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___________________________________________________________________________________________________ 
Abstract  

Crossover equations of state (EoS) are models that incorporate density fluctuations into mean-field thermodynamic models, 
changing their behavior close to the critical point. In this way, they are capable of describing the analytical behavior of 
fluids far from the critical region and the asymptotic one near the critical point. Although several crossover EoS have been 
developed in the last decades their use in modeling industrial processes is rather limited. In this work, we use the crossover 
Soave-Redlich-Kwong (CSRK) to describe phase equilibrium and critical properties of pure n-alkanes and methane/n-alkane 
binary mixtures and compare the results to two other modeling approaches of the SRK EoS. In the case of the pure fluids, 
CSRK gives an accurate overall description of the phase equilibrium and critical properties; nevertheless, a minor increase 
in the deviation of the saturation pressure and other properties is observed when compared to the mean-field model. For the 
binary mixtures, an improvement in the description of the critical volumes is seen, while, for the other properties, 
similar results are obtained. 
___________________________________________________________________________________________________ 
 
Introduction 

Due to the growing demand for energy production, 
the interest in processes using near-critical and 
supercritical fluids has increased in the last decades.  
Near-critical and supercritical fluids are substances for 
which temperature and pressure conditions are close to or 
above the critical value and possess special 
characteristics; i.e. gas-like viscosity and diffusivity, as 
well as liquid-like density and solvating properties [1]. 
These properties make them excellent solvents for many 
applications, e.g. the production of gasoline [2], liquefied 
petroleum gas (LPG) [3] and methanol [4] from syngas, 
the production of biofuel using alcohols  [5] [6], and the 
use of supercritical CO2 to improve the recovery factor of 
oil and gas condensate reservoirs [7] [8]. 

In the vicinity of a critical point, fluids have an 
asymptotic singular behavior [9] [10], which is different 
from the one implied by classical equations of state 
(EoS). This contrast is due to the long-range fluctuations 
of the order parameter associated with the critical phase 
transition, which in vapor-liquid transitions are related to 
the density of the system [11]. Since the classical models 
do not take into account the density fluctuations that arise 
close to the critical point, they are unable to correctly 
describe the singular behavior of the thermodynamic 
properties in terms of scaling laws with universal critical 
exponents and universal scaling functions [12]. 

 

Although the limitations of the classical equations of 
state in the critical region are known for decades [9] [13], 
these models are still widely applied in the Oil and gas 
industry [14], due to their simplicity and capacity to 
accurately describe mixtures of hydrocarbons in sub-
critical conditions [15]. However, for near/supercritical 
conditions, modifications to the classical models are 
necessary to improve the representation of the 
thermodynamic properties, like the modification of the 
Benedict–Webb–Rubin (BWR) model by Soave [16], 
which allowed the correct description of the critical 
isotherm of pure and binary mixtures of alkanes, and the 
equation created by Groupe Europeen de Recherchers 
Gazieres (GERG) [17] [18]. The GERG models were 
developed for systems of natural gases and their 
mixtures, while Soave-BWR can be potentially applied in 
natural gas and oil systems. Nevertheless, both models 
are not optimal for systems containing species that 
possess a highly non-ideal behavior and, as any other 
analytical EoS, they do not take into account the long-
range fluctuations in the order parameter [19]. In fact, 
more versatile models can be obtained by using the 
crossover theory [20], which takes into account the 
effects of the density fluctuations and bridges the gap 
between non-classical and critical behavior 
asymptotically close to the critical point and classical 
behavior far away from the critical region. 
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There are two main approaches for describing fluids 
in a wide range of conditions, namely far from and close 
to the critical point, based on the renormalization group 
theory [21]. 

The first approach was developed by Chen et. al. [22], 
Kiselev et al. [23] and Jin et al. [24], which incorporates 
the scaling laws asymptotically close to the critical point 
and transforms into the regular classical expansion far 
away from the critical point. Later, Kiselev and co-
workers modified his formulation and applied it to 
several EoS for pure fluids and fluid mixtures [9] [10] 
[19] [25], including equations for associating compounds 
[26]. The drawback of this technique is that it uses 3 to 4 
additional compound-specific parameters and the 
crossover schemes are continuously modified and usually 
applied to a relatively small ensemble of compounds 
having a similar character, which makes its application 
for a broader group of species rather difficult [27].  

The second method was derived by White and co-
workers [13] [20] [28]. They created a recursive 
procedure based on Wilson’s [21] [29] phase-space cell 
approximation method, using a modified free energy 
function for the fluid, which extended the range of the 
original renormalization group theory. This approach 
introduces fewer parameters, usually 1 to 2, but the 
mathematical procedure is computationally demanding. 
Other authors have applied White's recursive procedure 
to different equations of state, including a formulation 
using the Soave-Redlich-Kwong EoS (SRK) [30] [31], the 
Cubic-Plus-Association EoS (CPA) [32] [33] and 
different versions of the Statistical Associating Fluid 

Theory (SAFT) EoS [34] [35] [36]. 
Since equations of state are extensively applied for 

modeling the processes in different industries, it is 
important to have a thermodynamic model capable of 
describing the properties of the fluids as precisely as 
possible. In the Oil and Gas industry, the SRK EoS is 
largely employed to represent the properties of 
hydrocarbon mixtures. Nevertheless, as discussed before, 
this classical model is not capable of modeling the 
thermodynamic behavior of fluids close to the critical 
point, therefore, for a better representation of processes in 
regions both far from and close to the critical point, a 
crossover model should be applied.  

In this work, we have utilized the procedure 
developed by White and coworkers [13] [20] [28] [37] 
[38] to the SRK EoS, in order to correct the representation 
of the model in the critical region. Furthermore, we have 
compared the crossover SRK to two types of classical 
formulation, using the experimental critical parameters 
and the parameters obtained by fitting experimental data 
from the saturated vapor-liquid coexistence region, in 
order to evaluate the advantages of applying density 
fluctuations into the traditional model. 

 Thermodynamic model  
 
White and coworkers developed a mathematical 

procedure in the form of recursive relations to correct the 
repulsive Helmholtz energy density of a fluid with a term 
that takes into account the fluctuations in density that 
arise near the critical point. Hence, with the use of the 
recursion relations, the thermodynamic properties 
approach the singular behavior in the near-critical region, 
while maintaining the classical behavior far from the 
critical point [34]. 

In order to introduce the density inhomogeneities into 
an equation of state, Prausnitz and co-workers [30] [39] 
[40] implemented White's procedure by transforming the 
grand canonical partition function into a functional 
integral, and then separated the interaction potential into 
a repulsive and an attractive one:  

 
���� = ������� + �
�����  (1) 

 
where � is the molecular distance, ���� is the total 
molecular potential, and the subscripts �� and ��� 
represent the repulsive and attractive contributions, 
respectively. The renormalization group (RG) method is 
applied to the attractive part only since the authors 
considered that repulsive term contributes entirely to the 
short wavelength fluctuations. The attractive term is 
assumed to be composed of short and long wavelength 
contributions, and the long-range interaction below a 
certain cutoff length (L) can be precisely described by a 
mean-field theory. 

The effect of short wavelength contributions are 
calculated by the functional:  

 
����� = ∫ �������   (2) 

 
where �� is the Helmholtz energy density for a 
homogeneous system with the molar density equals to �. 
The functional �� contains the contributions of all 
fluctuations with short wavelengths [41] and can be 
represented by any mean-field EoS [34]. The choice of 
the model is of special importance since the RG 
procedure does not affect the predictions far from the 
critical point, hence the underlying model used should be 
precise for the fluids of interest far from the critical 
region [35].  

Additionally, as �� should only include short-
wavelength density fluctuations, it is necessary to take 
away the other contributions by adding the term ���, 
which results in the expression:  

 
�� = ���� + ���    (3) 
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where ���� is the Helmholtz energy per unit volume 
calculated with the classical EoS and � is the interaction 
volume, given by:  

 

� = − �
�∫ �
����    (4) 

 
where �
�� is the attractive part of the pair potential.  

Far from the critical point, � can be approximated by 
an analytical function, e.g. the attractive term of the van 
der Waals EoS. In such regions, the free energy density 
of the system is correctly represented by a mean-field 
model, which is the repulsive term (��) and the attractive 
term (���), as shown in Equation 3. However, as the 
critical point is approached, an analytical description of � 
is no longer possible, requiring a numerical solution [13]. 
The recursive procedure developed by White and co-
workers is applied in ��  and the total free energy density 
is obtained with the inclusion of the attractive term, as 
given by the equation:  

 
� = �� − ���    (5) 

 
where �� is the free energy density incorporating the 
density fluctuations on all wavelength scales. 

The contributions from density fluctuations are taken 
into account using the phase-space cell approximation 
[21] [29], in which the free energy density is calculated 
through a recursive procedure given by:  

 
����� = ������� +  ����� (6) 

 
where � is the free is the free energy density and the 
subscripts are the iteration index. The term which 
includes the long-wavelength fluctuations,  ��, is 
calculated by:  

 

 ����� = −!� ln $%&' �(�
%&) �(�*   (7) 

 
where Ω��  and Ω�,  describe the contributions of the 
density fluctuations for the short and long range 
interactions, respectively. The coefficient !� is 
determined by:  

 

!� = -./
��&0�1    (8) 

 
where 23 is the Boltzmann constant, 4 is temperature and 
5 is the cutoff length, a fitted parameter that determines 
what wavelength size can be accurately evaluated by a 
mean-field theory. 

The terms to account for the contribution of the short and 
long-range density fluctuations, i.e. Ω��  and Ω�, , are 
defined by the expressions:  

 

Ω�� ��� = ∫ exp $�9&' �(,;�<& *=>?�(,(@AB�(�
C �D  (9) 

Ω�, ��� = ∫ exp $�9&) �(,;�<& *=>?�(,(@AB�(�
C �D (10) 

 
where E�� and E�,  are functions that depend on the 
modified Helmholtz free energy (��̅� and ��̅,) are given by:  

 

E����� = G&̅'�(H;�HG&̅'�(�;���G&̅'�(�
�   (11) 

E�, ��� = G&̅)�(H;�HG&̅)�(�;���G&̅)�(�
�  (12) 

 
Finally, the modified Helmholtz free energy terms are 
determined by:  

 

��̅� = ���� + I(J
�J& $

KLJ
�0J *   (13) 

��̅, = ���� + ���   (14) 
 

where M is an adjustable parameter related to the initial 
shortest wavelength of the density fluctuations and N 
refers to the range of the attractive potential. Equations 8 
to 14 allow the computation of the correction of the free 
energy density taking into account the long wavelength 
density fluctuations. 

The first step of the recursive procedure requires the 
determination of the zero-order solution of the free 
energy density (�C), given by Equation 3. This means that 
the method starts with a model including only short-
wavelength density fluctuations, which is the repulsive 
term of the free energy (��). Hence, the calculation of �C 
requires the computation of the interaction volume (�). 
The range of the attractive potential (N) is also needed 
for the calculation of the modified free energy, Equation 
13.  These terms can be obtained from a function that 
represents the attractive intermolecular potential. 
However, if one uses a phenomenological EoS, e.g. SRK, 
then it is not possible to assume which part of the model 
corresponds to the “true” repulsive and attractive terms 
[30]. This means that in the case of the SRK EoS, in 
which the pressure explicit equation is:  

 

O = P/
��3( −


(J
�H3(   (15) 

 
the first term of the right-hand side of expression 15 is 
not only accounting for the repulsive interactions, while 
the second term is not exclusively representing the 
attractive interactions. In Equation 15, O is pressure, Q is 
the universal gas constant, 4 is temperature, � is the 
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molar density which corresponds to the inverse molar 
volume (R��) and � and S are pure component constants 
calculated by: 

 

� = 0.42748 PJ/Z	J	
\Z ��4�  (16) 

 

��4� = ]1 + _ `1 − $//Z*
C.abc

�
  (17) 

	
	_ = 0.480 + 1.57e − 0.176e� (18) 

 

S = 0.08664 P/Z	
\Z    (19) 

 
where 4g 	 and Og 	 are the critical temperature and pressure 
of the pure component, respectively, and e is the acentric 
factor. 

In order to obtain the correct terms that correspond to 
the repulsive and attractive interactions from the SRK 

EoS, we compared the cubic model the to the analytic 
expression for the hard spheres, namely the Carnahan-
Starling EoS [42]:  

 

h = �HiHiJ�i1
���i�1    (20) 

 
where h is the compressibility factor and j, the packing 

fraction, is equal to 
3(
k . The comparison of the two 

models is done by subtracting the attractive part of the 
free energy, i.e. −���, until SRK matches the hard sphere 
equation. Figure 1 shows the dimensionless pressure 

(
3J\

 ) as a function of the dimensionless density (S�) for 

methane. In this figure, the repulsive contribution for the 
SRK EoS, i.e. SRKrep, was obtained by subtracting 
−0.53��� from the classical cubic model.  

The same procedure was applied to different normal 
alkanes, from ethane to n-decane, and similar curves to 
the one given by Figure 1 were obtained. The different 
terms were then averaged resulting in a value of 
approximately	−0.5���, which is equal to the term 
obtained by Cai and Prausnitz [30]. Hence the attractive 
term for the free energy density (Equation 3) was set 
equal to:  

 
��� = 0.5���	   (21) 

 
Equations 3 and 21 were then applied for the 

calculation of the repulsive term of the free energy 
density using the SRK EoS, and the initial term (�C) for 
the recursive procedure was determined as:  

 

�C = �Q4 ln $ (
��(3* − � 


3 ln�1 + �S� + 0.5���	 (22) 

 

Figure 1: Dimensionless pressure (
3J\

 ) as a function of 

the dimensionless density (S�) of methane calculated 
with the Carnahan-Starling EoS (CS), blue line, the SRK 

EoS, red line and the repulsive part of the cubic model 
(SRKrep), which correspond to adding the term −0.53��� 
to pressure calculated with SRK. 

 
Regarding the calculation of the range of the 

attractive potential (N� it is important to note that the 
parameter M is related to the initial shortest wavelength 

of the density fluctuations, hence the whole term (
KLJ
�0J ) in 

Equation 13 can be considered as an adjustable parameter 
(m). With this modification, Equation 13 is given by:  

 

��̅� = ���� + I(Jn
�J&    (23) 

 
which is the same expression proposed by Salvino and 
White, where m corresponds to some multiple of the 
inverse square of the initial shortest wavelength of the 
density fluctuations [13]. 

The isomorphism assumption can be used in order to 
apply the crossover EoS to mixtures [43]. This is to 
consider that the thermodynamic potential of a 
multicomponent system near its critical point has the 
same universal form of the pure fluid, which is valid if 
the chemical potentials are taken as independent 
variables [44]. This requirement increases the complexity 
of the calculations and poses an inconvenience since 
most the mean-field models use the mole fractions as 
independent variables. Kiselev and Friend [10] modified 
the isomorphism assumption and utilized the mole 
fractions as independent variables obtaining a good 
approximation in the description of the properties of 
mixtures. Furthermore, several authors have adopted this 
method and applied it to different EoS [30] [31] [32] [33] 
[34] [35] [36]. 
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Aside from Kiselev and Friend's approximation, the 
application of the crossover model to describe mixtures 
requires the use of mixing rules for the mean-field term 
and the recursion relations. For the first case, the classical 
van der Waals mixing rules were utilized to calculate the 
mixture's constants, as described by the following 
expressions: 

 
�op; = ∑ ∑ Dp�pr� Dst�p�su1 − 2psv�pr�  (24) 

Sop; = ∑ DpSp�pr�   (25) 
 

where Dp, �p and Sp are the molar fraction and the 
attractive and repulsive term constants of component w, 
while 2ps is a binary interaction coefficient. For the 
crossover term, two mixing rules were used to determine 
the mixture's parameters, 5op; and mop;, which are given 
by: 

 
5op;x = ∑ Dp5px�pr�   (26) 
mop; = ∑ Dpmp�pr�   (27) 

 
Since the parameter 5p is the length of the three-

dimensional space in which the mean-field model is 
assumed to correctly represent the molecular interactions 
of component w, then 5op;x  (Equation 26) is just the 
volume characterizing the density fluctuations for the 
mixture weighted by the molar fraction of the species in 
the system. Moreover, the expression for determining 
mop; (Equation 27) involves the mole fraction Dp and the 
initial shortest wavelength of the density fluctuations for 
each substance (mp). 

In summary, the calculation of the thermodynamic 
properties with the crossover SRK for pure or 

multicomponent starts with the determination of the 
initial free energy, Equation 22. Then the recursive 
relations, expressions 6 to 14, are applied to take into 
account the density fluctuations and the free energy of 
the system is obtained from the relation 7. After that, the 
thermodynamic properties are obtained by the 
differentiation of the Helmholtz energy. 

 
 Application of the crossover SRK to pure n-alkanes  

 
The application of the crossover SRK to describe the 

properties of pure n-alkanes requires the numerical 
integration of equations 9 and 10. Additionally, it is 
needed an interpolation scheme to obtain a continuous 
function of the free energy density corrections, Equation 
7. The scheme used in this work was the cubic spline. 
Following other works  [30] [31] [32] [33] [34] [35] [36], 
the density range, i.e. from � = 10��� to � = 0.999S��, 
was divided into 500 steps, since it allows good accuracy 
for the calculations with the recursive procedure. 
Moreover, it was chosen 5 iteration steps for the 
inclusion of the density fluctuations in the mean-field 
model. Finally, the initial pressure equation was obtained 
from the differentiation of Equation 22 and, after 
applying the recursive procedure, the volume of each 
phase was determined with the procedure developed by 
Michelsen [45]. 

Table 1 shows the parameters obtained for the n-
alkanes studied in this work. The mean-field parameters, 
i.e. the virtual critical temperatures (4gz) and pressures 
(Ogz) and acentric factors (ez), were regressed using 
saturated pressure data and saturated liquid volume data 
from a temperature range of 4� = 0.5 to 0.75. 

 
Table 1: Parameters of the crossover SRK for methane to n-decane and experimental critical temperatures, critical pressures, 
and acentric factors. The parameters 4gz, Ogz and ez represent the virtual critical parameters and are used in the SRK2 EoS and 
in the mean-field term of the crossover SRK.  

Substance 

 Parameters 
 

Experimental 
 4gz (K) Ogz (bar) ez

   (-) 5  (Å) m  (-) 
 

4g (K) Og (bar) e   (-) 

C1  197.7 50.39 -0.0578 4.166 2.50 
 

190.6 45.99 0.0115 
C2  314.3 52.35 0.0392 5.264 1.20 

 
305.3 48.72 0.0995 

C3  382.2 46.74 0.0856 5.913 0.67 
 

369.8 42.48 0.1523 
C4  441.7 42.48 0.1204 6.452 0.60 

 
425.2 37.96 0.2002 

C5  489.1 38.53 0.1632 6.879 0.60 
 

469.7 33.70 0.2515 
C6  526.4 34.98 0.2247 7.207 0.60 

 
507.6 30.22 0.3013 

C7  561.4 32.46 0.2647 7.396 0.60 
 

540.2 27.40 0.3485 
C8  592.8 30.17 0.3044 7.597 0.60 

 
568.7 24.90 0.3995 

C9  620.7 28.09 0.3434 7.809 0.60 
 

594.6 22.90 0.4436 
C10  645.0 26.24 0.3882 8.041 0.60 

 
617.7 21.10 0.4923 
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The reason for this approach is that the mean-field 
model essentially works well in regions far from the 
critical point, where density fluctuations do not affect the 
thermodynamic properties of the system. Therefore, the 
experimental critical parameters are changed in order to 
describe the correct behavior of the saturated properties 
far away from the critical point. Following the fitting of 
the mean-field parameters, the cutoff length and the 
initial wavelength of the short range interactions were 
optimized using near-critical data, i.e. saturation 
pressures and saturated liquid phase volume close to the 
critical point (T| = 0.95 to 1.0). White’s procedure has a 
strong effect on the free energy calculated from the 
classical EoS close to the critical point, changing the 
analytical character of the mean-field model, allowing it 
to capture the singularities that arise close to the critical 
point. 

In order to assess the improvement attained with the 
application of the recursive procedure, Figure 2 shows 
the critical isotherms for n-hexane calculated with the 
traditional SRK EoS using the experimental critical 
parameters and the mean-field model with the parameters 
determined by fitting the experimental saturated data far 
away from the critical point (SRK2), as well as the 
crossover SRK (CSRK). In other words, the SRK2 model 
is the SRK EoS with the virtual critical parameters, while 
the CSRK EoS is the resulting equation of the application 
of White's recursive procedure to the SRK2 EoS.  

 

 
Figure 2: Critical isotherms of n-hexane calculated with 
the SRK, SRK2 and CSRK EoS.  
 

Figure 2 indicates that the use of the EoS optimized to 
describe the behavior of the system at low reduced 
temperatures causes an overshoot of the critical point 
(SRK2). The application of the recursive procedure 
corrects this behavior and matches the experimental 
critical pressure. Additionally, for pressures above the 
critical, the description of the density with the CSRK EoS 
is superior to the SRK EoS. This is due to the fact that, far 

from the critical point, long-range fluctuations are no 
longer affecting the properties of the system and the use 
of parameters matching experimental saturated data 
enhances the description of the volume in the 
supercritical region. 

Additionally, Table 2 shows the average absolute 
deviations (AAD) obtained from the comparison of the 
experimental pressure up to 100bar at the critical 
isotherm of n-hexane and the values calculated at the 
critical isotherm by the SRK, SRK2 and CSRK EoS. As 
observed in Figure 2, it is possible to conclude that the 
change in the parameters of the SRK EoS reduces the 
deviations in terms of pressure in more than one half, 
mainly due to the better description of the supercritical 
region. Nevertheless, the errors are approximately 30%. 
On the other hand, the application of the crossover 
procedure to the mean-field model improves the 
representation of this property (AAD is close to 9%), 
primarily near the critical point where the fluctuations are 
affecting the behavior of the system. Although this 
comparison is done only for n-hexane, similar behavior is 
seen for the other n-alkanes studied in this work. 

 
Table 2: AAD of pressures up to 100 bar for the critical 
isotherms of n-hexane calculated with the SRK, SRK2 and 
CSRK EoS.  

 SRK SRK2 CSRK 
ΔO (%) 67.4 30.6 8.79 

 
The three models were also applied in the calculation 

of the saturation properties of the n-alkanes studied in 
this work. Figure 3a shows the saturation pressure as a 
function of temperature and Figure 3b shows the 
temperature as a function of the density of the coexisting 
phases for selected normal alkanes (methane, propane, n-
hexane, and n-decane).  

The main features of each model can be observed in 
Figure 3. In the case of the mean-field equations, it can 
be seen that SRK is capable of correctly describing the 
vapor pressures from low temperatures to the critical 
point; nevertheless, it gives large deviations with respect 
to the density of the saturated liquid phase. One way to 
improve this behavior is to use volume translation 
correlations, but such procedures are usually applied for 
regions far from the critical point, in which the density 
fluctuations do not affect the properties of the system 
[46] [47].  
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(a) 

        
(b) 

Figure 3: Saturation pressure as a function of temperature 
(a) and temperature as a function of the coexisting phases 
density (b) for selected n-alkanes (from methane to n-
decane). Experimental data (open circles) taken from the 
NIST database, while the blue line corresponds to the 
SRK EoS , the red line corresponds to the SRK2 EoS and 
the black line corresponds to the CSRK EoS. 
 

Another alternative is to use parameters regressed 
from experimental saturated data (SRK2), as shown in the 
figures by the red line. In this approach, the description 
of the liquid density is improved, in comparison to the 
classical SRK model; nonetheless, it over-predicts the 
critical point and reduces the accuracy of the description 
of the vapor pressure of the pure fluids. A similar 
behavior was observed by Vinhal et al. [48] with the use 
of the Cubic-Plus-Association (CPA) EoS [49]. The CPA 

EoS is a combination of the SRK model and the 
association term from Wertheim's theory [50], in which 
the cubic EoS takes into account the physical interactions 
between molecules, while the association term accounts 
for the hydrogen bonding and other interactions between 
molecules [49]. For hydrocarbons, CPA reduces to SRK 
and the superior description of the liquid phase density is 

related to the parameterization procedure, i.e. fitting 
experimental saturation pressures and liquid phase 
densities from a reduced temperature range of 0.5 to 0.9 
or 0.95 [51]. Additionally, rescaling the parameters for 
improving critical point representations increases the 
deviation of the saturated liquid phase volume, since 
mean-field models are not capable of describing the non-
analytical behavior in the near-critical region [48]. 

The deficiencies in the SRK2 model can be corrected 
with the utilization of the recursive procedure, as shown 
in the figures by the black line. The crossover SRK EoS 
(CSRK) corrects the overprediction of the SRK2 model, 
matching the experimental critical temperatures and 
pressures for the selected hydrocarbons, as well as 
precisely describes the saturated liquid densities.  

In addition to the qualitative comparison of the 
models, it is also important, for engineering applications, 
to evaluate the quantitative predictions of the saturated 
properties. Table 3 shows the absolute average deviations 
(AAD) for the vapor pressure and the molar volume of the 
coexisting phases calculated with the aforementioned 
models in the reduced temperature range of 0.5 to 0.95. It 
also shows the deviations for the CPA EoS, with the 
parameters taken from [52]. As seen previously, the 
classical SRK accurately describes the vapor pressure of 
the normal alkanes, besides it gives an excellent 
description of the volume of the vapor phase. From the 
table, it is observed that the deviations of the molar 
volume increase with the carbon number of the 
hydrocarbon. The use of parameters regressed from 
experimental saturated data (SRK2) improves the 
description of the saturated liquid phase volume, but 
deteriorates the representation of the other properties, 
especially for the molar volume of the saturated vapor 
phase. Furthermore, the CPA EoS provides better 
descriptions of the saturated properties due to the wider 
range of reduced temperature used in the parametrization 
procedure. The crossover SRK gives similar 
representations in comparison with CPA, although the 
deviations in the saturated pressure and liquid phase 
volume are higher. 

A complete evaluation of the models requires an 
assessment of the performance of the EoS in the 
description of the properties near the critical point. 
Therefore, the critical temperatures, pressures, and 
volumes of the normal alkanes were calculated and 
compared to the experimental values. Table 4 shows the 
AAD for the critical properties obtained for each model. 
Since the SRK EoS was designed to match the 
experimental critical temperature and pressure of a 
component, the error is zero.
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Table 3: AAD of the saturation pressure and volumes of the vapor and liquid phase for methane to n-decane, as well as the 
average of all deviations, calculated using the SRK EoS, the SRK2 EoS and the CSRK EoS. The reduced temperature range of 
calculations was from 0.5 to 0.95.  

 
However, in the case of the critical volume, the 
deviations increase considerably with the molecular 
weight of the hydrocarbon. An improvement in the 
representation is obtained with the use of different 
parameters for the mean-field model (SRK2 and CPA); 
nonetheless, as seen for the saturation properties this 
approach increases the deviations for the other critical 
properties. The CSRK EoS corrects this behavior 
enhancing the representation of the critical properties. 
This is observed in Table 4 since the crossover model 
precisely describes the critical properties, although a 
small increase in the deviations of the critical pressures 
and temperatures is obtained in comparison to the 
traditional SRK EoS.  

 
 Application of the crossover SRK to binary 

methane/n-alkane mixtures 

 
With the aim to further assess the performance of the 

EoS, phase equilibrium and critical point calculations 
were performed for different binary methane and n-
alkane mixtures (methane/ethane to methane/n-decane). 
The choice of such systems was done due to the fact that 
methane/n-alkane mixtures show a continuous transition 
of phase behavior that is representative of hydrocarbon 
family [53]. Systems containing methane and a light 
hydrocarbon present a type I behavior, according to van 
Konynenburg and Scott [54] classification and as the 
molecular weight of the heavier compound increases (n-
heptane of heavier alkanes), they are part of the type III 
group. The prediction of the continuous transition of the 
phase behavior of methane/n-alkane systems is important 
in the analysis of the models. 

In this section, we compare the results for vapor-
liquid equilibrium (VLE) and critical properties obtained 
with the SRK, SRK2 and CSRK EoS. As shown in the 

previous section, SRK2 and CPA behave similarly, 
although the latter model provides better representations 
of the pure component properties due to the wider range 
of temperatures used in the parametrization procedure. 
Nonetheless, for the binary systems studied, similar 
results are obtained and the comparison of the models is 
only done with the SRK2 EoS. 

Figure 4 shows the vapor-liquid equilibrium (VLE) 
diagram for the methane/ethane system for three different 
temperatures (200 K, 250 K, and 280 K). From the plot, 
it is seen that the region of vapor-liquid coexistence 
becomes narrower as the temperature increases; besides, 
the amount of methane in the vapor phase reduces. For 
such simple symmetric systems, it is possible to observe 
that the SRK EoS is capable of precisely predicting the 
pressures and compositions of the phases without the use 
of a binary interaction coefficient (Figure 4a). On the 
other hand, the utilization of parameters regressed from 
pure component saturation data (SRK2) modify the 
behavior of the mean-field model, increasing the 
deviations from experimental data, especially for higher 
temperatures close to the critical point, as shown in the 
Figure 4b. The application of the recursive procedure 
corrects this behavior and an analogous representation 
compared to the SRK EoS is obtained (Figure 4c). 

A similar plot is given in Figure 5, which exhibits the 
VLE diagram for the methane/n-heptane system at 311 K, 
444 K, and 511 K. This plot shows that the increase in 
the asymmetry of the systems reduces the accuracy of the 
models. In fact, for quantitative description of the phase 
equilibrium properties, the use of 2ps is necessary. 
Moreover, Figure 5c shows that the introduction of the 
density fluctuations corrects the behavior of the SRK2 
model (Figure 5b) and a similar description for the 
classical SRK is attained (Figure 5a).

Substance 
 ΔO�
�  (%)  ΔR,p~  (%)  ΔR�
� (%) 
 SRK SRK2 CPA CSRK  SRK SRK2 CPA CSRK  SRK SRK2 CPA CSRK 

C1  2.21 3.81 0.65 1.73  4.07 3.60 2.49 3.22  2.44 6.75 1.59 2.74 
C2  1.72 3.78 0.24 1.57  7.04 1.25 1.95 2.15  1.80 6.70 2.18 3.05 
C3  1.39 4.34 2.07 2.03  8.64 1.00 2.02 1.86  1.33 7.46 3.66 3.41 
C4  1.55 4.85 0.35 2.52  10.1 1.17 3.55 1.70  1.39 8.51 2.94 3.34 
C5  1.54 5.46 0.33 3.28  12.3 0.50 1.32 1.39  1.54 9.45 2.61 2.74 
C6  1.59 4.32 1.80 2.30  14.3 0.61 0.91 1.59  1.94 8.36 5.05 2.39 
C7  1.30 4.25 0.70 2.43  16.1 0.74 0.83 1.25  1.65 8.58 4.07 2.66 
C8  1.41 4.68 0.81 2.94  18.0 1.22 0.81 1.06  1.33 8.79 2.65 2.63 
C9  1.58 4.73 0.85 3.09  19.5 1.27 0.83 1.06  0.95 9.01 2.85 2.25 

C10  2.08 4.64 2.45 3.11  20.7 1.69 0.83 0.94  2.17 9.52 1.51 1.92 
Average  1.64 4.49 1.03 2.50  13.1 1.31 1.55 1.62  1.65 8.31 2.91 2.71 
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Table 4: AAD of the critical temperatures, pressures and volumes for methane to n-decane, as well as the average value of 
the deviations, calculated using the SRK, the SRK2 and the CSRK EoS.  

 
In order to improve the description of the VLE 

systems as shown, in Figures 4 and 5, binary interaction 
coefficients (2ps) were regressed from experimental 
phase equilibrium data. The calculation of 2ps were done 
by minimizing the objective function (�. �.) represented 
by the equation: 

 

�.�. = �
��B�∑ �\.ZA)Z�\.

�B�

\.�B�
���B�

� + �
��B�∑ �����

ZA)Z�����
�B�

����
�B� ���B�

�   (28) 

 
where O3  is the bubble point pressure and ���� is the 
composition of methane in the vapor phase, the 
subscripts ���� and �D represent calculated and 
experimental values, respectively, and ��;� is the number 
of experimental points. 

Table 5 shows the average AAD for all the binary 
methane/n-alkane systems studied in this work for 
different temperatures. The bubble point pressures (�O3) 
and the composition of methane in the vapor phase 
(�����) were calculated with the optimum 2ps values and 
compared to the experimental data given by the reference 
in the table. The results show that the three models 
correctly correlate the bubble point pressure. 
Nevertheless, the CSRK EoS is superior to the two 
approaches of the mean-field model. 

In the case of the deviations for the composition of 
methane in the vapor phase, the classical SRK EoS is 
slightly better than the CSRK model. In fact, the 
improvement in the description of the composition of 
methane in the vapor phase with the SRK2 EoS by 
applying the recursive procedure is substantial. This is 
due to correction of the mean-field model close to the 
critical point.  

The evaluation of the binary interaction coefficients 
in Table 4 shows that the SRK model requires smaller 2ps 
values for correlating VLE data in comparison to the 
other equations. On the other hand, the optimized 2ps for 
the SRK2 and CSRK are similar. Since most of the 
experimental points were far from the critical region, this 
indicates that the two models behave equivalently in such 
regions and the improvements in the representations are 
mainly due to the introduction of density fluctuations into 
the mean-field model. 

In addition to the VLE representations, critical line 
predictions were performed for the systems described 
previously and compared to experimental data [65]. The 
algorithm for calculating the critical points is given in 
[48].  

Figure 6 shows the critical pressures as a function of 
the critical temperatures for the systems: methane/ethane, 
methane/propane, and methane/n-butane. The three 
mixture possess a type I behavior, for which the critical 
line connects the two pure component critical points. The 
graph indicates that the curves obtained with SRK 
correctly describe the experimental data, while SRK2 
over-predicts almost all the measured critical points. The 
reason for this behavior is due to the use of virtual critical 
parameters that changes the prediction of the pure 
components critical point. The introduction of density 
fluctuations in the second mean-field approach allows a 
better representation of the experimental data. Moreover, 
the 2ps values obtained for the VLE descriptions were not 
used in the critical point calculations since they increased 
the deviations from experimental critical data. 

 
 
 

 
 

Substance 
 Δ4g (%)  ΔOg (%)  ΔRg (%) 
 SRK SRK2 CPA CSRK  SRK SRK2 CPA CSRK  SRK SRK2 CPA CSRK 

C1  0.00 3.74 1.37 0.38  0.00 9.57 3.98 0.25  16.5 10.3 13.5 0.88 
C2  0.00 2.94 1.59 0.02  0.00 7.45 6.90 1.00  19.4 14.4 13.4 4.87 
C3  0.00 3.34 2.38 0.26  0.00 10.0 11.0 0.94  20.6 13.3 11.2 1.76 
C4  0.00 3.90 2.63 0.33  0.00 12.9 14.9 0.94  21.7 12.0 8.75 1.20 
C5  0.00 4.13 2.08 0.19  0.00 14.3 12.6 1.21  23.4 12.4 11.9 1.45 
C6  0.00 3.70 2.90 0.56  0.00 15.6 15.3 1.40  25.4 12.4 11.9 1.89 
C7  0.00 3.92 2.59 0.59  0.00 18.5 16.2 1.25  27.7 12.0 12.7 3.21 
C8  0.00 4.24 2.44 0.46  0.00 21.2 18.3 1.48  30.2 12.0 12.8 3.92 
C9  0.00 4.39 2.62 0.41  0.00 22.7 19.7 1.01  30.3 10.8 11.7 5.51 

C10  0.00 4.42 2.16 0.35  0.00 24.4 20.6 1.50  33.1 11.7 12.7 5.07 
Average  0.00 3.88 2.28 0.35  0.00 15.7 13.9 1.10  24.8 12.1 12.1 2.98 
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Table 5: Average AAD of the bubble point pressure and composition of methane in the vapor phases for binary methane/n-
alkane systems (methane/ethane to methane/n-decane) for several temperatures calculated using the SRK, the SRK2 and 
CSRK EoS.  

System  
ΔO3 (%) 

 
Δ���� (%) 

 
2ps  T (K)   Reference 

 
SRK SRK2 CSRK 

 
SRK SRK2 CSRK 

 
SRK SRK2 CSRK 

  

C1-C2 
 

1.81 4.35 2.09 
 

2.30 7.81 2.77 
 

0.0029 0.0406 0.0347 
 

200 
 

[55] [56] 
 

  
 

250 
 

 
  

 
280 

 

C1-C3 
 

1.40 3.09 1.30 
 

8.14 9.51 10.2 
 

0.0196 0.0473 0.0502 
 

280 
 

[57] 
 

  
 

328 
 

 
  

 
361 

 

C1-C4 
 

2.86 3.77 2.97 
 

6.33 14.7 7.30 
 

0.0366 0.0592 0.0581 
 

244 
 

[58] [59] 
 

  
 

344 
 

 
  

 
410 

 

C1-C5 
 

2.58 3.02 2.32 
 

3.47 7.04 2.56 
 

0.0234 0.0426 0.0456 
 

278 
 

[60] 
 

  
 

378 
 

 
  

 
411 

 

C1-C6 
 

5.86 4.36 5.40 
 

3.56 5.92 2.82 
 

0.0136 0.0324 0.026 
 

311 
 

[61] 
 

  
 

378 
 

 
  

 
444 

 

C1-C7 
 

3.41 3.35 2.01 
 

4.04 7.13 3.88 
 

0.0222 0.0394 0.0368 
 

311 
 

[62] 
 

  
 

444 
 

 
  

 
510 

 

C1-C8 
 

2.30 1.08 1.46 
 

0.37 0.16 0.36 
 

0.0409 0.0490 0.0499 
 

298 
 

[63] 
 

  
 

348 
 

 
  

 
423 

 

C1-C9 
 

2.52 3.85 2.80 
 

0.57 0.50 0.52 
 

0.0363 0.0433 0.0397 
 

298 
 

[63] 
 

  
 

348 
 

 
  

 
423 

 

C1-C10 
 

2.96 5.10 3.49 
 

0.74 2.45 1.19 
 

0.0409 0.0287 0.0315 
 

311 
 

[64] 
    

444 
 

    
510 

 
Average 

 
2.86 3.55 2.65 

 
3.28 6.13 3.51 

 
- - - 

 
- 

 
- 

 

 
 

The increase in the molecular weight of the 
hydrocarbon changes the behavior of the critical lines in 
comparison with the previous systems. For the 
methane/n-pentane system, Figure 7a shows that all the 
models, except for SRK, predict a type I behavior. The 
SRK EoS predicts a type V behavior, which means that 
the two critical pure critical points are no longer 
connected by a line. In fact, the critical line going from 
the heavier component ends on a lower critical endpoint 
(LCEP), due to a split of the liquid phase into two 
liquids. This three-phase line is connected to an upper 
critical endpoint (UCEP), which is linked to the critical 
point of the light species. Experimental data suggests that 
there might be a region of liquid-liquid immiscibility 
close to the critical point of pure methane; nonetheless, 
this point has not been detected, thus both of the critical 

lines are correct to represent the system's behavior [53]. 
The models predicted a Type V behavior for binary 
systems containing species heavier than n-pentane 
(Figure 7b).  

With respect to the predictions of the experimental 
critical pressures and temperatures, for both the 
methane/n-pentane and methane/n-heptane systems, it is 
seen in Figure 8 that the CSRK is superior to the other 
models, as it corrects the description of the SRK2 EoS, 
especially in regions with high concentration of the 
heavier hydrocarbons, besides it has a lower maximum 
critical pressure in comparison to the SRK EoS. 
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(a) 

        
(b) 

 
(c) 

Figure 4: Experimental VLE diagram of the 
methane/ethane (open circles and diamonds) and the 
predictions (2ps = 0) using the SRK EoS (a), the SRK2 

EoS (b) and the CSRK EoS (c) for three different 
temperatures. The experimental data Exp1 and Exp2 were 
taken from [55] and [56], respectively.  

 

 
(a) 

        
(b) 

 
(c) 

Figure 5: Experimental VLE diagram of the methane/n-
heptane (open circles) and the predictions (2ps = 0) using 
the SRK EoS (a), the SRK2 EoS (b) and the CSRK EoS (c) 
for three different temperatures. The experimental data 
was taken from [62].  
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(a) 

 
(b) 

 
(c) 

Figure 6: Experimental critical temperature as function of 
the critical pressure for the systems methane/ethane, 
methane/propane and methane/n-butane (open circles and 
diamonds) and the predicted critical lines (2ps = 0) using 
the SRK EoS (a), the SRK2 EoS (b) and the CSRK EoS (c) 
for three different temperatures. The experimental data 
were taken from [65]. 
 

Figure 8 shows the critical pressures as a function of 
the composition of methane for the previous systems. In 
this graph, it is easier to observe the behavior of the 
system close to of pure methane. As discussed before, 

only the SRK EoS predicts a type V behavior for the 
methane/n-pentane system (Figure 8a), while the other 
models predict a type I behavior with a sharp variation in 
composition close to pure methane [53]. For the 
methane/n-heptane system, the three equations have 
similar features (Figure 8b), predicting a type V behavior, 
which is represented by a discontinuity in the critical 
line. Moreover, due to the appearance of a second liquid, 
the system is no longer represented by the fluctuations in 
density. As a matter of fact, the order parameter becomes 
the composition of one the components, thus a different 
method should be applied in order to incorporate the 
fluctuations into to the mean-field model [66]. The 
comparison of the experimental data with the calculated 
curves shows that the SRK2 and CSRK EoS describe the 
critical pressure-composition relation similarly, while the 
SRK EoS predicts a higher maximum critical pressure. 

 

 
(a) 

 
(b) 

Figure 7: Experimental critical temperature as function of 
the critical pressure for the systems methane/n-pentane 
(a), methane/n-heptane (b) (open circles and diamonds) 
and the predicted critical lines (2ps = 0) using the SRK 

EoS (blue line), the SRK2 EoS (red line) and the CSRK 

EoS (black line). Experimental data were taken from 
[65].  
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In addition to the plots of the critical pressure as a 
function of composition, it was also evaluated the 
relationship between the critical volume and the mole 
fraction of the light component (Figure 9). In the figures, 
it is possible to see that the predictions are similar to the 
region of high concentration of methane; nonetheless, 
with the increase in the composition of the heavier n-
alkane, the mean-field models predict a much higher 
critical molar volume for the mixture in relation to the 
experimental data. On the other hand, the CSRK EoS 
gives an accurate description of the densities for the two 
systems. 

Table 6 shows the average value of the AAD for the 
critical properties of the methane/n-alkane binary 

mixtures. It indicates that the CSRK EoS is superior to the 
other models in predicting the critical properties, 
especially the critical volume, in which an improvement 
of approximately 12% and 3% was obtained in 
comparison to the SRK and SRK2 EoS, respectively. 
Furthermore, the errors increase drastically for the 
systems with methane and n-hexane or heavier 
hydrocarbons. The reason for that is due to the fact that 
most experimental data were in the region with high 
methane concentration, in which the critical properties 
are affected by the fluctuations in the mole fraction of the 
species and none of the models take that into account.

 
 

 
(a)                                                                            (b) 

Figure 8: Experimental critical pressure as function of the methane mole fraction for the systems methane/n-pentane (a), 
methane/n-heptane (b) (open circles and diamonds) and the predicted critical lines (2ps = 0) using the SRK EoS (blue line), 
the SRK2 EoS (red line) and the CSRK EoS (black line). Experimental data were taken from [65]. 

 

 
(a)                                                                           (b) 

Figure 9: Experimental critical molar volume as function of the methane mole fraction for the systems methane/n-pentane 
(a), methane/n-heptane (b) (open circles and diamonds) and the predicted critical lines (2ps = 0) using the SRK EoS (blue 
line), the SRK2 EoS (red line) and the CSRK EoS (black line). Experimental data were taken from [65].  
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Table 6: Average AAD of the critical temperature, pressure and volume for binary methane/n-alkane systems 
(methane/ethane to methane/n-decane) calculated using the SRK, the SRK2 and the CSRK EoS. No binary interaction 
coefficients were used in the calculations (2ps = 0). The experimental data were taken from [65]. 
 

System 
 Δ4g (%)  ΔOg (%)  ΔRg (%) 

 
SRK SRK2 CSRK 

 
SRK SRK2 CSRK 

 
SRK SRK2 CSRK 

C1-C2 
 

0.72 3.89 0.97 
 

1.36 8.81 2.95 
 

- - - 

C1-C3 
 

0.97 3.66 0.84 
 

2.49 2.54 1.54 
 

12.9 9.02 5.62 

C1-C4 
 

2.99 6.70 3.84 
 

7.89 6.85 7.50 
 

17.7 12.5 6.58 

C1-C5 
 

1.19 3.88 0.98 
 

5.27 2.08 2.90 
 

8.91 5.35 3.94 

C1-C6 
 

14.4 16.0 13.8 
 

4.39 4.57 3.73 
 

- - - 

C1-C7 
 

9.87 11.2 9.13 
 

7.55 6.57 6.20 
 

19.6 12.0 9.58 

C1-C8 
 

41.5 42.9 39.4 
 

14.1 12.0 10.6 
 

72.7 56.2 51.6 

C1-C9 
 

24.1 23.7 21.5 
 

1.83 3.78 2.56 
 

34.3 22.3 20.4 

C1-C10 
 

13.9 13.1 10.9 
 

4.52 4.43 4.23 
 

23.9 10.2 8.41 

Average 
 

12.2 13.9 11.3 
 

5.49 5.71 4.69 
 

27.1 18.2 15.2 

 
 

 
Conclusions 

  
The application of White's recursive procedure to the 

SRK EoS corrects the behavior of the model in the critical 
region, allowing precise description of the 
thermodynamic properties of pure n-alkanes (methane to 
n-decane) far and close to the critical point. The resulting 
crossover SRK (CSRK) model is also capable of 
accurately representing the phase equilibrium properties 
and improving the prediction of the critical properties of 
binary methane/n-alkane mixtures (methane/ethane to 
methane/n-decane). 

The comparison of results for the pure fluids using 
the CSRK EoS with the two approaches of the mean-field 
equation, one using the experimental critical parameters 
(SRK) and the other using parameters obtained by 
matching saturation pressure and the liquid phase 
densities (SRK2), showed that the recursive procedures 
correct the second approach and enhances the prediction 
near the critical point, while maintaining the same 
representation of the liquid phase density far from the 
critical point.  

In the case of VLE calculations for the binary 
systems, the performance of the CSRK EoS is similar to 
SRK. Nevertheless, there is an improvement in the 
description of the bubble point pressure and the 
composition of methane in the vapor phase in 
comparison to the SRK2 EoS, which is due to the 
introduction of long-range interactions in the mean-field 
model, since far away from the critical point both 
equations behave similarly. 

Finally, similar representations of the critical 
pressures and temperatures were obtained for the SRK 
and the CSRK EoS, although the latter model presented a 
slightly superior performance. Additionally, the use of 
the crossover model improves the predictions of the 
critical volume of the binary methane/n-alkane systems. 

 
Acknowledgment 

 
The authors would like to express their gratitude to 

the program “Science without Borders” for the PhD 
scholarship of Andre Pinto Coelho Muniz Vinhal.  
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Abbreviations 

AAD: average absolute deviation (
�CC
��B�∑ �;ZA)Z�;�B�;�B� �) 

BWR: Benedict–Webb–Rubin equation of state 
CPA: Cubic-Plus-Association equation of state 
CSRK: Crossover Soave-Redlich-Kwong equation of state 
EoS: equation of state 
GERG: Groupe Europeen de Recherchers Gazieres 
LPG: liquefied petroleum gas  
NIST: National Institute of Standards and Technology 
RG: Renormalization Group Theory 
SAFT: Statistical Associating Fluid Theory 
SRK: Soave-Redlich-Kwong equation of state 
VLE: Vapor-liquid equilibrium 
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Roman letters 

a: Energy parameter in an EoS  
b: size-related parameter in an EoS  
f: free energy density 
F: free energy functional 
G: functions of the modified free energy density 
kb: Boltzmann constant 
kij: binary interaction coefficient 
K: recursive procedure coefficient 
L: cutoff length 
n: mole number 
nexp: number of experimental points 
P: pressure 
R: ideal gas constant  
r: molecular distance 
T: temperature 
u: pair potential 
v: molar volume 
x: mole fraction 
w: range of the attractive potential 
y: vapor phase mole fraction 
Z: compressibility factor 

 

Greek letters 

α: interaction volume 
δf: free energy density correction 
η: packing ratio 
κ: function of the acentric facor 
ρ: molar density 
φ: initial shortest wavelength 
ψ: parameter related to the initial shortest wavelength 
ω: acentric factor  
Ω: contributions of the density fluctuations 

 

Super/subscripts 

att: attractive term of the pair potential 
c: critical property 
calc: calculated property 
exp: experimental property 
i,j: component index 
mix: mixture constant 
n: iteration index 
l: long-range interactions 
r: reduced property 
rep: repulsive part of the pair potential  
s: short-range interactions 
vap: vapor 
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