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Abstract 

Waiting time at public transport stops is perceived by passengers to be more onerous than actual 

in-vehicle time, hence it largely influences the attractiveness and use of public transport. Transport 

models assume traditionally that average waiting times are half the service headway by assuming ran-

dom passenger arrivals. However, research agree that two distinct passenger behaviour types exist: one 

group arrives randomly, whereas another group actively tries to minimise their waiting time by arriving 

in a timely manner at the scheduled departure time. This study proposes a general framework for esti-

mating passenger waiting times which incorporates the arrival patterns of these two groups explicitly, 

namely by using a mixture distribution consisting of a uniform and a beta distribution. The framework 

is empirically validated using a large-scale automatic fare collection system from the Greater Copen-

hagen Area covering metro, suburban, and regional train stations thereby spanning service frequencies 

from 2-60 minutes. It was shown that the proposed mixture distribution is superior to other distributions 

proposed in the literature. This can improve waiting time estimations in public transport models. The 

results show that even at 5-minute headways 43% of passengers arrive in a timely manner to stations 

when timetables are available. The results bear important policy implications in terms of providing 

actual timetables, even at high service frequencies, in order for passengers to be able to minimise their 

waiting times.  
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Highlights 

 Passenger waiting times are modelled as a uniform and beta mixture distribution 

 Validated framework that can improve waiting time estimations in transport models 

 Results show that many passengers arrive in a timely manner to stations even at short headways 

 Results highlight the importance of published timetables  
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1 Introduction 

Waiting time at public transport stops is perceived by passengers to be more onerous than in-

vehicle time (Nielsen, 2000; Fan et al., 2016; Fosgerau et al., 2007). Reducing waiting time is therefore 

of great importance when designing public transport systems. For en-route transfers this can be achieved 

by optimising public transport timetables in order to ensure short transfers (Parbo et al., 2014). How-

ever, this only affects transferring passengers which in the Greater Copenhagen Area corresponds to 

45% (Christiansen, 2015). For all passengers it is also important to consider the waiting time experi-

enced pre-route at the departure stop so that passengers can actively reduce their waiting time.  

In general, when timetables are available to passengers, two distinct types of travel behaviour 

are observed when arriving to a departure stop: i) one group arrives randomly, and ii) a second group 

will try to minimise the waiting time by arriving in a timely manner at the scheduled departure time 

(Csikos and Currie, 2008; Frumin and Zhao, 2012; Jolliffe and Hutchinson, 1975; Luethi et al., 2007). 

The shares of the two groups are influenced by service characteristics such as headway and reliability 

as well as other factors, such as time of day (Csikos and Currie, 2008; Frumin and Zhao, 2012; Luethi 

et al., 2007; Nygaard and Tørset, 2016). As headway or reliability decreases, the share of passengers 

arriving randomly increases as the potential benefit of reduced waiting time is reduced (Bowman and 

Turnquist, 1981). Capturing such behaviour accurately in transport models is important for estimating 

impacts of public transport investments. However, most traditional public transport assignment models 

assume all passengers to arrive randomly to the stop, hence assuming the average waiting time to be 

half the headway (Fu et al., 2012; Nielsen, 2000; Nökel and Wekeck, 2009; Schmöcker et al., 2011; 

Szeto et al., 2013, 2011). Therefore such models might overestimate waiting times as more passengers 

will time their arrival at the station leading to lower actual waiting times (Csikos and Currie, 2008). 

This paper contributes to the existing literature by analysing a large-scale empirical data set of 

passenger arrivals and waiting times at train stations in the Greater Copenhagen Area. The contribution 

is three-fold. 

Firstly, this study proposes a general methodology to model passenger waiting times at public 

transport stations by explicitly taking into account passengers arriving randomly and non-randomly. 

The methodology is an extension of the approach proposed in Luethi et al. (2007) where the arrival 

patterns of passengers were modelled as a mixture of a uniform and a Johnson SB distribution, thus 

taking into account random and non-random passenger arrivals, respectively. In this present study the 

method is further developed by proposing a general mixture of a uniform and a beta distribution which 

can be fitted to specific service frequencies by adjusting the share of uniform passenger arrivals as well 

as the parameters for the beta distribution. The simple and general formulation makes it easily adoptable 

in public assignment models. 

Secondly, data used for this study is based on a large-scale automated fare collection (AFC) 

system containing more than 1.5 million trips covering all modes of public transport in the Greater 
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Copenhagen Area during September and October 2014. This allows for extending the work of Frumin 

and Zhao (2012), which deployed a large-scale AFC dataset from the London Overground to analyse 

passenger arrivals at boarding stations at headways in the range 7-30 minutes. This present study covers 

stations with headways ranging from 2 minutes on the metro to 60 minutes on regional train lines. In 

addition, it includes modes with traditional published timetables (suburban and regional trains) and 

frequency-based timetables where actual departure times at stations are not published (metro). This 

makes it possible to compare results across a wide range of service frequencies and timetable types. 

Thirdly, this study takes into account the effects of multiple station characteristics on the arrival 

patterns and waiting times of passengers. This data is joined onto databases including information on 

station layouts, station amenities and land use types surrounding the stations. This makes it possible to 

estimate the importance of such characteristics on passenger waiting times. 

The paper is organised with a review of the existing literature on analysing passenger waiting 

times in public transport in section 2. The methodology and data used in this study is described in 

section 3 while the results are presented and discussed in section 4. In section 5 conclusions are drawn 

while policy implications are highlighted in section 6. 

2 Literature review 

2.1 Estimation of waiting times 

Some of the earliest studies focusing on passenger arrival patterns analysed the relationship 

between waiting time and headway by a simple linear relationship. O’Flaherty and Mangan (1970) 

found that average passenger waiting time, W, could be related to average bus headway, h (measured 

in minutes) by the simple linear relationship W = 1.79 + 0.14h during an evening peak period in Leeds, 

UK. Seddon and Day (1974) improved the simple model by adding the influence of random bus arrivals. 

In their study the relationship was found to be W = 2.34 + 0.26h (measured in minutes) for stops in 

Manchester during both peak and off-peak hours. Hence, evidence of non-random arrivals were found 

as random arrivals would have implied W = 0.5h. Jolliffe and Hutchinson (1975) further improved the 

estimation of passenger waiting times by analysing the influence of day-to-day variability of bus arri-

vals. The study also proposed a three-fold categorisation of passengers based on their behaviour: i) 

those who arrive to minimise their waiting time, ii) those who arrive randomly, and iii) those whose 

arrival coincides with the bus, i.e. by running to catch it. Based on an analysis of ten bus stops with 

varying headways at 6-31 minutes in London they found that actual passenger waiting times were 30% 

less than if passengers arrived randomly. Bowman and Turnquist (1981) extended the estimation of 

passenger waiting times by modelling explicitly the arrival distribution of passengers timing their arri-

val at stops by using a decision model of arrival time choice to the bus stop. By using this model the 

study found that passengers are more sensitive to reliability than to scheduled headway when deciding 

between arriving randomly or timing their arrival. 
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Later studies investigated aggregate passenger arrival patterns with the purpose of estimating 

the threshold for when passengers arrive randomly. Fan and Machemehl (2002) found that 10 minute 

headway was the limit between random and non-random passenger arrivals based on 2,491 observations 

of bus passengers from Austin, Texas. In a later study, the same authors found that 11 minutes was the 

transition point between practically random arrivals to less random arrivals, and that all passengers 

timed their arrival at headways of over 38 minutes (Fan and Machemehl, 2009). Similar results were 

found in a study on bus passenger arrivals in Trondheim, Norway, where passengers were found to time 

their arrival at headways of 10 minutes (Nygaard and Tørset, 2016). These studies only analysed arrival 

patterns of bus passengers. Luethi et al. (2007) analysed passengers across public transport modes, i.e. 

bus, tram, and commuter rail based on data from Zürich, Switzerland. The study estimated the threshold 

for random arrivals even lower at 5 minutes for which a significant group of passengers timed their 

arrival. This study also found that the share of passengers arriving non-randomly was higher at 5-minute 

headways than at 6-minute headways, hence highlighting the importance of timetables that are easy to 

remember.  

In a more recent study, Frumin and Zhao (2012) investigated passenger arrival patterns using a 

large-scale AFC dataset from the London Overground rail network finding that a notable share of pas-

sengers arrive in a timely manner at all analysed headways (7-30 minutes). The study distinguished 

between two types of passenger behaviour, namely timetable-dependent passengers arriving according 

to the timetable and passengers arriving randomly. Hence, instead of reporting a transition headway for 

when passengers arrive randomly, the study found that the share of passengers arriving randomly varied 

across the network and time-of-travel as more passengers arrived randomly at longer headways and at 

services with known reliability problems. The explicit two-fold arrival behaviour of passengers were 

subsequently used to evaluate service quality in terms of actual realised (and excess) journey times 

(Zhao et al., 2013), and to evaluate the effects of a timetable change on a rail line of the London Over-

ground network (Frumin et al., 2013). 

Several studies investigated the properties of the arrival patterns using statistical distributions. 

Luethi et al. (2007) proposed an advanced framework for modelling passenger arrivals using a mixture 

of uniform and Johnson SB distributions, hence explicitly taking into account the two-fold representa-

tion of the arrival behaviour of passengers. Several later studies have used a simpler approach. An 

analysis of transferring passengers were conducted in Beijing showing that the lognormal and gamma 

distributions had the best fit for direct and non-direct passengers, respectively (Guo et al., 2011). And, 

at Beijing bus stops Gong et al. (2016) found that gamma and lognormal distributions best fitted pas-

senger waiting times during evening peak hours. Nygaard and Tørset (2016) analysed bus stops with 

10-20 minute headways in Trondheim, Norway. They concluded that passenger arrivals were non-uni-

form without giving further details on alternative descriptions. While focusing explicitly on passenger 

arrival patterns, Frumin and Zhao (2012) and Zhao et al. (2013) did not focus explicitly on the statistical 

properties of the passenger arrival distributions. 
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The influence of travel and station characteristics on waiting times has also been the focus of 

recent research. Fan and Machemehl (2009) investigated the influence of stop location, gender and 

travel period, but did not find any effect on waiting times. However, the study found that passengers 

with car as access mode wait shorter than others. Currie and Csikos (2007) found time-of-day effects 

as random passenger arrivals were more common during off-peak hours as compared to travellers dur-

ing peak hours. Similar results were found in Luethi et al. (2007) where travellers during morning and 

afternoon commute periods experienced shorter waiting times than those travelling mid-day. The study 

also found lower average waiting time for passengers at stations where the perceived service reliability 

was high, hence highlighting the importance of reliable operations. However, each station only had 

observations for one time period, hence the effect could be related to the station rather than the time 

period. The study suggested further research on the topic including the effects of time-of-day, route 

reliability, travel purpose, station location (in network), station environment, and previous activity 

(work, school, etc.). In a more recent study Fan et al. (2016) found significant effects of station ameni-

ties and perceived safety on the perceived waiting time using data from 36 light rail, commuter rail and 

bus stops in the Minneapolis-Saint Paul metropolitan area. If stations had limited amenities in terms of 

shelters and benches the waiting time was perceived 30% longer, and for women waiting in insecure 

places for more than 10 min the wait was perceived as much longer. 

While these studies have investigated waiting times in detail across various study areas with 

different public transport structures including the influence of service frequency and station character-

istics most studies rely on manual data collection making sample sizes for specific combinations of 

mode, time-of-day and service frequency relatively small. Only few studies deployed large-scale AFC 

data, but did not focus explicitly on the properties of the waiting time distributions. Furthermore, most 

studies relied on data covering only one mode of public transport, most often buses or single rail lines.  

2.2 Implementation in transport models 

The first studies on public transport assignment models implemented passenger arrival patterns 

at departure stops simply by the so-called half-headway approach (Clerq, 1972; Dial, 1967). This ap-

proach relies on three important assumptions: i) deterministic transit vehicle headways hence assuming 

perfect service regularity, ii) passengers can board the first arriving vehicle, and iii) random arrival of 

passengers at stops (Fan and Machemehl, 2002). The first two assumptions are related to the operations 

of the public transport system which are not the main focus of this paper. A description of these as-

sumptions can be found in Gentile et al. (2016). The third assumption is related to the travel behaviour 

of passengers which in this case are assumed to not consider the timetable of the public transport service. 

Hence, the average of the waiting time is estimated to be half the headway. The simplicity made the 

approach very popular resulting in wide usage within assignment models (Ceder and Marguier, 1985; 

Hess et al., 2004; Liu et al., 2010). This includes most frequency-based transit assignment models (Fu 

et al., 2012; Nökel and Wekeck, 2009; Schmöcker et al., 2011; Szeto et al., 2013, 2011).  
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However, as previous research states random passenger arrivals can only be reasonably as-

sumed at short headways. Hence, such models might overestimate average waiting times as more pas-

sengers will time their arrival at the station (Csikos and Currie, 2008). Therefore, other transit assign-

ment models assume half headway for short frequencies with a maximum waiting time for longer head-

ways, e.g. the schedule-based model suggested in Nielsen (2000), thus resolving the issue slightly. In 

other schedule-based models the waiting time is modelled implicitly as part of the departure time choice 

of passengers based on the timetable of the public transport system (Nielsen, 2004; Nielsen & 

Frederiksen, 2006; Gentile et al., 2016; Nuzzolo et al., 2001). However, actual passenger arrivals at 

stops, and hence actual passenger waiting times, are not affected by the timetable due to high service 

frequency (Nuzzolo et al., 2015, 2012, 2001). By this, both model types do not accurately take into 

account the actual passenger arrival patterns and waiting time distributions, thus highlighting the need 

for a simple approach to estimate passenger waiting time patterns. 

3 Methodology 

The framework developed in this study was to analyse passenger waiting time distributions 

using AFC systems. Such data are being used more and more for various public transport planning 

purposes (Pelletier et al., 2011). Specifically, this analysis was tailored to investigate explicitly the ratio 

between passengers arriving randomly and those arriving non-randomly. This can be modelled by a 

mixture distribution holding two distributions which was first introduced in Luethi et al. (2007).  

Passengers who do not consider the timetable are assumed to arrive according to a Poisson 

arrival process. Hence, they arrive randomly to stations and their waiting times follow the uniform 

distribution as also suggested in several studies (Fu et al., 2012; Luethi et al., 2007; Nielsen, 2000; 

Nökel and Wekeck, 2009; Schmöcker et al., 2011). The other group of passengers who do consult time-

tables will arrive with varying arrival intensity as this group of passengers will try to minimise their 

waiting time by arriving close to the departure time. The waiting time distribution will therefore not 

follow a uniform distribution. Instead this study proposes that the waiting time distribution of this group 

of passengers can be described by a beta distribution. This was done because the beta distribution pos-

sesses three important characteristics; 

1. It is bounded on a defined interval which fits with the operational characteristics of public transport 

where passengers’ waiting times are bounded by the service headway.  

2. The beta distribution can handle the specific characteristics of passengers knowing the timetable. 

Namely, that they are assumed to add a buffer time to their arrival time at stations in order to not 

miss the departure (Fonzone et al., 2015; Frumin and Zhao, 2012). As the buffer time varies across 

passengers and service frequency, the arrival intensity is assumed to be highest a few minutes before 

the departure time and be decreasing towards the time of the next departure, cf. Figure 1. The shape 

parameters of the beta components (α and β) can explicitly model this as they define the skewness 

which might also vary across service frequency.  
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3. The uniform distribution is a special case of the beta distribution. By this there is a strong link 

between the distribution of the random passenger arrivals and those arriving according to the time-

table. 

Hence, with 𝛤(𝑧) denoting the gamma function defined as 𝛤(𝑧) = ∫ 𝑥𝑧−1𝑒−𝑥𝑑𝑥
∞

0
, the probability 

density function (PDF) of the mixture distribution, 𝑓(𝑥), proposed by this study can be written as: 

𝑓(𝑥) = 𝜍 ∙
𝛤(𝛼 + 𝛽)

𝛤(𝛼) ∙ 𝛤(𝛽)
∙ 𝑥𝛼−1 ∙ (1 − 𝑥)𝛽−1 + (1 − 𝜍)                (1) 

The ς denotes the proportion of the beta component whereas (1 - ς) denotes the proportion of 

the uniform component. Figure 1 shows the PDF with the y-axis denoting the density and the x-axis 

denoting the normalised waiting time (i.e. share of full headway).  

[Place Figure 1 about here] 

Maximum likelihood estimation was used to fit the waiting times calculated from the AFC data 

to the specified mixture distribution framework using the R statistical software package (R Core Team, 

2017). This was done for all headways in the data (2/3/4/6/10 minutes for metro, 5/10/20 minutes for 

suburban trains, and 20/30/60 for regional and intercity trains). By this, a mixture distribution for each 

headway was estimated including the share of observations contained in the uniform and beta parts, 

respectively. Finally, the fit was compared to that of a mixture distribution containing one part uniform 

and one part Johnson SB distribution as proposed by Luethi et al. (2007) to evaluate the methods. 

3.1 Case study: Greater Copenhagen Area 

The study area covers the commuting area1 of Copenhagen in the eastern part of Denmark in 

which approximately 2 million people live. The study utilised the Danish Rejsekort (English: Travel 

card) which is a tap-in-tap-out AFC system. This holds information on when and where passengers 

check into and out from the public transport system as well as intermediate transfer locations. The 

system covers all modes of public transport in Denmark, i.e. buses, metro and railways, and is used for 

more than 100 million trips annually (Rejsekort A/S, 2017). However, not all passengers use it for all 

trips as monthly passes are not currently implemented in the card. Hence, most commuting trips are not 

included in the data. For this study a data sample covering 1,767,858 public transport trips for the 

months of September and October 2014 was utilised corresponding to 12% of all public transport trips 

during that period. 

The AFC data was linked to timetable data for suburban trains (S-trains) and regional trains in 

order to calculate the waiting times for passengers. For metro trains no public timetable is available due 

to the system running at high service frequency, i.e. every four minutes during rush hour, every six 

minutes during other hours, and every 10-20 minutes during the night. As the two metro lines run partly 

in parallel service frequency is doubled within the city centre. Hence, for the metro a synthetic timetable 

                                                      
1
 This also includes towns located throughout Zealand from which extensive commuting patterns towards Copen-

hagen, e.g. Kalundborg, Korsør, and Vordingborg. 
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based on the time-of-day-dependent service frequency was produced in order to calculate waiting times 

for metro passengers. 

The effects of various travel and station characteristics on waiting time distributions were ana-

lysed using different data sources, cf. Table 1. Station characteristics were taken from a study on transfer 

attributes (Dyrberg and Christensen, 2015). This included whether stations were located underground 

or had platform shelters to protect from weather, and a subjective measure of station layout ranking 

stations in terms of wayfinding. The inclusion of this measure was not straight-forward, but was in-

cluded to analyse whether stations with simple layout and easy access to platforms from the street level 

influenced passenger arrival behaviour. In addition, detailed land use data comprising 44 categories of 

land use types were tested and eventually aggregated into only two types, i.e. leisure and commute. By 

this, land use types such as offices, industry and residential areas were categorised as being related to 

commuting travel whereas land uses such as nature, recreational areas, shopping and cultural institu-

tions were categorised as leisure. For each station the land uses within 500 meters of the station were 

identified since the Danish travel survey suggest that the mode share of public transport is notably 

higher for trips originating and terminating within 500 meters of a station (Christiansen, 2015). The 

land use type with the largest share was assigned to that station. However, if the land uses surrounding 

a station were mixed, i.e. either no share larger than 30% or several shares larger than 30%, the land 

use was specified as mixed. Lastly, results from a passenger survey conducted during the years 2013-

2015 was included to test the influence of perceived safety. 

[Place Table 1 about here] 

3.2 Data preparation 

An algorithm was developed to connect passenger arrivals to train departures on the origin 

station corresponding to the procedure proposed in Frumin and Zhao (2012), but with some differences. 

It was designed to accommodate all passengers, namely those travelling directly from origin station to 

destination station using only one mode of transport as well as passengers transferring midway. Each 

passenger was assigned on the first train that travelled between i) the station of check-in, and ii) the 

station of check-out (or transfer point). The waiting time was then calculated as the time from check-in 

to the scheduled departure time of the assigned train.  

Simultaneously, the algorithm calculated the number of scheduled departures between the sta-

tion-pairs within the next 180 minutes. For the analysis of waiting time distributions it was required that 

headways were constant, hence headways for the next three departures were required to be fixed, e.g. 

exactly 20 minutes. The procedure did require a number of assumptions; 

Firstly, the waiting times were calculated based on the time of check-in at the check-in stands. 

By this, it is assumed that passengers tap in when they arrive to the station instead of waiting for the 

train to arrive before checking in. This was assumed to be reasonable as most often there is no financial 

incentive to wait for the train before checking in. Also, all stations had tap-in stands at the platforms 
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which made it possible for passengers to check in when they arrived. Most stations do not have tap-in 

stands at the waiting hall, but underground metro stations have stands at the intermediate level. Hence, 

for these stations there could be some walking time from tap-in to arrival at the platform. However, the 

intermediate level is within visible range of the platform, i.e. short walk on escalators, hence this as-

sumption was assumed to be reasonable also for these stations. The assumption of check-in was ad-

dressed specifically by controlling the timestamp for the next tap-out at the destination station (or tap-

in if transferring) to ensure that the passenger actually travelled on the assigned train. Finally, the va-

lidity of this first assumption was tested by use of manually collected passenger arrival data.  

An important element to consider from this first assumption is the provision of real-time infor-

mation to passengers before arriving at the check-in stands. In Copenhagen the widely used online travel 

planner is updated with real-time information on delays, hence for passengers planning their trips real-

time information is easily available before and during the trip. This makes it possible for passengers to 

change plans in case of delays if multiple travel alternatives are present for their trip. But, if passengers 

try to arrive in a timely manner to the station that implies that passengers are performing their route 

choice prior to arriving at the station. As some stations in the network have multiple lines the route 

choice might be affected when arriving to the station, both in case of delays or even just based on the 

actual arrival time at the station. Specifically, passengers might choose other lines or routes based on 

real-time information, either from their smart-phone or from information shown at the station. As most 

stations in the Copenhagen area have information shown to passengers physically close to platforms 

the influence on actual waiting time is probably small. However, it might affect the route choice on 

stations where passengers have multiple options, e.g. stations served by multiple lines. Hence, a separate 

analysis was performed to test this assumption specifically (refer to section 4.2). 

Secondly, buses were not included because check-in happens inside the vehicles making it im-

possible to estimate the arrival time of the passengers at the bus stop.  

Thirdly, only the first trip leg2 of each trip was included in the analysis. This was done to ensure 

that waiting times were not influenced by possible prior public transport modes as it is only the first trip 

leg that is affected by the access mode, e.g. walk or bicycle. By this, it is ensured that arrival times were 

not influenced by transferring passengers arriving simultaneously in larger groups.  

Fourthly, the main analyses only included trips performed on weekdays. However, a separate 

analysis was performed to test possible differences between weekdays and weekends as well as possible 

time-of-day effects.  

Lastly, as the metro does not have an official published timetable this study adopted a pseudo-

timetable based on the local service frequency which ranged from 2-6 minutes during day hours and 7-

20 minutes during night hours. This assumption was important for calculating passenger waiting times 

                                                      
2
 A trip is defined based on having one single travel purpose. One trip might contain more trip legs, e.g. in public 

transport which includes access and egress and possibly several modes due to transfers. 
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and was assumed to be reasonable when taking into account that passengers are not able to look up a 

timetable for the metro trains as they can only know the service frequency at their preferred station. 

Hence, they are hypothesised to arrive randomly, and the analysis of whether this is true is not affected 

by the use of a pseudo-timetable.  

By the end of these procedures the sample included 701,252 trip legs for weekdays and 308,091 

for Saturday and Sundays. 

3.3 Effects of realised timetables 

The initial calculation of passenger waiting times based on the scheduled timetable revealed 

problems in the dataset that needed to be corrected, cf. Figure 2 (left). As expected the largest arrival 

rate of passengers happens just prior to a departure. This points towards a trend of passengers trying to 

minimise their waiting time, but still adding a buffer time in order to not miss the departure, which was 

also observed in Frumin and Zhao (2012). The arrival rate then decreases steadily until the next depar-

ture. However, in the first minutes after the prior departure the arrival rate increases as also observed 

for London Overground passengers (Frumin and Zhao, 2012). This is due to three reasons.  

1. The timetable data for S-trains was based on arrival times rather than departure times. This meant 

that platform dwell times were not taken into account even though they range from 10-30 seconds 

depending on the station. Hence, S-train departure times were corrected by adding the official sta-

tion-specific minimum dwell times to the timetable arrival times.  

2. Passengers being on the verge of catching a train might run for it. This leads to a larger intensity of 

passengers arriving just before and after the scheduled departure time. For the passengers arriving 

just late according to the timetable they will not catch the train and have to wait for the next depar-

ture hence experiencing a waiting time of almost the headway. However, if the train is delayed 

these people might slow down when arriving at the station because they can see that the train is 

delayed. Hence, these passengers will check in after the scheduled departure time, but still catch 

the delayed train thereby showing up in the tail-end of the distribution.  

3. There might be some passengers that check in just prior to entering the train which in the case with 

delayed trains will be just after the original departure time.  

By taking actual delays into account it was possible to verify that many of the trip legs from the tail of 

the distribution were indeed passengers who actually were able to catch the previous delayed train. 

Official delay data from the Danish railway manager was used, but the procedure also required imple-

mentation of delay correction factors to accurately estimate the actual departure times from the station 

platforms (Richter et al., 2013). By removing these trip legs using the realised timetable of delayed 

trains the distribution looked more as expected, cf. Figure 2 (right). These trip legs could have been 

included with updated, realised waiting times. However, in order to not conflict the general assumption 

of passengers timing their arrival to the scheduled timetable they were removed. Hence, only scheduled 

departure times were used for the calculation of waiting times. As delay data was not available for all 
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data this procedure resulted in a smaller sample of 617,996 observations for weekdays and 277,958 for 

weekends. 

[Place figure 2 about here] 

3.4 Validation 

The waiting times deducted from the AFC system were validated using manually collected data 

of passenger arrivals at Bernstorffsvej S-train station. A total of 182 observations were collected during 

a morning peak period on August 11, 2016 from 7:30 to 8:45. During the data collection efforts were 

made to not include passengers arriving to the station by bus. The manually collected data was com-

pared to 440 observations from the AFC data, cf. Figure 3. Unfortunately, data were not available for 

the exact same period. Instead data from similar morning peak periods during September and October 

2014 were used. 

[Place Figure 3 about here] 

The validation was performed using the Kolmogorov-Smirnov statistical test which showed 

that it cannot be rejected that the distributions are identical. This finding also validates the assumption 

that passengers do not generally wait until the time of departure before checking in using their Rejsek-

ort. If that was the case the distributions of waiting times for the AFC data would be more positively 

skewed than that of the manual data which is not the case. Although not statistically significant, it can 

be seen that the largest deviation is concentrated around the middle, i.e. at half the headway. However, 

no obvious reasons for this were identified, and the deviation is still small when taking into account the 

relative small sample sizes used for the validation. Furthermore, when considering the full range there 

seems to be no systematic deviations. 

4 Results 

4.1 Main findings 

The full dataset of 617,996 weekday trip legs were analysed to estimate the fit of the two mix-

ture distributions, i.e. the mixture of uniform and beta proposed by this present study, and the mixture 

of uniform and Johnson proposed by Luethi et al. (2007). Table 2 shows the results of the fit for each 

headway of the schedule-based public transport services. The fit of each mixture distribution to the data 

was evaluated using the two-sample Kolmogorov-Smirnov test statistic, D, and the corresponding p-

value, whereas the Akaike information criterion (AIC) was used to compare the fit of the two mixture 

distributions with a lower number signifying better fit (Akaike, 1974). The results are illustrated spe-

cifically for 20-minute headways in Figure 4. 

[Place Table 2 about here] 

[Place Figure 4 about here] 
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The results from the 20-minute headway illustrated in Figure 4 visually suggest a better fit from 

the beta-mixture distribution as compared to the Johnson-mixture distribution while the traditional sim-

ple uniform distribution has a much worse fit. When analysing the fits across all service headways this 

tendency is clear. The assumption of a Johnson-mixture distribution is rejected at the 99% confidence 

level at all service headways except for 5-minute headways. This can be compared to the fit of the beta-

mixture which can only be rejected for 10-minute headways. The beta-mixture fit is visualised specifi-

cally in Figure 5 together with the remaining service headways. 

[Place Figure 5 about here] 

As the headway between train departures increases the share of random passenger arrivals de-

creases. Hence, at short five minute headway 57% of train passengers arrive randomly which decreases 

to 7% at 60 minute headway. At 10 minute headway the share is 48% suggesting that approximately 

half will try to time their arrival at stations. These results are consistent with previous studies which 

found that passengers will start timing their arrival if headways are larger than 5-10 minutes (Jolliffe 

and Hutchinson, 1975; Luethi et al., 2007; O’Flaherty and Mangan, 1970; Seddon and Day, 1974). 

[Place Table 3 about here] 

Table 3 shows the shares of the beta component (ς) and the uniform component (1 - ς) of the 

mixture distribution including the shape parameters of the beta component (α and β). As headway in-

creases, α decreased consistently from 0.41 at 5 minute headways to 0.14 at 60 minute headways. Sim-

ilarly, β increased consistently from 2.85 at 5 minute headways to 11.2 at 60 minute headways, hence 

suggesting increasing positively skewness as headway increases. 

[Place Figure 6 about here] 

For metro passengers (i.e. frequency-based timetable) the estimated mixture distributions did 

not include a significant beta component for any of the analysed service headways. Instead, the best fit 

was a uniform waiting time distribution, hence suggesting random passenger arrivals, cf. the results 

overview in Figure 5. This suggests that passengers are unable to time their arrival at public transport 

services that use frequency-based timetables where actual departure times are not published. This can 

be seen specifically when comparing the waiting time distributions of metro passengers at 6 minute 

headways with those of S-train passengers at 5 minute headways, cf. Figure 6. Despite the similar head-

ways the waiting time distribution of metro passengers is estimated as fully uniform, whereas that of S-

train passengers is 57% uniform and 43% beta. The results are pronounced at all headways of the metro 

where there is no significant beta-component for a mixture distribution resulting in the uniform com-

ponent being estimated at 100%. However, it should be noted that statistical tests for fully random 

arrivals, i.e. fully uniform waiting time distributions, were rejected at the 95% confidence level for all 

but 10-minute headways.  

The results imply that average waiting times for passengers are higher when timetables are not 

published, i.e. in the example case 49% of headway for metro passengers as compared to 46% for S-

train passengers, cf. Figure 6. In these cases the average waiting time is approximately half the headway. 
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However, as headway increases for scheduled public transport the average waiting time decreases to 

35%, 26% and 16% of the headway for 20, 30 and 60 minute headway, respectively. In other words, 

average waiting times are reduced by 8% and 15% at short headways of 5- and 10-minutes, and by 30%, 

47% and 67% at longer headways of 20-, 30- and 60-minutes, respectively. Thus, the findings generally 

highlightthe importance of using actual timetables.The findings are larger in magnitude than those ob-

served for passengers in the London Overground network where the actual average waiting time was 

11.2 minutes at 30-minute headways as compared to 7.9 minutes for passengers in the Copenhagen rail 

network (Frumin and Zhao, 2012). Hence, this suggests that passengers in the Copernhagen network 

are more sensitive to waiting times, more aware of public transport timetables, and/or it could be related 

to a generally more reliable service. 

4.2 Influence of route choice 

The stations in the public transport network vary in terms of number of lines served. As some 

stations are served by several lines going to the same destination, it is possible for passengers to adapt 

their route choice dependent on their arrival time at the station, whereas arrivals to specific lines might 

follow different patterns. For the data in Copenhagen two main cases were identified; 

1. Trip legs from S-train stations served by multiple S-lines versus those served by one line  

2. Trip legs from stations served by multiple train types, e.g. regional trains, suburban trains 

and metro  

The first case compares the arrival pattern of passengers at the suburban train network, namely 

at stations which have only one line with that of stations with multiple lines serving the station. As 

headway needs to be similar in order to perform a consistent comparison this analysis only compares 

Lyngby station, which is served by both a slow and a fast train, with the stations on the S-train Ring 

line which only has one service type stopping at all stations. As can be seen in Figure 7 the arrival 

distributions were very similar, and statistical tests revealed that the hypothesis of similar arrival be-

haviour could not be rejected for these cases at 5-minute headway. 

[Place Figure 7 about here] 

The second case covers trip legs where the passenger can choose between multiple train types, 

namely between metro, regional, and S-trains. These cases cover services with widely separation be-

tween train and metro platforms, requiring long walking distances and use of escalators, with no visual 

connection between the platforms, and with no joint information systems on departures. In addition, the 

service frequency for metro services is very high, hence reducing the potential benefit of an adapted 

route choice. However, as these cases relates to multiple public transport modes with varying service 

headways at all operating hours the actual service headway experienced by the passengers is uneven. 

As constant headway is required for the analyses these cases could not be compared. 

4.3 Influence of time of travel 
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The effects of time of travel shown in Table 4 indicate that more passengers arrive randomly 

outside of peak hours than those traveling during peak hours, consistent with findings in other studies 

(Frumin and Zhao, 2012; Luethi et al., 2007) 

[Place Table 4 about here] 

This suggests that travellers during peak hours are frequent travellers who know the timetable 

better and are more eager to time their arrival to their preferred departure. This is in contrast to travellers 

outside peak hours and during weekends which seem to have less focus on minimising their waiting 

time. This difference in travel behaviour leads to increased waiting times for passengers outside peak 

hours as also seen in Figure 8 for 20-minute and 30-minute headways whereas the difference is minimal 

at 60-minute headways. 

[Place Figure 8 about here] 

4.4 Influence of station characteristics 

The characteristics listed in Table 1 were analysed to investigate their influence on passenger 

waiting time distributions. Of the parameters tested notable effects were found for station layout in 

terms of ease of wayfinding whereas no effects were found for characteristics such as availability of 

various types of shelters, perceived safety level or being located underground or in close proximity to 

specific land use types. 

[Place Table 5 about here] 

The results showed in Table 5 suggests that waiting times are generally longer when station 

layouts are more complicated and confusing. Hence, at headways of 20, 30 and 60 minutes passengers 

arrive earlier at the station platform if stations are perceived as more confusing. This could suggest that 

passengers require a larger access time buffer for such stations in order not to risk missing their depar-

ture. As many of the stations with complicated layouts also have many passengers this result could also 

be related to congestion. At 5 and 10 minute headways no significant differences were found suggesting 

less incentive for buffer times at shorter headways. 

4.5 Discussion and study limitations 

While the methodology proposed by this study proved suitable across various service frequen-

cies and station characteristics, still some assumptions could be addressed in future studies.  

Firstly, the fundamental assumption of this study was that the actual waiting time of passengers 

can be calculated as the time from check-in to the time of the first departing train that also stopped on 

the destination (or transfer) station of the passenger.  

This require i) that passengers check in immediately on arrival, ii) that there is a very short 

distance from check-in to boarding the public transport vehicle, and iii) that the passengers do not 

change plans after arriving at the station, e.g. changes to another route due to delays. Several measures 

were taken to address the implications of these assumptions. As the check in stands are located on 
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station platforms, the assumption of check-in on arrival is reasonable. This was also seen from the 

validation in section 3.4 which showed that there was not significantly more tap-ins immediately before 

departures, hence there was no evidence of this assumption being violated. Similarly, it was checked 

that the designated train did not arrive prior to the tap-in of the passenger, hence eliminating the risk of 

passengers being assigned to a train that they did not catch. Finally, the possible effects of changes to 

route choice decisions were evaluated in section 4.2. This analysis was also performed to test the influ-

ence of provision of (real-time) information at the station. This might influence the behaviour of pas-

sengers before arriving to the station, but also after arriving where passengers might choose another 

travel alternative than originally planned due to delays. The results shown in section 4.2 revealed no 

significant differences between waiting time distributions for stations served by suburban skip-stop 

services and normal suburban train services.  

In continuation of this, it should be emphasised that the method used scheduled train departure 

times to calculate passenger waiting times. This was chosen deliberately as passengers were hypothe-

sised to use the scheduled timetables if planning their arrival at the station. However, results from 

Frumin and Zhao (2012) suggested that passengers arrive more randomly on lines with lower reliability. 

The results from this present study showed a generally larger percentage of timetable-dependent pas-

sengers, which could be related to the relatively high punctuality of especially suburban trains (93.7%) 

and regional trains (82.6%) in the Copenhagen area 82.6% (DSB, 2018).3 However, future studies could 

investigate further the impacts of reliability on passenger arrival patterns. 

Secondly, the present study did not include bus trips. This was not possible as the arrival time 

of bus passengers at the stop cannot be determined due to the check-in hardware being located inside 

the bus. However, recent research efforts have enabled the use of new technology such as capturing 

waiting passengers using Bluetooth or Wi-Fi detection from smartphones (Shlayan et al., 2016).  

Thirdly, this study adopted a pseudo-timetable for metro trains as no published timetable is 

available for passengers. This included the correct service frequency, but no accurate departure times. 

However, as the results showed that passenger arrivals were almost entirely random independent of 

service frequency, using an actual planned timetable would similarly result in almost entirely uniform 

waiting time distributions. Hence, the general conclusions would not change notably. 

Fourthly, the approach in this paper suggests that the waiting time distributions at each station 

is a mixture of a uniform and a beta distribution. Methodologically, it can be argued that the full distri-

bution of each headway is a weighted sum of mixture distributions due to aggregating waiting times 

over multiple stations. This entails that a mixture distribution should be estimated for each station. 

However, that would require extensive data requirements making it infeasible for practical use. In this 

study we therefore validated the aggregate distribution making the approach easily adaptable for use in 

transport models. 

                                                      
3
 A passenger is considered punctual if arriving at the destination within 3 minutes of the scheduled arrival time.  
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Finally, a path for future research on the topic could be how other travel characteristics influ-

ence waiting time distributions and the share percentages of passengers arriving randomly or in a timely 

manner. Specifically, this could include the influence of weather or seasons which have been high-

lighted to have an effect on ridership (Arana et al., 2014; Zhou et al., 2017). In Copenhagen this might 

have an effect as the weather conditions changes notably during the year, and even during the same day. 

It could therefore be an interesting extension to analyse whether passenger arrival behaviour at stations 

is affected by local weather conditions. Unfortunately it was exorbitant expensive to acquire local 

weather data from the Danish Meteorological Agency to carry out this analysis.  

5 Conclusions 

The paper presents an approach to model passenger waiting time as a mixture distribution to 

explicitly take into account the arrival behaviour of public transport passengers at stations. Specifically, 

arrival patterns of passengers can be grouped into two groups: i) one group arriving randomly, e.g. due 

to not knowing the timetable, and ii) another group arriving according to a beta distribution, e.g. due to 

timing their arrival at the station in order to minimise the waiting time at the station. The approach was 

tested using a large-scale Automatic Fare Collection (AFC) system from the Greater Copenhagen Area 

revealing better fit than prior arrival models proposed in the literature. The measurements were also 

validated against manually collected data to ensure that the passenger arrival times matched the check-

in time, which was a fundamental assumption used in the calculation of waiting times. The data source 

used ensured a large sample covering trip legs in metros, suburban, regional and intercity trains across 

headways of 2-60 minutes.  

The results showed that the share of passengers arriving randomly decreases as the headway 

increases. Even at short headways a large share of passengers are trying to minimise their waiting time 

by timing their arrival time at stations. At 5- and 10-minute headways this share was estimated at 43% 

and 52%, respectively, increasing with higher service frequencies. These results were only evident for 

train stations with public schedule-based timetables whereas arrival patterns at metro stations with fre-

quency-based timetables were random independent of headway. This finding points towards the im-

portance of publishing real timetables to passengers even at short headways typically seen in high-

frequency metro services. However, if severe regularity issues are observed published timetables will 

be less important.  

In addition, the study revealed more timed arrival patterns at rush hours as compared to other 

time of day and weekends. The results of station characteristics showed that stations with confusing 

station layout led to increased passenger waiting times. This was probably due to the need for passen-

gers to add an extra time buffer to their access time when arriving to the station. Hence, it is of great 

importance to ensure easy accessibility to stations in order to reduce passenger waiting times and thus 

to ensure attractive public transport systems. 

6 Implications 
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The study has two important implications for policy and practice. Firstly, the findings highlight 

the importance of providing passengers real timetables whenever possible. This makes it possible for 

passengers to be able to time their arrival at the station in order to minimise their waiting time. Even at 

high service frequency this study found empirical evidence that many passengers actively time their 

arrival to the train departure. By not providing exact timetables passengers are forced to arrive ran-

domly, thus prolonging their waiting time. Taking into account that passengers value waiting time 

higher than other time components further highlights the importance. 

Secondly, the proposed framework of modelling passenger waiting times points towards new 

alternative ways of incorporating passenger behaviour in transport assignment models. Instead of as-

suming fixed hidden waiting times based on scheduled service frequency transport models can be im-

proved by explicitly model the actual passenger arrival patterns at stations. The present study found that 

a mixture distribution consisting of one part uniform and one part beta distribution fitted actual arrival 

patterns well, and that the actual distribution parameters depend on service frequency. 
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Figure 1; Illustration of the density function of a mixture distribution with ς=0.67, and the shape parameters of the 

beta component α=1.5 and β=4. 
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Figure 2; Distribution of passenger waiting times before and after data cleaning. Left: Full data for 20-minute head-

ways. Right: After data cleaning by taking into account realised timetable and delayed trains as well as 

corrected dwell times for suburban trains.  
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Figure 3; Comparison of manually collected data and Rejsekort data for passenger arrivals at Bernstorffsvej sta-

tion on August 11, 2016. 
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Figure 4; Comparison of the fit of various distributions to passenger waiting times. 
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Figure 5; Mixture of uniform and beta distributions of passenger waiting times for 5-60 minutes headways, and 

results overview (lower right). 
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Figure 6; Comparison between effects of traditional timetables and frequency-based timetables on passenger wait-

ing time distributions. 
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Figure 7; Comparison of waiting time distributions for passengers at stations with choice options at origin station.  
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Figure 8; Difference between passenger waiting time distributions for passengers travelling during peak hours and 

off-peak hours for headways of 20 minutes (left) and 30 minutes (right). 
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Parameter Value used in comparisons 

Shelters* No 
Yes 

Underground* No 
Yes 

Station layout / Ease of wayfinding* Easy 
Difficult 

Land use4 Leisure-oriented 
Commute-oriented 

Time-of-travel Weekday, Peak (6-9, 15-18) 
Weekday, Off-peak (9-15, 18-0) 
Weekday, Night (00-06) 
Weekend, Day (06-00) 
Weekend, Night (00-06) 

Table 1; Station characteristics included in the analyses (* based on Dyrberg and Christensen (2015)) 

  

                                                      
4
 This data is based on the Danish HSK land use data, which is a database containing detailed disaggregate infor-

mation on the land uses in the Greater Copenhagen area.  
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  Beta-mixture Johnson-mixture 

Headway No. obs D p-Value AIC D p-Value AIC 

5 39,140 0.0064 0.08442 -949.70 0.0079 0.01566 -888.34 

10 184,917 0.0051 0.00015 -14,917.55 0.0084 <0.00001 -14,523.44 

20 48,670 0.0063 0.03940 -13,843.48 0.0144 <0.00001 -13,444.79 

30 24,589 0.0098 0.01845 -20,701.18 0.0265 <0.00001 -20,109.29 

60 12,702 0.0096 0.19566 -22,259.63 0.0382 <0.00001 -21,715.79 

Table 2; Statistical tests of the fit of beta-mixture and Johnson-mixture to passenger waiting times for schedule-

based public transport services (suburban and regional trains). 
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Headway Beta-share Uniform-share Beta-component 

 ς 1 - ς α β 

5 0.43 0.57 0.41 2.85 

10 0.52 0.48 0.36 3.39 

20 0.64 0.36 0.27 4.57 

30 0.90 0.10 0.24 6.52 

60 0.93 0.07 0.14 11.20 

Table 3; Parameter values for the beta-component of the mixture distributions at the evaluated headways for 

schedule-based public transport services. 

  



37 

 

Headway 
Weekday 
All hours 

Weekday 
Peak hours 

Weekday 
Off-Peak hours 

Weekday 
Night hours 

Weekend 
Day hours 

Weekend 
Night hours 

5 57% (2.3) 41% (2.3) 67% (2.3) - - - 

10 48% (4.3) 45% (4.2) 50% (4.3) 60% (4.4)* 50% (4.3) 65% (4.1)** 

20 36% (7.1) 26% (6.4) 37% (7.2) 30% (6.3)** 28% (7.0) 47% (7.6)* 

30 10% (7.9) 10% (7.6) 11% (8.2) 6% (6.3)** 12% (8.4) 31% (9.2) 

60 7% (9.8) 8% (10.2) 6% (9.7) 4% (8.0)** 7% (9.2) 8% (9.7)* 

Table 4; The percentage of passengers arriving randomly as function of time of travel. Average passenger waiting 

times in parenthesis [minutes]. ** <200 observations; * <500 observations! 
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Headway 
 
All stations Easy wayfinding Difficult wayfinding 

5 57% (2.3) 38% (2.3) 63% (2.3) 

10 48% (4.3) 42% (4.2) 50% (4.3) 

20 36% (7.0) 31% (6.5) 38% (7.3) 

30 10% (7.9) 7% (6.7) 11% (8.3) 

60 7% (9.8) 5% (7.1) 7% (9.8) 

Table 5; The percentage of passengers arriving randomly as function of station layouts. Average passenger waiting 

times in parenthesis [minutes]. 

 


