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Abstract

This work proposes a robust formulation to address the compliant mechanism design problem subject to both stress
constraints and manufacturing uncertainty. The proposed formulation is an extension of the robust approach for
compliant mechanism design based on eroded, intermediate and dilated projections. The novelty in this proposal
comes from inclusion of a stress failure criterion in each projected field, in order to ensure compliant mechanisms
that satisfy the stress failure criterion even in the presence of uniform manufacturing variations. The objective of the
optimization problem is the minimization of the maximum displacement at the output port of the mechanism, given
eroded, intermediate and dilated designs, subjected to upper and lower volume constraints and one stress constraint
per finite element on each of the three projected fields. The objective function is weighted by the volume of the
dilated topology, in order to avoid possible numerical instabilities that may occur when the upper volume constraint is
not active. Several examples are solved and the optimized results are post-processed with body-fitted finite element
meshes. Numerical results demonstrate that: 1) the proposed stress-constrained robust approach provides results in
which both maximum stress and output displacements are robust with respect to uniform boundary variations; however,
while the maximum stress is almost insensitive to manufacturing variations, the output displacement does show some
degradation when compared with the traditional robust approach; 2) the traditional robust approach, i.e., without
the stress considerations, provides results in which the maximum stress has unpredictable and non-smooth behavior
after uniform boundary variation; and 3) the stress-constrained deterministic approach, i.e., without considering the
manufacturing uncertainty, provides results in which both maximum stress and output displacements are non-robust
with respect to uniform boundary variations.
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1. Introduction

This paper deals with two important topics in compliant mechanisms design through topology optimization: 1)

stress constraints; and 2) manufacturing uncertainty. These are topics that often arise when trying to satisfy realistic

engineering requirements during the topology design of compliant mechanisms.

Handling stress constraints in topology optimization of compliant mechanisms is a challenging task. The main

difficulties associated with the traditional problem of volume minimization with stress constraints, that are the large

number of local stress constraints and the singularity phenomenon [1], also affect the compliant mechanism design

problem [2]. Moreover, the compliant mechanism design problem is kinematically more complex than the volume
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minimization problem. Despite these difficulties, the stress-constrained design problem of compliant mechanism has

been studied by some authors in the literature (see, e.g., [2–6]); however, these works address the problem under a

deterministic perspective, i.e., without considering the effects of uncertainties during the optimization procedure.

Similarly, handling manufacturing uncertainty in topology optimization is a challenging subject by itself. Man-

ufacturing error tolerant topology optimization was first addressed in the literature in [7, 8], where a three-field

robust approach was proposed to consider uniform boundary variations in topology optimization problems, including

compliant mechanism design. Since then, several approaches have been proposed to handle manufacturing uncertainty

in topology optimization (see, e.g., [9–16]); however, none of them addresses the stress-constrained topology design

problem of compliant mechanisms.

Both manufacturing uncertainty and stress constraints in compliant mechanisms design have already been addressed

separately in the literature. However, to the authors’ best knowledge, there is no work which combines both approaches

into a unified formulation, in order to achieve manufacturing tolerant compliant mechanisms that satisfy a stress failure

criterion.

A unified approach, combining the stress-constrained design problem and the manufacturing tolerant three-field

robust design approach has already been proposed in [17], where the volume minimization problem with stress

constraints is addressed. However, volume minimization and compliant mechanism problems are essentially different

from a design point of view, thereby motivating the investigation of such a unified formulation on the compliant

mechanism design problem.

Uniform manufacturing uncertainty is a very relevant and physics-based uncertainty in microfabrication, where

compliant mechanisms are manufactured by photo lithography and chemical etching processes. Over- or under-exposure

and over- or under-etching are common sources of uncertainty in this field and motivated the robust formulation by

[7]. Deeper investigations of these effects together with actual physical modeling of micro- and nano-lithography

processes as a part of the topology optimization process have been discussed in [18–21]. Non-uniform manufacturing

uncertainties have also been investigated for compliant mechanism design by [11], but the conclusion of that paper was

that this did not result in significantly different designs compared to the uniform variations approach. Hence, here we

limit ourselves to the computationally much more tractable uniform variations approach.

This work aims at proposing such a unified formulation, in order to address both manufacturing uncertainty

and stress failure criterion on the design of compliant mechanisms through topology optimization. The proposed

formulation is an extension of the three-field robust approach for compliant mechanism design presented in [8]. The

novelty in this proposal comes from inclusion of a stress failure criterion in each projected field, following [17], in

order to ensure compliant mechanisms that satisfy the stress failure criterion even in the presence of uniform boundary
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variations.

2. Manufacturing tolerant compliant mechanism design

In this work, the traditional density approach to topology optimization is employed [22]: the structural problem

is solved with the displacement-based finite element method for linear elasticity under static loads [23]. Each finite

element e is associated with a physical relative density ρe varying from 0 (which represents void) to 1 (which represents

solid). Once the structural optimization problem is defined (objective function and design constraints), a gradient-based

algorithm is employed to find the set of relative densities (topology) which minimizes the objective function and

satisfies the applied design constraints.

In this paper, the compliant mechanism design problem is studied. More specifically, we address the robust formu-

lation presented by [8], which was proposed to handle uniform manufacturing uncertainties in topology optimization,

including the compliant mechanism design problem.

Subsection 2.1 briefly describes the traditional robust formulation from [8] for topology design of compliant

mechanisms. Subsection 2.2 describes the robust formulation proposed in this paper, which consists in an extension of

the traditional robust formulation to deal with local stress constraints.

2.1. Traditional robust approach

The robust formulation proposed by [8] considers three sets of relative densities during the topology optimization

procedure: ρ(e), ρ(i) and ρ(d); which represent eroded, intermediate and dilated topologies, respectively. The intermediate

topology is the robust solution in the end of the optimization procedure, whereas both eroded and dilated topologies

represent extreme manufacturing errors. The compliant mechanism design problem is formulated as a min/max problem

[8]

Min.
ρ

max
(
uout

(
ρ(e)

)
, uout

(
ρ(i)

)
, uout

(
ρ(d)

))

s. t. V f

(
ρ(d)

)
6 V (d)

up

K
(
ρ(e)

)
U

(
ρ(e)

)
= F

K
(
ρ(i)

)
U

(
ρ(i)

)
= F

K
(
ρ(d)

)
U

(
ρ(d)

)
= F

0 6 ρe 6 1 e = 1, 2, ...,Ne

, (1)

where ρ ∈ RNe is the vector of design variables of the optimization problem, Ne is the number of elements employed in

the discretization of the design domain, uout

(
ρ( j)

)
= ΛT U

(
ρ( j)

)
is the output displacement of the compliant mechanism
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for j ∈ {e, i, d}, which depends on the localization vector Λ, which takes either 1 or −1 at the degree of freedom that

corresponds to the output degree of freedom and zero otherwise, V f

(
ρ(d)

)
=

V
(
ρ(d)

)
Vdomain

is the volume fraction of the dilated

design, V
(
ρ(d)

)
=

∑Ne
e=1 Veρ

(d)
e is the structural volume of the dilated topology, Ve is the volume of element e, Vdomain

is the volume of the design domain, V (d)
up is the upper volume fraction for the dilated design, K is the global stiffness

matrix, U is the global displacement vector and F is the global load vector. The global stiffness matrix is assembled for

each relative density field ρ( j), for j ∈ {e, i, d}, as K
(
ρ
)

=
∑Ne

e=1 ke
(
ρe

)
+ kin + kout, considering the stiffness matrix ke of

each element e, the input stiffness kin, and the output stiffness kout. The local stiffness matrix of each finite element e

is computed as ke
(
ρe

)
=

(
ρmin + (1 − ρmin)ρp

e
)

k0
e , where ρmin = 1 × 10−9 is adopted to avoid singularity of the global

stiffness matrix when solving for equilibrium, p is a penalization parameter (usually chosen equal to 3 in the literature,

and also in this paper) related to the SIMP (Solid Isotropic Material with Penalization [24, 25]) interpolation, and k0
e is

the local stiffness matrix of element e considering solid material.

Note that the volume constraint is applied over the dilated topology in this formulation, following [8]. As discussed

in [7], when applying the volume constraint directly over the intermediate topology, some numerical instabilities may

arise on the dilated design, leading to non-robust solutions. In this implementation we follow the suggestion proposed

in [8], where the volume fraction is updated as V (d)
up =

V (i)
up

V
(
ρ(i)

)V (
ρ(d)

)
in every few iterations (see subsection 3 for details

regarding this updating scheme), so the volume of the intermediate structure reaches the prescribed value in the end of

the optimization procedure, assuming the volume constraint is active.

In this formulation, relative densities are related to design variables through density filtering with threshold

projection [8]. The relative density of element e, ρe, is computed as

ρe =
tanh (βη) + tanh (β(ρ̃e − η))
tanh (βη) + tanh (β(1 − η))

, (2)

where ρ̃e is the filtered relative density of element e, obtained from a linear projection

ρ̃e =

∑
i∈ϑe

w(xi)Viρi∑
i∈ϑe

w(xi)Vi
, (3)

over the design variables ρ, in a circular neighborhood ϑe, centered in element e, which contains all the elements whose

centers are within a radius R specified by the designer.

The linear weighting function is defined as

w(xi) = R − ‖xi − xe‖, (4)
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where xi are the coordinates of the center of element i and xe are the coordinates of the center of the neighborhood ϑe.

The three sets of relative densities considered in this formulation, ρ(e), ρ(i) and ρ(d), represent the physical densities

and actual topologies of the problem. These are obtained with Equation (2) for different values of η, considering

the following relation: ηe > ηi > ηd. These three sets of relative densities are obtained from the same set of filtered

densities, ρ̃, which in turn are obtained from a single set of design variables, ρ, by Equation (3).

The parameter β > 0 in Equation (2) controls the nonlinearity of the threshold projection. For β → 0 we have

a linear behavior between relative and filtered densities, whereas for β → ∞ we have a Heaviside step function [8].

Parameter β is updated through a continuation strategy during the optimization procedure, as usually performed in

projection-based formulations to topology optimization [8, 25, 26], starting from a small value β(1) up to a maximum

value βmax defined by the designer. Parameter βmax is usually chosen large enough to ensure crisp black and white

solutions [8]. In this paper we follow the hints proposed in [17] to define the value of βmax, by choosing it in order

to allow a thin smooth transition boundary of intermediate material between solid and void phases. In [17], it is

demonstrated that a thin smooth transition of intermediate material, associated with a proper stress interpolation

function, ensures stress accuracy and low stress oscillation after uniform boundary variations. Although the traditional

formulation described in this subsection (from [8]) does not take stress constraints into account, we choose to use the

same parameters for computing the projection functions in order to ensure a fair comparison between both traditional

and proposed formulations. Da Silva et al. [17] propose a parameter βlim = 2R/le, where le is the length of the side of a

square element considering a fixed grid discretization of the design domain, in order to achieve a smooth transition

with width equal to at least the size of one finite element. The authors [17] also show that a slightly thicker transition

layer, ensured by defining βmax = βlim/2, associated with a reasonable choice for interpolating the stresses, is sufficient

to ensure stress accuracy on the boundaries of the topology; thus, in this paper we employ this same βmax parameter for

solving all the numerical examples (with or without stress constraints).

The parameter η ∈ [0, 1], in Equation (2), controls the inflexion point of the projection, defining the amount of

filtered densities ρ̃e projected to either 0 or 1, for β → ∞. For η = 0, for instance, we recover the Heaviside step

approximation proposed in [26]. For η = 1, we recover the modified Heaviside step approximation proposed in [25].

In the traditional formulation, Equation (1), the worst of the three output displacements is optimized. The objective

function takes both eroded and dilated projections into consideration, besides the intermediate projection, during the

optimization procedure; thus avoiding these same projections to result in possible manufacturing errors, i.e., avoiding a

disconnected eroded topology and a too stiff dilated topology [8].
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2.2. Proposed robust approach with stress constraints

This subsection proposes an extension to the traditional robust formulation, Equation (1), in order to include a

stress failure criterion. Based on the robust approach proposed in [17], where the stress constraints are simultaneously

applied over eroded, intermediate and dilated designs, we propose the following stress-robust optimization problem for

compliant mechanism design considering the von Mises failure criterion

Min.
ρ

kin
fin

max
(
uout

(
ρ(e)

)
, uout

(
ρ(i)

)
, uout

(
ρ(d)

))
+ kvV f

(
ρ(d)

)

s. t. V f

(
ρ(d)

)
6 V (d)

up

V f

(
ρ(d)

)
> V (d)

low
σ(k)

eq

(
ρ(e)

)
σy

− 1 6 0 k = 1, 2, ...,Nk

σ(k)
eq

(
ρ(i)

)
σy

− 1 6 0 k = 1, 2, ...,Nk

σ(k)
eq

(
ρ(d)

)
σy

− 1 6 0 k = 1, 2, ...,Nk

K
(
ρ(e)

)
U

(
ρ(e)

)
= F

K
(
ρ(i)

)
U

(
ρ(i)

)
= F

K
(
ρ(d)

)
U

(
ρ(d)

)
= F

0 6 ρe 6 1 e = 1, 2, ...,Ne

, (5)

where fin/kin is the free displacement of the input actuator, which depends on both the input load fin and input stiffness

kin, employed here for the purpose of normalization, kv is a weighting parameter defined by the designer, V (d)
low is the

lower volume fraction for the dilated design, σ(k)
eq

(
ρ( j)

)
is the von Mises equivalent stress computed at point k, for

j ∈ {e, i, d}, σy is the yield stress, and Nk is the number of points of stress computation.

The von Mises equivalent stress at any point k is computed based on [1], and is written as

σ(k)
eq

(
ρ
)

= fσ
(
ρk

) √
σ̂T

k
(
ρ
)

Mσ̂k
(
ρ
)

+ σ2
min, (6)

where fσ
(
ρk

)
is the stress interpolation function, σ̂k

(
ρ
)

is the solid stress vector at point k, σmin = 1× 10−4σy is a small

value included in our implementations to ensure a positive von Mises equivalent stress when σ̂T
k
(
ρ
)

Mσ̂k
(
ρ
)
→ 0, thus

avoiding numerical instabilities during the sensitivity analysis, needed for optimization with gradient-based algorithm,
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and M is a constant matrix, defined for plane stress problems as

M =


1 − 1

2 0

− 1
2 1 0

0 0 3

 . (7)

In this paper, we employ the ε-relaxed approach [27] to relax the stress constraints, thus avoiding the singularity

phenomenon, adapted to solve density-based problems by [28], with fσ
(
ρk

)
=

ρk

ε(1−ρk)+ρk
. Da Silva et al. [17]

demonstrated, through numerical investigation, that the choice of ε, when associated with a of smooth transition

boundary of proper thickness between solid and void phases, can ensure stress accuracy and low stress oscillation after

uniform boundary variation. In general, it was observed that when ε is too small, the stresses at the jagged edges of the

structures are overestimated and strong stress oscillations may occur, whereas that when ε is too large, the stresses

are underestimated. Following [17], we choose ε = 0.2, in order to improve accuracy of stress evaluation at topology

boundaries.

The solid stress vector at point k is computed as

σ̂k
(
ρ
)

= C0Bkuk
(
ρ
)
, (8)

where C0 is the constitutive matrix of base material, Bk is the strain-displacement transformation matrix evaluated at

point k and uk
(
ρ
)

is the local displacement vector of the element which contains point k.

The differences between traditional and proposed approaches, Equations (1) and (5), respectively, are described

next:

1. The stress constraints. The greatest difference between both approaches are the stress constraints, that are not

considered in the traditional formulation. In the proposed formulation, the structural design associated with each

projected field is subjected to local stress constraints, which may greatly increase the size of the optimization

problem. For instance, considering a mesh with 10k elements, and one point of stress computation per element,

we would have an optimization problem with 10k design variables and 30k stress constraints, besides the volume

and bound constraints.

2. The weighting factor kv. As noted in [2], when solving the deterministic stress-constrained compliant mech-

anism design problem, if very strong requirements to stress are imposed (i.e., a too small σy), the optimized

structure will be very slender, and hence the (upper) volume constraint is not used. In this paper, we experi-

enced the same behavior when solving the robust version of the same problem, when considering small stress
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limits. However, in the robust case, when the upper volume constraint is not active, numerical instabilities

may arise. This phenomenon was first observed in [7] when trying to apply the volume constraint directly over

the intermediate topology. Sigmund [7] demonstrated that, when the volume of the dilated topology is not

constrained, there is freedom for the algorithm to place superfluous material over the optimized topology, leading

to non-optimal designs. In this paper, we follow the hints proposed in [8], in the sense that the upper volume

constraint is applied over the dilated design and is updated every few iterations, as described after Equation (1).

However, when stress constraints are considered in the robust compliant mechanism problem, even though the

dilated volume is constrained, sometimes this constraint is not active in the final design, due to the strong stress

requirements, leading, again, to superfluous material placement. In order to alleviate this issue, we included

the volume fraction of the dilated topology in the objective function, weighted by a constant kv defined by the

designer. As shown later in subsection 4.1, the choice of kv plays an important role in problem solution, and it

should be properly chosen in order to avoid placement of superfluous material over the dilated design, and to

ensure good performance (regarding the output displacement) of the mechanism.

3. The lower volume fraction V (d)
low. When the dilated volume is included as objective, the optimizer sometimes

prefers to minimize the volume, rather than the output displacements, at the first steps of the optimization

procedure, getting stuck in a void design (relative densities equal to zero). Since the design is feasible for the void

situation (zero density means zero stresses, due to the stress interpolation), the optimizer sees the trivial solution

as a local minimum point. The lower volume fraction acts as a numerical means, preventing this void situation,

by enforcing a minimum amount of solid material in the solution. The lower volume constraint, however, is

important only in the first few iterations, while the topology is forming. Moreover, in the problems analyzed in

this paper, the lower volume constraint is not active in the final designs, indicating that this constraint acts only

in avoiding trivial designs, and has no influence on the performance of the optimized mechanisms.

4. The weighting factor kin/ fin. The output displacements are weighted by the inverse of the free displacement of

the input actuator for the purpose of normalization. This normalization aims at reducing the dependence of the

parameter kv on the problem.

3. Solution algorithm

It is acknowledged, in the literature, that stress-constrained continuum topology optimization problems are very

challenging, mainly due to the local nature of the stress failure criterion, which leads to large optimization problems,

with a large number of design variables and a large number of stress constraints. Some techniques were proposed over

the years to handle the large number of stress constraints resulting from such formulations: aggregation techniques
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[28–30], active set strategies [1, 31], and the augmented Lagrangian method [32, 33]; to name a few. As discussed

in [17], the major difference between deterministic and robust stress-constrained formulations, from a computational

point of view, is in the larger number of stress constraints in the robust case (three times larger). Thus, the optimization

problems resulting from the proposed formulation, Equation (5), may be addressed by any of these aforementioned

approaches as well.

The numerical examples addressed in this paper are solved with the augmented Lagrangian method described in

[34]. The augmented Lagrangian method has been employed, in the literature (see, e.g., [17, 32, 33, 35–42]), as an

alternative approach to the commonly used stress constraint aggregation techniques.

The augmented Lagrangian method is given by a sequential solution of several optimization subproblems. The

objective function of the optimization subproblems is the augmented Lagrangian function, which is defined as a

weighted sum between the objective function of the original problem (output displacements and the volume fraction of

the dilated design) and applied design constraints (stress and volume constraints) weighted by penalization parameters

and associated with Lagrange multipliers. After solving a given optimization subproblem, Lagrange multipliers and

penalization parameters are updated, and then, the next subproblem is solved, and so on, until the convergence criteria

are reached.

Before presenting the augmented Lagrangian function for the robust approach, we propose the use of the

Kreisselmeier-Steinhauser (KS) function [43] to smooth the maximum operator applied over the output displace-

ments of eroded, intermediate and dilated topology, as

uKS
out

(
ρ(e), ρ(i), ρ(d)

)
=

1
P

ln

 ∑
j∈{e,i,d}

exp
(
P uout

(
ρ( j)

)) , (9)

with uKS
out

(
ρ(e), ρ(i), ρ(d)

)
→ max

(
uout

(
ρ(e)

)
, uout

(
ρ(i)

)
, uout

(
ρ(d)

))
for P → ∞. In practical implementations, P > 0

should be large enough to ensure a good approximation for the maximum operator. This smooth approximation is

employed to allow continuous differentiability of the objective function; also allowing solution of the optimization

subproblems by a gradient-based algorithm. An alternative would be use of the bound formulation presented in [44],

as usually employed in the literature when solving the traditional robust problem [7, 8]. In the numerical examples

addressed in this paper, the KS function with P = 10 is employed, since it provides a good compromise between

accuracy and smoothness.

Considering the smooth approximation for the maximum output displacement, Equation (9), we defined the
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augmented Lagrangian function associated with the proposed robust formulation, Equation (5), as

L
(
ρ(e), ρ(i), ρ(d),µ, r

)
=

kin

fin
uKS

out

(
ρ(e), ρ(i), ρ(d)

)
+ kvV f

(
ρ(d)

)
+

rup

2

〈
µup

rup
+

V f

(
ρ(d)

)
V (d)

up

− 1
〉2

+
rlow

2

〈
µlow

rlow
−

V f

(
ρ(d)

)
V (d)

low

+ 1
〉2

+
r
2

Nk∑
k=1


〈
µ(d)

k

r
+
σ(k)

eq

(
ρ(d)

)
σy

− 1
〉2

+

〈
µ(i)

k

r
+
σ(k)

eq

(
ρ(i)

)
σy

− 1
〉2

+

〈
µ(e)

k

r
+
σ(k)

eq

(
ρ(e)

)
σy

− 1
〉2 , (10)

where 〈·〉 = max(0, ·), µ is a vector which contains all Lagrange multipliers of the problem: µup, associated with the

upper volume constraint; µlow, associated with the lower volume constraint; and µ( j)
k , for j ∈ {e, i, d} and k = 1, 2, ...,Nk,

associated with the stress constraints; and r is a vector which contains the penalization parameters: rup, associated with

the upper volume constraint; rlow, associated with the lower volume constraint; and r, associated with all the stress

constraints.

The optimization subproblems are then formulated as

Min.
ρ

L
(
ρ(e), ρ(i), ρ(d),µ(c), r(c)

)

s. t. K
(
ρ(e)

)
U

(
ρ(e)

)
= F

K
(
ρ(i)

)
U

(
ρ(i)

)
= F

K
(
ρ(d)

)
U

(
ρ(d)

)
= F

0 6 ρe 6 1 e = 1, 2, ...,Ne

, (11)

where the superscript (c) indicates c-th optimization subproblem.

After solving c-th optimization subproblem, the solution
(
ρ(c)

)∗
of the current subproblem is employed to update

the next estimate of Lagrange multipliers associated with volume and stress constraints, as

µ(c+1)
up ←

〈
r(c)

up

V f

((
ρ(d)

(c)

)∗)
V (d)

up

− 1

 + µ(c)
low

〉
, (12)

µ(c+1)
low ←

〈
r(c)

low

−V f

((
ρ(d)

(c)

)∗)
V (d)

low

+ 1

 + µ(c)
low

〉
, (13)
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and (
µ

( j)
k

)(c+1)
←

〈
r(c)

σ
(k)
eq

((
ρ( j)

(c)

)∗)
σy

− 1

 +
(
µ

( j)
k

)(c)
〉
, (14)

for j ∈ {e, i, d}, and penalization parameter associated with the stress constraints only, as

r(c+1) ←


min

(
γ r(c), rmax

)
if δσ(c)

max > ω δσ(c−1)
max

r(c) otherwise
, (15)

where γ > 1 and ω < 1 are update parameters, rmax is an upper value for the penalization parameter and δσmax =(
σmax
σy
− 1

)
, where σmax is the maximum value among all computed von Mises equivalent stresses. Penalization

parameters associated with upper and lower volume constraints, rup and rlow, respectively, are kept constant throughout

the optimization procedure, since we experienced no need to increase these values in order to achieve feasibility

regarding the structural volume.

The augmented Lagrangian method is a continuation approach itself, in the sense that it consists of solving the

original problem with a sequence of modified subproblems. This continuation approach leads to a sequential updating

strategy regarding the Lagrange multipliers and penalization parameter, since these parameters are updated every time

an optimization subproblem is solved. As discussed in subsection 2.1, a similar sequential strategy is often employed

in projection-based approaches to topology optimization, where parameter β, which controls the nonlinearity of the

threshold projection, is usually updated through a continuation approach, from a small value to a maximum one. Thus,

we employ two distinct continuation strategies in this paper: 1) for updating the Lagrange multipliers µ, Equations (12),

(13) and (14), penalization parameter r, Equation (15), and volume fraction of dilated design, as V (d)
up =

V (i)
up

V
(
ρ(i)

)V (
ρ(d)

)
;

and 2) for updating parameter β, as β = min(2β, βmax). Updating criteria are shown next:

• if
(
‖∆ρ‖sub

∞ < 0.01
)

or
(
nsub

it = 20
)
, update µ, r and V (d)

up ;

• if
[(
‖∆ρ‖out

∞ < 0.2
)

and (δgmax < 0.01)
]

or
(
nβit = 100

)
, update β;

where ‖∆ρ‖sub
∞ is the maximum difference between to consecutive iterations of a given subproblem, nsub

it is the number of

iterations of a given subproblem, ‖∆ρ‖out
∞ is the maximum difference between solutions of two consecutive subproblems,

δgmax = max
(

V f

Vup
− 1,− V f

Vlow
+ 1, σmax

σy
− 1

)
is the maximum constraint violation, and nβit is the number of iterations for a

given value of β.

The stopping criteria are applied when β = βmax, and are as follows:

• if
(
nβit 6 100

)
, stop the procedure if

(
‖∆ρ‖out

∞ < 0.2
)

and (δgmax < 0.01);

• if
(
nβit > 100

)
, stop the procedure if (δgmax < 0.01).
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The augmented Lagrangian function is continuous and has continuous first-order derivatives [34, 45]; however,

it has discontinuous second-order derivatives, since the maximum operator 〈·〉 is non-differentiable at zero. Thus,

the optimization subproblems, Equation (11), may be solved with any first-order algorithm able to handle bound

constraints. In this paper, a modified steepest descent method, as described in [39], is employed, due to its simplicity,

with minimum and maximum ranges of move limits as ρe ± 0.001 and ρe ± 0.1, respectively. Since the employed

approach is gradient-based, sensitivity analysis of the augmented Lagrangian function with respect to the design

variables is required. Sensitivity analysis is shown in the appendix.

4. Numerical results

In this section, several numerical experiments are performed over two test problems [46]: a) the inverter problem;

and b) the gripper problem; Figure 1. Input data are taken from [8], with minor modifications to properly address the

stress constraints. Input data defined next are employed throughout the results section, unless specified otherwise.

(a) (b)

Figure 1: Inverter (a) and Gripper (b) design problems. Support regions on the bottom left of both design domains have size equal to 1. Square-shaped
fixed solid regions have size equal to 4 × 4.

Mechanic and geometric properties: Young’s Modulus of 1, Poisson’s ratio of 0.3, thickness of 1, applied load of

fin = 1, and input stiffness of kin = 1. The output stiffness is considered as: a) kout = 0.001, for the inverter problem;

and b) kout = 0.005, for the gripper problem.

Design constraints: Vup = 0.3 and Vlow = 0.2 as upper and lower volume fractions, respectively. The addressed

problems are solved for four distinct situations regarding the stress constraints: no stress constraints; σy = 0.01;

σy = 0.008; and σy = 0.006.

Optimization parameters and mesh information: rup = 1, rlow = 10, r(1) = 1/Ne, rmax = 1 × 105/Ne, γ = 2 and

ω = 0.8, associated with the augmented Lagrangian method; initial value of design variables of ρ(1) = Vup1; filter’s

radius of R = 2.8; and finite element meshes with Ne = 80, 000 (inverter) and Ne = 73, 600 (gripper) four-node bi-linear
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square elements (i.e., 400 × 200 elements). For this filter’s radius and these finite element discretizations, parameter

β(1) = 1 is updated up to a maximum value βmax = βlim/2 = 11.2. Parameters ηd, ηi and ηe are chosen as: 0.25, 0.5 and

0.75 (inverter); and 0.3, 0.5 and 0.7 (gripper). The von Mises equivalent stresses are evaluated at the centroid of each

finite element. The filter boundary padding scheme [47] is employed in order to alleviate possible boundary effects that

may occur due to filtering, by extending the design domain with void elements (dashed regions in Figure 1), which are

not considered in the analyses, only during application of the filter.

Both design domains are filled with fixed solid areas in load and support regions, as indicated in Figure 1. The

stresses at these regions are set to zero, and thus not taken into account by the algorithm during the optimization

procedure.

After solving the compliant mechanism design problems, the optimized topologies are post-processed through two

different schemes:

1. Pixel-based. The projection function, Equation (2), is applied over the optimized filtered density fields for

η ∈ [ηd, ηe], considering incremental steps of 0.001. The stresses are evaluated at the centroid of each element,

and the maximum von Mises equivalent stress is then computed for each value of η and compared with the yield

stress σy.

2. Body-fitted. The contour plots extracted from the optimized filtered density fields associated with values of η

within the interval [ηd, ηe], considering incremental steps of 0.05, are employed to construct fine body-fitted finite

element models with software Gmsh [48] comprised of six-node triangle elements. The von Mises equivalent

stresses are computed at the centroid of each element, and the maximum stress for each η is then compared with

the yield stress σy.

The employment of two post-processing schemes aims at verifying if the pixel-based and body-fitted models have

good agreement regarding maximum von Mises stress values, in range η ∈ [ηd, ηe], and if the obtained intermediate

designs are truly robust with respect to uniform boundary variations.

Topologies are illustrated in gray scale, Figure 2, where black represents solid (ρ = 1) and white represents void

(ρ = 0). Von Mises stresses are illustrated in color images, Figure 3, where red represents maximum von Mises stress

(which depends on the problem) and blue represents minimum von Mises stress (= 0).

Figure 2: Gray scale employed to represent topologies. White represents the void phase (ρ = 0) and black the solid phase (ρ = 1).
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Figure 3: Color scale employed to represent von Mises stresses. Red represents maximum (which depends on the problem) and blue minimum von
Mises stress (= 0).

4.1. On the influence of parameter kv

This subsection aims at showing the influence of parameter kv over the optimized topologies. As discussed in

subsection 2.1, if we formulate the traditional robust approach (Equation (1)) with the volume constraint applied

directly over the intermediate design, superfluous material appears on the topologies leading to non-optimal solutions.

A simple and effective approach that is often employed to avoid this issue is the enforcement of the volume constraint

over the dilated structure, as suggested by [8] and also applied in this paper, taking care to update the volume of the

dilated structure every few iterations, so the volume of the intermediate structure reaches the prescribed value at the

end of the optimization procedure.

However, even though we apply the volume constraint over the dilated design, we may still have some issues

when stress constraints are considered in the formulation. As discussed in subsection 2.2, when the stress-constrained

compliant mechanism design problem is solved for very small stress limits, the volume constraint may not be active at

the end of the optimization procedure. As shown in [2], the volume constraint not being active in the deterministic

formulation is not an issue; however, it becomes an issue when addressing the stress-constrained problem through the

three-field robust approach, as in this paper. It can be clearly seen in Figure 4, where the inverter problem is solved for

σy = 0.006 (the smallest yield stress value considered in this paper) and kv = 0 (i.e., the objective function is purely

composed by the output displacements).

Eroded design Intermediate design Dilated design

To
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es
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es
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es

Vf      = 0.1914

σ      = 0.00601(e)
max σ      = 0.00600(i)

max σ      = 0.00604(d)
max

(e)
Vf      = 0.2670

(i)
Vf      = 0.3401

(d)

0.000
0.001
0.002
0.003
0.004
0.005
0.006
0.007

Figure 4: Inverter problem. Optimized designs for σy = 0.006 and without penalizing the dilated volume, i.e., kv = 0.

In this case, the value of σy is small, and hence, the volume of the intermediate topology is smaller than the volume
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fraction constraint of Vup = 0.3 at the end of the optimization procedure. Parameter kv thus plays an important role in

the proposed formulation, Equation (5), which is clearly observed when solving the same problem considering several

different values for kv, Figure 5.

Dilated topologies Von Mises stresses

uout  = -1.211 σ      = 0.00601(e)
max

σ      = 0.00594(i)
max

σ      = 0.00605(d)
max

(e)

k v
  =

 4

uout  = -1.454
(i)

uout  = -1.239
(d)

uout  = -1.262 σ      = 0.00600(e)
max

σ      = 0.00602(i)
max

σ      = 0.00606(d)
max

(e)

k v
  =

 3
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(i)

uout  = -1.242
(d)
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(i)
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Figure 5: Inverter problem. Dilated designs for σy = 0.006 and kv = 0, 1, 2, 3 and 4.

Figure 5 shows the optimized dilated topologies with respective von Mises equivalent stresses. It is shown that the

larger the value of kv, the larger the cleaning effect over both dilated topology and respective von Mises stress field. This

is justified, in this case, since parameter kv controls the amount of volume of the dilated design in the objective function;

in this case, parameter kv acts at minimizing the volume of the dilated topology, thus avoiding this undesired effect of

placement of superfluous material when the volume constraint is not active. However, one can see that if the value of kv

is too large, the volume starts getting prioritized over the output displacements, which may affect performance of the

optimized compliant mechanism. In this paper, we choose to work with kv = 2, since this value seems to provide a
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good compromise between performance (output displacements) and topology cleaning, in this example.

4.2. Optimization results and post-processing

In this subsection, both inverter and gripper problems, Figure 1, are addressed considering kv = 2 and four situations

regarding the stress constraints: no stress constraints; σy = 0.01; σy = 0.008; and σy = 0.006, respectively. Obtained

results are then post-processed with both pixel-based and body-fitted approaches as described earlier.

4.2.1. Inverter problem

Figures 6 and 7 show optimized topologies (eroded, intermediate and dilated) and respective pixel-based von Mises

equivalent stresses, for the inverter mechanism problem.
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Figure 6: Inverter problem. Optimized topologies for kv = 2 and four levels of stress constraints: no stress constraints; σy = 0.01; σy = 0.008; and
σy = 0.006.

By analyzing Figure 6, one can verify that although optimized topologies are the same, different shapes are obtained.

The smaller the value of σy, the more rounded becomes the link between the structural member that connects the output

and the body of the inverter. Figure 7 shows that, the smaller the value of σy, the more the stresses for the eroded,
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Figure 7: Inverter problem. Von Mises stresses for structures from Figure 6.

intermediate and dilated designs get distributed. It is also clearly verified that optimized designs obtained without

considering the stress constraints have some isolated points with high stresses.

Figure 8 shows body-fitted von Mises equivalent stresses relative to eroded, intermediate and dilated topologies. By

comparing Figures 7 and 8, one can see good agreement between pixel-based and body-fitted stresses.

Figures 9 and 10 show post-processing graphs of maximum von Mises equivalent stresses and output displacements,

respectively, for η ∈ [ηd, ηe] = [0.25, 0.75]. It is interesting to observe that there is a compromise relation between

maximum stresses and output displacements in this case: the smaller the value of σy, the smaller the output displace-

ments of the inverter mechanism (in absolute values). When stress constraints are not taken into account, the output

displacement of the optimized mechanism is robust with respect to uniform boundary variation. Nevertheless, this

robustness is not extended to the maximum von Mises equivalent stress, that exhibits an unpredictable and non-constant

behavior for η ∈ [ηd, ηe]. In contrast, when stress constraints are considered, the resulting optimized mechanisms

exhibit smooth and constant maximum stress response for uniform boundary variations.
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Figure 8: Inverter problem. Body-fitted von Mises stresses for structures from Figure 6.

Figure 9: Inverter problem. Maximum von Mises equivalent stresses for η ∈ [0.25, 0.75] considering both pixel-based and body-fitted models.

Table 1 shows the maximum stress constraint violation throughout the whole interval η ∈ [ηd, ηe] for both pixel-

based and body-fitted models, the maximum difference between the output displacements from pixel-based and
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Figure 10: Inverter problem. Output displacements for η ∈ [0.25, 0.75] considering both pixel-based and body-fitted models.

body-fitted models, the structural volume of the intermediate topology, the number of iterations until convergence,

and the number of objective function evaluations (augmented Lagrangian). The number of iterations is different from

the number of function evaluations, since the step length is chosen (in an inexact way), at each iteration of a given

optimization subproblem, to ensure the minimization of the augmented Lagrangian. Note, however, that the total

number of objective function evaluations is only slightly larger than the number of iterations, since in most iterations

the minimization of the augmented Lagrangian is ensured considering the initial estimate for the step length.

Table 1: Inverter problem. Maximum stress constraint violations, maximum differences between output displacements from pixel-based and
body-fitted models, volume of intermediate topologies, total number of iterations to satisfy convergence criteria, and number of function evaluations.

Stress constraint σ
pixel
max −σy

σy

σ
f itted
max −σy

σy
max

( ∣∣∣∣upixel
out −u f itted

out

∣∣∣∣∣∣∣∣u f itted
out

∣∣∣∣
)

V (i)
f Iterations Obj. evaluations

Unconstrained − − 9.10% 0.2960 500 532
σy = 0.01 0.70% 8.75% 10.85% 0.2793 560 615
σy = 0.008 1.96% 10.56% 11.84% 0.2548 640 722
σy = 0.006 3.79% 10.37% 12.44% 0.2133 534 627

It is interesting to observe, in Table 1, that the smaller the value of σy, the smaller the volume fraction of the

intermediate design V (i)
f . It is also verified that the volume fraction of the intermediate design does not reach the

upper bound, Vup = 0.3, even when the stress constraint is not considered. This is justified, since we are considering

kv = 2 also in the unconstrained stress problem; in this case the algorithm also sees volume minimization of the dilated

design as a design goal, thus preventing the upper volume constraint in being active in some situations. Regarding

the maximum stress constraint violations, one can see a maximum value of 10.56% with respect to the yield stress

for σy = 0.008; and it is interesting to observe, in Figure 9, that the greatest stress constraint violations occur for the

dilated design, in this case. The maximum difference between the output displacements is 12.44%, and it occurs for the
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eroded design considering σy = 0.006. It is shown later, in subsection 4.3.2, for the gripper design problem, that a

finer mesh can be employed to reduce both maximum stress constraint violation and maximum difference between the

output displacements from pixel-based and body-fitted models.

4.2.2. Gripper problem

Figures 11 and 12 show optimized topologies (eroded, intermediate and dilated) and respective pixel-based von

Mises equivalent stresses, for the gripper mechanism problem.
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Figure 11: Gripper problem. Optimized topologies for kv = 2 and four levels of stress constraints: no stress constraints; σy = 0.01; σy = 0.008; and
σy = 0.006.

By analyzing Figure 11, one can verify that the smaller the value of σy, the thinner the structural members that

connect the input port and the support region on the bottom left of the design domain. Regarding the pixel-based von

Mises stress fields, Figure 12, one can verify the same behavior as observed before for the inverter problem: the smaller

the value of σy, the more the stresses become distributed for the optimized designs. Moreover, optimized designs

obtained without considering stress constraints have some isolated points with high stresses. Figure 13 shows the

body-fitted von Mises equivalent stresses, which exhibit good agreement when compared with the pixel-based stresses

shown in Figure 12.
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Figure 12: Gripper problem. Von Mises stresses for structures from Figure 11.

Figures 14 and 15 show post-processing graphs of maximum von Mises equivalent stresses and output displacements,

respectively, for η ∈ [ηd, ηe] = [0.3, 0.7]. Regarding the stress responses, one can verify that obtained designs exhibit

smooth and almost constant maximum stress response after uniform boundary variation when stress constraints are

considered, whereas an unpredictable stress behavior is achieved when no stress constraint is considered. Regarding

the displacement responses, one can observe that, the smaller the value of σy, the smaller the output displacement of

the gripper mechanism (in absolute value), in agreement with previous results achieved for the inverter mechanism

problem.

Table 2 shows the maximum stress constraint violation throughout the whole interval η ∈ [ηd, ηe] for both pixel-

based and body-fitted models, the maximum difference between the output displacements from pixel-based and

body-fitted models, the structural volume of the intermediate topology, the number of iterations until convergence, and

the number of objective function evaluations. It is verified that the smaller the value of σy, the smaller the volume

fraction of the intermediate design V (i)
f , in agreement with the inverter results shown in Table 1. One can also observe
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Figure 13: Gripper problem. Body-fitted von Mises stresses for structures from Figure 11.

Figure 14: Gripper problem. Maximum von Mises equivalent stresses for η ∈ [0.3, 0.7] considering both pixel-based and body-fitted models.

that the volume constraint is not active in these cases, as also observed earlier for the inverter mechanism problem.

Regarding the maximum stress constraint violations, one can see a maximum value of 14.05% for solution obtained
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Figure 15: Gripper problem. Output displacements for η ∈ [0.3, 0.7] considering both pixel-based and body-fitted models.

with σy = 0.006. The maximum stress constraint violations occur in the dilated design in the gripper problem. The

maximum difference between the output displacements is 11.10%, and it occurs for the eroded design considering

σy = 0.006.

Table 2: Gripper problem. Maximum stress constraint violations, maximum differences between output displacements from pixel-based and
body-fitted models, volume of intermediate topologies, total number of iterations to satisfy convergence criteria, and number of function evaluations.

Stress constraint σ
pixel
max −σy

σy

σ
f itted
max −σy

σy
max

( ∣∣∣∣upixel
out −u f itted

out

∣∣∣∣∣∣∣∣u f itted
out

∣∣∣∣
)

V (i)
f Iterations Obj. evaluations

Unconstrained − − 7.18% 0.2542 500 541
σy = 0.01 1.91% 10.92% 7.67% 0.2394 500 546
σy = 0.008 0.69% 11.85% 8.83% 0.2213 560 629
σy = 0.006 3.75% 14.05% 11.10% 0.2084 500 609

4.3. Additional numerical results

This subsection presents additional numerical results, to provide additional insight. Two additional studies are

performed: in subsection 4.3.1, the deterministic stress-constrained compliant mechanism design approach is compared

with the proposed robust stress-constrained approach; in subsection 4.3.2, a mesh dependence study is performed.
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4.3.1. Comparison between deterministic and robust stress-constrained approaches

The standard deterministic stress-constrained approach for compliant mechanism design can be written as [2]

Min.
ρ

uout
(
ρ
)

s. t. V f
(
ρ
)
6 Vup

σ(k)
eq (ρ)
σy
− 1 6 0 k = 1, 2, ...,Nk

K
(
ρ
)

U
(
ρ
)

= F

0 6 ρe 6 1 e = 1, 2, ...,Ne

. (16)

In this formulation, only one field of physical relative densities ρ is considered. In this paper, the solution is

obtained by employing the threshold projection function, Equation (2), for η = 0.5.

Both inverter and gripper design problems are solved with the deterministic formulation, considering the same

input data as defined in the beginning of section 4, and compared with results presented in subsection 4.2. The only

difference is in the choice of both initial and maximum penalization parameters for the stress constraints (associated

with the augmented Lagrangian method), which are three times larger than those defined for the robust case, such

that: r(1) = 3/Ne and rmax = 3 × 105/Ne; since in this case we have only one set of stress constraints. Both problems

are solved for σy = 0.006, which is the smallest yield stress value employed in this paper. Optimized designs are

post-processed with pixel-based and body-fitted approaches for η ∈ [ηd, ηe].

Figures 17, 18 and 19 show optimized results (deterministic and robust topologies with respective pixel-based and

body-fitted von Mises stresses), post-processing graphs of von Mises stresses and post-processing graphs of output

displacements, for the inverter problem. Figures 20, 21 and 22 show these same results for the gripper problem.

However, in the deterministic case, designs with disconnected structural members are obtained for η > 0.6, considering

the inverter design problem, and η > 0.55, for the gripper problem, as shown in Figure 16; thus, the respective

post-processing graphs show the numerical responses up to these values of η only.

Since both deterministic solutions become disconnected when the post-processing schemes are employed for too

large values of η, these solutions are clearly non-robust (both maximum stresses and output displacements) with respect

to uniform boundary variations resulting from erosion operations.

Considering now the intervals for which physically reasonable results are obtained, i.e., η ∈ [0.25, 0.6], for the

inverter case, and η ∈ [0.3, 0.55], for the gripper case, one can draw two important conclusions: 1) deterministic

solutions totally outperform the robust ones regarding the output displacements; and 2) the maximum von Mises

stresses of deterministic solutions are clearly non-robust with respect to uniform boundary variations.
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Figure 16: Deterministic results. Optimized filtered densities and respective contour plots for η = 0.65 (inverter) and η = 0.6 (gripper). Disconnected
regions are highlighted by dashed circles.

Deterministic Robust

P
ix

el
-b

as
ed

vo
n 

M
is

es
 s

tr
es

se
s

To
po

lo
gi

es
B

od
y-

fi
tt

ed
vo

n 
M

is
es

 s
tr

es
se

s

0.000

0.001

0.002

0.003

0.004

0.005

0.006

0.007

Figure 17: Inverter problem. Optimized topologies and respective pixel-based and body-fitted stresses, for σy = 0.006, considering both deterministic
and robust stress-constrained approaches.

The reduced performances regarding output displacements are justified, since the robust stress-constrained approach

has additional challenge regarding stress feasibility, which should be ensured for three distinct fields of relative densities.

The deterministic stress-constrained approach, on the other hand, works by applying the stress constraints over one

field of relative densities only, so that there is more freedom to distribute material in a way the minimization of the

output displacement is prioritized, at the cost of obtaining highly non-robust stress behavior given uniform boundary

variations.
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Figure 18: Inverter problem. Maximum von Mises equivalent stresses for η ∈ [0.25, 0.75] (robust) and η ∈ [0.25, 0.6] (deterministic), considering
both pixel-based and body-fitted models.

Figure 19: Inverter problem. Output displacements for η ∈ [0.25, 0.75] (robust) and η ∈ [0.25, 0.6] (deterministic), considering both pixel-based and
body-fitted models.

4.3.2. Mesh dependence study

This subsection addresses the gripper mechanism problem only. The problem is solved for two distinct situations

considering more refined meshes than before: 1) Ne = 294, 400 and R = 2.8; and 2) Ne = 294, 400 and R = 1.4. These

meshes correspond to 800 × 400 grids, disregarding the elements inside the void square region on the upper right of the

design domain. The difference between both cases is in the radius of the filter R, which has half size in the second

case. Both cases are solved for σy = 0.006, considering same data as defined in the beginning of section 4. The only

difference is in parameter β, which is updated from β(1) = 1 to βmax = βlim/2 = 22.4 in the first case, and from β(1) = 0.5

to βmax = βlim/2 = 11.2 in the second case, where a smaller R is employed.
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Figure 20: Gripper problem. Optimized topologies and respective pixel-based and body-fitted stresses, for σy = 0.006, considering both deterministic
and robust stress-constrained approaches.

Figure 21: Gripper problem. Maximum von Mises equivalent stresses for η ∈ [0.3, 0.7] (robust) and η ∈ [0.3, 0.55] (deterministic), considering both
pixel-based and body-fitted models.

Figures 23 and 24 show robust results and post-processing graphs, respectively. Obtained results are shown for

both gripper design cases considering Ne = 294, 400, and also for the solution presented in subsection 4.2 where a

coarser mesh of Ne = 73, 600 is employed.

By analyzing Figure 23, one can verify that results for R = 2.8 present the same topology, with slight differences
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Figure 22: Gripper problem. Output displacements for η ∈ [0.3, 0.7] (robust) and η ∈ [0.3, 0.55] (deterministic), considering both pixel-based and
body-fitted models.

Ne = 73,600 and R = 2.8

P
ix

el
-b

as
ed

vo
n 

M
is

es
 s

tr
es

se
s

To
po

lo
gi

es
B

od
y-

fi
tt

ed
vo

n 
M

is
es

 s
tr

es
se

s

Ne = 294,400 and R = 2.8 Ne = 294,400 and R = 1.4

0.000

0.001

0.002

0.003

0.004

0.005

0.006

0.007

Figure 23: Gripper problem. Optimized robust topologies and respective pixel-based and body-fitted stresses, for σy = 0.006, considering different
number of elements Ne and filter’s radius R.

in shape. For R = 1.4, on the other hand, a very different topology is obtained, with thinner reinforcements. This is

justified, in this case, since the value of R is directly related to a minimum length scale when the robust approach

is employed, as discussed in [8]. It is interesting to verify, in Figure 24, that the solution for R = 1.4 outperforms

solutions for R = 2.8 regarding the output displacements. This is justified, since the smaller the value of R, the smaller

the difference between dilated and eroded topologies (considering fixed values for ηd and ηe); hence, the smaller the
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Figure 24: Gripper problem. Post-processing graphs of maximum stresses and output displacements for problems from Figure 23.

robustness of the mechanism with respect to uniform boundary variation; thus, the mechanism gets more freedom to

distribute material in a way output displacement minimization is prioritized.

By comparing both results obtained for R = 2.8, we noticed slight improvement, with mesh refinement, regarding

stress feasibility considering the most critical stress models: from 3.75% (pixel) and 14.05% (fitted), as shown in Table

2 for Ne = 73, 600, to 1.17% (pixel) and 10.09% (fitted), for Ne = 294, 400; and regarding the maximum difference

between output displacements of pixel-based and body-fitted models: from 11.10%, for Ne = 73, 600, to 7.09%, for

Ne = 294, 400.

5. Concluding remarks

This work has proposed and investigated a robust design formulation to topology optimization of manufacturing

uncertainty tolerant compliant mechanisms, considering stress constraints. Several numerical experiments were

performed in order to investigate applicability of the proposed approach. Optimized results were post-processed with

both pixel-based and body-fitted finite element models. Some concluding remarks are drawn:

1. The proposed robust approach was able to provide compliant mechanisms that have maximum von Mises stresses
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that are insensitive to uniform boundary variations, for different yield stress values.

2. When solving the robust problem without stress constraints, a very unpredictable stress behavior was observed,

considering both inverter and gripper problems, indicating the traditional robust approach is not able to ensure

stress robustness with respect to uniform boundary variations, although it does provide much better design than

without the robust approach.

3. A comparison between deterministic and robust stress-constrained approaches was performed: robust topologies

are quite different than deterministic counterparts. It was shown that the deterministic approach provides

optimized solutions for a given field of physical relative densities only, and slight boundary variations cause

strong stress constraint violation.

4. A mesh refinement study was performed. It was observed that for a fixed filter radius, a finer mesh can be

employed to improve stress feasibility considering both pixel-based and body-fitted stress models. Considering

the problem with fixed mesh and different filtering radius, it was demonstrated that a smaller filter radius can be

employed to achieve a compliant mechanism with larger output displacements, at the cost of less robustness with

respect to uniform boundary variations.

Finally, it is important to mention that a compromise relation between output displacements and maximum von Mises

stresses was verified: the smaller the yield stress considered during the optimization process, the smaller the output

displacements (in absolute values) of the resulting mechanism.

Appendix: Sensitivity analysis

This section develops the sensitivity analysis to evaluate the derivative of the augmented Lagrangian function L

with respect to a design variable ρm, in order to perform the optimization with gradient-based algorithm.

The augmented Lagrangian function, Equation (10), can be properly rewritten in order to facilitate sensitivity

analysis by the adjoint technique:

L = LV + Luσ, (.1)

where LV is the term associated with the volume fraction of the dilated design

LV = kvV f

(
ρ(d)

)
+

rup

2

〈
µup

rup
+

V f

(
ρ(d)

)
V (d)

up

− 1
〉2

+
rlow

2

〈
µlow

rlow
−

V f

(
ρ(d)

)
V (d)

low

+ 1
〉2

, (.2)
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and Luσ is the term associated with both the output displacements and stress constraints

Luσ =
kin

fin
uKS

out

(
ρ(e), ρ(i), ρ(d)

)
+

r
2

Nk∑
k=1

∑
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( j)
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ρ( j)
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+
∑
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( j)

(
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(
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(
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)
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)
, (.3)

where S = {e, i, d} is the set which contains dilated, intermediate and eroded fields of physical relative densities, and

λ( j) are arbitrary vectors, since K
(
ρ( j)

)
U

(
ρ( j)

)
− F = 0.

The derivative of the augmented Lagrangian function can be computed through a chain rule, as described in [25], in

order to perform optimization in the non-physical design space. Once the term LV is dependent on the dilated densities

only, one can write
∂L
∂ρm

=
∑
n∈ϑm
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where
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is the derivative of Equation (.2),
∂ρ( j)
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is the derivative of Equation (2), and
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is the derivative of Equation (3).

One can show that the derivative of Luσ, Equation (.3), with respect to a physical relative density ρ( j)
n , is computed

as (see [17] for further insight on the stress derivative):
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where h( j)
k and

(
a( j)

k

)T
are auxiliary terms, employed to obtain a more compact notation, defined as

h( j)
k =

〈
µ

( j)
k + r

σ(k)
eq

(
ρ( j)

)
σy

− 1

〉 1
σy
, (.9)

31



and (
a( j)

k

)T
= uT

k

(
ρ( j)

)
BT

k C0MC0Bk; (.10)

σ̂(k)
eq

(
ρ( j)

)
is the solid von Mises stress at point k, computed as
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and Hk is a localization operator, which relates the local displacement vector to the global displacement vector, as
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)
.

In order to avoid the computation of the derivative of U
(
ρ( j)

)
with respect to ρ( j)

n , the adjoint vector λ( j) is computed

as
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After computing the adjoint vector λ( j), the derivative of Luσ is computed as

∂Luσ
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since the derivative of fσ
(
ρ

( j)
k

)
is only different from zero for ρ( j)

k = ρ( j)
n , and the term associated with the derivative of

K
(
ρ( j)

)
can be evaluated through local computations, where λ( j,n) = Hkλ( j).

The derivative of the augmented Lagrangian function L with respect to a design variable ρm is then obtained through

the chain rule shown in Equation (.4), after computing the derivatives in Equations (.5), (.6), (.7) and (.13).

Note that three adjoint problems, Equation (.12), are solved to evaluate Equation (.13) for j ∈ {e, i, d}, i.e., one

adjoint problem per physical density field.
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