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Abstract

Since the late 1980s, numerical shape optimization has been applied successfully

to improve the design and development of novel acoustic devices. Most often,

viscous and thermal dissipation effects are neglected in the optimization pro-

cess, as this is an acceptable assumption in e.g. room acoustics, etc. However,

in many acoustic devices, ranging from hearing aids to metamaterials, dissipa-

tion can significantly influence the acoustic wave behavior. In this paper, we

propose a numerical acoustic shape optimization technique and we demonstrate

it using two-dimensional quarter-wave and Helmholtz resonators including ac-

curate modelling of viscous and thermal dissipation. By combining a dissipative

boundary element method with shape optimization, the sound absorption capa-

bility of the resonators located at an impedance tube termination is maximized.

Numerical experiments demonstrate the importance of viscothermal dissipation

and its impact on the optimization outcome. The resulting resonator shapes,

optimized using a lossy assumption, yield significantly better performance com-

pared to their lossless counterpart, with near-perfect absorption at the desired

optimization frequencies.
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1. Introduction

Accurate modelling of acoustic devices with small dimensions requires the

inclusion of viscous and thermal dissipative effects. The dissipative effects are

especially dominant near boundaries, within the viscous and thermal boundary

layers, which are in the order of 550-15 µm for air in the audible range. There-5

fore, as the size of the acoustic domain decreases, the portion of the domain

covered by the boundary layers increases, leading to changes in acoustic wave

propagation. This situation is very common in small acoustic devices, such as

hearing aids, classic and MEMS condenser microphones, where the dimensions

are comparable to the thickness of the boundary layers. In such cases, correct10

modelling of acoustic dissipation is necessary, making the assumption of isen-

tropic wave propagation insufficient [1, 2, 3, 4, 5, 6]. The compression driver,

usually employed in horn loudspeakers, is also influenced by dissipation in its

narrow channels and chambers [7, 8, 9]. Another research field that has received

attention in recent years is acoustic metamaterials, where unusual bulk behavior15

and extraordinary wave propagation effects can be achieved[10, 11]. Recent re-

search has shown that ignoring losses in the design of metamaterials may lead to

a degraded behaviour[12, 13]. Other publications propose metamaterial designs

which take advantage of viscothermal dissipation[14, 15].

Even within the field of room acoustics, micro structures have found their20

everyday use. For example, the performance of absorbing panels, realized using

micro-perforated plates, quarter-wave or Helmholtz resonators, is often very

dependent on viscothermal dissipative effects[16, 17].

The importance of the effect of viscothermal dissipation on acoustic wave

propagation is very problem dependent. In devices like the aforementioned con-25

denser microphones, neglecting viscothermal losses would yield wrong estimates

of their behaviour. In the particular cases studied in this paper it is shown that

losses are crucial for obtaining the desired results.

Numerical shape and topology optimization have proven to be valuable tools
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in the discovery of new and better acoustic designs. In the literature, several30

numerical acoustic optimization approaches exist, making use of either the Fi-

nite Element Method (FEM) or the Boundary Element Method (BEM). Es-

pecially, optimization of acoustic horns is well studied [18, 19, 20]. Most of

these acoustic optimization procedures are based on an isentropic assumption.

However, if the influence of viscous and thermal losses is significant, such op-35

timizations might lead to poorly performing designs. In a recent publication,

Christensen [21] proposed a method for acoustic FEM topology optimization

including viscothermal losses. By applying the so-called low reduced frequency

approximation, the author shows how to optimize the cross section of tubes

and slits. While topology optimization has certain advantages compared to,40

e.g., shape optimization, sometimes yielding non-intuitive designs, viscothermal

topology optimization requires a mesh that can resolve the boundary layers in

the entire design region. This significantly increases the computational load and

as a consequence heavily limits the application to full 3D models.

Efficient and reliable optimization tools that include viscothermal losses can45

be very beneficial in the design of acoustic devices where losses are relevant,

such as those mentioned earlier in the introduction. In this work, we propose a

shape optimization technique based on BEM and demonstrate it by designing

an anechoic termination of a two-dimensional wave-guide by using quarter-wave

and Helmholtz resonators. The absorbing properties of the resonators are op-50

timized, showing how viscous and thermal dissipation alters the final layout

of the design. Shape optimization is conducted using a BEM implementation

incorporating both viscous and thermal dissipation without any simplification

other than linearity and absence of flow [22]. BEM with losses only requires dis-

cretization of the boundaries, thus avoiding the adaptation of the domain mesh55

and boundary layer meshing, making it very suitable for shape optimization.

The proposed method has no restrictions regarding geometry and can be ap-

plied to any viscothermal acoustic problem. The paper is organized as follows;

firstly, BEM with losses and the optimization approach are introduced. This is

followed by a series of simulations investigating shape optimization of quarter-60

3
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wave and Helmholtz resonators. Finally, the possibilities and limitations of the

proposed methodology are discussed.

2. Boundary Element Method with losses

Numerical modelling of acoustic losses using e.g. FEM, the Finite Difference

Method or the Finite Volume Method, is usually realized by discretization of

the linearized time-harmonic Navier-Stokes equations [23]. BEM with losses

requires a further reformulation of linearized Navier-Stokes equations using the

Kirchhoff decomposition[1, 2], resulting in an equation-set given by [24]

∆pa + k2
apa = 0 (1)

∆ph + k2
hph = 0 (2)

∆~vv + k2
v~vv = ~0 with ∇ · ~vv = 0 (3)

which consists of three separate equations with the unknown variables being

the acoustic pressure pa, the thermal pressure ph and the viscous velocity ~vv.

Similarly, ka, kh and kv are the acoustic, thermal and viscous complex wavenum-

bers, respectively. Eqs. (1-3) are formally equal to the Helmholtz equation. The

frequency dependent wavenumbers are defined as [24]

k2
a = k2

(
1 + iklvh − k2l′vhlh

)−1
(4)

k2
h = − i

lh
k (1− l′vhik)

−1
(5)

k2
v = − iωρ

µ
(6)

with

lh = λ/(ρcCp) and l′vh = (γ − 1)(lh − lv) (7)

where

lv = (
4

3
µ+ η)/(ρc). (8)

In Eqs. (4-8), k = ω/c is the isentropic wavenumber, ω is the angular frequency,

c is the speed of sound, ρ is the static density, µ is the shear viscosity, η is the

bulk viscosity, Cp is the heat capacity at constant pressure and γ is the ratio

4
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of specific heats. We remark that the wavenumbers are based on a second

order Taylor approximation as presented in Ref. [24]. Comparative simulations

including the full expressions of the wavenumbers have shown no significant

variations in the results. The Kirchoff decomposition is convenient because

each of the equations can easily be transformed into integral from, so that

C(P )pa(P ) =

∫
Γ

∂G(R)

∂n(Q)
pa(Q)dΓ−

∫
Γ

G(R)
∂pa(Q)

∂n(Q)
dΓ (9)

C(P )ph(P ) =

∫
Γ

∂G(R)

∂n(Q)
ph(Q)dΓ−

∫
Γ

G(R)
∂ph(Q)

∂n(Q)
dΓ (10)

C(P )vv,x(P ) =

∫
Γ

∂G(R)

∂n(Q)
vv,x(Q)dΓ−

∫
Γ

G(R)
∂vv,x(Q)

∂n(Q)
dΓ (11)

C(P )vv,y(P ) =

∫
Γ

∂G(R)

∂n(Q)
vv,y(Q)dΓ−

∫
Γ

G(R)
∂vv,y(Q)

∂n(Q)
dΓ (12)

with C(P ) being the integral-free term, P is the collocation point, Q is an

integration point on the generator, R = |Q − P | is the distance between P

and Q and G is the fundamental solution in two dimensions. In this case we

assume two-dimensional domain, and the viscous velocity ~vv is split into its

two Cartesian components vv,x and vv,y. Eqs. (9)-(12) can then be discretized

and coupled at the boundary by applying a no-slip and an isothermal boundary

condition[25]

~vb = φa∇pa + φh∇ph + ~vv (13)

T = τapa + τhph ' 0 (14)

where φa, φh, τa and τh are complex constants, derived from the physical quanti-

ties: the static density, the speed of sound, the ratio of specific heats at constant

pressure, the thermal conductivity, the coefficient of viscosity, the bulk viscosity

and the frequency. T is the temperature perturbation at the boundary and ~vb is

the boundary velocity. The total pressure perturbation is the sum of the acous-

tic and thermal pressures. After coupling and discretization, the final linear

system has the form

S


pa

vv,x

vv,y

 =


vb,n

0

vb,t

 . (15)

5
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The small bold letters represent the discretized variables and the subindices n

and t indicate the boundary normal and tangential components. The matrix65

S is the system matrix assembled according to the method found in Ref. [22],

with the assumption of two dimensions. Note that ph has been eliminated from

the final system by a Schur complement operation.

Because the optimization approach introduced in the following sections re-

quires repeated function evaluations, code efficiency is important. Therefore, as-70

sembly of the BEM matrix is carried out using a compiled MATLABR© MEX/C++

framework, inspired by the BEM software OpenBEM [26]. The C++ implemen-

tation has proven to be an order of magnitude faster as compared to the pure

MATLABR© OpenBEM code, thus improving the efficiency and usability of the

proposed optimization approach.75

Additionally, it is possible to take advantage of the sparse nature of the

viscous and thermal matrices (the matrices assembled by discretization of Eqs.

(10)-(12)). An increase of the computational speed is gained by only performing

integration when the distance between P and Q is less than twenty times the

boundary layer thickness, or if P and Q are located on the same element. This80

threshold is considered sufficient, but could probably be further reduced. The

potential errors of performing the truncation during the assembly process are

further discussed in Appendix A. By using this simple approach an additional

order of magnitude in computational speed is achieved when creating the viscous

and thermal matrices.85

3. Geometry and parametrization

In acoustics, characterization of absorbing materials is often realized using

the impedance tube method [27]. Fig. 1 depicts the two-dimensional com-

putational domain Ω, which can be regarded as conceptually equivalent to a

three-dimensional tube. It will be referred to as an impedance tube in the fol-90

lowing. At the left-hand boundary, the impedance tube is excited by a normal

velocity condition with vb,n = 1mm/s, arbitrarily chosen. The impedance tube

6
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Design regionDesign region

Termination

p2p1

300 [mm]

50 [mm]

Figure 1: The two-dimensional computational domain Ω including the design region. The

two acoustic pressures at p1 and p2 are used to calculate the absorption coefficient of the

impedance tube termination.

is terminated at the right end by a design zone that is occupied by resonators of

either the quarter-wave or Helmholtz types. The resonators are parametrized

independently using the same symmetric cubic spline description. Therefore,95

all resonators have the same shape. This approach was chosen in order to re-

duce the overall number of design variables. The initial parametrized shape and

the locations of the cubic spline control points forming the quarter-wave and

Helmholtz resonators are seen in Fig. 2a and Fig. 2b, respectively. The shape

of the resonators is controlled by changing the positions of the control points100

(illustrated by blue dots in Fig. 2). Four additional design parameters are used

to allow the resonators to scale up to 10% in length individually.

In shape optimization, choosing an appropriate parametrization method is

often difficult. The cubic spline parametrization proposed in this work pro-

vides a degree of boundary regularization, at the cost of restricting the possible105

boundary shapes. This means, e.g., that the resonators cannot form sharp

edges and corners. To ensure maximum design freedom, the control points are

allowed to move freely in any direction, with the constraints that boundaries

are not allowed to intersect and the maximum curvature is limited. The bound-

ary is discretized using approximately 1400 continuous quadratic isoparametric110

Lagrange boundary elements. Quadratic elements will help maintain bound-

ary smoothness when distorted. In the majority of the presented results, the

7
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a)

b)

Quarter-wave resonators

Helmholtz resonators

Control points

symmetry

Control points

symmetry

x [mm]

y
[m

m
]

y
[m

m
]

x [mm]

Figure 2: The initial parametrization of the impedance tube termination. The two resonator

types used are a) quarter-wave resonators and b) Helmholtz resonators. At the left-hand side

of a) and b), the full design is shown. The parametrization of a single resonator is magnified,

showing the initial locations of the control points (blue dots) that determine the shape of the

resonators.

cubic spline parametrization consists of 23 or 26 control points describing the

shape of the quarter-wave or the Helmholtz resonators, respectively. The spline

parametrization is implemented using the MATLABR© function cscvn.115

4. Optimization approach

The shape optimization is performed using the gradient-based sequential

quadratic programming approach found in MATLABR©’s fmincon function [28].

8



M
ANUSCRIP

T

 

ACCEPTE
D

ACCEPTED MANUSCRIPT

The optimization problem is given by

max:
v

φ(v)= 1−

∣∣∣∣∣∣e
−ikLLd − p2(v)

p1(v)

p2(v)
p1(v) − eikLLd

∣∣∣∣∣∣
2

s. t. κ(v)− κmax ≤ 0

Dmin − βD(v) ≤ 0.

Eq. (15)

(16)

where v are the design variables and φ(v) is the objective function. The goal

is to maximize the absorption coefficient, ranging from 0 (no absorption) to 1

(perfect absorption). The objective function represents therefore the absorption

coefficient, obtained using the transfer function method [27]. This method only

requires the evaluation of the complex pressure at two positions p1 and p2,

located at x = 200 mm and x = 210 mm, respectively. The location of p1 and

p2 is depicted in Fig. 1. Furthermore, d = 10 mm is the distance between p1

and p2 and kLL is the lossless wavenumber. The domain pressures p1 and p2 are

obtained via field point calculations of the corresponding acoustic and thermal

pressures, using

C(Pj)pa(Pj) =

∫
Γ

∂G(R)

∂n(Q)
pa(Q)dΓ−

∫
Γ

G(R)
∂pa(Q)

∂n(Q)
dΓ (17)

and

C(Pj)ph(Pj) =

∫
Γ

∂G(R)

∂n(Q)
ph(Q)dΓ−

∫
Γ

G(R)
∂ph(Q)

∂n(Q)
dΓ (18)

where Pj represents the location of either p1 or p2 and R = |Pj −Q|. The total

pressure on the two positions is found using that p = pa+ph. Note that the state

problem is fullfilled at every cycle, i.e., following the so-called nested formulation

[29]. The absorption coefficient is a function of the boundary parametrization120

v, which is a vector containing the coordinates of the control points as well as

the scaling factor for the resonator length.

To avoid non-physical boundary behavior, the parametrized boundary is

constrained using the curvature magnitude κ located at the control points and

the distance between control points D (see Figure 3 ). The vector D contains all

9
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Γ

Ω
ri

Control point

a)

κi = 1
ri

b)

Di

Γ

Ω

β = −1

Figure 3: Illustration of the curvature and distance constraints used during optimization.

In Figure a) the curvature constraint is illustrated with κi begin the curvature at a control

point. Figure b) shows the distance constraint with Di begin the distance between two control

points. Moreover, β is a parameter that is -1 if the boundary self-intersects and 1 otherwise.

possible combinations of distances between control points, with a single entry

in D defined as

Di =
√

(xl − xj)2 + (yl − yj)2. (19)

Here, x and y are the Cartesian coordinates of the control points with the sub-

scripts l and j denoting two different control points. Additionally, we introduce

the parameter β which equals -1 if the parametrized boundary self-intersects125

or 1 otherwise. Here, β is found by using the implementation for detecting

self-intersections found in Ref. [30]. In this way, too sharp boundaries and self-

intersection are avoided. The maximum allowed curvature at the control points

is κmax = 6.3 mm−1 and the minimum distance between the individual control

points is Dmin = 1µm, cf. the dimensions given in Fig 1. Because the boundary130

is parametrized using C2 continuous cubic splines, the curvature at a control

point is easily obtained in a two-dimensional Cartesian coordinate system as

[31]

κi =
|x′(t)y′′(t)− y(t)′x(t)′′|

(x′(t)2 + y′(t)2)
3/2

(20)

where x and y are the coordinates of a control point as a function of the cubic

spline parameter t ∈ [0, 1], with the primes denoting the derivative with respect135

10
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to t. The derivatives are evaluated using the MATLABR© functions fnder and

fnval. The constraints require additional distance calculations between control

points, detection of boundary intersections and curvature calculations, making

optimization more computationally demanding. Constraints could be avoided

by selecting a more restricted parametrization, that enforces a physical be-140

haviour. This would however limit the possible shapes and design freedom. As

a benefit, the constraints can also be used to specify and include manufacturing

tolerances in the design process.

Gradient information is obtained using a simple forward finite difference

(FD) scheme145

∂φ

∂vi
=
φ(v + ∆vi · ei)− φ(v)

∆vi
(21)

where vi is a single design variable, ei is a unit vector for the i-th variable

and ∆vi is the step length evaluated using fmincon’s default step length. The

choice of the step length is important for the accuracy of the finite difference

sensitivities. Therefore, the usage of the default step length is briefly discussed

in Appendix B. Efficient adjoint methods can be found in the literature for150

lossless acoustic BEM shape optimization [32, 18]. However, equivalent adjoint

methods for lossy BEM are currently not available. To improve the speed of

the FD gradient evaluation fmincon’s UseParallel option is enabled, allowing

the FD gradients to be calculated in parallel. Optimization is performed on a

desktop PC with six cores. The FD gradient estimation used is computationally155

reasonable for the presented case. However, performing optimization of larger

problems including more design variables would require an adjoint approach.

This is, however, deemed outside the scope of the presented work.

5. Results

In the following, we investigate how viscous and thermal damping affect160

the design obtained by shape optimization for the impedance tube example.

In Section 5.1, quarter-wave resonators are optimized using lossless and lossy

11
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BEM formulations, including single- and multi-frequency optimization. As an

additional test, the quarter-wave resonators are optimized using a simple bulk

loss model. In the second example in Section 5.2, the impedance termination is165

initialized as Helmholtz resonators which are then further optimized.

5.1. Quarter-wave resonators

Lossless optimization Lossy optimization

L
o
ss

le
ss

a
n

a
ly

si
s

L
o
ss

y
a
n

a
ly

si
s

φV T = 0.49

φLL = 1 φLL = 0.05

φV T = 1

x [mm] x [mm]

x [mm] x [mm]

Figure 4: Comparison (crosscheck) of the lossless and lossy optimized designs of the impedance

tube termination. Here, φLL and φV T are the lossless and lossy objective functions calculated

for the two designs. The initial design consists of simple quarter wave resonators controlled

using a cubic spline representation of the boundary, as depicted in Fig. 2a. The plotted field

variable is the real part of the pressure in Pascal.

Fig. 4 shows the result of a single frequency shape optimization for the

quarter-wave resonators problem. The resonators are optimized for maximum

12
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absorption at 2 kHz. The optimization was conducted using both lossless and170

lossy BEM formulations, with φLL and φV T denoting the objective function

of the final design, calculated either using a lossless or lossy assumption, re-

spectively. This makes it possible to analyze how the viscothermal losses will

impact the final resonator shape. As seen in Fig 4, the two designs deviate

in shape depending on whether losses are considered in the design (right side175

plots) or not (left side plots). The lossless design forms narrower resonators

and has different features compared to that of the lossy design. This is an

interesting result because narrow domain parts should contribute to increased

absorption, and here, the narrowest design is achieved assuming no losses. It is

worth noting that both designs perform perfectly under the settings for which180

they are optimized, i.e. φLL = 1 for the lossless design and φV T = 1 for the

lossy design. The performance of the lossless model is a particularly surprising

result, as the lossless design is not expected to include any dissipation. Hence,

it should not be capable of absorbing any sound. The reason for this surprising

result is due to a peculiarity of numerical BEM: interior BEM problems are185

prone to numerical damping as reported in [33, 34, 35]. This is most often not a

problem when only performing standard analysis of acoustic devices. When op-

timization is applied using lossless BEM, the optimizer makes use of numerical

damping. The design is therefore stable, but unphysical. Had the optimiza-

tion been performed using a standard FEM model for the analysis, this would190

not have been the case. Lossless FEM does not introduce any additional phase

with respect to the excitation, which translates into a purely imaginary complex

pressure. However, in BEM the complex pressure has a real part indicating an

additional phase shift due to numerical damping. The real part of the pressure

is therefore plotted in Fig 4 as a demonstration. Finally, it is worth noting195

that while the lossless design does in fact have an absorption coefficient of 0.49

when analysed using the lossy model, the lossy design has almost no absorption

capabilities when modelled using the lossless model. This makes it interesting

to investigate the influence of the damping mechanism on the optimized designs

and also, how much can be achieved using the simple ”lossless” BEM model. To200

13
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assist in understanding the damping mechanisms, Fig. 5 shows the magnitude

of the thermal pressure and viscous velocity for both lossy and lossless designs

evaluated using the visco-thermal acoustic model.

x [mm] x [mm]

x [mm] x [mm]

Lossless optimization Lossy optimization

ln
|p

h
|

ln
|~v

v
|

Figure 5: Domain calculations of the thermal pressure and the viscous velocity for the lossless

and lossy optimized designs. To enhance the visual representation of field variables, the

natural logarithm of the magnitude of the thermal pressure and viscous velocity modulus is

plotted in the colormaps.

First, we examine how the numerical damping performs as compared to the

true physical viscothermal model. We start by noting that for the lossless BEM205

model, convergence to full absorption can only be achieved when the tubes are

allowed to scale in length individually. This allows the quarter-wave resonators

to become slightly de-tuned, making it possible for the acoustic energy to be ex-

changed between the resonators rather than being reflected. This effect is often

14
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used in recent publications on metamaterial absorbing surfaces, such as [36, 37].210

The resonators in the example form two de-tuned pairs, upper and lower, with

the same properties. Combining the phenomena of de-tuned resonators with the

inherent numerical damping, consequently gives a lossless design that appears

to be a perfect absorber. As already mentioned, it is interesting to note that

the lossless design contains more narrow tube sections than the lossy design.215

This leads to a substantial overlap in the boundary layers as seen Fig. 5(left).

However, and despite the pronounced overlap, the performance is only at 0.49,

indicating that the overlapping boundary layer is not beneficial. This observa-

tion in further backed when inspecting the distribution of thermal and viscous

boundary layers for the lossy design.220

On the other hand, the lossy design perfectly absorbs sound at the optimiza-

tion frequency. Here, the thickness of the resonators is larger compared to the

lossless design and the entrance of the resonators has a rippled funnel-shape.

The entrance presumably acts as an impedance match, so the acoustic wave can

propagate easier into the narrow region where losses are more significant. At225

the end of the quarter wave resonators, the boundary is slightly expanded, a

possible attempt to maximize boundary length in the region where the pressure

magnitude is larger, contributing with additional losses. That this is indeed the

case, it is further confirmed when inspecting Fig. 5(right) which shows that the

channel width never gets so small that the boundary layers overlap, although230

they almost meet at several positions. That is, for this specific optimization

setup the optimization routine seems to prefer a design with compactly placed

boundary layers and no boundary layer overlapping to achieve high energy dis-

sipation. The lengths of the resonators are organized in a similar pattern as

the lossless design, seemingly taking advantage of the de-tuned resonator phe-235

nomenon. However, the length difference between the de-tuned resonators is

slightly larger, and the pressure in the tubes is significantly reduced as com-

pared to that of the lossless design.

Fig. 6 shows the evolution of the objective function during the optimization

process for both lossless and lossy models, with blue and red curves correspond-240
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Iteration number

φ

Figure 6: The evolution of the objective function for lossless (blue curve) and lossy (red

curve) quarter-wave resonator shape optimization. Selected design shapes obtained at specific

iterations are included.

ing to φLL or φV T , respectively. In this example, optimization with losses

requires less iterations to achieve near-perfect absorption as compared to loss-

less optimization. In the lossless case, there is a large change in the objective

function between iteration 5 and 6, which is most likely due to the unstable

nature of resonances. Such behaviour is not observed when losses are included.245

Viscothermal losses stabilize and reduce high-pressure amplitudes near reso-

nance. The total optimization time is 194 min for the lossless design and 135

min for the lossy design. More importantly, we note that the chosen optimizer

solves the chosen problem in Eqs. (16) to stationarity, i.e., to an actual Karush-

Kuhn-Tucker (KKT) point. This is clearly seen in Fig. 6 where the change in250

objective, as well as the change in layout, is negligible after reaching half of the

used iterations. Hence, from an engineering perspective, one could with confi-

dence apply a stopping criteria based on the objective function and the change
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in layout, and thus save 50% of the computational time.

φ
V
T

Frequency [Hz]

Figure 7: Absorption coefficients, calculated including losses, as a function of frequency for

the initial, lossless and lossy designs. The solutions for the lossless and lossy designs are

compared with corresponding lossy FEM simulations.

The absorption coefficient as a function of frequency, calculated including255

losses, is plotted in Fig. 7 for both initial, lossless, and lossy design. As ex-

pected, the lossy design outperforms the lossless design, yielding near-perfect

absorption at the optimization frequency. However, it is worth noting that the

lossless design provides an improvement as compared to the initial design. For

comparison, Fig 7 includes lossy FEM calculations (red curves) of the corre-260

sponding lossless and lossy design. BEM and FEM simulations show almost the

same frequency absorption response; however, a 5 Hz frequency shift is observed

between the two methods. It is not uncommon to register differences between

BEM and FEM models near resonances [38, 39, 40]. Additionally, the FEM

geometry might be slightly altered when compared to that of the BEM. The265
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FEM simulations were performed in COMSOL MultiphysicsR©[41], with a geom-

etry made up of very fine polygons, obtained from an interpolation that uses

the BEM shape functions to create additional points along the boundary. This

strategy destroys the quadratic geometry discretization in the FEM simulations

and most likely contributes to some discrepancies. On the other hand, the FEM270

simulations were discretized using significantly more elements (approximately 8

million degrees of freedom).

φV T = 1 φV T = 1 φV T = 1

x [mm] x [mm] x [mm]
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3 Resonators 2 Resonators 1 Resonator

x [mm] x [mm] x [mm]

Figure 8: Shape optimization including losses using a different number of quarter-wave res-

onators at the impedance tube termination. The number of resonators are either three, two

or one. The blue dots represent the location of the control points.

5.1.1. The number of quarter-wave resonators

All shape optimization examples considered so far consist of four quarter-

wave resonators located at the impedance tube termination. To demonstrate275

the applicability and generality of the shape optimization technique, Fig. 8
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contains lossy shape optimization results where the termination is parametrized

with either one, two or three resonators. The figure also includes the value of

the corresponding lossy objective functions, suggesting full absorption no mat-

ter the number of resonators, even in the case of only one. This shows that280

high absorption can be achieved without pairs of de-tuned resonators of the res-

onators. Again, to better understand the different damping mechanisms present

in the three designs, the thermal pressure and viscous velocity are plotted in Fig

9. From this figure, it is clear that the optimizer seems to prefer the de-tuning

whenever possible. When de-tuning is not a possible solution, the amount of285

overlapping boundary layer is dramatically increased at the end of the quarter

wave-resonator, while the entrance remains relatively open. This presumably

allows the acoustic wave to enter the resonator and then use the overlapping

boundary layers as the main loss mechanism.

ln
|p

h
|

ln
|~v

v
|

3 Resonators 2 Resonators 1 Resonator

x [mm] x [mm] x [mm]

x [mm] x [mm] x [mm]

Figure 9: Domain calculations of the thermal pressure and the viscous velocity for the three

shape optimized designs with a different number of quarter-wave resonators.
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5.1.2. Number of design variables and starting guess290

Due to the non-linear and non-convex nature of the examined optimization

problem, changing the number of design variables and the initial design will

almost always lead to different local minima. This is demonstrated in Fig. 10,

where the initial parametrization contains either less or more design variables

as compared to the previously studied quarter-wave resonator parametrization.295

As expected, changing the initial number of design variables leads to different

optimized designs, but still with near-perfect absorption. This suggests that

there exists a multitude of geometric layouts, all having near-perfect absorption.

Similarly, the shape of the initial parametrization can affect the optimized result.

In Fig. 11, one of the control points is slightly perturbed in the initial design.300

Inspecting the optimized design in Fig. 11b and comparing it to the one in Fig.

4(right) further motivates the hypothesis of a very flat solution space. That is,

even though only a single design variable was perturbed compared to the result

in Fig. 4, the optimized design is clearly different in layout while still having

near-perfect absorption.305

φV T = 1 φV T = 1

a) b)

x [mm] x [mm]

Figure 10: Shape optimization including losses of the quarter-wave resonators assuming a

parametrization consisting of a) 15 control points or b) 33 control points. The blue dots

represent the location of the control points after optimization.
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a) b)
φV T = 0.06 φV T = 1

x [mm] x [mm]

Figure 11: Shape optimization including losses of the quarter-wave resonators assuming the

same parametrization as in Fig. 2a, but with an initial small perturbation of a single control

point. In the figure, a) is the initial design and b) is the optimized design. The blue dots

represent the location of the control points after optimization.

5.1.3. Multi-frequency optimization of quarter-wave resonators

Single frequency optimization limits absorption of the quarter-wave res-

onators to a narrow band, and in acoustic applications broadband absorption is

often desired. A broader absorption response is obtained by including additional

optimization frequencies as a part of the objective function. The multi-frequency

objective function is defined as the sum of individual objective functions calcu-

lated at different frequencies,

φ =
∑
i

φ̃(ωi) (22)

where index i denotes the specific optimization frequency and φ̃ is the objec-

tive function evaluated at a single frequency. Fig. 12 presents multi-frequency

optimization results of the quarter-wave resonators. In this case, the setup is

optimized at 1950 Hz, 2000 Hz, and 2050 Hz. The additional optimization fre-310

quencies increase the frequency range at which sound waves are absorbed, with

almost full absorption from 1900 to 2100 Hz. The figure also includes insets

with the optimized design and the corresponding pressure field magnitudes at

the three optimization frequencies. Compared to the previous single frequency
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φ
V
T

Frequency [Hz]

Figure 12: Multi-frequency optimization results, using the sum of the objective functions

at 1950, 2000 and 2050 Hz. Field pressure magnitudes are plotted for each optimization

frequency. The solid blue and dashed red lines are BEM and FEM simulations, respectively.

Both BEM and FEM simulations are calculated including viscothermal losses.

designs, the resonators have slightly narrower passages and increased variation315

along the quarter-wave resonator boundaries. Note also, that the behaviour of

the individual quarter-wave resonators changes with frequency. At 2050 Hz, the

highest pressure magnitude is observed in the shortest resonator, whereas lower

frequencies tend to excite the longer resonators. The length of the quarter-wave

resonators is seen to be the primary factor that determines the operational fre-320

quency. By having different quarter-wave resonator lengths, the frequency span

with high absorption is therefore increased.

5.1.4. Bulk loss description

A common practice when comparing experimental work with lossless simula-

tions is to correct the simulations with an added bulk loss, e.g., using a complex325
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φ
V
T

τs

Figure 13: A series of shape optimization results of quarter-wave resonators at 2 kHz with the

acoustic losses modeled using a complex wavenumber with a tunable imaginary part. Here,

τs is the value of the imaginary part of a complex wavenumber and φV T is the absorption

coefficient calculated including viscothermal losses for a given design. The figure includes

selected designs obtained with τs equal to 10−6, 10−4, 0.05, 1.6 and 32.

wavenumber with a controllable imaginary part. However, no general proce-

dure exists to estimate the magnitude of the imaginary part, and it is typically

problem dependent [42]. It is therefore interesting to investigate how varying

the imaginary part of the wavenumber affects the optimization of the quarter-

wave resonators. This is accomplished by defining the complex wavenumber as330

kB = kLL − iτs, where τs is the tunable parameter and kLL is the isentropic

wavenumber. In Fig. 13, optimized designs are presented using different values

of τs and compared to the actual absorption coefficient, calculated including

viscothermal losses. It is seen how certain values of τs result in high absorp-

tion coefficients above 80 %. However, none of the used values for τs results335

in a design with near-perfect absorption. It should also be noted that only a

limited amount of simulations with different values of τs were performed and

that there might exist values of τs resulting in higher absorption coefficients.

In the range τs ∈ {0.01, 3}, the absorption coefficients are very sensitive to the
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Figure 14: Optimization results of Helmholtz resonators located at the impedance tube ter-

mination. The designs are based on either a lossless or a lossy assumption. The field variables

are the pressure magnitudes in Pascal

choice of τs, making it difficult to choose an appropriate value for this particular340

example. Fig. 13 also depicts inserts with selected designs. It is noteworthy to

highlight the design corresponding to τs = 0.05 because it is very similar to the

single frequency lossy quarter-wave resonator design, although its performance

is inferior.

5.2. Helmholtz resonators345

In this section, the impedance tube termination is initially parametrized

forming four equally sized Helmholtz resonators as described in Fig 2b. The neck

and cavity dimensions of the initial shape of the resonators yields an operational

24



M
ANUSCRIP

T

 

ACCEPTE
D

ACCEPTED MANUSCRIPT

frequency near 2 kHz. The Helmholtz resonators are, as in the case of the

quarter-wave resonators, optimized under both lossless and lossy conditions.350

The optimization is carried out at 2 kHz. Fig. 14 contains the resulting lossless

and lossy designs which are overlaid with acoustic pressure magnitude field

calculations of both the lossless and lossy solutions. Similar to the quarter-

wave optimization results, the performance of the lossless design is degraded

when introducing losses. When calculated without losses, the lossless design355

contains varying high pressure amplitudes between the individual cavities of

the Helmholtz resonators, which are de-tuned in a similar way to the quarter-

wave resonators. However, the pressure differences and de-tuning disappears

when calculated with losses.

Frequency [Hz]

φ
V
T

Figure 15: The absorption coefficient as a function of frequency for the Helmholtz resonators,

shape optimized under lossless and lossy conditions. Both BEM and FEM simulations are

calculated including viscothermal losses.

In the case of optimization including losses, the design outcome deviates far360
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Lossless design Lossy design Characteristic impedance

|Zavg|
[
Pa·s
m

]
261.66 412.86 413.09

6 Zavg [rad] 0.59 -0.02 0

Table 1: The average impedance and phase near the impedance tube termination compared

with the characteristic impedance.

from the classical Helmholtz resonator shape, with the cavity best described

as a four-leaf clover. Usually, the neck of Helmholtz resonators is the primary

source of viscothermal dissipation. In this case, however, it is believed that the

clover shape contributes to increased damping, with closer boundaries. Whether

the lossy design can still be considered a Helmholtz resonator is unclear, but it365

does include a neck and a slightly unconventionally shaped cavity. While the

overall shape between the lossless and lossy design deviates, the neck shape at

the entrance of the Helmholtz resonators is very similar.

The absorption coefficient as a function of frequency is plotted in Fig. 15.

Interestingly, optimized designs based on a lossless assumption produce poorer370

designs when compared to the initial guess, indicating that numerical damping

alone is not sufficient in this case. On the other hand, including viscothermal

losses during optimization results in an improved design, with near-perfect ab-

sorption at the optimization frequency. The figure includes viscothermal FEM

calculations, with conclusions similar to those in Section 5.1.375

Another relevant performance criterion besides the absorption coefficient is

the impedance at the termination. For a perfect absorber, with an absorption

coefficient equal to 1, an impedance close to the characteristic impedance is ex-

pected. Calculations of the average impedance magnitude and phase across the

terminations are given in Table 1 and compared to the characteristic impedance380

corresponding to the ambient conditions assumed in the simulations. While the

lossy design matches the average characteristic impedance very well, it should,

however, be noted that the impedance across the termination varies slightly

across the cross-section. For the lossless design, it is obvious that the impedance
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criterion is not fulfilled. Since the aim of this paper is on viscothermal losses,385

we do not investigate the impedance mismatch in the lossless setting further.

6. Discussion

This paper presents an acoustic BEM shape optimization technique includ-

ing viscous and thermal dissipation. It is successfully applied to maximize the

absorption coefficient of two classical two-dimensional acoustic resonators lo-390

cated at an impedance tube termination. The potential problems when neglect-

ing acoustic dissipation during optimization are investigated. In both the case

of quarter-wave and Helmholtz resonator simulations, the designs yield signif-

icantly better performance if optimized upon a lossy assumption. In all lossy

designs, the final resonator designs yield near-perfect absorption at the desired395

frequencies. It is also shown, that the proposed method is capable of achieving

near-perfect absorption when solved with varying number of the design variables

and different starting configurations. On the other hand, lossless optimization

has proven to develop poorly performing resonators. However, the outcome

depends on the resonator type. The quarter-wave resonators, optimized on a400

lossless assumption, deliver an improved design over the initial starting guess.

This is mainly due to the existence of numerical damping in BEM. In the case

of the Helmholtz resonators, optimization without viscothermal losses creates

a poorer design when compared to the initial resonator shape. Additionally, it

is examined whether a simplified bulk loss description of losses can be used to405

improve the optimization result. It turns out to be difficult to estimate an ap-

propriate value of the loss parameter τs. Moreover, none of the studied values of

τs has resulted in near-perfect absorption when analysed using the viscothermal

model.

The combination of viscothermal BEM and shape optimization is a promis-410

ing tool and can be applied to the development of a range of acoustic appli-

cations where viscothermal losses are relevant. The current implementation is

however limited to computationally light problems, due to the utilization of an
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inefficient FD sensitivity estimation. Future work should therefore investigate

methods for obtaining more accurate and efficient sensitivities, i.e., development415

and implementation of an adjoint method. This would allow for the study of

three-dimensional test cases suitable for experimental validation. In general,

experimental realization of optimized acoustic designs will require the inclusion

of manufacturing constraints and robustness measures. The proposed technique

includes constraints that might be applicable, but not necessarily sufficient for420

this purpose, i.e., the curvature and distance constraints. Additionally, the pro-

posed shape optimization technique can be extended to account for mechanical

coupling which often plays an important role in small micro-acoustic devices. Fi-

nally, it would be interesting to pursue alternative objectives or multi-objectives

such as impedance and total energy loss.425

Appendix A. Sparse assembly of viscous and thermal matrices

The assembly speed of the viscous and thermal matrices is improved by

selectively performing integration when the distance between the collocation

point and the element is less than twenty times the boundary layer thickness.

The viscous and thermal Green’s functions are defined by

G(kjR) =
1

2π
K0(ikjR) (A.1)

where K0 is the modified Bessel function of second kind of zero order and the

index j denotes either the acoustic, thermal or viscous wavenumber. In general,

the thermal and viscous boundary layer thicknesses, δh and δv , will be frequency

dependent following the relation,[1]

δh =

√
2λ

ρ0ωCp
(A.2)

δv =

√
2µ

ρ0ω
(A.3)

where λ is the thermal conductivity, Cp is the specific heat at constant tem-

perature, ρ0 is the static density, µ is the shear viscosity and ω is the angular
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frequency. To illustrate the dimension of the truncation error this approach

might introduce, the fundamental solution is plotted in Figure A.1 using both430

the viscous and thermal wavenumber calculated at 1 kHz. It is observed that

the magnitude of the fundamental solution is very small at the truncation loca-

tion, approximately equal to 10−10, which is around nine orders of magnitude

smaller as compared with the solution near the boundary. Therefore, the trun-

cation approach should not contribute with any significant errors.435

G
(k

v
R

)

G
(k

h
R

)

a) b)

R [mm] R [mm]

δv 20δv δh 20δh

Figure A.1: The fundamental solution calculated at 1 kHz using either a) the viscous

wavenumber or b) the thermal wavenumber. Here, δv and δh are the boundary layer thick-

nesses of the viscous and the thermal boundary layers, respectively[1]. The black striped lines

correspond to one and twenty times the boundary layer thickness.

Appendix B. Finite difference step length

Shape optimization is performed using the default step length in fmincon

which is equal to ∆vi =
√

eps ≈ 1.5 · 10−8, where eps denotes the relative

accuracy, for double-precision IEEE floating-point representation. The finite

difference step length is important for the accuracy of the calculated sensitivities.440

To ensure that the default step length is accurate for the studied cases, the finite

difference sensitivities are plotted in B.1 for all the design variables assuming

different step lengths. In general, the goal is a step length that lies in the region

where the gradient can be considered constant. The investigation shows that,

for this particular problem, it is safe to use the default step length in fmincon.445
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∆vi

∂
φ
/∂
v i

√
eps

Figure B.1: The finite difference gradients of the objective function, calculated at different

step sizes for all the design variables. The initial geometry corresponds to the 5th iteration

in Figure 6 of the quarter-wave resonators optimized including losses. The red striped line

denotes the location of the default step length in fmincon.
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