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Abstract

This paper proposes a robust design approach, based on eroded, intermediate and dilated projections, to handle uni-

form manufacturing uncertainties in stress-constrained topology optimization. In addition, a simple scheme is pro-

posed to increase accuracy of stress evaluation at jagged edges, based on limiting sharpness of the projections to in-

tentionally allow a thin layer of intermediate material between solid and void phases. A reference problem is analyzed

through voxel-based finite element models, demonstrating that, in association with a proper choice of stiffness and

stress interpolation functions, the proposed scheme can ensure consistent stress magnitude and smooth stress behavior

for uniform boundary variation. Optimization problems are solved and post-processing with body-fitted meshes is per-

formed over optimized solutions, demonstrating that: 1) stresses evaluated with voxel-based meshes containing thin

soft transition boundaries are consistent with stresses evaluated with body-fitted meshes; and 2) optimized structures

are robust with respect to uniform boundary variations.

Keywords: Topology optimization, Stress constraints, Manufacturing uncertainties, Robust design

1. Introduction

It is nowadays widely acknowledged that consideration of stress constraints in design of continuum structures is

sometimes necessary. Since the pioneering work of Duysinx and Bendsøe [1], stress-based topology optimization of

continuum structures has become largely widespread in the literature (see, e.g., references [1–31]), due to its large

applicability in structural design. However, although remarkable achievements have been obtained so far, stress-based

design approaches have been mostly employed to solve deterministic problems, which are formulated by assuming

perfectly known properties, parameters and operating conditions.

Since most engineering problems are subjected to some source of uncertainty [32, 33], the development of formu-

lations that can properly handle stress-based design problems under uncertainty becomes very important. A compre-

hensive literature review revealed some papers proposing stress-based topology optimization formulations able to take

uncertainties in applied loads and/or material properties into account [25–31], by employing either reliability-based

[34] or robust design [32, 35] approaches. However, to the authors’ best knowledge, there is no work in the literature

addressing the stress-based design problem considering manufacturing uncertainties.
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Hence, this work aims at employing the non-probabilistic robust formulation, proposed in [36, 37], based on

eroded, intermediate and dilated projections, to handle uniform manufacturing uncertainties in stress-constrained

topology optimization. Although the three-field robust approach employed herein can be seen as an established tool

for obtaining robust designs, investigation of its applicability over stress-based design is still required.

The main objectives/contributions of this work are:

1. Proposing a robust formulation, based on [36, 37], to handle the problem of volume minimization with local

stress constraints, considering uniform manufacturing uncertainties;

2. Demonstrating that, under reasonable assumptions regarding model parameters, the phenomenon of artificial

stress concentrations at jagged boundaries [17] can be alleviated, and stress accuracy at the interface between

solid and void regions can be ensured;

3. Demonstrating, through proper post-processing, that optimized structures are indeed manufacturing tolerant

designs that satisfy stress constraints.

The paper is organized as follows: the stress-constrained formulations (both deterministic and robust) and opti-

mization procedure are presented in section 2; the problem of stress evaluation at jagged boundaries is addressed in

section 3; optimization examples and proper validation are shown in section 4; complementary numerical examples

are shown in section 5; and concluding remarks are given in section 6. Sensitivity analysis is given in the appendix.

2. Stress-constrained continuum topology optimization

In this paper, the volume minimization problem subjected to local stress constraints is addressed. The traditional

density approach [38] is employed: the structural problem is solved with the displacement-based finite element method

for linear elasticity under static loads [39] and in addition, each finite element e is associated with a relative density

ρe varying from 0 (which represents void) to 1 (which represents solid). Relative densities ρ are related to design

variables ρ through density filtering with threshold projection [37]. The difference between deterministic and robust

formulations is in the simultaneous consideration of three distinct relative density fields in the robust case: dilated

ρ(d), intermediate ρ(i) and eroded ρ(e); instead of only one field ρ as in the deterministic case. Next subsections are

devoted to present the traditional deterministic stress-constrained problem of volume minimization (subsection 2.1),

the proposed robust problem (subsection 2.2), the threshold projection scheme (subsection 2.3), and the proposed

solution procedure (subsection 2.4).
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2.1. Deterministic formulation

Considering the von Mises failure criterion, one can write the deterministic stress-constrained volume minimiza-

tion problem in discrete form as

Min.
ρ

V(ρ) =
∑Ne

e=1
Veρe

s. t.
σ(k)

eq (ρ)

σy
− 1 � 0 k = 1, 2, ...,Nk

K(ρ)U(ρ) = F

0 � ρe � 1 e = 1, 2, ...,Ne

, (1)

where ρ ∈ R
Ne are the design variables of the optimization problem, V(ρ) is the structural volume, which depends

on the physical relative densities ρ ∈ R
Ne , Ne is the number of finite elements in the finite element mesh, Ve is the

structural volume of finite element e, σ(k)
eq (ρ) is the von Mises equivalent stress at point k, σy is the yield stress, Nk is

the number of points where the von Mises equivalent stress is computed, K(ρ) is the global stiffness matrix, U(ρ) is

the global displacement vector and F is the global load vector. The local stiffness matrix of element e is computed

with the Solid Isotropic Material with Penalization (SIMP) scheme [40], as ke(ρe) =
(
ρmin + (1 − ρmin) ρp

e
)

k0
e , where

ρmin = 1 × 10−9 is adopted to avoid singularity of the global stiffness matrix when solving for equilibrium, p is a

penalization factor and k0
e is the e-th local stiffness matrix of base material. In this paper, p = 3 is employed, as also

adopted by several other authors in stress-based design [41].

The von Mises equivalent stress at any point k is computed based in [1], and can be written as

σ(k)
eq
(
ρ
)
=

√
σT

k
(
ρ
)

Mσk
(
ρ
)
, (2)

where σk
(
ρ
)

is the stress vector at any point k, computed as

σk
(
ρ
)
= fσ

(
ρk
)

C0Bkuk(ρ), (3)

and M is a constant matrix, defined, for plane problems, as

M =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 − 1
2

0

− 1
2

1 0

0 0 3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (4)

3



In Equation (3), C0 is the constitutive matrix of base material, Bk is the strain-displacement transformation matrix

evaluated at point k and uk(ρ) is the local displacement vector of the element which contains point k.

The stress interpolation function fσ
(
ρk
)
, necessary for stress computation, Equation (3), must be properly chosen

to avoid the singularity phenomenon [8]. In this paper, the ε-relaxed approach [42] is employed, adapted to solve

density-based problems by [2], with fσ
(
ρk
)
=

ρk

ε(1−ρk)+ρk
. It is demonstrated that parameter ε can be properly chosen,

in order to improve accuracy of stress evaluation at topology boundaries; hence, this parameter is not fixed a priori.

The choice of parameter ε is addressed in subsection 3.1.

2.2. Robust formulation

The robust formulation proposed in this work is based on the approach presented in [37], where three relative

density fields are considered: dilated ρ(d), intermediate ρ(i) and eroded ρ(e). A topology optimization problem of

volume minimization subjected to local stress constraints is idealized considering that von Mises stresses are satisfied

at every point where stress is computed, in each of the three distinct relative density fields. This problem can be

written, in discrete form, as

Min.
ρ

V(ρ(d)) =
∑Ne

e=1
Veρ

(d)
e

s. t.
σ(k)

eq (ρ(e))

σy
− 1 � 0 k = 1, 2, ...,Nk

σ(k)
eq (ρ(i))

σy
− 1 � 0 k = 1, 2, ...,Nk

σ(k)
eq (ρ(d))

σy
− 1 � 0 k = 1, 2, ...,Nk

K(ρ(e))U(ρ(e)) = F

K(ρ(i))U(ρ(i)) = F

K(ρ(d))U(ρ(d)) = F

0 � ρe � 1 e = 1, 2, ...,Ne

, (5)

where volume of the dilated structure, the largest among all volumes, is minimized1.

In such robust formulation, physical relative densities are given by three distinct fields: an eroded, an intermediate

and a dilated. The main idea consists in reducing manufacturing sensitivity of intermediate structures by ensuring

that eroded and dilated optimized structures satisfy local stress constraints as well. As uniform fabrication errors are

unavoidable, like under-etching or over-etching [37], the structure would maintain good performance, considering

1As discussed in [36] and [37], if one works directly with limiting/minimizing the structural volume of the intermediate structure, numerical

instabilities may arise, leading to non-optimal solutions. Working with the dilated structure, instead, avoids such numerical instabilities and

guarantees minimization of intermediate and eroded structural volumes as well.
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variations that respect limitations imposed by eroded and dilated designs, since these designs satisfy local failure

criterion as well.

It is demonstrated, however, that even though eroded, intermediate and dilated structures locally satisfy stress

constraints, the stress feasibility for designs between eroded and intermediate and between intermediate and dilated

structures can only be ensured with reasonable choice of model parameters. When a fixed grid approach is employed

for topology optimization (as in this work), artificial stress concentrations at jagged interfaces arise, as emphasized in

[17] and later in section 3, leading to stress inaccuracy and large stress oscillations for uniform boundary variations

and, hence, leading to non-robust solutions. One of the main objectives of this work is to demonstrate that stress

accuracy and low stress oscillations for uniform boundary variations, as well as robust intermediate designs, can be

achieved under reasonable assumptions regarding stiffness and stress interpolation functions, as well as control of

width of soft transition boundaries, as discussed later in section 3.

The main difference to the deterministic formulation is solution of two additional equilibrium equations per step of

the optimization problem, as discussed in [37], and in the consideration of (three times) larger number of local stress

constraints. If there is, for instance, one point of stress computation per finite element in the finite element mesh,

and the whole set of local stress constraints is considered, we have three local stress constraints per finite element.

Considering a finite element mesh with 10k elements, for instance, we would have an optimization problem with 10k

design variables and 30k stress constraints.

2.3. Threshold projection

Physical relative densities are computed by density filtering with threshold projection, as presented in [37]. The

expression of the threshold projection, used to compute physical relative density ρe, is given by

ρe =
tanh (βη) + tanh (β(ρ̃e − η))
tanh (βη) + tanh (β(1 − η)) , (6)

where ρ̃e is the filtered relative density of element e, obtained from a linear projection

ρ̃e =

∑
i∈ϑe

w(xi)Viρi∑
i∈ϑe

w(xi)Vi
, (7)

over the design variables ρ, in a circular neighborhood ϑe, centred in element e, which contains all the elements whose

center is within a radius R specified by the designer.
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In this paper, the linear weighting function is employed; it is defined as

w(xi) = R − ‖xi − xe‖, (8)

where xi are the coordinates of the center of element i and xe are the coordinates of the center of the neighborhood ϑe.

The parameter β > 0, in Equation (6), controls the nonlinearity of ρe with respect to ρ̃e. For β → 0 we have a

linear behavior between physical and filtered relative densities, whereas for β→ ∞ we have a Heaviside step function

[37]. Later in section 3, we demonstrate the parameter β plays an important role on accuracy of stress evaluation at

jagged edges. We demonstrate that proper choice of β can be made to ensure stress accuracy and low stress oscillation

after uniform boundary variation.

The parameter η ∈ [0, 1], in Equation (6), defines the inflexion point of the projection, defining the amount of

filtered relative densities ρ̃e projected to either 0 or 1, for β → ∞. For η = 0, for instance, we recover the Heaviside

step approximation proposed in [43], which ensures minimum length scale on the solid phase [37]. For η = 1, we

recover the modified Heaviside step approximation proposed in [40], which ensures minimum length scale on the void

phase [37].

2.4. Solution algorithm

Regardless of which problem is addressed: deterministic or robust; it is well known that stress-constrained con-

tinuum topology optimization problems are very challenging to solve, due to the local nature of stress failure criteria,

and its large nonlinearity with respect to design variables. Ideally, stress constraints should be satisfied at every point

of the design domain, leading to an infinite number of constraints. Considering a finite element discretization and one

point of stress evaluation per element, the number of stress constraints is finite, but extremely large (proportional to

the number of design variables). Due to this fact, it is acknowledged, in the literature, that solutions of continuum

stress-constrained problems are non-trivial and still a challenge, being subject of intensive research.

In a comprehensive literature review, we verified that the most common approaches to solve continuum stress-

constrained problems are classified within three categories, depending on how the stress constraints are handled: 1)

global approaches; 2) regional approaches; or 3) local approaches. Global and regional approaches are often formu-

lated based on some aggregation function, like the P-norm function [2] or the Kreisselmeier-Steinhauser function [7];

whereas local approaches are often formulated based on some active set strategy [1] or some alternative technique,

like the augmented Lagrangian method [4].

It is acknowledged that each approach has advantages and disadvantages; however, this work does not aim at

comparing them. The authors want to emphasize that the robust problem, proposed in Equation (5), can be solved by
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any of these approaches, since the only difference between deterministic and robust problems, from a computational

point of view, is in the number of stress constraints, which is three times larger in the robust case.

In this paper, we choose to handle the whole set of local stress constraints by means of the augmented Lagrangian

method [44], without employing aggregation techniques. The augmented Lagrangian method has been employed, in

the literature, to solve topology optimization problems subjected to local stress constraints based on density [3–5, 24–

27] and level set [15, 16] approaches.

The essential idea associated with the augmented Lagrangian method consists in transforming the original con-

strained optimization problem into a sequence of unconstrained (or less constrained) subproblems. The objective

function of the optimization subproblems is the augmented Lagrangian function, which consists in the original ob-

jective function weighted by design constraints, each associated with one penalization parameter and one Lagrange

multiplier. The augmented Lagrangian method, then, consists in a sequential approach: after solving the current

subproblem, penalization parameters and Lagrange multipliers are updated; then, solution of the current subproblem

and updated parameters are used as initial estimate for solving the next subproblem, and so on, until convergence;

meaning that solution of the original optimization problem is achieved.

In this paper, the augmented Lagrangian function is defined considering all stress constraints, associated with each

relative density field, such that:

L
(
ρ(e), ρ(i), ρ(d),μ, r

)
=

Ne∑Ne
e=1

Ve
V
(
ρ(d)
)
+

r
2

Nk∑
k=1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
〈
μ(d)

k

r
+
σ(k)

eq

(
ρ(d)
)

σy
− 1

〉2

+

〈
μ(i)

k

r
+
σ(k)

eq

(
ρ(i)
)

σy
− 1

〉2
+

〈
μ(e)

k

r
+
σ(k)

eq

(
ρ(e)
)

σy
− 1

〉2⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ , (9)

where 〈·〉 = max(0, ·). The objective function is weighted by constant Ne∑Ne
e=1

Ve
for the purpose of normalization.

Each stress constraint is associated with a Lagrange multiplier μk, where superscripts (d), (i) and (e) indicate which

relative density field each Lagrange multiplier is associated with. In this paper, only one penalization parameter r is

considered for the whole set of local stress constraints.

Since bound constraints are not included in the augmented Lagrangian function, they must be explicitly considered
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in the optimization subproblems, defined as

Min.
ρ

L
(
ρ(e), ρ(i), ρ(d),μ(c), r(c)

)

s. t. K(ρ(e))U(ρ(e)) = F

K(ρ(i))U(ρ(i)) = F

K(ρ(d))U(ρ(d)) = F

0 � ρe � 1 e = 1, 2, ...,Ne

, (10)

where the superscript (c) indicates c-th optimization subproblem.

After solving c-th optimization subproblem, one can employ the solution
(
ρ(c)
)∗

of the current subproblem and

current estimate of Lagrange multipliers μ(c) and penalization parameter r(c) to update the next estimate of Lagrange

multipliers

(
μ(e)

k

)(c+1) ←
〈
r(c)

⎛⎜⎜⎜⎜⎜⎜⎜⎝
σ(k)

eq

((
ρ(e)

(c)

)∗)
σy

− 1

⎞⎟⎟⎟⎟⎟⎟⎟⎠ +
(
μ(e)

k

)(c)
〉
, (11)

(
μ(i)

k

)(c+1) ←
〈
r(c)

⎛⎜⎜⎜⎜⎜⎜⎜⎝
σ(k)

eq

((
ρ(i)

(c)

)∗)
σy

− 1

⎞⎟⎟⎟⎟⎟⎟⎟⎠ +
(
μ(i)

k

)(c)
〉
, (12)

(
μ(d)

k

)(c+1) ←
〈
r(c)

⎛⎜⎜⎜⎜⎜⎜⎜⎝
σ(k)

eq

((
ρ(d)

(c)

)∗)
σy

− 1

⎞⎟⎟⎟⎟⎟⎟⎟⎠ +
(
μ(d)

k

)(c)
〉
, (13)

and penalization parameter

r(c+1) ←
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

min
(
γ r(c), rmax

)
if δσ(c)

max > ω δσ
(c−1)
max

r(c) otherwise
, (14)

where γ > 1 and ω < 1 are update parameters, rmax is an upper value of penalization parameter and δσmax =(
σmax
σy

− 1
)
, where σmax represents the maximum value among all computed von Mises equivalent stresses. The value

of penalization parameter r is increased by a factor of γ only if the maximum value of stress constraints reduces less

than a factor of ω, i.e., if there is reasonable progress regarding feasibility of the optimized topology, the penalization

parameter is not updated, in order to avoid unnecessary increase of optimization subproblems nonlinearity.

This procedure is performed until both convergence criteria are simultaneously reached: 1) when maximum

change on design variables becomes smaller than tolout; 2) when feasibility is guaranteed, such that σmax
σy

− 1 < tolσ.

The value of β, from the threshold function, Equation (6), is increased through a continuation approach: the
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problem is initially solved considering a small value of β; then, the value of β is increased and next problem is solved,

considering solution of current problem, current Lagrange multipliers and current penalization parameter are used as

initial estimates, and so on, until an upper value βmax is reached.

It is worth mentioning that the augmented Lagrangian function is continuous and has continuous first-order deriva-

tives [45]; however, it has discontinuous second-order derivatives at
μ

( j)
k
r +

σ(k)
eq

(
ρ( j)
)

σy
− 1 = 0, for j ∈ {e, i, d}, since the

employed maximum operator 〈·〉 is non-differentiable at zero. Thus, the optimization subproblems can be solved with

any first-order algorithm able to handle bound constraints. In this paper, the subproblems are solved with a modified

steepest descent method, as described in [26]. Sensitivity analysis is shown in the appendix.

3. The problem of stress evaluation at jagged boundaries

One of the main concerns when addressing stress-based topology optimization problems through fixed grid ap-

proaches (as in this paper) is in stress accuracy at jagged boundaries [17]. As highly emphasized in [17], when the

boundary of the structure is not aligned with the finite element mesh, as usually happens in fixed grid approaches for

topology optimization, non-physical stress concentrations appear at the jagged edges of the structure. As presented in

[17], the wrong stress computation at jagged boundaries can negatively affect optimization, since stresses computed

at these jagged boundaries are usually different from the stresses of the underlying smooth boundary.

The problem of stress evaluation at jagged edges is not only a concern in the field of stress-based topology opti-

mization. This phenomenon was reported by several papers related to different fields (see, e.g., references [46–50]). In

the scope of stress-based topology optimization, the problem of stress evaluation at jagged edges was already demon-

strated in [17], where the accuracy of stress computation was investigated for rotation of the structure within a given

fixed mesh, for different mesh sizes. However, since we aim at achieving manufacturing tolerant optimized designs,

investigation of the accuracy of stress computation for slight uniform boundary variations remains fundamental.

In this section, the problem of stress evaluation at jagged boundaries is demonstrated by employing a voxel-based

finite element model to evaluate the stresses of the well-known problem of plate with circular hole [51]. The problem

is discretized with a 0/1 voxel-based mesh, simulating a void/solid ideal topology: relative density is equal to zero

when the centroid of the element is inside the hole; and equal to one otherwise. Figure 1 illustrates the analyzed

problem and discretization procedure.

The voxel-based model is discretized with four-node bi-linear square elements and stresses are computed at the

center of each element. Input data are: Young’s modulus of 1, thickness of 1, Poisson’s ratio of 0.0. The maximum

stress component σ11 is evaluated through the voxel-based model, as shown in Figure 2, for three different meshes.

The radius of the circular hole Rh is increased from 0.09 to 0.11, in order to simulate a manufacturing tolerance.
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Figure 1: Problem of plate with circular hole, symmetry conditions and illustration of voxel-based model.

Figure 2 clearly demonstrates that the maximum value of σ11 overestimates the reference solution with mesh

refinement. Moreover, one can verify that the stress response strongly oscillates with increasing value of Rh (i.e., with

uniform boundary variation), contrary to what happens on the reference solution, that is absolutely smooth. Moreover,

mesh refinements do not help at reducing these stress oscillations, rather the contrary.

In order to obtain manufacturing tolerant (robust) topologies, one has to improve the stress evaluation at jagged

edges; i.e., one has to ensure both stress accuracy and low stress oscillation for uniform boundary variation.
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Figure 2: Maximum stress σ11, computed for three different meshes and compared with the reference solution (� 3, full line). Length of horizontal

legend lines are representative of element size.

Some papers outside the field of topology optimization proposed techniques which may be applied to improve

stress accuracy at jagged interfaces [46–50], most of them based on a post-processing step of stress smoothing.

However, as discussed in [49], stress smoothing should be used with caution, since it becomes a compromise between

mesh size and level of smoothing.

In the field of topology optimization, there is the Interior Value Extrapolation (IVE) technique, proposed by [17].

The IVE was developed to circumvent the problem of stress evaluation at jagged edges by extrapolating the stresses

from the interior of the structure to its boundary. It is demonstrated, in [17], that the IVE approach works at better

approximating the true stresses at the boundaries of the underlying structure when compared to the traditional stress

evaluation approach.

In this paper, however, we choose to employ neither stress smoothing nor the IVE approach. Instead, an alternative

two-step approach is proposed next, based on: 1) allowing a thin layer of intermediate material between solid and void

phases; and 2) proper selection of parameter ε for stress interpolation.

3.1. Limiting sharpness of projected fields

One can verify, in Figure 2, that the oscillatory behavior of the maxium stress has periodicity equal to the element

size. In this subsection, the first step of a simple procedure for stress smoothing is presented, based on the considera-

tion of a thin soft boundary with width equal to or slightly larger than the element size, i.e., the distance between two

consecutive peaks of stress.

The procedure adopted herein to ensure a thin soft boundary between solid and void phases, consists of: 1)

applying the linear density filter over the 0/1 problem; 2) applying the threshold function while limiting sharpness

of the projected field by limiting the value of β. Limiting the value of β works by limiting incline of the threshold
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function, i.e., the larger the value of β, the smaller the layer of intermediate material at the boundaries of the structure.

This subsection aims at demonstrating how the value of β can be limited to ensure a soft boundary with width equal

to at least the element size.

Let’s consider 1D design domain with x ∈ [0, 2] and a design variable field with ρ = 0 for x < 1 and ρ = 1 for

x � 1, as shown in Figure 3 (a). Over the design variable field, one applies the linear density filter with filter radius

R = 1, obtaining the graph in Figure 3 (b) (see [37] for details).

Linear

  

 = 32
filter

Design field Filtered field

Projected field

(a) (b)

(c)

(d)

Figure 3: (a) design field; (b) filtered field and projected field for two different situations: (c) β → ∞ and (d) β = 32. The projected fields are

evaluated at five distinct values of η, from left to right: 0.1, 0.25, 0.5, 0.75, 0.9.

When applying the threshold function, Equation (6), for β → ∞, sharp boundaries are obtained, as illustrated in

Figure 3 (c). However, when a finite value of β is employed, intermediate material between void and solid phases

becomes evident, as illustrated in Figure 3 (d).

Analytical investigation demonstrates that the largest derivative of the threshold function with respect to x always

occurs for η = 0.5 in x = R (center of 1D design domain), illustrated in Figure 4 for filter radius R = 1. Since this

is the largest among all derivatives, this is the value that must be limited, in order to allow at least a soft transition

boundary with width equal to the element size.

Through trivial algebra, one can demonstrate the incline of the threshold function over the filtered field, evaluated

12



Figure 4: Derivatives of threshold function evaluated for β = 32 (Figure 3 (d)) and five different values of η.

for η = 0.5 and x = R, can be written as:

tan(αmax) =
0.5β

R tanh(0.5β)
. (15)

For large values of β, a simpler relation is found:

lim
β→∞

tan(αmax)

β
=

1

2R
, (16)

whose asymptotic behavior is illustrated in Figure 5.

Figure 5: Illustration of asymptotic behavior of Equation (16), for R = 1.

Based on Equation (16), the largest incline for a large value of β can be defined as:

tan(αMax) =
β

2R
. (17)
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Now, one can limit the projection considering the distance between two consecutive stress peaks (of one element

only):

tan(αlim) =
1

le
. (18)

Then, matching tan(αMax) = tan(αlim), the βlim value is found as:

βlim =
2R
le
. (19)

The βlim value, defined in Equation (19), is employed to allow a transition boundary of intermediate material

with the width corresponding to one element size. However, when sharpness of the threshold function is limited by

employing a finite value of β, interpolation functions associated with stiffness and stress become very important, as

demonstrated in next subsection. Hence, since the stiffness interpolation function was already defined beforehand

(SIMP, with p = 3), the choice of parameter ε, that governs the ε-relaxed function, should be properly chosen in order

to ensure both stress accuracy and low stress oscillation.

3.2. Choosing a proper stress interpolation parameter

In this subsection, a numerical study is performed: the reference problem of the plate with circular hole is ad-

dressed again, considering now a thin layer of intermediate material between solid and void phases, i.e., the βlim

scheme is employed.

A systematic procedure is adopted:

1. A 0/1 design variable field is defined for hole radius Rh = 0.1;

2. Linear density filtering is applied over the design variable field, considering R = 0.04;

3. The threshold function is applied over the filtered field considering four values of β (2 × βlim, βlim, βlim/2 and

βlim/4), in order to verify the stress behavior for different widths of soft transition boundary;

4. max(σ11) is evaluated for every projected field considering the four values of β;

This procedure is performed for three sizes of finite element mesh: 200 × 100, 400 × 200 and 800 × 400; and

five values of ε: 0.05, 0.1, 0.2, 0.3 and 0.5. The projected fields are obtained for η ∈ [0.25, 0.75], in order to achieve

boundary variations with similar magnitude of our previous analyses, where Rh ∈ [0.09, 0.11]. Results are shown in

Figure 6.

Analyzing Figure 6, one can verify that choice of β value and parameter ε is not obvious. However, comparison

with the reference solution demonstrates that these parameters can be properly chosen, in order to achieve consistent

stress response at the jagged edges.
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Figure 6: Stress graphics for different values of ε and mesh sizes. Each graphic is plotted for four different values of β and compared with the

smooth reference solution (� 3). Length of horizontal legend lines are representative of element size.
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The numerical study demonstrates there is no need to ensure correct physics for the stresses at intermediate mate-

rial (i.e., ensuring ε→ 0) if the goal is evaluation of stresses of the underlying solid/void structure.

The numerical study demonstrates that, by employing the traditional ε-relaxed function, adapted for continuum

problems by [2], good agreement between stresses computed with the voxel-based mesh and stresses of the underlying

reference problem can be ensured. However, proper choice of parameter ε is necessary, as well as consideration of a

proper layer of soft boundary of intermediate material.

It is worth mentioning that the traditional SIMP approach is employed in this study for stiffness interpolation, with

standard parameter p = 3. If different parameter for stiffness interpolation is employed, as well as a different stiffness

interpolation function (e.g., the RAMP approach [52]), this numerical study would no longer be valid, and it would

need to be redone, following the same procedure proposed in the beginning of this subsection. The same conclusion

applies if a different stress interpolation function is employed, e.g., the qp-approach [6].

For the problems analyzed herein, one can verify that, in general, if the value of ε is too small, the stresses at

the jagged edges of the structure are overestimated. Moreover, small values of ε cause strong stress oscillations after

uniform boundary variation, which can negatively affect optimization convergence and quality of robust solution. On

the other hand, if the value of ε is too large, the stresses at the edges of the structure are underestimated. For this

example, one verifies there is a proper choice of ε, in order to ensure both stress accuracy and low stress oscillation

after uniform boundary variation, considering β � βlim.

One can also verify that the larger the value of β, i.e., the smaller the amount of intermediate material between

solid and void phases, the larger the stress oscillations due to uniform boundary variation. These oscillations are even

more evident for small values of ε.

In the next section, stress-constrained robust optimization problems are addressed by employing ε = 0.2. Based

on graphics in Figure 6, this choice seems to provide a good compromise between stress accuracy and low stress

oscillation due to uniform boundary variation, specially for β � βlim/2.

4. Optimization results and post-processing: L-shaped problem

In order to demonstrate applicability of proposed approach, the traditional L-shaped problem is solved. Hypothe-

ses of plane stress are considered and four-node square elements are employed. Figure 7 illustrates geometry and

boundary conditions.

Input data are: Young’s modulus of 1×106, thickness of 0.001, Poisson’s ratio of 0.3, yield stress of σy = 16×103,

applied load of 0.3, distributed over a boundary length of 0.05 to avoid stress concentrations, and filter’s radius of

R = 0.02. A structured mesh with 102400 elements is considered (i.e., a 400 × 400 grid of finite elements).
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Figure 7: L-shaped design problem with geometrical dimensions and boundary conditions.

In order to limit sharpness of the projection, thus ensuring stress accuracy and avoiding excessive stress oscilla-

tions, a maximum value of βmax = βlim/2 is considered for the threshold function. For data adopted in this example,

one can compute the βlim value as: βlim = 2 × R/le = 2 × 0.02/(1/400) = 16, Equation (19). Thus, βmax = βlim/2 = 8.

Parameter β is initially chosen as β(1) = 1 and updated through a three-step continuation approach, up to the βmax

value, as: β(1) = 1, β(2) = 4 and β(3) = 8. The value of β is updated when the convergence criteria are reached, as

explained in the end of subsection 2.4.

As illustrated in Figure 7, the design domain is extended by a width equal to the radius of the filter, R, except

at support and load regions. This domain extension is filled with void elements, which are not considered in the

analyses, only during application of the filter. This procedure, called filter boundary padding by [53], is adopted in

order to alleviate possible boundary effects that may occur due to filtering.

Input data associated with optimization procedure: r(1) = 0.003, rmax = 3000, γ = 10 and ω = 0.8, associated with

the augmented Lagrangian method. tolout = 0.1 and tolσ = 0.01 as tolerances of outer problems. Subproblems are

solved with algorithm presented in [26], with nmax
it = 20 as the maximum number of iterations of a subproblem and

tolsub = 0.01 as tolerance of subproblems. Initial value of design variables: ρ(1) = 1.

In this example, the dilated, intermediate and eroded topologies are evaluated for ηd = 0.25, ηi = 0.5 and ηe = 0.75,

respectively. The optimized solution is obtained within 1222 iterations. Figure 8 shows optimized topologies, for the

three density fields, with respective von Mises equivalent stress fields. Topologies are illustrated in gray scale images,

where white represents zero density (void phase) and black represents unitary density (solid phase). Von Mises stresses

are illustrated in color images, where blue represents zero stress and red represents maximum stress.

Analyzing Figure 8, one can verify that eroded, intermediate and dilated topologies are almost the same. The
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Figure 8: Topologies and respective von Mises equivalent stresses for eroded (left), intermediate (middle) and dilated (right) optimized structures.

only difference among the topologies is in the eroded design, where a small hole has appeared. Figure 8 also shows

that the three structures satisfy local stress constraints in every point where von Mises equivalent stress is computed,

considering the tolerance of tolσ = 1% with respect to yield stress. As expected, the eroded designs are very stressed

systems, while the dilated designs have fewer (but still finite) points under maximum stress. It is also interesting to

observe that there is a tendency to avoid the sharp corner present on the L-shaped design domain, in each of the three

fields of relative densities. The influence of the small hole over the stress distribution of eroded design is addressed

later during post-processing with body-fitted meshes.

Although eroded, intermediate and dilated structures clearly satisfy stress constraints, evaluation of the von Mises

stresses for values of η between ηd and ηe is necessary, in order to verify if the obtained intermediate structure is

truly robust with respect to uniform boundary variations. Moreover, post-processing with body-fitted meshes is also

recommendable, in order to verify if the stresses obtained through the voxel-based model (pixel-based topology) agree

with the stresses obtained through the body-fitted model (smooth underlying topology).

Hence, two post-processing procedures are adopted and further compared: 1) Voxel-based post-processing scheme;
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and 2) Body fitted post-processing scheme.

The first and simplest post-processing procedure adopted herein is the voxel-based scheme. For the whole range of

η ∈ [0.0, 0.8], the threshold function, for β = 8 (achieved during optimization), is applied over the optimized filtered

field, ρ̃∗, and maximum von Mises equivalent stress is computed. This procedure provides a graphic η × σmax/σy,

which is further analyzed together with results from a body fitted post-processing scheme. Range of η ∈ [0.0, 0.8]

is intentionally investigated, since it contains the limiting values of ηd = 0.25 and ηe = 0.75, employed during

optimization. Values of η larger than 0.8 are not employed during post-processing, because the structures becomes

thinner and thinner as the value of η is increased, leading to disconnected structures and extremely high stress values,

completely hiding smaller stress contributions on the graphic.

The second post-processing procedure, the body-fitted scheme, is also performed within the interval η ∈ [0.0, 0.8].

However, since a specific unstructured mesh is necessary for each different topology, a smaller number of values of η

is considered. This study is then performed for sixteen values of η, from η = 0.05 to η = 0.8, considering incremental

steps of 0.05.

The following procedure is adopted, in order to obtain smooth structures from the pixel-based topologies and

further obtain unstructured body-fitted meshes:

1. A simple nodal averaging is performed over the optimized field of filtered densities, including the void element

regions of the extended filtered domain;

2. For a given value of η, the smooth underlying topology is directly obtained from its contour plot extracted

directly from the nodal averaged field of filtered densities;

3. A fine unstructured finite element mesh, comprised of six-node triangle elements, is generated over the smooth

contour plot previously extracted, by employing the software Gmsh [54];

The procedure is illustrated in Figure 9.

After the mesh generation step, von Mises equivalent stresses are evaluated at the centroid of each triangular

element (stresses at support region are not taken into account). The number of finite elements in each mesh varies.

The average number of elements is approximately 78000.

Figure 10 shows results obtained from both post-processing schemes.

Analyzing Figure 10, one can verify smooth stress behavior between ηd = 0.25 and ηe = 0.75, for both voxel-

based and body-fitted approaches. Considering the voxel-based approach (solid line), one can observe the value of the

normalized stresses are close to 1 within the whole interval between ηd = 0.25 and ηe = 0.75. It is also important to

observe that, although different from each other, solutions from body-fitted meshes are close to solutions from voxel-

based meshes, exceeding the stress constraint imposed during optimization up to 5% only. Hence, one can verify that
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Figure 9: Adopted procedure for smooth contour extraction, for η = 0.5.

Figure 10: Post-processing von Mises equivalent stresses, for voxel-based and body-fitted schemes. Body-fitted results for eroded, intermediate

and dilated designs are indicated by circles.

proposed approach is suitable for obtaining truly robust solutions, when appropriate values of βmax (threshold) and ε

(stress interpolation) are chosen.

For η = 0.75 (eroded design), Figure 8 (upper left), a small hole arises, indicating a local difference between
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intermediate and eroded topologies. As expected, this small hole is also present in the contour plot associated with

η = 0.75, Figure 11 (a) and hence, in the body-fitted finite element model, Figure 11 (c). In order to verify the

influence of this difference over the maximum von Mises stress, the same body-fitted post-processing scheme is

performed disregarding the small hole, Figure 11 (b), where a maximum normalized von Mises stress of 1.026 is

obtained, Figure 11 (d), i.e., there is no difference between maximum stresses when analyzing the eroded design with

or without the small hole. Hence, in this example, this difference between eroded and intermediate topologies does

not influence robustness of the intermediate design.

Contour plot for  = 0.75

      /    = 1.026max y       /    = 1.026max y

Contour plot for  = 0.75
disregarding hole

      ///  = 1.026max        y       ///  = 1.026max        y

(a) (b)

(c) (d)

Figure 11: (a) contour plot for η = 0.75; (b) contour plot for η = 0.75 disregarding the small hole; (c) and (d) von Mises equivalent stress fields

obtained with body-fitted models, from (a) and (b), respectively.

Outside the optimization range, i.e., for η < 0.25 and η > 0.75, different behaviors are observed. However, in

these cases, the model is either too thick (leading to structures which hits the sharp corner) or too thin; hence, both

cases are outside the sensible range and do not affect accuracy of optimization results.

Although nice agreement is observed in maximum von Mises stress behavior, for η ∈ [0.25, 0.75], it is also
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interesting to observe the similarity of the overall stress distributions. Figure 12 shows the von Mises equivalent

stresses of voxel-based and body-fitted models, for η = 0.5. Although presenting slightly different maximum von

Mises stresses, the overall stress distributions are remarkably similar, due to successful employment of the βlim scheme

associated with reasonable choice of stress interpolation parameter.

Note that the voxel-based von Mises stress model has a transition boundary between solid and void phases, i.e.,

there is a smooth stress transition from the finite stresses shown in the solid phase to the null stress of the void phase.

This phenomenon, which is also observed in eroded and dilated structures, Figure 8, is a direct consequence of the

employed thin layer of intermediate material. Although there is no physical meaning for these transition stresses, one

can verify that they do not affect the overall quality of the stress distribution, once the stresses for voxel-based and

body-fitted models are very similar, despite the fact that the body-fitted stress model has no such boundary effects,

Figure 12. Moreover, the stress transition boundaries present in the voxel-based model can be properly reduced with

mesh refinement, which would reduce the size of the element, and hence, increase the βlim value. A larger βlim value

would allow use of larger βmax values for the threshold projection, without the undesired effect of stress oscillations

due to uniform boundary variation; thus keeping a smooth stress response for even thinner layers of soft transition

boundaries in voxel-based stress distributions.

It is also remarkable, although not unexpected in this example, that the optimization results in a structure that

maintains constant maximum stress through even very large boundary variations; hence providing a truly robust

design. It is worth noting that in this sense, the stress-based problem is very different from the compliance-based

problem. As shown in [36], the eroded structure is always the most critical one in the compliance-based problem.

On the other hand, we demonstrate that when addressing the stress-based problem, a remarkably different behavior

is verified, where stress constraints are active within the whole range between eroded and dilated designs, indicating

that all designs within the prescribed range are critical.

4.1. Influence of mesh size

In order to verify the influence of mesh size over the quality of robust solution, the L-shaped problem is solved

with a coarser mesh, of 25600 four-node square elements (i.e., a 200 × 200 grid of finite elements). The problem is

solved for βmax = 8, which coincides with the value of βlim in this case. Optimized solution is obtained within 911

iterations.

Figure 13 shows intermediate optimized topologies, for problems analyzed with coarse (25600) and fine (102400)

meshes. Detail of the corner regions is also shown, where optimized filtered variables are placed together with the

underlying smooth contour plots employed during post-processing.

22



Voxel-based Body-fitted

      /    = 0.993max y       /    = 1.030max y      ///  = 0.993max        y       ///  = 1.030max        y  

Figure 12: Von Mises equivalent stress fields obtained with voxel-based (left) and body-fitted (right) models, for η = 0.5.
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Figure 13: Robust intermediate designs (top) and zoom at the corner region of filtered fields (bottom), obtained for two different mesh sizes:

Ne = 25600 (left) and Ne = 102400 (right).
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Although identical topologies are achieved after optimization, slightly different shapes are observed. Analyzing

the contour plots, associated with underlying smooth topologies, one can verify two differences between solutions

for coarse and fine meshes: 1) contour plots extracted from the finer filtered field are smoother; and 2) contour plot

associated with η = 0.25 (dilated design), slightly hits the sharp corner for the coarser result.

Despite these differences, the optimized design with coarser mesh also provides good post-processing results

within the interval η ∈ [0.25, 0.75], as shown in Figure 14, except for the body-fitted model evaluated for η = 0.25,

which suffers from the effect of hitting the sharp corner.

Figure 14: Post-processing von Mises equivalent stresses, for voxel-based and body-fitted schemes, for Ne = 25600. Body-fitted results for eroded,

intermediate and dilated designs are indicated by circles.

Von Mises equivalent stresses of the voxel-based model oscillate when the value of η is increased, from 0.25 to

0.75. This oscillatory behavior is justified, since for the coarser mesh the βmax value, when applying the threshold

function, coincides with βlim. As shown in Figure 6, for ε = 0.2 and β = βlim, small stress oscillations may still

occur, independent of mesh size. Despite these oscillations, one can verify that the stress magnitude from voxel-

based model does not largely exceed the limiting value of 1, of the normalized stress constraints. Within the interval

η ∈ [0.25, 0.75], stresses from the voxel-based model exceed the stress constraint imposed during optimization up to

only 4.7%.

When analyzing the stress responses obtained through the body-fitted post-processing scheme, larger differences

are verified. As shown in Figure 13, on the bottom left, for η = 0.25, the smooth structure, obtained directly from the

η = 0.25 contour plot, presents a small sharp corner. In this case, the stress responses obtained from both voxel-based

and body-fitted models are questionable, since we cannot ensure mesh convergence in such a situation, due to the

presence of a sharp corner in the physical model.

For η > 0.25, the contour plots present much smoother behaviors at the corner region, allowing better comparisons
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between both models. Within the interval η ∈ [0.3, 0.75], stresses from the body-fitted model exceed the stress

constraint up to 12.2%.

By analyzing these results, one can verify that although good stress response can be obtained with a coarse mesh, a

fine mesh is desirable to better describe the stress response of the underlying smooth structure. In Figure 13, identical

topologies can be observed; however, slight differences in the shape of the underlying smooth structures seem to be

crucial when aiming at achieving a good stress response. Moreover, a finer mesh seems to be better at describing the

stress effects from the sharp corner, as one can see in Figure 13, where the contour plot for η = 0.25 hits the corner

for the coarser mesh, but is absolutely smooth for the finer mesh.

5. Complementary numerical results

For the sake of completeness, and as reference for future works in the area, two additional optimization problems

are solved. Optimized results are post-processed with body-fitted meshes, by employing the same post-processing

scheme presented earlier. Input data for the optimization algorithm and material properties are the same as considered

in previous section, unless specified otherwise.

5.1. Eye-bar problem

The eye-bar problem [4, 9], Figure 15, is discretized with a distorted mesh of 52608 four-node bi-linear finite

elements. The problem is solved by employing the symmetry conditions, following [4]. The vertical load is distributed

over the upper boundary of the circular hole (x2 � 0) according to function f (x1) = −x2
1 +1.52, where (x1, x2) = (0, 0)

is the center of the bar’s eye.

x

x1

2

16

8

2

3

44
Symmetry
conditions f(x )1

Figure 15: Eye-bar design problem with geometrical dimensions and boundary conditions.
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Input data are: filter’s radius of R = 0.5 and yield stress of σy = 5 × 103. The threshold values are ηd = 0.4,

ηi = 0.5 and ηe = 0.6. In this example, since a non-regular mesh is employed for discretizing the design domain, the

βlim value is computed by considering the largest element of the mesh, as βlim = 2× R/le = 2× 0.5/0.065 = 15.4. The

β value is updated through a three-step continuation approach, up to the βmax value, as: β(1) = 1, β(2) = 4 and β(3) = 8,

with βmax � βlim/2. The optimized solution is obtained within 515 iterations.

Eroded, intermediate and dilated topologies with respective voxel-based von Mises stresses, as well as contour

plots with respective body-fitted von Mises stresses, are shown in Figure 16. Figure 17 shows the graphs of post-

processing, where maximum von Mises equivalent stresses are computed for voxel-based and body-fitted meshes,

within the range η ∈ [0.4, 0.6], i.e., the threshold range considered during optimization.

Analyzing Figure 16, one can observe that eroded, intermediate and dilated topologies are the same. Regarding

the stress distributions, although the eroded structure is the most stressed one among the three designs, one can verify

that intermediate and dilated structures show highly stressed regions as well, near the region where the distributed

load ends.

Voxel-based and body-fitted von Mises stress distributions, Figure 16, show a low stressed region next to the

boundary where the distributed load is applied. The von Mises stress goes to small values at this point, since the rim

stress is going from compression to tension in this region. These results can be used to draw some parallels with [9],

where the solution of the eye-bar stress-constrained problem shows some small holes at this region, indicating that the

structural volume can be further minimized by removing the low stressed regions; however, at the cost of obtaining a

highly imperfection sensitive design. The optimized results shown herein, in Figure 16, do not present the small holes

at the load region, since the robust formulation is employed to solve the problem. As presented in [37], the robust

formulation ensures a minimum length scale in both solid and void phases. In this example, appearing of the small

holes is suppressed by use of a large filtering radius.

The post-processing stress graph, Figure 17, indicates that a truly robust solution is obtained, since all designs

within the threshold range of η ∈ [0.4, 0.6] present a maximum von Mises equivalent stress that locally satisfies the

stress constraints considering the prescribed tolerance of 1%, for both voxel-based and body-fitted stress models.

Moreover, the maximum von Mises equivalent stress shows smooth behavior for η ∈ [0.4, 0.6].

5.2. Portal problem

The portal problem [8, 23], Figure 18, is discretized with a grid-like mesh of 125538 four-node bi-linear square

elements, corresponding to a 600 × 300 grid of finite elements, disregarding the elements whose coordinate of any

node is inside the triangular cut, which are removed from the mesh.
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Figure 16: Eroded (left), intermediate (middle) and dilated (right) topologies with voxel-based von Mises stresses, and respective contour plots

with body-fitted von Mises stresses, for the eye-bar problem.

Input data are: filter’s radius of R = 0.016, with filter boundary padding as indicated in Figure 18, and yield stress

of σy = 16 × 103. The threshold values are ηd = 0.25, ηi = 0.5 and ηe = 0.75. In this example, βlim = 2 × R/le =

2 × 0.016/(1.2/600) = 16. The β value is updated through a three-step continuation approach, up to the βmax value,

as: β(1) = 1, β(2) = 4 and β(3) = 8, with βmax = βlim/2. The applied load of 0.3 is distributed over a boundary length of

0.08 to avoid stress concentrations. The von Mises stresses next to the support regions are not considered during the

optimization process nor the post-processing scheme. The optimized solution is obtained within 897 iterations.
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Figure 17: Post-processing von Mises equivalent stresses, for voxel-based and body-fitted schemes, for the eye-bar problem. Body-fitted results

for eroded, intermediate and dilated designs are indicated by circles.
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Figure 18: Portal design problem with geometrical dimensions and boundary conditions.

Figure 19 shows eroded, intermediate and dilated topologies, as well as respective contour plots and voxel-based

and body-fitted von Mises equivalent stresses. Post-processing graphs of maximum von Mises equivalent stresses are

shown in Figure 20, within the range η ∈ [0.25, 0.75].

Analyzing Figure 19, one can verify that eroded, intermediate and dilated topologies are the same. All structures

properly avoided the re-entrant corner from the triangular cut, in the sense that the von Mises stresses at these regions

locally satisfy the imposed stress constraints. Although the eroded structure is the most stressed one, both intermediate

and dilated solutions present highly stressed regions, next to the re-entrant corner and next to the distributed applied

load. Moreover, the body-fitted stress distributions are in agreement with the voxel-based stresses.
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Figure 19: Eroded (left), intermediate (middle) and dilated (right) topologies (first line), respective contour plots (second line), voxel-based stresses

(third line) and body-fitted stresses (fourth line), for the portal problem.

The post-processing stress graph, Figure 20, indicates smooth behavior for the maximum von Mises stress, within

the range η ∈ [0.25, 0.75]. The stresses from the voxel-based model exceed the stress constraint up to 1.3%, whereas

the stress constraint is exceeded up to 4.8% for the body-fitted model, indicating the obtained solution is indeed robust

with respect to uniform boundary variations.

6. Concluding remarks

This work proposed and investigated a non-probabilistic robust formulation to tackle manufacturing uncertainties

in stress-constrained topology optimization. The paper was divided in two closely related parts: 1) the problem of

stress evaluation at jagged boundaries was addressed, and a simple and practical method for reducing stress oscillation

and ensuring stress accuracy was proposed; 2) optimization problems were solved considering the proposed method,
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Figure 20: Post-processing von Mises equivalent stresses, for voxel-based and body-fitted schemes, for the portal problem. Body-fitted results for

eroded, intermediate and dilated designs are indicated by circles.

and obtained results were properly validated.

The method proposed to alleviate jagged boundary effects consists in a consistent choice of stiffness interpolation,

stress interpolation and sharpness of threshold projection. Under reasonable assumptions regarding these parameters,

it was demonstrated that stress accuracy and low stress oscillation for uniform boundary variation can be ensured.

Several optimization problems were solved with the proposed robust approach, and the optimized structures were

validated with proper post-processing based on body-fitted finite element models. It was demonstrated that the pro-

posed robust approach is able to achieve manufacturing tolerant designs that satisfy stress constraints, regardless of

the jagged interfaces.

A mesh dependency study was performed over the L-shaped design problem, demonstrating that identical topolo-

gies are obtained for two different mesh sizes, with slightly different shapes. However, the optimized solution for the

finer mesh presented higher robustness with respect to manufacturing uncertainties, demonstrating that these slight

differences in the shape of the optimized topology are crucial to ensure stress accuracy and, hence, robustness of the

underlying smooth structure.

Resulting optimized structures are remarkable in the sense that their maximum stresses are insensitive to uniform

boundary variations.

Appendix: Sensitivity analysis

This section develops sensitivity analysis, for evaluating the first-order derivative of the augmented Lagrangian

function L with respect to a design variable ρm, necessary for optimization with gradient-based algorithm.

The augmented Lagrangian function, Equation (9), can be properly rewritten in order to facilitate sensitivity
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analysis by the adjoint technique:

L = V (d) +
∑
j∈P

L( j), (.1)

where P = {d, i, e} is the set which contains dilated, intermediate and eroded fields of physical relative densities, V (d)

is the normalized volume of the dilated structure, written as

V (d) =
Ne
∑Ne

e=1
Veρ

(d)
e∑Ne

e=1
Ve

, (.2)

and L( j) is the term associated with the stress constraints, defined as

L( j) =
r
2

Nk∑
k=1

〈
μ

( j)
k

r
+
σ(k)

eq

(
ρ( j)
)

σy
− 1

〉2
+ λT

( j)

(
K(ρ( j))U(ρ( j)) − F

)
, (.3)

where λ( j) are arbitrary vectors, since K(ρ( j))U(ρ( j)) − F = 0.

The derivative of the objective function (the augmented Lagrangian function) can be computed through a chain

rule, as described in [40], in order to perform optimization in the non-physical design space:

∂L
∂ρm
=
∑
n∈ϑm

∂V (d)

∂ρ(d)
n

∂ρ(d)
n

∂ρ̃n

∂ρ̃n

∂ρm
+
∑
j∈P

∑
n∈ϑm

∂L( j)

∂ρ( j)
n

∂ρ( j)
n

∂ρ̃n

∂ρ̃n

∂ρm
, (.4)

where

∂V (d)

∂ρ(d)
n

=
NeVn∑Ne
e=1

Ve
(.5)

is the derivative of Equation (.2),

∂ρ( j)
n

∂ρ̃n
=

β(sech(β(ρ̃n − η j)))
2

tanh (βη j) + tanh (β(1 − η j))
(.6)

is the derivative of Equation (6), and

∂ρ̃n

∂ρm
=

w(xm)Vm∑
o∈ϑn

w(xo)Vo
(.7)

is the derivative of Equation (7).

The derivative of L( j), Equation (.3), with respect to a physical relative density ρ( j)
n , is directly computed as:

∂L( j)

∂ρ( j)
n

=

Nk∑
k=1

h( j)
k

∂σ(k)
eq

(
ρ( j)
)

∂ρ( j)
n

+ λT
( j)

⎛⎜⎜⎜⎜⎝∂K(ρ( j))

∂ρ( j)
n

U(ρ( j)) +K(ρ( j))
∂U(ρ( j))

∂ρ( j)
n

⎞⎟⎟⎟⎟⎠ , (.8)
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where

h( j)
k =

〈
μ

( j)
k + r

⎛⎜⎜⎜⎜⎜⎜⎝
σ(k)

eq

(
ρ( j)
)

σy
− 1

⎞⎟⎟⎟⎟⎟⎟⎠
〉

1

σy
. (.9)

Through substituting Equation (3) in Equation (2), one can demonstrate that von Mises equivalent stress σ(k)
eq

(
ρ( j)
)

is computed by multiplying the solid von Mises stress σ̂(k)
eq

(
ρ( j)
)

by the stress interpolation function fσ(ρ
( j)
k ), as follows:

σ(k)
eq

(
ρ( j)
)
= fσ(ρ

( j)
k )σ̂(k)

eq

(
ρ( j)
)
= fσ(ρ

( j)
k )

√
uT

k

(
ρ( j)
)

BT
k C0MC0Bkuk

(
ρ( j)
)
. (.10)

The derivative of the von Mises equivalent stress with respect to a physical relative density gives

∂σ(k)
eq

(
ρ( j)
)

∂ρ( j)
n

=
∂ fσ(ρ

( j)
k )

∂ρ( j)
n

σ̂(k)
eq

(
ρ( j)
)
+

fσ(ρ
( j)
k )

σ̂(k)
eq

(
ρ( j)
) (a( j)

k

)T ∂uk

(
ρ( j)
)

∂ρ( j)
n

, (.11)

where (
a( j)

k

)T
= uT

k

(
ρ( j)
)

BT
k C0MC0Bk. (.12)

By substituting Equation (.11) in Equation (.8), relating the local displacement vector to the global displacement

vector by employing the localization operator Hk [39], as uk

(
ρ( j)
)
= HkU

(
ρ( j)
)
, and properly manipulating the result-

ing equation, one can write

∂L( j)

∂ρ( j)
n

=

Nk∑
k=1

h( j)
k

∂ fσ(ρ
( j)
k )

∂ρ( j)
n

σ̂(k)
eq

(
ρ( j)
)
+ λT

( j)
∂K(ρ( j))

∂ρ( j)
n

U(ρ( j))

+

⎛⎜⎜⎜⎜⎜⎜⎝
Nk∑

k=1

h( j)
k

fσ(ρ
( j)
k )

σ̂(k)
eq

(
ρ( j)
) (a( j)

k

)T
Hk + λ

T
( j)K
(
ρ( j)
)⎞⎟⎟⎟⎟⎟⎟⎠ ∂U(ρ( j))

∂ρ( j)
n

. (.13)

In order to avoid the computation of the derivative of U(ρ( j)) with respect to ρ( j)
n , the adoint vector, λ( j), is computed

as

K
(
ρ( j)
)
λ( j) = −

Nk∑
k=1

h( j)
k

fσ(ρ
( j)
k )

σ̂(k)
eq

(
ρ( j)
)HT

k a( j)
k . (.14)

After computing the adjoint vector λ( j), the derivative of L( j) is computed as

∂L( j)

∂ρ( j)
n

= h( j)
n
∂ fσ(ρ( j)

n )

∂ρ( j)
n

σ̂(n)
eq

(
ρ( j)
)
+ λT

( j,n)

∂kn(ρ( j))

∂ρ( j)
n

un(ρ( j)), (.15)

since the derivative of the stress interpolation function fσ(ρ
( j)
k ) is only different from zero for ρ

( j)
k = ρ

( j)
n , and the term

associated with the derivative of the global stiffness matrix K(ρ( j)) can be evaluated through local computations. In

32



Equation (.15), λ( j,n) = Hkλ( j).

After computing the derivatives in Equations (.5), (.6), (.7) and (.15), the derivative of the augmented Lagrangian

function L with respect to a design variable ρm is obtained through the chain rule shown in Equation (.4).

It is worth mentioning that three adjoint problems, Equation (.14), are solved to evaluate Equation (.15) for j ∈
{d, i, e}, i.e., one adjoint problem per physical density field.
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