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Abstract

The need for mechanistic constitutive models to evaluate the complex in-
teraction between concrete crack propagation, geometry and soil foundation
in concrete- and composite pavement systems has been recognised. Sev-
eral models developed are either too complex or designed to solve relatively
simple problems, e.g. limited to one type of load configuration or test set-
up. In order to develop a general and mechanistic modeling framework for
non-linear analysis of low-cycle damage in cemented materials, this paper
presents a cracked-hinge model aimed at the analysis of the bending fracture
of the cemented material. The model is based on the fracture mechanics
concepts of the fictitious crack model. The proposed hinge is described in a
general and consistent format, allowing for any type of stress-crack opening
relationship and unloading- reloading formulation. The functionality of the
proposed hinge model is compared to numerical- and experimental results.
The proposed hinge shows good performance and seems promising for the
description of low-cycle fracture behavior in cemented materials.
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1. Introduction

Concrete- and composite pavement systems are subjected to cyclic load-
ing from vehicles resulting in initiation of bending cracks in the quasi-brittle
cemented material. Subsequently, these cracks propagate leading to failure of
the pavement structure. The structural design of such pavements is primarily
based on empirical formulas which convert the elastic response analysis into
a measure of performance [1, 2, 3], referred to as the Mechanistic-Empirical
(M-E) method. However, such a method cannot account for significant fac-
tors influencing the response, e.g. describing the interaction between loads,
material properties, geometry and soil foundation in a unified manner.

The limitations of the M-E method and the growth in computer capa-
bilities have resulted in an increasing development of more rational models
for pavement analysis during the past decades. That work began in the
early 1990s, studying mainly asphalt concrete mixtures in flexible pavements
[4, 5, 6], reflective cracking in asphalt overlays [7] and permanent deforma-
tion of unbound materials [8, 9, 10]. These models are typically based on a
mechanistic approach using appropriate numerical tools, e.g. the finite ele-
ment (FE) method. This allows for geometry, inhomogeneities, anisotropy,
and nonlinear material properties of all pavement layers to be considered.

Numerical analysis of crack propagation in concrete- and composite pave-
ment systems have primarily carried out applying cohesive zone modeling
[11, 12, 13, 14, 15]. Gaedicke and Roesler [16, 17] applied a cohesive zone
model for studying fracture in beams resting on soil. The cohesive zone
model stand out as particularly attractive for studying beams- and slabs on
grade under monotonic loading, where the fracture plane can be anticipated
a-priori, i.e. orthogonal cracks in the direction of maximum principal stress.
Although the results published show good performance, relatively large fi-
nite element models are applied compared to the complexity of the pavement
system studied. Moreover, some authors reported lack of convergence, insta-
bility problems and aborted simulations [16, 13, 14].

In order to create a simple and robust modeling framework for engineer-
ing application, this paper presents a non-linear hinge model based on the
fracture mechanics concepts of the fictitious crack model by Hillerborg et al.
[18]. The hinge model for modeling the crack propagation due to pure bend-
ing in a concrete beam without reinforcement was first presented by Ulfkjaer
et al. [19]. This hinge was successfully applied in the modeling of pure con-
crete beams in three-point bending considering the development of only one
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crack. Olesen [20] expanded the hinge model by applying a bi-linear soften-
ing curve to allow for the incorporation of the effects of fibers on concrete
fracture. Further, this modified hinge model allowed for the existence of a
sectional normal force. This last feature is crucial for the ability of the hinge
to model a number of situations such as the wedge splitting test [21] and
the split cylinder test [22]. Olesen and Poulsen [23] implemented a numerical
hinge for investigation of the fracture behaviour of reinforced concrete beams
applying the effective stiffness concept, allowing for the formation of multiple
cracks along the beam axis.

The basic idea of the hinge has also been used for studying cyclic fa-
tigue of plain concrete beams [24, 25, 26], as well as reinforced and fiber-
reinforced concrete beams [27, 28, 29, 30]. Maitra et al. [31] applied the
influence method [32] in conjunction with the stress-degradation law pro-
posed by Zhang et al. [25] to simulate fatigue crack length propagation in
plain concrete pavements. However, these models suffer from another draw-
back: they are limited to one type of test or structural problem where the
crack path is known a-priori.

This paper presents a simple multi-scale damage model for simulation
of low-cyclic damage of cemented beam structures. At the lowest level, a
fiber of cemented material including a crack is considered, and a stress-mean
strain relationship is established. At the intermediate level, a hinge element,
which is a finite part of the beam, consisting of fibers in layered strips of
cemented material is considered, and a relationship between the generalised
sectional forces and strains established. At the highest level, the hinge model
is applied as a constitutive model in a non-linear beam element. Although
the underlying description of the hinge is based on the formation of discrete
cracks, the constitutive behavior of the hinge is smeared (smooth). This par-
ticular feature is practical and effective as no a-priori knowledge of the crack
pattern is required. Moreover, the hinge formulation makes it straightfor-
ward to implement different types of stress-crack opening relationships and
unloading- reloading schemes.

2. The mechanics of the cracked-hinge model

The basic assumption of the hinge model is the fact that the presence of a
crack influences the overall stress and strain field of a structure only locally.
The discontinuity created by the crack is expected to vanish outside a certain
width. Under constant moment, e.g. between the loaded points in Figure
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1 (a), the beam sections at the midpoints between the cracks will, due to
the periodicity of the cracks, remain plane during deformation of the beam.
The width s between two such sections embracing one crack defines a hinge
element, as shown in Figure 1 (b). For the beam area outside the loaded
points, the moment distribution is no longer constant. Such phenomena
be handled with appropriate numerical tools, i.e., the finite element (FE)
method, as exemplified for a single beam element in Figure 1 (b).

s s

c c

cpi cpi+1ipi ipi+1

P/2 P/2

(a) (b)

Figure 1: Sketch of hinge model implemented in simply supported beam under four point
loading: (a) overview of beam structure, (b) underlying discrete formulation of cracks
at constitutive points, cp, and smeared constitutive behavior obtained from interpolation
between constitutive points at integration points, ip.

The hinge width s is a fundamental calibration parameter of the model,
and it was suggested in [19] to use a hinge width half the height of the beam,
also adopted in the present study. Thus, the flexural deformation of the
beam is concentrated and the propagation of a crack can be modelled as a
hinge whereas the rest of the beam can be treated as elastic bulk material.

The uni-axial tensile behaviour of the cemented material is modelled ac-
cording to the fictitious crack model by Hillerborg et al. [18]. The linear
elastic pre-crack state is described by the elastic modulus, Ec. The uni-axial
tensile strength is denoted by ft and the corresponding strain by εct. To
make the proposed model as versatile as possible, a multi-linear stress-crack
opening relationship, or so-called softening law is selected
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σ (w) = bi − aiw





b1 − a1w 0 ≤ w ≤ w1

b2 − a2w w1 ≤ w ≤ w2

b3 − a3w w2 ≤ w ≤ w3

...

0 wi > wc

(1)

where w is the crack opening, wc is the final zero-stress displacement, ai is
the slope and bi the intersection of the tangent line segment and the abscissa
for a given point on softening curve as shown in Figure 2.

w

σ
b1

b2

w1 w2 w3 w4

b3
b4

a1

a2

a3
a4

Figure 2: Definition of parameters ai, bi and wi for softening law selected: multi-linear
idealisation (black dashed) of exponential softening curve (gray solid) using four linear
line segments.

The total fracture energy GF given by the area under the softening curve
is

GF =

wc∫

0

σ (w) dw =
1

2

n∑

i=1

[(2bi − ai (wi−1 + wi)) (wi − wi−1)] (2)

where n is the number of lines on the softening curve.
For the semi-analytical hinge models published in the literature, see eg.

[20, 25, 33, 26], sectional forces are calculated over the full beam-hinge seg-
ment (integration in blocks) for a given stress crack-opening relationship. A
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similar approach was used in the fnite element implementation of the cracked-
hinge reported by Olesen and Poulsen [23]. This type of model is simple and
numerically robust. However, such formulation becomes cumbersome if one
wish to study unloading- and reloading of cracks as well as more complex
material behaviour, e.g. damage and fatigue. Following the basic idea of the
’multilayer model’ by Hordijk [24], this study presents a general hinge model
consisting of fibers of cemented material shown in Figure 3.
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s+ u
σ
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(d)

Figure 3: Fiber hinge model: (a) Beam segment with constant sectional forces and defor-
mation of cracked beam segment. (b) Hinge stress distribution after initiation of cracking
showing the individual fibers (n=24, whereof 4 stress free). (c) Material fiber in uni-axial
tension: loaded state beyond peak-load showing crack deformations. (d) Geometrical
definition of one hinge strip (interpolation of stresses between two fibers).

The tensile behaviour of the hinge may be established by considering a
fiber of material in uni-axial tension as shown in Figure 3 (c). The elongation
of the fiber located at y can be expressed in terms of the mean normal strain

ε̄ (y) =
2u(y)

s
=

2u0(y)

s
+

2ϕ

s
y ≡ ε̄0 + κ̄y (3)

where ε̄0 is the mean normal strain at the beam axis, and κ̄ the mean curva-
ture of the hinge. In the cracked state, 0 < w ≤ wc, the crack opening and
the corresponding stress in the strip is given as

σc = σw ⇒ σc = bi + aiw

s+ 2u = s(1 + εc) + w ⇒ sε̄(y) = sεc + w

}
⇒
{
wi = sEcε̄(y)−bi

Ec+ais

σi = Ec
bi−aisε̄(y)
Ec−ais

(4)
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In the cracked state, wc ≤ w, the crack is stress free, leading to the simple
solution for the strip

w = s(1 + ε̄(y))− s
σc = 0

}
⇒
{
wi = sε̄(y)

σi = 0
(5)

The hinge is divided in, n + 1, number of fibers with the strip height ∆h
between fibers, shown in Figure 3 (b). The position (top-down) of each fiber
with respect to y = 0 can be calculated as yi = −h/2 + ∆h · (i − 1). The
normal force contribution from each strip between two fibers is given by

Ni =
1

2
(σi + σi+1) ∆ht (6)

The eccentricity of the normal force for each strip is found from trape-
zoidal calculation and is given by

ei =
1

3

σi + 2σi+1

σi + σi+1

∆h+ yi (7)

The moment contribution for each strip then yields

Mi = Ni · ei (8)

The sectional forces with respect to y = 0 is then a sum of the contribution
from all, n, strips and may be calculated from

N(ε̄0, κ̄) = t

h/2∫

−h/2

σcdy =
n∑

i=1

Ni (9a)

M(ε̄0, κ̄) = t

h/2∫

−h/2

σcydy =
n∑

i=1

Mi (9b)
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Convergence of the hinge is evaluated plotting the normalised error in mo-
ment β between the original hinge model [19] and the proposed hinge, con-
sidering a simple linear softening law for different hinge mesh densities, n:
2-100, shown in Figure 4 (b). It is observed that sufficient accuracy can be
obtained with 30 fibers, however, little is gained by increasing the number of
fibers from 10 to 30. Typical moment-curvature response is shown in Figure
4 (a).

8



0 0.25 0.5 0.75 1 1.25 1.5
0

1

2

3

4

Curvature, κ · 10−2 (m−1)

M
om

en
t,

M
(k

N
m

)

Analytical hinge [19]

Fiber hinge (n=2)

Fiber hinge (n=5)

Fiber hinge (n=10)

Fiber hinge (n=30)

Point of interest

0 510 20 30 50 100
0

0.1

0.2

0.3

0.4

0.5

0.6

No. of fibers

β

Average error

Error peak

Error descending

Error transition

Figure 4: (a) Typical moment-curvature response. (b) Number of hinge fibers, n: 2-100
(element size, elsz: 0.01-0.002 m) versus the average normalised difference in moment β.
Hinge dimensions (h/t): 0.20 × 0.10 m2. Material properties: Ec=30 GPa, ft=3.5 MPa
GF =150 N/m and wc=0.1 mm (linear softening).

In the analysis presented in Figure 4 the error in normalised moment is
taken as the average difference in moment between the analytical hinge model
in [19] and the proposed fiber hinge; at peak (κ=0.003 m-1), on the descending
branch (κ=0.0065 m-1) and at the transition point between softening and
stress free bottom fiber (κ=0.01 m-1).
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3. Tensile damage model for cemented material

In order to realistically capture the influence from unloading of a previ-
ously open crack, as well as the stiffness reduction for structures subjected to
repeated loads, a low-cyclic damage plasticity model for the fiber in tension
is implemented. A simple format is proposed, defining a fixed negative inter-
secting point σku on the abscissa towards which unloading takes place after
initiation of cracking. The geometrical meaning of the strain components for
the damage-plasticity model are shown in Figure 5.

Ec

Ed

ε̄ct

ft

σ

ε̄
ε̄pl η

(
ε̄− ε̄pl

)

σk
u

ε̄ult

σur

ε̄ur

Figure 5: Geometrical meaning of strain components for the damage-plasticity model.
The inelastic cracking strain ε̄cr is composed of the reversible η(ε̄ − ε̄pl) and irreversible
ε̄pl parts. The dashed line represent elastic unloading with the initial stiffness whereas
grey lines represent the reduced stiffness and unloading towards point σk

u.

From Figure 5 it is evident that the unloading stiffness and plastic strain
component can be defined as

E±s =
σur − σku
ε̄ur

(10a)

ε̄pl = − σku
E±s

(10b)

where E±s is the unloading- and reloading stiffness and σur and ε̄ur is the max-
imum cracking stress and strain upon unloading and reloading, respectively.
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The format above is found to comply well with experimental data for con-
crete materials as well as more advanced concrete damage plasticity model
formats, see e.g. [34, 35, 36]. Accordingly, a conventional 1-D damage-plastic
stress strain law can be formulated

σ = (1− η)Ec
(
ε̄− ε̄pl

)
(11)

where the damage parameter is given as

η = 1− E±s
Ec

(12)

The crack width w can be found from

w =

{
sε̄− sσur

Ec
⇒ sε̄cr 0 < w ≤ wc

sε̄ wc < w
(13)

where the inelastic strain is given as ε̄cr = ε̄pl + η
(
ε̄− ε̄pl

)
.

The constitutive behavior of a single hinge-fiber is tested plotting the
stress-crack opening curve for one hinge fiber subjected to cyclic loading
versus experimental results of plain concrete in uni-axial tension reported in
Reinhardt et al. [37], shown in Figure 6.
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Figure 6: Constitutive behaviour of hinge-strip in uni-axial tension; stress-crack opening
displacement compared to experimental results reported by Reinhardt et al. [37]. Relevant
material parameters are; Ec=39.27 GPa, ft=3.2, GF =99.7 N/m, c1=3, c2=6.93, wc =
5.14GF /ft=0.16 mm, s=0.25 m and σk

u = −0.4ft (exponential softening).

It is observed from Figure 6 that good fit is obtained between the hinge-
fiber behavior and experimental results. More detailed studies of the appli-
cability of the semi-analytical cracked-hinge model can be found in [38].

4. Implementation of hinge into beam element

The proposed fiber hinge, in subsequent chapters referred to as the ’FEM
hinge’, is implemented in a user-built finite element code following standard
finite element beam theory and procedures for building elements with non-
linear material behaviour, see e.g. [39]. The expressions for the element
stiffness matrix and equivalent nodal loads is based on the cubic displacement
function.

For the present study a plane three-node beam element is chosen as shown
in Figure 7. This element is capable of modelling quadratic variations of the
axial displacements and cubic variations of the transverse displacements. The
choice of element ensures that both generalised strains are interpolated lin-
early as opposed to a typical two-node beam element where constant normal
strain is assumed.
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x2,u2

x1,u1

ζ

cp1 cp2ip1 ip3

1−1 0

Figure 7: Plane beam element: Constitutive points (cpi) are located at endpoints, inte-
gration points (ipi) at Gauss points ±

√
1/3.

The vector of generalised strains, ε, holds the linearised axial strain ε0

and the linearised curvature κ. The interpolation of ε in the element is given
by

ε =



ε0

κ


 =




du1

dx

d2u2

dx2


 = Bv (14)

where B is the strain interpolation matrix. The vector of generalised stresses,
σ , holds the sectional normal force N and the sectional moment M and may

be established applying (9a) and (9b), i.e. σ = σ (ε) =
[
N(ε)
M(ε)

]
.

The hinge model presented here first determine the constitutive state and
stiffness of each individual fiber. Integration over the strip height between
fibers is then performed and the sum of all contributions is included in the
tangent stiffness matrix. The hinge tangent stiffness matrix, Dt is defined
through



dN

dM


 = Dt



dε̄0

dκ̄


 , Dt =

n∑

i=1



∂Ni
∂ε̄0

∂Ni
∂κ̄

∂Mi

∂ε̄0

∂Mi

∂κ̄


 (15)

Monotonic loading of the hinge results in constant positive stiffness of fibers
in linear elastic state. Fibers in the cracked state along the softening branch
and cracked stress-free state result in negative and zero stiffness contribu-
tions, respectively. The constituents of (15) are obtained from (9a) and (9b)
utilising the following relations for the relevant part of the integral corre-
sponding to 0 < w ≤ wc
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∂σc
∂ε̄0

= Ec
ais

Ec + ais
,

∂σc
∂κ̄

= Ec
ais

Ec + ais
y (16)

Here the parameters αi = ais
Ec+ais

and Ei
cc = Ecαi are introduced, where the

latter symbolises the reduced stiffness of the cracked fiber. ai is the slope at
a given point on the softening curve, see Figure 2. The stiffness contribution
from one fiber in the three different phases; elastic, softening and stress-free
is given by (17a), (17b) and (17c), respectively

Del
t =

[
Ect Ecty

Ecty Ecty
2

]
ε̄ ≤ ε̄ect (17a)

Dcr
t =

[
Ecct Eccty

Eccty Eccty
2

]
ε̄ect < ε̄ ≤ ε̄ult (17b)

D0
t =

[
0 0

0 0

]
ε̄ > ε̄ult (17c)

In the case of unloading- and reloading, a fiber in linear elastic state will not
change whereas a fiber along the softening branch change from a negative to
a positive stiffness contribution. Moreover, the tensile damage parameter is
introduced, i.e.

Du
t = (1− η)Del

t for ε̄ct < ε̄unl < ε̄ult (18)

The full tangent stiffness matrix for loading, unloading and reloading can
now be established by interpolation between each fiber and integration over
the strip height as given in Appendix A.1. The internal nodal force and the
contribution from the beam-element to the tangential stiffness matrix can
then be found from standard finite element beam theory.
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Figure 8: Implementation of hinge into beam element: comparison between analytical and
finite element hinge model. Hinge dimensions (h/t): 0.20 × 0.10 m2. Material properties:
Ec=30 GPa, ft=3.5 MPa, GF =150 N/m and wc=0.1 mm (linear softening).

The implemented hinge is validated by plotting the moment-curvature
behavior for a single FEM hinge versus the analytical hinge. It can be ob-
served from Figure 8 that exact fit is obtained between the FEM hinge and
analytical model considering two types of unloading schemes. Fast conver-
gence, within 1-2 iterations, is obtained for this simple model applying a
fixed increment of ∆θ=0.225 mm-1. The two transition points between the
phases; elastic-softening (crack initiation) and softening-stress free (bottom
fiber stress free) are shown for reference.

5. Structural examples

5.1. Finite element model

The performance of the proposed hinge model is further evaluated by
structural analysis of two fracture tests on plain concrete. First, a conven-
tional notched beam under three point loading is considered, shown in Figure
9 (a). Second, a notched beam resting on clay soil subjected to a concen-
trated load at midspan position is considered, shown in Figure 9 (b). Beam
geometry, material properties and model parameters used in the analysis are
given in Table 1. Overview of model geometry and boundary conditions is
shown in Figure 1.

15



Table 1: Geometry and mechanical properties for beams used in numerical studies.

Geometry Unit Three-point Soil

Length, L (m) 0.60 0.80

Height, H (m) 0.15 0.15

Thickness, t (m) 0.08 0.08

Notch depth, a0 (m) 0.05 0.05

Mechanical- and fracture properties

Young’s modulus, E (MPa) 32,040 32,040

Poisson’s rato, υ (-) 0.15 0.15

Tensile strength, ft (MPa) 4.15 4.15

Fracture energy, GF (N/mm) 0.164 0.164

Soil properties

Vertical spring, kv (MPa/mm) - 0.1560

Horisontal spring, kh (MPa/mm) - 0.0156

Cohesive model parameters

Softening type (-) Bilinear Bilinear

Stress ratio at kink point, k1 (-) 0.25 0.25

Displacement at kink point, wk1 (mm) 0.0204 0.0204

Final zero displacement, wc (mm) 0.234 0.234

Hinge model and numerical parameters

Number of fibers, n (-) 30 30

Number of elements, nel (-) 8 10

Unloading point, σku (MPa) -0.4ft -0.4ft
Increment size, ∆δc (mm) 1·10-2 1·10-2

Error tolerance, ε (-) 1·10-4 1·10-4

To simulate the softening response of beam structures and to compare
experimental- and numerical unloading and reloading curves, a conventional
Newton-Raphson (N-R) solver is implemented with direct displacement con-
trol, see e.g. [40]. In the present study the energy norm ratio δE1/∆E0 is
applied as a measure in the convergence criterion.

16



L/2
P

h

kv

kh

keqe
CL

(a)

(b)

Figure 9: Model geometry and boundary conditions of finite element model used in the
present study: (a) simply supported beam and (b) soil supported beam.

5.2. Three-point beam

Convergence of the FEM hinge model is evaluated plotting the load dis-
placement behavior of a three point-beam, see Figure 9 (a), for different beam
mesh densities, nel: 2-14, shown in Figure 10. It is observed that sufficient
accuracy for peak-load and peak-load displacement can be obtained with only
2 elements. However, on the softening branch, a minimum of 8 elements are
needed to resemble the softening response of the analytical model. To obtain
satisfactory convergence a minimum of 10 elements are needed, resulting in
an element size of 0.06 m, selected in subsequent analysis. In the analytical
model, implementing the hinge into an elastic beam as suggested by Olesen
[20], only one hinge is considered. This explains the slightly stiffer behavior
compared to the finite element hinge.
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analytical model considering one crack only.

The functionality of the proposed numerical hinge to simulate the low-
cycle fracture behavior of a three-point beam is demonstrated by plotting the
load-crack mouth opening displacement versus experimental and numerical
results reported in [16], see Figure 11 (a) and (b), respectively.
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Figure 11: Load-crack mouth opening displacement response of a three-point beam: (a)
FEM hinge versus experimental curves plotting 4 of 19 load cycles carried out in experi-
ment. (b) FEM hinge and analytical hinge versus a discrete cohesive zone model.

It is observed from the load-CMOD curve in Figure 11 (a) that there is
good agreement between the FEM hinge model and the experimental results.
The hinge model resemble both pre-peak, softening and unloading- reloading
response adequately well. The difference in peak-load and peak-load dis-
placement is app. 10% and 5% respectively, which is within the expected
scatter. It is also found that the monotonic behavior of the proposed hinge
comply well with finite element simulations using a discrete cohesive zone
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model and the commercial computer package ABAQUS reported in [16], see
Figure 11 (b).

The difference between the FEM hinge and the cohesive zone model is
mainly related to the pre-peak behavior. Whereas the hinge model behaves
perfectly elastic up to initiation of cracking, the cohesive zone model incor-
porates a small error in crack-opening displacements related to the penalty
stiffness. Increasing penalty stiffness reduce this error, however, very high
levels of penalty stiffness result in ill-conditioned stiffness matrix and thus
slow convergence and aborted simulations. This problem is avoided applying
the proposed hinge, resulting in a more robust model and stable simulations.

5.3. Beam resting on soil foundation

The beam resting on soil foundation is modeled using a simple spring soil
model suggested by Gaedicke and Roesler [16]. The idealised spring foun-
dation model consists of independent vertical springs with a spring stiffness
coefficient, kv, similar to a conventional Winkler model. The constitutive be-
havior of the vertical spring is modified to allow for separation between the
beam and soil, i.e. for positive vertical displacements (tensionless spring).
Moreover, the horisontal spring is implemented in the model, representing
the frictional contact between soil and beam structure. The horisontal spring
is modeled with a stiffness of kh = kv/10 and a constant slip limit of uh=0.5
mm. A schematic overview of the spring constitutive behavior is shown in
Figure 12. Implementation of the Winkler foundation model into beam ele-
ments is described in Appendix A.2.

kv

kh

σ

u

Figure 12: Constitutive behavior of Winkler spring foundation applied in [16].

20



The functionality of the proposed numerical hinge to simulate the low-
cylic fracture behavior of a beam resting on soil is demonstrated by plotting
the load-crack mouth opening displacement versus experimental- and numer-
ical results reported in [16], see Figure 13 (a) and (b), respectively
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Figure 13: Load-crack mouth opening displacement response of beam on soil: (a) FEM
hinge versus experimental curves plotting 4 of 18 load cycles carried out in experiment.
(b) FEM hinge versus a discrete cohesive zone model.

It is observed from the load-CMOD curve in Figure 13 (a) that the FEM
hinge model captures the overall characteristic response of the beam on soil

21



on the descending branch. However, the peak-load and load level in gen-
eral, as well as the peak-displacement is overestimated. The difference in
peak-load varies between 15-50% compared to experimental curves. Similar
trend is also found in numerical analysis reported in [16]. Thus, the FEM
hinge comply well with the numerical results applying a discrete cohesive
zone model as shown in Figure 13 (b). In the example presented, the con-
vergence rate is relatively fast, and below 10 iterations, during unloading
and reloading. The convergence rate during monotonic post-peak loading is
somewhat slower. This is can be explained by the sudden change in stiffness
at peak and at the point where the reloading curve enters the monotonic
curve.

The difference between experimental and numerical results indicate that
the soil model applied in simulations does not reflect the stress distribution
below the beam and/or other boundary conditions in the test set-up very
well. The stiff pre-peak response and lower peak load in experiments indi-
cate that the continuity and shear stiffness of the soil influence the response
significantly. For cohesive soils, considered here, this influence will theoreti-
cally result in a large vertical reaction pressure along beam edges.

In order to obtain a more realistic response of the soil a generalised two-
parameter spring model, see e.g. [41, 38], is implemented in beam elements
as shown in Appendix A.2. The two-parameter model introduce an inter-
action between independent springs through a shear coupling spring, γ. A
simple approach is applied here to demonstrate the applicability of the two-
parameter model keeping the Winkler stiffness constant and then adjusting
the second parameter to match the pre-peak behavior of experimental beams,
resulting in γ = 1.75 · 106 N. The soil adjacent to the beam is modeled using
an additional spring force, i.e., keqe = kv

√
γ/kv.
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Figure 14: Comparison between experimental results (gray dashed), numerical results
applying a Winkler model (black solid) and numerical results applying a calibrated two-
parameter model (gray solid): Load-crack mouth opening displacement response of three
point beam on soil.

It is observed from Figure 14 that the peak-load and peak-load displace-
ment can be predicted adequately well applying a two-parameter model.
However, on the post-peak branch, the continuity created by the second pa-
rameter spring, result in a high residual stiffness of the structure. At this
stage the shallow clay soil layer is likely to exhibit severe plastic yielding due
to the stress concentration at the crack front. To obtain a realistic response
for the total load-CMOD curve, it would be necessary apply more advanced
foundation models, e.g. by extending the two-parameter to account for plas-
tic yielding.

6. Conclusion

The use of a cohesive cracked-hinge model for simulating low-cyclic dam-
age of cemented beam structures has been investigated showing good per-
formance. Implementation of the hinge into a beam element is relatively
straightforward and the contribution to the tangent stiffness matrix from
each fiber is established following a general format, creating a versatile tool,
allowing for different types of softening laws and damage formats.

The analytical hinge model developed shows satisfying performance com-
pared to integration over the full hinge segment. Good fit is obtained using
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a relatively coarse discretisation of 10-30 fibers. Moreover, it is found that
the analytical damage-plasticity format implemented sufficiently captures the
response of experimental cyclic uni-axial tensile tests.

The results obtained show that the proposed numerical hinge model ad-
equately describe the cyclic response of a plain concrete beam under three
point loading. It is also found that the proposed hinge comply well with
other numerical results published in the literature, applying a cohesive zone
model using the same cohesive model parameters.

Simulation of beams resting on soil foundation show that the hinge model
captures the main structural response of experimental beams. The hinge
model resting on Winkler foundation does not describe the pre-peak behav-
ior observed in experiments adequately well, indicating that the soil model
and the boundary conditions applied does not comply with the test set-up.
This highlights the influence from soil-structure interaction on the struc-
tural response of beams on soil. To overcome the deficiency of the Winkler
model, an interaction between independent springs is introduced, using a
two-parameter spring model, showing good performance.

The present paper demonstrates the implementation and application of
a general cohesive crack-hinge model to describe the fracture behavior of
cemented beam structures. The results obtained is encouraging and show
that the methodology is well suited for practical use.
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Appendix A. Appendix

Appendix A.1. Derivation of hinge tangent stiffness matrix

Interpolation between hinge fibers and integration over the strip height
is given as

dNi = t

yi+1∫

yi

1

2
(Di (1, 1) +Di+1 (1, 1)) dy +

yi+1∫

yi

1

2
(Di (1, 2) +Di+1 (1, 2)) dy

=
1

2
(Di (1, 1) +Di+1 (1, 1)) (yi+1 − yi)

+
1

2
(Di (1, 2) +Di+1 (1, 2)) (yi+1 − yi)

1

2
(yi + yi+1)

= Di (1, 1) dε̄0 +Di (1, 2) dκ̄

=
∂Ni

∂ε̄0

+
∂Ni

∂κ̄
(A.1a)

dMi = t

yi+1∫

yi

1

2
(Di (2, 1) +Di+1 (2, 1)) dy +

yi+1∫

yi

1

2
(Di (2, 2) +Di+1 (2, 2)) dy

=
1

2
(Di (2, 1) +Di+1 (2, 1)) (yi+1 − yi)

1

2
(yi + yi+1)

+
1

2
(Di (2, 1) +Di+1 (2, 1)) (yi+1 − yi)

1

3

(
y2
i + y2

i+1 + yiyi+1

)

= Di (2, 1) dε̄0 +Di (2, 2) dκ̄

=
∂Mi

∂ε̄0

+
∂Mi

∂κ̄
(A.1b)

where yi and yi+1 are the position of each fiber depicted on Figure 3. The
sum of all contributions is included in the tangent stiffness matrix similar to
(15), i.e.

Dt =
n∑

i=1



∂Ni
∂ε̄0

∂Ni
∂κ̄

∂Mi

∂ε̄0

∂Mi

∂κ̄


 (A.2)
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Appendix A.2. Implementation of foundation models

Based on the contribution to the variation in internal work δΩ, from the
beam and the two-parameter foundation, and the potential work of external
forces δW from point- and surface loads, the principle of virtual work for the
system can be established

∫

V

δεTσ + δuTku+ δθTγθdV =

∫

S

δuTfdS +
∑

i

δuTi pi (A.3)

where V is the structural volume, S is the surface area, δu and δθ is the
displacement and rotational variations, respectively, f is the surface traction
vector, pi is a concentrated (nodal) load and δui is the associated (nodal)
displacement variation. The contribution of the second parameter spring is
here given on a general form considering γ as a rotational stiffness. In case
of a Winkler foundation type this latter term is omitted.

The beam-element and two-parameter foundation contribution to the in-
ternal nodal force, q, is then given by the expression

q =

Le∫

0

BTσdx+

Le∫

0

NT

[
kh 0

0 kv

]
Nvedx+

Le∫

0

GTγIGvedx (A.4)

where Le is the length of the element, ve is the global dof element displace-
ments, B is the strain interpolation matrix and N is the displacement inter-
polation matrix.

The beam-element and two-parameter foundation contribution to the tan-
gential stiffness matrix, kt, is given by the expression

kt =

Le∫

0

BTDtBdx+

Le∫

0

NT

[
kh 0

0 kv

]
Ndx+

Le∫

0

GTγIGdx (A.5)

The matrix I = [ 0 0
0 1 ] is used to omit the axial terms in the second param-

eter interpolation matrix G. Where G is given as G = N′.
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