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Resumé
Pålidelige estimater af dynamiske laster samt konstruktioners livstid, er påvirkede af den begrænsede nøjagtighed relateret til strukturel dæmpning. Dæmpningsmekanismen kan i sig selv ikke
udledes fra grundprincipperne, hvorfor dæmpningen enten er baseret på erfaringer eller målinger.
Denne afhandling består af en indledende sammenfatning og tre uddybbende artikler, som omfatter
forbedrede metoder til identifikation af dæmpning fra stokastiske strukturelle vibrationer. De udviklede metoder er valideret med stokastiske simuleringer, laboratorieforsøg og fuld-skala målinger,
som er repræsentative for vibrationer forekommende i både mindre og større konstruktioner.
Den første del af afhandlingen præsenterer en automatiseret procedure, som er passende for estimeringen af det modale dæmpningsforhold, samt resonansfrekvensen fra det stokastiske respons.
Metoden kan inkorporeres i eksisterende tidsdomæne, Operationel Modal Analyse (OMA) teknikker
således at den mest repræsentative tidsforsinkelse i korrelationsfunktionen og model orden vælges
automatisk ved at tilpasse et sæt af estimerede naturlige frekvenser og dæmpningsforhold til data af
den dynamiske respons. Proceduren er anvendt på stokastiske simuleringer af responset af tårnet på
en 8MW havvindmølle der er i stilstand. Dette er et scenarie hvori en begrænset mængde af dæmpning forventes. Det kan derfor være betydningsfuldt at estimere dæmpningsforholdet fra målinger,
der kan anvendes til designoptimering af de kommende generationer af havvindmøller. Den forventede størrelse af fejl i dæmpningsestimater er beregnet og valideret med virkelige vibrationsmålinger
af en havvindmølle i nedetid. Det bedste kompromis mellem bias og varians-fejl i dæmpningsestimaterne er opnået via den kovarians-drevne stokastiske subspace identifikationsteknik (COV-SSI), i
kombination med den automatiserede metode. Det kan konstateres, at den gennemsnitlige dæmpning er 42% lavere i for-akter-, end i side-til-side bevægelsens første svingningsform, og at spredningen
af det estimerede dæmpningsforhold er indenfor den forventede standard-afvigelse. Det er notorisk
vanskeligt at adskille størrelsen af de mange dæmpningskilder i havvindmøller. Størrelsen af energidissipationen afhænger eksempelvis af vibrationernes amplitude, og er forbundet med en rummelig
placering, der kan beskrives via den ikke-klassiske viskose dæmpningsmatrix.
Den anden del af afhandlingen viser, hvordan den rummelige fordeling af dæmpningen kan genkendes via et udledt eksplicit udtryk af den ikke-klassiske dæmpningsmatrix. Udtrykket kræver de
komplekse modale parametre, uden nogen specifik skalering, samt massefordelingen. Dette udtryk
kan implementeres i en output-only system identifikationsteknik, såvel som i traditionelle eksperimentelle modal-analyse teknikker. Dæmpningsmatricen er identificeret med god nøjagtighed og
giver en reel symmetrisk matrix fra simularinger, ved brug af det udledte udtryk. Det er yderligere
vist, via laboratorieforsøg på en femetagers forskydningsmodel af en bygning, at de estimerede
komplekse modalformer er reproducerbare. Konvergensen af de komplekse modalformer i forhold
til målingstiden validerer, at den ikke-klassiske dæmpningsmatrix kan rekonstrueres robust med
estimater af modale parametre fra dynamiske konstruktioner.
I den sidste del af afhandlingen præsenteres en metode til identifikation af dæmpning i systemer
med hysterese, som er opnået ved at udvide efterbehandlingen af estimater fra den klassiske COVSSI teknik. Hysterese er modelleret med Bouc-Wen modellen, som er erstatet af en ækvivalent
lineær relaksationsmodel. Den lineære relaksationsmodel er relateret til Bouc-Wen modellen via
eksplicitte udtryk af relationen mellem modellernes parametre, opnået med harmonisk midling.
Disse udtryk er inkorporeret i identifikationsproceduren, og de er afhængige af en gruppering af
ikke-oscillerende poler, standardafvigelsen af flytningerne og resonansfrekvensen. Syntetisk data
er brugt til validering, der simulerer flytningerne af et system med hysterese med én frihedsgrad
(SDOF), som er påvirket af stokastisk belastning. De syntetiske data er yderligere benyttet til at
vise, at metoden kan give et estimat af modelparametre, samt en indsigt i udviklingen af disse ved
lave og høje amplituder af påvirkningen.
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Abstract
Reliable predictions of the dynamic loads and the lifetime of structures are influenced by the limited
accuracy concerning the level of structural damping. The mechanisms of damping cannot be derived
analytically from first principles, and in the design of structures the damping is therefore based on
experience or estimated from measurements. This thesis consists of an extended summary and
three papers which focus on enhanced methods for identification of damping from random structural vibrations. The developed methods are validated by stochastic simulations, experimental
data and full-scale measurements which are representative of the vibrations in small and large-scale
structures.
The first part of the thesis presents an automated procedure which is suitable for estimation of the
natural frequencies and the modal damping ratios from random response of structures. The method
can be incorporated within existing time domain Operational Modal Analysis (OMA) techniques to
automatically select the most representative time lag in the correlation function and model order of
the system, by fitting a cluster of estimated frequencies and damping ratios to the dynamic response
data. The procedure is applied to stochastic simulations of the tower accelerations of an 8 MW offshore wind turbine generator during downtime. This is a scenario in which a limited amount of
damping is expected to be available. Therefore, it may be significant for the next generation of wind
turbines for which estimates from field measurements may be applied for design optimization. The
expected level of error in the estimates of damping computed by stochastic simulations is validated
by real vibration measurements of an offshore wind turbine in non-operating conditions. The best
bias-variance error trade-off in the damping estimates is obtained by the covariance driven stochastic subspace (COV-SSI) identification technique in combination with the automated method. It
has been estimated that the average damping in the fundamental fore-aft mode is 42% lower than
the damping in the side-side mode and the scatter is within the expected standard deviation. It is
notoriously difficult to separate the magnitude of the multiple sources of damping in offshore wind
turbine generators. The magnitude of energy dissipation depends on the vibration amplitude and
is associated with a spatial location which can be described by the non-classical viscous damping
matrix.
The second part of the thesis demonstrates how the spatial location of damping can be obtained by
a derived explicit expression of the non-classical damping matrix. The modal parameters without
a specific scaling are required in the expression as well as the mass distribution. This expression
can be incorporated into an output-only system identification technique as well as in traditional
experimental modal analysis techniques. The identified damping matrix is of high accuracy and
yields a real-valued symmetric matrix from simulations. It is furthermore shown, by measurements
of a model-scale five-story shear building, that the estimated complex-valued mode shapes are
reproducible and their convergence concerning the measurement duration validates that the nonclassical damping matrix can be re-constructed robustly by estimating the complex-valued modal
parameters of dynamic structures.
In the last part of the thesis a method for identification of damping in hysteretic systems is presented. The method extends the post-processing of the estimates obtained by the classical COV-SSI
technique. Hysteresis is modeled by the Bouc-Wen model which is represented by an equivalent
linear relaxation model. The linear relaxation model is related to the Bouc-Wen model by explicit
expressions of the relation between the model parameters obtained by harmonic averaging. These
expressions are incorporated in the identification procedure and they depend on the identification of a cluster of non-oscillatory poles, the root-mean-square of the displacement response and
the resonance frequency. Synthetic data provided by a benchmark challenge on identification of
single-degree-of-freedom (SDOF) systems with hysteresis is used for validation. The displacement
response from random excitation of a hysteretic system is contained in the data set, by which it is
shown that the model parameters identified by the method can predict the response at both low
and high-levels of excitation amplitudes.
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6. Bajrić A., Georgakis C.T. and Brincker R., Evaluation of damping using frequency domain
Operational Modal Analysis techniques, Dynamics of Civil Structures, Springer International
Publishing, 2015; 2: 351-355.
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1. INTRODUCTION

Consistent formulations of the mass, stiffness and damping are essential for the design of modern
structures. The inertia and stiffness contributions can be estimated by first principles. Damping on
the other hand cannot be based on such principles and therefore requires dynamic testing. During
an earthquake or when exposed to wind and wave loading, a high-rise building or an offshore wind
turbine relies on the ability to dissipate vibrational energy and thereby resist failure. Structural
dynamics is a broad interdisciplinary area, based on a century of advances in strength of materials,
theory of elasticity and computational analysis. Nevertheless, the identification of damping from
structural vibrations is often dictated by a lack of insight and therefore a scatter in the estimates
of damping may be observed.
Future developments and optimization of the next generation of structures are anticipated to make
use of the so-called digital twin concept [33]. This implies that the numerical model will be combined
with insight obtained from the vast amounts of data collected from real structures for monitoring
and diagnosis purposes. Figure 1.1 shows a photo of an offshore wind turbine park, with wind
turbine generators on monopile foundations. A study which reassesses the design of offshore wind
turbine structures on monopile fundations by monitoring data, shows that the lifetime may be extended by 88% [48]. The reported increase in lifetime is due to findings from measurements, which
show that the estimated fundamental frequency of the bending tower mode from 400 offshore wind
turbine structures is larger than predicted by the designers. This may also imply savings of the
amount material, where a 6-8% reduction in steel tonnage has been estimated by reassessment of
the design from estimation of the natural frequency by monitoring data from the offshore wind farm
West of Duddon Sands [48].

Figure 1.1. Walney offshore wind farm.

© Photography by David Dixon and licensed for reuse.

It is well known that the amount of damping in the tower is a governing factor in the design of
offshore wind turbine generators [99]. However, the estimates of damping remain poor despite
extensive use of vibration measurements for estimation of the dynamic characteristics of structures. There are numerous examples of substantial variability in the estimates of damping reported
from measurements of structures in operation. For example, the damping ratio of the fundamental
fore-aft mode estimated from measurements of accelerations of an offshore wind turbine tower at
a wind speed between 0 and 5 m/s during non-operating conditions, is given as 0.5 − 7% in [96]
and 0.5 − 3.8% in [29], whereas the typical design values are between 0.8 and 1.2% [36]. This
demonstrates that different magnitudes of damping are reported by distinct investigators, and an
enhanced confidence in the damping estimates is needed to allow for further design optimization.

A typical structural dynamic design starts with a description of the structure, which through a
modeling process results in a numerical model. The numerical model is treated by modal analysis
whereby the generalized eigenvalue problem yields the vibration modes, the natural frequencies, and
the modal damping ratio. This order is reversed in the experimental route to vibration analysis,
in which it is of interest to compute interior dynamic properties using exterior measurements of
the dynamic response. Traditional experimental modal analysis requires a controlled and measured
excitation [32]. It is therefore not practical for identification of structural parameters of large-scale
structures or mechanical engines, due to the excitation of wind, waves, traffic or operational conditions. Output-only system identification techniques aim at estimating the dynamic properties
and thereby validate the structural design from the random vibrations due to stochastic excitation.
An extensive review of the most common OMA methods can be found in [86]. OMA denotes a
group of output-only identification methods developed for structures subjected to an unmeasured
stochastic excitation. A common assumption of the OMA methods is that the system is linear
and time-invariant, the excitation and signal noise are uncorrelated white noise processes and the
response is wide-sense stationary. The damping values inferred from measurements and subsequent
analysis are often incorporated in building codes, where for instance the recommendation of 5%
modal damping ratio for the design of buildings, which was proposed in 1953 by [5], still remains
the design criterion of today.
The dissipation mechanism in structural dynamics can be related to multiple state variables, however there is no unified model which is generally appropriate. Viscous damping proportional to
the instantaneous velocity is still the state-of-the-art in structural dynamics. The viscous model is
widely used in computational software and identification techniques, although empirical data support the inadequacy of this damping model [25]. Lord Kelvin argued that damping in structures is
proportional to displacement and in phase with velocity, which introduced the so-called hysteretic
damping formulation. The hysteretic damping model is non-causal [26, 52], and is therefore often
inefficient for real applications. Another group of linear models are the phenomenological models,
such as the Kelvin-Voigt, Maxwell [39] and the Zener model [113], describing viscoelastic material
behavior. In other cases a nonlinear relationship may exist and dissipation can depend on e.g.
the square of the velocity as in flow induced vibrations [103]. Local nonlinear energy dissipation
mechanisms requires an equivalent linear model for global analysis [31].
In OMA the identification of damping is typically related to an estimate of the modal damping ratio
as a percentage of the critical damping, assuming viscous damping. An effort is directed towards
quantifying the estimation uncertainties of the modal parameters estimated by OMA methods
[81, 88], which is particularly useful for industrial applications. The posterior covariance of the
damping ratio estimates is found to be high [112], which confirms the scatter in the findings from
measurements. There are subjective choices that are required in OMA methods, which have an
effect on the estimated values [57, 85]. However, other reasons which may be related to the inherent
errors are the pre-processing of the measured signal, the identification techniques that are not
formulated in an optimal sense, the noise in the measured signal, the insufficient excitation or nonstationary response and lastly an assumed damping mechanism in the identification technique that
is not representative of the observed energy dissipation mechanism. For example, non-proportional
damping occurs in many real structures when the damping sources are not equally distributed
spatially throughout the structure. In such cases the modal equation of motion will not decoupled
when real-valued mode shapes are considered, and the damping is then more appropriately described
by the non-classical viscous damping matrix associated with complex modes.
In [54] an expression for the non-classical damping matrix is given, which requires the complex
poles and the complex-valued mode shapes of the system. The mode shapes must be scaled by the
damping matrix, which is seemingly unpractical as the aim is to estimate the damping matrix. This
approach has been improved by the approximate method in [2]. However, until now complex modes
estimated from measurements are unfortunately challenging to obtain with confidence. Often the
imaginary part of the complex modes is relatively small in magnitude and sensitive to measurement
errors or nonlinearities in the system. Thus, it seems questionable whether the identification of
damping from complex modes is achievable in practice [77].
4

Nonlinear hysteretic behavior is often encountered in structures which are subjected to cycling excitation such as earthquakes, wind or sea waves. A model describing the instantaneous state variables
cannot adequately capture the characteristics of the restoring force associated with hysteresis. The
restoring force is instead described by a model which accounts for memory characteristics of hysteretic behavior. The extension of identification techniques operating only on output for nonlinear
systems is limited and in most cases restricted to SDOF systems. However, some attempts have
been made in [90, 91, 92] for nonlinear system identification from random vibrations. In cases
of hysteretic systems, the internal state variables are unmeasured and the identification therefore
poses a challenge [68].
The thesis is divided into two parts. The first part is an extended summary covering the main
developments, with numerical examples as well as applications to experimental data and full-scale
acceleration measurements. The following part consists of three papers [P1]−[P3], covering the
thesis in greater detail. [P1] presents an automated technique for identification of damping ratios
from covariance driven identification techniques. The automated procedure has been validated by
Monte Carlo simulations of the random response of two systems. The first is a simple two degreeof-freedom (2DOF) system with proportional damping, while the second contains a simulation of
realistic ambient vibrations of an offshore wind turbine generator in standstill conditions. The
errors in the estimation of damping by the automated method are highlighted with respect to
these examples. Finally, full-scale measurements of an 8 MW offshore wind turbine illustrate the
application of the automated identification technique revealing the low damping in the first bending
mode of the wind turbine tower in the fore-aft direction.
The damping identification is extended in [P2] to non-classical damping where the complex-valued
mode shapes consequently play a crucial role in identifying the spatial distribution of damping in
a structure. An explicit expression for the non-classical damping matrix is derived, which does not
require a priori knowledge of the damping or a specific normalization of mode shapes. The method
is compared to a state-of-the-art method for damping identification, highlighting the advantages of
the proposed method. Identification from experimental data with the method is provided in [P2],
where the complex-valued mode shapes were found to be repeatable. This indicates the potential
of damping identification by methods based on modal parameters. In the last paper [P3], the
identification is further extended to identify the parameters of systems with over-damped modes
governed by the real valued part of the estimated poles in a stabilization diagram. A relaxation
model exhibits such properties and can therefore be used to linearize a nonlinear hysteretic system,
whose amplitude dependent characteristics can be identified by the proposed method.
The extended summary initially introduces the methods for identification of damping in linear
systems, where an extension is proposed for automated identification of the natural frequencies
and damping ratios from stationary response. The proposed automated identification is illustrated
with numerical examples of proportionally damped systems. The robustness of the identification
method is also discussed in relation to the estimates obtained by Monte Carlo simulations of an
offshore wind turbine generator in standstill for realistic scenarios with signal noise and variations
in the measurement duration. The most effective technique is automated and applied on full-scale
measurements, demonstrating robust damping estimates that confirm the expected low damping
level in the fore-aft mode of a wind turbine tower during standstill. The identification of damping is extended to a non-classical damping model where an identification method is proposed that
circumvents the need for iterations and the limiting assumptions of light damping and low modal
overlap. The effectiveness of the method is demonstrated by numerical comparison with the benchmark method of Adhikari [2]. Dynamic testing of a five-story shear building model demonstrates
the robustness of the method and estimates repeatable complex-valued mode shapes which give a
clear indication of the spatial location of the damping source induced by an eddy current damper.
The output-only method, in the final part of the thesis, is developed for the estimation of the
parameters of a relaxation model, that is tied to a hysteretic model by estimating the associated
non-oscillatory system pole, which appears in the classical stabilization diagrams. The method for
identification of hysteretic systems is discussed for low and high levels of excitation amplitude.
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2. METHODS FOR IDENTIFICATION OF DAMPING

This thesis is limited to output-only system identification methods from the domain of OMA. These
techniques are used for updating of a numerical model and in structural health monitoring applications, which aim at providing insight into the condition of structures which are daily subjected
to mechanical stresses and therefore deteriorate due to environmental loads and vibrations. An
introduction to OMA methods can be found in [17]. The most common methods are categorized
in Figure 2.1, with references given to the original formulations of the algorithms.
The numerous OMA methods describe the dynamic characteristics of structure by a linear mathematical model. The model approximates the forced dynamic response of a continuous structure
over a frequency range of interest by a set of ordinary differential equations. This formulation is
the equation of motion of a discreticized structure with N degrees of freedom
M q̈(t) + C q̇(t) + K q(t) = F(t) ,

(2.1)

where M, C and K are the N × N mass, damping and stiffness matrices. The external nodal forces
are in the N × 1 vector F. The dynamic response characteristics are contained in the acceleration,
velocity and displacement vectors which are q̈, q̇ and q, respectively, while the time is denoted by t.

Identification methods

The OMA algorithms perform the identification in the time-domain, frequency-domain or in timescales assuming a model of the same form as in (2.1). The algorithms formulated in the time-domain
and time-scales operate on the covariance function estimate of the response, while the frequencydomain methods operate on an estimate of the power spectral density of the response. Numerous
comparisons of the estimated modal parameters obtained by OMA techniques through simulation
studies can be found in [21, 37, 55, 82, 86, 110]. The modal parameters are the angular natural
frequency ωn , the modal damping ratio ζn and the mode shape φn , which are all associated with
an nth mode of vibration of a system. From the comparisons in [21, 37, 55, 82, 86, 110] of the
numerous algorithms listed in Figure 2.1 it can be concluded that the COV-SSI technique is the most
accurate and precise method for modal parameter estimation from random structural vibrations.
This conclusion is in agreement with the extensive Monte Carlo simulation study provided in [P1].
The three methods which have been compared in [P1] are emphasized by the blue color in Figure
2.1. Therefore, the COV-SSI technique is regarded as the state-of-the-art method in this thesis,
which has been implemented in MATLAB [60].
The COV-SSI technique is introduced in the following section, while the errors associated with
the estimation of damping are described in Section 2.2. The identification methods which require
measurements of both the response and the excitation can be grouped as input-output system
identification techniques and they are therefore beyond the scope of this thesis. However, an
introduction to input-output methods with focus on damping identification in linear systems can
be found in [75, 83].

Frequency-domain

Output-only

Time-scales

Time-domain

Enhanced frequency domain decomposition [16].
Least square complex exponential [72].
Complex mode indicator function [94].
Continuous wavelet transformation [98].
Blind source separation technique [8, 50].
Natural excitation technique [45].
Ibrahim time domain identification [43].
Eigensystem realization algorithm [47].
Stochastic subspace identification [102, 71].
Auto-regressive moving average [78]

Figure 2.1. Operational modal analysis techniques for identification of multiple-degree-of-freedom systems.

2.1 System identification from output covariances
The presentation in this section concerns multiple-input-multiple-output system identification formulated from output covariances. This formulation is not a novel development of this thesis, but a
necessary summary of system identification from output covariances by subspace methods, further
elaborated in [102, 71, 49]. The OMA identification techniques which reside in the time-domain,
such as the COV-SSI technique, are formulated by initially recasting the equation of motion in (2.1)
into a state-space format
ẋ(t) = Ac x(t) + Bc u(t) ,

(2.2)

where x = [q q̇]T is the 2 N × 1 state vector, Ac is the 2 N × 2 N dynamic state matrix, while Bc is
the 2 N × n input matrix. The state-space formulation is related to the equation of motion in (2.1)
by




0
I
0
Ac =
.
(2.3)
,
B
=
c
−M−1 K −M−1 C
M−1 B2
The matrix 0 is the null matrix, I is the corresponding identity matrix and F(t) = B2 u(t). The
subscript c indicates a continuous time representation. In practice a limited number of locations l
on a structure can be monitored with sensors and often this will be less than the number of state
variables (l < 2N ). Therefore, an observation equation is introduced
y(t) = Ec x(t) + Dc u(t) ,

(2.4)

where y is a l × 1 output vector. The output matrix Ec and the direct transmission matrix Dc can
be expressed as


Ec = Ed − Ea M−1 K Ev − Ea M−1 C ,



Dc = Ea M−1 F ,

(2.5)

where Ea , Ev and Ed denote the output matrices for acceleration, velocity and displacement,
respectively. Measurements are not available at all time instants t, but rather at discrete points
k with a constant time increment ∆t (t = k ∆t). Furthermore, the model may contain some
uncertainties and the measurements may contain some signal noise, denoted by w(t) and v(t),
respectively. This is accounted for in a discrete representation of the continuous time state-space
model in (2.2) and (2.4). The substituted stochastic discretized state-space model is
xk+1 = A xk + wk ,
yk = E xk + vk ,

(2.6)
(2.7)

which is a cornerstone of the stochastic subspace methods. It is implicitly assumed in (2.6) and
(2.7) that the excitation uk is contained in the model disturbances wk and the signal noise vk . The
discrete time state-matrix and output matrix are related to the continuous time representations by
A = exp(Ac ∆t) ,

E = Ec .

(2.8)

It is assumed that the terms wk and vk are stochastic and describe an ergodic stationary process,
with zero mean values such that E[wk ] = 0 and E[vk ] = 0. The symbol E[ · ] denotes the expectation
operator. Thereby, the covariances of wk and vk are
"    # 

T
Q S
wp wq
= T
δ ,
(2.9)
E
S
R pq
vp vq
where δpq is the Kronecker delta and ( · )T denotes the transpose. Furthermore, the states are
assumed to be a stochastic process with zero mean (E[xk ] = 0), which are uncorrelated with the
modeling inaccuracies (E[xk wkT ] = 0) as well as with the signal noise (E[xk vkT ] = 0).
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The covariance matrices of the output and state-output are
Rm = E[yk+m ykT ] ,

G = E[xk+1 ykT ] ,

(2.10)

respectively. The subscript m in (2.10) denotes the time lag, with the continuous representation
τ = m ∆t. From the expressions in (2.9) and (2.10) the description
Rm = C Am−1 G for m > 0 ,

(2.11)

of the output covariances can be obtained, as derived in [59]. The expression in (2.11) exhibits
properties similar to the impulse response matrix of a deterministic system and this is the essence
of the COV-SSI technique [86].
In the following the procedure for identification of the state matrix A is presented. System realization theory was originally applied for identification of the dynamic system matrix from the impulse
response function of a deterministic linear time-invariant system [47]. The realization of A in the
COV-SSI method is inspired by system realization theory and the method is initiated by arranging
the output covariance function in a block-Toeplitz form


Rm
Rm−1 . . . R1
 Rm+1
Rm
. . . R2 


T1|m =  .
(2.12)
.
..  .
..
 ..
...
. 
R2m−1

R2m−2

. . . Rm

The block-Toeplitz matrix has constant descending diagonals from left to right and can be decomposed into
T1|m = O m C m ,

(2.13)

where O is the observability matrix and C is the controlability matrix, which are given by

Om = C

C A . . . C Am−1

T



C m = G G A . . . Am−1 G .

,

(2.14)

To obtain an estimate of the observability and controlability matrices the block-Toeplitz matrix is
approximated by the singular value decomposition
T1|m = U S VT .

(2.15)

The left and right singular vectors are arranged in the matrices U = [u1 , u2 , . . . , um ] and V =
[v1 , v2 , . . . , vm ], respectively. The singular values are arranged in descending order in the diagonal
matrix S = diag[s1 , s2 , . . . , sm ]. By considering the relations (2.14) and (2.15), then the observability and the controlability matrices can be expressed as
√
Om = U S ,

Cm =

√
S VT .

(2.16)

The dynamic system matrix A can be estimated from the relation given in (2.14)−(2.16). In the
COV-SSI technique the system matrix is arranged as
+
A = O+
m T2|m+1 C m ,

(2.17)

where ( · )+ denotes the pseudo-inverse. The matrices C and G can be identified from the expression
in (2.14), represented by the first row and column of the observability and controlability matrices,
respectively. Thereby, the triplet A, C and G which describes the stochastic state-space model in
(2.6) and (2.7) is obtained. The discrete time dynamic state matrix is transferred to continuous
time by rearranging the former expression in (2.8). The eigendecomposition of the continuous
representation of the dynamic state matrix is
Ac = Ψc L Ψ−1
c .
The matrix Ψc is translated to physical co-ordinates by Ψ = E Ψc .
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(2.18)

The parameters of the decomposition in (2.18) can be related to the modal parameters of the
equation of motion in (2.1) by




Φ
Φ̄
Λ 0
Ψ=
,
L=
,
(2.19)
ΦΛ Φ̄Λ̄
0 Λ̄
where the complex-valued matrix Λ = diag[λ1 , λ2 , . . . , λN ] contains the eigenvalue λn of the vibration mode n. The mode shape matrix Φ = [φ1 , φ2 , . . . , φN ] contains the complex-valued mode
shapes φn as columns. The eigenvalues are the poles of the system and they are expressed as
p
λn = −ωn ζn + i ωn 1 − ζn2 ,
(2.20)
√
where i = −1 is the imaginary unit. The poles of the linear time-invariant system appear in
complex conjugated pairs (λn = λ̄n ). This finalizes the introduction of the modal parameter
estimation by the COV-SSI technique.

2.2 Errors in the identification of damping

Identification

Modeling

In structural modeling it is straight forward to compute the modal parameters, ωn , ζn and φn by
an eigenvalue decomposition of the dynamic state matrix Ac , once the mass, stiffness and damping
matrices (M, K and C) are known. Subsequently, the forced response (q̈, q̇ and q) of the system
can also be computed by well-established numerical time integration schemes [65]. Figure 2.2 gives
an overview of the structural dynamics modeling steps in comparison to the steps of a time-domain
OMA identification procedure. The COV-SSI technique, presented in the previous section of this
thesis, estimates the dynamic state matrix by stochastic system realization. The system-related
b c when using meaparameters obtained from such an identification procedure yield an estimate of A
b
b
surements, from which ω
bn , ζn and φn are subsequently computed. In the following, the symbol (c
·)
b , which
denotes an estimate. Measurements are inevitably an estimate of the dynamic response y
is observed for a finite duration of time. Hence, the output covariance matrix in (2.10) is therefore
also an estimate.

Modal analysis

Response simulation

M, C, K, F(t)

ωn , ζn , φn

q̈, q̇, q

b K
b
C,

b
ω
bn , ζbn , φ
n

b
b, R
y

System identification

Modal parameter estimation

Figure 2.2. The main steps in modeling and output-only system identification for structural dyanmics.

The statistical properties of the estimates depend on the quality of the measured vibrations and how
well the assumed system model describes the structural vibrations. The sources of errors which may
cause erroneous estimates of damping are summarized in Table 2.1. Firstly, it is assumed in (2.1)
that a linear and time-invariant system describes the vibrations of a dynamic structure. Nonlinear
distortions are to some extent present in structures operating in real environments and therefore
the assumption of a linear system may be violated. The damping mechanisms may in particular
be nonlinear when the amplitudes of vibration are large, which is not accounted for in the original
COV-SSI formulation. Identification methods for nonlinear systems are discussed in Chapter 5 of
this thesis and in [P3].
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The measured vibrations are a consequence of the energy input to the system. The excitation,
modeling disturbances and signal noise modeled by the terms vk and wk in (2.6) and (2.7) are
assumed to be white noise processes with a zero mean value. The measured vibrations are therefore
assumed to represent a stationary ergodic processes. However, the excitation may be colored or
non-stationary, e.g. ocean waves exciting offshore structures have spectral characteristics distinctly
different from a constant white noise spectra [41, 74].
Non-stationary excitation and response may be caused by extreme and rough wave loading associated with focused wave groups that occur on deep water, where the next generation of offshore wind
turbine generators may be built [11]. A linear time-variant system is often related to non-stationary
response characteristics. The description of a wind turbine generator experiencing variations of hydrodynamic loading may also be considered as a time-variant system, as the changes of the loading
in time cause changes of the mass, stiffness and damping matrices which describe the dynamic
system. Often, the variations in time may be considered as slow, and therefore the system is adequately approximated as a time-invariant system when observed over a relatively short duration of
time. This could be appropriate when considering the time scale of structural wear which can be
in the order of years.
The fifth factor of Table 2.1 which may be an additional source of error, is the estimate of the
covariance function matrix or spectral leakage in the estimate of the power spectral density [9, 10].
The error in the covariance function matrix can be an effect caused by error sources numbered
1−4 in Table 2.1. However, the covariance function is also an approximation due to the finite time
duration of the measured vibration and it is therefore computed by the unbiased covariance function
estimator
bxy (m) =
R

M−1−m
X
1
x(k) y(k + m)
M −m

for

m > 0,

(2.21)

k=0

where k, m = 0, 1, 2, ..., M − 1, and x(k) and y(k) are the discrete representation of the realizations
x(t) and y(t). The covariance function of a zero mean wide sense stationary process is equivalent
to the correlation function, due to the zero mean value. Therefore, the covariance of the output
will be referred to as a correlation function estimate in the remainder of this thesis.
The identification procedure also introduces estimation errors, due to the user dependent selection
of the size of the block-Toeplitz matrix in (2.12) related to the number of lags m of the correlation
function estimates. In addition, the selection of a representative number of distinct singular values
in (2.17) which determines the model order o, which may also introduce errors if not determined
accurately [86].
Table 2.1. Sources of errors in system identification from covariance driven methods.

1.

Nonlinear distortions.

2.

Colored excitation and signal noise.

3.

Non-stationary response characteristics.

4.

Time varying structural properties.

5.

Correlation function estimator or spectral leakage.

6.

Identification procedure.

It is valuable to understand the effect of the errors in an identification procedure, as well as the
violation of the underlying model assumptions. Such understanding may initially lead to improvements of the identification method with a more accurately estimated structural model. An estimate
of the modal parameters can be expressed as
ω
bn = ωn + ∆ωn ,

ζbn = ζn + ∆ζn
10

b = φ + ∆φ .
and φ
n
n
n

(2.22)

The estimates thereby consist of the correct values denoted ωn , ζn and φn and in addition the
deviations denoted by ∆ωn , ∆ζn and ∆φn . The deviations are sensitive to small disturbances and
therefore they can be regarded as stochastic quantities described by their statistical properties, such
as the corresponding bias and variance error. The bias error B is the difference between the expected
estimate of a modal parameter for a particular structure and its correct value. The variance error
V describes the scatter by considering the variability of a modal parameter for a given mode from
repeated identification, such as Monte Carlo simulations which is a computationally inexpensive
procedure. The formal definitions of the bias and variance errors are given in [P1].
To the author’s knowledge, an analytic expression is not developed, which characterizes the uncertainties, ∆ωn , ∆ζn and ∆φn , caused by the possible sources of errors, listed in Table 2.1. However,
the errors of the unbiased correlation function estimator in (2.21) have been derived in [46]. It is
shown that the correlation function estimator is a bias-free estimator, while the variance error of
the correlation function estimator is


bxy (m) ≈
V R

∞
X
M
[Rxx (k) Ryy (k) + Rxy (k − m) Ryx (k + m)] ,
(M − m)2

(2.23)

k=−∞

where the auto-correlations of x and y are denoted Rxx and Ryy , respectively. The cross-correlations
of x and y are Rxy and Ryx . The variance error V of the unbiased correlation function estimate
increases when the time lags approach the total number of points (m → M ).
Therefore, the tail regions (for large m) of the correlation function estimates from measured random
vibration will be erroneous. As a result, the scatter in the modal parameter estimates will increase
when including the tail regions of the correlation function estimate for identification. This is discussed in [57, 84] and guidelines for the selection of the number of time lags can be found in [70, 86].
Minimization of errors is vital in cost effective and competitive designs. To such purpose, an
automated algorithm is proposed in the following section, which eliminates the user-dependent
selection of the number of time lags and the model order in time-domain OMA methods, such as
the COV-SSI technique. As indicated by Figure 2.2 the covariance driven identification procedure
does not enable computation of the mass matrix of the system. However, the damping and stiffness
b and K,
b can be identified. The identification of these structural matrices and the
matrices, C
associated errors is discussed in Chapter 4 and [P2].

2.3 Automated operational modal analysis
The proposed automated scheme for identification of the natural frequencies ωn and damping ratios
ζn , is suitable for correlation driven time-domain output-only system identification techniques. The
automation provides the number of lags m of the correlation function and the model order o of the
system. The determined m and o are the most suitable for the data used for the estimation. The
procedure is described in [P1] and summarized in Table 2.2. It consists of nine steps where the
first four steps of Table 2.2 describe the common practice in automated OMA [64, 87]. The steps
are: correlation function estimation (pre-processing), application of time-domain OMA methods
for estimation of the system poles (parameter estimation), and removal of spurious poles as well as
establishment of stabilized poles (post-processing).
The stabilized poles are obtained by the criteria for dωh,j and dζh,j , with respect to model order h
and j. The post-processing assists in estimating the model parameters for a suitable model order,
which is related to twice the number of modes assumed in the system. The choice of model order
dictates whether the estimated model is over-fitted, which in structural dynamics would result in an
excessive amount of degrees-of-freedom. The post-processing of the poles originates from the control
community, where it is associated with a selection of the singular values with largest magnitude [56].
In the proposed procedure, the most representative model order and time lag for the measured data
are achieved by fitting the estimated values to the data. This has in previous automated versions
been achieved by selecting the mean or median value of the cluster formed by the poles [58, 87].
When the excitation is not available, as it is the case in output-only identification, the response
cannot be simulated. However, the fitting can instead be performed on the auto-correlation function
[P1], which thereby becomes a quality measure of the estimated modal parameters.
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Table 2.2. Computational procedure for automated identification of damping from random vibrations.

1.

Compute the auto- and cross-correlation function estimate in a matrix form R(τ )
for a selected time lag m from measured structural response x(t).

2.

Estimate the complex poles λ for a variation of model orders o by a correlation driven
output-only system identification procedure.

3.

Compute the natural frequency ω = |λ| and the modal damping ratio ζ = − Re(λ)/|λ|.

4.

Remove the spurious poles by the criteria: ζ ≤ 0 and ω = 0.

5.

Establish a cluster of poles stabilized in frequency and damping from the criteria:
|ζh −ζj |
|ωh −ωj |
and dζh,j = max(ζ
for model order j and h.
dωh,j = max(ω
h ,ωj )
h ,ζj )

6.

Compute the envelope zRxx (m) = A exp(−ω ζ m) for A = 1 by the estimated ω and ζ.

7.

Compute the envelope zRbxx (m) of the auto-correlation in step 1 and normalize by zRbxx (0).
P
Evaluate the envelopes by RSS = m (zRxx (m) − zRbxx (m))2 for selected o and m.

8.
9.

b
Select o and m from min(RSS), and find the corresponding ω
b and ζ.

The auto-correlation function
Rxx (τ ) =


πωS0 
ζ
p
sin(ω
τ
)
exp(−ωζτ ) ,
cos(ω
τ
)
+
D
D
2k 2 ζ
1 − ζ2

τ > 0,

(2.24)

is representative of an underdamped SDOF system excited by white noise [24], where k is the
structural
stiffness, S0 is the constant power spectral density of the white noise excitation, ωD =
p
ω 1 − ζ 2 is the damped angular frequency and τ = m ∆τ is the time lag. The envelope of the
discretized representation of the expression in (2.24) is
zRxx (m) = A exp(−ω ζ m) ,

(2.25)

where m is the discrete number of time lags. The initial magnitude of A is normalized to unity,
although it depends on the frequency, stiffness, damping ratio and the constant spectral level of
excitation. The envelope in (2.25) can thus be computed for a range of estimated values of ωn and
ζn that are contained in the cluster of poles λ. The next step is to estimate the envelope zRbxx (m)
bxx (m) obtained directly from the measurements. The
of the decaying auto-correlation function R
sum of the squared difference between the envelope based on estimates and measurements is
RSS =

X
m

2
zRxx (m) − zRbxx (m) ,

(2.26)

representing the residual sum of squares. The summation is repeated for multiple number of time
lags m and model orders o in the previous step of the identification.
This automated method has been validated in [P1], and the results are compared with an automated version of the Enhanced Frequency Domain Decomposition (EFDD) to obtain algorithmic
independent results. It is initially found that the differences between the estimates by the ERA and
COV-SSI method are small, whereas larger estimation errors are present in the damping obtained
by the EFDD method. The errors which occur when using frequency-domain methods are due to
spectral leakage in the estimate of the power spectral density [10, 18, 93]. Spectral leakage occurs
because of the finite window length of the response time series. Its effect on damping estimates
from random vibrations is elaborated in [15]. In [73] it is suggested to apply an exponential window
to the correlation function estimate, to minimize the influence of spectral leakage on the estimates
of damping. In the following section only the estimates obtained by the COV-SSI technique in combination with the automated method are presented, while comparisons of the obtained estimates
to other methods can be found in [P1].
12

3. IDENTIFICATION OF DAMPING FROM OFFSHORE WIND TURBINE
TOWER VIBRATIONS

The design of offshore wind turbines is affected by the dynamic response, which is caused by
excitation due to waves, wind and the rotor. The inertia and damping forces are dominant when
the frequency content of the excitation approaches the natural frequency of the structure. To avoid
high response levels and resonance, the design is optimized in a way that the first natural frequency
of the tower is greater than the rotational frequency of the rotor and below the blade-passing
frequency [48]. An engineering model is shown in Figure 3.1 (a). The wind loading fw (z, t) is
typically modeled by a Kaiman spectrum, which has a dominant energy content at low frequencies,
unlike the wave loading fh (z, t) which has a peak frequency between 0.1 and 0.3 Hz. Depending
on the site and wind conditions the Pierson–Moskowitz [74] or the JONSWAP [41] spectrum can
numerically generate the wave forces.
The damping is modeled based on experience and the requirements for the damping ratio are given
in standards as [36]. The magnitude of the structural damping is typically obtained by tuning a
Rayleigh damping model, proportional to the mass- and stiffness matrix of the discretized structural model. Additional damping is expected from the interaction with the waves and wind. This
is accounted for in the coupled analysis of the fluid and structure. Thereby, a realistic stochastic
response can be simulated for a range of design scenarios and the life-time can be predicted by
steady-state simulations of the response time history. The dynamic loads are found to be proportional to
φ∗ Hs
∆σ ∝ p1 7 ,
ζ1 f1

(3.1)

where Hs is the significant wave height [100]. The parameters ζ1 and f1 are the damping ratio
and the natural frequency of the fundamental bending mode, respectively. The parameters φ∗1
denotes the magnitude of the real-valued mode shape of the monopile foundation at the wave
exposed location. The relation (3.1) shows that the modal parameters have a significant effect
on the magnitude of the dynamic loads during standstill, where the contribution from the mode
shapes and wave height is more significant than that of the natural frequency and damping ratio.
Figure 3.1 illustrates the fundamental bending mode in the side-side direction in (b) and the fore-aft
direction in (c) of a wind turbine. The estimation of a set of mode shapes requires measurements
at multiple spatial locations, and installation of a monitoring system is therefore necessary. The
natural frequency and damping ratio of the fundamental mode can, however, be estimated from
only the measurements of the accelerations at the nacelle [P1]. Most wind turbine generators are
equipped with an accelerometer at the nacelle and it is therefore cost-effective to utilize already
available measurements, as demonstrated in sections 3.1 and 3.2 of this thesis. Estimation of wave
height is beyond the scope of this work, while estimation of the mode shapes is shown in the
following chapter.
Prediction of the natural frequency in the design phase can be significantly uncertain in cases
where the behavior of the soil surrounding the foundation is difficult to assess. Furthermore, it is
important to predict the natural frequency accurately for wind turbines installed in deep waters,
as the peak frequency of the wave loading can be in close proximity to the natural frequency of the
bending mode of the and thereby cause resonance. The constraining design scenarios associated
with low damping are 1) misaligned wave and wind loading during operation and 2) windless days
during down-time. Down-time may be caused by malfunctioning equipment or low wind speeds. It
should not be confused with shut-down, which occurs at high wind speeds. In the first scenario the
damping in the fundamental side-side mode may be low, whereas the damping in the fore-aft mode
will be substantially higher due to the contribution of the aerodynamic- and rotor damping. In the
second scenario the damping of the fundamental fore-aft mode may, however, reach low values. The
later scenario is caused by the negligible interaction with the wind at low wind speeds, because the
blades are pitched out of the wind [P1]. The duration of down-time is expected to increase for future generations of monopiles installed at deeper water, as the distance from harbor to site increases.

(a)

(b)

(c)

fw (z, t)

EI(z) m(z)

MT

z
x
side-side

fh (z, t)

M

fore-aft

V

Figure 3.1. (a) Engineering model of an offshore wind turbine with mass m(z) and nacelle-rotor-assembly
mass MT , stiffness properties EI(z) and base shear V and moment M . Sketch of the fundamental bending mode of the wind turbine tower in: (b) the side-side direction and (c) the fore-aft
direction.

The uncertainties in the identified damping ratios are vital when applied in the design optimization
or validation of the turbine design. The scatter in the estimates of the fundamental natural frequency is three orders of magnitude smaller than the damping ratio [P1]. During the last decade the
magnitude of damping in offshore wind turbines during standstill has been reported in numerous
investigations [51, 95]. The estimates of damping in the previous studies have been obtained by
measurements of free response and subsequently by applying the logarithmic decrement method
[27], or by measurements of the ambient vibrations in combination with a frequency-domain OMA
method [95, 51]. The frequency-domain methods are known to be biased and to overestimate the
amount of damping, despite the automation as in [95]. Therefore, an accurate and precise level of
damping during standstill remains unknown. An evaluation of the scatter in the estimates of damping have in [P1] been obtained by stochastic simulations, and compared to estimates of damping
from field measurements. The measurements include the accelerations of an 8 MW offshore wind
turbine generator in non-operating conditions. Damping estimates have in [P1] been computed
by a state-of-the-art method in combination with the proposed automated estimation procedure
described previously in Chapter 2. The extensive evaluation of damping in [P1] is summarized in
the following sections, with the intention of providing recommendations on the level of damping in
offshore wind turbine generators during standstill periods.

3.1 Evaluation of damping estimates from simulated vibrations
The automated procedure has been validated by stochastic simulations of a viscously damped 2DOF
mass-spring oscillator and a model of an 8 MW offshore wind turbine. The natural frequency and
modal damping ratio of the fundamental mode of the 2DOF system and the wind turbine generator
(WTG) are given in Table 3.1. The stochastic simulations of the 2DOF system have been initiated
by excitation with white noise, proportional damping and zero initial conditions. The wind turbine
tower vibrations have been simulated in FLEX 5 [114] and they resemble the characteristics of the
response during down-time of an 8 MW wind turbine generator. Details of the aerodynamics, wave
loading, wind loading and the structural model are given in [P1], where proportional structural
damping has been implemented.
The evaluation of the automated identification method has been based on Monte Carlo simulations,
containing 100 acceleration time histories each of 4-h duration. The identification procedure in Table
2.2 has been implemented, with the COV-SSI and threshold values of 0.05 for the stabilization
14

Table 3.1. The first natural frequency and damping ratio of a two degree-of-freedom (2DOF) system and
wind turbine generator (WTG). The bias (B) and variance (V) errors of the automated method.

System

f1 [Hz]

2DOF
WTG

0.2286
0.2340

B(fb1 /f1 ) [%]
-0.2411
-1.8500

V (fb1 /f1 ) [%]

B(ζb1 /ζ1 ) [%]

ζ1 [−]

0.0005
0.0001

0.0127
0.0127

-0.6113
3.9832

V (ζb1 /ζ1 ) [%]
0.3617
1.0027

criteria in step 5. The probability density of the estimated frequencies fb1 and estimated damping
ratios ζb1 are given in Figure 3.2, which are scaled by the natural frequency f1 and damping ratio
ζ1 of the numerical model. The magnitude of f1 and ζ1 are regarded as the reference value, which
have been found by solving the damped eigenvalue problem. The bias and variance error in the
estimates of frequency and damping are given in Table 3.1.
It has initially been found that the estimated damping ratio from the 2DOF system has a negative bias error and some variance error. The errors in the time-domain are associated with the
approximate correlation function estimate, which contain variance errors due to the finite response
duration [P1]. The variance error of the correlation function estimator has been introduced in (2.23)
of the previous chapter, and is discussed extensively in relation to estimation of damping by OMA
methods in [70]. The bias and variance errors in the frequency estimates of the 2DOF system are
regarded as small and negligible.
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Figure 3.2. Probability density function (PDF) of the (a) natural frequency and (b) damping ration of the
fundamental mode a two degree-of-freedom system (·) and wind turbine generator (·).

The negative bias in the estimate of the natural frequency of the wind turbine tower can be a
consequence of a reduction in stiffness due to the mass of the rotor-nacelle-assembly, and not
exclusively a bias error caused by the identification method. On the other hand the bias error in
the estimates of damping are positive, since additional hydro- and aerodynamic damping effects are
not included in the reference value ζ1 . In (2.22) an estimate of damping was expressed as a sum of
the reference value, in this case ζ1 , and an error ∆ζ. If the reference value ζ1 is not exact, then ∆ζ
becomes an addition of the errors
∆ζ = ∆ζid + ∆ζref .

(3.2)

The subscripts id and ref denote the errors due to the identification technique and due to the
reference value, respectively. It is notoriously difficult to separate the magnitude of bias error caused
by an unknown amount of additional damping ∆ζref , and the magnitude due to the identification
technique ∆ζid from each other. The variance error in the estimates of the natural frequency of
the wind turbine generator is of the same order of magnitude as for the 2DOF system, while the
variance error of the damping increases by 64%. This increase is most likely related to the colored
excitation from the wind and wave loading, whereby the the correlations function estimate of the
response may not be exactly equivalent to the impulse response function of the system as assumed in
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(2.11) related to the formulation of the COV-SSI method. Alternatively, it can be due to the spatial
damping sources in the stochastic simulation of the wind turbine vibrations, which are amplitude
dependent and not purely viscous.
Effect of signal noise and measurement duration
The automated identification procedure has subsequently been validated by estimating the damping
from accelerations polluted with signal noise, as well as for varying measurement duration of the
wind turbine tower during down-time. The estimates of the damping ratio ζb scaled by the reference
value ζ, are given in Figure 3.3 by the blue dots. In the figure, the mean of the damping estimates
is marked by the black line and the standard deviation is given by the grey hatched area. Signal
noise in the simulated response has been introduced by adding a noise vector w(n∆t) to each noise
free time series vector ẍ(n∆t). The noise polluted accelerations ẍw (n∆t) can be expressed by
ẍw (n∆t) = ẍ(n∆t) + ǫ

σẍ
w(n∆t) ,
σw

(3.3)

where σẍ and σw are the root-mean-square of the unpolluted time series and the noise time series,
respectively. The percentage of noise ǫ scales the amount of noise added to ẍ(n∆t). The signal
noise is Gaussian white noise generated by normally distributed pseudo-random numbers. A total
of 100 time series have been simulated for each noise level, where the acceleration records in the
fore-aft and side-side direction have been scaled with respect to the time series with the largest
root-mean-square magnitude. The noise vector, represented by tge second term in (3.3), added to
the motion in the fore-aft and side-side direction were uncorrelated.
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Figure 3.3. Estimates of the damping ratio of the fundamental fore-aft mode (·), mean (−) and standrad
deviation (•) of the estimates. Variations in the (a) noise level ǫ and (b) total simulation time
t.

The mean damping ratio in Figure 3.3 (a) for signal noise levels in the range of 0−80% shows that
the damping estimates are stable with noise up to approximately 65%, thereafter the estimates
of damping become unstable. The scatter in the estimates of damping decreases when the measurement duration increases. This is indicated by the linear decrease in the standard deviation in
Figure 3.3 (b). Thus, the standard deviation in the estimates of damping for offshore wind turbines in non-operating conditions obtained by the automated procedure in combination with the
COV-SSI method can be approximated by
σζ1 =

∆σ
(t f1 ) + σt0 ,
∆(t f1 )

(3.4)

where σζ1 is the expected magnitude of the standard deviation in the estimate of the damping ratio
∆σ
−5
for a measurement duration of length t with a natural frequency of f1 , while ∆(t
f1 ) = −5 · 10
represent the gradient of the standard deviation and σt0 = 1.27 is the magnitude of the standard
∆σ
−5
and 1.27,
deviation at t f1 = 0. From Figure 3.3 the magnitudes of ∆(t
f1 ) and σt0 are −5 · 10
respectively. The expression in (3.4) must be used with caution when the measurement duration
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is short relative to the natural frequency of the wind turbine structure, since the magnitude of the
standard deviation σζ1 tends to infinity when the product (t f1 ) approaches zero. This is because
the damping ratio cannot be estimated from infinitely short stochastic time series, and therefore the
linear approximation assumed by (3.4) is not valid for a short measurement duration. At infinitely
long measurement durations, the response will gradually approach the statistical requirements of
stationarity, whereby the scatter in the estimates of damping will vanish [P1,P2]. The mean of
the estimates ζb is relatively stable in Figure 3.3 and seems not to change with the duration of the
measurement. The variation observed from the identification has been compared to the scatter
observed from a monitoring campaign of a full-scale offshore wind turbine generator during downtime. This is discussed in the following section.

3.2 Vibration monitoring of offshore wind turbine tower during standstill
The accelerations of an 8 MW wind turbine generator were measured for a 24-h period with an
accelerometer (type NORDIC TRANSDUCER SEIKA SB2i-B1-SUR-XY) positioned 7 m below the center of
gravity of the rotor and nacelle assembly. The 10-min mean wind speed was between 7 m/s and
15 m/s during the monitoring period, while the wind turbine was not in operation. The sampling
frequency of the monitored data is 10 Hz and each time series is of 2-h duration containing two
acceleration time histories aligned with the fore-aft and side-side direction. A 2-h record is presented
in Figure 3.4 (a) for the side-side direction in blue color and in black color for the fore-aft direction.
The corresponding power spectral density of the acceleration time series are shown in Figure 3.4 (b).
The response level is higher in the side-side direction than in the fore-aft direction during the illustrated 2-h monitoring period. However, this depends on the wave height and the main wave
direction. The first mode at approximately 0.23 Hz is consistently excited the most.
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Figure 3.4. Measured (a) acceleration time histories and (b) power spectral densities of the fore-aft motion
(−) and side-side motion (−).

Following the proposed automated identification procedure given in Table 2.2 in the previous chapter, the estimates of the damping ratio and the natural frequency for the fundamental fore-aft and
side-side mode have been obtained by the COV-SSI technique. These estimates are illustrated in
Figure 3.5. The automated procedure selects a model order of 10 (equivalent to a 5-degree-offreedom system) and a number of lags corresponding to 3.5 periods of the fundamental fore-aft
mode. The mean values of the estimates of the natural frequency in Figure 3.5 (a) are 0.227 Hz and
0.226 Hz in the side-side and fore-aft direction, respectively.
The natural frequency was observed to depend on the root-mean-square of the acceleration [P1].
For larger amplitudes of vibration the natural frequency of the fundamental mode in both directions
decreases slightly. This can be due to an increase in the hydrodynamic mass, or it may alternatively
be caused by a change in stiffness due to nonlinearities causing softening.
The estimates of the damping ratio in Figure 3.5 (b) have a mean value of 0.0121 in the side-side
direction and 0.0070 in the fore-aft direction. Thus, the mean value of the estimated damping
of the fundamental mode in both directions is lower than the design value of 0.0127 used in the
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simulations. The design value is overestimated and by the relation in (3.1) the dynamic loads are
subsequently underestimated for this scenario. The difference in the observed damping ratio in the
two directions occurs because the blades are pitched out of the wind during down-time. Scatter in
the estimates of damping and frequency are discussed in the following section which also illustrates
how the analysis of simulated data can assist in determining a conservative estimate of damping.
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Figure 3.5. Estimates of (a) the natural frequency and (b) the damping ratio of the fundamental fore-aft
mode (×) and side-side mode (×) during a 24-h monitoring period of an offshore wind turbine
generator.

3.3 Recommendations for damping
A proposal for an automated procedure for time-domain output-only system identification techniques has been made [P1]. This method has been validated by stochastic simulations, whereby an
expected level of bias and variance error in the estimates of damping has been obtained. The scatter
in the estimates of the frequency is insignificant and thus not discussed. In this section it is shown
how the expected level of bias and variance error can be used to evaluate the estimates of damping
from monitoring campaigns. Figure 3.6 shows the estimated damping ratios in the fore-aft mode
as blue crosses, from the accelerations monitored for 24-h during down-time. The mean value of
the estimates are given by the associated blue line in the figure, while the corresponding standard
deviation is given by the dotted blue line. The expected standard deviation from the stochastic simulations is additionally given by the grey hatched area. The expected standard deviation is found by
the relation in (3.4) for a duration of 2-h (t = 7200 s) and a mean natural frequency of f¯1 = 0.226 Hz.
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standard deviation (•) from simulations.
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The most conservative estimate of damping is of interest, if the estimates of damping from field
measurements should be considered for validation or reassessment of design calculations. Thus,
the damping ratio in the fundamental fore-aft mode with a magnitude of 0.0070 is regarded as
a conservative value, based on the present 24-h monitoring data. This is 44.8% lower than the
current design practice [36]. This conclusion is reached as the observed scatter in the estimates of
damping in Figure 3.6, is within the range of the expected standard deviation. Therefore, the mean
damping ratio of 0.0070 is regarded as a representative and conservative magnitude. A scatter in
the observed damping which is larger than expected would indicate that the variation is not only
caused by the identification method, but also by higher wind speeds as a potential factor and as
a result amplitude dependent damping mechanisms. In such cases, a conservative estimate would
therefore not be close to the observed mean value. The positive bias error in the damping ζb obtained
from the Monte Carlo simulation study was 3.98%, which was likely to be caused by the lack of
aerodynamic- and hydrodynamic damping contained in the reference value. Taking this positive
bias error into account, the mean magnitude of the damping ratio estimated from field measurements should be adjusted to a value that is 3.98% larger. However, this would consequently result
in a less conservative magnitude of the damping ratio. Therefore, it is not conservative to apply
the estimated magnitude of the bias error on damping in the reassessment of the design.
In the identification procedure for damping used in this chapter, the wind turbine has been treated as
a linear time-invariant system in which the viscous damping characteristics can be described by the
damping ratio. However, the damping mechanisms in the turbine are most likely local, and not necessarily distributed homogeneously throughout the structure. Such local energy dissipation sources
are expected to cause complex valued mode shapes governed by non-classical damping models. This
is described in more general terms in the next chapter and in [P2]. The concept of proportional
damping seems to be entirely a matter of mathematical convenience, without physical explanations
why equally distributed energy dissipation should be assumed. In general, non-proportional damping represented by complex modes should be regarded as a sound mechanical property, rather than
an exception used by researchers. In the formulation of the COV-SSI method viscous damping is
assumed, hence the method is suitable for estimation of complex valued mode shapes. Nevertheless,
this chapter considers the estimation of the modal damping ratio, whereas the following chapter
addresses estimation of the viscous damping matrix and the associated complex modes. A discussion on the improvements of the automated method is provided in [P1] and briefly summarized in
the conclusions in Chapter 6 of this thesis.
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4. IDENTIFICATION OF NON-CLASSICAL DAMPING AND COMPLEX
MODES

The classical viscous damping that is often used in software and engineering applications, is entirely
based on a mathematical approximation. Therefore, this model should be used with its limitations
in mind. The classical viscous damping is defined by Caughey and O’Kelly’s condition in [20].
Following this condition, the real-valued mode shapes decouple the equation of motion. The mode
shapes estimated by a majority of the experimental techniques are complex-valued. Nevertheless,
real-valued mode shapes and proportional damping are used in the design of offshore wind turbines,
by computer-aided engineering tools [35, 42, 114]. The drawback of assuming real-valued mode
shapes is that the energy transport occurring within the structure is neglected, and thus the damping
is not well represented, which may cause over- or underestimation of the response amplitude and
the design loads [12, 30]. By transportation of energy, it is meant the transportation towards a local
damping source, when considering free vibrations of a viscously damped system. Energy transfer
across structures may however also occur for proportionally damped system, when for example
hitting a clamped-free beam at the tip with a hammer.
Experimentalists often treat the estimated complex-valued mode shapes by scaling them in such a
way that the real-valued part is well represented [44]. It is even known that quality measures such
as the modal assurance criteria (MAC) [6], must be used with caution when dealing with complex
mode shapes, and it is therefore extended to the MACX [101] measure, which is more suitable for
complex mode shapes. However, experimentalists are often left with a difficult task when seeking an
approach that reliably estimates the complex-valued mode shapes, which the identification of nonclassical damping from measurements depends on. In the last decade, it has been concluded that
the estimates of complex-valued mode shapes from measurements are not repeatable and therefore
it ’...seems debatable whether damping identification methods based on complex modes will ever
work in practice’ [77]. This has directed research towards alternative approaches of estimating the
non-classical damping, by avoiding the requirement of well estimated complex-valued mode shapes
for the reconstruction of the damping matrix as in [1, 19, 38]. The reasoning is that estimates of
mode shapes are needed from a wide frequency range for the modal parameter-based approach to
reveal characteristics of damping at joints or other locations on the structure, where substantial
energy dissipation might take place.
Despite this discouraging conclusion, the preferred method for non-classical damping identification
in this work is based on modal parameters. This is due to the interplay it has with modal analysis
used in most software. In addition, the modal approach is to the author’s knowledge the only means
of identifying the non-classical damping for MDOF systems when only measurements of the random
response are available. It also seems feasible that the development of technology, such as a video
motion magnification [104], will enable simultaneous measurements at a large number of locations
and thereby modal information from a wide range of frequencies will be available [23, 28, 111].
Thus, a novel explicit expression is presented which constructs the damping matrix from modal
information. The expression is numerically evaluated and compared with a benchmark method [2].
The expression relies on adequately reliable estimates of the complex mode shapes. The experimental setup of a model scale five-story building with an eddy current damper adding supplemental
damping at different locations and of different magnitudes, provides complex-valued mode shapes
for a variation of spatial distributions of damping in an experimental setting. Furthermore, the
robustness of the estimates of the complex mode shapes depend among others on the measurement
duration. From a convergence analysis it is shown how the complex-valued mode shapes approach
a reasonably accurate magnitude as the measurement time increases.

4.1 Explicit expression for the damping matrix
A number of expressions for the non-classical damping matrix exists, based on modal information.
These are reviewed and evaluated in [76] by numerical simulations. The comparison has found the
method of Adhikari [2] and Lancaster [54] as the most successful methods for estimating damping

with respect to modal incompleteness and measurements of vibrations response with a certain level
of signal noise. The method of Adhikari assumes that the damping is small and requires mode
shapes which are normalized by the mass, hence the mass of the system must be estimated or
assumed. The method of Lancaster is well suited for underdamped systems, but unfortunately the
damping matrix must be known a prior. This is circumvented by an iterative procedure, where the
components of the damping matrix are initially guessed [79]. The computational efficiency of the
iterative algorithm has been reduced, for example for a beam model with 100 degrees of freedom
the computational burden is reduced form 100 to 30 processors while retaining the computational
time at an IBM SP-2 computer at NASA Ames and Langley Research Center [80]. Nevertheless,
the iterative procedure remains unpractical when high accuracy is of interest.
To avoid the disadvantages of the existing expression for the damping matrix, an explicit expression
is derived which is not dependent on the scaling of mode shapes and furthermore circumvents the
implicit format that otherwise causes a computational burden. The derivation is given in [P2], where
the damped equation of motion in (2.1) is initially recast into a state-space format as in (2.2). The
dynamic state matrix is expressed in a non-symmetric form, see Ac in (2.3), which is subsequently
expressed in an eigendecomposition format. This results in an block-matrix containing the modal
parameters which is given in (2.18). The damping matrix can then be derived and expressed as

C = M ΦΛ2 Φ−1 Φ̄ − Φ̄Λ̄2 S ,

(4.1)

−1
where S = Φ̄ Λ̄ − Φ Λ Φ−1 Φ̄
and Φ must be invertible [P2]. The expression in (4.1) must
be applied with caution, as it will only yield the exact damping matrix under the circumstances
where the complex-valued mode shapes contained in Φ and the complex poles in Λ are square
matrices, which implies that the number of estimated modes equals the number of measurement
points. In addition, the expression assumes that the information contained in Φ and Λ obtained
from measurements is exact.
The expression (4.1) for the damping matrix can be incorporated in an output-only system identification procedure, as described in Table 4.1. Any OMA technique can be used in step 2 of the
procedure, preferably a time-domain technique to avoid large bias and variance errors in the estimates of the damping ratio, otherwise known to occur by applying a frequency-domain method
[P1].
The procedure in Table 4.1 has been validated and evaluated by numerical simulations and experimental testing of a five-story shear building model. Synthetic data as well as measurements have
been obtained for the building model which contains substantial non-classical damping, introduced
by an external eddy current damper. Thereby the effect of damping on the complex modes has
been isolated and studied independently. In the validation, particular attention has been paid to
the estimation of the complex-valued mode shapes and the damping matrix.
Table 4.1. Computational procedure for identification of damping and complex modes from vibrations [P2].

1.

Compute and arrange the auto- and cross-correlation function estimate in a matrix R(τ )
from measured random structural vibrations x(t) at a number of spatial locations.

2.

Use correlation driven output-only system identification procedure to estimate the
complex poles Λ and complex mode shapes Φ for a fixed model order.
−1
.
Compute the matrix: S = Φ̄ Λ̄ − Φ Λ Φ−1 Φ̄

3.
4.
5.

Represent the structure by a discrete numerical model and determine a mass matrix: M.

Determine the damping matrix: C = M ΦΛ2 Φ−1 Φ̄ − Φ̄Λ̄2 S.
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4.2 Numerical evaluation of spatial damping identification
The identification procedure has initially been validated by numerical simulations of a scaled fivestory shear building model illustrated in Figure 4.1. The structural properties of the building model
are presented in the following. The mass matrix has been represented as M = m I with floor mass
m = 2.2 kg and I as the 5 × 5 identity matrix. The stiffness matrix K and structural damping
matrix C̃ are constructed as follows


2 −1
0
0
0

2
−1 0
0



2
−1
0
K = k


 sym.
2 −1
1


c̃1


C̃ = 



,

−c̃2
c̃1

0
−c̃2
c̃1

0
0
−c̃2
c̃1

sym.


0
0 

0 
,
−c̃2 
c̃3

(4.2)

with inter-story stiffness k = 3000 N/m and the components of the damping matrix given as
c̃1 = 0.3 Ns/m, c̃2 = 0.12 Ns/m and c̃3 = 0.2 Ns/m. These structural parameters have been chosen
such that they represent the physical model scale building in the experimental setup in Section 4.3.
Three configurations of damping have been considered in the simulation study. The first configuration is the case with only structural damping, as shown in Figure 4.1 (a). In the second case a
viscous damper has been attached at the first floor, see Figure 4.1 (b), while in the final case the
external damper has been attached to the fifth floor, indicated in Figure 4.1 (c). When the damper
is attached, the total damping matrix of the structure C is composed of the structural damping
matrix C̃ and the damping provided by the external damper which can be expressed as [40]
C = C̃ + c w wT ,

(4.3)

where c represents the external damper’s viscous coefficient, while the connectivity vector w represents the location of the damper. The connectivity vector is w = [1, 0, 0, 0, 0]T and the viscous coefficient is c = 2.8 Ns/m for the damper acting on the first floor as in case (b), while w = [0, 0, 0, 0, 1]T
and c = 4.8 Ns/m for case (c) with the damper acting on the fifth floor.
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Figure 4.1. (a) A five-story shear building model with (b) a viscous damper attached at the first floor and
(c) a viscous damper attached at the fifth floor [P2].

The damping matrix in the simulation is therefore known, and the identified damping matrix can be
compared to validate the accuracy of the identification procedure. The time-domain identification
algorithm is the ERA method, as it has previously been found that it estimates the damping
ratio with relatively small errors [9]. However, it is unknown how sensitive the imaginary part of
the complex-valued mode shapes is to disturbances in the response, such as signal noise or short
time series records. Therefore, it remains an open question which output-only technique is best
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at estimating the complex-valued mode shapes. The identification procedure in Table 4.1 starts
by the correlation function estimate. Synthetic correlation functions are computed by an analytic
expression for an MDOF system. The correlation function is expressed as
R(τ ) = 2π

N 
X

An G Φn e−λn τ + Ān G Φ̄n e−λ̄n τ

n=1



,

(4.4)

given in [P2] and [45], where G is a positive definite covariance matrix [45]. The exterior product
An of a mode shape vector Φn is defined as
An =

φn φH
n
,
mn

(4.5)

where ( · )H is the Hermitian transpose and mn is the modal mass of mode n. The expression in (4.4)
yields a correlation function matrix with auto-correlations in the diagonal and cross-correlations
in the off-diagonal terms. The synthetic correlation functions have been obtained for the building
model combined with the three configurations of damping. The expression in (4.4) is dependent
on the modal properties of the system, which for the building model has been estimated by the
damped eigenvalue problem.
bjk of the estimated damping matrix from the synthetic correlaFigure 4.2 shows the components C
tion function computed by (4.4), where the magnitude of the components reveal the location of the
damper. Figure 4.2 (a) shows that the main components of damping are in the diagonal with small
and negative off-diagonal components, as can be expected in the case (a) with no external damper.
Figure 4.2 (b) shows a considerably larger magnitude at the component corresponding to the first
degree of freedom with a correct magnitude for the component Ĉ55 of 3 Ns/m, therefore caused
by the external damper attached to the first floor. Similarly, in Figure 4.2 (c), a larger magnitude
appears in the diagonal component corresponding to the fifth degree-of-freedom with a value of
approximately 5 Ns/m, again clearly caused by the external damper now placed at the fifth floor.
Thus, the identification procedure reproduces the spatial distribution of the damping as well as the
magnitude of the components. Furthermore, the damping matrix is found to be symmetric in all
three cases (a)−(c).
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Figure 4.2. Components C
on first floor and (c) damper on fifth floor [P2].

The accuracy of the identification from synthetic correlation function has been evaluated with the
b55 at the fifth
damper at the fifth floor as in Figure 4.1 (c). The estimated value of the component C
degree of freedom is given in Figure 4.3 (a) for damper values in the range c = 0.0 − 49.8 Ns/m, such
that the damping component C55 is in the range 0.2−50.0 Ns/m. The blue curve in the figure shows
the identified magnitudes obtained by the proposed procedure in Table 4.1, whereas the black curve
represents the values estimated by the method of Adhikari [2]. Further details on how Adhikari’s
method can be incorporated in an output-only identification procedure are given in [P2]. It can be
b55 , in
seen in Figure 4.3 (a) that the method of Adhikari slightly underestimates the component C
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particular for larger values of c. The accuracy of the identification procedure is further examined
by computing the relative error
E=

b −C
C
,
||C||

(4.6)

b while ||( · )|| denotes the matrix
between the known damping matrix C and the identified matrix C,
2-norm. Figure 4.3 (b) shows the norm of the relative error E computed by (4.6), where the blue
curve is the error of the proposed identification and the black curve is the error obtained by the
method of Adhikari. The proposed method yields small errors of negligible magnitude for the entire
simulated range of values of the viscous coefficient c, whereas the identification by the method of
Adhikari yields a larger error, which furthermore increases with c. Thus, the proposed expression in
(4.1) for the reconstruction of the damping matrix from modal parameters apparently outperforms
the associated benchmark method.

4.3 Dynamic testing of a five-story shear building model
Identification of a non-classical damping matrix is known to be an experimentally challenging
task, unlike estimation from synthetic data, which in most cases provides successful estimates [76].
Therefore the proposed identification procedure has been validated by measurements of a five-story
shear building model which is illustrated in Figure 4.4. The experimental setup is described in
detail in [P2].
The picture in Figure 4.4 shows the building model consisting of five aluminum floor plates and
four steel columns mounted on a sliding table, which is excited by a position controlled actuator.
The building model has a total height of 1 m and each floor plate has a mass of 2.2 kg, including
clamps and bolts connecting the plates to the columns. The full setup is mounted on a strong table
of 500 kg. The structural vibrations caused by the excitation are measured by a displacement laser
sensor at each of the five floors and at the sliding plate and measured simultaneously by the data
acquisition system (National Instruments 9215).
The excitation is a realization of a stochastic process, which has been fed to the actuator as a
discrete white noise signal with an amplitude scaled by a specified root-mean-square magnitude.
This results in movements of the table in the range 0−1 cm. The spatially induced damping was
provided by an eddy current damper, acting as a viscous damping element [63] . The damper setup
in Figure 4.4 shows that the magnet is fixed to a rack with a PVC arm while the aluminum floor
plates and clamps are free to move.
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Figure 4.4. Photo of the experimental setup of the building model [P2].

4.4 Complex modes and damping from experimental testing
The measurements obtained from the experimental testing of the building model are available in
[D1] and can be retrieved to reproduce and verify the results of [P2]. The results in this section
have been obtained for case (c) with the eddy current damper mounted at the first floor and with
an air gap between the magnet at the conductor of 2, 4 and 6 mm. For other damper locations and
magnitudes, please see [P2]. Each set of experimental data contains six time series with measured
displacements (one at each of the five floors and one of the table) of 12-h duration ( approximately
7·104 periods of the first mode) with a sampling frequency of 100 Hz. The measurement duration is
discussed in [P2] and determined by the recommendations in [7]. The recommended measurement
time in [7], assumes an accumulated bias and random error less than 4% and 10% respectively,
with respect to the correlation function. If a reduced accuracy and precision is sufficient, a reduced
measurement time can be obtained by the suggested recommendation in [17].
Following the proposed identification procedure in Table 4.1, the components of the damping matrix with the eddy current damper at the first floor are obtained and illustrated in Figure 4.5,
where (a)−(c) are for air gaps of 2 mm, 4 mm and 6 mm respectively. The values of the illustrated
components range between -0.15 and 3.0 Ns/m, with positive values in the diagonal elements and
largest magnitude at the location of the damper. For a small air gap size, as in Figure 4.5 (a), the
b11 is 3 Ns/m, whereas for a greater air gap size it reduces to 1.5 Ns/m. This reduction
component C
is expected as the damping force is strongest when the magnet and conductor are in close proximity. The stiffness has also been estimated. However, no significant changes in stiffness have been
observed [P2].
The undamped natural frequencies and the modal damping ratios are given in Table 4.2. It is observed that the damping ratio of the third mode is mainly affected by the damper because maximum
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Figure 4.5. Identified components C
first floor with an air gap size of (a) 2 mm, (b) 4 mm and (c) 6 mm [P2].

displacement of the third mode shape occurs at the first floor. The mode shapes associated with
the three damper configurations are shown in Figure 4.6, where (a)−(e) represent the real-valued
parts of the mode shapes, while (f)−(j) are the corresponding imaginary parts.
The mode shapes are illustrated with a particular normalization. The normalization corresponds
to a rotation in the complex plane where the maximum amplitude of a mode is scaled to unity and
therefore the corresponding amplitude of the imaginary part is zero. The real parts of the mode
shapes remain unchanged regardless of the damper configuration. Generally, the imaginary part is
small for the magnitudes of damping provided by the eddy current damper in the measurements. It
is also seen that the magnitude of the imaginary part of the first mode is smaller than for the higher
n ζn
, which is lower for
modes. This may be related to the modal overlap factor given by γn = fnf−f
n−1
the first mode (n = 1) than for the higher modes (n > 1). Furthermore, it is known that the magnitude of the modal overlap factor indicates the magnitude of the imaginary part, as discussed in [107].
Table 4.2. Estimated natural frequencies and damping ratios for an air gap size of 2 mm to 6 mm.

n

1

2

3

4

5

fn [ Hz]

1.6558

5.0256

7.9030

10.1175

11.5916

0.0028
0.0022
0.0019

0.0055
0.0042
0.0034

0.0067
0.0050
0.0040

0.0053
0.0040
0.0034

0.0021
0.0019
0.0018

ζn [-]

2 mm
4 mm
6 mm

As previously mentioned, the estimates of complex mode shapes are sensitive and it is therefore
vital to test whether the identification procedure and the design of the experimental setup are both
robust, such that the estimates of the mode shapes and damping matrix are repeatable. This has
been tested by repeating the experimental procedure four times (denoted test 1−4).
In each of the repeated tests presented in this section, the damper has been placed at the first floor
with an air gap of 2 mm, while the excitation is generated by uncorrelated stochastic realization in
b11 of the damping matrix
each of the four tests with a duration of four hours. The component C
corresponding to the first degree of freedom is obtained by the procedure in Table 4.1 and yield
the values given in Table 4.3. A deviation relative to the mean value of 3.05% is obtained for the
b11 with a damper at the first floor. This variation in magnitude can be regarded as
component C
negligible for identification of structural damping.
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Figure 4.6. Identified complex-valued mode shapes (·) from measurements. (a)−(e) The real part of the
mode shapes for the first five modes. (f)−(j) The imaginary part of the mode shapes for the
first five modes with a damper at the first floor. Coloring represents an air gap between magnet
and floor of 2 mm (−), 4 mm (−−) and 6 mm(−) [P2].

The complex mode shapes have in [P2] been compared for each test by the modal assurance criteria
(MAC), which is a measure of the correlation between two sets of mode shape vectors φ and φ′ .
The MAC value is defined by
Γ = P

N
j=1

|

PN

2
φ′j φH
j |
 P
N
H

j=1

φj φj

j=1

φ′j φ′H
j

,

(4.7)

which yields a unit diagonal matrix when two sets of vectors are linearly independent [32]. If a
component in the matrix Γ is 1, it indicates full correlation, while 0 indicates no correlation. The
MAC values have been computed separately by (4.7) for the real part and imaginary part of the
complex mode shapes.
Table 4.3. Components of the damping matrix from repeated test, with mean µ and standard deviation σ.

b11 [Ns/m]
C

Test 1

Test 2

Test 3

Test 4

µ

σ

3.28

3.25

3.26

3.33

3.28

0.04

The real parts of the building model have been robustly identified and the matrix Γ is a diagonal
matrix with unity in the diagonal components for each of the repeated tests. The correlation
between the imaginary parts of the mode shapes is given by the components of the MAC matrix
Γ in Figure 4.7. The estimated values from test 1 have been used as reference and these estimates
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are correlated with the remaining three tests (2, 3 and 4). Thereby three correlation matrices are
obtained which are given in Figure 4.7 (a), (b) and (c), respectively. In these figures the diagonals
are approximately unity, indicating that the imaginary part of the modes are fully correlated with
themselves in each test. In the off-diagonal components Γ43 or Γ34 , the magnitude is approximately
0.8 in (a), (b) and (c). It indicates a substantial correlation between the imaginary part of the third
and fourth mode shape, which is not surprising as a comparison of the shapes in Figure 4.6 (h) and
(i) shows that both modes reach their maximum values at the second floor.
This correlation can be explained by the approximation in equation (5) in [P2], which shows that
the imaginary part of a mode shape is a linear combination of the real part of the mode shapes
with a large contribution from the neighboring modes. This is governed by the magnitude of the
off-diagonal components in the modal damping matrix. Similarly, some correlation between the
imaginary part of the second and fifth mode can also be observed by the components of Γ52 or Γ25
in Figure 4.7, which also exhibits the similarities of the shapes in Figure 4.6 (f) and (j).
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Figure 4.7. Components Γjk of the MAC-matrix Γ between two sets of imaginary values of the complex
modes from four repeated tests with damper at the first floor and an air gap of 2 mm. (a) test
2 correlated with test 1, (b) test 3 correlated with test 1 and (c) test 4 correlated with test 1
[P2].

In the context of output-only identification from random vibration measurements the duration of
the measurements play an important role. This is due to the underlying assumption of stationarity,
which is not strictly fulfilled for the finite realizations associated with measured random vibrations.
It is therefore vital to check whether the estimates of a complex mode shape have converged. The
estimate of the damping matrix and complex mode shapes from the 12-h measurement with the
damper placed at the first floor and an air gap of 2 mm has been regarded as the reference case. The
imaginary part of the estimated mode shapes from shorter measurement durations are correlated
with the converged reference value. The correlation has been quantified by the MAC value and the
diagonal elements of the MAC matrix Γjj are shown in Figure 4.8 (a), where a threshold value of
0.99 is marked by the grey horizontal line. The time in Figure 4.8 is represented in terms of the
number of periods T of the first mode contained in the measurement duration.
The first, second, and fifth mode converge with a slow rate compared to the third and fourth mode.
At 40 000 periods of the first mode, corresponding to approximately seven hours, the mode shapes
have all converged below the threshold value. The convergence of the diagonal components in the
bjj = (C
bjj − C
b ′ )/C
b ′ is computed
damping matrix are also evaluated. The relative difference ∆C
jj
jj
b
b′
by keeping Cjj as a constant reference value obtained from a 12-h measurement duration, and C
jj
bjj in Figure 4.8 (b) shows that
is estimated from shorter time series. The relative difference ∆C
the diagonal components for j = 1, 2 and 5 are in most cases overestimated while they are underestimated for j = 3 and 4. A cause for this observation has not been found. At approximately
T = 40 000 the variations in the estimates of the diagonal damping matrix components are less
than 10 % in comparison with results for T = 70 000.
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The experimental testing shows that a general viscous damping matrix is fitted well to the analyzed
building model, which implies that the damping matrix in the design of structures can potentially
be tuned to viscous damping models which contain information about the spatial location of damping. The laboratory conditions are controlled within the presented experimental testing, and this
provides an ideal example of how the proposed damping identification method performs on measurements of displacement response caused by random excitation. The output-only identification
methods belonging to OMA algorithms can also estimate the modal parameters from measurements
of accelerations or velocities. The correlations of the accelerations or velocities satisfy the properties
equivalent to the correlations of the displacements [13]. The validation of the non-classical damping
identification is limited to a structure with stationary response of translational degrees of freedom.
Chapter 6 provides a conclusion on the performance of this method and suggest future research for
robust damping identification with full-scale measurements from dynamic response of structures.
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5. IDENTIFICATION OF DAMPING IN HYSTERETIC SYSTEMS

Identification of the modal parameters in a hysteretic system from the response only is targeted
in [P3]. Hysteresis can be encountered in a number of scenarios, for example in magnetorhetorical
dampers [97] and the behavior of material under cyclic loading. A benchmark challenge is proposed
in [68], concerning the identification of hysteresis modeled by the Bouc-Wen model for an SDOF
system. A dynamic system with hysteresis can be described by the equation of motion,
m ẍ(t) + c ẋ(t) + k x(t) + z (x, ẋ) = f (t) ,

(5.1)

where m is the mass, k is the stiffness coefficient and c is the viscous coefficient of the system, f (t)
is the external excitation and ẍ(t), ẋ(t) and x(t) are the acceleration, velocity and displacement,
respectively. The restoring force z(x, ẋ) is given by the material model referred to as the Bouc-Wen
model

(5.2)
ż(x, ẋ) = α ẋ(t) − β γ |ẋ(t)| |ż(t)|ν−1 z + δ ẋ(t) |z(t)|ν ,

where α, β γ, β δ and ν are parameters which control the shape of the hysteresis loop. The corresponding mechanical model is illustrated in Figure 5.1 (a). The Bouc-Wen model was originally
proposed in [14, 105] and characterizes the hysteresis loop in e.g. materials subjected to cyclic
loading.
Identification methods available in connection with OMA are in most cases limited to linear timeinvariant systems. This limitation implies that the methods are suitable for small amplitudes of
the vibrations with material behavior that is not frequency or amplitude dependent. In the case
when input and output are available, a number of methods are available for nonlinear system
identification [22, 66, 69, 108, 109]. However, these are not possible to apply in combination with
structures or machinery where the excitation is difficult to measure. An alternative and promising
approach is the combined input-state-parameter estimation method employing modified versions
of the classical Kalman filtering [62], verified for larger structures in [34]. The joint-input-stateparameter estimation in [62] is formulated for a linear time variant system, and would therefore
require linearization of the system model to be applied to the identification of the Bouc-Wen model
parameters. The disadvantages of the joint input-state-parameter estimation method in [62] is that
it requires at least six independent measurements to estimate the parameters (m, c, k, α, βγ and
βδ), of the hysteretic system governed by (5.1) and (5.2). Thus, the method in [62] is not suitable
for the benchmark challenge, for which only the input excitation and displacement response is
available.
(a)
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Figure 5.1. Mechanical representation of a viscous spring-mass oscillator with (a) a Bouc-Wen (B-W) restoring force and (b) a relaxation element with c0 = (k∞ − k0 )/Ω [P3].

The method proposed in [P3] for identification of the hysteretic system extends the classical covariance driven stochastic subspace identification method. This is achieved by linearizing the Bouc-Wen
model in (5.2) by a relaxation damping model. The linearization is performed by harmonic averaging whereby the Bouc-Wen model parameters are related to the equivalent linear model parameters.
The estimation of the equivalent linear model parameters is performed by introducing an additional
stabilization criteria, which estimates the non-oscillatory pole in the system. The cluster of poles

found by the classical and the additional stabilization criteria are related to the relaxation model
parameters by explicit expressions derived in [P3]. The method is limited to systems with a constant mass that is estimated beforehand and a response time history which can be characterized as
statistically stationary.

5.1 Equivalent relaxation model of the hysteretic system
The method of linearization utilizing harmonic averaging [53] assumes that the displacement and
velocity of the system can be described by
x(t) = A cos(ω t)

and ẋ(t) = −Aω sin(ω t) ,

(5.3)

where A is the constant amplitude and ω is the frequency. In the next step of the linearization
the model, which replaces the nonlinear model, must be assumed and constructed. In [P3] the
equivalent linear model is chosen as the Zener model [113] which is described by
ż(t) + Ω z(t) = Ω k0 x(t) + k∞ ẋ(t) .

(5.4)

This model is also known as the standard linear solid model, representative for viscoelastic material
modeling with significant relaxation characteristics. The mechanical model is shown in Figure
5.1 (b). The spring k∞ − k0 is in series with the dashpot c0 = (k∞ − k0 )/Ω, while k0 is in parallel
with c0 .
The linearization is performed by initially splitting the Bouc-Wen model and the relaxation model
into a low-frequency and high-frequency part. The details of the derivations are given in [P3],
which are valid for the nonlinear model in (5.2) when the exponent ν = 1. The low-frequency
model is associated with slow motion, and by substituting the slow motion model and the harmonic
response in (5.3), the equation obtained is then averaged over a vibration period. It turns out that
the equivalence between the relaxation model and the Bouc-Wen model is obtained by
k0 = 0

and

α
3π
k∞
=
.
Ω
4 2 Aω(β γ + β δ)

(5.5)

Thus the low frequency stiffness component k0 vanishes, and the fraction k∞ /Ω decreases when the
product of the amplitude and frequency A ω increases.
From the high-frequency models a relation is similarly derived by harmonic averaging. It is found
that the components are
k∞ =

3π
α
4 Aβ δ +

3π
4

and Ω = 2 A ω

βγ+βδ
.
A β δ + 34π

(5.6)

Energy dissipation by the relaxation model in (5.4) requires that k∞ > 0 and, additionally, the
expression in (5.6) is only valid when the corner frequency Ω > 0 [P3]. For k∞ in (5.6) it follows that
the initial stiffness component α for the Bouc-Wen model is equivalent to k∞ for small amplitudes
of vibration A, whereas for finite magnitudes of A the stiffness k∞ can either increase or decrease,
depending on the sign of the parameter β δ.
In [P3] a numerical example of the derived equivalent linear model parameters is given, which
is obtained by simulations using the model parameters given in the benchmark challenge in [68].
The numerical example shows that the equivalent linear model overestimates the response at large
amplitudes of the displacement time history, compared to the response of the exact nonlinear
hysteretic system. Figure 5.2 shows the spectral density in (a) and the hysteresis loop in (b) from
the numerical example in [P3]. The spectral characteristics in (a) are well represented by the
equivalent linear model and the hysteresis loops in (b) show that the area encompassed by the
equivalent linear and the hysteretic model are approximately equal. The hysteresis loop also shows
that the linear model overestimates the restoring force at large response levels.
Alternative methods for linearization of nonlinear equations of motion exist, such as perturbation
methods and stochastic linearization [89]. The method of stochastic averaging is successfully demonstrated in [106] for random vibrations in combination with hysteresis introduced by the Bouc-Wen
model. The stochastic linearization method is, however, not directly an option in connection with
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Figure 5.2. The synthetic random response of the equivalent linear model (−) superimposed on the response
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the models in (−) and (b) the restoring force in the system [P3].

output-only identification, due to the requirements of the first and second moment of the input and
the internal state variables, which are not available and measurable.

5.2 Extended stochastic subspace identification
The COV-SSI method has been extended in [P3] such that the model parameters of the Zener
model may be estimated and in a subsequent step related to the Bouc-Wen model parameters.
The nonlinear hysteretic system model presented in (5.1) and (5.2) can be recast into state space
format, as shown in [P3]. This indicates that the hysteretic system has both an observability and
controlability matrix without full rank. The observability and controlability matrices have been
introduced in equation (2.14) given in Chapter 2 of this thesis. Thus, the hysteretic system can
not be estimated directly by the classical COV-SSI and an extension of the identification method
is necessary to circumvent this estimation problem. The main steps proposed in [P3] are briefly
described in the following and summarized step-by-step in Table 5.1.
In addition to the stabilization criteria dωh,j and dζh,j already introduced in Table 2.2 of Chapter 3
and in [P1], which estimates the cluster of stabilized poles in frequency and damping for a variation
of model orders, an additional criterion is introduced in [P3]. This criterion estimates the cluster
of real-valued poles within a certain threshold of variations in magnitude found by
drh,j =

|λh − λj |
,
max (λh , λj )

where λ ∈ Re .

(5.7)

This additional stabilization criterion essentially concerns the non-oscillatory pole of the relaxation
model [3, 4]. The characteristic polynomial of the equivalent linear systems, shows that three
distinct roots can be found from the dynamic state matrix [P3]. Two of the roots, λ1 and λ2
appear as a pair of complex conjugated poles (λ̄1 = λ2 ), while the third root λ3 is real valued.
From the clusters formed by step 3 in Table 5.1 the poles λ1 , λ2 and λ3 can be selected. The roots
of the characteristic polynomial are then rearranged and yield the expressions [P3]


mλ1 2 + cλ1 + k mλ2 2 + cλ2 + k
m2 λ1 λ2 λ3
, k∞ = −
(5.8)
k=
(λ1 + λ2 + λ3 ) m + c
−mλ1 λ2 + k
and


Ω = λ1 1 +

k∞
2
m λ1 + c λ1 + k



,

(5.9)

which explicitly relate the system poles to the stiffness k and the relaxation model parameters
k∞ and Ω. However, expressions (5.8) and (5.9) contain the mass m and the viscous damping
coefficient c. The mass is generally possible to estimate reliably from first principles, whereas
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Table 5.1. Computational procedure for identification of hysteretic system from vibrations.

1.

Compute the auto- and cross-correlation function estimate in a matrix form R(τ ) from
measured structural response x(t).

2.

Estimate the continuous time complex poles λ for a variation of model orders o
and time lags τ by a correlation driven output-only system identification procedure.

3.

Find the stabilized poles which meet the threshold criteria set by
|ωh −ωj |
|ζh −ζj |
|λh −λj |
dωh,j = max(ω
, dζh,j = max(ζ
and drh,j = max(λ
.
h ,ωj )
h ,ζj )
h ,λj )

4.

Determine λ1 , λ2 , λ3 , and λ∗ from the clusters of stabilized poles.

5.

Assume the mass m of the system and compute the viscous coefficient c = −2 Re(λ∗ ) m.

6.

Compute the relaxation model parameters:

(mλ1 2 +cλ1 +k)(mλ2 2 +cλ2 +k)
m2 λ1 λ2 λ3
1+
,
k
=
−
and
Ω
=
λ
k = (λ1 +λ
∞
1
+λ
)m+c
−m
λ
λ
+k
2
3
1 2

7.
8.

k∞
m λ21 +c λ1 +k

Estimate the natural frequency ω = |λ1 | and the standard deviation A = σx .
Compute the Bouc-Wen model parameters:


2
π
α
α = 4cm + Im(λ1 )2 m − k, βδ = 43 A
−
1
and βγ =
k∞

3π
4A



1+

Ωα
2 ω k∞

−

α
k∞



.


.

the viscous damping coefficient is more difficult to determine. It is suggested to estimate the
complex conjugated pole, denoted λ∗ , associated with a SDOF system with only a mass m, spring
k and viscous coefficient c. When λ∗ is estimated then the viscous coefficient can be obtain as
described in step 5 in Table 5.1. In the next section is it demonstrated how the pole λ∗ appears
for a hysteretic system, from diverging clusters of complex conjugated poles. Similar divergence
of clusters representing the natural frequency have been reported in [67] from a nonlinear system
identification analysis using an input-output stochastic subspace method. Thus, in steps 1−6 of
Table 5.1, the model parameters of the system with relaxation damping are estimated. The last
two steps of the procedure in Table 5.1 concern the estimation of the Bouc-Wen model parameters.
Initially, the root-mean-square of the displacement response A and the natural frequency ω = |λ1,2 |
are computed. The parameter α is computed by the expression
c2
+ Im(λ1 )2 m − k ,
(5.10)
4m
which is obtained by the characteristic polynomial of the dynamic state matrix for the Bouc−Wen
model [P3]. This expression is only valid when c2 < 4 m(α + k) and Im(λ1 ) 6= 0. Lastly the
parameters β γ and β δ are expressed by




Ωα
α
3π
α
3π
1+
,
(5.11)
−1
and βγ =
−
βδ =
4 A k∞
4A
2 ω k∞
k∞
α=

which are simply a rearrangement of (5.6). The identification procedure is applied in the next two
sections. First the procedure summarized in Table 5.1 is discussed step-by-step for the benchmark
data in [68] and next the errors of the identification are evaluated at both low and high amplitudes
of the input excitation.

5.3 Identification results from synthetic benchmark data
The benchmark data set contains the response of the hysteretic system with the parameters given
in Table 5.2. The response has been simulated by a numerical integration method described in
[68], with a sampling frequency of 750 Hz and a total of 8192 samples. The time history of the
benchmark data is shown in Figure 5.3 (a) in red. The sampling frequency has been reduced to
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Figure 5.3. The estimated response superimposed on observed data. (a) Displacement time history and
(b) power spectral density (PSD). Response of the (−) exact hysteretic system, (−) identified
hysteretic system, (−) identified equivalent linear system and (−) identified linear system [P3].

375 Hz by downsampling, as the identification procedure does not require a high sampling frequency.
The identification procedure follows Table 5.1, where the unbiased correlation function estimate of
the displacement response is computed initially which is also shown in Figure 5.4 (a). The number of
time lags of the estimated correlation function corresponds to 10 oscillation periods of the undamped
natural frequency of the system, and the estimated poles are retrieved from model orders in the
range 0−100.
In practice the correlation function estimate can subsequently be used in combination with any
correlation driven OMA techniques, but COV-SSI is chosen in [P3]. By establishing the stabilization
criteria of step 3 in Table 5.1 with the threshold magnitudes dωh,j = 0.05, dζh,j = 0.05 and
drh,j = 1.5 respectively, the clusters of poles indicated in Figure 5.4 (b) have been estimated. The
b1,2 = −19.94 ± i 249.79, λ
b3 = −1.00, and λ
b∗ = −1.60, which
poles selected from the clusters are λ
are also marked in Figure 5.4 (b). The cluster of poles which are stabilized in both frequency and
b1 in Figure 5.4 (b)), yield a natural frequency of
damping (marked by a blue cross and denoted λ
ω
b = 250.59 rad/sec.
When assuming a mass of m
b = 2 kg, the linear system parameters b
c and b
k are computed and yield
the parameter magnitudes given in Table 5.2. These parameters are representative for the full
nonlinear hysteretic system, and are therefore not directly comparable to the corresponding m,
b b
c
and b
k in the benchmark system. By following step 5 and 6 of the procedure given in Table 5.1, the
b of the relaxation model are identified, with the resulting magnitudes as
k∞ and Ω
k, b
parameters b
c, b
given in Table 5.2.
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Figure 5.4. (a) Estimated correlation function of from the benchmark output data. (b) The identified
continuous time poles (·) stabilized in frequency and damping (×), stabilized in frequency (×)
and stabilized in real value (×) [P3].
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The next step in the identification is to compute the root-mean-square of the displacement response,
b = 5.34 mm. The final step is then to obtain the Bouc-Wen
which in this case is determined as A
model parameters through the relations in (5.10) and (5.11). The identified parameter values of α
b,
βb γ
b and βb δb are given in Table 5.2.
The results in Table 5.2 show that the viscous coefficient b
c and the stiffness b
k are underestimated
by both the relaxation model and the Bouc-Wen model compared to the exact benchmark model
parameters. Both b
c and b
k are related to the clusters of poles determined by the COV-SSI technique.
These depend on the user-defined threshold values in step 3 of the procedure in Table 5.2. Thus,
the optimal identification results can be improved by tuning the threshold values of the stabilization
criteria specified by the user. Figure 5.3 shows the exact response and the response simulated with
the estimated parameters of the linear system, the relaxation model and the hysteretic system,
where (a) represents the response in the time-domain and (b) the spectral characteristics in the
frequency-domain. The excitation from the benchmark data set is used for the simulations of the
response following the numerical simulation procedure of [P3]. In practice the excitation is not
available when output-only methods are used. The simulated response is however utilized herein
for validation. In general it can be concluded that the identified models, both the relaxation and
Bouc-Wen model, seem to underestimate the response at the maximum amplitudes. It is most likely
caused by a corresponding underestimation of the restoring force z(t) at large levels of excitation.
Nevertheless, the prediction of the response is improved when taking the additional memory effect
of the relaxation model into account, compared to the response simulated with the linear model
consisting of a spring, mass and a dashpot elements.
Table 5.2. Model parameters of the Bouc-Wen model given in the benchmark challenge and the identified
parameters of the linear-, relaxation- and Bouc-Wen model and the normalized error of the
displacement response prediction.

Model
Benchmark
Linear
Relaxation

Bouc-Wen

Parameters

Error ǫN

m = 2.00 kg
α = 50000.00 Nm−1

c = 10.00 Nsm−1
β γ = 800.00 m−1

k = 50000.00 Nm−1
β δ = −1100.00 m−1

m
b = 2.00 kg

b
c = 79.77 Nsm−1

b
k = 125590.00 Nm−1

m
b = 2.00 kg
b
k0 = 0.00 Nm−1

m
b = 2.00 kg
α
b = 121520.00 Nm−1

b
c = 6.40 Nsm−1
b
k∞ = 122150.00 Nm−1
b
c = 6.40 Nsm−1
βb γ
b = 352.78 m−1

b
k = 3334.40 Nm−1
b = 37.68 rads−1
Ω

b
k = 3334.40 Nm−1
βb δb = −22.72 m−1

2.55%
2.20%

3.31%

The magnitude of the estimated model parameters for the Bouc-Wen model are not comparable to
the magnitude of the true model parameters of the Bouc-Wen model, and are therefore not useful.
The estimated model parameters of the Zener model can however be used to obtain some insight
into the behavior observed in the measured vibrations and for prediction of the response. The errors
in the identification procedure for variation in the excitation amplitude are discussed in the next
section.
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5.4 Amplitude dependent identification
The nonlinearities of the restoring force of the hysteretic systems are influenced by the level of
the excitation. The ability of the proposed identification method for hysteretic systems has been
illustrated in the previous section for an excitation amplitude of 50 N, while this section investigates
the capabilities of the procedure for a range of excitation amplitudes. The identification method
is evaluated by computing the difference between the predicted x
b(n) and the exact response x(n)
computed by
v
u
N
u1 X
2
ǫ=t
(b
x(n) − x(n)) ,
(5.12)
N n=0

where N is the number of points in the time history. The error ǫ in (5.12) has been normalized by
the number of points N in the time series and the initial transient part of the response has not been
removed from the time histories. The normalized error ǫN is therefore denoted with the subscript
N . The normalized error is between 2.55 and 3.31% for the linear system, the relaxation system
model and the full hysteretic system, with the system parameters of Table 5.2.
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Figure 5.5. Normalized error ǫN of the reconstructed and exact reponse of the Bouc-Wen system with
increasing excitation amplitude |F |. Reponse amplitude in the identification procedure by (−)
A = σx , (−) A = 2 σx and (−) A = σx /2 [P3].

This shows that relatively small improvements are obtained by considering the full hysteretic model,
compared to the relaxation model in the identification. Although the identification is illustrated
by simulated data, the error is not expected to vanish completely. The reason is that the COVSSI technique yields asymptotically exact estimates of the system poles, when the measurement
duration approaches infinity [102]. Thus, some level of error is expected in the identification of the
parameters from simulated data and subsequently in the prediction of the response.
The identification procedure in Table 5.2 has been repeated for low- and high root-mean-square
excitation amplitudes ranging from of 10 to 90 N. The root-mean-square magnitude of the excitation
is denoted |F |. The benchmark data has been used for identification, where the input excitation
has been scaled to obtain the desired range of amplitudes. Figure 5.5 shows the normalized error
of the predicted response of the Bouc−Wen model in comparison to the exact response, for three
root-mean-square values of A, which are equal to or smaller and larger than σx . The error is stable
and seems to increase slightly with the excitation amplitude. However, when A deviates from σx
the response prediction does not improve and therefore the most optimal value is A = σx . The
variation of the identified parameter with the range of excitation amplitudes are given in [P3]. The
error of the predicted response obtained from the identification results is comparable to the level
of errors reported in [66], which uses the input in the identification method.
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6. CONCLUSIONS

This thesis is concerned with the identification of damping from structural vibrations to random
excitation. The methods presented extend the existing time-domain OMA techniques and are suitable for systems with non-classical viscous damping, hysteretic damping or automated identification
of systems which can be represented adequately by the modal damping ratio. In the first part of
this thesis, an automated identification method for estimation of the natural frequency and modal
damping ratio adequately eliminates the necessity of manual selection of the number of time lags
in the correlation function and the model order of the system, through the proposed data fitting
routine. The method is validated by stochastic simulations of a proportionally damped 2DOF
spring-mass system as well as tower vibrations of an 8 MW offshore wind turbine generator while
out of operation.
The automated procedure has also been applied for identification from 24-h full-scale measurements
of accelerations of an offshore wind turbine during down-time, which shows that the damping in the
fundamental fore-aft tower mode is considerably lower than the damping in the side-side mode. It
is found that the standard deviation of the error in the estimates of damping decreases linearly with
increasing measurement time and becomes unstable for high levels of signal noise. The variability
in the estimates of damping from the field measurements are within an expected level of standard
deviation. Aeroelastic simulations have quantified the expected level of error, which can assist in
the determination of the most conservative estimate of the damping ratios taken from field measurements. This will be relevant for future designs of flexible structures, as field measurements become
increasingly more available from monitoring projects, and they may provide additional information
about the dynamic properties of structures that can be used for design optimization.
In the second part of the thesis, it has been concluded that non-classical damping can be estimated
robustly for a dynamic structure when considering the modes of the system as complex-valued.
Complex-valued modes are expected in real structures, as an offshore wind turbine generator which
has spatially distributed sources of damping. Identification of the spatial distribution of damping
is a challenging task because it requires accurate estimates of complex-valued mode shapes. A
substantially improvement is provided in the identification of non-classical damping in terms of
computational time and accuracy at high levels of damping, compared to existing approaches. The
identification is based on an expression of the damping matrix for a discretizised system, which
is accurately reconstructed when the complex-valued mode shapes, the natural frequencies, the
damping ratios and the mass distribution of the system are available.
The expression of the viscous damping matrix can be combined with traditional modal testing
as well as output-only identification. Numerical simulations of a five-story shear frame building
model show that the derived expression combined with time-domain OMA methods yields high
accuracy. It is demonstrated that the complex-valued mode shapes can be repeatedly estimated
from an experimental setup of a model scale five-story building, where damping has been induced
locally by an eddy current damper. The amplitude of the imaginary part of the first fundamental
mode indicates the location of the largest component of the damping matrix. Additionally, it has
been demonstrated that the sensitivity of the imaginary parts of the mode shapes depend on the
modal overlap factor. In most cases, the damping matrix from measurements has been identified as
a symmetric matrix, except when the amplitudes of the vibrations are small. The asymmetric estimates of the damping matrix can be due to large magnitudes of damping and small amplitudes of
excitation. For small amplitudes of vibrations, the dynamics of the system may not be well excited.
Measurements errors can also be more pronounced for small magnitudes of vibration. Therefore,
the estimated asymmetric damping matrix can be associated with measurement errors.
The first two parts of this thesis considered identification of damping of generally viscously damped
and time-invariant systems, with examples of large scale structures. The final part of this thesis proposes an identification method for damping in a hysteretic system. The identification method has
been validated by numerical simulation given by a benchmark challenge. The method proposed is

suitable for identification of model parameters of an SDOF hysteretic systems with known mass and
a measured system response that can be regarded as stationary with a zero mean value. Hysteresis
is represented by a Bouc-Wen model which has been substituted by a relaxation damping model.
The model parameters of the relaxation model are estimated by extending the post-processing of
the COV-SSI method, such that poles associated with the system are estimated from a cluster
formed by various model orders in the estimation. The poles are associated with the model parameters through explicit expressions, and subsequently with the model parameters of the Bouc−Wen
model. It is demonstrated that the model parameters can be identified at small and large amplitudes of excitation. The method is limited to a narrow-banded response due to the assumption of
sinusoidal response with slowly varying amplitude in the linearization. Furthermore, the method
relies on the identification of a cluster of complex conjugated poles which splits at high model orders.
The three developed methods in this thesis operate on the stationary structural response in the timedomain and therefore they are commonly sensitive to the choice of the time lag in the estimate of the
correlation function, the model order of the system, the level of signal noise and the time duration
of the vibration measurements. The first automated method selects the region of an estimated
correlation function, which is most suitable for modal parameter estimation. Furthermore, the
automated method has been examined in relation to signal noise and the measurement duration.
The sensitivity of the remaining methods for non-classical damping and hysteretic systems should
be examined with respect to the aforementioned, such as in the numerical analysis in [P1].
It is furthermore suggested to tune the existing stabilization criteria for an improved performance
of the three methods in this thesis. In the method for non-classical damping identification, the
stabilization criteria were omitted, but they can be useful in the analysis of structures where the
number of modes is not clear and extensive signal noise appears in the vibration measurements.
Optimizing the stabilization criteria with respect to identification of the damping ratio, may be
a nonconvex problem with multiple local minimum and therefore challenging to optimize. It is
additionally suggested to examine the sensitivity of the explicit non-classical damping matrix expression, due to an incomplete set of modes, erroneous estimates of the imaginary parts of the mode
shapes and the mass distribution. This may be achieved numerically or analytically by a first order
perturbation analysis of the derived expression for the viscous damping matrix.
The method for identification of non-classical damping has been formulated and demonstrated for
an MDOF system, unlike the automated method and the last method for identification of hysteretic
systems. The automated procedure may be extended to MDOF systems by including the MAC
criteria as an additional stabilization criteria in combination with a routine, which determines the
auto-correlation function estimate that should be matched with the estimated clusters of natural
frequencies and modal damping ratios, prior to the computation of the residual sum of squares.
Extensions of the identification of hysteretic systems to MDOF systems may not be achieved, as
the averaging procedure, which relates the relaxation model with the Bouc-Wen model, cannot
be applied to MDOF systems. Stochastic averaging methods for hysteretic MDOF systems offer
an alternative route for identification of the related model parameters. The limitation is that the
statistical properties of the state variables are needed for an exact solution when using a stochastic
averaging method. This implies that the mean and standard deviation of the unmeasured state
variable associated with hysteresis should be possible to compute.
In operational environments of structures, the excitation may not cause a statistically random
response, which can cause the methods in this thesis to produce erroneous results. It is therefore
suggested to test how the developed methods perform provided that the excitation is characterized
as colored noise. This can initially be tested by numerical simulations as in [P1] and subsequently
experimental testing as in [P2]. There is a lack of filtering techniques to extract an estimate of
the correlation function which is associated with solely broad banded white noise excitation. Some
filter techniques are available for removal of harmonic excitation [61], but more work is needed in
relation to wind and wave excitation.
The experimental setup in [P2] is constructed by substructure components which are connected,
and may cause local nonlinear damping mechanisms. However, it seems that the viscous damping
idealization represents the behavior well and yields an approximately symmetric damping matrix.
Nevertheless, the robustness of the method with respect to non-viscous damping mechanisms can
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be tested by adding a frictional damper, or other types of non-viscous dampers. This would give an
indication of how robust complex modes and the non-classical damping matrix can be estimated.
Hence, alternative damping models need to be tested to enable conclusions on the robustness of
non-classical damping identification from full-scale measurements of dynamic structures in which
viscous damping may not be the only damping mechanism.
The identification of damping from random vibrations of structures will remain erroneous as long
as the method used for estimation is sensitive to the assumed damping model. It will therefore yield
estimates of damping which have a precision and accuracy equivalent to the validity of the assumed
energy dissipation mechanism for the observed vibrations. The identification methods in this thesis
offer an improved insight into the damping mechanisms and their magnitude. They can therefore
be helpful for design validation and optimization of both existing and future dynamic structures.
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Reliable predictions of the lifetime of offshore wind turbine structures are inﬂuenced by the limited
knowledge concerning the inherent level of damping during downtime. Error measures and an automated procedure for covariance driven Operational Modal Analysis (OMA) techniques has been proposed
with a particular focus on damping estimation of wind turbine towers. In the design of offshore structures the estimates of damping are crucial for tuning of the numerical model. The errors of damping
estimates are evaluated from simulated tower response of an aeroelastic model of an 8 MW offshore
wind turbine. In order to obtain algorithmic independent answers, three identiﬁcation techniques are
compared: Eigensystem Realization Algorithm (ERA), covariance driven Stochastic Subspace Identiﬁcation (COV-SSI) and the Enhanced Frequency Domain Decomposition (EFDD). Discrepancies between
automated identiﬁcation techniques are discussed and illustrated with respect to signal noise, measurement time, vibration amplitudes and stationarity of the ambient response. The best bias-variance
error trade-off of damping estimates is obtained by the COV-SSI. The proposed automated procedure
is validated by real vibration measurements of an offshore wind turbine in non-operating conditions
from a 24-h monitoring period.
© 2017 Elsevier Ltd. All rights reserved.
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1. Introduction
Fatigue damage accumulation during the lifetime of an offshore
wind turbine generator is strongly dependent on the damping
during downtime. Interpretation and analysis of the monitoring
data by new real-time fault diagnosis and fault-tolerant control
techniques can help the designer to improve the system reliability
[1] and minimize downtime caused by malfunctioning equipment.
As the wind farms are being developed at increasing water depths
the transportation time from harbor to site increases, and a
reduction of downtime hours is therefore not expected.
Cost effective and reliable structural designs of wind turbines
are strongly dependent on the accuracy of the employed damping
model. However, the system-damping matrix is often based on
naive assumptions of energy dissipation phenomena. Therefore,
reliable damping estimates are crucial for tuning or improving the
mathematical representation of damping. In order to achieve cost
effective and reliable structural designs an accurate and precise

* Corresponding author.
E-mail address: abaj@mek.dtu.dk (A. Bajri
c).
http://dx.doi.org/10.1016/j.renene.2017.03.043
0960-1481/© 2017 Elsevier Ltd. All rights reserved.

procedure for estimation of the damping is a necessity. In this paper, the reliability is sought by achieving estimates of viscous
damping independent of the chosen OMA algorithm.
The vibration amplitude is governed by the amount of inherent
damping present in the structures. The main sources of damping
are associated with the structure, the aerodynamic and hydrodynamic interaction and the deformation of the soil by the foundation, and in some cases additional damping is provided by an
external damper. Two conditions may in particular be limiting
factors in the design of offshore wind turbine foundations, due to
low levels of damping. The ﬁrst condition is due to misaligned wind
and wave loading on the structure, which cause low damping
associated with side-side vibrations, while in operating conditions
[2]. The second condition occurs during non-operating conditions,
in which the total damping will be entirely governed by the small
amount of structural and foundation damping, while the otherwise
signiﬁcant contribution from aerodynamic interaction is negligible.
The damping in the fore-aft direction is particularly critical, as the
blades are pitched out. Accurate estimation of the inherent
damping is therefore an important design parameter for the next
generation of offshore wind turbine structures.
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Damping has traditionally been estimated from the free decay
response obtained from rotor stop tests, which is sensitive to the
environmental conditions [3]. OMA enables modal identiﬁcation
based on ambient vibrations. In the last decade, OMA has drawn
attention in connection with offshore wind turbines [4e9], despite
the restrictive assumptions which these algorithms have to comply
with, i.e. white noise input and linear time-invariant system. During non-operating conditions of wind turbines the vibration levels
are relatively low and the assumption of a linear time-invariant
system is acceptable. On the other hand, if more complex and
nonlinear behavior is observed, data data-driven approaches are
preferable to estimate the underlying system model [10]. Within
the OMA framework, damping estimates often exhibit high variability causing skepticism concerning the physical interpretation of
the results [11]. The difﬁculties encountered when trying to estimate damping from ambient vibrations of wind turbines has been
discussed in Ref. [12]. Firstly, the successful estimation of damping
depends on how realistic the underlying mathematical model of
the estimation technique is. Additionally the employed procedure
for automated identiﬁcation also has an inﬂuence on the quality of
the estimation of modal parameters. Several identiﬁcation techniques have been compared, evaluated and automated for the
estimation of mode shapes and frequencies, see for instance
[13e19]. However there is a lack of benchmark techniques concerning the estimation of damping in offshore wind turbines, and
evaluation of sources of errors related to the existing techniques
which inﬂuence the quality of the estimates.
In the present paper an automated identiﬁcation procedure is
proposed, together with evaluation measures which indicate the
type of error in the estimates of damping. To ensure algorithm independent answers three existing techniques are automated and
evaluated: the ERA, the COV-SSI and the EFDD. The automated
identiﬁcation procedure proposed for techniques in the time
domain determines the number of time lags to include in the
estimation and the model order.
The variations in the estimates of damping obtained by the
automated procedure are initially presented through two numerical case studies and ﬁnally applied to measured ambient vibrations
of an offshore wind turbine. The ﬁrst numerical study is a Monte
Carlo simulation of the random response of a representative two
degree-of-freedom (2DOF) system. Preliminary discrepancies in the
estimates of damping are found to originate from the choice of
technique and pre-processing of the response. Subsequently, the
damping estimates obtained by the automated procedure are
assessed for simulated offshore wind turbine tower vibrations,
where the ﬂuctuations in the tower response measurements are
deliberately contaminated by signal noise. The automated procedure of damping estimation is ﬁnally demonstrated for a real
offshore wind turbine in non-operating conditions from a 24-h
monitoring period. From the tower top vibrations the automated
procedure is able to identify the low levels of the damping in the
fore-aft mode compared to the side-side mode in non-operating
conditions. An extensive discussion concerning the low damping
levels and improvements of the estimation techniques is provided.

is to estimate a discrete-time system matrix. The eigenvalue
decomposition of the system matrix is interpreted as a set of
discrete complex system poles. The continuous time poles are then
determined as,

l¼

lnðmÞ
Dt

(1)

where m is the discrete time pole, and Dt is the time increment. The
continuous poles can be related to the natural frequency and the
damping of a mode of the system,

l ¼ uz±iuD

(2)

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where i is the imaginary unit, uD ¼ u 1  z2 is the damped natural angular frequency, u is the undamped natural angular frequency and z is the modal damping ratio. Hence, the total damping
contribution is estimated by the proposed techniques. The natural
frequency is thus obtained as f ¼ u=2p. The eigenvectors of the
discrete system matrix are interpreted as the mode shapes, which
are transformed to the physical coordinates by the observation
matrix.The only frequency domain technique considered in the
present study is the EFDD [26], which is an adaption of the
Complex Mode Indicator Function (CMIF) [27]. All the three chosen identiﬁcation algorithms rely on the evaluation of the estimated correlation matrix. Such pre-processing will inevitably
introduces estimation errors that propagate through the identiﬁcation procedure, and in particular affect the resulting damping
estimates.

2.1. Measures of performance for evaluation of estimation errors
To assess the quality of an estimate, three performance measures have been proposed. An approximation of a quantity will in
the following be referred to as an estimate, while a parameter
estimator will be identiﬁed by its given name, as for example ERA.
Consider ^
q as an estimate of q, based on N samples of a random
process. The quality of the estimate or estimator is validated in
terms of the bias (B), the variance (V) and the mean squared error
ðMSEÞ of the realization. These are deﬁned as,


h i

B b
q ; q ¼ E bq  q

 
h i2 
V b
q ¼ E bq  E bq


2 
2

 

¼B b
q ; q ¼ E bq  q
q ; q þ V bq
MSE b

(3)

where E½, is the expectation operator. The variance and mean
squared error are unfortunately associated with large weighting
outliers due to the squaring of each term.

2.2. Pre-processing in the time domain
2. Damping estimation from ambient vibrations
The time domain methods, ERA and COV-SSI, have been
impremented following their original formulation [20,21]. An
extensive review of OMA is provided in Ref. [22]. The ERA is an
extension to Multiple-Input-Multiple-Output (MIMO) systems of
the Ibrahim Time Domain (ITD) identiﬁcation [23,24]. The data
driven SSI has been shown to have properties similar to those of the
COV-SSI [25] and the data driven SSI is therefore not considered in
the present analysis. The objective of both time domain techniques

Bias and variance in the damping estimates using correlation
driven OMA techniques have been attributed to the inclusion of the
tail regions in the correlation function estimates [14]. This issue is
addressed in the following. Variability on the choice of correlation
function estimate has been found in literature [22,28]. Therefore,
two types of correlation function estimates have been considered:
an unbiased and a biased estimate. The general expression of the
correlation function for ergodic wide-sense stationary processes XðtÞ
and YðtÞ is
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2.3. Pre-processing in the frequency domain

Rxy ðtÞ ¼ E½XðtÞYðt þ tÞ ¼ lim

T/∞

1
T

ZT

xðtÞyðt þ tÞdt

(4)

t¼0

for 0  t < T, where t is the time separation and T is the total period
of the realizations xðtÞ and yðtÞ. For zero mean Gaussian processes
the covariance function will be equivalent to the correlation function, and the latter is therefore used in the following.
Two truncations of (4) are widely used to approximate the
correlation function for ﬁnite realizations. These are referred to as
the unbiased and biased estimate of the correlation function and are
b and ðÞ, respectively. The unbiin the following distinguished by ðÞ
ased correlation function estimate for positive time lags is given by

b xy ðmÞ ¼
R

1
Nm

N1m
X

xðnÞyðn þ mÞ

(5)

n¼0

for n ¼ m ¼ 0; 1; 2; …; N  1, where xðnÞ and yðnÞ are the discrete
representation of the realizations xðtÞ and yðtÞ at time increment n,
respectively. The discrete representation in (5) is related to the
continuous representation by t ¼ nDt, t ¼ mDt and T ¼ ðN  1ÞDt.
The bias and variance of an estimator can be computed by the relations in (3), which have been derived in Ref. [29] for the correlation function estimators. Evaluating the bias for (5) gives
b xy ðmÞÞ ¼ 0, hence the name unbiased correlation function estiBð R
mator. The variance of (5) can be approximated as



b xy ðmÞ z
V R

N
ðN  mÞ2

∞ 
X

Rxx ðnÞRyy ðnÞ

n¼∞

þ Rxy ðn  mÞRyx ðn þ mÞ



(6)

where Rxx and Ryy are the auto-correlations of the processes x and y,
while Rxy and Ryx are the corresponding cross-correlations. When
m/N, the variance of the unbiased correlation function estimate
will increase, and the so called tail regions will be erroneous. An
alternative truncation of (4) can therefore be expressed as

Rxy ðmÞ ¼

1
N

N1m
X

xðnÞyðn þ mÞ

(7)

n¼0

The bias of this estimator is

m
B Rxy ðnÞ ¼  Rxy ðmÞ
N

(8)

and thus (7) is denoted as the biased estimator of the correlation
function. However, the bias is seen to vanish as N/∞, and therefore (7) is asymptotically unbiased. Furthermore, the variance of (7)
can be approximated by

V Rxy ðmÞ z

∞ 

1 X
Rxx ðnÞRyy ðnÞ þ Rxy ðn  mÞRyx ðn þ mÞ
N n¼∞

(9)
from which it is evident that the variance of (7) converges to zero
when N/∞. This property is also valid for the estimator in (5),
hence the biased and unbiased correlation function estimator are
both consistent. The best choice of correlation function estimator is
determined by a trade-off between bias and variance error, also
known as the bias-variance dilemma [29]. The inﬂuence of the
choice of correlation function estimator with respect to the
damping estimation is discussed in Section 3.

Estimation errors are present in the spectral density estimate of
a stochastic response due to ﬁnite response measurements and the
frequency resolution. The bias error in the estimation of the spectral density using a Hanning window was studied in detail in
Refs. [30,31]. For the estimation of damping it is important to have a
sufﬁciently high frequency resolution relative to the bandwidth
ratio. This can be expressed as

Df ¼

1
N Dt

;

Br z2zf

(10)

where Df is the sampling frequency and Br is the half-power
bandwidth for light damping at the resonance frequency. The ratio Br =Df therefore controls the bias error, such that less bias error
is introduced by a larger ratio. The bias error may result in erroneous damping estimates, which was studied in Refs. [32,33] and
will not be further addressed in the present paper.
2.4. Automated identiﬁcation
Effective automated estimation of damping can provide substantial information to tune damping models for the design of
offshore wind turbines. Automated identiﬁcation in the frequency
domain is implemented according to [34], and will not be further
discussed. The automate procedure presented in this paper is
suitable for correlation driven OMA techniques, focusing on natural
frequency and damping estimation. The procedure can be extended
to include automated identiﬁcation of mode shapes by considering
the Modal Assurance Criterion (MAC) [35]. In this study, the focus is
mainly on reliable automated estimation of natural frequency and
damping, and the MAC value will therefore not be further discussed. The procedure consists of three main steps categorized as:
the preliminary sorting of poles, the stabilization of poles and
evaluation of the residual sum of squares. The two ﬁrst steps are
common practice in OMA [18,19], and these two are therefore only
brieﬂy described.
2.4.1. Preliminary sorting of poles
The ﬁrst step in the automated procedure concerns the removal
of the unwanted continuous complex poles l obtained for the norder realization of the dynamic matrix. The initial removal procedure is based on the following two basic criteria,

z0 ;

uD ¼ 0

(11)

where the ﬁrst criterion removes poles with a positive real part,
associated with negative damping, while the second criterion
removes non-oscillatory poles that do not appear in complex
conjugate pairs.
2.4.2. Stabilization of poles
The stabilization criteria typically identify a cluster of stabilized
poles for speciﬁc thresholds of the relative difference in the natural
angular frequency u, or damping z estimated at model order j
relative to model order h by the expressions

duh;j ¼

uh  uj
zh  zj
; dzh;j ¼
max uh ; uj
max zh ; zj

(12)

A cluster of stabilized poles is identiﬁed by the differences
duh;hþ1 and dzh;hþ1 between two adjacent model orders h and
j ¼ h þ 1 for a predeﬁned threshold value of duh;j and dzh;j . Subsequently, the angular frequency and damping ratio are evaluated
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from the complex poles in each of the identiﬁed clusters based on
the automated procedure described in the following.
2.4.3. Automated evaluation by the residual sum of squares
The ﬁnal step of the automated procedure is the selection of the
number of time lags and model order. The procedure is based on
the reconstruction of the auto-correlation function from the cluster
of complex poles. The reconstruction of the auto-correlation function is now presented, while the procedure for obtaining the
optimal choice of lags and model order is described subsequently.
The auto-correlation function of an underdamped SDOF system
excited by white noise corresponds to [36].

1

0

puS B
z
C
Rxx ðtÞ ¼ 2 0 @cosðuD tÞ þ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ sinðuD tÞAexpðuztÞ; t > 0
2k z
2
1z
(13)
where k is the structural stiffness and S0 is the constant power
spectral density of the white noise excitation. The envelope of the
auto-correlation function in (13) is

zRxx ðtÞ ¼ A expðuztÞ

(14)

with initial magnitude A ¼ puS0 =ð2k2 zÞ. Thus, the auto-correlation
function of an SDOF system excited by white noise, is equivalent to
the impulse response function of a lightly damped SDOF system.
This is the fundamental assumption of the proposed automated
procedure.
The estimated frequency and damping in the cluster of stabilized complex poles obtained by (12) can be evaluated by the ﬁt of
the envelope of the impulse response function in (14) with the
envelope of the estimated auto-correlation function in (5) or (7)
obtained by the random vibration signals. The optimal estimate
of the frequency and damping in the cluster of stabilized poles is
found by minimizing the residual sum of squares for a unit
magnitude ðA ¼ 1Þ,

RSS ¼

X
m

2
zRxx ðmÞ  zb ðmÞ
R xx

(15)

where zb ðmÞ is the envelope of the estimated auto-correlation
R xx
function determined by either (5) or (7).
The expression of the residual sum of squares in (15) does not
contain the model order explicitly. Each complex pole is a function
of the model order, and the pole forms the product zu through the
relation in (2). A cluster of poles is formed for each time separation
t ¼ mDt, where T subsequently determines the size of the blockHankel and block-Toeplitz matrices. This implies that the residual
sum of squares given in (15) must be computed for clusters of poles
for each time separation m. The optimal estimate of modal parameters is the one which yields the minimum residual sum of
squares.

corresponding modal damping ratios z1 ¼ 0:0127 and z2 ¼ 0:0308
for the two modes. These properties are representative of the offshore wind turbine considered in Section 4 and Section 5. The
system has been excited by a white noise process, obtained from a
normal distribution of pseudo random numbers generated in
Matlab. The acceleration time histories for both structure masses
have been obtained by the Newmark time integration scheme with
b ¼ 14 and g ¼ 12. The length of each stochastic time history is 4 h
with a time increment of Dt ¼ 0:1 s. The simulation length is
therefore equivalent to 3300 vibration periods of the ﬁrst vibration
mode.
The computation of the unbiased and biased correlation functions has been performed for positive time lags, and based on the
acceleration records without any normalization. The normalization
required to obtain the unbiased and biased estimate has been
performed by the expressions in (5) and (7), such that both estimates are comparable because they originate from the same underlying process. The estimated Power Spectral Density (PSD) has
been computed using Welch's method of spectral estimation,
applying a Hanning window for the averaging with an overlap of
50%. The estimation is based on 218 sampling points, whereby the
bandwidth to frequency resolution ratio becomes greater than 11.5,
satisfying the criterion for a bias error in the PSD of less than 1%
[30].
The pre-processed signal has been used as input to the three
identiﬁcation techniques, namely ERA, COV-SSI and EFDD. Two
clusters of stabilized poles have been found by the stabilization
criteria in (12) set to 0:5% for both the relative difference in frequency and damping. The ﬁrst ten periods of the respective autocorrelation function of the mode of interest has been used to
evaluate the minimum residual sum of squares in (15), thereby
determining the model order and the size of the block-Hankel and
block-Toeplitz matrix for the estimation techniques in the time
domain. A model order of four has consistently been determined,
which is as expected for a 2DOF system. The number of time lags
which resulted in the minimum residual sum of squares ﬂuctuated
around 500 for the ﬁrst mode, corresponding to 11 vibration periods. The auto-correlation function, for the uncoupled modes,
obtained by the EFDD has been used to estimate the damping ratio
using the log decrement procedure, where the ﬁrst ten periods
were considered. The identiﬁcation procedure has been repeated
100 times, and the statistical properties are the basis for the evaluation of the estimates of the damping.
The distributions of the estimated damping of the ﬁrst mode are
shown in Fig. 2. A distinct difference is observed between the estimates obtained by the time domain techniques, ERA and COV-SSI,
and those obtained by EFDD. The right tail of the distribution obtained by the EFDD is in particular noticeable, indicating that this
technique leads to a positively skewed distribution of the damping
estimates. The distributions for the damping estimates of the second mode, shows similar tendencies and are therefore not
presented.
Table 1 shows that the EFDD yields positive bias for damping,
and the greatest variance and mean squared error in comparison to

3. Automated damping estimation in 2DOF system
The damping estimates are constant for a viscously damped
2DOF spring-mass systems, and the model errors are of negligible
magnitude [37]. Therefore Monte Carlo simulations have been
performed to emphasize the variations introduced by ﬁnite realizations of a stochastic process for a system with representative
properties. The dynamic response has been simulated for the
viscously damped 2DOF spring-mass system shown in Fig. 1, with
natural frequencies f1 ¼ 0:2286 Hz and f2 ¼ 1:2031 Hz and

Fig. 1. Viscously damped 2DOF spring-mass system.
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Fig. 2. Estimate of the damping of the ﬁrst mode of a 2DOF system obtained by EFDD
(grey bullet), and from unbiased correlation function estimates by COV-SSI (blue
bullet), and ERA (black bullet). (For interpretation of the references to colour in this
ﬁgure legend, the reader is referred to the web version of this article.)

the ERA and COV-SSI. The variance and mean squared error of the
ERA and COV-SSI exhibit minor differences. The bias is negative,
which shows that the damping is underestimated by the time
domain techniques, with a larger bias for the ERA than the COV-SSI
method. The overall performance of the identiﬁcation indicates
that the COV-SSI seems to be the most effective technique in estimating the damping.
The differences between the various techniques in estimating
damping for post-processing by the biased correlation function in
comparison to the unbiased correlation function are minor.
Therefore the distribution of the estimates by the biased correlation
function is not presented, however the bias, variance and mean
squared error are given in Table 1. The mean squared error is
smallest for post-processing by the unbiased correlation function.
The errors in the estimate of the natural frequencies are given in
Table 1, which shows that the variance and subsequently the mean
squared error are three orders of magnitude smaller than those for
the damping estimates.

4. Aeroelastic simulations of offshore wind turbine tower
vibrations
Numerical predictions of the dynamic response of an 8 MW
offshore wind turbine have been computed using the aeroelastic
simulation tool, FLEX5 [38]. The dynamic response has been used as
input for the damping estimation procedure. FLEX5 provides the
modal parameters of the model wind turbine, where the damping
ratio is obtained by tuning the Rayleigh proportional damping
model, which enables a validation of the method proposed for
damping estimation. The simulations included aerodynamic and
hydrodynamic loading representing a scenario experienced by
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offshore wind turbines in non-operating conditions. The aerodynamic loading is modeled by the unsteady blade element momentum (BEM) theory [39]. The wind loading is simulated using a
Kaimal spectrum, where the mean wind speed acting on the
structure is 2 m/s, and the blades of the wind turbine are pitched
out. It is also assumed in this analysis that the contribution from the
aerodynamic damping is small, and hence negligible.
The wind turbine is excited by waves heading from 24 different
directions based on 2D spectral hindcast data for 100 sea states. It
should be emphasized that for most sea states, the wave energy is
concentrated around one or a few of these directions. A total of 100
records are retrieved. The unidirectional wave kinematics have
been projected to the side-side and fore-aft direction of the wind
turbine and the total in-line hydrodynamic loading experienced by
the structure is found by Morison's equation. This yields an estimate of the drag, hydrodynamic mass and Froude-Krylov force. The
McCamy-Fuchs correction was applied, accounting for diffraction
effects. Wheeler stretching has been implemented to extend linear
Airy wave theory to provide predictions of the wave kinematics
above the mean water level.
The structural model of the wind turbine utilized the principle
of virtual work to determine the mass, stiffness and damping matrix. The dynamic character of the system has been represented by a
reduced model consisting of two uncoupled modes in the side-side
and fore-aft direction. The natural frequency of the ﬁrst fore-aft
mode was f1 ¼ 0:234Hz with a damping ratio of z1 ¼ 0:0127. The
equation of motion has been solved by numerical time integration
using a fourth order Runge-Kutta scheme with a time increment of
Dt ¼ 0:1s, whereby the linear elastic response of the system for 100
sea states has been obtained. The duration of the simulation is 4 h,
corresponding to 3370 periods of the fundamental fore-aft mode.
4.1. Damping estimates of the fundamental fore-aft and side-side
mode
Results from the aeroelastic simulations of the tower vibrations
have been used as input for the automated ERA, COV-SSI, and EFDD
identiﬁcation techniques. Only the dynamic response in the fore-aft
and side-side direction at the tower top have been used for the
identiﬁcation. Fig. 3 shows a wind turbine, where the fore-aft
motion of the turbine is indicated by the x-direction and the sideside motion is indicated by the y-direction. In practice, the nacelle is equipped with accelerometers, which make tower top vibration measurements readily available. It is therefore of interest to
show the potential of only using these measurements for the
estimation of damping. The pre-processing of the acceleration time
history has been performed as described in the previous section.
The identiﬁcation was automated by the proposed procedure,
where the stabilization criteria, the determination of model order
and number of blocks in the Hankel and Topelitz matrix were
identical to the identiﬁcation of the 2DOF system described

Table 1
The bias, variance and mean squared error of the damping and frequency of the ﬁrst mode of the 2DOF system. The unbiased, biased correlation function and power spectral
density are the pre-processing variations for identiﬁcation techniques, ERA, SSI and EFDD.
Unbiased correlation

Bðb
z =zÞ$103
z =zÞ$103
V ðb

z =zÞ$103
MSEðb
Bðb
f =f Þ$103
V ðb
f =f Þ$106
MSEðb
f =f Þ$106

Biased correlation

PSD

ERA

SSI

ERA

SSI

EFDD

17.824

6.113

21.685

13.017

3.335

3.237

3.617

3.282

4.144

6.898

3.555

3.654

3.753

4.314

6.909

1.834

2.411

1.893

2.300

2.245

0.432

5.523

0.264

2.077

14.809

3.798

11.334

3.848

7.383

19.848
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Fig. 3. Sketch of an offshore wind turbine on monopile foundation.

previously in Section 3.
Fig. 4 shows the distribution of the estimated damping of the
fundamental fore-aft mode obtained by COV-SSI, ERA, and EFDD.
The bias, variance and mean squared error of the natural frequency
and damping estimates of the fundamental fore-aft mode are
further given in Table 2. The probability distribution and errors are
obtained by the theoretical damping value z given as input to the
simulation and the estimated value b
z . The distribution of the estimated natural frequency and damping ratio of the fundamental
side-side mode follows a similar trend, and is therefore not illustrated herein. Additionally the unbiased correlation function estimates lead to a decrease of bias error on the damping estimate, and
the least mean squared error. The distribution of the estimates of

Fig. 4. Estimate of the damping of the fundamental fore-aft mode of the wind turbine
tower by EFDD (grey bullet), and from unbiased correlation function estimates by COVSSI (blue bullet), and ERA (black triangle). (For interpretation of the references to
colour in this ﬁgure legend, the reader is referred to the web version of this article.)

the biased correlation function are not presented because the deviations from the unbiased correlation function are small. The best
estimates are obtained by the unbiased correlation function estimator and the COV-SSI identiﬁcation procedure.
It is noticeable from Tables 1 and 2 that the estimation errors for
damping and frequency increase for the wind turbine tower vibrations, compared to the identiﬁcation of the equivalent 2DOF
system. This increase may occur because the wind turbine tower
vibrations are generated by a narrow band process. Another
distinction is the positive bias error for the damping estimated by
the time domain techniques, where the EFDD clearly has a larger
bias on the damping estimates. The latter has been investigated and
it was observed that the uncoupling of the modes, obtained by the
singular value decomposition in the EFDD procedure, is challenging
for modes with closely spaced frequencies, as in the case of the axisymmetric wind turbine tower shown in Fig. 3. It has been recognized that the auto-correlation function obtained in the EFDD, by
transforming the singular values to the time domain, for some vibration records exhibit beating. The increase of bias error indicates
that simulation models slightly overestimate the damping at
certain wind speeds.
Although the differences between the various techniques are
seemingly minor, the variations speciﬁcally in the damping estimates are still important for the design of offshore wind turbines.
With respect to applications in the offshore wind turbine industry,
the differences between the techniques are crucial in competitive,
cost effective and reliable designs, as the experimental ﬁndings
have an important role for the development, validation and
updating of numerical models. The COV-SSI method can be regarded as the method of choice for estimating damping of offshore
wind turbines, based on the mean squared error in Table 2. This
ﬁnding is in agreement with the benchmark technique for outputonly estimation of frequency and mode shapes for linear timeinvariant systems [14e17,22]. Suggestions for further improvements of the estimates of damping by covariance driven OMA
techniques are discussed at the end of this section.
4.2. Assessment of robustness of damping estimates
The estimation of modal parameters may be dependent on the
quality of monitored signals and operational conditions, apart from
the pre-processing and estimation technique. The operational
conditions are regarded negligible for the numerical simulations of
the tower vibrations. The quality of the damping estimate may
deteriorate due to signal noise, too short record periods, excitation
level of modes of interest, and the stationarity of the response. The
effect on the damping estimates of these four factors has been
investigated by the COV-SSI technique, which has been found as the
best candidate for the estimation of damping for offshore wind
turbines.
4.2.1. Case 1: effect of signal noise
The acceleration records are in practice often contaminated by
signal noise, that can increase the variance error of modal parameter estimates. The damping is highly sensitive to the quality of the
estimated correlation function, which may be distorted by signal
noise. Various noise models exist in literature. Herein the noise is
band limited and modeled as Gaussian noise, hence additive zeromean and white. The addition of white noise has been scaled to the
amplitude of the acceleration records, where the amount of signal
noise is adjusted by the root-mean-square of the amplitude, and
will be referred to as the noise level in percentage. Low noise levels
indicate that a small amount of signal noise is added to the vibration record, and high levels indicates that the signal is noise
dominant.
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Table 2
The bias, variance and mean squared error of the damping and frequency of the ﬁrst mode of the fundamental fore-aft mode of the wind turbine tower. The unbiased, biased
correlation function estimates and power spectral density are the pre-processing variation for identiﬁcation techniques, ERA, SSI and EFDD.
Unbiased correlation
ERA
Bðb
z =zÞ$103
z =zÞ$103
V ðb
z =zÞ$103
MSEðb

Biased correlation
SSI

ERA

PSD
SSI

EFDD

46.062

39.832

50.141

41.003

75.010

14.255

10.027

14.223

10.666

23.371

16.377

11.613

16.740

12.347

28.998

Bðb
f =f Þ$103
V ðb
f =f Þ$106

18.603

18.500

1.893

18.023

16.160

8.052

1.210

7.946

1.162

29.266

MSEðb
f =f Þ$106

354.118

354.355

354.694

336.437

290.419

The estimates of damping for the fore-aft mode of the wind
turbine tower are presented in Fig. 5(a), for variations of noise level
from 0  80%. For low noise levels, the estimates are stable, and
unstable for higher levels. A small amount of signal noise increase
the randomness of the vibration record, which essentially causes a
drop in the variance of the damping estimates, in comparison to
identiﬁcation through a noiseless vibration record.
4.2.2. Case 2: effect of measurement duration
A shortening of the duration of the vibration records yield an
increase in the bias and variance error for the correlation function
estimates. Fig. 5(b) shows the estimates of damping of the fundamental fore-aft mode for various durations of the vibration record.
The decrease in the variance error from a 30 min record to 240 min
record is linear, hence for longer records the estimates of damping
improves. The bias error is ﬂuctuating around a mean value, indicating that an increase in the vibration record length may not
improve the bias error of the damping estimate.
4.2.3. Case 3: effect of vibration amplitude
The root-mean-square of the acceleration time history has been
considered as an expression for the vibration amplitude. The numerical simulations are representing linear elastic response, and
therefore the vibration amplitude does not have an effect on the
estimate of damping, see Fig. 6(a). Furthermore, the automated
procedure is independent of the vibration amplitude. For structures
with high amplitude vibrations, the damping ratio may be dependent on the vibration amplitude. However, using an identiﬁcation
procedure driven by the correlation function may not reveal this

effect.

4.2.4. Case 4: effect of the stationarity of the response
The assumption of a stationary response in OMA is expected to
change over longer periods of time due to operational effects, i.e.
the response may become non-stationary due to abrupt changes.
Recent developments in time series analysis may overcome them,
however it is uncommon to remove such effect and it is not known
how the presence of a non-stationary response may affect the
damping estimates.
The skewness of the vibration records is shown in Fig. 6(b). The
mean values of the skewness are 2:43$104 and 7:32$104 in
the fore-aft and side-side direction respectively, indicating a minor
negative skewness. The dispersion of the estimates of damping
around the shoulders of the distribution ðm ± sÞ have been
measured by the kurtosis of the vibration records. For a normal
distribution a kurtosis of 3 is expected. Fig. 6(c) shows the kurtosis
of the wind turbine tower vibration. The mean values of the kurtosis are 3.10 and 3.09 for the fore-aft and side-side direction,
respectively. The excess kurtosis is positive, which indicates heavier
tails and peakedness relative to the normal distribution. The range
of values of kurtosis and skewness covered by the fore-aft motion is
larger, due to the rotor being aligned with the wind direction in the
simulations. The automated procedure proposed for identiﬁcation
is not sensitive to small changes of the stationarity of the vibration
records, as no clear trends in the damping estimates with the
kurtosis and skewness can be observed from the wind turbine
tower vibrations in standstill.

Fig. 5. Estimates of the damping of the fore-aft mode (grey), mean of the estimates (black) and variance of the estimates (dotted black) for, (a) variations of noise level and (b)
measurement time.
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Fig. 6. Estimates of damping of the fundamental fore-aft mode (grey) and side-side mode (black) for variations of (a) root-mean-square, (b) skewness and (c) kurtosis of the
acceleration time history.

4.2.5. Discussion on improvements of the estimation technique
Any estimated structural model is only accurate to a certain
level, because the complex behavior of real systems is not
adequately represented by the assumed model. It has been highlighted that the errors have two sources, which are the bias and the
variance. This study suggests that reduced bias of the estimates of
damping for ambient vibrations of offshore structures can be obtained by developing techniques suitable for extracting vibrations
which are caused by white noise excitation, rather than a narrow
banded excitation source.
Bias error may also be reduced by allowing increased ﬂexibility
of the model order to obtain a correct description of the system.
Reduced bias error can however be at the cost of increased variance
error. Therefore there is a need for tuning of the bias-variance
trade-off. Tuning can be preformed by minimization of the mean
square error. The trade-off may be governed by the model order,
which in this study has been restricted by the stabilization criteria.
In this context it is important to highlight that an error ﬁt, also
known as overﬁtting, may be introduced. Overﬁtting can be caused
by i.e. allowing a high model order. The model order selection rules
with respect to estimation of damping may have convexity issues
and can therefore lead to multiple optimal model orders. Evolutionary minimization algorithms can be applied, but may not show
success. Therefore it is suggested that regularization techniques
should be considered in order to avoid overﬁtting and eventually
further improve tuning of bias-variance trade-off for estimation of
damping.

5. Vibration monitoring of offshore wind turbine tower
during standstill
The COV-SSI method has been identiﬁed as the most effective
damping estimation technique. This method has therefore been
used for the estimation of modal parameters based on vibration
records from an actual 8 MW offshore wind turbine in nonoperating conditions. It is the aim of this section to demonstrate
the effectiveness of the proposed automated OMA technique for
estimation of damping from the tower top accelerations. The vibration records consist of 12 acceleration time histories of 2 h
duration. During standstill the blades were pitched out. Measured
10 min mean wind speed at the nacelle was ﬂuctuating between
7.5 m/s and 12 m/s. A triaxial accelerometer was mounted on the
tower, 7 m below the center of gravity (CoG) of the nacelle, indicated as second level in Fig. 7. Vibrations were also monitored at the
ﬁrst level, see Fig. 7, but will not be utilized in the present analysis.
The wave conditions were not monitored.
An acceleration time history is shown in Fig. 8(a), which shows
that the amplitude in the fore-aft direction is greater than in the
side-side direction for that record. The acceleration level is

Fig. 7. Sketch of the front view of an offshore wind turbine indicating the accelorometer locations at level 1 and 2, the center of gravity (CoG) and mean sea level (MSL).

however dependent on the wave height and the main wave direction. The accelerations were recorded with a sampling frequency of 10 Hz, corresponding to Dt ¼ 0:1s as in the previous
numerical case study. The PSD of the acceleration records, shown in
Fig. 8(b), conﬁrms that the side-side direction is less excited than
the fore-aft direction. The fundamental mode at approximately
0.23 Hz is mostly excited as indicated by the ﬁgure.

5.1. Damping estimates of the fundamental fore-aft and side-side
mode from monitoring data
The automated COV-SSI procedure has been used to estimate
the damping ratio of the fundamental fore-aft and side-side mode
during a 24-h monitoring period. No ﬁltering has been applied to
the acceleration records and the mean value has been subtracted
from the acceleration to adjust for the assumption of a zero mean
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Fig. 8. Example of the (a) acceleration time history and (b) power spectral density of the fore-aft motion (black) and side-side motion (grey) of the wind turbine tower at standstill.
(c) The maxima of the envelope of the auto-correlation function (black) ﬁtted to the envelope of the impulse response function of the estimated parameters (grey) by COV-SSI.

Fig. 9. Stabilization diagram of the damping and frequency of the wind turbine tower
vibration, (circle) pole stabilized in damping and frequency, (cross) pole stabilized in
frequency, (dot) unstable pole.

process. The pre-processing has been performed for the unbiased
correlation function, which has been found to result in a least bias
error on the damping estimate. The stabilization of poles is shown
in Fig. 9 for a suitable range of model orders. As in the previous
sections the criterion in (12) has been set to 0:5% for stabilization in
both frequency and damping. Fig. 8(b) shows that pairs of distinct
poles appear approximately at 0.23 Hz, 1.2 Hz and 2.2 Hz. The
automated system identiﬁcation procedure determines the lowest
model order, at which the poles are stabilized in frequency and
damping. The number of lags included in the estimation procedure
has been varied and for the considered acceleration records the
number of time lags ﬂuctuated around 150, corresponding to 3.5
periods of the fundamental fore-aft mode. The number of periods
determined by the automated procedure from the monitoring data
is lower than what was determined for the identiﬁcation of the
wind turbine tower from numerical simulations. The numerical

simulations, discussed in the previous section, are ideal realizations
of a stochastic response of a wind turbine tower in standstill. The ﬁt
of the auto-correlation with free decay computed by the identiﬁed
parameters is illustrated in Fig. 8(c). The resulting estimates of
damping and the natural frequency of the fundamental side-side
and fore-aft mode are shown in Fig. 10(a)-(b) for the full 24-h
monitoring period.
The mean fundamental natural frequency of the side-side motion and fore-aft motion are, 0.227 Hz and 0.226 Hz respectively.
The fundamental natural frequency associated with the fore-aft
motion is consistently lower than the fundamental natural frequency obtained from the side-side motion. The mean damping of
the fundamental side-side mode is 0.0121. The mean damping of
the fundamental fore-aft mode is 42% lower relative to the sideside mode, with a value of 0.0070.
For an offshore wind turbine in non-operating conditions it
would be expected that the damping of the side-side mode is
higher than for the fore-aft mode, because the blades are pitched
out. This causes a larger blade surface to interact with the surrounding wind ﬂow in the side-side direction and therefore the
aerodynamic damping is more dominant. The aerodynamic drag
force is controlled by the pitch angle. The difference between the
damping of the fore-aft and side-side mode is therefore dependent
on the wind velocity and the pitch angle. The opposite tendency is
expected for an offshore wind turbine in operation, namely that the
damping of the side-side mode is lower than for the fore-aft mode
due to aerodynamic damping. During operation the position of the
nacelle is controlled such that it is aligned with the main wind
direction, which results in more aerodynamic damping in the foreaft direction than in the side-side direction. The contribution to
damping from the interaction of the water and monopile foundation is not expected to be a governing factor for the observed difference in damping. The variation of hydrodynamic damping is
mostly expected to depend on the wave height and period. The

Fig. 10. COV-SSI identiﬁcation of (a) damping and (b) natural frequency of the fundamental fore-aft mode (black) and side-side mode (grey) during a 24-h monitoring period of the
wind turbine tower in standstill, and for (c) variations of the root-mean-square of the acceleration records.
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main wave direction may vary and as a result cause slight variations
of the added damping to the fore-aft and side-side mode. The differences are not expected to be signiﬁcant since the hydrodynamic
drag force, which dominates the damping mechanism, does not
change with wave direction for an axis-symmetric monopile
foundation.
The estimates of the frequency and damping show variations
during the monitoring period. The observed variations of the natural frequency can be attributed to the variation in the level of vibration amplitude. A relation has been found between the rootmean-square (RMS) of the resulting acceleration time history and
the natural frequency. Fig. 10(c) shows how the natural frequency
decreases slightly when the RMS value increases. This decrease is
assumed to be caused by two factors: The additional hydrodynamic
mass induced by an increase in water level and the variation of
stiffness with respect the level of vibration amplitude.
The variation observed in damping does not appear to be related
to the vibration amplitude or changes in the excitation level. It is
suggested that the variation in damping is related to the variation
in wind speed and one or a combination of the following factors
related to the estimation and measurements: The signal noise, the
record length, and the bias and mean square error of the estimation
technique. Further investigation should be conducted, to isolate the
effects of these factors, and thereby understand the variability of
the damping estimates.
6. Conclusions
The following conclusions may be drawn from the automated
identiﬁcation of damping from the present study:
 The proposed automated procedure eliminates the need for a
user interference for the selection of model order and size of the
block-Hankel and block-Toeplitz matrices.
 The bias error on the damping estimates by ERA and COV-SSI is
negative for broad band inputs, and of larger and positive
magnitude for narrow banded inputs.
 The COV-SSI is found to be more effective in damping estimation, highlighting a lower mean squared error in comparison to
the error from the ERA and the EFDD.
 High signal to noise ratios disturbs the COV-SSI identiﬁcation
leading to higher variance errors on the damping estimates.
 Increase in the vibration record length reduces the variance
error on the damping estimate, obtained by the COV-SSI.
 The fundamental fore-aft and side-side mode of an offshore
wind turbine in non-operating conditions have closely spaced
natural frequencies, which results in discrepancies in the estimate of damping, and consequently introduces beating for the
EFDD technique.
The estimated damping of the fundamental fore-aft tower mode
is found to be considerably lower than the damping of the fundamental side-side mode, during non-operating conditions of an
offshore wind turbine. Additionally, it is lower than estimates found
from numerical simulations for the wind turbine under identical
conditions. This emphasizes the importance of reliable estimates of
damping for development of aerodynamic models and subsequently reliable prediction of the lifetime of wind turbine
structures.
Acknowledgements
The authors gratefully acknowledge the helpful discussions with
Niels Jacob Tarp-Johansen from Dong Energy.

References
[1] Z. Gao, S.X. Ding, C. Cecati, Real-time fault diagnosis and fault-tolerant control,
IEEE Trans. Ind. Electron. 62 (6) (2015) 3752e3756.
[2] N.J. Tarp-Johansen, L. Andersen, E.D. Christensen, C. Mørch, S. Frandsen,
B. Kallesøe, Comparing sources of damping of cross-wind motion, in: European Offshore Wind 2009: Conference & Exhibition, Stockholm, Sweden, 1416 September, 2009.
[3] M. Damgaard, L.B. Ibsen, L.V. Andersen, J.K. Andersen, Cross-wind modal
properties of offshore wind turbines identiﬁed by full scale testing, J. Wind
Eng. Ind. Aerodyn. 116 (2013) 94e108.
[4] R. Shirzadeh, C. Devriendt, M.A. Bidakhvidi, P. Guillaume, Experimental and
computational damping estimation of an offshore wind turbine on a monopile
foundation, J. Wind Eng. Ind. Aerodyn. 120 (2013) 96e106.
[5] C. Devriendt, W. Weijtjens, M. El-Kafafy, G. De Sitter, Monitoring resonant
frequencies and damping values of an offshore wind turbine in parked conditions, Renew. Power Gener. IET 8 (4) (2014) 433e441.
[6] C. Koukoura, A. Natarajan, A. Vesth, Identiﬁcation of support structure
damping of a full scale offshore wind turbine in normal operation, Renew.
Energy 81 (2015) 882e895.
€ns, R.G. Rohrmann, S. Said, W. Rü cker, Vibration-based
[7] W.H. Hu, S. Tho
structural health monitoring of a wind turbine system. Part I: resonance
phenomenon, Eng. Struct. 89 (2015) 260e272.
€ns, R.G. Rohrmann, S. Said, W. Rücker, Vibration-based
[8] W.H. Hu, S. Tho
structural health monitoring of a wind turbine system Part II: environmental/
operational effects on dynamic properties, Eng. Struct. 89 (2015) 273e290.
[9] R. Shirzadeh, W. Weijtjens, P. Guillaume, C. Devriendt, The dynamics of an
offshore wind turbine in parked conditions: a comparison between simulations and measurements, Wind Energy 18 (10) (2015) 1685e1702.
[10] Z. Gao, H. Saxen, C. Gao, Guest Editorial: special section on data-driven approaches for complex industrial systems, IEEE Trans. Ind. Inf. 9 (4) (2013)
2210e2212.
~ Cunha, E. Caetano, R. Brincker, Damping estimation using free
~es, A.
[11] F. Magalha
decays and ambient vibration tests, Mech. Syst. Signal Process. 24 (5) (2010)
1274e1290.
[12] M. Ozbek, F. Meng, D.J. Rixen, Challenges in testing and monitoring the inoperation vibration characteristics of wind turbines, Mech. Syst. Signal Process. 41 (1) (2013) 649e666.
[13] J.S. Lew, J.N. Juang, R.W. Longman, Comparison of several system identiﬁcation methods for ﬂexible structures, J. Sound Vib. 167 (3) (1993) 461e480.
[14] B.A. Pridham, J.C. Wilson, A study of damping errors in correlation-driven
stochastic realizations using short data sets, Probab. Eng. Mech. 18 (1)
(2003) 61e77.
[15] D.F. Giraldo, W. Song, S.J. Dyke, J.M. Caicedo, Modal identiﬁcation through
ambient vibration: comparative study, J. Eng. Mech. 135 (8) (2009) 759e770.
[16] R. Ceravolo, G. Abbiati, Time domain identiﬁcation of structures: comparative
analysis of output-only methods, J. Eng. Mech. 139 (4) (2012) 537e544.
~ Cunha, E. Caetano, Online automatic identiﬁcation of the
~es, A.
[17] F. Magalha
modal parameters of a long span arch bridge, Mech. Syst. Signal Process. 23
(2) (2009) 316e329.
[18] E. Reynders, J. Houbrechts, G. De Roeck, Fully automated (operational) modal
analysis, Mech. Syst. Signal Process. 29 (2012) 228e250.
[19] E. Neu, F. Janser, A.A. Khatibi, A.C. Oriﬁci, Fully automated operational modal
analysis using multi-stage clustering, Mech. Syst. Signal Process. 84 (2017)
308e323.
[20] J.N. Juang, R.S. Pappa, An eigensystem realization algorithm for modal
parameter identiﬁcation and model reduction, J. Guid. Control Dyn. 8 (5)
(1985) 620e627.
[21] B. Peeters, G. De Roeck, Reference-based stochastic subspace identiﬁcation for
output-only modal analysis, Mech. Syst. Signal Process. 13 (6) (1999)
855e878.
[22] E. Reynders, System identiﬁcation methods for (operational) modal analysis:
review and comparison, Arch. Comput. Methods Eng. 19 (1) (2012) 51e124.
[23] S.R. Ibrahim, E.C. Mikulcik, A method for direct identiﬁcation of vibration
parameters from the free response, Shock Vib. Bull. 47 (4) (1977) 183e198.
[24] K. Fukuzono, Investigation of Multiple Reference Ibrahim Time Domain Modal
Parameter Estimation Technique, M.S. Thesis, Dept. of Mechanical and Industry Engineering, University of Cincinnati, 1986.
[25] P. Mellinger, D. Michael, M. Laurent, Variance estimation of modal parameters
from output-only and input/output subspace-based system identiﬁcation,
J. Sound Vib. 379 (2016) 1e27.
[26] R. Brincker, C. Ventura, P. Andersen, Damping estimation by frequency
domain decomposition, in: Proceedings of the 19th International Modal
Analysis Conference (IMAC), Kissimmee, USA, 2001, pp. 698e703.
[27] C.Y. Shih, Y.G. Tsuei, R.J. Allemang, D.L. Brown, Complex mode indication
function and its applications to spatial domain parameter estimation, Mech.
Syst. Signal Process. 2 (4) (1988) 367e377.
[28] J.B. Jakobsen, E. Hjorth-Hansen, Determination of the aerodynamic derivatives
by a system identiﬁcation method, J. Wind Eng. Ind. Aerodyn. 57 (2) (1995)
295e305.
[29] M.G. Jenkins, G.W. Donald, Spectral Analysis and its Applications, Holden-Day,
1968.
[30] H. Schmidt, Resolution bias errors in spectral density, frequency response and
coherence function measurements, i: general theory, J. Sound Vib. 101 (3)

A. Bajric et al. / Renewable Energy 116 (2018) 153e163
(1985) 347e362.
[31] J.S. Bendat, A.G. Piersol, Random Data: Analysis and Measurement Procedures,
vol. 729, John Wiley Sons, 2011.
[32] J.M.W. Brownjohn, Estimation of damping in suspension bridges, in: Proceedings of the Institution of Civil Engineers-structures and Buildings, vol.
104(4), 1994, pp. 401e416.
[33] Rüdinger F and Tarp-Johansen NJ. Estimation of Natural Frequency and
Damping of Offshore WTGs on Monopiles from Measurements of Ambient
Vibrations. In preparation, 2016.
[34] R. Brincker, P. Andersen, N.J. Jacobsen, Automated frequency domain
decomposition for operational modal analysis, in: Proceedings of the 25th
International Modal Analysis Conference (IMAC), Orlando, USA, IMAC-XXIV,
2007.
[35] R.J. Allemang, D.L. Brown, A correlation coefﬁcient for modal vector analysis,

[36]
[37]

[38]

[39]

163

in: Proceedings of the 1st International Modal Analysis Conference (IMAC)
Orlando, USA, vol. 1, 1982, pp. 110e116.
R.W. Clough, J. Penzien, Dynamics of Structures, third ed., Computers &
Structures, Berkeley, 1995, p. 480.
A. Bajri
c, R. Brincker, C.T. Georgakis, Evaluation of damping using time domain
OMA techniques, in: 2014 SEM Fall Conference and International Symposium
on Intensive Loading and its Effects. Beijing, China, 2014.
S. Øye, FLEX4-Simulation of wind turbine dynamics, in: State of the Art of
Aeroelastic Codes for Wind Turbine Calculations, Kongens Lyngby, Denmark,
1996.
M.H. Hansen, A.D. Hansen, T.J. Larsen, S. Øye, P. Sørensen, P. Fuglsang, Control
Design for a Pitch-regulated, Variable Speed Wind Turbine, RisøNational
Laboratory, Roskilde, Denmark, 2005.

Paper 2 [P2]
Identification of damping and complex modes from structural vibrations
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Abstract
A sufficiently accurate mathematical representation of the viscous damping matrix from modal parameters
is often limited to structures with light damping or an assumed structure of the damping matrix. These
limitations are now circumvented by a novel expression, which reconstructs the damping matrix from the
complex-valued eigenvectors and eigenvalues of a non-classically damped structure with an assumed mass
distribution. The accuracy of this expression is demonstrated by both numerical simulations and experimental measurements of a model-scale five-story shear building, with damping introduced locally by a single eddy
current damper. The spatial distribution of the damping is estimated by integrating the proposed expression
for the damping matrix in a covariance driven output-only system identification technique. The reproducibility of the mode shape estimates and their convergence with respect to measurement duration validate the
proposed approach and demonstrate that complex modes are achievable from vibration measurements.
Keywords: Identification of damping, Complex mode shapes, Random vibrations, Output-only system
identification, Local damping

1. Introduction
In complex engineering structures the damping can have spatial sources or variations, which cause transport
of vibrational energy through the structure towards the locations where it is dissipated. In the dynamic
analysis of structures the damping effect is usually associated with substantial uncertainties. Thus, identification methods have been developed in order to estimate the dynamic properties of structures from vibration
measurements [1]. When identifying damping entirely from measurements of the structural response, a classic viscous damping matrix is typically assumed and determined by methods that only use real-valued mode
shapes and thereby neglect the above mentioned energy transportation through the structure. A novel
method is therefore presented for the estimation of a damping matrix from vibration measurements, which
identifies the spatial distribution of the damping sources in the structure.
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Experimentally identified mode shapes are commonly complex-valued. Nevertheless, these are often modified
in such ways that their real parts are optimally represented [2]. The condition which ensures real-valued mode
shapes is defined by Caughey & O’Kelly’s condition of classical damping [3]. Theoretically, the complexvalued mode shapes appear for linear non-classically damped systems, in which case it turns out that the
damping matrix in modal co-ordinates is not diagonal. The off-diagonal terms in the modal damping matrix
will couple the modal equations of motion. The complex-valued mode shapes describe an asynchronous
motion and are associated with structures where damping can have any spatial distribution [4]. However,
there could also be other reasons for the inherent complexity of mode shapes identified from measurements,
such as measurement errors and noise, aliasing and leakage in the signal post-processing, identification errors,
system asymmetries from gyroscopic effects or non-linear behavior [2].
The success associated with identifying non-classically damped systems from vibration measurements, is
also affected by the specific type of dynamic testing method, the applied identification technique and the
subsequent method or expression for constructing the damping matrix. The most common types of dynamic
tests are based on impulse, harmonic or random excitation of the structure. They mostly dictate whether an
input-output or an output-only identification technique can be applied, and which damping matrix expression
can be applied subsequently. The damping identification methods are conveniently categorized as either
modal methods based on modal parameters [5–9], local methods that require an equation of motion [10],
matrix methods calibrated by frequency response functions [11–13] and enhanced methods developed to
improve the accuracy of the matrix methods [14]. The modal methods are applicable when the response is
measured, as well as the case when both the excitation and response are measured.
The performance of the existing damping identification methods has been demonstrated by numerical simulations with simultaneous knowledge about structural excitation and response and with the presence of noisy
data records and modal incompleteness [14–16]. However, the estimation of structural damping has also been
investigated experimentally [17], with a given equation of motion and known excitation and response records.
For example, complex-valued mode shapes have been experimentally estimated for a plexi-glass plate from
free vibrations [18], while it has been shown in [19] that it is difficult to repeatedly identify the complex
mode shapes of a free-free beam. The latter has caused a certain skepticism towards the practicality of obtaining complex modes from measurements and the use of modal methods for the identification of structural
damping.
The first part of the paper presents a derivation of a novel damping expression. The modal parameters
and the mass matrix are required in the construction of the damping matrix by the proposed expression.
However, the expression circumvents the requirements of an a priori estimate of the damping matrix in the
normalization of the mode shapes and it is in addition not limited to lightly damped systems, as it is the
case for the proposed expressions in [5, 6]. The efficiency of the proposed damping identification method
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combined with an output-only system identification technique is initially explored by numerical simulations.
The system identification has been performed by the Eigensystem Realization Algorithm (ERA) [20] on the
correlation functions describing the stationary vibrations of a five-story shear building model. The identified
damping matrix has been compared with results from Adhikari’s modal method [5], which has been found
the most effective method in estimating damping [14] and which can furthermore be used in combination
with random vibrations.
In the second part of the paper, the identification of damping and complex mode shapes has been obtained
from experimental measurements. The test structure is a shear building model identical to that used in the
numerical simulations. The experimental data is available at [21]. The damping is introduced locally by a
single eddy current damper, which can be tuned to range from small to large damping forces and placed at
different floors of the building model. Thus, the experimental setup can be altered to provide different shapes
of the imaginary part of the estimated mode shapes, which can be related to the location and magnitude
of the external damper. The examination of the repeatability of the estimates of complex mode shapes and
their convergence with respect to the measurement duration, verify the potential of the proposed damping
identification method.

2. Modal identification methods for viscous non-classical damping
A multiple-degree-of-freedom system approximates the dynamic response of a continuous structure over a
frequency range of interest. The forced response of a viscously damped system with N degrees of freedom
can be described by the set of ordinary differential equations
M ẍ(t) + C ẋ(t) + K x(t) = F(t) ,

(1)

where M, C and K are the mass, damping and stiffness matrices, respectively, the associated acceleration,
velocity and displacement vectors are represented by ẍ, ẋ and x, time is t and the external nodal forces are
contained in F. While the mass and the stiffness matrices may commonly be derived from kinetic and strain
energy functions, the properties of the viscous damping matrix can not be obtained in most situations by
first principles and should, therefore, be identified from experimental measurements.
The free vibrations of the damped structure admit solutions to (1) of the form
x(t) = Φ eΛ t ,

(2)

where the complex-valued matrix Λ = diag[λ1 , λ2 , . . . , λN ] contains the eigenvalue λj of vibration mode
j in the diagonal. The coefficient matrix Φ = [φ1 , φ2 , . . . , φN ] contains the complex-valued mode shapes
φj as columns. The eigensolution is associated with the eigenvalue problem obtained by the homogeneous
form of (1). The free vibration solution (2) is substituted into (1), which determines the following damped
3

eigenvalue problem
(M λ2j + C λj + K) φj = 0 .

(3)

The λj and φj can be obtained by solving the quadratic eigenvalue problem in (3), as proposed in [22].
However, the objective in the following is to identify the damping matrix C from the modal properties λj
and φj . This may be an advantage in practical applications, as λj and φj can be estimated experimentally
by various system identification techniques. Modal methods are therefore considered for the identification
of the damping matrix C in the following.
2.1. Method in configuration space
The mode shapes of the damped system can be split into their real and imaginary parts. This is can be
written as
Φ = U + iV ,

(4)

where i is the imaginary unit, while U = [u1 u2 . . . un ] and V = [v1 v2 . . . vn ] are real-valued N × n matrices
that contain the real and imaginary parts of the complex mode shapes, respectively. The number of modes
included in the solution is often truncated to n, which for most practical applications may be substantially
smaller than the original dimension N (n < N ). By assuming that the elements of C are small and that the
natural frequencies for the modes are well-separated, an approximate expression of the mode shapes can be
obtained by a first-order perturbation analysis [23],
φj = uj + i

N
′
X
ωj Cjk
uk (1 − δjk ) ,
2
ωj − ωk2

(5)

k=1

′
which is valid for ωk 6= ωj . Here Cjk
= uTj Cuk is the {j, k}’th element of the modal damping matrix C′ ,

ωj = |λj | is the magnitude of the natural frequency and δjk is the Kronecker’s delta. The approximation in

′
(5) shows that the off-diagonal terms Cjk
in the modal damping matrix are mathematically responsible for

the existence of the imaginary part in the mode shape. The magnitude of the imaginary part is governed by
a factor that is proportional to the product of the natural frequency and the off-diagonal terms in the modal
damping matrix, while inversely proportional to the difference between the natural frequencies of modes j
and k.
From the approximation in (5) an expression to identify the modal viscous damping matrix has been proposed
as [5]


 2
ωj − ωk2 Djk


ωk
C′ =

2 Re(λ )
j

if j 6= k

(6)

if k = j ,

where Re( · ) is the real-valued part of a complex argument, while the matrix D is given by

−1  T 
D = UT U
U V ,
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(7)

where ( · )T denotes the matrix transpose. The expression in (7) can be obtained by assuming that the
imaginary parts V of the complex mode shapes are expanded as a linear combination of the respective real
Pm
parts U, expressed as vj = k=1 Djk uk . This assumption and its influence on the damping identification
is discussed in [14, 15]. In (6) the mode shapes U are normalized according to uTj M uk = δjk . This implies

that the modal mass must be known or experimentally determined. The modal damping matrix in (6) can
finally be presented in physical co-ordinates by the transformation
C = [(UT U)−1 UT ]T C′ [(UT U)−1 UT ] .

(8)

The above damping identification method will in the following be referred to as Adhikari’s method. A
modified version of this method is provided in [5], which ensures a symmetric damping matrix.
2.2. Methods in state-space
The damped eigenvalue problem in (3) is often treated in a state-space format. One of the earliest expressions
for the damping coefficient matrix derived from a symmetric state-space format is known as Lancaster’s
method. The non-symmetric form of the dynamic state matrix is used in the latter as the basis for derivation
of a novel explicit expression for damping that appears to be more robust for larger levels of damping.
2.2.1. Lancaster’s method
Lancaster’s method expresses the damping matrix as

C = −M ΦΛ2 ΦT + Φ̄Λ̄2 ΦH M ,

(9)

where ( · )H is the Hermitian transpose and ( ¯· ) denotes the complex conjugate. The detailed derivations
behind Lancaster’s method are provided in [6, 15, 24]. The expression can be used to identify the damping
matrix from measured or estimated complex eigenvalues and mode shapes. The mass distribution of the
structure should be known and the complex modes must be normalized so that
φTj (2 λj M + C) φj = 1 ,

j = 1, . . . , 2N .

(10)

The above set of equations (9) and (10) are unfortunately implicit, as the normalization of the complex
modes depends on the damping matrix. An iterative damping matrix identification routine is proposed in [9]
based on the method of Lancaster, which involves guessing an initial damping matrix. The computational
efficiency of the iterative routine is discussed in [9], where it unfortunately appears that the routine diverges
when the damping and mass matrix approach the same order of magnitude.
2.2.2. Explicit expression for damping matrix
This section proposes a direct identification method, in which a normalization of the eigenvectors as in (10)
is not required, whereby the implicit form of (9) is avoided. The system equations in (1) are initially recast
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into state-space format,
ż(t) = A z(t) + B y(t) ,

(11)

where z is the 2 N × 1 state vector, y is a N × 1 input vector, A is the 2 N × 2 N dynamic state matrix,
while B is the 2 N × N input matrix. The dynamic state matrix of the system in (1) can be written in
non-symmetric form,



0

I



,
A=
−M−1 K −M−1 C

(12)

where 0 is a null matrix and I is the corresponding identity matrix. The expression in (12) can be decomposed
into block-matrices containing the modal parameters [1],


Φ
Φ̄
Λ
−1

A = ΨLΨ = 
ΦΛ Φ̄Λ̄
0

0
Λ̄



Φ


ΦΛ

Φ̄
Φ̄Λ̄

−1


.

(13)

Provided that the block diagonals of Ψ have the dimension N × N , the partitioned inverse of Ψ is


−1
−1
−1
−1
Φ
+
Φ
Φ̄
S
Φ
Λ
Φ
−Φ
Φ̄
S
,
Ψ−1 = 
−S Φ Λ Φ−1
S

where matrices S = Φ̄ Λ̄ − Φ Λ Φ−1 Φ̄

−1

dynamic state matrix is re-formulated as

A=

(14)

and Φ are both non-singular. By inserting (14) into (13) the

0



Φ Λ2 Φ−1 I + Φ̄ S Φ Λ Φ−1 − Φ̄ Λ̄2 S Φ ΛΦ−1



I

 ,
Φ̄ Λ̄2 − Φ Λ2 Φ−1 Φ̄ S

(15)

which is an expression for the dynamic matrix in terms of the modal parameters. Finally, when equating
(12) and (15) the damping matrix can be expressed as

C = M ΦΛ2 Φ−1 Φ̄ − Φ̄Λ̄2 S .

(16)

This expression implies that the damping matrix can be obtained by the mode shapes, eigenvalues and the
mass matrix of the system, where the mode shapes in this expression are not dependent on a particular
scaling. By dynamic testing of structures that are of a reasonable size and accessibility and subsequently
experimental modal analysis it is possible to obtain the mode shapes and eigenvalues as well as the mass
matrix [25]. For structures which are e.g. large in scale or complex in geometry, the mass matrix may instead
be reliably computed by a numerical Finite Element model. An expression for the stiffness matrix in terms
of modal parameters can similarly be found as
K = M Φ̄ Λ̄2 S Φ ΛΦ−1 − Φ Λ2 Φ−1 I + Φ̄ S Φ Λ Φ−1



,

(17)

although the present paper mainly focuses on damping identification. For an incomplete set of eigenvalues
and eigenvectors obtained from a limited frequency range the expression in (16) yields a damping matrix
6

Table 1: Computational procedure for identification of damping from structural vibrations to random excitation.

1.

Compute and arrange the auto- and cross-correlation function estimate in a matrix R(τ ) from
measured random structural vibrations x(t) at a number of spatial locations.

2.

Use correlation driven output-only system identification procedure to estimate the

3.

complex poles Λ and complex mode shapes Φ for a fixed model order.
−1
Compute the matrix: S = Φ̄ Λ̄ − Φ Λ Φ−1 Φ̄
.

4.
5.

Represent the structure by a discrete numerical model and determine a mass matrix: M.

Determine the damping matrix: C = M ΦΛ2 Φ−1 Φ̄ − Φ̄Λ̄2 S.

of reduced accuracy. Thus, a full set of eigenvalues and eigenvectors are required to reproduce the exact
damping matrix. Modal incompleteness is discussed in relation to modal damping identification methods
in [14–16], while the influence of modal incompleteness on the specific expression in (16) has not yet been
investigated. The derived expression (16) is now integrated in an output-only system identification technique,
as summarized in Table 1.
The input to the identification procedure is the estimated correlation function matrix of the structural response to white noise excitation. The most common correlation driven techniques, which can be incorporated
in step 2 of Table 1, include the ERA, the Ibrahim Time Domain identification and the Covariance driven
Stochastic Subspace Identification, see details in [20, 28, 29]. In the present analysis the ERA technique
described in [20] has been implemented to provide the complex-valued modal parameters required in step
2 of the damping identification method in Table 1. The magnitude of the identified damping in Table 1
may deviate depending on the choice of system identification technique, as investigated for real-valued mode
shapes in [30–32].

3. Numerical analysis of shear building model
This initial numerical example demonstrates the proposed damping identification procedure applied on the
five-story shear building model shown in Figure 1(a). The governing equation of motion of the structure is
expressed as in (1). For this shear building model, the mass matrix M and stiffness matrix K are simply
constructed as


1
0
0 0



1
0 0


M = m
1 0


 sym.
1



0


0


0 ,


0

1



2 −1
0
0
0





2
−1 0
0




K = k
2 −1 0 




 sym.
2 −1


1
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(18)

with floor mass m = 2.2 kg and inter-story stiffness k = 3000 N/m chosen so that the properties of this linear
model are comparable to those of the physical model used in the experimental analysis in Section 5.
Supplemental damping is introduced by a single local damper which acts on the absolute motion of a
particular building floor, as indicated in Figure 1(b)−(c). Thus, the total damping of the structural model
is composed of the inherent structural damping and the additional contribution from this external damper.
The damping matrix can therefore be expressed as [33]
C = C̃ + c w wT ,

(19)

where C̃ is the structural damping matrix, c is the viscous coefficient of the external damper and w is the
connectivity vector that determines the location of the damper on the building. The structural damping
matrix C̃ is in the numerical analysis constructed as

c̃
−c̃2
0
 1


c̃1
−c̃2


C̃ = 
c̃1



sym.


0

0

0
−c̃2
c̃1





0 


0 .


−c̃2 

c̃3

(20)

where the components of the damping matrix obtained by c̃1 = 0.3 Ns/m, c̃2 = 0.12 Ns/m and c̃3 = 0.2 Ns/m
agree well with the experimentally identified values in Section 5. The identification procedure of Table 1
has been performed for the three cases shown in Figure 1: (a) without an external damper, (b) a viscous
damper on the first floor and (c) a viscous damper on the fifth floor. For case (b) the connectivity vector is
w = [1, 0, 0, 0, 0]T , while for (c) it is changed to w = [0, 0, 0, 0, 1]T . The viscous coefficient c of the external
damper is in the following modified depending on the placement of the damper.
(a)

(b)
m
m
m
m
m

(c)

x5 (t)

m

x4 (t)

m

x3 (t)

m

x2 (t)

m

k
k
k
k
x1 (t)

c

m

k

x5 (t)
k

m

x4 (t)

m

x3 (t)

m

x2 (t)

m

x1 (t)

m

k
k
k
k

c

x5 (t)
k
x4 (t)
k
x3 (t)
k
x2 (t)
k
x1 (t)
k

Figure 1: (a) A five-story shear building model with (b) a viscous damper attached at the first floor and (c) a viscous damper
attached at the fifth floor.
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The identification procedure in Table 1 starts by the correlation function. In this example the correlation
function matrix of the building model has been simulated by the expression [27]
R(τ ) = 2π

N 
X

An G Φn e−λn τ + Ān G Φ̄n e−λ̄n τ

n=1



,

(21)

where the exterior product of a mode shape vector
An =

φn φH
n
mn

(22)

is normalized by the modal mass mn of mode n, while G is a positive definite covariance matrix. The expression in (21) shows that the correlation function matrix is the sum of the same type of decaying harmonics
as the impulse response function of single harmonic oscillators. This similarity enables the application of
correlation driven time domain output-only system identification techniques. The time delay τ = n∆τ has
been determined by the increment ∆τ = 100 s and step n = 0, 1, 2, ..., 600, whereby the number of lags included in the identification procedure capture the first ten periods of the first mode vibration. The constant
multiplier G has been generated by obtaining the eigenvalues ΛG and eigenvectors ΦG of a 5 × 5 matrix
consisting of pseudo-random numbers with a Gaussian distribution. The eigenvalues have been restricted
to positive values only, hence G = ΦG ΛG Φ−1
G is positive definite. The system identification technique has
been chosen as the ERA method, implemented in MATLAB following the original formulation in [20]. The
model order was chosen as 10, which is twice the number of degrees of freedom in the present structural
model. The expression in (16) may be sensitive to estimation errors in the modal parameters, due to the
computation of the inverse. Therefore, the damping matrix identified by the proposed direct method is in
the following numerical examples compared to the damping identified by Adhikari’s method, based on the
expression in (8). The procedure for Adhikari’s method is summarized in [5] and is herein combined with
the modal parameters obtained by step 1 and 2 in Table 1.
3.1. Results for low damping
Initially, relatively small levels of external damping have been introduced by c = 2.8 Ns/m for the damper
acting on the first floor in case (b) and c = 4.8 Ns/m for case (c) with the damper acting on the top floor, see
Figure 1. The total damping matrix defined in (19) is now identified using both Adhikari’s methods based
on the expression in (8) and the proposed explicit expression represented by (16). The identified damping
matrices Ĉ are denoted by ( ˆ· ) and shown in Figure 2 for the three damping cases given in Figure 1(a)−(c).
The individual components Ĉjk of the identified damping matrix Ĉ from the present method are shown in
Figure 2(a)−(c). It is initially found that the identified damping matrix is symmetric.
The deviation between the actual damping matrix C and the identified matrix Ĉ is evaluated by the relative
error
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Figure 2: Components Ĉjk of the estimated damping matrix Ĉ for (a) structural damping, (b) damper on first floor and (c)
damper on fifth floor. Components Ejk of the relative error matrix E for the identified damping by Adhikari’s method for (d)
structural damping, (e) damper on first floor and (f) damper on fifth floor.

E=

Ĉ − C
,
||C||

(23)

where ||( · )|| is the matrix 2-norm. It is seen from the results in Figure 2 (b)−(c) that the present identification
method clearly indicates the local damper placed on the first floor in (b) and top floor in (c), and the colorcodes indicate that Ĉ55 = 3 Ns/m and 5 Ns/m are reproduced with good agreement.
The estimated values from the present direct method are in fact so accurate that the error in E is less than
10−8 for all three cases (a)−(c). In Figure 2 (d)−(f) the error in (23) is shown for Ĉ obtained by Adhikari’s
method. It appears that this method also exactly estimates case (a) with proportional damping and without
an external damper. However, the relative error matrix E in Figure 2 (e)−(f) for cases (b)−(c) with a local
damper shows that Adhikari’s method underestimates the magnitude of the viscous damper, represented by
the negative error measures at the location of the external damper. The damping is however overestimated
in the proximity of the viscous damper, as indicated by the positive errors in (e) and (f).
3.2. Results for larger damping
The performance of the damping identification procedure in Table 1 is now evaluated for larger values of the
viscous coefficient c for the external damper. This analysis only considers case (c) in Figure 1 with a damper
acting on the absolute motion of the top floor. The simulation parameters and identification technique
specifications are however unchanged. The viscous coefficient of the top floor damper is now varied from
10
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Figure 3: Identified damping by Adhikari’s method (black −) and the proposed expression (blue −) for damper on fifth floor
with varying magnitude. (a) Estimated component Ĉ55 of damping matrix associated with fifth floor and (b) the norm ||E|| of
the relative error matrix.

c = 0 to 49.8 Ns/m, such that the component C55 is within the range from 0 to 50 Ns/m. Based on a full
complex eigenvalue analysis of the damped system, it has been found that maximum damping is obtained
at around c = 100 Ns/m, which means that the considered interval of c is a suitable compromise between
large levels of attainable damping and sufficient motion of the top floor in the simulations. The modal
damping ratio of the first mode varies from the level of pure structural damping with ζ1 = 0.016 obtained for
c = 0 Ns/m to the largest damping ratio ζ1 = 0.3951 within the simulation study obtained at c = 49.8 Ns/m.
Thus, very large levels of attainable modal damping have been achieved.
The identified damping is assessed in terms of the fifth diagonal element of the identified damping matrix
Ĉ55 , associated with the location of the external damper. The variation of the estimated damping matrix
component Ĉ55 is shown in Figure 3 (a), as a function of the component C55 . The blue curve is obtained
by the present direct identification method, while the black curve represents the method of Adhikari. Both
methods generally provide good results. However, while the proposed method maintains a straight (blue)
line over the full interval of C55 , the benchmark method exhibits a notable underestimation for larger values
of C55 and for C55 = 50 Ns/m it provides a relative error of 10%.
Another assessment of the identification accuracy is in Figure 3(b) demonstrated by the norm of the error
matrix ||E||. It indicates that the error of the proposed normalization free direct method (blue curve) is very
small and without any increase for larger damper magnitudes, whereas it is initially larger and increases
monotonically for the benchmark method.

4. Dynamic testing of a five-story shear building model
The dynamic testing of a five-story shear building model has been performed to demonstrate the ability of
the damping identification method to determine the complex modes and the damping matrix from actual
measurements of the floor displacements. A schematic illustration of the experimental setup and the asso11

ciated hardware/software connections is provided in Figure 4, while Figure 5 shows a photo of the setup in
the laboratory.
The shear building model structure is placed on a plate with a mass of 30 kg which slides on two rails fixed to
a strong table. The horizontal position of the plate is controlled by an electromagnetic motor consisting of a
stator and slider, connected to a servo driver and power supply. The plate, rails and motor together comprise
a shaking table, used to excite the shear building model. The desired motion profile of the shaking table is
fed to the servo drive of the motor as an analog signal generated by a normally distributed pseudo-random
sequence regarded as white noise within the frequency range of the structure. The excitation signal f (t) has
been generated in LabView from the expression [35]
p/2−1

f (t) =

X

Fk ei (2 π k

fs
p

t+θk )

,

(24)

k=−p/2+1

where Fk = F−k adjusts the amplitude with F0 = 0, p is the number of points, fs is the sampling frequency
and θk = θ−k is the temporal phase randomly generated by a uniform distribution between 0 and 2π. Thus,
the excitation signal f (t) becomes asymptotically Gaussian-distributed for an increasing number of samples
p.
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Figure 4: Sketch of the experimental setup of the building model.
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Figure 5: Photo of the experimental setup of the building model.

The building model consists of five rectangular aluminum plates (200 mm×240 mm×15 mm) connected by
four stainless steel columns (0.8 mm×30 mm×1000 mm), see Figures 4−7. Rigid connections have been
ensured between the floors and columns by additional steel clamps of the same thickness as the floor plates
and a the sixth bottom plate secures a rigid connection to the shaking table. The mass of a single floor
including connections and bolts is 2.13 kg. The absolute displacement of each floor is measured by five
individual laser optical displacement sensors, with a measurement range of 50 mm. In Figure 4 these sensors
are denoted 1 (top) to 5 (bottom), which are mounted on a common steel rack fixated to the strong table.
Sensor 6 is mounted directly on the strong table. It has a range of 20 mm and is used to measure the
displacement of the shaking table plate. The sensors are connected to the same data acquisition module
by BNC cables. The data acquisition module simultaneously converts the analog signal from the sensors
to a digital signal for each of the six channels. Thus, the displacement measurements are recorded with a
sampling frequency of 100 Hz without any time delay between measurement channels. The duration of each
13
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Figure 6: Geometry of the eddy current damper consisting of a cylindrical magnet and a rectagular plate conductor. (a) Plan
view, and (b) side view of the damper setup.

measurement campaign is 12 hours, corresponding to [36]

Tn =

200
,
fn ζn

(25)

which is the measurement time necessary when assuming that the fundamental natural frequency and damping of the building models are approximately f1 =1.6 Hz and ζ1 = 0.003.
The local damping source was induced by an eddy current damper. The damper consists of a cylindrical
Neodymium magnet, fixed to an arm of PVC material. This ensures that no significant effects from the
mounting disturb the magnetic field. The arm is fixed to a separate steel rack. The setup allows the floor
to act as a conductor which experiences a time varying magnetic flux due to the relative movement of the
conductor orthogonal to the poling direction of the magnetic field. The eddy currents in the conductor
generate an electromotive force proportional to the velocity of the particular building floor and the force
can, therefore, be characterized as a drag force acting as a desired viscous damper element. The resistance
of the conductor will cause the energy to be dissipated as heat. Figure 6 shows the position of the magnet
and conductor, and Figure 7 shows a photo of the magnet acting on the top floor of the building model.
The magnetization strength of the magnet has been J = 1.22 T which is specified by the manufacturer. The
thickness tm = 8 mm, inner radius a1 = 2.75 mm and outer radius a2 = 20 mm specify the geometry of the
magnet. The conductor has an electrical resistivity of ρ = 2.835 × 10−8 Ω m, thickness of t = 15 mm, length
l = 108 mm and width b = 120 mm, as shown in Figure 6. The damper force of a single magnet with an air
gap G =2 mm to 6 mm with the specified conductor is expected in the range 1 Ns/m to 2 Ns/m [34]. The
influence of the steel columns on the damping force is neglected, and the clamps are regarded as conductors
with a thickness equivalent to the floor plate.
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Figure 7: Photo of the eddy current damper setup placed at the fifth floor.

5. Experimental results of the spatial damping identification
The test data consists of random vibration measurements from the six displacement sensors placed next to
the building model, as illustrated in Figure 4. The experimental data which reproduce the results presented
in the following are available at [21]. In the following the eddy current damper is either placed at the first
(bottom) floor or the fifth (top) floor. The identification procedure summarized in Table 1 is used to identify
the modal parameters and the damping matrix from the measurements obtained by the conducted dynamic
tests. The parameters of the identification procedure are identical to those applied in the numerical study
in Section 3.
The basis of the damping matrix identification is the preliminary estimation of the modal parameters,
which are determined from the correlation functions of the measured displacement records using an unbiased
correlation function estimator, as described in [1]. Several correlation function estimators exist for vibration
measurements of finite duration. A more detailed assessment and comparison of these different estimators
have been conducted in [26].
Figure 8 shows the response from measurements obtained for the case (a) without the external damper. Figure 8 (a) shows the measured displacement, while Figure 8 (b) shows the auto-correlation functions estimated
from the measured displacements. The auto-correlation functions for the individual floor displacements (sensors 1 to 5) correspond to exponentially decaying oscillations, while the correlation function for the shaking
table displacement (sensor 6) exhibits a spike at zero time lag and subsequent small oscillations. The latter
verifies the intended white noise excitation caused by the position control of the shaking table actuator.
It should be noted that the measured displacement of the shaking table has not been used in the present
output-only identification procedure.
Figure 8 (c) shows the auto-power spectral densities obtained for the six displacement signals. The resonance
peaks of the building model are clearly visible in the frequency range up to 12Hz. However, it is found that
the resonance peak of mode four is not captured very well by sensor 3 due to an anti-resonance point at
15
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Figure 8: (a) Measured displacement, (b) auto-correlation function estimate and (b) auto-power spectral density (PSD) of the
measured signal from sensor 1 (−), sensor 2 (−−), sensor 3 (−), sensor 4 (−−), sensor 5 (−), sensor 6 (−).

this location in mode four. The consequence of this with respect to the estimation of the damping matrix is
discussed in Section 6. The spectrum of the shaking table displacement (sensor 6) has a maximum at around
a corner frequency of 14Hz, above which the energy content in the signal decreases gradually. Below the
corner frequency the spectrum of the shaking table displacement is fairly flat and the actuator is therefore
able to reproduce the desired shaking table motion within the relevant frequency range of the building model.
However, small peaks are visible at each resonance frequency, which occur due to the inevitable dynamic
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Table 2: Estimated natural frequencies, damping ratios and coefficient of the modal overlap factor with no damper, damper at
the first floor and damper at the fifth floor with an air gap size of 2 mm to 6 mm.

n

fn [Hz]

γn

First floor, ζn

Fifth floor, ζn

ζn

-

-

2 mm

4 mm

6 mm

2 mm

4 mm

6 mm

-

1

1.66

-

0.0028

0.0022

0.0019

0.0168

0.0122

0.0092

0.0015

2

5.02

1.4940

0.0055

0.0042

0.0034

0.0060

0.0050

0.0043

0.0023

3

7.90

2.7431

0.0067

0.0050

0.0040

0.0044

0.0039

0.0035

0.0028

4

10.11

4.5747

0.0053

0.0040

0.0034

0.0034

0.0031

0.0029

0.0026

5

11.59

7.8311

0.0021

0.0019

0.0018

0.0020

0.0019

0.0018

0.0017

coupling between the building model and the shaking table.
Table 2 summarizes the natural frequencies and the damping ratios for the first five vibration modes of the
building model, obtained by the present identification procedure in Table 1 on the basis of the estimated
correlation functions from the measured vibrations. The first column in the table presents the identified
natural frequencies for the building model without damper. The second column of the table gives the
coefficient γn =

fn
fn −fn−1

of the modal overlap factor, µn = ζn γn , which describes the ratio of the modal

bandwidth relative to the separation of the natural frequencies. Low values of µn indicates that the modes
are well separated, in which case the identification errors are expected to be small, while an increase in
modal overlap concurrently results in mode shapes with a significant imaginary part [37]. The building
model in this study has a relatively low modal overlap without the damper, and increasing values of modal
overlap when the external damper is attached. Thus, an increase in the imaginary part of the mode shapes
is expected with an increasing damper force.
The last column of the table shows the associated damping ratios for the building structure without damper.
The building model is lightly damped with modal damping ratios below 0.3% of critical. The table also
presents the identified modal damping ratios obtained for an experimental setup with the eddy current
damper placed either at the first (bottom) or the fifth (top) floor, respectively. The energy dissipation of
the damper is varied by considering the three air gaps G = 2 mm, 4 mm and 6 mm. The increase in damping
due to the presence of the external damper is clearly demonstrated by the experiments. Furthermore, it is
seen that the damping is larger when the damper is located at the top floor and that it increases as the air
gap G is reduced.
5.1. Identification without damper
Figure 9 shows the estimated damping and stiffness matrix obtained when including the real-valued part
of the mode shapes in the identification. The proportional damping matrix previously assumed in the
numerical examples in (20) is obtained when only including the real-valued part of the mode shapes in the
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Figure 9: Estimates of the damping and stiffness matrices from real valued mode shapes without damper. (a) Components Ĉjk
of the damping matrix Ĉ. (b) Components K̂jk of the stiffness matrix K̂.

identification from measurements, see Figure 9 (a). In the identification procedure it has been assumed that
the mass matrix is M = m I, as also considered in (18). The lumped mass m = mf + mc = 2.2 kg is the
sum of the floor mass mf and the effective mass of the columns mc . The stiffness matrix in Figure 9 (b) is
estimated by the expression in (17), which yields the stiffness matrix in (18) with great numerical accuracy.
Figure 10 (a) shows the identified damping matrix for the building model without a damper. However,
now the damping matrix is obtained when including the complex mode shapes in the identification. It is
found that the structural damping is not proportional. The largest damping component of the matrix in
Figure 10 (a) occurs at the first degree-of-freedom. This is partly expected because of the influence from the
connection and the interaction between the shear building and shaking table. The changes in the identified
stiffness matrix are negligible when the complex mode shapes are included in the identification.
The real parts of the complex mode shapes are illustrated in Figure 11 (a)−(e). In the illustrations, the
mode shapes are normalized so that the maximum amplitude of each mode is equal to unity, whereby the
imaginary part vanishes at the maximum position. This particular normalization corresponds to a rotation in
the complex plane that maximizes the real-valued part of the mode shape [38]. The corresponding imaginary
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Figure 10: Estimates of the damping from complex valued mode shapes without damper. (a) Components Ĉjk of the damping
matrix Ĉ. (b) Components Ejk of the relative error matrix obtained by comparing the damping matrix identified with the
direct method and Adhikari’s method.
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Figure 11: Identified complex-valued mode shapes (•) of the first firve modes. (a)−(e) The real valued part. (f)−(j) The
imaginary part with a damper at the first floor and (k)−(o) damper at the fifth floor. Coloring represents an air gap between
magnet and floor of 2 mm (−), 4 mm (−−), 6 mm(−) and damper removed (−).

parts of the mode shapes are shown in Figure 11 (f)−(j) for the case with no external damper (solid red
curve). They are comparably small due to the limited structural damping in the building model.
The damping matrix is also estimated by Adhikari’s method, which again acts as benchmark method. In the
experimental analysis the difference in Figure 10 (b) is determined by the error matrix (23), but now with
the results from the present direct method relative to the results obtained by the method of Adhikari. The
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error shows that the damping estimated by the present method is 6% larger than for Adhikari’s method, at
the location where the damping magnitude is largest. This tendency is consistent with the more detailed
numerical comparison of the two methods in Section 3. Therefore, the damping will in the remainder of this
paper only be obtained by the proposed damping identification method in Table 1.
5.2. Identification of light damping
The experimental test performed with the eddy current damper placed at the first and the fifth floor yield
the damping matrices shown in Figure 12. The first three matrices in (a)−(c) represent the damper at the
first floor with air gaps G = 2 mm, 4 mm and 6 mm, respectively. The next three matrices in (d)−(f) are
for the damper placed at the top floor. Therefore, the six matrices in the figure correspond to the values
presented in Table 2. Initially, it is found that all matrices are nearly symmetric. Furthermore, the particular
location of the damper at, either the bottom, or the top floor is clearly identified by the procedure and the
magnitude of the damping value decreases consistently with the increase in damper air gap G. When the
damper is located at the top floor, given in Figures 12 (d)−(f), the structural damping source from Figure
10 (a) is again visible. The real part of the damped vibration modes are basically identical to the mode
shapes without damper shown in Figure 11 (a)−(e).
The influence of the local damper appears in the imaginary part of the mode shapes, shown in Figure
11 (f)−(j) for the damper placed at the first floor and in Figure 11 (k)−(o) for the damper at the fifth floor.
For each vibration mode the figure shows the imaginary part with a damper air gap of G = 2 mm (black
solid), 4 mm (black dashed) and 6 mm (blue solid). It is seen from the identified complex mode that the
imaginary part decreases as the damper air gap increases, and that the amplitude of the imaginary part of
the modes is furthermore sensitive to the magnitude of the damper force. For all the imaginary parts of the
vibration modes in Figure 11 it is seen that the amplitude of the imaginary part scales with the magnitude
of the damper force, whereas the shape is virtually unchanged.
Measurements have also been performed with dampers attached at the second, third and fourth floor. The
estimated imaginary parts of the mode shapes and damping matrices are shown in Appendix A. For these
cases the location of the damper has also been accurately identified and the magnitude of the damping varies
consistently with the air gap. However, the damping matrices with dampers placed at the third and the
fourth floor with a small air gap are not symmetric, see Figure A.16 (d) and (g). This inconsistency occurs
because of the small vibration amplitudes associated with the nodal point at the third floor in mode four, see
Figure 11(d). A non-symmetric damping matrix has similarly been identified when large levels of damping
are introduced, as demonstrated in Appendix B, which is also expected to be related to the small vibration
amplitudes. Large damping in Appendix B has been obtained by connecting six magnets of the same type,
as in the present experiment with a single magnet in this section.
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Figure 12: Components Ĉjk of the estimated damping matrix Ĉ with the damper placed at the first floor with an air gap size
of (a) 2 mm, (b) 4 mm and (c) 6 mm, and the damper placed at the fifth floor with an air gap size of (d) 2 mm, (e) 4 mm and
(f) 6 mm.

6. Robustness of the identification procedure
In experimental testing it is important that the test procedure, the data processing and the identification
results are robust. Repeatable and converged identification results of the damping matrix and complex mode
shapes are, thus, of vital importance. Therefore, experimental tests are preformed to carefully analyze the
correlation of repeated dynamic testing and the subsequent identification results. A measure which effectively
quantifies the correlation of two sets of mode shape vectors φ and φ′ is the modal assurance criterion (MAC)
[25]. The MAC-matrix is defined as

Γ = P
N

j=1

|

PN

2
φ′j φH
j |
 P
N
H

j=1

φj φj

j=1

φ′j φ′H
j

,

(26)

which recovers a unit diagonal matrix when the two sets vectors are fully correlated. The MAC-matrix
is denoted as Γ and used to separately quantify the correlation of experimental results of the real part
and the imaginary part of the complex modes. Numerous measures of correlation and complexity have
been established for complex-modes, such as the extended modal assurance criterion and the modal phase
collinearity criterion [38]. However, the MAC-matrix defined in (26) is a suitable measure when the real and
imaginary parts of the complex mode shapes must be analyzed independently.
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6.1. Repeatability of the identification results
The dynamic tests of the shear building model with the damper either at the first floor or the fifth floor have
been repeated four times. The air gap size is G = 2 mm in all experiments and the measurement duration
of each of the four repeated tests is 3 hours, equivalent to 17928 periods of the first mode. The duration
of 3 hours is justified in Subsection 6.2, which discusses the convergence of the imaginary part of the mode
shapes with respect to the measurement duration.
The degree to which the experimental results are repeatable is quantified by the correlation between the
identified results from each experimental test, obtained by the MAC-matrix through the expression in (26).
Firstly, the real parts of the mode shapes identified from each repeated measurement are correlated with
each other. The first test is regarded as the reference, and the remaining three tests are then correlated
to this reference test. Hereby, three correlation matrices are obtained. The correlations between the realvalued mode shapes from each test yield diagonal MAC-matrices with almost exact unit values, and they are
therefore not illustrated. Thus, the identified real-valued part of the mode shapes are linearly independent
and reliably identified.
Figure 13 now shows the MAC-matrix for the correlation between the imaginary part of the mode shapes
obtained from the four repeated tests, where (a)−(c) are the correlations with the damper placed at the first
floor and (d)−(f) are with the damper placed at the fifth floor. The dominant values of the MAC matrices
appear in the diagonal and they are approximately equal to unity. These MAC matrices are not diagonal,
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Figure 13: Components Γjk of the MAC-matrix Γ between two sets of imaginary values of the complex modes from four
repeated tests. (a)−(c) Damper at the first floor with an air gap of 2 mm. (d)−(f) Damper at the fifth floor with an air gap of
2 mm.
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Table 3: Identified components of the damping matrix from repeated test with damper at two locations with an air gap of
2 mm, where the mean value is µ and standard deviation is σ.

Location

Test 1

Test 2

Test 3

Test 4

µ

σ

First floor

Ĉ11 [Ns/m]

3.28

3.25

3.26

3.33

3.28

0.04

Fifth floor

Ĉ55 [Ns/m]

1.91

1.91

2.02

2.03

1.97

0.07

since the imaginary parts in lightly damped systems can be approximated by a linear combination of the
real-valued mode shapes, see the expression in (5). The largest off-diagonal terms in the MAC matrices in
Figure 13 (a)−(c) occur due to the correlation between the imaginary part of the third and the fourth mode
shapes. This is confirmed by the mode shapes illustrated in Figure 11 where (h) and (i) have similar shapes
at the second floor. Similarly, the largest off-diagonal terms in the MAC matrices in Figure 13 (d)−(f) when
the damper is at the top floor, occur between the imaginary part of the second and the third mode shapes.
Again, this is due to the similarity of the mode shape illustrated in Figure 11(l) and (m) at the top floor.
The three MAC matrices in Figure 13 (a)−(c) are almost identical, which illustrates a large degree of repeatability in the estimation of the complex mode shapes when the damper is at the first floor. However this
is not the case for the MAC matrices in (d)−(f), associated with measurements obtained with the damper
at the top floor. The color codes in the figures (d)−(f) indicate a correlation between 0.6 and 1.0 for the
fifth mode shape. The repeatability analysis therefore demonstrates that the mode shapes are identified with
great assurance, while the magnitude of the imaginary part of the fifth mode shape exhibits a certain degree
of variation.
Apart from the mode shapes, the damping matrix has been obtained from each repeated test. The identified
value of the damping matrix at the location of the damper is given in Table 3 for all four tests. The largest
variation relative to the determined mean value is 3.05%, obtained from Test 4 for the damper located at
the fifth floor. This is in most cases considered a small uncertainty that is well within a tolerable range for
the identification of structural damping.
6.2. Convergence of the identification results
The convergence of the estimated complex mode shapes and the damping matrix is analyzed with respect
to the duration of the vibration measurements. The measurement duration plays an important role in the
estimation of the correlation function matrix, which is the initial input in the identification procedure in
Table 1. A finite record length introduces bias and variance errors in the correlation function estimates [26],
which then vanishes asymptotically for increasing measurement duration.
The convergence of the identified real and imaginary values of the mode shapes is evaluated by the degree of
correlation between the estimates for varying lengths of the measurement duration, with the damper placed
at the first floor with an air gap of G = 2 mm. The correlation is obtained by the MAC-matrix given in (26)
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Figure 14: The diagonal components Γjj of the MAC-matrix Γ obtained from measurements of duration T . Convergence of
the (a) real valued part and (b) imaginary part of the estimated complex mode shapes. Coloring j = 1 (−), j = 2 (−−), j = 3
(−), j = 4 (−−), j = 5 (−) and a threshold value of Γjj = 0.99 (−).

where the real and imaginary part of the mode shapes are correlated separately, for estimates obtained by
an increasing measurement duration. In this case the reference identification results, kept constant in the
correlation study and denoted φ′j , are obtained from a full 12 hour measurement duration, corresponding to
71500 number of equivalent periods of the first mode. The 12 hour measurement is the longest measurement
duration considered, and thus it is regarded as the measurement which yields converged identification results
as the bias and variance error on the correlation function is in this case smallest, compared to identification
results from shorter measurement duration. Thus the estimates in φ′j are correlated with the estimates φj ,
where the latter are obtained from gradually shorter measurement duration.
The diagonal elements of the MAC-matrix of the convergence study are shown in Figure 14 (a) and (b)
for the real and imaginary part of the identified mode shapes. In Figure 14 the measurement duration t is
normalized by the natural frequency f1 of the fundamental mode, whereby T = t f1 represents the equivalent
number of periods by the fundamental mode with f1 = 1.66 Hz. The identified mode shapes are regarded as
converged when the correlation reaches a threshold MAC-value of Γjj = 0.99, as indicated by the horizontal
grey line in Figure 14. The correlation of both the identified (a) real and (b) imaginary parts is seen to
increase with the measurement duration.
The recommended measurement duration obtained by (25) is introduced as a rule of thumb to obtain a
bias error of less than 4% and a variance error of less than 6%. The recommended duration depends on
the product fn ζn , where fn is the fundamental natural frequency (in Hertz). For the measurements in this
convergence study the products fn ζn for all modes n = 1 to 5 are 0.0046 Hz, 0.0276 Hz, 0.0529 Hz, 0.0536 Hz
and 0.0243 Hz, respectively. This implies that the longest measurement duration would be expected for
modes 1, 2 and 5. This is consistent with the convergence of the imaginary part shown in Figure 14 (b),
which also shows that a longer measurement duration is necessary for the imaginary part of modes 1, 2 and
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Figure 15: Relative difference of the diagonal components in the estimated damping matrix Ĉ. Coloring j = 1 (−), j = 2 (−−),
j = 3 (−), j = 4 (−−) and j = 5 (−).

5 as they reach the threshold of Γjj = 0.99 at a slower rate compared to the other modes.
Due to the variability in the estimated imaginary parts of the mode shapes for shorter measurement duration,
a similar variability can be expected in the identified damping matrix. The components in the diagonal of the
′
damping matrix Ĉjj obtained at a short measurement duration are compared with the diagonal elements Ĉjj

identified from the longest measurement duration. Figure 15 shows the relative difference ∆Ĉjj =
the damping matrix component

′
Ĉjj

′
Ĉjj −Ĉjj
′
Ĉjj

of

from the longest measurement duration and the component Ĉjj of the

damping matrix from gradually shorter duration. In Figure 15 a relative difference less than 10% is found
when the measurement duration is greater than 40000 number of periods of the first mode. This is equivalent
to the number of periods required for the imaginary part of the mode shapes to reach the MAC threshold of
0.99, and it corresponds to approximately seven hours. Thus, a consistent convergence is observed for both
the real and imaginary part of the identified complex modes as well as the diagonal values in the damping
matrix.

7. Discussion on damping and complex modes from measurements
For multiple measurements with light damping some general observations have been made. Firstly, the
shape of the imaginary part of the first mode shape is similar to that of the second undamped mode shape,
see Figure 11 (f) and (k), Figure A.17 (a), (f) and (k) and Figure B.18 (a). This has also been discussed
in [14, 19] and can be related to the product

ω1 c′12
ω12 −ω22

u2 in the sum of (4) being largest for φ1 . Secondly,

the imaginary part of the first mode shape tends to reach the largest amplitude at the location where the
damper is placed. Thus, the first complex mode shape may initially indicate the location of the damping
source with good accuracy.
Furthermore, a smaller air gap between the magnet and floor plate in the experimental test causes an increase
in the the modal overlap factor and results in a corresponding increase in the amplitude of the imaginary
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part of the mode shapes. As an example, the amplitude of the imaginary part of the first mode shape in
Figure 11 (f) is 5 times larger at the first floor when the damper is attached with an air gap of G = 2 mm
than without a damper. This observation is agreement with the analytically developed understanding of the
sensitivity of the complex mode shapes in [37]. The effect of the increasing modal overlap factor shows similar
tendencies for high damping as those mentioned above for light damping, see Figure B.18 in Appendix B.
The viscous damping matrix identified from low amplitudes of measured displacements, is in most cases not
symmetric. As a first step to address the practical challenges in identifying high damping from measurements
of low vibration amplitude, it is suggested to increase the mass of the sliding table in the experimental
setup. Thereby the effect of the coupling of the table and building model can me minimized. Obviously, the
challenges may also be overcome by simply increasing the excitation amplitude.

Conclusions
A novel explicit expression for identification of non-classical damping has been derived, which can be applied
to recognize the spatial distribution of viscous damping from vibration measurements. The modal parameters
and the mass matrix are required in the construction of the damping matrix. The method circumvents the
problem of a priori knowledge of the damping in the normalization of the mode shapes, is not limited to
lightly damped systems, and can be incorporated in output-only system identification techniques as well as
traditional modal testing procedures. Numerical simulations of the random vibration of a five-story shear
building model shows that the damping method can identify the location and magnitude of the spatial source
of small and large damping.
Dynamic testing of a building model mounted on a shaking table has been carried out, where damping was
induced by an eddy current damper. The proposed identification procedure has been applied to measurements
of displacements induced by white noise excitation, with dampers at a number of locations and variations in
magnitude. The complex-valued mode shapes estimated by the ERA method, turned out to be repeatable
with negligible variations between successive measurements. It has been found that the imaginary part of the
mode shapes are sensitive to the magnitude of the damper force, where the amplitude increases concurrently
with an increase in the magnitude of the damper force. The spatial location of the damping source has been
identified with the proposed method from the measurements with both small and large levels of damping.
Although earlier work has projected some skepticism towards the practicality of obtaining complex modes
from experimental data [19], the present work demonstrates that complex modes are indeed achievable from
measurements and that they can be used to robustly construct the damping matrix for the dynamic structure.
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[26] A. Bajrić, J. Høgsberg J, F. Rüdinger, Evaluation of damping estimates by automated Operational
Modal Analysis for offshore wind turbine tower vibrations. Renewable Energy 2017.

28

[27] G. H. James, T. G. Carne, J. P. Lauffer, The natural excitation technique (NExT) for modal parameter extraction from operating structures. International Journal of Analytical and Experimental Modal
Analysis 1995; 10(4): 260-277.
[28] S. R. Ibrahim, E. C. Mikulcik, A method for direct identification of vibration parameters from the free
response The Shock and Vibration Bulletin 1977; 47(4): 183198.
[29] B. Peeters, G. De Roeck, Reference-based stochastic subspace identification for output-only modal
analysis. Mechanical Systems and Signal Processing 1999; 13(6): 855-878.
[30] J. S. Lew, J. N. Juang, R. W. Longman, Comparison of several system identification methods for flexible
structures. Journal of Sound and Vibration 1993; 167(3): 461-480.
[31] B. A. Pridham, J. C. Wilson, A study of damping errors in correlation-driven stochastic realizations
using short data sets. Probabilistic engineering mechanics 2003; 18(1): 61-77.
[32] D. F. Giraldo, W. Song, S. J. Dyke, J. M. Caicedo. Modal identification through ambient vibration:
comparative study. Journal of Engineering Mechanics 2009; 135(8): 759-770.
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Appendix A. Other damper locations
The dynamic testing, described in Sections 4 and 5, have also been conducted repeatedly with the damper
placed at the second, third and fourth floor of the building mode. The estimated damping matrix from
each test with an air gap G = 2 mm, 4 mm and 6 mm, is given in Figure A.16, where (a)−(c) are for the
damper placed at the second floor, (d)−(f) are for the damper placed at the third floor and (g)−(i) are for
the damper placed at the fourth floor. The color codes in the figures indicate an increase in the damping
when the air gap G is reduced. The modal parameters obtained for each test are given in Figure A.17 and
Table A.4.
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Ĉjk [Ns/m]

(h)

5
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Figure A.16: Components Ĉjk of the estimated damping matrix Ĉ with the damper placed at the second floor with an air gap
size of (a) 2 mm, (b) 4 mm and (c) 6 mm, the damper placed at the third floor with an air gap size of (d) 2 mm, (e) 4 mm and
(f) 6 mm and damper placed at the fourth floor with an air gap size of (g) 2 mm, (h) 4 mm and (i) 6 mm.
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Figure A.17: Identified imaginary part of the first five complex-valued mode shapes (•) from measurements. (a)−(e) Damper
at the second floor. (f)−(j) Damper at the third floor. (k)−(o) Damper at the fourth floor. Coloring represents an air gap
between magnet and floor of 2 mm (−), 4 mm (−−) and 6 mm(−).

Appendix B. Large external damping
The dynamic testing described in Section 4 has been repeated with six magnets of the same type, as illustrated in Figure 6. The six magnets compromise an eddy current damper which is placed at the top floor
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Table A.4: Estimated damping ratios ζn for the first five modes of the shear building mode from vibration measurements with
an eddy current damper at the second, third and fourth floor. The air gap size varies between 2 mm to 6 mm.

n

Second floor

Third floor

Fourth floor

2 mm

4 mm

6 mm

2 mm

4 mm

6 mm

2 mm

4 mm

6 mm

1

0.0055

0.0040

0.0036

0.0128

0.0088

0.0077

0.0175

0.0092

0.0058

2

0.0068

0.0051

0.0046

0.0039

0.0034

0.0032

0.0029

0.0026

0.0024

3

0.0029

0.0028

0.0028

0.0059

0.0048

0.0047

0.0035

0.0030

0.0028

4

0.0044

0.0037

0.0035

0.0025

0.0025

0.0025

0.0048

0.0037

0.0031

5

0.0028

0.0023

0.0022

0.0044

0.0034

0.0031

0.0040

0.0028

0.0023

with an air gap G = 1 mm, 2 mm and 3 mm. Because the top floor has the largest displacements, the largest
damper force can be obtained at this location. The identification procedure is identical to that in Section
5. From the identification the modal parameters have been obtained for each test with an air gap between
1 mm and 3 mm, given in Figure B.18 and Table B.5. For the smallest air gap of 1 mm between the magnet
and the floor plate a damping ratio of 24.65 % is obtained. The estimated damping matrix from each test is
given in B.19 (a)−(c), which shows an increase in the damping coefficient when the air gap size decreases.
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Figure B.18: Estimated imaginary part of the complex-valued mode shape (•) from test with sixs magnets at the fifth floor
with an air gap size of 1 mm (−), 2 mm (−−) and 3 mm(−). (a) Mode 1, (b) mode 2, (c) mode 3, (d) mode 4 and (e) mode 5.
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Table B.5: Estimated damping ratios ζn for the first five modes of the shear building mode from vibration measurements with
six magnets placed at the fifth floor, with an air gap size of 1 mm to 3 mm.

1 mm

2 mm

3 mm

1

0.2465
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Figure B.19: Components Ĉjk of the estimated damping matrix Ĉ with the damper placed at the fifth floor with an air gap
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33

Paper 3 [P3]
Estimation of hysteretic damping of structures by stochastic subspace identification
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Anela Bajrić ⇑, Jan Høgsberg
Technical University of Denmark, DTU Mechanical Engineering, Nils Koppels Allé Building 403, 2800 Kgs. Lyngby, Denmark

a r t i c l e

i n f o

Article history:
Received 14 April 2017
Received in revised form 6 September 2017
Accepted 27 November 2017

Keywords:
Output-only system identification
Non-linear restoring force
Hysteretic damping
Linearization
Relaxation damping
Random vibrations

a b s t r a c t
Output-only system identification techniques can estimate modal parameters of structures
represented by linear time-invariant systems. However, the extension of the techniques to
structures exhibiting non-linear behavior has not received much attention. This paper presents an output-only system identification method suitable for random response of
dynamic systems with hysteretic damping. The method applies the concept of Stochastic
Subspace Identification (SSI) to estimate the model parameters of a dynamic system with
hysteretic damping. The restoring force is represented by the Bouc-Wen model, for which
an equivalent linear relaxation model is derived. Hysteretic properties can be encountered
in engineering structures exposed to severe cyclic environmental loads, as well as in vibration mitigation devices, such as Magneto-Rheological (MR) dampers. The identification
technique incorporates the equivalent linear damper model in the estimation procedure.
Synthetic data, representing the random vibrations of systems with hysteresis, validate
the estimated system parameters by the presented identification method at low and
high-levels of excitation amplitudes.
Ó 2017 Elsevier Ltd. All rights reserved.

1. Introduction
The validation of models for structures and machinery operating under random environmental and operational conditions is a crucial step for reliability and safety analysis. To such purpose, various system identification techniques [1–3] have
been developed in order to estimate and validate the dynamic properties of the investigated structure, based on vibration
measurements. However, the most commonly used output-only dynamic identification method [4] has been developed
for linear time-invariant systems, and the extension of such to non-linear system parameter identification has still not
received much attention.
The increasing complexitiy and flexibility of modern engineering structures give rise to nonlinearities in various forms,
and often these become progressively more significant as the vibration amplitude increases. In this context, the target of
the paper is to propose a parametric output-only identification methodology suitable for a single-degree-of-freedom oscillator driven by random excitation which exhibit hysteretic behavior. The detailed formulation of the nonlinear benchmark
identification problem addressed is described in [5].
Hysteresis is usually triggered by high levels of dynamic loading that emphasize the nonlinear nature of dissipative and
restoring forces, which depend on the history of the motion rather than instantaneous motion. The nonlinear nature of the
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forces is significant in hysteretic behavior observed in large scale structures, when subjected to high levels of dynamic loading. Other examples of hysteretic properties can be encountered in magnetic, ferromagnetic and ferroelectric materials
which are found in vibration mitigation devices such as Magneto-Rheological (MR) dampers [6].
Identification methods of systems affected by hysteretic behavior classified as input–output techniques are discussed in
[7]. These include approaches based on evolutionary algorithms [8,9], Bayesian inference methods [10], Markov Chain Monte
Carlo methods [11] and a recent frequency domain approach with black-box optimization for nonlinear estimation [12]. The
input–output methods are limited to structures for which the excitation is measurable. A different identification strategy is
necessary for dynamically excited structures with unmeasured and uncertain excitation, often experienced in connection
with large structures or machinery where no straightforward way allows the excitation to be measured.
A classical approach for estimation of stochastic dynamic systems is the Kalman filtering for a state estimation [13] or the
realization theory for estimation of the system based on random response. The latter is incorporated in the time domain
operational modal analysis methods [14], which are limited to linear and time-invariant systems. Extensions of the classical
Kalman filtering approach enable joint input and state estimation at locations of interests of sparsely monitored dynamic
structures [15,16]. The state prediction of structures can also be applied for structural health monitoring as in [17], which
demonstrates that the statistical properties of the states can be regarded as a damage indicator. The joint state and input
estimation for structural applications assume a known representative finite element model of a linear system, and are associated with a heavy computational burden when using the Kalman filter, which can be reduced by a model reduction scheme
[18]. Moreover the joint state and input estimation is numerically unstable and results in unreliable input estimation when
based on acceleration measurements [19], which are unfortunately often the only measurable signal available for a dynamic
structure.
The numerical issues associate with observability and rank deficiency are treated in the augmented joint state-input estimation proposed in [20] and experimentally demonstrated in [21], also for a system with known model parameters. In [22–
24] an online parametric identification based on Kalman filtering for state estimation is proposed for the non-linear hysteretic system. More recently [25] also proposed a joint state-parameter-input estimation method for linear time varying
systems, which has the advantages of being able to cope with mode veering effects. It has been applied in [26] for tracing
the time varying stiffness properties of an offshore wind turbine structure. The drawback of the method in [25] is that
the number of measurements must be at least as many as the number of parameters and inputs of interest, and at least
as many displacement measurements as unknown inputs. This approach is therefore not suitable for the parametric
output-only identification of the hysteretic system in the present benchmark challenge, where only a single response output
is available.
The existing output-only identification strategies offer limited estimation accuracy for identification of nonlinearities in
dynamic structures and limited attention is in particular offered for the estimation of mechanisms related to energy dissipation, which may be a dominant source of nonlinearity. The existing output-only techniques may therefore in particular fail
for nonlinear systems which are excited by high-levels of amplitude. Systems with nonlinear damping mechanisms can be
well represented by equivalent linear models [27], but may not be representative when the nonlinearities in the stiffness are
severe and cause jump and bifurcation phenomena. A review of the diverse sources of nonlinear damping in practical systems is given in [27] as well as linearization techniques. Regardless of the philosophy of the identification method, the
dynamic nonlinearities in hysteretic systems are difficult to identify, since it is not possible to directly measure the internal
state variable which controls the hysteretic evolution. The parameter identification of the hysteretic system is herein treated
by deriving an equivalent linear relaxation model, whose parameters depend on the magnitude of the excitation and frequency. Such an implicit model offers a system format that is observable and controllable, and simplifies the analysis. This
leads to a computationally efficient identification methodology that extends the classical output-only covariance driven
stochastic subspace identification [4] and its ability to estimate the model stiffness and damping at varying amplitudes of
excitation.
The Bouc-Wen model [28,29] is proposed for the synthetic generation of data for the identification challenge, which is
used extensively in modeling of the hysteresis phenomenon in dynamically excited nonlinear structures [30,31]. Various
suitable methods are developed in structural dynamics as means for solving nonlinear stochastic problems [32–34], such
as the Bouc-Wen model. These rely on linearization techniques and are commonly useful for approximate techniques in
the first design stage. Therefore, an obvious method for solving the nonlinear identification challenge is to replace the governing set of nonlinear differential equations by an equivalent set of linear equations. The linearization turns out to be an
advantage, which enables the output-only covariance driven stochastic subspace identification to be applied for the benchmark challenge. The starting point of the system identification is the ability to estimate the model parameters of single
output.
The proposed method is therefore an approach suitable for a single-degree-of-freedom oscillator with viscoelastic properties. In the case of a Gaussian excitation, the response of a weakly nonlinear system can be assumed to approach a Gaussian
distribution [34]. The identification procedure can therefore be appropriately based on the statistical properties which are
necessary for the covariance driven identification methods. The novel method estimates the parameters of a dynamic model
in the form of coupled ordinary differential equations, wherein the hysteresis phenomenon is represented by the Bouc-Wen
model. The model parameters are related through derived expressions of the parameters of a linear relaxation damping
model. To validate the proposed identification method a synthetic data set with unknown signal noise is made available from
the source [5]. The effect of the equivalent linear model on the identification of the hysteretic system is discussed and the
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paper concludes on future steps in the direction of output-only system identification for hysteretic systems excited at highlevel input.
2. Linear system model of the hysteretic benchmark challenge
The equation of motion describing the vibrations of a single-degree of freedom system can be expressed as

_ þ k xðtÞ þ z ðx; xÞ
_ ¼ uðtÞ;
m €xðtÞ þ c xðtÞ

ð1Þ

where m is the mass, c is the viscous damping coefficient, k is the stiffness, f ðtÞ is the external force, xðtÞ is the displacement,
_
_ of a hysteretic
while the derivatives xðtÞ
and €
xðtÞ represent velocity and acceleration, respectively. The restoring force zðx; xÞ
system can be described by the mathematical Bouc-Wen model



_ ¼ a xðtÞ
_
_ jzðtÞjm ;
_  b c jxðtÞj
z_ ðx; xÞ
jz_ ðtÞjm1 z þ d xðtÞ

ð2Þ

where a; b c; b d and m are parameters, controlling the shape and smoothness of the hysteresis loop. Details about the BoucWen model can be found in [5], while its mechanical representation is shown in Fig. 1(a).
The theoretical development for response characteristics of nonlinear systems subjected to random excitation have not
yet been reduced to generally applicable results. In principle an exact solution for the response of any dynamical system (linear or nonlinear) subjected to white Gaussian excitation can be obtained from the theory of the continuous Markov processes. The exact closed form solutions are only available for certain special cases, and therefore solved by approximate
methods. Linearization methods approximate the solution by replacing the governing set of nonlinear differential equations
by a set of linear differential equations.
2.1. Equivalent linear model
The principle of harmonic averaging for hysteretic systems was originally demonstrated in [32]. The validity of the
method is limited to systems with slowly varying amplitude and phase, and scenarios in which the response is narrow
banded with small energy dissipation per cycle. The stochastic linearization method can cope with wide band response. Such
a method obtains the model parameters of the equivalent system by minimizing the mean square of the difference between
the nonlinear and the equivalent linear expressions. However, the involved evaluation of the expectations results in a
stochastic linear model in which the standard deviation of the unmeasured internal state variable and its correlation coefficient appear [33,34]. Thus, stochastic linearization is seemingly inappropriate for output-only system identification purposes. The method of stochastic linearization has proven useful in the design of earthquake resistance structures [33].
The response is, however, non-stationary and therefore not suitable for output-only identification by the stochastic subspace
identification method, due to the underlying assumption of stationary output. For identification from structural response
during earthquakes the method described in [35] is therefore more appropriate. Furthermore, perturbation methods are
avoided in the present context because of their increased algebraic complexity and limited accuracy up to first order. Therefore, an equivalent linear model is described for the present hysteretic system, which can be calibrated by a harmonic averaging principle [36].
The first step is to replace the nonlinear model by introduction of an equivalent linear model. A wide range of possible
candidate models exist, but the introduction of a temporal model memory is conveniently represented by the first order differential equation [37]

_
z_ ðtÞ þ X zðtÞ ¼ X k0 xðtÞ þ k1 xðtÞ;

ð3Þ

where X; k0 and k1 in the following are related to the Bouc-Wen parameters a; b c and b d in (2) by harmonic averaging over
an assumed vibration period. The format of (3) can be recognized as an non-viscous damping model with relaxation properties, often also referred to as a viscoelastic material model. The phenomenological representation of the equivalent linear
model with mechanical elements is shown in Fig. 1(b). The model was originally introduced by Zener [38] and encompasses

Fig. 1. Mechanical representation of a viscous spring-mass oscillator with (a) a Bouc-Wen (B-W) restoring force and (b) a relaxation element with
c0 ¼ ðk1  k0 Þ=X.
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a combination of a Kelvin-Voigt model with a spring k0 and dashpot c0 in parallel, and with an additional spring k1  k0 in
series with the dashpot c0 . Hereby, k0 represent the low-frequency stiffness of the relaxation model, while k1 appears as the
model stiffness in the high-frequency range. In the intermediate range at the corner frequency X, the magnitude of the
energy dissipation is determined by the stiffness change k1  k0 . Because the low-frequency stiffness k0 can be directly combined with the structural stiffness k, the relaxation model in (3) may be readily reduced to the two-parameter model associated with vanishing k0 , which is further emphasized in the following derivation.
The linearization technique of the Bouc-Wen model is demonstrated for the particular case of m ¼ 1, reducing the nonlinear restoring force in (2) to

_ þ b c jxðtÞj
_
_
z_ ðx; xÞ
z ¼ ða  b d jzðtÞjÞ xðtÞ:

ð4Þ

Due to the inherent relaxation properties of both (3) and (4), the relation between the model parameters are determined
in the two limits associated with slow and fast motion, or low and high vibration frequency, relative to the corner frequency
X. For a broad-banded excitation of a lightly-damped structure, it can be assumed that the structural response is fairly
narrow-banded, whereby the response can be approximated between two up-crossings by the harmonic expressions

_
xðtÞ ¼ A cosðx tÞ and xðtÞ
¼ Ax sinðx tÞ;

ð5Þ

with amplitude A and angular frequency x. This harmonic motion is in the following assumed when obtaining the system
parameters of the equivalent linear relaxation model in (3).
2.2. Low-frequency equivalence
Initially, the Bouc-Wen model is represented in the low-frequency limit, associated with slow motion. In the low_ on the left hand sides of (3) and (4) respectively, are assumed
frequency range the time differentiated terms z_ ðtÞ and z_ ðx; xÞ
to vanish. Thus, the low-frequency representation of the Bouc-Wen model (4) can be written as

_
_
bcjxðtÞjzðtÞ
¼ ða  bdjzðtÞjÞxðtÞ;

ð6Þ

while the corresponding low-frequency relaxation model is

_
XzðtÞ ¼ Xk0 xðtÞ þ k1 xðtÞ;

ð7Þ

where the first term represents the low-frequency stiffness, while the second viscous term represents damping.
The stiffness and viscous damping contributions are identified separately. The low-frequency component of the stiffness
is assumed to be in-phase with the displacement and can therefore be approximated from (7) as

zðtÞ ¼ k0 xðtÞ ¼ k0 A cosðx tÞ:

ð8Þ

This expression for zðtÞ is now inserted into the low-frequency Bouc-Wen model in (6). In this case the low-frequency
stiffness k0 is determined by multiplication with cosðx tÞ and integrating the relation over a full vibration period,

Z 2p=x h
0

i
k0 A2 x b c j sinðx tÞj cos2 ðx tÞ þ ða  b d jk0 j A j cosðx tÞjÞ Ax sinðx tÞ cosðx tÞ dt ¼ 0:

ð9Þ

Evaluation of the integral reveals that the low-frequency linear stiffness component vanishes such that

k0 ¼ 0;

ð10Þ

which demonstrates that the low-frequency stiffness is contained in the structural stiffness component k.
The viscous part in the linear low-frequency model is assumed to be in-phase with velocity, whereby it follows from (7)
as

zðtÞ ¼

k1

X

_
xðtÞ
¼

k1

X

ð11Þ

Ax sinðx tÞ;

_
in which xðtÞ
is substituted from (5) and k0 ¼ 0. This assumed expression for zðtÞ is substituted into the low-frequency form
of the Bouc-Wen model in (6), which is then multiplied by sinðx tÞ and integrated over a single vibration period,




Z 2p=x 
k1
k1
2
2

b c A2 x2 j sinðx tÞj sin ðx tÞ þ a  b d j
jA x j sinðx tÞj A x sin ðx tÞ dt ¼ 0:

X

0

X

ð12Þ

Evaluation of the integral then gives an expression for the stiffness to frequency ratio

k1

X

¼

3p
a
:
4 2 Axðbc þ bdÞ

ð13Þ

This ratio represents the damping parameter of the linear relaxation and therefore kX1 > 0. Because of the nonlinearities in
the original model, the equivalent linear parameter in (13) becomes amplitude dependent, and for increasing A x, the linear
parameter kX1 will apparently decrease.
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2.3. High-frequency equivalence
In the high-frequency limit associated with fast motion, the time derivative term on the left hand side of the Bouc-Wen
model in (4) becomes dominant and the model is approximated as

_
z_ ðtÞ ¼ ða  bdjzðtÞjÞxðtÞ:

ð14Þ

The corresponding linear relaxation model in (3) can similarly be reduced to

_
z_ ðtÞ ¼ Xk0 xðtÞ þ k1 xðtÞ:

ð15Þ

Again the viscous and stiffness contributions are identified separately. First, the viscous part of the high-frequency
relaxation model in (15) is approximated by

z_ ðtÞ ¼ X k0 xðtÞ:

ð16Þ

As k0 ¼ 0 this contribution vanishes and therefore the present linearization only leaves a high-frequency stiffness
component. This stiffness contribution can be obtained from (15) as

_
z_ ðtÞ ¼ k1 xðtÞ
¼ k1 Ax sinðx tÞ:

ð17Þ

When inserting this simplified harmonic representation into the high-frequency Bouc-Wen model (14), the stiffness k1
can be isolated by multiplying the relation with sinðx tÞ and integrating it over an assumed vibration period,

Z 2p=x h
0

i
2
2
k1 A x sin ðx tÞ þ ða  b d jk1 j A cosðx tÞjÞA x sin ðx tÞ dt ¼ 0:

ð18Þ

Evaluation of the integral leads to

k1 ¼

3p
a
:
4 Ab d þ 34p

ð19Þ

It is important to note that energy dissipation by the Zener type relaxation model in (3) requires that k1  k0 is positive,
which in the present case corresponds to k1 > 0. It follows from (19) that for small vibration amplitudes A, the equivalent
stiffness k1 approaches the initial stiffness component a in the Bouc-Wen model, while for finite amplitude levels the stiffness is either reduced or increased, depending on the sign of bd. The corner frequency X in the relaxation model (3) is now
obtained by dividing the expression in (19) with that in (13). This gives

X ¼ 2Ax

bc þ bd
;
A b d þ 34p

ð20Þ

which is valid for X > 0. Thereby, a relationship is established between the parameters of the linear model and the BoucWen model parameters, based on harmonic averaging in the low- and high-frequency limits. The underlying assumption
is that if the two frequency limits are well calibrated, the equivalence between the two models is also reasonable in the intermediate frequency range. When the parameters of the linear relaxation model are determined by the system identification
procedure, the Bouc-Wen model parameters can subsequently be found by the relations in (19) and (13).
2.4. Numerical example of the equivalent linear system
In the following the effect of the obtained equivalent model is illustrated for a set of parameter values of the hysteretic
system. The parameters of the linear system have been set to m ¼ 2 kg, k ¼ 50000 N/m, c ¼ 10 Ns/m and a ¼ 50000 N/m,
whereby the natural frequency of the linear system is x ¼ 223:61 rad/s. The Bouc-Wen model parameters in the simulation
have been chosen to be b c ¼ 800 m1 and b d ¼ 1100 m1. An explicit time integration scheme using a fixed-step fourth
order Runge–Kutta solver has been used to simulate the response. The system has been excited by a random process,
obtained from a normal distribution of random numbers generated in MATLAB. The excitation amplitude has been scaled
to obtain a root-mean-square amplitude of 30 N. The displacement time history has been sampled with 375 Hz and
N ¼ 220 number of points. The corresponding time step of Dt ¼ 0:0027 s is greater than one-tenth of the natural period in
the system, and thereby the Runge–Kutta solver is expected to have a reasonable computational speed and accuracy. The
simulation length is equivalent to 99512 vibration periods of the linear vibration mode. Fig. 2 shows the response computed
for initial conditions set to zero, which shows a non-degenerated hysteresis loop.
The system model parameters of the equivalent linear system are k1 ¼ 44774 N/m, X ¼ 80:76 rad/s and k0 ¼ 0 N/m.
These are obtained by the expressions in (19) and (20), where the natural period of the linear system has been chosen as
x ¼ 223:61 rad/s, while the amplitude A ¼ 2:1 mm represents the standard deviation of the displacement response of the
hysteretic system.
The displacement and power spectral density (PSD) of the equivalent linear system, shown in Fig. 2(a)-(b), demonstrate a
good agreement between the hysteretic and equivalent linear system. The PSD has been computed using Welch’s method of
spectral estimation, applying a Hanning window for the averaging with an overlap of 50%. The hysteresis loop of the
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Fig. 2. The synthetic random response of the equivalent linear model ( ) superimposed on the response of the hysteretic system ( ). (a) The displacement
time history, (b) the power spectral density (PSD) with the difference between the models in ( ) and (c) the restoring force in the system.

equivalent linear system in Fig. 2(c) is more smooth and narrow, while the enclosed areas are almost identical, indicating a
reasonable representation of the energy dissipation in the system.
3. Extended covariance driven parameter identification
The hysteretic benchmark problem is considered as a state estimation problem for the discrete-time system. It is
expressed in the classic form

_
xðtÞ
¼ A xðtÞ þ B uðtÞ þ E eðxðtÞ; fðtÞÞ

ð21Þ

yðtÞ ¼ C xðtÞ þ D uðtÞ þ F fðxðtÞ; fðtÞÞ;

ð22Þ

where x is the n  1 state vector, y is the m  1 output vector, u is the r  1 output vector, A is the n  n state matrix, B is the
n  r input matrix, C is the m  r output matrix and D is the m  r feedthrough matrix. For nonlinear systems E; F; f and e are
established, which include the combinations of the state and input variables. Thus, their individual size depends on the
specific system to be analyzed. The state estimation problem corresponds to the Kalman filtering problem. However, in
the present case the system parameters in the matrices are sought, instead of the time history of the state variables. The
so-called stochastic subspace identification methods are formulated for this specific purpose. The key point of an outputonly stochastic subspace method relies on the fact that the system Markov parameters can be obtained in observable and
controllable systems by the impulse response of the system, which is represented in a Toeplitz matrix structure. The nonlinear hysteretic system from (4) can be written in state space format as

3
3 2
32
2
3
3 2
_
0
0 
0
xðtÞ
0
1
0
xðtÞ

_
7
76 _ 7 6
6
7 jxðtÞjzðtÞ
6€ 7 6
0 5
5 þ 4 1=m 5f ðtÞ þ 4 0
4 xðtÞ 5 ¼ 4 k=m c=m 1=m 54 xðtÞ
_
xðtÞjzðtÞj
b c b d
0
z
0
a
0
z_ ðtÞ
2

T
_
yðtÞ ¼ ½ 1 0 0 ½ xðtÞ yðtÞ
zðtÞ  ;

ð23Þ
ð24Þ
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denotes the transpose. This shows that the hysteretic system is in fact not observable and controllable, due to the

rank deficiency of the observability O ¼ ½ C CA T and controllability C ¼ ½ B AB  of the system. Therefore, the system cannot be estimated directly from the linear subspace identification method. The linearized relaxation system in (3) can also be
formulated in a state-space setting,

3
3 2
3 2
32
_
0
0
1
0
xðtÞ
xðtÞ
7
6€ 7 6
76 _ 7 6
5 þ 4 1=m 5f ðtÞ
4 xðtÞ 5 ¼ 4 k=m c=m 1=m 54 xðtÞ
0
0
k1
z
X
z_ ðtÞ
2

T
_
yðtÞ ¼ ½ 1 0 0 ½ xðtÞ yðtÞ
zðtÞ  ;

ð25Þ
ð26Þ

where Xk0 ¼ 0 has been demonstrated in (10). The linear time-invariant system in (25) and (26) is identifiable, since the
observability and controllability matrices have the desired rank. The proposed identification procedure therefore relies on
the linearized model in (25) and (26) and it consists of the steps explained next.
3.1. Correlation functions of stationary processes
The unbiased auto-correlation function estimate from the random response xðtÞ of the oscillator is obtained by the discrete representation

b xx ðmÞ ¼
R

X
1 N1m
xðnÞxðn þ mÞ;
N  m n¼0

ð27Þ

for n ¼ m ¼ 0; 1; 2; . . . ; N  1, where xðnÞ is a discrete representation with time step n of the corresponding stochastic realizations of xðtÞ. The discrete representation in (27) is related to the continuous representation by the time t ¼ nDt, the time
lag s ¼ mDt and the total time T ¼ ðN  1ÞDt, and it is valid for positive time lags s > 0.
The output-only covariance driven stochastic subspace identification is performed by the original formulation in [4]. The
observability and controllability matrices are estimated by a singular value decomposition of the block-Toeplitz matrix
which contains the correlations of the output. Thus, the discrete-time dynamic matrix A can be established from the observability, controllability and the shifted block-Toeplitz matrix. The discrete time poles are subsequently found by decomposing
the dynamic system matrix into the corresponding eigenvectors and eigenvalues at a number of model orders. A complex
pole l associated with discrete time is related to the corresponding continuous time pole k via the relation

k¼

lnðlÞ
;
Dt

ð28Þ

where Dt is the chosen sampling time increment. The continuous poles can then be related to the natural frequency and the
damping of the targeted vibration mode of the system by

k ¼ xf  ixD ;

ð29Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃ
where i ¼ 1 is the imaginary unit, xD ¼ x 1  f2 is the damped natural angular frequency, x is the undamped natural
angular frequency and f is the modal damping ratio.
3.2. Identification of the stabilized poles
The identification method relies on the estimation of the complex poles of the vibratory system. These are therefore an
important contribution to a successful identification of the system. The truncation of singular values may be challenging, in
particular for noisy data records. Thus, the poles are selected by their ability to fulfill the so-called stabilization criteria at
model orders j and h. The stabilization criteria have been introduced in numerous automated versions of the subspace identification methods [39–41]. These typically identify a cluster of stabilized poles for specific thresholds of the relative difference in either the natural angular frequency x or the damping ratio f, estimated at model order j relative to model order h by
the expressions

dxh;j ¼

jxh  xj j
max xh ; xj

and dfh;j ¼

jfh  fj j
:
max fh ; fj

ð30Þ

A cluster of stabilized poles is identified by the differences dxh;hþ1 and dfh;hþ1 between two adjacent model orders h and
j ¼ h þ 1 for a predefined threshold value of dxh;j and dfh;j .
For the linear system in (26) considered in the present identification procedure, the formed clusters will contain the stabilized pole ki and its complex conjugate ki . These two poles are related to the dynamic modes and they determine the characteristics of the oscillatory part of the system. However, because of the memory effect of the relaxation model in (3), an
additional real-valued root can be found for the system recast into the state space format in (26), which represents the time
delay introduced by the relaxation process of the Zener model. This auxiliary third pole is therefore associated with an
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overdamped vibration mode without an oscillatory character [42,43]. Such pole is determined by the additional stabilization
criteria

dr h;j ¼

jkh  kj j
max kh ; kj

where ImðkÞ ¼ 0:

ð31Þ

This is found to identify the additional stabilized real-valued pole for a certain threshold value dr h;j , which is denoted kr .
The cluster of estimated real-valued poles can stabilize with respect to the frequency d xi;j . However, poles without any
imaginary part will not have any variation in the damping ratio for increasing model order, and thus they will not fulfill
the stabilization criteria d fh;j associated with damping.
3.3. Identification from the characteristic polynomial structure
In the following it is presented how the two identified complex conjugated poles and the additional third real pole of the
estimated dynamic state matrix enable estimation of the linear stiffness k, and the constants k1 and X of the equivalent linear relaxation model. The characteristic polynomial obtained from the dynamic matrix in (26) is

k3i m þ ðX m  cÞk2i þ ðX c  k  k1 Þki  k X ¼ 0:

ð32Þ

When the three stabilized poles ki (where i ¼ 1; 2 and 3) are inserted, the solution to (32) gives an expression for k; k1 and

X. These are
k¼

m2 k1 k2 k3
;
ðk1 þ k2 þ k3 Þm þ c

k1 ¼ 

ð33Þ

mk21 þ ck1 þ k mk22 þ ck2 þ k
mk1 k2 þ k

ð34Þ

and

X ¼ k1 1 þ

k1

!

m k21 þ c k1 þ k

:

ð35Þ

These three expressions establish a relation between the three estimated poles ki and the linear parameters k; k1 and X.
The identification procedure requires an assumed mass m of the oscillator, and an initially estimation of the viscous damping
coefficient c, such that the expressions (33)–(35) can be used for estimation.
3.4. Identification of the Bouc-Wen model parameters
The characteristic polynomial related to the dynamic matrix in (23) of the Bouc-Wen model will have the three roots,

(
k¼

0:
c
2m



pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

c2 4 m ðaþkÞ
:
2m

ð36Þ

This shows that the system has two complex conjugated poles and a strictly zero pole. If the constant X  1 in the equivalent linear model, the poles in (36) can be related to the poles in (32). Thereby, the parameter a of the Bouc-Wen model can
be related to the imaginary part of the non-zero pole in (36) by

a¼

c2
 Imðki Þ2 m  k;
4m

ð37Þ

where ki must have a non-zero imaginary part, which requires c2 < 4 mða þ kÞ. Once a is estimated, the remaining Bouc-Wen
model parameters are found by rearranging the expressions in (19) and (20) such that





3p a
3p
Xa
a
;
bd ¼
1
and bc ¼

1þ
4 A k1
4A
2 x k1 k1

ð38Þ

where the amplitude A can be chosen as the standard deviation rx of the measured response time history xðtÞ, such that
A ¼ rx . The natural angular frequency of the oscillator can be estimated by any of the two complex conjugated poles, as
x ¼ jki j. It should be noted that the modified stochastic subspace identification method can operate for both stochastic real_
izations of the accelerations €
xðtÞ, the velocities xðtÞ
and displacements xðtÞ. This concludes the presentation of the identification method for the hysteretic benchmark problem. The method will be demonstrated and validated in the following,
initially for synthetic data of the random response generated for the mechanical model illustrated in Fig. 1(a).
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4. Identification results
The proposed identification procedure is firstly demonstrated by the provided data set described in detail in [5], which
represents the response of the hysteretic system simulated by the Bouc-Wen model in (1) and (2). The dataset containing
the response due to sine-sweep excitation will not be the target of the identification. In the final part of this section, the estimation procedure will be discussed for low, middle and high-level input magnitude of the random excitation. The input has
not been used at any point during the identification, but it has inevitably been used to simulate the response of the estimated
system. The estimated model parameters have been evaluated by comparing the estimated and the simulated response.
The benchmark problem dataset is generated by applying a random phase multi-sine excitation with a root-mean square
excitation amplitude of 50 N. The excitation is band limited to excite frequencies in the range 5–150 Hz. The steady state
response is sampled with 750 Hz and contains 8192 samples for a hysteretic system with model parameters equivalent
to the system in Section 2.4 as later shown in Fig. 5. The power spectral density of the data indicates that the system has
a natural frequency at approximately 40 Hz.
To avoid issues in the identification due to over-sampling the output data is down-sampled. This has been achieved by
applying the function decimate in MATLAB, with a 30th order FIR filter, which can handle possible edge effects of the downsampling. After the down-sampling the kurtosis is 2:59 and the skewness is 0:02, indicating that the dataset can be
regarded as a zero-mean stationary process.
The unbiased auto-correlation function estimate of the output data is shown in Fig. 3(a), where the first ten periods exhibit an exponential decay. The size of the block-Toeplitz matrix has been established for s corresponding to 10 oscillation
periods. The two stabilization criteria in (30) have both been set to 0:05. The criteria in (31) for the real valued pole has been
set to 1:5, which is substantially higher than the threshold value of 0:05 for (30), as the threshold limit is related to the real
value only. Fig. 3(b) shows the continuous time poles obtained by the SSI method and the model parameters of the equivalent linear system are then obtained by evaluating these identified poles.
The identification shows that the poles form five clusters, see Fig. 3(b), where one of these is located on the real axis. The
cluster on the real axis is related to the non-oscillatory part of the system and has a mean value of 1. The two clusters with
positive imaginary parts are formed at two distinct real values, with corresponding complex conjugated clusters. Fig. 4(a)
shows the stabilization of the identified frequency and indicates that the pole with the lowest estimated frequency stabilizes
in both damping and frequency at low model orders. At a higher model order this pole splits with two distinct frequencies at
approximately 39:5 Hz and 41:5 Hz. The damping ratios identified are given in Fig. 4(b), which indicates that both clusters
stabilize in frequency for increasing model orders, whereas only the pole with low real values stabilizes in damping. The
damping ratios of the two clusters stabilized in frequency are approximately 0:004 and 0:074.
The mass of the system is assumed to be equal to 2 kg. With this assumed mass, the linear system has been estimated
from the two complex conjugated poles which stabilize in both damping and frequency at a model order of 8. The selected
poles have the value k ¼ 19:9414  249:7904i, which result in a damping coefficient of 79:77 Ns/m and a stiffness of
125590 N/m. It should be noted that the damping coefficient and the stiffness are not the parameters of the purely linear
system, but contain a contribution from the combined linear and nonlinear system in the dataset. The time domain and frequency domain response of the identified combined linear system is illustrated in Fig. 5. It initially shows that the identification of the linear system in the excited band predicts the resonance peak. However, at frequencies below and above the
resonance the prediction of the estimated linear system deteriorates. As mentioned earlier the response has been generated
with a fixed-step Runge–Kutta time integration scheme, with an excitation input from the dataset of the benchmark

Fig. 3. (a) The unbiased correlation function estimate. (b) The identified continuous time poles (
frequency ( ) and stabilized in real value ( ).

) stabilized in frequency and damping (

), stabilized in
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Fig. 4. (a) Identified frequencies and (b) damping ratios for variations in model order. Poles (
frequency ( ) and stabilized in real value ( ).

) stabilized in frequency and damping (

Fig. 5. The estimated response superimposed on observed data. (a) Time history and (b) power spectral density (PSD). (
hysteretic system, ( ) estimated equivalent linear system and ( ) estimated linear system.

), stabilized in

) Observed data, (

) estimated

problem. It is hereby demonstrated that a linear system with an internal variable can be estimated by the proposed identification approach.
The identification of the equivalent linear system is expected to improve the accuracy of the predicted response. The
model parameters of the equivalent linear system are determined by the expressions in (33)–(35). Thus, an initial guess
of the damping coefficient c is necessary. For this dataset a guess has been based on the cluster of poles found with a low
real value, with a mean of Reð^
kÞ ¼ 1:6. The damping coefficient is thereby ^c ¼ 2ReðkÞ m ¼ 6:40 Ns/m. This pole is selected,
because it is likely that the low damping ratio corresponding to such pole, is related to the constant damping coefficient of
the linear system. An estimate of the equivalent linear model parameters have been obtained by (33)–(35), where the two
complex conjugated poles are ^
k1;2 ¼ 19:9414  249:7904i, selected at a model order equal to 8 as previously mentioned.

The third pole is ^
k3 ¼ 1, representing the cluster of poles related to the non-oscillatory part of the system. The response
of the identified relaxation damping model is illustrated in Fig. 5, which demonstrates that the identification of the equivalent model parameters improves the estimation of the systems response. The model parameters have been estimated to
^ ¼ 3334:40 N/m, k
^1 ¼ 122150:00 N/m and X
^ ¼ 37:68 rad/s.
k

The final part of the identification procedure consists of estimating the Bouc-Wen model parameters from the identified
parameters of the equivalent linear system. The hysteretic system adds linear stiffness by the parameter a. The additional
stiffness is estimated by (37). The imaginary part is obtained from the two complex conjugated poles:
Imð^
k1;2 Þ ¼ 249:7904. The remaining two parameters of the hysteretic system are obtained from the relations given in
b ¼ 5:34 mm, while
(38), where the standard deviation of the response time history is chosen as the vibration amplitude A
^ ¼ j^
the angular frequency of the system is x
k1 j ¼ 250:59 rad/s. The response of the estimated hysteretic system has been
simulated with the properties given by the identified parameters. The hysteretic system parameters are thereby identified
and the full system response is illustrated in Fig. 5.
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The estimated response can be evaluated by the root-mean-square deviation, obtained as

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 XN
2
¼
ð^xðnÞ  xðnÞÞ
n¼0
N

ð39Þ

for n ¼ 0; 1; 2; . . . ; N  1, where N is the total number of points. Furthermore, ^
xðnÞ is the estimated response, while xðnÞ is the
exact response given in the benchmark dataset at the discrete time step n. This error gives an indication of the average difference between the two time series. For the identified hysteretic systems, the equivalent linear system and the linear system the error is 2.55%, 2.20% and 3.31%, respectively. The given values are normalized by dividing the expression in (39) with
the range maxðxðnÞÞ  minðxðnÞÞ, where N = 4096. Furthermore, the error has been computed for the full time series, where
the transient response is also included. The error decreases once the proposed identification method is used to estimate the
model parameters. However, the average error of the identified equivalent linear model is slightly lower than the error of the
hysteretic system. This indicates that the method identifies the parameters of the equivalent linear model more robustly
than the hysteretic system. The improvements of the error offered by the identification method considering the hysteretic
system parameters is relatively low. However, the method offers a valuable insight into the model parameters and their
magnitude, which is of particular significance for high-levels of input excitation, as demonstrated in the following section.
The approach proposed is not expected to be error-free due to a number of reasons. The response is of finite duration and
therefore some variance error in the unbiased auto-correlation function estimator in (27) will be introduced, even for a linear
system. Secondly, the benchmark data has been down-sampled as described previously in this section. Thus, the reconstructed and the exact response are not expected to be identical.
The identification procedure for hysteretic systems has been applied to a dataset which contains response of a system
randomly excited with an amplitude that triggers the non-linear hysteresis state. This shows the applicability of the method
for systems in which hysteretic effects can be observed. The dynamics of the hysteretic system will be affected by the amplitude of the excitation force, therefore the capabilities of the method at lower and higher excitation amplitudes are discussed
in the next section.
5. Identification at low- and high-level excitation amplitude
The capabilities of the identification procedure are validated by comparing the exact response of the Bouc-Wen system at a
variation of excitation amplitudes, with the reconstructed response obtained from the proposed identification procedure in
Section 3. The response is simulated as described in Section 2.4, where the excitation is as provided in [5]. The variation of
^ k
^1 and X
^ , with respect to the excitation level is initially discussed and shown in
^ ; ^f; ^c; k;
the estimated model parameters, x
Figs. 6 and 7. The excitation amplitude denoted by jFj is computed by the standard deviation of the time series, and it ranges
from 10 to 90 N.
Fig. 6(a) shows a decreasing natural frequency with an increasing excitation amplitude, whereas the damping ratio in
Fig. 6(b) increases with increasing excitation amplitude. The blue crosses in (a) and (b) represent the estimated natural frequency and damping ratio computed for each complex valued pole contained (as blue crosses) in the stabilized cluster, as in
Fig. 3(b). The maximum and minimum values of the natural frequencies and damping ratios in each cluster quantify the corresponding variation of the magnitude, which is marked by the grey solid hatch in Fig. 6. In both (a) and (b) it is seen that the
magnitude of the variation increases with increasing excitation amplitude. The mean value of the parameter estimated in
each cluster is represented by the black solid line, where the upper cluster at 75 N is excluded in the computation of the
mean of the natural frequency, see Fig. 6(a). The two clusters formed at 75 N in (a) are most likely associated with asymmetries in the spectrum at resonance, and hence two estimates of stabilized frequencies are obtained at approximately 196.42
rad/s and 205.50 rad/s.

Fig. 6. (a) Estimated angular natural angular frequency and (b) damping ratio with varying excitation amplitude jFj. (
variability given by maximum and minimum values in clusters and ( ) mean value of cluster.

) identified cluster of poles, (

)
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^ , (c) high
Fig. 7. Estimated model parameters of the Zener model as a function of the input amplitude A. (a) Viscous damping ^
c, (b) linear stiffness k
^1 and (d) corner frequency X
^ .
frequency stiffness k

^ in (a) decreases exponentially with excitation amplitude, whereas the damping coefficient
Fig. 7 shows that the stiffness k
^1 in (c) also
^c in (b) increases to a certain magnitude and then remains nearly constant. The high frequency stiffness k
decreases, while the corner frequency in (d) increases and reaches a maximum magnitude, similar to the damping coefficient. Thus stiffness degradation occurs as expected from the expression in (19) because b d < 0 in the present benchmark
^1 =X
^ is illustrated in Fig. 8 as a function of the displacement amplitude and the natural
data. Lastly, the linear parameter k
^1 =X
^ decreases with increasing A x, as it is expected from the expression in (13).
frequency, A x. This shows that k
The reconstructed and exact response of the Bouc-Wen model at an excitation level of 20 N and 80 N are given in Fig. 9(a)
and (b) respectively. In Fig. 9(a) the reconstructed response is seen to have a relatively low error, while in Fig. 9(b) the error is
larger, in particular when the amplitude reaches its maximum magnitude. The normalized error of the reconstructed time
series is given in Fig. 10 for a range of excitation levels. The normalized error is computed as previously described in

Fig. 8. The estimated model parameters of the Zener model with the change in response amplitude and frequency.
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Fig. 9. Response of the exact Bouc-Wen system (
(b) 80 N.

) and the reconstructed response from the identification (

). Excitation amplitude level of (a) 20 N and

Fig. 10. Normalized error N of the reconstructed and exact response of the Bouc-Wen system with increasing excitation amplitude jFj. Response amplitude
in the identification procedure by ( ) A ¼ rx , ( ) A ¼ 2 rx and ( ) A ¼ rx =2 .

Section 4. The amplitude related parameter A is chosen such that the error in Fig. 10 given by the red line corresponds to
A ¼ rx , the black line corresponds to A ¼ 2 rx , while the blue line is for A ¼ rx =2. The minimum error is obtained for
A ¼ rx . It is seen in Fig. 10 by the red line that the prediction accuracy of the identification deteriorate when the excitation
level increases, possibly due to an increase in the model complexity. A linear variation in the error is indicated by the error of
2.2% at 5 N reaching 3.6% at 95 N. The magnitude of the error is comparable to the error reported in [12], which requires
information of the system excitation signal in its identification procedure.
Due to the stochastic nature of the present random excitation, a general understanding of the performance of the identification procedure requires an analysis of numerous response time histories. In such analysis it is important to obtain long
time histories, such that the variance error of the correlation function estimator in (27) is sufficiently reduced. Furthermore,

A. Bajrić, J. Høgsberg / Mechanical Systems and Signal Processing 105 (2018) 36–50

49

improved performance of the identification method may be obtained by tuning the user-specified threshold values dxh;j ; dfh;j
and dr h;j in (30) and (31).
The linearized model is useful for the understanding of the dynamic response of a number of engineering systems. It is
applicable in online control problems, identification from experimental testing, and updating and optimization of numerical
models in structural dynamic analysis. However, when substituting a nonlinear system with an equivalent linear system
whose parameters depend on the level of excitation, care must be taken when predicting parameters at extreme response
levels. This is because the equivalent linear model is inherently limited to predictions based on the first and second moments
of the response. Alternatively, the extreme response may be predicted by the Fokker-Plank-Kolmogorov theory instead.
However, this often implies an added computational cost and the applicability is therefore of limited use in the design phase,
in which the influence of parameters on the overall response level can be obtained at a lower cost by equivalent linear
models.
6. Conclusions
Identification of the Bouc-Wen parameters using simulated data indicates that the proposed output-only identification
technique is suitable for systems represented by single-degree-of-freedom oscillators where hysteretic effects can be
observed. The method assumes that the output is a stationary process and that the mass of the system is known. The identification is performed in state space, where the hysteretic system model is substituted by a derived equivalent linear relaxation damping model. The parameters of the equivalent linear model have been robustly identified at low- and high-levels of
excitation amplitudes, by identifying the poles of the system by the covariance driven stochastic subspace identification
technique. The identification method relies on the estimation of the complex poles and real valued poles associated with
the vibratory system, which are selected for a specified threshold value and model order. The equivalent linear model
assumes that the response motion resembles a sinusoid with slowly varying amplitude and phase. Therefore the method
is limited to a narrow-banded response.
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