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Abstract

The use of unbonded flexible pipes in the offshore industry is continuously moving towards
deeper waters, leading to a demand for flexible pipes with ever-increasing structural ca-
pacity. Detailed design tools which capture the true mechanical behavior of the individual
pipe layers enable improvement of the cross-sectional pipe design and at the same time
enhances the pipe operation reliability. The defining feature of unbonded flexible pipes is
the relative movement between the individual layers. The relative movement reduces the
internal loading state of the armor layers, leading to improved fatigue performance. The
relative sliding between the layers introduces a hysteresis behavior during bending, where
the loading condition of the armor wires is dependent on the load history. This thesis aims
to provide a general design tool to asses the tensile armor wire loading and the bending
hysteresis effect for the dynamic operational conditions of the unbonded flexible pipes.
The presented thesis is organized in five parts that asses the critical loading condition
related to different sections along flexible riser systems. The model configuration related
to the loading condition in each section is presented to enable analysis of the axial loading
and bending hysteresis effect of flexible pipes as well as the associated tensile armor wire
stresses.

The first part of this thesis presents a large-scale finite element (FE) model suitable
for analysis of the tensile armor wire loading near the end fitting anchor points. An
experimental in-plane bending test of a flexible pipe that is interacting with a bellmouth
is analyzed. The tensile armor loading determined by the large-scale FE model is compared
to stresses obtained experimentally and a good correlation is found.

The second part of the thesis describes the implementation of an computational efficient
repeated unit cell FE model. It is only applicable for analysis of flexible pipes sections
unaffected by end terminations and interaction with ancillary components. The method-
ology for analyzing flexible pipes by the repeated unit cell approach, where a single armor
wire represents each helical armor layer with periodic boundary conditions, is outlined.

The third part of the thesis focuses on the analysis of flexible pipes subjected to various
tension-bending loads. The tensile armor stress and the global flexible pipe behavior
predicted with the small-scale FE model are compared to well-known analytical models
for axial tension and static tension-bending load cases. Good agreement is found between
results obtained with the approaches. Furthermore, the bending hysteresis effect and
tensile armor loading corresponding to flexible pipes subjected to symmetric and non-
symmetric cyclic bending are studied. The study shows that the loading condition of
the tensile armor wires and the bending response of the flexible pipe become symmetric
around the mean cyclic bending curvature corresponding to the equilibrium state with
frictionless contact interaction.
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The fourth part of the thesis presents a homogenization procedure to represent the me-
chanical behavior of helical armor layers by a continuum layer with equivalent orthotropic
material properties. This homogenization procedure has been used to reduce the complex-
ity of the above-mentioned small-scale FE model.

The fifth part concerns the prediction of lateral buckling capacity of tensile armor
wires in a flexible pipe using the methods mentioned above. The study shows that reliable
prediction of lateral buckling can only be achieved if friction interaction and lateral contact
between individual armor wires in the armor layers are accounted for.

The sum of the work presented in this thesis provides an insight improving the under-
standing of the tensile armor wires constitutive behavior in flexible pipes, hereby paving
the way to enhanced cross-sectional designs and increased reliability of future unbonded
flexible pipes.



Resumé

Anvendelsen af fleksible rør i offshoreindustrien bevæger sig til stadighed mod dybere
vand. Det fører til en øget efterspørgsel efter fleksible rør med stadigt stigende strukturel
kapacitet. Detaljerede designværktøjer, der er i stand til at analysere den mekaniske
opførsel af de enkelte armeringswire præcist, muliggør forbedring af rørets tværsnitsdesign,
samtidig med at rørets driftssikkerhed forbedres.

Det karakteristiske ved fleksible rør er den relative bevægelse mellem rørets interne
lag. Den relative bevægelse reducerer armeringslagenes interne belastningstilstand, hvilket
fører til forbedrede udmattelsesegenskaber samt hystereseeffekt under bøjningsbelastning.
Bøjningshysterese indebærer, at belastningstilstanden af armeringslagene er afhængig af
belastningshistorikken. Form̊alet med denne afhandling er at udvikle et generelt de-
signværktøj til præcis bestemmelse af belastningstilstanden af trækarmeringslagene samt
bøjningshystereseffekten for belastninger svarende til de dynamiske driftsforhold, som flek-
sible rør udsættes for.

Afhandlingen er organiseret i fem dele, hvor de kritiske belastningstilstande, relateret
til forskellige sektioner langs fleksible stigerørsystemer, undersøges. Modelkonfigurationen
som muliggør analyse af de kritiske belastningstilstande for aksial træk og bøjningsbelastninger
præsenteres.

I den første del af afhandling præsenteres en omfattende finite element (FE)-model, som
er velegnet til analyse af trækarmeringsbelastningen for sektioner i nærheden af armer-
ingsforankringen i end-fittingen. En eksperimentel bøjningstest af et fleksibelt rør, hvor
rørkrumningen er begrænset af en bellmouth, analyseres med den omfattende FE-model.
Den beregnede trækarmeringsbelastning sammenlignes derefter med belastningen m̊alt
eksperimentelt, hvor en god korrelation er fundet.

Den anden del af afhandlingen beskriver implementeringen af en beregningseffektiv
repeated unit cell (RUC) FE-model for fleksible rør. Modellen er kun anvendelig til analyse
af fleksible rørsektioner, der ikke p̊avirkes af armeringsforankringen og interaktion med
sekundære komponenter s̊asom bøjningsstiver eller bellmouth. En detaljeret beskrivelse
af implementeringen af RUC-metoden til analyse af fleksible rør præsenteres. De enkelte
heliske armeringslag er i RUC-metoden repræsenteret af en enkelt armeringstr̊ad med
periodiske randbetingelser, hvilket resulterer i en beregningseffektiv model.

Tredje del af afhandlingen fokuserer p̊a fleksible rør udsat for forskellige belastningskon-
figurationer i form af aksialtræk og bøjning. Trækarmeringsspændingerne og den globale
opførsel af fleksible rør, analyseret ved hjælp af RUC FE-modellen samt velkendte ana-
lytiske modeller, sammenlignes for forskellige statiske belastningskombinationer med hen-
holdsvis aksial træk samt kombineret aksial træk og bøjning. Der er fundet en god korrela-
tion mellem resultaterne opn̊aet med de to modeller. Endvidere studeres trækarmeringens
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belastning og bøjningshysterese-effekten for fleksible rør udsat for henholdsvis symmetrisk
og ikke-symmetrisk cyklisk bøjning. Studiet viser, at belastningstilstanden af trækarmer-
ingstr̊adene samt bøjningsresponset af det fleksible rør bliver symmetriske omkring den
gennemsnitlige cykliske bøjningskrumning for ligevægtstilstanden med friktionsløs kontakt-
interaktion.

Den fjerde del af afhandlingen fremlægger en homogeniseringsprocedure til at repræsen-
tere den mekaniske opførsel af heliske armeringslag ved hjælp af et kontinuumlag med
ækvivalente orthotropiske materialeegenskaber. Homogeniseringsproceduren anvendes til
at reducere kompleksiteten af den ovennævnte RUC FE-model.

Den femte del omhandler forudsigelsen af lateral bulingskapacitet af trækarmeringswire
i et fleksibelt rør ved hjælp af den ovenfor nævnte RUC FE-metode. Undersøgelsen viser,
at p̊alidelig forudsigelse af lateral bulingskapacitet kun kan opn̊as, hvis der tages højde for
lateral kontakt mellem de individuelle trækarmeringswire samt friktionsinteraktion mellem
de enkelte armeringslag.
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1. Introduction

Even though the growth rate of modern renewables has been increasing in the recent
decades [47], the world is still heavily dependent on fossil fuels, especially hydrocarbons.
The trend of new oil well completions between 1990 and 2005 shows that most of the
new offshore oil fields are moving towards deeper waters [37]. Unbonded flexible pipes
are a key component in deepwater oil production. They are often used either as risers
for conveying gases or liquids between sub-sea installations and topside floating units or
as flowlines running along the seabed to connect sub-sea installations. Multiple flexible
risers that connect a floating production storage and offloading (FPSO) unit to flowlines
on the seabed are shown in Figure 1.1. The flexible risers in the Figure 1.1 are installed
in a steep wave configuration which is obtained with distributed buoyancy modules. The
S-shape reduces topside tension and increases the system’s compliance. Flowlines connect
the touch-down point of the flexible risers to the sub-sea oil wells.

FPSO

Flexible riser

Sub–sea oil well

Flowlines

Figure 1.1. Floating production system.

Unbonded flexible pipes allow relative movement between the internal layers and the
individual armor wires in each armor layer. This makes the pipe flexible improving fatigue
performance and handling compared to steel catenary pipes. Unbonded flexible pipes can
be produced in long lengths that are readily transported on reels, hereby reducing the
offshore installation time and costs while enabling a safe installation process. Furthermore,
the flexibility of unbonded flexible pipes reduces bending loading on connected structures,
thus making flexible pipes well-suited for offshore floating production systems as illustrated
in Figure 1.1, where significant dynamic movement is expected. The main interactions
between the internal layers are the contact and the frictional forces. Frictional interaction
in unbonded flexible pipes results in a complex mechanical behavior that makes prediction
of cyclic bending fatigue a demanding task.
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2 Introduction

The transition towards deeper waters requires increased structural capacity or new
innovative ways to design unbonded flexible pipes, as both topside tension and the external
hydrostatic loading increase as the water gets deeper. To support the development of new
flexible pipe designs and to ensure a safe transition, it is vital to have detailed and precise
design tools.

1.1 Unbonded flexible pipes

Unbonded flexible pipes are typically designed in accordance with the requirements found
in the American Petroleum Institute standard API 17J [3], and guidelines for design, anal-
ysis, testing etc. can be found in API 17B [2]. The cross-sectional layout of unbonded
flexible pipes are tailored for their specific application. The layout will, in other words,
depend on the internal and external mechanical loading scenarios and the chemical com-
position of the bore content. The function of each layer in a typical unbonded flexible pipe
is outlined in API 17B [2]. An example of a family III pipe [2], which could be used as a
flexible riser, is illustrated in Figure 1.2. The functions of the main layers of the unbonded
flexible pipe shown in Figure 1.2 are:

1. Carcass provides radial collapse resistance and enhances the pipe’s resistance to
abrasive wear from the fluid.

2. Inner sealing sheath constituting the main fluid barrier.

3. Pressure armor reinforces the inner sealing sheath against the radial forces introduced
by the bore pressure. Furthermore, the pressure armor supports the carcass against
radial compressive loads.

4–5. Counter-wounded tensile armor layers providing axial tensile strength. Axial forces
are predominantly hang-off forces and end-cap loads. Furthermore, tensile armor
squeeze supports the pressure armor to resist the radial loads from the internal
pressure.

6. Outer sheath protects the internal layers against external environmental conditions
e.g. preventing corrosion of the steel armor due to ingress of seawater.

1 2 3 4 5 6

Figure 1.2. Unbonded flexible pipe (Family III) [P1].

Several new innovative unbonded flexible pipe concepts have been proposed within recent
years to address the increasing demand for flexible pipes capable of operating at ultra-
deep waters, i.e. below 2500 m. The majority of these novel pipe concepts substitute
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the conventional steel armor with Fiber Reinforced Polymer (FRP) armor [13, 14, 20],
due to its superior strength/weight ratio. NOV Flexibles has developed a patented FRP
riser system in which the conventional steel tensile armor wires are substituted with FRP
elements (see Figure 1.3). In this concept, the FRP tensile armor element consists of
several tapes with a thin rectangular cross-section, that are stacked inside a polymer
cradle. The strength/weight ratio of FRP is superior to steel and this provides weight
savings of up to 50% compared to an unbonded flexible pipe with armor layers made
entirely from steel [14]. The weight savings reduce the topside tension within the riser
system making installation of free-hanging catenary configurations possible below water
depths of 2500 m [14]. Furthermore, the degradation of the FRP armor as a result of
the presence of chemical steel-degrading species like CO2 and H2S is low, providing an
additional advantage in sour service applications [13, 14]. On the other hand, the FRP
armor introduces new technical challenges. FRP is sensitive to aging that degrades the
matrix resins and reduces the mechanical performance at elevated temperatures [13]. The
aging mechanism, combined with the anisotropic material behavior of FRP material, makes
off-axis loading relative to the fiber orientations critical. Detailed analysis models that
are able to predict the full 3D stress state within the FRP armor element along with
substantial experimental testing are therefore necessary in order to qualify this new class
of FRP armored unbonded flexible pipes.

FRP tensile armor

Figure 1.3. Unbonded flexible pipe with FRP tensile armor.

1.2 Loading and failure modes of tensile armor in unbonded flexible pipes

When designing flexible pipes for offshore production systems, the initial step is to carry
out a global dynamic system analysis using met-ocean data combined with the response of
the flexible pipe and production rig. The global dynamic system analysis is then used to
predict the cross-sectional loading history along the flexible riser in terms of axial tension
Fz and bending curvature κG. The cross-sectional loading data are used to analyze the
local stresses in the tensile armor wires. A Floating Production Storage and Offloading
(FPSO) unit with a free-hanging catenary configuration is illustrated in Figure 1.4, where
the catenary is divided into four different sections: Termination section, hang-off section,
touchdown section and static section. The definitions of the four sections used in this
thesis are the following:



4 Introduction

• Termination section: The constitutive behavior and loading conditions of the
tensile armor wires are affected by the end termination and ancillary components,
such as bend stiffeners or bellmouths, that are used for reducing the flexible pipe
bending curvature to an acceptable level.

• Hang-off section: The flexible pipe is subjected to axial tension and the tensile
armor wires are unaffected by the end termination and interaction with ancillary
components.

• Touchdown section: The flexible pipe is subjected to true-wall axial compres-
sion from the reverse end-cap and cyclic bending. Furthermore, the flexible pipe is
unaffected by the end termination and interaction with ancillary components.

• Static section: The flexible pipe is resting on the seabed and therefore only sub-
jected to axisymmetrical loading from the external hydrostatic pressure There is no
significant dynamic loading.

Floating platform movement

Termination section

Hang-off section

Touchdown section

Static section

Seabed

Bellmouth

Figure 1.4. Floating production system with flexible riser installed in a free-hanging catenary.

The highest axial tensile loads Fz occur in the termination and the upper hang-off
section. These tensile loads are caused by gravitational and inertia forces as well as an
end-cap effect from internal pressure. Inertial forces arise as a result of the dynamic
movement of the flexible riser. The dynamic movement can, for example, be the heave,
pitch, and roll of the topside floating vessel. The pitch and roll of the topside vessel
leads to cyclic bending of the flexible riser. The highest cyclic bending curvature typically
occurs in the termination and the upper hang-off section, close to the point where the
flexible risers are attached to the floating unit and in the touchdown section. Although
flexible risers are normally installed in configurations where the bending curvature is zero
in the termination section, wind and current often offset the position of the floating unit
[12] horizontally, as illustrated in Figure 1.4, leading to non-symmetric cyclic bending of
the flexible riser i.e. cyclic bending with non-zero mean curvature. Near the seabed, the
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flexible riser is exposed to external pressure from the hydrostatic loading. In conditions
with high hydrostatic loading and low bore pressure, the flexible riser is exposed to both
radial loading and axial compressive loading from the reverse end-cap. The carcass resists
the radial loading with support from the pressure armor, and the tensile armor carries the
axial compression loading [3]. In the touchdown section, the flexible riser is subjected to
hydrostatic loading and cyclic bending as a result of heave and horizontal motion of the
floating unit caused by waves.

The different loading conditions along the flexible riser mentioned above can potentially
cause different tensile armor failure modes. The four different sections of the flexible riser
free-hanging catenary illustrated in Figure 1.4 are associated with the critical loading
conditions of the tensile armor layers that will be analyzed in this thesis. The flexible riser
is connected to the floating platform with an end fitting into which all layers terminate to
transfer the cross-sectional loading to the floating platform. The termination constrains
the tensile armor wires and prevents relative sliding between the armor wires. As shown
in Figure 1.4, a bellmouth can be installed at the floating platform to prevent excessive
bending of the flexible pipe and reduce the global pipe bending curvature near the end
fitting, which is responsible for significant stress concentrations in the armor wires. When
the bellmouth confines the bending curvature of the flexible riser, a contact zone arises
between the bellmouth and the flexible pipe. The contact zone increases the radial contact
stresses locally along the flexible pipe which, furthermore, increases the friction restraint
that leads to local tensile armor wire stress concentrations. The primary failure modes
in the termination section are tensile armor end fitting pull-out and armor wire rupture
caused by tension and cyclic bending. An example of a failure mode due to tension and
internal pressure in the termination section is shown in Figure 1.5 below.

Figure 1.5. Experimental failure of unbonded flexible pipe caused by tension and internal pressure.

The tensile armor wires are unaffected by the bellmouth and the end termination in
the hang-off section. This means that the tensile armor wire sliding and loading condition
is only governed by the cross-sectional loading of the flexible pipe. The upper hang-off
section of typical flexible risers is generally most critical with regards to fatigue as a result
of a combination of high cyclic bending curvature and high cyclic tension loads.

A critical failure mode that can occur in the touchdown section and the static section due
to compression loading from the reverse end-cap is a radial buckling phenomenon called
”bird-caging”. During a bird-caging event, the tensile armor expands radially in a localized
zone, forming a structure reminiscent of a birdcage. To prevent localized radial expansion
of the tensile armor layers under axial compression, a secondary helical armor with high lay



6 Introduction

angle, made from either high-strength composite material or steel, is wrapped around the
outer tensile armor [2]. This additional layer has been named ”anti-bird caging tape” or
ABC-tape. If the ABC-tape is sufficient to prevent bird-caging, a secondary critical failure
mode may appear in the touchdown section due to a combination of axial compression
and non-symmetric cyclic bending of the unbonded flexible pipe [2, 48, 29]. This failure
mode is called lateral buckling which appears as in-plane transverse buckling of the tensile
armor wires [6, 7, 48].

In Figure 1.6, the result of an experimental test shows a lateral buckling failure of
the inner tensile armor wire in an unbonded flexible pipe with severe plastic deforma-
tion. Experimental tests have demonstrated a reduced lateral buckling capacity of tensile
armor layers with flooded annulus conditions compared to dry annulus conditions [9]. Fur-
thermore, experimental investigations have shown that the internal tensile armor layer is
more sensitive to lateral buckling instability compared to the outer tensile armor [7, 9].
Depending on the application, further loading conditions and critical failure modes will
be relevant when designing unbonded flexible pipes, but they will not be covered in this
thesis.

Figure 1.6. Experimental lateral buckling failure of the internal tensile armor layer in a unbonded
flexible pipe with severe plastic deformation [P3].

1.3 Research objectives

The objective of this thesis is to present general design tools, which can be used to obtain a
detailed understanding of the constitutive behavior and loading condition of tensile armor
layers in unbonded flexible pipes. Although the method may be extended to composite
armor elements, only analysis of conventional steel tensile armor wires is contained in this
thesis. Two different numerical Finite Element (FE) models are developed in this project
to evaluate the loading conditions and failure modes introduced in section 1.2. The first
model is a Large-scale FE model that can be used to analyze the termination section of an
unbonded flexible riser. It accounts for tensile armor termination and the interaction with
a bellmouth that confines the curvature of the flexible pipe during combined tension and
bending. A horizontal in-plane bending test of an unbonded flexible pipe is analyzed to
examine the loading condition of the tensile armor wires in the termination section near
the end fitting and along the bellmouth. The numerically predicted tensile armor wire
loading is compared to in-situ Optical Measurement System (OMS) measurements of the
inner tensile armor wires loading obtained during the experimental in-plane bending test.
The stresses along the tensile armor in the termination section are highly irregular in the
cross-section of the flexible pipe due to the armor termination and the contact interaction



Thesis summary 7

with the bellmouth. A long flexible pipe section is therefore required in the analysis.
This introduces a large number of Degrees Of Freedom (DOF), that, due to the nonlinear
nature of the model, is computationally expensive. The second FE model presented in this
thesis is a three-dimensional FE model based on the Repeated Unit Cell (RUC) approach
presented in [8, 23]. The RUC approach is computationally efficient compared to the
large-scale FE model. This model is limited to study pipe sections outside regions affected
by the end termination and the bellmouth because it assumes equal tensile loading of all
wires in each layer and constant curvature along the axial direction of the flexible pipe.
These assumptions make it possible to represent a full tensile armor layer by a single armor
wire pitch with periodic couplings. The bending stiffness and tensile armor wire loading
predicted with the RUC finite element model are validated against already published
analytical models [38, 41, 50] for combined tension and initial bending. Furthermore, the
RUC FE model is used to study the tensile armor wire loading and the hysteresis effect of
a flexible pipe subjected to axial tension and true-wall compression combined with non-
symmetric cyclic bending. These loading conditions occur in the hang-off and touchdown
section, respectively.

1.4 Thesis summary

This thesis is an extended summary based on the three attached journal papers [P1-P3]
and the conference paper [C1]. The thesis is organized in 5 chapters summarizing the
main findings of this Ph.D. project. The extended summary is organized as follows:

Chapter 2: This chapter is based on the conference paper [1], which presents a large-scale
FE model to study tensile armor wire stresses in the termination section of a flexible pipe
where the curvature is confined by a bellmouth. The numerical stresses in the inner tensile
armor are compared to stresses obtained experimentally during an in-plane bending test.

Chapter 3: Summary of the implementation of the RUC FE model, which is used to
analyze the tensile armor wire loading and the global behavior of flexible pipes subjected
to tension and bending. Based on paper [P1] and [P2].

Chapter 4: Summarizes paper [P3], which extends the RUC FE model to analyze flexible
pipes subjected to true-wall axial compression and non-symmetric cyclic bending with
flooded annulus. A detailed analysis of the progression of lateral buckling of tensile armor
wires in a flexible pipe is presented.

Chapter 5: Presents the concluding remarks based on the major outcomes of this project
along with recommendations for future work.



8 Introduction



2. Large-scale unbonded flexible pipe
finite element model

Analysis of the tensile armor wire loading condition in the termination section of a flexible
pipe requires a large-scale FE model because behavior of the tensile armor wires are
affected by the end fitting termination and the flexible pipes typically interact locally
with a bellmouth or bend stiffener. Thus, the problem does not allow for reduction
using symmetry or periodic boundary conditions. The end fitting termination confines
the relative movement between the internal components of the flexible pipe, which has
a significant influence on the tensile armor loading. Furthermore, a curvature gradient
appears along the flexible pipe in the termination section as a result of the interaction
between bellmouths or bend stiffeners. The interaction between the flexible pipe and
bellmouths or bend stiffeners increases further the radial contact stress of the armor wires
locally and enhances ovalization of the flexible pipe in the contact zone.

Different large-scale FE modeling approaches for studying tensile armor wire loading
have been presented in [1, 4, 5, 15, 23, 26, 33]. The common denominator for all these
models is that the armor wires at the end cross-sections of the flexible pipe are constrained
by boundary conditions or kinematic coupling constraints to apply loading or to obtain a
statically determined model. It is not practically possible to include the full pipe length of a
flexible riser, as it can be several thousand meters in length. A shorter flexible pipe section
that contains few tensile armor wire pitches is therefore typically represented in large-scale
FE models. It is important to ensure that the area of interest is unaffected by end effects,
such as boundary conditions and kinematic constraints, that do not appear in the real
flexible pipe. The end effects in the area of interest can be reduced by increasing the length
of the flexible pipe section in the FE model. Large-scale FE models are computationally
expensive and the challenge is therefore to obtain optimal balance between accuracy and
computational effort.

This chapter summarizes the work presented in the conference paper [C1] in which a
large-scale FE model is used to analyze the flexible pipe that was experimentally tested
in the horizontal in-plane bending test rig shown in Figure 2.1. Details about the experi-
mental test rig and the test program are presented in [40, 41].

2.1 Description of the large-scale FE model

The large-scale FE model is implemented in the commercially available finite element code
ABAQUS/Standard version 6.14 [49]. It is a three-dimensional implicit time-independent
model that accounts for geometrical nonlinearities and frictional contact. The FE model
is computationally expensive, and it is therefore solved on a cluster with parallelization

9
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Figure 2.1. Experimental in-plane bending test of unbonded flexible pipe, [18], [C1].

on 220 CPUs to reduce computational time. The geometry and mesh of the flexible
pipe is illustrated in Figure 2.2. The FE model consist of four layers: pressure armor,
inner tensile armor, outer tensile armor, and outer sheath. This study focuses on the
tensile armor wire loading and the layers below the inner tensile armor are therefore
represented by the pressure armor layer with equivalent orthotropic material properties to
reduce computational cost. The radial contact interaction between all the components is
accounted for by a penalty contact formulation with a constant isotropic friction coefficient
of 0.12.

Outer sheath

Outer tensile armor

Inner tensile armor

Pressure armor

Figure 2.2. Geometry and mesh of the unbonded flexible pipe in the large-scale FE model.

The dimension and geometry of the large-scale FE model are illustrated in Figure 2.3
and the corresponding cross-sectional dimensions of the flexible pipe are given in [C1]. It
would be impossible to analyze the full length of the flexible pipe in the experimental test
setup because of the required computational effort. A 6586 mm section of the flexible pipe
outside the area of interest is therefore represented by a beam element with equivalent
stiffness properties. The length of the flexible pipe section analyzed with the geometry
shown in Figure 2.3 is 5592 mm, which is equivalent to three inner tensile armor wire
pitches. The beam element section and the flexible pipe section are connected by kinematic
coupling constraints as illustrated in Figure 2.3, which constrain the tensile armor to follow
a rigid plane. Bending rotation θ is applied to a reference point called RP-bellmouth that
controls the rotation of the bellmouth. Furthermore, the RP-bellmouth is coupled to the
end-section of the flexible pipe by kinematic coupling constraints as shown in Figure 2.3.
The axial tensile force Fz is applied to the end of the beam element section, which is
simply supported. The flexible pipe is tested horizontally, and the weight of the flexible
pipe and the bore liquid are therefore accounted for in the analysis by a gravity load. The
studied load case contains an axial tensile force Fz = 500 kN, an internal bore pressure of
34 MPa, and one bending cycle with θ = ±8◦.
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5592 mm 6586 mm 3311 mm

RP-Bellmouth

Kinematic coupling constrains

Bellmouth

Kinematic coupling constrains

Beam section
End fitting

Fz

Figure 2.3. Dimensions and boundary conditions of the large-scale FE model based on [C1].

2.2 Results

The study focuses on the loading of the inner tensile armor layer. It is considered the
most critical tensile armor layer for bending fatigue, as it is subjected to higher friction
stresses than the outer tensile armor. A contour plot of the stresses along the inner tensile
armor wires for the bending rotation θ = ±8◦ is shown in Figure 2.4. According to the
figure, the highest stresses are located at the termination, where the tensile armor wires
are constrained, and along the bellmouth, where the pipe curvature is at it highest. It is
expected that the stresses at the termination are affected by numerical singularities due
to the boundary condition that is applied by kinematic coupling constraints.

(a) (b)

Figure 2.4. Stresses along the inner tensile armor wires for (a) bending rotation angle of θ = −8◦

and (b) bending rotation angle of θ = 8◦ [C1].

Optical Measurement System (OMS) is used to monitor the strain along the inner tensile
armor wires during the experimental test. The locations of five OMS strain sensors named
3.1-3.5 along a single tensile armor wire are illustrated in Figure 2.5. Strain sensor 3.1 and
3.5 are located at the extremities of the flexible pipe bending plane and strain sensor 3.3
is located at the neutral axis. Strain sensors with a gauge length of 40 mm are installed at
both narrow sides of the tensile armor wires to determine the stresses σa and σb at these
locations. The numerical stresses σa and σb determined with the large-scale FE model
along the inner tensile armor wire illustrated in Figure 2.5 are plotted as a function of the
axial pipe position in Figure 2.6. The locations of the five OMS strain sensors are plotted
as grey vertical bars, and the width of the bars represents the gauge length of the strain
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3.1 3.2
3.3 3.4 3.5

σa
σb

Figure 2.5. Location of the OMS strain sensors.

sensor. The maximum variation of the numerical stresses in Figure 2.6 is 214 MPa for
σa and 249 MPa for σb. The stresses along the tensile armor wire are very irregular as a
result of the end termination and the contact interaction with the bellmouth. The quality
of comparison between the numerical and the experimental measurements are therefore
very sensitive to the precision of the OMS strain sensor positions.
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Figure 2.6. Numerical stress in the inner tensile armor (a) σa and (b) σb along the tensile armor
wire as a function of the axial coordinate for θ = 8◦, bending step 1 (−), bending step 3 (−),
θ = −8◦, bending step 2 (−), and position of OMS strain sensors (−).

The numerical and experimental bending stress variations corresponding to a bending
rotation of θ = ±8◦ for the locations 3.1-3.5 are plotted as a function of the bending angle θ
in Figure 2.7 to Figure 2.11. The numerical stresses σa and σb, located in the center of both
narrow sides of the tensile armor (see Figure 2.5), under gravity load and axial tension Fz
are subtracted from the stresses that were computed during bending to obtain the bending
stress variations. A good correlation between the numerical and experimental stress ranges
can be observed. The largest deviation between the numerical and experimental stresses
occurs for σb at location 3.3 in Figure 2.9, where the numerical stresses are significantly
overpredicted compared to the experimental stresses. The curvature along the flexible
pipe decreases from location 3.1 to location 3.5, leading to the largest stress variation at
location 3.1 towards 3.3. The area confined by the hysteresis loop relative to the armor
wire stresses σa and σb increases towards the extremities of the pipe bending plane.
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Figure 2.7. Inner tensile armor stress (a) σa and (b) σb at location 3.1 as a function of the bending
angle θ determined with FE model (−) and experimental OMS (−).
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Figure 2.8. Inner tensile armor stress (a) σa and (b) σb at location 3.2 as a function of the bending
angle θ determined with FE model (−) and experimental OMS (−).
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Figure 2.9. Inner tensile armor stress (a) σa and (b) σb at location 3.3 as a function of the bending
angle θ determined with FE model (−) and experimental OMS (−).
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Figure 2.10. Inner tensile armor stress (a) σa and (b) σb at location 3.4 as a function of the bending
angle θ determined with FE model (−) and experimental OMS (−).
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Figure 2.11. Inner tensile armor stress (a) σa and (b) σb at location 3.5 as a function of the bending
angle θ determined with FE model (−) and experimental OMS (−).

The comparison between the numerical and experimental bending stress variations stud-
ied in this section shows good correlation. The results demonstrate that the large-scale FE
analysis is highly suited for analysis of localized phenomena like the interaction between
the pipe and ancillary components or armor terminations. However, large-scale FE analy-
sis is highly inefficient for calculation of pure pipe behavior i.e. the pure pipe response to
bending, tension and pressure loading away from the pipe’s local mechanical restrictions.
In the following section, a small-scale FE model is presented to study pure pipe behavior
and tensile armor wire loading conditions for sections unaffected by armor terminations
and ancillary components. The pipe section where the small-scale model is applicable can
be determined with the large-scale model as similar loading conditions should be obtained
with the two models.



3. Flexible pipe repeated unit cell
finite element model

The aim of this section is to outline the implementation of a numerical model that enables
detailed prediction of local stresses in the individual tensile armor wires using data on
pipe bending curvature and the axial force. Several authors have developed alternative
analytical and numerical methods suitable for analyzing tensile armor wire loading as well
as the hysteresis effect of flexible pipes subjected to axisymmetric loading and constant
bending curvature. Among these methods, closed form analytical models are the most
efficient. A limitation related to these methods is that they generally assume that the
helical armor wires slide along a predefined wire path on a torus, which can be expressed
using algebraic equations. The two wire paths commonly used in algebraic models are
the loxodromic or the geodesic wire path. The loxodromic wire path constrains transverse
movement of the helical armor wires during bending and only allows sliding movement
along the armor wires. The result is a constant lay angle during bending [30, 39, 41].
The geodesic wire path is defined as the shortest path between two points on a curved
surface [10, 39] and it is considered the theoretical upper bound of helical armor wire
sliding. The tensile armor wire loading is analyzed with the loxodromic assumption in
[19, 38, 41, 50, 51], whereas the geodesic wire path assumption is used in [17, 32]. In reality,
the armor wires in a flexible pipe do not follow any of these idealized curves the wires are
constrained by frictional contact interaction between the adjacent layers in the flexible
pipe. The frictional contact interaction introduces shear stresses in the layer interfaces.
The critical shear stress, that defines the transition between sticking and sliding, can be
determined based on the contact pressure Pc and the friction coefficient µ. Mathematical
models for analyzing tensile armor wire loading that accounts for the frictional interaction
without a predefined wire path are presented in [16, 21, 29, 52]. These models are based
on numerically solved differential equations.

Due to the helical shape of the armor wires, a flexible pipe can be considered a structure
consisting of a repeated periodic pattern. This periodic pattern makes it possible to use a
small scale model to represent an infinitely long pipe and thus reduce the computational
effort required. Such a model is presented in [34, 35, 36]. Linear constraint equations are
used to apply periodic boundary conditions between the end-sections of the flexible pipe.
However, the bending curvature along the flexible pipe in the model is not controlled, which
does not allow the model to be applied for analysis with combined tension or compression
and bending due to the irregular loading condition that arises from bending variation. A
compact Repeated Unit Cell (RUC) FE approach that allows analysis of combined tension
or compression and bending was presented in [8, 23]. This model includes a single armor
wire pitch for each armor layer and assumes uniform armor wire behavior in each layer.
In the numerical FE approach, friction interaction is readily accounted for and it uses

15
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nonlinear constraint equations for the periodic boundary conditions. Furthermore, the
curvature along the flexible pipe is imposed, which leads to a periodic loading condition,
that allows for analysis of flexible pipes subjected to combined tension or compression
and bending. This chapter summarizes the work presented in the papers [P1], [P2] and
[P3] that outlines the implementation of a RUC FE model based on the approach given
in [8, 23].

3.1 Repeated unit cell finite element model

The implementation of the flexible pipe RUC finite element model (FP-RUC) in the
ABAQUS/Standard FE code version 2017 is presented in this section. The FP-RUC
represents a helical armor wire layer by a single armor wire pitch, which is the minimum
RUC representation of an armor layer that can be obtained. The following assumptions
are required to satisfy periodic representation in the FP-RUC:

• The lay angle and the cross-section are equal for all tensile armor wires in each layer.

• The bending curvature along the flexible pipe is constant, yielding equal load con-
ditions along one armor wire pitch for all armor wires in each layer.

• The torsion rate along the flexible pipe is constant.

• Axisymmetrical loading, in terms of axial force, internal and external pressure, and
torsional moment, is constant.

A RUC representation of an armor layer with 25 armor wires is illustrated in Figure 3.1a,
where each armor wire in the RUC is numbered. The wires in the RUC can be coupled
according to the numbering in order to represent a single pitch of an armor wire with the
equivalent position shown in Figure 3.1b.
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Figure 3.1. (a) RUC representation of one armor wire pitch representing a layer with 25 armor
wires and (b) one armor wire pitch. Adapted from [P1].
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The length of the FP-RUC model Lp is calculated using the number of wires in the
inner armor layer n1, the pitch length of the inner armor wires L1, and the number of
pitches included the FP-RUC Np [8, 22, 23],

Lp = Np
L1

n1
(3.1)

The implementation of the periodic boundary conditions of the FP-RUC requires a local
symmetry plane in the center of each component. Therefore, to obtain a local symmetry
plane, the allowed number of pitches is limited to an even number. In this implementation,
two pitches are included (Np=2) to represent the loading condition of a layer by a single
armor wire pitch. The number of pitches Np can be increased if various tensile armor
wire configurations with e.g. imperfections, welds, or failure are present in the armor
layer. The periodic boundary conditions are imposed between the end-sections and the
symmetry plane in the center of the FP-RUC for nodes located at the same position on
the armor helix. The ratio between the number of tensile armor wires nj and the pitch
Lj in all helical armor layers in the FP-RUC must be equal. In this implementation, the
ratio between the pitch Lj and number of tensile armor wires nj is governed by the inner
tensile armor layer:

Lp =
L1

n1
=
Lj
nj

(3.2)

where j is the layer number in the flexible pipe. An example of the geometry and mesh of
the FP-RUC, which is used for analysis of the tensile armor wire loading for various tension-
bending load configurations, can be seen in Figure 3.2a. For the sake of simplifying the
analysis, the flexible pipe is only represented by four layers: co re layer, inner tensile armor,
outer tensile armor, and outer sheath. To reduce the computational effort, the combined
mechanical behavior of the carcass, inner liner, and pressure armor is represented by a
single core layer with equivalent material properties. The load and boundary conditions
applied for tension-bending load steps are illustrated in Figure 3.2b. To ensure a constant
bending curvature along the flexible pipe during tension-bending or compression-bending
loading, a reference point (RP) is located in each nodal cross-sectional plane along the
pipe center axis. The reference points are connected to the nodes located in the same
cross-section on the internal surface of the core by kinematic coupling constraints on all
DOF.

The strategy of controlling the curvature of the flexible pipe at the internal surface of the
core is, however, not applicable when the flexible pipe is subjected to axial compression
since this load will give rise to a radial gap below the inner tensile armor. Therefore,
additional curvature control has to be imposed on the external surface of the outer sheath
by coupling the reference points to nodes on the external surface in the same cross-section
of the outer sheath using distribution coupling constraints. The distribution coupling
constraints ensure that the average displacement and rotation of the external surface
nodes on the outer sheath are equal to the displacement and rotation of each reference
point. This approach allows deformation of the outer sheath such as radial expansion and
ovalization [P3].

To obtain a statically determined model, the reference point located in the center sym-
metry plane is constrained in all degrees of freedom. Due to e.g. external tension and
end-cap effect of the flexible pipe, the axial force Fz is applied as a follower force in the
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Figure 3.2. (a) Geometry and mesh of the FP-RUC and, (b) Load and boundary conditions applied
in the bending load steps. Adapted from [P2].

z-direction [8], and pipe bending is introduced as a rotation about the x-direction ϕCx to
the two master nodes located at each end-section. To achieve frictional contact between
the layers before bending, the axial force Fz is applied in the first two load steps while
bending is applied in subsequent load steps. Analysis with frictionless interaction requires
additional boundary conditions, since no frictional interaction will constrain the layers in
the circumferential and axial directions. A node located in the bending symmetry plane
of each layer is constrained in the x- and z-directions as illustrated in Figure 3.2b.

The RUC representation requires that the bending curvature κG is constant. This con-
dition will not be satisfied for an analysis that contains both bending and axial loading,
unless the curvature is controlled. To control the curvature in the FP-RUC, the master
node rotation ϕCx is coupled to the y-displacement uy of both the master nodes and the
reference points along the center axis of the FP-RUC. The curvature control and the pa-
rameters involved are illustrated in Figure 3.3. The coupling is implemented by nonlinear
multi-point constraints (MPCs) in the ABAQUS user subroutine using the Fortran lan-
guage [49]. The bending rotation variation ∆ϕx along the center axis can be calculated
as:

∆ϕx =
z + ∆z

Lp + ∆Lp
2ϕCx (3.3)

where z is the undeformed axial position, ∆z is the axial displacement of the master nodes
and the reference points, and ∆Lp is the total axial deformation of the FP-RUC. ∆z and
∆Lp are only updated when ϕCx = 0 to account for the axial deformation that occurs due
to cyclic bending and axial loading. This implies, that during bending, the arc length of
the center axis of the pipe is constant and equal to the deformed length of the straight
pipe. The bending radius R of the center axis of the pipe can thus be expressed as:

R =
Lp + ∆Lp

2ϕCx
,
∣∣ϕCx

∣∣ > 0 (3.4)

Again, ∆Lp is updated when ϕCx = 0. The displacement in the y-direction of the master
nodes and reference points uy leading to constant curvature is applied when

∣∣ϕCx
∣∣ > 0 and

is given by:

uy = − [1− cos (∆ϕx)]R (3.5)
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Figure 3.3. Illustration of curvature control for (a) tension and (b) bending. Adapted from [P1].

Tensile armor wire sliding occurs in both the transverse and the longitudinal direction
relative to the wire direction when a flexible pipe is subjected to bending. The highest
sliding rate of the tensile armor wires appears near the neutral axis of the bending plane
as illustrated in Figure 4.4. Furthermore, the direction of the longitudinal sliding rate
depends on the helix winding direction and as a result of this the two tensile armor wires
slide in opposite directions (see Figure 4.4). This means that the armor wires lose radial
contact at the end-sections of the FP-RUC. Thus, to reduce the edge effect caused by lost
radial contact, the periodic boundary conditions are coupled between all the nodes located
at the end-sections to the center symmetry plane of each component in the FP-RUC, where
all the layers have radial contact. Note, that the coupling is applied between nodes at
the end surfaces that have the same position on the armor wire helix in the symmetry
plane. The coupled nodes will only have the same radial and angular position, if the armor
wire geometry complies with the relations given in equation (3.1) and (3.2). Calculations
with high bending curvature lead to a large amount of armor wire sliding, which causes
additional nodal cross-sections to lose radial contact and introduces high edge effects. This
can be avoided by applying periodic boundary conditions to additional nodal cross-sections
or by reducing the number of elements in the axial direction of the FP-RUC. To account
for the nonlinearity arising from bending and torsional rotation between the end-sections
and the center symmetry plane, the periodic boundary conditions are implemented by the
MPC user subroutine in ABAQUS. Three nodes are involved in the periodic coupling and
they will be referred to as the dependent node B, the independent node A, and the master
node C. The vectorial periodic coupling relation between these nodes is given by [8, 23]:

−−→
C ′B′k = R

(
ϕC
)
·
(−−→
CBk +

−−→
AkA

′
k

)
, ϕC =

[
ϕCx ϕCy ϕCz

]
(3.6)

where Ak, Bk, C are the undeformed positions, A′k, B
′
k, C

′ are the deformed positions, and
R
(
ϕC
)

is the rotation matrix based on the rotation magnitude ϕC . The coupling relation
is illustrated in Figure 3.4 and it describes the translation of the dependent node from
the undeformed position Bk to the deformed position B′k. The translation is based on a
rigid body rotation of a rigid plane and the relative deformation with respect to the rigid
plane. The rigid planes are illustrated as cross-sectional circles in Figure 3.4. The term

R(ϕC)
−−→
CBk accounts for the deformation due to rigid body, and the term R(ϕC)

−−→
AkA

′
k

gives the deformation relative to the rigid plane as a result of slip and the deformation
of the armor wires. The vectorial periodic coupling relation given in equation (3.6) is
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Figure 3.4. (a) Initial undeformed and (b) deformed position of the master reference point C, the
dependent node Bk and the independent node Ak. Adapted from [P1].

rewritten in the general constrain equation form that ABAQUS uses based on the initial
positions xB, xC , and the nodal displacements uA, uB, uC :

f
(
uA,uB,uC

)
= uB −R

(
ϕC
) (

xB − xC + uA
)
− uC − xC + xB = 0 (3.7)

The MPC user subroutine requires the derivative of the constraint equation with respect
to the nodal degrees of freedoms involved in the coupling. The differential increment of
the constraint equation (3.7) is determined using the product rule:

df = duB − dR
(
ϕC
) (

xB − xC + uA
)
−R

(
ϕC
)
duA − duC = 0 (3.8)

Further details about derivatives of the constraint equation and the implementation of the
periodic coupling in ABAQUS can be found in [P1].

Lateral contact between the armor wires and radial contact interaction between the
adjacent layers are accounted for in the FP-RUC. The contact interaction behavior is
defined in both the tangential and the normal direction relative to the contact surfaces.
The tangential properties can be analyzed by frictionless interaction (µ = 0.0) or by
a Coulomb friction model with a constant isotropic friction coefficient µ. The normal
behavior is established by a penalty contact formulation with a linear penalty stiffness
of 2000 N/mm3. The linear penalty stiffness is chosen based on an acceptable balance
between computation time and contact penetration. Further details about the contact
interaction settings are specified in [P1] and [P2].

Equivalent orthotropic material properties of the core layer are used to represent the
mechanical behavior of the carcass, inner liner, and the pressure armor. The inner surface
of the core is constrained by kinematic coupling constraints, which eliminate the deforma-
tion in the circumferential and radial direction. This implies that ovalization and internal
pressure of the flexible pipe cannot be accounted for in the presented FP-RUC. The core is
analyzed with Young’s modulus equal to steel in the radial and tangential direction (E11,
E22). The Poisson’s ratio between the radial and the tangential direction ν12 is equal to
steel and the others (ν13, ν23) are zero which decouple the deformations between these
directions. It is assumed, that the axial stiffness of the carcass, liner, and pressure armor
is governed by the polymeric inner liner stiffness. Therefore, the Young’s modulus E33 in
the axial direction of the core is determined based on the axial stiffness of the polymeric
material used for the inner liner. The in-plane shear modulus G12 of the core is determined
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based on the shear stiffness of the inner liner, as it is assumed, that the shear stiffness of
the carcass and the pressure armor are neglectable. The magnitude of the out-of-plane
shear moduli G12, G13 of the core layer is equal to steel. The tensile armor layers are
modeled with isotropic material properties equivalent to steel and the outer sheath is an-
alyzed with constant isotropic material properties equivalent to the polymeric material it
is made of. The material properties used for the specific layers FP-RUC are provided in
the individual papers [P1], [P2], and [P3].

3.2 Evaluation of tensile armor loading condition

The stress components illustrated in Figure 3.5 are used in the analytical models [38, 41, 50]
and the FP-RUC to evaluate the loading conditions of the armor wires. The stress caused
by the axial strain along the wire in the X1-direction is often referred to as frictional stress
σcj in analytical models, as it depends on the frictional stresses towards the adjacent layers.
The friction stress component is assumed to be constant in the armor wire cross-section.
In this thesis, the numerical FP-RUC equivalent of the frictional stress component will
be referred to as the center stress σcj . In addition to the frictional stress, pipe bending is
causing local bending deformation of the armor wires. The bending stresses of the armor
wires are considered as superpositions of pure bending induced by local bending curvatures
about the X2-axis and X3-axis (see Figure 3.5). The bending stresses in the analytical
model are determined based on the loxodromic wire path used to calculate the transverse
curvature κ2, and the normal curvature κ3 about the X2-axis and X3-axis, respectively.
In the analytical model, the stresses related to κ2 and κ3 are called the transverse bending
stress σtj and the normal bending stress σnj , respectively.

σt

σn

σcX3

X2

X1

Figure 3.5. Illustration of center stress component σc, normal bending stress component σn and
transverse bending stress component σt in the tensile armor wire [P2].

In the FP-RUC, the stresses along the inner and outer tensile armor are evaluated at
the nodal positions shown in Figure 3.6a, and the corresponding position is transformed
from the Cartesian coordinate system to a cylindrical coordinate system as illustrated
in 3.6b. The center stress σcj is determined along the armor wire from the stresses in
the nodal position c, which is located in the geometrical center of the tensile armor wire
cross-section. Due to tensile armor bending, the bending stresses σnj and σtj are calculated
with the assumption of pure bending in both directions. The transverse bending stress
component σtj is calculated according to equation (3.9) based on the stress σm12 at the

mid node position m12 and the stress component at the transverse position σ34j . σ34j is
interpolated at the transverse position along the tensile armor wires relative to m12 in the
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X3-direction. The normal bending stress component σnj is calculated in equation (3.10)

from the stresses σm41
j and σm23 located at the nodal position m41 and m23, respectively.

σt = 1
2

(
σm12 − σ34

)
(3.9)

σn = 1
2

(
σm41 − σm23

)
(3.10)

Note, the residual stresses that arise during production of the helical armor wires are
neglected and the armor wires are assumed to be stress-free in the unloaded condition. In
this study, bending is only applied around the x-axis, as illustrated in Figure 3.6b. This
means that the angular positions v = 90◦ and v = 270◦ are located along the neutral
axis of the pipe bending plane and the positions v = 0◦ and v = 180◦ are located at the
extremities of the bending plane. For ϕCx > 0 and κG > 0, the angular positions v = 0◦

and v = 180◦ will be referred to as the extrados and the intrados, respectively.

(a) (b)

c1 c2 c3 c4

m12 m23 m34 m41

c

x

y

v

v = 0◦

v = 270◦

v = 180◦

v = 90◦

Inner tensile armor

Outer tensile armor

Figure 3.6. (a) Output position of the tensile armor stresses and (b) illustration of global pipe
Cartesian and circumferential angular coordinate system [P2].

In this section, a computationally efficient RUC FE approach suitable for analysis of
flexible pipes subjected to axial loading and constant bending curvature is presented. In
the following sections, the FP-RUC model is used to analyze unbonded flexible pipes sub-
jected to different loading configurations, including bending combined with axial tension
and axial compression.



4. Tension-bending analysis

A study of the flexible pipe subjected to pure axial tension as well as tension-bending is
analyzed with the FP-RUC in this chapter. The FP-RUC is based on the pipe geometry
presented in [P1] and [P2]. As illustrated in Figure 1.4, pure axial tension is primarily rel-
evant for the loading condition in the static section, whereas the tension-bending analysis
is mainly relevant for the hang-off section of dynamic risers. The static axial tension and
static tension-bending results are included, as they enable validation of the FP-RUC by
direct comparison with analytical results. The tensile armor wire loading and the global
pipe response predicted with the RUC FE model are compared to results from already
published analytical models [38, 41, 44, 50] for various static tension-bending load con-
figurations. This chapter summarizes the results presented in [P1] and [P2] and presents
additional results associated with symmetric cyclic bending of an unbonded flexible pipe.

4.1 Axial-tension

The wire stress of the tensile armor and, the global behavior of a flexible pipe exposed
to axial tension, are studied by the FP-RUC and an analytically approach based on [17]
exemplified by the pipe design presented [P1]. In the FP-RUC, the inner surface of the core
is constrained in the hoop direction, as mentioned in chapter 3. In the analytical model,
the hoop strain is neglected to obtain a good basis for comparison. The average tensile
armor stresses in the inner and outer tensile armor, determined by both the analytical
model and the FP-RUC, are plotted as a function of the axial tensile force Fz in Figure
4.1. The tensile armor wire stresses are proportional to the axial tensile force Fz for both
models. The flexible pipe is free to twist, which leads to higher stresses in the inner
tensile armor as result of the tension-torsion coupling of the flexible pipe. The maximum
deviation between the stresses determined with the analytical and numerical model is 0.5%
for the inner tensile armor layer and 0.6% for the outer tensile armor layer. The flexible
pipe strains ∆L/L determined by the two methods are compared in [P1]. The maximum
deviation between the pipe strains predicted with the two models is 1.3%. The deviation
increases with the axial tension force Fz. To explain this, it should be noted that the core
layer in the FP-RUC has a radial stiffness equal to steel and a radial contact stiffness equal
to 2000 N/mm3, allowing for radial deformation, whereas the analytical model assumes
zero radial deformation. Contrary to the FP-RUC, the polymeric layers are not included
in the analytical approach. The result of this is a higher tension-torsion coupling in the
analytical approach. The torsion rate ∆θ/L of the flexible pipe is determined using FP-
RUC and the analytical approach, and it is provided as a function of the axial tensile
force Fz in Figure 4.2. The polymeric layers are not included in the analytical approach
in contrast to the FP-RUC, resulting in a higher tension-torsion coupling in the analytical
approach. The maximum deviation of the calculated torsional rate ∆θ/L between the

23
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Figure 4.1. Average armor wire stress σavg as a function of the axial tensile force Fz determined
with: analytical model for inner armor (−), and outer armor (−), and FP-RUC for inner armor
(•), and outer armor (•) [P1].

analytical and the FP-RUC model is 2.2%. Based on the results presented in Figure
4.1, and 4.2 it can be concluded that the torsional periodic coupling in the FP-RUC is
successfully implemented.
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Figure 4.2. Torsion rate ∆θ/L as a function of the axial tensile force Fz determined with the
analytical approach (−), and FP-RUC (•) [P1].

4.2 Static tension-bending analysis

This section outlines the response for initial tension-bending analysis of the flexible pipe
design with a Coulomb friction coefficient of µ = 0.12 as presented in [P1]. The resulting
cross-sectional bending moment and the tensile armor wire loading condition are ana-
lyzed by the FP-RUC and compared against analytical closed form models based on the
loxodromic wire path. The resulting cross-section bending moment of the flexible pipe, de-
termined by the FP-RUC and the analytical approach, is then plotted as a function of the
bending curvature κG for various axial tensile forces Fz, in Figure 4.3. A good correlation
between the moment-curvature relationship determined with the analytical approach and
the FP-RUC is found for small bending curvatures in Figure 4.3a in the stick-slip phase.
However, for larger bending curvatures in the full-slip phase, the moment-curvature rela-
tionship predicted by the two models deviates and the deviation increases when the tensile
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force is increased. In the full-slip phase, the moment-curvature relationship determined
with the FP-RUC is nonlinear, whereas it is linear by assumption in the analytical ap-
proach. The FP-RUC accounts for the geometrical changes, as a result of the tensile armor
wire sliding. This leads to a nonlinear moment-curvature relationship in the full-slip phase
since the armor wires slide towards the intrados of the bending plane.
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Figure 4.3. Resulting cross-sectional bending moment of the flexible pipe as a function of bending
curvature κG for (a) small curvatures and (b) large curvatures. Analytical model (full curve) and
FP-RUC (points) for Fz = 50 kN (−), 100 kN (−), 500 kN (−), 1000 kN (−), 1500 kN (−), 2000 kN
(−), 2500 kN (−), 3000 kN (−) [P1].

A contour plot of the stresses in the X1-direction along the tensile armor wires, on
the deformed shape of the outer and inner tensile armor layer, in the flexible pipe is
shown in Figure 4.4 for a bending curvature of κG = 0.06,m−1 and a tensile force of
Fz = 500, kN. The contour plot reveals that there is no significant stress concentration
due to edge effects. The highest bending stresses are located near the global neutral axis
of the pipe bend (y=0) as a result of transverse tensile armor bending. Furthermore, it
can be noted that the sliding at the intrados and extrados (x=0) of the pipe bend is zero
and that the magnitude of the tensile armor wire sliding rate increases towards the global
bending neutral axis of the pipe bend (y=0). In Figure 4.5, the center stress σcj in the
inner and the outer tensile armor is plotted as a function of the circumferential angular
position for initial bending with a curvature of κG = 0.06,m−1 and various magnitudes of

Figure 4.4. Contour plot of stress along outer and inner tensile armor wires for κG = 0.06 m−1

and Fz = 500 kN [MPa] [P1].
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Fz. The contact stresses are higher at the inner tensile armor layer, leading to a higher
variation and magnitude of the center stress σc1 compared to the outer tensile armor layer
σc2. In Figure 4.5, it can also be seen that σcj has a bilinear relation to the circumferential
angular position, which indicates that the entire tensile armor layer is in the slip region.
The FP-RUC model predicts slightly higher center stress at the extrados (v = 0◦) and
lower stress at the intrados (v = 180◦) compared to the analytical approach. The contact
stresses are allowed to vary along the tensile armor wire in the FP-RUC model, which
could explain the small discrepancy between the center stress predicted by the numerical
and analytical approach respectively.
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Figure 4.5. (a) inner armor, and (b) outer armor center stress σcj as a function of the circumferential
angular position v determined by FP-RUC (points), and analytical approach (full curve) for Fz =
50 kN (−), 100 kN (−), 500 kN (−), 1000 kN (−), 1500 kN (−), 2000 kN (−) [P1].

In Figure 4.6, the transverse bending stress σtj , that was determined using the FP-
RUC and the analytical approach based on the loxodromic wire path, is plotted as a
function of the circumferential angular position for initial bending with a curvature of κG =
0.06,m−1 and various magnitudes of Fz. The transverse bending stress determined with
the analytical approach is independent of Fz, because it is based on the transverse bending
curvature κ2 associated with the loxodromic wire path, which is independent of the axial
tensile force Fz. The transverse bending stress determined with the FP-RUC is dependent
on Fz, because the contact stress is coupled to the axial tensile force Fz. The contact
stresses are proportional to the critical friction stress for the Coulomb friction model
which defines the stick-slip transition. Figure 4.6 shows that the deviation between the
transverse bending stress predicted with FP-RUC and the analytical approach decreases
when the axial tensile force Fz is increased. The discrepancy between the transverse
bending stresses σtj predicted with the two models is higher for the outer tensile armor
because it is subjected to lower contact pressure compared to the inner tensile armor layer.
The transverse bending stresses σtj are also studied for various bending curvatures κG in
[P1]. The study showed that the deviation between the two models increases when the
bending curvature increases.

In Figure 4.7, the normal bending stress σnj calculated with the analytical approach
and the FP-RUC are plotted as a function of the circumferential angular position for
initial bending with a curvature of κG = 0.06 m−1 and various magnitudes of Fz. Again,
the normal bending stress determined with the analytical approach is independent of
Fz, because it is based on the normal curvature corresponding to the loxodromic wire
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Figure 4.6. Transverse bending stress σtj in (a) the inner armor, and (b) the outer armor as a
function of the circumferential angular position v determined by analytical approach (−), and by
the FP-RUC for Fz = 50 kN (•), 100 kN (•), 500 kN (•), 1000 kN (•), 1500 kN (•), 2000 kN (•)
[P1].

path. The normal bending stress σnj predicted with the FP-RUC is decreasing when the
axial tensile force Fz is increased and the shape of the normal bending stress distribution
changes. The magnitude of the normal bending stress, predicted with the FP-RUC, is
higher in the outer tensile armor compared to the inner tensile armor. The deviation
between the normal bending stresses σnj calculated with the two models increases when
the axial tensile force Fz increases.
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Figure 4.7. Normal bending stress σnj in (a) the inner armor, and (b) the outer armor as a function
of the circumferential angular position v determined by analytical approach (−), and by the FP-
RUC for Fz = 50 kN (•), 100 kN (•), 500 kN (•), 1000 kN (•), 1500 kN (•), 2000 kN (•) [P1].

4.3 Symmetric cyclic tension-bending

The same flexible pipe design and frictional condition that were analyzed in [P1] will be
used in this section to analyze the effect of symmetric cyclic bending. The cross-sectional
bending moment related to symmetric cyclic bending is presented as a function of the pipe
curvature κG for various Fz in Figure 4.8. Five bending cycles are applied with constant
curvature amplitude in the range of κG = ±0.1 m−1. To obtain an accurate prediction
of the moment-curvature hysteresis relationship, each bending cycle is discretized by 120
load increments distributed with 20 in the stick-slip phase and 40 in the full-slip phase.
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Figure 4.8 shows that it is fair to assume that the moment-curvature relationship for a full
bending cycle has stabilized within five cycles. The hysteresis loop is centered around the
origin of the plot. As expected, the stick-phase and the enclosed area of the hysteresis loop
increases proportional to the axial tensile force Fz. The widest section of the hysteresis
loop is located around κG = 0.0 m−1. As for the initial bending presented in Figure 4.3,
the moment-curvature relationship proves to be nonlinear in the full-slip phase Figure 4.8.
It is expected that the nonlinearity is a result of the tensile armor wires sliding towards the
compression side of the bending plane for Fz > 0 kN, which reduces the bending stiffness
of the pipe in line with the results presented in sections 4.4 and 4.5.
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Figure 4.8. Resulting cross-sectional bending moment corresponding to symmetric cyclic bending
of the flexible pipe as a function of bending curvature κG for Fz = 500 kN (−), 1000 kN (−),
1500 kN (−), 2000 kN (−).

The tensile armor wire loading condition is further analyzed for a symmetric cyclic
bending sequence that consists of five bending cycles for κG = ±0.1 m−1. In this case, each
bending cycle is solved by 20 equal bending increments for each bending cycle to predict
the tensile armor wire loading with acceptable precision. Furthermore, it makes the result
comparable with the tensile armor loading for initial bending presented in Figure 4.5 -
Figure 4.7 as the bending load discretization is identical. The center stress for symmetric
cyclic bending is not presented in this section as it is equal to the prediction corresponding
to initial bending presented in Figure 4.5. The reason for this is that the tensile armor wire
has fully slipped in both cases, and it is therefore unchanged. The transverse bending stress
σtj determined with the analytical approach and the FP-RUC is plotted as a function of the
circumferential angular position v in Figure 4.9. The magnitude of the transverse bending
stress level for symmetric cyclic bending has increased slightly compared to initial bending
presented in Figure 4.6. The transverse bending stress in both tensile armor layers for
Fz ≥ 500 kN determined with the FP-RUC are higher compared to the prediction by the
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analytical loxodromic curve. Furthermore, the peak location of the transverse bending
stress in the inner tensile armor shows a minor translation towards the intrados of the
bending plane (v = 180◦).

The normal bending stress σnj is plotted as a function of the circumferential angular
position v in Figure 4.10. Contrary to the transverse bending stress, the magnitude of
the normal bending stress shown in Figure 4.9 is reduced for symmetric cyclic bending in
comparison with initial bending presented in Figure 4.7. The normal bending stress in the
outer tensile armor is almost constant when Fz ≥ 500 kN and approximately zero at the
extrados (v = 0◦) and intrados (v = 180◦).
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Figure 4.9. Transverse bending stress σtj , corresponding to symmetric cyclic bending, in (a) the
inner armor, and (b) the outer armor as a function of the circumferential angular position v
determined by analytical approach (−), and by the FP-RUC for Fz = 100 kN (•), 500 kN (•),
1000 kN (•), 1500 kN (•), 2000 kN (•).
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Figure 4.10. Normal bending stress σnj , corresponding to symmetric cyclic bending, in (a) the inner
armor, and (b) the outer armor as a function of the circumferential angular position v determined
by analytical approach (−), and by the FP-RUC for Fz = 100 kN (•), 500 kN (•), 1000 kN (•),
1500 kN (•), 2000 kN (•).

4.4 Frictionless tension-bending analysis

In this section, the global response and loading of the tensile armor wires are studied using
frictionless interaction properties (µ = 0). The analyzed flexible pipe design follows the
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pipe design given in [P2] and has tensile armor wires with at nominal lay angle αnom = 25◦

in the inner tensile armor layer. The response of flexible pipes with frictionless contact
interaction is unaffected by hysteresis effect, as it is governed by the load equilibrium
state, which, in turn, is independent of the load history [30, 52]. The total resulting
cross-sectional bending moment of the flexible pipe and the bending moment contribution
Mcont of the continuum layers (core and outer sheath) is plotted as a function of the pipe
curvature κG in Figure 4.11 for various Fz. The bending moment contribution of the
continuum layers can be assumed to be the same for all the load configurations analyzed
in Figure 4.11. The total resulting cross-sectional bending moment of the flexible pipe,
without tension Fz = 0 kN, is higher compared to the bending moment contribution of
the continuum layers Mcont. However, the total resulting cross-sectional bending moment
of the flexible pipe is reduced when applying an external tensile force Fz > 0 kN and the
magnitude can also change sign from positive to negative for large Fz. The deformed
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Figure 4.11. Cross sectional bending moment as a function of the pipe curvature κG for the
continuum layers Mcont (−), and the pipe for µ = 0, αnom = 25◦, and Fz = 0 kN (-•-), 250 kN
(-•-), 500 kN (-•-) , 750 kN (-•-), 1000 kN (-•-) [P2].

flexible pipe cross-section subjected to Fz = 1000 kN and κG = 0.1 m−1 is illustrated in
Figure 4.12a. The figure, shows that the tensile armor wires slide towards the intrados
of the pipe bend when the flexible pipe is subjected to tension and bending, as indicated
by the red arrows in Figure 4.12a. Furthermore, appears that the lateral gap distance
increases towards the extrados and decreases towards the intrados of the pipe bend. The
lateral gap distance in the outer tensile armor wires is normalized with respect to the initial
lateral gap distance and plotted as a function of the circumferential angular position v
in Figure 4.12b for κG = 0.1 m−1 and various Fz. Again, it appears that the normalized
lateral gap distance increases towards the extrados and reduces towards the intrados for
all load cases presented in Figure 4.12b. The normalized lateral gap distance changes in a
non-linear manner when increasing Fz. The normalized lateral gap between the wires in
the inner tensile armor layer is comparable to the illustrated behavior of the outer tensile
armor layer for the load configuration and pipe design studied in Figure 4.12b. The tensile
armor wires migrate towards the compression side of the pipe bend for tension-bending
load configurations to reduce its internal loading state. The migration leads to an opposing
bending moment contribution relative to the continuum layers, because the center stress
σcj of the tensile armor layers is constant for µ = 0, as shown in [P2], and the tensile armor
density is higher on the compression compared to the tension side of the pipe bend.
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Figure 4.12. Translation of armor wires with µ = 0.0, κG = 0.1 m−1 and αnom = 25◦. (a) Deformed
pipe cross-section for Fz = 1000 kN, and (b) normalized lateral gap distance between the outer
tensile armor wires as a function of the circumferential angular position v for Fz = 0 kN (−),
250 kN (−), 500 kN (−) , 750 kN (−), 1000 kN (−) [P2].

4.5 Non-symmetric cyclic bending

The global flexible pipe bending response and loading become dependent on the load
history due to hysteresis when friction is accounted for in the FP-RUC. This section is
adapted from [P2] where a flexible pipe is analyzed for various nominal tensile armor lay
angles αnom of the inner tensile armor layer. The nominal lay angles αnom vary between
20◦ and 35◦ covering the typical lay angle range of tensile armor wires used in Family III
pipes [2]. The flexible pipe designs related to the various nominal lay angles are given
in [P2]. During repetitive, one-sided cyclic bending of the pipe, the armor will gradually
rearrange to a new configuration until it reaches a stabilized response for a full bending
cycle. To obtain a stabilized response of the flexible pipe for a full bending cycle, the pipe
is exposed to 50 bending cycles with Fz = 500 kN and a cyclic bending curvature between
κG = 0.0 m−1 and κG = 0.1 m−1.

The resulting cross-sectional bending moment of the flexible pipe for the four different
αnom is plotted as a function of the bending curvature κG for µ = 0 and µ = 0.15
in Figure 4.13. The frictional stick-slip behavior of the tensile armor wires leads to a
hysteresis moment-curvature relationship in which the enclosed area of the hysteresis loop
is proportional to the energy dissipated by friction. The results presented in Figure 4.13
show that the area enclosed by the hysteresis loop increases when the nominal tensile
armor lay angle is increased. Furthermore, a minor reduction of the area enclosed is
present during non-symmetric cyclic bending. The center of the hysteresis loop drifts
until it becomes equal to the resulting cross-sectional bending moment corresponding to
the frictionless mean state indicated with a cross marker for κG = 0.05 m−1 and µ = 0.
Figure 4.13 demonstrates that the one-sided, non-symmetric cyclic bending response of the
flexible pipe becomes symmetric around the mean cyclic bending curvature corresponding
to the equilibrium state for frictionless contact interaction.

The effect of non-symmetric cyclic bending is further investigated by a detailed study
of the loading condition in the inner tensile armor layer. The loading condition in the
outer tensile armor layer for non-symmetric cyclic bending is presented in [P2], and it
appears that the overall effect of non-symmetric cyclic bending is similar in both tensile
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Figure 4.13. Total resulting cross-sectional bending moment of the pipe as a function of the bending
curvature κG for µ = 0.15, αnom = 20◦ (−) , 25◦ (−), 30◦ (−), 35◦ (−) and µ = 0.0, αnom = 20◦

(- -) , 25◦ (- -), 30◦ (- -), 35◦ (- -) [P2].

armor layer. The center stress σc1 in the inner tensile armor is plotted in Figure 4.14 as a
function of the circumferential angular position v for bending cycle 1 and bending cycle
50. The center stress σc1 has a bilinear relation to the circumferential angular position v
and the variation of the center stress σcj increases for higher nominal lay angles αnom as
a result of higher contact stresses. The bilinear relation to the circumferential angular
position v indicates that the full tensile armor layer has slipped. The results in Figure
4.14 indicate that non-symmetric cyclic bending has a minor effect on the center stress
σcj .

The transverse bending stress in the inner σt1 tensile armor layer for bending cycle 1 and
bending cycle 50 is plotted in Figure 4.15. The plot depicts the transverse bending stress
as a function of the circumferential angular position v for κG = 0.0 m−1 and κG = 0.1 m−1

for various nominal lay angles αnom. It is evident that the transverse bending stress σtj
increases for higher nominal lay angles αnom. The slope of the transverse bending stress
shows a kink around the intrados at v = 180◦. The effect of the bending curvature
magnitude on the kink is low i.e. approximately the same for κG = 0.0 m−1 and κG =
0.1 m−1 in bending cycle 1 and bending cycle 50, respectively. When comparing the
amplitudes of the transverse bending stress σt1 presented in Figure 4.15, the result shows
that the variation of the stress in first bending cycle is larger and more asymmetrical
compared to the last bending cycle. During non-symmetric cyclic bending, the location
of the peak in the transverse bending stress σt1 shifts towards the intrados (v = 180◦) for
κG = 0.1 m−1, whereas the peak shifts towards the extrados (v = 0◦) for κG = 0.0 m−1.
The shift increases for higher nominal lay angles αnom. The magnitude and the distribution
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Figure 4.14. Inner armor center stress σc1 as a function of the circumferential angular position v in
(a) bending load cycle 1, and (b) bending load cycle 50 for µ = 0.15. κG = 0.1 m−1, αnom = 20◦

(−) , 25◦ (−), 30◦ (−), 35◦ (−) and κG = 0.0 m−1, αnom = 20◦ (- -) , 25◦ (- -), 30◦ (- -), 35◦ (- -).

of the transverse bending stress for the nominal armor lay angle αnom = 35◦ are similar
to the results presented in [21].
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Figure 4.15. Inner armor transverse bending stress σt1 as a function of the circumferential angular
position v in (a) bending load cycle 1, and (b) bending load cycle 50 for µ = 0.15. κG = 0.1 m−1,
αnom = 20◦ (−) , 25◦ (−), 30◦ (−), 35◦ (−) and κG = 0.0 m−1, αnom = 20◦ (- -) , 25◦ (- -), 30◦

(- -), 35◦ (- -) [P2].

The normal bending stress for bending cycle 1 and bending cycle 50 for the inner tensile
armor layer σn1 are plotted for the different nominal lay angles αnom in Figure 4.16. The
normal bending stresses are plotted as a function of the circumferential angular position
v for κG = 0.0 m−1 and κG = 0.1 m−1. The plot shows that the normal bending stress
in the last bending cycle is higher than in the first bending cycle, and that the normal
bending stress decreases for higher nominal lay angles αnom. The distribution of the
normal bending stress in the first cycle is irregular compared to bending cycle 50, where
the distribution obtains a sinusoidal shape for all nominal armor lay angles αnom. The
offset from zero at v = 90◦ is caused by the external tensile force Fz as a result of the
axial pipe strain that changes the pitch length of the tensile armor wires, resulting in a
constant positive normal bending stress along the tensile armor wires. The magnitude and
distribution of the normal bending stress for the nominal armor lay angle αnom = 35◦,
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plotted in Figure 4.16, is similar to the normal bending stress that can be calculated from
the normal bending curvature along the inner tensile armor layer presented in [21].
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Figure 4.16. Inner armor normal bending stress σn1 as a function of the circumferential angular
position v in (a) bending load cycle 1, and (b) bending load cycle 50 for µ = 0.15. κG = 0.1 m−1,
αnom = 20◦ (−) , 25◦ (−), 30◦ (−), 35◦ (−) and κG = 0.0 m−1, αnom = 20◦ (- -) , 25◦ (- -), 30◦

(- -), 35◦ (- -) [P2].

The transverse bending stress σtj as a function of the circumferential angular position
v after stabilization is plotted in Figure 4.17 for the nominal armor lay angle αnom = 25◦,
Fz = 500 kN and various friction coefficients. The transverse bending stress is presented for
frictional interaction µ > 0.0 and a bending curvature of κG = 0.0 m−1 or κG = 0.1 m−1.
Furthermore, the transverse bending stress is presented for frictionless interaction µ = 0.0
corresponding to the mean cyclic bending curvature (κG = 0.05 m−1). The result presented
in Figure 4.17 shows that the amplitude of the transverse bending stress increases with the
friction coefficient. The kink located around the intrados at v = 180◦ in the inner tensile
armor layer becomes more prominent for higher friction coefficients. Another evident effect
is that the peak location of the transverse bending stress translates towards the intrados
(v = 180◦) for κG = 0.1 m−1 and towards the extrados (v = 0◦) for κG = 0.0 m−1 when
the friction coefficient is increased. The results presented in Figure 4.18 show that the
transverse bending stress in a bending cycle for fully stabilized non-symmetric one-sided
cyclic bending becomes symmetric around the frictionless state corresponding to the mean
cyclic bending curvature.

In Figure 4.18, the normal bending stress in the inner σn1 for the nominal armor lay angle
αnom = 25◦ is plotted for bending cycle 50 as a function of the circumferential angular
position v for Fz = 500 kN and a friction coefficient of µ = 0.15 for both κG = 0.0 m−1 and
κG = 0.1 m−1. In addition, the normal bending stress σnj in the inner and outer tensile
armor for frictionless interaction µ = 0, subjected to the mean cyclic bending curvature
κG = 0.05 m−1 and Fz = 500 kN, is plotted in Figure 4.18. The range of the mean normal
bending stress for κG = 0.0 m−1 and κG = 0.1 m−1 in bending cycle 50 is equal to the
normal bending stress for frictionless interaction and the mean cyclic bending curvature
κG = 0.05 m−1. However, the mean value of the normal bending stress for κG = 0.0 m−1

and κG = 0.1 m−1 is higher compared to the normal bending stress with frictionless contact
interaction. The offset is more dominant for the inner tensile armor compared to the outer
tensile armor, and the offset increases for higher friction coefficients. It is assumed that
this effect is caused by the increased friction stress in the contact interface, affecting the
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Figure 4.17. Transverse bending stress in tensile armor as a function of the circumferential angular
position v. (a) inner armor layer σt1, and (b) outer armor layer σt2, for Fz = 500 kN and µ = 0,
κG = 0.05 m−1 (−) and for bending cycle 50 with full curves for κG = 0.1 m−1 and dashed curves
for κG = 0.0 m−1, and µ = 0.05, (−), µ = 0.15, (−), µ = 0.25, (−), µ = 0.35, (−) [P2].

nodal stresses used to calculate the normal bending stress.
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Figure 4.18. Normal bending stress (a) σn1 in the tensile inner armor, and (b) σn2 in the outer
tensile armor as a function of the circumferential angular position v for Fz = 500 kN, µ = 0,
κG = 0.05 m−1 (−), and for bending cycle 50 with µ = 0.15 and κG = 0.1 m−1 (−), κG = 0.0 m−1

(- -) [P2].
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5. Homogenization of helical armor
wire layer

FE analysis of helical armor wire layers is computationally expensive. Hence, a method
that is capable of representing the stiffness of the helical armor layers with reduced com-
putation time is needed. This section describes a method to represent the behavior of a
helical armor wire layer by a continuum layer with orthotropic material properties.

Three equilibrium equations that link the armor wire stresses to the cross-sectional
loading of a flexible pipe in terms of the axial force Fz, the pressure differential ∆P
between the internal Pint and external Pext pressure, and the torsional moment M , can
be calculated as [17]:

N∑

j=1

njσjAj cosαj = Fz (5.1)

N∑

j=1

njσjAj sinαj tanαj
2πrj

= Pintrint − Pextrext = ∆Prj (5.2)

N∑

j=1

njσjAj sinαjrj = M (5.3)

where N is the number of helical armor layers, σj is the stresses along the helical armor
wires, nj is the number of helical armor wires in each layer, rj is the mean radius of the
helical armor layer, αj is the helical armor lay angle, A is the cross-sectional area of the
helical armor wires, rint is the internal radius of the helical armor wire layer, and rext is
the external radius of the helical armor wire layer. The relation between the flexible pipe
deformations and the helical armor wire stresses σj is given by the following equation [17]:

σ = Ecos2αj
∆L

L
+ Esin2αj

∆r

rj
+ Erj sinαj cosαj

∆θ

L
(5.4)

where E is the Young’s modulus of the helical armor wires, ∆L/L is the axial pipe strain,
∆r/rj is the hoop strain of the helical armor layer, and ∆θ/L is the torsion rate of the
flexible pipe. It is assumed that the radial deformations ∆r of all the helical armor layers
are equal.

The in-plane stiffness properties of the continuum layers are determined by neglecting
the coupling between the torsion rate of the flexible pipe ∆θ/L, the axial pipe ∆L/L, and
the hoop strain ∆r/rj . This is considered to be a fair assumption for a single armor layer
with high armor lay angle αj or for a pair of helical armor layers that are well balanced.
Furthermore, the orthotropic in-plane engineering constants for the equivalent continuum
layer are determined using the thin-wall assumption for the continuum layer.
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5.1 Equivalent Young’s modulus in the axial direction

The armor wire stress σj due to the axial deformation of the flexible pipe is:

σj = Ecos2αj
∆L

L
(5.5)

for ∆r/rj = ∆θ/L = 0 according to equation (5.4). The axial stiffness of the armor layers
is found by combining equation (5.1) and (5.5):

N∑

j=1

njEAjcos3αj =
Fz

∆L/L
(5.6)

The axial stiffness of the continuum layer is determined using the thin-wall assumption
and is given by

EzAc = Ez2πrjtj =
Fz

∆L/L
(5.7)

where Ez is the equivalent Young’s modulus in the axial direction of the continuum layer,
Ac is the cross-sectional area of the continuum layer, and tj is the thickness. Now, the
equivalent Young’s modulus in the axial direction Ez can be determined by combining
equation (5.6) and (5.7):

Ez =
N∑

j=1

njEAjcos3αj
2πrjtj

(5.8)

5.2 Equivalent Young’s modulus in the hoop direction

The armor wire stress σj due to the hoop strain of the armor layer is

σj = Esin2αj
∆r

rj
(5.9)

for ∆L/L = ∆θ/L = 0 according to equation (5.4). The hoop stiffness of the armor layer
is determined by combining equation (5.2) and (5.9):

N∑

j=1

njEAjsin
3αj tanαj

2πr2j
=

∆P

∆r/rj
(5.10)

The hoop stress σθ in the continuum layer due to the differential pressure ∆P using the
thin-wall assumption is calculated as

σθ =
∆Prj
tj

(5.11)

Hooke’s law gives the following relation

σθ = Eθ
∆r

rj
(5.12)

where Eθ is the equivalent Young’s modulus in the hoop direction of the continuum layer.
The hoop stiffness of the continuum layer can be expressed by combining equation (5.11)
and (5.12):

Eθ
tj
rj

=
∆P

∆r/rj
(5.13)
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The equivalent Young’s modulus in the hoop direction Eθ is determined by combining
equation (5.10) and (5.13)

Eθ =
N∑

j=1

njEAjsin
3αj tanαj

2πrjtj
(5.14)

5.3 Equivalent in-plane shear modulus

The armor wire stress σj due to the torsion rate of the flexible pipe is

σj = Erj sinαj cosαj
∆θ

L
(5.15)

for ∆L/L = ∆r/rj = 0 according to equation (5.4). The torsional stiffness of the armor
layer is determined by combining equation (5.3) and (5.15):

N∑

j=1

njEr
2
jAj sin2 αj cosαj =

M

∆θ/L
(5.16)

The torsional stiffness of the continuum layer is determined using the thin-wall assumption

2πr3j tjGθz =
M

∆θ/L
(5.17)

where Gθz is the equivalent in-plane shear modulus of the continuum layer. The in-plane
shear modulus of the continuum layer Gθz is determined by combining equation (5.16)
and (5.17)

Gθz =
N∑

j=1

njEAj sin2 αj cosαj
2πrjtj

(5.18)

5.4 Equivalent in-plane Poisson’s ratio

The helical shape of the armor wire leads to a coupling between the armor wire stress
σj and the differential contact pressure ∆Pc between the internal and external contact
pressure of a helical armor layer. In the continuum layer, this coupling is accounted for by
the in-plane Poisson’s ratio. The coupling between the differential contact pressure ∆P c
and the armor wire stress σj can be calculated from equation (5.2) as [17]:

∆Pc =

N∑

j=1

njσjAj sinαj tanαj
2πr2j

(5.19)

The contact stress PC can be determined based on the axial pipe strain ∆L/L by combining
equation (5.5) and (5.19)

∆Pc =
N∑

j=1

njEAj sinαj tanαj cos2 αj
2πr2j

∆L

L
(5.20)
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The contact pressure ∆Pc is balanced by the hoop stresses σθ in the continuum layer,
which can be calculated by means of the thin-wall assumption as

σθ =
∆Pcrj
tj

(5.21)

The hoop stress in the continuum layer σθ can be calculated based on the pipe strain by
combining equation (5.20) and equation (5.21)

σθ =
N∑

j=1

njEAj sinαj tanαj cos2 αj
2πrjtj

∆L

L
(5.22)

The in-plane Poisson’s ratios νθz, and νzθ are coupling the axial strain and the hoop
strain of the continuum layer. The compliance matrix for a thin orthotropic layer can be
determined by Hooke’s law for plane stress by five engineering constants from which four
are independent:





∆L/L
∆r/rj
∆θ/θ



 =




1/Eθ −νzθ/Ez 0
νθz/Eθ 1/Ez 0

0 0 1/Gθz






σθ
σz
τθz



 (5.23)

where ∆θ/θ is the shear strain in the continuum layer, σz is the axial stress in the con-
tinuum layer, and τθz is the shear stress in the continuum layer. The compliance matrix
must be symmetric, resulting in the following restriction

νzθ
Ez

=
νθz
Eθ

(5.24)

For ∆θ/θ = 0, the inverse of the compliance matrix in equation (5.23) leads to the follow-
ing: {

σθ
σz

}
=

1

1− νθzνzθ

[
Eθ νzθEθ

νθzEz Ez

]{
∆r/rj
∆L/L

}
(5.25)

The stresses in the hoop direction σθ of the continuum layer are determined by assuming
zero hoop strain, ∆r/rj = 0, which reduces equation (5.25) to:

σθ =
νzθ

1− νθzνzθ
Eθεz (5.26)

Inserting equations (5.14) and (5.22) into equation (5.26) gives:

N∑

j=1

njEAj sinαj tanαj cos2 αj
2πrjtj

∆L

L
=

νzθ
1− νθzνzθ

N∑

j=1

njEAjsin
3αj tanαj

2πrjtj

∆L

L

m
cos2 α

sin2 α
=

νzθ
1− νθzνzθ

(5.27)

Equation (5.24) and equation (5.27) can be solved with the major and minor in-plane
Poisson’s ratios, νθz and νzθ, as unknowns.
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5.5 ABC-tape equivalent material properties

ABC-tape is typically made from steel or high-strength composite material such as aramid
fibers embedded in a polymer tape, giving the ABC-tape orthotropic material properties.
If the ABC-tape is made from composite material, only the longitudinal Young’s modulus
along the fiber direction of the ABC-tape is used to determine the equivalent in-plane
material properties of the continuum layer. The equivalent material properties for a he-
lical ABC-tape layer made of composite material are determined in this section from the
geometrical parameters and the material properties listed in table 5.1.

Table 5.1. Geometric parameters and material properties of helical armored composite ABC-tape.

Geometric Parameters Inner radius ri 115.25 mm
Thickness t 2.4 mm
Width w 60 mm
Pitch length L 130 mm
No. of wires n 2

Material properties Young’s modulus E 30000 MPa

The in-plane material properties of the continuum ABC-tape layer calculated with equa-
tions (5.8), (5.14), (5.18), (5.24), and (5.27) are equal to:

Ez = 26.3 MPa, Eθ = 26.4 · 103 MPa, Gθz = 834.4 MPa, νθz = 19.6 (5.28)

The equivalent Young’s modulus in the radial direction of the continuum layer should be
equal to the Young’s modulus in the radial direction of the ABC-tape. In practice, it is
difficult to determine the out-of-plane material properties experimentally for a thin ABC-
tape with orthotropic material properties. Hence, the out-of-plane material properties of
the ABC-tape is not available in this study. Furthermore, it is not expected that the
out-of-plane equivalent material properties have a significant influence on the result, given
that the magnitude of the out-of-plane material properties is reasonable. In this study,
the out-of-plane material properties are assumed based on engineering judgment and the
numerical stability of the FE model. The Young’s modulus Er in the radial direction of
the equivalent ABC-tape layer is set equal to the Young’s modulus in the hoop direction
Eθ.

Er = Eθ = 26.4 · 103 MPa (5.29)

The Poisson’s ratio between the hoop and the radial direction νrθ is assumed to be:

νrθ = 0.3 (5.30)

The armor lay angle of the ABC-tape is 79.9◦ which leads to a low coupling between the
axial and the radial strains. Therefore, the Poisson’s ratio νrz is assumed to be equal to
zero, implying that the axial strain ∆L/L and radial strain ∆r/rj are decoupled.

νrz = 0.0 (5.31)

The out-of-plane shear modulus, Grθ and Grz, is calculated with the equation for trans-
versely isotropic material

Grθ =
Er

2(1 + νrθ)
= 10.2 · 103 MPa (5.32)



42 Homogenization of helical armor wire layer

Grz =
Er

2(1 + νrz)
= 13.2 · 103 MPa (5.33)

The orthotropic equivalent material properties of the ABC-tape continuum layer are listed
in table 5.2. The lay angle of the ABC-tape is α = 79.9◦, producing a small coupling
between the axial and hoop strains. As a result of this, the magnitude of the in-plane
Poisson’s ratio νθz of the ABC-continuum layer is large. This can be seen in Table 5.2
below.

Table 5.2. Orthotropic material equivalent properties of the ABC-tape continuum layer.

Young’s modulus [ MPa ] Shear modulus [ MPa ] Poisson’s ratio [ - ]

Er = 26.4 · 103 Grθ = 10.2 · 103 νrθ = 0.3
Eθ = 26.4 · 103 Grz = 13.2 · 103 νrz = 0.0
Ez = 26.3 Gθz = 834 νθz = 19.6

In this section, a homogenization procedure able to represent the constitutive behavior
of helical armor layers by a continuum layer with orthotropic material properties has been
presented. In the following section, the material properties of the ABC-tape continuum
layer presented in Table 5.2 is used in the FP-RUC to study the lateral buckling failure
mode. From the analysis, that involves axial compression, it is experienced that large
magnitudes of νθz produce numerical errors in the FP-RUC, e.g. ovalization of the contin-
uum layer. The in-plane Poisson’s ratio νθz decreases when the armor lay angle is reduced.
The homogenization procedures for estimation of νθz presented here are therefore more
suitable for representation of two counter-wounded tensile armor layers when applied to
a continuum layer in finite element analysis. The lay angle of the ABC-tape is generally
high, which, in reality, produces a low coupling between the axial and hoop deformations.
Therefore, the in-plane Poisson’s ratio νθz of the ABC-tape continuum layer is neglected
and configured as equal to zero. This decouples deformation between the axial and hoop
directions, which is considered to be a fair assumption.



6. Lateral buckling

In this section, the FP-RUC will be used to analyze the lateral buckling failure mode of
tensile armor wires in unbonded flexible pipes. The lateral buckling failure mode of ten-
sile armor wires has been studied by several authors since it was discovered by Petrobras
in 1997 during a Deep-Immersion Performance test (DIP-test) of an unbonded flexible
pipe [11, 28]. Several analytical formulations based on a sixth order system of differential
equations have been presented to study lateral buckling [25, 27, 31]. These analytical
formulations exclude lateral contact between the armor wires and assume that the armor
wires reach the frictionless equilibrium state in compression after a significant number
of bending cycles. Lateral buckling is triggered in the analytical models by introducing
imperfections to the tensile armor wires. Studies of lateral buckling including friction are
presented in [29, 42, 43, 45] account for radial frictional contact interaction and neglect
lateral armor wire contact. Common for the methodologies presented above is the fact
that the tensile armor is free from geometrical constraints along the flexible pipe and
that they are constrained at each end of the flexible pipe. The author’s opinion is that
end-constraints of the tensile armor wires can be problematic when multiple tensile armor
wires are included in a model as the constraints that are not located exact at the intrados
and extrados prevents transverse sliding of the tensile armor wires. A linearized analytical
model [24] has been proposed to study lateral buckling without considering the bending
and friction effect. The lower-bound lateral buckling capacity of flexible pipes is deter-
mined by closed-form analytical expressions in [46]. Lateral buckling analysis performed
with a mathematical formulation and a periodic FE model that account for frictional in-
teraction, lateral contact, the ABC-tape, and the outer sheath is studied in [8, 9]. The
study showed that lateral contact is stabilizing the transverse sliding of the armor wires.

In this study, the progression of the lateral buckling failure is generated by applying
combined non-symmetrical cyclic bending and axial compression to a flexible pipe. The
mechanisms governing the progression of the lateral buckling failure, with the assumption
of flooded annulus conditions, are studied by analyzing the tensile armor wire loading and
the global response of the flexible pipe. This chapter summarizes the results presented in
[P3], which adds further details on e.g. pipe design, material properties, and results.

Compared to previous sections, an ABC-continuum layer is included in the FP-RUC to
reduce radial expansion of the tensile armor wires. The ABC-continuum layer represents
the mechanical behavior of the ABC-tape by the orthotropic material properties given
in table 5.2. The 6-inch flexible pipe is subjected to non-symmetrical cyclic bending
with a constant bending curvature amplitude between κG = 0.0 m−1 and κG = 0.06 m−1.
The non-symmetrical cyclic bending is combined with different magnitudes of the axial
compression forces Fz. The initial state of the armor wire is assumed to be stress-free and
no imperfections are applied to the tensile armor wires in this study.
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The tensile armor wire loading condition is only presented in this section. Details about
the global flexible pipe behavior under progression of later buckling can be found in [P3].
The work presented in section 4.5 shows that the tensile armor wires for non-symmetric
cyclic bending with axial tension migrate towards the compression side of the bending
plane (intrados). For axial compression and non-symmetric cyclic bending the migration
direction becomes the opposite as for axial tension, i.e. the armor wires tend to migrate
towards the tension side of the bending plane (extrados). When comparing the transverse
sliding rate for non-symmetric cyclic bending between axial tension and compression, the
transverse sliding proves more severe for axial compression. The transverse sliding leads to
lateral contact in the inner tensile armor layer that initiates at the extrados, after which
the lateral contact zone expands symmetrically towards the intrados with the bending
cycles. Lateral contact between the armor wires increases until no remaining lateral gap is
present at the tension side of the bending plane. The lateral contact leads to stabilization
of the transverse sliding rate of the tensile armor wires.

Contour plots of the stresses along the inner tensile armor wires can be found in Figure
6.1. The contour plots show the deformed shape and the stresses associated with κG =
0.06 m−1 and Fz = −800 kN in bending cycle 2001. The lateral gaps between the inner
tensile armor wires are closed on the tension side of the bending plane [y> 0], whereas the
lateral gaps expand towards the intrados [x=0, y< 0]. The increase of the lateral gaps at
the intrados introduces significant bending stresses that appear as stress gradients in the
armor wire cross-sections. These localized bending stresses may eventually lead to lateral
buckling of the tensile armor wires.

(a) (b)

(c)

z

z

x

x
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Figure 6.1. Contour plot of the stresses along the inner armor wires on the deformed shape in
bending cycle 2001 for κG = 0.06 m−1 and Fz = −800 kN. (a) Isometric view, (b) extrados view,
and (b) intrados view [P3].

The initial lateral gap and the lateral gap in bending cycle 2000 for κG = 0.06 m−1 are
plotted as a function of the circumferential angular position v for various axial compression
forces Fz in Figure 6.2. The plot shows that lateral contact occurs in the inner tensile
armor layer at the tension side of the bending plane, and that the lateral contact zone is
increasing with the axial compression force Fz. As the summarized gap distance in the
armor layer is constant for each compression level, the lateral gap between the armor wires
increases at the compression side of the bending plane. The maximum lateral gap between
the tensile armor wires is located at the intrados (v = 180◦). The maximum lateral gap
between the armor wires increases with the expansion of the lateral contact zone that
occurs when the axial compression force Fz is increased. The plot in Figure 6.2b shows
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that the lateral gap distance in the outer armor layer is significantly smaller compared to
the inner tensile armor layer. Furthermore, it should be noted that the lateral gaps in the
outer armor show a small correlation with the axial compression force Fz as the variation
with the axial compression force Fz is small. It is observed that a reduction of the friction
coefficient increases the transverse sliding towards the extrados of the outer tensile armor.
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Figure 6.2. Lateral gap in (a) the inner armor and (b) the outer armor layers the as a function
of the circumferential angular position v. Initial lateral gap (- -) and lateral gap in bending cycle
2000 for κG = 0.06 m−1, Fz = −600 kN (−) , −800 kN (−), −1000 kN (−), −1200 kN (−) [P3].

The transverse bending stress and the normal bending stress in the armor layers are
plotted as a function of the circumferential angular position v in Figure 6.3 and Figure 6.4
for bending cycle number 2000 and κG = 0.0 m−1 and κG = 0.06 m−1, respectively. The
bending stresses are plotted for different magnitudes of the compression force Fz. Figure
6.3 and Figure 6.4 show that lateral contact limits the bending stresses in the inner tensile
armor. As the lateral contact zone increases with the compression force Fz, the bending
stresses increases and becomes more localized. The maximum normal bending stress is
located at the intrados (v = 180◦) where the maximum lateral gap between the inner
armor wires are located for each compression level. The maximum transverse bending
stress in the inner armor is located between the maximum gap at the intrados and the
circumferential angular location where lateral contact initiates. As the lateral contact
zone expands with the compression force, the peak of the maximum transverse bending
stress translates towards the intrados. The maximum transverse and normal bending
stresses in the outer armor are located at the tension side of the bending plane and they
are significantly smaller compared to the inner tensile armor layer. This effect could be
a result of the support from the ABC-tape or the increased friction stress in the outer
armor compared to the inner armor. The results presented in Figure 6.3 are similar to the
observations presented in [9].

The center stresses σcj in the inner and outer armor layer for bending cycle number
2000 are plotted as a function of the circumferential angular position in Figure 6.5 for
κG = 0.0 m−1 and κG = 0.06 m−1, corresponding to different compression forces. The
results show that the magnitude of the center stresses σcj is higher in the inner armor
compared to the outer armor. The maximum compression stresses related to the center
stress σcj are located at the intrados (v = 180◦) of the bending plane in both the inner and
outer tensile armor layer. The variation of the center stresses does not increase with the
axial compression as seen in previous studies on combined tension and bending.
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Figure 6.3. Transverse bending stress in (a) the inner armor and (b) the outer armor as a function
of the circumferential angular position v in bending cycle 2000 for κG = 0.0 m−1 (dashed curves),
κG = 0.06 m−1 (full curves) for Fz = −600 kN (−) , −800 kN (−), −1000 kN (−), −1200 kN (−)
[P3].
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Figure 6.4. Normal bending stress in (a) the inner armor and (b) the outer armor as a function
of the circumferential angular position v in bending cycle 2000 for κG = 0.0 m−1 (dashed curves),
κG = 0.06 m−1 (full curves) for Fz = −600 kN (−) , −800 kN (−), −1000 kN (−), −1200 kN (−)
[P3].

The lateral buckling criteria are governed by the magnitude of the maximum compres-
sive stresses in the armor layers, as the armor wires are expected to fail in compression.
The maximum stresses for each bending cycle in the inner and outer tensile armor are
plotted as a function of the number of bending cycles in Figure 6.6, corresponding to the
different compression forces Fz. The results show that the magnitude of the compres-
sion stresses is significantly higher in the inner armor layer compared to the outer layer.
However, the stresses in the outer tensile armor layer increase with the stiffness of the
ABC-tape layer, in agreement with the results presented in [9], or if the friction coefficient
in the FP-RUC is reduced. The progression of the maximum compression stresses is sim-
ilar to the progression of the maximum lateral gap as the bending stresses are correlated
with the change of the lateral gaps between the armor wires. The maximum compressive
stress in the inner tensile armor increases significantly within the first bending cycles, until
it reaches a plateau. At the plateau, the maximum compressive stress is declining with a
linear slope, until the lateral contact pressure develops. As the lateral contact pressure be-
tween the armor wires develops, the maximum compression stresses start increasing again.
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Figure 6.5. Center stress in (a) the inner armor and (b) the outer armor as a function of the
circumferential angular position v in bending cycle 2000 for κG = 0.0 m−1 (dashed curves), κG =
0.06 m−1 (full curves) for Fz = −600 kN (−) , −800 kN (−), −1000 kN (−), −1200 kN (−) [P3].

Figure 6.6 shows that the steady-state response is not achieved within the first 2000 bend-
ing cycles, as the maximum compression stresses in each bending cycle increase at the end
of this bending sequence. It is expected that the maximum compression stresses within a
bending cycle will reach a steady-state stress level and become independent of additional
bending cycles. The steady-state stress level will be used to define the lateral buckling
capacity of the tensile armor wires. As the steady-state stress level is not achieved, the
lateral buckling capacity of the flexible pipe can, therefore not be ascertained based on
the results presented in this study. Additional bending cycles are required in the analysis
to study if a steady-state response is achievable for the presented load configurations.
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Figure 6.6. Minimum wire stress in tensile armor wires as a function of bending cycles in (a) the
inner layer σmin1 , and (b) the outer layer σmin2 for Fz = −600 kN (−) , −800 kN (−), −1000 kN
(−), −1200 kN (−) [P3].

The results presented in this section highlights the necessity to account for friction
interaction and lateral contact between the armor wires to achieve a reliable prediction of
the lateral buckling progression.
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7. Conclusions

The goal of this Ph.D. project has been to develop general multipurpose design tools, en-
abling detailed analysis of unbonded flexible pipes by capturing the full three-dimensional
response of armor wires without kinematic assumptions.

A large-scale, as well as a small-scale, FE model is presented to study tensile armor
wire loading and the bending hysteresis effect of unbonded flexible pipes subjected to
loading conditions corresponding to different locations along flexible riser systems. Both
FE models are based on three-dimensional numerical FE analysis implemented in the
ABAQUS/Standard code. Lateral and radial contact interaction is accounted for be-
tween all components in the unbonded flexible pipe using a Coulomb friction model. The
Coulomb friction model enables a realistic representation of the tensile armor wires’ con-
stitutive behavior, as the wires are free from kinematic assumptions.

The implementation of the large-scale FE model is outlined, and the model is applied to
study tensile armor wire loading in the region near the end fitting termination. The study
showed, that the tensile armor wire loading is irregular in the section near the end fitting
and along the interaction zone between the flexible pipe and the bellmouth. The tensile
armor stresses obtained by the large-scale FE model are benchmarked against stresses
obtained experimentally by an in-plane bending test of a flexible pipe where the curvature
is confined by a bellmouth. The benchmarking shows a good correlation between the
tensile armor wire stresses measured experimentally and the stresses determined by the
large-scale model.

The small-scale FE model is based on an already published methodology [8, 23] which
utilizes the periodicity of the helical armor wires to represent the Flexible Pipe by a Re-
peated Unit Cell FP-RUC approach. The FP-RUC is based on the assumption of constant
bending curvature, constant torsional rate, and constant axis-symmetrical loading. These
assumptions make it possible to represent the loading condition of each helical armor layer
by a single armor wire pitch, which reduces the required computational effort significantly
compared to the large-scale model. A detailed description of the RUC implementation
with general formulation of the periodic boundary conditions and the procedure which
ensures constant bending curvature is given in the analysis.

The FP-RUC is validated against analytical models for axial tension and static tension-
bending of the flexible pipes. The tensile armor loading and the bending response of a
flexible pipe is analyzed by the FP-RUC and the analytical approach for various static
tension-bending load configurations. An excellent correlation between the bending mo-
ment response for small curvatures is found, whereas the models deviate for larger cur-
vatures corresponding to the full-slip zone. The transverse and normal bending stresses
depend on the axial tensile force because it is tied to the radial frictional stresses of the
tensile armor layers in the FP-RUC. The analytical approach assumes that the tensile
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armor wires follow the loxodromic curve which decouples the axial tensile force and the
tensile armor bending stresses. A good correlation between the transverse bending stress
obtained with the two models is found for small curvatures and high axial tension force,
whereas deviation is found for high curvatures and low axial tension force. The oppo-
site trend is present for the normal bending stress where the deviation increases with the
tensile force. The center stress in the tensile armor shows excellent correlation for all
tension-bending load configurations.

A study of flexible pipes subjected to symmetric and non-symmetric cyclic bending
combined with axial tension is carried out using the FP-RUC. For this load configuration,
the study shows that the stabilize response of flexible pipes is symmetric around the
frictionless equilibrium state associated with the mean cyclic bending curvature. Under
non-symmetric cyclic bending with axial tension, the tensile armor wires slide towards the
compression side of the bending plane, hence reducing the resulting cross-sectional bending
moment of flexible pipes during bending. The sliding rate towards the compression side
of the bending plane increases with the axial tension force.

The governing mechanisms involved in the progression of the lateral buckling failure
was studied by analyzing a flexible pipe subjected to non-symmetric cyclic bending and
axial compression. Lateral contact between the inner tensile armor wires develops as a
result of the tensile armor wire migration towards the tension side of the bending plane.
The lateral contact zone increases in the inner tensile armor with the axial compression
force and the lateral contact limits the tensile armor wire stresses. The summarized gap
distance is constant for each compression level. This implies that the lateral gaps are
increasing at the compression side of the bending plane. Lateral buckling failure of the
tensile armor wires is expected to occur at the compression side, as the increased lateral
gaps introduce high normal and transverse bending stresses.
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7.1 Outlook and recommendations for future work

Based on the results presented in this Ph.D. thesis, the following proposals are suggested
for future research to extend and improve the understanding of the mechanical behavior
of unbonded flexible pipes:

• Analysis of unbonded flexible pipes subjected to large bending curvatures by the FP-
RUC leads to edge-effects. This is a result of tensile armor wire sliding, which implies
a loss of radial contact. It is recommended to develop the FP-RUC methodology
further to reduce these edge-effects. The edge-effect can be minimized by applying
periodic boundary conditions between additional nodal cross-sectional planes or by
extending the layers beyond the periodic coupling planes at the end-sections. The
radial contact interaction in the extended layer sections can then be accounted for
by frictionless contact interaction for radial support. Furthermore, a reduction of
the edge-effect improves the results when including external pressure in the analysis.

• In the presented FE models, an equivalent continuum layer with orthotropic material
properties represents the mechanical behavior of the carcass and pressure armor.
Representation of the carcass and pressure armor with a realistic geometry will
provide an insight into the influence of the carcass and pressure armor related to the
tensile armor wire loading condition. The current meshing strategy only includes
quadratic hexahedral elements, which leads to distorted elements for high armor lay
angles. Therefore, armor layers with high lay angles such as the carcass and pressure
armor require different meshing strategy, e.g. the inclusion of triangular elements at
the end-sections. A realistic representation of the carcass and pressure armor in the
FP-RUC also allows for detailed analysis of straight and curved collapse strength of
unbonded flexible pipes as well as bending fatigue of pressure armor including axial
tension and internal pressure.

• In this study, a Coulomb friction model with a constant isotropic friction coefficient
represents the tangential contact interaction between all contact surfaces in the un-
bonded flexible pipe. The absolute elastic slip distance that defines the maximum
relative motion of the contact surfaces during sticking is set to the ABAQUS default
value of 0.005 mm. It is advised to perform an experimental characterization of the
frictional properties between the individual layers of the unbonded flexible pipes to
estimate a more precise magnitude of the elastic slip distance and improve the fric-
tion model. The improved friction model may include a stick-slip behavior based
on the static and kinetic friction coefficients. The stick-slip behavior can easily be
implemented in ABAQUS by an exponential decay friction model, which uses an
exponential law to define the transition between the static and kinetic friction [49].

• The results obtained with the FP-RUC are compared to analytical models for val-
idation purposes for static axial tension and static tension-bending. It is recom-
mended to validate the results obtained by the FP-RUC for cyclic tension-bending
and compression-bending load configurations to results obtained experimentally.

• Cyclic bending of flexible pipes is presently only studied with constant bending cur-
vature amplitudes about a constant bending direction. In real offshore operational
conditions, the unbounded flexible pipes are subjected to cyclic bending with fluctu-
ating bending curvature amplitudes and various bending directions. It is therefore
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relevant to study the constitutive behavior of the tensile armor wires for cyclic bend-
ing sequences with different bending curvature amplitudes and bending directions.

• In addition, the curvature control which ensures constant bending curvature along
the flexible is constraining the length of flexible pipe during bending (κG 6= 0.0 m−1).
In the implementation, the length of the flexible pipe is only updated when the pipe
is straight (κG = 0.0 m−1). The bending curvature of the flexible pipe is based on the
imposed angular rotation of the master nodes ϕCx . The change of the flexible pipe
length introduces a variation of the bending curvature during a non-symmetrical
cyclic bending sequence. It is recommendable to modify the curvature control to
allow the pipe to change length during bending. This improvement could potentially
lead to faster stabilization of the flexible pipe response under non-symmetric cyclic
bending. Furthermore, it is recommendable to scale the imposed bending angle ϕCx
according to the axial deformation of the flexible pipe to obtain an equal bending
curvature under a non-symmetrical cyclic bending sequence.
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A. Damiens. Stresses in tensile armour layers of unbounded flexible risers loaded
with external pressure: Application to lateral buckling mode. In Proc. ASME 36th
Int. Conf. Ocean. Offshore Arct. Eng. - OMAE., Trondheim, Norway, June 25–30,
2017.

[10] P. Claydon, G. Cook, P. Brown, and R. Chandwani. Theoretical approach to pre-
diction of service life of unbonded flexible pipes under dynamic loading conditions.
Marine Structures, 5(5):399–429, 1992.

[11] L. F. de Paiva and M. A. Vaz. An empirical model for flexible pipe armor wire lateral
buckling failure load. Applied Ocean Research, 66:46–54, 2017.

53



54 REFERENCES

[12] J. R. M. de Sousa, F. J. M. de Sousa, M. Q. de Siqueira, L. V. S. Sagrilo, and C. A. D.
de Lemos. A theoretical approach to predict the fatigue life of flexible pipes. Journal
of Applied Mathematics, 2012:983819, 2012.

[13] A. T. Do, G. Bernard, and D. Hanonge. Carbon fiber armors applied to presalt flexible
pipe developments. In Offshore Technology Conference - OTC, Houston, Texas, USA,
April 30–May 3, 2013.

[14] A. T. Do and A. Lambert. Qualification of unbonded dynamic flexible riser with
carbon fibre composite armors. In Offshore technology conference - OTC, Houston,
Texas, USA, April 30–May 3, 2012.

[15] A. Ebrahimi. Local buckling response of subsea flexible pipe. PhD thesis, Faculty of
Engineering and Applied Science, Memorial University of Newfoundland, St. John’s,
Newfoundland and Labrador, 2016.

[16] J. Feret, J.-M. Leroy, and P. Estrier. Calculation of stresses and slips in flexible
armour layers with layers interaction. In Proc. ASME Int. Conf. Offshore Mech.
Arct. Eng. - OMAE., volume 5, pages 469–474, 01 1995.
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A B S T R A C T

Unbonded flexible pipes consist of multiple subcomponents which interact through frictional
contact. A full 3-D finite element analysis of unbonded flexible pipes is computationally ex-
pensive, and a more efficient approach for practical engineering purposes is required. This work
presents a repeated unit cell (RUC) finite element model for analyzing flexible pipes subjected to
combined constant tension and curvature. Periodic boundary conditions reduce the model size by
taking advantage of the structural and loading periodicities, and by assuming uniform wire be-
havior in the armor layer. The RUC model is suitable for resolving the local tensile armor stress
distribution and the global pipe response. A flexible pipe is studied with the RUC model for
various tension-bending load configurations and the results have been compared with existing
analytical models for validation. The study showed strong correlation between the RUC model
and the analytical models, with some difference in the wire bending stresses. This difference can
to some degree be explained by the difference in the wire kinematics assumptions. It is found that
the proposed RUC model is a robust and computationally efficient approach for analyzing flexible
pipes.

1. Introduction

Unbonded flexible pipes are a key component for deepwater oil production. These pipes generally comprise unbonded polymeric
and metallic layers that are able to slide relative to each other. By allowing relative movement between the layers, the pipe becomes
flexible, thereby improving the handling as well as the dynamic performance. Flexible pipes for offshore applications are well known
from e.g. the standard Recommended Practice for Flexible Pipe, API 17B [1], hence only a short introduction will be given here.
Several types of flexible pipes exist, exemplified by a Family III as shown in Fig. 1, according to API 17B. The main fluid barrier of a
flexible pipe is the inner sealing sheath (layer number 2 in Fig. 1) which defines the bore. To reinforce the inner sealing sheath against
the radial forces exerted by the bore pressure, a layer of pressure armor is wound on the pipe at an angle close to 90 relative to the
pipe axis (layer number 3 in Fig. 1). The pipe assembly is also subjected to axial forces, due to the internal pressure and hang-off
loads. These forces are absorbed by the tensile armor layer, which comprises counter-wound layers applied at an angle of 20 to 55
with respect to the pipe axis (layers number 4 and 5 in Fig. 1). Furthermore, an outer sheath (layer number 6 in Fig. 1) surrounds the
armor layers to prevent corrosion of the steel armor. The space confined by the inner liner and the outer sheath is referred to in the
literature as the pipe annulus. Under certain conditions, the pressure in the annulus may exceed the pressure inside the bore of the
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pipe. To prevent collapse of the inner sealing sheath under such conditions, an extra armor layer dubbed as carcass is normally used
as inner layer. In addition to providing the inner liner collapse resistance, the carcass enhances the pipes resistance to abrasive wear.
In addition to the aforementioned layers, a flexible pipe often contains additional layers to improve frictional properties, increase
thermal insulation, avoid armor wire buckling etc.

From dynamic analysis of the global system, using the dynamic response of the flexible pipe and rig and met-ocean data, it is
possible to predict the dynamic tension and curvature a flexible pipe is exposed to during its lifetime. Local stresses in the individual
tensile armor wires are analyzed, using these data on pipe curvature and dynamic tension. As the use of flexible pipes moves toward
deeper waters, the load on the tensile armor wires also increases considerably. In that regard, it is necessary to ascertain the local
stresses in the tensile armor wires, and a more detailed knowledge of the local stresses will allow for reduction of safety factors,
leading to a more optimized design.

Several authors have developed models capable of analyzing local stress and structural response of flexible pipes [2–6], and a
detailed literature review of publications dealing with this field can be found in Refs. [5,7]. Large-scale FE analysis of flexible pipes,
discussed in Refs. [8–10], is computationally expensive due to the nonlinear nature of the problem and the required number of
degrees of freedom (DOF). An alternative to solving the full FE model of a flexible pipe is based on a repeated unit cell RUC approach
presented in Refs. [11,12]. This RUC approach is computationally efficient, which makes detailed calculations of stresses in tensile
armor wires possible on a standard personal computer. Another FE model of a flexible pipe based on the RUC approach was de-
veloped in Refs. [7,13,14]. The periodic boundary conditions were introduced between the end sections of the RUC, and various
lengths of the RUC were analyzed with varying contact pressure and curvatures. This model required the same number of wires and
pitch lengths in all tensile armor layers, and no tension load was included in the analysis.

The aim of this paper is to implement a numerical model that enables prediction of local stresses in the individual tensile armor
wires, using data on pipe curvature and pipe tension force. The numerical RUC implementation is based on the methodology pre-
sented in Refs. [11,12]. In the current work a detailed prescription of the implementation in a commercially available finite element
code and features of the model are presented. A formulation of general nonlinear periodic boundary conditions is outlined for
axisymmetric loading and bending loading with constant curvature. Subsequently, the model is verified by comparing extensive
numerical results for initial bending with existing analytical models [3,5,15,16] for various tension-bending load configurations. The
present paper forms a solid basis for implementing more extensive models capable of studying complicated load scenarios e.g. tension
or compression combined with cyclic bending.

2. Periodic finite element analysis

The implementation of the periodic finite element model is outlined in this section. The application of the presented model is
limited to a pipe section with zero curvature gradients. The assumption of zero curvature gradient is generally valid outside regions
affected by bellmouth and the end termination. When a flexible pipe is subjected to a constant curvature and axisymmetric loading,
both the loading and the geometry can be assumed to be periodic [17]. Therefore, if the lay angle and the cross section are constant,
all the armor wires in a layer will experience the same stress path with a period of one pitch. This means that the stress analysis of the
armor layers can be performed on a RUC representing only a single pitch of an armor wire. An example of such a RUC representation
of an armor layer with 25 armor wires is illustrated in Fig. 2 where each armor wire in the RUC is numbered according to the position
on the pipe. The wires in the RUC can then be coupled according to the numbering to represent one pitch of an armor wire, as
illustrated on the right in Fig. 2.

A RUC representation of a flexible pipe is implemented in the commercially available finite element code ABAQUS/Standard
version 2017. The implemented model is a three-dimensional implicit time independent model that accounts for geometrical non-
linearities that occurs due to frictional contact between the components in the flexible pipe. The model implementation is outlined in
the subsequent sections. It should be noted that, throughout the text, the term FP-RUC refers to the numerical repeated unit cell
model of a flexible pipe.

2.1. Geometry and mesh

According to [11,12] the length LRUC of the FP-RUC can be determined based on the number of armor wires n1 in the inner armor

Fig. 1. Cross section of unbonded flexible pipe (Family III).
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layer and the pitch length L1 of the inner armor layer.

L N L
nRUC p

1

1
=

(1)

where Np is the number of pitches represented in the FP-RUC. Two pitches are represented in the FP-RUC used in this study N 2p = to
obtain a local symmetry plane in the center of each component in the model. The local symmetry planes are used to apply boundary
conditions and the periodic couplings outlined in section 2.3. The periodic coupling of the FP-RUC described in Refs. [11,12] couple
nodes located in the same position on the generatrix, meaning that nodal positions on the armor helix are the same. The ratio between
the number of armor wires nj, and the pitch length Lj should be equal for all the armor layers in order to obtain the same nodal
position on the armor helix, where the index j denotes the layer number given in Table 1. The pitch length L2 of the second armor
layer can be determined based on n1 and L1 and the number of armor wires n2 in the second layer as:

L L
n

n2
1

1
2=

(2)

Flexible pipes are usually designed with a ratio between nj and Lj, that results in a torsionally balanced pipe, i.e. a pipe where
coupling between tension and torsion is minimized. Tension-torsion coupling will generally occur in the FP-RUC due to the relation as
described in equations (1) and (2). The tension-torsion coupling of the FP-RUC is studied in the analysis of axisymmetrical loading
presented in section 4.1.

The presented FP-RUC model is limited to study of the interaction of tensile armor wires with each other as well with their
adjacent layers. Hence, the inner layers (carcass, inner liner, pressure armor) are combined into a single solid layer. This layer will be
referred to as the core throughout the paper. Nonstructural layers such as the anti-wear, thermal isolation and anti-buckling layers are
ignored in the model. The present FP-RUC model consists of four layers: a core layer, two tensile armor layers with opposite pitch
directions, and an outer sheath (see Fig. 3). The geometrical parameters of the flexible pipe cross section studied in this paper are
listed in Table 1.

The flexible pipe is meshed with 20-node quadratic brick elements (C3D20). All the layers in the FP-RUC are meshed with six

Fig. 2. RUC representation of one armor wire pitch in a layer with 25 armor wires (a) and one armor wire pitch (b).

Table 1
Geometric parameters of the flexible pipe cross section.

Layer Number Geometric Parameters Symbol Value

– – Bore diameter – 235 mm
Core 0 Thickness t0 12.0 mm
Tensile armor 1 Wire thickness t1 5.0 mm

Wire width w1 12.5 mm
Pitch length L1 1786 mm
No. of wires n1 55

Tensile armor 2 Wire thickness t2 5.0 mm
Wire width w2 12.5 mm
Pitch length L2 1851 mm
No. of wires n2 57

Outer sheath 3 Thickness t3 8.0 mm

T.V. Lukassen et al. Marine Structures 64 (2019) 401–420

403



elements in the axial direction. The core and the outer sheath are meshed with a single element each in the thickness direction and
the tensile armor wires are meshed with two elements in the thickness and width, respectively. The mesh and the geometry of the FP-
RUC are illustrated in Fig. 3a, and a cutaway illustration showing the internal layers of the FP-RUC is shown in Fig. 3b. The mesh used
in this study is comprised of 4368 elements with 35687 nodes.

2.2. Boundary and loading conditions

Each cross section of the core in the FP-RUC is constrained using a reference point located in the center of the pipe as shown in
Fig. 4. These reference points are connected to the nodes on the internal surface of the core layer with kinematic coupling constraints,
which makes the core rigid in the radial direction and prevents ovalization of the core layer. The ovalization is neglected in the FP-
RUC, thus involving a simplification regarding this aspect. This approach enables a good basis for direct comparison with the
analytical model presented later. The external tension and bending loads are applied to the two reference points at the end of the FP-
RUC section, referred to as the master nodes. The bending loads are applied as an angular rotation about the x-direction x

C and the
tension load as a follower force in the z-direction Fz [11] (see Fig. 4). To solve the stress problem three load steps are used, where the
tension is applied in load steps 1–2, and a subsequent application of the angular rotation in load step 3. The applied boundary
conditions at the master nodes at each load step are listed in Table 2. The tensile armor wires are only constrained by frictional
contact against the core and the outer sheath. The frictional contact has to be established between the layers prior to the application
of the bending load, which is the reason for the load application strategy.

The reference point located in the center plane of the pipe is constrained in all directions to avoid rigid body motion (see Fig. 4).
In this study, the focus is to analyze the pipe with as few assumptions as possible to obtain a true picture of the tensile armor wire
stresses. However, if faster execution is needed, the computation time can be reduced by introducing additional boundary condition
in the model, as described in Ref. [18]. To obtain a periodic loading condition of the FP-RUC, the curvature must be constant as
mentioned. This is an important difference between the simulation and the actual physical problem, where a flexible pipe subjected to
a combined tension-bending will have higher curvature near the end sections. The rotation of the master node x

C is coupled to the
position of the reference points to ensure constant curvature along the FP-RUC. The coupling is implemented using nonlinear multi-
point constraint MPC by the ABAQUS user subroutines [19]. The implementation of the curvature control is illustrated in Fig. 5 and
the analytical equations used for the FORTRAN implementation of the MPC subroutine are outlined below. The MPC subroutine
requires three components for large displacement analysis [20], which are

Fig. 3. (a) Geometry and mesh of the FP-RUC and, (b) visualization of the layers in the FP-RUC.

Fig. 4. Load and boundary conditions for bending load step 3.
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• A vector u containing the values of the dependent DOF based on the independent DOF values.
• Matrices A containing the derivatives of the constraint vector with respect to the involved nodal DOF.
• A matrix containing the DOF identifiers.

Note, that the arc length of the center axis of the pipe during bending should be equal to the deformed length of the pipe under
axisymmetric loading. Therefore, the deformed axial position of the reference points in tension in load step 2 is used in the coupling
equation to compute the deformed position of the reference points to obtain a constant curvature. For constant curvature, the bending
rotation x

RP along the pipe center axis is a linear function of the axial coordinate along the deformed center axis, and therefore
given by

z z
L L

2x
RP RP RP

RUC RUC
x
C= +

+ (3)

where zRP is the undeformed initial axial position, and zRP is the axial displacement of the reference point in the tension load step 2.
LRUC is the deformed length of the FP-RUC in the tension load step 2. The bending radius RB can be expressed as:

R L L
2

, 0B
RUC RUC

x
C x

C= + >
(4)

The deformation in the y-direction uy
RP for pure bending about the x-axis with constant curvature can be expressed as

u R(1 cos )y
RP

x
RP

B= (5)

Now, equation (5) can be rewritten in the form of the constraint equation as

f u u R( , ) (1 cos ) 0y
RP

x
RP

y
RP

x
RP

B1 = + = (6)

The partial derivative of the constraint equation with respect to the involved DOF is required for the Newton-Raphson iteration used
in the nonlinear analysis. Thus, the ABAQUS subroutine matrix elements Au

11
RP

and A11
RP

containing the partial derivatives of f1 with
respect to uy

RP and x
RP can be expressed as

A
f
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f

Rsin
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B11
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= =
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Table 2
Load and boundary condition applied to the master nodes and reference points.

Constrained DOF's Load

Load Step Master node & reference points Master node

Tension load, step 1 U1, U2, UR1, UR2 F0.1 z
Tension load, step 2 U1, U2, UR1, UR2 Fz
Bending load, step 3 U1, UR2 Fz , x

C

Fig. 5. Illustration of curvature control.
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The deformation value of the dependent node uy
RP and the matrix elements containing the derivatives Au

11
RP

and A11
RP

are im-
plemented in the ABAQUS MPC subroutine to obtain constant curvature along the center axis of the pipe.

2.3. Periodic coupling

The implementation and the derivation of the periodic coupling is outlined in this subsection. A flexible pipe is unbonded, and the
tensile armor wires can slide during bending resulting in a non-plane global pipe cross section (see Fig. 6). An important consequence
of such a behavior is that the tensile armor wires will lose radial contact near the edges of the FP-RUC. If left uncorrected, the loss of
radial contact may give rise to edge effects. To avoid these edge effects, the nodes located at the end surface of the FP-RUC are
coupled to the nodes located at the same position on the armor helix in the center plane by means of a periodic coupling relation. The
FP-RUC requires a center plane for the periodic coupling, the number of pitches included in the model are therefore restricted to a
minimum of two, and it should always be an even number. The periodic coupling is implemented in the ABAQUS MPC user sub-
routine due to its nonlinearity. An example of the periodic coupling of the corner nodes in one tensile armor layer is illustrated in an
undeformed configuration in Fig. 7b and in an unfolded configuration 7a, where the positions is given by the circumferential angular
position v and the axial coordinate z. All the nodes located at the two end cross sections Bk are coupled to the nodes located in center
plane Ak for each component in the FP-RUC. The index k denotes the node number of the nodes located in the cross sections that are
included in the periodic coupling for all components in the pipe. The DOF of Bk is eliminated by the periodic coupling constraint,
whereas Ak remains unaffected.

For analysis with high pipe curvatures, additional nodal cross sections of the tensile armor will lose radial contact near the edges
of the FP-RUC leading to edge effects. To avoid the edge effects for high pipe curvatures, the number of elements in the axial direction
of the tensile armor wire can be reduced or additional periodic couplings of nodal cross sections can be introduced. Note, that the
additional periodic couplings should not be coupled to the nodes located in the center plane nodes, but rather the nodes located at the
same position on the armor helix with a distance of one pitch.

2.3.1. Periodic coupling equation
The periodic coupling equation defining the periodic deformation of the wires is derived in this section. A relation describing the

deformation of the dependent node Bk as a function of the deformation of the independent node Ak and the master reference point C
is provided in Fig. 8. The nodes located at Bk in the undeformed configuration are translated to the location Bk in the deformed
configuration. A relation for such a deformation can be derived based on a rigid body rotation of the relative deformation with
respect to the core of the pipe. Thus, according to [11,12], the vector from the position C to Bk is defined as:

Fig. 6. Deformed shape of tensile armor layers for 0.1G = m−1 and F 500z = kN.

Fig. 7. Nodes in the periodic coupling, (a) unfolded configuration, (b) on undeformed configuration.
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C B CB A AR( ) ( ),k
C

k k
C

x
C

y
C

z
C= + = (9)

Here, the vector CBk defines a radial vector from the center of the pipe to the node number k in the undeformed configuration. The
deformation causes a rotation of the pipe cross section, and the term R CB( )C

k defines a rigid body rotation of this vector along with

the pipe cross section. The vector A Ak k defines the deformation of the node Ak and thus corresponds to a slip or deformation of the
armor wire cross section. The slip and the deformation of the nodes Bk are, due to the periodic assumption, equal to the slip and the
deformation of the nodes Ak. Therefore, the slip and the deformation of the wires are defined with respect to the pipe cross section,

rotated relative to the undeformed cross section giving rise to the term R A A( )C
k k. The periodic coupling equation defined in

equation (9) is rewritten to determine the values of the dependent DOF uB based on arrays containing the original undeformed
position xB, xC, and the nodal displacement of the independent nodes uA, uC as:

CCuC = (10)

B BuB
k k= (11)

A AuA
k k= (12)

u R x x u u x x( )( )B C B C A C C B= + + + (13)

Now, the relation in equation (13) is rewritten in the form of a constraint equation vector f as:

f u u u u R x x u u x x 0( , , ) ( )( )A B C B C B C A C C B= + + = (14)

2.3.2. The derivative of the constraint equation
The partial derivatives of constraint equation f defining the periodic coupling is determined using the product rule:

d d d d df u R x x u R u u 0( )( ) ( )B C B C A C A C= + = (15)

The matrices A* containing the partial derivatives with respect to the nodal DOF of the constraint equation can be determined as:

A f
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+ > = (18)

where m 1,2,3= and n 1, , 6= … . The derivatives of the translational DOF are straightforward, while the derivative of the rotational
matrix requires a detailed analysis.

2.3.3. Rotation representation
The representation of rotations in ABAQUS is given via the Rodrigues vector representation nC C= . This representation is

converted to an equivalent Cayley vector,

(a)

(b)

Fig. 8. (a) Initial and (b) deformed location of the master reference point C, the dependent node Bk and the independent node Ak.

T.V. Lukassen et al. Marine Structures 64 (2019) 401–420

407



ntan 1
2

1
2

C C=
(19)

The parameter C is the magnitude of the bending rotation and n is the unit vector representing the axis of rotation. The rotation
matrix can be expressed in terms of the Cayley transformation as (see e.g. Ref. [21]),

R I I( ˆ) ( ˆ)1= + (20)

Where ˆ is the skew-symmetric matrix representation of the Cayley vector representation, defined as

ˆ
0

0
0

z y

z x

y x

=

(21)

The rotation matrix is applied in the definition of the constraint equations (13) and (14). The derivative of the rotation matrix can
be found as

R I I2( ˆ)
ˆ

( ˆ) ,
x
C

x
C

1 1=
(22)

and similar for the y and z components. The partial derivatives of the skew-symmetric matrix ˆ with respect to the components of the
Rodrigues vector at 0= are given as
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(23)

The derivation can be obtained using conventional calculus. A discussion on the derivation and representations of the incremental
rotations can be found in Ref. [21]. Note, that the rotation representation derived here is only valid for small rotation angle C due to
the assumption in equation (19).

2.4. Material parameters

The material properties for each layer in the pipe are listed in Table 3. The core layer is modelled with orthotropic material
properties with Young's modulus E11 in the radial direction and E22 in the tangential direction equal to that of steel. The Young's
modulus E33 in the axial direction is equal to that of a typical polymeric inner liner, and the shear modulus of the core is equal to that
of steel. The Poisson ratio between the radial and tangential direction 12 is equal to that of steel, whereas it is zero in the other
directions ( 13, 23), in order to decouple the deformation between these directions. The tensile armor wires are analyzed with
isotropic material properties equal to that of standard carbon steel. Note that the analytical results are given in the local tensile armor
wire coordinate system (Fig. 9b). A local material coordinate system that follows the tensile armor wire helix with the same or-
ientation as shown in Fig. 9b is hence defined in the ABAQUS user subroutine ORIENT [19]. The stress and the strain components are
then computed in the local wire coordinate system. The outer sheath is modelled with representative isotropic polymeric material
properties.

2.5. Interaction

The interaction between the layers is modelled by surface-to-surface contact with a finite sliding formulation. The tangential
behavior is established by penalty contact with a constant isotropic coulomb friction µ 0.12= in accordance with [8,11]. An absolute
elastic slip distance that defines the maximum relative motion of the contact surfaces during sticking is set to 0.005 mm in accordance
with [11]. The normal direction behavior is implemented by a linear penalty method with a contact stiffness of 2000 N/mm3 as

Table 3
Material properties used to model the core, the tensile armor and the outer sheath.

Material parameter Core Tensile armor Outer sheath

Young's modulus [MPa] E 210 1011 3= 210 103 400

E 210 1022 3=
E 0.9 1033 3=

Shear modulus [MPa] G 42 1012 3= – –

G 42 1013 3=
G 0.5 1023 3=

Poisson's ratio [−] 0.312 = 0.3 0.4
0.013 =
0.023 =
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normal enforcement method. The chosen contact stiffness is based on an acceptable balance between time and contact penetration.
Contact control in terms of equivalent viscous damping for relative motions between the contact pairs [19] is activated by automatic
contact stabilization in the first tension load step where 10% of the tensile load is applied. A summary of the contact interaction
properties is listed in Table 4.

3. Analytical model

The tensile armor stress determined with the FP-RUC is compared to existing analytical models for both axis-symmetrical and
bending loading configurations. The analytical models are outlined in this section.

3.1. Axisymmetric loading

According to [15], the stress in the tensile armor wire can be determined for axis-symmetrical loading for axial tension, axial
torsion, internal pressure and external pressure, by solving three equilibrium equations with three unknowns. The polymer layers are
not included in this analytical approach, and the radial deformation is furthermore neglected, as the core of the pipe in the FP-RUC is
constrained in the radial direction. The system of equations can then be reduced to two equilibrium equations for axial force and axial
torsion, respectively as:

n a Fcos
j

N

j j
AS

j j z
1

=
= (24)

n a r Msin
j

N

j j
AS

j j j
1

=
= (25)

where N is the number of armor layers, j
AS is the stress due to axisymmetric loading, aj is the cross section area of the wire, j is the

armor lay angle, Fz is the pipe tension force and M is the applied external torsion moment. The wire stress can be related to the pipe
deformation L and the pipe twist without radial deformation by N equations [15]:
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where L L/ is the axial strain and L/ is the twist rate of the pipe. The contact pressure at the inner and the outer surface for each
layer (Pi j, , Po j, ) can be determined from the outermost layer according to [15] as:
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The layer contact pressure is corrected with a fill factor Ff according to [5] that accounts for the gaps between the wires as:

F
n w
r2 cosf j

j j

j j
, =

(29)

Now, the contact pressure of the tensile armor wire pj is given by:

Table 4
Contact interaction properties used in FP-RUC.

Contact option Contact interaction parameters Settings

Contact formulation Discretization method Surface-to-surface
Sliding formulation Finite sliding
Surface smoothing Automatic

Tangential behavior Friction Formulation Penalty
Coulomb Friction Coefficient μ 0.12
Absolute Elastic Slip distance 0.005 mm

Normal behavior Pressure-overclosure Linear penalty stiffness
Contact stiffness 2000 N/mm3

Contact controls Automatic stabilization Step 1
Factor 1
Tangent fraction 1
Fraction of damping at end of step 0
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The contact pressure is assumed to remain constant during bending in the analytical approach, and therefore the contact pressure
determined for axial tension is used in the bending loading analysis.

3.2. Bending loading of tensile armor wires

One of the earliest theories for calculating stresses in the tensile armor wires due to pipe bending is based on differential geometry
of curved helices. This theory can be traced back to [15] and has been further developed in Refs. [16,22], and is still being used
extensively in both literature, e.g. Ref. [5], and in the commercial fatigue analysis software-package Bflex [23] for flexible pipes and
umbilicals. The analytical theory is derived by attaching a Darboux-frame to the helical curve of the tensile armor wire path, and by
considering the deformations of the vectors of this Darboux-frame caused by bending of the pipe. A Darboux-frame is a triad of
orthonormal vectors, which are aligned along the three X-axes in local wire coordinate system, as illustrated in Fig. 9.

The derivation of the following theory can be found widely in literature, e.g. Refs. [5,6,16]. However, for the sake of clarity, a
brief explanation of the relevant points is included in this paper. Bending of a pipe to a curvature of G, leads to a deformation of the
wire path. If we start by considering the deformation in the axial direction X1, this gives a compression strain on half of the cir-
cumference and tensile strain on the other half. The stress caused by this axial strain is often termed as frictional stress, since the
frictional forces towards the adjacent layers carry it,

v Er v( ) cos cosj
friction preslip

G
, 2= (31)

This friction stress is valid for curvatures low enough for the wires to stick to the adjacent layers, i.e. for curvatures below the so-
called critical curvature Gcr . The critical curvature can be found by considering the force equilibrium of an infinitesimal slice of the
tensile armor wire. The increase of the axial force on the wire over the infinitesimal length dX1 can be found by multiplying equation
(31) with the cross-sectional area of the wire a followed by differentiating with respect to X1. The frictional shear force has a capacity
of µ p µ p dX( )i i o o

1+ , and by equating these two quantities, and solving for G the critical curvature Gcr is obtained.

v
µ p µ p

Et v
( )

cos sin sinG
i i o o

2cr =
+

(32)

The critical curvature is a function of the considered circumferential angular position v and has a minimum at v /2= ; 3 /2,
where the initial slip occurs. Equation (32) can also be solved for v, giving the circumferential angle v* for the transition between the
slip region and the stick region:

v
µ p µ p

Et
( ) arcsin

cos sin
,

2G
i i o o

G
G G

*
2 cr=
+

>
(33)

The transition angle is illustrated in Fig. 10. The friction stress is symmetric about the Z2- axis and antisymmetric about the
Z1-axis. The transition angle for each quarter circumference is therefore, symmetric about both of these axes. After the initial slip
occurs, the friction stress distribution around the circumference becomes more complex, and depends on whether the considered
circumferential angle v is in the slip-region or in the stick-region. The friction stress in the slip and stick region, respectively, can be
given as:

v
µ p µ p r

t
v( )

( )
sin 2j

friction slip i i o o, =
+

(34)

Fig. 9. Global pipe coordinate system (a) and local wire coordinate system (b).
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v Er v v
µ p µ p r

t
v( ) cos (cos cos )

( )
sin 2j

friction stick
G

i i o o, 2 * *= +
+

(35)

In addition to the friction stress, the bending stresses in the tensile armor wires due to the pipe bending are also caused by the
local bending deformation of the wires. These wire bending stresses are considered as a superposition of pure bending and thus
simply found as:

E Xj 2
32 = (36)

E Xj 3
23 = (37)

where 2 and 3 are the pipe-bending induced local curvatures of the wire about the X 2 and X 3 axis, respectively. j
2 and j

3 are the
stresses due to transverse 2 and normal 3 curvature, respectively. The local initial curvatures of the wires on a straight pipe are
not included as the wires are assumed to be stress-free due to the pre-deformation during production of the wires. The bending
induced local curvatures can be found by applying the Serret-Frenet formula, known from differential geometry on the Darboux-
frame of the wire path due to pipe bending. Two wire-paths have been proposed in the literature: the geodesic path and the loxo-
dromic path. The geodesic path is the shortest path between the intrados and extrados on the pipe, and requires the wire to move in
the transverse direction X 3 and by definition has zero transverse curvature. The loxodromic path states that the wires keep their
initial lay-angle α throughout bending, which also means that the wire does not move in the transverse direction. Numerical studies
in Ref. [16] have shown that the wires do not move significantly in the transverse direction over a single bending cycle, which
suggests the loxodromic curve. It has been shown in Refs. [3,4] that when a pipe is subjected to repeated bending, the mean
transverse curvature of the bending cycles converges towards zero. Furthermore, the transverse curvature range of each bending
cycle is almost constant and similar to that of the loxodromic path. For non-cyclic bending, as studied in this work, the loxodromic
path is assumed giving the following curvatures:

vcos (1 sin )sin G2
2= + (38)

vcos cos G3
4= (39)

The combined axial stress of the tensile armor wire can be found by assuming superposition of the axisymmetric stress, the friction
stress and the wire bending stress. The axisymmetric stress and the friction stress are uniform on the wire cross-section, while the
wire-bending stress depends on the position on the wire cross-section. The extremities at the four wire corners therefore yield the
highest stress-variation.

X X X X( , ) ( ) ( )j
tot AS

j
friction

j j
2 3 3 22 3= + + + (40)

3.3. Bending moment of flexible pipe

If the effect of the pressure armor and carcass is neglected, then the bending moment of a flexible pipe can be calculated based on
the bending moment contributions from the tensile armor layers Mf and the continuum layers Mcontinuum. The bending moment
contribution from the tensile armor layers can be calculated by integration of the frictional stresses given in equations (34) and (35)
around the circumference, accounting for distance relative to the neutral axis and lay angle. This is for instance done in Ref. [5], and
it can be shown that this gives the bending moment contribution given by:

M F Er t v v v
µ p µ p r

v4cos 1
2

cos (sin cos )
( )

sin
cosf

f G
i i o o2 3 2 * * *

3
*= + +

+
(41)

were an additional factor of cos( ) is included relative to the equations presented in Ref. [5], which is in accordance with [23]. The
cross-section bending moment contribution Mj

continuum of the continuum layers is determined as:

M EI E r t r t
4 2 2

continuum
G G

4 4
= = +

(42)

where I is the area moment of inertia of the continuum layer, E is the Young's modulus of the continuum layers in the axial direction.
The total cross-sectional bending moment Mtot of the pipe is found by summation of the bending moment contributions of the
individual layers:

M M M M Mj
tot continuum f f continuum

0 1 2 3= + + + (43)

4. Comparison of numerical FP-RUC model and analytical results

The numerical FP-RUC model presented in section 2 is compared to the analytical approach presented in section 3. Several
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axisymmetric and bending load cases are studied with the analytical and the FP-RUC to compare these methods. Where the two
methods deviate, the difference between the results will be highlighted and discussed. Note that no internal pressure, external
pressure and torsional moment has been applied in the following analysis. To facilitate the discussion, stresses in the FP-RUC are
evaluated at the nodal positions of the tensile armor wire, shown in Fig. 11.

The cross section coordinates of the tensile armor wire in the FP-RUC are transformed into circumferential angular position v
given in the cylindrical coordinate system, for comparison to the analytical results by the following equation:

v y
x

atan2=
(44)

where x and y are nodal cross sectional coordinates of the FP-RUC given in the coordinate system centered on the pipe center axis,
with the directions given in Fig. 3, Fig. 11 and Fig. 15. The FP-RUC is solved using five CPUs on a High-Performance Computing HPC
cluster. Each computer node in the HPC cluster has two Intel Xeon E5-2680v2 processors with 10 cores each, running at 2.8 GHz and
with 64GB memory. The computation time depends on the loading configuration, but as an example the computation time for

0.06G = m−1 and F 500z = kN is 23.2 min without preprocessing for 10 sub-steps in the bending load step. The computation time of
the FP-RUC model is highly efficient when comparing to the computation time reported in Ref. [9].

4.1. Axisymmetric loading

The average tensile armor wire stresses j
AS RUC, in the FP-RUC for axisymmetric loading is determined as:

1
4

( )j
AS RUC

j
corner

j
corner

j
corner

j
corner, (1) (2) (3) (4)= + + + (45)

where j
corner (1), j

corner (2), j
corner (3) and j

corner (4) are the stresses in the X1- direction of the corner nodes in the tensile armor wires called
corner(1), corner(2), corner(3) and corner(4) (see Fig. 11). The tensile armor wire stress in the inner and outer armor layers are
determined using the FP-RUC ( AS RUC

1
, , AS RUC

2
, ) and the analytical approach ( AS

1 , AS
2 ), which is plotted as a function of the pipe

tension Fz, see Fig. 12. As expected, the calculated stress is proportional to the tensile load and the maximum deviation between the
analytical and numerical model is 0.5% for the inner tensile armor layer and 0.6% for the outer tensile armor layer.

Fig. 11. Stress output position of FP-RUC in the tensile armor.

Fig. 10. Illustration of circumferential angle and transition angle between slip and stick region.
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Fig. 12. Average stress along the inner and outer tensile armor wire as a function of the pipe tensile force Fz .

Fig. 13. Pipe strain as a function of the pipe tensile force Fz .

Fig. 14. Twist rate of pipe ( L/ ) as a function of the pipe tensile force Fz .
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The pipe strain L L/ is determined with the FP-RUC and the analytical approach is shown in Fig. 13 as a function of the pipe
tension Fz. The FP-RUC pipe strain is larger compared to the analytical result, and the deviation increases with increased pipe tension
Fz. To explain this, it should be noted that the core layer in the FP-RUC has a radial stiffness equal to steel (see Table 3) and a linear
contact stiffness of 2000 N/mm3, allowing a radial deformation. The radial deformation is dependent on the contact pressure,
whereas the analytical model assumes a rigid core in the radial direction. Thus, the deviation of the elongation is expected to be
caused by the discrepancy in the radial stiffness between the two models. The maximum deviation between the analytical and
numerical results provided in Fig. 13 is 1.3%.

The twist rate L/ of the pipe is determined using both FP-RUC and the analytical approach, and is provided in Fig. 14 as a
function of the pipe tension Fz. The polymeric layers are not included in the analytical approach, which results in a higher tension-
torsion coupling compared to the FP-RUC model, as it can be noted in Fig. 14. The maximum deviation between the analytical and the
FP-RUC model is 2.2%.

4.2. Bending loading

A contour plot of the stresses in the X1-direction on the deformed shape of the outer and inner tensile armor layer is shown in
Fig. 15 for a global pipe curvature 0.06G = m−1 and a tensile force of F 500z = kN. From the contour plot, it can be noted that there
is no significant stress concentration due to edge effects and that the highest bending stresses are located near the global neutral axis
of the pipe bend (y 0= ) as expected. The tensile armor wires do not slide at the intrados and extrados (x 0= ) and the sliding
magnitude increases towards the global neutral axis of the pipe bend (y 0= ).

The cross-section bending moment of the pipe determined with the FP-RUC model MRUC is obtained by the reaction moment

Fig. 15. Contour plot of stress along outer and inner tensile armor wires in the X1-direction for 0.06G = m−1 and F 500z = kN [MPa].

Fig. 16. Cross-section moment as a function of G for various Fz during the initial bending cycle.

T.V. Lukassen et al. Marine Structures 64 (2019) 401–420

414



applied to a master node. In Fig. 16 the cross-section bending moment of the pipe, calculated with the analytical and FP-RUC model
Mtot and MRUC, is plotted as a function of G for various Fz to characterize the stick-slip regime of the tensile armor wires. A good
correlation between the moment-curvature relationship determined with the analytical model and the FP-RUC model is found for
small curvatures. However, for larger curvatures, in the full-slip phase, the moment-curvature relationship obtained with the two
models deviates. In the full-slip phase MRUC and G has a nonlinear relationship in contrast to Mtot, which is linear because it is
governed by the cross-section moment contributions M continuum

0 and Mcontinuum
3 of the continuum layers.

4.2.1. Tensile armor wire loading
The corner stresses of the tensile armor wires in the X1-direction determined with the FP-RUC model are compared with the

stresses predicted by the analytical model. The values are plotted as a function of the circumferential angular position v in Fig. 17.
The circumferential angular position of the corner stress predicted with the analytical model refers to the center position of the tensile
armor wire, whereas the FP-RUC model refers to the actual circumferential angular position of the corners. The calculated corner
stresses show a good correlation between the methods.

To obtain a basis for detailed comparison between the analytical and FP-RUC models, the stresses predicted with the FP-RUC
model are decomposed into three different stress contributions. One of the contributions is the center stress of the tensile armor wire

j
ctr determined with the FP-RUC model, which is evaluated at the nodal position in the center of the tensile armor wire as shown in

Fig. 11. Due to the combined tension and pipe bending, the center stress j
avg in the tensile armor is calculated with the analytical

approach as:

j
avg

j
AS

j
friction= + (46)

j
avg and j

ctr are plotted as a function of the circumferential angular position in Fig. 18 for constant F 500z = kN and various values of
G and in Fig. 19 for constant 0.06G = m−1 and various values of Fz. In Fig. 18 it can be seen that j

avg has a bilinear relation to
circumferential angular position and it is independent of the G for both the inner and the outer tensile armor layers, indicating that
all of the layers are in the slip region. The contact stresses are higher at the inner tensile armor layer, which leads to a higher variation
of j

avg and j
ctr compared to the outer tensile armor layer. Furthermore, the contact stress increases with Fz, resulting in higher

variation of j
avg and j

ctr as it can be seen in Fig. 19. There is a good overall correlation between the j
avg and j

ctr , see Fig. 18 and
Fig. 19. However, the FP-RUC model predicts higher center stress at the extrados (v 0= ) and lower stress at the intrados (v 180= )
compared to the analytical approach. The contact stresses can vary along the tensile armor wire in the FP-RUC model, which could
explain the small discrepancy between predicted stress in Fig. 18 and Fig. 19.

Referring to Fig. 11, the transverse bending stress j
12 determined using the FP-RUC, at the nodal position called ctr(12) is

calculated as:

1
2

( )j j
ctr

j
ctr12 (12) (34)= (47)

where j
ctr (12) and j

ctr (34) are the tensile armor normal stresses in the X1-direction due to combined tension and bending which are
evaluated in the center nodes ctr(12) and ctr(34) located on the two sides of the tensile armor, as shown in Fig. 11. The transverse

Fig. 17. Corner stress in tensile armor wire layer as a function of circumferential angular position for 0.06G = m−1 and F 500z = kN.
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bending stress w( /2)j j2 , determined using the analytical approach for the local tensile armor wires, is plotted as a function of the
circumferential angular position in both Fig. 20 and Fig. 21. In Fig. 20, the stress values are plotted for constant F 500z = kN and
various G whereas Fig. 21 shows the stress values for constant 0.06G = m−1 and various Fz. In Fig. 20, the transverse bending varies
as expected based on G. The transverse bending stress determined with the analytical approach is independent of Fz (see also
equations (36) and (38)), as it is assumed that the tensile armor wires follow the loxodromic path on the pipe during bending. On the
other hand, the transverse bending stress determined with the FP-RUC is correlated to Fz, see Fig. 21. It can be seen in the transverse
bending stress predicted with the FP-RUC is lower compared to the analytical transverse bending stress for all the load cases studied
in this paper. Referring again to Fig. 11, the normal bending stress j

41 determined with the FP-RUC located at the nodal position
called ctr(41) is calculated as:

Fig. 18. Center stress in the tensile armor wire layers as a function of the circumferential angular position for F 500z = kN and various G [m−1].

Fig. 19. Center stress in the tensile armor wire layers as a function of the circumferential angular position for 0.06G = m−1 and various Fz .
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1
2

( )j j
ctr

j
ctr41 (41) (23)= (48)

where j
ctr (23) and j

ctr (41) are the tensile armor normal stresses in the X1-direction due to the combined tension and bending, evaluated
in the armor wire center nodes called ctr(23) and ctr(41) located at the top and bottom of the armor wires, as shown in Fig. 11.

The normal bending stress of the tensile armor wires t( /2)j j3 calculated with the analytical approach is plotted as a function of
the circumferential angular position in Fig. 22 and Fig. 23. In Fig. 22, the stress plot is made for constant F 500z = kN and various
values of G, whereas Fig. 23 depicts the same stress values for constant 0.06G = m−1 and various values of Fz. The normal bending

Fig. 20. Transverse bending stress in the tensile armor wire layers as a function of the circumferential angular position for F 500z = kN and various
G [m−1].

Fig. 21. Transverse bending stress in the tensile armor wire layers as a function of the circumferential angular position for 0.06G = m−1 and
various Fz .
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stress predicted with the FP-RUC is numerically smaller compared to the analytical approach and the deviation decreases for higher
G, specially for the outer tensile armor layer. The normal bending stress predicted with the analytical approach is independent of Fz

(see equations (37) and (39)) whereas the normal bending stress determined with the FP-RUC varies with Fz as it can be seen in
Fig. 23. The deviation between the normal bending stresses calculated with the FP-RUC and the analytical approach could be
explained as previous by the sliding interaction between the tensile armor layers in the FP-RUC and due to the difference between the
tensile armor wire path in the two models.

The maximum stresses j
max and j

tot max, in the X1-direction of each tensile armor layer determined with the analytical and the FP-
RUC model, respectively, is plotted as a function of the G in Fig. 24. A good correlation is obtained between the maximum stress

Fig. 22. Normal bending stress in the tensile armor wire layers as a function of the circumferential angular position for F 500z = kN and various G
[m−1].

Fig. 23. Normal bending stress in the tensile armor wire layers as a function of the circumferential angular position for 0.06G = m−1 and various
Fz .
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predicted with the analytical and FP-RUC model. As expected, the maximum stresses are higher for the inner tensile armor layer
compared to the outer tensile armor layer because of two major effects. The first effect is that the inner tensile armor layer is
subjected to higher contact stresses compared to the outer tensile armor layer, leading to higher friction stresses and bending stresses
of the tensile armor wires. The second effect is the higher stresses that occur in the inner tensile armor layer compared to the outer
during axial tension, shown as a different stress level in the two tensile armor layers for 0G = .

The maximum stress that occurs in the tensile armor layer due to bending ( j
B RUC, , j

B) along the X1-direction, determined with the
analytical and the FP-RUC model, is calculated by equations (49) and (50), respectively.

j
B RUC

j
max

j
AS RUC, ,= (49)

( )w tmax ( ) ( )j
B

j
friction

j j j j2 3= + + (50)

The maximum change of stress that occurs in the tensile armor layers determined with the analytical and FP-RUC model is shown
in Fig. 25 as a function of G. For small curvatures the change of the maximum stress in the tensile armor layers has a linear slope
proportional to G due to sticking of the tensile armor wires. The relationship becomes nonlinear for G beyond initiation of tensile
armor wire slip. The tensile armor wire slip propagates in the nonlinear transition zone between sticking and full-slip of the tensile
armor layers. For high curvatures in the full-slip zone of the tensile armor layers, the slope becomes linear again. The curvature where

Fig. 24. Maximum tensile armor wire stress in the X1-direction as a function of G for various Fz .

Fig. 25. Maximum change of stresses due to bending in the tensile armor layer along the X1-direction as a function of G for various Fz .
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initiation of tensile armor wire slipping occurs increases with increasing Fz, due to the higher contact stresses. It can be seen that the
outer tensile armor layer slips before inner tensile armor layer because the initiation of slipping occur at lower G due to lower
contact stresses. A good correlation j

B RUC, and j
B can generally be observed for in Fig. 25 for large Fz. However, it can be observed

that j
B RUC, and j

B deviate for Fz= 50 kN and Fz= 100 kN. Transverse sliding of the tensile armor wires is more prone to occur at high
ratio between curvature and contact stresses. The FP-RUC model allows transverse sliding in contrast to the analytical model which
gives rise to the deviation between j

B RUC, and j
B that occurs for Fz= 50 kN and Fz= 100 kN.

5. Conclusion

A general RUC finite element approach has been presented for analyzing flexible pipes subjected to combined tension and
constant curvature. The model takes advantage of the structural and loading periodicities by assuming uniform wire behavior in each
armor layer. This assumption implies that one pitch of a single wire in each tensile armor layer can represent the loading condition of
the full tensile armor layer. Periodic boundary conditions have been implemented to reduce the model size and to make the model
computationally efficient. The presented model is suitable for resolving the local tensile armor stress distribution and the global pipe
response. Existing analytical models were outlined for axisymmetric and combined tension-bending loading conditions, respectively.
A flexible pipe was studied with the RUC model for axial-tension and combined tension-bending load configurations. The RUC model
results were compared with existing analytical models for validation. The tensile armor stress and the global pipe response computed
by the RUC model for axial tension showed excellent agreement with those obtained using the analytical model. A detailed study of
the tensile armor stresses was performed for various tension-bending load conditions. The study showed that the tensile armor
bending stress is dependent on the axial-tension in the RUC model, whereas the bending stress is independent of the axial-tension in
the presented analytical model due to the loxodromic wire path assumption during bending. The study showed a strong correlation
between the tensile armor stresses determined with the RUC model and the analytical models.
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Abstract

Unbonded flexible pipes have superior fatigue performance as the internal armor layers are allowed
to move relative to each other, leading to reduced structural loading. The main interaction between
the internal layers are the contact and the frictional forces. Frictional interaction leads to a complex
non-linear mechanical behavior of unbonded flexible pipes making prediction of cyclic bending fatigue
a demanding task. Nevertheless, detailed understanding of local armor wire stresses and the related
fatigue phenomena is of paramount importance since unbonded flexible risers are often operated close
to their mechanical limits. This paper presents a method for calculating the tensile armor wire loading
and the hysteresis effect on flexible pipes when subjected to tension, and non-symmetric cyclic bending.
The effect of non-symmetric cyclic bending with different tensile armor lay angles, and frictional
conditions are studied. The analysis is performed with an efficient repeated unit cell finite element
model allowing the analysis to be performed on a desktop computer. The study shows that the tensile
armor wires gradually translate towards the compression side of the pipe bending plane, when the
unbonded flexible pipe is subjected to combined tension and non-symmetric cyclic bending. In the
analysis, cyclic bending is applied until stabilization of both the global response and the tensile armor
wire loading is achieved over a full bending cycle. The global bending response of the flexible pipe
and the tensile armor wire loading conditions for fully stabilized non-symmetric cyclic bending become
symmetric around the frictionless state for the mean cyclic bending curvature.

Keywords: Flexible pipes, Cyclic bending, Repeated unit cell, Tensile armor bending stress, Helical layer,
Frictional contact, Finite elements.

1. Introduction

Unbonded flexible pipes are used in the offshore industry as flexible risers for conveying gases and
liquids between sub-sea installations and topside floating units. Due to wave action, the topside floating
unit pitches and rolls, leading to cyclic bending of the riser. Flexible risers are typically installed in
configurations where the pipe bending curvature of the hang-off regions is zero for the mean ocean
environmental condition. However, wind and current may offset the position of the floating unit [1],
which leads to non-symmetric cyclic bending i.e. cyclic bending with non-zero mean curvature of the
flexible riser. The highest cyclic bending curvature typically occurs in the upper hang-off section, close
to the point where the flexible riser is attached to the floating unit. Furthermore, the highest tensile
loads also occur in the upper hang-off section. These tensile loads are caused by the end-cap effect
from internal pressure, the weight of the flexible riser and the inertia forces due to heave of the topside
floating unit. The upper hang-off section of typical flexible risers is generally most critical with regard
to fatigue due to the combination of high curvature and high tension loads [2]. Unbonded flexible
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pipes are well known in the offshore industry and information about the architecture of flexible pipes
can be found in [2] or in the Recommended Practice for Flexible Pipe, API 17B [3].

Studies on bending behavior of flexible pipes can be carried out by means of both analytical and
numerical methods. The analytical methods often assume that the helical armor wire slides along
a predefined geodesic or loxodromic wire path on a torus that can be expressed using closed-form
algebraic equations. The loxodromic wire path constrains transverse movement of the helical armor
wires during bending and consequently only allows sliding movement along the wires, resulting in a
constant lay angle [4]. The work presented in [5, 6, 7, 8, 9] assumes that the armor wire follows the
loxodromic wire path. The geodesic wire path, defined as the shortest curve between two points on a
curved surface [10], is considered to be the theoretical upper bound of helical armor wire movement for
combined tension and bending loading. Loading of helical armor wires in a flexible pipe during bending
has been analyzed in [11, 12] with the assumption of the geodesic wire path. An alternative analytical
approach is to solve a system of differential equations to obtain the equilibrium state for the armor
wires represented as curved slender beams on a frictionless torus [4]. The armor wires in this model
are free from geometrical constraints along the pipe but the wires are, however, fixed at both ends of
the pipe. The mentioned analytical models presented above are not able to accurately predict cyclic
loading when the mean cyclic bending curvature of the flexible riser is different from zero. Further
mathematical methods capable of analyzing cyclic bending of flexible pipes including frictional effects
without a predefined helical armor wire path were presented in [13, 14, 15, 16]. These models without
geometric limitations on the wire path comprise a set of differential equations having to be solved
numerically. Full Finite Element (FE) modeling of flexible pipe bending is computationally expensive
and the armor wires are generally affected by boundary effects. This makes full models well-suited
for analyzing for example the influence of the end-fitting on armor wire loading [17, 18, 19]. On the
other hand, it makes calculations of wire loading free from end effects extremely inefficient, because
long pipe lengths have to be included in the model. FE analysis of pipe behavior free from boundary
effects has previously been presented [20, 21, 22] by a Repeated Unit Cell (RUC) model with periodic
boundary condition. The RUC approach leads to a compact FE model as each layer of armor wire
can be represented by just one pitch of a single wire. The RUC FE model allows for analysis of the
mechanical behavior of flexible pipes that are subjected to combined constant axis-symmetrical loading
and pipe bending curvature.

In this paper, the RUC FE model will be used to study the bending hysteresis effect of the flexible
pipe and the tensile armor wire loading, for combined tension and non-symmetric cyclic bending.
Various tensile armor lay angles, and friction coefficients will be analyzed to study the effect on armor
wire loading as well as the global response of a flexible pipe during non-cyclic bending.

2. Finite element analysis

The calculation scheme used in this study is based on the repeated unit cell FE modeling ap-
proach presented in [22] where it was validated against well-known analytical models [7, 8, 9] for
initial bending. The modeling approach and assumptions together with additional features that are
implemented to account for cyclic bending will be summarized below. For detailed information about
the approach, derivations, assumptions and implementation of this particular RUC FE model, refer-
ence is made to [22]. The abbreviation FP-RUC is used for ”flexible pipe RUC finite element model”
throughout the paper. The FP-RUC is implemented in the commercially available finite element code
ABAQUS/Standard version 2017. The model is a three-dimensional implicit nonlinear finite element
model, which is solved using the default direct solver and a non-symmetric matrix storage to improve
convergence and reduce computation time.

2.1. Geometry and mesh

An example of the geometry and mesh of the FP-RUC and a cutaway illustration for visualizing
the internal layers of the model are shown in Figure 1. The flexible pipe is represented by four layers: a
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core layer, a pair of counter-wound tensile armor layers, and an outer sheath. The core layer represents
the behavior of the inner liner, carcass and the pressure armor by equivalent material properties to
simplify the geometry FP-RUC and reduce the required computational effort. The FP-RUC is meshed
with 20-node quadratic hexahedral brick elements (C3D20). The mesh of the core and the outer sheath
consists of one element in the thickness direction, whereas the armor layers have two elements in the
thickness and width, respectively. All the layers have six elements in the longitudinal direction. The

(a) (b)
Outer sheath

Outer tensile armor

Inner tensile armor

Core

x

y

z x

y

z

Lp

Figure 1: (a) Geometry and mesh of the FP-RUC, and (b) cutaway illustration of internal layers.

length of the flexible pipe Lp in the FP-RUC model is calculated using the number of wires in the
inner tensile armor n1, the pitch length of the inner tensile armor L1 and the number of pitches in the
armor layers Np [20, 21, 22, 23],

Lp = Np
L1

n1
(1)

The periodic boundary conditions implemented in the FP-RUC require a local symmetry plane in the
center of each component in the FP-RUC. The number of pitches included in the helical armor layers
is therefore two (Np=2). Furthermore, for the model to work, the ratio between the number of tensile
armor wires and the pitch length in all helical armor layers has to be equal [22]:

L1

n1
=
Lj

nj
(2)

where j is the layer number in the flexible pipe.

2.2. Boundary and loading condition

Periodic boundary conditions [21, 22] are used to couple the nodes located at the two end surfaces of
the FP-RUC to the nodes located at the center symmetry plane of each component. It is required that
the coupled nodes have the same circumferential angular position, which is obtained by the geometrical
relation given in equations (1) and (2). The external loads and boundary conditions applied in the
FP-RUC are illustrated in Figure 2. A reference point is located in each nodal cross sectional plane
along the pipe center axis (see Figure 2) and it is connected to the nodes in the same cross section on
the internal surface of the core by kinematic coupling constraints. The center reference point located
in the central symmetry plane of the core is constrained in all degrees of freedom (DOF) to make the
FP-RUC statically determined [22].

The tension force Fz from external load and internal end cap pressure is applied as a follower force
in the z-direction [21, 22], and pipe bending is applied as a rotation about the x-direction ϕC

x of the two
master nodes as illustrated in Figure 2. When running a cyclic bending analysis of a flexible pipe, the
tension force Fz is applied in the first two load steps, creating initial radial frictional contact between
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Figure 2: Load and boundary conditions for the bending load steps.

the layers in the flexible pipe. Hereafter cyclic bending load is applied in the subsequent load steps.
Analysis of the flexible pipe with frictionless interaction requires application of additional boundary
conditions to make the FP-RUC statically determined, as no friction interaction occurs to constrain
the layers in the hoop and axial direction. For frictionless interaction, a node located in the center
plane at the extrados of each layer is constrained in the x- and z-direction as illustrated in Figure 2.
The additional boundary conditions consist of satisfying the symmetry condition of each component
in the flexible pipe and allowing the armor layers to rotate about the y-direction of the constrained
nodes. The cyclic loading and boundary conditions applied to the master nodes and the reference
points are listed in Table 1.

Table 1: Load and boundary conditions applied to the master nodes.

Constrained DOF’s Load

Load Step Master node & reference points Master nodes

Tension load, step 1 U1, U2, UR1, UR2 0.1Fz

Tension load, step 2 U1, U2, UR1, UR2 Fz

Bending load, step 3–102 U1, UR2 Fz, ϕC
x

The periodic boundary conditions require that the global bending curvature κG is kept constant
along the flexible pipe. Curvature control is imposed by coupling the rotation of the master nodes ϕC

x

to the y-displacement uy of the master nodes and the reference points. This coupling is implemented
using the nonlinear multi-point constraint ABAQUS subroutine [24]. The bending rotation ∆ϕx along
the pipe center axis can be calculated as [22]:

∆ϕx =
z + ∆z

Lp + ∆Lp
2ϕC

x (3)

where z is the undeformed axial position, ∆z is the axial displacement of the reference points, and
∆Lp is the axial pipe deformation. Both ∆z and ∆Lp of the pipe are updated when ϕC

x = 0 to account
for the axial deformation that occurs during tension and cyclic bending. The bending radius R of the
center axis of the pipe can be calculated as [22]:

R =
Lp + ∆Lp

2ϕC
x

,
∣∣ϕC

x

∣∣ > 0 (4)

4



where the ∆Lp is updated when ϕC
x = 0, i.e. after applying the axial tensile force Fz. The displacement

in the y-direction of the reference points uy that results in constant curvature is applied according to
[22] when

∣∣ϕC
x

∣∣ > 0,
uy = − [1 − cos (∆ϕx)]R (5)

Further details about the implementation of the curvature control using the nonlinear multi-point
constraint MPC can be found in [22].

2.3. Material parameters

The core layer is represented by equivalent orthotropic material properties with Young’s modulus
in the radial and tangential direction corresponding to steel E11 = E22 = 210 · 103 MPa. The stiffness
in the axial direction of the core is assumed to be governed by the polymeric liner and Young’s modulus
in the axial direction is therefore set to E33 = 1.2 · 103 MPa equivalent to the polymeric material used
for the liner. The Poisson’s ratio between the radial and the tangential direction is ν12 = 0.3 and the
others are ν13 = ν23 = 0.0 to decouple the deformations in these directions. The shear moduli of the
core layer are G12 = G13 = 42 · 103 MPa and the in-plane shear modulus is set to G23 = 429 MPa,
equivalent to isotropic polymeric material. The armor layers are modeled with isotropic material
properties with a Young’s modulus of E = 200 · 103 MPa and a Poisson’s ratio of ν = 0.3. A local
material coordinate system that follows the helical shape of the armor wires is implemented in the
FP-RUC, as shown in Figure 4, to facilitate output of stresses and strains in the local wire coordinate
system [22]. The outer sheath is analyzed with isotropic polymeric material properties with a Young’s
modulus of E = 800 MPa and a Poisson’s ratio of ν = 0.4.

2.4. Interaction

Radial frictional contact interaction is included between the components in the FP-RUC model.
The contact interaction is modeled with a surface-to-surface discretization method using a finite sliding
formulation and automatic surface smoothing. The contact interaction behavior is defined in both the
tangential and the normal direction relative to the contact surface. The behavior in the tangential
direction is modeled as frictionless (µ = 0.0) or by using a Coulomb friction model with an isotropic
friction coefficient (µ > 0.0). The normal behavior is established by a penalty contact formulation with
a linear penalty stiffness of 2000 N/mm3. An absolute elastic slip distance that defines the maximum
relative motion of the contact surfaces during sticking is set to 0.005 mm in accordance with [21, 22].
To reduce the computation time [22], contact damping of the relative motions between the contact
surfaces is activated by automatic contact stabilization in the first tension load step where the radial
contact interaction between the layers is established. Note, that no stabilization is used after the first
tension load step.

3. Results

In this section the tensile armor wire loading and the global pipe response of a pipe with four
different tensile armor lay angles will be analyzed. The nominal tensile armor lay angle of the inner
armor layer αnom is varied between 20◦ and 35◦ which covers the typical lay angle range of tensile
armor wires used in Family III pipes [3]. The FP-RUC model presented in this study is not able to
analyze armor lay angles above approximately 35◦ for the pipe diameter used here, as the current
meshing strategy results in distorted elements at high lay angles. Different meshing strategies e.g. the
inclusion of triangular elements at the end sections will solve this issue, but has not been implemented
in the present work. The cross sectional parameters of each pipe design analyzed in this study are
listed in Table 2. The radial dimensions of all pipe cross sections are equal, whereas the number of
tensile armor wires are adjusted for each layer to obtain a similar fill factor F f

j . The fill factors F f
j
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for each layer of the corresponding cross sectional pipe design are listed in Table 2 and determined
according to [8, 22] as:

F f
j =

njwj

2πrj cos (αj)
(6)

where rj is the mean radius, αj is armor lay angle, nj is the number of armor wires in the current
layer, and wj is the width of the armor wire.

Table 2: Flexible pipe geometric cross section parameters with various armor lay angles.

Nominal lay angle [ ◦ ] αnom 20 25 30 35

Layer No. Bore diameter [mm] – 142.6

Core 0 Thickness [mm] t0 5.0

Armor 1 Wire thickness [mm] t1 4.0

Wire width [mm] w1 9.0

No. of wires [ - ] n1 48 46 44 42

Lay angle [ ◦ ] α1 20.0 25.0 30.0 35.0

Fill factor [ - ] F f
1 0.934 0.929 0.929 0.938

Armor 2 Wire thickness [mm] t2 4.0

Wire width [mm] w2 9.0

No. of wires [ - ] n2 50 48 46 44

Lay angle [ ◦ ] α2 20.2 25.2 30.1 35.1

Fill factor [ - ] F f
2 0.927 0.923 0.926 0.936

Sheath 3 Thickness [mm] t3 5.0

The first analyses are done using a frictionless interaction assumption, followed by calculations with
frictional interaction between the pipe layers. For analysis with frictionless interaction, the response of
the armor layers is independent of the load history, because it is governed by the load equilibrium state
of the armor wires [4, 16] and unaffected by hysteresis. This simplifies the required pipe loading history
to contain only external tension and initial bending. However, when the pipe analysis includes friction
interaction, hysteresis occurs and the global response and loading of the armor wires are therefore
dependent on the load history of the pipe. In this situation, the pipe is subjected to external tension
and non-symmetric cyclic bending until stabilization of both the global response and the armor wire
loading is achieved for a full bending cycle. The stresses along the inner and outer tensile armor are
evaluated at the nodal positions as shown in Figure 3a. The location of the tensile armor stresses is
transformed from the Cartesian coordinate system to a cylindrical coordinate system as illustrated in
3b. The Cartesian coordinates x and y of the FP-RUC are given in the coordinate system centered
on the pipe center axis, with the directions given in Figure 1 and Figure 2.

To obtain a detailed study of the response and loading of the tensile armor, the stresses are
decomposed into three different stress contributions: the center stress σcj , the transverse bending
stress σtj , and the normal bending stress σnj , as illustrated in Figure 4. Furthermore, Figure 4 shows

a local coordinate system in the center of the tensile armor wire with the directions X1, X2, and
X3. The center stress σcj represents the average stress of the tensile armor wire cross section along

the X1-direction and is determined from the stresses at the nodal position c located in the geometric
center of the tensile armor wire cross section. The bending stresses σnj and σtj due to tensile armor
bending, are calculated with the assumption of pure bending in both directions. This has been found
to be a good assumption for both frictionless and friction interaction because the stress gradient is
linear along the X2 and X3-directions. The transverse bending stress σtj , i.e. the stress variation along

the transverse X3-direction of the tensile armor wire, is calculated according to equation (7) using the
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Figure 3: (a) Output position of stresses tensile armor and (b) illustration of global pipe Cartesian and circumferential
angular coordinate system.

stress σm12 at the mid node position m12 and σ34j , where σ34j is interpolated at the transverse position

in the tensile armor wire relative to node m12 from the stress σm34 at the nodal position m34. The
normal bending stress σnj is calculated in equation (8) from the stresses σm41

j and σm23 located at the
nodal position m41 and m23, respectively.

σt = 1
2

(
σm12 − σ34

)
(7)

σn = 1
2

(
σm41 − σm23

)
(8)

σt

σn

σcX3

X2

X1

Figure 4: Illustration of center stress component σc, normal bending stress component σn and transverse bending stress
component σt in the tensile armor wire.

3.1. Frictionless interaction

The global response and loading of the tensile armor wires are studied in this subsection using
frictionless interaction properties µ = 0, external axial tension Fz and global bending curvature of
κG = 0.1 m−1.

3.1.1. Global pipe response

The cross-section bending moment contribution of the core and the outer sheath
(
M cont

0 , M cont
3

)

and the total moment contribution from the continuum layers Mcont are calculated as [22]:

M cont
j = κGEI (9)

Mcont = M cont
0 +M cont

3 (10)
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where E is the Young’s modulus in the axial direction of the continuum layers and I is the area
moment of inertia of the continuum layers. In Figure 5, the bending moment contribution Mcont from
the continuum layers and the total resulting cross sectional bending moment of the pipe are plotted as
a function of the pipe curvature κG to quantify the frictionless bending response of the flexible pipe for
different nominal tensile armor lay angles αnom. Note, that a linear relation exists between the total
resulting cross sectional bending moment and the pipe curvature κG, and that the bending moment
increases with the nominal lay angle αnom. Furthermore, it should be noticed that the total resulting
cross sectional bending moment of the pipe is smaller than the bending moment contribution from the
continuum layers Mcont. The moment contribution of the tensile armor layers can be calculated from
the difference between the moment contribution of the continuum layers Mcont and the total resulting
cross sectional bending moment of the pipe.
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Figure 5: Cross sectional bending moment as a function of the bending curvature κG for the continuum layers Mcont

(−), and for the flexible pipe with µ = 0, Fz = 500 kN, and αnom = 20◦ (-•-) , 25◦ (-•-), 30◦ (-•-), 35◦ (-•-).

The total resulting cross sectional bending moment of the pipe and the bending moment contri-
bution of the continuum layers Mcont are plotted as a function of the pipe curvature κG in Figure 6
for αnom = 25◦ and various Fz in the range of 0 − 1000 kN. Figure 6 shows that when no tensile force
is applied Fz = 0 kN, the total resulting cross sectional bending of the pipe is increased compared to
the bending moment contribution of the continuum layers Mcont. However, the total resulting cross
sectional bending moment reduces when applying an external tensile force Fz > 0 kN. The bending
moment contribution of the continuum layers can be assumed to be equal for the axial pipe strains in
the load cases analyzed in Figure 6, whereas the bending moment contribution of the tensile armor
layers is dependent on the magnitude of the axial tensile force Fz.

The deformed pipe cross section with αnom = 25◦ and µ = 0 subjected to Fz = 1000 kN and
κG = 0.1 m−1 is illustrated in Figure 7a and the normalized lateral gap between the tensile armor
wires in the outer tensile armor layer is plotted as a function of the circumferential angular position v
in Figure 7b for a nominal lay angle of αnom = 25◦ and µ = 0 subjected to κG = 0.1 m−1 and various
external tensile force in the range of Fz = 0−1000 kN. When the pipe is subjected to combined tension
and bending, the tensile armor wires slide towards the intrados of the pipe bend as it can be seen on
the gap distance between the wires and indicated by the red arrows in Figure 7a. The lateral gap
distance in the outer tensile armor wires is normalized with respect to the initial lateral gap distance.
The initial lateral gap distance between the outer tensile armor wires determined with the FR-RUC
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Figure 6: Cross sectional bending moment as a function of the bending curvature κG for the continuum layers Mcont

(−), and for the flexible pipe with µ = 0, αnom = 25◦, and Fz = 0 kN (-•-), 250 kN (-•-), 500 kN (-•-) , 750 kN (-•-),
1000 kN (-•-).

is 0.75 mm and it is validated with the following expression:

gj =
2πrj cos (αj)

(
1 − F f

j

)

nj
(11)

It can be seen in Figure 7b, that the normalized lateral gap distance increases at the extrados and
reduces at the intrados for all load cases, confirming that the wires slide towards the intrados during
combined tension and bending of flexible pipes. The sliding rate towards the intrados increases in a
non-linear relation with increasing tensile force Fz as shown in Figure 7b. The normalized lateral gap
between the wires in the inner tensile armor layer is comparable to the illustrated behavior of the outer
tensile armor layer. The coupling between the bending moment contribution of the tensile armor layers
and the tensile force Fz occurs due to reorganization of the tensile armor wires. The reorganization
leads to a opposing bending moment contribution relative to the continuum layers, because the center
stress σcj in the tensile armor layers is constant for µ = 0 as shown in Figure 8.

3.1.2. Tensile armor wire loading

The center stress σcj of the inner and outer tensile armor layers is plotted as a function of the
circumferential angular position v in Figure 8. It can be seen that the center stress is constant along
the tensile armor layer and that the stress level increases with the nominal lay angle αnom. The stress
level of the inner tensile armor layer is higher than in the outer tensile armor layer because the total
cross sectional area and the mean radius are smaller in the inner tensile armor.

The transverse bending stress σtj is plotted as a function of the circumferential angular position v
in Figure 9 for both the inner and outer tensile armor layer. The transverse bending stress pattern
of both layers are anti-symmetric because the tensile armor wires in the inner and the outer tensile
armor have opposite winding directions. It can be seen that the maximum amplitude of the transverse
bending stress are located at v = 90◦ and v = 270◦ for all nominal lay angles αnom and that their
amplitudes at the intrados and extrados are equal. Furthermore, it should be noted that the transverse
bending stress is reduced when the nominal lay angle of the tensile armor αnom is increased.

The normal bending stress σnj of the inner and outer tensile armor is plotted in Figure 10 for various
nominal lay angles αnom. The plot depicts the bending stress as a function of the circumferential
angular position v for various nominal tensile armor lay angles αnom. As for transverse bending stress,
the normal bending stress level is reduced when the nominal lay angle of the tensile armor wire αnom
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Figure 7: Translation of armor wires with µ = 0.0, κG = 0.1 m−1 and αnom = 25◦. (a) Deformed pipe cross section for
Fz = 1000 kN, and (b) plot of the normalized lateral gap distance between the outer tensile armor wires as a function of
the circumferential angular position v for Fz = 0 kN (−), 250 kN (−), 500 kN (−) , 750 kN (−), 1000 kN (−).
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Figure 8: Center stress in tensile armor as a function of the circumferential angular position v for µ = 0, κG = 0.1 m−1.
(a) inner layer σc

1, and (b) outer layer σc
2, for αnom = 20◦ (−) , 25◦ (−), 30◦ (−), 35◦ (−).

is increased. The maximum normal bending stress σnj is located at v = 180◦ and the minimum normal
bending stress is located at v = 0◦ for all nominal lay angles αnom. The amplitude located at v = 180◦

(intrados) is higher compared to the amplitude located at v = 0◦ (extrados) and the deviation increases
with the nominal lay angle αnom. This effect is caused by the external tensile force, which introduces
an axial pipe strain that leads to a change of the tensile armor pitch length, inducing a constant
positive normal bending stress along the tensile armor. The normal bending stress caused by this
effect increases with the nominal lay angle αnom because the pipe strain increases as seen in Figure 11.

3.2. Friction interaction

When friction is introduced into the model, the global response and loading becomes dependent
on the load history due to hysteresis. The four different cross sectional pipe designs analyzed using a
frictionless interaction assumption above are re-examined with frictional interaction between the layers.
For comparison the axial tensile load is identical, Fz = 500 kN. During repetitive, one-sided cyclic
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Figure 9: Transverse bending stress in tensile armor as a function of the circumferential angular position v for µ = 0,
κG = 0.1 m−1. (a) inner layer σt

1, and (b) outer layer σt
2, for αnom = 20◦ (−) , 25◦ (−), 30◦ (−), 35◦ (−).
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Figure 10: Normal bending stress in the tensile armor as a function of the circumferential angular position v for µ = 0,
κG = 0.1 m−1. (a) inner layer σn

1 , and (b) outer layer σn
2 , for αnom = 20◦ (−) , 25◦ (−), 30◦ (−), 35◦ (−).

bending of the pipe, the armor will gradually rearrange to a new configuration. To ensure stabilized
pipe response over a full bending cycle, the four different cross-sectional pipe design is exposed to 50
bending cycles with a global pipe curvature between κG = 0.0 m−1 and κG = 0.1 m−1.

3.2.1. Global pipe response

The change of length of a pipe ∆Lp is defined here as the deformed length of the symmetry axis
of the pipe. In Figure 11, the axial pipe strain ∆Lp/Lp is plotted as a function of load step number
for κG = 0, thus showing how the pipe length varies during initial tensioning and subsequent non-
symmetric cyclic bending. Referring to Figure 11 and Table 1, the tension is applied in the two first
load steps, followed by the cyclic bending to load step 102. For clarity, only the first 40 load steps
(20 bending cycles) are included in the plot since full stabilization of the axial pipe strain is obtained
within these load steps for all αnom. It can be seen in Figure 11 that the axial pipe strain level for
Fz = 500 kN increases with the nominal tensile armor lay angle αnom. Another effect to note, is that
the axial pipe length gradually decreases during non-symmetric cyclic bending, because the tensile
armor wires are gradually rearranged. This effect is most prominent for pipes with a low nominal
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Figure 11: Axial pipe strain ∆Lp/Lp during tension and non-symmetric cyclic bending as a function of load steps for
κG = 0.0 m−1 and αnom = 20◦ (-•-) , 25◦ (-•-), 30◦ (-•-), 35◦ (-•-).

To quantify the bending response of the flexible pipe during non-symmetric cyclic bending with
different nominal tensile armor lay angles αnom, the resulting cross sectional bending moment of the
pipe is plotted as a function of the imposed bending curvature κG for µ = 0 and µ = 0.15 in Figure
12. The frictional stick-slip behavior of the tensile armor wires leads to a hysteresis moment-curvature
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Figure 12: Total resulting cross sectional bending moment of the pipe as a function of the bending curvature κG for
µ = 0.15, αnom = 20◦ (-•-) , 25◦ (-•-), 30◦ (-•-), 35◦ (-•-) and µ = 0.0, αnom = 20◦ (- -) , 25◦ (- -), 30◦ (- -), 35◦ (- -).
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relationship in which the enclosed area of the hysteresis loop is proportional to the energy dissipated
by friction. It can be seen in Figure 12 that the area enclosed by the hysteresis loop increases when
the nominal tensile armor lay angle is increased. During non-symmetric cyclic bending, the area
enclosed by the hysteresis loops is reduced and the loop drifts downwards until the hysteresis loop
becomes symmetric around the resulting cross sectional bending moment for the mean non-symmetric
cyclic bending curvature κG = 0.05 m−1 with frictionless interaction µ = 0 as indicated with a cross
marker. This behavior may be explained qualitatively when observing that the frictional sliding of the
individual wires of the armor layers is equivalent to a plastic mechanism in which the sliding represents
an equivalent plastic strain. According to the quasi-static shakedown theorem a cyclic load will lead
to the build up of a system of residual stresses that will contain the cyclic stresses within the yield
surface if possible at the applied load amplitude, [25]. Specifically, a symmetric yield surface will lead
to stress cycles around the center stress. In the present case the load amplitudes are too large to be
contained within the yield surface and thereby permit plastic shakedown. However, the accompanying
sliding of the center of the cycles is clearly seen in Figure 12.

The mean resulting cross sectional bending moment over each bending cycle for frictional interac-
tion as a function of bend cycles with µ = 0.15 and κG = 0.05 m−1 is plotted in Figure 13 together
with the cross sectional bending moment for frictionless interaction µ = 0 and κG = 0.05 m−1. From
the figure it can be noted that for each armor lay angle, the frictionless cross sectional bending mo-
ment response of the pipe is constant and the mean cross sectional bending moment of the hysteresis
loop converges towards the frictionless cross sectional bending moment of the pipe, for all nominal lay
angles αnom. Thus, Figure 13 demonstrate that the one-sided, non-symmetric cyclic bending response
of the pipe becomes symmetric around the equilibrium state of a frictionless pipe subjected to the
mean cyclic bending curvature.
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Figure 13: Mean cross sectional bending moment in each bending cycle as a function of bending cycle for µ = 0.15,
αnom = 20◦ (−) , 25◦ (−), 30◦ (−), 35◦ (−) and µ = 0.0, αnom = 20◦ (- -) , 25◦ (- -), 30◦ (- -), 35◦ (- -).

3.2.2. Tensile armor wire loading

To further investigate the effect of non-symmetric cyclic bending, a detailed study of the tensile
armor wire loading is given in this section. The center stress σcj in the inner and outer tensile armor
layer is plotted in Figure 14 as a function of the circumferential angular position v for bending cycle
50, i.e for a fully stabilized model. It can be seen that the center stress has a bilinear relation to
circumferential angular position v and that the variation of the center stress σcj increases for higher
nominal lay angles αnom. The bilinear relation to circumferential angular position v indicates that
the entire tensile armor layer has slipped. Due to higher contact stresses, hence increased friction,
the variation of the center stresses are higher in the inner tensile armor compared to the outer tensile
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armor. The variation of the center stresses σcj for αnom = 35◦ are similar to what is presented in
[14, 16] for non-symmetric cyclic bending of flexible pipes. The center stress σcj curves associated with

the pipe curvature κG = 0.1 m−1 and κG = 0.0 m−1 intersects at the circumferential angular position
v = 90◦ at a stress level that is equal to the frictionless stress level (see Figure 8).
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Figure 14: Center tensile armor stress σc
j as a function of the circumferential angular position v for bending load cycle

50 for µ = 0.15. (a) inner armor σc
1, and (b) outer armor σc

2 for κG = 0.1 m−1, αnom = 20◦ (−) , 25◦ (−), 30◦ (−), 35◦

(−) and κG = 0.0 m−1, αnom = 20◦ (- -) , 25◦ (- -), 30◦ (- -), 35◦ (- -).

The transverse bending stress in the inner σt1 and the outer σt2 tensile armor layer for bending
cycle 1 and bending cycle 50 is plotted in Figure 15 and Figure 16, respectively. The plots depict
transverse bending stress as a function of the circumferential angular position v for κG = 0.1 m−1 and
κG = 0.0 m−1 for various nominal lay angles αnom. It is evident that for both tensile armor layers, the
transverse bending stress σtj increases for higher nominal lay angles αnom. Furthermore, it should be
noted that the transverse bending stress σtj is higher for the outer tensile armor layer compared to the
inner tensile armor layer.

For all inner tensile armor bending cycles, the slope of the transverse bending stress shows a kink,
around the intrados at v = 180◦ in the inner tensile armor. The kink is equal to the transverse
bending stress for κG = 0.1 m−1 around the intrados at the circumferential angular position v = 180◦

(see Figure 15). When comparing the amplitudes of the transverse bending stress σtj presented in

Figure 15a and Figure 16a for κG = 0.0 m−1 and κG = 0.1 m−1, the result shows that the variation
of stress in first bending cycle is asymmetrical compared the one in the last bending cycle in Figure
15b and Figure 16b. During bending, the peak of the transverse bending stress σtj for both layers

shifts towards the intrados (v = 180◦) for κG = 0.1 m−1, whereas the peak shifts towards the extrados
(v = 0◦) for κG = 0.0 m−1. The shift increases for higher nominal lay angles αnom. As presented in
[14], the magnitude and the distribution of the transverse bending stress are similar to the transverse
bending stress that can be calculated from the transverse bending curvature along both the inner and
outer tensile armor layer for the nominal armor lay angle αnom = 35◦.

The normal bending stress for bending cycle 1 and bending cycle 50 located in the inner tensile
armor layer σn1 and the outer tensile armor layer σn2 is plotted for the different nominal lay angles αnom

in Figure 17 and Figure 18. The normal bending stresses are plotted as a function of the circumferential
angular position v for κG = 0.1 m−1 and κG = 0.0 m−1. The plot indicates that the normal bending
stress in the last bending cycle is higher than in the first bending cycle, and that the normal bending
stress decreases for higher nominal lay angles αnom in both tensile armor layers. The distribution of
the normal bending stress in the first cycle is irregular compared to the stress in bending cycle 50,
where the distribution becomes sinusoidal for all nominal armor lay angles αnom. The distribution of
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Figure 15: Inner armor transverse bending stress σt
1 as a function of the circumferential angular position v in (a) bending

load cycle 1, and (b) bending load cycle 50 for µ = 0.15. κG = 0.1 m−1, αnom = 20◦ (−) , 25◦ (−), 30◦ (−), 35◦ (−)
and κG = 0.0 m−1, αnom = 20◦ (- -) , 25◦ (- -), 30◦ (- -), 35◦ (- -).
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Figure 16: Outer armor transverse bending stress σt
2 as a function of the circumferential angular position v in (a) bending

load cycle 1, and (b) bending load cycle 50 for µ = 0.15. κG = 0.1 m−1, αnom = 20◦ (−) , 25◦ (−), 30◦ (−), 35◦ (−)
and κG = 0.0 m−1, αnom = 20◦ (- -) , 25◦ (- -), 30◦ (- -), 35◦ (- -).

the normal bending stress σnj in bending load cycle 1 depends on the nominal armor lay angle αnom,
and because of changes in the nominal lay angle, the distribution is irregular. The magnitude of the
normal bending stress at v = 90◦ caused by the external tensile force is similar to the results found
when using frictionless interaction in Figure 10. Thus, the external force imposes an axial pipe strain
that changes the pitch length of the tensile armor, resulting in a constant positive normal bending
stress along the tensile armor. The magnitude and distribution of the normal bending stress for the
nominal armor lay angle αnom = 35◦, plotted in Figure 17 and 18, are similar to the normal bending
stress that can be calculated from the normal bending curvature along both the inner and outer tensile
armor layer presented in [14].

The center stress in the inner σc1 and the outer σc2 tensile armor layer for the nominal armor lay
angle αnom = 25◦ are plotted in Figure 19 as a function of the circumferential angular position v for
Fz = 500 kN and friction coefficients in the range µ = 0.05 − 0.35 for κG = 0.0 m−1 and κG = 0.1 m−1

for the last bending cycle. Furthermore, the center stress σcj in the inner and outer tensile armor

for frictionless interaction µ = 0 subjected to the mean cyclic bending curvature κG = 0.05 m−1 and
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Figure 17: Inner armor normal bending stress σn
1 as a function of the circumferential angular position v in (a) bending

load cycle 1, and (b) bending load cycle 50 for µ = 0.15. κG = 0.1 m−1, αnom = 20◦ (−) , 25◦ (−), 30◦ (−), 35◦ (−)
and κG = 0.0 m−1, αnom = 20◦ (- -) , 25◦ (- -), 30◦ (- -), 35◦ (- -).
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Figure 18: Outer armor normal bending stress σn
2 as a function of the circumferential angular position v in (a) bending

load cycle 1, and (b) bending load cycle 50 for µ = 0.15. κG = 0.1 m−1, αnom = 20◦ (−) , 25◦ (−), 30◦ (−), 35◦ (−)
and κG = 0.0 m−1, αnom = 20◦ (- -) , 25◦ (- -), 30◦ (- -), 35◦ (- -).

Fz = 500 kN is plotted in Figure 19. It is seen that the center stress σcj for frictional interaction has a

bilinear distribution and that the range between the center stress for κG = 0.0 m−1 and κG = 0.1 m−1

increases proportional with the coefficient of friction. All the center stress curves intersect at the
angular position v = 90◦ at the center stress level for frictionless interaction.

The transverse bending stress σtj as a function of the circumferential angular position v after
stabilization is plotted in Figure 20 for the nominal armor lay angle αnom = 25◦, using coefficients of
friction in the range of µ = 0.05 − 0.35 and Fz = 500 kN. The transverse bending stress is presented
for frictional interaction µ > 0.0, and the pipe curvature of κG = 0.0 m−1 or κG = 0.1 m−1, whereas
for frictionless interaction µ = 0.0, the transverse bending stress is presented for the mean cyclic
bending curvature of κG = 0.05 m−1. The plot shows that the amplitude of the transverse bending
stress increases with the friction coefficient for both tensile armor layers. The kink located around
the intrados at v = 180◦ in the inner tensile armor layer becomes more prominent for higher friction
coefficients. Another notable effect is the fact that the peak of the transverse bending stress moves
towards the circumferential angular position v = 180◦ (intrados) for κG = 0.1 m−1 and towards the
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Figure 19: Center stress in tensile armor as a function of the circumferential angular position v. (a) inner armor layer
σc
1, and (b) outer armor layer σc

2 for Fz = 500 kN, µ = 0, κG = 0.05 m−1 (−) and for bending cycle 50 with full curves
for κG = 0.1 m−1 and dashed curves for κG = 0.0 m−1, and friction coefficients µ = 0.05, (−), µ = 0.15, (−), µ = 0.25,
(−), µ = 0.35, (−).

circumferential angular position v = 0◦ (extrados) for κG = 0.0 m−1 when the friction coefficient
is increased. This effect is more significant for the inner tensile armor layer compared to the outer
tensile armor layer. The result presented in Figure 21 shows that the transverse bending stress in a
bending cycle for fully stabilized non-symmetric one-sided cyclic bending becomes symmetric around
the frictionless transverse bending stress state at the mean cyclic bending curvature. This explains why
the amplitude of the transverse bending stress for κG = 0.1 m−1 is higher compared to the amplitude
for κG = 0.0 m−1 after 50 bending cycles. The difference between the magnitude of the transverse
bending stresses amplitude is equal to two times the transverse bending stress amplitude for frictionless
interaction and the mean cyclic bending curvature. It is important to notice that this relates to equal
values of the axial tension force Fz, because the transverse bending stress for frictionless interaction
is dependent on the axial pipe strain [4].
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Figure 20: Transverse bending stress in tensile armor as a function of the circumferential angular position v. (a) inner
armor layer σt

1, and (b) outer armor layer σt
2, for Fz = 500 kN and µ = 0, κG = 0.05 m−1 (−) and for bending cycle 50

with full curves for κG = 0.1 m−1 and dashed curves for κG = 0.0 m−1, and friction coefficients µ = 0.05, (−), µ = 0.15,
(−), µ = 0.25, (−), µ = 0.35, (−).

In Figure 21, the normal bending stress in the inner σn1 and the outer σn2 tensile armor layer for the
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nominal armor lay angle αnom = 25◦ is plotted for bending cycle 50 as a function of the circumferential
angular position v for Fz = 500 kN and a friction coefficient of µ = 0.15 for both κG = 0.0 m−1 and
κG = 0.1 m−1. In addition, the normal bending stress σnj in the inner and outer tensile armor for

frictionless interaction µ = 0, subjected to the mean cyclic bending curvature κG = 0.05 m−1 and
Fz = 500 kN, is plotted in Figure 21. For clarity, the plots pertaining the remaining friction coefficients
in this study have been omitted.

From Figure 21 it can be established that the variation of the normal bending stress in the inner
tensile armor is higher than that of the outer tensile armor, for which only a small variation is present.
The range of the mean normal bending stress for κG = 0.0 m−1 and κG = 0.1 m−1 in bending cycle 50
is equal to the normal bending stress for frictionless interaction and the mean cyclic bending curvature
κG = 0.05 m−1. However, the mean of the normal bending stress for κG = 0.0 m−1 and κG = 0.1 m−1

is translated. The translation is more dominant for the inner tensile armor compared to the outer
tensile armor, and the translation increases for higher friction coefficients. The cause for this effect is
the increased friction stress in the contact interface, affecting the nodal stresses used to calculate the
normal bending stress.
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Figure 21: Normal bending stress (a) σn
1 in the tensile inner armor, and (b) σn

2 in the outer tensile armor as a function
of the circumferential angular position v for Fz = 500 kN, µ = 0, κG = 0.05 m−1 (−), and for bending cycle 50 with
µ = 0.15 and κG = 0.1 m−1 (−), κG = 0.0 m−1 (- -).

4. Conclusion

This paper presents an addition to the RUC finite element model presented in [22]. Additional
features have been added to analyze frictionless contact interaction between the layers of unbonded
flexible pipes and non-symmetric cyclic bending. The global pipe response and the loading condition
of a flexible pipe with tensile armor lay angles in the range of 20◦ to 35◦ have been studied both with
frictionless and frictional interaction. The study shows that tensile armor wires translate towards the
intrados of the pipe bend for bending with frictionless interaction and non-symmetric cyclic bending
with axial tension. The sliding rate towards the intrados increases with increasing axial tensile force,
which affects the resulting bending moment response of the flexible pipe. The moment-curvature
hysteresis loop of the flexible pipe drifts towards a stabilized state, which is centered around the
resulting bending moment corresponding to the frictionless state for the mean cyclic bending curvature.
A detailed study of the tensile armor wire loading condition has also been performed. The study showed
that the loading condition of the tensile armor wires for fully stabilized non-symmetric cyclic bending
is centered around the loading condition corresponding to the frictionless state for the mean cyclic
bending curvature.
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Abstract

Lateral buckling of tensile armor wires in unbonded flexible pipes is a complex failure mode triggered
partly by axial compression from the external pressure and partly by non-symmetric cyclic bending.
Although lateral buckling failure mode has been subject to research for years, only a few studies account
for lateral contact between the armor wires as well as friction contact interaction. The purpose of this
paper is to analyze the mechanisms involved in the progression of the lateral buckling failure and
thereby devise a methodology for estimation of the lateral buckling capacity of flexible unbonded
pipes. The study is based on a repeated unit cell finite element analysis of unbonded flexible pipes
with periodic boundary conditions, accounting for both the lateral contact between armor wires and
friction interaction. The tensile armor wire loading condition and the global behavior of an unbonded
flexible pipe subjected to combined non-symmetric cyclic bending and axial compression are studied
with different compression force levels. The results show that these loading conditions compel the
tensile armor wires to gradually migrate towards the tension side of the bending plane. The migration
leads to lateral contact between the armor wires on the tension side of the bending plane and with
this the amount of lateral gaps on the compression side of the bending plane increases. The increase
of the lateral gaps introduces localized bending stresses in the tensile armor wires which may provoke
lateral buckling failure.

Keywords: Flexible pipes, Lateral buckling, Flooded annulus, Repeated unit cell, Tensile armor bending
stress, Helical armor, Frictional contact, Finite elements.

1. Introduction

Unbonded flexible pipes operating in ultra-deep water are exposed to significant hydrostatic load-
ing, which is especially challenging when the pipe is non-pressurized and therefore exposed to high
compressive stresses in the radial and axial directions. While the carcass and pressure armor layers
in the flexible pipe resist radial loading, the tensile armor layers carry the axial compressive loading
from the reverse end-cap effect [1]. To prevent radial expansion of the tensile armor layers under axial
compression that may lead to radial buckling, called ”bird-caging”, a secondary helical armor layer
called Anti-Bird Caging tape (ABC-tape) is wrapped around the outer tensile armor [1]. ABC-tape is
typically made from either high strength composite material or steel. A Floating Production Storage
and Offloading (FPSO) unit, that is connected to a sub-sea oil well by a flexible riser and installed in
a free-hanging catenary configuration, is shown Figure 1. Heave and horizontal motion of the floating
unit due to current, wind, and waves, lead to cyclic bending of the flexible riser in the touchdown
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section illustrated in Figure 1. Lateral buckling is a critical failure mode that can occur in the touch-
down section. It is triggered by a combination of axial compression and non-symmetric cyclic bending
of the unbonded flexible pipes [1, 2, 3]. The lateral buckling failure mode is characterized as in-plane

FPSO movement

FPSO

Touchdown section
Seabed

Figure 1: FPSO system with a flexible riser installed in a free-hanging catenary configuration.

transverse buckling of the tensile armor wires. An example of a lateral buckling failure of the inner
tensile armor layer with severe plastic deformation is presented in Figure 2. Experimental evidence
suggests that the lateral buckling of the tensile armor layers is reduced for flooded annulus conditions
compared to dry annulus conditions [4]. This can be explained by the reduced friction restraint of
the tensile armor wires as the radial contact pressure is significantly reduced for flooded annulus [5].
Other experimental observations show that the internal tensile armor layer is more sensitive to lateral
buckling compared to the outer tensile armor [4, 6].

A mathematical formulation based on a sixth order system of differential equations was presented
in [7] to study the equilibrium state of a single helical armor wire on a frictionless toroid with ten-
sion. The armor wire was represented as a long slender beam, free from geometrical constraints along
the pipe and fixed in both ends. To trigger lateral buckling in this model, a transverse curvature
imperfection was added to the armor wire in the mathematical formulation [8, 9]. A similar mathe-
matical formulation based on a sixth order system of differential equations, where the buckling limits
are identified by establishing eigenvalue problems based on a multi-parameter perturbation technique,
is presented in [10]. A closed-form analytical expression to calculate the lower bound lateral buck-
ling capacity of flexible pipes is provided in [11]. The analytical expression is based on linearized
differential equations describing the transverse stability of a slender beam on a frictionless cylindrical
surface. A further simplified empirical model [12] and a linearized analytical model [13] have been
proposed to study lateral buckling without considering the bending and friction effect. The analytical
and the mathematical formulations presented above exclude lateral wire contact and are all based on
the assumption that armor wires reach the frictionless equilibrium state in compression after a signifi-
cant number of bending cycles. Furthermore, a mathematical model based on a sixth order system of

Figure 2: Experimental lateral buckling failure of the internal tensile armor layer in an unbonded flexible pipe with severe
plastic deformation.
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differential equations [3] and a Finite Element (FE) model [14, 15, 16] are used to study armor wires
subjected to axial compression and cyclic bending including friction. A periodic mathematical model
of a flexible pipe called life6 that includes all armor wires in each armor layer with friction interaction
is used to study cyclic bending with tension in [17]. This model is extended in [4, 18] to account for
ABC-tapes, the outer sheath, and lateral contact between armor wires to study lateral buckling. The
lateral buckling analysis performed with life6 was compared to the periodic FE model presented in
[4, 18].

The purpose of this work is to demonstrate how to use the FE framework presented in [19, 20]
to study lateral buckling failure of flexible pipes and the mechanisms governing the lateral buckling
failure. This paper extends the Repeated Unit Cell (RUC) FE model presented in [19, 20] to analyze
combined true-wall axial compression and non-symmetric bending of flexible pipes with flooded annulus
conditions. The presented FE model accounts for frictional interaction between all lateral and radial
contact interfaces in the flexible pipe. A detailed study of the global behavior of a 6-inch flexible pipe
and the tensile armor wire loading during the lateral buckling failure is presented for free torsional
rotation of the flexible pipe.

2. Finite element model

Detailed analysis of flexible pipes subjected to combined axial loading and cyclic bending can be
performed using the FE methodology presented in [18, 19, 20, 21]. The FE methodology is based on
a Flexible Pipe RUC (FP-RUC) model that assumes equal loading of all wires in each armor layer.
By using periodic couplings, the full layer can be represented by a single armor wire pitch. A detailed
description of the FP-RUC implementation used in this study is outlined in [19, 20]. This paper only
presents the extension of the FP-RUC implementation given in [19, 20] to account for combined true-
wall axial compression and non-symmetric cyclic bending. As illustrated in Figure 3a, the FP-RUC
model consists of five layers, referred to as the core, the inner and outer tensile armor, the ABC-
tape, and the outer sheath. Compared to previous work [19, 20], the only new layer introduced is
the ABC-tape. To simplify the geometry of FP-RUC, the ABC-tape is represented as a continuum
layer with equivalent material properties. The axial compression force Fz and the bending rotation
around the x-direction ϕC

x is applied to the master nodes in the FP-RUC as illustrated in Figure 3b.
In previous work, the curvature control that ensures constant pipe curvature κG along the pipe is
solely imposed on the internal surface of the core [19, 20]. The strategy of controlling the curvature of
the flexible pipe at the internal surface of the core is, however, not applicable when the flexible pipe
is subjected to axial compression since this load will give rise to a radial gap below the inner tensile
armor. Therefore, additional curvature control has to be imposed on the external surface of the outer
sheath by coupling the reference points to nodes on the external surface in the same cross-section of
the outer sheath using distribution coupling constraints. The distribution coupling constraints ensure
that the average displacement and rotation of the external surface nodes on the outer sheath are equal
to the displacement and rotation of each reference point. This approach allows deformation of the
outer sheath, e.g. radial expansion and ovalization.

Lateral contact between tensile armor wires develops in flexible pipes during axial compression
and non-symmetric cyclic bending. The lateral contact assists stabilization of the tensile armor wire
kinematics during lateral buckling [4, 18], hence lateral contact between the wires are included in
the FP-RUC. All contact interactions between the components in the FP-RUC are analyzed using
a Coulomb friction model with an isotropic friction coefficient of µ = 0.12. More details about the
contact interaction settings can be found in [19, 20]. The material properties that are used for modeling
the layers in the flexible pipe are listed in Table 2. The core and ABC-tape layers are represented by
continuum layers with orthotropic equivalent material properties defined in a cylindrical coordinate
system with the directions: radial r, hoop θ, and axial z. The core layer represents the mechanical
behavior of the carcass, liner, and pressure armor. The tensile armor wires are analyzed by elastic
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Figure 3: (a) Illustration of mesh and geometry of the FP-RUC and (b) illustration of loading and boundary conditions
of the FP-RUC.

Table 1: Cross sectional dimensions of the 6 inch flexible pipe.

Layer No. Outer Diameter Thickness Width No. of wires Lay angle Pitch

[mm] [mm] [mm] [ - ] [ ◦ ] [mm]

Core 0 210.5 9.0 - - - -

Tensile armor 1 220.5 5.0 12.5 45 26.1 1375.0

Tensile armor 2 230.5 5.0 12.5 47 26.3 1436.0

ABC-tape 3 235.3 0.8 - - - -

Outer sheath 4 256.3 10.5 - - - -

properties equal to steel, and the outer sheath is analyzed with elastic isotropic polymeric material
properties.

Table 2: Material properties of the core, the tensile armor layers, the ABC-tape and the outer sheath.

Material parameter Core Tensile armor ABC-tape Outer sheath

Er = 210 · 103 Er = 26.4 · 103

Young’s modulus [MPa] Eθ = 210 · 103 210 · 103 Eθ = 26.4 · 103 1200
Ez = 767 Ez = 26.3

Grθ = 42 · 103 Grθ = 10.2 · 103

Shear modulus [MPa] Grz = 42 · 103 – Grz = 13.2 · 103

Gθz = 273 Gθz = 834

νrθ = 0.3 νrθ = 0.3
Poisson’s ratio [ - ] νrz = 0.0 0.3 νrz = 0.0 0.4

νθz = 0.0 νθz = 0.0

3. Axial compression

The reverse end-cap load arising from hydrostatic pressure builds up during installation as the
flexible pipes are immersed. It is not expected that the flexible riser will be exposed to cyclic bending
in the touchdown section before contact with the seabed during installation. This implies that radial
friction stress is fully established before the flexible risers are exposed to cyclic bending. Therefore,
in the FP-RUC, the axial compression force Fz is applied to the flexible pipe before cyclic bending
to establish radial friction stresses between the internal layers. The tensile armor wires expand in the
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Figure 4: (a) Contour plot of the radial deformation of the flexible pipe for Fz = −3000 kN, and (b) Radial displacement
ur of the external surface of the outer sheath as a function of the axial compression force Fz.

radial direction, which in reality leads to a radial gap between the pressure armor and the inner tensile
armor. The radial expansion of the tensile armor layers is higher as the lay angles of these layers are
closer to 45◦ compared to the internal armor layers (carcass and pressure armor). A contour plot of
the radial deformation ur of the flexible pipe for Fz = −3000 kN, determined with the FP-RUC, is
presented in Figure 4a. The radial deformation of the core is zero since νrz = 0.0, which decouples the
axial and the radial deformation. Furthermore, it can be seen that the highest radial displacement is
located in the tensile armor layers and that it decreases in the radial direction towards the external
surface of the outer sheath. The radial deformation of the external surface ur of the outer sheath is
plotted as a function of the axial compression force in Figure 4b. The results show that the radial
deformation is proportional to the axial compression force Fz. The flexible pipe is free to rotate in
the FP-RUC. This leads to a coupling between axial displacement and torsional rotation as a result
of the imbalance between the inner and outer tensile armor layer. The torsional rate ∆θ/L is plotted
as a function of the axial compression force Fz in Figure 5a. This Figure shows a linear relationship
between the axial compression force and the torsional rate of the pipe. The average tensile armor stress
σavgj in each tensile armor layer is plotted as a function of the axial compression force Fz in Figure 5b.
The tensile armor wire stress is proportional to the axial compression load, and the imbalance between
the inner and outer tensile armor layer leads to higher compressive stresses in the inner tensile armor
layer compared to the outer tensile armor layer.
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Figure 5: (a) Torsion rate ∆θ/L of the flexible pipe, and (b) average stress in the inner tensile armor σavg
1 (−), and

outer tensile armor σavg
2 (−) as a function of the axial compression force Fz.
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4. Cyclic bending

The objective of this section is to analyze the loading condition for the tensile armor wires and
mechanisms involved in the progression of the lateral buckling failure. The work presented in [20] shows
that the tensile armor wires for non-symmetric cyclic bending with axial tension migrate towards the
compression side of the bending plane (intrados). The migration gradually reduces the loading state
of the armor wires to minimize the work necessary for performing a bending cycle. The steady-state
loading condition is symmetric about the loading condition corresponding to the frictionless equilibrium
state for the mean cyclic bending curvature [20]. For axial compression and non-symmetric cyclic
bending the migration direction becomes the opposite as for axial tension, i.e. the armor wires tend
to migrate towards the tension side of the bending plane (extrados). When comparing the transverse
sliding for non-symmetric cyclic bending between axial tension and compression, transverse sliding is
more severe for axial compression. Under non-symmetrical cyclic bending with axial compression, the
transverse sliding eventually leads to lateral contact between the armor wires. The lateral contact
initiates at the extrados after which the lateral contact zone expands symmetrically towards the
intrados with each bending cycle. Saturation of the transverse sliding rate occurs when no remaining
lateral gap between the armor wires is present at the tension side of the bending plane. After the gaps
between wires have been closed, the lateral contact stresses increase with each bending cycle, because
the armor wires are moving towards the extrados. The mechanisms described above are exemplified
and studied by subjecting a 6-inch flexible pipe, as presented in Table 1, to non-symmetric cyclic
bending and axial compression. The 6-inch flexible pipe is subjected to non-symmetric cyclic bending
with a constant bending curvature amplitude between κG = 0.0 m−1 and κG = 0.06 m−1. The non-
symmetrical cyclic bending is analyzed with various axial compression levels to estimate the armor
wire loading related to this bending sequence.

4.1. Global flexible pipe behavior

The so-called curvature control imposes a constant bending curvature of the flexible pipe in the
FP-RUC. The implementation assumes that the length of the flexible pipe is constant during bending
when κG 6= 0.0 m−1 [20]. The length of the flexible pipe is adjusted in each bending cycle when the pipe
is straight (κG = 0.0 m−1). The axial pipe strain ε in each bending cycle for κG = 0.0 m−1 is plotted
as a function of the number of bending cycles in Figure 6. The plot shows that the compressive
strains increase until the initiation of lateral armor wire contact in the inner tensile armor layer.
Maximum compression strain in the flexible pipe during non-symmetrical cyclic bending depends on
the magnitude of Fz. Until it reaches a plateu, the axial compression strain decreases linearly as the
lateral contact zone between the inner tensile armor increases. The linear decrease in compressive
strain correlates with the magnitude of the compression force Fz. This implies that the number of
bending cycles required to reach the plateau increase with the compression force Fz. It is suggested
that the increased friction stresses between the armor wires, which grow with the compressive force
Fz, is the mechanism that reduces the linear slope. The plateau is reached when the gaps between the
inner armor wires on the compression side are closed. The compressive strain at the plateau shows a
minor increase as the lateral contact pressure develops. Note that the level of compressive strain at
the plateau is lower compared to the initial axial compressive strain level, implying that the length of
the pipe is becoming longer during the cyclic bending sequence.

The torsional rate ∆θ/L of the pipe is plotted as a function of the number of bending cycles in
Figure 7 for κG = 0.0 m−1 and κG = 0.06 m−1, respectively. Under the cyclic bending sequence, the
flexible pipe is twisting between the torsional rates corresponding to these bending curvatures. It can
be seen that the progressions of the torsional rate ∆θ/L during the cyclic bending sequence is similar
compared to the trend of the axial pipe strain ε presented in Figure 6. The magnitude of the torsional
rotation rate is increasing significantly until the initiation of lateral armor wire contact in the inner
tensile armor layer. The torsional rate reduces as the lateral contact zone expands on the tension side
of the bending plane, before the point where the gaps on the tension side of the bending plane are
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Figure 6: Axial strain of the flexible pipe ε as a function of the number of bending cycles for non-symmetric cyclic
bending for κG = 0.0 m−1 for Fz = −600 kN (−) , −800 kN (−), −1000 kN (−), −1200 kN (−).

closed. After this point, the torsional rate ∆θ/L starts to increase again during the build-up of lateral
contact pressure.
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Figure 7: Torsional rotation rate ∆θ/L of the flexible pipe as a function of the number of bending cycles for non-symmetric
cyclic between (a) κG = 0.0 m−1, and (b) κG = 0.06 m−1 for Fz = −600 kN (−) , −800 kN (−), −1000 kN (−), −1200 kN
(−).

Under cyclic bending of flexible pipes, the relationship between the bending curvature and the
resulting bending moment forms a hysteresis loop as a result of the stick-slip behavior of tensile
armor wire. The resulting cross-sectional bending moment corresponding to the bending curvature
amplitudes κG = 0.0 m−1 and κG = 0.06 m−1 during cyclic bending for various Fz is plotted as a
function of the number of bending cycles in Figure 8. The plot indicates that the resulting cross-
sectional bending moment of the pipe declines during the first bending cycles, until it reaches the
initiation point of lateral contact between the inner armor wires. After the initiation point of lateral
contact, the resulting bending moment reaches a plateau where it is approximately constant, until the
lateral gaps on the compression side are closed. As the lateral contact pressure develops, the resulting
bending moment increases. The increase of the resulting bending moment is expected to be a result of
the rise of the lateral contact pressure which enhances the lateral friction stresses between the armor
wires. The bending moment is delayed when the compression force Fz is increased and the growth rate
is approximately the same for all the compression forces Fz. In the section where the resulting bending
moment is increasing, the contact pressure develops during bending towards κG = 0.06 m−1, whereas
it is relieved under bending towards κG = 0.0 m−1. This could explain why the growth rates of the
resulting bending moment corresponding to κG = 0.06 m−1 have an offset between the compression
forces Fz, as opposed to the growth rate corresponding to κG = 0.0 m−1, which is more coincident.
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Additional bending cycles will be included in this study, as a global steady-state response of the flexible
pipe is expected.
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Figure 8: Resulting cross sectional bending moment of the pipe as a function of the number of bending cycles for
non-symmetric cyclic between κG = 0.0 m−1 (dashed curves) and κG = 0.06 m−1 (full curves) for Fz = −600 kN (−) ,
−800 kN (−), −1000 kN (−), −1200 kN (−).

4.2. Tensile armor loading

This section elaborates on the behavior and loading condition of the tensile armor wires during
non-symmetrical cyclic bending and axial compression. The stresses in the inner tensile armor layer
are significantly higher compared to that of the outer tensile armor wires. This is also in agreement
with observations presented in [4]. Contour plots of the stresses along the inner tensile armor wires
are shown in Figure 9. The contour plots show the deformed shape and the stresses associated with
κG = 0.06 m−1 and Fz = −800 kN in bending cycle 2001. The lateral gaps between the inner tensile
armor wires are closed on the compression side of the bending plane, whereas the lateral gap expands
towards the intrados [x=0, y< 0]. The extrados and intrados view in Figure 9 show that the orientation
of the armor wire located at the extrados, with lateral contact, is more aligned with the pipe center
axis compared to the armor wire orientation at the intrados. This configuration introduces transverse
armor wire curvature. The transverse curvature increases the transverse bending stresses in the inner
tensile armor wires. This may eventually result in lateral buckling. The maximum transverse bending
stress is located in the transition zone between the maximum lateral gap at the intrados and the point
where lateral contact arises between the armor wires. Another notable effect that can be observed in
Figure 9 is that the stresses are low in the armor wires that are supported by lateral contact.
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Figure 9: Contour plot of the stresses along the inner armor wires on the deformed shape in bending cycle 2001 for
κG = 0.06 m−1 and Fz = −800 kN. (a) Isometric view, (b) extrados view, and (b) intrados view.
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The displacement and stresses of the tensile armor wire are evaluated at the nodal positions in the
FP-RUC relative to a Cartesian coordinate system with origin on the pipe center axis and directions
as shown in Figure 9. The nodal positions are transformed from the Cartesian coordinate system
into a cylindrical coordinate system, where the circumferential angular positions v = 0◦ and v = 180◦

correspond to the extrados and the intrados of the pipe bending plane, respectively. In Figure 10,
the initial lateral gaps and the lateral gaps in bending cycle 2000 for κG = 0.06 m−1 are plotted
as a function of the circumferential angular position v for various axial compression forces Fz. The
plot shows that the maximum lateral gap in the inner tensile armor layer is located at the intrados
(v = 180◦). The lateral contact zone is extending in the inner armor layer with the axial compression
force Fz. The extension of the lateral contact zone is increasing the maximum lateral gap as the
summarized gap distance in the armor layer is constant for each compression level. Note that the
summarized gap distance is increasing under the radial expansion plotted in Figure 4. This implies
that it depends on the axial compression force Fz. In Figure 10b, the plot shows that no lateral contact
is present in the outer tensile armor layer and that the variation of the lateral gap in the outer tensile
armor is significantly smaller compared to the inner tensile armor. However, it is observed that a
reduction of the friction coefficient increases the transverse sliding towards the extrados of the outer
tensile armor. This means that the behavior of the inner and outer tensile armor layers becomes more
similar when the friction coefficient is reduced.
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Figure 10: Lateral gap in (a) the inner armor and (b) the outer armor layers the as a function of the circumferential
angular position v. Initial lateral gap (- -) and lateral gap in bending cycle 2000 for κG = 0.06 m−1 and Fz = −600 kN
(−) , −800 kN (−), −1000 kN (−), −1200 kN (−).

The maximum lateral gap for each bending cycle is plotted as a function of the number of bending
cycles in Figure 11 to indicate the armor wire sliding rate under non-symmetric cyclic bending with
axial compression. It is evident that the maximum lateral gap in the inner tensile armor increases
significantly within the first bending cycles, until it reaches a plateau. At the plateau, the maximum
lateral gap is declining with a linear slope, until the lateral contact pressure develops. The maximum
lateral gap increases with a small slope as the lateral contact pressure increases between the armor
wires. The maximum lateral gap in the outer tensile armor layer is much lower compared to the inner
tensile armor. The compression force increases the maximum lateral gap in the inner armor layer,
whereas the opposite trend is observed for the outer armor layer.

The loading configurations studied in this section result in significant armor wire sliding, which
leads to edge-effects caused by loss of radial contact in the model. The curves related to the armor
wire stresses are therefore smoothened by a Savitzky-Golay filter using a second-order polynomial and
a window size of 21 to remove spurious fluctuations. Furthermore, the armor wire stresses at the nodes
involved in the periodic boundary conditions are neglected when presenting the armor wire stresses.
The maximum bending stresses in the tensile armor wires are located at the extremities of the armor
wire cross-section, and therefore the four corner stresses of the armor wires yield the highest stresses.
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Figure 11: Maximum lateral gap in (a) the inner armor and (b) the outer armor as a function of the bending cycles for
Fz = −600 kN (−) , −800 kN (−), −1000 kN (−), −1200 kN (−).

The corner stresses in the inner and outer armor layers are plotted as a function of the circumferential
angular position v in bending cycle number 2000 for Fz = −800 kN and κG = 0.06 m−1 in Figure 12.
The plot shows that the magnitude and the variation of the corner stresses level are much higher in
the inner armor compared to the outer armor. The lowest corner stresses are located at the extrados
as a result of the lateral armor wire contact, which limits the armor wire stresses. Figure 12b shows
that the corner stresses in the outer tensile armor layer form a plateau around the intrados with a low
variation of corner stresses.
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Figure 12: Corner stresses in (a) the inner armor and (b) the outer armor as a function of the circumferential angular
position v in bending cycle 2000 for Fz = −800 kN and κG = 0.06 m−1.

The tensile armor loading condition is decomposed into three different stress contributions: the
center stress σcj , the transverse bending stress σtj , and the normal bending stress σnj , as outlined in [20].
The bending stresses σtj , σ

n
j are calculated under the assumption of pure bending based on the stress

gradients in the armor wire cross-section along the transverse and the radial directions. The center
stress σcj is determined from the stresses at the nodes located in the geometric center of the armor wire
cross-section, which is associated with the average stress in the armor wire cross-section. In Figure 13,
the transverse bending stress in the inner armor σt1 and the outer armor σt2 for bending cycle number
2000 is plotted as a function of the circumferential angular position for various Fz. The transverse
bending stresses are plotted for κG = 0.0 m−1 and κG = 0.06 m−1. The plot shows that the magnitude
of the transverse bending stress in the inner armor σt1 increases with the axial compression force and
that the lateral contact limits the magnitude. As shown in Figure 10, the lateral contact zone in the
inner armor is expanding when the compression force is increased, which is resulting in a more localized
bending zone where the peaks of σt1 move towards the intrados (v = 180) as the compression force
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Fz is increased. The relatively small difference between the transverse bending stresses corresponding
to κG = 0.0 m−1 and κG = 0.06 m−1 shows that the variation within a bending cycle is small. The
magnitude of the transverse bending stress in the outer armor σt2 is small and the distribution is more
irregular compared to that of the inner armor. This effect could be a result of the support from the
ABC-tape or the increased friction stress in the outer armor compared to the inner armor. The results
presented in Figure 13 are similar to the observations presented in [4].
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Figure 13: Transverse bending stress in (a) the inner armor and (b) the outer armor as a function of the circumferential
angular position v in bending cycle 2000 for κG = 0.0 m−1 (dashed curves), κG = 0.06 m−1 (full curves) for Fz = −600 kN
(−) , −800 kN (−), −1000 kN (−), −1200 kN (−).

The normal bending stress for bending cycle 2000 in the inner tensile armor layer σn1 and the
outer armor σn2 is plotted as a function of the circumferential angular position v in Figure 14. In the
figure, the normal bending stresses are given for different compression forces Fz for κG = 0.0 m−1 and
κG = 0.06 m−1. The change of the armor wire lay angle relative to the initial lay angle introduces
normal bending stresses in the armor wires. The armor wire lay angle relative to the pipe center
axis increases at the intrados compared to the extrados in the inner tensile armor layer, as shown in
Figure 9. This explains why the location of the maximum normal bending stress in the inner tensile
armor is located at the intrados (v = 180◦). The normal bending stress in the inner tensile armor is,
like the transverse bending stress, limited by the lateral contact. It is evident from Figure 14 that
under non-symmetric cyclic bending with axial compression, the influence of bending variation on the
normal bending stress decreases, as it is approximately the same for κG = 0.0 m−1 and κG = 0.06 m−1.
The plot in Figure 14 shows that the normal bending stress is significantly higher in the inner armor
compared to the outer armor.

The center stresses σcj in the inner and outer armor layer for bending cycle number 2000 are plotted

as a function of the circumferential angular position in Figure 15 for κG = 0.0 m−1 and κG = 0.06 m−1

corresponding to different compression forces. The results show that the magnitude of the center
stresses σcj is higher in the inner armor σc1 compared to the outer armor σc2. The variation of the center
stresses does not increase with the axial compression as seen in previous studies on combined tension
and bending [19].

The lateral buckling criteria are governed by the magnitude of the maximum compressive stresses
in the armor layers, as the armor wires are expected to fail in compression. The maximum stresses
for each bending cycle in the inner and outer tensile armor is plotted as a function of the number of
bending cycles in Figure 16, corresponding to the different compression forces Fz. The results show
that the magnitude of the compression levels is significantly higher in the inner armor layer compared
to the outer layer. However, the stresses in the outer tensile armor layer increase with the stiffness
of the ABC-tape layer in agreement with the results presented in [4]. Furthermore, it is observed
that the compression stress in the outer tensile armor layer increases when the friction coefficient
used in the FP-RUC is reduced. The progression of the maximum compression stresses in Figure
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Figure 14: Normal bending stress in (a) the inner armor and (b) the outer armor as a function of the circumferential
angular position v in bending cycle 2000 for κG = 0.0 m−1 (dashed curves), κG = 0.06 m−1 (full curves) for Fz = −600 kN
(−) , −800 kN (−), −1000 kN (−), −1200 kN (−).
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Figure 15: Center stress in (a) the inner armor and (b) the outer armor as a function of the circumferential angular
position v in bending cycle 2000 for κG = 0.0 m−1 (dashed curves), κG = 0.06 m−1 (full curves) for Fz = −600 kN (−) ,
−800 kN (−), −1000 kN (−), −1200 kN (−).

16 and the maximum lateral gap presented in Figure 11 are similar because the maximum lateral
gap is correlated with the armor wire bending stresses. It can also be seen that stabilization of the
maximum compression stresses is not obtained within 2000 bending cycles as the rate of the maximum
compression stresses increases at the end of this bending sequence.
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Figure 16: Minimum wire stress in tensile armor wires as a function of bending cycles in (a) the inner layer σmin
1 , and

(b) the outer layer σmin
2 for Fz = −600 kN (−) , −800 kN (−), −1000 kN (−), −1200 kN (−).
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It is expected that the maximum compression stresses within a bending cycle reach a steady-
state level and become independent of additional bending cycles. The curvature control imposes a
constant pipe length under bending in the current implementation of the FP-RUC. The number of
bending cycles required in the FP-RUC to achieve a steady-state loading condition could potentially
be reduced if the pipe length was allowed to change during bending.

5. Conclusion

The work presented in this paper extends the RUC finite element analysis presented in [19, 20]
to study the lateral buckling failure mode of tensile armor wires in unbonded flexible pipes. The
presented model accounts for friction interaction and lateral contact between the tensile armor wires.
An analysis of an unbonded flexible pipe subjected to combined axial compression and non-symmetric
cyclic bending is performed. The governing mechanisms involved in the progression of lateral buckling
are studied by analyzing the tensile armor wire loading and the global response of a unbonded flexible
pipe associated with different axial compressions levels. The study shows that the stresses in the inner
tensile armor layer become significantly higher compared to the outer tensile armor for the friction
interaction properties used in the analysis. The inner tensile armor wires gradually translate toward
the extrados of the bending plane, which introduces lateral contact between the tensile armor wires.
The lateral contact zone increases with the axial compression force, and the lateral contact limits
the tensile armor wire stresses. As a consequence of the armor wire migration towards the extrados,
the lateral gap increases at the intrados. This introduces significant localized normal and transverse
bending stresses in the tensile armor wires. These localized bending stresses may eventually lead to
lateral buckling of the tensile armor wires. The results presented in this paper highlights the necessity
to account for friction interaction and lateral contact between the armor wires to achieve a reliable
prediction of the lateral buckling failure mode.
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[13] X. Li, M. A. Vaz, A. B. Custódio, Analytical prediction for lateral buckling of tensile wires in
flexible pipes, Marine Structures 61 (2018) 268–281.

[14] S. Sævik, M. J. Thorsen, Techniques for predicting tensile armour buckling and fatigue in deep
water flexible pipes, in: Proc. ASME 31st Int. Conf. Ocean. Offshore Arct. Eng. - OMAE., ASME,
Rio de Janeiro, Brazil, July 1–6, 2012, pp. 469–482.

[15] S. Sævik, G. Ji, Differential equation for evaluating transverse buckling behavior of tensile ar-
mour wires, in: Proc. ASME 33rd Int. Conf. Ocean. Offshore Arct. Eng. - OMAE., ASME, San
Francisco, California, USA, June 8–13, 2014.

[16] S. Sævik, H. Li, Shear interaction and transverse buckling of tensile armours in flexible pipes, in:
Proc. ASME 32nd Int. Conf. Ocean. Offshore Arct. Eng. - OMAE., ASME, Nantes, France, June
9–14, 2013.

[17] J. Leroy, P. Estrier, Calculation of stresses and slips in helical layers of dynamically bent flexible
pipes, Oil and Gas Science and Technology 56 (2001) 545–554.

[18] F. Caleyron, A multi-purpose finite element model for flexible riser studies, in: Proc. ASME 33rd
Int. Conf. Ocean. Offshore Arct. Eng. - OMAE., Vol. 6a, San Francisco, California, USA, June
8–13, 2014.

[19] T. V. Lukassen, E. Gunnarsson, S. Krenk, K. Glejbøl, A. Lyckegaard, C. Berggreen, Tension-
bending analysis of flexible pipe by a repeated unit cell finite element model, Marine Structures
64 (2019) 401–420.

[20] T. V. Lukassen, S. Krenk, K. Glejbøl, C. Berggreen, Non-symmetric cyclic bending of helical
wires in flexible pipes, Applied Ocean Research.

[21] J. M. Leroy, T. Perdrizet, V. Le Corre, P. Estrier, Stress assessment in armour layers of flexible
risers, in: 29th Int. Conf. Offshore Mech. Arct. Eng. - OMAE., Vol. 5, Shanghai, China, June
6–11, 2010, pp. 951–960.

14



C1

Comparison between stress obtained by numerical analysis and
in-situ measurements on a flexible pipe subjected to in-plane

bending test

T. V. Lukassen, K. Glejbøl, A. Lyckegaard, C. Berggreen

Proceedings of the ASME 2016 35th International Conference on
Ocean, Offshore and Arctic Engineering,

OMAE2016-55060, June 19–24, 2016, Busan, Korea.



118



Proceedings of the ASME 2016 35th International Conference on Ocean, Offshore and Arctic Engineering 
OMAE2016 

June 19-24, 2016, Busan, Korea 

 OMAE2016-55060 

COMPARISON BETWEEN STRESS OBTAINED BY NUMERICAL ANALYSIS AND IN-
SITU MEASUREMENTS ON A FLEXIBLE PIPE SUBJECTED TO IN-PLANE 

BENDING TEST 
 
 

Troels Vestergaard Lukassen1 
National Oilwell Varco, Flexibles 

Brøndby, Denmark 

Kristian Glejbøl 
National Oilwell Varco, Flexibles 

Brøndby, Denmark 
 
 

Anders Lyckegaard 
National Oilwell Varco, Flexibles 

Aalborg, Denmark 

Christian Berggreen 
Department of Mechanical Engineering 

Technical University of Denmark 
Kgs. Lyngby, Denmark 

 
 
 

1 Department of Mechanical Engineering,  
            Technical University of Denmark, Kgs. Lyngby 

ABSTRACT 
To predict the lifetime and long-term properties of tensile 

armour wires in a dynamically loaded pipe, it is essential to 
have a tool which allows detailed prediction of the stress 
variations in the tensile armour wires during global pipe 
loading. Furthermore, detailed understanding of the stress 
variations will allow for performance optimization of the 
armour layers. To study the detailed stress variations in flexible 
pipes during dynamic loading, a comprehensive three-
dimensional implicit nonlinear finite element model has been 
developed. The predicted numerical stress variations will be 
compared to stress patterns obtained during in-situ OMS 
measurements carried out during an actual experimental in-
plane bending test. The study showed a good correlation 
between the stress variation predicted with the finite element 
model and the measured stress variation. 
 
INTRODUCTION 

The work presented in this paper focuses on steel-armoured 
pipes where a numerical model of a generalized unbonded 
flexible pipe will be developed. A fully developed detailed 
numerical model will allow one to improve the understanding of  

• fatigue loads, especially near the end-fittings, 
inside bend stiffeners, and along a bellmouth 

• detailed stress distributions along single wires 

• the detailed interaction between main armouring 
layers, allowing for optimization of the frictional 
properties 

• The resulting static (pre-wire slip) and dynamic 
(post-wire slip) bending stiffness of a flexible pipe  

 
Several different approaches to the analysis of flexible pipes 
have been developed. Reference [1] describes the analysis of an 
experimental cyclic bending test of a flexible pipe by means of 
an explicit and an implicit Abaqus solver and compared the 
numerical results against experimental data measured at the 
external tensile armour layer. Reference [2], [3] have developed 
a full 3D finite element (FE) model solved using the ABAQUS 
explicit solver. The advantages of using an explicit solver are 
that allows for efficient parallelisation and requires less memory 
compared to implicit solvers. Explicit finite element solvers do, 
however, not enforce equilibrium between external and internal 
forces. The challenge therefore is to avoid stress waves caused 
by dynamic effects in the model in order to get a successful 
result. FE models that include all armour wire layers are 
computationally expensive, hence reference [4], [5] have 
developed a FE model with periodic boundary conditions to 
reduce the length of the model and hereby the computation 
time. A different approach is exemplified in reference [6]–[9] 
where the internal stresses are studied using a commercially 
available program called “Bflex”, which is based on a non-

 1 Copyright © 2016 by ASME 

                                                           



linear finite element method and aimed exclusively towards the 
study of unbonded flexible pipes. Previously, “Bflex” has been 
used to study the same experimental test data, which the present 
result will be benchmarked against utilizing ABAQUS. In 
reference [6]–[9], “Bflex” was calibrated and compared against 
the obtained test results. 
The strategy for this work was to develop a generalised FE 
model based on the commercially available FE package 
ABAQUS. The validity of the model will be studied by 
comparing the numerical results with already reported 
experimental results. The pipe that will be studied is an 8-inch 
family III flexible pipe according to API 17B [10]. Finally, a 
discussion of the limitations of the present code as well as 
future strategies for further improvements will be given. 

DESCRIPTION OF THE FINITE ELEMENT MODEL 
To study the detailed stress variation in pipes during 

dynamic loading, a comprehensive three-dimensional implicit 
nonlinear FE model has been developed. The model is solved in 
ABAQUS/Standard on a cluster with parallelisation on 220 
CPUs. The FE model is fully parametric and can be run with 
input parameters representing the pipe design, material 
properties, and the test conditions. To reduce computation time, 
the carcass is not included in the model. This is a good 
approximation because the pipe is loaded with internal pressure, 
so the effect of the carcass in these load cases is small and can 
therefore be neglected safely. This study focuses on the stresses 
in the tensile armour wires; it was therefore decided to 
substitute the inner liner and the pressure armour with a solid 
layer to reduce computation time. The layer will be referred to 
as the pressure armour layer throughout the paper. The FE 
model consists of four layers: a pressure armour layer, two 
tensile armour layers with different pitch directions, and an 
outer sheath (see Figure 1). The geometrical parameters used in 
the script to build the cross section of the pipe are listed in 
Table 1. 

 

 
Figure 1 – FE model geometry 

 
 
 
 

 
Geometrical Parameters  
Bore diameter 235 mm 
Pressure armour thickness 12 mm 
Tensile armour wire cross section 5x12.5 mm 
No. of  wires in 1st tensile armour  layer  55 
Pitch length of 1st tensile armour  layer 1786 mm 
No. of  wires in 2nd tensile armour  layer 57 
Pitch length of 2nd tensile armour  layer 1864 mm 
Outer sheath thickness 8 mm 

Table 1 – Pipe design 
 
The interaction between the layers is established by surface-to-
surface contact with finite sliding formulation. The tangential 
behaviour is defined by penalty contact with a constant 
isotropic coulomb friction. The friction coefficient reported in  
[11] can vary between 0.07 and 0.3 and [12] measured friction 
coefficients based on laboratory tests range from 0.09 to 0.23. 
The coulomb friction used in this study is 0.12, which is within 
the limits found in the literature, and gives good correlation to 
experimental test results. The normal behaviour is modelled as a 
“Hard” contact-overclosure relationship. The constraint 
enforcement method has been defined by the default method in 
which separation is allowed after contact. 
The pipe is meshed with 20-node quadratic brick elements 
(C3D20). Each layer has one element in the thickness direction. 
The element length along the tensile wire is equal to the width 
of the tensile wire in order to obtain a good element aspect 
ratio. The pipe mesh is illustrated in Figure 2. 
 

 
Figure 2 - Mesh 

MATERIAL PROPERTIES 
The material properties corresponding to each element in 

the pipe is provided in Table 2. The pressure armour layer is 
modelled with an orthotropic material defined by nine 
independent material parameters. A cylindrical coordinate 
system defines the material orientation. The axial stiffness E33 
of the pressure armour is determined such that the overall 
polymeric stiffness is equal to the tested pipe. The radial 
stiffness E11 is equal to the steel stiffness. The weight of the 
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carcass, inner liner, and the bore liquid is included in the 
density of the pressure armour. The tensile armour layer is 
analysed with the isotropic material properties equal to steel. A 
discrete material coordinate system that follows the longitudinal 
tensile armour wire edge and normal to the contact surface 
between the layers is assigned to each tensile armour wire. The 
output stresses and strains will then follow the direction of the 
tensile armour wire. The outer sheath is represented by isotropic 
material properties equal to PA11.  

 
Material 
parameter 

Pressure 
armour 

Tensile 
armour 

Outer 
sheath 

Young’s modulus 
[MPa] 

E11 = 210x103 

E22 = 124x103 

E33 = 190 

 
210x103 

 
317 

Shear modulus 
[MPa] 

G12 = 80x103 

G 22 = 500 

G 33 = 500 
- - 

Poisson’s ratio 
[-] 

ν12 = 0.6 
ν13 = 0.0059 
ν23 = 0.3 

 
0.3 
 

0.4 

Density 
[kg/mm3] 13.85x10-6 7136x10-9 1050x10-9 

Table 2 – Material properties 
 
In this paper, comparisons will be made between the numerical 
model and experimental data obtained during an in-plane 
bending test of an 8-inch flexible pipe. The test was carried out 
in a horizontal test rig with a bellmouth confining the curvature 
of the pipe during bending. The bellmouth was made of two flat 
steel plates with a curvatureκ defined by 
 ( ) [ ]0.040 0.135 0, 2z z zκ = + =   (1.1) 
where z is the distance along the axial direction of the pipe. The 
gap between the bellmouth and the pipe is 10 mm on each side 
after the gravity and the tensile load is applied to the model. 
The experimental test setup is illustrated in Figure 3.  
 

 
Figure 3 – Dimensions of the experimental test setup 

 
A bellmouth is represented in the FE model by a 100 mm wide 
flat plate with the curvature given in (1.1). It is modelled as a 
rigid body because it is computational efficient, which is 
believed to be a good approximation. A rigid body reference 
node that governs the motion of the bellmouth called RP-
Bellmouth is placed at the pivot point of the test (see Figure 3 
and Figure 5). The bellmouth is meshed with discrete rigid shell 
elements (R3D4). A full solid 3D FE analysis of the pipe used 

in the experimental test setup would be computationally 
intractable. Thus, a section of the pipe is substituted with beam 
elements to simplify the model and reduce the computational 
time of the analysis. The beam element is assigned elastic 
parameters equal to the global parameters of the tested pipe, i.e.  
a tension stiffness of 1048 MN, an elastic bending stiffness of 
72.8 kNm2 provided in reference [9], and a weight of 191.7 
kg/m. It is only possible to apply beam elements where the 
cross section surface remains plane meaning that the curvature 
must be below the minimum critical curvature where tensile 
armour wire slip occurs. The length of the pipe that can be 
replaced is therefore dependent on the loading condition. The 
geometry of the FE model that is used to analyse the load case 
listed in Table 3 is illustrated in Figure 4. The length of pipe 
substituted with beam elements is 6586 mm. Hence, the length 
of the pipe section that is simulated in detail is 5592 mm equal 
to three pitches of the outer tensile armour wire. The right end 
fitting and the actuator are represented as a steel beam with an 
outer diameter of 400 mm and an inner diameter of 200 mm.  
 

 
Figure 4 - Geometry of the FE model 

LOAD AND BOUNDARY CONDITION 
The left end fitting is modelled with kinematic coupling 

constraints between the end surface of the pipe and the 
bellmouth rigid body reference node (see Figure 5). The beam 
element section is connected to the pipe end with a kinematic 
coupling constraint to obtain a rigid connection between the 
beam elements and the 3D solid elements (see Figure 6).  
 

 
Figure 5 - Kinematic coupling constraint between the rigid 

body reference node of the bellmouth 3D pipe section 
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Figure 6 - Kinematic coupling constraint between beam 

element section and 3D pipe section 
 
The load case that will be analysed in this paper is listed in 
Table 3. The internal pressure is decomposed to an end-cap 
force and radial pressure. The radial pressure is applied to the 
inside surface of the pressure armour layer and the end-cap load 
superimposed to the tension load applied to the Pin-Support as 
an concentrated force CF in the z-direction (see Figure 4). The 
pipe was tested liquid filled with a total test weight of 191.7 
kg/m. The gravity load is included because the pipe was tested 
horizontally and it will therefore introduce a static bending 
moment along the pipe. The gravity load is applied in the y-
direction of the FE model. The loading condition and the 
sequence in which it is applied in the model are listed in Table 
3. The boundary condition applied to the FE model is listed in 
Table 4.  
 
Load Magnitude Step 
Internal pressure [MPa] 34.0 Step 1 
Tension [kN] 500.0 Step 1 
Gravity [kg/mm3] -9.81 Step 2 
Rotation angle [deg] ±8.0 Step 3-5 
Table 3 - Test Load 
 
Reference point name Constrained DOF Load 
RP-Bellmouth U1, U2, U3, UR2 UR1 = ±8 deg 
Pin-Support U1, U2 CF3 = 1975 kN 

Table 4 – Boundary condition applied to the FE model 

EXPERIMENTAL TEST 
The experimental test of an 8-inch flexible pipe was carried 

out in the test rig shown in Figure 7. The total length of the pipe 
including end fittings was 14.5 m. The pipe and bellmouth were 
mounted on a rockerhead in the left side of the experimental test 
rig (see Figure 7), which can rotate around a pivot point. Two 
hydraulic actuators apply bending by rotating the rockerhead. 
The pipe was connected to a hydraulic actuator in the right side 
of the experimental test rig (see Figure 7) that applied tensile 
load in force control. Further details about the experimental test 
program and setup can be found in [6], [7], [9]. 
 

 
Figure 7 - Experimental test setup 

 
During testing, an optical measurement system (OMS) was used 
to measure strain in the centre of both narrow sides of four 
tensile wires at the inner tensile armour layer. The strain was 
measured by means of optical fibres with five Bragg gratings 
each. During testing different combinations of internal pressure, 
tension loading, and bending loading were tested and correlated 
to on-site tensile armour wire stress. Further information about 
the fibre optic technology and the integration in operational 
flexible pipes can be found in [13], [14]. The gauge length of 
the strain sensor is 40 mm. The axial position is relative to the 
mounting interface of the left end fitting and the angular 
position is relative to the xy-plane where 0° is aligned with the 
x-axis, which implies that station 3.1 and 3.5 are located at the 
extremities of the pipe bending plane as illustrated in Figure 8. 
 
Station number Axial distance 

[mm] 
Angular position 

[deg] 
3.1 3525 90 
3.2 3750 135 
3.3 3975 180 
3.4 4193 225 
3.5 4412 270 

Table 5 – Strain sensor position 
 

 
Figure 8 – Position of strain sensor 

 
The experimental test results presented in this paper are 
measured during the initial test program that was performed 
before the fatigue test program. It was observed that the stress 
amplitude in the tensile armour decreased during the fatigue test 
program preformed after the initial test for constant bending 
amplitude [14].  

NUMERICAL RESULTS 
The reaction moment applied to the model at the RP-

Bellmouth is plotted as a function of the applied loading angle 
for one load cycle in Figure 9. It shows that there is a nonlinear 
hysteresis relationship between the loading angle and the 
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bending moment caused by the friction work due to slip 
between the pipe layers. The centre of the hysteresis loop is 
offset 9.85 kNm due to the gravity load, which is applied before 
the bending cycle. The shape of the hysteresis loop is 
determined by the coupling between the tension load, the 
rotation angle, and the bellmouth. 

 
Figure 9 – Bending hysteresis 

 
An analytical in house code is used to determine the minimum 
critical curvature where tensile armour wire slipping starts to 
occur. The minimum critical curvature of the pipe for the load 
case listed in Table 3 is estimated to 
 6 1

min 2.32 10cr mmκ − −= ⋅      (1.2) 

The curvature along the beam element section and the minimum 
critical curvature are plotted in Figure 10. It can be seen that the 
curvature exceeds the minimal critical curvature in the first 460 
mm from the connection to the pipe. The increase in curvature 
is believed to be caused by transition in bending stiffness 
between the pipe and the beam element section where the pipe 
section is stiffest. The curvature in the beam element section 
decreases to about 0.9·10-6 mm-1 until the transition between the 
beam element representing the pipe and the steel section 
representing the end fitting and the hydraulic actuator. This 
increase is again caused by a transition in bending stiffness and 
the substantial weight of the end fitting and hydraulic actuator.  

 
Figure 10 – Beam element section curvature 

 
A contour plot of the stress in the longitudinal direction of the 
individual wires in the inner tensile armour layer is plotted in 
Figure 11 and Figure 12 for a loading angle of ±8 degrees. 
 

 
Figure 11 – Stress along the direction of the individual 

tensile armour wire for -8 degrees loading angle 
 

 
Figure 12 - Stress along the direction of the individual 

tensile armour wire for 8 degrees loading angle 
 
The stress along the centre of the narrow side of the inner 
tensile wire is plotted in Figure 13 for load step 1-2. The tensile 
load of 500 kN and the internal pressure is applied in step 1 and 
the gravity load is applied in step 2. The stress along the wire in 
step 1 is more or less constant at 327 MPa with exception to 
boundary effects located at each end of the tensile wire. The 
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wire stress starts to fluctuate with a period of the pitch length 
when applying gravity. The highest stress in the wire when the 
pipe is subjected to combined tension and gravity is 356 MPa 
and it is located about 700 mm from the left end fitting where 
the wire is located at the extremity of the pipe bending plane. 
The strain sensor position is plotted as the grey vertical bars 
with a width of 40 mm equal to the gauge length of the strain 
sensor in Figure 13. 

 
Figure 13 – Inner tensile wire stress for the pipe subjected 

to tension, internal pressure, and gravity 
  

The stress along the centre of the narrow side of the inner 
tensile wire, shown in Figure 8, is plotted in Figure 14 for load 
step 3-5. A loading angle (UR1) of ±8 degrees is applied in step 
3-5 combined with the tension and gravity load applied in step 
1-2. The maximum stress range between load step 4 and 5 is 
249 MPa, which is located 1975 mm from the left end fitting. 
The results show that the stress state along the tensile wire 
changes slightly between the first positive bending cycle to the 
next. The strain sensor position is again plotted as the grey 
vertical bars with a width of 40 mm equal to the gauge length of 
the strain sensor in Figure 14. 

 
Figure 14 - Inner tensile wire stress for the pipe subjected to 
tension, internal pressure, gravity and ±8 degrees bending 

COMPARISON WITH EXPERIMENTAL RESULTS 
The numerical and experimental stress gradient due to ±8 
degrees bending loading listed in Table 4 is plotted in Figure 15 
to Figure 19 for the strain sensor position listed in Table 5. The 
stress variation is plotted for one bending cycle. The Young’s 
modulus of the tensile armour wires listed in Table 2 is used to 
convert the measured experimental strains to stresses. The 
numerical stress is determined as an average stress of the wire 
centre nodes located inside the gauge area of each strain station. 
A good correlation between the numerical and experimental 
results can generally be observed in Figure 15 and Figure 19. It 
can be seen that Station 3.1, 3.2, and 3.3 have the highest stress 
ranges. The numerical model over estimates the stress ranges at 
these stations and especially at station 3.3 which will have an 
significant influence on the lifetime prediction of the tensile 
armour wire in flexible pipes.  

 
Figure 15 - Station 3.1 stress variation due to bending 

loading of ±8 degrees 
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Figure 16 - Station 3.2 stress variation due to bending 

loading of ±8 degrees 

 
Figure 17 - Station 3.3 stress variation due to bending 

loading of ±8 degrees 

 
Figure 18 - Station 3.4 stress variation due to bending 

loading of ±8 degrees 
 

 
Figure 19 - Station 3.5 stress variation due to bending 

loading of ±8 degrees 

CONCLUSION  
A general FEM model of a flexible pipe was developed using 
the commercially available ABAQUS. To test the viability of 
the model, comparisons were made between numerical and 
experimental obtained results. The comparison shows good 
correlation. 

FUTURE WORK 
This paper has focused on steel armoured pipes. However, 

not only steel armoured pipes but also the up-coming class of 
fibre-reinforced pipes will benefit from this model, since a 
detailed understanding of the secondary and tertiary stress 
patterns in the armour elements will be invaluable when 
optimising non-isotropic tensile armour elements. In this case 
the model will allow understanding of currently ill-understood 
secondary stress patterns which are safely ignored in 
conventional steel reinforced pipes, but are critical to fibre 
reinforced armour elements, since the critical stress levels 
transverse to the fibre directions are often a factor hundred 
below the critical stress along the fibre direction.  
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