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Abstract.  

 

The paper deals with an indirect industry-friendly method for identification of the interfacial 

shear strength (IFSS) in a fully bio-based composite. The IFSS of flax fiber/starch acetate is 

evaluated by a modified Bowyer and Bader method based on an analysis of the stress-strain 

curve of a short-fiber-reinforced composite in tension. A shear lag model is developed for the 

tensile stress-strain response of short-fiber-reinforced composites allowing for an elastic-

perfectly plastic stress transfer. Composites with different fiber volume fractions and a 

variable content of plasticizer have been analyzed. The apparent IFSS of flax /starch acetate is 

within the range of 5.5 to 20.5 MPa, depending on composition of the material. The IFSS is 

found to be greater for composites with a higher fiber loading and to decrease with increasing 

content of plasticizer. The IFSS is equal or greater than the yield strength of the neat polymer, 

suggesting good adhesion, as expected for the chemically compatible constituents. 

 

 

 

Key-words: green composite, interfacial shear strength, flax fiber, thermoplastic starch
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1. Introduction 

In order to reduce the environmental impact of composite materials, natural fibers and bio-

based matrices are considered as a replacement for the traditional, man-made reinforcements 

and the matrices derived from petrochemical resources. The production methods and 

mechanical properties of such green, biodegradable composites manufactured from renewable 

constituents are being studied extensively as reflected in recent reviews [1-4]. The worldwide 

capacity of bio-based plastics is expected to increase almost tenfold by 2020 compared with 

that in 2007, with starch-based plastics among the leading products in terms of production 

volume [1, 2]. Among natural, plant-derived fibers, bast fibers arguably possess the highest 

potential for reinforcement due to their superior specific axial mechanical properties imparted 

by a combination of the high content of crystalline cellulose and the low microfibril angle 

with fiber axis [5].  

Since the quality of the interface between the matrix and fibers exerts a major effect 

on the mechanical properties of composite materials, the compatibility of their constituents is 

also an important issue for green composites. It has been argued in [6] that acetylation of the 

free hydroxyl groups of starch with a degree of substitution higher than 2 but lower than 3, 

while making the material melt-processable, still retains a sufficient hydroxyl functionality in 

starch acetate for hydrogen bonding with cellulosic fibers. Short-bast-fiber composites with a 

starch acetate matrix (with a degree of acetylation evaluated at 2.6) and different content of 

plasticizer were produced and characterized [6]. While the stiffness [7] and tensile strength [8] 

of the composites have been subjected to detailed studies, the evaluation of the fiber/matrix 

adhesion achieved has been addressed only via an analysis of composite strength [8].        

  A commonly used parameter characterizing the adhesion between a fiber and matrix is 

the interfacial shear strength (IFSS). An extensive range of test methods has been developed 

for the IFSS, see, e.g., [9], which are also applied to natural fibers. Although the values of 
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IFSS obtained by different methods may not coincide exactly, the results of several commonly 

used test methods, such as pull-out, microbond, and single fiber fragmentation tests showed 

the same trends for cellulose (flax, kenaf, Lyocell) fibers [10]. In terms of ease of 

implementation, the evaluation of IFSS based on an analysis of the stress-strain response of 

short-fiber-reinforced composites in tension appears to be the most industry-friendly adhesion 

test method [11]. As originally proposed in [12, 13], the IFSS and the fiber orientation factor 

are evaluated from experimental measurements of composite stress at two different values of 

applied strain within the nonlinear deformation range, assuming a linear elastic matrix 

response. The method was further developed in [11, 14-16] by taking into account the 

nonlinearity of the matrix response in tension. Subsequently, using the whole experimental 

stress-strain curve of the composite, rather than only two points, was proposed in [17, 18] for 

estimation of its IFSS. The composite-test-based approach has also been applied to the 

evaluation of the IFSS of natural fibers, such as, e.g., flax [19-21], hemp [22-24], corn stalk 

[25], stone groundwood [26], old newspaper [27], and orange tree pruning pulp [28] fibers 

and polypropylene matrices, as well as hemp fibers and a Mater-Bi
®
 thermoplastic starch 

matrix [29]. 

The distribution of stress in reinforcing fibers has been modeled in [12-18] assuming 

that the stress transfer takes place via a rigid-perfectly plastic interfacial shear response [30]. 

While such an approach is well substantiated for relatively high strains, neglecting the effect 

of elastic stress transfer appears to be questionable for small to intermediate strain range, 

which is also taken into account when the whole stress-strain curve is employed for estimation 

of the IFSS, as, e.g., in [17, 18]. More advanced models of elastic-plastic deformation of 

short-fiber-reinforced composites, allowing for matrix plasticity and interfacial debonding of 

fibers, have been developed in, e.g., [31-34], but their application for identification of the 

IFSS is complicated by the necessity of an extensive numerical analysis [31] or identification 
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of a set of damage parameters [32-34]. In the current study, an elementary shear lag model is 

developed for the tensile stress-strain response of short-fiber-reinforced composites allowing 

for an elastic-perfectly plastic stress transfer. The model is applied for evaluation of the 

apparent IFSS of flax/starch acetate composites with a variable content of plasticizer, 

produced and tested as described in [6]. 

 

2. Materials and methods 

The constituents, production, morphological analysis, and testing of short-flax-fiber 

reinforced starch acetate composites has been described in [6, 7]; below, for completeness and 

the ease of reference, we briefly recapitulate the relevant information. 

The flax fibers were supplied by Ekotex, Poland, and an amylose-rich corn starch was 

obtained from Gargill, USA (Cerestar Amylogel 03003: 65 wt.% amylose and 35 wt.% 

amylopectin). The processes of fiber pelletizing, starch acetylation, and plasticization, as well 

as the compounding, post-processing, and injection molding of composites and the 

manufacturing of tensile specimens are described in detail in [6]. Nine flax/starch composites 

differing in the content of plasticizer and fibers, as summarized in Table 1, were produced. 

Prior to the mechanical testing, the tensile specimens were conditioned at 23 ºC and 

50% RH for a minimum of five days. The tensile specimens were tested according to the ISO 

527 standard on an Instron 4505 Universal Tensile Tester with a 10 kN load cell and a cross-

head speed of 5 mm/min. The strain was measured by an Instron 2665 Series High Resolution 

Digital Automatic Extensometer. The testing was performed at controlled ambient conditions: 

23°C and a relative humidity of 50%. The cross-sectional dimensions of the gauge area 

section of each tensile specimen were measured with a slide gauge (±0.01 mm). Young’s 

modulus was evaluated as the slope of the experimental stress strain diagram within the strain 

range of 0.1 to 0.3%.  
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The volume fractions of constituents were determined by using gravimetric 

measurements of the densities of fibers, matrix, and composites and the known fiber weight 

fraction in the composites (as described in detail in [6]). Fiber dimensions (length and 

diameter) were determined from fibers extracted from composites (the matrix was dissolved 

in hot chloroform) by optical microscopy and image analyses (see [7] for details). The 

average apparent fiber diameter and the aspect ratio, defined as the ratio of the average fiber 

length to its average diameter, for the composites considered are provided in Table 1. 

 

3. An elementary model of the non-linear stress-strain response of a short-fiber-

reinforced composite 

It has been suggested in [12, 13] that the non-linear stress-strain diagram in tension of a short-

fiber-reinforced composite can be evaluated by the rule-of-mixtures approach, expressing the 

composite stress 
c

  at an applied strain   as the sum of fiber and matrix contributions. The 

resulting relation can be recast as follows: 

 
mfffloc

E   1 ,        (1) 

where 
o

  and 
l

  stand for the fiber orientation and length efficiency factors, 
f

  is the fiber 

volume fraction in the composite, 
f

E  denotes the longitudinal modulus of linear elastic 

reinforcing fibers, and 
m

  is the axial stress acting in the matrix. The non-linearity of the 

composite response may stem from the nonlinear deformation of matrix,  
mm

 , and the 

inelastic stress transfer between the constituents. The latter, for the specific case of a rigid-

perfectly plastic interfacial shear response, has been considered in [12, 13].    

In the following sections, we recapitulate the classical linear elastic shear lag relations 

and consider expressions of the fiber length efficiency factor 
l

  in Eq. (1) for the elastic-
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perfectly plastic and rigid-perfectly plastic stress transfer between the fibers and matrix by 

shear.   

 

3.1 Linear elastic stress transfer 

At small strains, the fibers, matrix, and stress transfer between them can be considered linear 

elastic. According to the shear lag model [35], the distribution of axial stress 
f

  in a fiber of 

length l, shown schematically in Fig. 1a, embedded in the matrix and aligned with the loading 

direction, is 











2cosh

cosh
1

l

x
E

ff



 ,        (2) 

and the interfacial shear stress is expressed as 

2cosh

sinh

2 l

xrE
ff




  ,        (3) 

where rf designates the fiber radius and  is the shear lag parameter. For hexagonal fiber 

packing [36], 

 
ff

m

f E

G
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32ln

22
 ,        (4) 

with Gm denoting the shear modulus of matrix. The axial stress distribution Eq. (2) for a fiber 

of length exceeding that of the stress transfer zone (l>>1/) is shown schematically in Fig. 1b.  

The length efficiency factor 
l

 , defined as the ratio of the average fiber stress, 
f

 , 

to the nominal stress 
f

E , 
ffl

E , for a fiber of length l, is equal to 

 
2

2tanh
1*

l

l
l

l



  .         (5) 

If the length of reinforcing fibers is variable with a distribution density p(l), the fiber length 

efficiency factor is determined as [37] 
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where l  is the mean fiber length. The well-known rule of mixtures, as applied to the 

Young’s modulus of the composite, at small strains, implying a linear elastic matrix response, 

follows from Eq. (1): 

 
mfffloc

EEE   1 ,        (7) 

where Em is the Young’s modulus of matrix. 

 

3.2 Elastic-plastic stress transfer 

The peak interfacial shear stress 
max

  a fiber experiences is reached at fiber ends; its value in 

an elastic stress transfer is proportional to the applied strain and, according to Eq. (3), is given 

by 

2
tanh

2
max

lrE
ff 

  .        (8) 

For the elastic-perfectly plastic stress transfer by shear, the fiber length 
el

l  at the onset of 

interfacial yielding depends on the limit shear stress 
i

  as follows from Eq. (8): 

ff

i

el
rE

l






2
tanh

2 1 .         (9) 

With increasing applied strain, a yield zone of length lp with a constant interfacial shear stress 

i
  develops at fiber ends, affecting the distribution of the axial stress in the fiber as shown 

schematically in Fig. 1c. The distributions of fiber and interfacial shear stresses have been 

derived in [38] by using a shear lag analysis for a cylindrical unit cell. In the following, we 

recast their solution for the general shear lag conditions, unrestricted to a specific unit cell 

geometry.  
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Due to symmetry of the problem, we consider only the half of the fiber with x>0, see 

Fig. 1a. Along the interfacial yielding zone, the shear stress is constant: 

  22, lxllx
pi

  .       (10) 

Integration of the equilibrium equation 

 
 

dx

xdr
x

ff



2

          (11) 

for the stress-free fiber ends,   02  l
f

 , leads to the axial stress in the fiber in the 

interfacial yielding region as follows: 

    22,2
2

lxllxl
r

x
p

f

i

f



 .      (12) 

In the middle zone of the fiber, experiencing the elastic stress transfer, the symmetric part of 

the general solution [35] for axial fiber stress applies: 

 
pff

llxxCEx  20,cosh ,      (13) 

where C is a constant. It follows from Eqs. (11) and (13) that the interfacial shear stress in this 

zone varies as 

 
p

f
llxx

rC
x  20,sinh

2



 .      (14) 

Enforcing the continuity of shear, Eqs. (10) and (14), and axial, Eqs. (12) and (13),  stresses at 

p
llx  2  provides a system of two equations that can be solved explicitly for the constant 

C: 

 
p

p

f

i

f

ll

l
r

E

C





2cosh

2






        (15) 

whereas the length lp of the interfacial yielding region is given implicitly by the relation 

 
i
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rE
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2
2coth  .       (16) 
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It follows from Eq. (5) for 
el

ll   and Eqs. (12), (13), and (15) for 
el

ll   that the efficiency 

factor of a fiber of length l is 

   

















































el

ff

pipp

ff

pi

el

l

ll
rE

l

l

l

l

ll

rE

l

ll
l

l

l



















1
2

2

2tanh2
11

2

2tanh
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*    (17) 

In the case of reinforcing fibers with a variable length, the length efficiency factor should be 

estimated by substituting Eq. (17) into Eq. (6). 

 

3.3 Rigid-perfectly plastic stress transfer 

It follows from [30, 12, 13] that the length efficiency factor of a fiber of length l under rigid-

perfectly plastic stress transfer reads as 
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c
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2
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2*          (18) 

where the critical fiber length lc is defined as 

f

i

f

c
r

E
l




 .          (19) 

For the scatter of fiber lengths complying with the two-parameter Weibull distribution  
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l
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the integral in Eq. (6), with  l
l

*  given by Eq. (18) and length distribution density  being the 

first derivative of Eq. (20), can be evaluated analytically, yielding  
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where  designates the gamma function. 

   Note that Eq. (21) differs from an analogous expression introduced in [17], because 

the latter has been derived implicitly defining 
l

  as the average value of  l
l

*  given by Eq. 

(18), i.e., as    



0

* dllpl
ll

 . It has been demonstrated in [37] that such an approach is 

incorrect and leads to underestimation of the fiber length efficiency factor (also see Appendix 

for an alternative elementary derivation of 
l

 ). 

 

4. Results and discussion 

As an estimate of the apparent IFSS, the value of i providing best fit of Eq. (1) to the 

experimental stress-strain diagrams of short-fiber-reinforced composites at two strain levels 

[11-16] or in the whole strain range [17-18] is employed. Both the IFSS and the fiber 

orientation factor are evaluated simultaneously in [11-18]. However, it has been confirmed 

experimentally in [39] that the rule of mixtures, Eq. (7), can be employed to obtain the fiber 

orientation factor along a particular axis if the rest of parameters in the stiffness model are 

known. Expressing 
o

  from Eq. (7) yields 

  
fflmfco

EEE   1         (22) 

Determining 
o

  by Eq. (22) from the linear elastic response of the composite, characterized 

by Young’s modulus 
c

E , leaves the IFSS as the only parameter to be estimated from the 

complete stress-strain diagram. 

  Note that a multiplicative correction factor equal to  21
p

  has been introduced into 

the rule of mixtures relation for natural-fiber composites in [40], reflecting the detrimental 

effect of porosity, characterized by void content 
p

 , on their stiffness. However, porosity in 
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the flax/starch composites considered was rather low, with a void volume fraction 
p

  ranging 

from nearly 0 to 0.013 [7], therefore its effect is neglected in the present study.  

In the further numerical analysis, the values of Young’s modulus 
m

E  for matrices with 

a variable content of plasticizer as reported in [1, 7] are used, and Poisson’s ratio of 0.3 for the 

neat polymers is adopted as in [7]. The axial stiffness of the reinforcing flax fibers is assumed 

at 
f

E = 50 GPa [7]; the values of apparent fiber diameter from [7] are recapitulated in Table 1. 

The fiber volume fractions in the composites are provided in [7, 8]. The parameters of fiber 

length distribution, Eq. (20), were determined by the maximum likelihood method, using a 

representative sample of fiber length measurements for each composite, and reported in Table 

2. As an example, Fig. 2 shows an empirical length distribution of fibers extracted from 

composites designated as C15 and the approximation by the two-parameter Weibull 

distribution, Eq. (20), demonstrating reasonably good agreement. 

Using the fiber, matrix, and composite characteristics specified above, the fiber length 

efficiency factors were calculated for each combination of the plasticizer content and fiber 

loading by Eqs. (5) and (6). Further, based on the 
l

  estimates obtained and the experimental 

Young’s moduli of the composites, the fiber orientation factors were determined by Eq. (22) 

for each specimen tested; the respective mean values and standard deviations are presented in 

Table 2.  

The nonlinearity of the tensile response of matrix was allowed for in the composite 

response, Eq. (1), only via the matrix stress  
mm

 ; the shear lag factor  evaluated by 

Eq. (4) using the elasticity characteristics of matrix was employed also in the region of 

nonlinear deformation. The stress-strain diagrams  
m

 of the neat matrix were 

approximated by a forth-order polynomial up to the 3% strain.   
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The representative experimental stress-strain curves of composites with the lowest, 

intermediate, and the highest content of plasticizer are shown in Fig. 3 together with their 

approximation, up to the maximum stress achieved during loading, by Eq. (1). The values of 

i providing the best fit of Eq. (1) to the experimental diagrams are presented in Table 2 both 

for the elastic-plastic (IFSSep) and the rigid-plastic (IFSSrp) interfacial response.  

The model of elastic-perfectly plastic stress transfer provides a uniformly good 

approximation of the experimental diagrams, as exemplified in Fig. 3. By contrast, the 

assumption of a rigid-perfectly plastic interfacial shear response tends to overestimate the 

stiffness of composites at the onset of loading. This is apparently caused by the unrealistically 

high value of the fiber length efficiency factor at small strains according to Eq. (18), with 

 l
l

*  approaching 1 as 0 , which makes the predicted small-strain response of the 

composite stiffer than that according to the elastic stress transfer, cf. 
l

  values in Table 2. It is 

seen in Table 2 that the IFSSrp is consistently smaller than the IFSSep, but the relative 

difference does not exceed 15%, apart from C16 and C17 composites. Notably, in the latter 

cases, the fiber aspect ratio, reported in Table 1, was comparatively small and the rigid-

perfectly plastic interface model also provided an inferior approximation of the experimental 

stress-strain diagrams, as seen in Fig. 3a for C16.  

The apparent IFSSep as a function of plasticizer content in the matrix is shown in Fig. 

4 for both the fiber loadings studied. Considering Mater-Bi
®
, a thermoplastic biodegradable 

polymer made of starch, the values of IFSS obtained are in reasonable agreement with the 

IFSS estimate of ca. 16 MPa for hemp-fiber composites at a fiber content of 20 wt.% [29], 

while higher than the IFSS of 4.2 MPa determined by pull-out tests of flax fibers [41]. The 

IFSS evaluated using the tensile strength data of starch-based biopolymer Biopar
®
 reinforced 

with 10, 20, and 30 wt.% of short flax fibers ranged from 4.3 to 6.2 MPa [42]. The apparent 

IFSS of flax/starch acetate also compares favorably with that of flax and such thermoplastic 
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polymers as polypropylene and polyethylene, reported to range from ca. 6 to 20 MPa [43] 

depending on flax fiber type, surface treatment, and compatibilizer, and that of unsaturated 

polyester (13 to 15 MPa), while being somewhat inferior to the IFSS in the case of epoxy (24 

to 33 MPa) and vinylester (20 to 31 MPa) [44]. 

It is seen in Fig. 4 that the IFSS decreases with increasing relative amount of 

plasticizer. Note that a reduction in the mechanical efficiency of the fiber/matrix interface 

with increase in plasticizer content has been reported in [45] for natural-cellulose-fiber (from 

leafwood) reinforced wheat-starch-matrix composites, with glycerol used as the plasticizer. 

This effect was attributed to the prevailing starch-cellulose interactions at a low content of 

plasticizer, and the hydroxyl carbohydrate sites becoming saturated with glycerol molecules at 

a higher content of glycerol [45]. It appears plausible that a similar mechanism accounts for 

the variation in IFSS presented in Fig. 4. Namely, the increase in plasticizer content results in 

dilution of the matrix – the chemical interactions of the fibers and starch matrix become 

increasingly mediated by the plasticizer molecules residing around the fiber hydroxyl as well 

as the starch acetate carbonyl groups, leading to a reduced adhesion. 

At a higher content of plasticizer, the IFSS is not appreciably affected by the fiber 

loading, whereas the IFSS at 40% loading exceeds that at 10% at a lower content of 

plasticizer. In short-fiber composites, the IFSS has been found to either decrease with 

increasing content of inorganic [14-16, 46, 47] and natural [19-21, 24] fibers, stay 

approximately constant, [48, 49] and [23, 27], respectively, or even increase [42, 50] with it. It 

has been proposed in [51] that the apparent IFSS can be expressed as the sum of two 

components 

ri
 

0
,          (23) 

the first of which is due to physicochemical molecular interactions at the fiber/matrix 

interface, and the second, given by the product of the coefficient of static friction  and the 
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absolute value of the residual compressive radial stress 
r

  acting on the lateral surface of the 

fibers, reflects the contribution of interfacial friction. The magnitude of the residual stress 
r

  

decreases with increasing fiber volume fraction in polymer composites (see, e.g. [52, 53]), 

thus, according to Eq. (23), explaining the reduction in the apparent IFSS in the case of 

mechanical interlocking and friction-dominated load transfer between fibers and matrix. The 

latter is the stress transfer mechanism expected for natural fiber/polymer interfaces in the case 

of inferior chemical compatibility.  

However, an appropriate compatibilization may render the intrinsic adhesion term 
0

  

dominating the apparent IFSS of such composites, as suggested by the results presented in 

[23, 26]. Notably, the apparent IFSS was found to decrease by about 10% with fiber loading 

in stone groundwood fiber/PP composites increasing from 30 to 50% [26]. The addition of a 

coupling agent not only increased the IFSS by a factor of ca. 4, but also made it independent 

of fiber loading [26]. Thus, the absence of reduction in the apparent IFSS with increase in 

fiber loading seen in Fig. 4 for the whole range of plasticizer contents studied suggests that 

the contribution of the frictional load transfer is negligible in flax/starch composites, with 

chemical interactions accounting for the adhesion, as would be expected due to the inherent 

compatibility of their constituents [6]. Note that a qualitatively similar variation in the IFSS 

with reinforcement content was also reported for flax/Biopar
®

 [42] and alpha grass fiber/ 

Mater-Bi
®
 composites [50].  

The apparent IFSS is shown in Fig. 5 as a function of the shear yield strength of 

matrix. The latter was estimated from the tensile yield strength of the neat polymer, presented 

in Table 1, according to the von Mises relation. A strong correlation between the IFSS and the 

matrix yield strength is seen, with IFSS generally exceeding the yield strength. Similar 

behavior was observed in [8] where it has been shown for the composites studied in the 
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current paper that the IFSS values obtained from the best fit between predicted and measured 

strength are either equal or higher than the shear yield stress of matrix.   

In comparison, the mean IFSS was lower than the shear yield strength estimated from 

the tensile strength of neat matrix by the von Mises criterion, but higher than that estimated by 

the Tresca criterion for old newspaper fiber/PP [27], hemp/PP [23], and hemp/Mater-Bi
®
 [29] 

composites. The IFSS was close or slightly exceeding the von Misses estimate of the shear 

yield strength for pulp fiber/PP composites [28]. Thus, the relatively high values of IFSS of 

flax/starch composites suggest that the shear yielding and strain hardening of matrix at the 

fiber interface takes place before debonding. The difference in IFSS values at the same 

plasticizer content but different fiber loadings is likely to stem from the effect of confinement 

on the yield response of matrix discussed in [8].  

 

5. Conclusions 

The tensile stress-strain curves of short-flax-fiber/starch acetate composites with a variable 

content of plasticizer and fibers were analyzed with the purpose of evaluation of the 

interfacial shear strength. The modified Bowyer and Bader technique with a more realistic, 

elastic-perfectly plastic, representation of stress transfer between the fibers and matrix was 

applied. The apparent interfacial shear strength was found to depend on fiber loading in the 

composites and to decrease with increasing content of plasticizer in the matrix. Depending on 

material composition (i.e. the relative amount of fibers, starch acetate, and plasticizer), values 

of the interfacial shear strength were found to vary within the range of 5.5 to 20.5 MPa, which 

appears reasonable for this type of materials. The reduction in the interfacial shear strength 

with increasing content of plasticizer is likely to be related to the softening of matrix, as well 

as to chemical interactions of the fibers and starch matrix becoming increasingly mediated by 

plasticizer molecules due to dilution of the matrix. In general, it can be concluded that a good 
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level of fiber/matrix adhesion has been achieved, as expected for the chemically compatible 

constituents, since a close correlation between the interfacial shear strength and the yield 

strength of the neat polymer was observed, with the former being greater or equal to the latter. 
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Appendix. Elementary derivation of the length efficiency factor for continuous fiber 

length distribution 

The stress-strain relation in tension of a composite reinforced with short misaligned fibers of 

variable length, proposed by Bowyer and Bader [12] based on the Kelly-Tyson model of 

stress transfer [30], in the notation introduced above, reads as   
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In deriving Eq. (A.1), the continuous spectrum of lengths of reinforcing fibers is divided into 

subfractions [12]; the contribution of subfractions with a length smaller than the critical length 

lc is given by the sum over k in Eq. (A.1) and that with fibers longer than lc - by the sum over 

j. The volume fraction of the fibers belonging to a kth subfraction of fiber length is designated 

by k; it is assumed that o is independent of strain and fiber length, and the fibers have a 

constant radius rf. 

In the following, we transform Eq. (A.1) to explicitly allow for continuous length 

distribution of reinforcing fibers characterized by a distribution density function  lp . First, 

Eq. (A.1) is rearranged into a more compact form making use of the expression for fiber 

length efficiency factor  l
l

*  given by Eq. (18):  
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where 
j

  denotes the volume fraction in the composite of the subfraction of fibers of length 

in the interval of lj ... lj +l, with l being an arbitrarily small length increment. The volume 

fraction 
j

  is equal to the ratio of the respective fiber volume, given by the product of the 

volume of a single fiber 2

fj
rl   and the number of fibers  

j
lN  of length lj ... lj +l, and 

composite volume 
c

V ,  
cjfjj

VlNrl  2 . Similarly, the total volume of fibers in the 

composite can be expressed as the product of the total number of fibers N and the average 

fiber volume  22

ff
rlrl   , hence the fiber volume fraction is 

cff
VNrl 2  . Combining 

the above expressions yields 
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. The fraction of the fibers of length in the 

interval of lj ... lj +l,   NlN
j

 , is equal to the probability  
j

lP  that an arbitrarily selected 

fiber belongs to the given length interval. The latter is related to the distribution density of the 

reinforcing fiber length as     llplP
jj
 . Hence, the relative volume fraction 

fj
 of 

the fibers belonging to a  jth subfraction is 
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.          (A.3) 

Substituting Eq. (A.3) into Eq. (A.2) and replacing the summation over the subfractions of 

fiber length, in the limit of 0l , by integration over fiber length, we finally arrive at  

      
fmlffoc

Edllp
l

l
lE   



1
0

* .      (A.4) 

Comparing Eqs. (1) and (A.4), it becomes apparent that the fiber length efficiency factor l 

for a continuous distribution of fiber length is given by Eq. (6), as derived in [37] using the 

scan line method. 
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Table 1. Characteristics of constituents. 

 

Composite 

designation 

Plasticizer 

type 

Plasticizer 

fraction in 

matrix, 

wt. % 

Yield 

strength of 

matrix, 

MPa 

Fiber 

loading in 

composite, 

wt. % 

Fiber 

aspect 

ratio 

Fiber 

diameter, 

m 

C15 PSA2.1 20 22.6 ± 1.2 10 19 18 

C16 PSA2.1 20 22.6 ± 1.2 40 8 19 

C17 PSA2.2 20 23.2 ± 1.1 40 9 17 

C20 PSA3 25 17.1 ± 0.3 10 19 17 

C21 PSA3 25 17.1 ± 0.3 40 15 17 

C28 PSA5.1 32.5 6.6 ± 0.2 10 18 19 

C29 PSA5.1 32.5 6.6 ± 0.2 40 15 19 

C37 PSA6 35 3.9 ± 0.3 10 28 18 

C38 PSA6 35 3.9 ± 0.3 40 17 17 
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Table 2. Characteristics of composites. 

 

Composite 

designation 

Parameters of 

fiber length 

distribution, Eq. 

(20) 

Length 

efficiency 

factor 
l

 , 

(Eq. (6)) 

Orientation 

factor 
o

  

(Eq. (22)) 

IFSSep, 

MPa 

IFSSrp, 

MPa 


W
l , mm 

C15 1.5 0.39 0.69 0.43 ± 0.02 12.1 ± 0.6 11.3 ± 0.6 

C16 1.6 0.17 0.55 0.59 ± 0.01 21.8 ± 0.8 16.1 ± 0.7 

C17 1.7 0.17 0.59 0.58 ± 0.01 20.6 ± 1.6 16.0 ± 1.6 

C20 1.3 0.35 0.64 0.35 ± 0.02 10.1 ± 0.7 9.6 ± 0.7 

C21 1.4 0.28 0.69 0.40 ± 0.01 13.3 ± 0.7 12.1 ± 0.6 

C28 1.4 0.37 0.46 0.48 ± 0.03 8.1 ± 0.5 7.3 ± 0.4 

C29 1.3 0.32 0.58 0.41 ± 0.01 8.9 ± 0.2 8.0 ± 0.2 

C37 1.1 0.52 0.55 0.32 ± 0.01 5.6 ± 0.1 5.4 ± 0.1 

C38 1.3 0.32 0.52 0.41 ± 0.01 6.9 ± 0.1 6.0 ± 0.2 
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a)  

 

b)  

 

c)  

Fig. 1. Schematic of a fiber (a) and the axial stress distribution along it in the case of elastic 

(b) and elastic-perfectly plastic (c) interfacial stress transfer. 

 

 

 

Fig. 2. Empirical length distribution of fibers extracted from composite C15 and its 

approximation by the two-parameter Weibull distribution, Eq. (20). 
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b)  
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c)  

 

Fig. 3. Typical stress-strain diagrams of composites with the plasticizer fractions in the matrix 

of 20 (a), 25 (b), and 35 (c) wt. % and their approximation by Eq. (1) assuming the elastic-

perfectly plastic (solid lines) and rigid-perfectly plastic (dashed lines) interfacial stress 

transfer by shear. 
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Fig. 4. Variation of the apparent IFSSep with plasticizer content in the matrix for fiber 

loadings of 10 (□) and 40 wt .% (○); the solid lines show the respective linear regression 

relations.  

 

Fig. 5. Variation of the apparent IFSSep with shear yield strength of the matrix for fiber 

loadings of 10 (□) and 40 wt .% (○); the solid lines show the respective linear regression 

relations. The dashed line corresponds to the locus of equal IFSS and matrix yield strength.  

 




