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Abstract. A biologically-plausible simulation of a neuronal network is
studied as its topology is shaped by its activity by means of an encod-
ing of its connectivity structure as a directed clique complex. Specially
defined invariants of this mathematical structure, including the informa-
tion about synaptic strength, are introduced and show how the initial
topology of a network and its evolution during the simulation are tightly
inter-related with the dynamical activity.
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1 Introduction

Brain imaging techniques have raised the possibility that brain networks are
organized following scale-free [5] or small-world diagrams [1]. A well known hall-
mark of the anatomical organization of brain circuits in all species is the hierar-
chical topology of neural modules [2, 8]. This observation suggests that the neural
substrate for the functional integration of specialized neural operations, which
form the basis of cognition, may require hierarchical modularity. Hence, patterns
of spontaneous activity associated with functional connectivity patterns suggest
that structural networks determine the operations characteristic of functional
networks, as revealed by the relations between topology and activity [6, 17, 15].
An extension of time integration from external input modules (appropriate for
sensory processing) to higher hierarchical levels (exhibiting persistent activity
suitable for decision-making and working memory) of associative areas is likely
to produce progressively extended timescales along the modular hierarchy [4, 14,
3]. In the olfactory system, for example, the relative roles of feedforward (FF),
feedback (FB) and inter-module horizontal (H) connections within the same hi-
erarchical level suggest the possibility to gain insight into effective connectivity
on the basis of self-organization of structural and functional connectivity [18].

A natural way to mathematically encode a network is the notion of directed
graph – a set of nodes connected by arcs with a fixed direction. This structure
allows for mathematical constructions yielding a topological space, which can
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in turn be studied with the powerful toolbox of algebraic topology, such as the
directed clique complex which we introduced previously [12, 13]. In the present
study we study the relations between topology and dynamics on a biologically
inspired hierarchical network simulation with a high number of cells and a struc-
ture of connectivity that is spontaneously shaped by the network’s dynamical
evolution. The current model is based on leaky integrate-and-fire neurons and
features developmental phases, including apoptosis at the early developmental
stage, Spike Timing Dependent Plasticity (STDP) and coherent external input
patterns. We consider two hierarchical levels of processing modules and two dif-
ferent topologies depending on their reciprocal pattern of connections within
and between successive hierarchical levels. We used a modular and flexible sim-
ulation framework, based on the system JNet [16]. By studying new topological
invariants based on the weight of the connections, we gain new insight into the
relations between dynamics, network topology and self-organization of functional
networks.

2 Methods

2.1 Topology and the directed clique complex

We consider a finite directed weighted graph G = (V,E) with vertex set V
and edge set E with no self-loops and no double edges, and denote with N the
cardinality of V . Let W be the |V | × |V | matrix with positive entries defining
the weights of the edges in the graph: Wij is the weight of the edge from node
ni to node nj , or 0 if they are not connected. Associated to G, we can construct
its (directed) clique complex K(G), which is the directed simplicial complex [7]
given by K(G)0 = V and

K(G)n = {(v0, . . . , vn) : (vi, vj) ∈ E for all i < j} for n ≥ 1. (1)

In other words, an n-simplex contained in K(G)n is a directed (n+ 1)-clique or
a completely connected directed subgraph with n + 1 vertices. An n-simplex is
an object of dimension n and consists of n+ 1 vertices.

By definition, a directed clique (or a simplex in our complex) is a fully-
connected directed sub-network: this means that the nodes are ordered and there
is one source and one sink in the sub-network, and the presence of the directed
clique in the network means that the former is connected to the latter in all the
possible ways within the sub-network, as illustrated by Fig. 1A.

The weight of a clique is defined as the sum of the weights of all the graph
edges belonging to the clique.

2.2 The neuronal network simulator JNet

We simulated a multi-module neuronal network using the expandable framework
named JNet, which was developed and maintained within our research group [16].
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Fig. 1. (A) Example of cliques. The directed clique complex of the represented graph
consists of a 0-simplex for each vertex and a 1-simplex for each edge. The shaded area
(123) represents a 3-clique and the area (2345) is the only 4-clique in this example. (B)
The feedforward (FF) and feedback with horizontal connections (FBH) arrangements
of hierarchical network modules in the simulations. L1.x: hierarchical level 1; L2.x:
hierarchical level 2.

Each network module was simulated by a 2D lattice of 76× 76 leaky integrate-
and-fire neuronal models that includes 80% of excitatory neurons and 20% of
inhibitory neurons, whose main parameters are summarized in Table 1. Each
simulation has a global clock and a time step variable t that ranges from 0 to
106 in unitary increments.

The overall structure of the network features one sensory module S, which
is the only one to receive an external stimulus, and a two hierarchical levels
processing modules, with two modules at each level L1.1–L2.2 (Fig. 1B). The
FF model is a feedforward network without horizontal connections. The FBH
model also includes feedback and horizontal connections. Note that the inter-
module connections are actually fibres of multiple synapses, as explained further
below. This simulation features a number of important bio-inspired processes [10]
that affect the connectivity within a neural module, namely synaptogenesis, cell
death, spike timing dependent plasticity (STDP) and synaptic pruning. During
the synaptogenenesis, each cell establishes a pattern of projections, avoiding self-
connections, but so that each neuron can project to other excitatory or inhibitory
cells, following a 2-dimensional Gaussian probability distribution. This process
is randomized and runs independently for each cell of either type and for each
network module. Connections have an intensity (weight), which is an integer in
the set {1, 2, 4}. At the beginning, all the weights are set to 2, and they evolve
during the simulation increasing or decreasing as a consequence of STDP.

During synaptogenesis, inter-module connections are also established. They
model the long-distance synapses in the brain. In each network module, an input
and an output layer are defined. The output layers of each module are connected
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Table 1. Main initial parameters of the simulation.

Parameter Unit Value

Network modules features
Module dimensions 76 × 76
Neurons 5776
Projections 890000
Input neurons 900 (processing)

450 (sensory)
Output neurons 450

External stimulation of the sensory module
Start time step 6144
Amplitude mV 1.9
Stimulus duration time step 512
Pause between stimuli time step 1024

Background activity
Background stimulus amplitude mV 1.90 (processing)
Background stimulus amplitude mV 3.80 (sensory)
Background stimulus frequency 1/time step .3

Plasticity and apoptosis
Apoptosis start time step 0
Apoptosis end time step 767
STDP start time step 768

Excitatory cells
Proportion % 80
PSP mV 0.92

Inhibitory cells
Proportion % 20
PSP mV −1.64

to the input layers of the target modules, according to the topology that is
adopted (Fig. 1B). The inter-module out-degree of an output cell is chosen to
be proportional to the intra-module out-degree, i.e., if a cell project to other k
cells within its module, it will project to a fixed fraction ρk of input cells of each
of the downstream modules. After the initial stage of synaptogenesis, no new
projections are added to the network.

There are two types of cell death: “apoptosis” or programmed cell death –
which is active during the initial part of the network evolution – and “necrotic cell
death”, which occurs when neurons do not establish enough connections, either
because of an anomalous development or because of synaptic pruning, occurring
at any stage after the developmental phase [9]. Apoptosis reflects the biological
process of massive synaptic pruning associated with cell death occurring during
early stages of neural development, right after the initial excessive and to some
extent diffusive synapse generation [11].

2.3 External stimulation and background activity

The input layer of the sensory module S receives an external input which is
activated for the first time at t = 6144. The input pattern is formed by a basis
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stimulus of the duration of 10 time steps, which is repeated 52 times with each
repetition slightly modified with the introduction of a jitter. At each time step,
an average number of 4% of the input cells receives an input. The entire pattern
– truncated to the duration of 512 time steps – is applied to the input layer.
Afterwards, there is a pause of 1024 time steps, during which no input is applied
to the network, and then the input pattern is applied again, until the end of the
simulation. All the modules in the network are subject to a background noise
activity, which is active for the entire duration of the simulation. The background
activity is applied as an extra input potential of fixed amplitude (see Table 1) at
a given random Poisson distributed times, with fixed average frequency for each
neuron. All parameters have been chosen in accordance with those determined
in [16] and [10], adjusting for the network size when appropriate.

2.4 The topological invariants of the simulated network

The jNet network modules described above are naturally modelled as directed
weighted graphs, allowing us to construct the directed clique complex and the
topological invariants. To be able to consistently compare clique weights, we
normalise connection weights by dividing their value (an integer in {1, 2, 4}) by
the maximum possible weight, namely 4. This way, the weights of connections
in the graph are in the interval [0, 1].

In our analysis we consider two simply defined invariants of the directed
clique complex:

– The number of m-cliques ((m − 1)-simplices), for a fixed integer m ≥ 0,
which is defined as the cardinality of the set K(G)m.

– The weighted number of m-cliques ((m−1)-simplices), for a fixed integer
m ≥ 0, which is defined as the sum of the weights of all directed cliques of
dimension m in the graph.

Notice that to make the calculation of the directed clique complex computation-
ally feasible we introduced a quadrant technique. We split each network module
into 4 quadrants and computed the complex on each quadrant (removing the
connections in-between different quadrants). This reduces the number of cliques,
but we concentrate on low-dimensional cliques whose quantity is not significantly
affected by this reduction and we can average the results on all the quadrants of
modules lying at the same hierarchical level.

3 Results

As we observed in our earlier work with a different type of simulations [12, 13],
the clique invariants are a predictor of network activity, since they are able to
detect at an early stage of a simulation whether a given network will have a
high or low activation during the simulation. Here we compared the topological
invariants with the average activity of the network. This is computed as the
number of active (spiking) neurons at a given instant averaged over the entire
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Table 2. Activity and topology. Pearson’s correlation coefficients of the average
activity of the network at different time steps of the simulation, following with the
number of 2-simplices and the number of weighted 2-simplices. L1: hierarchical level 1,
L2: hierarchical level 2. ns: p ≥ 0.05, ∗: p < 0.05, ∗∗: p < 0.01, ∗∗∗: p < 0.001.

No. 2-simplices No. weighted 2-simplices

FF FBH FF FBH
Time step L1 L2 L1 L2 L1 L2 L1 L2

1500 ns ns ns ns ns ns ns ns
160,000 ns ns ns ns .362∗ .402∗ ns ns
320,000 .511∗∗∗ ns .399∗∗ ns .607∗∗∗ .604∗∗∗ .512∗∗∗ .484∗∗

500,000 .758∗∗∗ .612∗∗∗ .670∗∗∗ .612∗∗∗ .836∗∗∗ .674∗∗∗ .755∗∗∗ .606∗∗∗

1,000,000 .875∗∗∗ .487∗∗∗ .843∗∗∗ .582∗∗∗ .920∗∗∗ .548∗∗∗ .856∗∗∗ .604∗∗∗

duration of the simulation. This quantity is computed a posteriori at the end of
each simulation. We computed the correlation of such averaged activity with the
topological invariants of the networks at different moments of the simulation on
N = 50 different simulations (different initializations of the random seed), half
with FF and half with FBH (Table 2).

We notice that, for the FF network architecture, the number of weighted 2-
simplices has a significant positive correlation with the network activity already
from t = 160,000 in both hierarchical levels, while the non-weighted invariant is
significantly correlated only from t = 320,000 and only in the first level. This
means that the weighted invariants are a better predictor of network activity. In
the FBH network architecture, both non-weighted and weighted invariants are
correlated with the activity at a later stage of the simulation (respectively from
t = 500,000 and t = 320,000 for correlation in both levels), but still the weighted
invariants show a better performance (earlier prediction). In a general sense, the
weighted invariants show higher correlation coefficients with the activity with
respect to the non-weighted ones at all times, suggesting that they are indeed
better indicators of high activity.

Fig. 2 shows an example of low- and high-activity FBH level 1 network
modules: even though the two represented networks have the same architecture,
because of different initialisation they evolved to two different topologies. The
network in Fig. 2A is characterised by a lower number of weighed cliques, which
is higher for the one in Fig. 2B. This example fits with our result that the number
of weighted cliques is a predictor for a network’s activation.

4 Discussion

We proposed the notion of directed clique complex as an indicator of network
activity [12], showing that it encodes the information about brain connectivity
in the form of topological space. In the current study we have extended the
simulation in order to include plausible biological processes shaping the struc-
tural connectivity of networks two orders of magnitude larger than our initial
study. An improved topological invariant that takes into account the strength
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Fig. 2. Comparison of the weighted cliques at time t = 320,000 of the simulations
in two different network modules. The figures show the 3-cliques in the two networks
(i.e. 2-simplices in the directed clique complex), and the color reflects their weight
(darker cliques have higher weight). Both figures are network modules in level 1 of two
simulations with topology FBH. Figure A (random seed r = 5694) has an average
activity of 7.18 and a weighted 3-cliques invariant of 57.3. Figure B (random seed
r = 7385) has average activity 11.65 and a weighted 3-cliques invariant of 68.9. For
readability of the figure, only cliques having a maximum connection length of 10 units
in the grid are drawn. We observe that network B presents a higher number of cliques
and of higher weight. This appears evident as well when looking at the bar plots of the
normalised clique weight distribution for the two networks (lower panel). Network A
has more low-weight cliques, whereas network B is characterised by a higher number
of high-weight cliques.

of synapses shows that the initial structural topology is a good predictor of
network’s activaty at specific hierarchical levels, despite the much greater com-
plexity of the dynamical processes shaping the topology and the activity in our
new simulations. The networks studied here are generated as grids with a ran-
dom initial connection and are only shaped by their dynamics. This paves the
way to further studies in which we shall analyze in greater detail the topology
of spontaneously occurring connectivity patterns in relation with precise time-
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related patterns of external stimulation fed at the entrance of the hierarchical
organization of neural modules.
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