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Resume

Denne afhandling omhandler modellering af mekaniske flerlegeme-systemer an-
vendt på transmissionssystemet af en 500 kW vindmølle. Særligt fokus har været
på gear-boks-modellering af vindmøller. Hovedparten af nærværende projekt
har involveret programmering af flerlegeme systemer for at undersøge sammen-
hængen mellem kræfter, momenter, positioner, hastigheder og accelerationer på
stive legemer.

En 500 kW vindmølle model er anvendt sammen med eksperimentelle data
med henblik på at validere en model i FLEX 5, som er et anerkendt aero-elastisk
værktøj der også anvendes af vindmølle industrien. Bl.a. er flerlegeme model-
leringen af en planet-gearkasse både med og uden bindinger vha. fleksibilitet, et
område som er undersøgt. En stiv og beregningsmæssig hurtig samt en fleksi-
bel mere korrekt flerlegeme-model er udviklet. Den fleksible flerlegeme-model
udmærker sig især ved at belastningerne internt fordeles fysisk mere korrekt.
Et væsentligt problem som der er opnået en god model-beskrivelse af, er når
der skiftevist er en eller to tænder i indgreb ad gangen. Dette giver en momen-
tan og nærmest øjeblikkelig ændring af tandstivheden, hvilket er indarbejdet i
den fleksible model. De involverede stivheder er fundet vha. seperate bereg-
ninger foretaget med Finite Element Metoden. Effekten af denne diskontinuitet
er evalueret i simuleringer hvor også dæmpning er inkluderet.

Der er foretaget en detaljeret undersøgelse og beregning af f.eks. tand normal-
kræfter, spændinger og udmattelsesproblemer i tandoverfladen på gear. I udmat-
telses-beregningerne er der også taget hensyn til vindens turbulens for at under-
søge dennes indflydelse på udmattelse på eller under tandoverfladen.
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Abstract

This thesis deals with mechanical multibody-systems applied to the drivetrain of
a 500 kW wind turbine. Particular focus has been on gearbox modelling of wind
turbines. The main part of the present project involved programming multi-
body systems to investigate the connection between forces, moments, positions,
velocities and accelerations of rigid bodies.

A 500 kW wind turbine model has been used together with experimental
data for validating a model in FLEX 5, which is a recognised aero-elastic tool also
used by the wind turbine industry. Among other things, multibody modelling
of a planetary gearbox, both including and without constraints using flexibility,
is an area that has been investigated. A rigid and computationally fast together
with a flexible more correct multibody-model, has been developed. The flexible
multibody-model specifically excels from distributing the internal loads physi-
cally more correct. A substantial problem which a proper model description has
been accomplished for, is when alternating one or two teeth is in mesh at once.
This causes a momentary and almost immediate change in tooth stiffness, which
is implemented in the flexible model. The stiffnesses involved have been found
using separate calculations using the Finite Element Method. The effect of this
discontinuity is evaluated in simulations where damping is also included.

A detailed investigation and calculation of e.g. tooth normal forces, stresses
and fatigue problems in the tooth surface of gears have been conducted. In
the fatigue calculations, considerations of turbulence from the wind are also
included in order to investigate the fatigue effects from the latter, on or below
the tooth surface.
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Chapter 1
Introduction

The following chapter provides an introduction to the topics described in this
thesis along with problem definition. An attempt has been made to briefly ex-
plain the challenges in a historical perspective related to past, current and ex-
pected future development within the area. Finally, an outline of the chapters in
the present thesis is presented.

1.1 Definition of the problem

Multibody analysis computer programs are used in many places in the industry
and for various research purposes. Multibody dynamics is based on classical
mechanics and used to model how interconnected rigid or flexible bodies act to-
gether. Examples of a few engineering applications include: Modelling of wind
turbines, satellites, robots, vehicles and other rotating machines. Each body may
undergo large translational and rotational displacements. The simulation results
can be coupled to CAD data in order to present realtime animations. Commer-
cial packages tend to be very user-friendly and the commercial Multibody Dy-
namics (MBD) software, Adams1 and SIMPACK2 are perhaps among the most
recognised tools in this field.

Although this thesis is a result of a “from wind to grid”-project, all the elec-
trical aspects of e.g. voltage stability, shunt capacitor banks, power quality, in-
duction generator models, interaction of wind farms with the power grid etc. are
excluded. The focus of this work has been to develop code for analysing forces,
torque and the main components, such as the gearboxes, in a wind turbine. The
project and thesis involves mechanics/dynamics as well as wind engineering
topics.

1.2 Historical background, current development and motivation

It is generally accepted among researchers that global warming is a consequence
of greenhouse gases. Climate models predict changes such as rising sea levels
and the consequences of nature’s complex and not fully understood ecosystem

1http://www.mscsoftware.com/product/adams
2http://www.simpack.com/
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2 Chapter 1 Introduction

breakdowns, encouraging the development of increasingly efficient renewable
energy sources. Every year now, more oil is consumed than discovered [1] and
the trend is not in favour of future generations – in other words, global oil
reserves are decreasing.

Wind energy causes no emissions and unlike oil, coal and gas, wind will
never be depleted. Before the year 2000 the global cumulative installed wind ca-
pacity [2] was below 20.000 MW, which increased to 48.000 MW in 2004, 121.000
MW in 2008 and 283.000 MW in year 2012.

Today’s tendency is to produce larger and larger wind turbines in order to
increase the efficiency and to reduce the cost of energy. This problem is known
as upscaling and described in e.g. [3] which also presents a simple theoretical
model for upscaling according to m ∼ s3 and P ∼ s2, where m is the mass, s is
the scaling factor and P is power output. It can be seen that, at some point, the
mass becomes too big. In the past few years, a number of wind turbines from
4-7.5 MW wind turbines have been developed. Siemens Wind Power already
have the SWT-6.0-154 offshore wind turbine (also known as Turbina Sapiens)
with direct drive technology ready for sales3. Vestas is expected to release the
new “game changer”4 V164-8.0 MW offshore wind turbine in 2015 and recently
claimed5 “there had been no major problems with the prototype”.

Figure 1.1 500 kW Nordtank windtur-
bine at DTU Risø, Roskilde, Denmark.

Figure 1.2 Meteorological (met) mast at
DTU Risø, Roskilde, Denmark.

Using gearboxes in wind turbines is challenging because especially offshore
wind turbines are subject to extreme conditions, e.g. waves, generally stronger

3http://renewables.seenews.com/news/siemens-launches-sale-of-6-mw-offshore-

wind-turbine-164295
4http://renews.biz/48963/vestas-builds-8mw-game-changer/
5http://www.reuters.com/article/2013/08/29/vestas-offshore-

idUSL6N0GT27A20130829



1.2 Historical background, current development and motivation 3

and steadier wind and generally a harsh environment (e.g. corrosive action of
salt water etc). Additionally, it is more difficult and expensive to do maintenance
repairs offshore. Gearboxes require frequent maintenance and gearbox failures
are very expensive. The direct-drive technology (used by Siemens and others)
completely eliminates this component and it is therefore a mechanically simpler
system with fewer moving parts. Fewer rotating components and a simpler
design make maintenance cheaper (e.g. no oil change, reduced bearing-related
problems). On the other hand, the direct-drive technology depends on expensive
rare earth magnets6. In an interview, Vestas’ head of technology research, Finn
Strøm Madsen, said that they only7 “require a tenth of the rare-earth metals
needed to make the magnets in a direct-drive turbine of the same size”. The
same article states that “China controls more than 90 percent of the global market
for the metals”. Finn Strøm Madsen is later quoted as saying: “If you need spare
parts for the direct-drive generator in five or 10 years and you cannot get them,
that’s a totally different risk scenario”.

Figure 1.3 V52 wind turbine. Illustration courtesy of Vestas Wind Systems A/S.

6http://www.cleantechinvestor.com/portal/wind-energy/9552-the-giant-wind-

gamble.html
7urlhttp://www.bloomberg.com/news/2011-05-26/siemens-bets-on-new-technology-in-

offshore-wind-turbine-battle-with-vestas.html



4 Chapter 1 Introduction

To put everything in a larger context, the wind turbine capacity has increased
by around 30-40 times in the last 3-4 decades and in the near future the wind
turbine capacity can be increased up to 10-12 MW according to [4]. Another
perspective to this discussion is that energy storage technologies (batteries, fly-
wheels, pumped hydro, etc. also discussed in [4]) need to be further developed
in order to increase power yield at times with surplus in the power produc-
tion. There have been a lot of discussions about the need in the future to move
further on to using intelligent/smart power grid solutions where e.g. electrical
machines such as dish washers, washing machines, dryers, etc. only run in the
night or when the electricity price is low8. Also a recent trend is to manufacture
electrically driven cars like the Tesla Model S9 with its slogan “Zero emissions.
Zero compromises”. Unfortunately, the transition cannot be described as a walk
in the park – a few months ago Europe’s foremost champion for electric cars, the
company called Better Place, was declared bankrupt10. There is no doubt that it
will be a challenge to continue to reduce the cost of electricity and to further pro-
mote renewable energy such as wind technology as a solution to global warming
and the lack of fossil fuels in the future. Plenty of backup power (energy storage)
is required if the wind does not blow at certain times when electricity is needed.

The gearbox is said to be the weakest link in a wind turbine and a more thor-
ough discussion of gearbox technologies, including a historic perspective of the
direct-drive approach for wind-turbines, is given in [5]. The technology battle
between manufacturers using gearboxes or those using direct-drive technology
is not discussed further in this thesis. Although this thesis does not address the
direct-drive technology and even though Figure 1.3 shows an illustration of a
Vestas wind turbine, there is no conflict of interest in relation to the research car-
ried out. Neither Vestas, Siemens or any other wind turbine manufacturer has
been involved in this project (or in funding it) so the author does not address
the question of which technology is better than the other.

In this project, there was access to measurements from a 500 kW wind turbine
which justifies focusing on the geared technology. The present thesis describes
an approach to the modelling of wind turbines with gearboxes, but the multi-
body approach could also be used for modelling a gearless wind turbine.

8http://www.stateofgreen.com/en/InFocus/Wind-Integration--Moving-towards-the-

Smart-Grid
9http://www.teslamotors.com/models

10http://singularityhub.com/2013/06/09/electric-car-company-better-place-

bankrupt-burns-nearly-1-billion/



1.3 Thesis layout and structure

The following is a description of the chapters of this thesis:

• Chapter 1 includes general remarks, a short introduction to the field of
wind turbines and the need for renewable energy, the technological aspects
of using gearboxes in wind turbines, etc.

• Chapter 2 is devoted to introducing some basic concepts in relation to wind
and aerodynamic modelling. This is the basis for understanding FLEX5.

• Chapter 3 introduces the concept of rigid multibody dynamics. Of par-
ticular interest will be the modelling of (planetary) gearboxes, gear teeth,
obtaining gear tooth reaction forces, etc.

• Chapter 4 takes the discussion and model to a more advanced level by
describing a gearbox multibody model where some bodies are connected
by springs and dampers.

• Chapter 5 describes how the multibody model is used to predict fatigue in
the gearbox, e.g. on the tooth surface.

• Chapter 6 summarises the work and provides suggestions for future work.

References

[1] W. Palz, Wind Power for the World, The Rise of Modern Wind Energy. Pan Stan-
ford Publishing, 2013.

[2] “Global wind report – annual market update 2012,” tech. rep., 2012.

[3] G. Sieros, P. Chaviaropoulos, J. D. Sorensen, B. H. Bulder, and P. Jamieson,
“Upscaling wind turbines: theoretical and practical aspects and their impact
on the cost of energy,” Wind Energy, vol. 15, pp. 3–17, JAN 2012.

[4] M. Islam, S. Mekhilef, and R. Saidur, “Progress and recent trends of wind en-
ergy technology,” Renewable and Sustainable Energy Reviews, vol. 21, pp. 456–
468, 2013.

[5] A. Ragheb and M. Ragheb, “Wind turbine gearbox technologies,” 2010 1st
International Nuclear and Renewable Energy Conference, INREC’10, 2010.
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Chapter 2
Wind and aerodynamics

Aerodynamics is the study of the behaviour of objects and forces in an air flow.
The science behind aerodynamics is comprehensive and this chapter, therefore,
only describes a few fundamental basic concepts.

V0(x, y, z, t)

(a) Wind turbine operating in a “wind
box”. Polar and cartesian coordinates
can be used with Fortran FLEX5.

V(z) = V(zr)

(
z
zr

)α

(2.1)

V(z) = V(zr)
ln z

z0

ln zr
z0

(2.2)

(b) Wind shear profile (variation of
windspeed above ground). Turbulence
(red curve) added to mean wind field.

Figure 2.1 Wind turbine subject to atmospheric turbulence.

An introduction to the theory about aerodynamics of wind turbines is pro-
vided in [1]. Aerodynamic/aeroelastic codes like FLEX5 [2] are used for mod-
elling the physics of wind turbines interacting in a turbulent wind field. The part
of the atmospheric flow closest to the ground, the surface layer is of particular
interest. The output from aerodynamics/aeroelastic tools consists of timeseries
data of e.g. power yield, forces and torque on blades and on the tower. The
quality of aerodynamic/aeroelastic model output depends on to what degree
input values are realistic and e.g. the accuracy of the physically correct power
spectra and spatial coherence of the wind field.

6



2.1 The nature, statistical properties and cause of turbulence 7

Figure 2.1 illustrates the concept of turbulence as a fluctuating and a mean
wind speed part. Equations for the power law and logarithmic profiles [3] are
shown in Equation (2.1) and (2.2), where V(z) is the wind speed at the height
above ground z. The wind shear or power law exponent is denoted α. The
roughness length is z0 and it is a measure of ground disturbances and obstacles.
Small roughness lengths mean only a few flow disturbances and obstacles are
present, like for instance wind above calm water. Longer roughness lengths
indicate buildings, trees and other obstacles that cause frictional forces and delay,
local speed and direction changes such that turbulence is generally increased
with larger values of z0.

2.1 The nature, statistical properties and cause of turbulence

Turbulence is generated either from pressure gradients and surface roughness
or from heat convection due to temperature differences between ground and air
[4]. Temperature gradients can arise due to uneven solar heating. Hot air rises
up above colder air and somewhere between the earth’s poles and the equator,
air masses meet and mix up in frontal systems [5]. But also the Coriolis force,
caused by the rotation of the earth itself, has an impact. This effect creates a very
complex system of both large and small-scale air flows. From weather forecasts,
it is known that the weather (e.g. amount of sun, rain, air temperature, wind
speed, pressure, etc) is not easily predicted even though large computing clusters
with many thousands of processors are used.

A turbulent wind field is said to be stochastic using probability theory ter-
minology and an example of this “chaotic” phenomenon is shown with the red
curve in Figure 2.1. The wind shear equations (2.1) and (2.2) resemble the atmo-
spheric boundary layer, if sufficient data are collected from e.g. meteorological
masts (see Figure 1.2 on page 2 in the introduction). Turbulence makes the wind
non-deterministic although computer-generated turbulence can be reproduced
over and over again using the same random seed numbers. The mean (the de-
terministic part) and the variance of the wind speed is given by [4]

v =
1
T

∫ T

0
v(t)dt (2.3) v2 =

1
T

∫ T

0
(v(t)− v)2 dt (2.4)

The standard deviation is the square root of the variance, i.e. σ =
√

v2 in
[m/s]. Notice that in fluid dynamics, it is typical to decompose a signal into a
mean (i.e. v) and a fluctuating part, i.e. v′(t) ≡ v(t)− v. This decomposition
process is known as Reynolds averaging. The turbulence intensity is defined

TI ≡ σ

v
=

√
v2

v
(2.5)



8 Chapter 2 Wind and aerodynamics

which can also be described as the root-mean-square (RMS) of the velocity
fluctuations v′(t) divided by the Reynolds averaged mean velocity.

2.2 Generation of synthetic wind

A time series can be decomposed into a mean wind speed component added
with fluctuations. For all methods, deterministic ud and stochastic us wind parts
are added together: U(x, y, z, t) = ud(x, y, z, t) + us(x, y, z, t) and similar proce-
dures are used in the lateral V(x, y, z, t) and vertical directions W(x, y, z, t). To
give an idea of how software packages resemble the physics of the real world,
an example of how to construct a 1D wind field is given below.

2.2.1 1-dimensional non-deterministic wind field

The following is an example of generating a single-point stochastic wind field,
calculated as the finite sum of coefficients, a0, an and bn. Using a discrete Fourier
transformation (DFT) [1]

a0 =
1
N

N

∑
n=1

ui mean wind speed (2.6)

u(t) = a0 +
N/2

∑
n=1

an cos(ωnt) + bn sin(ωnt)︸ ︷︷ ︸
fluctuating/turbulent part

, ωn =
2πn

T
(2.7)

an =
2
N

N

∑
i=1

ui cos
(

2πn
N

i
)

, n = 1, . . . ,
N
2
− 1 (2.8)

bn =
2
N

N

∑
i=1

ui sin
(

2πn
N

i
)

, n = 1, . . . ,
N
2
− 1 (2.9)

The stochastic wind signal can be approximated as a sum of finite-length
periodic signals. But often the Fast Fourier Transform (FFT) is used for making
a spectral representation of the wind by transferring a signal from time-domain
into the frequency domain. The Power Spectral Density (PSD) can be found,
which has dimensions [(m/s)2/Hz] or [W/kg] [4, 1] but by using an inverse
DFT, a time series can also be constructed from a known power spectral density
function (PSD). Typically, either a von Karman’s or a Kaimal [6] spectrum is
used. The latter, which better corresponds with experimental data, is shown
below according to [7]

PSD( f ) =
f Sk( f )

σ2
k

=
4 f Lk/Vhub

(1 + 6 f Lk/Vhub)
5
3

(2.10)



2.3 Blade forces and rotor torque 9

where Vhub is wind speed at hub height, f is the frequency [Hz], k is an index
for direction (i.e. 1=longitudinal, 2=lateral and 3=upward), Sk is a single-sided
velocity component spectrum, σk is standard deviation and Lk is an integral scale
parameter. A single-point time-series can then be generated according to [1]:

u(t) = ū +
N/2

∑
n=1

√
2 PSD(ωn)

T
cos(ωnt − φn), t = iΔt for i = 1, . . . , N (2.11)

2.2.2 3-dimensional non-deterministic wind field

The turbulence field generated above only describes a single point in the rotor
swept area. Aeroelastic codes like FLEX5 need a turbulence box such as illus-
trated in Figure 2.1a with a wind speed grid defined using either polar (standard
Pascal version of FLEX5) or rectangular (Fortran version) coordinates. The de-
fault FLEX5 (Pascal-version) wind field uses polar coordinates. It has 5 radial
stations and 32 azimuthal stations.

For generating 3D turbulent wind fields, important stochastic wind turbu-
lence models include methods proposed by Paul Veers [8] and Jacob Mann (see
e.g. [9] and [10]). The standard wind generator in FLEX5 (Windsim7) uses the
Sandia/Veers-method [11, 8]. Windsim7 generates a realistic 3D turbulent wind
field. A free Matlab-program for generating a 3D wind field is also found on
Matlab central1, which is an online forum or user community where Matlab
users can exchange code.

2.3 Blade forces and rotor torque

The history of wind turbine blades (airfoils) began with using published blade
profiles from wind tunnel research performed by NACA (The United States
National Advisory Committee for Aeronautics) [12]. Blades are manufactured
extensively using composite materials and only small blade profile changes can
lead to huge power curve and noise levels [13]. Generally, a lot of knowhow
from the aerospace industry is involved in the development of improved blades
in terms of avoiding problems related to e.g. local buckling and fibre/matrix/in-
terlaminar/sandwich failure (see [14]).

An example of airfoil forces (including velocity triangle) and parameters is
shown in Figure 2.2, where α is the angle of attack, W is induced velocity and
Vrot is rotor plane velocity. The induced velocity W should be understood as an

1http://www.mathworks.com/matlabcentral/fileexchange/35867-3d-turbulent-wind-

field-simulation-by-means-of-sandia-method-for-wind-energy-applications
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EI1

EI2

v v+ + p

tip chord linechord line
rotor
plane

W
V0

Vrot

Vrel

Max
thickness

c/4
Xm

XE
Xs

Vrel

PT

PNR

L
D

Figure 2.2 Airfoil forces (L=lift, D=drag, R=resultant force vector, PN=normal of R
and PT=tangential of R) for incoming wind V0, which is seen as Vrel by the airfoil. Faster
airflow over the top of the airfoil generates less pressure than below (Bernoulli equation).
The pressure difference causes the lift force L (left illustration), which rotates the hub.

important velocity, which acts as a brake on the incoming wind, due to rotor
axial pressure. The chord length is c, EIx denotes bending stiffness around
principal axis x, v is the angle from the chord line to the first principal axis, β is
the twist angle and finally Xs, XE and Xm denotes respectively distances of shear
centre, point of elasticity and mass centre measured from the reference point [1].
Information about these parameters must be obtained using e.g. wind tunnel
experiments, and from the lift and drag equations, corresponding lift (Cl(α))
and drag (Cd(α)) coefficients can be obtained.

L =
1
2

ρV2
relcCl(α)

(2.12)
D =

1
2

ρV2
relcCd(α) (2.13)

In order to calculate the rotor torque, the objective is to take a turbulent wind
field (i.e. V0), find a method to calculate induced velocities (i.e. W), add these
vectors to the rotor plane velocity (i.e. Vrot) and the result is the wind speed
seen by the blade (i.e. Vrel). Once the blade forces are known at each radial
station, these forces are integrated along the length of each blade and for each
blade, the torque from known blade forces can be found. The resulting torque
is a summation of torque on all 3 blades. This torque accelerates the wind
turbine from standstill and drives the main shaft on the low-speed side. The
generator torque is lower but put on the high-speed side of the gearbox, meaning
that the rotor does not accelerate above a pre-determined angular velocity. Two
approaches [15] for determining blade forces are:

• Numerical methods based on the Euler equations (motion for inviscid
fluid) or the Navier-Stokes equations (if viscosity is considered). These
are becoming faster and increasingly popular in some situations (e.g. yaw
or interaction of wind turbines in wind parks [15]).
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Figure 2.3 CFD (Ellipsys3D) coupled to FLEX5 with cyclic boundary conditions (infi-
nite long row of wind turbines in a wind farm). Snapshot from work of PhD student
Søren Juhl Andersen.

• The Blade Element Momentum method (BEM) from [16], which is com-
putationally very fast/efficient and the most popular approach today. The
first table in [17] shows that the 5 aero-hydro-servo-elastic modelling soft-
ware packages: FAST2, BLADED3, FLEX54, ADAMS5 and HAWC26 all use
the BEM-method.

An example of recent development is to couple numerical Navier-Stokes
methods involving Computational Fluid Dynamics (CFD) with structural codes.
The wind field snapshot in Figure 2.3 shows a wind turbine in an “infinite wind
farm” simulated using cyclic domain boundary conditions and the wake effects
are studied. The wind field is used with FLEX5 which rotates the blades, main
shaft, deflects the blades etc. and the CFD geometry is updated and meshed
until a steady solution has been found.

The 3D flow around a wind turbine is highly complex and CFD-based meth-
ods yield good insight into the details of the flow field: Investigation of stream-
lines, vortex phenomena/patterns, local effects of flow separation, laminar to

2National Renewable Energy Laboratory, Golden, Colorado, US
3GH Bladed: Garrad Hassan & Partners Limited, Bristol, UK
4Stig Øye, Gentofte, Denmark
5MSC Software Corporation, Santa Ana, California 92707, US
6DTU Risø, Roskilde, Denmark
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turbulent transition of boundary layer, etc. However, for practical reasons (i.e.
calculation time) these details are not important for this work and therefore the
focus is on the BEM-method before discussing implementation of the multibody
program.

2.3.1 Blade Element Momentum (BEM) theory

The physical properties of the nacelle, tower, blades and rotor must be taken
into account (e.g. mass properties, stiffness and damping coefficients, etc.) for
solving the non-linear dynamic equations of motion of the form

Mẍ + Cẋ + Kx = Fg(t, x, ẋ) (2.14)

where t is time, x is the degrees of freedom (DOF)-vector, M the mass matrix,
C the damping matrix, K is the stiffness matrix and Fg is the vector of external
forces and torque.

Equation (2.14) must be solved in order to obtain the DOFs for positions x,
velocities ẋ and accelerations ẍ using e.g. a Runge-Kutta Nyström (RKN) time-
integration scheme (as in [1]). The BEM-method is the most commonly used
method for calculating the induced velocities (W in Figure 2.2) and thus the local
angles of attack (α in Figure 2.2) [1]. This is done quickly by using empirical val-
ues (e.g. lift and drag coefficients) contrary to using numerical CFD-calculations.
Once the local angle of attack and/or induced velocities are known, the loads on
the right-hand-side (RHS) of Equation (2.14) can be calculated and the solution
for the next time-step can be calculated.

The procedure for doing an unsteady BEM calculation is [1]:

• read geometry and program parameters (timestep, end time, blade data,
twist angle, lift and drag coefficients as a function of angle of attack, etc.)

• initialise blade position and velocity

• discretise blades in N elements

• initialise induced velocities, for all timesteps, for all blades and for all blade
elements

• Calculate the velocity relative to the blade Vrel as the sum of V0, Vrot, W

shown in Figure 2.2. These terms correspond to wind speed, rotor plane
velocity and induced velocity respectively, where the latter is a kind of
wind disturbance velocity. The following applies

Vrel = V0 + Vrot + W ⇒
(

Vrel,y
Vrel,z

)
=

(
Vy
Vz

)
+

(−ωx cos θcone
0

)
+

(
Wy
Wz

)
(2.15)



where ω is the rotational speed of the rotor, x is radial distance measured
from hub and θcone is the rotor coning angle measured from the vertical
plane. The rotor coning angle is typically not aligned completely with the
vertical plane, e.g. it can be changed such that the blades move even further
away from the tower, to avoid the blades hitting the tower.

• The flow angle φ and angle of attack α can be calculated using

tan φ =
Vrel,y

Vrel,z
, α = φ − (β − θp) (2.16)

where β is the twist angle and θp is the pitch angle, both shown on Figure
2.2.

• The static lift Cl and drag Cd coefficients are determined from a table (ex-
perimental data from wind tunnel or perhaps in combination with CFD or
from books when using standardised profiles).

• The dynamic airfoil data should then be determined using a dynamic stall
model, which takes into account that there will be a delay when the angle
of attack is changed, before the airflow properties change.

• The normal and tangential loads are

pz = L cos φ + D sin φ, py = Lsinφ − D cos φ (2.17)

where L and D can be calculated using (2.12) and (2.13).

• New equilibrium values for induced velocities Wz and Wy should then be
calculated and new unsteady induced velocities, using a dynamic wake
model, should be found.

• The induced velocity for each blade should be calculated, using a yaw
model for calculating the azimuthal variation.

Some of the equations and more detailed aspects of this method have been
excluded here, because the aeroelastic FLEX5 code has not been improved or
modified in any way in this project.
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Chapter 3
Rigid multibody dynamics

The history of multibody dynamics for computer simulations [1] began with
Newton’s laws of motion in the 17th century, when considering something sim-
ple, a free particle. Equations for rigid body motion were introduced in the 18th
century by Euler who already used the free body principle with reaction forces
and together these contributions are known as Newton-Euler equations. In the
latter part of the 20th century, computer software programs that, for instance, al-
lowed animations of the solution were developed. The first textbooks specifically
about computer-aided analysis of multibody systems [2, 3, 4] are from around
1988-1989 and more thorough historical details of past and recent developments
are described in e.g. [1, 5].

Newtonian mechanics is a type of analysis involving motion, time and forces
and dynamics is a description of non-stationary systems [2]. Two categories
exist: Kinematics dealing with the motion of the bodies and dynamics which
deals with the forces and moments. Multibody systems are collections of rigid
or flexible bodies/links. Multibody dynamics is an area widely used, especially
in robotics, vehicle dynamics (e.g. bicycles, automobiles, trains), aerospace (e.g.
spacecrafts, satellites/space stations) industries and wherever machines/mech-
anisms are used including bio-dynamical systems (e.g. human bodies, animals).
Bodies are connected with constraint elements, e.g. joints, bearings, force ele-
ments (springs/dampers/actuators). The motion of bodies may undergo large
translations and rotational displacements [4]. The motion of rigid bodies can be
described in 2D using 3 generalised coordinates and in 3D using 6 generalised
coordinates.

3.1 Coordinate system transformations

Coordinate system transformations are important, not only for understanding
how aeroelastic codes work and transfer the blade loads and rotor torque to
other coordinate systems (or references of frame) locally inside the wind tur-
bine. Coordinate system transformations are also important for understanding
the concept of multibody joints and how bodies are assembled and fixed using
constraints and references from inertial (global) references of frame into local
(rotating or non-rotating) references of frame.

16



3.1 Coordinate system transformations 17

3.1.1 Bryant angles

An example of describing a wind turbine using several coordinate systems and
Bryant angles with corresponding transformation matrices is given in [6]. A
more general approach is presented using the following equations (from [2]),
where A denotes a 3 × 3 transformation matrix.

A1 =

⎡⎣1 0 0
0 cφ1 −sφ1
0 sφ1 cφ1

⎤⎦ A2 =

⎡⎣ cφ2 0 sφ2
0 1 0

−sφ2 0 cφ2

⎤⎦ A3 =

⎡⎣cφ3 −sφ3 0
sφ3 cφ3 0
0 0 1

⎤⎦ (3.1)

where cφ is short for cos φ and sφ is short for sin φ. Hence the complete trans-
formation is given by A = A1A2A3 and the nine matrix elements are known as
direction cosines [2]. The column vectors of A are orthogonal basis vectors (an
orthonormal set), i.e. they are linearly independent and AT = A−1 is called an
orthogonal matrix. An alternative coordinate system representation is Euler an-
gles, which is similar to Bryant angles except that the rotation axes are different
(see e.g. [2]).

An attempt at showing a coordinate transformation of an object (the teapot
can be considered a rigid body) is seen in Figure 3.1. The black coordinate
system is the inertial reference of frame and the red coordinate system is the
transformed coordinate system. Coordinate systems can be moving/rotating
(e.g. wind turbine blades, rotating shafts) or fixed (wind turbine tower).

3.1.2 Euler parameters (quaternions)

It is generally known that despite Euler and Bryant angles are commonly used to
describe the orientation of a body, these 3 parameters (Equation (3.1)) lead to sin-
gularities when rotation axes coincide (some values of φ = nπ, n = 0,±1,±2, ...
due to the sine/cosine functions).

Euler’s theorem expresses that a rotation in space can always be expressed
as a rotation of some angle about some given axis. A quaternion is a vector of 4
parameters where the first is the rotational angle φ and the last 3 is a vector in
3-dimensional space, e = {e1, e2, e3}T. Euler parameters are a subset of quater-
nions, because Euler parameters are unit quaternions. Using unit vector u for
the rotational axis, the above-mentioned can be expressed using

e0 = cos
φ

2

e = u sin
φ

2
(3.2)

e2
0 + eTe = 1

e2
0 + e2

1 + e2
2 + e2

3 = 1 (3.3)
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x, ξ ′′
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ξ ′
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η′′, η′
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φ3

φ2φ1

φ2

φ3

φ1

φ2

φ3

Figure 3.1 Sequential Bryant angle rotations (first φ1 CCW about the x-axis, then φ2

CCW about the η′′-axis, finally φ3 CCW about the ζ ′-axis).
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and it is easy to see that the norm of the 4 Euler parameters is unity [2]. Euler
parameters can be used to calculate direction cosines A using

A = 2

⎡⎣e2
0 + e2

1 − 1
2 e1e2 − e0e3 e1e3 + e0e2

e1e2 + e0e3 e2
0 + e2

2 − 1
2 e2e3 − e0e1

e1e3 − e0e2 e2e3 + e0e1 e2
0 + e2

3 − 1
2

⎤⎦ (3.4)

To avoid singularities, Euler parameters are used in the multibody program.
Another reason to use Euler parameters is that they only require 4 real numbers
instead of 9 for a whole transformation matrix. Also the sine and cosines intro-
duce round-off errors so when many 3×3 transformation matrices are multiplied
together, “drifting” can happen, meaning that after a while the resulting trans-
formation matrix may not even be orthogonal anymore (causing distortion and
arbitrary scaling). Euler parameters can also “drift” – they must be a unit quater-
nion and if the module is not 1 anymore, a possible solution is to re-normalise
the vector of 4 Euler parameters.

3.1.3 Vector and matrix algebra

Generally, a prime is used to specify a vector in the local coordinate system and
a vector without any prime specifies vectors in the global coordinate system. A
transformation of a point in a local coordinate system s′ to a vector in the global
coordinate system is typically written: s = As′ (this implies s′ = ATs), where
s′ = {x′, y′, z′}T. The time-derivatives of the transformation matrix A are (see
e.g. [7, 2])

Ȧ = ω̃A = Aω̃′ (3.5) Ä = ˙̃ωA + ω̃ω̃A (3.6)

where ω = θ̇ is the vector of angular velocity components and the skew-
symmetric matrix of a vector s = {s1, s2, s3}T is

s̃ =

⎡⎣ 0 −s3 s2
s3 0 −s1
−s2 s1 0

⎤⎦ (3.7)

The time-derivatives of the transformation matrix become important when
constraints are implemented. From Equation (3.5): ṡ = Ȧs′ = ω̃As′ = ω̃s where
ω = {ωx, ωy, ωz}T.

Each body in space has six DOFs, three translational (s = {x, y, z}T) and
three rotational (θ = {θx, θy, θz}T) parameters. The transformation matrix A can
be calculated once a sequence of rotations around each of the axes has been
defined (e.g. Bryant or Euler angles or other sequences). However, when using
e.g. Bryant or Euler angle parametrisation, singularities (gimbal lock) can arise.
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This situation arises when one degree of freedom is lost, because two of the
three planes become identically aligned. To avoid the problem with singularities,
Euler parameters are used in the time-integration code (described in the next
section).

Other important identities include rules for transposing a skew-symmetric
matrix and calculating the cross product using the skew-symmetric matrix [7]

s̃ = −s̃T and s1 × s2 = s̃1s2 (3.8)

Sometimes it is important to be able to re-arrange matrices such that equa-
tions can be reduced by collecting terms etc:

(A B C)T = CT BT AT (3.9)
(

A B CT
)T

=
(

CT
)T

BT AT = C BT AT (3.10)

These identities and relations are useful when constraints are involved and a
simple example will be provided in section 3.3.4 on page 29.

3.2 Equations of motion

The procedure is to solve n differential equations and m algebraic equations⎧⎨⎩Mq̈ − ΦT
qλ = g, Φq =

∂Φ

∂q

Φ(q, t) = 0

(3.11)

where M ∈ Rn×n is the mass/inertia matrix, q ∈ Rn is a vector of cartesian
coordinates, Φq ∈ Rm×n is the Jacobian of the Φ(q, t) ∈ Rm kinematic constraint
equations, λ ∈ Rm are the Lagrange multipliers and g ∈ Rn are the external
body forces applied in the global reference system.

Techniques for solving (3.11) are described in e.g. [2, 8, 9, 10]. Constraints
are expressed at acceleration level, to form equations of motion from the DAE-
system (3.11) into an ODE in the form given by [2]:[

M −Φq
T

Φq 0

] {
q̈

λ

}
=

{
g

γ

}
(3.12)

Sometimes the term γ is replaced by γ − 2αΦ̇ − β2Φ, where α and β are pos-
itive constants [11]. This approach is known as Baumgarte stabilisation and the
extra terms adjust for numerical errors (not eliminating, but typically decreasing
drift in the solution – depending on chosen parameters).

Equation (3.12) is solved using initial positions/rotations and initial transla-
tional/angular velocities (ẋ, ẏ, ż, ωξ , ωη, ωζ), where the axes ξ, η, ζ (the same as
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x′, y′, z′) are local coordinate system axes. An ODE-solver in Matlab is used to
obtain positions/orientations from the previous (or initial) values using time-
integration. Likewise velocities are calculated numerically from accelerations.
To be more specific:

y =

{
q

q̇

}
ẏ =

{
q̇

q̈

}
(3.13)

or:

y = {x, y, z, e0, e1, e2, e3, ẋ, ẏ, ż, ωξ , ωη, ωζ}T

ẏ = {ẋ, ẏ, ż, ė0, ė1, ė2, ė3, ẍ, ÿ, z̈, ω̇ξ , ω̇η, ω̇ζ}T

Using y (initially defined or from previous timestep), Equation (3.12) is solved
to yield the accelerations q̈ in vector ẏ. The new vector ẏ should then be formed
using the newly calculated accelerations and the already known translational
velocities {ẋ, ẏ, ż}T, together with the time derivative of Euler parameters [2]:

ṗ =
1
2

LTω′, where: L =

⎡⎣−e1 e0 e3 −e2
−e2 −e3 e0 e1
−e3 e2 −e1 e0

⎤⎦ = [−e,−ẽ + e0I] (3.14)

where p = {e0, e1, e2, e3}T and ω′ = {ωξ , ωη, ωζ}T.

Time-integration routines such as ODE45 numerically integrate ẏ in order to
obtain the new positions and velocities in y for the next timestep where every-
thing is repeated. Equation (3.4) can be used to form the transformation matrix
Ai of rigid body i. This will then be the starting point of the next time-step
calculation where coefficients are inserted into the Jacobian matrix and the term
γ must be recalculated.

It should also be mentioned that, for the sake of simplicity and unless other-
wise described, all bodies described in this thesis have local coordinate systems
in their own centre of mass and angular velocities (and accelerations) are unlike
translational DOFs described using local coordinate systems. When this is the
case, the mass matrix becomes invariant and does not need to be recalculated in
each time-step [7] and it is still easy to use matrix operations to convert to/from
local/global coordinate systems.

3.2.1 The concept of bodies, joints and force elements

Consider a vector r from the origin of the global coordinate system to the origo
of a local coordinate system (Figure 3.2a). The vector s′ is defined from the local
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coordinate system origo to e.g. a joint, connecting another body. By including
the rotation of the object A, the endpoint of s′ measured in global coordinates
becomes rp = r + As′ which is illustrated in Figure 3.2a. This figure also shows
that two objects (body i and body j) can be assembled and connected by a spher-
ical joint using the constraint equation

Φ(s,3) ≡ r
p
i − r

p
j = ri + Ais

′P
i − rj − Ajs

′P
j = 0 (3.15)

where

r2D =

{
x
y

}
, θ is a scalar and r3D =

⎧⎨⎩
x
y
z

⎫⎬⎭ , p3D =

⎧⎪⎪⎨⎪⎪⎩
e0
e1
e2
e3

⎫⎪⎪⎬⎪⎪⎭ (3.16)

x

y

ri

θi

rj

s′i
s′j

θj

ξi

ηi

ξ j

ηj

rp

(a) Spherical joint: A rigid/constrained
connection. The angle θ is measured from
global (x, y) to local reference of frame
(ξ, η).

x

y
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θi

rj θj

ξi
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ξ j

ηj

Fj
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ni

nj

Si,x

Sj,y

Si,y

Sj,x

(b) Force element: Joint is replaced by a
force element (spring, damper or actua-
tor). Forces Fi and Fj, work at a distance
of Si and Sj from coordinate system cen-
ters.

Figure 3.2 Illustration of difference between a rigid and a flexible connection for bodies
i and j. The forces and moments in the g-vector always acts in the local reference of
frame. The right figure shows forces Fi and Fj that are moved to the centre. The torque
is: n = s × F.

Figure 3.2b shows two bodies being pulled against each other, but not using
constraints. Instead force elements modify the RHS of Equation (3.12) and the
equation system becomes smaller than if constraints were used. This is an exam-
ple of a flexible connection of two rigid bodies, which the next chapter describes
in more detail. This flexible connection is not to be confused with flexible multi-
body dynamics, where the bodies themselves can deform (like FEM models, see
e.g. [12, 13]).
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3.3 Rigid gear constraints

The traditional/simple multibody gear constraint in 2D for two external gears is

Φgear ≡ ρi θ̇i + ρjθ̇j = 0 (3.17)

where ρ is the radius and θ̇ the angular velocity of either body. If one of
the gears is internal, the radius is negative. In case any angular velocity is
relative, e.g. a gear wheel attached to a planet carrier with angular velocity θ̇c,
the following gear constraint is used [2]

x

y

ξc

ηc

ξi

ηi

ξ j
ηj

θc

θi

θj

Figure 3.3 Spur gears i, j attached to moving body c (carrier).

Φgear ≡ ρi(θ̇i − θ̇c) + ρj(θ̇j − θ̇c) = 0 (3.18)

which is illustrated in Figure 3.3. This constraint can be used on a planetary
gearbox as illustrated in Figure 3.4, using 4 gear constraints:

• Φ1 : Gear constraint: ρPl.(ωPl.1 − ωc) + ρsun(ωsun − ωc) = 0

• Φ2 : Gear constraint: ρr(ωr − ωc)− ρPl.(ωPl.1 − ωc) = 0

• Φ3 : Gear constraint: ρr(ωr − ωc)− ρPl.(ωPl.2 − ωc) = 0

• Φ4 : Gear constraint: ρr(ωr − ωc)− ρPl.(ωPl.3 − ωc) = 0

where subscript r means ring gear, subscript “c” means (planet) carrier and
“Pl.” refers to the planet number (120◦ apart if 3 planets are used, see Figure
3.4). Three of the constraints make the three planets turn and one additional
constraint makes the sun gear turn.
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ρrρp

ρs

(ρr − ρp)

Figure 3.4 Planetary gearbox. Shown ra-
dius for sun (ρs), planet (ρp) and ring (ρr)
gears.

Gear forces: Ft: Tangential, Fn: Nor-
mal and Fr: Radial (horizontal) force
directions (α = 20◦, pressure angle).

x

y

α

x sin(α)
y cos(α)αFt

Fn

Fr

Gear 1 Gear 2

ρp,1
ρp,2

θ1
θ2

Figure 3.5 The contact point can move a
distance along x or y, depending on either
rotation or translation.

3.3.1 Improved gear constraint (no rotation/fixed)

An alternative rigid gear constraint can be explained from figure 3.5 by consid-
ering a projection of movement of the pitch/contact point into the gear tooth
normal direction:

Φ = x1 sin α + y1 cos α + θ1(ρp,1 cos α) = x2 sin α + y2 cos α − θ2(ρp,2 cos α), or

Φ̈ = ẍ1 sin α + ÿ1 cos α + ω̇1(ρp,1 cos α) = ẍ2 sin α + ÿ2 cos α − ω̇2(ρp,2 cos α)

(3.19)

where ρb = ρp cos α is the base circle radius [14]. The last term θ(ρp cos α)
is the one responsible for transferring the torque, i.e. if no translational forces
exist then angular acceleration of either gears can still cause the pitch/contact
point to move. The last term on the RHS is negative because for external gears,
if one gear rotates in one direction then the other always rotates in the opposite
direction.

For rigid gears, Equation (3.19) is an equilibrium that can be projected (from
the tooth surface normal) into the tangential direction by dividing by cos α (see
relationship between Fn and Ft on figure 3.5) and then the Jacobian for a 2-body
2D-system becomes:
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⎡⎣ · · · · · ·
tan α 1 ρp,1 − tan α −1 ρp,2

· · · · · ·

⎤⎦
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ẍ1
ÿ1
ω̇1
ẍ2
ÿ2
ω̇2

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
= 0 (3.20)

using 3 generalised coordinates per body. The projection into the gear tooth
normal ensures that the Lagrange multiplier λ for this particular constraint (see
Equation (3.12)) is also a force in this direction. The improved gear constraint
can also be used on a planetary gearbox using 4 rigid gear constraints again as
with the simple gear constraint given by Equation (3.17). By using the simple
gear constraint, the reaction forces R1x, R1y, R2x, R2y on Figure 3.6 do not exist.
This problem is solved using the improved gear constraint.

R1y

m1g

R1x

α

F1n F1t

F1r

α

F2n F2t

F2r

R2y

R2x

m2gN2z

M1z M2z

Figure 3.6 Free Body Diagram. An example would be to fix θ1 = 0 radians (left gear)
and apply torque on body 2 (right gear) and validate the obtained reaction forces.

3.3.2 Example of implementation – 2 bodies (no rotation/fixed)

A simple test problem can be programmed and illustrated by e.g. Figure 3.6,
where the pressure angle α is typically either 20◦ or 25◦. The summarised de-
tails of a very simple multibody system are shown in Table 3.1 (details about
equations and constraints are shown in the next section). The internal reaction
forces are validated with results shown in Table 3.2 where the force of gravity
from the masses is clearly seen in the y-direction.

The following identities can be checked numerically:
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Radius [m] Mass [kg] Fx [N] Fy [N] Nz [Nm]
Gear 1 0.3 221.95 0 -2177.4 0
Gear 2 0.15 55.49 0 -544.3 75

Table 3.1 External forces and moments applied to the RHS of the equations of motion
(values included the g-vector in Equation (3.11) and (3.12)). These values are used with
the example illustrated in Figure 3.6.

R1x [N] R1y [N] M1z [Nm] R2x [N] R2y [N] M2z [Nm]
Φ1+2 181.99 2677.36 0 0 0 0

Φ3 0 0 150 0 0 0
Φ4+5 0 0 0 -181.99 44.34 0

Φ6 -181.99 -500 -150 181.99 500 -75
Φ1→6 0 2177.36 0 0 544.34 -75

Table 3.2 Reaction forces, when θ1 = 0 rad (fixed) and input torque of 75 Nm is applied
on gearwheel 2. Constraints Φ1+2 and Φ4+5 are revolute joints while Φ3 fixes θ1 and Φ6

is the gear constraint which makes the force and moment equilibrium correct.

Ft = Fn cos α

Fr = Fn sin α

}
⇒ Ft

cos α
=

Fr

sin α
⇒ Fr = Ft tan α (3.21)

The radius on gear wheel 2 is 0.15 m so the vertical force in Figure 3.6 is
F2t = Mz/r = 75/0.15 = 500 N, corresponding exactly to the output from the
multibody program using this gear constraint (see results in Table 3.2). The
radial force is also validated:

Fr = Ft tan α = 500 tan(20◦) = 181.99 N (3.22)

The internal reaction forces will not appear using the gear constraint given by
Equation (3.17) and the only problem with the improved gear constraint seems
to be if things are rotating very quickly (e.g. rotating shafts and gears close
to the generator in a wind turbine model with a gear ratio of e.g. >50 from
lowspeed side to highspeed side). In this case, increasing oscillations can make
the solution unphysical and a smaller timestep has to be forced, but calculation
time can be so slow that this solution is unpractical and unusable.

3.3.3 Example of implementation – 3 bodies (rotating)

A step towards modelling planetary gearboxes is to increase the number of bod-
ies, so instead of having only 2 bodies (gears), a driver (planetary carrier) is
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now added. The driver holds the planet in place, thereby simulating the situa-
tion where a planetary gear is rotating around the sun together with the carrier.
The previously described problem is extended and now 8 constraints are used
as shown in Table 3.3. The previous example used Equation (3.20) and with 6
DOFs this is a fully constrained multibody system. The new rotating multibody
system has 9 DOFs (3 bodies) and 8 constraints and therefore one DOF is free
and the planet can rotate. This changes the gear constraint equation slightly, i.e.
Φ1−5 is the same as previously.

ρ1

ρ2

θ1

θ2
θ3

Figure 3.7 3-body gearbox illustration (sun, planet and carrier/driver).

Reformulation of Equation (3.19) and (3.20), for a simple planetary gearbox
(for body i and j):

Φ̇ : (An · vr)
T
[({

ẋi
ẏi

}
+ ρi(ωiv̂r)

)
−
({

ẋj
ẏj

}
− ρj(ωjv̂r)

)]
=

{
0
0

}
(3.23)

using transformation matrix for the tooth surface normal direction (θ = 90◦ −
α so for α = 20◦, θ = 70◦):

An =

[
cos θ − sin θ

sin θ cos θ

]
(3.24)

where α is the pressure angle. The new gear-constraint (compared to the old
one in equation (3.19)) is still a projection of movement/velocity/acceleration
from the global coordinate system, into the gear tooth normal direction. But this
time, it is necessary to measure the normal direction relative to a vector from the
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Φ1−2 : B1: Sun gear attached to (0,0):
r1 = { 0 0 }T

Φ3 : Sun gear doesn’t rotate:
θ1 = 0

Φ4−5 : B2: Planet center attached to
the planetary carrier:

r2 – (r3 + A3s′3) = { 0 0 }T

where s′3 = { 1
2(ρ1 + ρ2) 0}T

Φ6−7 : B3: Planetary carrier/driver
attached to global coord. sys. (0,0):

r3 - A3s′3 = { 0 0 }T

where s′3 = { 1
2(ρ1 + ρ2) 0}T

Φ8 : Old gear constraint:
r1 · (θ̇1 − θ̇3) + r2 · (θ̇2 − θ̇3) = 0

Φ8 : New gear constraint:
(Eq. 3.23 and Figure 3.8)

Table 3.3 All 8 constraints - Φ8 shows both old and new gear constraint. Note that for
comparison both gear constraints are expressed in velocities (the new gear constraint is
non-holonomic, hence it cannot be integrated).

Ft

Fn

Fr70◦

vr

Figure 3.8 Radial unit vector vr Gear tooth force directions: Ft (tangential), Fn (normal)
and Fr (radial) directions.



3.3 Rigid gear constraints 29

centre of the sun to the centre of the planet and this unit vector is called vr (see
Figure 3.8).

Figure 3.8 shows the planet centre and a line going to the centre of the sun.
This is the radial direction and a projection of forces into this direction is Fr. The
Fn direction is perpendicular to the teeth surface and in the normal direction. A
projection of teeth forces perpendicular to the radial direction is the tangential
force direction, Ft shown in Figure 3.8. The constant 2×2 transformation matrix
An is given by Equation (3.24) and the radial unit vector vr = {cos θ3 sin θ3}T =
(r2 − r1)/(ρ1 + ρ2) (normalised by pitch radii) is a unit vector in the direction of
the vector going from the centre of the sun, to the planetary centre. The angle
θ3 is the orientation of the carrier (body 3) and this together with radii ρ1 and
ρ2 is illustrated in Figure 3.7. If vr = {x y}T is in the radial direction then the
hat-vector v̂r = {−y x}T is in the tangential direction and perpendicular to vr.

Sometimes (it depends on CW/CCW rotation direction of the gears) the
transformation matrix An is either A70 or A110 (can also use A−70 and A−110).
An “equilibrium analysis” of internal and external forces (and torque) as shown
in Appendix A, can be made for this 3-body multibody model. Different cases
can be tested, using either CW/CCW rotation and the 4 unit vector directions:
±70◦, ±110◦. This “systematic approach” results in several pages of output re-
action forces from all 8 constraints, although only the first page is included in the
appendix. The sign of the internal reaction forces changes depending on the unit
vector (although the gear constraint behaves correctly in any case with respect
to acceleration and motion because the internal forces eliminate each other).

In order to model a planetary gearbox (e.g. see Figure 3.4 on page 24), extra
bodies must be added. Gear wheels can be added in a similar way as described
above, when going from two to three bodies. Typically a ring gear (with con-
straints similar to the sun gear) and two extra gears (planets) are added. The
gear-constraint equations have been tested (internal gears, such as the ring gear,
have negative radius) and the described procedure is used in all publications.

3.3.4 Differentiation of constraint equations

All constraints must be differentiated to form the Jacobian matrix. The follow-
ing is an illustrative simple 3-body example in 2D, using the constraints from
Table 3.3 on the preceding page:
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−ω2
3[A3]

{
s′3,x
s′3,y

}
−ω2

3[A3]

{
s′3,x
s′3,y

}
z1
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(3.25)

where (explained in section 3.3.5):

z1 = (A70 · v̇r)
T [(−ṙ1 − ρ1ω1v̂r) + (ṙ2 − ρ2ω2v̂r)] +

(A70 · vr)
T(−ρ1ω1 ˙̂vr − ρ2ω2 ˙̂vr) RHS (γ)

The coefficients for the Jacobian matrix Φq multiplied with the accelerations of
the generalised coordinates q̈ (DOFs) and the corresponding γ-values will be
explained shortly. The Jacobian matrix Φq is

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
1

1
1 −1 −B3

{
s′3,x
s′3,y

}
1 −1

0 1 −B3

{
s′3,x
s′3,y

}
1

(A70 · vr)T z2 (−A70 · vr)T z3 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(3.26)

where B is

B =

[− sin θ − cos θ

cos θ − sin θ

]
(3.27)

and z2 and z3 are given by:

z2 = (A70 · vr)
T(ρ1 · v̂r) Coeff. for ω̇1 (3.28)

z3 = (A70 · vr)
T(ρ2 · v̂r) Coeff. for ω̇2

Equation (3.26) shows that constraints Φ1−3 are trivial to differentiate. These
constraints only involve the first 3 DOFs and the coefficients become 1. Con-
straints Φ4−7 are a bit more complicated. An example illustrating the process of
differentiation of constraints for Φ4−5 is
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Φ4−5 : r2 − (r3 + A3s′3) = {0 0}T ⇒
Φ̇4−5 : ṙ2 − (ṙ3 + ω3B3s′3) = {0 0}T ⇒ (3.29)

Φ̈4−5 : r̈2︸︷︷︸
LHS

−(r̈3 + ω̇3B3s′3︸ ︷︷ ︸
LHS

−ω2
3A3s′3︸ ︷︷ ︸
RHS

) = {0 0}T

The last line in Equation 3.29 can be divided into LHS- and RHS-terms where
LHS coefficients are inserted into the Jacobian matrix (see Equation (3.26)) and
everything else is moved to the RHS (see Equation (3.25)). Constraints Φ̈6−7 are
found using the same method as above and generally coefficients in 2D and 3D
for typically used constraints can be found in e.g. [2].

3.3.5 Differentiation of gear constraint equations

The improved gear-constraint is non-holonomic, meaning it is non-integrable
from a velocity- to a position-level kinematic constraint. The system must be
solved dynamically instead of kinematically (using Equations (3.11) and (3.12)
and numerical time-integration). Using the same method of differentiation as be-
fore, with the non-holonomic velocity constraint given by Equation (3.23) yields

Φ̇8 :(An · vr)
T (ṙ1 + ρ1(ω1v̂r))− (An · vr)

T (ṙ2 − ρ2(ω2v̂r)) = 0 ⇒
Φ̈8 :(A70 · v̇r)

T (ṙ1 + ρ1ω1v̂r) + (A70 · vr)
T (r̈1 + ρ1ω̇1v̂r + ρ1ω1 ˙̂vr

)
− (A70 · v̇r)

T (ṙ2 − ρ2ω2v̂r)− (A70 · vr)
T (r̈2 − ρ2ω̇2v̂r − ρ2ω2 ˙̂vr

)
= 0

(3.30)

By rearranging terms, one finds the result shown in Equation (3.28). For the
sake of completeness, the following is provided for the same gear constraint in
three dimensions:

Φ̇3D :(Anvr)
T
[(

ri + ρiAiω
′
i × vr

)− (rj − ρjAjω
′
j × vr

)]
= 0 (3.31)

Φ̈3D :(Anvr)
T
(

r̈i + ρi

[
(Aiω̃

′
iω

′
i)× vr + (Aiω̇

′
i)× vr + (Aiω

′
i)× v̇r

])
− (Anvr)

T
(

r̈j − ρj

[
(Ajω̃

′
jω

′
j)× vr + (Ajω̇

′
j)× vr + (Ajω

′
j)× v̇r

])
+ (Anv̇r)

T (ṙi + ρi(Aiω
′
i)× vr

)− (Anv̇r)
T
(

ṙj − ρj(Ajω
′
j)× vr

)
= 0

(3.32)

The differentiation of a transformation matrix, vector and matrix algebra
rules from section 3.1.3 on page 19 have been employed. Things become more
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complicated because in 2D the angular velocity ω is a scalar but in 3D it is
a vector. For converting between notation with skew-symmetric matrices and
cross-products, Equation (3.8) can be used.

3.3.6 Post-processing
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Figure 3.9 Position and velocity of accelerating 3-body model with rotating planet.

An example of post-processing the simple 3-body “gearbox” is shown in
Figure 3.9, which illustrates the position and velocity of all three bodies, when
starting from rest and accelerating the carrier using a constant external torque.
It can be seen that the sun (body 1) is not moving but the planet (body 2) and
carrier (body 3) accelerate.

This is the starting point for modelling a planetary gearbox. By using the
same constraints as described above, the model can be extended with a ring gear
and extra planets. A major issue with gear tooth reaction forces of all planets
with a rigid multibody model will be solved using a flexible model in the next
chapter.

3.4 Wind turbine model

Dimensions and measurements from a real 500 kW wind turbine (shown in
the introduction in Figure 1.1 on page 2) at DTU Risø, Roskilde have been ob-
tained. A 3D multibody model has been made using 8 rigid bodies (including
a planetary gearbox) using the improved gear-constraint described above. The
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programming task has been to implement code corresponding to the method
illustrated in the previous example, described in section 3.3.3 and 3.3.4. The
whole list of 8 bodies and 47 constraints is found in Appendix B. Both exper-
imental data [15] and simulated data (using FLEX5) have been studied and a
number of comparisons have been made. Some of these are published in [P1].

B1 (main shaft)

B2 (ring gear)

B4 (sun, shaft and gear)

B3, B5, B6 (planets)
B7 (2 gears and shaft)

B8 (generator)

2.81 m

1.63 m

3.52 m

3.06 m

5.38 m x

zy

Figure 3.10 Simplified illustration of wind turbine model. All local coordinate systems
are in the mass center for each body (resulting in a constant mass matrix).

Figure 3.10 shows the 8 bodies and the horizontal distance to the mass centres
(local coordinate systems). Figure 3.11 shows an example of a snapshot from a
Matlab animation with all local coordinate systems (coordinate axis ξ, η, ζ uses
red, green and blue colours respectively).

3.4.1 Forces and moments

The output routine of FLEX5, allows for manually defining “sensors” which are
data that should be stored at each timestep of the calculation. Some important
sensors are: Rotor-position, wind speed, pitch angle, rotor/generator speed,
power yield, blade deflection (edge and flap), tower/shaft torsion/bending, tilt
angle, brake moment and axial force. The default FLEX5-program has 106 sen-
sors defined in a textfile, as well as in the source code of the output routine of
the program.

For postprocessing the data from these sensors, FLEX5 has a program that
can plot stored sensor data. The output files from FLEX5 are in AFM/KSH-
format described in [16]. Instead of using the old FPLOT32 DOS-program, a
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Figure 3.11 Matlab animation of wind turbine model with gearbox in the middle, low-
speed side to the left and high-speed side to the right.

Matlab import program has been made. The FLEX5 sensor data is read into
Matlab and saved to a Matlab-native file format so the full library of Matlab-
functions can now be used (e.g. FFT-functions and signal processing toolboxes,
etc.). An example of FLEX5-results using the Jacob Mann model [17, 18] for
spatial and temporal fluctuations of the wind field (single point at hub height),
is shown in Figure 3.12.
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(a) Wind speed vs. main shaft torque.
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(b) Wind speed vs. power yield.

Figure 3.12 Illustration of wind speed (blue curve) in the same graph as main shaft
torque and power yield, respectively (mean wind speed is approx. 10 m/s).

For gearbox simulations, the torque on the main shaft and generator is very
important. With perfect bearings and a rigid nacelle, there will be no misalign-
ment of gear teeth, which is considered here. One may argue that bearings and
shafts as well as the tower and blades should be implemented as flexible bod-
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ies in the multibody model, but these effects are not included. FLEX5 already
includes these effects and it has not been easy to obtain stiffness and damping
coefficients and generally all experimental/physical values are very difficult to
obtain. The mass matrix was estimated using the masses of each body (either
calculated using density for steel and approximate volume or using inspiration
from FLEX5 input files and other various sources).

All 8 bodies feel the effect of gravity in the vertical direction (x, shown in
Figure 3.10). In addition, the main shaft (body 1) and generator (body 8) are
subject to additional external forces and torque. The blades and rotor mass con-
tribute to a negative moment around a horizontal axis (y) in the mass centre of
body 1. The main shaft has huge blades affected by a fluctuating wind field and
the generator which is subject to magnetic and electrical effects, e.g. the power
grid. Generator torque is determined as slip which is a function of the angular
velocity of the shaft minus the synchronous rotation speed, e.g. 1500 RPM. If
the angular velocity of the generator is below the synchronous rotational speed,
the generator acts like a motor. Only when above the synchronous rotational
velocity does the generator produce power. With reference to Equation (3.12),
the g-vector on the RHS is defined by the following forces and moments (x is
in the vertical direction, which is the same coordinate system definition used by
FLEX5).

F1 =

⎧⎨⎩
Fx
Fy
Fz

⎫⎬⎭
M′

1 = A1
T

⎛⎝⎧⎨⎩
Mx
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Mz

⎫⎬⎭+

⎧⎨⎩
0
0

−1.63 m

⎫⎬⎭×
⎧⎨⎩

Fx
Fy
Fz

⎫⎬⎭
⎞⎠ (3.33)
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0
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−i M∗
z
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(3.34)
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where i is the gear-ratio, m is mass, g is the gravitational constant and M∗
z is

FLEX5 sensor 7 which is used as generator torque on body 8. The distance -1.63
m in Equation (3.33) is also shown in Figure 3.10 on page 33. It is the distance
from the local coordinate system to the rotor.

A standard version of FLEX5 has a sensor-file with 106 “sensors” which are
just output signals, e.g. wind speed at hub height, rotor position/speed, gener-
ator torque, deflection various places and forces and torque. In this case, signals
61-63 are used for extracting Fx, Fy and Fz forces and signals 64-66 are used for
extracting torque for Mx, My and Mz and these forces and moments are applied
to the rotor/main shaft (body 1) in the multibody program:

FLEX5 sensors 61-66 are used (on body 1), because they have force and torque
in global coordinates. All values from FLEX5 are interpolated, for the time at
the current time-step. The second term in Equation (3.33) is the torque from the
wind at the centre of mass of body 1. The rule M = r × F to calculate the torque
at a distance r from the force F has been employed [14]. The distance from the
local coordinate system to the force (at the rotor) is -1.63 m. All mass centre
distances from the rotor can be seen in Figure 3.10 on page 33.

The rotor and main shaft torque (body 1) from the aerodynamic code FLEX5
is mainly a function of wind speed and blade aerodynamic properties etc. The
generator torque (body 8) is proportional with the slip (synchronous speed above
rated speed, which is 1500 RPM).

The result of following this procedure can be visualised in a Matlab anima-
tion, e.g. see Figure 3.11. Publication [P1] was made using the method described
above, a gear tooth profile generator program and Comsol Multiphysics. Exam-
ples that summarise the results of this chapter are shown in Figure 3.13 and
3.14.
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(a) 8 m/s mean wind speed. (b) 18 m/s mean wind speed.

Figure 3.13 Sun/planet gear tooth stress (from [P1]).

(a) 8 m/s mean wind speed. (b) 18 m/s mean wind speed.

Figure 3.14 Planet/ring gear tooth stress (from [P1]).
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Chapter 4
Flexible gearbox model

The code made, using the procedure from the previous chapter, has strengths
and weaknesses as shown in Table 4.1. Considerations about how to make the
model more realistic include replacing rigid bodies like the main shaft, carrier
and ground (bedplate) with flexible bodies.

Strengths Weaknesses
Fast computation time Only 1 planet transfers

(larger timesteps allowed) the full torque
Reaction forces No elastic/load-sharing effects
easily extracted (no spring-damper effect)

Simple to code and Maybe slightly difficult
implement (consistent with to fully understand

other rigid constraints) (e.g. CW/CCW, unit vector)

Table 4.1 Strengths and weaknesses of the rigid wind turbine model approach.

(a) Rigid planetary gearbox model. (b) Flexible planetary gearbox model.

Figure 4.1 Rigid vs. flexible 6-body multibody planetary gearbox models.

As described in section 3.2.1, one possible approach is to replace constraints
by force elements. It is clear that the blades and rotor are subject to fluctuations

40



4.1 Mass-damper-spring system 41

in lateral, vertical and longitudinal forces which increase the stress on all compo-
nents, e.g. the gearbox bearings. Together with shaft deflections, this can result
in misaligned gear contact which is also an important problem. However, due
to lack of experimental data, difficulties in obtaining good estimates for stiffness
and damping coefficients for bearings, main shaft, carrier and bedplate and very
long computation times, etc., it was decided to focus on the gear constraints and
remove these using a 2D-program with no parallel gear stages (only 6 bodies
are used). A spring and a damper are then added between gear teeth, implying
that contacting gear teeth can penetrate each other. This new approach involves
connecting bodies flexibly instead of rigidly as described in the previous chap-
ter. It means that the RHS of the equations of motion in each timestep must be
constantly updated to include these effects and therefore this approach require
more programming and book-keeping.

Figure 4.1 illustrates two approaches. Figure 4.1a is the approach described
in the previous chapter and Figure 4.1b is the approach described in this chapter.
Publication [P2] describes a method to evaluate gear tooth stiffness using FEM.
Publication [P3] describes two multibody approaches to gearbox modelling and
these are compared against each other (roughly the theory from the previous
and this chapter).

4.1 Mass-damper-spring system

xk

d

m F

(a) 1-DOF system. (1) (2) (3) (4)

(b) Illustration of gear tooth penetration (equilibrium
at position 1, oscillations at the other positions).

Figure 4.2 (a) Mass-damper-spring system related to (b) flexible gear tooth model.

The single DOF system, described by a single variable or coordinate, is the
most basic mechanical mass-damper-spring system and illustrated in Figure
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4.2a. The motion of the object with mass m, stiffness coefficient k and damp-
ing coefficient d subject to the force F is governed by a second order linear
differential equation.

4.1.1 No damping

In the simplest case all variables are constants, which together with d = 0 is
where many textbooks start when introducing undamped harmonic oscillations
and free vibrations (see e.g. [1, 2]):

mẍ(t) + kx(t) = 0 ⇒ ẍ(t) + ω2
nx(t) = 0 (4.1)

where ωn =
√

k/m is the natural frequency (a real constant). The period of
oscillation is related to the natural frequency as T = (2π)/ωn. The solution to
this equation with initial conditions x0 and ẋ0, has the exponential form x(t) =
Aest, which can be inserted into Equation (4.1) and dividing through by Aest

yields the characteristic equation

s2 + ω2
n = 0 (4.2)

which has two imaginary complex conjugate roots, ±i ωn, i =
√−1. Inserting

this into x(t) = Aest yields the general solution to Equation (4.1)

x(t) = A1eiωnt + A2e−iωnt (4.3)

where A1 and A2 are complex constants of integration. The solution can also
be written using the following real-valued constants A, φ, A1 and A2

x(t) = A sin(ωnt + φ) = A1 cos ωnt + A2 sin ωnt (4.4)

4.1.2 Including damping

In the case where damping is included, a force in the opposite direction of the
motion will decrease the amplitude of the response. The damping ratio ζ deter-
mines the rate of decay of oscillations and is defined

ζ =
d

2
√

km
=

d
2ωnm

(4.5)

which can be inserted into Equation (4.1) with an extra damping term and ex-
ternal force

mẍ(t) + dẋ(t) + kx(t) = F(t) ⇒ ẍ(t) + 2ζωnẋ(t) + ω2
nx(t) =

F(t)
m

(4.6)
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This has a solution similar to Equation (4.4)

x(t) = Ae−ζωnt sin(ωdt + φ) = e−ζωnt(A1 sin ωdt + A2 cos ωdt) (4.7)

where A, A1 and A2 are real-valued constants. The relationship between the
undamped and damped natural eigenfrequency is

ωd = ωn

√
1 − ζ2 (4.8)

The damping force is proportional to velocity, i.e. F = dẋ. Normal physi-
cal systems have positive mass, stiffness and damping coefficients and in these
cases, a damped system can be characterised as underdamped (ζ < 1), over-
damped (ζ > 1) or critically damped (ζ = 1) [1]. Critically and over-damped
systems do not oscillate and critically damped systems converge to zero as fast
as possible. It is therefore assumed that damping in gearboxes is underdamped,
which also constitutes the most common case [1].

ρi,b

ρi,w

ρj,b

ρj,w

Line of contact

Length of path of contact

s

Figure 4.3 Base and working circles for gear i and j together with line of contact (tan-
gent to base radii, yellow line) and length of path of contact (purple line). Also note the
base circle arc length distance s, which is important when variable stiffness is used.

Figure 4.3 is an illustration of some important concepts in the equilibrium
position (similar to the rigid case with no penetration). The line of contact is
shown tangent to both base circles and the contact path illustrates where gear
teeth are in contact. Equations of calculating base and working circles etc are
given in e.g. [3, 4].
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4.1.3 Gear tooth stiffness evaluation
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(a) Sun/planet stiffness.
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(b) Planet/ring stiffness.

Figure 4.4 Stiffness as a function of the base circle arc length s.

Stiffness coefficients for gear teeth for the 500 kW Nordtank wind turbine
has been calculated using Comsol Multiphysics. The stiffness is a function of the
base circle arc length s illustrated in Figure 4.3, i.e. s is measured as the distance
from the base circle of the inner gear and measured along the line of contact.
The “inner gear” is a matter of definition, e.g. the sun gear for sun/planet teeth
in mesh and the planet gear for planet/ring gear in mesh.

The planetary gearbox in Figure 3.4 on page 24 has gear tooth profiles as
shown in e.g. Figure 4.3. Figure 4.4a shows the sun/planet stiffness while Figure
4.4b shows the planet/ring stiffness. It is important to understand the problems
arising from the switch from one to two gear teeth in mesh and vice-versa (the
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stiffness is a function of the numerical solution and the contact point becomes
harder to define). When two gear teeth are in mesh at the same time, the stiffness
is high, but if only a single gear tooth is in mesh, the stiffness is low. This
“shock” is seen to cause huge oscillations if insufficient damping is used. But
implementating gear tooth stiffness like this seems realistic. Important gear
tooth parameters including pictures of the wind turbine gearbox housing are
found in Appendix C on page 70.

4.1.4 Gear tooth damping

Gear tooth stiffness can be evaluated using FEM-programs (e.g. [5]), but gear
tooth damping is more difficult to estimate and especially without any exper-
imental data. If experimental data were available, one possible method of ob-
taining the damping ratio would be to look at the decay of the response signals.
From Equation (4.8) ωn = ωd/

√
1 − ζ2 which can be inserted into the ampli-

tude part of Equation (4.7), i.e. only consider x(t) = Ae−ζωnt and imagine the
last part, sin(· · · ) = 1), which yields

x(t) = A exp

(
− ζ√

1 − ζ2
ωdt

)
(4.9)

Consider the amplitude of the response at time t0 (initially) and tN (after N
periods) inserted into the above expression. This results in two equations that
can be combined into (divide the x0 equation with the xN equation and swap t0
and tN)

ln
x0

xN
= exp

(
ζ√

1 − ζ2
ωd(tN − t0)

)
(4.10)

which can further be reduced using (tN − t0) =
2π
ωd

N

ln
(

x0

xN

)
=

ζ√
1 − ζ2

2πN ⇒

(1 − ζ2)

(
ln
(

x0

xN

))2

= ζ2(2πN)2 ⇒

ζ2
(
(2πN)2 + ln2

(
x0

xN

))
= ln2 x0

xN

resulting in the following that can be used for estimating the damping ratio
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ζ =

1
2πN ln

(
x0
xN

)
√

1 +
[

1
2πN ln

(
x0
xN

)]2
(4.11)

4.2 Force element approach

The above-mentioned is the theoretical text-book approach, which should now
be transferred into the multibody program. Based on the program code roughly
described in the previous chapter, all gear constraint rows are removed from the
Jacobian matrix. The result is a program where the main shaft and sun gear
wheel can rotate. But nothing else rotates because there is nothing to connect
the gears with any torque. The effect of bearings, i.e. axial and radial forces,
is ignored, so it is assumed that the gear contact is perfectly aligned. Torque
from FLEX5 for the rotor is put on the carrier body. Torque from FLEX5 for the
generator is put on the sun gear. The RHS of equations of motion are modified
in a similar way as described earlier (i.e. in section 3.4.1), however something
more must be done. The total vector of external forces and moments for all
bodies must be modified, i.e.

g = g0 + ∑
k

gs/p + gp/r (4.12)

for k number of planets where index s/p is the force/torque contribution
from sun/planet gear connection and index p/r is the force/torque contribution
from the planet/ring gear. This method makes it easy to add/remove planetary
gears.

The time-integrated solution from the multibody code yields θi and θj for
the current rotation angle of the gears. It also provides θ̇i = ωi and θ̇j = ωj
for the angular velocity of the two gear wheels. By using pitch radii ρi and ρj
(or working circle radii if profile shift is used) and inspiration from the sim-
plest gear constraint (Equation (3.17)), something that resembles the penetration
depth could be formulated as: θiρi − θjρj. However, it is not that simple (pub-
lication [P3] describes all the details). From Hooke’s law, F = −kx, it is clear
that if the penetration depth x = 0, then there will be no spring forces. Take as
an example the sun/planet gear connection: The gear tooth penetration depth
lp for a rotating planet is something multiplied by a transformation matrix for
the driver/carrier (Ad) times a transformation matrix for the sun/planet (As/p)
times a unit vector for the gear tooth normal direction just as in the previous
chapter and the whole expression becomes
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sjsc − si

θj

θi

rb,j

rb,i
sc

Figure 4.5 Tooth penetration, a little while after the snapshot in Figure 4.3 was taken.
The base circle arc length is not easy to define. Total length between base radii is sc.

lp = AdAs/pvn

[
ρbi(θi − θ0

i − θd) + ρbj(θj − θ0
j − θd)

]
, (4.13)

where ρb is the base radius, θd is the driver/carrier angle and θ0 is the initial
orientation of the gear at t = 0 seconds. The unit tooth surface normal vector
is implemented so it corresponds to the rigid gear constraint definition in the
previous chapter:

vn =

{
sin(α)
cos(α)

}
(4.14) α

vn =

{
sin(α)
cos(α)

}

Unit tooth surface normal vector.

Figure 4.6 Unit vector in gear tooth normal direction as a function of pressure angle α.

Once the penetration depth is known, it can be multiplied with the stiffness
(Hooke’s law with the global vector lp: Fk = klp) and Equation (4.12) can be
employed.

The damping depends on the rate of change of the penetration depth, the
velocity of penetration in the normal direction or the differentiated version of
Equation (4.13)
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l̇p = AdAs/pvn

[
ρbi(ωi − ωd) + ρbj(ωj − ωd)

]
(4.15)

In a cartesian coordinate system, the same approach as for stiffness is now
used for damping so Fd = dl̇p. Reaction forces are opposite of each other for
bodies i and j. Once again, the force contributions are added together using
Equation (4.12). Publication [P3] includes additional details as well as examples
that show the effect of implementing gear tooth flexibility using the approach
described above.

4.2.1 Realistic gear tooth stiffness

An important problem that had to be solved before stiffness curves from Figure
4.4 was implemented, is illustrated in Figure 4.5 on the preceding page. The
figure shows that the distances to the tooth flanks in contact (sj vs. sc − si)
are not always the same when flexibility is implemented, even though both are
measured from the same gear wheel base circle. It is important here to realise
that, even though physically one or two gear teeth are in contact at the same
time, numerically only one pair of teeth is in contact the whole time. And the
numerical model updates the stiffness in each timestep, so it corresponds to
where the gear tooth force acts at the current moment.

The current gear orientation is given by θi and θj as shown in Figure 4.5. It
is defined that the base circle arc length is always measured from the inner gear
(sun gear for s/p-connection and planet gear for p/r-connection). This means
that the orientation of one of the gear wheels must be expressed as seen from
the point of view of the inner gear (before it is possible to do gear tooth stiffness
evaluation). It might help to think of the gears as rigid gears even though this is
not the case anymore.

Example: Gear wheel i is the “inner gear” so the orientation of gear wheel
j should be expressed as seen from gear wheel i. The orientation of gear j is θj
and if gear wheels are rigid it can be expressed as θ∗i . The average gear wheel
orientation is then calculated as θ̄i:

θ̄i =
θi + θ∗i

2
, where θ∗i =

−ρbj

ρbi

θj (4.16)

Due to the fact that the stiffness values shown in Figure 4.4 are repetitive, an
important rule is now to ensure that the starting point of θ̄i matches the starting
point of the stiffness curve. Therefore, an offset is added – either relatively
simple (without profile shift) or a bit more complicated (when profile shift is
included). Finally, because the stiffness curve is repetitive and assuming the
starting point and offset are correct, one may now wrap the average θ̄i-angle
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into the interval [0; 2π/zi], where zi is the number of teeth on gear wheel i. The
“equivalent” base circle arc length seen from gear i is then

s̄i = θ̄iρb + si,min (4.17)

which is the base circle arc length used to obtain the stiffness of the gears
(Figure 4.4). The si,min is the minimum base circle arc length, because as Figure
4.5 shows, this value cannot be 0 (it has a minimum and a maximum value).
Additional details are found in [P2] and [P3]. Figure 4.7 shows an example of
gear tooth forces from the Matlab program.
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(a) Norm of gear tooth forces and stiffness values as a function
of the base circle arc length calculated using Equation (4.17).
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Chapter 5
Fatigue

Random (or stochastic) loads are important when dealing with models subjected
to e.g. wind and wave forces. Fatigue is very important for wind turbines (and
gearboxes) because high reliability and low maintenance improves the cost of
energy. This becomes even more important for offshore installations, because
repair costs are very expensive. Taking preventive precautions and being able
to perform fatigue calculations is a necessary and important requirement that
must be considered. A recommended method to estimate fatigue damage and
thus the lifetime of a wind turbine is provided in [1].

This chapter describes a similar approach to this method, but applied to gear
teeth fatigue related problems (gear tooth bending failure and surface stresses
leading to pitting). A more detailed fatigue analysis involves calculating stresses
using aeroelastic codes, possibly in combination with strain gauge measure-
ments for model validation for measuring e.g. blade bending moment, yaw
and tilt rotor moments, axial thrust, main shaft torque and tower bending and
torsional moments [2].

5.1 Fatigue damage calculation

Calculation of the cumulative fatigue damage for lifetime operation requires a
rainflow counting program. If a stress/range simulation signal (timeseries) is
unavailable for the whole lifetime, a series of representative smaller signals or
timeseries are used. The calculated fatigue damage will then become multiplied
by a factor such that e.g. the representative stress cycles for maybe 20 years of
operation time have been assessed. For wind turbine fatigue calculations, it is
important to know how often the wind speed is between e.g. 7–9 m/s, 9–11
m/s, 11–13 m/s etc. The Weibull cumulative distribution function [3] is given
by

P(v < vi) = P(v ≥ 0)
{

1 − exp
[
−
(vi

A

)k
]}

(5.1)

where P(v ≥ 0) is the probability that the wind speed equals or exceeds zero,
while P(v < vi) is the probability that the wind speed is below vi. A cumulative
Weibull probability distribution function is shown in Figure 5.1a.
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Figure 5.1 Cumulative Weibull distribution function and a Wöhler (S–N) curve.

For this project Weibull parameters A = 6.62 and k = 2.19 have been used
(estimated using 5 years of measurement data). The figure shows that the prob-
ability of having a mean wind speed of less than or equal to 5 m/s is approxi-
mately 42%. The wind turbine is not in operation here because the main shaft
torque is too low for efficient power production. The probability of having wind
speeds below or equal to 13 m/s is almost 99%. By using these probabilities and
based on the fact that there are 365 times 24 hours a year, the amount of hours
in operation during a lifetime of e.g. 20 years can be calculated.

5.1.1 Rainflow counting of stress cycles (linear damage hypothesis)

The rainflow counting (RFC) algorithm will be used on a time-series of measure-
ments of simulation data. The number of counted cycles should be “upscaled”
i.e. multiplied by a time-factor given by the number of hours in operation di-
vided by the length of the time-series used for the rainflow-counting algorithm.

Figure 5.1b illustrates a Wöhler (S–N) curve. Stresses below the endurance
limit do not contribute to fatigue damage even after infinite cycles. The curve
itself is a curve-fit designed with a 50% failure likelihood and the uncertainty is
therefore generally large [4]. The linear Palmgren-Miner rule, based on Palm-
gren [5] and Miner [6] states

D =
j

∑
i=1

ni

Ni
=

j

∑
i=1

ni
Sm

i
Sm

0
(5.2)

log Si = log S0 − 1
m

log Ni ⇒ Si =
S0

N1/m
i

(5.3)
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where i is a counter for all RFC-results, S is the stress range, ni is the cycle
count from the RFC-algorithm, Ni is the maximum number of stress cycles for
the corresponding stress range Si, the meaning of S0 and m is illustrated in
Figure 5.1b (S0 is the stress range for intersection with the y-axis and 1/m is the
slope of the log-log curve, m is also known as the damage exponent). Typically
10-minutes time-series are used for the RFC-algorithm when experimental data
is available (e.g. [7]). Due to high stiffness of gear teeth, long computation times
and large amounts of collected data, only 30 seconds are simulated. The time-
factor must be adjusted as explained in publication [P4] (the sun, planet and
ring gears have different numbers of teeth).

5.2 Fatigue from gear tooth surface stresses (pitting)

Publication [P4] describes and investigates gear tooth fatigue using the flexible
model previously described, in relation to:

• Gear tooth root bending

• Gear tooth surface contact (pitting)

From using the gear tooth forces from the previous chapter the gear tooth
stresses can be calculated (either using FEM or Hertzian contact assumption,
see e.g. [8]). It can be concluded that the stresses for gear tooth root bending
using FEM-calculations are too low for causing fatigue. However, by using the
Hertzian contact assumption at the surface [8], it can be concluded that the stress
peaks sometimes contribute to fatigue under the assumption that the endurance
limit for the sun gear is 800 MPa. The whole process of using e.g. Hertzian
contact analysis and calculating timefactors is described in detail in [P4] and
therefore the rest of this chapter is devoted to a discussion of some aspects and
results that were not covered or included in [P4].

5.2.1 Tooth surface stress details

Figure 5.2 is an example consisting of 8 graphs for a single involved planet. Note
that this graph is constructed using interpolated values, which is considered to
be appropriate because the timestep is quite low due to high stiffness. The top
4 graphs are for the sun/planet and the lower 4 graphs are for the planet/ring.
The three-dimensional graph in the upper left part of the figure is the most
important and the other graphs to the right and below are simply derived using
different viewpoints. The fourth graph in the lower right corner illustrates the
average maximum von Mises contact stress as a function of the base circle arc
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Figure 5.2 Hertzian contact stresses as a function of base circle arc length (and cycles).
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length. This graph also shows that the stresses correctly are lower in the two-
teeth region when compared with the stresses in the single-tooth region. It is
observed that it seems like the maximum sun/planet stresses are larger than
those for the planet/ring gear (seen from the maximum values of the color bars,
i.e. 800 MPa vs. 600 MPa). Furthermore, generally it seems like the variation
of the average sun/planet stresses is larger than that of the planet/ring (the two
blue graphs entitled “Average contact stress”). These 8 graphs (4 sun/planet
and 4 planet/ring) can be made for all 3 planets, although only one of them is
shown here (with small deviations, they generally look the same as shown in the
included graphs in Figure 5.2).

s [m] 0.0243 0.0382 0.0538
Teeth in contact 2 - 1

(a) Sun/planet

s [m] 0.044 0.064 0.0735
Teeth in contact 2 - 1

(b) Planet/ring

Table 5.1 Switch between single and multiple teeth in mesh (illustrated in Figure 4.4).

Table 5.1 shows the endpoints of the base circle arc length including the
switch-point between two teeth and a single gear tooth in contact. This gives 3
interesting points to observe the stresses at, as a function of time. Additionally, a
fourth point is interesting, namely the contact point of the working circles/pitch
point (this point is illustrated in Figure 4.3 on page 43 as radius ρi,w and ρj,w).
The base circle arc length for the working circles/pitch point of the sun/planet
gears in mesh is 0.0428 m. For the planet/ring gears in mesh, this value is
0.0668 m. Remember that base circle arc lengths are unless otherwise specified,
measured from the “inner gear”, i.e. from the sun gear for the sun/planet gears
in mesh and from the planet gear for planet/ring gears in mesh.

Figure 5.3 shows further data processing of the same results shown in Figure
5.2, which is required for doing a fatigue calculation. Specific points along the
line of action (specified by the base circle arc length) are chosen and the cor-
responding stresses are picked out and plotted as a function of time (or cycle
number, which is practically but not theoretically the same due to e.g. turbu-
lent wind inflow and variations in rotor and generator torque etc). The specific
points of interest are the ones from Table 5.1 with that modification that end-
point values must be moved in, for the interpolation to have a sufficient number
of data values to base an interpolation on. Additionally, the pitch point or the
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location where the working circles meet is included, because this is often the
location which serves as a “reference point” in other publications.

Figure 5.3 is interesting in relation to explaining the average maximum von
Mises contact stress for all four points of interest. For the sun/planet gear teeth,
it can be seen that the average stresses are approximately 390-470 MPa. For the
planet/ring, the stress interval is 315-360 MPa and more narrow, which was also
a conclusion observed from Figure 5.2. The rainflow count algorithm simply
takes these “signals” (exactly the data plotted in Figure 5.3) and processes these
into mean and amplitude/range bins. The damage is then calculated using
Equation (5.2).

5.2.2 Results of accumulated fatigue damage

Publication [P4] only concerns fatigue in the pitch point, i.e. in the single-tooth
region. Accurate results require longer simulations than 30 seconds, but due to
the high stiffness of the gear teeth the simulation runs rather slow and consumes
lots of memory. Remember, however, that due to the number of teeth these 30
seconds in reality correspond to 600, 1,050 and 2,730 seconds for the sun, planet
and ring gears respectively (because the multibody program outputs tooth forces
for all teeth the whole time, but in reality fatigue only happens for single gear
teeth). The small timestep and high stiffness might be a problem and even
though experiments have been done at other locations than the pitch point, it
seems like the uncertainty of only using a simulation time of 30 seconds might be
a problem, sometimes. It requires many long simulations to examine properly.

Figure 5.4a is a graphical representation of the values presented in Table 5.2,
which is a result of the RFC-code. Figure 5.4b is then the accumulated total
full cycles, taking the necessary timefactors (obtained using Weibull distribution
and number of teeth) for 20 years of lifetime into account. The hypothesis behind
[P4] is that this method is applicable for longer simulations and Figure 5.5 is the
final result presented in [P4].

One possible conclusion from Figure 5.5 is that the sensitivity of fatigue as
a function of turbulence intensity is very important for wind turbines in high
turbulence regions. Generally it is said that offshore wind turbines are subject to
relatively low turbulence and landbased wind turbines are subject to higher tur-
bulence levels, which implies that phenomena such as wake-induced turbulence
(turbulence generated in the wake of other wind turbines) is more important on
land than at sea. It is a practical problem that the high stiffness leads to very
small timesteps, but this could be a potential topic for improvement.
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Figure 5.3 Interpolated maximum von Mises stresses at four specific points of interest.
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Figure 5.4 Example of rain flow counting result using TI=8%.

Range 6 8 10 12 14 16 18 20
[MPa] m/s m/s m/s m/s m/s m/s m/s m/s

25 1 1 1 3 3 1 3 5
74 22 16 6 16 24 16 16 12
124 252 30 28 14 16 20 12 12
173 432 100 50 55 43 42 40 42
223 55 313 78 44 36 36 36 32
272 0 232 185 78 54 57 63 67
322 0 64 170 140 108 102 88 86
371 0 4 190 118 148 134 130 132
421 0 0 48 218 130 116 122 118
471 0 0 4 66 160 170 158 156
520 0 0 0 6 34 60 84 90
570 0 0 0 0 2 4 6 6

Table 5.2 Rainflow count of half-cycles per time-series (see Figure 5.4a).
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Figure 5.5 Accumulated damage as a function of increasing representative turbulence.
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Chapter 6
Conclusion

This thesis describes approaches for implementing multibody formulations of
wind turbine drivetrains and gearboxes, using a realistic aerodynamic FLEX5
model, which to some extent has been validated using straingauges and mea-
surements1. The FLEX 5 model, data collection, validation and a multibody pro-
gram is the framework of the project which focused specifically on gear teeth.
The outcome of the project includes the present thesis and 4 research publica-
tions, with the main results that are shortly summarised:

P1: The publication documented the efforts behind validation of the FLEX 5
model against experimental data and it introduced the concepts behind the
3D rigid wind turbine modelled using rigid gear constraints. The model
was validated using the mean and variance values of mainly measured
wind speeds, main shaft torques and power.

P2: The publication introduces important concepts in relation to gear tooth
elasticity, in order to obtain tooth loadsharing among all three planets in
a planetary gearbox, which was a problem [P1] did not address. This
publication describes the method of using elastic gear teeth, which is also
used in the following publications.

P3: Based on the two previous publications, this publication compares a rigid
and a flexible approach. The effect of using discontinuous stiffness is eval-
uated in greater detail than is found in [P2], seen from a numerical per-
spective. Simple examples demonstrate the effect of parameter variation of
both stiffness and damping and when compared with the rigid multibody
model, it is concluded that the flexible model is useful and the hypothe-
sis is that the flexible approach is more accurate than the rigid approach
presented in [P1].

P4: The publication focuses on using the flexible model, particularly in relation
to investigating gear tooth fatigue issues. It can be concluded that it is a
problem that the timescale with high stiffness of gear tooth is small and
this might affect the accuracy of the results. However, the procedure is
novel and useful.

1http://www.winddata.com
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For many purposes the rigid model is deemed fully usable, especially be-
cause it is much faster than the flexible model. Publication [P3] clearly shows
that the flexible gear tooth forces are close to 1/3 of those of the rigid model for
a gearbox with three planets, which was also expected. From a practical point of
view, publication [P4] suggests that a small increase in turbulence in a high tur-
bulence region (e.g. landbased wind farms) contributes relatively more to gear
tooth fatigue damage when compared to a similar increase in low turbulence
regions.

Suggestions for future work

General suggestions for future work include adding more flexibility to the gear-
box by removing additional constraints, e.g. to add mainshaft, carrier, bedplate
or bearing (joint) flexibility. It could also involve obtaining additional experi-
mental data and matching the numerical results more accurately. Another im-
portant challenge might involve optimisation of the described code and seek-
ing better and faster methods for solving this problem. An objective could be
to obtain faster computation times and/or in combination with lower memory
consumption. Future research could also involve making the whole gear flexible
instead of only the teeth. Alternatively, one could also try to fully couple an
aerodynamic solver with the current (or an improved version of the) multibody
code.

The results described in [P4] could be improved with longer simulation times
or the rigid multibody method could be tested on the same procedure because
it is faster and takes larger timesteps. 30 seconds for a fatigue simulation might
be a bit low, even though the timestep is small and even though it should be
multiplied by e.g. 20, 35 or 91 teeth. The problem is not as severe as it sounds
because 30 seconds of gear tooth forces and stresses corresponds to running
600 seconds (10 minutes), 1,050 seconds (17.5 minutes) and 2,730 seconds (45.5
minutes) respectively. There is room for improving the code by e.g. not storing
so many values.

Future work could also involve formulation of the flexible code in 3D and
investigating the 3D effects of e.g. rattling and misalignment and/or in combi-
nation with helical gears. Finally, flexible bearing-related problems could also
act as a source of failure that needs to be modelled and investigated further.
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Appendix A
Example of equilibrium analysis

A figure of two gear wheels in mesh, is shown in Figure A.1. The sun center
is fixed in the global coordinate system (0, 0) and the planet center is fixed to
the carrier. One end of the carrier is also fixed in (0, 0) while the other end of
the carrier is fixed to the center of the planet. The carrier angle is fixed to 0◦
(horizontal).

B1: Sun B2: Planet

B3: Carrier
Fr

Fn
Ft

Figure A.1 Two gears in mesh connected by a carrier (in red). The ring gear is illus-
trated to the right. Torque can now be applied and reaction forces can be analyzed.

This 3-body multibody system can be programmed with 8 constraints as de-
scribed in section 3.3.3 and 3.3.4 on page 29. If no gears are rotating, Newton’s
second law of motion describes that F = ma = 0 and therefore the gear tooth re-
action force(s) on the fixed gear are opposite of each other. 3 tables with reaction
forces and moments are shown (rows are: Fx1, Fy1, Mz1, Fx2, Fy2, Mz2, Fx3, Fy3, Mz3):

1. Positive torque is applied to both gears (on the RHS), but nothing is moving
because everything is static (F = ma = 0).

2. Torque on gear 1 is increased slightly: M1 = 0.09+ 0.01, meaning that both
gears will rotate clockwise.

3. Torque on gear 1 is decreased slightly: M1 = 0.09 − 0.01, meaning that
both gears will rotate counter-clockwise.
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Std: Ma = Freact + Fext, direction: CCW, vn = A70.
Std: Ma λ∗

1 λ∗
2 λ∗

3 λ∗
4 λ∗

5 λ∗
6 λ∗

7 λ∗
8 RHS ∑

0.000 0.546 0.000 0.000 0.000 0.000 0.000 0.000 -0.546 0.000 0.000
0.000 0.000 1.500 0.000 0.000 0.000 0.000 0.000 -1.500 0.000 0.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 -0.090 0.090 0.000
0.000 0.000 0.000 0.000 -0.546 0.000 0.000 0.000 0.546 0.000 0.000
0.000 0.000 0.000 0.000 0.000 -1.500 0.000 0.000 1.500 0.000 0.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 -0.158 0.158 0.000
0.000 0.000 0.000 0.000 0.546 0.000 -0.546 0.000 0.000 0.000 0.000
0.000 0.000 0.000 0.000 0.000 1.500 0.000 -1.500 0.000 0.000 0.000
0.000 0.000 0.000 -0.247 0.000 0.124 0.000 0.124 0.000 0.000 0.000

M1+: Ma = Freact + Fext, direction: CCW, vn = A70.
M1+: Ma λ∗

1 λ∗
2 λ∗

3 λ∗
4 λ∗

5 λ∗
6 λ∗

7 λ∗
8 RHS ∑

0.000 0.592 0.000 0.000 0.000 0.000 0.000 0.000 -0.592 0.000 0.000
0.000 0.000 1.626 0.000 0.000 0.000 0.000 0.000 -1.626 0.000 0.000
0.003 0.000 0.000 0.000 0.000 0.000 0.000 0.000 -0.098 0.100 0.000
0.000 0.000 0.000 0.000 -0.592 0.000 0.000 0.000 0.592 0.000 0.000
0.000 0.000 0.000 0.000 0.000 -1.626 0.000 0.000 1.626 0.000 0.000
-0.013 0.000 0.000 0.000 0.000 0.000 0.000 0.000 -0.171 0.158 0.000
0.000 0.000 0.000 0.000 0.592 0.000 -0.592 0.000 0.000 0.000 0.000
0.000 0.000 0.000 0.000 0.000 1.626 0.000 -1.626 0.000 0.000 0.000
0.000 0.000 0.000 -0.268 0.000 0.134 0.000 0.134 0.000 0.000 0.000

M1-: Ma = Freact + Fext, direction: CCW, vn = A70.
M1-: Ma λ∗

1 λ∗
2 λ∗

3 λ∗
4 λ∗

5 λ∗
6 λ∗

7 λ∗
8 RHS ∑

0.000 0.500 0.000 0.000 0.000 0.000 0.000 0.000 -0.500 0.000 0.000
0.000 0.000 1.374 0.000 0.000 0.000 0.000 0.000 -1.374 0.000 0.000
-0.003 0.000 0.000 0.000 0.000 0.000 0.000 0.000 -0.083 0.080 0.000
0.000 0.000 0.000 0.000 -0.500 0.000 0.000 0.000 0.500 0.000 0.000
0.000 0.000 0.000 0.000 0.000 -1.374 0.000 0.000 1.374 0.000 0.000
0.013 0.000 0.000 0.000 0.000 0.000 0.000 0.000 -0.144 0.158 0.000
0.000 0.000 0.000 0.000 0.500 0.000 -0.500 0.000 0.000 0.000 0.000
0.000 0.000 0.000 0.000 0.000 1.374 0.000 -1.374 0.000 0.000 0.000
0.000 0.000 0.000 -0.227 0.000 0.113 0.000 0.113 0.000 0.000 0.000

Figure A.2 Gear tooth normal reaction force λ and unit vector vr for [A+70]. Reaction
forces (70 deg). R1, R2: OK and opposite of vector λ (figure)!



Appendix B
Multibody gear constraints

Body Description Body Description
1 MS + PC 5 Planet 2
2 Ring 6 Planet 3
3 Planet 1 7 Lower gearparts
4 Sun+shaft+gear 1 8 Generator+gearparts

Table B.1 Description of bodies. MS = main shaft. PC = planetary carrier.

Body Description LCS [≈m] Mass [kg] Izz [kg·m2]
1 MS + PC 1.62 1759 30.91

2 Ring 2.81 122 12.6
3 Planet 1 2.81 163 0.82
4 Sun+shaft+gear 1 3.12 145 3.58
5 Planet 2 2.81 163 0.82
6 Planet 3 2.81 163 0.82
7 Lower gearparts 3.54 31 0.41
8 Generator+gearparts 4.08 1180 118

Table B.2 Description of bodies. LCS = z-coordinate of local coordinates system, from
global reference frame/system. MS = main shaft. PC = planetary carrier.

The following constraints / equations are used (only the simple gear-constraints
are shown here even though implemented alternatively):

Body 1 (Main shaft + planetary carrier)

Main shaft is attached to two bearings, it has 3+2 constraint equations:
Φ1−3 : Main shaft, connected to first bearing (3 eqs) with a spherical joint:

{r1}+[A1]{s′B1} – {s′′B1} = {0 0 0}T

Φ4−5 : Main shaft, connected to second bearing (2 eqs) with a spherical joint:
{r1}+[A1]{s′B2} – {s′′B2} = {0 0 0}T

NB: Only the x and y equations are used from these 3 equations
(last equation is ignored).
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Body 2 (Ring gear)

Φ6−8 : Ring gear, connected with spherical joint to a fixed point (ground):
{r2} – {0 0 2.81}T = {0 0 0}T

Φ9 : Parallel constraint: ([A2]{Q̂′
1})T{rrot} = 0, NB: Parallel with bedplate

Φ10 : Parallel constraint: ([A2]{Q̂′
2})T{rrot} = 0

Φ11 : Fix rotation, ωζ = 0

Body 3 (Planet 1)

Φ12−14 : Planetary carrier (body 1) connected to planet 1 (body 3):
{r1}+[A1]{s′pl.1} – {r3} = {0 0 0}T, note {s′pl.1}={0.2775 0 0}T

Φ15 : Parallel constraint: ([A3]{Q̂′
1})T([A1]{r′rot}) = 0

Φ16 : Parallel constraint: ([A3]{Q̂′
2})T([A1]{r′rot}) = 0

Φ17 : Gear constraint: ρring(ωB2 − ωB1)− ρplanet(ωB3 − ωB1) = 0

Body 4 (Sun)

Φ18−20 : Sun, connected to first bearing (3 eqs) with a spherical joint:
{r4}+[A4]{s′B4} – {s′′B4} = {0 0 0}T

Φ21−22 : Sun, connected to second bearing (2 eqs) with a spherical joint:
{r4}+[A4]{s′B4} – {s′′B4} = {0 0 0}T

NB: Only the x and y equations are used from these 3 equations
(last equation is ignored).

Φ23 : Gear constraint: ρplanet(ωB3 − ωB1) + ρsun(ωB4 + ωB1) = 0

Body 5 (Planet 2)

Φ24−26 : Planetary carrier (body 1) connected to planet 2 (body 5):
{r1}+[A1]{s′pl.2} – {r5} = {0 0 0}T, note {s′pl.2}={−0.1387 0.2403 0}T

Φ27 : Parallel constraint: ([A5]{Q̂′
1})T([A1]{r′rot}) = 0

Φ28 : Parallel constraint: ([A5]{Q̂′
2})T([A1]{r′rot}) = 0

Φ29 : Gear constraint: ρring(ωB2 − ωB1)− ρplanet(ωB5 − ωB1) = 0

Body 6 (Planet 3)

Φ30−32 : Planetary carrier (body 1) connected to planet 3 (body 6):
{r1}+[A1]{s′pl.3} – {r6} = {0 0 0}T, note {s′pl.3}={−0.1388 − 0.2403 0}T

Φ33 : Parallel constraint: ([A6]{Q̂′
1})T([A1]{r′rot}) = 0

Φ34 : Parallel constraint: ([A6]{Q̂′
2})T([A1]{r′rot}) = 0

Φ35 : Gear constraint: ρring(ωB2 − ωB1)− ρplanet(ωB6 − ωB1) = 0
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Body 7 (Lower gear parts)

Lower gear parts shaft is attached to two bearings, has 3+2 constraint equations:
Φ36−38 : Gear parts shaft, connected to first bearing (3 eqs) with a spherical joint:

{r7}+[A7]{s′B1} – {s′′B1} = {0 0 0}T

Φ39−40 : Gear parts shaft, connected to second bearing (2 eqs) w/ spherical joint:
{r7}+[A7]{s′B2} – {s′′B2} = {0 0 0}T

NB: Only the x and y equations are used from these 3 equations
(last equation is ignored).

Φ41 : Gear constraint: (ρpar.1 · ωB4) + (ρpar.2 · ωB7) = 0

Body 8 (Generator + gear parts)

Generator + shaft is attached to the two bearings, has 3+2 constraint equations:
Φ42−44 : Generator + shaft, connected to first bearing (3 eqs) w/ spherical joint:

{r8}+[A8]{s′B1} – {s′′B1} = {0 0 0}T

Φ45−46 : Generator + shaft, connected to second bearing (2 eqs):
{r8}+[A8]{s′B2} – {s′′B2} = {0 0 0}T

NB: Only the x and y equations are used from these 3 equations
(last equation is ignored).

Φ47 : Gear constraint: (ρpar.3 · ωB7) + (ρpar.4 · ωB8) = 0



Appendix C
Gearbox data

Figure C.1 is taken from inside the nacelle, which can open up for manual in-
spection and service. The gearbox manufacturer is Flender and basic gearbox
data is provided in Table C.1.

(a) Gearbox (1 planetary gear
stage and 2 parallel gear stages).

(b) Slip rings on main
shaft (gearbox front).

(c) Gearbox (front) and
generator (back).

Figure C.1 Selected gearbox pictures from the nacelle of the 500 kW wind turbine.

Gear Normal Teeth Ratio Face- Center
location module, Mn z1/z2 - width [mm] distance [mm]

Planetary, outer 10 35/-91 2.6 210/238 -284
Planetary, inner 10 20/35 1.75 225/210 284

Parallel, 1st 7 20/81 4.05 185/165 370
Parallel, 2nd 5 29/72 2.48 130/120 265

Table C.1 Simplified gear details (ignoring helix angle and profile shift). Gear-radii is
used in gear-contraints: ρring = 455 mm, ρplanet = 177.5 mm, ρsun = 100 mm, ρpar.1 =

283.5 mm, ρpar.2 = 70 mm, ρpar.3 = 180 mm, ρpar.4 = 72.5 mm.
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Appendix D
Publications

These publications (long titles are abbreviated) incl. page references follows:

• P1: (Rigid MATLAB drivetrain model of a 500 kW wind turbine), page 72.

• P2: On Gear Tooth Stiffness Evaluation, page 91.

• P3: (A Rigid and a Flexible Multibody gearbox model), page 112.

• P4: (Gear fatigue damage for increasing turbulence), page 136.
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Rigid MATLAB drivetrain model of a 500 kW wind tur-
bine for predicting maximum gear tooth stresses in a
planetary gearbox using multibody gear constraints
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RESEARCH ARTICLE

Rigid MATLAB drivetrain model of a 500 kW wind
turbine for predicting maximum gear tooth stresses in
a planetary gearbox using multibody gear constraints
M. F. Jørgensen1, Niels L. Pedersen1, Jens N. Sørensen2 and Uwe S. Paulsen2

1 Department of Mechanical Engineering, Technical University of Denmark, Denmark
2 Department of Wind Energy, Technical University of Denmark, Denmark

ABSTRACT

The aeroelastic FLEX 5 code and a semi-advanced rigid multibody model has been utilized for simulating drivetrain forces
and moments in a real 500 kW wind turbine. Experimental validation is carried out with results based on known phys-
ical properties of the blades, tower, hub, gearbox, shaft and nacelle, etc. The multibody model consists of eight bodies,
from rotor to generator, where most joints are made using simple constraints. Semi-advanced gear constraints are used for
obtaining (worst-case) gear tooth reaction forces in the first stage of the planetary gearbox. This constraint is useful for not
only transferring torque but also for calculating the gear tooth and internal body reaction forces. The method is appropriate
for predicting gear tooth stresses without considering all the complexity of gear tooth geometries. This means that, e.g.
gear tooth load-sharing and load-distribution among multiple planetary gears are not taken into account. Finite Element
Method (FEM) calculations show that when the wind turbine runs close to the maximum wind speed, the maximum gear
tooth stress is in the range of 500–700 MPa, which is considered to be realistic using a “worst-case” method. The presented
method is based on a comprehensive description of the aerodynamic input, including inflow turbulence and shear, as well
as various modifications for yaw, dynamic stall and dynamic inflow. Forces and torque from the aeroelastic and industry-
accepted code FLEX 5 are used as input to the multibody program, where the gear constraint is formulated such that the
maximum tooth forces are included directly in the solution. Copyright © 2013 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Wind turbine modeling software is constantly being improved or combined with other new codes and tools/models. The
industry wants a better understanding that improves reliability and lower maintenance costs. An example of a challenge
faced by industry is that wind turbines and main components are being upscaled to reduce energy costs, and this drives the
development towards improving the existing wind turbine models. Upscaling is known to cause severe problems mainly
because of an increase in weight and stresses.1 Not many aeroelastic tools focus much on drivetrain loads which are very
important—not to speak of the implications of changing a gearbox, which is typically a time-consuming and extremely
costly exercise. It becomes critical to have accurate tools and models for predicting gear tooth stresses for all wind turbine
sizes.
For predicting wind turbine loads, various aeroelastic modeling tools such as GH BLADED (Garrad Hassan & Part-

ners Limited, Bristol, UK), FAST (National Renewable Energy Laboratory, Golden, Colorado 80401-3393), ADAMS (MSC
Software Corporation Santa Ana, California 92707), HAWC (DTU Risø, Roskilde, Denmar), HAWC2 (DTU Risø, Roskilde,
Denmar), BHAWC (Siemens Wind Power A/S, Brande, Denmark) and different versions of FLEX (Stig Øye, Gentofte, Den-
mark) have been validated and used extensively by the wind turbine industry. An extensive code-comparison investigation2

Copyright © 2013 John Wiley & Sons, Ltd.
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was made within the International Energy Agency, known as the Offshore Code Comparison Collaboration. It was estab-
lished as a wind turbine code-to-code verification forum, and a number of free publications3 were made available to the
public.
Globally installed wind power capacity has boomed in the last years, but the output from traditional wind turbine

simulation tools provides little detailed insight into the dynamic behavior of drivetrains.4 Forces and moments can be
extracted from the aeroelastic tools and either the code can be coupled to a more advanced model, or the results can
be post-processed using another program. There are a number of examples of this, and a number of those related to
multibody/drivetrain/gearbox analysis are mentioned and discussed in the succeeding texts:

� As an example, GH BLADED provides an option to program a user-defined wind turbine controller that couples with
the aeroelastic calculations. This dynamic link library (DLL)-interface enables the user to interact with a running
simulation and for instance, to create a gearbox DLL.

� The HAWC2 aeroelastic code developed at Technical University of Denmark (DTU) Risø also addresses gearbox
problems by interfacing with external DLLs, typically programmed in Fortran. As an example, Hansen, Rasmussen
and Larsen (2011)5 investigates “double contact” (tooth wedging) between gear wheels in a planetary gearbox, in an
attempt to explain many gearbox failures occurring from 1995 to 2005. It is found that high planet carrier bearing
clearance and low gear tooth backlash increase the risk of gear tooth “double contact”.

� In the study of Haastrup, Hansen and Ebbesen (2011),6 the commercial multibody dynamics software ADAMS/VIEW
(MSC Software Corporation Santa Ana, California 92707) was used to model the main shaft and gearbox (assumed to
be without gears and high speed shaft to increase simulation speed) and different bushing models were investigated.
Optimization was done in MATLAB (The MathWorks, Inc. Natick, Massachusetts 01760 USA) and ADAMS/VIEW was
used for running simulations.

� In the study of Peeters, Vandepitte and Sas (2006),7 different types of “torsional” multibody models of a wind turbine
drivetrain (including the gearbox) were simulated using the LMS DADS (LMS International (a Siemens Business),
3001 Leuven, Belgium) multi-body software package. A step further was taken by using not only rigidly connected
bodies but also by introducing a flexible multibody model where the bodies themselves can deform (as well as the
couplings between bodies, which, e.g. could be the gear mesh or bearing stiffness). This gives more realistic dynamic
results at the cost of making the problem more complicated because the additional degrees of freedom (DOF) are
introduced by a finite element approach. Eigenfrequencies and modeshapes were shown, and the software package
MSC/NASTRAN (MSC Software Corporation Santa Ana, California 92707) was used for calculation of finite element
results.

The FLEX 58 code, developed at DTU Mechanical Engineering in the 1990, is commercially accepted as conforming to
industry standards because of its long history in which it has been verified and tested (both in academia and in industry).
For this reason, we employ this code to obtain loads for the described multibody drivetrain program in the present study.
FLEX 5 is widely used in the industry and to a lesser extent in academia. Not many publications are made with FLEX 5 in
relation to drivetrain/gearbox problems. A likely reason is that the original version is in Pascal, and interfacing with this
is likely to be more problematic than saving the results and loading them into another program (not many Pascal libraries
and developers exist today, and only a few people use this programming language today). An in-house developed Fortran
version also exists. A FLEX 5 Pascal-demo capable of running simulations up to 5 min was used in preparing this article.
Using the multibody systems approach means that two or more rigid (or flexible) bodies are joined together by means of

kinematic conditions (constraints). These bodies can undergo large rotations/displacements. Generally, there are two multi-
body disciplines: (1) kinematics, the study of position fqg, velocity f Pqg and acceleration f Rqg without considering forces
or moments and (2) kinetics/dynamics which take forces and moments into account. Several books deal with multibody
dynamics, see, e.g. the studies of Nikravesh (1988)9, Haug (1989)10 and Shabana (1989).11 The present article describes
a method to obtain drivetrain results including gear tooth stress, using a rigid multibody program and semi-advanced gear
constraints using experimental data and FLEX 5 simulations.
Note that the convention used in this article for denoting a column vector is f� � � g, and Œ� � � � denotes a matrix.

2. METHOD DESCRIPTION

Figure 1 shows an outline of the method used in this paper for predicting gear tooth stresses. Using this approach, aeroe-
lastic results from the FLEX 5 code are used as input, and the equations are formulated for a general constrained dynamic
mechanical system using a rigid eight-body multibody program with semi-advanced gear constraints.

1. Wind turbine loads are calculated with FLEX 5 using a model based on the unsteady blade-element momentum (BEM)
theory.12 The dynamic system ŒM� f Rxg C ŒC� f Pxg C ŒK� fxg D ˚

Fg

�
with mass matrix ŒM�, stiffness matrix ŒK�, damping

matrix ŒC� and a vector of generalized forces/external loads
˚
Fg

�
is solved using a Runge–Kutta–Nyström scheme.

Wind Energ. (2013) © 2013 John Wiley & Sons, Ltd.
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Figure 1. (a) Wind turbine/drivetrain illustration and (b) outline of method used.

2. Verification was accomplished by comparing FLEX 5 results with experimental data, such as wind speed, power pro-
duction, main shaft torque and bending moments. Experimental time series from Hansen and Larsen13 were mainly
selected, based on wind speed, wind direction and turbulence intensity. Only complete time series with full sensor
data are used. In a few cases, time series are disregarded because the wind turbine is not in operation, down for mainte-
nance; strain gauge measurements are not included or effects of signal drift, hysteresis or ambiguous calibration settings
make the data obviously wrong. The measured power output and the measured main shaft torque were compared with
values from simulated time series. The results correlate sufficiently well to argue that it is reasonable to use FLEX 5 for
generating simulated time series for the further analysis.

3. FLEX 5 forces and torque are used as input in the multibody drivetrain program. Equilibrium equations for force and
moment are added with a set of constraints (Lagrange multipliers). The program makes it possible to extract reaction
forces everywhere on the drivetrain although in this work, we focus on the gear tooth forces and stresses.

4. Finally, gear tooth stresses on every gear wheel in the simulated wind turbine are calculated. The gear tooth profile pairs
from the planetary gearbox for this specific 500 kW wind turbine were generated, rotated and meshed with MATLAB
and the COMSOL MULTIPHYSICS (COMSOL AB SE-111 40 Stockholm SWEDEN) FEM package.

In this article, only the stresses on the gear wheels in the first stage of the gearbox are considered. The reason is mainly
that the maximum torque is found on this side of the gearbox, and it is therefore assumed that the stresses are most critical
here. If this is not the case, the whole procedure can be repeated for other gear wheels than those dealt with here. The
numbering shown previously corresponds to the numbering of the following subsections that describe the procedure in
more detail.
Instead of a dedicated commercial tool, a MATLAB program with semi-advanced gear constraints have been employed.

One might argue that this model lacks insight into the dynamics of the model, but because of the fact that FLEX 5 already
included the important overall dynamics of the whole system including tower, blade and mainshaft bending/torsion, the
error by using a relatively simple multibody model is deemed acceptable. The maximum gear tooth stress problem can
be described and made much more complicated than here but that also raises the number of unknowns to a higher level.
By making our own code for obtaining maximum gear tooth forces, we have absolute control and understanding of what
happens. It is not possible to modify this gearbox, and therefore, we cannot validate the final gear tooth stresses in this
500 kW wind turbine and gearbox. For the same reason, it is not possible to make conclusions on the accuracy (or lack of
accuracy) using this method.

2.1. Aerodynamic and aeroelastic modeling

A list of mechanical properties and other important input data are shown in Figure 2. The wind field is specified in terms

of mean wind speed and turbulence intensity. The force components
˚
Fx ; Fy ; Fz

�T and moments
˚
Mx ; My ; Mz

�T at the
rotor are saved for use in the multibody program, which inputs them to the right hand side (RHS) of the equations of motion
to be solved.

Wind Energ. (2013) © 2013 John Wiley & Sons, Ltd.
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Figure 2. Aerodynamic input, model and a short outline of some important methods that illustrates how FLEX 5 works.8

Figure 3. One blade section together with velocity triangle, inspired by Hansen (2009).12 Note that the wind inflow here is shown for
a yawed wind turbine which is seen because fV0g is not perpendicular to the rotor plane. The chord length is c, and the reference point
measured 1/4 chord length from the leading edge is illustrated. EI denotes the bending stiffness around first and second principal

axes. Yaw error is neglected in the rest of this work.

FLEX 58 has DOF based on either rigid body motion or flexible mode shapes. The program uses six rigid foundation
DOFs (translational+rotational), four tower bending modes/DOFs, two rotational DOFs for nacelle yaw and tilt. The shaft
has four DOFs, i.e. rotation, a shaft torsion DOF/mode and two shaft bending DOFs/modes. Additionally, each of the three
wind turbine blades has two flapwise and two edgewise modes/DOFs.8 At each timestep, deflections described by the shape
of the eigenmodes are calculated which again has an influence on, e.g. tower bending and the velocity triangle (Figure 3).
The unsteady BEMmethod12 gives the accelerations by solving equations of motion of a dynamic system. Time integration
yields the position and velocities of all DOFs. Formally, the blades are discretized into 17 elements, with section data for
bending stiffness, chord length, pitch angle, relative profile thickness and location of aerodynamic center.
Figure 3 shows the velocity diagram seen from the airfoil section [using the same conventions as in Hansen (2009)].12

It illustrates that at some point in space given by frg D fx; y; zgT , the vector fVrel g or the wind velocity seen locally from
the point of view of the blade section is the sum of the three vector components:

Wind Energ. (2013) © 2013 John Wiley & Sons, Ltd.
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� the turbulent wind inflow fV0g D fV0.frg ; t /g;
� the induced velocity fW g, which is a vector field acting oppositely of the wind inflow. It is a thrust force caused by a
pressure drop over the rotor, and the BEM method describes how to obtain this vector-field;

� and local velocity vector due to the rotation of the blade itself, fVrot g.
From the left side of Figure 3, it can also be seen that the angle of attack ˛ is the angle between fVrel g and the blade

section chord line. The angle of attack ˛ is computed on the basis of the unsteady BEM method as described in Hansen
(2009).12 The blade lift Cl D Cl .˛/ and drag coefficients Cd D Cd .˛/ can then be found using table-lookup. These
values are only representatives for standard aerodynamic profiles, not taking into account flow effects by vortex generators
installed along the blade span, stall devices mounted on the leading edge or other roughness effects introduced by sand/dirt
contamination on the blades. Blade lift L and drag D forces using density � and chord length (see chord line in Figure 3)
are determined from the definition of Cl .˛/ and Cd .˛/, and given by the equations

L.˛/ D 1

2
�V 2

relcCl .˛/; and D.˛/ D 1

2
�V 2

relcCd .˛/ (1)

Forces for blade liftL.˛/ and dragD.˛/ are time dependent because the angle of attack ˛ for a given blade cross section
is a function of the turbulent inflow, blade deflection velocity as well as pitch and yaw operations.

2.2. Validation of the aeroelastic model

Available experimental data13 includes power yield, nacelle wind speed and direction, turbine yaw angle, rotor torque and
bending moments from SG/strain gauge measurements. The wind data is taken from measurements at hub height, from a
meteorological tower (met mast) at a distance of 2,5 rotor diameters from the wind turbine.
The inflow towards a wind turbine in terrain is highly complex.14 It is impossible to exactly predict the turbulent wind

field at all different locations on the blades. By using statistical tools, the behavior of the wind field as a function of radius
can be estimated. Assumptions on values like wind shear exponent, cross-correlation/power spectral density/coherence and
turbulence intensity, etc., is associated with large uncertainties when comparing different (short-term) time series with a
real wind field. Values, e.g. wind shear exponent, can change during the day/months/years, depending on time series, but
for practical reasons, only one approximate value (based on a large number of time series) is used.
For the experimental validation, the wind is required to come from an undisturbed direction in order to get the most

idealized (and predictable) flow field. This condition reduces the number of time series to choose from. The red curve in
Figure 4 shows the experimental turbulence intensity used in FLEX 5. The curve is an average of the available time series,
which are shown as blue dots on the same graph. Not all time series on the figure are usable, but all the time series shown
are from the specified “undisturbed” direction. There are only a few good experimental time series for wind speeds above
16 m s�1.
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Figure 4. Turbulence intensity of experimental time series shown as 10 min averages (blue dots) and binned averages (red lines).
The data is “filtered”, such that only time series from the undisturbed wind direction sector are shown.
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Table I. Turbulence intensity used in FLEX 5 in the axial
direction (fug), from experiments in Figure 4.

<u> (m s�1) TI (%) <u> (m s�1) TI (%)

6 12.95 14 11.84
8 12.30 16 14.39
10 12.70 18 15.19
12 12.56 20 14.90

The aim is to simulate 8 different representative wind conditions (or bins) in the range of 6–20 m s�1 with a bin size of
2 m s�1, as shown in Table I. This table also shows the average value for each bin, and the values are graphically depicted
as the red curve on Figure 4.
It is generally assumed that the probability density function for atmospheric wind speed conforms to a Weibull distri-

bution. The shape of this distribution indicates that higher wind speeds occur much less often than low wind speeds. The
emphasis in this paper is therefore on comparing FLEX 5 and experimental values in the low wind speed region. However,
wind speeds below 5 m s�1 have too small impact to be interesting to analyse, and the wind rarely blows stronger than
20 m s�1. In addition, there are not enough good measured time series above 20 m s�1. It can directly be seen from Figure 4
that there are not many usable experimental time series above 18–20 m s�1. It was therefore decided that measurements
between 5 and 7 m s�1 are represented by a 6 m s�1 FLEX 5 simulation and so on up to the 20 m s�1 interval, giving eight
representative intervals to investigate.
An assumption is made such that if both wind speeds, measured main shaft torque and power production, correlates

well, then the FLEX 5 model is considered to be valid and usable for post-processing.

2.3. Multibody model of wind turbine drivetrain

For a general system with n generalized coordinates and m constraints, the number of DOF is n � m. For this model, eight
bodies are used as shown in Figure 5. Each body has six cartesian coordinates (three translational and three rotational), so
n D 48. Flexibility effects are ignored because it is assumed that they have little effect on the results, except in the planetary
gearbox where more than one gear/pinion would transfer torque between sun and planet. This assumption means that the
gear normal tooth forces arising from the sun to the planet(s) are incorrect, but for estimating maximum gear tooth forces,
the proposed method works by using some simplified assumptions. See Figure 6(b) for an illustration of the problem with
rigid gear constraints for planetary gearboxes. The correct torque and reaction forces will be transferred through one planet
instead of being distributed through three planets, meaning that this can be seen as a “worst-case” study.
The following describes the multibody model and how a semi-advanced rigid gear-constraint that handles internal reac-

tion forces correct is used. Despite the fact that this is a simplified approach to the real problem, this method will provide
insight regarding maximum gear tooth forces inside the planetary gearbox. Future work would be to improve this method-
ology for increasing the accuracy, but that requires validation, and we did not have permission to make any “intrusive”
modifications to this wind turbine or the gearbox in it. It does not matter which rigid gear constraint was used because
Figure 6(b) shows that we have four equations for three planetary gears. Ideally, each gear is connected to the ring as well

Planetary
gearbox

Rotor
torque

B7 (lower
gear parts)

B2: Ring
B3+B5+B6: Planets
(B3 transfers torque)

B4 (sun+
shaft+gear 1)

X

Z

Y

Generator
torque

Rotor mass

B1 (main shaft+plan.carr.)

B8 (gen+gear parts)

Local coord. syst. in mass centers

(mass center distance)

Figure 5. Illustration of wind turbine model. “B” followed by a number denotes “body number”, i.e. B3, B5 and B6 represents body
3, 5 and 6 (or planet 1, 2 and 3 respectively). Rotor torque (3 moments around x, y and z ), generator torque (around z ) and 3 force
components acting on the rotor (Fx , Fy and Fz ) are from FLEX 5. The coordinate system is the same as in FLEX 5 (z is axially etc).
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Figure 6. Illustration of (a) a spherical/revolute joint and (b) basic multibody gear constraint concepts used in this work.

as the sun, but that is not possible with a rigid approach. A solution would be to connect the gears with springs/dampers,
but that also raises questions and more unknowns about which stiffness and damping coefficients to use. It introduces more
complexity because the stiffness changes, going from one to two teeth in mesh at the same time. We describe an approach
for evaluating gear teeth stiffness for this purpose in the study of Pedersen and Jørgensen (2013).15

2.3.1. Constraints used in the multibody program.
The multibody program makes use of spherical joints, parallel constraints and gear constraints.
Spherical joints: A spherical joint9 is shown in Figure 6(a), and it requires three equations in 3D. It can be described

as a constraint by using the following equations:

fˆg D fri g C ŒAi �
˚
s0
i

� �
�˚

rj

� C �
Aj

� n
s0
j

o�
D f0g (2)

where frg is a vector from the global coordinate system (inertial frame) to the local coordinate system (moving reference
frame). The local

˚
s0� vectors are constant vectors defined in the local coordinate systems. Joints can connect a body with

either ground or with another body. Hence, the mainshaft, ring gear, parallel gears and the generator are all fixed to a certain
position in space from the global coordinate system. Through the mainshaft, the planetary gearbox and all the other bodies
on Figure 5 are connected. The planets are fixed to the planet carrier, which is fixed rigidly to the mainshaft such that as
the main shaft rotates, so do the planets and so does the sun gear connected to the generator through the two parallel gear
stages.

Parallel constraints: Another type of constraint used is one that ensures that two vectors (here: bodies) remain parallel.
A revolute joint is a spherical joint with two more constraints that ensures that the bodies rotate along a parallel axis. In
Figure 6(a), rotational movement is restricted so that it only takes place around the z-axis (shown with upward-pointing
“vertical double arrows”). In other words, vectors f�i g and

˚
�j

�
are always parallel with the z-axis. By adding two extra

constraints/equations to a spherical joint, e.g. equation (2), the joint becomes a revolute joint. The bodies are now “hinged”
as shown in Figure 6(a).
The constraint that forces two vectors to be parallel can be formulated into two vector dot products. Two new linear

independent vectors
n OQ

o
that are perpendicular to one of the (parallel) vectors are formed. The constraints (ˆ) specify that

the dot product of each of the two perpendicular vectors
n OQ

o
together with the second (parallel) vector are both 0. The two

perpendicular vectors are found using the skew-matrix. If fQg D fx y zgT , the skew-matrix Œ QQ� and the two constraint
equations for a body parallel to the z or �-axis are defined:

� QQ� D
24 0 �z y

z 0 �x

�y x 0

35 ; ˆ1 D
n OQ1

oT

8<:
0

0

�

9=; D 0; ˆ2 D
n OQ2

oT

8<:
0

0

�

9=; D 0 (3)
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Figure 7. (a) Illustration 2D gear tooth force components. (b) Unit vector fvr .t/g is in radial direction (center-to-center).

where
n OQ1

o
and

n OQ2

o
are two-column vectors from the skew-matrix (they are by definition guaranteed to be perpendicular

to z or � because they are basis vectors of the 3 � 3 skew-matrix).
There is another way of forcing a body to be parallel with a given vector. For instance, the main shaft has a thrust bearing

and a radial bearing. This can be expressed using 3 + 2 equations from equation (2). The spherical joint then acts like a
thrust bearing that takes up axial forces (using equations for x, y and z movement). The radial bearing uses two out of the
three spherical joint equations, i.e. those equations take up forces using equations describing the x and y movement of the
main shaft, simply because the main shaft is parallel with the z axis. In practice, the second “radial” bearing acts exactly
like a spherical joint with one equation removed.

Gear constraints: The last type of constraint used is a gear constraint. The illustration in Figure 7(a) shows the gear
tooth reaction forces, and we want to have a constraint that takes these forces into account. We use gear constraints in
a simple and a semi-advanced version, and the simple version only transfers the torque, knowing nothing about the gear
tooth forces. But the semi-advanced gear constraint knows about the forces shown in Figure 7(a), and therefore, the internal
reaction forces can be calculated explicitly. We call it “semi-advanced” because of the fact that it is not advanced enough
to know whether or not multiple teeth are in mesh at the same time (this is the case shown in Figure 7(b)). The following
is a description of the simple gear constraint, followed by a description of the more advanced constraint:

Simple Requiring that the velocity at the point of contact along the line of action is the same for both body i and j

yields9

vi D vj ) �i
P�i D ��j

P�j (4)

where � is the pitch radius, and P� is the angular velocity. Integration gives

ˆ D
�
�i � �0

i

�
�i C

�
�j � �0

j

�
�j D 0 (5)

where the initial condition for rotation of each body is �0, and � is the accumulated rotation angle. There is
no coupling to any translational DOF, and therefore, the reaction forces in any translation direction is always
0 N. From Figure 7(a) one should expect gear tooth forces which are expected to produce internal reaction
forces, but this doesn’t happen because the formulation is only depending on rotation, i.e. ' (and � which is
constant). This constraint however works well for transferring the torque even if the angular velocity is high.

Semi � adv Taking all DOFs into account (translational and rotational movement of body center positions), the velocity
constraint becomes

.ŒAc � fvr g/T
�fPri g C �p;i ŒAi �

˚
!0

i

� � fvr g�
� .ŒAc � fvr g/T

�˚ Prj

� C �p;j ŒAj �
n
!0

j

o
� fvr g

�
D 0

(6)

where ŒAc � is a 3 � 3 rotation matrix given by equation (8), fvr g is a unit vector in the radial direction
(Figure 7(a)), fPrg is the body center velocity, �p is pitch circle radius, ŒA� is a coordinate transformation
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matrix (from moving reference frame to the inertial frame) and f!g is the vector of angular velocities (3 � 1).
This constraint gives the internal reaction forces automatically in the gear tooth surface normal direction
(because that is the projection direction).
From equation (6), it can be seen that this constraint is a projection of generalized velocities of the two

bodies i and j . The constraint equation is simply a dot product or a projection of a vector into the direction of
another vector (the global velocity vector describing the relative movement of the pitch point). The direction
.ŒAc � fvr g/ is the projected direction of the gear velocity constraint, and this direction is also the gear tooth
surface normal direction. The gear tooth forces projected into the gear tooth surface normal direction yields
the normal force which is shown as Fn on Figure 7(a). The radial unit vector is defined

fvr g D
˚
rj

� � fri g
j ˚

rj

� � fri g j (7)

and Figure 7(a) shows that fvr g is constantly moving when the planets move, and therefore, fvr g D fvr .t/g.
The gear tooth normal direction can be obtained by multiplying the constant rotation matrix ŒAc � with the
radial direction fvr g, where ŒAc � is

ŒAc � D
24 1 0 0

0 cos.ˇ/ � sin.ˇ/

0 sin.ˇ/ cos.ˇ/

35 24 cos.�=2 � ˛/ � sin.�=2 � ˛/ 0

sin.�=2 � ˛/ cos.�=2 � ˛/ 0

0 0 1

35 (8)

The pressure angle ˛ is typically 20ı or 25ı. A helix angle ˇ D 0ı for spur gears, and if this condition is not
met, it is a helical gear. The ŒAc � matrix is a constant time-independent transformation matrix consisting of
two rotations. The rotation matrix ŒAc � corresponds to

i. First, a rotation around a vertical axis (around x in the global reference of frame—this coordinate system
is shown graphically in Figure 5) and this rotation yields axial forces known to be caused by helical gears.

ii. Secondly, a rotation of .�=2 � ˛/ radians in the counter-clockwise direction (around z in the new rotated
coordinate system). The final rotation, in the xy-plane, transforms a unit vector fvr .t/g into the tooth
normal direction (the Fn direction in Figure 7(a)).

This constraint has proven itself valid for use with helical gears, where axial forces are a function of the
helical angle ˇ. Only the tangential gear tooth force Ft transfers torque. It can be seen that for a helical gear
with helix angle ˇ16

Fa D Ft tan.ˇw /; Fr D Ft tan.˛tw /; Fn D Fa

sin.ˇw / cos.˛nw /
(9)

where Fa is the axial, Fr is the radial and Fn is the normal tooth force, whereas ˛tw and ˛nw are the working
pressure angle in the tangential and normal plane, respectively. The subscript w for “working” refers to the
fact that profile shift should be taken into account, if relevant. The relationships for Fa, Fr and Fn can now
be used in the multibody program.
The gear constraint is non-holonomic so it cannot (unlike the simple gear constraint) be integrated in time to

form a position constraint. It is important to distinguish between constant and time-dependent vectors/matrices
because equilibrium equations are described in terms of accelerations, and therefore, the constraints should
be differentiated and also be expressed with acceleration coefficients. When time-dependent terms are dif-
ferentiated, they introduce more terms that are moved to the RHS, but constant terms are straightforward to
differentiate. We provide acceleration (and RHS) terms for the semi-advanced gear constraint in the section
about solving the equations of motion (Section 2.3.3).

2.3.2. Implementation of multibody gear constraints into the MATLAB program.
Figure 5 illustrates how the eight bodies are connected to each other, except that the Figure 6(b) is required for under-

standing how the gear constraints are attaching each body (gear wheel) to each other. Most of the bodies remain fixed in
space while they are rotating, but the planets are attached to the (rotating) planet carrier so they move up and down in the
x=y coordinate system.
In total 47 constraints are used. The first five constraints are for body 1 (rotor and main shaft). The spherical joint is

placed at the location of bearing 1 so the three constraint equations are given by equation (2). Then the two equations for
the parallel constraint are added. After that six constraints are added for each of body 2 (ring gear), body 3 (planet 1), body
4 (sun), body 5 (planet 2),body 6 (planet 3), body 7 (lower gear parts) and body 8 (gear parts and generator). All bodies
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Table II. List of the 47 constraints used for each of the eight bodies.

Body Description Constraints Equations

1 Rotor, main shaft and planetary carrier 1 sph. + 2 par. 5
2 Ring gear 1 sph. + 2 par. + 1 fixed rotation 6
3 Planet 1 1 sph. + 2 par. + 1 semi-adv. gear constraint 6
4 Sun gear 1 sph. + 2 par. + 1 semi-adv. gear constraint 6

5 Planet 2 1 sph. + 2 par. + 1 semi-adv. gear constraint 6
6 Planet 3 1 sph. + 2 par. + 1 semi-adv. gear constraint 6
7 Lower gear parts 1 sph. + 2 par. + 1 simple gear constraint 6
8 Generator 1 sph. + 2 par. + 1 simple gear constraint 6

sph., spherical joints; par., parallel constraints.

have a gear constraint except for body 1. In other words, for each body 5 of the constraints fix the body in space. The sixth
constraint is one of the described gear constraints that transfer the torque from rotor and generator into the gearbox. Table II
illustrates how the 47 constraints are implemented.
The simple gear constraint is used for the generator body (body 8) as well as for body 7. The semi-advanced gear

constraint is used in the planetary gearbox because this constraint is used for getting the maximum gear tooth normal forces.

2.3.3. Solving equations of motion using Lagrange multipliers.
The equations of motion to be solved9 are given by"

ŒM � � �
ˆq

�T�
ˆq

�
Œ0�

# 	 f Rqg
f�g



D

	 fgg
f�g



(10)

where ŒM � is the mass matrix,
�
ˆq

�
is the Jacobian of constraint equations (holding coefficients to coordinate acceleration

of every DOF), fqg is the vector of coordinates and f�g is a vector of Lagrange multipliers. On the RHS, fgg is a vec-
tor of external forces (and torque from FLEX). Most of these constraint equations are straightforward to differentiate. For
completeness, the derivative of the semi-advanced gear constraint given by equation (6) is reproduced here:
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(11)

All coefficients for the translational and rotational accelerations
�fRrg and

˚ P!0��
are colleced in the Jacobian matrix Œˆq �,

but most terms do not involve the coefficients and are therefore put on the RHS as f�g terms in equation (10). The system
of equations is time-integrated, using ODE45 in MATLAB, and this gives the positions and velocities.
The joint reaction forces can be found using the fact that mass times acceleration equals the sum of external forces and

moments added together with reaction forces and moments:

ŒM � f Rqg D fFext g C fFreact g ) ŒM � f Rqg �
h
ˆT

q

i
f�g D fFext g (12)

which is clear from equation (10). This means, e.g., that the main shaft bearing reaction forces can be calculated as�
�ŒˆT

q � f�g
�
using only the constraint(s) i and f�i g values from the joint(s) of interest. Not only are the main shaft

reaction forces calculated in that way, but the gear tooth (reaction) normal forces corresponding to constraint(s) i are given
by the Lagrange multiplier(s), f�i g. The reason is that the coefficients in the Jacobian matrix in each of the coordinate
directions is a projection of the unit vector fvr g(defined in relation to equation (6)) into the global coordinate system
directions. Because the unit vector fvr g already points into the gear tooth normal direction (Figure 7(a)), the joint reaction
force in this case is simply the Lagrange multiplier f�g associated with the corresponding gear-constraint number with no
need for pre-multiplication of the Jacobian coefficients unless the tooth reaction forces should be projected into the global
coordinate system directions.
Input torque (and forces) from FLEX 5 are known in advance, so in MATLAB a vector of external forces and moments is

denoted fgg D
n
F 1

x ; F 1
y ; F 1

z ; M 1
�

; M 1
� ; M 1

�
; F 2

x ; � � � ; M 8
� ; M 8

�
; F 8

x

oT
where the force and torque from body 1 is inserted

from the FLEX 5 calculation. It is also important to use the generator torque on body 8 and to check that the rotor speed is
approximately in a steady state condition with acceptable acceleration levels.
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2.3.4. Dealing with time-integration issues and oscillations.
It is known from the literature that some time-integration schemes are known to cause high-frequency problems,

see e.g. the study of Krenk (2009).17 When using the semi-advanced gear constraint on the high-speed shaft, it is observed
that the rigid bodies that undergo the highest angular velocities are exerted to unphysical high-frequency oscillations, where
the amplitude of oscillations increases with increasing angular velocity. The oscillations can be seen acting as rigid-body
reaction forces, and hence, these affect the accelerations. They are not physical because if a constant torque is put on the
rotor and generator sides, then one must expect that for a rigid multibody model, the surface gear tooth reaction forces
are constant.
The gear ratio from the low-speed shaft to the high-speed shaft on the generator is approximately i D 55:8, meaning that

with a standard-size ODE45 timestep from MATLAB, the number of timesteps per rotation is 55.8 times higher on the main
(low speed) shaft than on the generator (high speed) shaft. The semi-advanced gear constraint is unusable at high speeds
because the gear tooth normal force gradient changes speed too fast. A possible part of an explanation is given in the study
of Krenk (2009),17 which discriminates between two types of time-integration schemes: collocation and momentum-based
methods. Collocation methods do not necessarily conserve such properties as momentum and energy, but momentum-based
methods specifically conserve the physical properties of the underlying problems. Damping can also be added to remove
oscillations, but with a gear ratio of i D 55:8, the oscillations on the high-speed shaft are too large.
One way of solving this problem is by using very small timesteps and demanding very high solver accuracy. Alterna-

tively (the way the problem was solved for this work), the simple gear constraint from equation (4) is used in the final
gearbox stage. This is where the oscillations are most pronounced due to a high-angular velocity. Small oscillations can
safely be ignored because the effect of input torque from the turbulent wind is much more important. Combining both types
of constraints in this model would appear to be a good way of obtaining the most relevant of the gear tooth normal forces
and additionally of solving this oscillating time-integration phenomen, causing physical impossible fluctuations in reaction
forces and accelerations.

2.4. Finite element method model used to obtain gear tooth stresses

The FEM model was developed using COMSOL MULTIPHYSICS. For this particular 500 kW wind turbine, the gear tooth
has a module of 10 and the helix angle ˇ D 0ı. The number of teeth is 20, 35 and 91 respectively for the sun, planet and
ring. Profile shift for the sun/planet is approximately 0.6 and 0.4, respectively. Profile shift for the planet/ring is approxi-
mately 0.4 and -0.8, respectively. Tip relief is used, and the full, exact planetary gear tooth geometry based on these values
is shown in Figure 6(b) and 7(b). For spur gears, the working and base radius (shown in Figure 7(b)) is16

rw D rp
cos˛

cos˛w
D rb

cos˛w
(13)

where rw is the working radius, rp the pitch radii, rb the base radius, ˛ is the pressure angle and ˛w is the transverse
pressure angle, which is found by iteration using

x1 C x2 D .z1 C z2/
inv˛w � inv˛

2 tan˛
; furthermore: inv ˛ D tan˛ � ˛ (14)

where x1 and x2 are the addendum modification/profile shift, and z1 and z2 are the number of teeth. A few assumptions
are required because of the complexity of using the aforementioned “semi-advanced” gear constraint with this eight-body
rigid multibody model. They can be summarized as

� This gear constraint is a “worst-case” constraint in the sense that only the sun and planet 1 transfers torque due to
insufficiently rigid model DOFs. By only considering this, one could expect that the real gear tooth stresses are in the
range of 1/3 to the values we calculate in this paper.

� A FEM calculation is only made at the working circle where rolling occurs in order to reduce the number of load
cases. This reduces the stresses, which are higher at the beginning of gear tooth contact (shown on Figure 7(b)).

� A 2D plane strain assumption is used, which also simplifies the problem. In addition, it reduces the maximum stresses
because the normal force is distributed equally over the whole facewidth. This is only the case in an ideal world.

The described method is a simplified approach to solving a problem that is very complicated, especially considering
the fact that in reality, the bedplate, shaft, planetary carrier and planets move, bend and twist. It is difficult to develop a
good flexible gear constraint that takes tooth load-sharing into account, and it is also questionable whether or not the FEM
model should assume that the gear teeth are in contact exactly at the rolling point of the working circles, or if the contact
point should be moved. The underlying rationale for the approach described in this paper is to ignore problems that are too
complicated (or time consuming) to model and instead develop a simplified physical model that considers both multibody
gear constraints gear tooth stress modeling practices using FEM software (FEM modeling of gears are typically made as
shown here, assuming that the contact point is where the pitch/working circles meet).
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(a) Sun gear is fixed and the planet is moving. (b) Planet is moving and the ring is fixed.

Figure 8. Finite element method mesh made using COMSOL MULTIPHYSICS. Between the two teeth, a contact boundary condition
is made, having a static friction coefficient of � D 0:1. (a) Sun gear is fixed, and the planet is moving and (b) planet is moving, and the

ring is fixed.

Figure 8 shows the Comsol FEM mesh and boundary conditions that were used. The torque is applied through the rota-
tional center of one of the gears, whereas the other gear is fixed. In the figures showing the FEM results (Figures 13 and 14
in the next section), arrows indicate the displacement field due the applied torque.

2.5. Gearbox details

The investigated 500 kW wind turbine has been running at least since 1995 so the gear tooth stress levels should be in an
“acceptable range”. The planetary stage itself has a gear ratio of 5.55, the first parallel gearbox stage has a gear ratio of
4.05 and the final parallel gearbox stage has a gear ratio of 2.48. The number of teeth is 20, 35 and 91 for the sun, planet
and ring gears, respectively. The profile shift is xs D 0:582, xp D 0:419 and xr D �0:840, respectively. For a description
of how to use the aforementioned data for generating the tooth profile, see DIN 867 standard18 and Pedersen and Jørgensen
(2013).15

3. RESULTS

Important intermediate results are obtained (1) when comparing the output of the FLEX 5 model with measured values of
wind speed, power and main shaft torque. The experimental and simulated bending moments (2) are compared against each
other as another method of validation. The multibody program is then used for producing a full set of drivetrain reaction
forces in all bearings holding the bodies in place. Finally, the gear tooth forces and stresses (3) from the planetary gearbox
are evaluated.

3.1. Validation of wind speed, power and main shaft torque

Figure 9 shows an example of validation of the numerical results from FLEX 5. An undisturbed mean wind speed of
10 m s�1 with a representative turbulence intensity of 12.7% was compared with measurements for (a) wind speed [m s�1],
(b) main shaft torsion [Nm] and (c) power production [kW]. Figure 10(a) and 10(b) show that the mean values of (a), (b)
and (c) are acceptable whereas the standard deviation (SD) values are less well for high wind speeds compared to that for
low wind speeds. However, this discrepancy is neglected because it has little practical impact.
In order to convey an impression of how well this wind turbine model performs at different wind speeds, mean and

SD values were obtained and shown in Table III (assuming the data conforms to a normal/Gaussian probability density
function). The yaw error, found as nacelle position minus the wind direction (both in degrees), is also shown in Table III
from which it is apparent that the yaw error in most cases can be neglected. Considering all the many uncertainties with
this kind of work, it was decided to completely neglect the yaw error on the basis of these numbers.
As shown in Figure 10, the experimental measured main shaft torque and produced power fits reasonable well with

simulated FLEX 5 time series. It is important for the whole concept of using realistic simulation data in the design of a real
wind turbine that the mean wind speed correlation with the main shaft torque and power production is good. This seems to
be the case here.
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Figure 9. Example of validation of wind turbine model input (FLEX 5 vs. measurements) for (a) wind speed, (b) power production and
(c) main shaft torque. Blue: Experimental values.13 Red: Simulated values.
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(b) Mean wind speed vs. std. dev. of wind speed, power and
main shaft torque (FLEX 5 vs. experiments [8]). The largest

discrepancies occur at high windspeeds.

Figure 10. Statistical comparison of mean wind speed (a) mean power/main shaft torque and (b) standard deviation of wind
speed/main shaft torque/power.

Table III. Wind speed (m s�1)—statistics for FLEX 5 simulation data versus experimental
data

FLEX 5 mean Exp. mean FLEX 5 SD Exp. SD Exp. mean
n <u> (m s�1) <u> (m s�1) � (m s�1) � (m s�1) Yaw error (ı)

1 6.00 5.87 0.77 0.71 -2.3
2 8.00 8.02 0.98 0.76 -2.0
3 10.00 9.79 1.26 1.35 1.9
4 12.00 11.53 1.50 1.40 -1.9
5 14.00 13.66 1.64 1.71 -2.6
6 16.00 15.47 2.28 2.34 -3.9
7 18.00 17.74 2.70 2.59 -0.3
8 20.00 19.95 2.95 2.66 0.4

SD, standard deviation.

3.2. Validation of bending moment

An illustration of important components for the investigated wind turbine is shown in Figure 11(a). For comparing bending
moments obtained by using strain gauges at a particular location on the main shaft, dimensions from Figure 11(a) were
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(a) Distances for the experimental validation using strain gauges (based
on [11], FLEX 5 and onsite measurements). The star (*) designates the

position of forces and moments from the FLEX 5 code.
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FLEX 5, blue curve: Measurements [8].

Figure 11. Experimental validation using strain gauges located 90ı apart (this explains the difference between dotted and full
lines).Results are transformed into a fixed (non-rotating) coordinate system so, the strain gauges measure the yaw and tilt moments.

(a) Dimensions. (b) Results of the comparison. This result is acceptable considering the many uncertainties in the data.
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(b) Summarized gear tooth results, showing mean gear tooth
normal force and maximum stress levels, from FEM-calculations
of gear teeth as a function of mean inflow wind speed.

Figure 12. Gear tooth normal forces from the multibody program. (a) Example of gear tooth normal forces at 10 m s�1 and
(b) summarized gear tooth results.

used. The experimental strain gauge moment was taken from the study of Hansen and Larsen13 at a distance 75 cm away
from the rotor (as shown in the figure).
The calculated FLEX 5 strain gauge moment is determined as a moment from forces added with a moment from the aero-

dynamics. The moment from forces is calculated as fM g D fsg � fF g, where the distance vector fsg D ˚
sx ; sy ; sz

�T only
has a sz component equal to (0.9–0.75) m D 0:15 m. The calculated strain-gauge moment acts at the star in Figure 11(a)
so there is an offset error of 15 cm which requires some compensation. The total bending moment in the global reference
frame is then given by

MSG;x(yaw)D �0:15Fy C Mx ; and MSG;y (tilt)D 0:15Fx C My (15)
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(a) 6 m/s (b) 8 m/s

(c) 10 m/s (d) 12 m/s

(e) 14 m/s (f) 16 m/s

(g) 18 m/s (h) 20 m/s

Figure 13. Sun/planet: Gear colors show the von Mises stress [N m�2] and arrows show the displacement field. (a) 6 m s�1, (b)
8 m s�1, (c) 10 m s�1, (d) 12 m s�1, (e) 14 m s�1, (f) 16 m s�1, (g) 18 m s�1 and (h) 20 m s�1.
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(a) 6 m/s (b) 8 m/s

(c) 10 m/s (d) 12 m/s

(e) 14 m/s (f) 16 m/s

(g) 18 m/s (h) 20 m/s

Figure 14. Planet/ring: Gear colors show the von Mises stress [N m�2]. Arrows show the displacement field. (a) 6 m s�1, (b) 8 m s�1,
(c) 10 m s�1, (d) 12 m s�1, (e) 14 m s�1, (f) 16 m s�1, (g) 18 m s�1 and (h) 20 m s�1.
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From Table III, it can be seen that the yaw error is always less than 4% and is therefore assumed to be negligible.
The yaw and tilt moments, as a function of the mean wind speeds, are shown in Figure 11(b). The bending moments

measured by strain gauges were multiplied by a coordinate transformation matrix associated with the moving local coordi-
nate system, at all timesteps, in order to obtain the yaw and tilt bending moments in a fixed, non-rotating coordinate system.
The strain gauge moment can also be shown in the local coordinate system instead of in the global system. In that case,
the global moment-vector must be pre-multiplied by the transposed transformation matrix, which is a basic rule shown in
many textbooks such as in the book of Nikravesh (1988).9

Figure 11(b) shows that the trends of the strain gauge measurements are correct. The most important graph is the first (in
the top left corner), showing the average bending moment at the position of the strain gauges, plotted against mean wind
speed. There are two signals for strain gauges rotated 90ı apart (tilt and yaw directions). For many of the wind speed bins,
the deviation is within 25%. The top right-hand figure shows the SD plotted against wind speed. The lower two graphs in
Figure 11(b) show the minimum and maximum of the measured and simulated/calculated bending moments. It cannot be
expected that all of these comparisons will always fit within ˙10 � 20%, but the figure illustrates the same tendencies in
the simulations as in the experiments. In addition, the mean bending moments seem realistic.
Together with Figure 10, the FLEX 5 model is deemed to capture the effect of the measured experiments accurately

enough for the purpose of feeding forces and torque into a multibody program.

3.3. Gear tooth forces and stresses

The multibody program makes it easy to extract reaction forces using equation (10), so for instance, the main shaft bearing
reaction forces and planet carrier reaction forces are easily obtained. Gear tooth stresses at different wind speeds are rele-
vant from a design perspective. An example of extracted gear tooth forces is seen in Figure 12(b), where the left-hand graph
shows gear tooth normal forces in the planetary gear and in the subsequent normal external gear. The focus in this paper is
to investigate the tooth forces where the loads are the highest. This occurs in the planetary gearbox, where the gear tooth
normal forces are 230 kN, at an average turbulent wind speed of 10 m s�1. The table to the right of Figure 12(b) shows
the planetary gearbox tooth normal forces for the eight binned mean wind speeds, which has previously been described in
terms of aeroelastic input for the FLEX 5 model.
By taking these gear tooth normal forces into COMSOL MULTIPHYSICS, the gear stresses when the gears are in contact

at the working circle can be calculated. The results are divided into

� Figure 13 showing the gear tooth stresses between the sun and planet gear from 6–20 m s�1 and
� Figure 14 showing the gear tooth stresses between the planet and the ring gear from 6–20 m s�1.

Figure 12(b) summarizes the results of the FEM calculations. It also shows the maximum gear tooth stress levels as a
function of the mean wind speed. This seems to be clearly connected to the aerodynamics because it resembles the power
curve of a wind turbine in the sense that the maximum stress curve rises steeply at 6–10 m s�1 and flattens out around
16–20 m s�1. One of the most important results obtained is that the maximum stress never exceeds 700 MPa.

4. CONCLUSIONS

Comparisons of FLEX 5 with experimental data show that the aeroelastic model is accurate for producing usable and real-
istic input torque for the multibody code. This is the most important aspect of validation, and it is essential for the accurate
prediction of the gear tooth normal forces. It is seen that the aerodynamic FLEX 5 model obtain the correct rotor/main
shaft torque when comparing with measurements. However, in terms of predicting the bending moment, the model does
not perform as well, which however is not an issue because the gear tooth stresses do not depend on these effects. By using
the described multibody model, radial and axial rotor forces are absorbed by the main shaft bearings, and they have no
influence on the gear tooth stresses.
The semi-advanced gear constraint presented in this paper would seem to be useful for predicting the gear tooth forces,

even for helical gears. It is expected that this gear constraint can be further developed and used in a more advanced flexible
gear-constraint model of a gearbox.
Using MATLAB and COMSOL MULTIPHYSICS together in order to predict gear tooth stresses yields good control over

how to rotate the gears in order to investigate different load cases. Many different gear sizes can be tested using the method
described in this paper, and the method can be extended and improved, if required. However, in the basic and simple version
described here, it seems reasonable that the predicted von Mises stress level at a mean turbulent wind speed of 6 m s�1

was around 160–250 MPa, and when the wind turbine was loaded the most, at a full wind speed of 20 m s�1, it was in the
order of 490–690 MPa.
After surface hardening procedures, gear teeth can typically achieve a gear tooth bending strength and pitting resistance

of something in the range of 1000–1500 MPa. The present results predict that there will be a sufficient safety factor for rare
extreme loads during operation up to the investigated maximum turbulent wind input of 20 m s�1.

Wind Energ. (2013) © 2013 John Wiley & Sons, Ltd.
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However, it should be emphasized that the accuracy of this method, which in a way is described as a “worst-case”
method and in other cases is too simple, is difficult to assess. The model does not capture for instance the effects of uneven
gear loading, or that multiple teeth can be in mesh at the same time. It is an idealized method, which can be improved by,
for instance, introducing a flexible gear constraint and by adding more advanced assumptions on some of the principles
described. The accuracy could also be improved by using dedicated commercial software packages. This method is pro-
posed as a way of obtaining some basic insights under simple assumptions, when there is no access to a full gear database
or other expensive methods.
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Abstract. The estimation of gear stiffness is important for determining the load distribution
between the gear teeth when two sets of teeth are in contact. Two factors have a major in uence
on the stiffness; rstly the boundary condition through the gear rim size included in the stiffness
calculation and secondly the size of the contact. In the FE calculation the true gear tooth root
pro le is applied. The meshing stiffnesses of gears are highly non-linear, it is however found
that the stiffness of an individual tooth can be expressed in a linear form assuming that the con-
tact width is constant.

Key words: Gears, Stiffness, Spur, External/Internal, FE.

1 Introduction
To evaluate the forces in a multibody formulation of a planetary gearbox where multiple planet
gears are in contact with the ring and sun gear an algebraic constraint formulation cannot be
used if the forces on the individual teeth of the involved gears are of interest. We are forced to
include in some way the gear contact and here include the exibility, as discussed in i.e. [1, 2].
Including the exibility through a full integration of a nite element (FE) formulation within the
multibody simulation is not feasible due to the simulation time needed. Instead hybrid methods
of lumping in some way the stiffness are needed. The present paper focuses on the estimation
of gear teeth stiffnesses, these stiffnesses can then later be applied in a multibody modelling.
Gears are highly standardized and the most common gear design applied is controlled by

the cutting tool or basic rack de ned in [3], and seen in Figure 1. The gear load capacity can be
evaluated using [4]. The basic contacting gear shape is the involute shape, due to the excellent
properties of this shape. These properties includes that the contact forces act along a straight
line and that a center distance error do not in uence this. A change in center distance due to,
e.g., loading will neither in uence the gear ratio. The design variable that controls the involute
shape is the pressure angle α, see Figure 1. The commonly used value for the pressure angle
is α = π/9. The involute shape controls the gear part that is in contact with the other gear in
the mesh. The gear root or bottom land that connects two neighbouring teeth is controlled by
the cutting tool tip design, there is no contact between the teeth at the root. Different ways of
modifying the root design and improving the stress concentrations can be found in [5, 6].
The contact between two involute gears follows the straight contact line (the dotted line in

Figure 2) at all time during the contact. Seen from the individual tooth the contact load moves
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α = π/9α = π/9

M

M

M/4
πM/2

πM

Basic pro le

Cutting pro le

x

y

Figure 1: The cutting pro le geometric de nition and the basic pro le based on the ISO pro le.

along the involute shape. Due to the design of a tooth, see Figure 2, this results in an overall
non-linear tooth stiffness along the contact line.

Involute

Root

α

Figure 2: Part of a gear with 20 teeth and moduleM = 10mm. The line of contact is indicated by the dotted line,
the angle is α assuming that no pro le shift have been applied to both gears in mesh.

The tooth stiffness is needed for multiple reasons. For gears in mesh we have different
number of teeth in contact during the motion. For spur gears produced from a standard rack
cutter with α = π/9 and a height of 2M , i.e. two times the module (see [3] and Figure 1)
we have that the maximum contact ratio is (εα)max ≈ 1.98. The contact ratio expresses the
average number of teeth in contact during the motion. With more than two sets of teeth in
contact we need the tooth stiffness for nding the load on the individual tooth. This is also the
case for planetary gears where multiple planet gears are in contact with the sun gear and the
ring gear. The nature of the gear mesh contact is discontinuous, for standard spur gears there
are at some instance in time either one or two gear teeth sets in contact and this transition result
in discontinuous mesh stiffness.
From a literature study it is obvious that many different approaches have been applied.
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In [7] FE analysis was used for the tooth stiffness estimation. Here a model with only one
tooth attached to a rim/ring with a given thickness of 2.5 times the tooth height was applied.
The stiffness is calculated for two gears in contact, for one gear a torque is applied to the rim
inner boundary and at the other gear the rim inner boundary is xed. The tooth root is assumed
circular. A principally different way of estimating the stiffness is to use the elastic energy. Using
the elastic energy and the applied force for specifying the stiffness is clear and concise, the
need for nding a de ection corresponding to the force is avoided. This way of establishing the
stiffness is used in relation to bolt plate stiffness in [8–10] and is also the selected method in the
present paper. In [11] the stiffness is found using an analytical estimation of the complementary
elastic energy, several assumptions are applied in this work. Further stiffness evaluation of spur
and helical gears can be found in, e.g., [12–17].
In the present paper two factors are found to have a major in uence on the gear tooth stiff-

ness, these are

• The gear rim size included in the stiffness calculation
• The contact zone size.
To the authors knowledge no thorough examination have been published in relation to these

two factors, even for the simple case of spur gears. The bending strength calculations of most
standards rely on the cantilever beam assumption (Timoshenko theory) and the tooth is clamped
at the root. This is also the general choice for estimating the stiffness either by analytical
method or numerical FE calculations. The present paper will focus on the de nition of boundary
conditions, and the in uence from the contact zone width.
The paper presents an example where the found stiffnesses are used in the simulation of

a planetary gearbox of a 500MW wind turbine. Modelling speci cally related to planetary
gearbox can be found in, e.g., [18] and in relation to wind turbine drive train see e.g. [19, 20]
The paper is organized as follows. Section 2 presents the geometric description and the tooth

boundary parameterization. In Section 3 the individual tooth stiffness is given. The section
includes a discussion on the important selection of boundary condition and contact width. The
combined stiffness of two gear teeth in contact and the overall meshing stiffness are found.
Section 4 presents an example where stiffnesses found using the proposed approach is used in
a planetary gearbox of a wind turbine. Finally a generic gear tooth geometry determination in
parametric form is presented in the appendix.

2 Parametric geometry description
The ISO pro le gear geometry is controlled by the cutting tools outer pro le design as presented
in Figure 1. The standard pro le is de ned by connected curve segments (arc of circles and
straight lines). A procedure for nding the curve segments can be found in [5, 6] and in the
appendix of the present paper.
The gear tooth contact geometry is the envelope de ned by rotating and simultaneously

translating the straight side of the cutting tool. For this segment we know that the envelope
corresponds to the involute shape, which for the curve given in Figure 3 is given as a function
of s by

{
x(s/rb)
y(s/rb)

}
=

[
cos(s/rb) − sin(s/rb)
sin(s/rb) cos(s/rb)

]{
rb
−s

}
(1)
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where rb is the base circle radius, the parameter s is the base circle arc length which is directly
related to the involute arc length. The base circle radius is given by

rb = M
z

2
cos(α) (2)

where z is the number of gear teeth.
We may use (1) as a speci c alternative to the general parameterization presented in the

appendix.

x

y

s/rb

rb

Base circle

Involute

s

rc Fc

Figure 3: Base circle and involute geometry, the angle is de ned by the base circle arc length s. An arbitrary
contact load Fc is shown to be perpendicular to the involute shape.

The present papers primary objective is nding the tooth stiffness as a function of the loading
point on the gear. In [11] the load position is de ned by a pro le parameter de ned as

ξ =
z

2π

√
r2c
r2b

− 1 (3)

where rc is the distance from the gear center to the contact point (see Figure 3). We directly see
that

s =
√
r2c − r2b (4)

ξ = s
z

2πrb
=

s

πM cos(α)
=

s

sd
(5)

here we have de ned the contact pitch sd = πM cos(α), this distance is only a function of the
pressure angle α and the module.
The stiffness will in the present paper be given as a function of the base circle arc length s,

from (16) and (5) follows that it can directly be scaled to be given as a function of rc or ξ. The
base circle arc length is directly related to the involute arc length. The involute arc length, L,
measured from the base circle to the point de ned by s is given by

4
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L =
s2

2rb
(6)

the squared s is therefore a direct involute arc length measure.
Assuming that the tooth involute is given then the stiffness also depends on the gear width

but we may de ne a stiffness per width. The stiffness is however not only a function of the
contact point position on the involute, the stiffness also depends on the remaining tooth part
which is de ned by the cutting tool top and the pro le shift ps. This is described in the following
section.

3 Gear tooth stiffness
The stiffness of a structure related to a given load is usually in the linear case de ned as the load
Fc divided by the corresponding load displacement dc.

Kg =
Fc

dc
(7)

The main problem with this de nition is that in many cases the displacement does not have
a clear and unique de nition. To avoid this we will de ne the stiffness from the total elastic
energy U (sum of strain energy Uε and stress energy Uσ). Often the stress energy is referred
to as the complementary elastic energy. For the linear case we have that Uε = Uσ = U/2.
Assuming that we only have one set of loads, that scales proportional to the total load Fc the
corresponding stiffness is given by

U = Fcdc = Fc
Fc

Kg

⇒ Kg =
F 2
c

U
(8)

This way of establishing the stiffness is also used in relation to bolt plate stiffness in [8–10].
In [11] the elastic energy is also used as a direct stiffness measure. They assume the tooth to
be equivalent to a cantilever beam clamped at the straight line that is perpendicular to the tooth
center and at the same time tangent to the dedendum circle. They further assume that the tooth
side is de ned by the involute part, i.e., they neglect the root design, nally the load is moved to
the tooth center line so that simpli ed formulas for the complementary elastic energy of a beam
can be used. The elastic energy is found from an analytical expression of the elastic energy that
includes the energy related to the shear force, i.e., there analysis corresponds to Timoshenko
beam theory.
In the present paper 2D FE analysis is used for nding the elastic energy. The FE calculation

is performed using the COMSOL program ( [21]). Assuming linearity we can apply a unit load
and the stiffness is then directly given as the inverse of the total elastic energy. In the FE
calculation of the elastic energy plane strain is assumed.

3.1 Stiffness of a single gear tooth
In the transmission of power there is always at least one set of teeth in contact and as such
the combined stiffness of the two teeth is what we need for, e.g., multibody simulations of a
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gearbox. Having found the stiffness of a single tooth as a function of the contact load position
the combined stiffness can be established, as discussed in the next section.
The computations are performed with the same spur gear set as used in [11], the data used

are

z1 = 21, z2 = 49, M = 4mm, b = 20mm

i.e. no pro le shift is used so that αw = α = π/9 (see (10)). The gear width is given by b, the
width is not involved in the FE calculations but used for the speci c stiffness values shown.

Contact width

The rst problem of de ning a unique stiffness function for a tooth is that the stiffness is a
function of the load size because the contact width changes as the load size change. To examine
this effect we, in the initial case, clamp the tooth at the root as was also the case in [11]. In
Figure 4 the pinion gear single tooth of the pinion (z1 = 21) and the wheel (z2 = 49) are shown,
the difference in shape is clear.

a) b)

Figure 4: Single tooth clamped at the root for two different size gears (M = 4mm). a) 21 teeth gear. b) 49 teeth
gear.

It is a valid assumption that the contact stress acts as a Hertzian stress, and we know the
radii of curvature; these are s1 and s2, see Figure 5.
Idealized, the contact point of two gears follows the straight line of action. The line of

action is the tangent to both base circles. The sum of the two arc length parameters s1 and s2 is
therefore a constant sc, see Figures 3 and 5.

sc = s1 + s2 = (rb1 + rb2) tan(αw) (9)

where rb1 and rb2 are the base circle radii of the two gears and αw is the transverse pressure
angle found from the iterative solution of

ps1 + ps2 = (z1 + z2)
inv(αw)− inv(α)

2 tan(α)
(10)

with the involute angle de ned as
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Gear 1 Gear 2

rb1 rb2

s1

s2

sc

Line of action

αw

αw

Figure 5: Basic gear geometry, the dot indicates a contact point.

inv(θ) = tan(θ)− θ (11)

If there is no pro le shift (ps1 + ps2 = 0) then αw = α.
Using Hertz theory the contact zone half width, a, is then given by

a ≈
√

4

π
(m1 +m2) ·

√
Fc/b ·

√
s1 − s21/sc = C ·

√
Fc/b ·

√
s1 − s21/sc (12)

m1 = m2 =
1− ν2

E
(13)

whereC is a constant depending on the gear material (E is modulus of elasticity and ν Poisson’s
ratio, here we assume the same material for both gears). Alternatively we can nd the half width
as a function of the maximum pressure in the contact.

a ≈ 2(m1 +m2)(s1 − s21/sc) · pmax (14)

From (12) it is seen that the contact width change along the contact line due to the change
in value of s1 and from (14) we see directly the dependence on the load size.
To exemplify the tooth in Figure 5a is used. The load is assumed to act at the pitch point

(s1 = sp1), this point is well de ned when no pro le shift is used.

sp1 = rb1 tanα (15)

A gear with 21 teeth can usually mesh with gears from 17 to 147 teeth. With the material
data E = 2.1 ·105N/mm2 and ν = 0.3, and setting the maximum pressure to pmax = 1500MPa
we nd a contact half width range, a ∈ [167μm : 326μm]. In Figure 6 the tooth stiffness (from
FE analysis) is shown as a function of the half width.
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Figure 6: Stiffness of single tooth (Figure 5a) as a function of half the contact width. The load center is at the
pitch point (assuming no pro le shift).

In [11] the load size is de ned as Fc = 1000N, with this load size we nd a = 74.5μm
corresponding to as stiffness of

K1(sp1) = 9.33 · 105N/mm (16)

Although it is clear that the stiffness depends on the contact zone width in a non-negligible
way the remaining part of the paper use a = 74.5μm. By doing this the in uence from the
contact width is neglected, i.e. an average contact width is assumed. The reason for using this
assumption is that the width is a function of; the load size, the number of teeth on the gears in
the mesh, the position on the line of action and a possible pro le shift. This makes a generic
stiffness function evaluation dif cult.
In order to validate the result in (16) a rough estimate based on timoshenko beam theory

is made, in [11] this was also the preferred method for calculating the elastic energy. With the
load acting at the pitch point we can estimate the stiffness by a cantilever beam with dimension,
length 1.25M , height πM/2 and width 20mm. The stiffness found is 9.7 · 105N/mm, which is
in close correlation with the result in (16).

Boundary condition

The second problem of de ning a unique stiffness function for a tooth is the boundary condition
applied. In the previous shown cases we clamped the tooth at the root which is a common
assumption found in the literature. The stiffness is not only controlled by the tooth shape itself
also the rim (or ring) thickness has a non-negligible in uence. In [22] the rim is included in
the stiffness evaluation of internal gears. In the present paper we estimate the in uence from
the rim thickness by using a model where the teeth are attached to a rim with thickness rt. In
Figure 7 part of a one tooth and a three teeth model is shown. In the gure the full rings that
are used in the FE calculation are not shown. In the FE calculations results presented in Figure
8 the inside of the rim is clamped and the load is applied at the pitch point as done previously.
In Figure 7 the rim thickness is equal to the tooth module. By varying the rim thickness the

stiffness presented in Figure 8 is found, the rim thickness is normalized by the tooth module.
From the results it is clear that a one tooth model is suf cient for the stiffness estimation. That
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a) b)

Figure 7: Part of geometry model here with a rim thickness rt = M . 1) One tooth model. b) Three teeth model.

the rim can not be neglected from the calculation is also evident. A larger rim thickness gives
larger distance to the clamped rim surface and therefore a smaller stiffness.

0 2 4 6

4

6

8

10
K1(sp)/(10

5N/mm)

rt
M

1 tooth model

3 teeth model

Figure 8: Stiffness of single tooth (Figure 5a) as a function of rim thickness. The load center is at the pitch point
(assuming no pro le shift).

For practical examples the actual gear rim thickness should be included in the calculation
of stiffness. In Figure 8 it is seen that the stiffness is decreased signi cantly for large values of
rim thickness, this is due to the relative small radius of the clamped boundary condition, which
probably do not have a practical relevance.
In gure 9 a strain energy density colour and contour plot is given, indicating that the one

tooth model is suf cient. From the gures is can also be concluded that the tooth stiffness is not
in uenced by a neighbouring tooth being engaged.

Stiffness as a function or contact position

Before the stiffness as a function of contact point can be established a rim thickness must be
de ned. For the problem at hand with pinion (21 teeth) and wheel (49 teeth) we select to use
input shaft diameter 50mm and output shaft diameter 65mm, these diameter values have been
selected from [23]. Moving the load along the tooth involute the stiffnesses presented in Figures
10a and 10b are found. We notice the rather high actual stiffness variation, i.e. the difference in
stiffness from lowest to highest value relative to the lowest value is over 100%.
The stiffness is seen to have an almost parabolic dependence on the base circle arc length s.

The stiffnesses are in Figures 11 and 12 presented as a function of s2.
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a) b)

Figure 9: Illustration of the distribution of strain energy density. a) Colour plot. b) Contour plot.
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Figure 10: Stiffness of single tooth as a function of contact point position. a) 21 teeth gear (Figure 5a). b) 49 teeth
gear (Figure 5b)
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Figure 11: Stiffness of single tooth (Figure 5a) as a function of squared contact point position and linear curve- t.

In the gures a linear curve- t to the stiffness variation is also given. These linear curve- ts
in the squared s1 and s2 parameters are
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Figure 12: Stiffness of single tooth (Figure 5b) as a function of squared contact point position and linear curve- t.

K1(s1) = (−8.844 · 102 · (s1/mm)2 + 7.776 · 105)N/mm (17)
K2(s2) = (−2.574 · 102 · (s2/mm)2 + 7.589 · 105)N/mm (18)

These two curve- ts are used in be following sections. In Figure 13 the loading of a tooth
in the 49 teeth gear is shown for the case where the load acts very close to the tip.

a) b)

Figure 13: Illustration of the distribution of strain energy density of a tooth loaded close to the tip for the 49 teeth
gear. a) Colour plot. b) Contour plot.

3.2 The combined stiffness of two gear teeth
The combined stiffness of two gear teeth, Kc directly follows the results from the previous
section. The combined stiffness can be given as a function of either s1 or s2, since the sum of
s1 and s2 is known (9).

Kc(s1) =
1

1

K1(s1)
+

1

K2(sc − s1)

, Kc(s2) =
1

1

K1(sc − s2)
+

1

K2(s2)

(19)
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The boundaries for one pair contact can be given relative to either the arc length s1 or s2,
here they are presented by the s1 parameter. The limits are

s1min = sc − s2max = sc −
√

r2a2 − r2b2 (20)

s1max =
√
r2a1 − r2b1 (21)

where ra1 and ra2 are the tip radii of the two gears. Using the present example we nd

sc = 0.14 tan(α), s1min = 7.0986mm, s1max = 23.629mm

Using (17) and (18) in (19) the stiffness of the two gears in contact is found. The combined
stiffness is for this example seen to vary within 25%.

6 10 14 18 22
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Kc/(10
5N/mm)
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mm

Figure 14: Combined stiffness of two gear teeth in contact.

3.3 Mesh stiffness
With two spur gears we typically have a contact ratio between 1 and 2, the contact ratio being
the average number of teeth pairs in contact. It is therefore also possible to nd the combined
stiffness over the full contact region, i.e., with both one and two pairs of gear teeth in contact.
Therefore we also directly can nd the load sharing ratio. This is due to the fact that the contact
point has a constant speed along the line of action, i.e. when two sets of teeth are in contact they
act as two springs in parallel. The load sharing ratio is therefore directly given by the individual
stiffness relative to the total stiffness, i.e. the load sharing ratio is the ratio of contact force on
one gear tooth to the total contact force in the gear contact.
If one gear tooth pair is in contact we assume the stiffness to be Kc1 if two gear teeth pairs

are in contact we have the stiffnesses Kc1 and Kc2 . The gear contact with two contact points is
illustrated in Figure 15. The stiffnesses of the involved four teeth are K1 to K4 (all stiffnesses
are functions of the position but for simplicity the indication is dropped in the subsequent equa-
tions). The stiffnesses K1 and K3 are associated with Gear 1 and stiffnesses K2 and K4 with
Gear 2.
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Gear 1
Gear 2

K1

K2

K3

K4

sd

rb1

rb2

Figure 15: Illustration of two gear teeth pair contact, the two dots are the contact points. The stiffnesses K1 and
K3 are associated with Gear 1 and stiffnessesK2 andK4 with Gear 2.

The contact point stiffnesses are

Kc1 =
1

1

K1

+
1

K2

, Kc2 =
1

1

K3

+
1

K4

(22)

The total mesh stiffness isKg = Kc1 +Kc2 and the load sharing ratio’s are

R1 = Kc1/Kg, R2 = Kc2/Kg (23)

The transition point from one to two pair contact is controlled by the distance between the
contact points sd (the contact pitch).
The boundaries for one or two pair contact are given in (20) and (21). The contact regions

are therefore de ned by

s1min �s1 � s1max − sd ⇒ Two pair contact ⇒ R1 = Kc1/Kg

s1max − sd �s1 � s1min + sd ⇒ One pair contact ⇒ R1 = 1

s1min + sd �s1 � s1max ⇒ Two pair contact ⇒ R1 = Kc1/Kg

From the previous eq. the contact ratio is given by

εα =
s1max − s1min

sd
(24)

The mesh stiffness for the two gears (21 teeth and 49 teeth) can now be found. The result is
presented in Figure 16.
Finally in Figure 17 the load share ratio for the gear mesh is shown.
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Figure 16: Mesh stiffness of two gears, which shows the discontinuity due to number of teeth in contact.

6 10 14
0.4

0.6

0.8

1.0

R1

s1
mm

Figure 17: The load share ratio.

4 Wind turbine example
A wind turbine planetary gearbox is illustrated in Figure 18. The relevant data for the gear teeth
are

zs = 21, zp = 36, zr = 93, M = 10mm, b = 210mm

the subscripts correspond to; sun gear, planet gear and ring gear.
With the planet carrier as the input and the sun as output (the ring xed) we have a gear

ratio of 5.43. With the selected number of teeth on the planet and ring we have avoided the
possibility of involute, trochoid and trimming interference. The input shaft diameter is 300mm
and the output shaft with the sun gear mounted has a diameter 170mm. The ring gear rim
thickness is 50mm. The sun gear tooth stiffness is found as presented in previous section, and
this also holds for the ring gear with the exception that here the teeth are on the inside and the
clamped boundary is on the outside. For the planet gears we have a slightly different situation
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Figure 18: Illustration of planetary gear, with three planet gear connected to the carrier.

since they function as idle gears. However this will not change their stiffness signi cantly so
the stiffness is found as for the sun gear, the planet gears center hole diameter is 200mm.
The individual teeth stiffnesses found are

Ks = (−1.752 · 103 · (ss/mm)2 + 9.607 · 106)N/mm (25)
Kp = (−7.437 · 102 · (sp/mm)2 + 8.441 · 106)N/mm (26)
Kr = (3.930 · 102 · (sr/mm)2 − 2.909 · 106)N/mm (27)

The mesh stiffness estimation follows the description from the previous section with some
minor differences. For the contact between the internal gear (ring) and the external gear (planet)
the constant parameter sc is de ned by

sc = sr − sp = (rb2 − rb1) tan(αw) (28)

and the minimum and maximum values are

s1min = s2min − sc =
√
r2a2 − r2b2 − sc (29)

s1max =
√

r2a1 − r2b1 (30)

The meshing stiffness for the sun/planet and planet/ring contact is given in Figures 19a and
19b. The difference in the contact ratio is directly seen. The contact ratio’s are

εαsun/planet
= 1.631, εαplanet/ring

= 1.936

In the simulation the following mass moments of inertia are used

Is = 1173Kgm2, Ip = 12.6Kgm2, Icarrier = 3000Kgm2

the relative high value for the carrier is due to the added inertia from blades and rotor, the
high value for the sun is due to the secondary gear steps and the generator. The simula-
tion is initiated from constant speed and with a constant input and output torque, i.e. ini-
tially no teeth are loaded. One simulation is performed with assumed constant stiffness of the
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sun/planet and planet/ring contact, the used values are Kc(sun/planet) = 4.719 · 106N/mm
and Kc(planet/ring) = 5.529 · 106N/mm, i.e. the stiffnesses corresponds to the real stiff-
nesses mean values. In the second simulation we let the stiffnesses vary as shown in Figure 19.
A viscous damper is added to each spring, the damping coef cient used is c = 102Ns/mm. To
illustrate the in uence from the discontinuous nature of the stiffness we in Figure 19c plot the
angular speed of a planet gear.

a) 20 30 40
3

4

5

6
Kc/(10

6N/mm)

ss
mm

b) 30 40 50
3

4

5

6
Kc/(10

6N/mm)

sp
mm

c) 0.00 0.04 0.08 0.12 0.16 0.20

−4.56

−4.54

−4.52

−4.50

ωplanet/(rad/s)

t

s

Variable teeth stiffnesses

Constant teeth stiffnesses

Figure 19: a) Mesh stiffness of the sun/planet gear contact. b) Mesh stiffness of the planet/ring gear contact. c)
Angular speed of planet gear when appling constant meshing stiffness and when using the stiffnesses shown in a)
and b). A zoom of the angular speed variation using constant stiffness is shown in Figure 20.

In Figure 20 the result for constant meshing stiffness is shown alone. The in uence from
the true stiffness compared to a constant stiffness is seen directly. From the gures we see that
the variation in the angular speed is damped out if constant stiffness is used whereas for the
real stiffness variation we see abrupt changes each time there is a discontinuity in the meshing
stiffness, i.e. the jump in the stiffness of each gear contact is the source for the transient response
seen in Figure 19c.

5 Conclusion
The paper presents a method for estimating the stiffness of individual gear teeth as a function
of the contact point position. The stiffness evaluation if performed using FE analysis, and the
stiffness is evaluated using the elastic energy and the applied load. By using the elastic energy
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Figure 20: Angular speed of planet gear with constant gear teeth stiffnesses.

a consistent stiffness evaluation is possible without the use of displacement. Two factors are
found to have a major in uence on the stiffness value. The gear rim thickness must be included
for estimating the teeth stiffnesses. The load size should also be included because the load size
in uences the contact length (Hertzian theory), and the contact length has a direct in uence on
the stiffness. With an increased rim thickness the stiffness is reduced while an increased contact
length increases the stiffness. In the present paper we have selected a given value for the contact
length and hereby neglected the non-linear effect coming from the load size.
The full gear tooth geometries are used in the FE calculations, and a parametric tooth shape

derivation is presented. The FE analysis shows that a model including the gear rim and a single
tooth attached to the rim is suf ciently accurate for nding the tooth stiffness.
With the individual teeth stiffnesses in a gear mesh found the overall meshing stiffness

can be found. The individual teeth stiffnesses are found in all cases to be almost linear when
expressed in the involute arc length of the teeth. This leads to rather simple expressions for
the meshing stiffness. The paper ends with a multibody simulation example of a wind turbine
planetary gearbox. The meshing stiffness discontinuous nature is found to have a non-negligible
in uence on the simulations.
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Appendix
As shown in [5, 6] for any curve de ned in parametric form as

x = M · f(t) (31)
y = M · g(t) (32)

whereM is the tooth module, we may nd the corresponding resulting shape on the gear. The
derivation is repeated here for completeness. The x and y coordinates refers to the coordinate
system of Figure 1.
The resulting gear form can be found from the envelope of these curve segments. Rotating

and translating the curve segments around the gear blank gives the parameterization

{
x(t, θ)
y(t, θ)

}
= M

[
cos(θ) − sin(θ)
sin(θ) cos(θ)

]{
f(t)− θ · z/2
g(t)− z/2− ps

}
(33)

where z is the number of teeth and ps is a possible pro le shift factor, the boundaries for t
depends on the curve segment. The parameterization (33) is a set of curves controlled by two
parameters, t which describes the position along the curve and θ that describes the curve trans-
lation and rotation. The envelope of (33) is determined by differentiating (33) with respect to t
and θ and demanding that these two vectors are aligned, i.e., that

dx(t, θ)

dθ

dy(t, θ)

dt
− dy(t, θ)

dθ

dx(t, θ)

dt
= 0 (34)

By solving (34), θ(t) is determined as a function of t. We nd

θ(t) =
2

z

(
g′(t)
f ′(t)

(g(t)− ps) + f(t)

)
(35)

where g′(t) and f ′(t) are the derivative with respect to t. This function can then be put back
into (33) to describe the envelope analytically in parametric form.
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For a straight cutting tool segment that lies between the two points (x1M, y1M) and (x2M, y2M)
we have

f(t) = (1− t)x1 + tx2, f ′(t) = x2 − x1, t ∈ [0 : 1] (36)
g(t) = (1− t)y1 + ty2, g′(t) = y2 − y1, t ∈ [0 : 1] (37)

this gives

θ(t) =
2

z

(
y2 − y1
x2 − x1

((1− t)y1 + ty2 − ps) + (1− t)x1 + tx2

)
, t ∈ [0 : 1] (38)

The remaining cutting tool segments are the arc of a circle and singular points. For an arc
segment with a radius rA and a center (xAC , yAC) we have

f(t) = xAC + rA cos(t), f ′(t) = −rA sin(t), t ∈ [αs, αe] (39)
g(t) = yAC + rA sin(t), g′(t) = rA cos(t), t ∈ [αs, αe] (40)

this gives

θ(t) =
2

z
(− cot(t)(yAC − ps) + xAC))) , t ∈ [αs, αe] (41)

For a point (xp, yp) we directly have

{
x(t)
y(t)

}
= M

[
cos(t) − sin(t)
sin(t) cos(t)

]{
xp − t · z/2
yp − z/2− ps

}
(42)

The entire gear contour is now determined from the different envelopes of the curve cutting
tool curve segments. The presented gear boundary derivation in analytical form can be applied
to any tool design; if the segments are given by analytical functions, i.e. f(t) and g(t), then the
gear boundary is also given analytically by the use of (33) and (35).
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Abstract

We propose algorithms for developing (1) a rigid (constrained) and (2) a flexible planetary gearbox
model. The two methods are compared against each other and advantages/disadvantages of each
method are being discussed. The rigid model (1) has gear tooth reaction forces expressed by Lagrange
multipliers. The flexible approach (2) is being compared with the gear tooth forces from the rigid
approach, first without damping and second the influence of damping is examined. Finally, variable
stiffness as a function of base circle arc length is implemented in the flexible approach such that
it handles the realistic switch between one and two gear teeth in mesh. This improvement is then
tested on a realistic planetary gearbox in a 500 kW wind turbine [15] with profile shift. It can be
concluded that both approaches are fully usable.

1 Introduction

Many researchers/engineers consider not only the gearbox itself but also the system it is part of.
Of particular increasing interest are wind turbine gearboxes, because new wind turbines are large
and gearboxes are one of the most expensive and critical components. By analysing the whole
drivetrain as a system, it is possible to simulate the dynamics of bearings, gear wheels, shafts and
generators, i.e. stators and rotors. In [21] three types of multibody wind turbine drivetrain models
have been implemented using the multibody software package DADS. It is found that adding
bearing flexibility is important for an accurate prediction of the eigenfrequencies.
The disadvantage of modelling a large system, i.e. the whole drivetrain or even the dynamics of
the whole windturbine, is that the complexity increases. Modelling large systems should not be an
issue, when using most commercial multibody software tools. The commercial multibody software
package Adams/View (MSC software) is used in [8] to investigate best practices for gearbox bush-
ings in wind turbine drive-trains. Other people combine their own gear programs into commercial
tools. This approach is made in [22, 10] where an aeroelastic tool is used to model a bigger system,
i.e. a whole wind turbine including flexibility of the blades and tower with turbulent inflow.
In this article we present algorithms that are implemented in Matlab and can therefore serve as
inspiration to others. Focus is on the planetary gearbox without modelling the system it is part of,
i.e. how the gearbox is connected to motors/generators etc. The models are presented with results
using simplified and realistic loads. For the latter, we look at a planetary gearbox of a 500 kW
wind turbine and use loads calculated by the aeroelastic and industry-accepted tool FLEX5 [28].
For additional details of the experimental validation of this particular 500 kW gearbox, including
the rigid multibody approach, see [15].

1.1 Multibody modelling

Introductions to the field of planar and spatial multibody dynamics are given in [18, 23, 11, 7, 1].
A mechanical system is defined in [18] as a collection of bodies or links, which relate one body to
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the other. Bodies in these systems are connected by joints and/or force elements like actuators,
springs and dampers. Mechanics is defined as the branch of analysis which involves the study of
motion, time and forces on objects. The classical approach to solving the equations of motion for a
constrained mechanical system is to solve equations for an index 3 Differential Algebraic Equation
(DAE) system (see e.g. [9]). The n differential equations coupled with m algebraic equations is
written ⎧⎨⎩Mq̈−ΦT

qλ = g, Φq =
∂Φ

∂q

Φ(q, t) = 0

(1)

Where M ∈ R
n×n is the mass/inertia matrix, q ∈ R

n is a vector of cartesian coordinates, Φq ∈
R

m×n is the Jacobian of the Φ(q, t) ∈ R
m kinematic constraint equations, λ ∈ R

m are the the
Lagrange multipliers and g ∈ R

n are the external body forces applied in the global reference
system, affecting the origin of the local coordinate system of corresponding bodies.
The local coordinate system is usually located in the center of mass, because this is a straight-
forward way to ensure a time-independent constant inertia/mass matrix. The vector Φ(q, t) is
a symbol of general rheonomous constraints because at least one of the constraints is explicitly
time-dependent. Geometrical constraints are used to fix the gears of the planetary gearbox, hence
Φ(q) = 0, which are scleronomous or time-independent. An example of a gear constraint for
external gears is

Φgear ≡ ρiθ̇i + ρj θ̇j = 0 (2)

where the radii for gear wheel pairs i and j is given by ρ and θ̇ denotes the angular velocity
of both gear wheels [18]. However, this constraint does not provide any realistic reaction forces
because there’s no coupling to translational degrees-of-freedom (DOF). Both methods described
in this article provide a realistic coupling between rotational (for transforming the torque between
bodies) and translational DOFs.
In case of position constraint violations, different techniques have been proposed in the litterature,
e.g. [18, 26, 12]. One method is to use general coordinates classification / coordinate partitioning
methods (manual/automatic) [25]. The numerical error is reduced by only performing numerical
integration for the independent coordinates. After this step, the dependent coordinates are solved
using e.g. Newton-Raphson. This is generally very slow. Another method is to use an extension of
feedback control theory which modifies open-loop system equations such as ÿ = 0 to closed-loop
system equations such as ÿ + 2αẏ + β2y = 0 where α and β are positive constants [4]. This
approach is known as Baumgarte stabilization. The method is not perfect, but solves the problem
to a certain extent and is relatively easy to implement.
Various techniques for solving (1) were developed and are described by many authors in e.g.
[18, 2, 14, 6]. Constraints are expressed at acceleration level, to form equations of motion from the
DAE-system (1) into an ODE in the form given by [18]:[

M −Φq
T

Φq 0

]{
q̈
λ

}
=

{
g

γ − 2αΦ̇− β2Φ

}
(3)

The Baumgarte stabilization terms α and β are included, but can be ignored if there are negligible
constraint violations. In this work α = β = 0. By a proper selection of initial position, velocity
(q, q̇), constraints (Φ) and forces and moments on the right-hand-side (RHS), the equation system
(3) can be solved for the accelerations q̈. A time-integration scheme such as e.g. Runge–Kutta
can then yield the velocity- and position- vector of coordinates (q, q̇) for all timesteps.

2 Methods

Both rigid and flexible multibody dynamics are specifically concerned with analysis of bodies
undergoing large displacements (both rigid body motion and elastic deformations). For general
formulations of flexible multibody systems see [24, 7] and references therein.
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The following illustrates how to calculate the length between points from two different objects/-
bodies, using two different local coordinate systems i and j:

l = rj +Ajs
′
j − ri −Ais

′
i A2D =

[
cos θ − sin θ
sin θ cos θ

]
A3D =

[
x y z

]
(4)

where r is a vector in the global system to the local coordinate system, A is a transformation
matrix from local to global coordinates and s′ is a vector in the local coordinate system. The
primed vectors are all in the local coordinate system, e.g. ω′ and vectors without a prime, e.g. ω,
r or s are defined in the global coordinate system. The full transformation matrix in 2D is explicitly
shown due to its simplicity. In 3D the expression for obtaining the coordinates of the matrix A3D,
depends on the parameterization used, e.g. Euler parameters (quaternions), Euler angles or Bryant
angles etc. Only the orthogonal unit vectors (x,y, z) are shown in the 3D transformation matrix
and these unit vectors can be obtained with different algorithms, see e.g. [18].

2.1 Connecting bodies, rigidly and flexibly

With a kinematical description of a joint, i.e. using a constraint formulation, no flexibility exists in
the joint and the joint acts as a rigid connection. But if the constraint (Figure 1a) is removed and
replaced by a force pair (Figure 1b) then the effect of how e.g. springs and dampers affect the two
connecting bodies can be programmed. The mathematically most simple joint between bodies i
and j is a spherical joint, which is illustrated in Figure 1a and described as Φs : ri +Ais

′
i − rj −

Ajs
′
j = 0. The constraint equations ensures that two points measured from body i and j coordinate

systems coincide because l = 0. From optimization theory, Farkas lemma guarantees the existence
of Lagrange multipliers λ [3] which can also be interpreted as fictive forces or moments. The
spherical joint can be transformed into a flexible connection by removing the joint and replacing
it with a force element.

x

y

ri

θi

rj

s′i
s′j

θj

ξi

ηi

ξj

ηj

rp

(a) Spherical joint: A rigid/contrained connection.
At the joint, l = 0, see equation (4). The angle θ
is measured from global (x, y) to local reference of
frame (ξ, η).
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(b) Joint removed and added a force element
(spring, damper or actuator). Bodies i and j are
pulled towards each other by the forces Fi and Fj,
acting at a distance of si and sj.

Figure 1: Illustration of difference between a rigid and a flexible connection for bodies i and j.

When a rigid multibody model is changed into a model where some of the constraints are formulated
by use of force elements (springs/dampers/actuators), the idea is to remove constraints from Φ and
instead formulate equations that explicitly describe the forces or moments acting on the affected
bodies. This reduces the number of rows in Φq and λ. Replacing constraints with force element
contributions means that the g-vector in (3) is modified. For instance body i could have an external
force vector of gi = [fx, fy, n]

T
i where fx and fy is the sum of horizontal and vertical external body

forces, while n is the sum of moments. A force element as shown in Figure 1b can be inserted by
changing the external force vector, e.g. gi = [fx + Fi,x, fy + Fi,y, n − si,yFi,x + si,xFi,y]

T
i , which

could be illustrated by either inserting a translational actuator, a spring or a damper. The forces Fi

3
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and Fj are in that way moved to the center of the local reference of frame together with the torque
which is calculated as: n = s× F. Extending the formulation to include element/body flexibility
is described in e.g. [20, 23]. Another description of flexibility effects in multibody systems is given
in e.g. [13], which describe approaches for connecting rigid bodies for elastic straight and taper
segments subject to extension, torsion and bending.

2.1.1 Implementation details of using force pairs

If a spring is inserted between the two bodies, the corresponding joint constraint should obviously
be removed. The individual extra RHS force contribution to the g-vector in (3) becomes the
scalar value of ΔF =k(l− l0), where l is the deformed spring length cf. Equation (4), l0 is the
undeformed spring length and k is the spring stiffness. Body i and j would sense the opposite force
of each other as shown in Figure 1. Rigid spherical or revolute joint connections between bodies
can be transformed into flexible damper/spring connections using the approach described above.
The damping force is ΔF = dl̇ where d is the scalar damping coefficient and the derivative of the
length calculated from Equation (4) is

l̇2D = ṙj + θ̇jBjs
′
j − ṙi − θ̇iBis

′
i where: B =

[− sin θ − cos θ
cos θ − sin θ

]
l̇3D = ṙj + ω̃jAjs

′
j − ṙi − ω̃iAis

′
i where: ω = Aω′ = A{ωξ ωη ωζ}T (5)

The skew-symmetric matrix of a vector is a 3 × 3-matrix and for ω it is ω̃. A useful method of
calculating the cross product between two vectors is to multiply the skew-symmetric matrix of the
first vector with the second vector, e.g. ω̃s = ω × s. The skew-symmetric matrix for e.g. the
vector of local angular velocities ω′ is

ω̃′ =

⎡⎣ 0 −ωζ ωη

ωζ 0 −ωξ

−ωη ωξ 0

⎤⎦ (6)

2.1.2 Constraints used for both models

Consider Figure 2 which shows the two fundamentally different approaches in this article for con-
structing a multibody planetary gearbox model with realistic reaction forces. The rigid approach
works using Lagrange multipliers (i.e. constraints) and the flexible approach works by using linear
springs and dampers with details described in section 2.3. Linear in the sense that the gear tooth
penetration depth is measured along a line acting normal to the tooth surface.
The constraints which constitute the kinematic/geometric/algebraic equations of the model must
rigidly connect bodies and ensure that: The center of most bodies is fixed to either the ground, i.e.
sun, ring and carrier or to another body i.e. the planets. The planetary carrier connects ground
with other objects such as the planets themselves. When more than two planets are used, the
center of the planetary carrier is also the center of mass of the sun or the ring gear (these mass
centers are coinciding). For only a single planet, the carrier is modelled simply as a bar with one
end fixed to the global coordinate system origin while the other end is fixed to the planet. The
mass center for a carrier connecting only a single planet will be in the middle of the endpoints of
the carrier. Gear constraints make the wheels in the planetary gearbox rotate correctly. Focus in
this article is on comparing the two different approaches for modelling a planetary gearbox.

2.2 Rigid model

Figure 2 shows two versions of a 6-body multibody model, i.e. consisting of sun, ring, 3 planetary
gears and a planetary carrier. With 3 coordinates per body (2D) there are 18 DOF and with
6 coordinates per body (3D) there are 36 DOF. All 6 bodies are fixed at their mass center to
either ground or to the planetary carrier. In 2D this require 12 equations and in 3D it require
30 constraint equations. In addition the ring gear cannot rotate. Left is 5 DOFs but with 4 gear
constraints it means that once torque is applied to either body, all bodies will behave appropriately.
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(a) Rigid planetary gearbox model with 4 gear con-
straints and 1 rotational DOF. Planet 1 transfers
torque to/from the sun gear. Planets 2 and 3 can
only have 1 gear constraint (either to sun or to ring
gear) to prevent an over-constrained system.

(b) Flexible planetary gearbox model – all planets
are “active”. For illustrative purposes, the spring
and damper is shown in the tangential direction.
This is merely a projection of the real spring tooth
forces which work in the tooth normal direction.

Figure 2: Difference between rigid and flexible 6-body multibody planetary gearbox model.

The gear tooth normal, radial and tangential forces are shown in Figure 3a, which also shows the
path of contact as the tangent between two base circles (the green line). When two gear teeth
mesh the distance from gear centers to anywhere on the contact line, varies along the yellow line.
The gear loads depend on the transmitted torque and base radius.
Both illustrations in Figure 3 show that as the contact point (red dot in the illustrations) moves,
the radii to the contact point continuously change. Despite that the radii of the contact point
change, a fundamental property of involute gears is that the normal gear tooth force is always the
torque divided by the base gear radius ρb, i.e. Fn = M/ρb.
The effect of vibrations, size of teeth, material errors, lubrication, number of teeth in mesh at the
same time etc [16] have no influence in this model. One could also argue that contact ratio should
be implemented as a factor that reduces the gear tooth loads, because the contact ratio is defined
as the average number of teeth in mesh at the same time. But this has not been the focus area
here.

2.2.1 Description of rigid gear constraint

The problem when modelling a planetary gearbox with the simple gear constraint (2) is that only
the torque is transferred through the rotational coordinates. There is lack of gear tooth forces,
thus no physical reaction force contribution exists in λ, only torque. By considering an idealized
gear, the constraint (2) is changed into the following non-holonomic gear constraint

(Anvr)
T
[(
ṙi + ρiAiω̃i

′
vr

)− (ṙj − ρjAjω̃j
′
vr

)]
= 0 (7)

where vr is a unit vector between the center of both gears (see Figure 3b), An is a transformation
matrix (see (4)) that depends on direction of rotation (CW/CCW) such that the matrix product
(Anvr) becomes a unit vector in the tooth surface normal direction as shown in Figure 3b. The
gear constraint (7) is a dot product between a projection direction vector and a velocity vector
of the red tooth contact point shown in Figure 3. This constraint equation gives a reaction force
contribution because it includes all translational and rotational coordinates of involved bodies. It
also has a physical meaning in the tooth surface normal direction. The constraint equation (7) is
written completely out for 2D:
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α

ρb Fr

Ft

Fn

(a) Base (ρb), working and addendum circles. Path of
contact is yellow and the green line is tangent to the two
base circles (see e.g. [16]).

90◦ + α

90◦ − α

ACW
n vr

ACCW
n vr

vr

(b) Radial direction unit vector (seen from
the left gear) vr and two rotation-direction
dependent unit vectors Anvr (CW/CCW).

Figure 3: Illustration of gear tooth force components Fn, Fr and Ft, pressure angle α etc.

Φ̇2D : (An · vr)
T

[({
ẋi

ẏi

}
+ ρi(ωiv̂r)

)
−
({

ẋj

ẏj

}
− ρj(ωjv̂r)

)]
= 0 (8)

where the unknown translational coordinates are x, y and the rotational coordinate is ω while v̂r

is a rotated tangential unit vector. If the tangential unit vector vr = {vx, vy}T is rotated 90◦ it
becomes v̂r = {−vy, vx}T . In 3D we have

Φ̇3D : (Anvr)
T

⎡⎣⎛⎝⎧⎨⎩
ẋi

ẏi
żi

⎫⎬⎭+ ρiAi

⎧⎨⎩
ωi
ξ

ωi
η

ωi
ζ

⎫⎬⎭× vr

⎞⎠−
⎛⎝⎧⎨⎩

ẋj

ẏj
żj

⎫⎬⎭− ρjAj

⎧⎨⎩
ωj
ξ

ωj
η

ωj
ζ

⎫⎬⎭× vr

⎞⎠⎤⎦ = 0 (9)

It is easy to see that both for a 2D case with DOF for (ẋ, ẏ, ω) as well as for a 3D case with DOF
for (ẋ, ẏ, ż, ωξ, ωη, ωζ), all DOF’s are involved.

2.2.2 Equations of motion

Equation (3) is solved for the accelerations q̈ in each timestep and it is seen that Φqq̈ = γ. The
Jacobian submatrix Φq holds coefficients for the acceleration terms. It is therefore necessary to
collect coefficients for q̈ into the Jacobian (Φq). By using v̇ = ω × v, Equation (8) differentiated
becomes

Φ̈2D : (Anv̇r)
T (ṙi + ρiωiv̂r) + (Anvr)

T
(
r̈i + ρiω̇iv̂r + ρiωi

ˆ̇vr

)
−(Anv̇r)

T (ṙj − ρjωj v̂r)− (Anvr)
T
(
r̈j − ρjω̇jv̂r − ρjωj

ˆ̇vr

)
= 0 (10)

Equation (9) differentiated is (maximum 1 skewmatrix above symbols is used for cross products)

Φ̈3D : (Anvr)
T
(
r̈i + ρi

[
(Aiω̃

′
iω

′
i)× vr + (Aiω̇

′
i)× vr + (Aiω

′
i)× v̇r

])
−(Anvr)

T
(
r̈j − ρj

[
(Ajω̃

′
jω

′
j)× vr + (Ajω̇

′
j)× vr + (Ajω

′
j)× v̇r

])
+(Anv̇r)

T
(
ṙi + ρi(Aiω

′
i)× vr

)− (Anv̇r)
T
(
ṙj − ρj(Ajω

′
j)× vr

)
= 0 (11)

From these equations, LHS coefficients to the Jacobian matrix and RHS contributions to γ can be
found.
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2.3 Flexible model

All the rigid model constraints are kept in the flexible version of the multibody code except for
the gear constraints that are removed. Body centers still need to be centered and fixed to each
other correctly. This means that e.g. the planetary carrier is still fixed to planet gear wheel centers
and sun/ring gear wheel centers are still fixed to the ground. All gear constraints are removed
and replaced by force elements, as depicted in Figure 1. A linear spring and damper element is
implemented as shown in Figure 4 and the objective is to find an algorithm that calculates ΔF or
the tangential projection of it, which multiplied by the radius ρ is the torque.

Fi

Fj

βi 180◦ − βj

xj = θjρj

xi = θiρi

−xj

xi
dg

kg

Figure 4: Illustration of spring kg and damper dg between two gears for a simplified spring/damper
system. Gear tooth force is perpendicular to teeth surface.

2.3.1 Description of force element algorithm in the flexible model

For every planet in a planetary gearbox (e.g. see Figure 2), gs/p contain the sun/planet gear tooth
forces and moments and gp/r holds the planet/ring gear tooth forces and moments. Every pair
of sun/planet and planet/ring forces and moments consists of spring and damper forces/moments
such that g = g0 + gk + gd where g0 is the initial body forces and torque, gk is the forces
and torque from springs and gd is the force and torque from dampers (in the global reference
of frame). The total vector of external forces and moments for all bodies is modified such that
g = g0 +

∑
k gs/p + gp/r for k number of planets. This approach makes it easy to add/remove

planets in a systematic way because the algorithm is generic and modular.

From Figure 4 it is seen that for a 1D spring and damper, forces are proportional to either a
tangential distance interpreted as the penetration depth measured from the equilibrium position
or to an angular velocity difference (the time derivative difference in rotation speeds). These
equations have to be changed a bit, in order to calculate the forces in higher dimensions, i.e. a
transformation matrix is added. A 2D model is sufficient to illustrate the concept as this can easily
be implemented in a 3D model. First the tangential tooth penetration depth is found, then the
time derivative difference is found and finally the spring and damping coefficients are multiplied
and the force contributions are added together.

2.3.2 Calculation of forces and moments

The driver/carrier angle θd is the angle from the global x-axis to the local x-axis of the coordinate
system for the first planet. This angle has a corresponding rotation matrix Ad. Similarly, As/p(φ)
is a transformation matrix for the angle from the center of the sun to the center of the current
planet in mesh. Example: For the planetary gearbox in Figure 2, every sun/planet angle φ in
As/p(φ) is: φ1 = 0◦, φ2 = 120◦ and φ3 = 240◦ (insert the angles in (4) to obtain each of the
transformation matrices). There will be a loop that sums up all force contributions for all involved
planets. The gear tooth penetration depth lp is now given by the projection

lp = AdAs/pvn

[
ρbi(θi − θ0i − θd) + ρbj (θj − θ0j − θd)

]
, (12)
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where the unit tooth surface normal vector is:

vn =

{
sin(α)
cos(α)

}
(13) α

vn =

{
sin(α)
cos(α)

}

Unit tooth surface normal vector.

Figure 5: Unit vector in the penetration direction as a function of gear tooth pressure angle α.

In equation (12), θ0 is the initial angle at t = 0 seconds. Normally θ0 = 0◦ and if this is not the
case it means that the gear will start rotated in a position that is not the equilibrium position.
Additionally, ρb is the base circle radius for the involved body. The penetration depth is asso-
ciated with the stiffness properties (constant/linear/non-linear etc) of the gear(s). The “velocity
difference” is associated with the damping properties of the gear(s) and can be written

l̇p = AdAs/pvn

[
ρbi(ωi − ωd) + ρbj (ωj − ωd)

]
(14)

The absolute forces in cartesian coordinates are proportional to the spring/damping coefficients so
Fk = klp and Fd = dl̇p. Reaction forces are opposite of each other for bodies i and j.

Torque If v =

{
x
y

}
then v̂ =

{−y
x

}
is the same vector rotated 90◦ CCW and the tangen-

tial direction is expressed as a function of the radial unit vector: vt = v̂r. Therefore the scalar
tangential gear tooth force is the dot product: F k+d

t = v̂T
r (F

k + Fd) and the absolute torque is
M = ρwFt where ρw is the working circle radii. For gear wheels i and j the change on the RHS,
gFlex = gk + gd becomes

gFlex
i =

{−klp − dl̇p
−ρwi

F k+d
t

}
, gFlex

j =

{
klp + dl̇p
−ρwj

F k+d
t

}
(15)

The equations (15) are calculated twice as many times as there are planets, i.e. both for the
sun/planet and for the planet/ring connections and all the force contributions are added together.

2.4 Stiffness model with variable (multiple) teeth in mesh

The above assumptions rely on a simplification, where the multibody code knows nothing of the
current number of gears in mesh since the stiffness is given as a constant. Improved realism and
accuracy of the flexibly-connected model can be obtained by letting the stiffness be a function of
the rotation angles of the gears. The stiffness coefficients of gear teeth are generally non-linear
and a function of the point of contact and the size of the contact load, see e.g. [19]. The meshing
stiffness is the combined stiffness of two gears in contact. The number of gear teeth pairs in contact
is also changing, usually between one or two pairs in contact. This leads to discontinuities in the
meshing stiffness. The point of contact on a gear tooth can be given as a function of the base circle
arc length as shown in [19]. The base circle arc length s1 is also shown in Figure 6.
In the present paper we use the same method as described in [19] for extracting the stiffness as a
function of the base circle arc length s1. The FEM package Comsol Multiphysics [17] is used for
obtaining the stiffness coefficients. Other methods for including tooth stiffness are found in [5, 27].
Figure 7a and 7b show respectively the sun/planet and planet/ring stiffness. As soon as two teeth
are in mesh at the same time, the stiffness almost increases to the double. The figures can also be
used to calculate the contact ratio, i.e. the average number of teeth in mesh at the same time. It
can thus directly be seen that the planet/ring contact ratio is higher than the sun/planet contact
ratio. Introducing this kind of stiffness into the multibody program causes small “shock impulses”
which can decay fast or slow, depending on the amount of damping added.
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s2

x

y

rb1

s1

involute curve

rb2

αw

αw

β1

β2

Figure 6: Base circle arc length, s1 and s2 with involute curve shown on gear 1. The load from
gear 2 acts along the line of action. Base circle radii are denoted rb and working pressure angle is
αw. Angle from center to contact points are denoted β.
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(a) Sun/planet
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Figure 7: Stiffness as a function of the base circle arc length s (cyclic dependence).
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In order to obtain stiffness expressions we need to relate the rotation of the involved gears to the
defined stiffness variations. The gear rotations are defined by the variables θ1 and θ2. Since these
two rotations are unconstrained we define a mean value. The stiffness is defined relative to the
base circle arc length of gear number one, i.e. a mean value θ̄1 is defined as the mean value of the
actual θ1 and the value θ∗1 (the latter being the value that θ1 would have relative to the θ2 value
if a gear constraint was used instead):

θ̄1 =
θ1 + θ∗1

2
, θ∗1 =

−rb2
rb1

θ2 (16)

We also need to relate the change in angle Δθ1 to the change in base circle arc length Δs1 of the
contact point, using the simple linear relation

Δs1 = rb1Δθ1 (17)

An offset-adjustment Δθa is the relationship between the mean angle and the stiffness lookup-
values. The final relationship between gear angle and base circle arc length is

θs = θ̄1 +Δθa −N
2π

Z1
, θs ∈

[
0 ;

2π

Z1

]
(18)

s1 = θsrb1 + s1min (19)

where s1min is the minimum value of the arc length for the specific set of gears.

2.4.1 Without profile shift

For the given configuration used here the offset of the angles is the same for all planets. The
offset-adjustment for the sun/planet is:

Δθa =
−π

2Zs
+ tan(αws/p

)− αws/p
+ arctan

(
s1min

ρbs

)
(20)

The offset-adjustment for the planet/ring is:

Δθa =
π

2Zp
+ tan(αwp/r

)− αwp/r
+ arctan

(
s1min

ρbp

)
(21)

2.4.2 Including profile shift

Inclusion of profile shift, x1, means that all planets interacts with the sun and the ring at different
places, i.e. the discontinuity in the stiffness does not happen at the same time for all three planets
(see Figure 12a). An individual offset for all gear contacts is:

• Sun/planet:

Δθas/p =
1

Zs

(π
2
− 2x1s/p tan(αws/p

)
)
− tan(αws/p

) + αws/p
+

s1,min

ρbs
− arctan

s1,min

ρbs
(22)

Pl.1: Δθa = Δθas/p

Pl.2: Δθa = Δθas/p +
2π
3

Pl.3: Δθa = Δθas/p − 2π
3

• Planet/ring:

Δθap/r =
1

Zp

(π
2
− 2x1p/r tan(αwp/r

)
)
− tan(αwp/r

) + αwp/r
+

s1,min

ρbp
− arctan

s1,min

ρbp
(23)

Pl.1: Δθa = Δθap/r

Pl.2: Δθa = Δθap/r − 2π
3

Pl.3: Δθa = Δθap/r +
2π
3
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3 Results

Some simple test cases have been made using a fictive planetary gearbox with 20 teeth on the sun
gear, 40 teeth on each of the planet gears and (20 + 2 · 40)=100 teeth on the ring gear. No profile
shift is used. This teeth combination is specifically suitable for running simulations with parameter
variations based on the number of planets. For the teeth to mesh properly, the absolute number
of teeth on the sun and ring gears should be added together and also be a multiple of the number
of planets. The sum of 120 teeth therefore means that parameter variations can be made for 1, 2,
3 and 4 planets and the angle between all planets are equally distributed, i.e. 360◦ divided by the
number of planets. This can be seen in Figure 8. The results section is concluded with results for
a real planetary gearbox operating in a 500 kW wind turbine.

x

y

Figure 8: Matlab implementation of the rigid and the flexible planetary gearbox models.

3.1 Gearbox with 1-4 planets

The two types of models described above are implemented and compared against each other. A set
of input parameters are made for constructing low eigenfrequencies with large amplitudes, which
can easily be seen in a Matlab animation. We choose to have low eigenfrequencies with large
amplitudes because we want to visually look at the gear tooth animation and inspect if the tooth
penetration looks correct, before using realistic values into to model. The mass moments of inertia
therefore has to be very low. The number of bodies is equal to the number of planets plus the
planetary carrier and sun and ring gears.
Figure 8 is shown with 3 planets although there is space for 4 planets. Input torque is put on
the planetary carrier i.e. the driver. The carrier angle θd is measured from the global x-axis to
the local x-axis of the carrier. This local carrier x-axis is aligned in the direction of the center of
the first planet. The first planet always starts at 0◦, then the next planet is located at 360◦/p for
p number of planets and subsequent planets are placed evenly distributed in the CCW direction.
The initial position of the carrier is 0◦ so θd(t = 0) = 0◦ and a number of 5 second simulations
are carried out with driver input torque as shown in Table 1a. The mass moments of inertia of all
bodies are shown in Table 1b. Additional planets are added by repeating mass properties of body
2. The input torque is negative so the carrier will move in the CW direction and end up in the
position as shown in Table 1c. Without damping and with a constant stiffness coefficient of 500
[N/m], the deviation between the rigid and the flexible model is less than 1%, which is deemed
acceptable. The visual inspection of the tooth penetration phenomenon from the Matlab animation
shows that the model works as expected, with a cyclic harmonic motion. This is impossible to see
with realistic tooth stiffness.
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Time [s] Torque [Nm]
0-2 -4
2-5 0

(a) Carrier torque for simple example with k =
1000 N/m and d = 0 Ns/m.

Body Izz Desc.
1 0.123 Sun
2 1.97 Planet
3 77.1 Ring
4 0.15 Carrier

(b) The mass/inertia matrix [kg·m2].

Gearbox model
Planets Rigid Flexible ε [%]

1 -100.92◦ -100.25◦ 0.66
2 -58.73◦ -58.40◦ 0.56
3 -41.17◦ -40.96◦ 0.51
4 -31.69◦ -31.54◦ 0.47

(c) The final carrier angle θd (t = 5 sec) and rel-
ative difference ε in % between the two models.

Table 1: Matlab input parameters, description of bodies and results.

3.1.1 Gear tooth forces - rigid vs flexibly-connected model (1-4 planets)

For the rigid gear constraint, the reaction forces are already in the gear tooth surface normal
direction. For a dynamic system

Mq̈ = gext + greact ⇒ Mq̈−ΦT
qλ = gext (24)

the term −ΦT
qλ yields the reaction forces but only the gear tooth reaction forces are interesting.

The flexibly connected method doesn’t have Lagrange multipliers for the gear tooth reaction forces
and therefore it is necessary to implement some book-keeping that tracks the penetration depth
and penetration velocity if damping is included.
Figures 9a– 9d show the gear tooth forces, for producing the same results as provided in Table 1c.
The gear tooth force from the rigid model is compared with the flexible gear tooth forces, given
by the expression v̂T

r (F
k + Fd). To visually be able to clearly inspect the results in a Matlab-

animation, the frequencies are chosen to be low. This can be done by using low stiffness values.
Damping is not included initially.

The effect of using only a single planet is easy to understand (see Figure 9a). It can easily be seen
that after 2 seconds the carrier torque is removed and left is only a simple harmonic motion which
without damping will continue forever (this infinite harmonic behaviour will become even more
clear when the stiffness is increased by a factor 10 in the following section). By using numerical
integration in Matlab from 0–5 seconds, it can be seen that the area under the rigid/flexible
sun/planet curves deviates around 5%. The area under the planet/ring curves deviate approx 1%.
In other words, the antiderivative of the gear tooth force curve is approximately the same in either
case.
When using 2 or more planets (figures 9b- 9d), it is more difficult to assess the influence of how the
rigid gear constraint behaves in comparison with the flexible gear connection. In the rigid case, the
first planet behaves differently from the other planets while in the flexible case all planets behave
equally. This is true as long as no profile shift is used and as long as the initial rotation error is
inexistent. Planets 2-4 have 1 gear constraint on the sun gear as well as on the ring gear, causing
a single gear tooth reaction force two places. The flexible model yields gear forces everywhere but
they’re the same when no profile shift is used and with the same perfectly aligned initial conditions.
For this reason two subplots are shown for the simulation with 2-4 planets because the subplot for
planet 2 is the same for all following planets.
When 2 or more planets are used, it is easy to realize that the flexible gear connection is highly
recommended in favor of the rigid gear constraint. Physically the flexible method is more correct
when comparing with the rigid method. However, the latter is easier to implement, it is faster if
the stiffness is high and realistic and it doesn’t require any book-keeping at all.
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(a) 1 planet rigid/flexible comparison. The rigid
gear constraint provides a good “average” for gear
tooth force.
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(b) 2 planet rigid/flexible comparison. As shown in
Figure 2, only planet 1 has both gear constraints at
sun/planet and planet/ring.
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(c) 3 planet rigid/flexible comparison. The gear
tooth forces for planets 2 and 3 are the same, when
profile shift x = 0.
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(d) 4 planet rigid/flexible comparison. It can be
seen that the rigid gear constraint is a rough inac-
curate estimate of the flexible gear tooth forces.

Figure 9: Gear tooth forces for the rigid vs. flexibly-connected artificial planetary multibody
gearbox model with 1-4 planets.
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3.1.2 The effect of damping

The stiffness is now increased by a factor 10 so k = 5000 N/m and the number of planets is chosen
to be 3 which is deemed to be a typical case. Different damping coefficients are added but profile
shift is not used and perfect initial rotation angles as described in the previous section are used
again.
Table 10a in comparison with Table 1c shows that as the stiffness is increased the relative difference
between the two approaches decreases and in addition the amount of damping has little influence
on the relative movement of the carrier angle after 5 seconds. From basic theory of vibrations it is
known that for a 1-DOF spring-mass system, the natural frequency is

ω =

√
k

m
, k is stiffness, m is mass. (25)

If the mass is constant and the stiffness increases by a factor 10 the natural frequency is expected
to increase by a factor of

√
10 = 3.16 which also seems to be the case. We can estimate the half

period length with k = 500 N/m from Figure 9a- 9d and it is approximately 1.75 seconds. From
figures 10b- 10d the half period length is approx 0.55 seconds. The ratio between the two is very
close to 3.16, so the theoretical decrease in period length is confirmed as we increase the stiffness
by a factor of 10.

Gearbox model (3 pl, rigid θd =-41.17◦)
Damping Flexible θd ε [%]

0 -41.127◦ 0.104
10 -41.143◦ 0.067
20 -41.152◦ 0.044
30 -41.157◦ 0.031
40 -41.160◦ 0.023
50 -41.162◦ 0.019
60 -41.164◦ 0.015

(a) The final carrier angle θd and relative differ-
ence ε in % between the two models, when adding
damping.

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
4

2

0

2

4

Time [s]

G
ea

r t
oo

th
 fo

rc
e 

[N
]

Bodies: 6 (d=0)

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
4

2

0

2

4

Time [s]

G
ea

r t
oo

th
 fo

rc
e 

[N
]

Sun/planet 1

Planet 1/ring
Rigid s/p1

Rigid p1/r

Sun/planet 2

Planet 2/ring
Rigid px/r
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(c) Using damping coefficient, d = 30 Ns/m.
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(d) Using damping coefficient, d = 60 Ns/m.

Figure 10: Gear tooth forces for the rigid vs. flexibly-connected artificial planetary multibody
gearbox model for different damping coefficients.

After 2 seconds, Figure 10b shows the infinite harmonic motion of the gear teeth penetrating each
other. As long as no damping is included, the gear tooth forces are oscillating to an amplitude
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given by the penetration depth at t = 2 seconds, which is the moment where all external forces
and moments are removed. Only the inertia of the system keeps the planetary carrier rotating
and since no damping is involved, the energy of the system is preserved which can be seen by the
regular periodic oscillations.
Figure 10d illustrates the equilibrium condition where the stiffness and damping forces “locks up”
the gear teeth so after a while, the gears will end up moving in a steady and similar way as
the rigid model. This is something that is seen very clearly in e.g. a Matlab animation. With
damping gear teeth can rotate while penetrating each other (otherwise the spring forces would be
0). By analyzing the forces in the program, it can be seen that at exactly 2 seconds the gear teeth
penetration depth is not large, but due to inertia, the spring forces are at a maximum around 2.2
seconds. The damping forces are almost constant but decrease slightly from 2.2 to 5 seconds. The
result is that the sun/planet and planet/ring gear tooth forces end up at around ±2.3 N while the
planetary gearbox rotates as steady as in the rigid model with small (or no) acceleration jumps.
Equilibrium with no external forces mean that if the sun/planet force is 2.3 N then the planet/ring
force should be -2.3 N and if this is not the case, the planet will rotate in a non-ideal way which
is seen as a kind of rotation, which the rigid model would never do.
This behaviour of using damping coefficients was fully expected. The bigger the damping coeffi-
cients is, the more the flexibly-connected planetary gearbox will behave like a rigid model and this
is something that must be taken into account for real practical examples like those described in
the following section.

3.2 Analysis of the planetary gearbox in a 500 kW wind turbine

A real planetary gearbox has much higher stiffness and damping values than those analyzed in
the previous section, which on the other hand provides low-frequency results that look good for
realtime Matlab animations for visual inspection of the penetration depth phenomenon. For the
sake of modelling a real planetary gearbox, it is not realistic to model the gear tooth stiffness as a
constant value. The gear tooth stiffness from Figure 7a (sun/planet) and Figure 7b (planet/ring)
is used in the following, for modelling a planetary gearbox with 20, 35 and 91 teeth for respectively
the sun, planet and ring gears. The profile shift is xs = 0.582, xp = 0.419 and xr = −0.840,
respectively and for input, realistic loads from [15] are used. The rotor torque is used on the
planetary carrier and the generator torque is used on the sun gear, i.e. their values are inserted to
the RHS of Equation (3).
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(a) Rotor/main shaft torque in a real 500 kW wind
turbine in a wind field with a mean speed of 10 m/s.
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Figure 11: Realistic input torque for the realistic multibody planetary gearbox model .

Figure 11 shows some realistic input loads that to some extent have been verified by using the
aerodynamic FLEX5 software tool [28] and comparing with experimental data [15].
Because the stiffness for this model is much higher than before, the timestep has to be much smaller,
which increases computation time and consequently the total simulation time is rather short. It
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must however be long enough to be able to remove the first part of the simulation results due to
turbulent (wind) inflow, giving the model time to find something that can be regarded quasi-steady.
In other words, it takes a while before inertia forces and accelerations are in a semi-equilibrium
state.

3.2.1 Results from the 500 kW planetary gearbox model

In order to save computation time the initial velocity of the planetary carrier, connected directly
to the rotor, is set to 2.86 rad/s or 27.3 RPM which can be seen from FLEX5 simulation results.
The torque on the carrier and sun is then interpolated using Figure 11 and in the beginning of each
timestep the g-vector (1) on the RHS of the equations of motion is updated accordingly, causing
some acceleration fluctuations due to turbulence.

Body Ixx = Iyy Izz Desc.
1 145 1173 Sun
2 122 12.6 Planet 1
3 163 0.8 Ring
4 1759 3000 Carrier
5 122 12.6 Planet 2
6 122 12.6 Planet 3

Table 2: More realistic mass/inertia matrix [kg·m2].
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between 1 and 2 teeth in mesh, based on (a).

Figure 12: 6-body multibody model and demonstration of realistic stiffness model using profile
shift. If the base circle arc length is below a threshold value, 2 teeth are in mesh and otherwise
only a single teeth is in mesh.

Table 2 is the mass matrix for our realistic 500 kW wind turbine. As the gears rotate, the base
circle arc length changes and because profile shift is used, the switch between 1 and 2 gears in mesh
will happen at different times for all individual planets. The base circle arc length from Equation
(19) as a function of time is shown in Figure 12a, which also shows that the sun rotates faster than
the planets. Figure 12b shows the actual corresponding stiffness values of the planetary gearbox,
based on Figure 7 for one of the planets. Figure 13 shows the linear spring and damping forces
together with the sum of these.
Figure 14 shows a comparison of the rigid vs. the flexible approach for this particular planetary
gearbox using two different damping coefficients. It is interesting to note that the mean values are
almost identical and approximately 1/3 of the rigid gear tooth forces. This corresponds fully to
the fact that Figure 2 only shows 1 sun/planet gear constraint with the rigid model (because no
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more constraints can be added). By experimenting it can be seen that higher damping decreases
the amplitude of the gear tooth forces, because then gear teeth are not allowed to penetrate each
other to the same extent.
Finally it becomes interesting to look at the torque from accelerations and moment of inertia of
e.g. the sun, shown in Figure 15. It can be seen that the standard deviation of the torque becomes
small the closer we get to the “rigid” case, which is equivalent to increasing the damping. In other
words, damping prevents gear tooth penetration.
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Desc. F [kN]
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Rigid s/p1 -272
Flex. p1/r 93
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(a) Average gear tooth forces.
Final carrier angle is 409.636◦

using the flexible approach.
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(b) Gear tooth forces using d = 2 · 104 Ns/m.
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(c) Average gear tooth forces.
Final carrier angle is 409.637◦

using the flexible approach.
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(d) Gear tooth forces using d = 4 · 104 Ns/m.

Figure 14: Gear tooth forces using rigid/flexibly connected bodies for modelling a real plane-
tary gearbox using profile shift and realistic stiffness/damping parameters. Final carrier angle is
409.622◦ by using the rigid approach, meaning that the difference is negligible.
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4 Conclusions

Two fundamentally different approaches for modelling multibody planetary gearboxes have been
described and implemented in Matlab. The first approach is a completely rigid model, where bodies
are connected through a rigid gear constraint that allows reaction forces easily to be extracted,
from the vector of Lagrangian multipliers.
The second approach also uses rigid bodies, but the bodies are connected through springs and
dampers. Comparing the two approaches shows that gear tooth reaction forces must be in good
agreement between each other because when running a simple example with 1-4 planets and no
damping, the total angular movement of the carrier seems to be the same for all cases. The
deviation of the position of the final carrier angle after 5 seconds is found to be less than 1 %.
These results could probably also be obtained by using a simpler rigid gear constraint such as
φiθ̇i = −ρj θ̇j from [18], but then it would not be straightforward to obtain the gear tooth reaction
forces, which is the scope of the present paper.
As we increase the stiffness, the natural frequency behaves well accordingly to the theory of har-
monic motion for springs. By adding more and more damping, the gears in the planetary gearbox
clearly rotates more and more like they would do, if implemented using a rigid gear constraint.
The results and the comparison we provide results for in this article, are interesting because each
method has its advantages and disadvantages:

• The rigid gear constraint is generally very fast, but experiments with 1-4 planets show that
the gear tooth forces are only a “rough” estimate of the real planetary gear tooth forces. A
major drawback with this method is that only one of the planets can have a gear connection
to both the sun and the ring, meaning that not all planets will feel the same gear tooth
forces when operating under the same ideal initial conditions. Also fatigue calculations are
inaccurate because the force variations are too small.

• The flexibly-connected method is deemed much more realistic and should therefore be used
for accurate calculations. However, a major drawback is that by using realistic stiffness and
damping parameters the time-step decreases significantly and therefore the simulation time
becomes much longer than by using the rigid approach. The method is suitable for fatigue
as well as other detailed calculations.

For the flexible method we describe a method which implements gear tooth stiffness depending on
the rotation angles of the two gears in mesh. This method is also capable of taking profile shift into
account, for making more realistic simulations. Intuitively it makes sense, that the mesh stiffness
is higher when 2 teeth are in mesh compared to when only a single tooth is in mesh. Simulations
show that with no profile shift and “perfect” initial conditions, such as initial gear body rotation
angles, all planets experience the shift between 1 and 2 gears in mesh at the same time. But with
profile shift, the tooth clash when switching between 1 and 2 teeth in mesh, is shifted such that it
happens at different times for different planets.
Finally, we present simulations for a model of a real planetary gearbox in a 500 kW wind turbine.
For the planetary gearbox with 3 planets in the 500 kW wind turbine, the gear tooth forces using
the flexible model are close to 1/3 of those by using the rigid model. We demonstrate that the
standard deviation of the moment from accelerations and moment of inertia becomes smaller the
higher damping we use. Our two fundamentally different approaches are theoretically validated
and usable for planetary gearbox modelling with any number of planets, using multibody dynamics.
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��� 	� �����	��
) ����	� ��� ���	��
	�����	� ������ �������� �	���	�� ���� ��	�� ���
� 	������ ��� ��	��� �� ��	��� #�����
������ 	� �� ����
��	� �� 	�����	� �	� ����	� �����

�� �����	���� &����� �	� ����	��
��� ����
	����� ����	�� �	�� � 
�� �� �
����	��
 �*�	���� ���� �� �����

��� ��� �������	�
��+������ �� ���� �	���,��� ����
��	�� - ./01 � 	�	���� ���*�� �����
 �-&�! ����	*�� ���
��� 	����	����� �� ��� 	��� 	� ���� �
����������	� ���*�� ����	��� ������ �� ��	� ���
�� ��
�	��������� ����
�� 	 �	�	2��� ������� ���	���� #� ����������� 	 .341 ����� 	� �
�� � 
�� ��
����
����� ��	� � 	 ��� 2�
� �� 5���	�	� ��	���	�6 ��	�� 	�
��� ������	� ���� ������ ��
���� ��	� ������ ��� ���� �	
 ������������ �	�,�����,�������� ������ �	����	�,����
����������
������ �� ����� ������ ����� ��	�� 	� ��� ��������� ��� ���
� �	����	� �� ����
����
7��	��� 
���� ��� ����� �� ��	 ������� ����	�� ��� ��
��
���� 	 .81 ��	� � ������ ����
����
�� �"
	��� 7		�� 9
����  ����� �79 ! �� ����� �
���� ����	*�� �	�� � ��
�	����
�������� ���� ���� .:� 01!� # �������� �� ����	��	� �	� ����	� ������� ��
	��	
	�� ��� �����
����	� ������� ��2�����	��� ����� � �������	�� �� ���	����� ��	
��� ������ 	� �	�� 	.3;1
&�� ���� ����� ����� �� ������� ��	
��� 	� ������� ������ ���	��� ���� .<1 ��	�� �
�� ������� ��"
���
�� �� �����	��� ��

	� ������ ���	���� �
	�	�"��

	� ������ ���	��� �� ���

	�!� %����
��
����������� ���� =��	��
 %�����
� 9���� >��������� �=%9>! 	 ��� ?@ 		�	���� ��� �������
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�� �
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������ �
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�� ���� �������� �
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��� �� ����� �� ��%�" '� � ��
������� !� !��� ��� � � �
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��!��� ������� ()*+, �$-� �
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�������� !��� ������� �
���
�
���� ��� �
�.��� ��� !� �
��� 
� ������������� ���� �

� �������� ����� � ������
�� ��������
��
���� �����
��� �� /�����"
'� � �� !
��� ���� �

� �������� ��� �
��� ����� ��� �� 	
��
� /����� ����� ��0� 
� ���������
���������� 1���2��� �
����� ��������" # /����� ����3
! �
������ ��
���� �(	� �� ���� �
�
����������� � � ������� ������� ����� 
� �� ��������� 45 ���6����� ������ ��" ������ 
� ������
�
 ��������" 7 � ���� ���� ��� �
����� �� 3������ ��� � � ����
�����
�� ������ 
� � � ���8���� ��
��������"

��� �������	 
����	

(����� � ���
�������� � � �
����� 
� � �� �������� ! �� �� �
 ��������� ���� �

� ������� ����� 
�
��������� !��� �����"

Torque

Planetary
stage

Parallel
stages

Generator

Yaw gears

(����� �9 4��� ������� ���:��� �
 � ����� !��� &��� !�� ����������
� 
� ���� � ��� �
�.��� �������
� � ������� ��� ������� �� � � �����
�� �
� ���������� �
!�� � �
�� � � �������
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� � !��� ������� ��
������ �
!�� ����� !��� ����� ��
� 06$; �<�
��� � ��� ��2� 
� $ �<� !��� �� ������������ � � 0 �<� ��� �
������ !��� ������ ��
� ,6� �<�
���"�" =���� 
� ���� � � ���������� ��������� 7'� �� ��� �
 ��
��� �;6$;> � �
�� 
�� � � ! 
��
��������" (
� � �� ���������� ���� � � 4������ ���������� ����� 
� , ����� 
� !��� ���� ��
� �0�
��� ����������" 7 � ����������  ��� ���� ������
����� �
  ��  ��� � �� ?0 � ��� �$@� ��
�����
� ���������
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�  
! �
 ����
�� � �� ����� � � �� ������� ������ 
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�� $� � �
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� ��� ?� � ���� ���� ��� 
�" 7 � 4������ ���������� ����������
�
������
� �$@� �� ����� ��

P (v < vi) = P (v ≥ 0)

{
1− exp

[
−
(vi
A

)k]}
��

! ��� P (v ≥ 0) �� � � ��
�������� � �� � � !��� ����� �.���� 
� ������� 2��
 ! ��� P (v < vi)
�� � � ��
�������� � �� � � !��� ����� �� ���
! vi" 4������ ���������� �
� � �� ���� �� ���������
�
 A = 6.62 ��� k = 2.19 ����� , ����� 
� ����������� ����" 7 � ����� �������� �� $; ����� 
�
����
�������� (20 ·365 ·24) = 175200  
��� ��� � � !��� ������� �
�� �
� ��� ��� � � ���� �� ����
�� 7���� � ����
�������� 0;> 
� � � �����"
7 � ���
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�� ��������� ������� ���� ����� ����� ��� ���� ��� � �

����� � !���� �" ��������� �� ��#����� $��� ������ %������&' ����� ��������� �� ������ �����'

��	������� ����� ��� ������ �� ��	������� ������� $��� �� �(���������� �� � ��"���	� ��������� �"
�� )����'

*+ *��, ,���

-+ �
�
�

.+ .�� ,���

-+ -�������) ,���

� /01

-2 -�������) 3������

+21 +��� 3����3� "��3�

�� ����� ���4��

/01 /�,��� �" "�����	

θ *��������� /01

�5�6*76/�8�6 .!81�
*+ .+

-2

θ

θ
+21 +21

+�����( ����3��� �� ��3����

θ� /01

1�,��� � ������,) ���,��	 �" ��� 7����� 	�������) ,�����( 	���� %�� ����������� �� ���&'

1�� ��� 	�������) ���,��	9 � ��	���� ���3����� �� �� ��� $��� ������,) ���,��	 ���$� �� 1�,���
� $��� �� �	���)��' :�� ������� �" ����, ���� "��	 ��� 5*6; %+*2& ��� <� $��� ������� ����9
���� "��	 � ��� <� ��������) ,�����( $��� �� ����' 1�� �����)��	�3� 1;6=� ������� �" 18.�
�� ����9 �$� 	�������) 3��� ������� �" .�7-82> �� ����9 ����?�$ 3������, ��� -��	,���@7����
��		����� ������� �" �� �(�������� "�� 3��3< �����,����� �� ����'

��� ���� ���	
� �� 
�������	� �� ��� �����

��� �(���������� �� $��� ������� �� ��� ��������3� "�� ���3�A3 $��� �������� �� $��� "��	�
��� 3�	���3���� ��3���� �� �� ��B3��� �� 	������ � �/@$��� A��� ��� ��	�@3����	��, �� 	�<�
2�	���������� 1���� /)��	�3� %21/&@3��3�������� 3�C����, ��� �������� ���������� ��� �������)
���� ��#����� $��� ����3�����' 1�,��� �� ����������� � ������C��) ���"��	 	��� $��� A��� ������,
��� A��� ��$ �" $��� ��������9 ��� ��� $��� A��� ��� ��3��� ��� ����� ��$ �" $��� �������� $���
"�3� �� ��� ��� ��	� �� ��� A��� ��$ ��� �� D$�<� �#�3��E %��� �',' �	�,�� �" D!���� *�C � $�<�
�#�3��E9 "���� 	��) ���3��&'
1�,��� �� ����������� ���� ��� �������� $��� �������� �� � $��� "��	 $��� ��$�)� �� ���F�3� ��
$�<�@����3�� ��������3� �� 	����� $��3� ����3���� ��� $��� 3�	�� "��	' 8 ������,� ���3������
����� ��� �3���3� ������ $�<� �#�3�� �� 3�	��������C� ��� �	�������� �� 3�C�� ����' �� ����
$��<9 ��� $��� A��� ��� ��	�,����� ��������3� %��� ��������3�� 	�	���� ��� �4���& ��� �� ������)
����,� ��� 	�3� 	��� 3�	���3����' �)��3���) ��� ��������3� �� "���,�� ����� �� ��� ��3��� ��$
�" $��� �������� %1�,��� ��& ��� ��,��� ���� ���� �" ��� A��� ��$ ��� �� $�<� �#�3��' ���� ��
3�����) ��������� �) �(����	����� ���� "��	 �',' ��� G�����) $��� "��	 %����� �" /��	��<& ���
���3����� �� ����9 $��3� ���$� ���� ��� �������� ��C������ �" ��� ��������3� ��� $��� ���� %?��@
$��� ������, 	�	���& ��3������ "�� $��� ������� �� ��� �6 �� ���9 ��� 1�,' �'�9 �'�� $��� �����
$��� �������� ������ �� ��� $�<� �" ����� $��� ��������' 8� �4��C����� ���� ,���� �� � "��3����
�" ��� $��� ����3���� 3�����) ���$� ���<� ��� �� $�<� �#�3�� ��� "�� ���� ������ �� �� ��C���� ��
���< ��������3� ��C�� ��� "���,�� ������,�' 8 ,������ ����	����� 3���� �� ���� ��� ��������3� "��
�������� $��� �������� �� ��$�)� ���,�� ���� ���� �" ��� A��� ��$ �" $��� ��������' ���� ����	�����
�� ��$�C�� C�,�� ��� $� ��C� ��� "���� �3�����A3 �C����3� $������ �',' ��������3� ��C��� �� ���
��3��� ��$ �" $��� �������� ��� ���,�� ���� �',' ��� �����9 "�����9 A"�� ��$ ��3' ��� 4�������
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F = kx x k

A(θ) =

[
cos θ − sin θ
sin θ cos θ

]
,

lp i j

lp = A A vn

[
ρbi(θi − θ0i − θd) + ρbj (θj − θ0j − θd)

]
,

A θd A
θd

◦
◦ ◦ vn

α = 20◦ α = 25◦

vn =

{
sin(α)
cos(α)

}

α

vn =

{
sin(α)
cos(α)

}

α

l̇p

l̇p = AdA vn

[
ρbi(ωi − ωd) + ρbj (ωj − ωd)

]
k d

Fk = klp Fd = dl̇p
i j g

vr vr
◦

v =

{
x
y

}
, ⇒ v̂ =

{−y
x

}

Ft = v̂T
r (F

k + Fd) M = ρwFt

ρw

gi =

{−klp − dl̇p
−ρwi

Ft

}
, gj =

{
klp + dl̇p
−ρwj

Ft

}
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sjsc − si

θj

θi

θi θj si
sj

rb1

rb2

s1min

s1max − sd

s1min + sd

s1max
s1

s2
αw

s1 s2

rb
αw

s1 + s2 = sc

s1 s2

si sj
s1 s1

s1

s1 s2

Ftk1/kt Ft

k1 kt

·109
[0.145; 0.17]
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L

a

ρ2

ρ1

p

pmax

ρ1 ρ2

ρ1 ρ2
s1 s2 a

a =

√
2

π

m1 +m2

B

F

L

m1 = m2 = 1−ν2

E ν = 0.3 E = 210

Pmax =
2F

πaL

σ = Pmax

(
0.57+0.73

2

)
= 0.65 Pmax

•

•
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