(p)
p=p— LT<(p)
end if
end while

end

DEFINITION 2.2.6 The output v when dividing f by fi, fo,..., fs is called
the remainder of f when divided by fi, f2,..., fs- The outputs ai,as, ..., as
are known as the quotients.

THEOREM 2.2.7 Fiz a monomial order < . Let F' = (f1, fa,...,fs) be an
s-tuple of polynomials in K[x1,za,...,2,]. For any f € K[zq,29,...,x,] there
exist a;,r € K[x1,T2,...,2,] such that,

o f=aifi+axfot+ - +asfs+r,
e none of the terms of r are divisible by any of the monomials LM <(f;),

e and if a;f; # 0 then LM <(a;f;) < LM <(f).
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PrOOF.

The output of the multivariate division algorithm in k[z1, 23, ..., z,], when the
input is f1, fo, ..., fs, f, satisfies the conclusion of the theorem. O
DEFINITION 2.2.8 Let I be an ideal of k[x1, 22, ..., 2z,]. Let < be a monomial

order. We define LM <(I) as the set of leading monomials of the polynomials
in I, that is
LM<(I)={«* |3 fel : LM<(f) =2}

DEFINITION 2.2.9 Let I be an ideal of k[x1,xo, ..., x,]. We define
Ax(I):={z*| 2* ¢ LM<(1)}.

The set A<(I) is a normal basis for k[z1,xa,...,2,]/] under <. This is also
known as the footprint of I. This term was introduced by R.E. Blahut.

We call A<(I) a normal basis because of the following:

THEOREM 2.2.10 Let I be an ideal of k[x1, xo, ..., x,]. Suppose < is a mono-
mial order. Then {x%+1 | z® € A<(I)} is a basis for k[z1,x2,...,2,])/] as a
k-vector space.

The sets LM <(I) and A<(I) contain plenty of information about the ideal I.
For example, I N Spank(A<(I)) = {0}. Also, if we know a basis for the ideal
I from which the set LM <(I) is easily derived then we can easily determine
whether or not a polynomial belongs to the ideal.

DEFINITION 2.2.11 Let I be an ideal of K[x1,2a,...,2,]. Let < be a mono-
mial order. The set {g1,92,...,9m} is a Grobner basis for I under < if and
only if the following hold:

hd <gla.92a-~-agm> :Iv
o (LM<(g1), LM<(g2),. .., LM=<(gm)) = (LM <(I)).

With a Grébner basis for I under < we can derive A<(I) easily. The next
theorem expands upon the usefulness of Grébner bases.

THEOREM 2.2.12 Let I be an ideal of K[x1,xa,...,2,]. Let <X be a monomial
order. Suppose (g1,92,-..,9m) = I. The following are equivalent:
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o The basis {g1,92,---,9m} is a Grobner basis for I under =<,

e The remainder of any f when divided by ¢1,92,...,9m 1S equal to the
remainder when [ is divided by any permutation of 91,92, .., Gm,

e The remainder of any f € I when divided by g1,92,-..,gm is 0.

The Grobuer basis is the key to compute in k[z1, 29, ..., 2,]/I. The remainder
when dividing by a Grobner basis under < will always belong to Spank(A<(I)).
If we divide f by a Grobner basis of I under <, we denote the remainder by
rem<(f).

2.3 Affine Varieties and Ideals

DEFINITION 2.3.1 We define the n-dimensional affine space of k as
Aln, k) :={(p1,p2,--.,0n) | Vi=1,2,...,n : p; € k}.

The elements of A(n,k) are also known as points. The affine space A(1,k) is
known as the affine line and A(2,k) is known as the affine plane.

DEFINITION 2.3.2 Let f € k[xy,xo,...,2,]. Let p be a point of A(n, k). If
we replace x; by p; then we obtain an element of k defined as the evaluation of
f at p denoted by either f(p1,p2,...,pn) or f(p). In this way, f gives rise to a
polynomial function from A(n,k) to k. The polynomial function given by f is
also denoted by f.

LEMMA 2.3.3 Let k be a field with an infinite number of elements. The only
polynomial which evaluates to 0 on all points of A(n,k) is 0.

Please note, it is important that the field k has an infinite number of elements.
Over F, the nonzero polynomial 27 — x gives the zero function in A(1,F,).

DEFINITION 2.3.4 We denote by k a fized algebraic closure of the field k.
DEFINITION 2.3.5 Let f1, fa,..., [s € k[x1,29,...,2,]. We define

V(fi, fas- i fs) = {p € An,k) | Vi : fi(p) =0}

The set V(f1, fa,..., fs) is the affine variety over k defined by f1, fa2,..., fs.
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This definition of an affine variety is not the standard definition. The object
we are defining technically is the zero locus of a set of polynomials. Affine
varieties are also geometrical objects and we want to use this to construct to
our liking. Now we define several relations between ideals and affine varieties.
With these we may switch between algebraic and geometric descriptions, making
them essential to algebraic geometry.

DEFINITION 2.3.6 Let V C A(n, k) be an affine variety. We define I(V') as

IV):={f eklzy,za,...,2,] | VP €V : f(p)=0}.

Clearly, I(V') is an ideal of kK[x1, o, ...,2,]. The ideal I(V) is called the ideal
of the variety V .

DEFINITION 2.3.7 Let I be an ideal of k[x1,xo,...,x,]|. We define
VI):={peAlnk) | f(p)=0Vfel}

Since any ideal I is generated by some f1, fa,..., fs € K[x1,22,...,2,], we can

write V(I) = V(f1, fa,..., fs). Thus V(I) is an affine variety.

DEFINITION 2.3.8 Let I be an ideal of k[x1, 22, ...,xz,]. The ideal I is a rad-
ical ideal if f™ € I for some m implies f € I.

DEFINITION 2.3.9 Let I be an ideal of k[x1, 2, ...,2,]. The radical ideal of
I is denoted by /I and defined as

VI={f|3meN: fmell.

From the definition one can easily prove that /T is a radical ideal.

LEMMA 2.3.10 IfV is an affine variety, then I(V) is a radical ideal.

We have defined ideals, varieties, the ideal of a variety and the variety of an
ideal. We know that the ideal of a variety is radical. The next theorems tell us
more about the nature of this mapping between ideals and varieties and how to
find a 1-1 correspondence between some ideals and varieties.

THEOREM 2.3.11 (THE NULLSTELLENSATZ) Let I be an ideal of the poly-
nomial ring kK[x1,x2,...,2,]. Then,

I(V(I)=VI.
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THEOREM 2.3.12 (IDEAL—VARIETY CORRESPONDENCE) For any field
k and an affine variety V C A(n,k) we have

V = V({I(V)).
Moreover, for k =k and for a radical ideal I C k[x1,22,...,2,] we also have
I=1I(V(D)).

The Ideal—Variety correspondence theorem is the fundamental relation between
ideals and affine varieties. With this algebraic geometrical relation, we may
define polynomial functions on a affine variety. Later on, we will define affine
variety codes with these polynomial functions.

DEFINITION 2.3.13 For a field k and V an affine variety of A(n,k), we de-
note by K[V] the ring of all polynomial functions from V to k.

THEOREM 2.3.14 Let f,g € k[z1,29,...,2,]. Let V be an affine variety of
A(n,k). Then, f and g represent the same polynomial function in k[V] if and
only if f—ge I(V).

The next corollary shows the relation between the polynomial functions over an

affine variety V' and the quotient ring k[z1, 22, . .., z,|/I(V).

COROLLARY 2.3.15 Let f([ml,xg_, ..., Zy] be a polynomial ring, V any affine
variety of A(n,k). Then k[V] and k[z1, 22, ...,2,]/I(V) are isomorphic rings.

Note that since the Nullstellensatz holds only for algebraically closed fields, we
may not be able to apply Corollary 2.3.15] for any field. In the next subsection,
we study a case where Corollary [2.3.15| holds over non algebraically closed fields.

2.3.1 Finite Affine Varieties

THEOREM 2.3.16 Let I be an ideal of k[x1,xo, ..., x,], such that, V(I) is a
finite set. Then

o #V(I) is at most dimk[xy,xa, ..., 2,]/1.

o If I is a radical ideal then equality holds; dimk[xy, xo, ..., x,]/T = # V(I).
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o For each x; there is a univariate polynomial f;(x;) € 1. If the degree of
fi(x;) is my then #V(I) < mima---m,,.

From [GHOO|] the first bound is referred to as the footprint bound. Now we
improve the footprint bound.

THEOREM 2.3.17 Let I be an ideal of k[x1,23,...,2,], such that, V(I) is a
finite set. Let g1,9o,...,9s be a basis of I. Then, for a monomial order = the
following holds:

#A<(I) < #A<((LM<(g1), LM <(g2), - - ., LM <(gs)))
with equality if and only if g1,92,-..,9s is a Grobner basis for I under =< .

We need a particular lemma on ideals and polynomials of the form z! — z;.

LEMMA 2.3.18 Let I be an ideal of Fylx1, 2o, ..., x,]. Suppose that for each
x; there is a univariate polynomial x! — x; € I. Then I is radical.

Lemma [2.3.18)is a specific instance of Seidenberg’s lemma. [Sei74]

Our interest on Affine Variety codes is based on affine varieties over F,. Now
we show that we can work with ideals over F,. To do this, we state an explicit
basis of the ideal of any affine variety of A(n,F,). We begin with a definition of
interpolating polynomials.

DEFINITION 2.3.19 Let p = (p1,p2,--.,Pn) be a point of A(n,F,). The char-
acteristic polynomial of p over F, is the polynomial

n

Fpi=1-]]00 = (@ —p)*").

i=1
If V is a set of points of A(n,F,) we define the characteristic polynomial of V
over Fy as the polynomial

Fy =[] Fp

peV

This interpolating polynomial is not the Lagrange interpolation polynomial.
Rather we are making a polynomial whose zeroes in A(n,F,) are exactly the
point of the affine variety V. We describe it as follows.
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LEMMA 2.3.20 If p is a point of A(n,F,), then Fy(p) = 0 if and only if
peV.

THEOREM 2.3.21 Let V be a finite set of points of A(n,F,). Suppose f is
a polynomial whose zeroes over A(n,F,) are V. Then, V is the affine variety
V(a! — z1,23 — x9,...,28 — x,, f). Moreover, the ideal I(V) is generated by
(xf — 21,23 —xo,..., 2L — 2y, ).

PROOF.

Let J := (2f —z1,28 —2o,...,2% —x,, f). Since z! — z; belongs to .J, the points
of the variety V(J) are contained in A(n, Fy). Furthermore, only the zeroes of f
may belong to V/(J). Therefore V(.J) as a variety of A(n,Fq) is V. This implies
J CI(V). Since z — x; belongs to J, Seidenberg’s lemma implies .J is radical.
The Nullstellensatz implies equality. O

2.3.2 Footprint bound examples

We show some examples in which we use the footprint bound to find the Grébner
basis of some affine varieties of A(n,F,). These examples are relevant for the
graph codes we will present later on.

EXAMPLE 2.3.22 Consider V = {(z,y,a,b) € Fg | ax+b—y = 0}. This set is
an affine variety of A(4,F,). From the definition of V, we may choose the values
of x, y and a without any restrictions, but b is uniquely determined. Therefore,
#V = ¢>. Suppose I is the ideal generated by X9 — X, Y9 —-Y, A1~ A,B1 — B
and AX+B-Y. The polynomial AX+ B-Y is not the characteristic polynomial
Fyv, but both Fyy and AX+B—Y have the same zeroes over A(4,F,). Therefore,
Theorem implies I = I(V'). Let <1 denote the lexicographical order with
B > A >Y > X. There are ¢ monomials not divisible by LM <, (X? — X),
LM<, (Y?-Y), LM<, (A?—A), LM<, (B?—B) or LM <,(B+AX-Y) therefore
{X9-X,Y1-Y A1 - A BY— B,AX + B —Y} is a Grébner basis for I(V)
under =1 . It is easy to check that those polynomials are also a Grébner basis
under lexicographical order with Y > X > A > B.

What about other Gribner bases for I[V)? Let <o denote degree graded reverse
lexicographical order with X >Y > A > B. The polynomials X9 — X, Y4 -Y,
A?— A, BY— B and AX + B—Y are not a Grébner basis for I(V') under <5 .
The polynomials

XYY - B)' — A™YY - B) and
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ATTY(Y - B)' - X*"1(Y — B)

belong to I(V). The monomials XY 9~ A'Y9~i AX and B? are leading mono-
mials of elements of I(V). Therefore, X1 — X, Y9 —-Y, A? — A, B? — B,
AX+B-Y, X97Y(Y - B)! = A=Y(Y — B) and A"Y(Y — B)! = X*"}(Y — B)
fori=1,2,...q — 1 are a Grobner basis for V) under <o . Moreover they
are also a Grébner basis under degree graded reverse lexicographical order with
A>B>X>Y.

2.4 Affine Variety Codes

An affine variety code is a code generated by some polynomial functions over
an affine variety. We have geometric information from the affine variety and
algebraic information from the polynomial functions used for the code. Several
good examples of affine variety codes are Reed—Solomon codes, cyclic codes and
affine Grassmann codes.

DEFINITION 2.4.1 LetV := {p;,ps,...,D,,} be an affine variety of A(n,F).
We define the evaluation map of V' from Fylx1,za, ..., x,] as:

evy : Fylzy, 22,20 = F'

evv (f) = (f(p1), f(P2),- .- f(D))-

We define the evaluation map of V' from Fylz1,z2,...,x,]/IV) as:

evy : Fylry, 2,2,/ I(V) = F
evy (f + I(V)) = (f(p1), f(P2), - - f(Pm)-

By Theorem the kernel of the map evy : Fylz1,22,...,2,] — F is
I(V). The characteristic polynomial of p;, Fp,, evaluates to 1 at p; and to 0
at all points of V' \ p,. Therefore, the map evy is surjective. The first ring
isomorphism theorem implies that evy : Fy[zy,z2,...,2,]/I(V) — F' is a
well-defined isomorphism. We are abusing the notation evy because we are
using it to define evaluation from two different rings. The definition is quite
similar in both cases. For this reason, we will specify which definition is used.

DEFINITION 2.4.2 ([FL98], Defn. 1.1) Suppose V := {py, P, ..., Py} is an
affine variety of A(n,F,). Let L be an F,-linear subspace of the quotient ring
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Fylz1,22,...,2,]/I(V). We define the affine variety code of L evaluated at V
as

C(V,L) := {evy(f) | f e L.

DEFINITION 2.4.3 ([FL98], Defn. 1.1) LetV := {p;, Do, ..., D, } be an affine
variety of A(n,Fy). Suppose L is an F-linear subspace of Fy[x1,x2,. .., x,). We
define the affine variety code of L evaluated at V' as

C(V,L) :={evy(f) | f € L}.

The length of C(V, L) is #V. Normally, the positions of a code C' of length m
are indexed by the integers 1,2, ..., m, but for an affine variety code C(V, L) we
may index the positions by V. If L is a subspace of Fy[z1, 22, ..., 2,]/I(V), then
the dimension of C(V, L) is dim L. When L is a subspace of Fy[z1, 2, ..., 2,],
then the dimension of C(V, L) is dim(L/(L NI(V))).

EXAMPLE 2.4.4 The field Fs is equal to the ring Fa[t]/(1+t+t3). We consider
the points of Fg as {0,1,a,0a%, o>, a* a®, a8} where « is a root of 1+t + t3.
The roots of 1 +t +t3 are a, &® and a*.

Consider V := {(z,y) € F2 | 1+zy+ (zy)® = 0}. The set V is an affine variety
of A(2,Fg). We write V := {(1, ), (1,a?), (1,a%), (a, 1), (o, ), .. ., (a5, a®))}.

Let L = Spang,({1,Y, X, XY, X3, X3Y, Y3 XY?3}). If we evaluate the functions
at each of the 21 points of V we obtain the following generator matrix for the
code C(V, L).

1 1111111111111 111 1111
aa?at 1l aata® 1 a?a’a’® aata® 1 a®atab®a’a®ad
1 1 1 a a aa?2a?a?a®a®a®ata’ata®a®a®ababab
aa?at aa?at aad?at aad’at aad?at aa?at ad?at
1 1 1a2a®a®a®a®a®a?2a?a?a’®a®a® a a aa*ata?
aad?atatata’a’®a’® a1 aadtalaltabata’® 1 a® 1 a?
a®afa® 1 a’a’at 1 a® aactala® a1l a?a®a*a’a® a
a?aba® aatala’a® aat 1l afa?a’®at 1 a®a’a® a1

The set {1,Y, X, XY, X3 X3Y, Y3 XY3} is a subset of the footprint of I(V)
under degree graded reverse lexicographical order with X > Y. Therefore, the
dimension of C(V, L) is 8. We can use the footprint bound to prove the minimum
distance of C(V,L) is at least 6. We will later prove it is actually a [21,8, 6],
code.

Usually affine variety codes are used to study codes from complicated algebraic
objects. We present a few theorems on the intersection of two affine variety
codes. The theorems will be useful to determine the dimension and a basis for
graph based codes.
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THEOREM 2.4.5 Let V := {py,py,..., P} be an affine variety of A(n,Fy).
Let L and M be F;-linear subspaces of Fq[x1,2o,...,2,]/I(V). Then

C(V,L)NC(V, M) = C(V, LN M).

PROOF.

As we remarked before, the map evy is an isomorphism between the linear
spaces Fy[z1,22,...,2,]/I(V) and F}". The code C(V, L) is simply the image
of L under the map evy. The theorem states evy (L) Nevy (M) = evy (L N M)
which is a simple algebraic fact. (]

Theorem [2.4.5|characterizes the intersection of two affine variety codes, provided
the evaluation functions come from the quotient ring of the ideal. The next
lemma states the intersection of the two affine variety codes when the evaluation
functions are polynomials and not quotient ring elements. The lemma helps us
compute the intersection of Theorem [2.4.5]in some cases. A preliminary version
of this Lemma appears in [BHPJ13].

LEMMA 2.4.6 LetV :={p;,ps,..., D} be an affine variety of A(n,Fy). Let
=1 and =3 be two monomial orders on x1,%3,...,%,. Let L be an Fy-linear
subspace of Spang,(A<,(I(V))). In addition suppose that M is an F,-linear
subspace of Spany, (A<, (I(V))). Suppose fi, fa,..., fs satisfy:

Spane,({f1, f2,-. ., [s}) ={f€L|3geM : f-geIV)}.

Then
C(V,L)nC(V,M) = C(V, Spanw,({f1, f2; -, fs}))-

PrROOF.

Suppose
cc C(‘/? SpanFq({fth? cee 7fs}))
Then there exist aq,as,...,as € Fq and f, such that
c=evy(f)and f =aifi +asfo+ ... +asfs,

then
evy(f) e C(V,L).
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Note that
evy(f) =evy(f+h)¥YheIV).
Since
dg € M such that f — g € I(V),
then
evv (f) =evv(g+ (f —g)) € C(V,M).
Therefore,

C(V,Spang,({ f1, fo,..., fs})) CC(V,L)yNnC(V, M).
For the reverse implication, let
ceC(V,L)NnC(V,M).
There exist polynomials
f € L and g € M, such that, evy (f) = ¢ = evy (9).

This implies that
f—ge(L+M)NLYV).

Therefore,
fe{fel|3geM : f—gel(V)}

From the conditions on fi, f2,..., fs there exist a1, az,...,as € Fy, such that
f:alfl +a2f2+"'+asfsa

which implies
Cc c C(‘/, SpanFq({fh f2a ey fs}))

The following corollary is useful to intersect two affine variety codes.

COROLLARY 2.4.7 LetV :={p, Dy, ..., P} be an affine variety of A(n,F,).
Let =1 and =5 be two monomial orders on x1,xa,...,%,. Let L be an F4-linear
subspace of Spany, (A<, (I(V))). In addition, suppose that M is an F,-linear
subspace of Spany,(A<,(I(V))). Then, the following are true:

e Ifhe{feL|3geM : f—geIV)}, then h —remx,(h) belongs to
(L+M)NIV).

o Ifhe (L+M)NIV), then3 fe{feL|3geM : f—ge IV)} such
that h = f —rem<, (f).
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PRrROOF.

We begin with the first statement. Let h € L. We know remx,(h) is the
unique polynomial in Spang, (A<, (I(V))), such that h—rem<, (h) is an element
of (V). If he {f e L|3g € M : f—g e I(V)}, then there exists a
g € M C Spang,(A<,(I(V))), such that h — g € I(V). Thus, g must equal
remx,(h) and, therefore, h —rem<,(h) = h—g € (L+ M)NI(V). This finishes
the proof of the first statement. Now let h € (L+M)NI(V),i.e., h = f—g, where
g € M and f € L. By the definition of the remainder we know g — remx, (f).
Therefore, f is the polynomial f € {f € L |3ge M : f—g € I(V)} such that
h=f—rem<,(f). O

We can also use the footprint bound to get a bound on the minimum dis-
tance of the code. For an affine variety code C(V,L), a polynomial f € L
and (g1,92,-..,9s) = I(V) we give an upper bound on the number of zeroes of
f in V, which gives a lower bound on the weight of the codeword evy (f). A
Grébner basis for (g1, g2, - - -, gs, f), then Theorem gives the exact num-
ber of zeroes of f. However, finding a Grobner basis for each ideal of the form
{91,92,.-.,9s, [} usually is quite difficult, so we may settle for the upper bound
given in Theorem

The authors of [FLI§| remark that any code is an affine variety code. The key
aspect is to find affine varieties suited to constructing codes. There are many
codes constructed in this way and we give some examples now.

2.4.1 Reed—Solomon codes

Reed—Solomon codes are among the most prominent codes in algebraic coding
theory. We define them as follows:

DEFINITION 2.4.8 Consider the univariate polynomial ring k[t]. We denote
the F,—vector subspace generated by 1,t,t%,... t*~1 by k[t] .

DEFINITION 2.4.9 ([Lin91]) Let ) #V C A(1,F,). The Reed-Solomon code
of dimension k over V is defined as

RS(V, k) := C(V. K[t]<k)-

As we may expect, the length of the Reed—Solomon codes depends on the number
of elements of F, we pick as our evaluation points. If 1 < k < #V, then
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the monomials 1,¢,¢2,...,t*"! are equal to their remainders when divided by

Maev(t — o). We can use the footprint bound (or the fundamental theorem
of algebra) to say a nonzero codeword of RS(V,k) has at most k — 1 zeroes.
Therefore, Reed-Solomon codes are MDS codes. Please note that the positions
of RS(V,k) are indexed by the integers 1,2,...,#V or by the elements of V.
Indexing the code positions by the affine variety points brings the code closer
to its algebraic roots. This will be useful later on.

2.4.2 Cyeclic codes

DEFINITION 2.4.10_ Let S C Zg—1. We denote the Fj—vector subspace of
k[t]<q generated by {t' | i € S} by M,(S).

DEFINITION 2.4.11 Let S C Z, 1. The code C(F;, M;(S)) is a cyclic code.

For any codeword ¢ = (f(1), f(c), f( ), fa?72)) € C(F;, My(S)) the
cyclic shift of ¢, i.e. (f ( ), (a ), f(@?),..., f(1)),is also in C(F};, M,(S)). The
Reed-Solomon codes RS(F, k) are also cyclic codes with S = {0,1,...,k—1}.
When S is the shift of & consecutive integers, (ie. S ={i,i+1,...,i+k—1})
then C(F;, M;(S)) is monomially equivalent to a Reed-Solomon code.

2.4.3 Affine Grassmann codes

These codes were introduced in in [HBGI0]. The same authors studied their
duals as affine variety codes in [BGH12|.

DEFINITION 2.4.12 Let M be an £ x ' matriz, where £ < {'. Suppose I is
a subset of {1,2,....0} and J C {1,2,...,0'}. Suppose #I = #J = h < r.
Let M; ; denote the submatriz of M obtained from the rows specified by I and
the columns specified by J. An h-minor of M is the determinant of an h X h
submatriz of M. The minor determined by I and J is denoted by det(M ).

Consider the set of ¢ x ¢’ matrices over F,, M** (F,). We identify M‘<* (F,)
with the points of A(¢¢',F,). We associate to this affine space the polynomial
ring F [X] The polynomial ring is defined in the ¢¢' indeterminate entries of

e e

DEFINITION 2.4.13 We define the affine Grassmann code, C*((,£ + '), as
the affine variety code C(F ,[X], Spang, (0o(X) Uo1(X)U...Uox(X))).



CHAPTER 3

Graph Based Codes

In this chapter, we introduce two classes of graph based codes: Tanner codes and
graph codes. Tanner codes, also known as generalized LDPC codes, are a class
of codes built from a graph and a smaller component code. Several different
codes may be constructed from the same graph and component code, but we
can always gleam some information. For example, there are iterative decoding
algorithms, and bounds on the parameters of the codes. We start with some
basic definitions from Graph Theory.

3.1 Bipartite Graphs

DEFINITION 3.1.1 A bipartite graph G is a triple (V1(G), Va(G), E(G)) where
Vi(G) and Vo(G) are finite sets and E(G) C Vi(G) x Vo(G). The elements of
Vi(G) and V5(G) are called vertices (sing. verter). Two vertices v and u are
adjacent, if and only if (v,u) € E(G). We say either v or u are incident to the
edge (v,u). The vertices v and u are the endpoints of the edge (v,u).

DEFINITION 3.1.2 Let G be a bipartite graph. For a vertex v € V1(G), we
define the neighborhood of v as {u € Va(G) | (v,u) € E(G)}. For a vertex
u € Va(Q@), we define the neighborhood of u as {v € V1(G) | (v,u) € E(G)}.
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The neighborhood of a vertex u is denoted by N(u). For a vertex v, we denote
the set of edges incident to v by E(v).

Note that for any vertex v € V;(G) a vertex u € N (v), if and only if (v,u) €

E(v). For any u € V5(@G), there is a similar correspondence between N (u) and

In order to simplify the graph based code construction, we impose a regularity
condition. We define regularity as follows.

DEFINITION 3.1.3 Let G be a bipartite graph. IfV v € Vi(G) : #N(v) =m
and V u € Vo(G) : #N(u) = ny then G is a (n1,ng)-regular bipartite graph.
We also denote #V1(G) by m1 and #Vo(G) by meo.

Note that a (ni,ng)-regular bipartite graph has min; = mang edges.

3.2 Graph Based Codes

DEFINITION 3.2.1 Let G be a (ny,ng)-regular bipartite graph. Let S be a set
of cardinality nq and So a set of cardinality ny. Typically, S = {1,2,...,n1}
and So = {1,2,...,n2}, but sometimes another choice is suitable. Suppose that
for each v € V1(G), xv is a bijection from Sy to E(v) and for each u € Vo(G),
o 1s a bijection from Ss to E(u). The bipartite graph G with the bijections
described for each vertex is called an endpoint labeled graph.

Please note that ¢, induces a bijection v, : So — N (u) by ¢y (1) = (yu(2),u).
We define the two classes of graph based codes now.

DEFINITION 3.2.2 [Tan8l1]

Suppose G is an (n1,n9)-reqular endpoint labeled bipartite graph. For a vertex
u € Va(G), we define

N () 7= (€3, (1)) Cru(@)s -+ s Crulna)) € Fg®

Let C be a code of length ny over Fy. We define the Tanner code

(G,C) :={(cu) €F" [VueVa(G): ene € C}



3.2 Graph Based Codes 27

The code (G, C) is a code of length m;. We may identify the positions of the
Tanner code (G, C) with the integers 1,2,...,m; as is normally done in coding
theory. We prefer to identify the positions of (G, C) with the vertices of V1(G)
since the vertices of V;(G) contain the symbols of the codewords. The vertices
of V1(G) are also known as the variable nodes. The vertices of V5(G) are called
the constraint nodes because they represent the parity check equations (G, C)
must satisfy.

We may also define Tanner codes in terms of projections. The Tanner code
(G,C) is a code, such that for any vertex u € V(@) the code (G,C)N (™ is
contained in a monomially equivalent code to C. This is the key concept behind
the Tanner code. A Tanner code is a long code, which is built from several
copies of the shorter component code. The copies are joined together according
to the graph G. This definition is closer to Tanner’s own definition in [Tan81],
but our definition makes the code construction absolutely precise.

DEFINITION 3.2.3 [Tan81, [Rot06)]

Let G be an (n1,n2)-regular endpoint labeled bipartite graph. For

Cc= (C(v,u))(v,u)EE(G) € Fq#E(G)v
and a vertez u € Vo(G), we define the subvector

CR(u) = (Ch, (1)1 Cou(2) - - - Coulna)) € F*.

Likewise, for the same vector ¢ and a vertez v € V1(G), we define the subvector

€E@) = (O, (1) Cxa(@) -+ Exo(m)) € F'-

Let Cy be a code of length ny over Fy and let Cy be a code of length ny over Fy.

We define the following codes:

o The left auxiliary graph code:
(G,C1:F12) = {(c(v,u) € FFFD | Vv eV(G): epw € Ci}

o The right auziliary graph code:
(G.F 2 Co) == {(c(v,u) € FFFD | VueVa(G): cpu) € Cal,

e The Graph code:
(G,C1:Cq) := (G,Cy : F2)N (G, Fy 2 Cy).
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A graph code, like Tanner codes, could also be defined in terms of projections.
The graph code (G,C) : Cy) is a code where (G,C; : Cy)P(®) is contained in
a code monomially equivalent to C;, and (G,C; : C3)P™ is contained in a
monomially equivalent code to Cj.

EXAMPLE 3.2.4 Let G be the following (3, 3)-regular endpoint labeled bipartite
graph:

Note that V1(G) = Va(G) = F§. Let V := V(1 +t +t3) = {a,a?,a*} be an
affine variety of A(1,Fg). The edge set E(G) := {(z,y) € F§ x F§ | xy € V'}.
The edge labelings are as follows:

Forz e Vi(G) : ¢, :V — E(x)

Ga(vi) = (2, )

Note that the drawing style of the edge (x,y) depends of the value of xy. If
Yy = a, then the edge is a solid line, if xy = o2, then the line is a dashed line
and otherwise, the edge is a thick line. We would like to determine the graph
code (G,RS(V,2) : RS(V,2)). Since RS(V,2) is a [3,2,2] code, the value of any
two coordinates determines the third coordinate.
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The Reed—Solomon code RS(V,2) has the following generator matriz:

Another codeword of weight 2 is (1,,0). The first column corresponds to «, the
second column corresponds to o and the third column corresponds to o*. If we
encode 1 at the two thin edges, o at the three dashed edges and o at the thick
edge, we can encode the rest of the edges with zeroes.

Note that around each vertex, the symbols assigned to the edges are codewords of
RS(V,2). We have found a codeword of the graph code (G, RS(V,2) : RS(V,2)).

With the rule that the value of any two edges incident to a vertex determines the
value of the third edge incident to the same vertex we show that a codeword of
(G,RS(V,2) : RS(V,2)) is determined by the Fg symbols at the following edges:
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We suppose the Fg symbols at each of the 8 edges have been determined. Now the
following edges have also been determined from the conditions given by RS(V,2):

Now that these edges have been determined, they also determine the Fg symbols
of these additional edges:
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Clearly, the Fg symbols at all edges are determined from the first 8 edges. It
is not clear that these 8 positions are information positions for the graph code
(G,RS(V,2) : RS(V,2)). In fact, it may happen that we could assign symbols to
the 8 edges such that there is no codeword with those values at those positions.
However, we now prove the dimension of (G, RS(V,2): RS(V,2)) is 8.

Suppose f is an Fg-linear combination of 1,Y, X, XY, X3 X3Y Y3 XY3. We
may consider f(X,Y) as a function on the edge set. At the vertex x € V1(G), f
takes on the values f(x,Y). The edges incident to x satisfy 1 +xY + (zY)3 =0,
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therefore f(x,Y) is a linear combination of 1 and Y. In conclusion, the graph
code (G,RS(V,2) : RS(V,2)) is the code from Ezample 244 Since we know
the minimum distance is at least 6, and we have found a codeword of weight 6,
the graph code (G,RS(V,2) : RS(V,2)) is a [21,8,6]F, code.

The notation we have chosen for graph codes and Tanner codes follows closely
the notation from [Rot06]. Now we present another relation between Tanner
codes and graph codes.

THEOREM 3.2.5 [Tan81] Let G be an (n1,nz)-reqular endpoint labeled bipar-
tite graph and C be an [na, ka,ds] code. Suppose Cy is the [ni1,1,nq] repetition
code. Then, the code (G,Cy : C) is an ny-fold repetition code of (G, C).

PROOF.

Consider the map 7 : F}I/I(G) — Ff(G), if 7(x) = y, then y. := x, where
u € V1(G) is incident to edge e. Note that 7((G,Fy?)) = (G, Cy : Fy2). Suppose
7(x) = y. For any v € Vi(G) the subvector ¥,y = (Yp, (1) Yo (2)s - - - + Ybo (n2))
is equal to Xpr(v) = (%4, (1), Ty (2) - -+ » Tyu(ns))- Lherefore, x € (G,C) if and
only if y € (G,C; : C). O

Tanner presented these two closely related constructions of graph based codes
in [Tan&1]. In his article, Tanner gave examples of cases where the graph code
properties depend on the labeling functions ¢,. Nonetheless, he gave bounds on
the code parameters independent of any labelings. Now we present Tanner’s
dimension bounds.

THEOREM 3.2.6 [Tan81] Let G be an (n1,nz)-reqular endpoint labeled bipar-
tite graph. Let C be an [ng, ka,ds] code. Then, the dimension of (G,C) is at
least

my — ’ITLQ(TLQ — kz)

Tanner simply counts the parity check equations of the code. There are ny — ko
parity check equations for each of the my check nodes of V2(G). Therefore the
codimension of the code is at most ma(ns —ka). With the same technique Tanner
bounds the dimension of graph codes.

THEOREM 3.2.7 [Tan81] Let G be an (n1,nz)-reqular endpoint labeled bipar-
tite graph. Let Cy be an [nq, k1, d1] code and let Co be an [ng, ko, da] code. Then,
the dimension of the graph code (G,C; : C3) is at least

#E(G) — ml(nl — kl) — mg(ng - kg)
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Tanner’s proof is to overestimate the number of parity check equations of the
graph code with the parity checks equations of the auxiliary graph codes. In
fact, we will soon prove that this bound is sharp for the auxiliary graph codes.
It turns out that the auxiliary graph codes are very useful in understanding
graph codes. The next theorem states the structure of the auxiliary graph
codes explicitly.

LEMMA 3.2.8 Let G be an (n1,ns)-reqular endpoint labeled bipartite graph.
Let Cy be an [n1,k1,d1] code and let Cy be an [na, ko, ds] code. Then,

° (G,Fg’l ZCQ)ECQ ><02 )(...XC2§FZ"LQTL2,
° (G,CltF;W)ECl x C4 ><"~><C71§F3“”1.

PROOF.

Let ¢, be the labeling for u € Vi(G) for (G,Cy : Fy?). Suppose Vi(G) is the
set {1,...,m1}. The labelings ¢, for v € V1(G) induce a bijection ¢ from the
set {1,2,...,min;1} to E(G) as follows: ¢(ni(i — 1) + j) := (4, $:i(j)). Suppose
c € (G,Cy:Fp?). Let ¢, := cp(y)- The map ¢ sends ¢ to (c1,c2, ..., Cm,). This
establishes the equivalence between (G, C; : F;”) and C; xCy x ---x C;. O

LEMMA 3.2.9 Let G be an (n1,ns)-reqular endpoint labeled bipartite graph.
Let Cy be an [n1,k1,d1] code and let Cy be an [na, ko, ds] code. Then,

o (G, Fy: Cy) = (G, Fy*: Co)*,

o (G,Cf :F2) = (G,Cy : F2)*.

PRroor.
miy
We denote the code C; x C; x --- x C; C FZZ"”“ as [] C;. Likewise, we denote
i=1
CTxCf x---xC{- CFM™ as Hl (C{). Note that clearly (H1 Ch)t = (H1 C{)
i=1 i=1 i=1
By hypothesis, (G,C; : F?) and (G,Cy : F*) are constructed with the same
(n1,ng)-regular bipartite labeled graph. From Lemma [3.2.8] there is a bijec-
tion ¢ : {1,2,...,min1} — E(G), such that (;5(1_[1 Cy) = (G,C F;”) and
i=1
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ma m

o(T1(C1)) = (G0 Fr2). Since o(T1(CE) = o(T1(C1)Y) = o(TT(C)*,

=1 i=1 =1 =1
we obtain that the dual code of (G,Ci- : F?) is actually (G,Cy : F?). The
other case is similar. O

THEOREM 3.2.10 Suppose G is an (ni,ns)-regular bipartite endpoint labeled
graph. Let Cy be an [ny,k1,dq] code and let Cy be an [ng, ko, ds] code. Then,

(G,Cy: Co)t = (G,Cf 1 FI*) + (G, F : Cy).

PROOF.

From [MS77] we have the following equality for any two vector spaces codes C'
and D;
(CnD)t =ct + D+

We use this equality to prove the last part. From the definition of a graph code,
(G,C1:Cq) = (G, Fy' : C2) N (G,C : F2).
This implies their dual codes are equal, that is
(G,C1:Co)t = (G, FJ' : Co) N (G,Cy: Fp2)h.
Now we apply (C'N D)+ = C* + D+ to obtain
(G,Cy: Co)t = (G, F" : Co)" + (G,Cy - Fi2) -

Lemma [3.2.9] implies that we may rewrite the right hand side with auxiliary
graph codes with Cf- and C3- as component codes. We obtain

(G,C1:Cy)t = (G, FJ' : Cy) + (G, Cf - F2).

With these key observations we can find the check equations which both codes
have in common.

COROLLARY 3.2.11 Let G be an (n1,ns)-reqular bipartite labeled graph. Let
Cy be an [ny, ky1,d1] code and let Cy be an [ng, ko, ds] code. Then

#E(G) — lel(GY7 o Cg) = ml(nl — kl) + mg(ng — kz) — dlm(G, ClJ' : Cé‘)
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PRrROOF.

By Theorem (G,Cy: Co)* is (G,Cf : F2?) + (G,F}* : Cg). The vector
space (G,Cf : F}?) is the space of parity checks from the vertices in Vi (G).
It has dimension my(n; — k1). The space (G,Fy! : C3") is the space of parity
checks from V5(G). This space has dimension msg(ns — ko). The set of common
parity checks is (G,Cf- : Fi2) N (G,F}* : Cy) but that is the definition of the
graph code (G, Cf : C4) and the theorem follows. O

We point out the following peculiarity from the dimension formula in Corollary
if #E(G) = mi(ny — k1) + ma(na — ko), as it happens for a (n1,nq)
regular graph with ks = n; — ky, then dim(G,C; : Cy) = dim(G,C{ : C5).
Therefore the orthogonal codes (G, Cy : Cs) and (G,Cf : Cy) have the same
dimension.

3.3 Examples

As Tanner remarked himself, any code can be realized as a Tanner code. We
give some significant examples of Tanner and graph codes.

DEFINITION 3.3.1 Let G = (Vi(G),Va(G), E(G)) be a bipartite graph. If
E(G) = Vi(G) x V5(GQ), then G is the complete bipartite graph on m; and mq
vertices. We denote G by K.y, m,-

Note that for any v € Vi(Kp, m,) the equality N'(v) = Va(Ky, m,) holds.
Likewise for any u € V2(K,, ,m,) we have that N (u) = Vi(Ky,, m,). The graph
Ky m, is @ (ma, mq)-regular bipartite graph.

EXAMPLE 3.3.2 (A cODE C) Let C be a [n,k,d] code. Let V1(K,, 1) be the
set of positions of the code C. Suppose Va(K, 1) = {u}. The vertex labeling
du :{1,2,...,n} = Vi(K, 1) is the identity. Then, C equals (K, 1,C).

ExaAMPLE 3.3.3 (ProDUCT CODES [TANS81|) Suppose Cy and Cy are an
[n1, k1, d1] code and an [ng, ke, ds] code respectively. We construct K, », such
that Vi (K, n,) is the set of positions of Co and Vo(K,, n,) is the set of po-
sitions of Cy. For v € Vi(Kp, n,) the bijection x, : {1,2,...,n1} — E(v) is
defined as x,(i) = (v,4). Likewise for u € Vo(Kp, n,) the edge labeling ¢, :
{1,2,...,n2} = E(u) is defined as ¢, (i) := (i,u). The graph code (K, n,,Ch :
Cs) is the product code of C1 and Cs.
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Tanner [Tan81] already shows the importance of the labelings for graph based
codes. Taking the graphs G = K7 7 and the [7,4, 3] Hamming code as component
codes, he gives three graph codes with completely different parameters: the
[49, 16, 9] product code, a [49,12,16] code and a [49,7,17] code.

EXAMPLE 3.3.4 (CODE OF A BIPARTITE GRAPH) Let G be an (ny,ng)
regular bipartite graph. Let M be a Vi(G) x Va(G) matriz whose entries are
0 and 1. Suppose that the entry M; ; = 1 if and only if (i,5) € E(G). The code
of G is defined as the dual code of the rowspace of M. We denote it by C(G).
For any labeling, the code C(G) is equal to the Tanner code (G, C5), where Cy is
the [n1,m1 —1,2] zero sum code. Several codes which fall under this example are
Reed—Muller codes, codes of finite geometries, designs and incidence structures,
LDPC codes and cyclic codes to name a few.

We can also use a code to get a graph as follows.
DEFINITION 3.3.5 [Tan81]

Let C be a binary code of length n. Suppose C* is generated by its codewords
of weight dy. The Tanner graph of C is the following graph. The vertex set
Vi(G(C)) :={1,2,...,n}. We identify this vertex set with the set of positions
of C. The vertex set Vo(G(C)) := {c € C* | wt(e) = d1}. We identify this
vertex set with the set of codewords of C+ of weight di. The edge set is given by
E(G(0))) :={(i, ¢) € Vi(G(C)) x V2(G(C))) | ¢i # 0}

Since C* is a binary code generated by its codewords of weight d;, then the
code of the Tanner graph C(G(C)) is C itself. The code C' is also equal to the
Tanner code (G(G), [d1,d1 —1,2]r,). One also may study G by considering C(G)
over other prime fields by taking the component code to be [dy,d; — 1, 2]F, .



CHAPTER 4

Graph Codes with Cyclic
Component Codes

The subfield subcode technique is designed to obtain codes over a small, simple
alphabet. Now we apply this technique to some interesting graph codes with
cyclic component codes. Some of these Tanner codes turned out to be optimal.
This finding is published in [HPZ14].

First, we introduce the notion of subfield subcodes. Then, we introduce the
Tanner codes. We finish this chapter discussing some of the optimal codes we
found with this construction and other interesting results.

4.1 Subfield Subcodes

Several codes are constructed as subfield subcodes. For example, BCH codes are
subfield subcodes of Reed—Solomon codes. The material in this section follows
[Sti90]. We begin by giving some preliminary concepts related to fields.

The trace function from Fym to Fyis tr:x— o+ 27+ 29 4+ 4+ 27"". The
trace function is a F ;-linear epimorphism from the additive group of Fy= to the
additive group of F,.
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DEFINITION 4.1.1 Let x € F... Suppose C is a code over F,m of length n.
We define the following:

o 29 = (2,2 ... 22) € F",

n qm
o C0 = {c(q) | ce CY,
e The subfield subcode of C, denoted by C|F, is defined as C NFy,

tr(z) := (tr(zy), tr(ze), ... tr(z,)) € Fy,
e The trace code of C, denoted by tr(C) is defined as {tr(c) | ¢ € C},

e C is g-invariant if C = C@.

Since we are working over Fgm the code C@ is also an F n-linear code. Note
that both the subfield subcode C|F, and the trace code tr(C) are codes over F,.
The next two theorems state that g-invariant codes have the same parameters
as subfield subcodes. Therefore, we may work with g-invariant codes over Fm.

THEOREM 4.1.2 Suppose C is code over Fym. The following are equivalent.

e C is a q-invariant code,
e C has a basis of vectors in Fy,

(] din’lpqm C = diqu C|Fq

THEOREM 4.1.3 Suppose C is a g-invariant code over Fym. Then, C is a
[n, k,d]p, . code if and only if C|F, is an [n, k,d]r, code.

DEFINITION 4.1.4 Let C be a code over Fym. We define the following:

'm,—l)'

O :=cnc@nc@n.. .nc@" and CN = C+CD+CW) ... 4Ol
Note that CV is the largest g-invariant subspace of C' and C” is the smallest

g-invariant space containing C.

LEMMA 4.1.5 Let C be a code over Fym. Then,

C° = Spang,.. (C|F,),C" = Spang . (tr(C)) and (C%* = (cH.
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Delsarte’s lemma, i.e. (C|F,)* = tr(C+), follows effortlessly.

Now we present some results on the g-invariance of cyclic codes and graph codes.
These theorems allow us to find graph codes using g-invariant component codes.

THEOREM 4.1.6 Let S C Zgm_1. The set S is closed under multiplication
mod ¢ — 1 by q if and only if C(F}m, Spang .. {t’ | j € S})) is a g-invariant
code.

PROOF.

Let f € Spang,.. {t’ | j € S})) C Fgmt ]/(t7" =1 —1). The function given by

f4 mod t4" =1 — 1 € Spang .. ({t' | j € 5})) C Fgm[t]/(t4"~! — 1) if and only

if S is closed under multiplication mod (¢™ — 1) by q. O

This presentation of cyclic codes is related to the classical definition using roots
of the generator polynomial as parity equations. Consider evg: (t' ) evF; (7).
Note that, evr: (t1)- evF; (t) = 0if and only if i+j # 0 mod (g—1). Therefore
picking the monomials {t/ | j € S} is the same as picking the roots o/, such
that f(a™7) =0for f € F,[t]/(t9~* —1). We chose the monomial representation
of the cyclic code because it represents a cyclic code as an evaluation code over
V=F.

THEOREM 4.1.7 Let G be an (ny,ns)-regular endpoint labeled bipartite graph.
Let Cy be a code of length ny over Fym and Cs is a code of length ny over F gm
Then

(G,01:Cy)° = (G,0) : C) and(G,C, : C3)|F, = (G,C41|F, : Co|F,).

PROOF.

The two equalities are equivalent, thus we will prove only the first one:

m,—l)

(G,C1:C)° = (G,CL:C)N (G, CrL:C) DN n(G,CL:Cy) "),

but (G,Cy : Cy)@ = (G, C(Q) : C )) This implies

m,—l)

(G,C1: C2)° = (G,C1: Co) N (G,C@ . n(a, o™ ) ol ™).
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We apply the definition of a graph code to obtain

m,fl)

(G,C1:0)° = (G.cinC@P ... ) icnc@n. .ncld™ .

Therefore,
(G,Cl : 02)0 = (G’,C’gJ : CS)

4.2 Graph codes over I'y,;, with cyclic component
codes

In this section we construct some Tanner codes with cyclic component codes.
First, we define the graph and the affine variety we will be working with in this
chapter, and then we discuss the parameters of some of these codes.

DEFINITION 4.2.1 We define V := {(z,y,a,b) € Fg | ax+b—y = 0,ax # 0}.

Note that each element (z,y,a,b) € V is determined by the values of  and a
and either y or b, therefore #V = (¢ — 1)?q. Denote the lexicographical order
with B > A> X >Y by <; and lex order with Y > X > A > B by =<, .

THEOREM 4.2.2 The set {AX +B-Y, X9 1 -1, Y9-Y A" —1 B?- B}
is a Gréobner basis for I(V') under both <1 and =3 .

PROOF.

This ideal is closely related to the ideal of Example We can prove the
theorem with the same technique. Under =<; we have the leading monomials:
LM< (AX+B-Y) =B, LM<, (X! —1) = X! LM<, (Y7—Y) = Y9,
LM<, (A9t —1) = A7 ! and LM <, (B? — B) = BY. The footprint A<, (I(V))
is contained in {X'Y'A47 | 0 <4,j5 < q—2, 0 <1 < q— 1}. However, since
#V = (q — 1)?q, the footprint must be of this cardinality and therefore the two
sets are the same. A similar proof holds for <5 . O

For future reference we give the following corollary.
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COROLLARY 4.2.3
AL, (I(V) = {X'Y'A7 |0<i,j<q—2 0<I<q—1}.
A, (I(V)) = {X'B'A7 | 0<i,j<q—2 0<1<q—1}.

DEFINITION 4.2.4 We define the graph U,y as the following bipartite graph.
The vertex set Vi(T'sup) = {(z,y) € F; x Fy | (v,y,a,b) € V}. Likewise
Va(Tsup) := {(a,b) € Fy x Fy | (z,y,a,b) € V}. The edge set E(I'sy) is defined
a5 {((2,), (@,)) € Vi(T o) X Va(Tous) | (2,9,0,b) € V.

Note that T'syp is a (¢g—1, ¢ — 1) regular endpoint labeled bipartite graph. In this
case, the sets S1 and Sz for the bijections are the affine variety F} = V(ti—t—1)
as an affine variety of A(1,F,). We find E((z,y)) = {(z,y,a,y —ax) | a € F; }.
For (a,b) € Va(T'suwp), the set E((a,b)) = {(z,az + b,a,b) | x € F;} is also
indexed by F;. We use this indexing by F7 in the endpoint labelings.

DEFINITION 4.2.5 The (¢—1,q—1)-regular graph Ty is a (q—1, g—1)-regular
endpoint labeled bipartite graph with the following bijections.

V(a, b) eVy (Fsub) d)(a,b) : F; - E((a7 b))
¢(a,b) (58) = (xa axr + ba a, b)
V(z,y € ViTsub)  Xay) - F, — E((z,y))
X(z,y)(a) = (z,y,a,y — ax)

We define the following sets of equivalence classes of monomials.

DEFINITION 4.2.6 Let S C Zg_1, then
Mi(S) = {XY'A 4+ V)| 0<i<q—2, 0<I<q-1, j€S},
Mo(S):={X'B'A +I(V) |0<j<q—-2,0<1<q—1,ic8}
A simple counting argument shows #M;(S) = #Ms(S) = q(q — 1)#S. We
remark that the elements of M;(S) are equivalence classes of monomials in

A<, (I(V)). In the same manner, the elements of M3(S) are equivalence classes
of monomials in A<, (I(V)).

THEOREM 4.2.7 Let S C Zq_1, then
C(‘/Y?Ml(S)) = (FsubaC(F;7Mt(S>) : Fg_l)v
C(V, M3(8)) = (Tsup, FL™1 - C(F}, My(9))).
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PROOF.

Let f(X,Y, A) € Spang, (M1(S)). For (z,y) € V1(I'sup), we consider the equiv-
alence class f(x,y, A). Note that f(z,y, A) € Spang, ({A?+I(V) | j € S}). This
implies that we can also consider f(x,y, A) as a polynomial f,,(A), such that
foy(A) + (A7 = 1) € Spang, ({A7 + (A9~ —1) | j € S}). Therefore, f evalu-
ates to a codeword in the component code C(F;, M;(S)). For the code position
a € Fy, the label corresponding to it, x(s,) (@), is the edge (z,y,,y — ax).
Evaluating f(z,y, A) at A = « is the same as evaluating f(X,Y, A) at the edge
X(a,y) (). Therefore, f evaluates to a codeword of (T'sup, C(Fj, My(S)) : FI71).
The size of M;(S) is g(q — 1)#S. Since M;(95) is a subset of A<, (I(V)), the
dimension of C(V, M1(S5)) is q(q — 1)#5. Lemma [3.2.8 states that the auxiliary
graph codes are isomorphic to the direct product of their nontrivial compo-
nent code. Therefore, the dimension of (Dyup, C(F;, M(S)) : Fi™1) is also
q(qg — 1)#S, which implies the codes are equal. The second equality follows
similarly. O

For Sx,Sa C Zg—1 we denote the code (I'syp, C(Ff, My(Sx)) : C(Fi, My (Sa)))
by (Tsup, Sx : Sa). To find the codewords of (I'syup, Sx : Sa) we need a way to
compute Spang,(M1(Sx)) N Spang, (M2(Sa)). We give a closer look to the
footprints A<, (I(V)) and A<, (I(V)).

DEFINITION 4.2.8
My (i,5) = {X"TSATTIY S+ (V) | s € Zyr ).
Ma(i,§) = {X"TSATSYS + (V) | s € Zy1}.
Where the negative powers of X and A are considered mod q — 1.

THEOREM 4.2.9 In F,[X,Y, A, B]/I(V), for 0 < i,j < q—1, the F,-vector
spaces Spany,(M1(i, 7)) and Spang, (Ma2(i,7)) are equal.

PROOF.

Note that f € M;(0,0) if and only if (X?A7 + I(V))f € Mi(4,7). There is a
similar relation between M2(0,0) and Moz (i, 7). Thus we prove the statement
only for the case Spang,(M1(0,0)) and Spang,(M2(0,0)) . In this case,

M(0,0) := {XSA=*Y* + LI(V) | s € Zg1},
M5(0,0) := {XSA~B* + (V) | s € Zy_1}.
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Let f € Spang, (M1(0,0)). We write f as Z fi(AX)7~ 1=y L I(V). Note that
in Fy[X,Y, A, B]/I(V) we have that Y + I(V) equals (AX + B) + I(V). Thus

f= Z;fl(AX)q IS(AX + B +I(V) = iol(qilf]())(AX)qliBi' O

This allows us to compute the dimension of the graph codes simply by computing
the intersections M (3, j) N Ma(i, j) with Theorem forall0 <i,5 <g—2.
To do this, we find the change of basis matrix from M, (4, j) to Ma(4, j).

DEFINITION 4.2.10 Let U, denote the g x ¢ matriz whose entry at the i-th
row and j-th column is ( ) The matriz Uy is known as the Upper Pascal matrix.

From the proof of Theorem we explicitly found U, as the change of ba-
sis matrix from Mj(i,j) to Ma(i,j). Since we have a linear mapping from
a basis of Fy[X,Y, A, B]/I(V) to another basis of F,[X,Y, A, B]/I(V) map-
ping the disjoint spaces Mj(i,j) to the disjoint spaces My(i,j), we can find
Spang,(M1(Sx)) N Spang,(M2(S4)) by finding instead the intersection of the
smaller spaces Spang, (M1(Sx) N Mi(i,7)) N Spang,(M2(Sa) N Ma(i, j)) for
each of the possible (¢ — 1)? values of (i, j).

4.3 Graph code parameters

In this section, we look at Ug, the change of basis matrix from M;(¢,j) to
Moy(i,7), to find the dimension of graph codes with cyclic component codes.
We focus on the case of Reed—Solomon component codes and p—invariant cyclic
codes. We start with the following lemma:

LEMMA 4.3.1 Let Sx,S54 C Zy_1. Fori and j, let S’ ={s+j | s € Sx} be
the shift of Sx by j and let S’y = {s+1i | s € Sa} be the shift of Sa by i. Then,

(FsubysX : SA) = (Fsubvsg( : S1/4)

PROOF.

Consider that f +I(V) € M1(Sa) N M2(Sp) if and only if 27a’f + I(V) is in
the code My (S%) N Mz2(S’). This implies (I'syup, Sx : Sa) and (Tsyp, S 1 S%)-
are monomially equivalent. (]



44 Graph Codes with Cyclic Component Codes

4.3.1 Parameters of graph codes with Reed—Solomon com-
ponent codes

We use the following theorem from [HJ11] and [RS06] to estimate the minimum
distance of the graph codes over I'y,;,. We use the eigenvalues of the graph for
one of the bounds. Since I'yyp is (¢ — 1, — 1) regular, its largest eigenvalue is
g+ 1. The second largest eigenvalue is ,/q. This follows from the fact that I's,;
is a subgraph of the point-line incidence geometry of the projective plane over
F, and the eigenvalue interlacing theorem.

THEOREM 4.3.2 Let Cy be a [q — 1,k1,d1]r, code. Likewise, suppose Co is
a [q—1,ka,da]p, code. Let D denote the minimum distance of (I'sup, C1 : Ca).
Then,

didy — +/qd1ds

D > dydy + (df — di)(dz — 1) and q(q — 1) i —1-va

We have computationally verified for ¢ = 4, 8,16, 32 and 64 and ¢ = 9,27 and 81
that for 1 < k, +k, <g-—1

kwka(k:p + ka)

dim (T sup, RS(Fy, k) : RS(Fy, kq)) > 5

We have also verified for ¢ — 1 < k, + k, < 2(qg—1)
dim(Tgup, RS(Fy, kz) : RS(F}, ko)) >

(q - kx)(q - ka)(2q - kac - ka)
2

Theorem shows that D is at least
(q - kz)(q - ka) + (q - kr)(q - kz - 1)(q - ka - 1)7

(q - km)(q - ka) + (q - ka)(q - ka - 1)(61 - ka - ]-)7

)(q - kz)(q - ka) B \/Q(q - km)(q - ka)
¢—1-/4q '

+(¢* — @) (ks + ko — (¢ — 1)).

and ¢(qg — 1

The bounds on the graph code parameters are sharp in some cases. We delve into
the properties of binomial coeflicients and U, to later prove that the dimension
bound is exact in several cases.
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4.3.2 Parameters of graph codes with p—invariant cyclic
component codes

Theorem implies the cyclic code C(F};, M,(S)) is p-invariant if and only if
S is closed under multiplication by p. In this section, we use p-invariant cyclic
codes as component codes. Theorem implies the resulting graph codes are
the p-invariant codes of the graph codes of their subfield subcodes as component
codes. Therefore the codes we present in this subsection have parameters over
the subfield Fo and Fs.

Please note that in this subsection we will represent the p-invariant sets Sy and
S4 by a representative of each coset under the action of multiplying by p. For
example, in the case that ¢ = 8, we represent {0} by {0}, {1,2,4} by {1} and
{3,5,6} by {3}.

4.3.2.1 Graph codes over F; for ¢ =8, N = 392

Sx | Sa | ky |dy | ke |da | K] >D
oy [ {0y [t 717 [1]39%2
Oy [ {1y [ 1] 7][3]4]6] 17
{0y | B3 |17 [3[4]6 175
{0f J{O,1}[ 1 7] 4]3]10] 108
{0} [{0,3y |1 [ 7 [4]3][10] 108
{0y [{03)[ L [7]6]2][30] 56 |
{1y [ {1 [ 3[4]3]4][33] 63
3y | {1y |3 43[4 33] 63
(3 | {3) [ 34| 3| 4][32] 63
{1y [{0,1} [ 3] 4] 4] 3 [52] 63
{1y [{0.3} [ 3 | 4| 4| 3 [51] 63
(3 [{0,1} |3 | 4| 4] 3 |51 63
(3} [{0,3y 34|43 [54] 63
(0,1} [{0,1} [ 4 [ 3] 4] 3][89] 21
{03V [{0,1y | 4 | 3 [ 4 [ 3 |89 2l
{03y [{0,3Y | 4 | 3 | 4|3 |8 21

When ¢ = 8 we can already see the importance of the labeling functions. In
this case, there is an isomorphism between the cyclic codes of F§ obtained
by the map t + t~!. This means that the codes defined with the class of 1
and the codes defined with the class of 3 are isomorphic, yet the graph codes
(Csups {1} : {1}) and (Tsup, {1} : {3}) have dimension 33 while (I'syp, {3} : {3})
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has dimension 32. However, the dimension of (I'sys, {3} : {0,3}) is 54 and the
dimension of (I'syup, {1} : {0,1}) is 52. The other two codes, (I'sup, {3} : {0,1})
and (T'sup, {1} : {0,3}) have dimension 51. These differences in the dimension do
not appear when we have both the class of 1 and the class of 3 in the monomials
of the cyclic code component codes as we show now.

Sx | Sa |ke|de |ka|]da | K |>D
{33 {0y [6 2] 1] 7]30] 56

{13} {1iy [6 [ 2[3[4]122] 20

(1,3} ] {3} [ 6 ]2 [3[4]122] 20

{13} [{0,1} [ 6 [ 2 [4[3 [174] 12

{13 [{0,3) [ 6 [ 243 [174] 12
({13} [{1,3} [ 6 [ 2]6]2][281] 6 |

4.3.2.2 Graph codes over F; for ¢ = 16, N = 3600

In this case, the cyclotomic cosets are {0}, {1} = {1,2,4,8}, {3} = {3,6,12,9},
{5} = {5,10} and {7} = {7,14,13,11}. Now —{1} = {—1, -2, —4,—8}. In Z;5
the coset {—1,—2, —4,—8} is equal to {7}. All other cyclotomic cosets are their
own inverses.

We will focus on these 2-invariant component codes: C(Fj4, M.({1})) and
C(Fig, M:({7})), which are [15,4, 8] codes, the codes C'(Fis, M:({0,1})) and
C(Fi6, M ({0,7})), which are [15,5,7] codes and C(Fi4, M.({0,1,5})) and
C(Fig, M:({0,7,5})), which are [15,7,5] codes. In the next table we present
graph codes with isomorphic component codes, but completely different behav-
iors of the dimension in all three cases.

Sx Sa kg | dy | ke |do| K | >D
{1} {1y [ 484|862 456
{1} {7y | 4| 8| 4|8 | 62] 456
{7} {7y | 4| 8| 4|8 |59 | 456
0,1} | {0,1}y [ 5] 7 5] 7 |137] 301
{0,1} | {07y |5 | 7|5 | 7 |137] 301
(0,7 | {07y |5 | 7|5 | 7 |137] 301
(0,15} [{0,1,5) [ 7 [ 5| 7 ] 5 ]395] 105
{0,1,5} | {0,7,5} | 7 | 5 | 7 | 5 |387| 105
{0,7,5} | {0,7,5} | 7 | 5 | 7| 5 |379| 105

Now we compare what happpens when we compare different, non isomorphic
codes.



4.3 Graph code parameters 47

Sx Sa ky | de | ko | do K >D
{1} {0, 1} 4 8 5 7 94 392
{1} {0, 7} 4 8 5 7 92 392
{7} {0,1} 4 8 5 7 94 392
{7} {0,7} 4 8 5 7 92 392
{1} {07 1, 5} 4 8 7 5 | 152 | 264
{1} {O, 7, 5} 4 8 7 5 | 148 | 264
{7} {0, 1, 5} 4 8 7 5 | 152 | 264
{7} {0,7,5} | 4 8 7 5 | 148 | 264
{0,1} | {0,1,5} | 5 7 7 5 | 229 | 203
{0, 1} {07 7, 5} 5 7 7 5 | 229 | 203
{0, 7} {O, 1, 5} 5 7 7 5 | 227 | 203
{0, 7} {0, 7, 5} 5 7 7 5 | 229 | 203

The dimension is harder to predict in this case. Now we give some examples
with codes which contain {3,6,12,9} in their monomial set.

Sx Sa ke | de | ko | dg K >D
{1} {3} 4 8 4 6 38 328
{7} {3} 4 8 4 6 38 328
{3} {3} 4 6 4 6 35 186
{0,1} | {0,3} | 5 7 5 3 95 105
{0,7} | {0,3} | 5 7 5 3 | 100 | 105
{0, 3} {0, 3} 5 3 5 3 85 21

In the first example, C(Fis, M ({3})) is a component code. When the sec-
ond component code is C(Fig, M¢({1})) or C(Fig, M¢({7})) the dimension
is higher than the case where C'(Fi4, M:({3})) is the other component code.
When C(F%4, M.({0,3})) is a component code, then we get a higher dimen-
sion with C'(Fis, M:({0,3})) than with C(Fis, M:({1})) or C(Fig, M:({7})).
Moreover, the dimension when C(Fjg, M. ({1})) is a component code is dif-
ferent from the dimension when C(Fis, M ({7})) is the second component
code. When both component codes are C(Fis, M ({1})) or C(Fis, M:({7}))
or C(Fis, M:({0,1})) or C(Fig, M;({0,7})) the dimension is higher.

4.3.2.3 Optimal Codes

We found some optimal binary codes as Tanner codes I'y,;, with cyclic com-
ponent codes. There are several ways of estimating the minimum distance of
Tanner codes |[Rot06), [HJ11], but these methods were insufficient to compute
the minimum distance of the code. We generated all codewords to find the
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minimum distance of the Tanner codes described in the following table. Their
optimality is given by [Gra07].

q Sa (Ceus, C(F%, M (S4))) Status
* {1,2,4} [56, 6, 28] Optimal
8 {0,1,2,4} 56,10, 24] Optimal
* {1,2,4,8} [240, 8, 120] Optimal
16 {0,1,2,4,8} [240,13,112] Best Known

We also mention, for ¢ = 9 and S4 = {0, 1,3} the code (I'sup, C(F;, Mi(Sa)))
is a [72,5,45]p, code where the optimal code is a [72, 5, 46]r, code.



CHAPTER 5

Graph Codes with
Reed—Solomon Component

Codes

The graphs introduced in this chapter are derived from the affine plane over F,.
It turns out that the edge set of these graphs are affine varieties. We compute
the dimension of the graph codes by considering them as affine variety codes.

We also introduce forcing sets. A forcing set for a graph G is defined only
with combinatorial notions, but it allows us to encode a graph code iteratively

provided the component codes are MDS codes. It also gives an upper bound on
the dimension of a graph code with MDS component codes.

5.1 Graph code: (I'y, RS(F,, k) : RS(F,,k))

DEFINITION 5.1.1 We denote the affine variety {(z,y,a,b) € Fy | ax+b =y}
as a subvariety of A(4,F,) by W.

Note that each point (z,y,a,b) € W is determined by the values of z and «a
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and either one of y or b, thus #W = ¢>. We denote degree graded reverse
lexicographical order with B > A > X > Y as =; and degree graded reverse
lexicographical order with Y > X > A > B as <, . First we define the following;:
DEFINITION 5.1.2 We define

= Xy - B)" — AT (Y — B)

fP = Ay = B)9 — X7y — B)
THEOREM 5.1.3 The set

{AX + B-Y, X"~ X,Y~Y,A" — A,B*— B, " P i=1,2,...¢ -1}

is a Grobner basis for I(V') under both <1 and < .

PROOF.

This is a simple corollary from the footprint bound. This is also the ideal

discussed in Example [2.3.22 O

DEFINITION 5.1.4 We define the graph 'y as the following bipartite graph.
The vertex set Vi(I'y) := F2. Likewise the vertex set Vo(T'1) := F2 The edge set
E(I'y) is defined as {((z,y), (a,b)) € V1(I'1) x Vo(T'1) | (z,y,a,b) € W}.

Note that T'; is a (g, g)-regular bipartite graph.

DEFINITION 5.1.5 We use the following bijections to make a (q,q)-regular
endpoint labeled bipartite graph with I'y.

V(a, b) € ‘/2(1—‘1) ¢(a,b) : FZ - E((a’v b))
Plap) () = (x,ax +b,a,b)
V(z,y € Vi(T1)  X@y: Fi — E((z,y))

X(I,y) (CL) (xayvavy - am)
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DEFINITION 5.1.6 We define the following monomial sets in F,[X,Y, A, B]

M) = {Y2ANB2 | j + jy < k,ia < ¢},
Mi(k)W = {XMYRB? | o < kyiy+ ja < g,i2 < g},
Mo(k)X) = {YR2ALBR2 | iy < k,j1 +i2 < q,J2 < q},
MQ(k)(A) = {XilYiszz | ’L'l +7/2 < k7j2 < q}a
My(k) = M) UM (k)@
Mo(k) = Ma(k)X) U My(k)A).

One can check My(k) C A<, (I(W)) and Ma(k) € A<, (I(W)). A counting
argument shows that for 1 < k < ¢, both M (k) and Ms(k) have exactly ¢?k
monomials.

Now we use affine variety codes to study (I'y, RS(Fy, k) : RS(Fy, k)). We can
relate the auxiliary graph codes with the endpoint labeled graph I'; to some
affine variety codes over W.

THEOREM 5.1.7
C(W, Spcqu (Ml(k’))) = (Fh RS(Fq, k) : Fg)

C(W, Spanw, (Ms(k))) = (T1,F2 : RS(Fy, k)

PRrROOF.

Let f(X,Y,A,B) € (M1(k))r,. For each (z,y) € V1(I'1), we evaluate the uni-
variate polynomial f(z,y, A,y — Az). From the bound on the degree of A and
B, f(x,y, A,y — Azx) is a polynomial of degree < k. Therefore f evaluates to a
codeword in the component code RS(F,, k). Now we need to ensure the code
positions are the ones given by x(,,,). To the code position o € F, we associate
the edge X(zy(a@) = (2,9,a,y — ax). Evaluating f(z,y, A,y — Az) at A = «
is the same value as evaluating f(X,Y, A, B) at the edge X(z,) (). Therefore
evw (f) is a codeword of (T'y, RS(Fy, k) : F?). The dimension of Spang, (M, (k))
is ¢*k. Since My (k) C A<, (I(W)), the dimension of C(W, Spang,(Mi(k))) is
also ¢°k. The dimension of (I'y, RS(Fy, k) : F{) is also ¢*k which implies both
codes are the same. The other equality follows in a similar manner. O

DEFINITION 5.1.8 Let

{feMu(k)|Fge Ma(k) : f—gecIW)} = Spang,(f1, f2,. .., fs)



52 Graph Codes with Reed—Solomon Component Codes

as an Fg-linear space and

Nk = Spanpq (Ml(k‘) U MQ(]C)) n I(W)

THEOREM 5.1.9 The graph code (I'1, RS(Fy, k) : RS(Fy, k)) is the affine va-
riety code C(W, Spang, (f1, f2,. .., fs))-

PRrROOF. The proof follows from Theorem [2.4.6] and Theorem [5.1.7] g

THEOREM 5.1.10 If1 <k < 4, the dimension of (I't, RS(F, k) : RS(F, k))
is least k*. If < k < q, then the dimension of (I't, RS(Fy, k) : RS(F, k)) is
at least k* — 3¢%k + ¢*k.

PROOF.

If 1 <k < 4 the linear space Spang, (f1, fo, ..., fs) has at least the k3 inde-
pendent monomials in M (k) N Ma (k). These k* monomials and Theorem [5.1.9
imply that dim(T'y, RS(Fg, k) : RS(Fy, k) > k3. For £ < k < ¢ Corollary|3.2.11
implies that dim(T'y, RS(F,, k) : RS(F,, k)) is at least k* — 3¢k + ¢*k. O

To find the dimension of the graph codes (I'1, RS(F4, k) : RS(F,, k)), we must
find the dimension of the space N = I(W) N Spang,(M1(k) U Mz(k)). When
Nj; = {0} then a basis of (I'1, RS(Fy, k) : RS(Fy,k)), would be given by the
evaluation of the monomials in M; (k) N My(k). We will prove that in some
cases Ny = {0}. We describe the proof as follows.

We first define a set of elements of I(W) which turn out to generate the F -
linear space I(W) N Spang, (A<, (I(W))UA<,(I(W))). Then we partition these
ideal elements into subspaces, such that different spaces have disjoint support.
We then prove that if an ideal element is in I(W) N Spang, (M1(k) U My (k)),
then it is an F-linear combination of some disjoint spaces. We then prove that
if a polynomial in a subspace is also in I(W) N Spang,(M1(k) U Mz (k)), then
certain matrices of binomial coefficients must have a nonzero element in its right
kernel. We finish by proving that these binomial matrices have full rank, which
implies that I(W) N Spang,(M1(k) U Mz (k)) = {0}.

DEFINITION 5.1.11 Let M € A<, (I(W)). We define

favr =M —rem<, (M).
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LEMMA 5.1.12

I(W) N Spang, (A<, (IW)) U Az, (I(W))) =

—
S~—

Spanwe, {fu|M € A<, (IW)) \ A<, (L(W))

PROOF.

If feI(W)nSpang, (A<, (I(W))U A<, (I(W))), then f = g — rem<,(g) for
some g € Spang, (A, AW))). 7 g = 5 gu M, then f = gy fur. The
reverse containment follows from the definition of fj;. O

LEMMA 5.1.13

Ni € I(W) 1) Spane, (M (k) U A, (I0F)).

Now we shall find the dimension of Nj which will give the dimension of the
graph codes. To do this, we exploit the structure of the ideal elements f;.
We can compute fj; explicitly. However, we only need the following facts: if
M = XY?#BJ2 then

fau=X"f1(Y,B) + X fo(Y, B) + AT 171 f5(Y, B) (5.1)
where f1, fo and f3 are homogeneous polynomials in Y and B of degrees i2 + jo,
io +jo — (¢ — 1) and iy + jo + i1 — ¢ + 1 respectively and f; is a multiple of B.
Furthermore,

ALY, B) + BT f5(Y, B) = giz q—i, (Y, B)(Y — B)T™" (5.2)
Likewise if M = A7Y?% BJ2 then

gu = A7 g1 (Y, B) + Al go(Y, B) + X711 g3(Y, B) (5.3)
where g1, g2 and g3 are homogeneous polynomials in Y and B of degrees is + jo,
io +jo — (¢ — 1) and i + jo + j1 — g + 1 respectively and g, is a multiple of B.
Furthermore,

91(Y, B) + B' g2(Y, B) = iy -5, (Y, B)(Y — B)*™"" (5.4)

where ¢; ;(Y, B) is a homogeneous polynomial in Y and B of degree i — j.
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DEFINITION 5.1.14 We denote by M, (k )Z . as the subset of M1 (k) of mono-

mials M satisfying degx M = i, degg M + degy M = a. Likewise we denote
by Ml(k)gza) as the subset of M1(k) of monomials M satisfying dega M = i,

degg M + degy M = a.

The sets M (k )Za and M (k )m allow us to partition N}, into subspaces of
polynomials with disjoint support. This separation will help us in finding the
elements, if any, of Ng.

LEMMA 5.1.15 Let S1,5 be two distinct subsets of the form M (k )(1) or
Ml(k)( ) 4s in Definition|5.1.14| where i < k < q/2. Suppose that the polynomial

i,a

f= > cufmandg= dys far- Then fand g have disjoint support.
MeS; MeS>
ProoOF.

It Me S = Mi(k )l ‘o> then equation (5.1) implies that f can be written as
X f(Y,B) + X f5(Y B) + A9~1- “fG(Y B) where fy4, f5 and fg are homoge-
neous polynomials in Y and B of degrees a, a — (¢ — 1) and a +43 — g+ 1
respectively. If So = My (k )11 . and either i} # i or a # o’ then g has no
term in its support in common with f. Therefore we assume Sy = Ml(k)g)a,
However, equation implies ¢ — 1 — 4; = j;. The hypothesis of the lemma
states j; < k. However, since j; + i3 =q¢—1, j1 > q¢—1—k > ¢q/2, then f and
¢ have disjoint support. Similarly, the case S; = My (k ) ) follows. O

LEMMA 5.1.16 Suppose f € Spang,(far), M € My(k ) . Furthermore sup-
pose f equals X f4(Y, B) + X% f5(Y, B) + A1~ “fg(Y,B) where fa, f5 and fg
are homogeneous polynomials in'Y and B of degrees a, a—(q—1) and a+i1—q+1.
If f € Spang, (M1 (k) U Ma(k)), then f41(Y,B) + BI7! f5(Y, B) is a multiple of
(Y — B)4=% whose terms satisfy either degg > q or degp < k.

PROOF.

Equation implies that f4(Y, B) + B?1f5(Y, B) is a homogeneous poly-
nomial and a multiple of (Y — B)?~%. We write f4(Y, B) + Bi~!f5(Y, B) as
h(Y,B)(Y —B)?7". Since X' (f4(Y, B)+ f5(Y, B)) € Spang, (M (k)UMs(k)),
the polynomial h(Y, B) has the desired properties. O
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LEMMA 5.1.17 Suppose f € Spang,(far), M € Ml(k)f}a Furthermore sup-
pose [ equals AT g,(Y, B) + A1 gs(Y, B) + X971 g4(Y, B) where g4, g5 and gg
are homogeneous polynomials in'Y and B of degrees a, a—(q—1) and a+j;—q+1.
If f € Spang, (M1 (k) UMy (k)), then g4(Y, B) + B g5(Y, B) is a multiple of
(Y — B)4771, whose terms satisfy either degp > q or degp < k — j1.

PROOF. The proof is the same as in Lemma [5.1.16 O

Lemma shows that a nonzero element of N}, gives rise to a multiple of
(Y — B)9~% with no monomials in the middle. We will show that in the cases
relevant to (', RS(Fy, k) : RS(Fy, k)) there does not exist a multiple of (Y —B)"
such that we find a nonzero element of I(W) in Spang,(M1(k) U My (k)). This
will give a closed formula for the dimension in these cases.

m . .
LEMMA 5.1.18 Let h(Y,B) = ) h;Y7B™ 7. The homogeneous polynomial
5=0
h(Y, B)(Y —B)! can be written as a polynomial whose terms have either degree in
B less than dy or degree in B greater than ds if and only if the coefficient vector

h= (Ao, 1, .., ho) is in the left kernel of F = (5}, .))o<u<ds—ds 0<v<m-

PRrROOF.

The vector hF represents the coefficients of h(Y, B)(Y — B)! which do not satisfy
the degree conditions from the theorem. These terms are 0 if and only if h is in
the left kernel of F. O

DEFINITION 5.1.19 Let k, h,r be integers. We define

B(k,h,r) := b
R r+h—v+u Ogu,vgh.

LEMMA 5.1.20 Let m > 1, i < 2™71 0 < h < i — 1, then the matriz of
binomial coefficients B(2™ — i, h,2™ =1 — h) has full rank over Fam.

PROOF.

Since i < 2™~1, Lucas’ Lemma [Luc78| implies (3:1) = 1. Therefore the
entries on the main diagonal u — v = 0 are equal to 1. If 0 < v —u < h,
then 2™ — i < 2m~1 — (v — u) < 2™~1. Similarly, the entries below the main
diagonal are 0. Therefore, the determinant of B(2™ — i, h,2™~ ! —h)is 1. O
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LEMMA 5.1.21 Let ¢ = 2™. Suppose k < 2™~1. Then N, = {0}.

PROOF.

Let h < i1 < k. Let g(Y, B) be a homogeneous polynomial of degree h such that
no term, M, of g(Y, B)(Y — B)?% satisfies k < degg M < q. This implies the
matrix ((kq:viu))OSUSq*l*k,OSUSh has a nonzero left kernel element. However,
B(q —i,h,k — h) is a submatrix, Lemma implies it has full rank. O

LEMMA 5.1.22 Let q = p, p a prime. Suppose k < 5. Then Ny = {0}.

PROOF.

Let h < i1 < k. Let g(Y, B) be a homogeneous polynomial of degree h such that
no term, M, of g(Y,B)(Y — B)P~" satisfies k < degp M < p. This implies the
matrix ((,” ;Z-ﬁu))oiuép—l—kvoévéh has a nonzero left kernel element. However,
B(p —i,h,k — h) is a submatrix. [Mat08| states that it has full rank. O

We have proved that in certain cases there are no nonzero ideal elements in Ny.
In this way we obtain the following dimensions for the following graph codes.

THEOREM 5.1.23 Let q equal a power of 2 or a prime. Then,

Fl<k< g then dim(Ty, RS(F,, k) : RS(Fy, k)) = k°.

If% <k <gq, then dim(I'y, RS(Fy, k) : RS(F, k)) = k* — 3¢°k + ¢°k.

PROOF.

Lemmas [5.1.21] and [5.1.22] imply that when ¢ satisfies the conditions of the
theorem and k < ¢/2, then N, = {0}. Therefore, the F,-linear vector space
{f e My(k) |3 g e Ma(k) : f—g € I(W)}isequal to Spang, (M1 (k)NMa(k)).
Thus, dim(T, RS(k) : RS(k)) = k3. Corollary [3.2.11] implies the statement of
the theorem for 2 <k <gq. O

Generally, Theorem[5.1.23|does not hold. When ¢ is an odd prime power, and the
rate of the component codes is around 1/2, then the dimension of the graph codes
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is greater than k3. For example, in the case ¢ = 9 and k = 4, the dimension of
the graph code (T'1, RS(Fg,4) : RS(Fg,4)) is 66 > 43. The polynomial (Y — B)®
over F3 equals Y%+ B3Y 3+ BS. With this polynomial we find the ideal elements
X3(Y — B)S — A%(Y — B) and A3(Y — B)® — X5(Y — B) are in the linear space
Spangp, M1(4) U M3(4)). These ideal elements give two codewords which are
not monomials in M;j(4) N Maz(4). For example X3Y% + X3Y3B3 € M;(4)
and —X3BS — A5Y + ASB € My(4) are two polynomals which evaluate to the
same nonmonomial function. However, k3 still is a useful lower bound on the
dimension of (I'y, RS(Fy, k) : RS(Fy, k)).

5.1.1 Parameters of (I'y, RS(F,, k) : RS(F,, k))

We use the following theorem from [HJ11]| and [RS06] to estimate the minimum
distance of the graph codes (I'y, RS(Fy, k) : RS(Fy, k)).

THEOREM 5.1.24 The minimum distance, D, of (I'1, RS(Fy, k) : RS(Fy, k)),
satisfies the following:

e D>(q—k+1)((g—k+1)>—(q—k)).

. D2q2(qfk+l)W.

For the case where ¢ = 4 and k = 2, the bounds on the minimum distance
are D > 32+ (32 -2) =16 and D > 16 * 3 % % = 24. A direct computation
shows D = 35. The bound D > 24 may not be improved because it is a bound
which depends only on the graph I'y and the component code RS(F,, k) and
the bound is sharp because there is a graph code over I'; with another labeling
and RS(F4,2) as component code with parameters [64, 10, 24|g,. We tried to
improve the bound with a technique derived from the footprint bound as given
in [Gei08]. However, in this case, the bound is D > 21.

For the case where ¢ = 4 and k = 3, the bounds on the minimum distance are
D >2%4+(22-2) =6and D > 16x2x3 = 0. A direct computation shows D = 6.
The bound D > 6 may not be improved as the graph code is a [64, 31, 6]g, code.
We also considered the bound given by a different technique derived from the
footprint bound as in [Gei08]. However, in this case, the bound is D > 4.
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5.2 Graph code: (I';, RS(J,k) : RS(J,k))

DEFINITION 5.2.1 We define U := {(z,y,t) € Ff’lz | t9+t =1, 2y =t} as
an affine variety of A(3,F,2). We denote the affine variety V(t9 +t—1) by J
as an affine variety of the line A(1,F ).

Note that each point (x,y,t) € U is determined by the values of x and ¢. For
any r € F;‘z there are ¢ possible values of ¢. Once x and t are fixed, so is y.

Therefore #U = q(¢® — 1).

DEFINITION 5.2.2 We define the graph T's as the following bipartite graph.
The vertex set Vi(I'2) := Fy, Likewise the vertex set Vao(I'z) := Fy, We define
the edge set of s as the set E(I's) := {(z,y) € V1(I'2) x Va(T2) | (z,y,t) € U}.

Note that I's is a (g, g)-regular bipartite graph.

DEFINITION 5.2.3 Let <1 be lexicographical order with’Y > X > T. Likewise
we denote by <o the lexicographical order where X >Y > T.

THEOREM 5.2.4 The ideal I(U) is generated by the polynomials T1+T — 1,
X1 -1, Y"1 1 qnd T — XY.

PROOF.

A quick check of the footprint of (T + T — 1,X‘12’1 - 1,Yq2’1 -1,T - XY)
under =<; shows the footprint of the ideal has q(¢®> — 1) elements. Since the
basis elements evaluate to 0 at the points of U and U has ¢(¢*> — 1) points, the
equality follows. O

From this basis for I(U) we can easily find its Grobner bases under <; and =< .

THEOREM 5.2.5 The set {T7+T —1,X9 1 —1,Y —TX7 2} is a Grébner
basis for IU) under <y, and {T7+T—1,Y" "1 —1, X ~TY" 2} is a Gribner
basis for I[U) under =<5 .

PROOF.

The polynomial Y = TX4% =2 belongs to I(U). Since the ideal I(U) contains
T9+T—1,Y —TX" 2 and X7~ — 1, the monomials 79, X%~ and Y can
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not be in A<, (I(U)). This implies #A<, (I(U)) < g(¢* — 1). Since U has at
least g(g* — 1) elements, the equality #A <, (I(U)) = #U follows, which implies
{T9+T —1,Y —TX7~2 X9~ — 1} is a Grobner basis under <; . The case
for <5 is similar. O

DEFINITION 5.2.6 To construct graph codes over I'y we will use the following
endpoint labelings:
xx(X,Y):=XY

oy (X,Y) =XY
Note that the edges of E(I'y) represent the pair (X,Y) when (X,Y,T) € U. We

may represent the pair (X,Y) as (X, <) or (£,Y). Therefore, we may consider
the labelings in the following equivalent way.

THEOREM 5.2.7

T T
XX(va) = X%(?vy) =T
T T
Pz (X, Y) = ¢Y(?,Y) =T

The component codes we will be working with are RS(J C F 2, k). Since the
positions of the component codes are indexed by the elements of J, the labelings
map the edges of I'; to 3. We remark that the code RS(J C F 2, k) is actually
the code RS(Fy, k) over the field F2. If n € Fy2 is a zero of 79 +T = 1 and
€ € Fg2 is a zero of T? + T = 0 then all zeroes of T? + T = 1 are of the form
n+ae, a € F,. Therefore, there is a bijection between J and F; by mapping n+oae
to a. The binomial theorem gives a mapping from Spang , (1, 2, 22,2 D to
Spang _, (1,1 + ze, (n + ze)2 ..., (n+ ze)*~1) which gives the equality between
RS(J CFy2,k) and RS(Fy, k).

DEFINITION 5.2.8 We define M (k), Ma(k) CFp2[X,Y,T] as follows:
My(k) :={XT7 | 0<i<¢*—2,0<j<k—1},

Mo(k) :={Y'TI |0<i<¢®>—2,0<j<k—1}.

Note that M1 (k) is a subset of A<, (I(U)) and Ma(k) is a subset of A<, (I(U)).

As before, we relate the auxiliary graph codes with some affine variety codes.
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THEOREM 5.2.9
C(U, Mq(k)) = (T2, RS(J,k) : ng)
C(U, Ma(k)) = (T2, Fl, : RS(3,k))

PROOF.

Let f(X,T) € Spang ,(Mi(k)). Fix « € F},. Then f(z,T) is a polynomial of
degree at most k—1in T. Let t?+¢ = 1, then t is equal to xy where (x,y,t) € U.
The position of f(z,T) at T = t is the one given by xx(X, %). Therefore,
f(X,T) evaluated in the affine variety U is also codeword of (I';, RS(J, k) : ng).
Since M (k) is a subset of the footprint, the dimension of the code C(T'2, M1 (k))
is equal to (¢® — 1)k which is the same as the dimension of (I'y, RS(J, k) : ng).
The second equality follows similarly. O

LEMMA 5.2.10 Let X'T7 € My (k). Then,

rem,(X'T7) = YOS mod T4+ T — 1.

PROOF.

We divide the monomial X‘T9 by X = TY4 =2 to obtain Y¢ ~1=iT"*J as the
remainder of X*T7. Then the only possible leading term of T9+T —1, ye-1- 1,
or X — TY " =2 which might divide Y7 ~1=iT%*+J is T, therefore remx,(XT7)
is equal to Y7 1T+ mod (T7+T — 1). O

DEFINITION 5.2.11 Fori=0,1,...¢> — 2 We define
Az, (IU))(0) = {X'"T? 0<j<q—1}
A<, (IU)(i) ={Y'T? 0<j<q—1}.

The remainder induces a bijection between the spaces Spanr , (A<, (I(U))(4))
and Spang ,(A<,(I(U))(¢* =1 —i mod ¢* — 1)). Note that in the case i = 0
the vector qspace Spang , (A<, (I(U))(0)) is equal to Spanr ,(A<,(I(U))(0)).
To simplify notation we write AS’panFq,“(Ajr‘,(I(U))(q2 — 1 —14)) instead. The
bijection is given by X'h(T) — Y4 ~1={(Th(T) mod T9 + T — 1). The key to
computing the remainder lies in computing h(7) mod T + T — 1. First, we
arrange all remainders in a (¢> — 1) x ¢ matrix.
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DEFINITION 5.2.12 Let R denote the following ¢*> — 1 x ¢ matriz. We denote
by r; ; its (4,)-th entry, which is defined as follows:

q—1
> ri TV =T" mod T9+7T —1.
j=0

It turns out that we can compute the entries of R.

THEOREM 5.2.13 Let r; ; denote the (i,7)-th entry of R. Then

(_1)]‘—1‘40 (jilio) 0 S /L.O S q— 1- Z’17 j 7é 0
Ti1qtio,] = (_1)?_10 (qu_liol) X j=0
(—1)yrazio (Bl ) q—ii<ig<qg—1j#0

PROOF.

Let i = i1q. In this case the remainder of 7% = (T9)% mod T? + T — 1 is
(1—-T)1. Ifig = 1,2,...q — 1 — iy, then T%(1 — T)% has degree less than ¢
and the remainder coefficient is r;,41i, ; = (—1)7 7% (jilio). Now, suppose i is
one of g —i1,q—1i1+2,...q— 1. We will compute the i1q + ip-th row, from the
previous row. For 2 < j < g—1, the entry ri,g1ig,; is equal to 74, g4i,—1,j—1, the
eNtTY T, gtio,0 = Tiygtio—1,g—1 = (—1)77™ (q’_lio) and the entry corresponding to
the column j = 1is r;,414,1 = (—1)97 %0 F! (;1;’;(1)) which is equal to the difference

Pivqtio—1,0 = Tiygtio—1,g-1 = (=1)(=1)9707 (2 )+ (=1)97"0 (™). 0

As a consequence of the definition of R we have the following characterization
of R.

COROLLARY 5.2.14 Let R; be the q X q submatriz of R obtained by taking
q consecutive rows of R starting from i and cycling back to 0 if necessary.
Then R; is the change of basis matriz which maps Spany , (A<, (I(U))(i)) to

Spang,, (A, (IU))(g> 1 - i)).

PROOF.

If Xh(T) € Spang , (A<, (I(U))(i)), then the remainder maps the polynomial
X'h(T) to Y‘f’l*i(Tih(T) mod 77+ T — 1). But the definition of R implies
that mapping h(T) to T*h(T) mod T9 + T — 1 is given by h — hR;, where
h = (ho,h1,...,hg—1) is the coefficient vector of h(T). O
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To find the dimension of (I'y, RS(J,k) : RS(J,k)) we need to find the ele-
ments of Spang ,(M:(k)) whose remainders belong to Spang ,(M2(k)). Be-
cause the remainder induces a bijection between Spang , (A<, (I(U))(i)) and
Spang , (A<, (I(U))(¢* — 1 — 1)) we can divide the work by finding elements of
Spang ,(Mi(k) N A<, (I(U))(i)) whose remainders belong to the linear space
Spang , (Ma(k) N A<, (I(U))(¢* — 1 — i)) for each i. For this purpose we will
need the left nullspace of a k x (¢ — k) submatrix of the R; matrices.

DEFINITION 5.2.15 Let R; ) denote the k x (¢ — k) submatriz of R obtained
by taking the rows i,i+1,...,i+k —1, the rows are indeved mod (¢*> —1) and
the last ¢ — k columns.

The matrix R; j, represents the polynomials in Spang _, (M1 (k)N A<, (I(U))(4))
which can be written as polyomials in Spang , (A<, (I(U))(¢* —1—1)) of degree
k or more in T'. The left corank of R; j is equal to the dimension of the functions
in Spang _, (M1 (k)NA<, (I(U))(i)) whose remainders are in the F2-linear space

Spang , (Ma(k) N A, (I(U))(¢* — 1 =)

The following lemma allows us to halve the number of submatrices we need to
consider.

LEMMA 5.2.16 The rank of R; 1 is equal to the rank of Rp_1_,; .

PROOF.

The left nullspace of R; j represents the space of solutions (f1, f2) to the equation
fit)t' = fo(t) mod t?+t—1 where the degree of f; and fs is less than k. Since
# is invertible, we may multiply both sides by 7 ~1=% to obtain a solution of
the form (fo, f1) to the equation fi(t) = fg(t)tqgflfi mod 7 4+ ¢t — 1. These
solutions are represented by the left nullspace of Rg2_1_; . g

THEOREM 5.2.17 If1 <k <, then (T'y, RS(J,k) : RS(J,k)) has dimension
at least k*. If 4 < k < g, then (I'2, RS(J,k) : RS(J3,k)) has dimension at least
(@® = 1)(2k —q) + (g — k)*.

PROOF.

Let i = i1g+ip where 0 < iy +ig < k—-1< % Let j > k, then j—1ig,41 < k—1ig.
Therefore the binomial coefficient is equal to (—1)7=%(.*L ) = 0. On the other

J—to
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hand this is equal to the entry r;; of the matrix R. Therefore, in the case
i = i1q + 19, where 0 < 71 +ig < k-1 < %, the matrix R;j has at least
k — iy — 11 zero rows. The left nullspace of R; j, hasrank k. For¢ =1,2,...k—1,
the left nullspace of R; ) is at least & — ¢. For 4y < k, the matrix R; 4 has
its first k£ — i; rows equal to 0. Therefore, for ig < k — i; the left nullspace of
R g+io,k 1s at least k& —4;. However, this also holds for R; 4—i, r. Now we can
count the total left nullity to obtain that left corank of all matrices is at_least
k+ 2(’;) +2 Zf;f@(k;) + (k —14)(i +1)). This is equal to k3. Corollary [3.2.11
implies the second statement of the theorem. [

Like in the previous section we will prove equality for ¢ = 2" and ¢ = p. As in
the previous section we will use the matrix of binomial coefficients B(k, h, ).
However since the entries of R alternate in sign we need some preliminary the-
orems.

DEFINITION 5.2.18 Let k,h,r be integers. We define

k
B'(k,h,r) = [ (=1)"vtu .
( ) <( ) (r+h—v+u>)0§u,v§h

THEOREM 5.2.19 The matrices B(k,h,r) and B'(k, h,r) have the same rank.

PRrROOF.

The matrix B’(k,h,r) is obtained by multiplying every second row and every
second column of the matrix B(k, h,r) by —1. O

THEOREM 5.2.20 Let q be a power of 2 or a prime. If 1 < k < %, then
the code ('y, RS(J,k) : RS(3J,k)) has dimension k*. If 4 < k < g, then
(T2, RS(3,k) : RS(3,k)) has dimension (¢*> — 1)(2k — q) + (¢ — k)3.

PROOF.

We will prove that all nonzero rows of R;; are independent, which makes the
bound in Theorem [5.2.17] sharp. The technique we will use is similar to the
techniques in Lemmas [5.1.21] and [5.1.22]

Let ¢ = 419 + 9,0 < i9g < ¢ — k. In this case, the first kK — i3 — 1 rows of
R(;, 11)q+io,k are 0. The other 4; 4 1 rows contain B’(i1,14,71) as the submatrix
corresponding to the first k columns of R(;, 11)g4i,k- From [MatO8]| we know
this submatrix has full rank.
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Since the first k& —i; — 1 rows of R(;, 41)q,x are 0, the matrix B’ (i1, 10,11) is also
a full rank submatrix of R(;, 1)q+io,x Where 0 <ig < ¢ — (i1 + 1).

Finally, we consider the case i1q < i1q +io < (i1 + 1)g, where (i1 +1) <k < 1
and 79 > q — 1. The matrix R;, ¢4, has ¢ —ig rows with binomial coefficients
(=1)7("}) and k+ip—g rows with binomial coefficients (1)’ (“;rl). The columns
of R corresponding to the nonzero binomial coefficients (—1)7 (ilj'l) are the
columns from k to ip and the columns corresponding to the nonzero binomial
coefficients (—1)7 (Z;) are the columns from 4, + 1 to ¢ — 1. Therefore, R;, qtiq.k
has B’(i1+1, 49, i0—k) as a submatrix on the first columns and B’ (i1, ¢—i9, ¢—11)
on the last. Therefore, R;, ¢4i,,% has full rank.

The rank for the matrices R; ; where i has not been determined so far follows
from the fact that R;; and R,2_;_;; have the same rank. This proves the
theorem from 1 < k < Z. Corollary [3.2.11| implies the theorem is true for Z. O

5.2.1 Parameters of (I'y, RS(J,k) : RS(J,k))

We use the following theorem from [HJ11] and [RS06] to estimate the minimum
distance of the graph codes (I', RS(J, k) : RS(J,k)).

THEOREM 5.2.21 The minimum distance of (s, RS(J,k) : RS(J,k)), de-
noted by D, satisfies the following:

e D>(q—k+1)((g—k+1)*=(q—k)).

— k41—
. DZ(qul)(qfk+1)%f/aﬁ.

For the case ¢ = 4 and k = 2, the bounds on the minimum distance are D >
32+(32-2)=16and D > 15%3 *% = 23. A direct computation shows D = 31.
In this case, we can obtain an improvement from the derived footprint bound
as given in [Gei08]. From the monomials of the form X®TV which generate
(T2, RS(7,2) : RS(7,2)) we obtain D > 28. A direct computation shows this is
a [60, 8, 31]r, code.

As in the previous section for the graph code (I'2, RS(J,3) : RS(J,3)) we have
the graph code bound D > 6. This bound is sharp since the code is a [60, 29, 6],
code. The bound in [Gei08] gives D > 4.
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5.3 Iterative encoding

A forcing set is a subset S of the edges of a graph G with the property that
any codeword of any graph code (G, Cy : C3), with C; and Cy as MDS codes, is
determined by the values at the positions in S. In particular S is independent
of the endpoint labeling functions.

DEFINITION 5.3.1 Let G an (ny1,ns)-regular graph. Let k1 < ny and ko < no.
Let T C E(G). We say T is (k1, ke)-closed if T satisfies:

Vo e Vi(G) £(T N E(w) > ki — E(v) C T,
Vu € Va(G) #(T N E(w)) > ks — E(u) C T.

That is if there are at least k1 edges incident to v € V1(G) contained in T, then
the whole of E(v) is contained in T. Also holds similarly for u € Va(Q).

To find a (K1, k2)closed set which contains a subset of edges, say S C E(G) one
can check all vertices to see if they have ki (or k3) incident edges in S. Then
one defines S; as the set of edges in S plus those edges incident to a vertex with
k1 (or ko) incident edges in S. Then one does the same with S; to get an S
and so on. This process terminates, and the final result is a (kq1, k2) closed set
containing S. In fact we prove that by doing this, we get the smallest closed
set containing S. The sets S; in the proof are constructed by adding one set of
incident edges at a time, but this makes no difference.

THEOREM 5.3.2 Let G an (ny,ns)-reqular graph. Let k1 < n; and ks < no.
Let S C E(G). There exists a unique smallest (k1,k2)-closed set containing S.

ProOOF.

We define Z as follows Z = SU E(z1) U E(22) U...U E(z,), where the subset Z
satifies:

o 7y=2S.
e Z;, .= SUE(z1) UE(22) U...U E(z) satisfies Z; N E(z;+1) > k1 or
Z; N E(zi41) > ko depending on z;41 € V1(G) or z;41 € Va(G).

o 7 is (ki, k2)-closed.
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We claim that if Z’ is another (ki, k2)-closed containing S then it must also
contain Z. Suppose Z’ is (k1, ko )-closed and Z contains S. Now suppose Z € Z’
then there exists Z; such that Z; C Z' but Z; 1 € Z’, but since Z;NFE(zi11) > ki
or Z; ﬂE(ZZ;H) > ko depending on z;4+1 € Vl(G) or z;4+1 € ‘/2(G) it follows that
Ziy1 € Z'. Therefore, Z C Z'. O

DEFINITION 5.3.3 Let G an (n1,ng)-reqular graph. Let ki,ko be integers
satisfying k1 < ny and ke < ng. Let S C E(G). We define the unique smallest
(k1, ko)-closed set containing S as the (ki,ks)-closure of S. We denote it by
iy ko (S). If €l 1, (S) = E(G) we say S is an (k1, ks) forcing set.

The following theorem relates the size of a (ki,ks) forcing set of G with the
dimension of a graph code with [ny,k1,d1] and [ng, k2, d2] MDS component
codes.

THEOREM 5.3.4 Suppose G is an (ny1,ns) regular bipartite graph. Let C; be
an MDS code of length n, and dimension k1 and let Cs be an MDS code of length
ny and dimension ko. Let S be a (k1,ke) forcing set of G. Then (G,C1 : Cy) is
linearly isomorphic to (G,Cy : C)® and dim(G, Oy : Co) < #8S.

PROOF.

Consider (G,C; : C3)®, the projection of (G,C; : Cs) onto S. There is a
linear map from (G,C; : Cy) to (G,C; : Co)® where we map the codeword
c = (¢i)icr(q) to the vector cs = (¢i)ics. We will prove the kernel is zero di-
mensional. Let ¢ be a codeword of (G,C; : C3) which is mapped to the zero
codeword of (G, C : Cy)®. Therefore, ¢; = 0 for i € S. For each v € V1(G) once
we know ¢; = 0 for ky edges of E(v), we know ¢; = 0 for all edges of E(v). For
each u € V5(G) once we know ¢; = 0 for kg edges of E(u) are zero, we know
¢; = 0 for all edges of E(u). Therefore the set of zero positions of the codeword
¢ is cli,y k, (S). Since S is a (k1, ko) forcing set of G all positions of ¢ have the
entry zero.

Since the linear map (G,C; : Cy) to (G,Cy : C2)° has a trivial kernel, punc-
turing (G,C; : C3) on S is a linear isomorphism between (G,C; : C3) and
(G, Cy : Cq)%. Therefore, the dimension of (G,C; : Cy) is equal to the dimen-
sion of (G, Cy : Co)® which is at most #8S. O

The hypothesis that the component codes are MDS can’t be relaxed. In this
case, one can find graph codes where the dimension of the graph code is larger
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than the size of the forcing set. For example:

EXAMPLE 5.3.5 Let G be the 4-cycle. Any single edge of G constitutes a
(1,1) forcing set. We use the following endpoint labelings for a graph code
over G: the edges (1,2) and (3,4) get label 1 for both endpoints and the edges
(2,3) and (1,4) get label 2 for both endpoints. This is an endpoint labeling
of the cycle. Let C = Span((1,a)), the graph code (G,C : C) is the code
Span((1,a, 1, ). But if we let C' = Span((1,0)). The graph code (G,C’ : C")
is the code Span({(1,0,0,0),(0,0,1,0)}).

We also get a corollary to Theorem[5.3.4 We may encode (G, Cy : Cs) iteratively
from a codeword in (G,C} : Co)® where S is a (k1, ko) forcing set of G and C}
and Cy are MDS codes of dimensions k; and k5 respectively. Once some positions
of the codeword in (G, C; : C3)° have been determined, it might be possible
to determine the positions of some other neighborghood which has at least ko
but not no positions determined. The other possibility is that it might not be
possible to extend the entries of the code in this way, but we will prove this is
not the case.

THEOREM 5.3.6 Suppose G is an (n1,n2) regular bipartite endpoint labeled
graph. Let Cy be an MDS code of length ni and dimension k1 and Cy an
MDS code of length ny and dimension ko. Let S be a (ki,ks) forcing set of G.
Then a codeword ¢’ € (G,Cy : Co)® may be extended uniquely to a codeword in
(G, Cy : Cy) using only the conditions that (G, C : C2)P™) = Cy, for v € V1(G)
and (G, Cy : C2)PW) = Oy, for u € Va(G).

PROOF.

Let S be a (k1, ke) forcing set. There exist Sp, S1,...,5m C E(G) satisfying:
So =5, Sn = E(G) and for i = 1,2, ... n either the set S; = S;_1 UFE(u;) where
ki < #(Si—l U E(Ul)) <n; and v; € ‘/1(G) or the set S; = S;_1 U E(uz) where
ko < #(Si—l U E(’U,Z)) < ng and u; € ‘/Q(G)

Let ¢s, denote the linear map from (G, C; : C3) to (G, Cy : C2)%. Since S; is a
(k1, ko) forcing set of G then ¢g, is a linear isomorphism.

Let ¢s(c) = ¢ € (G,Cy : C2)° = (G,Cy : Cy)%°. Now suppose that we have
extended ¢’ to ¢g,(c) € (G, Cy : 02)57 and we want to prove that we can extend
it uniquely to a codeword of (G, C} : Cy)%+1. The only possibility is to extend
¢s,(c) to ¢s,, (c) because the positions in S; 1\ S; are determined by the entries
in ¢g,(c) and those positions are exactly the entries of ¢g,, (c). (]
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5.4 Twisted I';

Now we assume ¢ is a square prime power and r = ,/q. We define a graph I’y
which is closely related to I'y.

DEFINITION 5.4.1 We define the graph T'y as the following bipartite graph.
The vertex set Vi(I'y) := Vi(['1) = {(z,y) € Fy x F}. Likewise the vertex set
Vo(T'y) == Vo(T'1) = {(a,b) € Fy x Fy}.

We define E(T;) := {((z,y), (a,b)) € V1(T't) x Va(T4) | "z +b" — y = 0}.

Note that T'; is also (g, ¢) regular bipartite graph on the same vertices as T';.
In fact both graphs are isomorphic. The only difference is that the incidence
relation ax + b — y is twisted with the field involution to obtain the relation
a"z + 0" —y = 0, and since we are working within F; we also obtain another
relation az” + b — y” = 0. This twist changes significantly the graph codes
(T'y, RS(Fy, k) : RS(F,, k)) under the following endpoint labeling.

DEFINITION 5.4.2 We use the following bijections to make a (q,q)-regular
endpoint labeled bipartite graph with T'y.

V(a,b) € Va(I't), ) : Fqg = E((a,b))
Pap)(r) = (x,a"x + ", a,b)
V(@,y) € Vi(Te), X(a,y) : Fqg = E((2,y))
Xy (a) = (2,y,a,y" —az")

We have found the following dimensions of (I';, RS(F, k) : RS(Fy, k)) and (k, k)
forcing sets of the following sizes:

q=4
k| K |#S
11 1
2110| 10
3133]| 33
4164 | 64




5.4 Twisted T'; 69

K $S

36 37

101 | 103
208 | 211
357 | 361
549 | 554
784 | 790
1061 | 1068
1381 | 1389
1744 | 1751
2149 | 2156
2596 | 2600
3081 | 3081
3585 | 3585
4096 | 4096
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T. Hgholdt and J. Justesen proved that for » < k < g — r the dimension of
(Ty, RS(F 4, k) : RS(Fy,k)) in the cases where k =2r —1,3r —2,...q —r+1
is qQk% + (T;1)2 + 1 with techniques shown in this chapter. It seems the
dimension of the graph code (I'y, RS(Fy,k) : RS(F,,k)) is optimal or almost

so. However, a proof has eluded us so far.
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CHAPTER 6

Affine Grassmann and
Grassmann Codes

The Grassmannian is a mathematical object relevant in Algebra, Geometry and
Combinatorics. In this chapter, we define the Grassmannian, Grassmann codes
and affine Grassmann codes. We also define some graphs such that Grassmann
codes and affine Grassmann codes are Tanner codes over these graphs in a
natural, nontrivial way.

6.1 Minimum weight Codewords of C*(¢, m)*

The codes C*(¢,m)* were introduced in chapter 2 as an example of an evaluation
code. We repeat their definition for the benefit of the reader. In this chapter
we define m := £+ (',

DEFINITION 6.1.1 Let M be an ¢ x {' matriz, where £ < {'. Suppose I is a
subset of {1,2,...,4} and J C {1,2,...,0'}. Suppose #I = #J = h < r. Let
My, ; denote the submatriz of M obtained by taking the rows specified by I and
the columns specified by J. An h-minor of M is the determinant of an h X h
submatriz of M. The minor determined by I and J is denoted by det(My j).
When h = £ we omit I from the notation. The O-minor is defined as 1.



72 Affine Grassmann and Grassmann Codes

Consider the set of £ x ¢’ matrices over F,, M** (F,). We identify M‘** (F,)
with the set of points of the affine space A(¢¢', F,). We associate to this affine
space the polynomial ring F,[X]. The polynomial ring is defined in the £¢
indeterminates of the matrix X := (Xiﬁj)lgigf,lgjgﬂ’-

DEFINITION 6.1.2 Let X := (X, ;)i<i<e,1<j<¢ be an € x {' matriz in the
indeterminates X; ;. For 0 < h < { we denote wn(X) as the set of all h-minors
of X. We define the affine Grassmann code, C*(¢,m), as the affine variety code
C(F [X], Spang,, (wo(X) Uwi(X)U... Uwy(X))).

From [BGHI2] we know that C*(¢,m)* is generated by its minimum weight
codewords. Additionally, over F the minimum distance d(C*(¢,m)") is 4. Over
other fields, d(C*(¢,m)*) is 3. Now we study the minimum distance codewords
of C*(¢,m)*. First we need the following lemma about the automorphisms of
C*(¢,m). We denote the group of nonsingular ¢ x £ matrices over F, by GL(F,).

LEMMA 6.1.3 [BGHI12] Suppose B € GL(F,), A € GLy (F,) and the matric
U e MY (F,). Suppose f € Spang, (wo(X) Uwi(X)U... Uwp(X)). Then, the
map M — BMA + U where M € MZXZI(FQ) induces an automorphism of
CA(¢,m) which is the map

evp,1x](f(X)) = evp x)(f(BXA + U)).

We denote the map M — BMA + U by op,a,u. The group of such maps is
denoted by $(¢,m). We also look at two subgroups of $(¢,m), the group of
matrix products, oB,a,0 and the group of matrix translations 01,1, ,Uu- The full
automorphism group is determined in [GK13], but for us $(¢, m) suffices.

DEFINITION 6.1.4 Let E; ; denote the { x {' matriz whose (i, j)~th entry is 1
and all other entries are 0 and D, := E, + Ex5 +--- E, ,.

LEMMA 6.1.5 Let M be an £ x £ matriz of rank p. Then there exists matrices
Bc GLE(FQ)’ Ae GLK’(Fq) such that UB,A,U(]W) = Dp'

6.1.1 Affine Grassmann codes over F,, ¢ # 2

Now we consider the case where ¢ # 2. Over nonbinary fields the weight 3 code-
words generate C(¢,m)+. We characterize all minimum weight codewords.
From this characterization we can count the minimum weight codewords geo-
metrically and consider the affine Grassmann codes as a Tanner code from the
minimum weight codewords.
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THEOREM 6.1.6 Let c be a codeword of weight 3 of C*(£,m)* where supp(c)
equals {N1, N3, N3} and cn, = 1, cn, = a # 0, and cn, # 0. There exists
a translation in $H(¢,m) such that the image of ¢ under this translation, the
codeword ¢, satisfies supp(c’) = {0, Dy, %HDl} and the nonzero coefficients of

/ A / _ / — —
carecy=1,cp =a, s p =CN, = —(a+1).

PRrROOF.

Suppose c satisfies the hypothesis of the theorem. We let ¢’ be the image of ¢
under o1, 1,,,-N, - Therefore supp(c’) is {0,N2 — N1, N3 — N }. To simplify the
notation we let M = Ny — N; and N = N3 — Ny. The nonzero coefficients of
¢ are ¢y =1, ¢y = a and ¢y = en, # 0. Now we examine the conditions given
by ¢-d =0 for d € C*(¢,m).

First, let d be (1,1,...,1). The condition c-d = 01is ¢y +cj; +cn = 0. Therefore,
¢y =-(a+1)#0and a# —1.

Now let f = det(Xy4y,45)) and let d = evg, x)(f(X)) In this case, the condition
c-d =0 is equivalent to aM; ; — (a +1)N; ; = 0. This implies N; ; = 45 M, ;.
Therefore, N equals %HM

To finish the proof, let f = det(X; ;) where f is a 2-minor. Let d be the code-
word corresponding to the evaluation of f. The condition ¢-d = 0 is equivalent
to af(M) — (a+1)f(N) = 0. But N = %5 M. Therefore, we rewrite c¢-d =0

as af(M) — (a+ 1)f(a%r1M) = 0, which implies, f(ailM) = (ail)Qf(M). The

original equation is now a f(M)—(a+1)(;%7)? f(M) = 0. We can eliminate a as a
common factor in both terms and reduce the equation to f(M)—(;47)f(M) = 0.

But this is equal to ﬁf(M) = 0. Since ﬁ # 0, then f(M) = 0. Since all
2-minors of M vanish then M has rank 1. Lemma [6.1.5] implies there exists
oB,A0 € (¢, m) such that og,a,0(M) = D;. O

THEOREM 6.1.7 There are

7" (¢-2)(¢" - 1)(¢" —1)
3l

codewords of weight 3 in C*(£,m)*.

PrROOF.

Theorem implies that the support minimum weight codeword of C* (¢, m)~+
is a subset of 3 elements of a set of the form Spang, (M) + U, where M is a
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matrix of rank 1.

(a'=1)(g" ~1)
There are W

sets of the form Spang, (M), where M is a matrix of

rank 1. For each linear subspace of matrices, there are ¢% ~! possible translates

Spang,(M)+U. At each translate there are () supports of a minimum weight
codeword, and for each support there are ¢ — 1 minimum weight codewords. [

Note that this formula also works for the number of weight 3 codewords of
CA(¢,m)* over Fy. That is the formula evaluates to 0 for ¢ = 2.

6.1.2 Dual Affine Grassmann codes over F,

Using the automorphisms in (¢, m) we can look at the codewords of C* (£, m)*
of weight 4. If the support of ¢ € C*(¢,m)* is the set {M;, My, M3, My}.
then for any hA-minor f, f(M;) + f(Ma) + f(Mg3) + f(My) = 0. We study the
restrictions imposed on the pairwise distinct matrices My, My, M3, My.

LEMMA 6.1.8 Let ¢ € C*(¢,m)* such that supp(c) = {M;y, My, M3, M,}

then, there erists a codeword ¢’ € C*(¢,m)* such that its support set supp(c')
iS {0, M1 —|— M47 MQ + M4, M3 —|— M4}

Proor.Take ¢’ as the image of ¢ under the automorphism o1, 1,, M, - O

Now we will look at the conditions given by f(0)+ f(M;1)+ f(Maz)+ f(Ms) = 0.

LEMMA 6.1.9 Let c € C*(¢,m)*. Suppose supp(c) = {0, My, My, M3} then,

M, + M, = M.

PROOF.

Let f = det(Xy;y,(53)- Since f(0) + f(My) + f(Mz) + f(M3) = 0 we have that
(Ml)i,j + (Mg)i’j = (M3)i7j- This implies Ml + M2 = M3. O

LEMMA 6.1.10 Letc € C*(¢,m)*. Suppose supp(c) = {0, My, Mo, M1+ M,}.
If the rank of My is p then there eists a codeword ¢’ € C*(¢,m)* such that its
support supp(c’) is {0, D,, M, D, + M}.
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PRrOOF. This is a direct consequence of Lemma [6.1.5] O

Now we look at the restrictions the 2-minors impose on p and M when we have
a codeword ¢ € C*(¢,m)* whose support is {0,D,, M, D, + M}. Over F5 the
(1,1)-th entry of either M or D, + M is zero, thus without loss of generality we
assume for the remainder of this section that (M); 1 = 0.

LEMMA 6.1.11 Let ¢ € C*(¢,m)* such that supp(c) = {0, D,, M, D, + M}.
Then Miﬂ' =0.

PRrROOF.

Note that by hypothesis (M) = 0. First, we consider f = det(Xyy1:y,11.5})
where 1 < i < p. In this case,

f(0)=0,f(D,) =1, f(M) = M; ;M; 1, fM+D,) =M;; +1+M;;M,;.
The condition f(0) + f(D,) + f(M) + f(M +D,) = 0 implies M, ; = 0.
Now, we consider the 2-minor f = det(Xyy ;y,{1,73) Where i > p. In this case,
f(0)=0,fD,)=0,f(M) =M;;M; 1, fM+D,) =M,; + M ;M, .

The condition f(0)+ f(D,) + f(M)+ f(M +D,) =0 implies M; ; =0. [

LEMMA 6.1.12 Let c € C*(¢,m)* such that supp(c) = {0, D,, M, D, + M}.
Suppose both i,j > 1 and i > p or j > p, then M; ; = 0.

Proor.
We consider the 2-minor f = det(Xy; 43,{1,53) Where i > p or j > p. In this case,
f(0)=0,f(D,) =0, f(M) =M; ;M;,, f(M+D,) =M, ; + M ;M.

The condition f(0)+ f(D,)+ f(M)+ f(M+D,) =0 implies M; ; =0. O

We have now proven that there is a codeword in C*(¢,m)* with support in
{0,D,,M,D, + M} then the entries of the four matrices is 0 outside of the
p x p submatrix given by D,. Now we prove that p has to be small.



76 Affine Grassmann and Grassmann Codes

LEMMA 6.1.13 Let c € CA(¢,m)* such that supp(c) = {0,D,, M, D, + M}.
Then p=1orp=2.

PROOF.

Since the matrices in the support of c are different, D, # 0, which implies
p > 0. Now we will assume p > 3 and obtain a contradiction, namely M # 0.
We consider the 2-minor f = det(Xyy ;3,11,53) Where 1 < i < j < p (Note that
1 < i< j <2isimpossible). In this case,

f(0)=0,fD,)=0,f(M) =M; ;M;1,f(M+D,) =M, ; + M; ;M, ;.

The condition f(0)+f(D,)+f(M)+f(M+D,) = 0 implies M; ; = 0. Similarly,
we may prove M;; = 0 where 1 < < j < p.

Now we have not determined the entries of M on the first row and first column,
except My ;.

Now consider the 2-minor f = det(Xy1 p},4i,03) Where 1 < i < p (Note that
1 < ¢ < 2 is impossible). Note that Lemma [6.1.11] implies M, , = 0. In this
case,

f(O) = 07 f(Dp) = 07 f(M) = Ml,pMi,pa f(M + Dp) = Ml,i + Ml,pMi,p-

The condition f(0)+f(D,)+f(M)+f(M+D,) = 0 implies M; , = 0. Similarly
we may prove M; ; = 0.

Therefore, if p > 3 then all the entries of M are 0, which is a contradiction. [J
Now we classify the weight 4 codewords of C* (¢, m)> .
THEOREM 6.1.14 Let ¢ be a codeword of C*(¢,m)*. Suppose supp(c) is equal

to {My, Mo, M3, M,}. There exists a permutation in the group $(¢,m) such
that the image of supp(c) is one of the following:

i) {0,D\, Ey 5, D, + Ey 5},
M’) {07 D17 E2,17 Dl + E2,1}7
i) {0,D1,E1 5+ E>1,D1 + E 2+ E> 1 }.

PROOF.
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We have already established that for supp(c) = {M1, Mg, M3, My} there ex-
ists a permutation in $)(¢,m) such that the image of {Mj, My, M3, My} is
{0,D,,M,D, + M}, where p =1 or p =2 and M;; = 0 for ¢ = j and for
i >3orj >3 If p=1then, M € spang,({E1,2,E21}). This implies the
image of supp(c) is in the required form. If p = 2 then, exactly one of M or
D, +M is a zero of the 2-minor f = det(Xy; 2},{1,2})- Since both M and D, +M
only have nonzero entries at the positions (1,1),(1,2),(2,1),(2,2) all other 2-
minors vanish at the four matrices. Therefore, the matrix which is a zero of
[ = det(X{1 2} 41,2y) is a matrix of rank 1. We may find an automorphism in
$H(¢, m) to map the rank 1 matrix to D;. O

The three cases in the above theorem are representatives of all possible orbits
of supports of weight 4 codewords of C*(¢,m)* arising under the action of the
group $(¢,m). This means we can describe any support of a minimum weight
codeword rather explicitly. We state this in the following corollary:

COROLLARY 6.1.15 The support of a minimum weight codeword of C*(¢, m)*
is among one of the following three distinct classes of supports:

Z) {U, U+ b?al, U+ b?ag, U+ b?(al + 112)},
i) {U, U+ bla;, U+ bl ay, U+ (by + b2)T a1},

iii) {U, U+ bl a1, U+ bl ay + b} ay, U+ (b] a; + bl a; + b ay)}.

Here U € MY (Fy), while {a1, ay} C Fh and {by, bs} C F5 are two pairs of
linearly independent vectors. Conversely, any such set occurs as the support set
of a minimum weight codeword in C*(¢,m)*.

PROOF.

Acting on the three representatives from Theorem with oy A B gives a
description of all possible support sets. The matrix M := BD{A is of the form
M = blTal for certain non-zero vectors by, a;. In fact, blT is the first column
of B and a; is first row of A. Similarly, BE; ;A = bipag and BE; 1A = bgal,
with b3 (resp. ap) the second column of B (resp. the second row of A). Note
that by and by (resp. a; and as) necessarily are linearly independent, since B
(resp. A) is an invertible matrix. (This shows the first part of the corollary.)
Since A and B may be chosen freely any set of the given three forms occurs as
the support set of a minimum weight codeword. O
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A geometric description of this corollary is that the support sets lie on a coset
of certain subspaces of M‘*¢ (F3) of dimension two. The subspaces are not
arbitrary, but are generated by matrices of a specific form. This enables us to
count the number of weight 4 codewords in C*(¢,m)> .

COROLLARY 6.1.16 The number of minimum weight codewords of C*(¢,m)~*
18

(2¢ —1)(2¢ — 1)202
3

((2‘“1 S 1) (2 1) 32 - 1) (2f - 1)) .

PROOF.

We first count the number of possible supports of type i). As the first step we
determine the number of possibilities for the 2-dimensional subspace

Wy = {07b’{a17b,{a27b,{(a1 +az)}.

We may choose by in 2¢ — 1 distinct ways. Rather than choosing the vectors
a; and as, we simply choose a 2-dimensional subspace of Fg/. This can be done
in (2¢ —1)(2¢ —2)/6 ways. For W, there are the following number of possible
choices:
2 -1 — 1Rt 1)
3 .

Since each W, has exactly 2°~2 distinct cosets, this gives a total of

20-2(2f —1)(2¢ —1)(2¢ 1 — 1)
3

possibilities for the support in case i). Similarly in case ii) one obtains

20-2(2t" —1)(2¢ —1)(2¢-1 —1)
3

possibilities.

The last case left to investigate is case iii). We first wish to determine the
number of possibilities for

W, :={0,b{ a;,bia; + b a;,bja; +biay +bya;}.

Note that Wj contains exactly one matrix of rank one, which is determined
uniquely by choosing by and a; since ¢ = 2. Therefore, the rank one matrix can
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be chosen in (2¢ — 1)(2¢ — 1) distinct ways. The vector by (resp. ay) should
be chosen linearly independent from b; (resp. a;) and there are as such 2¢ 2
(resp. 2¢ — 2) possibilities. However, different choices can give rise to the same
subspace Ws. If
bTa; + bla; =bTa, + (b)) ay,
then
b (az +aj) = (by + bj)"ay,
implying that as+a) = 0 and by+b}, = 0 or that ay+a), = a; and by = by +b),.
Similarly, if
bla; +bla;+bla, =bla,+ (b))Ta,
then either a, = a; +a; = 0 and b, = by = 0 or a, = ay and b, = b; + bs.
This brings the total number of possibilities for the choice of W5 to:

(2 - D’ - D' -2)2" —2)
! .

The rest of the counting is then done as before. Adding all contributions from
the three cases together, one obtains the corollary. O

We can use the classification theorem to count the number of codewords of
weight 4 in each orbit of the automorphism group. Although once we could
generate C*(¢,m)* with its weight 4 codewords meant that we could consider
CA(¢,m) as a Tanner code using Definition We went through the trouble
of classifying and counting the weight 4 codewords of C*(¢,m)* for several
reasons. Empirically, we have decoded C* (¢, m) by using the weight 4 codewords
of C*(¢,m)* and the iterative decoder coming from the Tanner graph. Therefore
for decoding purposes, as well as for the geometry given by the codewords of
Ch(¢,m)* of weight 4, we are interested in counting the codewords which contain
a 1 in a fixed position, as well as counting the codewords in which two fixed
positions contain 1. For this purpose, we have the following theorem.

THEOREM 6.1.17 The number of minimum weight codewords in C*(¢,m)*
which contain a 1 in position 0 equals

(2“1)?52[—1) (@ -1+ @ -3 - e - ).

To find the number of codewords with support in the pair 0, D, we will use the
following lemma.

LEMMA 6.1.18 Let {0,D,, A, D+ A} and {0, Dy, B, D1+ B} be two distinct
sets of supports of codewords of C*(¢,m)*. Then {0, D;, A+ B, D, + A + B}
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is also the set of support of a codeword of C*(¢,m)*. Moreover, the number of
minimum weight codewords in C*(¢,m)* which contain a 1 in positions 0, D;
equals 2676 =2 — 1,

Using similar arguments we obtain the following theorem.
THEOREM 6.1.19 The number of minimum weight codewords in C*(£,m)~*
which contain a 1 in positions 0, Dy equals 22 — 1.

6.1.3 Affine Grassmann codes as Tanner codes

Since we have determined the minimum weight codewords of C*(¢,m)* we can
use this information to study C*(¢,m) as a Tanner code in a natural way. For
the binary case we can use Definition to make a bipartite graph with the
minimum weight codewords of C*(¢,m)*. Clearly, C*(¢,m) is the Tanner code
coming from this graph and a [4, 3, 2] component code. In the remainder of this
section we focus on the nonbinary case, i.e. g # 2.

DEFINITION 6.1.20 A line of M‘*¢ (Fy) is a set of the form Spang, (M)+ U,
where M, U € MY (F,) and M has rank 1. We denote the set of lines by
LM (F)).

¢ Vi ,
Note that there are L= =1 /0= Jineg  Each matrix of MO (F,) is con-

(g—1)
¢ o
tained in % lines. Each line contains ¢ matrices. We can construct a

graph relating the matrices and the lines as follows.

DEFINITION 6.1.21 We define I's as follows. The vertices in V1 (I's) are the
matrices in MY (F,). The vertices in Va(T'3) := L(M*Y(F,)). The edges
Es) := {(A, Spany,(B) + C) | A— C < Spang,(B)}. We call T'3 the point—
line graph of the affine Grassmannian.

We use the following labelings to make T's a ( %, q)-regular bipartite

endpoint labeled graph.

For each line Spang,(B) + C fix a € F}. The labeling ¢spang_ (B)+c assigns to
A = vaB + C the F, element 7. Now we have the following theorem.
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THEOREM 6.1.22 For q # 2

CA(¢,m) = (T3, RS(F,,2)).

PRrROOF.

Let ¢ be a codeword of C*(¢,m). Consider the values of the codeword c at
the line Spang (B) + C € L(I'3). Let oy € F; be the nonzero element cho-
sen for (i)sp,mpq (B)+c- We may apply an automorphism of $(¢,m) to consider
the values of a codewords ¢’ on the line Spang, (E11). Let az be the nonzero
element chosen for ¢Spanpq(E1,1)~ Since there is an automorphism which maps

va1B 4+ C to yaEq 1, the labeling ¢spanFq(B)+c(VOélB + C) = ~ is equal
t0 Pspans, E,.)(702E1 1) = 7. The codeword ¢ evaluates to a codeword in
RS(F,2) over the line Spang, (E11) we have that C*(¢,m) C (I's, RS(Fg,2)).

For the reverse implication we prove C4(¢,m)t C (T3, RS(F,,2))* as fol-
lows: A weight 3 codeword of C*(¢,m)* has support completely contained
inside a line Spang,(B) + C € L(I'3). Therefore, it is also a parity check of
(T's, RS(F,,2))*. The subcode of weight 3 codewords of C*(¢,m)~ is contained
in (T's, RS(F,2))*. Since the code generated but the weight 3 codewords is the
full code C*(¢,m)~*, we have that CA(¢,m)* C (I's, RS(F,,2))*. O

Unfortunately, we have not been able to use this description to decode C* (¢, m)
completely.

6.2 Codewords of C(¢,m)*

DEFINITION 6.2.1 Let V := F"'. We define Gy m as the set of all ¢ dimen-
stonal subspaces of V.

DEFINITION 6.2.2 We denote #G ., by [’ﬂq.

A counting argument shows

) Mg
- l—i _ 1 °
q q 1
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Closely related to the affine Grassmann codes are the Grassmann codes which
we define now.

DEFINITION 6.2.3 Let m be an integer. Suppose { < m. For each W € G¢
pick an ¢ X m matriz whose rowspace is W. Denote this matriz by My, . Denote
the set of all such chosen matrices as M(Gp ). Let Y be an £ x m matriz on
the {m indeterminates Y; ;. We define the Grassmann code C(¢,m) as the affine
variety code C(M(Ge,m), Spang, (det £(Y))).

The Grassmann codes were introduced in [Rya87a|] and |[Rya87b] for the binary
case and for general ¢ in [Nog93]. Grassmann codes are a [[?}q, (7). q"m=9],
code. Note that a specific C(¢,m) code depends on the exact matrices in
M(G¢ ). Therefore we may pick a single Grassmann code from a monomially
equivalent class. We also refer to the class of monomially equivalent codes as
Grassmann codes.

We may consider C*(£,m) as a projection of C(¢,m). For M € M (F,) let
M’ = (I;|M) € M**™(F,). The h-minors, for 0 < h < £ of the indeterminate
£ x ¢ matrix X are also £-minors of the ¢ x m matrix X’ = (I;|X). We denote
the affine Grassmannian G, = {W € Gi | Mw = (I;[M) € M“>™(F,)}.
Therefore C*(¢,m) is obtained from C(¢,m) by evaluating the /-minors of the
matrices for the £ spaces in Q’ﬁm.

From the properties of minors we know that d(C(¢,m)*) > 2. In this section
we show d(C(¢,m)') = 3 and we classify the minimum weight codewords of
C(¢,m)*. We begin with some definitions.

DEFINITION 6.2.4 [Panl(]

Let Z € Go_1,m and Z € Gpy1,m, where £+ 1 < m. A line of the Grassmannian
is defined as: /
72 = {W €E€Gim | ZCWCZ'}.

We denote the set of all such lines of the Grassmannian by L£(Ge m ).

Note that there are a total of [7](1% lines. Also, any line of the

Grassmannian is isomorphic to the line G 5.

1
bipartite graph: Vi(T4) = Gom, Va(T4) = L(Gem) and the set of edges is
E(y) == {(W,nZ') |W e n% }. This graph is also known as the point-line
graph of the Grassmannian.

DEFINITION 6.2.5 The graph I'y is the following ([m_e]q[ﬂq,q + 1)-regular
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THEOREM 6.2.6 The group GL,,(F,) induces an automorphism of C(£, m) by
mapping W € Gy to G(W) € Gy, for G € GL,,,(F,). We will also consider
the induced map given by My — My G.

Now we can classify the support of a nonzero codeword of C(¢,m)>.

THEOREM 6.2.7 Let V.W and U in Gy . Then V,W and U are the nonzero
positions of a codeword of a C(£,m)* if and only if V, W and U belong to the
same line.

PROOF.

First we prove the converse. Suppose V,W and U are in the line 7T§I. Then
Z =VnWnU and Z' = spang,(V + W + U). Then, there exist x and y
such that V' = Spany, (Z,x), W = Spang,(Z,y), U = Spang (Z,x+y) and
the span of the three spaces is Spang, (V +W +U) = Spany,({Z,x,y}). Since
the determinant is a multilinear function we may find matrix representatives:
My, My and My such that f(My) + f(Mw) — f(My) = 0 for any ¢-minor
f = det(Y;). Since we have proven there is one Grassmann code, C(£,m)",
which has V, W and U as support of a weight 3 codeword, we have also proven
it for any other monomially equivalent Grassmann code.

Now we prove the direct implication. Let V, W and U be three vector spaces in
Ge.m such that, V, W and U represent the nonzero positions of a codeword of
a C(¢,m)*. We represent the vector spaces by the matrices My, My, and My.
The nonzero coefficients of ¢ are: ¢y, cy and cy.

We pick G € GL,,(F,) such that My G = (I,|0). Let J := {1,2,...,¢} and
consider the ¢-minor f = det(Y ;). Since f(My) = 1 and ¢y, cw, ¢y are nonzero
then we may assume f(My) # 0. We apply row operations to My, such that
f(My) = 1. The row operations correspond to choosing different representative
matrices of the elements in Gy ,,. After these row operations we have changed
the particular Grassmann code, but this is irrelevant since we have not fixed the
nonzero entries of c.

Now we assume ¢y = ¢y = 1, ey = —1. In addition we may assume f(My) # 1.
Since f;(Mwy) = 1 we apply G = (Ié g) € GL,,(F,) simultaneously to all

matrices on the last m — ¢ columns of My are unchanged but,



84 Affine Grassmann and Grassmann Codes

1 0 0 0 0| niet1 -+ MNim
0 1 0 0 0 nge+1 - n2.m
0 00 0 :
Mw =19 o 10 0 1 0
0 0 1 0
0 0 0 0 1 T 0+1 T m

Let J' = JU{€+1}\ {i}. If f = det(Y ;) is the £-minor on the columns of J’,
then f(My) + f(Mw) — f(My) = 0. Thus f(My) = f(My) = 1. Therefore,
we may apply row operations to My such that,

1 0 o1; O 0]0 O1,m

0 1 02 0 00 --- 02.m

D0 0 0 :
Mo=1"9 o 0ii 0 01 Oi.m

0 0i4+1,1 1 0 :

0 0 Og.i 0 110 --- Ot m

Note that f(My) = 0;; # 1. We will use the other /-minors to determine
the entries of My, and My. From now on, we let 1 < j < ¢, and j # ¢ and
(+1<j <m.

For J* = Ju{j’}\{¢} and for an ordering of the elements of J* let f = det(Y j«)
be the ¢-minor on the columns of J*. If f(My/) =0 and f(My) = 0; ;- then,

1 O 01’1' O 0 0 e Ol,m

0 1 02; 0 00 --- 02 m
0 0 0 :
Mu=19 ¢ 0ii 0 01 0
0 0i+1,1 1 0

0 0 01, 0 110 0¢,m

For J* = JU{{+ 1} \ {j} and f = det(Y j«) we have that

Nji  Tje+1
N MNie4+1

Oji Oje+1
M _ i Y5,
f( W) Oii  Oj 041

mined that n;; = 041 = 0 and n;; = 0; 041 = 1, we have f(Mw) = —n; 41

and f(My) = . Since we have deter-
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and f(My) = 0;,. This implies

1 0 - A WAS 0 0o --- O1,m

0 1 —N2.0+1 0 0o --- 02 m

: 0 0 0 :
Mou=149 o 0ii 0 0|1 0

0 —Mi41,04+1 1 0

0 0 —nger1 0 L]0 0¢,m

For J* = JU{l+1,j'}\ {i,j} and f = det(Y j-) we have that f(Mw) =n;
and f(My) = o, ;. Therefore

1 0 -- —N1041 0 00 n1,m
0 1 —712}[4,1 0 0 0 n2,m
0 0 0 :
Mu=119 o 0ii 0 01 0
D0 —MNit1e41 1 0
0 0 —nge+r1 0O 110 - nem

For J* = JU{j’} \ {j} and f = det(Y ;-) we have that f(My) = n;; and
f(MU) = 04,iNj - Since f(Mw) = f(MU) and 04i 75 1 we have f(Mw) = 0.
Therefore,

10 0 0 0| niee1 0
0 1 0 0 0| noi1 0
0 0 0 0 :
Mw =14 ¢ 10 0 1 0
© 0 0 1 0 :
0 0 0 0 1 T 041 0
1 0 -- —Ni1e+1 0 0o --- 0
0 1 —N2. 041 0 oo --- 0
0 0 0 :
Mu=19 o 0ii 0 01 0
© 0 —Nit1e41 1 0
0 0 —nger1 0 110 - 0
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Now we perform row operations on My, to put it in the following form

1 0 A WAS 0 0o --- 0

0 1 —N2 0+1 0 0o --- 0

0 0 0 :

Mw =119 ¢ 1 0 01 0
D0 —Nit1e41 1 0

0 0 —nger1 0 1{0 - 0

Now that we have determined My, My, and My, completely we can clearly
identify their rowspaces V', W and U. Note that all entries except those in row i
are the same for the three matrices. Therefore, dim(V "W NU) = £ — 1. Since
the i-th row of U is a linear combination of the i-th row of My and W the fact
dim spang,(V +W +U) = £+ 1 follows. Which implies V', W and U belong to
the line given by VN W NU and spang, (V +W +U). O

As a corollary we can easily count the minimum weight codewords of C(¢,m)*.

COROLLARY 6.2.8 The code C({,m)* has

(¢ —D(g™ " —1)q [m}

3! 4

codewords of weight 3.

PROOF.

qrn—l_l
q—1

of Gym. Each of the (“F') subsets of the lines is the support of a weight 3

codeword. For each set of 3 elements there are ¢ — 1 codewords of weight 3. [J

There are [?]q [ﬁfﬂq lines in £(Gg,m,). Each line contains g + 1 elements

This is quite similar to the formula of weight 3 codewords of C*(¢,m)*. We
end this section with a proof that the Grassmann codes are Tanner codes of I'y.
Recall that for a linear space W C Fj;‘ and B C A we represent the projection
of W onto B by WE. Note that the elements of the Grassmannian are all codes

{1,2,.
q

of dimension / contained in F =™} For the purposes of this section, we shall

consider B ={1,2,...,/¢}.
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DEFINITION 6.2.9 We define

Gy = {W € G | dimW? = n}.

Note that we may partition Gy ,,, with the sets g,f{m for h=0,1,...,¢. Also note
that G, = G¢ .-

LEMMA 6.2.10 Let W € me where h > 0. There exist U,V € sznl such
that U,V and W lie on the same line.

PRrROOF.

Let W € me where 0 < h. There exists x € W such that the projection of x

onto B is 0. Since dim W% < ¢ there exists y € F, such that the projection of
y onto B is not in W5, We may assume W is of the form Spang, (T U {z}).

Then U = Spang, (T'U {z + y}) and V = Spang (T'U {y}) belong to gZ;}. O

Now we consider the weight 4 codewords of C*(¢,m)* over Fy as codewords of
C(f,m)*.

LEMMA 6.2.11 Let ¢ be a codeword of weight 4 of C*(£,m)* over the binary
field. Then the support of c is equal to the symmetric difference of two lines of
Ge,m with a point in common.

PRrROOF.

From Theorem [6.1.14] we know that the support of the weight 4 codewords of
CA(¢,m)* over Fy follow in one of these three cases:

1) {07D17 E1,27D1 + El,?}»
ii) {0,D1,E21,D; +E3:},
iii) {0,D1,E12+Ez1,D1 +E12+Eg}.

Note that the automorphism induced by X + X +U of C*(¢,m)" is induced by

the induced automorphism (X|I;) — (X|Iy) (I"{;’Z ﬁ) of C(¢, m). Additionally,

note that the automorphism X +— XA of C*(¢,m)* is induced by the automor-
phism (X|[I) — (X|L,) (4 ) and the automorphism X s BX of C*(¢,m)* is
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induced by the automorphism (X|I,) — (X|Iy) (I(f B(il) . Therefore, the weight
4 codewords have the following positions in Gy, :

i) {(O[L), (D1[1), (E1,2[1e), (D1 + E12[Ie)},
ii) {(0[L;), (D1|L), (Eg,1|L), (D1 + E21[1s)},

iii) {(0|L;),(D1|Iy), (E1,2 + E21|1p), (D1 + E1 2+ Ez1|Ip)}.

Note that each pair of linear spaces {(0|L;), (D1|1,)}, {(E1,2|I¢), D1 +E12|1¢)},
{(:Eg71|]:g)7 (Dl =+ E271|Ig)} and {(El,Q + EQ)lIIg), (D1 + E1)2 + E271|Ig)} are con-
tained in a line of £(Gy ) and the third point of each line is (D4|I, — D¢). O

THEOREM 6.2.12 Let ¢ be a codeword of weight 4 of C*(¢,m)* over a non-
binary field. Then the support of c is equal to the 3 points on a line of Gy .

PROOF.

From Theorem we know that the support of the weight 3 codewords of
CA(¢,m)* over F, have support in the orbit of {0, M, @M} where M has rank 1.
As we saw in the proof of Lemma[6.2.11] we may consider the group of induced
automorphisms $(¢,m) as the group of automorphisms of G, ,,, generated by

(Iw{je I(Z ), (‘3 I ) and (I(;’ B(ll ) . We may apply an automorphism from $(¢, m)

to obtain the set {0, E; 1,aE1}. We consider the corresponding positions in
Ge.m given by the matrices {(I,|0), (I¢/|E1,1), (I/JaE1,1)}. Clearly, these three
points lie on the same line. O

THEOREM 6.2.13 The code C({,m)* is generated by its minimum weight
codewords.

PROOF.

Let W € G - The code CA(¢,m)t is generated by weight 3 codewords of
C(¢,m)*. Let h > 0. For each W € me, we can find a codeword of weight 3 of

C(¢,m)* whose other two positions in its support lie in GJ'-"!. This implies that
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we have #Gg ., — #ggm independent codewords, in addition from those from
CA(£,m)*. Therefore, C(¢,m)" is generated by its weight 3 codewords. O

In order to express C(¢,m) as a Tanner code, we need to consider the fact that
C(¢,m) is not a single code, but a class of monomially equivalent codes. For
this pupose, we relax the definition of a Tanner code. A Tanner code should
not be considered as having a single fixed code as a component code for the
check nodes, but for each check node we pick, in addition to the labeling, a
monomially equivalent code to the component code C(1,2). Most of the theory
of graph codes is consistent with this definition as well.

COROLLARY 6.2.14
C(E, m) = (F4,C(1,2)).

PROOF.

Let ¢ be a codeword of C(¢,m). Consider the values of the codeword ¢ at any
line 72" € L(Gpm). Since 72 = Gy o, the codeword ¢ at 7% is C(1,2). There-
fore, there exists a vertexwise labelinng of I'y and some choices of monomially
equivalent codes to C(1,2) such that C(¢,m) C (T'y,C(1,2)). Since C(¢,m)* is
generated by its weight 3 codewords, and those weight 3 codewords have sup-
port in a line of the Grassmannian, and any weight 3 codewords on a line are
also a parity check for a G; » code on that line we have C(¢,m)" is contained in

(T'4,C(1,2))* which finishes the proof. O

6.2.1 Iterative encoding of Grassmann codes

In this section we adapt the (k1, ko) forcing set of a bipartite graph G to work
with Tanner codes instead of graph codes. Although everything can be stated
in terms of graph based codes and forcing sets on the edges of 'y, we will give
a definition of everyting specifically for Tanner codes.

Now we introduce the concept of a forcing set. Essentially a forcing set is a set of
positions of the Tanner code (G, C') with the property that any codeword of any
Tanner code with any labeling and any MDS component code is determined by
the values at the positions corresponding to the forcing set or such a codeword
does not exist.
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DEFINITION 6.2.15 Let G be an (n1,ns)-reqular graph. Let k be an integer
satisfying k < ng. Let T C V1(G). We say T is k-closed if T' satisfies:

Vu € Vo(G) #(T NN (u)) > k — N(u) CT.

That s, if there are at least k vertices adjacent to u € Vao(G) contained in T
then, all ny vertices adjacent to u are also contained in T.

THEOREM 6.2.16 Let G be an (ny,ng)-reqular graph and pick k < nsy. Let
S CVi(G). There exists an unique smallest k-closed set containing S.

PROOF.

We define Z as follows:

Z=SUNu1) UN(uz) U...,N(ug),
ZO = S,

Zi = SUN(Ul) UN(UQ) U... U./\/(ul) g 7 satisfies Zz ON(UH_l) > k},
Z is k-closed.

We claim that if Z’ is another k-closed containing S then it must also contain
7. Suppose Z' is k-closed and Z contains S. Suppose Z ¢ Z' then there exists
Z; such that, Z; C Z' but Z;.1 € Z'. Since Z; N N(z;41) > k, it follows that
Zii1 € Z'. Therefore, Z C Z'. O

DEFINITION 6.2.17 Let G be an (ny,ns)-reqular graph. Let k be an integer
satisfying k < ng. Let S C V1(G). We define the unique smallest k-closed set
containing S as the k-closure of S. We denote it by cli(S). If cli(S) = Vi(G)
we say S is an k forcing set.

The following theorem relates the size of a k forcing set of G’ with the dimension
of a Tanner code with an [no, ko, d2] MDS component code.

THEOREM 6.2.18 Suppose G is an (n1,ns) reqular bipartite graph. Let Cy be
an MDS code of length ns and dimension ky. Let S be a k forcing set of G Then
(G, C) is linearly isomorphic to (G,C)° and dim(G,C) < #8S.
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PRrROOF.

Consider (G, C)%, the projection of (G,C) onto S. There is a linear map from
(G,C) to (G,0)% where we map ¢ = (¢;)iev;(g) t0 ¢s = (¢;)ics. We will prove
the kernel is zero dimensional. Let ¢ be a codeword of (G, C)) which is mapped
to the zero codeword of (G, C). Therefore, ¢; = 0 for i € S. For each u € Va(G),
once we know ¢; = 0 for k vertices of N'(u), we know ¢; = 0 for all vertices of
N (u). Therefore, the set of zero positions of the codeword c is clg(.S). Since S
is a k forcing set of G all positions of ¢ have the entry zero.

Since the linear map (G,C) to (G,C)® has a trivial kernel, the dimension of
(G,C) is equal to the dimension of (G, C)® which is at most #S. O

We also get a corollary to Theorem [6.2.18] This corollary is that we may encode
(G, O) iteratively from a codeword in (G,C)° where S is a k forcing set of G
and C' is an MDS code of dimension k.

Please note that we have mentioned nothing about encoding (G, C)®. Encoding
(G, C)? will probably also be difficult. What we have proven is that once the
positions of the codeword in (G, C)® have been determined, it might be possible
to determine the positions of some other neighborghood which has at least &
but not nsy positions determined or might not be possible to extend the entries
of the code in this way. We will prove that once we have encoded (G, C)® then
those values can always be extended uniquely to (G, C).

THEOREM 6.2.19 Suppose G is an (ny,ns2) regular bipartite endpoint labeled
graph. Let C be an MDS code of length no and dimension k. Let S be a k forcing
set of G. Then, a codeword ¢’ € (G,C)° may be extended uniquely to a codeword
n (G,C).

PrROOF.

The set S is a k forcing set. There exist Sp,S1,...,5, C Vi(G) satisfying:
SO = S, Sm = Vl(G) and Sl = Si—l UN(’U,Z'), where k S #(S QN( )) < Nno

and u; € Va(G).

Let ¢s, denote the linear map from (G, C) to (G, C)%. Since S; is a k forcing
set of G, then ¢g, is a linear isomorphism.

Let ¢5(c) = ¢ € (G, C’) = (G,C)%. Now we suppose that we have extended
d to ¢g,(c) € (G,C)% and we want to prove that we can extend it uniquely to
a codeword of (G,C)%+1. The only possibility is to extend ¢g,(c) to ¢s,,, ()
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because the positions in S;41 \ S; are determined by the entries in ¢g,(c) and
those positions are exactly the entries of ¢g, ., (). O

DEFINITION 6.2.20 Let ey, es,..., e, be a basis of qu We define S C G
to be the set of the (7;) spaces in Gy ., generated by the (TZ) subsets of this set
of basis elements.

From the properties of the Pliicker embedding, the ¢ spaces of S are information
set of the Grassmann code C(¢,m). We will finish this chapter by proving that
in fact, S is a 2 forcing set of I'y and that one may encode iteratively starting
from S.

THEOREM 6.2.21 The set S is a 2-forcing set for T'4.

PROOF.

We prove it by induction on ¢ and m. For £ =0, S = Gy ,, = {{0}} the theorem
is vacuously true. For m = ¢, S = G,y = {Fg} the theorem is also vacuously
true.

Otherwise, we may suppose 0 < £ and ¢ < m. Let S be the (")) spaces in Gy,
generated by the standard basis vectors. Let S, be the subset of .S consisting
of the spaces containing e,,. Let S,,_1 be the subset of S, whose ¢ spaces do not
contain e,,.

By the induction hypothesis on m, the 2-closure of the vertex set S,,_1 is the
set of vertices Z,,—1 = {W € Gopm | W C Span({e1,ea,...,€em—1})}. More-
over, by the induction hypothesis on ¢, the 2-closure of S,, is the set of ¢
spaces Zpy, = {W € Gom | em € W}. Therefore, the 2-closure of S con-
tains both Z,,_; and Z,,. Let W € Gy ,,, but not in Z,,_; nor Z,,. Therefore
W = Span(Z Uy + e,,) where Z is an £ — 1 space in Span({e1,e2,...,eém—1})
and y € Span({e1,e2,...,em—1}). If y € U then, this contradicts the fact that
W & Z,,. Then W is in the line containing Span(Z Uvy) and Span(Z U ey,).
Since Span(ZUy) and Span(Z Ue,,) are contained in Z,,_1UZ,, any W € G,
is in the 2-closure of S. O

We obtain the following corollary.

COROLLARY 6.2.22 The dimension of C({,m) is optimal among all Tanner
codes on T'y with an MDS [q+ 1,2, q] code.
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