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Abstract

The present study investigates a sequence of failure events related to steady-state

tearing of large-scale ductile plates by employing the micro-mechanics based Gurson-

Tvergaard-Needleman (GTN) model. The fracture process in front of an advancing

crack is approximated by a series of 2D plane strain finite element models to facilitate

a comprehensive study of mixed mode fracture behavior as well as a parameter study

of the cohesive energy and tractions involved in the process. The results from the

conducted GTN model simulations are used to define cohesive zone models suitable for

plate tearing simulations at large scale. It is found that mixed mode loading conditions

can have a significant effect on the cohesive energy as well as relative displacement

(in reference to pure mode I loading), while peak traction is practically unaffected.

Specifically, increasing mode II contribution leads to monotonic increase of the cohesive

energy. In contrast, the effect of mode III is more complicated as it leads to reduction

of the mixed mode cohesive energy (in reference to pure mode I loading) at low to

medium levels of mode mixity ratios (0-0.3). However, increasing mode III contribution

beyond the mode mixity ratio of 0.3, reverses this trend with cohesive energy potentially
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exceeding the pure mode I level when at mode mixity ratio of 0.6 or higher. This

behavior cannot be captured by the interactive cohesive zone models that rely on

a simple rotational sweep of mode I traction-separation relation. Depending on the

shear mode contribution, i.e., mode II or mode III, these models can lead to overly

conservative (mode II) or unconservative (mode III) prediction of the crack growth

resistance.

Keywords: Ductile Failure, Crack Growth, Plate Structures, Cohesive Zone Modeling

1. Introduction

The main focus of the present work is on determination of the cohesive zone model pa-

rameters that can be used to approximate the complex ductile fracture process evolving

in large-scale plate tearing under mixed mode loading conditions. When the tearing

crack in a large-scale plate has advanced several plate thicknesses, under monotonic

loading, and the failure process ahead of the crack tip has reached a steady-state propa-

gation, the energy dissipation proceeds through a sequence of events which includes: i)

local thinning that takes place some distance ahead of the crack tip; ii) shear localiza-

tion that subsequently develops on a smaller scale inside the thinning region closer to

the tip, and; iii) final separation that advances the crack (see also discussion in Nielsen

and Gundlach, 2017; Nielsen and Hutchinson, 2017). This complex plate tearing pro-

cess is driven by the mechanism of void nucleation and growth to coalescence and it

can be captured by the micro-mechanics based Gurson-Tvergaard-Needleman mate-

rial model in a full 3D framework (Felter and Nielsen, 2017). To accurately represent

the complexity of the plate tearing process, a through-thickness resolution that scales

with the dominant void spacing (e.g. ∼ 100 µm) is required (see also Xue et al., 2010;
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Nielsen and Hutchinson, 2012). Such resolution is presently only possible for coupon

specimens and small components. Thus, engineers rely heavily on the phenomenolog-

ical alternatives, such as cohesive zone models embedded in shell elements, to ensure

computation times that are short enough for industrial applications (see also discussion

in Li and Siegmund, 2002; Woelke et al., 2017).

When modeling failure in thin-walled structures using shell elements, one needs to

consider constraints related to the plane stress condition, which is an inherent assump-

tion in shell mechanics. Maintaining a plane stress state within a shell element requires

that its in-plane dimensions are larger than the thickness. Since the height of the lo-

calized neck is on the order of sheet thickness, only a single element can be used to

represent necking and failure. This is, of course, not sufficient to capture the detailed

geometry of local thinning. To address this deficiency, cohesive zone models can be em-

ployed to represent the effects that cannot be captured by large shell elements. In this

case, the cohesive zone must take over as soon as through-thickness localization starts

and describe the remaining part of the fracture process. Tvergaard and Hutchinson

(1992) studied the relation between ductile crack propagation and the cohesive zone

parameters that govern the fracture process. An interesting conclusion in their work

is that in plane strain, it is the peak traction and the cohesive energy that primarily

control the tearing response, whereas the shape of the traction-separation relation is of

minor importance. In a later work, Nielsen and Hutchinson (2012) made an attempt to

design a cohesive traction-separation relation for extensive crack propagation in tough

ductile plates where the tearing energy and the peak traction were direct outcomes of

the underlying micro-mechanics. Here, by considering a cross-section of the plate with
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the normal along the crack growth direction, modeled in 2D plane strain, a detailed

micro-mechanical study of the slant failure was performed using the shear extended

GTN modeling framework (Gurson, 1977; Tvergaard, 1990; Nahshon and Hutchinson,

2008). In this approach, the cohesive zone takes over once the peak traction of the

plate cross-section has been reached and both the localization process and final fail-

ure were treated in a rigorous, but phenomenological, manner. Thus, the cohesive

zone model reflects the actual micro-mechanics that lead to crack propagation once

the fracture process has settled into a steady-state (Scheider and Brocks, 2006). De-

spite only treating mode I loading, the traction-separation relation proposed by Nielsen

and Hutchinson (2012) has been successfully applied by Woelke et al. (2013, 2015) to

investigate large-scale plate tearing. By adopting the micro-mechanics based traction-

separation relation, a near perfect match to experimentally measured load-deflection

curves was obtained for the macroscopic structural response. As an aside, Woelke et al.

(2015) concluded that for plane stress conditions, the shape of the traction-separation

relation is also important for accurate prediction of crack growth resistance. However,

these considerations were limited to pure mode I loading, whereas real life structures

often encounter mixed mode loading. A common practice in modeling mixed mode

loading with cohesive zone relies on essentially a rotational sweep of the normal mode

I traction-separation relation, T (δn), into the tangential separation (between fracture

surfaces) space such that the traction curves become T (δt1) and T (δt2) in pure mode

II or pure mode III, respectively (see Eq. (1)). The work of separation is thus tradi-

tionally assumed to be unchanged between modes (Li and Siegmund, 2002) and mode
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mixity is calculated as

Γ0 =

∫ λ0

0

T (λ)dλ , with λ =

√(
δn
δ

)2

+

(
δt1
δ

)2

+

(
δt2
δ

)2

(1)

Here, Γ0 is the work of separation (equal for all modes), δn is the normal separation,

δt1 and δt2 are the tangential separations of the fracture surfaces related to mode II

and mode III separation, respectively. The present study will show that this approach

does not represent reality in ductile plate tearing under mixed mode loading. It will be

demonstrated that after peak traction is reached, the work of separation depends on

mode mixity. The goal of the current study is twofold: i) to highlight the effects of mode

mixity on the overall cohesive energy as well as other parameters defining the traction-

separation relation, and; ii) to develop a new mixed mode traction-separation relation

that readily fits into the framework of combining plane stress shell elements with co-

hesive zone modeling without sacrificing the accuracy for mixed mode loading. Details

of the traction-separation relations will be developed through micro-mechanics mod-

eling, which in turn will form the basis for guidelines on how parameterized traction-

separation relations can be constructed without compromising accuracy. The employed

modeling framework has been adopted from Nielsen and Hutchinson (2012), but with

modifications to take out-of-plane actions into account.

The paper outlines the constitutive relations and finite element model in Section

2. The problem formulation is described in Section 3, after which the cohesive zone

model is defined in Section 4 by identifying key parameters to be extracted from the

micro-mechanics based numerical simulations. Results are given in Section 5 with focus

on improving accuracy within the field of cohesive zone modeling of large-scale plate

tearing. Conclusions are listed in Section 6.

5



2. Model: constitutive relations and finite element formulation

2.1. Material description

The undamaged (matrix) material in this study is assumed to follow a true stress-

logarithmic strain power hardening relation described as:

ε =


σM
E

, for σM < σy

σy
E

(
σM
σy

)1/N

, for σM ≥ σy

where σy is the initial yield stress, E is the Young’s modulus, and N is the hardening

exponent. To account for the softening effect of the damage that evolves during severe

plastic straining, the material is assumed to be governed by void growth to coalescence

and to follow the flow rule for a porous ductile GTN material (Gurson, 1977) with the

yield surface modified by Tvergaard (1981)

Φ =
σ2
e

σ2
M

+ 2q1f
∗ cosh

(
q2

2

σkk
σM

)
−
(
1 + (q1f

∗)2) = 0.

Here, σe =
√

3sijsij/2 is the effective macroscopic Mises stress, with sij = σij −

GijGklσ
kl/3 being the stress deviator where Gij and Gij are the co- and contravariant

component of the metric tensor, respectively, associated with the deformed geometry.

The microscopic stress in the matrix material is denoted σM , whereas q1 and q2 are

fitting parameters introduced by Tvergaard (1981), and f ∗ is a function of the porosity

that takes void coalescence into account. Tvergaard and Needleman (1984) suggested

the following phenomenological model to accelerate the damage increase once micro-

voids link up in the coalescence process:

f ∗ =


f , for f ≤ fC

fC + f̄U−fC
fF−fC

(f − fC) , for f > fC
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where f is the accumulated damage (or porosity), fC and fF are the critical and final

porosity, respectively. The ultimate damage, f̄U , is defined as 1/q1.

The development of damage in the material is partly controlled by void growth and

partly a shear contribution, such that the total rate of damage reads:

ḟ = ḟgrowth + ḟshear

where a damage contribution from nucleating voids is omitted for clarity of results

in the present study. Void growth follows from plastic incompressibility and can be

expressed as:

ḟgrowth = (1− f)Gij η̇pij

where η̇pij is the increment of the plastic strain tensor. It is known, however, that

evolution of the damage predicted by the GTN model stops if the stress triaxiality

goes to zero, e.g. for a pure shear loading case. In order to investigate the effect of

shear damage, the shear extension introduced by Nahshon and Hutchinson (2008) will

be considered as part of the analysis. The governing equation for the shear contribution

to total damage is:

ḟshear = kωfω(σ)
sij η̇pij
σe

(2)

where ω(σ) = 1 − (27J3/(2σ
3
e))

2
. Here, J3 is the third invariant of Cauchy stress

deviator and kω is the amplification factor for the shear contribution, which typically

lies in the range of [0 ; 3] (see also Tvergaard and Nielsen, 2010). It is worth mentioning

that the Nahshon-Hutchinson extension is purely phenomenological and it is, therefore,

only considered as a supplement to the GTN model in this analysis. When kω = 0,

the material model reduces to the GTN model. It should also be stressed, that kω =
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0 unless stated otherwise. All material parameters are listed in Table 1 (see also

Tvergaard, 1990, for further details).

2.2. Finite element formulation

The analyses are carried out in a finite strain setting, which has been embedded in a

quasi-static framework using a total Lagrangian formulation. The incremental expan-

sion of the principle of virtual work reads:

∫
V

(
τ̇ ijδηij + τ iju̇k,iδuk,j

)
dV =

∫
S

Ṫ iδuidS

where τ ij is the Kirchhoff stress tensor, ηij is the Lagrangian strain tensor, ui is the

displacement field and T i are the tractions. Here, the Lagrangian strain tensor is given

as; ηij = 1
2

(
ui,j + uj,i + uk,iuk,j

)
, and the relation between the rate of strains and the

rate of Kirchhoff stresses is given by:

τ̇ ij = Lijklη̇kl

where Lijkl is the incremental modulus. The incremental computational procedure

follows that of Tvergaard (1990).

3. Problem formulation

3.1. Model description

The considered boundary value problem is inspired by the work of Nielsen and Hutchin-

son (2012) who examined a crack propagating at steady-state through a large-scale

plate subjected to pure mode I loading. The plate tearing process is illustrated in

Fig. 1, where the plate dimensions in the x1- and x2-direction are much larger than
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the out-of-plane plate thickness (dimension in the x3-direction). In the 2D set-up em-

ployed, a section with the normal along the crack growth direction, i.e., the x1-x3-plane,

is imagined cut from the full 3D plate and the deformation experienced by this section

is assumed to be plane strain (η22 = 0). As the plastic flow localizes, and all subsequent

deformation takes place in this region (see Fig. 1C), the domain above and below the

thinning region elastically unloads and this enforces a constraint on the deformation

along the x2-direction leading to a near tip plane strain condition (see also Nielsen

and Hutchinson, 2017). The section considered maintains an initial aspect ratio of

L0/W0 = 3 throughout, and this ensures that the complete localization process is cap-

tured, see Fig. 2. The adopted set-up is an approximation as no gradients can develop

in the crack growth direction.

The present study covers both mode I-mode II loading and mode I-mode III loading

and thus, two different sets of boundary conditions are employed for the geometric

model, see Eqs. (3) and (4). In order to capture the material softening beyond onset

of local thinning, prescribed displacements are employed in all the computations. For

the mode I-mode II load case, prescribed displacements in the x1- and x2-direction are

enforced according to (see also Fig. 2(a)):

u1 (x1 = L0/2, x3 ∈ [−W0/2,W0/2]) = ∆I

u1 (x1 = −L0/2, x3 ∈ [−W0/2,W0/2]) = −∆I

u2 (x1 ∈ [9L0/19, L0/2], x3 ∈ [−W0/2,W0/2]) = ∆II

u2 (x1 ∈ [−9L0/19,−L0/2], x3 ∈ [−W0/2,W0/2]) = −∆II

(3)

For the mode I-mode III load case, prescribed displacements in the x1- and x3-
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direction are enforced according to (see also Fig. 2(b)):

u1 (x1 = L0/2, x3 ∈ [−W0/2,W0/2]) = ∆I

u1 (x1 = −L0/2, x3 ∈ [−W0/2,W0/2]) = −∆I

u3 (x1 ∈ [L0/4, L0/2], x3 = 0) = ∆III

u3 (x1 ∈ [−L0/4,−L0/2], x3 = 0) = −∆III

(4)

The chosen boundary conditions attempt to mimic the deformation inside the plate

section that contains a tearing crack, imposed by global displacements of a large-scale

plate. As a result, curvature continuity between the plate section that contains the

crack and the remainder of the plate structure (not modelled explicitly) is achieved.

Thereby, plastic flow localization near the top or bottom strip is avoided.

The amount of shear (mode II or mode III) contributing to the total load is varied

to investigate the influence of the mode mixity on the cohesive traction-separation

relation. Results will be presented for mode mixity ratios of ∆II/∆I (mode I-mode II)

and ∆III/∆I (mode I-mode III) within the range from 0 to 0.6.

The computations are carried out using a modified isoparametric 8-node plane strain

element employing reduced integration (2 x 2 Gauss points). The element is modified by

expanding the nodal degrees of freedom from two degrees of freedom to three degrees

of freedom per node. It is worth mentioning, that the shape function structure is

unchanged as the element has no extension in the out-of-plane direction. Thus, the

shape functions are only defined in 2D, in the original coordinate system. This also

means, that the Jacobian matrix is unchanged since the partial derivatives with respect

to the element’s out-of-plane axis is zero. However, the strain-displacement matrix is

changed when introducing the additional degree of freedom as additional terms in
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the displacement gradient vector are needed. This finite element formulation provides

the ability to analyze the model displacements along all three axes, and thus enables

conducting the mode mixity investigation without the need for full 3D analysis. The

plane strain condition is maintained by constraining the strain component along the

crack growth direction to zero (η22 = 0), although the strain will still have a non-zero

elastic and an equal and opposite plastic strain contribution.

Figure 3 illustrates the discretized models. A fine mesh is introduced in the mid-

dle region as this is where the local thinning and subsequent slant fracture develops.

The elements are initially quadratic in shape and have a side length of Le = W0/63

adopted from Nielsen and Hutchinson (2012). In the bottom and top regions a coarser

discretization is used as the deformation remains nearly homogeneous during loading.

In these regions, the largest elements have a side length of Le = W0/7. While the GTN

model solution is inherently mesh dependent, this only affects the cohesive energy re-

lated to the shear localization which is a second order contribution to the cohesive

energy (see Fig. 4 and discussion in Nielsen and Hutchinson, 2012).

An imperfection zone, controlled by a small drop in the initial yield stress (see

Eq. (5)), is embedded in all models in a 45◦ band stretching across the center of the

plate. The imperfection ensures that only one active shear band will develop, within

the fracture process zone, which otherwise may be symmetric (Nielsen and Hutchinson,

2012).

σIZy = σy

[
1− β

2

(
1 + cos

(
π
x1 + x3

2b

))]
for (−x3 − b) ≤ x1 ≤ (−x3 + b)

(5)

where β = 0.001 such that the yield stress is 0.1% lower in the middle of the band,
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while the width of the imperfection zone is controlled by b (chosen to W0/5). The

imperfection zone is illustrated in Fig. 2. It is worth to notice that the initial 45◦

inclination of the softer band is a choice (with practically no influence on the peak

traction and tearing energy), and the single active shear band will form independently.

That is, rather than pre-defining the crack path as in the work of Besson et al. (2013),

the damage is free to develop.

4. Outlining the cohesive zone model for ductile plate tearing

Figure 4 displays a representative traction-separation relation, extracted from the 2D

model setup. The onset of local thinning and the point of intensified shear localization

are designated as two key deformation stages that identify the cohesive zone model.

The peak traction occurs at the onset of local thinning, which in combination with

the point of intensified shear localization (here defined as the deformation state where

the damage evolution severely intensifies and coalescence is first initiated, f = fC)

determines the associated cohesive energy (this is in line with the key parameters

identified by Tvergaard and Hutchinson, 1992).

Since large shell elements cannot capture the details of the plate thinning and shear

localization, cohesive zone is used to represent the deformation after peak traction has

been reached. Under mode I plane strain tension condition, one can readily derive

the peak traction and corresponding displacement for the cohesive zone model using

the Considère condition (see also Nielsen and Hutchinson, 2012). The majority of the

energy that goes into the ductile fracture process is dissipated during the local thinning

(denoted ΓI in Fig. 4) and identified to be the area under the traction-separation

relation between the peak traction and the intensification of the shear localization. By
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taking the deformation beyond the intensification of the shear localization, damage

will intensify in a narrow region, eventually leading to a complete loss of load carrying

capacity. The energy going into this last part of the tearing process is minor (denoted

ΓII in Fig. 4), and it is the only part that will be influenced by the inherent mesh

dependency of the GTN model (see Section 2). Thus, the cohesive energy, computed

from the simulated traction-separation relations, is; Γ0 = ΓI + ΓII , and constitutes

the energy required for complete separation. A simple bi-linear traction-separation

relation, described in Appendix A, is uniquely defined by the peak traction, the point

where the load carrying capacity diminishes (here corresponding to the intensification

of the shear localization), and the cohesive energy, Γ0 (the area under the traction-

separation relation). Thus, the focus of the micro-mechanical modeling approach is on

accurate determination of these key parameters.

Under mixed mode loading, the cohesive traction-separation relation has to take

into account all load contributions (also illustrated in Fig. 2). Thus, effective quantities

are introduced for each of the two load cases (mode I-mode II and mode I-mode III)

such that the displacements and the forces are computed as:

∆I−II =
√

∆2
I + ∆2

II and FI−II =
√
F 2
I + F 2

II for mode I-mode II

and

∆I−III =
√

∆2
I + ∆2

III and FI−III =
√
F 2
I + F 2

III for mode I-mode III

where ∆I is the prescribed displacement applied, corresponding to a mode I, which

results in a force of FI etc. That is, the total cohesive energy is calculated from the
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effective quantities as:

Γ0 =

∫ ∆failure

∆peak

FI−II/I−IIId∆

which naturally accounts for changes to the cohesive energy that originates from

changes to both the necking zone and the shear band orientation (if any) for the

various loading cases. Recall that no restriction is put on the shear band and that it

can form with any inclination angle.

5. Results

The load-deformation history for the 2D plate section is evaluated when subjected to

mode I-mode II loading, and subsequently to mode I-mode III loading. The part of

the simulated load-deflection curve relevant to the cohesive zone modeling of large-scale

plate tearing is then extracted and cohesive traction-separation relations are determined

based on the procedure laid out in Section 4. The key parameters, i.e., the peak

traction, Tpeak, the point of intensified shear localization, δs, and the cohesive energy,

Γ0, are determined for a range of mode mixities and three values of initial porosity,

i.e., f0 = 0.005, f0 = 0.01, and f0 = 0.02.

5.1. Shear related predictions by the GTN model

Both modes II and III introduce an overall shear component to the loading on the

plate section. To address shear damage and softening, the Nahshon-Hutchinson shear

extension is used in the analyses (see Eq. (2)). In relation to this, it is also important

to point out that the stress triaxility for the results presented throughout is moderate

and resembles that of plane strain tension (being σkk/(3σe) ≈ 0.6), and that the ω(σ)-

function introduced by Nahshon and Hutchinson (2008) takes values close to one when
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the deformation is well into the plastic regime (see also discussion in Nielsen and

Tvergaard, 2010).

Figure 5 presents the cohesive energy as function of the shear amplification param-

eter, kω, which scales the shear damage contribution (see Eq. (2)). Results are shown

for; i) the pure mode I loading, ii) a mode I-mode II load case with ∆II/∆I = 0.3 in

Fig. 5a and with ∆II/∆I = 0.6 in Fig. 5b, and iii) a mode I-mode III load case with

∆III/∆I = 0.3 in Fig. 5a and with ∆III/∆I = 0.6 in Fig. 5b. All results are shown for

two distinct values of initial porosity, i.e., f0 = 0.005 and f0 = 0.02 (for comparison,

the cohesive energy at different mode mixity ratios are depicted in Figs. 8 and 12 for

kω = 0). The shear damage contribution has an equally strong influence on all loading

configurations considered. This is tied to the fact that the ω-function takes values

close to one in all cases. That is, the shear parameter also influences the pure mode I

load case and a nearly linear decrease in the cohesive energy is predicted for increasing

shear parameter, kω. Moreover, the slope on all the curves in Fig. 5 is close to equal

although the energy levels are different. Taking the pure mode I case as baseline it is

found that introducing mode I-mode II mixity leads to an increase in cohesive energy

for all considered values of kω and mode mixity ratios. In addition, the distance be-

tween comparable curves is nearly constant, as shown in both Figs. 5a and 5b. This is

an important finding, since it basically shows that adding in-plane shear loading (i.e.

mode II) to mode I tensile deformation increases the cohesive energy. This will be

further discussed in Section 5.2. The effect of mode I-mode III is equally pronounced

for a moderate mode mixity ratio (∆III/∆I = 0.3), except that the cohesive energy

is reduced in reference to pure mode I, i.e., the opposite trend to what was found for
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mode I-mode II interaction. However, cohesive energy reduction is completely reversed

at high mode mixity ratio (∆III/∆I = 0.6) and the mixed mode energy curve closely

follows the pure mode I case. This behavior is related to changes in the amount of the

energy dissipated in the cohesive zone, vs. outside of it, as will be further discussed in

Section 5.3.

Another important observation related to the numerical aspect of this study is

that the ω(σ)-function is nearly constant in all analyzed cases. This indicates that

neglecting the shear damage contribution by setting kω = 0 will not qualitatively

change the results.

5.2. Mode I-mode II

The peak traction, related to the onset of local thinning (and where the cohesive

elements start governing the response), is evaluated for the various ratios of ∆II/∆I and

presented in Fig. 6. The analyses indicate approximately parabolic decrease in the peak

traction for all considered values of initial porosity. While the peak traction gradually

decreases with increasing levels of mode II contribution, the drop is not significant, i.e.,

below 4% in reference to pure mode I for the largest mode II contribution (∆II/∆I =

0.6). Thus, it is reasonable to consider the peak traction unaffected by the mode II

loading in the development of a parametric cohesive zone model for large-scale plate

tearing. Moreover, it is evident from Fig. 6 that the negligible effect of the mode II

contribution on peak traction holds for a range of porosities encountered in engineering

materials.

Another important point on the traction-separation relation is where the shear

localization intensifies. This point is defined by a traction, Ts, and a relative displace-
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ment, δs, defined as the far boundary displacement that develops during the deforma-

tion between the onset of necking (i.e. at the attainment of peak traction) and the

intensification of the shear localization. Both the relative displacement and traction

are depicted in Fig. 7 as function of the mode mixity ratio (here normalized by the

corresponding values for the pure mode I load case). The displacement at intensified

shear localization increases significantly with increasing mode mixity ratio ∆II/∆I .

Moreover, the effect is found to be reinforced by increasing the initial porosity - par-

ticularly for the high mode mixity ratios. That is, the separation that develops within

the cohesive zone has its low point for the pure mode I load case while the added mode

II increases the separation by 30-45%, depending on the initial porosity, and yields a

more ductile overall response prior to the final material separation. In similar fashion,

though opposite trend, the traction at intensified shear localization decreases by 10-

12% for increasing mode mixity ratio. This follows the trend for the peak traction, but

the decrease is much greater.

The cohesive energy is presented in Fig. 8 as a function of the mode mixity ratio

∆II/∆I , and normalized by the energy level for that of the pure mode I load case.

It is found, that the cohesive energy increases with the mode mixity ratio, which is

basically caused by a restricted damage evolution. This increase in cohesive energy is

consistent with the results shown in Fig. 7. Since the peak traction remains essentially

unchanged, and the drop in traction at intensified shear localization is moderate, the

change in cohesive energy is tied to the trends observed in the relative displacement δs.

The additional energy needed for the mixed mode I-mode II fracture is expanded by

double curvature bending, and dispersion of plastic localization, as the plate section
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complies with the prescribed boundary conditions. The observations hold for all values

of the initial porosity although the overall energy level decreases for increasing initial

porosity. The additional energy going into a mode I-mode II fracture, when compared

to the pure mode I load case, reaches a level of just below 20% for the lowest value of

the initial porosity (f0 = 0.005) and 35% for the highest values of the initial porosity

(f0 = 0.02), when considering the largest mode mixity ratio (∆II/∆I = 0.6). This is

a significant difference, which is very consequential for both understanding of mixed

mode fracture, but also for development of more accurate interactive cohesive zone

models for large-scale plate tearing.

Small sensitivity of the peak traction to mode mixitiy suggests that simple cohe-

sive models based on a commonly applied rotational sweep of the traction-separation

relation (see Eq. (1)), would be appropriate (see Fig. 6). However, increasing contri-

butions of mode mixity have significant effects on both cohesive energy and separation

at failure, which cannot be captured with simple rotational mode interaction models.

The additional energy dissipated through double curvature bending of the plate section

during mode I-mode II loading is simply not accounted for in the pure mode I traction-

separation relation. A simple bi-linear traction-separation relation (see Appendix A)

fit to the mode I load case and swept into the mode mixity space (dotted lines) is shown

in Fig. 9 together with the cohesive relation obtained in this study (bold lines). The

latter sweep is found by plotting the traction-separation relations for each simulated

load case where the location in the mode mixity space is controlled by the mode mixity

ratio, ∆II/∆I . It is evident from Fig. 9 that the two approaches lead to very different

cohesive models and that the relations diverge significantly as the mode mixity ratio
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increases.

5.3. Mode I-mode III

The mixed mode I-mode III load case is subsequently considered, and the peak traction

is first evaluated in Fig. 10 for various ratios of mode mixity (∆III/∆I). The analyses

indicate that the peak traction reduces gradually with increasing mode III contribution,

but this reduction is below 1% and can be neglected.

Variation of the displacement, δs, and the traction, Ts, at intensified shear local-

ization are shown in Fig. 11. As previously, the results are normalized with the corre-

sponding values for the pure mode I load case. Compared to the mode I-mode II load

case, the effect of increasing mode III contribution is more complicated. The displace-

ment first decreases by 3-8% to reach a minimum in the interval ∆III/∆I ∈ [0.25; 0.3]

depending on the initial porosity. In fact, the minimum is attained at larger mode

mixity for increasing initial porosity. After reaching a minimum for δs, further increase

of the mode mixity ratio results in an increase of the relative displacement, which even-

tually becomes larger than that of the pure mode I load case (except for the highest

initial porosity considered here). The predicted traction has a similar behaviour; a

decrease to a minimum at ∆III/∆I ∈ [0.2; 0.3] depending on the value of the initial

porosity is observed and followed by an increase that leads to the level for pure mode

I loading. The variation in traction at intensified shear localization is, however, much

more moderate at a level below 3%.

Figure 12 presents the normalized cohesive energy as a function of the mode mixity

ratio ∆III/∆I . Introducing mode III loading results in a decrease of the cohesive energy

for moderate levels of mode mixity ratios (∆III/∆I < 0.3). For higher ratio, the energy
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level increases. In fact, the trend shows that the energy level for high mode mixity ratios

eventually will exceed that of the pure mode I load case. The variation in the cohesive

energy level is not surprising considering the variation in the traction and the relative

displacement at intensified shear localization. It is noted that the cohesive energy is

tied directly to these quantities and as the traction levels remain nearly constant, the

change in energy level follows the change in relative displacement. This behavior is

fundamentally different from that of the mode I-mode II load case, where a steadily

increasing trend was seen. This is caused by the shear banding mechanism, which is

basically a self-constituting mode III. The mode III displacement is initially constrained

(at low mode mixity), but eventually, increasing mode III loading overcomes this initial

constraint encouraging transverse shear displacement (at high mode mixity). In other

words, at low mode mixity ratios, the two halves of the plate above and below the

shear band want to displace in the direction of the prescribed mode III loading, but

the pure mode I loading constrains them, thereby maintaining a high energy. This was

also shown by Nielsen and Hutchinson (2012), who investigated two different sets of

boundary conditions; i) ∆III = 0, and ii) ∆III unspecified, and with the conclusion

that an increased energy level was present for ∆III = 0. A slight prescribed mode

III will release this constraint and lower the energy level. At the other extreme, the

self-constituting mode III will be overruled and the parts are forced to displace at

large mode mixity ratios, causing the energy level to rise. This mechanism is also

evident when the reaction force acting perpendicular to the large-scale plate surface,

is investigated. This reaction force is zero at mode mixity ratio that yields the lowest

cohesive energy.
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The above analysis provides a fundamental insight into the mixed mode fracture be-

havior in large ductile plates. In addition, the parametric studies conducted here offer

valuable lessons for formulation of accurate, mixed mode cohesive traction-separation

relations. The cohesive relation in the mode I-mode III space is depicted in Fig. 13,

where the mode I cohesive energy is swept into the mode mixity space (dotted lines)

and the simulated curves from this study is depicted in bold lines. A concave trend is

observed in the cohesive traction-separation relation, which is related to the decrease

in separation when shear localization intensifies for mixed mode loadings. This obser-

vation holds for all considered values of the initial porosity. As the loading becomes

dominated by the mode III, the cohesive relation again matches the rotational mode

I sweep but the trend suggests that a deviation will emerge to the opposite side -

comparable to the results for the mode I-mode II load case (see Fig. 9).

6. Concluding remarks

Fundamental aspects of mixed mode ductile fracture behavior have been investigated,

with a specific focus on the key parameters defining the mixed mode cohesive zone

model, suitable for large-scale ductile plate tearing simulations. This work can be

considered a natural extension of Nielsen and Hutchinson (2012), where only mode I

was considered. Two distinct mode mixities have been investigated, i.e., mode I-mode II

and mode I-mode III, at different mode mixity ratios and for three typical values of the

initial porosity. The study is based on a finite strain, quasi-static finite element Fortran

code implemented with a special 2D plane strain element that can account for out-of-

plane deformation and which facilitates studying the two sets of loading conditions.

The study has employed the Gurson-Tvergaard-Needleman material model as well as
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the shear extension to this classical model proposed by Nahshon and Hutchinson (2008).

Initial part of the study has been aimed at investigation of the effect the Nahshon-

Hutchinson shear extension of the GTN model under mixed mode loading conditions.

While the shear extension does have a significant influence on the cohesive energy,

this influence is constant for all mode mixity ratios investigated (including pure mode

I). This indicates that for all load scenarios, the traditional GTN model is suitable

for the analyses defining the relationships between individual modes. However, it is

emphasized that the shear extension is necessary for accurate determination of the

cohesive energy.

For simplicity, a bi-linear traction-separation relation has been chosen as reference,

as it is easily related to characteristics of the traction-separation relations predicted

by the micro-mechanical modeling. The key parameters of the cohesive zone model

are: i) the onset of local thinning which gives the peak traction, Tpeak, ii) the point

of intensified shear localization, δs, and iii) the cohesive energy, Γ0. The numerical

analyses have shown that the peak traction is approximately equal for all load cases,

but depends on the initial porosity. Only a slight decrease in peak traction (though

never above 4%), was observed when increasing the mode mixity. On the other hand,

the relative displacement at the point of intensified shear localization is dependent not

only on the load case, but also on the mode mixity ratio. For the mode I-mode II load

case, the displacement increases monotonically for an increasing mode mixity ratio,

suggesting an increased ductility in reference to pure mode I case. In the case of the

mode I-mode III loading, the relative displacement decreases initially at a relatively low

mode mixity ratio of 0.3, and then increases again when mode III contribution grows. It
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should be noted that, since the cohesive traction remains approximately constant until

intensification of shear localization, a direct relationship can be established between

displacement and cohesive energy for different mode mixities. Even more importantly,

the results show that a commonly applied cohesive zone model that relies on a rotational

sweep of mode I traction-separation relation, cannot reproduce the observed trends in

behavior. Specifically, using the rotational sweep to analyze mode I-mode II loading

condition will lead to overestimated crack growth, and the error becomes larger with

increasing mode II contribution. On the other hand, crack growth under mode I-mode

III conditions at moderate mode mixity ratio will be underestimated by the cohesive

zone model relying on the rotational sweep.

These findings clearly show that mixed mode ductile fracture behavior of large-scale

plates is quite complicated and caution is warranted when simulating ductile tearing

of large-scale plates with cohesive zone models. Some of the most common methodolo-

gies employed today to address these problems, may be inadequate, depending on the

objective of the analyses.
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Tables

Table 1: Material properties.

Parameters Notation Value
Young’s modulus E 210 GPa
Poisson’s ratio ν 0.3
Yield stress σy 630 MPa
Hardening exponent N 0.1
Initial porosity f0 [0.005 ; 0.01 ; 0.02]
Critical porosity fC 0.15
Final porosity fF 0.4
Gurson fitting parameters q1, q2 1.5, 1.0
Nahshon-Hutchinson shear parameter kω [0.0 ; 1.0 ; 2.0 ; 3.0]
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Figure 1: Sequential fracture process governing crack advance in a ductile metal plate subject to
mode I loading, (A) onset of local thinning, (B) severe local thinning, (C) intensification of shear
localization, and (D) slant failure.
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Figure 2: Illustrations of the two mode mixity models; (a) and (b) show the plate section with
imperfection zone and imposed boundary conditions for the mode I-mode II and the mode I-mode III
load case, respectively. Throughout the analyses, the initial ratio L0/W0 = 3 is kept constant.
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Figure 3: Discretization details; (a) shows the inner square section of the plate, where the fine mesh
has been employed, together with the top and bottom regions, where a coarser mesh is adequate.
(b) shows the discretized plate section considered in the present work where the side length of the
elements is taken to be Le = W0/63 in the fine region.
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Figure 4: Illustration of the energy contributions, with ΓI being the cohesive energy contribution that
governs the plate thinning process, and ΓII being the energy contribution going into the subsequent
shear localization and fracture. The cohesive energy is; Γ0 = ΓI + ΓII .
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Figure 5: Development of the cohesive energy for various values of kω for pure mode I loading as well
as for a) ∆II/∆I = ∆III/∆I = 0.3 and b) ∆II/∆I = ∆III/∆I = 0.6. Results are shown for two
extreme values of the initial porosity, f0.
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Figure 6: Development of the peak traction for various mode mixity ratios of ∆II/∆I . Results are
shown for three values of initial porosity, f0.
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Figure 7: Development of the (a) displacement, δs, and (b) traction, Ts, at intensification of the
shear localization for various mode mixity ratios of ∆II/∆I and for three values of initial porosity.
The displacements and tractions are normalized with displacement and traction, respectively, for
the pure mode I load case being δ0s = [0.1162; 0.0975; 0.0749] and T 0

s = [1.2647; 1.2969; 1.3115] for
f0 = [0.005; 0.01; 0.02], respectively.
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Figure 8: Development of the cohesive energy for various mode mixity ratios of ∆II/∆I for three
values of the initial porosity, f0. The energies are normalized with the value for the pure mode I load
case, in this case Γ0,I/(σyW0) = [0.5178; 0.4339; 0.3291] for f0 = [0.005; 0.01; 0.02], respectively.
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Figure 9: Comparing the rotational sweep of the mode I curve with the micro-mechanics based
mode mixity curves. Dotted lines are the sweep of the pure mode I bi-linear traction-separation
relation whereas the bold lines are the corresponding bi-linear traction-separation relation fit to the
results obtained in this study for a varying mode mixity ratio of ∆II/∆I , here shown for f0 =
[0.005, 0.01, 0.02].
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Figure 10: Development of the peak traction for various mode mixity ratios of ∆III/∆I . Results are
shown for three values of initial porosity, f0.
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Figure 11: Development of the (a) displacement, δs, and (b) traction, Ts, at intensification of the
shear localization for various mode mixity ratios of ∆III/∆I and for three values of initial porosity.
The displacements and tractions are normalized with displacement and traction, respectively, for
the pure mode I load case being δ0s = [0.1162; 0.0975; 0.0749] and T 0

s = [1.2647; 1.2969; 1.3115] for
f0 = [0.005; 0.01; 0.02], respectively.
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Figure 12: Development of the cohesive energy for various mode mixity ratios of ∆III/∆I for three
values of the initial porosity, f0. The energies are normalized with the value for the pure mode I load
case, in this case Γ0,I/(σyW0) = [0.5178; 0.4339; 0.3291] for f0 = [0.005; 0.01; 0.02], respectively.
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Figure 13: Comparing the rotational sweep of the mode I curve with the micro-mechanics based
mode mixity curves. Dotted lines are the sweep of the pure mode I bi-linear traction-separation
relation whereas the bold lines are the corresponding bi-linear traction-separation relation fit to the
results obtained in this study for a varying mode mixity ratio of ∆III/∆I , here shown for f0 =
[0.005, 0.01, 0.02].
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Appendix A. Bi-linear cohesive relation

Figure A.14 presents the bi-linear traction-separation relation chosen as reference in

the present study. In this illustration, Tpeak is the peak traction, Γ0 is the cohesive

energy, and δs defines the separation at the intensification of the shear localization.

Γ0

T

Tpeak

δs δ

Figure A.14: The bi-linear traction-separation relation employed as basis for parameterizing the micro-
mechanics based numerical results.
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