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Abstract

A novel one dimensional beam model for analysis of prismatic thin-walled beams with deformable cross sections is intro-
duced and a novel cross section mode determination procedure, which leads to the three dimensional beam displacement
modes, is derived. The first order beam model for linear analysis includes: shear deformations related to both Timo-
shenko and Mindlin-Reissner type shear deformations, the warping effects of torsion, cross section distortion with related
warping effects, as well as the Poisson effect with transverse displacements due to normal stress. The generality of the
model allows it to handle open, closed and multi-cell cross sections with branched walls. The cross section analysis
procedure leads to two types of beam displacement modes referred to as distortional beam modes and fundamental
beam modes, with exponential and polynomial variations along the beam axis, respectively. It turns out that each of
the beam deformation modes consists of a sum of one to four cross section displacement fields each with an individual
axial variation. The displacement modes can facilitate the formulation of an advanced thin-walled beam element. The
beam displacement modes will be illustrated for an open and a closed cross section.

Keywords: Thin-walled beams, Beam eigenvalue problem, Warping, Distortion, Shear deformations, Fundamental
beam modes, Beam theory

1. Introduction

Through centuries, beam models have been developed
and especially in the twentieth century the development of
thin-walled models increased due to the emerging ship and
aircraft industries. It was realized that theories, such as
the Euler-Bernoulli and the Timoshenko theories were not
sufficient for assessing thin-walled structures even when
unconstrained uniform St. Venant torsion was included.
A reason was the missing cross sectional warping effect,
thus, new theories had to be derived. The best known
consistent theory is the torsional thin-walled beam theory
presented by Vlasov [1]. This theory includes the warp-
ing phenomenon by introducing the sectorial coordinate.
With this new "coordinate", the axial displacement field of
the cross section is defined as a warping function. With
this warping function, a decoupling of the displacement
field into the classic extension and flexural modes is still
possible, similar to earlier classic beam theories. However,
Vlasov’s theory of torsion does not include distortion of the
cross section, since the cross section is assumed to main-
tain its shape. A generalization of Vlasov’s thin-walled
beam theory for open cross sections including distortion
was given by Schardt [2]. Later, Schardt extended the
theory to include closed cross sections as well, [3]. To do
this he relaxed the Vlasov hypothesis of negligible shear
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strain adopting "Bredt’s shear flow" in closed cells. At first,
Schardt’s theory was named: "Verallgemeinerte Technishe
Biegetheorie" (VTB), but with its international spread,
due to the work done by Davies and co-workers [4, 5],
it is now known as GBT, i.e. Generalized Beam Theory,
in the international academic society.

An expansion of Vlasovs thin-walled beam theory to in-
clude a single distortional deformation mode, which is di-
rectly applicable to both open and closed cross sections,
was given by Jönsson in [6]. This reference illustrates the
coupling of the differential equations, which are not easily
uncoupled even in this relatively simple theory.

In recent years Silvestre and Camotim contributed heav-
ily to the development and refinement of GBT and they
also include orthotropic material behaviour [7, 8].

The general idea of modern GBT is to use a cross sec-
tion discretization to determine orthogonal cross section
displacement modes, i.e. displacement fields of a cross
section. These modes are then interpolated using cubic
Hermite functions in the axial direction. The cross sec-
tion displacement modes are found from solving special
eigenvalue problems related to equilibrium equations of the
cross section using frame analogy. This approach, deriving
displacement modes based on a discretized cross section,
has become popular among researchers, since only a rel-
atively small number of unknowns are needed. Modern
GBT establishes a thin-walled beam model through ratio-
nalized and automated cross section analysis procedures
and numerical analysis, see for example Bebiano et al. [9]
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and recently GBT has been extended to curved members
by Peres et al. [10].

The "Finite Strip Method" (FSM) is another very pop-
ular method used to model the behaviour of thin-walled
beams with deformable cross sections. With the refined
"constrained Finite Strip Method" (cFSM) developed by
Ádány and Schafer [11], it is possible to group the modes
into categories; local modes, distortional mode, and beam
modes as already done using GBT. A comparison of these
two methods can be found in Ádány et al. [12].

The "constrained Finite Element Method" (CFEM) in
which shell finite elements are used to model thin-walled
beams by constraining displacements may also be used to
create approximate beam models. The accuracy of these
models depend on the underlying discretization in both
transverse and longitudinal directions as well as on the
constraints adapted. The constraints reduce the number
of degrees of freedom and lead to advanced thin-walled
beam elements, see for example Ádány [13].

Other generalized beam models based on discretization
of the cross section adapt a more strict mathematical ap-
proach by formulating and solving the coupled equilibrium
equations, i.e. they adapt the strong solution form. See for
example the appoaches by Jönsson and Andreassen [14],
Morandini et al. [15] and Vieira et al. [16]. All of these
authors solve eigenvalue problems as part of a standard
procedure for finding the solution to the coupled homoge-
neous beam differential equations for arbitrary cross sec-
tions. As opposed to GBT, these approaches lead to eigen-
vectors being the cross section displacement fields multi-
plied by the exponential eigenfunction determined by the
eigenvalues. The polynomial modes (related to the clas-
sic beam modes) are derived from a detailed evaluation
of the null-eigenvalue modes, hence, two sets of solutions
are obtained. Morandini et al. find twelve fundamental
beam solutions for solid cross sections using a special pro-
cedure based on the Jordan chain method. Furthermore,
they find the eigenvalues of the exponential solutions and
relate these to length scales as well as the St. Venant prin-
ciple. Vieira et al. also uses a Jordan chain method to
establish the polynomial solution modes, which are identi-
fied as fundamental beam modes, e.g. extension, flexure,
etc. Furthermore, they use isospectral transformations of
exponential modes to define generalized solution modes.

The prismatic thin-walled beam model presented in the
following also adheres to the more strict mathematical ap-
proach of solving the coupled equilibrium equations. Some
of the kinematic assumptions are made in order to facili-
tate the secondary goal of being able to connect to joints,
which are modeled using conventional finite shell elements
with three translational and three rotational degrees of
freedom at each node. Furthermore it has also been the
goal to achieve a formulation including shear deformations
and the Poisson effect as opposed to the theoretical model
presented in Jönsson and Andreassen [14], which does not
include these effects. As opposed to Morandini et al. and
Vieira et al. the present work retains the complex eigen-

values and exponential solution modes of the quadratic
eigenvalue problem and therefore the solutions do not di-
agonalize all matrices of the original coupled differential
equilibrium equations of the beam, since this is unneces-
sary as the modes span the solution space.

In this paper, the exact solution modes of the coupled
differential beam equations are found through cross section
discretization and separation of variables into cross section
displacement fields and attenuation functions. The solu-
tions to the differential equations leads to solutions consist-
ing of fundamental polynomial beam solutions modes and
exponential distortional solution modes (decaying from
each beam end). The solution modes involve from one
to four cross section displacement fields combined into a
single three-dimensional solution mode being either poly-
nomial or exponential. The advantage of this beam model
is that the full solution is obtained between beam-ends and
not as in GBT in which a beam must be discretized into
several GBT finite elements with Hermitian interpolation
along the axis of the beam.

2. The thin-walled beam model

The prismatic one dimensional thin-walled beam model
is introduced in the following subsections. It is assumed
that the beam displacements can be subdivided into a sum
of separate beam displacement modes, which all obey the
equilibrium equations. In the first subsection the kinemat-
ics and strains of one displacement mode is introduced and
illustrated. Then, in the second subsection we introduce
the strain energy function using the introduced displace-
ment assumptions. Hereafter in the third subsection the
cross section is discretized into straight wall elements and
interpolation functions and related degrees of freedom are
introduced and chosen. The fourth subsection introduces
the discretization into the strain energy, which leads to
the definition of wall element stiffness matrices, which in
turn assemble into the stiffness matrices of the cross sec-
tion. In the last and fifth subsection the variation of the
discretized strain energy leads to the strong formulation of
displacement mode equilibrium as a set of coupled second
order differential equations expressed by the cross sectional
stiffness matrices.

2.1. Kinematics
The prismatic thin-walled beam member is located in a

global rectangular, right-handed Cartesian coordinate sys-
tem (X,Y, Z). The Z-axis is pointing in the longitudinal
direction of the member and the cross section is located in
theX,Y -plane. To navigate through the cross section a lo-
cal coordinate system is introduced in the walls as (n, s, z)
following the right-hand convention and where z is parallel
to the global Z-axis. The s-coordinate is a curve parame-
ter running along the center line of the cross section and
n indicates the normal to the s, z-plane. In figure 1 both
local (n, s, z) and global (X,Y, Z) coordinate systems are
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illustrated. The notation used in the following for deriva-
tives with respect to the cross section wall coordinates will
be a subscript comma followed by the local coordinate, e.g.
as: (·),n ≡ d(·)/dn or (·),ss ≡ d2(·)/ds2; however, deriva-
tives with respect to the axial coordinate will be denoted
by a prime, i.e. (·)′ ≡ d(·)/dz.

X

Y

Z

s
n
z

s

nz

n
s

z

Figure 1: Illustration of local and global coordinate systems

Beam displacement modes are introduced by separation
of variables through the sum of products between displace-
ment variables dependent on the cross section coordinates
(n, s) and amplitude functions dependent on the axial co-
ordinate z. The cross section displacements are given in
the local coordinate directions as functions of the local co-
ordinates (n, s) and the axial coordinate z. The displace-
ments of one displacement mode thus consists of transverse
displacements (un, us) and (axial) warping displacements
uz. The kinematic displacement parameters are illustrated
in figure 2.

Let us start by introducing the transverse displacements
(un, us) of one displacement mode as:

un(s, z) = wn(s)ψ(z) (1)

us(n, s, z) =
[
ws(s)− nwn,s(s)

]
ψ(z) (2)

in which wn(s) and ws(s) are the center line displacements
in local directions factorized by a function of the axial
coordinate, ψ(z), referred to as an axial amplitude func-
tion. This displacement formulation corresponds to that
of thin-plate theory or Kirchhoff theory in the transverse
s-direction. This assumption will in a later subsection al-
low us to use beam like wall elements with a traditional
beam type interpolation.

Then, let us introduce the axial warping displacements
uz of the displacement mode as:

uz(n, s, z) =
[

Ω(s) + nα(s)
]
η(z) (3)

where Ω(s) is the axial displacement of the wall center
line, α(s) is the additional inclination through the thick-
ness, and η(z) is the related amplitude function, see fig-
ure 2. This formulation corresponds to a Timoshenko
like shear formulation in the planes of each wall element
(s, z-plane) and a Mindlin-Reisner like shear formulation
through the wall element thickness in the axial z-direction

(n, z-plane). This warping displacement formulation has
been chosen to allow a strict local warping compatibility
at the corners under the hypothesis that this would allow
an enhanced modeling of shear, see for example the re-
lated GBT type assumptions and illustrations in Miranda
et al. [17] and [18]. In a later subsection these assumptions
also allow the introduction of six degrees of freedom per
node in the cross section interpolation. Furthermore, the
kinematic displacement assumptions also allow torsional
shear flow around closed cells as considered by Jönsson
and Andreassen [14].

In the elastic first order model, the linear strain defi-
nitions are applicable and they can be expressed by the
introduced displacement description as follows:

εss = us,s = (ws,s − nwn,ss)ψ
εzz = u′z = (Ω + nα) η′

γzs = u′s + uz,s = (ws − nwn,s)ψ′

+ (Ω,s + nα,s) η
γzn = u′n + uz,n = wnψ

′ + αη

(4)

where εss are the transverse distortional strains, εzz are
axial normal strains, γzs are the membrane shear strains of
the wall, and γzn are the through-wall axial shear strains.
It follows that εnn = 0 and γsn = 0. It is seen that,
due to the displacement formulations, we achieve non-null
γzn-strains. It is also seen that the kinematics presented
here includes transverse extension along the cross section
mid-line as well as membrane shear strain, which both are
neglected in the Vlasov theory (the Vlasov hypothesis).

In the following, vectors and matrices will be denoted
by non-slanted, boldfaced, roman letters.

2.2. Discretization and interpolation of strain energy

The constitutive relations between stresses and strains
are not as simple as in conventional beam theories, since
the theory not only includes axial stresses σzz but also
transverse stresses σss, membrane wall shear stresses τsz,
as well as transverse wall shear stresses τnz. As in plate
theory we base the constitutive relation of the wall on the
assumption of zero out of plane normal stress, i.e. σnn = 0.
The axial and transverse in-plane normal stresses are cou-
pled through the Poisson ratio, ν, and enables the Poisson
effect, which induces changes in the geometry of the cross
section. Using Young’s modulus of elasticity E, we intro-
duce the shear modulus G = E/(2(1 + ν)) and the plate
elasticity modulus Es = E/(1 − ν2). Hence, the linear
constitutive relations are:

σss
σzz
τsz
τnz

 =


Es νEs 0 0
νEs Es 0 0

0 0 G 0
0 0 0 G



εss
εzz
γsz
γnz

 (5)
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Figure 2: Deformations with respect to the cross section in different orientations

With the introduced constitutive relations, the linear elas-
tic strain energy can be written as follows:

U =1
2

∫
V

{
Esε

2
ss + Esε

2
zz + 2νEsεssεzz

+Gγ2
nz +Gγ2

sz

}
dV

(6)

Let us introduce the strains, equation (4), expressed by
the displacement parameters into the strain energy. Then,
let us perform the volume integration by subdividing the
cross section into a sum of integrals over each straight wall
element and let us perform the integration through the
thickness. Thus, the middle-surface of a thin-walled cross
section is assembled by straight wall elements as illustrated
in figure 3. In the current formulation a wall element is
characterized by a constant plate thickness tel and an ele-
ment length of bel. The strain energy equation (6) for one

displacement mode of a beam of length ` becomes:

U = 1
2

∫ `

0

∑
el

∫ bel

0

{
Es

(
tel (ws,sψ)2 + 1

12 t
3
el (wn,ssψ)2

)
+ Es

(
tel
(
Ωη′
)2 + 1

12 t
3
el

(
αη′
)2)

+ 2νEs
(
tel
(
ws,sψΩη′

)
− 1

12 t
3
elwn,ssψαη

′
)

+G
(
tel
(
wsψ

′)2 + 2telwsψ′Ω,sη + 1
12 t

3
el

(
wn,sψ

′)2
−2 1

12 t
3
elwn,sψ

′α,sη + tel (Ω,sη)2 + 1
12 t

3
el (α,sη)2

)
+G

(
tel
(
wnψ

′)2 + tel (αη)2 + 2telwnψ′αη
)}

ds dz

(7)

An example of the overall discretization of a cross sec-
tion is illustrated in figure 3a and the configuration of
a discrete wall element is shown in figure 3b illustrating
its degrees of freedom. The wall element displacements
are derived from approximated linear Lagrange and cubic
Hermite functions. The degrees of freedom are split into
two – those regarding displacements in the cross sectional
plane given a w-subscript are transverse displacements,
and those regarding displacements out of the cross sec-
tional plane denoted by an Ω are in general being referred
to as warping displacements. Thus, the wall element de-
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(a) Cross section discretized into minor wall elements

·

velw1

velw2
velw3

velΩ1

velΩ2

velΩ3

· velw4
velw5

velw6

velΩ4

velΩ5

velΩ6

s

n

z
·

bel

tel

(b) A wall element with its twelve degrees of freedom and local
coordinate system

Figure 3: A discretized thin-walled cross section and a wall element

grees of freedom are collected in two vectors being:

velw =
[
velw1 velw2 velw3 velw4 velw5 velw6

]T
velΩ =

[
velΩ1 velΩ2 velΩ3 velΩ4 velΩ5 velΩ6

]T (8)

The introduced cross section displacement parameters are
interpolated within the cross section using standard inter-
polation functions as follows (for clarity we have kept the
related amplitude functions):

ws ψ = Ns velw ψ , α η = Nα velΩ η

wn ψ = Nn velw ψ , Ω η = NΩ velΩ η
(9)

in which the interpolation vectors are given in table 1.
Furthermore, Ns and Nα are linear whereas Nn and NΩ
are cubic, see [19].

Table 1: Interpolation vectors

Ns = [N1 0 0 N4 0 0]
Nn = [0 −N2 −N3 0 −N5 −N6]
Nα = [−N1 0 0 −N4 0 0]
NΩ = [0 −N3 N2 0 −N6 N5]

2.3. Cross section stiffness matrices

If the displacement interpolation functions, from equa-
tion (9), are substituted into equation (7), local wall ele-
ment stiffness matrices given in table 2 may be found by
integration over the element wall length. Regarding the
superscripts, these indicate whether a stiffness matrix re-
lates to transverse, normal or shearing stiffness, denoted:
s, σ or γ, respectively. The coupling terms between ax-
ial and transverse normal strain are given by ksσwΩ and its
transpose, which becomes kσsΩw.

Table 2: Local stiffness matrices

ksww=
∫ bel

0

(
telEsNT

s,sNs,s + t3
el
12 EsN

T
n,ssNn,ss

)
ds

kσΩΩ =
∫ bel

0

(
telEsNT

ΩNΩ + t3
el
12 EsN

T
αNα

)
ds

ksσwΩ =
∫ bel

0

(
telνEsNT

s,sNΩ − t3
el
12 νEsN

T
n,ssNα

)
ds

kσsΩw=
∫ bel

0

(
telνEsNT

ΩNs,s − t3
el
12 νEsN

T
αNn,ss

)
ds

kγΩΩ =
∫ bel

0

(
telGNT

αNα + telGNT
Ω,sNΩ,s + t3

el
12 GNT

α,sNα,s

)
ds

kγww=
∫ bel

0

(
telGNT

nNn + telGNT
sNs + t3

el
12 GNT

n,sNn,s

)
ds

kγΩw=
∫ bel

0

(
telGNT

αNn + telGNT
Ω,sNs − t3

el
12 GNT

α,sNn,s

)
ds

kγwΩ =
∫ bel

0

(
telGNT

nNα + telGNT
sNΩ,s − t3

el
12 GNT

n,sNα,s

)
ds

Formulating the assembled cross section stiffness matri-
ces and vectors containing all degrees of freedom it is con-
venient to express the local degrees in terms of a global
reference frame. Thus, using a formal standard trans-
formation matrix, the local degrees are written in global
coordinates (vel = Telv). Therefore, the local stiffness
matrices can be assembled using a common assembling
procedure yielding global cross sectional stiffness matrices
(see e.g. [20]). Following this procedure, the strain energy
from equation (7) takes the form:

U= 1
2

∫ `

0


vwψ
vΩη

vwψ′

vΩη
′


T

Ks
ww · · Ksσ

wΩ

· Kγ
ΩΩ Kγ

Ωw ·
· Kγ

wΩ Kγ
ww ·

Kσs
Ωw · · Kσ

ΩΩ




vwψ
vΩη

vwψ′

vΩη
′

dz (10)

using global stiffness matrices. Here and in the following
a dot ’·’ represents a suitable size null-matrix.

2.4. Displacement mode equilibrium
The differential equations for the displacement modes

are derived using variational principles on the strain en-

5



ergy functional. The delta symbols, δ, in front of the dis-
placement vectors are introduced to represent the varia-
tional terms. Integration by parts is performed on the
variational terms, which are differentiated with respect to
the axial coordinate. Thereby we eliminate axial deriva-
tives (the primes) of the variational terms δ(vwψ′) and
δ(vΩη

′) and the first variation of the strain energy takes
the form:

δU =
∫ `

0
δ

[
vwψ
vΩη

]T
([

−Kγ
ww ·

· −Kσ
ΩΩ

][
vwψ
vΩη

]′′

+
[

· Ksσ
wΩ − Kγ

wΩ

Kγ
Ωw − Kσs

Ωw ·

][
vwψ
vΩη

]′

+
[

Ks
ww ·
· Kγ

ΩΩ

][
vwψ
vΩη

])
dz

+

[
δ

[
vwψ
vΩη

]T([Kγ
ww ·
· Kσ

ΩΩ

][
vwψ
vΩη

]′

+
[

· Kγ
wΩ

Kσs
Ωw ·

][
vwψ
vΩη

])]`
0

(11)

In this equation the last bracketed terms, i.e. [· · · ]`0, rep-
resent boundary terms, that ensure equilibrium with the
boundary loads, which we have not introduced at this
stage.
It follows from calculus of variations that, the first varia-
tion of the energy must vanish in order to have minimum
energy. Therefore, the δU should vanish, i.e. δU = 0,
for arbitrary variations in δ(vwψ) and δ(vΩη), satisfying
kinematic boundary conditions. This requirement is the
condition of stationarity, which leads to the following set
of equilibrium equations.[

−Kγ
ww ·
· Kσ

ΩΩ

]
︸ ︷︷ ︸

K2

[
vwψ
vΩη

]′′
︸ ︷︷ ︸

u′′

+
[

· Ksσ
wΩ −Kγ

wΩ
Kσs

Ωw −Kγ
Ωw ·

]
︸ ︷︷ ︸

K1

[
vwψ
vΩη

]′
︸ ︷︷ ︸

u′

+
[

Ks
ww ·
· −Kγ

ΩΩ

]
︸ ︷︷ ︸

K0

[
vwψ
vΩη

]
︸ ︷︷ ︸

u

=
[

0
0

]
(12)

Please note that to achieve symmetry in the matrix for-
mulation the lower block-row-equation is multiplied by −1.
Furthermore, we have, in the above equation, introduced
the matrices K2, K1 and K0 as well as the vector of dis-
placements u. This has been done in order to obtain the
following more compact formulation of these differential

equilibrium equations:

K2u′′ + K1u′ + K0u = 0 (13)

Consequently, we have achieved a set of second order dis-
placement mode differential equations and not as in other
higher order beam theories, such as GBT, a fourth order
differential equation system. The reason why a second-
order beam differential equation system is derived here, is
the use of warping fields Ωη and αη, which until otherwise
stated are independent of ψ.

3. Cross section mode determination procedure

The cross section mode determination procedure reflects
the solution of the displacement mode differential equa-
tions using the approach of assuming exponential solutions
and finding these through the solution of the characteris-
tic equations being a quadratic eigenvalue problem. How-
ever, hereby we have not found the complete homogeneous
solution, since there will be nz = 12 null eigenvalues cor-
responding to the classic polynomial solutions including
constant strain modes and rigid body motions also re-
ferred to as fundamental modes. The polynomial solutions
are found by seeking a set of nz third order polynomial
solutions. Since there are a multitude of possible combi-
nations of these modes an engineering based procedure,
which enables the direct relation to classic beam theory, is
described. This task, however, is not as straight forward
as expected.

3.1. Exponential modes
Let us start out seeking exponential solutions. In the

previous section separation of variables was used to for-
mulate displacements as product terms of cross sectional
displacements and the amplitude functions. Thus, we need
to find solutions to the differential equations (13) with the
displacement vector:

u(z) =
[

vwψ(z)
vΩη(z)

]
(14)

in which the vectors vw and vΩ contains cross sectional
degrees of freedom with respect to transverse and warp-
ing displacements, respectively. It is clear that two related
amplitude functions ψ(z) and η(z) have been introduced.
This, however, has been done in order to keep the relation
to conventional formulations of beam theories. Nonethe-
less, to solve the coupled differential equations we now
assume that η = ψ. This enables us to write the displace-
ment using a single amplitude function as:

u(z) = v ψ(z) c (15)

in which the cross section displacement mode vector is
given by:

v =
[

vw
vΩ

]
(16)
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The complex constant to be determined by boundary con-
ditions, cp ∈ C has been introduced in equation (15) to
scale the whole solution mode.

A general solution of the beam differential equations
(13) is sought by assuming an exponential amplitude func-
tion: ψ = eλz, whereby the assumed solution vector from
equation (15) becomes:

ue = ve eλz ce (17)

Here, we have introduced the subscript e to distinguish an
exponential solution mode from a polynomial one. Insert-
ing this assumed solution into the differential equations
(13) and simplifying by dividing by eλzce the following
algebraic system of equations is found.(

λ2K2 + λK1 + K0
)

ve = 0 with λ ∈ C (18)

This algebraic system of equations is a quadratic matrix
eigenvalue problem with λ as the eigenvalue variable and
ve being the eigenvector representing an associated defor-
mation mode. Solution modes can be derived by reducing
the differential order of equation (13) to an equivalent sys-
tem of first order differential equations introducing a state
vector as proposed by Tisseur and Meerbergen [21] lead-
ing to a generalized eigenvalue problem but also doubling
the number of solution modes, or directly by solving the
quadratic eigenvalue problem by use of the built-in func-
tion polyeig in Matlab [22]. It is worth noting that it
is the state vectors that become orthogonal (with respect
to the total strain energy).

The eigenvectors associated with non-null eigenvalues
are the cross section displacement vectors related to the
exponential modes. The eigenvalues can be viewed as in-
verse length scale parameters and the importance of each
mode depends on the length scale. The larger the scale,
the more important is the related displacement mode in
relation to the beam model. Thus, we will sort the modes
hierarchically such that modes with low eigenvalues are
those of higher importance and comes first. The more lo-
calized and detailed behaviour that has to be assessed by
the beam model, the more short scale modes will have to
be included. The sum of all exponential modes may be
written as:

ue = Ve Ψe ce (19)
where Ve contains all the sorted eigenvectors of the associ-
ated non-null eigenvalues λi as its columns, Ψe is a diago-
nal amplitude matrix and ce is a column vector containing
a constant to each mode. In other words, the components
in equation (19) are given as follows:

Ve =
[

ve1 ve2 . . . vene

]
,

Ψe =


ψe1

ψe2

. . .
ψene

 , ce =


ce1

ce2
...

cene

 (20)

in which the ith exponential diagonal amplitude function
is given as ψei

= eλiz and where ne is the number of
exponential modes being ne = 2n − nz, where n is six
times the number of nodes in the discretized cross section.

Not considering the null-eigenvalues the solution of
the quadratic eigenvalue problem contains pairs of real
eigenvalues {λ,−λ} as well as complex quadruples
{λ,−λ, λ,−λ}. The quadruples have a real part repre-
senting the axial decay effect accompanied by an oscilla-
tory amplitude related to the imaginary part. In case of
complex eigenvalues the eigenvectors also become complex.

To be able to present and discuss unique eigenmodes,
all the distortional vectors in Ve have been normalized
by multiplication by a complex constant. This constant is
determined in such a way that the largest absolute value of
all components in each transverse displacement vector vw
is one and that this component is real. This has to be done
in order to make them unique since complex eigenvectors
are determined by the eigenvalue problem except for an
arbitrary complex constant given in ce.

The eigenvectors related to the nz = 12 null-eigenvalues
are coupled, since many of them are related to rigid body
displacements and constant strain displacement fields,
which have polynomial amplitude functions. The following
subsection derives these fundamental modes.

3.2. Fundamental modes

Eigenvectors associated with null-eigenvalues of the
quadratic eigenvalue problem in equation (18) are assumed
to be fundamental beam modes having a polynomial am-
plitude function along the beam axis without any expo-
nential components. These represent the classical beam
mode solutions as those illustrated in figure 4. From clas-
sic beam theory, we know that the rigid body displace-
ments corresponds to constant and linear amplitude func-
tions, that pure extension and unrestrained torsion corre-
sponds to constant strain and linear displacements, where
as constant bending strain corresponds to quadratic dis-
placements. Moreover, constant shear strain does not exist
alone but corresponds to a mode that also has linear vary-
ing bending strains and therefore has a cubic variation
of the transverse displacements. It is important to note
that the deformation shapes are not known beforehand as
in ordinary beam theory, since shear deformation and the
Poisson expansion of the cross section are now included in
the theory. With this in mind, we assume a third order
polynomial function to embrace the fundamental modes.
Thus, let us seek nz solutions of the form:

up =
(
z3

3! v3 + z2

2! v2 + zv1 + v0

)
cp (21)

where {v3, v2, v1, v0} is a set of cross section deforma-
tion vectors altogether representing one polynomial dis-
placement mode factored by the constant cp. Each vector
contains both the in-plane and out-of-plan components as
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in equation (16). Now, substituting this assumed polyno-
mial solution function and its derivatives into the beam
differential equations from equation (13) results in the fol-
lowing set of equations that must be fulfilled in order to
maintain equilibrium:(

1
6z

3(K0v3) + 1
2z

2(K1v3 + K0v2)

+z(K2v3 + K1v2 + K0v1) (22)

+(K2v2 + K1v1 + K0v0)
)
cp = 0

By assembling the polynomial terms in a vector and as-
sembling the deformation mode vectors in a vector as well,
the equilibrium equations may be expressed by an assem-
bled matrix notation as follows:

1
6z

3In
1
2z

2In
zIn
In


T

K0 · · ·
K1 K0 · ·
K2 K1 K0 ·
· K2 K1 K0




v3

v2

v1

v0

 cp = 0 (23)

In which we have introduced the unit matrix In, where n
is a reference to the number of degrees of freedom in each
block.

Mode space of the fundamental modes
The non-trivial solutions to these equilibrium equations

(22), i.e. with cp 6= 0 for all values of z, can be found as
the null space of K being:

V = N
(
K
)

(24)

where N is the null space algebraic operation and the solu-
tion satisfies KV = 0 where K is given in equation (25) by
the block matrices defined in equation (12) and V may be
separated into equivalent blocks also illustrated in equa-
tion (25). The subscripts on the block matrices Vk in
V refers to their position in the polynomial solution from
equation (21) – the coefficient numbers k reflects the asso-
ciated polynomial order of z, i.e. a column in Vk will be
linked to 1

k!z
k.

K =


K0 · · ·
K1 K0 · ·
K2 K1 K0 ·
· K2 K1 K0

 and V =


V3

V2

V1

V0

 (25)

Computing the null space, in equation (24), yields twelve
solutions given as the columns in V. This corresponds ex-
actly to the number of null-eigenvalues associated with the
quadratic eigenvalue problem in equation (18). Moreover,
this also corresponds to the number of classic solutions,
e.g. the elementary solutions considered by Morandini et
al. [15] determined using a slightly different procedure con-
sidering a Jordan chain formulation. However, the modes
found as solutions to the null space of K are coupled in the

sense that they represent a mix of the classic beam modes.
These modes may be used in the continued beam analysis,
however, they would not give a clear engineering connec-
tion to classic beam theory. Hence, a mode identification
procedure is required in order to decouple classic solution
modes, which are representative.

From an engineering perspective, we know that the
twelve fundamental solution modes can be subdivided into
six rigid body deformation modes; and six strain modes
corresponding to pure extension, (unconstrained) free tor-
sion, pure bending and constant shear strain with linear
varying normal strains; as illustrated in figure 4. From
the displacement fields, illustrated in the figure, it can
be deduced that the individual solution modes may have
contributions from up to four cross section displacement
vectors v3, v2, v1 and v0 with the corresponding poly-
nomial amplitude functions { 1

6z
3, 1

2z
2, z, 1} according to

equation (21). Note that each of these four cross section
displacement vectors vk have a transverse part vkw and
a warping part vkΩ as indicated in equation (16). Table
3 gives an overview of the twelve fundamental modes in
relation to cross section displacement vectors and their re-
lated polynomial terms as seen from an engineering point
of view. The intent of the fourth line in the table is to give
a reference to the principal axis of displacement, rotation
or bending as 1 or 2 diThe fundamental modes shown in
figure 13 and 14 of the results section 4 may clarify the
principle. However, the displacement vectors need to be
found and identified. Furthermore, from table 3 it can be
seen that this subdivision of fundamental modes leads to
a logical separation based on polynomial order related to
these modes. Thus, the polynomial order may be used
in a mode identification procedure, which follows in next
section.

Identification of modes dependent on polynomial order
The procedure adopted to identify the cubic, quadratic,

linear and constant amplitude function modes is similar to
the procedure described by Vieira [23]. The ordering and
the orthogonalization procedure, which we apply is new.
The orthogonalization procedure is based on strain energy
for strain modes and on inertial energy for rigid modes.

In the following, four superscripts are introduced – one
for each polynomial "family". The four superscripts used
for sub-columns of V are: C, L, B and S assigned to con-
stant modes of zero order, linear modes of first order, bend-
ing modes of second order, and shear modes of third order,
respectively. Having found the null space in equation (24),
the columns in the block vector V3 contains the displace-
ment content of third order. From our engineering view-
point only two modes with constant shear and linear bend-
ing should be identified with this particular order. There-
fore the columns in V must be decoupled using V3. To
do this and in order to identify displacement modes with
a cubic content, a singular value decomposition (SVD) is
applied to V3. The SVD results in a decomposition of V3
in a null part "·" and a non-null part VS

3 . However, the
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Rigid modes

1 2 3 4 5 6

7 8 9 10 11 12

Strain modes

Figure 4: Illustration of fundamental displacement modes

Table 3: Amplitude functions of cross section displacement vectors related to the fundamental displacement modes.

Type Rigid modes Strain modes
Translations Rotations Extension Pure Constant

in about & Torsion Bending abt Shear in
X Y Z Z Y X Ext. Tors. Y X X Y

Mode i 1 2 3 4 5 6 7 8 9 10 11 12

V3
vi3w 1

6z
3 1

6z
3

vi3Ω

V2
vi2w 1

2z
2 1

2z
2

vi2Ω
1
2z

2 1
2z

2

V1
vi1w z z z z† z†

vi1Ω z z z

V0
vi0w 1 1 1 1† 1† 1†
vi0Ω 1 1 1 1 1 1

Max. order 0 1 2 3
†Poisson effect

9



decomposition is applied not only to V3 but to the whole
mode space matrix V, such that it is subdivided into a
remaining mode space Vr of lower order and a third order
mode space VS, which we relate to shear. Hence, the null
space of K takes the form V = [Vr,VS], which may also
be written as:

V =


· VS

3

Vr
2 VS

2

Vr
1 VS

1

Vr
0 VS

0

 (26)

Next, the modes of second order, i.e. bending modes, are
identified by performing a SVD on the remaining block ma-
trix Vr

2. This similarly leads to a decoupling into new re-
maining modes Vnr and second order bending modes VB.
The null space of K now has the form V = [Vnr,VB,VS].
Finally, the last step is to decouple linear and constant
terms through a SVD on the remaining sub-matrix Vnr

1 ,
whereafter those modes related to the non-null singular
values receive a superscript L where as the remaining part
a superscript C. The number of modes having a given or-
der complies with the numbers expected from table 3. Fur-
thermore, the result of this successive procedure is that we
have decomposed the polynomial displacement modes ac-
cording to polynomial order and the matrix V now takes
the form:

V =


· · · VS

3

· · VB
2 VS

2

· VL
1 VB

1 VS
1

VC
0 VL

0 VB
0 VS

0

 (27)

Even though the modes have been identified and sorted ac-
cording to their polynomial order, the linear modes are not
separated into a rigid part and a strain part. Furthermore,
the modes are not pure and for example the third order
modes VS may be contaminated by parts of the lower or-
der modes VB, VL and VC and so forth. It would also
be convenient that the strain modes are orthogonal with
respect to strain energy, for example that they represents
the principal axis bending modes.

To achieve all this, a procedure following the steps listed
here, will be executed on the modes in equation (27).

a) Split linear modes into rigid modes and orthogonal
strain modes.

b) Remove lower order strain modes from higher order
strain modes.

c) Find principal bending modes from the second order
modes.

d) Find shear modes following the principal axis of bend-
ing.

e) Transform rigid modes according to principal direc-
tions.

f) Remove lower order rigid modes from higher order
modes.

The following subsections will describe the individual pro-
cedural steps.

a) Split linear modes into rigid modes and strain modes
To identify the classic beam modes we need to intro-

duce and relate to the strain energy formulated with re-
spect to the polynomial cross section displacement modes.
In this regard, consider the strain energy from equation
(10), where the integration over the beam length is not
of interest since we investigate cross section behaviours at
an arbitrary point along the beam, however, the energy
depends on the product of the amplitude functions. Thus,
we consider the strain energy in a cross section or rather
the strain energy density per beam length, which takes the
form:

U ′ = 1
2


vwψ
vΩη

vwψ′

vΩη
′


T

Ks
ww · · Ksσ

wΩ

· Kγ
ΩΩ Kγ

Ωw ·
· Kγ

wΩ Kγ
ww ·

Kσs
Ωw · · Kσ

ΩΩ




vwψ
vΩη

vwψ′

vΩη
′

 (28)

As stated previously, we assume the functions ψ and η to
be polynomials of third order multiplied by a set of coef-
ficient vectors introduced as displacement vectors. As a
result, the mode vectors in equation (28) may be formu-
lated, for a single mode, as:

vwψ = 1
6v3wz

3 + 1
2v2wz

2 + v1wz + v0w

vΩη = 1
6v3Ωz

3 + 1
2v2Ωz

2 + v1Ωz + v0Ω
(29)

and its first derivatives as:

vwψ′ = 1
2v3wz

2 + v2wz + v1w

vΩη
′ = 1

2v3Ωz
2 + v2Ωz + v1Ω

(30)

Based on our engineering intuition and mathematics we
foresee the following:

• Inserting the zero order rigid modes VC will all result
in zero energy density, hence, all being rigid motions.

• For the first order modes VL corresponding to rota-
tional rigid body modes, extension and torsion will
result in four modes with some constant energy den-
sity, since the modes are not pure.

• The second order modes VB corresponding to bending
will result in two modes with constant energy density.

• The third order modes VS will result in a constant
energy density term corresponding to pure shear and a
quadratic energy term corresponding to linear varying
bending moments.

Consequently, it is convenient to introduce an inner prod-
uct based on the strain energy density to be able to com-

10



bine mode vectors. This inner product we formulate as:〈[
Vi
k

Vi
(k+1)

]
,

[
Vj
l

Vj
(l+1)

]〉
E

=


vikw
vikΩ

vi(k+1)w
vi(k+1)Ω


T

Ks
ww · · Ksσ

wΩ

· Kγ
ΩΩ Kγ

Ωw ·
· Kγ

wΩ Kγ
ww ·

Kσs
Ωw · · Kσ

ΩΩ




vjlw
vjlΩ

vj(l+1)w

vj(l+1)Ω


(31)

If Vi and Vj represent columns i and j, the inner prod-
uct computes a number (representing the work and related
stiffness of the two modes). On the other hand if Vi and
Vj each represent a number of columns (for example a
mode family) the inner product computes a subspace (stiff-
ness) matrix related to these modes. Thus, the subscripts
k and l refer to the coefficient numbers related to the poly-
nomial degree (see equation (25)) whereas i and j refers to
the solution family or a column number. Note that the +1
in subscripts (k + 1) and (l + 1) stem from differentiated
terms in equation (30); when for example gathering energy
terms of constant or quadratic dependency on z.

In order to separate the rigid modes and strain modes
all having a linear amplitude, we use the inner product
in equation (31) and substitute Vi and Vj with VL. As
highlighted, modes of first order have either zero strain or
constant strain. Consequently, we use the cross section
displacement vectors v0w, v0Ω, v1w and v1Ω in the inner
product (i.e. k = l = 0). Hence, let us analyze this strain
energy density of the four first order modes resulting in a
4× 4 matrix KL as follows:

KL =
〈[

VL
0

VL
1

]
,

[
VL

0

VL
1

]〉
E

(32)

From the four dimensional subspace KL we can now ex-
tract eigenvalues and eigenvectors in order to identify and
separate the rigid modes VLR from the strain modes VLE .
As a bonus the extensional and torsional modes are sep-
arated into individual principal eigenmodes as well. The
rigid body motions have zero eigenvalues whereas exten-
sion and torsion modes have separate eigenvalues related
to axial stiffness and torsional stiffness. The full polyno-
mial vector space takes the following form:

V =


· · · · VS

3

· · · VB
2 VS

2

· VLR
1 VLE

1 VB
1 VS

1

VC
0 VLR

0 VLE
0 VB

0 VS
0

 (33)

︸ ︷︷ ︸ ︸ ︷︷ ︸
Rigid modes Strain modes

b) Remove lower order strain modes from higher order
strain modes

Since the higher order strain modes are contaminated by
parts of lower order strain modes the next step is to remove

this contamination. For this purpose, we will use a ma-
trix projection procedure with an adequate inner product
related to the energy. Since both the linear strain modes
and the second order bending strain modes correspond to
constant strain and constant strain energy density we will
use the inner product defined in equation (31). Further-
more, we will use dots below a matrix symbol to indicate
the updated matrix, however, in the following subsections
with independent operations we will discard the dots of
previous subsections. Thus, subtracting the linear strain
modes from the bending modes can be done as shown here:

•
VB = VB −VLE PLEB

E (34)
in which PLEB

E is given by:

PLEB
E =

〈[
VLE

0

VLE
1

]
,

[
VLE

0

VLE
1

]〉−1

E

〈[
VLE

0

VLE
1

]
,

[
VB

0

VB
1

]〉
E

(35)

The inner strain products in the angular brackets were
defined in equation (31).

Similar, linear strain and second order bending are re-
moved from the third order modes using:

•
VS = VS −

(
VLE PLES

E +
•
VB PBS

E

)
(36)

where

PLES
E =

〈[
VLE

0

VLE
1

]
,

[
VLE

0

VLE
1

]〉−1

E

〈[
VLE

0

VLE
1

]
,

[
VS

0

VS
1

]〉
E

(37)

and

PBS
E =

〈[
•
VB

0

•
VB

1

]
,

[
•
VB

0

•
VB

1

]〉−1

E

〈[
•
VB

0

•
VB

1

]
,

[
VS

0

VS
1

]〉
E

(38)

Now we have made sure that the strain modes are pure,
however, bending and shear modes are not in principal
directions and the modes may also be contaminated by
rigid modes.

c) Find principal bending modes from the second order
modes

At the present stage we have sorted the modes into rigid
modes and strain modes according to order. Pure exten-
sion and restrained torsion have been found. However,
the bending modes and shear modes do not reflect bend-
ing about principal axes. Let us therefore extract a 2× 2
stiffness matrix: KB from a bending subspace using the
inner strain product in terms of equation (31) and the two
second order modes in VB, i.e.

KB =
〈[

VB
0

VB
1

]
,

[
VB

0

VB
1

]〉
E

(39)

From this two dimensional subspace, we now extract eigen-
vectors identifying the principal bending modes. Thereby
we can find the bending modes related to the principal axes
of classic theory. Eigenvalues are related to the bending
stiffness’s.
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Table 4: Pseudo mass matrices of cross section elements

mel
ww =

∫ bel

0

(
telNT

nNn + telNT
sNs + 1

12 t
3
elN

T
n,sNn,s

)
ds

mel
ΩΩ =

∫ bel

0

(
telNT

ΩNΩ + 1
12 t

3
elN

T
αNα

)
ds

d) Find shear modes following the principal axis of bending
The shear modes correspond to the third order modes,

which have constant shear strain and linear varying bend-
ing shear. Thus, the bending terms are related to the
quadratic energy terms (z2-terms). Let us therefore ex-
tract a 2 × 2 stiffness matrix: KS of the bending part
of the third order (shear) subspace again using the inner
strain product and the two third order modes as follows:

KS =
〈[

VS
1

VS
2

]
,

[
VS

1

VS
2

]〉
E

(40)

Notice that the inner product uses: k = l = 1 in equation
(31).

From the two dimensional stiffness subspace related to
the linearly varying part of the shear modes we can extract
eigenvectors that identify the principal bending modes and
thus transform the third order shear modes in accordance
with the principal directions of the bending modes of clas-
sic beam theory.

e) Transform rigid modes according to principal directions
The principal directions are now given by the transla-

tions of the quadratic variation of the bending modes VB
2

or rather VB
2w, (since VB

2Ω can be disregarded due to its
diminishing magnitude). Hence, through a matrix projec-
tion procedure, it is possible to rearrange the two linear
rigid modes to follow the principal axes. As we are op-
erating on a geometric basis, we formulate the projection
through a geometric inner product anticipating that the
displacements correspond to velocities of a pseudo inertial
energy density with unit mass density being found as:

UI = 1
2

∫
A

uinu
j
n + uisu

j
s + uizu

j
z dA

= 1
2

[
viwψ
viΩη

]T [
Mww ·
· MΩΩ

][
vjwψ
vjΩη

]
(41)

where the pseudo mass matrices Mww and MΩΩ are found
by assembly of the cross section element mass matrices
mel
ww and mel

ΩΩ given in table 4.
A geometric inner product, "similar" to the one related

to strains in equation (31), is formulated based on the in-
ertial energy UI substituting the displacement modes from
equation (29). Then, a geometric inner product is formu-
lated as:〈

Vi
k,V

j
l

〉
I

=
[

vikw
vikΩ

]T [
Mww ·
· MΩΩ

][
vjlw
vjlΩ

]
(42)

where i and j indicates a polynomial family and k and l
represents a coefficient number.

Using principles from matrix projection we transform
the linear modes using a subspace spanned by the second
order parts of the bending modes. The linear modes fol-
lowing principal directions are then found through:

•
VLR = VLRPLRB

I (43)

where

PLRB
I =

〈
VLR

1 ,VLR
1

〉−1

I

〈
VLR

1 ,VB
2

〉
I

(44)

In a similar manner, it is possible to transform the rigid
constant modes into principal directions. As a matter of
fact, the four directions are already represented in the so-
lution space being the first order part of the linear mode
family. Thus, through a matrix projection the constant
modes are projected onto the directions given in VL

1 . So,

•
VC = VCPCL

I (45)

where
PCL
I =

〈
VC

0 ,V
C
0

〉−1

I

〈
VC

0 ,V
L
1

〉
I

(46)

With the above transformation the rigid modes are now
directed according to the principal directions.

f) Remove lower order rigid modes from higher order
modes

The last modification step missing is to make sure that
no higher order modes contain any constant or linear rigid
motions.

While the rigid body modes have zero strains we cannot
use the procedure from step b) and the strain energy den-
sity. As a consequence, we need to introduce a separate
inner product to remove the contamination in the higher
order modes. Hence we use the geometric inner product
from equation (42).

First, let us clean the linear rigid modes, i.e. let us re-
move the contamination with constant rigid modes from
the linear rigid modes by:

•
VLR = VLR −VC PCLR

I (47)

with
PCLR

I =
〈

VC
0 ,V

C
0

〉−1

I

〈
VC

0 ,V
LR
0

〉
I

(48)

Secondly, let us clean the linear strain modes, i.e. let us
remove the constant rigid modes from the linear strain
modes:

•
VLE = VLE −VC PCLE

I (49)
with

PCLE

I =
〈

VC
0 ,V

C
0

〉−1

I

〈
VC

0 ,V
LE
0

〉
I

(50)

Then, we clean the second order modes:

•
VB = VB −

(
VC PCB

I +
•
VLR PLRB

I

)
(51)
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with
PCB
I =

〈
VC

0 ,V
C
0

〉−1

I

〈
VC

0 , •V
B
0

〉
I

(52)

and
PLRB
I =

〈
•
VLR

1 ,
•
VLR

1

〉−1

I

〈
•
VLR

1 ,
•
VB

1

〉
I

(53)

Finally, we clean the third order modes through:

••
VS =

•
VS −

(
VC PCS

I +
•
VLR PLRS

I

)
(54)

with
PCS
I =

〈
VC

0 ,V
C
0

〉−1

I

〈
VC

0 , •V
S
0

〉
I

(55)

and
PLRS
I =

〈
•
VLR

1 ,
•
VLR

1

〉−1

I

〈
•
VLR

1 ,
•
VS

1

〉
I

(56)

Displacement formulation of polynomial modes
Having completed the steps a) through f ) we can assem-

ble the fundamental polynomial solutions into a practical
displacement formulation. For us a practical displacement
formulation allows the use of the Hadarmard product in
which the amplitude functions are in the form of a diagonal
matrix. Let us therefore introduce a polynomial displace-
ment vector Vp consisting of the four block matrices of V
in a row of blocks:

Vp =
[

V3 V2 V1 V0
]

(57)

Furthermore, let us introduce Ip as a nz × nz = 12 × 12
diagonal unit matrix. This allows us to write the displace-
ment formulation of the fundamental polynomial modes as
follows:

up =


V3
V2
V1
V0


T

1
6z

3Ip · · ·
· 1

2z
2Ip · ·

· · zIp ·
· · · Ip




Ip
Ip
Ip
Ip

 cp

= Vp Ψp Tp cp (58)

where we have taken the liberty to introduce the diagonal
matrix Ψp that contains all polynomial amplitude func-
tions and a polynomial transformation matrix Tp. The
column vector cp holds the nz = 12 constants belonging
to each fundamental displacement mode. These constants
are the constants belonging to each of the (mode) solutions
to the differential equations and are to be determined by
the use of boundary conditions.

3.3. Full displacement formulation
Finally, the full displacement solution encompassing

both exponential and fundamental polynomial modes can
be found. The exponential modes found in equation (19)
may also be written as:

ue = Ve Ψe Ie ce (59)

Properties
h
b
c
t
E
ν
◦

100 mm
40 mm
25 mm
3.0 mm
210 GPa
0.3
node

Rectangular
cross section

b

h

Channel
cross section

b

c

Figure 5: Geometrical and material properties of the rectan-
gular cross section and the lipped channel cross section.

where Ie is just a "dummy" unit matrix of size ne×nethat
allows us to write the full displacement solution as:

u = up + ue = V Ψ Tc c

=
[

Vp Ve

] [ Ψp ·
· Ψe

][
Tp ·
· Ie

][
cp
ce

]
(60)

In which we have introduced V as the full mode matrix,
Ψ as the full diagonal amplitude matrix and Tc as a con-
stant transformation matrix containing Tp and Ie. This
concludes the cross section mode determination procedure.
Note that since each fundamental mode is a combination
of four cross section displacement fields vi1 to vi4 the num-
ber of columns in V is: 4nz+(2n−nz) = 4nz+ne, where n
is the number of degrees of freedom in the cross section, nz
is the number of fundamental modes, and ne the number
of exponential modes. However, the number of constants
c is 2n = nz + ne.

4. Results of the mode determination procedure

Using the approach just presented within this paper, it is
possible to identify all eigenmodes of a thin-walled beam
with an arbitrary shaped cross section, based on simple
elastic constitutive relations and an appropriate discriti-
zation of the cross section. In the following, results from
the mode determination procedure will be presented for
a rectangular cross section and a channel cross section.
The cross section discretization and geometrical as well as
material properties are shown in figure 5 for both cross
sections. In the rectangular cross section analysed, there
are 24 nodes with six degrees of freedom each giving a total
of 2 · 144 modes of which 12 are the fundamental modes.
In the channel cross section analysed, there are 25 nodes
with six degrees of freedom resulting in a total of 2 · 150
deformation modes.
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Table 5: First twenty-two non-null eigenvalues, i.e. λ 6= 0

Rectangular cross section Channel cross section
13 0.0065 + 0.0060i 0.0011
14 0.0065− 0.0060i −0.0011
15 −0.0065 + 0.0060i 0.0058 + 0.0046i
16 −0.0065− 0.0060i 0.0058− 0.0046i
17 0.0363 + 0.0144i −0.0058 + 0.0046i
18 0.0363− 0.0144i −0.0058− 0.0046i
19 −0.0363 + 0.0144i 0.0079 + 0.0067i
20 −0.0363− 0.0144i 0.0079 + 0.0067i
21 0.0366 + 0.0136i −0.0079 + 0.0067i
22 0.0366− 0.0136i −0.0079− 0.0067i
23 −0.0366 + 0.0136i 0.0373
24 −0.0366− 0.0136i −0.0373
25 0.0374 + 0.0186i 0.0388
26 0.0374− 0.0186i −0.0388
27 −0.0374 + 0.0186i 0.0374 + 0.0170i
28 −0.0374− 0.0186i 0.0374 + 0.0170i
29 0.0401 + 0.0193i −0.0374 + 0.0170i
30 0.0401− 0.0193i −0.0374− 0.0170i
31 −0.0401 + 0.0193i 0.0394 + 0.0164i
32 −0.0401− 0.0193i 0.0394 + 0.0164i
33 0.0616 0.0394 + 0.0164i
34 −0.0616 0.0394 + 0.0164i

4.1. Exponential modes

To find the exponential modes we solve the quadratic
eigenvalue problem in equation (18) using the state vector
approach. This results in a pool of eigenvalues of which
twelve are null, some are real pairs and others are complex
quadruples. The first twenty-two non-null eigenvalues are
listed in table 5 for both cross sections. These eigenval-
ues may be presented in the complex plane as shown in
figure 6 for the rectangular cross section and in figure 7
for the channel cross section. From these figures, it is seen
how the pairs of real eigenvalues {λ,−λ} lay on the hor-
izontal axis with Im(λ)=0, whereas the complex quadru-
ple eigenvalues, i.e. pairs of complex conjugated eigenval-
ues, {λ, λ,−λ,−λ}, are those points which are distributed
double-symmetrically in the complex plane. The eigenval-
ues can be seen as an inverse length scale related to the
attenuation for the real part and to the period of the har-
monic variations for the imaginary part. The first three
sets of related amplitude functions are shown in figure 8
for the rectangular cross section and figure 9 for the chan-
nel cross section. Each row in these figures corresponds
to either a couple or quadruple set of eigenvalues in which
we use: f(z) = eλz for eigenvalues with a negative real
part and: f(z) = eλ(z−`) for eigenvalues with a positive
real part, where ` is the beam length. These functions are
also used in the amplitude matrix to limit the numerical
magnitude of the exponential function. It can be seen how
the imaginary parts yield positive or negative oscillation
along the beam axis.

−0.6 −0.4 −0.2 0.0 0.2 0.4 0.6

−0.1

0.0

0.1

Re(λ)
Im

(λ
)

Figure 6: Plot of eigenvalues for the rectangular cross section

−1.0 0.0 1.0
−0.2

−0.1

0.0

0.1

0.2

Re(λ)

Im
(λ

)

Figure 7: Plot of eigenvalues for the channel cross section
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Figures 10 and 11 illustrates the first 22 exponential dis-
placement modes of the two cross sections. The displace-
ment modes are separated into transverse displacements
and warping displacements and the modes are ordered ac-
cording to their attenuation length in an increasing or-
der. As mentioned the modes are normalized in such a
way that the real, largest displacement in either the X-
or Y -direction is set to unity for the transverse displace-
ments. To be able to see the imaginary part of a mode it is
scaled by a factor "scale" given below the illustration. The
magnitude of the warping part of a mode depends on the
normalization of the transverse displacement. We there-
fore need to scale the warping modes by the ratio between
maximum transverse displacement and maximum warping
displacement to be able to plot them corresponding to a
unit out of plane deformation. Hence, the "ratio" is given
in the figure below the real part of the warping mode. We
also need to separately "scale" the imaginary parts of the
warping displacements – also given as a "scale".

For the channel cross section it is worth noting that
the first mode with the longest attenuation length is the
classic exponential part of restrained torsion, i.e. with
rotation and warping of the cross section (giving normal
stresses). Furthermore, it is notable that the rectangular
cross section does not have this kind of mode and there-
fore restrained torsion of the rectangular cross section will
involve distortion of the cross section as well.

The quadruple complex exponential modes can be trans-
formed into four coupled real modes with a procedure pre-
sented by Jönsson and Andreassen [14]. To illustrate this
two of these four modes with attenuation towards the other
end are shown in figures 12a and 12b for the rectangular
cross section mode 13 through 14 and in figures 12c and
12d for the channel cross section modes 19 through 20. In
both cases a beam length of ` = 750 mm has been used
for the illustration.

It can be seen that the eigenvalues that come in pairs
are associated displacement modes, which have one cross
section displacement field which attenuates in one or the
other axial direction. Furthermore, the quadruple eigen-
values correspond to complex displacement modes which
consist of one real cross section displacement field plus
or minus one imaginary cross section displacement field,
which may be combined corresponding to two different
types of attenuations, one in each direction. Thus, the
modes of the quadruple complex eigenvalues correspond
to two cross section deformation fields, which are com-
bined with the amplitude functions into four different spa-
tial beam displacement modes.

4.2. Fundamental modes
The fundamental modes are found as the null space of K

being the set of equilibrium equations to be fulfilled by the
polynomial displacement modes up to third order. In the
null space we then find modes of different polynomial order
using SVD on the block related to a given order. Then we
follow the procedure a) through f) to separate rigid body

modes and strain modes and to identify the different fun-
damental modes illustrated in figure 4. The figures 13
and 14 illustrates these modes by only showing the rele-
vant, either transverse displacement field or the warping
displacement field depending on which is largest. In our
case one of these always diminishes by a factor of about
10−3 or less. Furthermore we do not show displacements
which are numerically so small that they are irrelevant,
i.e. in our case a factor of 10−12 lower than the relevant
part of the mode (dependent on machine precision). All
displacement plots have been scaled to a maximum unit
displacement. Therefore, for example in the illustration
of a pure bending mode 9 in figure 13 or 14, the magni-
tude of the constant transverse displacements v9

0 related
to the Poisson effect is in reality much smaller than shown
compared to the quadratic transverse displacements v9

2.
It is very interesting, from an engineering point of view,

to take a closer look at these cross section displacement
fields. It can be seen that there are twelve fundamen-
tal modes combining twelve independent cross section dis-
placement fields. The independent cross section displace-
ment fields are identified in the bottom line of the figures
corresponding to V0. Thus, with the theory of this pa-
per the fundamental polynomial displacements of a thin-
walled beam is described by twelve cross section displace-
ment fields and not the conventional six or seven cross
section displacement fields of three dimensional beam the-
ory or three dimensional Vlasov beam theory, respectively.
The six cross section displacement fields of classic beam
theory are the 3 warping modes i.e. axial extension + two
flexural and 3 transverse modes corresponding to pure ax-
ial extension and two flexural

5. Conclusion

The theory behind the novel prismatic thin-walled beam
model including deformable cross sections, shear deforma-
tions and the Poisson effect has been introduced. Further-
more, a new mode determination procedure for determina-
tion of both exponential distortional displacement modes
and the fundamental beam displacement modes has been
presented and the modes have been illustrated in the re-
sults section. The new developments are especially related
to the procedure used in determining and separating the
fundamental modes mathematically and numerically. The
novelty of the procedure lies in the use of both strain en-
ergy and the geometric based products relating to the or-
der of the polynomial terms within each of the fundamen-
tal modes. Furthermore, the exponential modes presented
do not decouple the original coupled quadratic differential
equations, but they represent the full solution space, and
decouple a related set of first order differential equations,
as in Jönsson and Andreassen [14]. However, the shear
and Poisson effects are now included in all modes of the
present formulation and the fundamental modes are not
simple solutions based on additional constraint assump-
tions.
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Figure 10: Exponential modes – Rectangular cross section

All the classic beam deformation modes have been found
by the procedure and it is interesting and worth noting
that restrained torsion is represented among the exponen-
tial solutions as a pure twist of open cross sections (such as
the channel cross section) with the same warping function
shape as the fundamental solution of unrestrained torsion.

Specially noteworthy is it that for closed cross sections,
this is not the case.

It is also noteworthy, by observation of figures 13 and
14, that it seems that the twelve fundamental solutions
being combinations of one to four different cross section
displacement fields are simple combinations of twelve cross
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Figure 11: Exponential modes – Channel cross section

section displacement fields.

It is interesting that the defined internal strain energy
products also can be used to find the principal direction of
bending thereby giving a direct link to classic beam theory
and perhaps also to the cross section properties. This link

and the relation of the boundary conditions to the classic
section forces of beam theory is the focus of the continued
research. With the determination of all the displacement
modes it is now possible to continue the research and for-
mulate an advanced beam element based on exact axial
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(a) The first real combination of mode 13 and 14 with respect
to the rectangular cross section

(b) The second real combination of mode 13 and 14 with respect
to the rectangular cross section

(c) The first real combination of mode 19 and 20 regarding the
channel section

(d) The second real combination of mode 19 and 20 regarding
the channel section

Figure 12: Quadruple complex distortional eigenmodes illustrated as real coupled modes

shape functions and the possibility of just choosing a re-
duced number of displacement modes.
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