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"We have already obtained energy from uranium; we can also get energy
from hydrogen, but at present only in an explosive and dangerous con-
dition. If it can be controlled in thermonuclear reactions, it turns out
that the energy that can be obtained from 10 quarts of water per second is
equal to all of the electrical power generated in the United States. With
150 gallons of running water a minute, you have enough fuel to supply
all the energy which is used in the United States today! Therefore it is up
to the physicist to figure out how to liberate us from the need for having
energy. It can be done."
R.P. Feynman, ’The Feynman Lectures on Physics’, 1963

BBC: "What world-changing idea, small or big, would you like to see
implemented by humanity?"
Hawking: "This is easy. I would like to see the development of fusion
power to give an unlimited supply of clean energy, and a switch to electric
cars. Nuclear fusion would become a practical power source and would
provide us with an inexhaustible supply of energy, without pollution or
global warming."
S.W. Hawking in an interview with BBC Future, 2016. Printed in ’Brief
Answers to the Big Questions’, 2018.

Figure 1: ITER construction site on 6 December 2018.
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Summary

Velocity distribution functions of ions in high-performance fusion plasmas
can deviate substantially from simple Maxwellian distributions. They
can be strongly anisotropic or have local maxima at velocities larger than
the thermal velocities. The distribution functions of the fast ions in the
plasma are often the key to understanding heating, current drive, and
various plasma instabilities. However, the distribution functions are un-
fortunately not always predictable for plasmas with instabilities. These
often cause fast-ion transport that is not fully understood. The mea-
surement of fast-ion velocity distribution functions is therefore crucial to
operate high-performance plasmas for eventually harvesting energy. How-
ever, until now this measurement could not be done. The velocity-space
tomography approach put forward in this thesis allows this measurement,
providing a new meeting ground between theory and observation. This
allows studies of the behavior of fast ions in fusion plasmas at an unprece-
dented level of detail.

Traditionally fast-ion measurements are presented in terms of spectra of
a measured quantity that is particular to each diagnostic, e.g. the power
density of radiation, photon or particle count rates, or the times-of-flight
in a detector. These spectra in diagnostic measurables are then compared
with synthetic spectra based on numerical simulations. The results of such
comparisons are often hard to interpret since it is not immediately clear
how to attribute any discrepancies between measurements and predic-
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tions to the fast-ion distributions. To exploit the rich information about
fast ions contained in the spectra by traditional procedures, we need to
consider hundreds of measurements, keeping in mind nuisance parameters
and the complicated relationships between the measurements and velocity
space. Borrowing from usual position-space tomography, velocity-space
tomography provides a way to process this wealth of information at once.
It provides a 2D image that is straightforward to interpret, is the best
useful fit to hundreds of simultaneous measurements, combines data from
different diagnostics, shows the fundamental quantity of interest rather
than quantities of secondary interest, and accounts for nuisance parame-
ters.

Until today measurements by the diagnostics fast-ion Dα spectroscopy,
collective Thomson scattering, neutron emission spectrometry, γ-ray spec-
troscopy, and fast-ion loss detectors installed at the tokamaks ASDEX
Upgrade, JET, MAST, DIII-D, and EAST have been interpreted using
velocity-space tomography. We have measured strongly non-Maxwellian
fast-ion velocity distribution functions in plasmas heated by neutral beam
injection and by electromagnetic wave heating in the ion cyclotron range
of frequencies. The interaction of energetic particles with plasma instabil-
ities has revealed strong selectivity in velocity space. This has filled gaps
in our yet incomplete understanding of the physics of the redistribution
of fast ions due sawteeth, neoclassical tearing modes, and Alfvén eigen-
modes. Fast-ion densities have been measured for the first time, and first
movies following the time evolution of the fast-ion velocity distribution
function in plasmas with instabilities have been presented. Velocity-space
tomography based on the foreseen set of fast-ion diagnostics at the next-
step fusion device ITER has revealed that co-passing and counter-passing
particles, which are two out of three major classes of particles in toka-
maks, cannot be told apart. An additional detector is now proposed that
would allow this distinction.

Velocity-space tomography has also revealed the density, drift velocity,
and anisotropic temperatures of the thermal ions, has deblurred mea-
surements with fast-ion loss detectors, and has provided a new approach
to interpret γ-ray measurements of runaway electrons. This thesis de-
scribes the development of velocity-space tomography and demonstrates
its utility for the interpretation of fast-ion measurements.



Resumé (Danish summary)

Ioners hastighedsfordelingsfunktioner i fusionsplasmaer kan afvige væ-
sentligt fra simple Maxwellfordelinger. De kan være stærkt anisotropiske
eller have lokale maksima og minima ved store hastigheder. De hurtige
ioners fordelingsfunktioner er ofte nøglen til forståelsen af opvarmning,
plasmastrømgenerering og forskellige ustabiliteter i plasmaet. Desværre
er ionernes fordelingsfunktioner ikke altid forudsigelige, især i plasma-
er med ustabiliteter. Ustabiliteter forårsager ofte anomal transport af de
hurtige ioner. Målingen af de hurtige ioners hastighedsfordeling er derfor
afgørende for at drive højtydende plasmaer, som i sidste ende skal bruges
til at producere energi. Hastighedsfordelingsfunktioner i fusionsplasmaer
har hidtil ikke kunne måles. Hastighedsrumtomografi, som denne afhand-
ling beskriver, tillader netop denne måling. Dette skaber en ny måde at
sammenholde teori og observationer og gør det muligt at undersøge de
hurtige ioners fysik i fusionsplasmaer med en hidtil uset detaljeringsgrad.

Traditionelt præsenteres målinger af hurtige ioner i form af spektre, f.eks.
spektre af strålingseffekt, foton- eller partikeltal eller flyvetid i en de-
tektor. Disse spektre sammenlignes med syntetiske spektre baseret på
numeriske simuleringer. Resultaterne af sådanne sammenligninger er ofte
vanskelige at fortolke, da det ikke umiddelbart er klart, hvordan man kan
relatere de hurtige ioners hastighedsfordeling til eventuelle uoverensstem-
melser mellem målinger og forudsigelse. I traditionelle analyseprocedurer
skal hundredvis af målinger betragtes samtidigt, og der skal tages højde
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for ukendte parametre og de komplicerede relationer mellem målingerne
og hastighedsfordelingerne. Som i tomografi i det sædvanlige positionsrum
giver tomografi i hastighedsrum en måde, hvorpå alle informationer be-
handles på en gang. Resultatet er et 2D billede, som er let at fortolke og er
den bedste, brugbare tilnærmalese til hundredvis af simultane målinger,
kombinerer data fra forskellige diagnostikker og viser den fundamentale
fordeling i stedet for størrelser af sekundær interesse.

Indtil nu har vi brugt hastighedsrumtomografi til at fortolke målinger fra
Dα-spektroskopi, kollektiv Thomson spredning, neutronemissionsspektro-
metri, gammastrålespektroskopi og detektorer af ikke indesluttede hurti-
ge ioner, som er installeret på flere tokamakker: ASDEX Upgrade, JET,
MAST, DIII-D og EAST. Vi har målt stærkt anisotrope hastighedsfor-
delingsfunktioner i plasmaer, som er opvarmet ved neutralpartikelinjek-
tion og ved elektromagnetisk opvarmning ved ioncyklotronfrekvenser. Vi
fandt, at vekselvirkningen mellem hurtige partikler med ustabiliteter i
plasmaet er stærkt selektiv i hastighedsrummet. Dette har bidraget til
vores forståelse af fysikken bag omfordeling af hurtige ioner på grund af
ustabiliteter, som savtænder, neoklassiske tearing modes og Alfvén ei-
genmodes. Tætheder af hurtiger ioner er blevet målt for første gang. De
første film af tidsudviklingen af hastighedsfordelingsfunktionen i plasmaer
med ustabiliteter er blevet produceret. Hastighedsrumtomografi baseret
på ITER diagnostikker har vist, at medgående og modgående partikler,
som er to ud af tre hovedklasser af partikler i en tokamak, ikke kan skelnes.
Vi har nu foreslået en yderligere detektor, der muliggør dette.

Hastighedsrumtomografi har også målt de termiske ioners tæthed, drift-
hastighed og anisotropiske temperaturer, har skærpet målinger af ion de-
tektorer og har givet en ny metode til at fortolke målinger af gammastråler
forårsaget af runaway elektroner. Denne afhandling beskriver udviklingen
af hastighedsrumtomografi og demonstrerer anvendeligheden til fortolk-
ning af målinger af hurtige ioner.



Preface

In this thesis I review my research on measurements of fast-ion velocity
distribution functions in fusion plasmas by velocity-space tomography,
which was done at the Technical University of Denmark from 2009 to
2019. The thesis consists of two parts: 1) A brief overview of the de-
velopment of velocity-space tomography in the context of nuclear fusion
research and society. 2) A collection of my published papers listed after
this Preface. They are reprinted as appendices and are cited as refer-
ences [1–15] in the bibliography of this brief overview. Papers [1, 3–5,10]
have been included in the annual selection of the best papers published in
Nuclear Fusion, the Nuclear Fusion Highlights. Figure 12 from paper [10]
was on the cover page of Nuclear Fusion in the April 2016 issue.

Papers by my former and present PhD students Asger Schou Jacobsen and
Birgitte Madsen on velocity-space tomography are their own work and
are not reprinted here. But as these papers present important elements of
velocity-space tomography, I will include them in my overview on an equal
footing (references [16–23]). Additionally, I have contributed or advised in
velocity-space analysis to papers written by collaborators [24–38]. Finally,
recent tutorial and review papers on velocity distribution functions and
fast-ion diagnostics provide further technical details [39,40].

Mirko Salewski
Lyngby, 14-March-2019
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Chapter 1

Introduction

1.1 The energy problem, combustion products and
global warming

One of the most urgent responsibilities of our generation is to end the
era of fossil fuels. The main reason is that the combustion of fossil fu-
els releases carbon dioxide (CO2) causing global warming. The annual
worldwide primary energy supply best highlights our dependence on fossil
fuels. Our worldwide primary energy supply from 1973 to 2016 appears in
fig. 1.1 [41]. Transport, heating, and electricity generation each consume
about 20% to 40% of this energy [42]. Oil is mainly used for transport,
whilst coal and natural gas are mainly used for heating and electricity
generation [41].

Currently fossil fuels supply more than 80% of our worldwide primary
energy. Combustion of oil supplied 32% in 2016, coal 27%, and natural gas
22%. Combustion of biofuels and waste supplied another 10%. Whereas
combustion of fossil fuels increases the atmospheric CO2 concentration,
combustion of biofuels does not. Biofuels are therefore regarded as a
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(a)

(b)

Figure 1.1: Total worldwide annual primary energy supply in million
tonnes of oil equivalent (Mtoe) by energy sources [41]. (a)
Development from 1971 to 2016. (b) Comparison between
1973 and 2016.
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sustainable energy source. However, combustion always releases harmful
combustion products other than CO2. Nuclear fission (5%) does not
release CO2 and thus mitigates global warming. However, nuclear fission
is usually not considered a sustainable energy source due to the risk of
nuclear accidents and the radioactive waste. Hydro energy is the largest
emission-free sustainable energy source (2.5%). In 2016, other emission-
free sustainable energy sources such as wind, geothermal, wave, tidal, and
solar energy supplied in total 1.7% of the worldwide primary energy.

The share of fossil fuels has decreased by about 5 percent points from 1973
to 2016, but in the same time the annual worldwide primary energy supply
has more than doubled, from 6.1 Mtoe to 13.8 Mtoe (million tonnes of oil
equivalent). Most likely the annual worldwide primary energy supply will
not decrease enough to stop global warming up to 2040, even in optimistic
scenarios (New Policies Scenarios: 12.5 Mtoe; Sustainable Development
Scenario: 10.2 Mtoe [41]).

CO2 is an unavoidable product of fossil fuel combustion. CO2 is a green-
house gas which traps heat in analogy to glass in a greenhouse. An
increase of the atmospheric concentration of greenhouse gases leads to
global warming which has several severe consequences for humans as listed
by the Intergovernmental Panel on Climate Change (IPCC) [43]:

• a number decrease of extremely cold temperature events,

• a number increase of extremely hot temperature events,

• a number increase of extreme rain, hail or snow events,

• a number increase of extreme sea level events,

• a decrease of food and water security and human health,

• ocean acidification,

• a substantial sea level rise,

• and extinction of many species.

Fig. 1.2 illustrates globally averaged temperature and sea level changes
as well as greenhouse gas concentration levels from 1850, just before the
industrial revolution, until now. The globally averaged combined land
and ocean surface temperature has increased by almost 1◦C since 1850
(figure 1.2(a)). The thermal expansion of water and the melting of ice on
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Figure 1.2: Global parameters characterizing the greenhouse effect from
1850, just before the industrial revolution, until now. (a)
Globally averaged combined land and ocean temperature
changes from various data sets. (b) Globally averaged sea
level change from various data sets. (c) Globally averaged
greenhouse gas concentrations [43].
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land has lead to a globally averaged sea level rise of about 20 cm since
1900, currently at a rate of about 3-4 mm/year (fig. 1.2(b)). In the same
period (since 1850), the concentration levels of greenhouse gases have
increased substantially (fig. 1.2(c)).

In addition to CO2, other main greenhouse gases are methane (CH4),
nitrous oxide (N2O), and water vapour. Humans are not thought to in-
fluence the atmospheric water vapour content directly due to the large
natural sources and sinks. The concentration of CO2 is 2−3 orders of mag-
nitude higher than the concentrations of CH4 and N2O (fig. 1.2(c)), but
CO2 molecules are less efficient in trapping thermal radiation than CH4

and N2O molecules. To estimate the relative impact of anthropogenic
CO2, CH4, and N2O emission on global warming, the annual emissions
of these greenhouse gases are given in terms of CO2 emission that would
cause the same global warming in fig. 1.3 (gigatonnes of CO2-equivalent).
The dominant source of anthropogenic greenhouse gas emissions is com-
bustion of fossil fuels accounting for about 60% of the anthropogenic
global warming effect. Industrial processes, most importantly the pro-
duction of cement from limestone, account for about 5%. The global
warming due to anthropogenic greenhouse gas emissions by far exceeds
global warming due to natural causes (fig. 1.4). Figs. 1.3 and 1.4 sug-
gest that ending the era of fossil fuels would efficiently mitigate global
warming.

As mentioned, fossil fuel and biofuel combustion processes release several
harmful combustion products other than CO2. A breakdown of estimated
harmful emissions by fuel appears in fig. 1.5 for NOx, SO2, and fine par-
ticulate matter [42]. Nitrogen oxides (NOx) cause acid rain, depletion of
the ozone layer, and photochemical smog. N2O causes global warming.
Sulfur dioxide (SO2) causes acid rain. Fine particulate matter is danger-
ous if inhaled, and it can cause severe disease or even death [44]. Biofuel
combustion is a major source of fine particulate matter. Additionally,
unburned and partially burned hydrocarbons are also toxic. These toxic
emissions further support that we should avoid combustion in our future
energy mix.

This section discussed the energy problem which arises from the contra-
dicting needs to have a sustained or even increasing energy supply on the
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Figure 1.3: Annual worldwide anthropogenic greenhouse gas emissions
in gigatonnes of CO2-equivalent per year [43]. FOLU: For-
rest and land use. The CO2 emission due to industrial pro-
cesses is about ten times smaller than that due to fossil
fuels.

Figure 1.4: Estimated contributions to the observed temperature in-
crease from 1951 to 2010 [43]. Anthropogenic effects by far
exceed natural effects. The dominant anthropogenic effect
is the emission of greenhouse gases.
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Figure 1.5: Estimated toxic gas emissions from combustion in 2015: Ni-
trogen oxides, sulfur dioxide, fine particulate matter [42].

one hand and a substantial reduction of fossil fuel combustion on the other
hand. The inevitable conclusion is that the energy from fossil fuels must
be replaced by energy from emission-free sources. Such sources include
biofuels, hydro energy, wind energy, solar energy, tidal energy, geother-
mal energy, nuclear fission energy, and, on the horizon, fusion energy. To
have a chance to stop global warming, we must make a fast, resolute, and
sustained effort to substantially develop all these options. By the end of
this century, we can hope to have developed fusion power well enough
to supply a substantial fraction of our primary energy. If we succeed,
nuclear fusion power plants can deliver steady baseload power. It has
a practically unlimited fuel supply, is inherently safe, is environmentally
benign, and especially does not cause global warming. This ambitious
goal is believed to provide a sustainable solution to the energy problem.

1.2 Nuclear fusion and the Lawson triple product

Energy can be obtained from fusion of light elements such as the hydrogen
isotopes deuterium (D) and tritium (T). The first generation of power
plants will rely on the DT fusion process T(D,n)4He which is shorthand
for

D + T→ 4He (3.5 MeV) + n (14.1 MeV). (1.1)
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This reaction releases energy because the deuterium and the tritium ions
are slightly heavier than the helium ion (α-particle) and the neutron.
This mass deficit is released as kinetic energy of the reaction products
according to Einstein’s relation E = ∆mc2. One fifth of the fusion energy
Efusion = 17.6 MeV is released as kinetic energy of the α-particle and
four fifth as kinetic energy of the neutron due to energy and momentum
conservation.

In magnetic fusion power plants, the energetic α-particles heat the deu-
terium and tritium fuels to about ten times the solar core temperature at
which matter is in the plasma state. The ions in the plasma are confined
by a magnetic field whereas the neutrons leave the plasma. Deuterium
is readily available in ocean water with an abundance of about 1/6420 of
the hydrogen atoms. Tritium, however, is rare because it is radioactive
and decays with a half-life of only 12.3 years. It must therefore be bred
on-site from lithium placed close to the fusion plasma such that there
is no need to transport radioactive fuel. Lithium is effectively the sec-
ond fuel of the overall process. Future generations of fusion power plants
could alternatively gain energy from the DD fusion process to avoid the
need to breed tritium, but this is technologically more challenging.

The goal of fusion energy research is perhaps best summarized by the
Lawson triple product which comes about by considering the energy bal-
ance in a power plant [45]. The energy sources in the plasma are the
α-particle heating Pα = Pfusion/5 and the auxiliary heating Paux. The
energy sink from the plasma is Ploss. In terms of power densities [W/m3],
they are:

Pfusion =
1

4
n2

e〈σv〉Efusion, (1.2)

Pα = Pfusion/5 =
1

4
n2

e〈σv〉Eα, (1.3)

Paux = Pfusion/Q, (1.4)

Ploss =
3neT

τE
. (1.5)

The fusion power density Pfusion in a DT plasma is the energy per reaction
Efusion times the reaction rate nDnT〈σv〉 where nD is the deuteron den-
sity, nT is the tritium density, σ is the fusion reaction cross section, v the
relative velocity between the reactants, and 〈〉 denotes averaging over ve-
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locities. We further assume ideal conditions with nD = nT = ne/2, where
ne is the electron density. The auxiliary heating Paux is characterized by
the so-called fusion energy gain factor Q:

Q =
Pfusion

Paux
=

5Pα
Paux

. (1.6)

Q = 1 is called break-even: All produced fusion power is needed to main-
tain the plasma by auxiliary heating. If the conversion efficiency from
fusion power to auxiliary heating power is η, then Q = 1/η is needed to
have engineering break-even. At ignition (Q =∞) the plasma is entirely
self-heated. At Q = 5 the α-particle power equals the auxiliary heating
power. The goal for the next-step device ITER is Q = 10 which means
that the fusion power is ten times the auxiliary heating power (and the
α-particle heating power is twice the auxiliary heating power, such that
the plasma is predominantly self-heated) [46]. Economically acceptable
fusion power plants should have Q ∼ 20 − 100 [47–49]. The energy loss
from the plasma is modelled using the energy confinement time τE and
the energy stored in the plasma, 3neT .

The condition Ploss < Pα + Paux must be met for a sustained fusion
burn. It can be written in terms of the triple product of particle density,
temperature, and the energy confinement time:

neTτE >
12

Eα(1 + 5/Q)

T 2

〈σv〉 . (1.7)

This is the Lawson triple product which must be above a certain value for
a sustained fusion burn. Lawson originally derived an ignition condition
for neτE [45]. Fig. 1.6 illustrates the Lawson triple product vs. temper-
ature for different values of Q. Break-even and ignition conditions are
easiest to access at about 15 − 30 keV (∼ 170 − 350 million ◦C) where
T 2/〈σv〉 and hence the Lawson triple product threshold are minimized.
For ignition it is about neTτE ∼ 3×1021 keVs/m3 or pτE ∼ 9 atm·s. Near
the minimum of the Lawson triple product threshold, we have 〈σv〉 ∝ T 2.
Hence we find from equation 1.2 that the fusion power density scales as
the square of the pressure: Pfusion ∝ p2. Economic power plants require
large fusion power densities and therefore large pressures. The Lawson
triple product can be achieved for example by ne = 1020 m−3, T=15 keV
and τE = 2 s. The pressure is in this case about 5 atm. Practically, there
is little room for trade-offs among these parameters.
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Figure 1.6: Experimentally achieved Lawson triple product on various
machines vs. temperature [50]. Lines of constant QDT show
the Q that would have been achieved in a DT plasma.

1.3 Magnetic plasma confinement

There are three different plasma confinement principles allowing a net en-
ergy release. Stars burn due to gravitational confinement. In inertial con-
finement the plasma is held in place by its inertia in a quick fusion burn.
In magnetic confinement the plasma is held by strong magnetic fields.
The two leading magnetic confinement configurations are the tokamak
and the stellarator. In both types of toroidal devices, strong magnetic
fields force charged particles on helical trajectories.

The magnetic field in a tokamak is composed of the toroidal magnetic
field generated by the toroidal field coils and a poloidal magnetic field
generated by a toroidal plasma current. The resulting magnetic field is
helical as illustrated in fig. 1.7. Part of the plasma current is usually
driven inductively by increasing the current through the central solenoid.
This limits the length of the plasma pulses. Future tokamak power plants
should be operated continuously requiring non-inductive current drive.
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Figure 1.7: Tokamak principle: Magnetic coils and field configuration
in a schematic tokamak [50].

Figure 1.8: Plasma shape, magnetic coils and vacuum vessel of the stel-
larator Wendelstein 7-X [51].
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The magnetic field in a stellarator is a complex 3D field generated by a set
of coils as illustrated in fig. 1.8. A major advantage of this configuration
is that it is not necessary to drive a current in the plasma. It is still
not clear which magnetic configuration will give the most efficient power
plants. The next-step fusion device ITER will be a tokamak.

1.4 Plasma heating by energetic particles

The Lawson triple product shows that temperatures in the range of 15−
30 keV (∼ 170 − 350 million ◦C) are most favourable in a fusion power
plant. Plasmas can be heated to such temperatures by several methods
(fig. 1.9). Any current in the plasma provides some Ohmic heating. But
as the plasma resistivity drops with temperature (ρ ∝ T−3/2), Ohmic
heating is efficient up to temperatures of only a few keV. Auxiliary heating
methods comprise electromagnetic wave heating in the electron or ion
cyclotron range of frequencies (ECRF, ICRF) or neutral beam injection
(NBI). The dominant heating method in steady-state plasmas in future
power plants will be heating by α-particles generated in fusion reactions.

Fast ions generated by NBI, ICRF, and fusion reactions heat the plasma
by collisions. Present NBI heating systems inject neutral particles with
energies of 20 − 400 keV. The neutral particles ionize and form a popu-
lation of fast ions. ICRF heating systems accelerate ions in the plasma
to energies in the MeV-range. ITER will have a total auxiliary heating
power of 73 MW: 33 MW NBI, 20 MW ICRF, and 20 MW ECRF [52].
Lastly, fusion α-particles are born with an energy of 3.5 MeV. To date,
substantial populations of α-particles have been generated in JET and
TFTR in DT campaigns in the 1990ies. The record fusion power was
achieved in JET: 16 MW at Q = 0.64 [53]. A second DT campaign at
JET is currently being prepared [54, 55]. The main goal of ITER is to
achieve a fusion power of 500 MW with simultaneous auxiliary heating of
50 MW (Q = 10) [52].

The fast ions from NBI, ICRF, and fusion reactions must be confined
in the plasma. If too many energetic particles were lost to the wall,
the power plant efficiency would be poor, and the high-energy ions may
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Figure 1.9: Plasma heating systems: NBI heating, radiofrequency heat-
ing (ICRF or ECRF), and Ohmic heating [50].

damage the first wall of the device. Various plasma instabilities can lead
to enhanced energetic particle transport and losses which are not fully
understood [56–67]. This makes the measurement of α-particle velocity
distribution functions crucial. Energetic particle physics is considered
a critical area for the success of the ITER mission, and it is therefore
treated by the Topical Group for Energetic Particle Physics under the
International Tokamak Physics Activity (ITPA).

1.5 Fast-ion velocity distribution functions

Velocity distribution functions in fusion plasmas are often complicated
functions with strong anisotropy or local maxima at velocities typical
for the most energetic ions in the plasma. Generally, particle distribution
functions are six-dimensional and can be described by three position-space
coordinates and three velocity-space coordinates. The phase-space distri-
bution f6D(x,v) specifies the number of particles dN in an infinitesimal
phase-space volume (dx, dv):

dN = f6D(x,v)dxdv. (1.8)
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Tokamaks are toroidally approximately axisymmetric, disregarding the
magnetic field ripple due to the toroidal field coils. Furthermore, charged
particles in magnetized plasmas gyrate quickly about the magnetic field
vector, such that velocity distribution functions are axisymmetric about
B to a good approximation. A tokamak plasma can therefore be described
by a 4D distribution function, i.e. a collection of 2D velocity distribution
functions at every point in a poloidal plane of the tokamak.1 In this thesis
we consider such local 2D velocity distribution functions. Dividing both
sides of equation 1.8 by dx introduces the density dn in the velocity-space
volume dv:

dn = f3D(v)dv. (1.9)

The units of f3D are [s3/m6]. Various representations of distribution
functions are commonly used in the plasma physics literature [40]. In
Cartesian coordinates, we align one of the coordinate axes with the mag-
netic field vector. This axis is called v‖. v⊥1 and v⊥2 are then the velocity
components perpendicular to the magnetic field. Equation 1.9 becomes

dn = f3D
Car(v‖, v⊥1, v⊥2)dv‖dv⊥1dv⊥2. (1.10)

Axisymmetric functions do not depend on the gyrophase Γ. Hence it is
advantageous to introduce the cylindrical coordinates (v‖, v⊥,Γ) such that
v⊥1 = v⊥ cos Γ and v⊥2 = v⊥ sin Γ where v⊥ is the perpendicular velocity.
Substitution of v⊥1 and v⊥2 gives a representation of 3D axisymmetric
functions in two coordinates, f3D

Car(v‖, v⊥), since the ignorable gyrophase
Γ drops out. For a full transformation to cylindrical coordinates we also
need to express the velocity-space volume element in cylindrical coordi-
nates. The Jacobian of the transformation from Cartesian to cylindrical
coordinates is v⊥. Integration over the ignorable gyrophase Γ reduces the
number of dimensions. The density is then given by

dn = 2πv⊥f
3D
Car(v‖, v⊥)dv‖dv⊥. (1.11)

In the plasma physics literature we frequently encounter the 2D velocity
distribution function defined by

f2D
Car(v‖, v⊥) = 2πv⊥f

3D
Car(v‖, v⊥) (1.12)

1We note that the particle phase-space distribution function in a tokamak can also
be described by three constants of motion of a particle: the energy, the magnetic
moment and the canonical toroidal angular momentum (plus a binary parameter la-
belling if a passing particle proceeds along or against the plasma current). This 3D
distribution function can also be measured using a new method termed orbit tomog-
raphy [68,69].
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which is also used in this thesis. Another popular coordinate system is
based on (E, p)-coordinates. Here, E is the energy, and p is the pitch:

E =
1

2
m
(
v2
‖ + v2

⊥

)
, p =

v‖√
v2
‖ + v2

⊥

, (1.13)

where m is the particle mass. The pitch is the cosine of the so-called
pitch angle. The density in the infinitesimal area dEdp is

dn = 2π

√
2E

m3
f3D
Car

(
p

√
2E

m
,
√

1− p2

√
2E

m

)
dEdp. (1.14)

The 2D velocity distribution function in (E, p)-coordinates is

f2D(E, p) = 2π

√
2E

m3
f3D
Car

(
p

√
2E

m
,
√

1− p2

√
2E

m

)
. (1.15)

This coordinate system is the most widespread among experimentalists
working with velocity distribution functions. Distribution functions com-
puted with the TRANSP/NUBEAM code [70], which is implemented at
most tokamaks, are usually presented in these coordinates, and we also
use them here.

A standard equilibrium distribution has a Maxwellian energetic particle
tail of the form exp(−v2/v2

th) where vth is the thermal velocity. Fast-
ion velocity distribution functions are always highly non-Maxwellian. For
example, the so-called classical slowing-down distribution, which is an
approximate model for isotropically distributed energetic particles (e.g.,
fusion α-particles), has a tail of the form 1/(v3 + v3

c ), where vc is the
so-called crossover speed, up to the particle birth speed. NBI and ICRF
distribution functions are even highly anisotropic in velocity space. A re-
cent tutorial paper on analytic models for velocity distribution functions
(bi-Maxwellian, ring, and isotropic and anisotropic slowing-down distri-
butions) in the most common coordinate system provides further technical
details [40]. Magnetohydrodynamically active plasmas can have anoma-
lous velocity distribution functions due to enhanced transport which can
be selective in velocity space. As we need to understand the anomalous
transport, measurements of velocity distribution functions are essential.
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1.6 This thesis

This thesis deals with measurements of 2D velocity distribution functions
in fusion plasmas in a small measurement volume. To do this, we solve an
inverse problem illustrated in fig. 1.10. The forward problem, to compute
synthetic measurements S from a distribution function F , has previously
been solved for all diagnostics we consider. This thesis solves the inverse
problem, which is to compute F from S. As F is a 2D function, we
can use methods of tomography. Examples of 2D images computed using
velocity-space tomography appear in figs. 1.11 and 1.12 along with corre-
sponding numerical simulations. Fig. 1.11 shows the fast-ion distribution
generated in an experiment with ICRF heating at the third harmonic at
JET [11]. Fig. 1.12 shows the fast-ion distribution generated in an ex-
periment with NBI heating at ASDEX Upgrade [10]. In these cases the
agreement between measurements and simulations is remarkable.

Figure 1.10: Synthetic diagnostics solve the forward problem of fast-ion
diagnostics, to compute synthetic measurements S given a
velocity distribution function F . Velocity-space tomogra-
phy solves the inverse problem, to compute F given S.

In this overview we present a concise exposition of the most essential
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(a) Measurement (b) ASCOT-RFOF

Figure 1.11: (a) Measurement and (b) simulation of an MeV-range ion
velocity distribution function for third harmonic ICRF
heating at JET [11].

(a) Measurement (b) TRANSP/NUBEAM

Figure 1.12: (a) Measurement and (b) simulation of a keV-range ion
velocity distribution function for NBI heating at ASDEX
Upgrade [10].
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elements and tools required for measurements of 2D images as illustrated
in figures 1.11 and 1.12. Comprehensive descriptions are found in the
chronologically ordered references [1-15] reprinted with this overview.

Chapter 2 describes the fast-ion diagnostics used for velocity-space tomog-
raphy and how fast-ion measurements are traditionally analyzed. Refer-
ence [1] is an example of such a conventional analysis using the collective
Thomson scattering diagnostic developed at DTU [1, 31, 71, 72]. Con-
ventionally, measured spectra of diagnostic variables are compared with
synthetic spectra based on forward models. We will illustrate that the
relationships of the spectra to fast-ion velocities are not obvious.

Chapter 3 examines the velocity-space sensitivity of the major fast-ion
diagnostics which is quantified by so-called weight functions [73]. Weight
functions were developed for the different fast-ion diagnostics in refer-
ences [2,6,8,9,16–18,21,36]. The most exact computations of weight func-
tions account for the same physics as the corresponding forward models.
Here we use energy and momentum conservation as a common framework
that explains the large-scale features of the weight functions for each diag-
nostic. Lastly, we reformulate the forward model encoded in the synthetic
diagnostic codes as a linear matrix equation based on weight functions [3].
This allows the rapid computation of synthetic measurements from a given
velocity-distribution function and constitutes the forward problem to be
inverted.

Chapter 4 outlines the inverse problem: the inference of a 2D veloc-
ity distribution function from the measurements using the linear matrix
equation from chapter 3. Basic principles of velocity-space tomography
are reviewed as demonstrated in references [2–5, 7, 10–15, 19, 20, 22, 23].
Tikhonov regularization and various forms of prior information used in
velocity-space tomography are the main focus. The computation of uncer-
tainties is discussed. Tikhonov regularization is described from a Bayesian
perspective since it is popular in the fusion plasma physics community.

Finally, chapter 5 presents a brief discussion of the main fast-ion physics
results achieved by velocity-space tomography, conclusions, and an out-
look on further developments of velocity-space tomography and related
inverse problems.



Chapter 2
Energetic particle

diagnostics

This chapter reviews the basic principles of the diagnostics used in velocity-
space tomography. The required measurement technologies are of sec-
ondary interest in this thesis and are described in a recent comprehensive
review of energetic particle diagnostics [39]. Energetic ions can be divided
into two basic groups: those confined in the plasma by the magnetic field
and those lost from the plasma. Energetic ions confined in the plasma
can be diagnosed by neutron emission spectroscopy (NES) or the simpler
neutron counters, γ-ray spectroscopy (GRS), fast-ion Dα spectroscopy
(FIDA), neutral particle analyzers (NPAs), and collective Thomson scat-
tering (CTS). Lost energetic ions can be diagnosed by fast-ion loss detec-
tors (FILD). Ion cyclotron emission (ICE) can diagnose confined and lost
fast ions, but until now only qualitatively.

Confined-ion diagnostics can be categorized into active or passive diag-
nostics. In active diagnostics a beam of particles or radiation is injected
into the plasma, and one measures a signal that is sensitive to parameters
of the plasma and of this injected beam. Active diagnostics can either
perturb the plasma or not. CTS is active and non-perturbative. FIDA
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and active NPAs are active and perturbative (though the perturbation
can be minimized). Passive diagnostics measure radiation or particles
naturally emitted by the plasma and are hence never perturbative. NES,
neutron counters, GRS, and passive NPA are passive diagnostics.

Active fast-ion diagnostics usually have a better spatial resolution than
passive diagnostics. The probe beam and field-of-view of the detector
intersect and define a small measurement volume. The diameters of the
probe beam and the field-of-view as well as their intersection angle largely
determine the spatial resolution. Passive diagnostics receive detectable
particles or photons born along their entire lines-of-sight. However, fu-
sion products are mostly formed in the plasma center, such that GRS
and NES measurements are heavily biased towards the plasma center.
Passive NPAs sometimes have, depending on conditions, a bias towards
the plasma edge or to the core.

In the following, we will apply energy and momentum conservation to
study the kinematics of the underlying physical process for each diagnos-
tic. This analogous treatment gives a basic understanding of the velocity-
space sensitivities of the diagnostics (chapter 3). When energy and mo-
mentum conservation are combined, the special role of the velocity of the
ions projected onto the line-of-sight becomes clear. This line-of-sight ve-
locity component u is crucial for the spectrum formation and is the key to
studies in velocity space. Additional physics at play for individual diag-
nostics are dealt with in the comprehensive papers [2,6,8,9,16,17,21,36].

The line-of-sight velocity u is related to (v‖, v⊥) by

u = v‖ cosφ+ v⊥ sinφ cos Γ (2.1)

where φ is the observation angle between the line-of-sight and the mag-
netic field vector and Γ is the gyrophase [2]. Equation 2.1 is illustrated in
fig. 2.1. The possible projected velocities of an ion with velocity (v‖, v⊥)
observed at an angle φ are in the interval u ∈ [v‖ cosφ ± v⊥ sinφ]. The
spectrum of u is bimodal as expected for a histogram of a cosine (fig. 2.2).
This spectrum in u and energy and momentum conservation set the en-
ergy range of the detected particles or photons for each diagnostic [15].
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Figure 2.1: Projected velocity up of an ion with velocity
(vp‖ , v

p
⊥, γ

p) onto a line-of-sight described by the vec-
tor kδ [2].

(a) Gyro-orbit (b) Spectrum of u

Figure 2.2: Spectrum formation for a ring distribution which is
a single point in 2D velocity space [7].

2.1 Neutron emission spectroscopy

Neutrons are produced in nuclear reactions. The geometry of three NES
detectors at JET is illustrated in fig. 2.3. Of particular interest are neu-
trons produced in the D(D,n)3He and T(D,n)4He reactions [38, 39]. The
DD neutrons have an energy of 2.45 MeV in the center-of-mass frame of
the reaction, whereas DT neutrons have 14.1 MeV. Neutrons at energies
much larger than these center-of-mass energies can only be generated if
at least one reactant is energetic. In a so-called beam-target reaction, one
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Figure 2.3: Cutaway of the JET tokamak showing the locations and
lines-of-sight (red, blue) of the NES (TOFOR, NE213, Di-
amond) and GRS (HpGe) diagnostics [11,26].

particle is energetic (beam) and one particle is thermal (target). Often
this type of reaction is far more frequent than beam-beam reactions as the
density of energetic particles is much lower than the density of thermal
ions. The formation of detectable neutrons in a beam-target reaction is
illustrated in fig. 2.4(a).

Consider a generic one-step fusion reaction between a fast particle (f) and
a reactant thermal particle (r) to form a reaction product (pr) releasing
a detectable neutron (n): f+ r→ pr+ n. The non-relativistic energy and
momentum conservation equations for particles with mass m, velocity v
and v = |v| in the lab frame are, respectively,

1

2
mfv

2
f +

1

2
mrv

2
r +Q =

1

2
mprv

2
pr + En, (2.2)

mfvf +mrvr = mprvpr + pn. (2.3)

Here Q is the released energy, and En and pn are the energy and mo-
mentum of the emitted detected neutron, respectively. Since vr � vf in
a beam-target reaction, we neglect the energy and momentum of the re-
actant. Physically allowed neutron energies are found by eliminating vpr
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(a) NES (b) One-step GRS (c) Two-step GRS

Figure 2.4: Schematic beam-target fusion reactions producing de-
tectable neutrons or γ-rays. a) D(D,n)3He. b) D(p,γ)3He
with fast proton. c) 9Be(α,nγ)12C.

from the energy equation using the momentum equation [15,17]:

En =
mpr

mpr +mn
Q+

mpr −mf

mpr +mn
Ef +

mfmn

mpr +mn
uvn (2.4)

where u is the velocity component of the fast ion along the line-of-sight
towards the detector and vn is the speed of the detectable neutron. Equa-
tion 2.4 could be written as an explicit expression for En but for our
purpose this implicit form containing vn is easier.

The first term is often largest. For example, for the DT reaction with
QDT = 17.6 MeV, this term gives 14.1 MeV (section 1.2). The second
term contributes a fraction of the fast-ion energy (for DT with fast deu-
terium and slow tritium 2/5) and thus produces a spectrum of energies
towards larger neutron energies. The last term is proportional to the
ion velocity projected onto the line-of-sight of the detector as only neu-
trons moving along the line-of-sight are detected (vf · vn = uvn). The
largest neutron energies are produced by energetic ions moving towards
the detector (u > 0) at the time of the reaction since the dot product
is then positive. The lowest neutron energies are produced by ions mov-
ing away from the detector. Due to this term also neutrons below the
nominal restframe energy are emitted towards the detector. However,
the low-energy tail of the spectrum is not experimentally useful as it is
dominated by scattered neutrons. The detailed neutron energy spectrum
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depends on the distribution functions, the gyromotion, and the reaction
cross sections. It can be calculated using Monte Carlo codes such as
GENESIS [74] or DRESS [75].

An additional complication is that NES instruments do not actually mea-
sure neutron energies but rather other quantities that depend on neutron
energies, unfortunately not in a one-to-one correspondence [16, 21]. The
time-of-flight spectrometer TOFOR measures the time-of-flight of a neu-
tron between two detectors [76]. Liquid scintillator detectors measure the
light flash emitted when a neutron hits the detector [77]. Single-crystal
diamond detectors measure the energy deposited by the neutron in the di-
amond [78–80]. Results are usually presented in terms of spectra of these
measured quantities. The relationships between these measured quanti-
ties and neutron energies are summarized in so-called response matrices
as illustrated in [21].

2.2 γ-ray spectroscopy

GRS measures energy spectra of γ-rays produced in fusion reactions. Such
reactions can occur in one step or in two steps [39,81,82]. In one-step or
direct reactions, the γ-ray is a primary reaction product. In two-step or
capture reactions, the γ-ray is emitted from an excited reaction product.

The geometry of the line-of-sight of the High-purity Germanium (HpGe)
detector at JET is illustrated in fig. 2.3. The formation of detectable γ-
rays in beam-target reactions in one or two steps is illustrated in fig. 2.4(b)
and (c). As for NES, exact GRS spectra are computed using Monte
Carlo codes such as GENESIS [74]. Here we again focus on the spectral
range allowed by energy and momentum conservation under idealized
conditions.

2.2.1 One-step reactions

One-step reactions emitting γ-rays are analogous to those emitting neu-
trons (f + r→ pr + γ). However, γ-rays have no rest mass such that the
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energy and the momentum of the γ-ray are related by Eγ = pγc where c
is the speed of light. The energy and momentum equations for one-step
reactions releasing γ-rays are

1

2
mfv

2
f +

1

2
mrv

2
r +Q =

1

2
mprv

2
pr + Eγ , (2.5)

mfvf +mrvr = mprvpr + pγ . (2.6)

An approximate expression for Eγ in a beam-target reaction is obtained
by eliminating vpr and a Taylor expansion in the small parameter 2(Q+
Ef)/mprc

2 to first order [10]:

Eγ =
Q+

(
1− mf

mpr

)
Ef

1− mf
mpr

u
c

. (2.7)

After another Taylor expansion inmfu/mprc (u/c is typically on the order
of 1%), we get to first order:

Eγ =

(
1 +

mf

mpr

u

c

)(
Q+

(
1− mf

mpr

)
Ef

)
. (2.8)

As for NES, a spectrum is formed since the fast-ion energy Ef and the
projected velocity u are described by distribution functions in fusion plas-
mas. Ions moving towards the detector (u > 0) always lead to blue-shifted
γ-rays whereas ions moving away from the detector (u < 0) mostly lead
to red-shifted γ-rays unless they move close to perpendicular to the line-
of-sight. In contrast to NES, in GRS both the low-energy (redshifted)
and the high-energy (blueshifted) tails are experimentally accessible.

2.2.2 Two-step reactions

In two-step reactions, first an excited nucleus is formed in a fusion reac-
tion. Then the excited nucleus decays emitting a γ-ray after a very short
time. The most important reaction for GRS at ITER will be 9Be(α,
nγ)12C [83,84] which is shorthand for

α+ 9Be → 12C∗ + n, (2.9)
12C∗ → 12C + γ. (2.10)
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The energy release of the reaction is Q = 5.70 MeV of which Eγ0 =
4.44 MeV is required to populate the excited state 12C∗. This is also
the restframe energy of the γ-ray that is emitted when 12C∗ decays to
the ground state. The remaining Q∗ = 1.26 MeV and the initial kinetic
energies of the fast α-particle and the thermal 9Be become kinetic energy
of the reaction products 12C∗ and the neutron.

The γ-rays are Doppler-shifted due to the velocity component upr of the
excited reaction product 12C∗ along the line-of-sight of the detector. The
energy Eγ of the detected γ-ray can be found from equation 2.8 by setting
mf = mpr and Q = Eγ0 [8]:

Eγ = Eγ0

(
1 +

upr
c

)
(2.11)

which is the usual Doppler-shift formula. Energy and momentum conser-
vation over the first step of the reaction imply a relation between upr and
u [8]:

upr =
mf

mpr +mn
cosβ

(
u cosβ +

√
v2
f − u2 sinβ cos ζ

)

±

√√√√cos2 β

(
m2

f
(mpr +mn)2

(
u cosβ + sinβ cos ζ

√
v2
f − u2

)2

+
2mn

mpr(mpr +mn)
Q∗ − mf(mf −mn)

mpr(mpr +mn)
v2
f

)
. (2.12)

Here the angles β and ζ appear since the reaction kinematics in two-step
reaction GRS is less constrained than in one-step reaction GRS or NES.
For one-step reactions we know the energy as well as the momentum of
one of the reaction products (the neutrons or γ-rays) since only parti-
cles moving along the line-of-sight towards the detector are measured. In
two-step reaction GRS measurements, we also know the energy and mo-
mentum of the γ-ray, but we neither know the energy nor the momentum
of the nucleus produced in the first step of the reaction. We only know its
velocity component upr along the line-of-sight of the γ-ray detector ac-
cording to equation 2.11. The other two directions are described by the
unknown angles β and ζ. These angles and the velocities and line-of-sight
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Figure 2.5: Geometry of two-step reactions with respect to the line-of-
sight [8].

Figure 2.6: FIDA diagnostic setup at ASDEX Upgrade [27]. Five sets
of lines-of-sight with different projection angles φ intersect
the NBI path.

velocities of the two product nuclei relative to the line-of-sight and the lo-
cal magnetic field are sketched in fig. 2.5 for an α-particle and 12C∗. The
incomplete information about the motion of the excited nucleus makes it
more difficult to draw conclusions about the fast-ion velocity compared
with the other diagnostics. For example, a fast ion moving towards the
detector can cause the emission of either a redshifted or a blueshifted
γ-ray. Nevertheless, blueshift is more probable in this case.
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Figure 2.7: Schematic FIDA emission [85].

2.3 Fast-ion Dα spectroscopy

In FIDA spectroscopy one measures Doppler-shifted Balmer-α light emit-
ted by neutralized deuterium after a charge-exchange reaction [39,73,85,
86]. The generated neutral inherits the momentum of the fast ion just be-
fore the charge-exchange reaction to a very good approximation due to the
large proton-to-electron mass ratio ofmp/me = 1836. A typical geometry
of a FIDA setup at ASDEX Upgrade is shown in fig. 2.6. Balmer-α light
is emitted when the deuterium atom decays from the third to the second
excited state. A photon emitted by deuterium has a restframe wavelength
of λ0 = 656.1 nm. A spectrum is formed by the Doppler shift due to the
distribution of velocities of the excited deuterium atoms projected onto
the line-of-sight. The FIDA process is illustrated in fig. 2.7. Stark split-
ting further changes the wavelength of the emitted photons. Reaction
cross sections also influence the spectral content of the measured light,
and one has to account for an instrumental function (see [6]).

Exact spectra are computed with the FIDASIM code [87]. In analogy
to the treatment of NES and GRS, we invoke energy and momentum
conservation rather than the Doppler shift, which is usually the starting
point. Fermi pointed out that energy and momentum conservation imply
the Doppler shift [88]. In the restframe of the excited atom, the energy
of the released photon is the difference between the energy levels U and
U ′ before and after the emission: Q = U − U ′ = hf0. Here, h is Planck’s
constant and f0 = c/λ0 is the frequency. Primes (′) denote quantities after
the reaction. In the lab frame the total energy is the sum of the kinetic
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energy and the energy level U . Energy and momentum conservation of
the Dα-emission process in the lab frame are [88]

1

2
mfv

2
f + U =

1

2
mfv

′2
f + U ′ + EDα, (2.13)

mfvf = mfv′f + pDα (2.14)

where EDα and pDα are the energy and momentum of the Dα-photon.
After eliminating v′f in the energy equation using the momentum equation
and neglecting a term containing the small factor hf/mfc

2, we get the
energy of the detected Dα-photons to first order in u/c,

EDα = hf = hf0

(
1 +

u

c

)
. (2.15)

This is the same equation as for one-step reaction GRS for mf = mpr as
the mass of the emitting ion is the same before and after the reaction.
Usually this relation is written as

∆λ

λ0
=
u

c
(2.16)

where ∆λ is the Doppler shift. (The sign of u depends on the direction
of the unit vector û, i.e. if it points towards or away from the detector.)

2.4 Collective Thomson scattering

Whereas Thomson scattering (TS) is sensitive to the distribution of elec-
trons in the plasma, CTS is sensitive to the distribution of ions. A typical
geometry of a CTS measurement is illustrated in fig. 2.8. A beam of probe
radiation is injected into the plasma. The acceptance cone of a receiver
forms a second beam. The measured scattered radiation originates from
the small measurement volume where the two beams overlap.

Scattering off ions is negligible compared with scattering off electrons due
to the large proton-to-electron mass ratio. The dressed particle model is
well-suited to highlight the differences between CTS and TS as well as the
analogy of CTS and the other fast-ion diagnostics. CTS in the dressed
particle model is illustrated in fig. 2.9. A test charge in a plasma is
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Figure 2.8: Example of a CTS diagnostic setup at ASDEX Upgrade [1]
showing the probe and receiver beams in a poloidal and
toroidal view. Magnetic flux surfaces indicate the position
of the plasma.

surrounded by other charges that screen the potential of the test charge.
This is termed Debye screening. The size of this screening cloud is on
the order of the Debye length λD. A dressed particle is a test particle
together with its screening cloud. For example, the screening cloud of
an ion is composed of (a surplus of) electrons and (a lack of) ions. We
consider very fast ions so that thermal ions are too slow to participate
strongly in the screening, and hence the screening cloud consists mostly
of electrons.

In the measurement volume, the angular frequency and wavenumber of
the incident and scattered radiation are (ωi,ki) and (ωs,ks), respectively.
First consider CTS and TS as a three-wave mixing processes in which the
ions or electrons induce a fluctuation (ωδ,kδ). The matching conditions
for energy and momentum are

ωδ = ωs − ωi, (2.17)
kδ = ks − ki. (2.18)

In incoherent Thomson scattering, the wavelength of the fluctuation wave
field, λδ = 2π/kδ with kδ = |kδ|, is much smaller than the Debye length
(λδ � λD), such that the waves are scattered off electrons incoherently
at random phases of the fluctuation field. The scattering power due to
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Figure 2.9: Illustration of CTS in the dressed particle model. λD < λδ,
so that the response of the electrons in the Debye sphere is
coherent.

individual electrons can then be summed to obtain the power due to
Thomson scattering.

For CTS, the radiation is scattered off electrons in the screening cloud
surrounding ions. As λδ > λD, the phases of the fluctuation wave field
of the test charge and the electrons in the screening cloud are correlated.
Scattering from a test electron is therefore balanced by a lack of scattering
from its screening cloud, and hence the electron signature in the scattered
radiation is strongly suppressed. This cancellation does not occur for the
comparatively immobile ions which are therefore revealed by coherent
scattering from their screening clouds.

The energy and momentum equations in the dressed particle model are
analogous to those for incoherent Thomson scattering where the dressed
ion mass is mdi ≈ mf as the electron mass is negligible:

~ωi +
1

2
mfv

2
f = ~ωs +

1

2
mfv

′2
f , (2.19)

~ki +mfvf = ~ks +mfv′f. (2.20)

Elimination of v′2f from the energy equation using the momentum equation
and neglecting the small energy ~2(kδ)2/2mf gives

Es = ~ωs = ~ωi + ~v · kδ = ~ωi + ~ukδ. (2.21)
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Hence the diagnostic line-of-sight is described by the wave vector kδ for
TS and CTS. Introducing ωδ, we recover the Doppler-shift relation for
TS and CTS,

ωδ = vf · kδ = ukδ, (2.22)

which describes two Doppler shifts. The probe radiation has a Doppler-
shifted frequency in the restframe of the particle, and the emitted radia-
tion from the moving particle has yet another Doppler-shifted frequency
in the lab frame. The measured Doppler shift of the scattered radia-
tion can also be written as f δ = u/λδ which is the frequency at which
an ion moving with speed u with respect to a wave with wavelength λδ

encounters the same phase.

2.5 Fast-ion loss detectors

FILDs measure the flux of charged particles lost from the plasma im-
pinging on a collector as illustrated in fig. 2.10. The lost ions enter the
detector through a pinhole and are then dispersed in the magnetic field.
The energy and pitch of a detected ion can be obtained from its strike
point on the scintillator plate, such that FILD detectors measure a 2D ve-
locity distribution function of lost ions. Velocity-space tomography here
plays a different role than for the other diagnostics. One can determine
the 2D velocity distribution function in the pinhole, given the measure-
ment on the scintillator plate. This 2D image is similar but sharper than
the measurement on the scintillator plate. Velocity-space tomography
effectively has the task to deblur the measured image [36]. Another ad-
vantage is that we obtain the velocity distribution at the pinhole where
the measured results can be easily compared with velocity distribution
functions computed using standard codes.

2.6 Synthetic diagnostics

Conventionally, the fast-ion measurements are compared with numerical
simulations to judge if a measurement is consistent with a theoretical
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Figure 2.10: Schematic FILD detector [89]. Lost ions pass the aperture
and hit the scintillator plate.

model or not. This is done by means of synthetic diagnostics in which an
expectation for the measurement is computed on the basis of a simulation
of the fast-ion distribution function. If the actual measurements agree
with the synthetic measurements, it is usually concluded that the fast-ion
distribution function in the experiment corresponds to the simulation and
that the fast-ion behavior is therefore understood, at least in the restricted
part of velocity space interrogated by the diagnostic. However, if they
disagree, it is unclear how the experimental and theoretical distribution
functions are different and how to proceed.

Examples of such traditional comparisons between measurements and
simulations for the different diagnostics appear in fig. 2.11. The fast-
ion diagnostics do not measure the distribution function directly, but
rather quantities of indirect interest such as a spectrum of light or mm-
wave radiation, γ-ray count rates, deposited energies, energies of electrons
causing the same light flash, or times-of-flight. These spectra depend on
the fundamental velocity distribution function in complicated ways, and
additionally they depend on nuisance parameters impeding the interpre-
tation. Further, the measurements present only an incomplete picture of
the distribution function as each diagnostic interrogates a restricted part
of velocity space. The approach presented in the following two chapters
seeks to make up for these shortcomings.
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(a) CTS [1] (b) FIDA [5]

(c) NES, TOFOR [11] (d) NES, diamond [11]

(e) NES, NE213 [11] (f) GRS [11]

Figure 2.11: Typical comparisons of energetic particle measurements
and numerical simulations for the various diagnostics.
Each diagnostic measures spectra in units particular to
the diagnostics.



Chapter 3

The forward problem:
velocity-space sensitivity

3.1 Weight functions

Weight functions quantify the velocity-space sensitivity of the various
fast-ion diagnostics. This idea was developed as a qualitative analysis
tool to understand a puzzling observation in an experiment at DIII-D [73].
The FIDA measurements and the neutron count measurements behaved
in a similar way whereas the NPA measurements behaved qualitatively
differently. This was at the time surprising because the NPA and FIDA
measurements involve neutrals generated in the same charge-exchange re-
action. FIDA measures the Dα-light emitted by the neutrals, and NPA
the measures the neutrals that do not re-ionize on the path to the de-
tector. Therefore the NPA signal was mistakenly expected to behave in
a qualitatively similar way as the FIDA signal. However, whereas the
velocity-space observation regions of FIDA and the neutron count mea-
surements are broad and fairly similar regions in velocity space, the NPA
observes only a tiny part of velocity space. This was illustrated by so-
called weight functions. This new understanding of the velocity-space
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observation regions resolved this then puzzling observation. Since then
weight functions have been developed for all major fast-ion diagnostics:
FIDA [5, 73], NPAs [13, 73], CTS [2], GRS [8, 9], NES [16, 17, 21] and
FILDs [36]. Weight functions have often been used to study the velocity
space, e.g. in references [14,24,26–28,30,32–34,73,87,90–110].

In a general definition, weight functions w6D relate measurements s to
6D fast-ion distribution functions f6D by the integral equation

s(Ed,1, Ed,2, φ) =

∫

v

∫

x
w6D(Ed,1, Ed,2, φ,x,v)f6D(x,v)dxdv. (3.1)

s(Ed,1, Ed,2, φ) is the detected signal in the energy range of the detected
particles or photons Ed,1 < Ed < Ed,2 with a viewing angle φ between the
line-of-sight of the diagnostic and the magnetic field (see chapter 2). We
can reduce the number of dimensions to two by integrating equation 3.1
over the small measurement volume and the ignorable gyrophase:

s(Ed,1, Ed,2, φ) =

∫ ∞

0

∫ ∞

−∞
w(Ed,1, Ed,2, φ, v‖, v⊥)f(v‖, v⊥)dv‖dv⊥. (3.2)

This definition of 2D weight functions can equally well be given in (E, p)-
space. Equations are often simpler in (v‖, v⊥)-space, but we plot examples
in the widespread (E, p)-space.

Weight functions can be factored into a detection rate function R and a
probability function [6, 8, 9, 17]:

w(Ed,1, Ed,2, φ, v‖, v⊥) (3.3)
= R(v‖, v⊥, φ)× prob(Ed,1 < Ed < Ed,1|φ, v‖, v⊥).

R(v‖, v⊥, φ) has the same units as the weight functions whereas the prob-
abilities are dimensionless numbers in the interval [0, 1]. Energy and mo-
mentum conservation determine the boundaries of the probability func-
tions prob(Ed,1 < Ed < Ed,2|φ, v‖, v⊥) in (v‖, v⊥)-space and hence ulti-
mately the boundaries of the weight functions. These boundaries separate
the observable from unobservable regions [15].

Weight functions are often found numerically by using a forward model
that predicts the measured signal for an arbitrary fast-ion distribution
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function [73]. In this numerical approach, the signal s due to a density of
nf fast ions is calculated for a grid of velocities in (v‖, v⊥) or (E, p) covering
the target velocity-space region. The velocity distribution function of the
fast ions at phase-space position (v‖0, v⊥0) is

f(v‖, v⊥) = nfδ(v‖ − v‖0)δ(v⊥ − v⊥0). (3.4)

Substitution into equation 3.2 and integration shows that the amplitudes
of weight functions at phase-space position (v‖0, v⊥0) are readily com-
puted from [8,9, 17]

w(Ed,1, Ed,2, φ, v‖0, v⊥0) =
s(Ed,1, Ed,2, φ)

nf
. (3.5)

Weight functions hence show the integrated signal between two spectral
points per ion density at phase-space position (v‖0, v⊥0). The computa-
tion of the signal by weight functions neglects spatial effects and makes
the approximation of a small measurement volume. It is usually fairly
accurate for the plasma center where profiles are flat.

3.2 Weight functions for FIDA, CTS, NES, GRS,
NPAs and FILDs

Examples of weight functions for the major fast-ion diagnostics are illus-
trated in figures 3.1 to 3.7 discussed in the following. The FIDA weight
functions in fig. 3.1 illustrate the velocity space observed by the five-
view FIDA diagnostic installed at ASDEX Upgrade. The grey regions
are observable whereas the white regions are unobservable. Each FIDA
view individually misses a portion of velocity space, but integrated data
analysis of all five detectors together provides excellent coverage of the
2D velocity space. However, the velocity-space sensitivity of FIDA drops
above the beam injection energy because the charge-exchange probabili-
ties drop for increasing particle energy. Therefore, the measurements of
the high-energy velocity space could likely be improved by supplementing
the FIDA measurements by CTS or NES.

Fig. 3.2 illustrates typical CTS weight functions for observations perpen-
dicular to the magnetic field [2]. If the geometry of CTS experiments is
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(a) 13◦,−5 nm (b) 13◦,−3 nm (c) 13◦, 3 nm (d) 13◦, 5 nm

(e) 69◦,−5 nm (f) 69◦,−3 nm (g) 69◦, 3 nm (h) 69◦, 5 nm

(i) 103◦,−5 nm (j) 103◦,−3 nm (k) 103◦, 3 nm (l) 103◦, 5 nm

(m) 133◦,−5 nm (n) 133◦,−3 nm (o) 133◦, 3 nm (p) 133◦, 5 nm

(q) 154◦,−5 nm (r) 154◦,−3 nm (s) 154◦, 3 nm (t) 154◦, 5 nm

Figure 3.1: Typical weight functions [a.u.] for the five FIDA spectra
for five different viewing angles for strong and moderate
blueshifts (first and second columns) and redshifts (third
and fourth columns). The angles describe the angle be-
tween the line-of-sight of the view and the local magnetic
field. The wavelengths are relative to the unshifted Dα light
wavelength of 656.1 nm [13].
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(a) 90◦, 1× 106 m/s (b) 90◦, 2× 106 m/s (c) 90◦, 3× 106 m/s

Figure 3.2: Typical CTS weight functions [a.u.] for a viewing angle of
90◦ for three projected velocities [13].

(a) 56 ns (b) 48 ns (c) 40 ns

Figure 3.3: Typical TOFOR weight functions [a.u.] for three different
times-of-flight [13].

flexible, the weight functions can have very different shapes. The over-
all shapes of CTS weight functions are similar to those of FIDA weight
functions because both are largely determined by the Doppler shift.

Fig. 3.3 illustrates typical weight functions for the time-of-flight neu-
tron emission spectrometer TOFOR at JET [17, 21]. The line-of-sight
of TOFOR is approximately perpendicular to the central magnetic field
at JET [76]. The weight functions are calculated for the D(D,n)3He re-
action. MeV-range ions are well-diagnosed by TOFOR or other NES
instruments.

Fig. 3.4 shows typical weight functions for two-step reaction GRS with
a HpGe detector [7], here for the 9Be(D,nγ)10B reaction. GRS is most
sensitive to fast ions in the MeV range due to the reaction cross sections.
An interesting feature is that at low Doppler shifts the HpGe detector
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(a) +2 keV (b) +22 keV (c) +42 keV

Figure 3.4: Typical two-step reaction GRS weight functions [a.u.] for
9Be(D,nγ)10B. The shifts are relative to the nominal peak
energy of 2868 keV [13].

Figure 3.5: Typical one-step reaction GRS weight functions [a.u.] for
D(p,γ)3He. From left to right relative to the nominal
peak energy of 5500 keV: +200 keV, +350 keV, +550 keV,
+800 keV [13].

is most sensitive to high-energy ions with pitches close to ±1. However,
at high Doppler shifts these regions do not contribute any signal whereas
the ions with pitches close to zero contribute most to the signal.

Fig. 3.5 illustrates typical weight functions for one-step reaction GRS,
here for the D(p,γ)3He reaction [10,111]. The ITER measurement require-
ments entail resolution of the energy spectra and densities of α-particles
and other fast ions [112]. Figure 3.5 illustrates that one-step reaction
GRS could in principle provide direct energy resolution of the fast ions
without the need for tomographic inversion [10]. One-step reaction GRS
has not yet been used in velocity-space tomography.
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Figure 3.6: Typical NPA weight functions [a.u.] for the NPA at ASDEX
Upgrade for five different energy ranges of the observed neu-
trals which are identical to the energy ranges of the fast ions:
50-54 keV, 58-62 keV, 66-70 keV, 74-78 keV, 82-86 keV [13].

Fig. 3.6 shows weight functions for the NPA at ASDEX Upgrade. NPAs
measure the energies of fast neutrals generated in charge-exchange reac-
tions between fast ions and neutrals. The measured energy of the neutral
in the detector is the same as that of the fast ion in the plasma. Ions in
very small pitch and gyrophase ranges can generate a detectable neutral
which is reflected in the narrow pitch range of the weight function. The
width of the energy interval is the same as the chosen energy bin width
in the measurement. As one-step GRS, NPAs can provide direct energy
resolution, but in a restricted pitch range. NPAs have not yet been used
in velocity-space tomography, either.

Fig. 3.7 illustrates weight functions of one of the FILD detectors at AS-
DEX Upgrade. The weight functions relate the 2D velocity distribution
function in the pinhole of the FILD detector to the measurement on the
scintillator plate. The 2D velocity distribution function is here parame-
terized in terms of the Larmor radius and the pitch angle. A point in 2D
velocity space in the pinhole maps onto a distribution of strike points on
the scintillator (fig. 3.7(a)). Conversely, a strike point on the scintilla-
tor plate can originate from a region in 2D velocity space in the pinhole
(fig. 3.7(b)). This instrumental blurring comes from two variable param-
eters: the different possible entry positions in the pinhole and a small
allowed range in the gyrophase. The 2D velocity distribution function in
the pinhole tends to be sharper compared with the measured, compara-
tively blurred 2D image.
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Figure 3.7: Typical FILD weight function for one of the FILD detectors
at ASDEX Upgrade [36]. (a) Strike point distribution on
the scintillator plate for a given 2D velocity-space point at
the pinhole. (b) Weight function for ρL = 4 cm and a pitch
angle of 70◦.

The understanding of velocity-space sensitivities encoded in weight func-
tions allows five types of data analysis. First, the observable and the
unobservable velocity space can be told apart. Second, given a 2D fast-
ion velocity distribution function, the velocity distribution of the ions
generating a given measurement can be calculated. Third, given the ab-
sence of a measurement signal, the corresponding empty region of velocity
space can be identified. Fourth, synthetic measurements can be calculated
rapidly. Fifth, we can infer 2D fast-ion velocity distribution functions by
velocity-space tomography (chapter 4).

A measure of the gross velocity-space sensitivity of a diagnostic set on
a tokamak is obtained by computing normalized weight functions cover-
ing the entire accessible spectral range. Figure 3.8 illustrates such gross
sensitivities for the combined CTS and GRS diagnostics for α-particles
on ITER. Salient features from the individual diagnostics can be recog-
nized in figure 3.8. α-particles at energies below ∼ 0.3 MeV and co-
and counter-going α-particles at extreme pitches (|p| & 0.9) and energies
up to ∼ 1.7 MeV can hardly be diagnosed by CTS or GRS. The gross
velocity-space sensitivity increases substantially from about 1.7 MeV up-
wards and becomes excellent around the 2 MeV resonance of the 4.44 MeV
γ-ray peak. For energies close to this resonance and upwards, the gross
velocity-space coverage of the combined diagnostic set at ITER is good.
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Figure 3.8: Gross velocity-space sensitivity to measure α-particles with
the combined CTS and GRS diagnostics at ITER (log
scale). White and yellow regions are practically not ob-
servable.

However, CTS is practically the only diagnostic detecting α-particles be-
low ∼1.7 MeV, covering the pitch range of |p| . 0.8 − 0.9. This causes
the protrusion below the 2 MeV resonance of the 4.44 MeV γ-ray peak.

3.3 Observable velocity space for a given line-of-
sight velocity

Equation 3.5 does not provide any insight into the peculiar shapes of the
weight functions for each diagnostic (figs. 3.1 to 3.7). The basic shapes
of the weight functions are explained for each diagnostic by considering
the underlying physical processes [2, 6, 7, 9, 17,21].

Chapter 2 showed that the line-of-sight velocity u is related to (v‖, v⊥,Γ)
according to equation 2.1 [2] and to the energy Ed of the detectable parti-
cle or photons by energy and momentum conservation for each diagnostic.
Hence we obtain insight into the observable velocity space of each diag-
nostic by finding the probability density function of u or, to account for
finite spectral resolution of the instruments, a histogram of u.

Given u, φ and (v‖, v⊥), the corresponding gyrophases can be computed:
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Γ = arccos
u− v‖ cosφ

v⊥ sinφ
(3.6)

and Γ′ = 2π−Γ. The distribution of gyrophases is uniform: pdfΓ = 1/2π.
A gyrating ion with given (v‖, v⊥) and projection angle φ hence has a
distribution of projected velocities u along the line-of-sight:

pdf(u|φ, v‖, v⊥) = 2 pdfΓ

∣∣∣∣
dΓ

du

∣∣∣∣ =
1

πv⊥ sinφ

√
1−

(
u−v‖ cosφ

v⊥ sinφ

)2
. (3.7)

The factor two appears due to the two possible gyrophases Γ and Γ′ for a
given u. The observable velocity space has a positive radicand. While this
relation is useful for the projection of 2D velocity distribution functions
onto a given direction [12,40], it is not suitable to analyze measurements.
The reason is the finite spectral resolution of fast-ion measurements which
implies a finite resolution in the projected velocity. Hence we integrate
equation 3.7 over a small range [u1, u2] in u:

prob(u1 < u < u2|φ, v‖, v⊥) =

∫ u2

u1

pdf(u|φ, v‖, v⊥)du

=
Γ1 − Γ2

2π
+

Γ′2 − Γ′1
2π

=
Γ1 − Γ2

π

=
1

π

(
arccos

u1 − v‖ cosφ

v⊥ sinφ
− arccos

u2 − v‖ cosφ

v⊥ sinφ

)
. (3.8)

The unobserved velocity space corresponds to a probability of zero such
that no gyrophase exists allowing a detection in the interval [u1, u2]. The
observed velocity space corresponds to non-zero probabilities. In this case
a detection in the interval [u1, u2] is possible on some parts of the gyro-
orbit (for prob = 1 on the full orbit). An example appears in fig. 3.9(a).

3.4 Observable velocity space for a given detected
energy

Energy and momentum conservation determine to which velocity-space
regions fast-ion diagnostics are sensitive. These conservation principles



3.4 Observable velocity space for a given detected energy 45

(a) CTS [5] (b) FIDA [5]

(c) NES [17]

(d) GRS 1 [10] (e) GRS 2 [7]

Figure 3.9: Examples of probability functions of CTS, FIDA, NES, and
one-step and two-step reaction GRS.
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relate the energy and momentum of the energetic particle in the plasma
to the energy and momentum of the detectable particle or photon, as
discussed in chapter 2. To focus on the large-scale shapes of the observable
velocity-space regions, we here neglect effects leading to small changes in
the observable velocity space for the various diagnostics, such as non-zero
plasma temperatures, Stark splitting or instrumental broadening [6, 8, 9,
17]. Similarly, we do not consider any reaction probabilities since they do
not influence the boundaries of the observable velocity space.

The resulting probability that the detected particle has an energy in the
interval [Ed,1, Ed,2] can be related to the probability that the fast ion has
a line-of-sight velocity in the interval [u1, u2] and to the corresponding
fraction of the gyro-orbit [5]:

prob(Ed ,1 < Ed < Ed,2|φ, v‖, v⊥) = prob(u1 < u < u2|φ, v‖, v⊥)

=
Γ1 − Γ2

π
=

1

π

(
arccos

u1 − v‖ cosφ

v⊥ sinφ
− arccos

u2 − v‖ cosφ

v⊥ sinφ

)
. (3.9)

Equation 3.9 shows how to find the observable velocity space from the
line-of-sight velocity u for the diagnostics that we consider. The observ-
able velocity space according to energy and momentum conservation is
revealed by solving the equations of the energies of the detected particles
for the projected velocity u:

uFIDA = c

(
EDα − EDα0

EDα

)
= c

∆λ

λ0
, (3.10)

uCTS =
Es − Ei

~kδ
=
ωδ

kδ
(3.11)

uNES =
mf −mpr

2
√

2mnEn
v2
f +

mpr

mf

En −Q√
2mnEn

+

√
2mnEn

2mf
, (3.12)

uGRS1 = c

(
mf −mpr

2Eγ
v2
f +

mpr

mf

Eγ −Q
Eγ

)
, (3.13)

uGRS2 =
−M ± w

√
v2
f u

2
pr(1 + w2)−M2

upr(1 + w2)
(3.14)
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with





upr = c
Eγ−Eγ0
Eγ0

w = tanβ cos ξ

M = 1
2

(
mn
mpr
− mf

mpr

)
v2
f + mn

mfmpr
Q∗ − 1

2

(
mn
mf

+
mpr
mf

)
u2pr

cos2 β
.

The observable velocity-space for the measurement is found by substitu-
tion of the corresponding equation for the projected velocity into equa-
tion 3.9. The shapes of the functions are simplest in (v‖, v⊥)-space (fig. 3.9).
The boundaries of the probability functions and hence the weight func-
tions for CTS and FIDA are found by substituting γ = 0◦ and γ = 180◦:

v⊥ = ±
u− v‖ cosφ

sinφ
. (3.15)

FIDA and CTS observe triangular regions. The two boundary lines in-
tersect the v‖-axis at v‖ = u/ cosφ and have the slopes ±v‖/ tanφ. Their
closest distance to the origin is u. The opening angle of the triangular
region is 2φ. Points below these lines cannot map onto u. For FIDA,
small corrections due to Stark splitting are discussed in reference [6].

Assuming that the energy and momentum of the target particle are neg-
ligible, NES and one-step reaction GRS observe regions bounded by cir-
cular arcs of the form [9,17]

(v‖ − v‖0)2 + (v⊥ − v⊥0)2 = r2
v. (3.16)

For NES, we have

v‖0 = − mnvn
mpr −mf

cosφ, (3.17)

v⊥0 = ± mnvn
mpr −mf

sinφ (3.18)

rv =

√√√√ 2mpr

mf (mpr −mf )

((
1− mn

mpr −mf

)
En −Q

)
. (3.19)
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For one-step GRS, we have

v‖,0 = − Eγ/c

mpr −mf
cosφ, (3.20)

v⊥,0 = ± Eγ/c

mpr −mf
sinφ, (3.21)

rv =

√√√√mpr

mf

(
E2
γ

(mpr −mf )2c2
+

2(Eγ −Q)

mpr −mf

)
. (3.22)

3.5 The forward problem as a matrix equation

To interpret fast-ion measurements, forward models of all fast-ion diag-
nostics are being developed. These usually take the form of a code, such
as FIDASIM [113], GENESIS [74], or DRESS [75], that can compute a
synthetic spectrum, given a velocity distribution function. To make the
forward models of fast-ion diagnostics amenable to inversion with stan-
dard position-space tomography tools, we write the forward model in the
form of a matrix equation [2, 3]. Given the matrix and a fast-ion veloc-
ity distribution function, a synthetic fast-ion measurement is computed
according to [3]

S̃ = W̃F (3.23)

where F is the fast-ion velocity distribution function written as a vec-
tor, S̃ contains the measurements written as another vector, and W̃ is
a matrix holding the forward model. Equation 3.23 is a discretization
of equation 3.1. Weight functions enter as the rows of the matrix W̃ in
equation 3.23 and are analogous to lines-of-sight in standard position-
space tomography. They quantify how much signal per ion is measured
and are hence a convenient formulation of the forward model for velocity-
space tomography.



Chapter 4

The inverse problem:
velocity-space tomography

4.1 The inverse problem

Given the 2D velocity distribution function F , we can compute the syn-
thetic measurements S̃ using the linear matrix equation 3.23. The com-
putation of W̃ was discussed in chapter 3. The inverse problem is to find
a stable and useful solution in F , given W̃ and the measurements S̃. As
F represents a 2D image, this inverse problem constitutes a tomography
problem. Equation 3.23 has no solution in F due to noise in the measure-
ments, which makes the rows of the matrix equation inconsistent. Hence
we instead seek a best estimate. To take the measurement uncertainty σ̃S
into account, each entry in S̃ is divided by its associated uncertainty, as
is the corresponding line in W̃ [4]. Hence we obtain the matrix equation

S = WF (4.1)

in the normalized quantities S and W . As the signal-to-noise ratio S
is on the same order of magnitude for most diagnostics, whereas the
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measured signal S̃ can differ by orders of magnitude, the normalization
by σ̃s substantially improves the conditioning of the matrix and ensures
that measurements from different diagnostics are treated on an equal
footing [4]. The least-squares solution is given by the normal equation

F = (W TW )-1W TS. (4.2)

However, as in most tomography problems, it turns out that the compu-
tation of F , given W and S, is ill-posed. This means that small changes
in S result in large changes in F in a standard least-squares fit. The mea-
surement noise, which is usually fairly large in fast-ion measurements,
therefore generates random noise in the 2D image F , and no stable inver-
sion, which continuously depends on the data, can be found.

This noise amplification is typical for inversions of integral equations in
tomography problems. Equation 3.1 expresses that the measurements S
are obtained from F by integration over velocity space. Such an inte-
gration has a smoothing property as any small noisy wiggles in F are
integrated over velocity space. The signal S is therefore usually smooth
even if F is wiggly. The inverse operation (to compute the F from S)
consequently amplifies noise.

As in standard methods of position-space tomography, we can use regular-
ization to prevent the propagation of noise into the 2D image. Early work
on velocity-space tomography was done by McWilliams and Koslover [114]
in the (v⊥1, v⊥2)-plane for a linear plasma device. This velocity-space
tomography problem is analogous to the astrophysical Doppler tomog-
raphy problem introduced by Marsh and Horne to provide 2D images
of accretion disks [7, 115–122]. Egedal and Bindslev [123] first stud-
ied reconstructions in the (v‖, v⊥)-plane from 1D projections. To date
velocity-space tomography has relied on standard regularization meth-
ods: algebraic iterative methods [2], truncated singular value decomposi-
tion [3–5,7,10,18,25,69,123], the maximum entropy method [7,18,20,69],
and a few variants of Tikhonov regularization [10–15,18,20,27,33,69,108].
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4.2 Tikhonov regularization

Tikhonov regularization is one of the most widespread regularization
methods in tomography. It is very intuitive, and it is well suited to
incorporate prior information about the solution to improve the results
(see next section) [10]. In Tikhonov regularization, the solution Fλ is
commonly written as the solution to the minimization problem

minimize
F

(∥∥∥WF − S
∥∥∥

2

2
+ λ2

∥∥∥LF
∥∥∥

2

2

)
. (4.3)

The first term minimizes the two-norm of the residual of equation 4.1.
The second term minimizes the two-norm of LF . L is a matrix oper-
ating on F such that LF quantifies an undesired property of the solu-
tion. If L is the identity matrix, LF minimizes the two-norm of F and
will strongly (quadratically) penalize large spikes. This is the so-called
zeroth-order Tikhonov regularization. If L is a numerical gradient op-
erator, LF minimizes gradients and hence selects for smooth solutions
(first-order Tikhonov). Second-order Tikhonov penalizes large curvature
which is also commonly used in position-space tomography, but not yet in
velocity-space tomography. The choice of L is motivated by prior infor-
mation. As velocity distribution functions are smooth due to collisions,
the first-order Tikhonov regularization is often a good choice. The regu-
larization parameter λ balances the goodness-of-fit and the regularization
requirement and must be found as part of the solution (see section 4.5).
The dependence of the solution Fλ on the regularization parameter λ is
indicated by the index.

We prefer the equivalent and computationally more convenient and stable
form [124]

minimize
F

∥∥∥∥∥

(
W
λL

)
F −

(
S
0

)∥∥∥∥∥
2

(4.4)

which also reveals clearly that we are dealing with a linear least-square
problem. It can be solved by the normal equation

Fλ =
(
W TW + λ2LTL

)-1
W TS. (4.5)
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However, Fλ computed with the normal equation usually becomes nega-
tive in some velocity-space region, which is unphysical. This is avoided
by constraining the solution to be non-negative [10] as we discuss in the
next section.

4.3 Prior information

Compared with many medical tomography applications, the amount of
measured fast-ion diagnostic data is small due to the limited access to the
plasma and the often comparatively low signal-to-noise ratio. Therefore,
inversions often have so-called artifacts which are spurious features of
the inversion. Artifacts can be reduced by installing additional fast-ion
diagnostics [3, 27] and by optimizing the discharges for signal-to-noise
ratio. For example, FIDA works very well in L-mode plasmas with low
density and few impurities [5, 20,25,27].

High-definition tomography techniques make use of prior information in
addition to the regularization encoded in equation 4.4 to remedy artifacts
and to improve the inversions [10]. Additional prior information is in
particular needed if velocity-space regions are observed by only one or
two detectors [13, 14, 22, 23]. In actual fast-ion diagnostics implemented
on tokamaks, some regions in velocity space may be well diagnosed by
several detectors whereas other regions in velocity space may be observed
by a single detector only or even not at all [13, 14, 22]. In such cases
we know before the inversion that F in the region with only one or no
observing detectors cannot be reliably inferred, and artifacts will form in
such regions.

Besides the usual demand on smoothness, we can demand non-negativity
of the solution and solve a least-square problem with non-negativity con-
straint [10]:

minimize
F

∥∥∥∥∥

(
W
λL

)
F −

(
S
0

)∥∥∥∥∥
2

subject to F ≥ 0. (4.6)

Since we are sure that the distribution function is never negative, this
prior information is safe to use. The non-negative least-squares algorithm
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in reference [125] is well-suited for this problem. We regard Tikhonov reg-
ularization with non-negativity constraint as our baseline method which
can be supported by additional prior information. Alternatively, one may
penalize negative values and hence force them to become small [27].

In the following we discuss the implementation of additional prior infor-
mation for various plasma scenarios. One option is to modify the penalty
function to become dependent on the velocity-space coordinates. An-
other option is to add further constraints in addition to non-negativity:
isotropy, monotonicity, or restrictions on the target velocity space to be
reconstructed. Lastly, we can also use a numerical simulation as prior
information and penalize any deviation from the simulation. These types
of prior information should only be used when appropriate. Additionally,
we recommend the computation of solutions to the baseline equation 4.6
as reference cases. Wrong prior information will deteriorate the solution,
and one risks to miss new physical phenomena.

We first discuss the constraints mentioned above except for isotropy for
which we can derive a 1D inversion problem (section 4.4). A minimization
problem with non-negativity, restricted velocity space, and monotonicity
constraint in energy can be written as

minimize
F

∥∥∥∥∥

(
W
λL

)
F −

(
S
0

)∥∥∥∥∥
2

subject to





F ≥ 0,

F (E0, p0) = 0,

L1,EF (Em, pm) ≤ 0.

(4.7)

F (E0, p0) = 0 is the velocity-space region with negligible fast-ion densities
according to null-measurements, as identified by weight functions [10]. A
null-measurement in the measured signal S is the measured absence of ev-
idence for fast ions. Null-measurements are often found for plasma scenar-
ios with NBI heating at large Doppler shifts. An example of an experimen-
tally determined null-measurement velocity space at ASDEX Upgrade is
illustrated in fig. 4.1(a). It is advantageous to use null-measurements to
restrict the velocity space before the inversion to reduce the number of
unknowns. This prevents the appearance of artifacts in regions where we
know from measurements that the velocity-space densities are very small,
at least below the detection limit of the diagnostic [10].
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(a) Null-measurements (b) Beam peaks

Figure 4.1: Prior information for velocity-space tomography [10].
(a) Measured absence of evidence for fast ions (null-
measurements). (b) κ1(E, p) encodes the NBI injection en-
ergies and pitch.

The monotonicity constraint in equation 4.7 selects for monotonically de-
creasing functions in energy in the velocity-space region (Em, pm) [23].
This could be a good constraint for α-particle velocity distribution func-
tions or for the fast-ion tail generated by ICRF heating (fig. 1.11). NBI
and ICRF distribution functions may also sometimes be assumed to be
monotonic in pitch in some velocity-space region [23]. The ICRF distri-
bution in fig. 1.11 forms a ridge for v‖ ≈ 0 and decreases in positive and
negative v‖ directions. The NBI distribution function in fig. 1.12 could
be constrained to be monotonically decreasing in pitch for p ∈ [−1; 0.5]
which would remove the two small regions with higher densities in the
negative pitch half-plane. However, there is a risk that such small bumps
originate from physics.

Another option to reflect prior information in the problem formulation is
a modification of the regularization term by a function κ(E, p) [10, 23].
The minimization problem with a mix of zeroth- and first-order Tikhonov
terms is written as:

minimize
F

∥∥∥∥∥∥




W
λ1κ1(E, p)L1

λ0κ0(E, p)L0


F −




S
0
0



∥∥∥∥∥∥

2

subject to F ≥ 0. (4.8)

For example, κ1(E, p) used with the first-order Tikhonov penalty term
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λ1L1 can encode the velocity-space positions of the particle sources of the
NBI at the well-known full-, half- and one-third NBI injection energies as
illustrated in fig. 4.1(b). Gradients in the vicinity of the particle sources
in velocity space are penalized less than elsewhere [10]. Alternatively,
one could encode a known position of a peak in a function κ0(v‖, v⊥)
used with the zeroth-order Tikhonov penalty term λ0L0. This function
could be similar to κ1(E, p) shown in fig. 4.1(b). However, penalizing
gradients is less restrictive than penalizing amplitudes as the gradients
can go either way (peak or depression).

The null-measurement constraint discussed above can produce jumps at
the boundary between the target velocity space and the null-measurement
velocity space. Instead of a formulation as a hard constraint, we can intro-
duce a zeroth-order Tikhonov penalty in the null-measurement velocity
space [22]. Instead of setting the distribution function in the velocity
space interrogated by null-measurements to zero, one may instead use
a penalty term λ0κ0(E, p)L0 [22]. An example of the function κ0 for a
velocity-space tomography problem at the MAST tokamak is illustrated
in fig. 4.2.

Figure 4.2: Prior information of unlikely velocity space for
velocity-space tomography at MAST according to (a)
TRANSP/NUBEAM and (b) null-measurements [22]. The
exponentially growing κ0(E, p) towards higher energies
expresses our increasing doubt to find ions.

The increasing penalty with energy expresses our increasing doubt to find
ions at large energies [22]. This way of penalizing densities in the null-
measurement velocity space does not produce a jump at the boundary
between target velocity space and null-measurement velocity space. If
not enough measurements are available to find a boundary between the
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null-measurement velocity space and the target velocity space, one may
use a numerical simulation, e.g. from TRANSP/NUBEAM, to restrict
the velocity-space region considered for the inversion [22]. Here the as-
sumption is that there is no acceleration of a significant number of fast
ions to higher energies than energies achievable according to neoclassical
transport.

Lastly, if inversions based on the measurements and the above prior in-
formation do not produce reasonable results, a numerical simulation Fsim
can be used as prior information on the velocity distribution function [10].
In this case we solve the problem

minimize
F

∥∥∥∥∥

(
W
λL

)
F −

(
S

λLFsim

)∥∥∥∥∥
2

subject to F ≥ 0. (4.9)

In this technique a penalty is given on ‖L(F − Fsim)‖2 which is the de-
viation from the prior distribution in the operator L, e.g., the gradient.
This technique works well even if only two detectors are available. How-
ever, we do not obtain an inversion based on measurements alone, but
rather identify regions in velocity space where the measurements suggest
deviations from Fsim.

4.4 Inference of isotropic functions

If the velocity-distribution function is close to isotropic, we may seek to
infer a 1D energy spectrum instead of the full 2D velocity distribution
function. For example, the velocity distribution of α-particles in ITER is
expected to be close to isotropic with deviations of up to about 10% [14].
The measurement of the energy spectrum of α-particles is an ITER mea-
surement requirement [112]. For an isotropic function f(E), the integral
equation connecting the 2D velocity distribution function to the measure-
ment can be simplified by integration over the pitch. We then obtain the
1D weight function wE(m1,m2, φ, E). The integral equation connecting
the 1D energy spectrum f1D

E (E) to the measurement s is

s(m1,m2, φ) =

∫ ∞

0
wE(m1,m2, φ, E)f1D

E (E)dE. (4.10)
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Here the dependence on the projection angle φ is retained, as the 1D
weight function can still depend on φ, e.g. due to anisotropic cross sec-
tions or anisotropy or drift of the thermal ions. The integral of equa-
tion 3.7 over pitch does not depend on φ. Hence we find a simplified
relation between the projected velocity distribution function g(u) and
the energy spectrum for isotropic fast-ion velocity distribution functions:

g(u) =

∫ ∞

Eu

1

2
√

2E/m
f1D
E (E)dE (4.11)

where 1/2
√

2E/m is a 1D weight function obtained by integration of the
2D weight function over pitch. The lower integration limit is Eu = 1

2mu
2.

Inversion of equation 4.11 allows the determination of energy spectra from
projected isotropic velocity distribution functions, which is a 1D analog of
velocity-space tomography. Conveniently we can also consider the integral
equation connecting the speed spectrum to g(u), which is advantageous
as u and v have the same units:

g(u) =

∫ ∞

u
2πvf1D

v (v)dv. (4.12)

These 1D inversion techniques will prove useful to determine the energy
spectrum of α-particles at ITER below 2 MeV where GRS is not sensitive
and CTS will be the only diagnostic [14].

As a softer alternative compared with the isotropy constraint, which re-
duces the tomography problem to a 1D inversion problem, near-isotropy
can be encoded by penalizing gradients in pitch direction more strongly
than gradients in energy direction. This method can still allow some
anisotropy which may be advantageous compared with a full constraint
[14]:

minimize
F

∥∥∥∥∥∥




W
λ1,EL1,E

λ1,pL1,p


F −




S
0
0



∥∥∥∥∥∥

2

subject to

{
F ≥ 0,

λ1,p � λ1,E .
(4.13)

4.5 Uncertainties and regularization strength

The uncertainties in velocity-space tomography are conceptually the same
as in standard position-space tomography. Calculating them is unfortu-
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nately not straightforward. We may divide the uncertainties into three
categories:

• uncertainties in the fast-ion measurements S [4],

• uncertainties in the weight matrix W due to uncertainties in nui-
sance parameters [20],

• bias uncertainties due to the regularization [20].

The nature of the uncertainties in the fast-ion measurements depends on
the diagnostic as discussed in [39]. Usually apparently random fluctua-
tions in the measured signals, which are called measurement noise, are one
contribution to the uncertainty. There can also be systematic uncertain-
ties. An example is the passive FIDA light originating from the plasma
edge rather than from the measurement volume. The passive FIDA light
can be subtracted by beam modulation or passive lines-of-sight, but usu-
ally some systematic error is to be expected since the active and passive
signals change over time [86]. Whereas uncertainties due to measurement
noise are controlled to be small in tomography, any systematic measure-
ment error such as in the background subtraction will propagate into the
inversion.

In the end of this section we will discuss the computation of uncertainties
by sampling. Some insight can be gained for Tikhonov regularization
without constraint. In this case the errors in the measurements can be
propagated into the inversion using the regularized inverse

W †λ =
(
W TW + λ2LTL

)-1
W T (4.14)

introduced in equation 4.4. The covariance matrix CFλ of the inversion
can be calculated from the covariance matrix CS of the measurements
according to standard error propagation:

CFλ = W †λCS(W †λ)T . (4.15)

The diagonal elements σFλ of CFλ are for uncorrelated noise given by

σ2
Fλ,n =

∑

m

(W †λ,mn)2σ2
S,m. (4.16)
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Uncertainties in the nuisance parameters are the uncertainties in parame-
ters which are needed in the forward models but are of secondary interest.
For example, often the densities and temperatures of ions or electrons in-
fluence the amplitude of the measured fast-ion signals. Such parameters
and their uncertainties are usually measured by other diagnostics, and
such measurements can be used as prior information.

Lastly, the bias uncertainties cover systematic errors introduced by the
regularization which is needed to obtain stable solutions to the tomogra-
phy problem. Bias uncertainties make it impossible to reconstruct the
true distribution function even with perfect, noise-free measurements.
The quantification of bias uncertainties is an open problem because we
would need to know the true distribution function. If it was known, we
could compute ideal, noise-free measurements

Sideal = WFtrue (4.17)

and find the inversion of these according to

Fλ = W †λWFtrue. (4.18)

W †λW is called the resolution matrix which should deviate as little as
possible from the identity matrix. The regularization bias could then be
found according to

δFλ,bias = Fλ − Ftrue = (W †λW − I)Ftrue. (4.19)

Equation 4.19 shows that we would need to know the true solution to
estimate the bias uncertainty. To get a rough idea, we may use a numerical
simulation or the tomographic inversion to estimate the bias uncertainty
[20].

In the Tikhonov problem, equation 4.6 shows that the solution Fλ depends
on the regularization parameter λ, and so do the uncertainties. For very
small λ, the lower part of equation 4.6 becomes negligible, and one ap-
proaches the original least-squares problem. Even though the fit to the
measurement data is very good, the solution is unstable and is completely
dominated by measurement noise. The bias due to the regularization is
in this case small. For very large λ, the upper part of equation 4.6 be-
comes negligible, and one approaches a very smooth function, but the
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fit to the measurement data is poor. In this case the uncertainty due to
measurement noise is small, but the bias due to regularization is large. A
trade-off must be made in the choice of λ to balance the propagation of
measurement noise into the inversion against systematic bias introduced
by the regularization itself.

Various strategies to choose λ automatically exist [124], such as the L-
curve, generalized cross-validation (GCV) or the discrepancy principle or
the normalized cumulative periodogram (NCP) method. Most algorithms
will pick λ such that it is as small as possible but still prevents the prop-
agation of noise into the 2D image. The value of λ obtained by these
and other methods can vary, and a given method may have a tendency to
systematically produce oversmoothed or undersmoothed solutions. For
example, the L-curve method tends to produce oversmoothed solutions
in velocity-space tomography, and the GCV sometimes tends to produce
noisy solutions. Since the different methods produce different λs, a good
strategy is to compute solutions for a reasonable range in λ. One then ob-
tains a progression of solutions Fλ from undersmooth to oversmooth, such
that no phenomena are missed due to oversmoothing or undersmoothing.

Assuming that we have chosen λ or choose it automatically, we can
quantify the uncertainties in the inversion due to uncertainties in the
fast-ion measurements and due to uncertainties in the nuisance parame-
ters. We sample the fast-ion measurements and nuisance parameters from
their probability distributions and compute a population of N inversions,
Fλ,i. The mean of the N inversions is the best estimate of the velocity-
distribution function, and the uncertainty is the corresponding standard
deviation which accounts for uncertainties in the signal and the nuisance
parameters:

〈Fλ〉 =
1

N

∑

i

Fλ,i, (4.20)

δFλ =

√
1

N − 1

∑

i

(Fλ,i − 〈Fλ〉)2. (4.21)

Each pixel in the inversion has its own uncertainty, such that we can
assess which parts of velocity space can be reliably inferred [19,20,24]. If
required, we can assess the individual contributions of the measurement
noise and the nuisance parameter uncertainty by fixing the other values.
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4.6 Tikhonov regularization in the Bayesian per-
spective

In the plasma physics community, Bayesian inference is a popular ap-
proach to solve inverse problems. It is hence of interest to justify Tikhonov
regularization in velocity-space tomography from the Bayesian perspec-
tive in which regularization is encoded in the so-called prior distribution
function [13]. Bayes’ theorem relates the posterior distribution function
with the likelihood function and the prior distribution function:

prob(F |S) =
prob(S|F )× prob(F )

prob(S)
. (4.22)

Here the posterior prob(F |S) is the probability of the pixel values de-
scribing the distribution function, given the data. The prior prob(F ) is
the probability of the distribution function before considering the data.
The likelihood function prob(S|F ) is the probability of the data, given the
distribution function. Lastly, prob(S) is the probability of the data, often
called the evidence. Using the forward model, we can assign probabilities
to the likelihood function:

prob(S̃|F ) ∝ exp

(
−1

2

(
W̃F − S̃

)T
C̃−1
S

(
W̃F − S̃

))
(4.23)

where C̃S is the covariance matrix for the data S̃. Assuming the noise to
be independent and normally distributed, the likelihood function reduces
to

prob(S|F ) ∝ exp

(
−1

2

∥∥∥WF − S
∥∥∥

2

2

)
. (4.24)

Recall that W and S are normalized by the uncertainties. We further
assume the prior distribution to be a multivariate Gaussian:

prob(F ) ∝ exp

(
−1

2
(F − F0)TC−1(F − F0)

)
(4.25)

where C is the covariance matrix for F0. F0 is the estimate of the velocity
distribution function before considering the data. If a numerical simula-
tion Fsim is available, we may set F0 = Fsim. Since the covariance matrix
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is positive semidefinite, so is its inverse C−1. Hence we can introduce the
symmetric decomposition

C−1 = λ2LTL (4.26)

where λ2 is a positive free parameter setting a width-scaling for the mul-
tivariate Gaussian. Equation 4.26 allows us to write equation 4.25 as

prob(F ) ∝ exp

(
−1

2
λ2
∥∥∥L(F − F0)

∥∥∥
2

2

)
. (4.27)

According to Bayes’ theorem (equation 4.22), the posterior becomes

prob(F |S) ∝ exp

(
−1

2

∥∥∥WF − S
∥∥∥

2

2
− 1

2
λ2
∥∥∥L(F − F0)

∥∥∥
2

2

)
(4.28)

where we dropped the unimportant evidence term. Maximizing the pos-
terior probability is equivalent to solving the minimization problem in
equation 4.3. We have hence recovered the Tikhonov problem from the
Bayesian formulation. Equation 4.26 shows how to obtain the covariance
matrix C, from the penalty matrix L in Tikhonov’s problem. Conversely,
given C, we can find L to within a factor λ by symmetric matrix de-
composition. Perhaps the simplest example is the zeroth-order Tikhonov
problem where L is the identity matrix. Then C is a diagonal matrix
with 1/λ2 on the diagonal, so that the entries in F are uncorrelated.
For first-order or higher-order Tikhonov regularization, we can likewise
use equation 4.26 to calculate C which is useful to implement Tikhonov
regularization in Bayesian inference methods, e.g. to interpret CTS mea-
surements in current tokamaks and ITER [126].
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Discussion, conclusions, and
outlook

This thesis demonstrates measurements of 2D fast-ion velocity distribu-
tion functions in magnetized fusion plasmas. Such measurements are
essential to understand the physics of fast ions and hence to eventually
operate high-performance plasmas for harvesting energy. Fast-ion veloc-
ity distribution functions are often anisotropic and have local maxima.
This can drive instabilities causing anomalous fast-ion transport that can
be detrimental to the plasma performance.

Up to now fast-ion diagnostics have never measured 2D velocity distribu-
tion functions. Experimental results have conventionally been presented
in terms of spectra of diagnostic quantities, e.g. spectral power density of
scattered radiation, FIDA radiance or γ-ray count rates. Results in terms
of such quantities of secondary interest are often hard to interpret. The
spectra consist of hundreds of data points that have different relationships
to the velocity distribution function and additionally depend on nuisance
parameters. To directly consider this wealth of data on an equal footing
is intractable for humans.
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Velocity-space tomography transforms the rich diagnostic data to a 2D
image that is straightforward to interpret for all physicists rather than
just diagnostic specialists. The technique borrows from standard medical
tomography techniques implemented in CAT or MRI scanners, but ap-
plies them to measure velocities rather than positions. The obtained 2D
image of the velocity distribution function is the best useful fit to hun-
dreds of simultaneous measurements. It shows the fundamental quantity
of interest rather than measured quantities of secondary interest. Data
from different diagnostics are combined, and nuisance parameters are ac-
counted for.

This development has been published in my papers reprinted with this
brief overview [1–15] and in papers by my PhD students [16–23] and
collaborators [24–38]. Recent review and tutorial papers on fast-ion di-
agnostics [39] and on analytic velocity distribution functions in various
coordinate systems [40] provide comprehensive technical background in-
formation.

Paper [1] is an example of how fast-ion measurements are traditionally
analyzed. The unsatisfactory connection between fast-ion measurements
and the 2D velocity distribution function in this paper illustrates the ba-
sic problem addressed by velocity-space tomography. The development
of diagnostic weight functions allowed a more detailed analysis in velocity
space [73]. Weight functions of the major fast-ion diagnostics were subse-
quently derived in papers [2, 6, 8, 9, 17, 21, 36]. Weight functions not only
allow velocity-space tomography but also provide new ways to understand
and analyze fast-ion measurements.

The velocity-space tomography method based on such weight functions
was presented in papers [2–4]. Different inversion methods were compared
in [20]. The state-of-the-art now is high-definition velocity-space tomog-
raphy which uses prior information together with Tikhonov regularization
to improve results compared with cases without extra prior information.
This further allows the analysis of sparse data, even if parts of velocity
space are observed by only one or two detectors [10,22,23].

Experimentally, measurements by the diagnostics FIDA, CTS, GRS, NES,
and FILD installed at the tokamaks ASDEX Upgrade, JET, MAST, DIII-
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D, and EAST have been interpreted using velocity-space tomography up
to now. The method was introduced at ASDEX Upgrade based on three
simultaneously measured FIDA spectra [5, 7]. Now four to five simul-
taneously measured FIDA spectra are routinely used [10, 19, 20, 25, 27,
29, 31, 33]. Integrated data analysis by combining different fast-ion di-
agnostics [4] has been experimentally demonstrated for FIDA and CTS
measurements at ASDEX Upgrade [20, 31] and for GRS and NES at
JET [11]. We have measured non-Maxwellian, strongly anisotropic fast-
ion velocity distribution functions in the keV-range in plasmas heated by
NBI [5, 7, 10, 19, 20, 25, 27, 29, 31] and up to the MeV-range in plasmas
heated by ICRF [11,13,33].

The interaction of fast ions and magnetohydrodynamic instabilities could
be studied in unprecedented detail. In particular sawteeth have been
extensively studied [10, 19, 20, 25, 27, 29, 31], revealing strong selectivity
of the interaction in velocity space. Initial studies of neoclassical tearing
modes and Alfvén eigenmodes have been made. Fast-ion densities and
energy spectra have been measured for the first time [10, 15, 24]. First
movies of fast-ion velocity distribution functions at ASDEX Upgrade in
a sawtoothing plasma [10], during NBI start-up [10], and rotating and
locked neoclassical tearing modes have been presented. Automation could
make such movies available in the control room minutes after a discharge
in the future to aid the immediate decision-making in future experiments
in ITER or present tokamaks.

The focus of much of fusion energy research is now the ITER tokamak.
Velocity-space tomography was demonstrated to be a useful analysis tool
for ITER [14], and its further development in ongoing Joint Experiments
under the ITPA Topical Group for Energetic Particles is requested by the
ITER Organization. It was found that co-passing and counter-passing
particles, which are two out of three major classes of ions, cannot be
told apart at ITER, unless a detector with an oblique line-of-sight is
installed [14]. It remains to be seen, if this can be done.

To make optimal use of the diagnostic set at ITER or present tokamaks,
we must develop 1D, 2D, and 3D inversion tools and be familiar with
the use of prior information depending on the situation. Measurements
of α-particle energy spectra in ITER, as requested by the ITER mea-
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surement requirements [112], should be possible by velocity-space tomog-
raphy for energies from 1.7 MeV upwards based on GRS and CTS [14].
Below α-particle energies of 1.7 MeV, GRS is not sensitive and CTS will
be the only diagnostic for α-particles, so that 2D or 3D inference will
be challenging if not impossible. Here 1D inversion techniques akin to
2D velocity-space tomography can be used to determine energy spectra
and α-particles without assuming a functional form [14, 15]. It is now
becoming possible to measure 3D phase-space distribution functions by
orbit tomography [68,69]. This approach requires many measurements to
cover the 3D target phase space, but with appropriate prior information
it will hopefully be useful at ITER.

The original scope of velocity-space tomography has also broadened, and
similar methods have been applied in other fields in fusion plasmas. A
comparison with astrophysical Doppler tomography [7] inspired a way to
deal with perpendicular drift velocities [13,40,127]. Measurements of the
total ion velocity distribution function allowed measurements of main-ion
densities, parallel drift velocities and anisotropic temperatures by taking
its lowest moments [12]. These basic plasma parameters are not easily
measurable by other means. Anisotropic temperatures in a fusion plasma
have never been measured before. Furthermore, we applied methods of
velocity-space tomography to interpret γ-ray measurements of relativistic
runaway electrons [37]. Lastly, we deblurred measured images of FILD
measurements using velocity-space tomography [35, 36]. A FILD system
is foreseen for ITER.

In conclusion, this thesis provides a new meeting ground between theory
and observation which is far more easily accessible by a broad community.
Measurements of 1D, 2D and 3D distribution functions of ions will help
us understand anomalous transport of energetic and thermal particles
in plasmas and are foreseen for the interpretation of diagnostic data at
ITER.
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Abstract
Collective Thomson scattering (CTS) experiments were carried out at ASDEX Upgrade to measure the one-
dimensional velocity distribution functions of fast ion populations. These measurements are compared with
simulations using the codes TRANSP/NUBEAM and ASCOT for two different neutral beam injection (NBI)
configurations: two NBI sources and only one NBI source. The measured CTS spectra as well as the inferred
one-dimensional fast ion velocity distribution functions are clearly asymmetric as a consequence of the anisotropy
of the beam ion populations and the selected geometry of the experiment. As expected, the one-beam configuration
can clearly be distinguished from the two-beam configuration. The fast ion population is smaller and the asymmetry
is less pronounced for the one-beam configuration. Salient features of the numerical simulation results agree with
the CTS measurements while quantitative discrepancies in absolute values and gradients are found.

PACS numbers: 52.25.Os, 52.40.Db, 52.50.Gj, 52.65.Cc, 52.70.Gw

1. Introduction

Medium-sized tokamaks such as ASDEX Upgrade are
designed to confine hot plasmas with temperatures in the
kiloelectronvolt range and are usually equipped with powerful
auxiliary heating systems: neutral beam injection (NBI), ion
cyclotron resonance heating (ICRH) or electron cyclotron
resonance heating (ECRH) [1, 2]. The energetic ions generated
by NBI and ICRH play a key role in heating the bulk plasma,
and understanding fast ion physics is therefore essential.
However, reliable predictions of fast ion motion still face
many challenges: fast ions exhibit collective behaviour [3, 4]
and can interact with magnetohydrodynamic (MHD) activity
such as the family of Alfvèn eigenmodes [5–8], sawteeth
[9–12], kinetic ballooning modes [6, 13, 14], neoclassical
tearing modes [6, 15] or the sierpes mode [16]. Fast

ions may also interact with turbulent fluctuations [17–19].
Theories describing such phenomena need to be tested against
experimental data. The implications for ITER and tokamaks
beyond are also far-reaching: the confinement of the bulk
plasma and the fast ions may degrade due to such effects.
Measurements of fast ion distributions have therefore been
recognized as a milestone towards understanding plasmas
in the burning regime [20, 21]. Millimetre wave collective
Thomson scattering (CTS) has been demonstrated to provide
measurements of one-dimensional velocity distribution
functions of confined fast ions in various selected directions
and locations in the plasma at JET [22], TEXTOR [23, 24]
and ASDEXUpgrade [25, 26]; a fast ion CTS system at ITER
is also foreseen [27–32]. CTS experiments at other machines
have further contributed to the experiencewithmillimetrewave
CTS diagnostics [33–36]. For example, the ion temperature
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Figure 1. Time traces of NBI power, ion and electron temperatures,
electron density and toroidal bulk ion drift velocity in the plasma
centre in discharge 24089. Neutral beams S3 and S8 heated the
plasma up to 2.5 s when beam S3 was switched off.

has been estimated by millimetre wave CTS at the W7-AS
stellarator [37].

Here we report recent fast ion velocity distribution results
obtained by CTS for different NBI configurations at ASDEX
Upgrade. We compare the measurements with numerical
simulations and describe methods for such a comparison. The
experimental conditions are summarized in section 2 and the
methods in section 3. The measured spectral power densities
of scattered radiation are compared with synthetic CTS spectra
calculated with a scattering model [38, 39] using fast ion
velocity distributions obtained with the simulation codes
TRANSP/NUBEAM[40, 41] orASCOT [42, 43] (section 4.1).
Moreover, the inferred one-dimensional fast ion velocity
distributions obtained for this experiment are presented and
compared with the simulations (section 4.2). We discuss
perspectives and draw conclusions in sections 5 and 6.

2. CTS experiment at ASDEX Upgrade

2.1. Plasma parameters

The CTS measurements were carried out in a co-current NBI
heated, standard H-mode plasma (discharge 24089). ASDEX
Upgrade is equipped with two-beam boxes each containing
four neutral beam injectors [44]. We used two of the injectors,
namely source 3 (S3) and source 8 (S8). S3 and S8 have
full acceleration energies of 60 keV and 93 keV in deuterium,
respectively, and they have similar injection geometries. Both
NBI sources (S3+S8) injected deuterium with a total power of
about 5MW (2×2.5MW), until S3 was switched off. Fast ion
populations in the plasma centre for both NBI configurations
(S3+S8 and S8 only) were measured by CTS.

CTS spectra of scattered radiation depend not only on
the fast ion velocity distribution function—the parameters

of interest—but also on other parameters which are not the
goal of the measurement and encumber the data analysis—
the nuisance parameters. Among the nuisance parameters
are several bulk plasma parameters which we discuss here.
Figure 1 shows time traces of the NBI power, the electron
and ion temperatures, the electron density and the toroidal
bulk ion drift velocity. The temperatures and the drift velocity
decreased when beam S3 was turned off whereas the electron
density was feedback controlled. From here on we shall
use representative values to characterize the plasma for both
NBI configurations: two beams (S3+S8) versus one beam
(S8). These representative values and their 1σ confidence
levels are given in table 1, which also contains additional
plasma parameters affecting the CTS spectra: the magnetic
field, the isotope ratio and impurity concentrations. The ion
temperature and bulk ion drift velocity were obtained from
the charge exchange diagnostic, the electron temperature from
(non-collective) Thomson scattering [45], the electron density
from the integrated data analysis (IDA) [46–49], the isotope
ratio from a neutral particle analyzer, and the impurity content
was estimated by spectroscopy [50].

2.2. CTS experiment description

In CTS experiments at ASDEX Upgrade, a probe beam of
millimetre waves is launched into the plasma, and radiation
is scattered off microscopic fluctuations in the plasma. Part
of this scattered radiation is collected by a receiver with a
quasi-optical antenna and resolved into frequency intervals.
The acceptance cone of the antenna, referred to as the receiver
beam, is defined by the antenna design. Information about the
fast ions can be inferred from the spectral power density of the
scattered radiation. The measurement is spatially resolved at
the location where probe and receiver beam patterns intersect.
This location is called the scattering volume and lies near the
plasma centre at R = 1.7m and z = 0.1m in this experiment.
The scattering geometry is sketched in poloidal and toroidal
views in figures 2(a) and (b), respectively. CTS enables
measuring the fast ion velocity distribution projected onto the
fluctuation wave vector kδ = ks − ki where the superscripts s
and i refer to scattered and incident radiation, respectively. The
spectral content of the scattered radiation bears a signature of
the ion velocity distribution since the CTS system at ASDEX
Upgrade satisfies Salpeter’s condition [51]: |λDkδ| < 1 where
λD is theDebye length. A frequency shift in scattered radiation,
νδ , can be approximately related to an ion velocity, vion, by
νδ = νs − ν i ≈ vion · kδ/2π .

In discharge 24089 the incident gyrotron power was
Pi = 250 kW at an average frequency of Fi = 104.93GHz
[25, 26, 52]. The geometry and gyrotron parameters for
the CTS experiment and their estimated uncertainties are
summarized in table 2. The resolved angle φ = � (kδ,B), the
scattering angle θ = � (ki,ks) and the less important azimuthal
angle ψ describe the scattering geometry. The so-called beam
overlap Ob accounts for the effects of the widths of the probe
and receiver beam patterns and for the extent to which they
overlap in the plasma [38, 39]. The role of the overlap in our
comparison is explained in section 4.1. This set of CTS system
parameters (table 2) and the set of plasma parameters (table 1)
form the set of nuisance parameters mentioned in section 2.1.
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Table 1. Parameters of the plasma in discharge 24089 at the location of the CTS scattering volume (ρpol = 0) and their estimated 1σ
uncertainties. The parameters are given separately for the NBI configurations with two beams (S3+S8) and one beam (S8). Z stands for the
impurity ion charge and m for the mass.

Parameter Symbol 2 NBIs 1 NBI

Magnetic field Bmod 2.6± 0.1 T 2.6± 0.1 T
Electron density ne 6.6± 0.3× 1019 m−3 6.5± 0.3× 1019 m−3

Electron temperature Te 2.9± 0.3 keV 2.2± 0.3 keV
Ion temperature Ti 3.7± 0.5 keV 2.1± 0.5 keV
Ion drift velocity Vi 1.1± 0.6× 105 m s−1 0.6± 0.6× 105 m s−1
Isotope ratio nH/(nH + nD) Ri 0.03± 0.02 0.03± 0.02
Impurity (Z/m = 6/12) ni1/ne Ni1 0.005± 0.005 0.005± 0.005
Impurity (Z/m = 50/184) ni2/ne Ni2 0.0005± 0.0005 0.0005± 0.0005
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Figure 2. Ray tracing for the scattering geometry in discharge 24089 projected into the poloidal and toroidal planes, respectively. The probe
beam is plotted in blue, the receiver beam in green. Both have O-mode polarization. The scattering volume lies at the intersection of probe
and receiver beams and is illustrated in magenta. In (b) viewing the torus from the top, the directions of the toroidal magnetic field Bt , the
plasma current Ip and the projected wave vectors kδ , ki and ks are indicated. The dashed lines represent the magnetic axis (red) and the last
closed flux surface (blue).

Table 2. CTS system parameters for the experiment in discharge
24089 and their estimated 1σ confidence intervals. The orientations
of the vectors kδ , ki, ks and B are sketched in figure 2(b).

Parameter Symbol Value

Resolved angle � (kδ,B) φ 122± 1◦

Scattering angle � (ki,ks) θ 161± 1◦

Azimuthal angle of B ψ −95± 1◦

when ẑ||kδ and x̂||(ki × ks)
Gyrotron power Pi 250± 20 kW
Gyrotron frequency Fi 104.93± 0.01GHz
Beam overlap Ob 70± 30m−1

The magnetic field in discharge 24089 was 2.6 T on
axis, placing the cold electron cyclotron resonances near the
plasma edge so as to avoid large levels of electron cyclotron
emission (ECE) background radiation and plasma heating.
The ECE background is the largest contribution to CTS noise
and amounts to several tens of electronvolts against which a
CTS signal on the order of 1–10 eV has to be observed (for
large frequency shift). The gyrotron is modulated in order

to estimate the ECE background. The ECE background in
the periods in which the gyrotron fires can then be estimated
from the ECE background in the periods in which the gyrotron
is off. The ECE background estimation turned out to be
more cumbersome for ASDEX Upgrade plasmas compared
with TEXTOR plasmas [23, 24] due to the fast time-scale
MHD activity in typical ASDEX Upgrade plasmas, and a
new approach to estimate the ECE background was adopted
[26]. The ECE background is estimated using channels in
which no CTS signal is expected. The uncertainty due to
the ECE background subtraction was estimated by applying
the formalism to plasmas without gyrotron operation. Here
the estimated ECE background could be compared with the
measured ECE background. The discrepancies between the
estimated and measured ECE background were found to be
smaller than the pulse-to-pulse variation of the measured CTS
signal. In this work we present data which are averaged over
15 gyrotron pulses spanning 75ms, and the uncertainty of the
measurement in each channel is given by the standard deviation
of the time series. The radial extent of the scattering volume
in this experiment was approximately 10 cm as illustrated in
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figure 2. Amore detailed description of the system parameters
and the capabilities of CTS at ASDEX Upgrade can be found
in [25, 26].

3. Methods for CTS data analysis

Experimental CTS results can be compared with theoretical
expectations in two complementary ways: either in frequency
space, if a synthetic CTS spectrum is calculated from
theoretical ion and electron velocity distributions, or in velocity
space, if the one-dimensional fast ion velocity distributiong(u)

is inferred from the experimental CTS spectra. The velocity
space comparison has the advantage that it is the velocity
distribution g(u) that one is actually interested in. On the
other hand, the frequency space comparison has the advantage
that the spectral power density is the quantity that is directly
measured with the CTS receiver. The latter option is presented
in section 4.1 and the former in section 4.2. We thus need tofind
the experimental and the simulated g(u) and the experimental
and the synthetic spectral power densities which are obtained
by methods explained in the following three sections.

3.1. Forward model of CTS and synthetic spectra

The forward model provides a mapping from velocity space to
frequency space [38, 39]: if the velocity distributions of fast
ions (see section 3.2), bulk ions and electrons as well as the
nuisance parameters are known, the expected CTS spectrum
can be calculated [31, 53]. Not only do calculated spectra
rely on this forward model but also the estimation of g(u)

from the measured spectra (section 3.3). The comparison of
experimental and numerical data therefore also depends on the
forward model. Predicted spectra are calculated using the best
available estimates for the plasma and CTS system parameters
(tables 1 and 2). The spectral power density of the scattered
radiation ∂P s/∂νs is calculated as

∂P s

∂νs
= PiObneλ

i
0
2
r2e
1

2π
�, (1)

where λi0 is the vacuum wavelength of the probe radiation,
re the classical electron radius and � the scattering function
that gives the spectral shape [38, 39]. This forward model is
derived from a kinetic, fully electromagnetic description of the
scattering process, and it accounts for fluctuations in electron
density, in the electric and magnetic fields, and in the electron
current density.

Figure 3 shows a synthetic CTS spectrum calculated
using this forward model for the NBI configuration with
two beams (S3+S8). The bulk ion species are assumed to
consist of deuterium, hydrogen, carbon and tungsten with
Maxwellian velocity distributions parametrized by a common
bulk ion temperature and toroidal drift velocity with densities
of the various ion species as given in table 1. However, the
deuterium velocity distribution function is the sum of the beam
ion velocity distribution function g(u) (section 3.2) and the
Maxwellian distribution for the bulk deuterium. The electrons
are assumed to have aMaxwellian distribution characterized by
the electron temperature anddensity. The various species in the
plasma each contribute a component to theCTS spectrumgiven
by their assumed velocity distributions. The bulk ion feature
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Figure 3. Synthetic CTS spectrum for the two-beam phase (S3+S8)
in discharge 24089. The spectrum was calculated using the data
from tables 1 and 2 and the fast ion distribution simulated with
TRANSP/NUBEAM shown in figure 4(a). The total signal is the
sum of the individual contributions indicated in this figure. The
dotted line marks the gyrotron frequency.

dominates the spectrum from 104.3 to 105.5GHz, the main
contributions coming from deuterium and impurities. Note
that the bulk ion feature has a small frequency shift from the
gyrotron frequency due to the assumed bulk ion drift velocity.
The beam ions are clearly the largest contributor to the CTS
spectrum for frequencies above 105.5 and below 104.3GHz in
this configuration. The asymmetry of the fast ion feature is a
consequence of the asymmetry of the one-dimensional beam
ion velocity distribution function to be discussed in section 3.2.

3.2. Simulation models for the fast ion velocity distributions

In this section we describe how to obtain one-dimensional
velocity distribution functions g(u) from numerical simulation
with the help of the widely used transport code TRANSP
coupled with the neutral beam module NUBEAM [40, 41]
or the test-particle Monte Carlo code ASCOT [42, 43].
The simulation codes compute the two-dimensional fast ion
distribution f (v‖, v⊥) at the location of the scattering volume
where v‖ and v⊥ refer to the velocity components parallel and
perpendicular to the magnetic field, respectively. We compare
the CTS results with both sets of simulation results (from
TRANSP/NUBEAM and from ASCOT). A full comparison
of the two codes is, however, beyond the scope of this
work. The steady-state velocity space distribution of beam
ions originating from S3 and S8, as computed with ASCOT
and TRANSP/NUBEAM, is presented in figure 4. The
largest velocity space densities for these beams are found at a
pitch angle of 120◦. The rotationally symmetric distribution
f (v‖, v⊥) is then projected onto the resolved direction kδ

indicated in figure 4. The projection g(u) of the full velocity
distribution function f (v‖, v⊥) along the direction of kδ is
given by

g(u) =
∫
dvf δ

(
v · kδ

kδ
− u

)
, (2)

where δ() is the Dirac δ-function and u is the resolved one-
dimensional velocity component.
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Figure 4. Equally spaced contours of the beam ion velocity
distribution f in the scattering volume (R = 1.7m, z = 0.1m)
computed with TRANSP/NUBEAM (a) and ASCOT (b) for heating
with S3 and S8. The bulk ion distribution is not plotted in this
figure, leading to low densities near the origin. The directions of the
magnetic field B and kδ are indicated.

We illustrate the projection of the rotationally invariant
function f onto kδ in figure 5, using ASCOT data as an
example. The rotation axis B and kδ define a plane which
slices through the three-dimensional, rotationally invariant
function f . The resolved angle in the experiment was φ =
� (kδ,B) = 122◦ indicated as the bold red line in figure 5(a).
Additionally, other options for resolved directions are shown
for illustration: φ = 20◦, φ = 90◦ and φ = 160◦. Resolved
angles ofφ = 20◦ andφ = 160◦ are at the limits of the steering
capability of theCTS antenna system atASDEXUpgrade. The
corresponding projections g(u) onto these resolved directions
kδ are plotted in figure 5(b). If the resolved direction is
φ = 90◦, the projection of f onto kδ will be symmetric about
u = 0. For resolution as close to parallel to the magnetic field
as possible, φ = 20◦ or φ = 160◦, the projection becomes
very asymmetric. These two projections are mirror images of
each other. For the resolved angle chosen in this experiment,
φ = 122◦, g(u) is asymmetric about u = 0 which leads to the
asymmetry in the computed spectra described in section 3.1.
For this angle a finite phase space density exists at the largest
values of the velocity component u. Scattering is then found
at the largest possible frequency upshift with this angle. Thus,
the spectral range of the CTS receiver for frequency upshift is
exploited optimally for this angle.

3.3. Inference of the fast ion velocity distribution from CTS
measurements

The inference of the one-dimensional fast ion velocity
distribution g(u) and of its estimated uncertainty—the

parameters of interest—demands the solution to an inverse
problem. Direct operators mapping from frequency space (the
measured CTS spectrum) to velocity space are not available
whereas a forward model mapping from velocity space to
frequency space has been formulated (section 3.1) [38, 39].
The velocity distribution g(u) is obtained from the measured
spectra by a least square fitting procedure using this forward
model. Uncertainties in the nuisance parameters and in the
measured spectral power density are accounted for. Assuming
normal distributions for the measured spectral power densities
and the nuisance parameters, one can derive expressions for
the misfit between the experimental data and the expectation
[54]. The nuisance parameters and their uncertainties are
summarized in tables 1 and 2.

We demonstrate the inference in figure 6 for the simulated
one-dimensional fast ion distribution function g(u). A
synthetic spectrum based on this distribution function and
the nuisance parameters in tables 1 and 2 was displayed in
figure 3. We infer g(u), given only the synthetic spectrum
and the nuisance parameters as well as their uncertainties. We
assume the uncertainties of the synthetic spectrum to be given
by the measurement uncertainties of the actual experiment. In
the inference we make use of the full spectrum, except for the
parts which are blocked by the notch filter in the experiment.
In this way the inference is demonstrated for experimental
conditions. The inference should then ideally be identical to
the fast ion distribution function used to calculate the synthetic
spectrum. Figure 6 demonstrates that the underlying fast ion
distributions can be inferred from the synthetic spectra with
good accuracy.

4. Results

4.1. Comparison of measured and synthetic CTS spectra

Figure 7 presents a comparison of experimentally obtained
spectra against synthetically generated spectra, such as the
one shown in figure 3, for both NBI configurations (S3+S8
and S8 only). The synthetic spectra obtained on the basis of
TRANSP/NUBEAM or ASCOT simulations agree reasonably
well with each other, especially for large frequency shifts. We
note several points of agreement between the simulations and
the measurements. First, there is a clear asymmetry about
the gyrotron frequency due to the presence of beam ions in
the measurement and in the simulation, the reason for which
we explained in sections 3.1 and 3.2. Second, the larger
particle density of beam ions in the two-beam phase (S3+S8) is
reflected in the larger spectral power densities for frequencies
above 105.5GHz. When neutral beam S3 is switched off, the
spectral power density above 105.5GHz drops significantly
compared with the error bars. We attribute this to a smaller
population of fast ions (see section 4.2). Measurements and
simulations agree in this respect. Third, the bulk ion feature
from 104.3 to 105.5GHz is measured to be narrower due to
the ion temperature drop after 2.5 s as was expected according
to simulation.

However, there are quantitative discrepancies between the
simulation and the experiment. To point these out, we need
to address the sensitivity of the synthetic spectra to changes in
plasma parameters affecting the spectra. The sensitivity of the
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ASCOT, ◦, inference based on synthetic spectrum; · · · · · ·, bulk
ions. We plot the inferred fast ion distributions for velocities larger
than typical for the bulk ions.

spectra to changes in a selection of such plasma parameters
is shown in figure 8 for the two-beam phase together with
experimental data. Each parameter is varied while the other
parameters are kept constant. Figure 8(a) shows that changes
in the fast ion density affect mainly large frequency shifts
beyond the bulk ion feature. Contrarily, the ion temperature
has an impact on the width of the bulk ion feature and has
only a small influence on the spectral power density for
large frequency shifts (figure 8(b)). These two effects were
observed in figure 7. Another important issue is the uncertainty
due to an incompletely known frequency independent scaling
factor. Equation (1) asserts that the measured spectral power
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Figure 7. Comparison of measured and synthetic CTS spectra for
discharge 24089 for auxiliary heating with two NBI sources (S3+S8,
red) and one NBI source (S8, blue). ——, TRANSP/NUBEAM;
- - - -, ASCOT; ◦, measurement; · · · · · ·, gyrotron frequency. CTS
measurements were averaged over 15 gyrotron pulses. The
two-beam configuration is also presented in logarithmic scale in
figure 8 as reference.

density is directly proportional to the probing power Pi and the
beam overlap Ob (the electron density ne also appears in the
scattering function�). The uncertainties in the probing power
and the beam overlap can be combined with the uncertainty
in the receiver calibration and have the effect of a frequency
independent scaling factor. We show the sensitivities to the
electron density and this scaling factor in figures 8(c) and (d),
respectively.

An uncertainty of a factor of two in this scaling factor
seems possible due tomainly systematic uncertainties whereas
the stochastic error due to launcher control is significantly
smaller (accuracy <0.1◦). One source of such systematic
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Figure 8. Sensitivity of the spectra to changes in the fast ion density, the ion temperature, the electron density and the frequency
independent scaling factor for the two-NBI configuration. The spectra are here presented in logarithmic scale. The baseline spectrum (red)
was also displayed in linear scale in figure 7. One parameter is varied in each figure as indicated. The fast ion velocity distribution function
has not been recomputed in each case.

uncertainty is the antenna characteristic of the receiver beam
which is only known for the component of radiation which
excites an HE11-mode in the transmission line. Another
systematic uncertainty is due to beam diffraction by transverse
density gradients. A third systematic uncertainty is due to the
power measurement of the probe beam using the embedded
directional coupler which may not be accurate for short pulses.
A direct calorimetric measurement of a short sequence of
these pulses is in principle possible and should reduce this
error component significantly (<5%). An additional source of
uncertainty lies in the calibration of the CTS receiver.

Due to the relatively large uncertainties in the scaling
factor illustrated in figure 8(d), one should only consider the
shape of a CTS spectrum when comparing with a simulation
and allow an overall multiplicative factor. Such a frequency
independent scaling factor will move the spectrum up or down
in the logarithmic plot and scale the values and the gradients
in a linear plot. In figure 7 we use the nominal values as the
best guess before consideration of the CTS data. Note that
any deviation from these nominal values should be the same
for the cases with one and with two beam sources shown in
figure 7 since the antenna setting is unchanged, the density
profiles are very similar and the nominal ECRH power is

identical. Thismeans that there is essentially only one common
scaling factor to be applied to the simulated data. We will
come back to this point in the discussion of figure 10 at the
end of section 4.2. We do not comment on the sensitivities
to other nuisance parameters further here even though these
also have a bearing on the uncertainty of the measurement
results [54]. An additional uncertainty originates from the
finite size of the scattering volumewhich implies a distribution
of kδ . In the experiment the CTS signal will be measured
for a convolution over the distribution of kδ whereas only
the nominal kδ is assumed in our model. Moreover, we note
that the nuisance parameters may not be constant within our
scattering volume. However, these uncertainties can be shown
to be small compared with the uncertainty due to uncertain
nominal values of the nuisance parameters.

For the discussion of figure 7 we keep in mind that the
simulation results are uncertain with respect to an overall
scaling factor between 0.5 and 2. We note that the computation
predicts a significantly steeper gradient in the spectra for the
two-NBI configuration (S3+S8) compared with the one-NBI
configuration (S8). This difference in gradient is smaller in
themeasured spectra. A second difference is that themeasured
bulk ion feature has a tendency to be narrower than the expected
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bulk ion feature as is also visible in figure 8. It can furthermore
be noted that the expected decrease in spectral power densities,
after S3 is switched off, for negative frequency shift is too small
to be measured. The error bars in this frequency range (below
104.3GHz) are larger due to the higher ECE background levels
for these frequencies in this experiment.

4.2. Comparison of measured and simulated fast ion velocity
distributions

In figure 9 we present the inferred fast ion distributions from
the CTS measurements and compare them with the simulated
fast ion distribution from TRANSP/NUBEAM or ASCOT.
Also in velocity space the simulations and experiments agree
in several points. First, the projection of the beam ion
distribution function onto the resolved direction is asymmetric:
the measured g(u) is larger for positive u compared with
negative u which was expected from the simulations. Second,
g(u) decreases for positive u when neutral beam S3 is turned
off as expected. This decrease is only evident for positive
u whereas g(u) for both NBI configurations coincides for
negative u within the asserted confidence. The different shape
of g(u) for eachNBI configuration can be clearly observed and
originates from the different beam energies. The asymmetry
is more pronounced in the two-beam configuration. There are
also some discrepancies: there is a tendency that the simulated
fast ion velocity distributions lie below the measured ones.
Furthermore, the difference in the gradients between the two-
beam and one-beam phases for positive u is larger in the
computations than in the CTS measurements. The causes of
these tendencies are presently under investigation.

As noted before, the projections g(u) of the simulation
results from TRANSP/NUBEAM and ASCOT onto kδ are
very similar for large u (see figure 9). They cannot be
told apart with the CTS diagnostic in this experiment as the
discrepancies between TRANSP/NUBEAM and ASCOT are
below the uncertainty of the experimental results for large u.
We stress that small velocity components u are not necessarily
related to small ion velocities: the δ-function in equation (2)
picks out u = v · kδ/kδ , and hence u will be small even for
large ion velocities v if v and kδ span a large angle. The bulk
ions mask this fast ion information for small u components.
Therefore, the inferred fast ion velocity distribution is plotted
only for velocities beyond the Maxwellian bulk indicated in
figure 9. The error bars show the 1σ confidence interval for
the phase space density of fast ions at each velocity. They
are affected by the measurement uncertainties of the spectral
power density and also those of the nuisance parameters. The
uncertainties in the velocity distribution are correlated and are
mostly such that they could be represented by uncertainty in
a scaling factor for the velocity distribution. It can be shown
to mostly originate from the uncertain frequency independent
scaling factor of the spectral power density discussed in
section 4.1 in combination with other uncertainties in the
nuisance parameters [54]. Considering the uncertainties of
both theory and experiment, these first comparisons of CTS
results to numerical plasma simulations show a reasonable
level of agreement.

Finally, we revise our comparison between the simulations
and the experiments in frequency space after consideration
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Figure 9. Comparison of the measured and computed
one-dimensional fast ion velocity distributions g(u) for plasma
heating by two beams (S3+S8, red) and one beam (S8, blue). ——,
TRANSP/NUBEAM; - - - -, ASCOT; ◦, measurement; · · · · · ·,
bulk ions. The measured distribution is restricted to outside
indicated bulk ion distributions. The beam ion energies 60 keV and
93 keV correspond to 2.4× 106 m s−1 and 3× 106 m s−1 for
� (vion,k

δ) = 0, respectively.

of the measured spectral power densities. The comparison
before consideration of the measured spectral power densities
was shown in figure 7, which was therefore a prediction of
the signal to be observed. Here we pick the comparison
of the measurement with NUBEAM data and compare the
prediction before the experiment with the newly computed
maximum likelihood estimate. The maximum likelihood
solution for all parameters also contains revised estimates
for the nuisance parameters, in particular the magnitude of
the frequency independent scaling factor. The maximum
likelihood solution suggests this factor to be smaller than
estimated originally. The measured spectral power densities
for small frequency shifts are lower than the predicted values
which leads to a downward revision of the magnitude of the
frequency independent scaling factor by 30%. Therefore, the
simulated levels of spectral power densities are overall lower
after consideration of the CTS data as shown in figure 10.
This downward revision was also illustrated in figure 8(d).
We note that the scaling factors determined with the maximum
likelihood solution are very similar for bothNBI configurations
as expected from the discussion on the nature of the scaling
uncertainty in section 4.1. Thus we reconciled the comparison
in frequency space with our maximum likelihood solution of
the one-dimensional velocity distribution.

5. Discussion

We have noted some points of agreement and some
points of disagreement between measurements and simu-
lations. We observe agreement among the ASCOT and
TRANSP/NUBEAM simulation codes in experimentally
accessible parameters. However, it may be possible to find a
heating scenario forwhich the two codesmakedifferent predic-
tions which could be experimentally distinguishable by CTS.
This will require some benchmarking efforts among the codes

8
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Figure 10. Comparison of measured and synthetic CTS spectra for
discharge 24089 for auxiliary heating with two NBI sources (S3+S8,
red) and one NBI source (S8, blue). ——, TRANSP/NUBEAM
before consideration of the CTS data; — ·—, TRANSP/NUBEAM
after consideration of the CTS data consistent with the
corresponding g(u) from figure 9; ◦, measurement; · · · · · ·,
gyrotron frequency.

and additional CTS experiments which is beyond the scope
of this work. In future experiments the results of simulations
could be compared with CTS measurements for several loca-
tions in the plasma and several resolved directions for various
heating scenarios. Furthermore, it will be feasible to reduce
the uncertainties of the CTS measurements. Recent modifica-
tions of the CTS receiver will allow the spectral power density
to be measured with higher accuracy. Additionally, CTS data
analysis will benefit from more accurate measurements of the
nuisance parameters. In this work the full capabilities of the
CTS system have not yet been fully exploited: the signal-to-
noise ratio has been increased at the expense of time resolu-
tion. In future experiments it may be possible to inject higher
gyrotron powers [52] which may improve the signal-to-noise
ratio and thus enable us to increase the time resolution. This
may allow detailed studies of plasma dynamics on millisecond
time scales by CTS—the results of whichmay be interesting to
compare with numerical simulations. It would also be of con-
siderable benefit to add a second receiver to the CTS system
at ASDEX Upgrade. A second receiver located in a differ-
ent port would enable CTS measurements resolving simulta-
neously two directions and would allow a reconstruction of
two-dimensional fast ion velocity distribution functions [55].

6. Conclusions

The fast ion populations in the plasma centre of ASDEX
Upgrade were compared for two-NBI configurations: one
neutral beam versus two neutral beams. One-dimensional
fast ion velocity distributions g(u) were inferred for both
NBI configurations. The inferred g(u) and the measured
CTS spectra for both heating regimes have different shapes
and can, as expected, clearly be distinguished. The
CTS measurements were compared with simulations using
the TRANSP/NUBEAM and ASCOT codes. Salient

features of the measured spectral power densities and one-
dimensional fast ion velocity distributions are in reasonable
agreement with the simulations within the limits of the
given uncertainties. Quantitative discrepancies between
measurement and simulation in absolute values and gradients
were observed which will drive future activities in the
development of the diagnostic and the codes.
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[15] Garcı́a-Muñoz M. et al 2007 Nucl. Fusion 47 L10–5
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Abstract
The collective Thomson scattering (CTS) diagnostic proposed for ITER is designed to measure projected 1D fast-
ion velocity distribution functions at several spatial locations simultaneously. The frequency shift of scattered
radiation and the scattering geometry place fast ions that caused the collective scattering in well-defined regions in
velocity space, here dubbed interrogation regions. Since the CTS instrument measures entire spectra of scattered
radiation, many different interrogation regions are probed simultaneously. We here give analytic expressions for
weight functions describing the interrogation regions, and we show typical interrogation regions of the proposed
ITER CTS system. The backscattering system with receivers on the low-field side is sensitive to fast ions with pitch
|p| = |v‖/v| < 0.5–0.9 depending on the ion energy and the frequency shift of the scattered radiation. A forward
scattering system with receivers on the high-field side would be sensitive to co- and counter-passing fast ions in
narrow interrogation regions with pitch |p| > 0.6–0.8. Additionally, we use weight functions to reconstruct 2D
fast-ion distribution functions, given two projected 1D velocity distribution functions from simulated simultaneous
measurements with the back- and forward scattering systems.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

In burning plasmas in ITER, fast ions from fusion reactions,
from neutral beam injection (NBI) and from ion cyclotron
resonance heating (ICRH) will provide more than 2/3 of
the total heating by transferring most of their energy to the
bulk plasma. However, many aspects of fast-ion behaviour,
which still pose challenges to theory, may lead to enhanced
energy and fast-ion losses. For example, fast ions can develop
energetic particle modes [1, 2] and can interact with Alfvén
eigenmodes [3–7], with sawteeth instabilities [8–11], with
kinetic ballooning modes [4, 12, 13], with neoclassical tearing
modes [4, 14] or with turbulent fluctuations [15–17]. The
extrapolationof suchphenomena to ITERplasmas is evenmore
uncertain, and measurements of fast-ion velocity distributions
in ITER are therefore essential [18, 19]. Millimetre-wave
collective Thomson scattering (CTS) has been demonstrated
to provide such measurements at JET [20], TEXTOR
[10, 11, 21–23] and ASDEX Upgrade [24–26].

The proposed ITER CTS system comprises a forward
scattering system with receivers on the high-field side and
a backscattering system with receivers on the low-field side
[27–32]. Each system is designed to measure fast-ion velocity
distributions in 7–10 measurement volumes distributed along
the minor radius a on both the high-field side and the low-
field side simultaneously, satisfying the ITER measurement
requirements on resolution for fusion alpha diagnostic (time:
100ms, space: a/10) [33]. The CTS backscattering system is
an enabled ITER diagnostic, and its in-port components are
part of the updated ITER baseline design [34]. The forward
scattering system [29, 32], however, is not enabled. CTS
measurements are sensitive to the fast-ion velocity distribution
function projected onto the wave vector kδ = ks − ki, where
s and i refer to scattered and incident radiation, respectively.
A frequency shift νδ of scattered radiation can be related to an
ion velocity vp projected onto kδ: νδ = νs − ν i ≈ vp · kδ/2π .
The detected frequency shift and the projection angle between
kδ and the magnetic field B, φ = � (kδ,B), place the ions

0029-5515/11/083014+10$33.00 1 © 2011 IAEA, Vienna Printed in the UK & the USA
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Figure 1. An ITER NBI ion distribution function at the minor radius coordinate r/a = 0.25 in the midplane on the high-field side computed
with TRANSP shown in four coordinate systems. (a) Slice through the 3D, rotation invariant velocity distribution function
f 3D(v‖, v⊥1, v⊥2). The projection directions are indicated by the vector kδ and thin straight lines for φ = 100◦ (black) and φ = 10◦ (blue).
Positive u-coordinates are on the branches containing the arrows and negative u-coordinates lie on the mirror-reflected branches. (b) 2D
velocity distribution function f 2Dv (v‖, v⊥). (c) 2D velocity distribution function f 2DEp (E, p). (d) 1D projected velocity distribution functions
g(u) corresponding to the projection directions indicated in (a).

that caused the collective scattering in a well-defined region in
velocity space, here dubbed the interrogation region. Typical
interrogation regions of the back- and forward scattering ITER
CTS systems are presented using weight functions such as
those used for fast-ionDα (FIDA) diagnostics [35–38]. Weight
functions are a convenient and illustrativeway to relate the fast-
ion distribution function and the geometry of the experiment
to the measured CTS signal.

To develop analytic expressions for CTS weight functions
in section 4, we define relevant coordinate systems in section 2
and illustrate the projection of velocity distribution functions
onto kδ in section 3. The analytic expressions derived here
should also be useful for FIDA because CTS weight functions
are identical with the geometric (Doppler shift) part of FIDA
weight functions [38]. In section 5 we show, using weight
functions, that the ITERCTSbackscattering system is sensitive
to dynamics of fast ions with pitch |p| = |v‖/v| < 0.5–0.9,
depending on the ion energy and the frequency shift of the
scattered radiation. Here v‖ is the velocity component parallel
to B and v is the velocity magnitude. The proposed forward
scattering system would reveal dynamics of co- and counter-
passing fast ions in narrow interrogation regions with pitch
|p| > 0.6–0.8 as opposed to the backscattering system where
the interrogation regions cover broad ranges of pitch angle
and energy. CTS signals at ITER are dominated by alpha
particles [31, 30]. For a central alpha distribution function
computed with TRANSP [39], most of the CTS signal at
various frequency shifts originates from the low energy end
of the interrogation regions which are thus effectively probed
(section 5). Simultaneous measurements with both systems

would even make it possible to study anisotropy in the
fast-ion velocity distribution and to reconstruct 2D velocity
distributions (section 6). We conclude in section 7.

2. Coordinate systems

In CTS experiments 1D projections g(u) of full 3D fast-ion
velocity distribution functions f 3D(v‖, v⊥1, v⊥2) along kδ are
estimated bymeasuring the spectral power density of scattered
radiation. The Cartesian velocity component v‖ is parallel to
B and v⊥1 and v⊥2 are perpendicular to B, and u is the 1D
velocity component in the direction of kδ . The projection is
given by

g(u) =
∫

f 3D(v)δ

(
v · kδ

kδ
− u

)
dv, (1)

where v is the velocity and δ() is the Dirac delta function.
The u-coordinate determines the frequency shift of scattered
radiation in CTS experiments:

νδ ≈ ukδ/2π. (2)

Figure 1 shows an NBI ion distribution function in four
different representations. The distribution function has been
computed with TRANSP simulating an ITER plasma during
the injection. Figure 1(a) is a 2D slice through the 3D
distribution function f 3D(v‖, v⊥1, v⊥2). As we assume f 3D to
be rotationally symmetric about B, we are free to choose v⊥1
to lie in the plane spanned bykδ andB. For the same reasonwe
can choose |v⊥1| as the coordinate axis since the half planewith

2



Nucl. Fusion 51 (2011) 083014 M. Salewski et al

Figure 2. Illustration of the mapping from (v‖, v⊥1, v⊥2)-space onto u-space along kδ (blue). (a) (v‖, v⊥1)-plane: the point (v
p
‖, v

p
⊥ cos γ

p)
(large red dot), which is always on the dotted line between the extremal points (vp‖, v

p
⊥) and (v

p
‖, −v

p
⊥) (small orange dots), is projected onto

the u-coordinate at angle φ to the v‖-axis. The dashed lines are perpendicular to the u-axis. As cos γ p ∈ [−1, 1],
up ∈ [vp‖ cosφ − v

p
⊥ sin φ, v

p
‖ cosφ + v

p
⊥ sin φ]. (b) (v⊥1, v⊥2)-plane: projection of a point (v

p
⊥1, v

p
⊥2) (large red dot) representing an ion on a

gyroorbit into the (v‖, v⊥1)-plane. The v⊥1-coordinate is v
p
⊥ cos γ

p. The u-axis along kδ (blue) lies in the (v‖, v⊥1)-plane and so is usually
not identical to the v⊥1-axis.

negativev⊥1 is amirror reflectionof thatwith positivev⊥1. Two
typical projection directions for a forward- and backscattering
ITER CTS system are indicated by vector arrows and two
branches of thin straight lines for each projection angle in
figure 1(a). The corresponding 1D distribution functions g

are shown in figure 1(d). As the relation between f 3D and g is
by no means obvious, we will elaborate on the mapping from
(v‖, v⊥1, v⊥2)-coordinates of f 3D onto the u-coordinate of g

in the following section.
As we assume the fast-ion distribution function to be

rotationally invariant aboutB, it is sufficient and convenient to
work with the fast-ion distribution functions f 2Dv (v‖, v⊥) and
f 2DEp (E, p) shown in figure 1(b) and (c). The perpendicular
velocity components v⊥1 and v⊥2 are related to v⊥ through
the gyroangle γ by v⊥1 = v⊥ cos γ and v⊥2 = v⊥ sin γ , so
v2⊥ = v2⊥1 + v2⊥2. The energy is E = 1

2mv2, and the pitch is
p = v‖

v
with v2 = v2‖+v

2
⊥. The (E, p)- and (v‖, v⊥)-coordinate

systems are truly 2D with no implied third direction. We
derive weight functions describing the interrogation regions
in these coordinate systems (section 5). The representations
of the fast-ion distribution function in figures 1(a)–(c) are
equivalent. One can obtain the velocity distribution function
f 2Dv from f 3D by transforming to cylindrical coordinates and
integrating over by the assumption ignorable gyroangle γ ,
f 2Dv = 2πv⊥f 3D, and the velocity distribution function f 2DEp

is related to f 2Dv through a 2D coordinate transformation. The
respective Jacobians are included in the definitions f 2Dv and
f 2DEp , so that the ion particle density is, respectively, given by

n =
∫

f 3D(v‖, v⊥1, v⊥2) dv⊥1 dv⊥2 dv‖

=
∫

f 2Dv (v‖, v⊥) dv⊥ dv‖ (3)

=
∫

f 2DEp (E, p) dE dp =
∫

g(u) du.

3. Mapping from (v‖, v⊥1, v⊥2)-coordinates and
(v‖, v⊥)-coordinates onto u-coordinates

We illustrate the projection trace of a gyrating ion in
(v‖, v⊥1, v⊥2)-space onto u-space along kδ in figure 2.

The gyroorbit about the v‖-axis can be parametrized by
(vp‖, v

p
⊥, γ p), where v

p
‖ and v

p
⊥ are constants and γ p ∈ [0, 360◦]

with respect to the v⊥1-axis. The gyroorbit then intersects
the (v‖, v⊥1)-plane at (v

p
‖, v

p
⊥) for γ p = 0◦ and at its mirror

image (vp‖, −v
p
⊥) for γ

p = 180◦. For arbitrary gyroangles the
projection into the (v‖, v⊥1)-plane is (v

p
‖, v

p
⊥ cos γ

p). It is then
a matter of plane geometry to find the projected velocity up as
a function of the gyroangle γ p (see figure 2):

up = v
p
‖ cosφ + v

p
⊥ sin φ cos γ p. (4)

A single point in 2D velocity space with coordinates (vp‖, v
p
⊥)

thus maps onto an interval of width 2vp⊥ sin φ centred on
v
p
‖ cosφ in u-space as cos γ p takes values from −1 to 1. If
the projection direction is perpendicular to the magnetic field
(φ = 90◦), the interval in u is at its widest, going from
up = −v

p
⊥ to up = +vp⊥, and is symmetric about u = 0. In

the other extreme, if the projection direction is parallel to the
magnetic field (φ = 0◦), the width of the interval goes to zero.
In this case the point in (v‖, v⊥)-space will map onto a single
point in u-space: up = v

p
‖ . These intervals in u determine in

which frequency channels an ion with given (vp‖, v
p
⊥) will elicit

a response at given φ.
Figure 3(a) shows three Maxwellian bumps as simple

test velocity distribution functions in (v‖, v⊥1, v⊥2)-space
representing distinct populations of fast ions: trapped particles
(T), passing particles (P) and particles near the trapped-
passing-boundary (TP). These populations should be taken as
illustrations only. The bulk part of a typical ITER plasma is
modelled as an isotropic deuterium Maxwellian distribution
function with an ion temperature T = 20 keV and an ion
density n = 1020 m−3. Figures 3(b)–(d) illustrate the
projections of these velocity distribution functions onto kδ .
The projection directions, represented by the vector arrows and
thin straight lines as in figure 1(a), are typical for the proposed
ITERCTS system. The projections g of the test functions onto
these two projection directions are plotted in figures 3(b)–(d).
For φ = 100◦ the intervals are much broader than for φ = 10◦

as their widths are 2v⊥ sin φ. Since the integral of g always
gives the fast-ion particle density (equation (3)) and is therefore

3
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Figure 3. (a) Populations of trapped particles (T), passing particles (P), and particles near the trapped-passing-boundary (TP) are shown in a
2D slice of a 3D coordinate system. The concentric circles about the origin represent the bulk-ion distribution. The projection directions
used for (b)–(d) are shown as vector arrows and thin straight lines for φ = 10◦ (blue) and φ = 100◦ (red). These directions are typical for
the forward scattering and backscattering systems, respectively. The dashed lines enclose triangular regions in which the much more
numerous bulk ions hamper the detection of fast ions for each φ. (b) Projections g for the bump of trapped particles (T). (c) Projections g for
the bump of passing particles (P). (d) Projections g for the bump of particles near the trapped-passing-boundary (TP). The dashed lines in
(b)–(d) are the projections of the bulk plasma distribution function.

the same for any φ, the curves are flatter for φ = 100◦ than
those for φ = 10◦. For φ = 10◦ the curves are more lopsided
about u = 0 than those for φ = 100◦ because the centre of
each interval is v‖ cosφ.

The projection of the isotropic Maxwellian bulk-ion
distribution function is a Maxwellian (dashed lines in
figures 3(b) to (d)) described by the bulk-ion temperature and
particle density. As the bulk-ion particle density is much larger
than that of fast ions, the scattered radiation related to bulk ions
will obscure that of fast ions for values of

|u| = |v‖ cosφ + v⊥ sin φ cos γ | < A × vth, (5)

where the factor A reflects a velocity level one chooses below
which little fast-ion information can be extracted (usually
A ∼ 2). The bulk ions thus create an obscure region—a
triangle in (v‖, v⊥)-space or a bicone in (v‖, v⊥1, v⊥2)-space—
in which the fast ions are very difficult to detect. The shape of
such triangles depends on φ and is given by the three sides

v⊥ = A × vth ± v‖ cosφ
sin φ

, (6)

v⊥ = 0. (7)

Two such triangles are plotted for φ = 10◦ and for φ = 100◦

in figure 3(a) as dashed lines enclosing shaded regions. The

bump of trapped particles (T) can be well detected with
the backscattering system (φ ≈ 100◦), but the bulk ions
hamper detection with the forward scattering system (φ ≈
10◦). Co- and counter-passing particles (P) with pitch near
±1, on the other hand, are well detectable with the forward
scattering system, but the bulk ions hamper detection with
the backscattering system. Particles assumed to be near the
trapped-passing-boundary (TP) in our illustration are well
detectable with either system.

4. Weight functions

In section 3 we discussed the question: given an ion in 2D
velocity space, where is it in u-space or in which frequency
channels of the CTS receiver will it elicit a response? In
this section we ask the reciprocal question: given a fast-
ion phase space density at a particular u—or a detected
spectral power density in a particular frequency channel—
where could the ions that caused the collective scattering be
in 2D velocity space? The answer is expressed in terms
of plasma independent weight functions which are positive
in the velocity space interrogation regions and zero in the
velocity space regions where the ion cannot be for given u

and φ. Weight functions wv in (v‖, v⊥)-space are defined
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such that

g(u, φ) =
∫ ∞

−∞

∫ ∞

0
wv(u, φ, v‖, v⊥)f 2Dv (v‖, v⊥) dv⊥ dv‖

(8)

or correspondingly wEp in (E, p)-space

g(u, φ) =
∫ 1

−1

∫ ∞

0
wEp(u, φ, E, p)f 2DEp (E, p) dE dp.

(9)

The product of a plasma independent weight function and a
fast-ion 2D distribution function of a particular plasma (the
integrand in equation (8) or equation (9)) represents the relative
contributions of regions in 2D velocity space to g for given u

and φ.
To find analytic expressions for weight functions in

(v‖, v⊥)-space, we compare equation (1) with equation (8).
The (v‖, v⊥1, v⊥2)-coordinate system is chosen such that the
v‖-axis is aligned with B and the v⊥1-axis lies in the plane
spanned by kδ and B (figure 2). The k⊥2 component of kδ is
then zero and equation (1) becomes

g(u, φ) =
∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
f 3D(v‖, v⊥1, v⊥2)δ

(
v · kδ

kδ
− u

)

× dv‖ dv⊥1 dv⊥2

=
∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
f 3D(v‖, v⊥1, v⊥2)

× δ(v‖ cosφ + v⊥1 sin φ − u) dv‖ dv⊥1 dv⊥2

=
∫ ∞

−∞

∫ ∞

0
f 2Dv (v‖, v⊥)

1

2π

×
∫ 2π

0
δ(v‖ cosφ + v⊥ sin φ cos γ − u)

× dγ dv⊥ dv‖.

The expression for the weight function is by comparison with
equation (8)

wa
v(u, φ, v‖, v⊥)

= 1

2π

∫ 2π

0
δ(v‖ cosφ + v⊥ sin φ cos γ − u) dγ. (10)

The superscript a denotes that wa
v is an analytic expression.

The weight function is positive at those locations in (v‖, v⊥)-
space where a gyroangle γ exists that satisfies equation (4) for
the given u and φ. The argument of the Dirac delta function is
then zero. If no such gyroangle exists for given (u, φ, v‖, v⊥),
the delta function argument is never zero, and the weight
function is then zero at (v‖, v⊥) for the given u and φ. If a
delta function argument has roots, the delta function can be
rewritten using

δ(h(x)) =
∑

k

δ(x − xk)

|h′(xk)| , (11)

where xk are the roots of h, and the prime denotes a derivative.
If roots γk of the delta function argument in equation (10) exist,
they are given by

cos γk = u − v‖ cosφ
v⊥ sin φ

, (12)

and so the weight function can be written

wa
v(u, φ, v‖, v⊥) = 1

2π

∫ 2π

0

∑
k

δ(γ − γk)

v⊥ sin φ sin γk

dγ (13)

= 1

2πv⊥ sin φ

√
1−

(
u−v‖ cosφ
v⊥ sin φ

)2
∑

k

∫ 2π

0
δ(γ − γk) dγ.

(14)

There are then always two roots in the interval [0, 2π ] so that
the weight function becomes

wa
v(u, φ, v‖, v⊥) = 1

πv⊥ sin φ

√
1−

(
u−v‖ cosφ
v⊥ sin φ

)2 . (15)

Equation (15) is valid in the velocity space regions where the
delta function argument in equation (10) has roots. These
are the velocity space interrogation regions. Otherwise
wa

v(u, φ, v‖, v⊥) = 0, describing velocity space regions in
which ions cannot be observed at given u and φ.

An alternative way to arrive at this result is by noting
the geometrical relationship between u and γ illustrated in
figure 2. Due to the assumed rotational invariance of f 3D,
every gyroangle of the ion is equally likely. We may consider
the gyroangle γ a random variable with the probability density
function pγ (γ ) = 1/(2π). In this picture u is also a random
variable, andwe get the probability density function ofu, given
φ, v‖ and v⊥, by the transformation

pu(u|φ, v‖, v⊥) = pγ (γ )

∣∣∣∣dγdu
∣∣∣∣, (16)

where the derivative is found fromequation (4). The right-hand
side turns out identical to that of equation (15). The weight
function is thus the probability density function of the random
variable u, given φ, v‖ and v⊥.

The weight function wa
v(u, φ, v‖, v⊥) is singular near its

limits in u for which the values are positive. However, the
integral

∫
wa

v(u, φ, v‖, v⊥) du can easily be shown to be finite.
It is unity as for every probability density function. We will
exploit this fact to construct approximate weight functions wb

v

by binning. The weight functions and their finite integrals
explain the double-peak structure of the curves in figure 3.

It is useful to find these expressions in (E, p)-coordinates.
equation (4) expressed in (E, p) is

u =
(
p cosφ +

√
1− p2 sin φ cos γ

)√
2E/m, (17)

and equation (15) expressed in (E, p) is

wa
Ep(u, φ, E, p)

= 1

π
√
2E/m(1− p2) sin φ

√
1−

(
u/

√
2E/m−p cosφ√
1−p2 sin φ

)2 .

(18)

This result is consistent with the proportionality relation in the
appendix of [36]. Herewe give a complete analytic expression.

Figure 4 shows weight functions for several projection
angles φ and a given velocity u = 6× 106 m s−1 as examples.
The upper row showsweight functions in (v‖, v⊥)-coordinates,

5
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Figure 4. Weight functions in (v‖, v⊥)-coordinates ((a)–(d)) for u = 6× 106 m s−1 and various projection angles φ. The corresponding
weight functions in (E, p)-coordinates are shown in (e)–(f ). The angles φ = 10◦ and φ = 100◦ are typical for the forward- and
backscattering ITER CTS systems, respectively, while the angles 45◦ and 80◦ are shown for illustrative purpose. The coloured regions are
interrogation regions while the white regions are unobservable for the given φ and u.

Figure 5. Contours of the gyroangle within the interrogation regions
shown in figure 4(a) and (d), respectively. The colours show the
necessary gyroangle γ ∈ [0◦, 180◦] to map onto u = 6× 106 m s−1
for the given φ in (v‖, v⊥)-space. For γ ∈ [180◦, 360◦] similar maps
can be found as cos(360◦ − γ ) = cos γ .

and the lower row corresponding weight functions in (E, p)-
coordinates. The weight functions have positive values in the
coloured regions which we call interrogation regions. Ions
within these regions are observable for the given u and φ.
On the other hand, ions in white regions, where the weight
functions are zero, are unobservable. Explicit expressions for
the limiting lines separating the velocity space interrogation
regions from the unobservable regions in (v‖, v⊥)-space are
found by solving equation (4) for v⊥.

v⊥ = u − v‖ cosφ
sin φ cos γ

. (19)

For each gyroangle γ , there is a line of constant slope in
(v‖, v⊥)-space along which ions with that γ project onto a
given u for a given φ. Such lines are shown in figure 5. Two
limiting lines with γ = 0◦ or γ = 180◦ are

v⊥ = ±u − v‖ cosφ
sin φ

. (20)

These two lines intersect the v‖-axis at v‖ = u/ cosφ and
have the slopes ±v‖/ tan φ. Their closest distance to the
origin is u. Points below these lines cannot map onto u.
The weight functions are largest just above these lines at which

the gyroangle is γ = 0◦ or γ = 180◦. These large values near
the limits are expected [40].

Weight functions wv for any φ (except for φ =
0◦, 90◦, 180◦, 270◦) and u are qualitatively similar: they are
triangles in (v‖, v⊥)-space (figures 4(a)–(d)). If the v‖-
intercept u/ cosφ of the triangle is larger than any ion velocity
(if φ ∼ 90◦), then only one of the limiting lines is relevant to
the experiment such as for the proposed ITER CTS fast-ion
system for φ ≈ 100◦ (figure 4(d)). The interrogation region
then covers a fairly large region of the velocity distribution
function in velocity space. In contrast, the weight function
picks out a narrow triangle in velocity space for the forward
scattering system with φ ≈ 10◦ (figure 4(a)). The projection
angles φ = 45◦ and φ = 80◦ are shown for illustrative purpose
(figures 4(b) and (c)). For φ = 45◦ the triangle is wider than
for φ = 10◦ and intercepts the v‖-axis at larger values. For
φ = 80◦ the triangle is yet wider and the v‖-intercept yet larger,
and the triangle is a mirror image of that for φ = 100◦. The
seemingly different shapes of the four corresponding weight
functionswEp in (E, p) coordinates can likewise be explained
(figures 4(e)–(h)).

The analytic weight functions are singular on the limiting
lines given by equation (20) and so are inconvenient for
numerical work. However, equation (15) can be integrated
over u, and the integral can be shown to be unity. This is
also expected since the weight function is a probability density
function. We can therefore find corresponding binning weight
functions wb

v(u, φ, v‖, v⊥) and wb
Ep(u, φ, E, p) by binning u

into intervals for γ = [0, 2π ] using equation (4). To do
this we find contributions of Maxwellian bumps distributed
in (v‖, v⊥)-space to a given g(u) at the projected velocity u.
Three such bumps were illustrated in figure 3. The weight
functions are then normalized to satisfy equation (8). If the
characteristic width of the Maxwellians and the bin width go
to zero, the analytic weight functions are recovered with very
large values near the limiting lines. We use a characteristic

6



Nucl. Fusion 51 (2011) 083014 M. Salewski et al

Figure 6. Relative contributions from the interrogation regions in (E, p)-space for φ = 100◦ and various velocities u. The coloured regions
show the integrand of equation (9), i.e. the product of the weight functions and a central alpha distribution function (r/a = 0) computed with
TRANSP. The integrands have been normalized. The alpha distribution function is illustrated as grey isocontours.

width corresponding approximately to the typical resolution
of numerical simulations.

5. Velocity space interrogation regions of the
proposed forward- and backscattering ITER CTS
systems

Figure 6 shows example interrogation regions of a single CTS
spectrum for a central measurement volume of the proposed
backscattering system in a standard ITER burning plasma.
The colours show the integrand of equation (9) (the relative
contributions to g) for φ = 100◦ for eight example u values.
The central alpha distribution function has been computedwith
TRANSP. The integrands in the interrogation region tend to
be larger towards the small energy values because the alpha
distribution function tends to be larger there. We have not
converged the statistics of the alpha distribution function to be
completely smooth to show the effect of small-scale features in
the alpha velocity distribution. The CTS signal will then come
mostly from those regions within the interrogation regions
where the alphas are most numerous and the weight functions
are largest. The regions without colours are unobservable
with the CTS diagnostic at the given u and φ. The positive
and negative velocities u interrogate similar regions for the
backscattering system, and the 1D projections g will then be
nearly symmetric. Figure 7 shows corresponding plots for
the proposed forward scattering system. Co-passing ions with
positive pitch at several energies can be measured for positive
u and counter-passing ions with negative pitch for negative
u. The interrogation regions of the forward scattering system
cover a narrower region in (E, p)-space compared with those
of the backscattering system.

While the weight functions are plasma independent, the
integrand of equation (9) is also proportional to the particular

fast-ion distribution function. A comparison of figure 8(a)
with figure 7(a) and figure 8(b) with figure 6(a) illustrates that
the region from which most of the CTS signal at the given u

and φ originates—the region which is effectively probed—can
be very different for other fast-ion distributions. The weight
functions in each pair are identical, but it is multiplied with
the alpha distribution in figures 6 and 7 and with the NBI
distribution from figure 1 in figure 8.

6. Reconstruction of the fast-ion velocity
distribution function from two 1D projections

Weight functions can be used to reconstruct the fast-ion
velocity distribution function from two 1D distributions
functions along different projection directions. This problem
has no unique solution [41], but it is possible to find reasonable
reconstructions. Here we present an iteration algorithm to find
such reconstructions by exploiting the knowledge contained in
weight functions. Figure 9(a) shows three bumps in (E, p)-
space as a simple test model, and figure 9(d) shows the NBI
ion distribution function from figure 1 as a second test model.
The aim is to reconstruct these target 2D test functions, given
only two 1D projections g with different projection angles.
In an actual experiment, two target 1D projections g can
be obtained from two simultaneous CTS measurements with
different projection angles. Here we choose the angles to be
φ = 10◦ and φ = 100◦ corresponding to the forward- and
backscattering ITER CTS systems and use only information
that would not be masked by the bulk ions in ITER and are
hence outside the shaded triangles in figure 3, i.e. |u| >

3 × 106 m s−1. After an initial guess, two projections g are
computed from the iterated 2D velocity distribution function.
The next iteration is obtained by adding or subtracting small
multiples of the weight functions for each u and φ to the

7
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Figure 7. Relative contributions from the interrogation regions in (E, p)-space for φ = 10◦ and various velocities u. The coloured regions
show the integrand of equation (9), i.e. the product of the weight functions and a central alpha distribution function (r/a = 0) computed with
TRANSP. The integrands have been normalized. The alpha distribution function is illustrated as grey isocontours.

Figure 8. Relative contributions from the interrogation regions in
(E, p)-space for φ = 10◦ and φ = 100◦ with u = 6× 106 m s−1.
The coloured regions show the integrand of equation (9), i.e. the
product of the weight functions and the high field side NBI
distribution function at r/a = 0.25 computed with TRANSP (see
figure 1(d)). The integrands have been normalized. The NBI
distribution function is illustrated as grey isocontours.

2D velocity distribution function, depending on whether the
corresponding iterated g is larger or smaller than the target
g, respectively. The iterated solution depends on the initial
guess for which we choose zeros everywhere. Reasonable
reconstructions are then reliably obtained for a wide range of
target functions compared with other initial guesses. Figure 9
demonstrates that large-scale features of the simple 2D test
functions can reasonably be reconstructed, given only two 1D
projections with |u| > 3× 106 m s−1 (figures 9(b) and (e)).

To demonstrate that measurements from other fast-ion
diagnostics could be included in the algorithm, we use a third
g for a hypothetical third projection angle (φ = 45◦) for the
reconstruction (figures 9(c) and (f )). This CTS geometry
is not feasible in ITER due to refraction. However, the
hypothetical extra CTS measurement serves as an example of

the possible extension of the algorithm. The reconstruction of
the more complicated NBI ion distribution function improves
due to the extra information. The reconstruction algorithm
and its extension will be used in future experiments at ASDEX
Upgrade where a second CTS receiver is currently being
installed and FIDA is available [42].

7. Conclusions

Here we show the velocity space interrogation regions of the
proposed ITER CTS system. The backscattering system with
receivers on the low-field side is an enabled ITER diagnostic,
whereas the forward scattering system with receivers on the
high-field side is not. The backscattering system is sensitive
to fast ions with pitch |p| < 0.5–0.9, depending on the ion
energy and the frequency shift of the scattered radiation. Its
viewing geometry makes it easy to retrofit it with a CTS-
based fuel ion ratio diagnostic [43–46]. On the other hand,
the forward scattering system would be sensitive to co- and
counter-passing fast ions at various energies with pitch |p| >

0.6–0.8. Its interrogation regions in 2D velocity space are
narrow compared with those for the backscattering system
which cover broad ranges in (E, p)-space. The relative
contributions of different regions in 2D velocity space to the
CTS signal have been computed using weight functions and
TRANSP simulations of the alpha and NBI ion distributions in
ITER, showing the regions which are effectively probed. The
interrogation regions are described by weight functions. We
here derive analytic expressions for theweight functionswhich
should also be useful for FIDA since CTSweight functions are
identical to the geometric (Doppler shift) part of FIDA weight
functions [35–38]. Moreover, it is shown that weight functions
can efficiently be used as base functions in reconstructions
of 2D fast-ion distribution functions, given two simultaneous
CTS measurements with different scattering geometries. The
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Figure 9. Reconstruction of a target function ((a) and (d)) given only the information obtained from two 1D projections g ((b) and (e)) or
three 1D projections g ((c) and (f )) with |u| > 3× 106 m s−1. The projection angles of the two 1D projections were φ = 10◦ and φ = 100◦

in (b) and (c). In (c) and (f ) additionally a projection with φ = 45◦.

quality of such reconstructions can be improved by including
fast-ion measurements from other diagnostics in the iteration
algorithm. Thus, we have shown the benefits of the back- and
forward scattering ITER CTS systems and their combination.
Much added information could be gained from a forward
scattering system, allowing measurements of co- and counter-
passing ions with high velocity space resolution, revealing
anisotropy in the fast-ion populations and even allowing
reconstruction of 2D fast-ion distribution functions.
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Abstract
Wecompute tomographies of 2D fast-ion velocity distribution functions fromsynthetic collectiveThomson scattering
(CTS) and fast-ionDα (FIDA) 1Dmeasurements using a new reconstruction prescription. Contradicting conventional
wisdomwe demonstrate that one single 1DCTS or FIDAview suffices to compute accurate tomographies of arbitrary
2D functions under idealized conditions. Under simulated experimental conditions, single-view tomographies do
not resemble the original fast-ion velocity distribution functions but nevertheless show their coarsest features. For
CTS or FIDA systems with many simultaneous views on the same measurement volume, the resemblance improves
with the number of available views, even if the resolution in each view is varied inversely proportional to the number
of views, so that the total number of measurements in all views is the same. With a realistic four-view system,
tomographies of a beam ion velocity distribution function at ASDEX Upgrade reproduce the general shape of the
function and the location of the maxima at full and half injection energy of the beam ions. By applying our method to
real many-view CTS or FIDAmeasurements, one could determine tomographies of 2D fast-ion velocity distribution
functions experimentally.

(Some figures may appear in colour only in the online journal)

1. Introduction

Fast ions play a key role in high performance plasmas:
they mediate energy from external heating sources or fusion
reactions to the bulk plasma and so maintain the high
temperatures typical for fusion-relevant plasmas. The fast-
ion orbits can be perturbed by fluctuations in the plasma, and
the ions can then be prematurely ejected from the plasma,
leading to undesired local heating of the first wall instead of
plasma heating. Several types of modes selectively deplete
or reorganize fast ions in particular velocity-space regions,
for example sawteeth [1–3], Alfvén eigenmodes [4–6] and
neoclassical tearing modes [7]. Turbulence also ejects ions
selectively depending on their energy [8, 9]. In particular,
it is this selectivity of fast-ion depletion or reorganization
in velocity space that can be quantified with velocity-space
tomography. Additionally, velocity-space tomography could

be used tomonitor phase-space engineering of fast-ion velocity
distribution functions which has enabled control of sawteeth
and of neoclassical tearing modes [10]. We show velocity-
space tomographies using parameters typical for the ASDEX
Upgrade collective Thomson scattering (CTS) [11–15] and
fast-ion Dα (FIDA) diagnostics [16].

CTS and FIDA diagnostics are sensitive to 1D functions
g of local fast-ion velocity distribution functions f in
magnetically confined plasmas. The spatial resolution of the
CTS diagnostic at ASDEX Upgrade is about 10 cm, and the
measurement location can be moved freely in the plasma core
by means of steerable antennas. The time resolution has often
been set to 4ms. CTS diagnostics are sensitive to the 1D
projection of f onto the wave vector kδ = ks − ki which is
the difference between the wave vectors of scattered radiation
ks and incident radiation ki . The most important angle to
describe the pre-selected projection direction given by kδ is
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the projection angle φCTS = � (kδ,B)whereB is themagnetic
field. In CTS experiments the ions leave spectral signatures
in the scattered radiation. A frequency shift νδ of scattered
radiation can be related to an ion velocity v projected onto kδ:

νδ = νs − νi ≈ v · kδ/2π = ukδ/2π (1)

where u is the projected velocity and kδ = |kδ|. We define here
a CTS measurement as detection of the fast-ion phase-space
density in a particular interval inu that is related to an interval in
νδ via equation (1). We define a view as a set of measurements
taken in a projection direction described by φCTS. A second
CTS receiver has been installed at ASDEX Upgrade in 2012,
so that two simultaneous views with independently variable
projection angles φCTS are available.

The location of a FIDAmeasurement is determined by the
intersection of the injected neutral beam (NBI) and the line-
of-sight (LOS) of the optical head. The spatial resolution of
the FIDA diagnostic at ASDEX Upgrade is about 7 cm, and
the time resolution is 2ms. Beam source S3 is observed in the
plasma core at two different fixed angles φFIDA = � (kLOS,B)

where kLOS represents the wave vector along the LOS of the
optical heads. The toroidal LOS has an angle of φFIDA = 11◦,
and the new poloidal LOS has φFIDA = 64◦. The angles φCTS
and φFIDA are analogue and will hereafter simply be called φ.
FIDA diagnostics are also sensitive to 1D functions of f as the
fast ions likewise leave a spectral signature in the detected light
by Doppler shift and Stark splitting. For FIDA diagnostics
no simple relation between the projected velocity u and the
wavelength λ exists, so we define here as FIDA measurement
the detection of Doppler- and Stark-shifted light in a particular
wavelength interval.

Computed tomography in real space is used in many
applications, for example in medical imaging in x-ray
computed axial tomography (CAT or CT) scanners, positron
emission tomography (PET) scanners or magnetic resonance
imaging (MRI) scanners [17, 18]. It is also widely used in
nuclear fusion research [19, 20]. We give a new prescription
for tomographic reconstruction in velocity space that is
analogue to those in real space. The prescription is based
on CTS or FIDA weight functions [21–23] which were not
available in previous work [24]. In [24] reconstructions
from two and three synthetic CTS views have been shown to
contain salient features of the underlying 2D fast-ion velocity
distribution functions in idealized situations. It has since
become conventional wisdom that a 2D velocity distribution
function could not be found from one single 1D CTS or FIDA
view and that at least two CTS or FIDA views with different
projection directions would be necessary for that [12, 22–32].
We demonstrate that in fact just one single 1D CTS or FIDA
view theoretically suffices to compute tomographies of almost
the entire discrete 2D velocity distribution function under
idealized conditions. Nevertheless, in simulated tokamak
experiments with many CTS or FIDA views, the resemblance
of tomographies and the original functions improves with
the number of available views. Several tokamaks have
been equipped with multiple FIDA views, for example DIII-
D [33], NSTX [34], MAST or ASDEX Upgrade which
is now also equipped with two CTS receivers. With our
prescription we can compute tomographies for any set of fast-
ion measurements, in particular those obtained with CTS or

FIDA or other fast-ion charge exchange spectroscopy (FICXS)
that detects other light than Dα . A mix of diagnostics would
also be possible as will be relevant to the CTS/FIDA system
at ASDEX Upgrade, the CTS/FICXS system at LHD [35, 36]
and the proposed two-view CTS system for ITER [37–40] in
particular if it can be combined with FICXS [32]. However,
only one of the two CTS views is an enabled ITER diagnostic.
One could also include neutral particle analysers (NPAs) or
other fast-ion diagnostics in such mixes. We will study
tomographies from such diagnostic mixes elsewhere.

In section 2 we will argue that one single 1D set of CTS
measurements at different frequencies in fact theoretically
suffices to reconstruct the original 2D velocity distribution
function under ideal conditions. As weight functions form
the core of our tomographic reconstruction prescription to be
presented in section 4, we briefly review their meaning and
use in section 3. Tomographic reconstructions of a variety of
functions from synthetic CTS measurements under idealized
conditions are demonstrated in section 5 and under simulated
experimental conditions in section 6. In section 7 we show
that tomographies can likewise be computed from synthetic
FIDA measurements. We discuss the analogy of velocity-
space tomography to real-space tomography in section 8 and
draw conclusions in section 9.

2. Velocity-space tomography gedankenexperiment

First we perform a gedankenexperiment to motivate how one
single 1D projection can in fact contain enough information
to reconstruct the underlying 2D velocity-space distribution
function in discrete problems. Suppose that Alice has a way
to construct a 2D velocity-space distribution function f ion
by ion and that Bob has a way to measure the 1D velocity
distribution function g by CTS every time a new ion has been
added. Bob will only know his own measurements obtained
in a single CTS view. Alice adds an ion at some coordinate
pair (v‖, v⊥) of her choice, for example at the location chosen
in figure 1(a). Bob then measures g which would have the
characteristic hammock shape shown in figure 1(b) [23, 41].
Bob can now work out the (v‖, v⊥)-coordinates using

u = v‖ cosφ + v⊥ sin φ cos γ , (2)

where γ is the gyrophase of the ion [23]. Since cos γ takes
values from −1 to 1, the width of the interval in which
Bob detects the ion is 2v⊥ sin φ. The centre of the interval
is v‖ cosφ. Knowing his projection angle φ and the width
and centre of his measured function g, he can tell at which
coordinates (v‖, v⊥) Alice has added the ion. Alice then adds
a second ion at a velocity-space location of her choice, and
Bob again measures g by CTS. Now the function g looks more
complicated but Bob can subtract his previous function g and
has again a simple hammock-shaped function from which he
can deduce the location of the second ion. This procedure can
be repeated until the entire 2D velocity distribution function is
constructed ion by ion, and Bob will know the entire function
exactly, looking just at his 1D measurements. Alice could
also construct f by adding collections of ions with identical
velocities instead of single ions. Bob could then tell howmany
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Figure 1. (a) Example function f consisting of a single pixel in arbitrary units. (b) Projection g of the pixel function for a projection angle
of φ = 70◦.

ions have been added since the integral over u is proportional
to the number of ions:

n =
∫

g du =
∫ ∫

f dv‖ dv⊥. (3)

This gedankenexperiment shows that one single 1D CTS
view can in fact contain enough information for accurate
reconstruction firstly in simple situations and secondly also
in arbitrarily complicated situations if the complexity is added
step by step. In real experiments only the complicated situation
can be generated, and it is not immediately obvious that
the 1D function g can contain enough information about
the 2D function f . But we will demonstrate that we can
compute accurate tomographies from one single CTS or FIDA
view using our tomography reconstruction prescription if just
enough information is available.

3. Discrete weight functions for CTS and FIDA

Discrete weight functions will lead to the tomographic
reconstruction prescription presented in section 4. The
reconstruction prescription in [24] did not useweight functions
and was made tractable by expansion of the 1D (synthetic)
measurements as well as the 2D fast-ion velocity distribution
functions into orthonormal sets of base functions. Bessel
functions have been used but other choices would be possible
[24]. Exploiting CTS or FIDA weight functions [21–23]
we will give a simpler reconstruction prescription that is
inherently tractable and obviates the use of such expansions.
Weight functions have previously been used in an alternative
reconstruction prescription where the tomography was found
by iteration. This has the disadvantage that the solution
depends on the arbitrary start conditions of the iteration [23].
The new prescription we present gives unique solutions. In
this section we define weight functions in discrete form.

Assuming f to be rotationally symmetric about the v‖-
axis, weight functions describe the mapping from 2D velocity-
space distribution functions f to 1D functions g that are
measured with CTS [23] or FIDA [22]. We here treat a
discrete tomography problem and so also deal with discrete
functions. The coordinates (u, φ, v‖, v⊥) are discretized in
(ui, φj , v‖k, v⊥l) where the subscripts i, j, k, l run from 1 to
the corresponding upper case letter I, J, K, L. I is the number
of measurements at different ui in a CTS or FIDA view, J is
the number of available views, and (K, L) are the number

of grid points in (v‖, v⊥), respectively. gij = g(ui, φj )

is a matrix of discrete 1D functions in ui for each viewing
angle φj . fkl = f (v‖k, v⊥l) is the discrete 2D velocity-space
distribution function. gij and fkl are related by discrete CTS
or FIDA weight functions wijkl analogue to the continuous
weight functions [23] so that

gij =
K∑

k=1

L∑
l=1

wijklfkl	v⊥	v‖. (4)

Weight functions pick out and assign weights to the velocity-
space interrogation region that is observed for a particular pro-
jection angle φj and a projected velocity range at ui (observed
in a frequency range at fi) for CTS or a wavelength range at λi

for FIDA. In (v‖, v⊥)-coordinates CTS weight functions have
a nearly triangular shape as shown in figure 2 for ui = 2 ×
106 m s−1 and four typical projection angles φj . Weight func-
tions describing CTS measurements quantify the probability
that a gyrating ionwith velocity (v‖, v⊥) is observed in a partic-
ular projected velocity range at ui for a given projection angle
φj . The scattering must always originate from the coloured
triangular region. A comprehensive discussion of weight func-
tions for fast-ion CTS measurements is given elsewhere [23].
Theweight functions describing FIDAmeasurements aremore
complicated and account for the charge exchange probability,
the probability of photon emission from atomic level n = 3
to n = 2, Doppler shift of radiation originating from a gyr-
ating particle, Stark splitting of the deuterium Balmer alpha
line, and the instrument function of the FIDA spectrome-
ter [16, 21, 22, 26, 29]. The Doppler shift part of FIDA weight
functions is analogous to the CTS weight functions [23].

4. Tomographic reconstruction prescription

To find tomographies from CTS or FIDA measurements, we
rewrite equation (4) to formulate a linear algebra problem of
the form

WmnFn = Gm. (5)

The matrix elements Gm, Fn and Wmn are, respectively,
obtained from the matrix elements gij , fkl and wijkl by

Gm = gij (6)

Fn = fkl (7)

Wmn = wijkl (8)
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Figure 2. Gyromotion weight functions w for u = 2× 106 m s−1 and various projection angles φ. The colourbar shows the base 10
logarithm.

using the assignment rules

m = (i − 1) × J + j (9)

n = (k − 1) × L + l. (10)

F is a column matrix of size N × 1 obtained from the
discrete 2D fast-ion velocity distribution function described
by N = K × L points. G is a column matrix of size M × 1
obtained from the discrete 1D functions measured with CTS
or FIDA. If J views are available and I measurements in ui

(CTS) or λi (FIDA) are taken in each view, then the total
number of measurements isM = I × J . W is then a transfer
matrix of size M × N taking F into G. The prescription
given here corresponds to stacking lines or rows on top of
each other but the order of this reorganization of the matrices
is arbitrary as long as we obey equation (4). The forward
problem to determine g from f or equivalently G from F is
straightforward given that w and consequently W are known.
An example of the action of the transfer matrix W on a pixel
function F is illustrated in figure 1. The projection angle φj of
this single-view example (J = 1) is set to 70◦, andwe compute
a weight function for each ui to obtain the value ofG from the
inner product WF . The 1D function G for a pixel function
has the characteristic hammock shape shown in figure 1. The
inverse problem to determine f from g or equivalently F from
G is more complicated: we have to find an optimum solution
F + to the under- or overdetermined system of linear equations
(equation (5)) whereW andG are known. We then also know
f + because we know F + and the reorganization procedure.

We find an optimum solution to WF = G for any size
of W from the Moore–Penrose pseudoinverse or generalized
inverseW + under positivity constraint. W + is a uniqueN ×M

matrix [42–44]. It can be computed from the singular value
decomposition (SVD) ofW : anM × N matrixW can always
be decomposed uniquely as

W = U
V T (11)

where U is the normalized eigenvector matrix of WWT (an
orthogonal M × M matrix), V is the normalized eigenvector
matrix ofWTW (an orthogonalN ×N matrix), V T denotes the
transpose of V , and 
 is a diagonal (but rectangular)M × N

matrix [44]. The diagonal entries σ1, σ2, ..., σR are the singular
values of W , and R is the rank of W . The other entries of 


are zero. The Moore–Penrose pseudoinverse is then

W + = V 
+UT (12)


+ is a diagonal (but also rectangular) N × M matrix, and the
diagonal entries are 1/σ1, 1/σ2, ..., 1/σR , i.e. the reciprocals
of corresponding entries of 
. The other entries of 
+ are
zero. The computed tomography is then

F + = W +G. (13)

This is the equation from which we could determine F + from
actual measurements. If W is invertible, then W + is identical
to the inverse W−1. But W is generally a rectangularM × N

matrix that cannot be inverted. If the system WF = G is
overdetermined, F + gives the minimum 2-norm of the residual
|WF − G|2. If the system WF = G is underdetermined,
F + is the particular solution with minimum 2-norm |F |2
out of infinitely many solutions (the one with no nullspace
component).

5. Tomographies under ideal conditions

In this section we firstly demonstrate that our prescription
for computed tomography in velocity space can reproduce a
variety of functions—any function we tested—in an idealized
situation. Secondly, we also demonstrate that just one single
synthetic CTS or FIDA view on that function suffices to
construct an accurate tomography. Weassume that the function
can be described accurately on a numerical 2D grid, i.e. the
grid size is so fine that even features on the smallest scale
are accurately described. We also assume that there is no
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Figure 3. The original checkerboard function shown here is
digitized in N = 30× 61 pixels. Typical 1D projections are shown
in figure 4. Tomographies are shown in figure 5.

noise. The effects of insufficient resolution and noise will
be discussed in section 6. Under these idealized conditions,
we set the numerical grid of the tomography equal to that of
the original function. As will be shown in section 6, these
assumptions will not give a realistic picture of the recoverable
information in real experiments. Nevertheless, previous work
used identical grids for tomography and the original function
[23, 24], and the results found in this section give an upper limit
of the quality that can be achieved and demonstrate that one
single view is enough under ideal conditions. Our prescription
immediately suggests that the tomography should be very
accurate in this case if justM > N (more measurements than
pixels). If the numerical grids of the original function and the
tomography are equal, we can give a simple relation between
F and F +. One can substitute forG and use the orthogonality
of U .

F + = W +G = W +WF = V 
+UTU
V TF = V 
+
V TF

(14)


+
 has as R ones on the diagonal and otherwise zeros.
Therefore, only the first R columns and rows of V and
V T will be used in the reconstruction. In that sense the
reconstruction for identical numerical grids is analogue to lossy
data compression using SVD [44].

Under these assumptions, we reconstruct a checkerboard
function (figure 3) and a pacman function (figure 6) using
just one single view. We choose these test functions because
it is easy to spot differences between the original function
and the tomography. The checkerboard pattern in figure 3
covers the velocity-space region for −3.5 × 106 m s−1 <

v‖ < 3.5 × 106 m s−1 and 0 < v⊥ < 3.5 × 106 m s−1

and is digitized in N = 30 × 61 = 1830 pixels. This
resolution is typical for simulated fast-ion velocity distribution
functions today. We distribute M measurements evenly in
the interval −5 × 106 m s−1 < u < 5 × 106 m s−1 to ensure
complete coverage of the velocity-space region we show here
for any φ. Synthetic measurements in one single view for
φ = 30◦ and M = 101 to M = 2501 are illustrated in
figure 4. By increasing the resolution one can capture an
increasingly more fine-grained structure of g that contains
recoverable information about the 2D function f . We stress
that the noisy looking curve (M = 2501) is the accurate one
whereas the smooth looking curve (M = 101) contains the
least information. Actually the smooth curve has a large noise
level originating from the discretization. The resolution in
the u coordinate for M = 101 corresponds roughly to the
resolution of most of the channels of the ASDEX Upgrade

CTS receivers. Over 2500 measurements in one view seem
possible in high-frequency resolution measurements that were
demonstrated at TEXTOR [45–47].

Single-view tomographies computed from M synthetic
measurements such as those infigure 4 are presented infigure 5.
For any resolution they contain a fine-grained structure that is
similar to that in the original in figure 3. Even forM ∼ N/20
(M = 101), the tomography contains evenly distributed small-
scale structures but they are larger than those in the original
by a factor of two. The checkerboard pattern at a correct
scale begins to emerge when M ∼ N/2 (M = 1001). For
M ∼ N the tomography closely resembles the original with
minor defects, and forM ∼ 4N/3 they are indistinguishable.
The reconstruction prescription in previous work [24] failed
to reconstruct the original function for low v⊥ corresponding
to about v⊥ < 106 m s−1 in our graphs. The checkerboard
patterns in figure 5 demonstrate that our prescription works
for all v⊥ about evenly.

Figure 7 shows single-view tomographies of the pacman
function (figure 6), which we consider to be quite complex, for
a various number of measurements M . From here on we do
not use measurements in the interval−0.7×106 < u < 0.7×
106 m s−1. CTS due to bulk ions makes unambigous detection
of fast ions verydifficult if not impossible in this interval, and so
we block it in the synthetic diagnostic. This loss of information
results in the appearance of triangular regions that are not
experimentally accessible (figures 7(a)–(d)). The shape of
such triangles depends on the projection angle φ. The sides of
these triangles are given by v⊥ = (const×vth±v‖ cosφ)/ sin φ

and v⊥ = 0 [23]. The original pacman function contains
complicated structures with a scale separation of one order of
magnitude between the large-scale structures (pacman head,
spook) and the small-scale fine details (eyes and mouth, zick
zack pattern of the spook fringe). The tomography of the
pacman function is also an accurate reproduction of the original
function if M is large enough. The required number of
measurements M for accurate tomographies is similar to the
requiredM for the checkerboard—and in fact for any function
we tested—and does not significantly depend on whether an
interval in u has been blocked.

Lastly, we note that the projection angle φ is not very
important in the idealized situation except for at φ = 90◦ when
all information about v‖ is lost and at φ = 0◦ where the weight
functions are singular. No advantage is gained from having
many views for an equal total number of measurementsM in
the idealized situation. For example a tomography from two
views each with 1000 measurements (M = 2×1000 = 2000)
roughly resembles the original as much as the tomography
from one view withM = 2000 measurements. Likewise, the
angles are not important for many-view systems either if just
the resolution of themeasurements is high enough. The quality
of the tomography for any number of views depends mostly on
the total number of measurementsM in the idealized situation.

6. Tomographies for heavily under-diagnosed
fast-ion distribution functions

The previous section demonstrated that our tomography
prescription will work in an idealized situation. The
original function had the same number of grid points as
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Figure 4. Projections of the checkerboard function (figure 3) for φ = 30◦ withM = 101, 501 and 2501 measurements in one view g. (a)
Zoomed out showing the entire functions g. (b) Zoomed in showing that fine-scale structure can be resolved withM = 2501 measurements,
which is sufficient to compute an accurate tomography.
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Figure 5. Single-view tomographies of a checkerboard function in N = 30× 61 = 1830 pixels giving onlyM measurements at φ = 30◦.
TheM measurements are evenly spaced in −5 ×106 m s−1 < u < 5× 106 m s−1. The number of measurements is varied fromM = 101 to
M = 2501. The axes and colourbars are identical to those for the original in figure 3.
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Figure 6. The original pacman function shown here is digitized in
N = 30× 61 = 1830 pixels. Tomographies are shown in figure 7.

the reconstructions as in previous work [23, 24]. The 2D
velocity distribution function in an actual tokamak experiment
will have a fine-grained structure. It is then practically
impossible to make enough CTS or FIDA measurements to
carry all information about the fine-grained f . To simulate
experimental conditions, we first construct a 1D projection
g with M synthetic measurements from a finely resolved 2D
distribution:

G = W1F. (15)

Here we discretize f in N1 = 350 × 701 ∼ 250 000 grid
points and takeM ∼ 3400 orM ∼ 340 measurements leaving
f under-diagnosed by a factor on the order of 100 or 1000,
respectively. Accurate tomographies are impossible for such

under-diagnosed f . Then we compute a tomography with a
much lower number of grid points than N1: N2 = 30× 61 =
1830 � N1.

F + = W +
2 G. (16)

Substitution of G now gives

F + = V2

+
2U

T
2 W1F. (17)

Substitution of the SVD of W1 = U1
1V
T
1 does not lead

to simplifications as in equation (14) since UT
2 U1 does not

disappear. If the grids for the tomography and the original
function are not identical, it is necessary to truncate the SVD
and use only singular values above a selected level. This is
effectively also a lossy data compression technique since we
find a lower rank approximation of the transfer matrixW2 that
has about rankR ∼ 1700 in our example. Reference [24] used
such a lossy data compression technique to simulate the effects
of noise, noting that noise decreases the information content of
the smallest singular values. The effect of noise and of under-
diagnosing, i.e. computing the tomography on a much coarser
grid than the original, are similar. G = W1F is different from
G+ = W2F

+, and this difference can be interpreted as noise
originating from the discretization.

Figure 8 shows a typical beam ion velocity distribution
function at ASDEX Upgrade resolved on N1 = 350 × 701
grid points for which we present tomographies from CTS
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Figure 7. Single-view tomographies of a pacman function in 1830 pixels giving onlyM measurements at φ = 30◦. TheM measurements
are evenly spaced in −5× 106 m s−1 < u < −0.7× 106 m s−1 and 0.7× 106 m s−1 < u < 5× 106 m s−1. The number of measurements is
varied fromM = 88 toM = 2868. The axes and colourbars are identical to those in figure 6.
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Figure 8. Typical beam ion distribution function for beam S3 at
ASDEX Upgrade computed with TRANSP/NUBEAM. The
distribution function is shown on a grid with 350× 701 pixels.

measurements here. The original function has peaks at full
and half injection energy of 60 keV in deuterium. We plot
tomographies (N2 = 30 × 61 = 1830 grid points) of the
original function in figure 9 for a various number of available
views J and measurements M . The three-view and four-
view CTS tomographies are proxies for mixed CTS/FIDA
tomographies that can be reconstructed from the two available
CTS views and the two available FIDA views at ASDEX
Upgrade. The combination of different diagnostics in our
method will be discussed elsewhere. We set the number of
measurements per view inversely proportional to the number
of views so that the total number of measurementsM is almost
the same in each column of figure 9. The left column shows
tomographies for one to four views with about M ∼ 340
measurements in total (M < N ), and the right column with
about M ∼ 3400 measurements in total (M > N ). In the
idealized situation the number of views J is unimportant;
only the number of measurementsM matters. Therefore, just
one view suffices for accurate tomographies in the idealized
situation. However, under simulated experimental conditions,
the number of views J is highly important for the relevance
of the tomography to the original function. The single-
view tomographies do not resemble the original function but
they resemble rather the weight functions, and taking more
measurementsM in that one view does not help significantly.
Nevertheless, the lopsidedness towards negative velocities is
correctly reconstructed in the tomographies. For two views the
region of the beam ions is roughly identifiable, and twomaxima
emerge. The four-view tomographies resemble the original

function best. To quantify the difference between the original
function and the tomography, we define an error measure as

Qtom = 1

nfast

∫ ∫
|f − f +| dv‖ dv⊥ (18)

nfast =
∫ ∫

f dv‖ dv⊥ (19)

which is a single number quantifying the resemblance of the
tomography with the original function. Qtom = 0 means that
the match is perfect, and Qtom ∼ 1 means that f + does not
resemble the original function f . In this example Qtom = 1
for one view, Qtom = 0.8 for two views, Qtom = 0.7 for
three views and Qtom = 0.5 for four views, but the particular
values depend on the particular distribution function and the
diagnostic setup. This measure should be useful for future
optimization studies. Comparing the low resolution column
(M < N ) with the high resolution column (M > N ), we find
that taking ten times more measurements per view does not
help improving the tomographies much whereas adding extra
views does. For the high resolution cases withM ∼ 3400 only
340 singular values are useful whereas about 300 are useful in
the low resolution cases withM ∼ 340.

We now illustrate tomographies of a simpler function from
synthetic CTS measurements. Figure 11 shows tomographies
of a drifting Maxwellian function withN1 = 350×701 pixels
(figure 10) that we then diagnose in one to four views, and we
seek tomographies with N2 = 30 × 61 = 1830 pixels. Even
though the number ofmeasurementsM ∼ 2000 is again almost
the same for the four cases, the tomographies improve with the
number of views. One view is not enough to give tomographies
that resemble the original. Nevertheless, the tomography for
just one single view correctly identifies the location of the
Maxwellian peak, so we can conclude that measurements in
one single view contain relevant information about f even
under simulated experimental conditions.

7. Tomographies from FIDA measurements

So far we have built the transfer matrix W from gyromotion
weight functions, and these are sufficient to describe CTS
measurements. Analytic expressions for these CTS weight
functions are available [23]. Weight functions relevant to
FIDA measurements are more complicated and are calculated

7
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Figure 9. Tomographies (N2 = 30× 61 pixels) of a typical beam ion distribution function (N1 = 350× 701 pixels) for various numbers of
views and measurementsM . The total number of measurementsM is similar in each column. In the left column (a), (c), (e), (g)M ∼ 340
whereas in the right column (b), (d), (f ), (h)M ∼ 3400. The viewing angles are φ = 20◦ for one view, φ = (10◦, 80◦) for two views,
φ = (10◦, 40◦, 80◦) for three views and φ = (10◦, 30◦, 60◦, 80◦) for four views.

–3 –2 –1 0 1 2 3
0

1

2

3

v
||
 [106 m/s]

v ⊥
 [

10
6  m

/s
]

2

4

6

8

Figure 10. A drifting Maxwellian resolved in 350× 701 pixels.

by counting photons in the different wavelength intervals.
FIDA weight functions therefore contain numerical noise that
decreaseswith the square root of the computer time allowed for
their computation. We use φ = (11◦, 64◦) for the two FIDA

views available at ASDEX Upgrade. The measurements M

are evenly distributed in the wavelength intervals 649 nm <

λ < 654 nm and 659 nm < λ < 663 nm. FIDA light
cannot be observed in the wavelength interval 654 nm < λ <

659 nm due to beam emission and halo neutrals [16], and
so we exclude this wavelength range also in the synthetic
measurements. Figure 12 shows a tomography of the original
function (figure 8) from synthetic measurements for the two-
view FIDA system at ASDEX Upgrade and demonstrates that
our prescription also works for FIDA measurements. The
original has N1 = 350 × 701 grid points which was here
diagnosed by M = 2 × 90 = 180 measurements, and the
tomography in figure 12 hasN2 = 30×61 = 1830 grid points.
We here use the largest 80 singular values for the computation
of the Moore–Penrose pseudoinverse.

8



Nucl. Fusion 52 (2012) 103008 M. Salewski et al

–3 –2 –1 0 1 2 3
0

1

2

3

v
||
 [106 m/s]

v ⊥
 [

10
6  m

/s
]

–3 –2 –1 0 1 2 3
0

1

2

3

v
||
 [106 m/s]

v ⊥
 [

10
6  m

/s
]

–3 –2 –1 0 1 2 3
0

1

2

3

v
||
 [106 m/s]

v ⊥
 [

10
6  m

/s
]

–3 –2 –1 0 1 2 3
0

1

2

3

v
||
 [106 m/s]

v ⊥
 [

10
6  m

/s
]

Figure 11. Tomographies in N2 = 30× 61 = 1830 pixels for the drifting Maxwellian shown in figure 10 forM ∼ 2000 evenly distributed
on the available views. The viewing angles are φ = 20◦ for one view, φ = (30◦, 60◦) for two views, φ = (10◦, 40◦, 80◦) for three views and
φ = (10◦, 30◦, 60◦, 80◦) for four views.
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Figure 12. Tomography with N2 = 30× 61 pixels from the
two-view FIDA system with φ = (11◦, 64◦) andM = 2× 90 = 180
simulated measurements.

8. Analogy between real-space tomography and
velocity-space tomography

Computed tomography in real space is a well-developed
technique with applications in medical diagnostics, geo- and
astrophysics, material science and many other disciplines
[17, 18]. An important application is medical imaging in
x-ray CT scanners, in MRI scanners, or in PET scanners. For
example, x-ray CT scanners measure the absorption of several
narrow x-ray beams through the patient. The absorption of
x-rays depends on the tissue type, e.g. bones, muscle tissue, or
fatty tissue. CT with x-rays may be carried out using a single
x-ray source and a detector that are moved together to scan a
beam through the patient. One viewing angle on the patient is
not enough because themeasurement is line-integrated and it is
not knownwhere along theLOS the x-rays have been absorbed.
In CT scanners the source–detector arrangement is rotated,
and the patient is scanned at another angle. By scanning
the patient at many angles one can deduce a tomography of
absorption coefficients that in turn give the tissue type. Wenote

that tomographies in medical imaging thankfully operate with
overdetermined systems of equations to obtain their accurate
results.

It would be misleading to identify the FIDA or CTS
projection angle φ with the viewing angle of the rotating
apparatus of medical CT scanners. In plasmas in fact we have
an intrinsic rotation of the object that allows a multitude of
measurements: the gyration of the ions about the magnetic
field. This gyration allows measurements of an ion at different
frequency shifts via equations (1) and (2). It is thismultitude of
frequency-space measurements in velocity-space tomography
that is analogue to the different viewing angles in real-
space tomography. Many viewing angles in velocity space
improve tomographies under realistic conditions but they are
not essential under idealized conditions. For that reason one
single CTS or FIDA view suffices for a tomography of the
velocity-space distribution function in an idealized situation
if just the resolution of the frequency-space measurements is
high enough.

9. Conclusions

We have presented a new prescription for tomographic
reconstruction of 2D fast-ion velocity distribution functions
from CTS and FIDA measurements. By computing
tomographies from synthetic measurements, we have
demonstrated our prescription to give accurate tomographies of
arbitrary functions in an idealized situation, andwehave shown
promise and limits of its application to real experiments. Our
tomographic and theoretical results contradict the conventional
wisdom that at least twoCTS or FIDAviewswould necessarily
be required for tomography of fast-ion velocity distribution
functions [12, 22–32]. In an idealized situation in fact just
one single CTS or FIDA view suffices to compute an accurate

9
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tomography. Under simulated experimental conditions,
tomographies contain salient features of the original fast-ion
velocity distribution function showing that 2D information
can be recovered from the 1D measurements in one single
view. The lopsidedness of a beam ion velocity distribution
and the peak location of a drifting Maxwellian function can
correctly be reproduced in single-view tomographies for a
range of angles but otherwise single-view tomographies do not
resemble the original functions. For many-view systems the
resemblance of the tomography and the original improves each
time a new CTS or FIDA view is added, even if the resolution
is varied inversely proportional to the number of views so that
the total number of measurements in all views is constant. For
a four-view system, the tomography of a realistic beam ion
velocity distribution function at ASDEX Upgrade resembles
the original function well in general shape and location of the
beam injection sources at full and half energies. By applying
our prescription to a set of real CTS or FIDA measurements
with many views, one could determine a tomography of the
2D fast-ion velocity distribution function experimentally.
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Abstract
Fast-ion Dα (FIDA) and collective Thomson scattering (CTS) diagnostics provide indirect measurements of fast-
ion velocity distribution functions in magnetically confined plasmas. Here we present the first prescription for
velocity-space tomographic inversion of CTS and FIDA measurements that can use CTS and FIDA measurements
together and that takes uncertainties in such measurements into account. Our prescription is general and could
be applied to other diagnostics. We demonstrate tomographic reconstructions of an ASDEX Upgrade beam ion
velocity distribution function. First, we compute synthetic measurements from two CTS views and two FIDA
views using a TRANSP/NUBEAM simulation, and then we compute joint tomographic inversions in velocity-space
from these. The overall shape of the 2D velocity distribution function and the location of the maxima at full and
half beam injection energy are well reproduced in velocity-space tomographic inversions, if the noise level in the
measurements is below 10%. Our results suggest that 2D fast-ion velocity distribution functions can be directly
inferred from fast-ion measurements and their uncertainties, even if the measurements are taken with different
diagnostic methods.

(Some figures may appear in colour only in the online journal)

1. Introduction

ASDEX Upgrade is a medium-size tokamak that is equipped
with powerful and versatile auxiliary heating systems: a variety
of fast-ion populations can be generated by eight neutral beam
injection (NBI) sources with a total power of 20MW and four
ion cyclotron resonance heating (ICRH) antennas with a total
power of 6MW [1–3]. ASDEX Upgrade is also equipped
with a suite of fast-ion diagnostics: fast-ion loss detectors
(FILDs) [4–6], fast-ion Dα (FIDA) [7], collective Thomson
scattering (CTS) [8–13], neutron spectrometry [14, 15], neutral
particle analysers (NPA) [16, 17] and γ -ray spectrometry [18].
These auxiliary heating systems and fast-ion diagnostics give
unique opportunities to study fast ions in tokamak plasmas.
Each diagnostic observes fast ions in different, restricted parts
of configuration space and velocity space. CTS and FIDA
diagnose confined fast ions in small volumes relative to the
plasma size. FILDs are sensitive to lost fast ions near the

plasma edge that strike the scintilator plates. Passive NPAs,
neutron spectrometers andγ -ray spectrometers detect confined
fast ions anywhere along the lines-of-sight.

We focus here on CTS and FIDA measurements that
could be made at roughly the same location in configuration
space. CTS and FIDA measure spectra of scattered and
emitted radiation, respectively, that constitute 1D functions
of the fast-ion velocity distribution function. Traditionally,
fast-ion CTS or FIDA measurements are often compared with
simulated spectra to investigate if the measurements match
the expectation or if they are anomalous [9, 19, 20]. Orbit-
following codes such as TRANSP/NUBEAMprovide the local
2D fast-ion velocity distribution function f , and then synthetic
measurements are calculated from f . However, if the real
measurements disagree with the synthetic measurements, it
is often unclear what caused this discrepancy. Our final
goal is to experimentally determine f , and this might help
establish where in 2D velocity space the measurements
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disagree with the simulation. Inference of tomographic
inversions in velocity space from CTS or FIDA measurements
was recently shown to be an achievable goal [13]. Velocity-
space tomographic inversions are the best fit to the CTS
and FIDA measurements under a regularization condition. It
was also shown that the resemblance of the inversions with
the original 2D ion velocity distribution function improves
with the number of available views, and this motivates
the combination of CTS and FIDA measurements in joint
velocity-space tomographic inversions. Here we derive a new
prescription for velocity-space tomography that allows such
a combination of diagnostics which was not possible with
previous methods [13]. Our new prescription is also the first
to account for uncertainty in the individual measurements.
Lastly, we here present a method to estimate uncertainty levels
in the tomographic inversions.

Among the most wide-spread applications of computed
tomography in configuration space are medical imaging, e.g.
x-ray computed axial tomography (CAT or CT) scanners,
positron emission tomography (PET) scanners or magnetic
resonance imaging (MRI) scanners [21, 22], and it is also
widely used in nuclear fusion research [23–32]. Velocity-
space tomography is less developed [13, 33, 34] but could
be particularly useful in studies of selective ejection or
redistribution in velocity space. Several types of modes affect
ions in only part of velocity space, for example sawteeth
[35–38], Alfvén eigenmodes [6, 39–43] and neoclassical
tearing modes [4, 5]. Turbulent transport of fast ions also
depends on the ion energy [44–47]. Additionally, velocity-
space tomography could be used to monitor phase-space
engineering of fast-ion velocity distribution functions which
has enabled control of sawteeth and neoclassical tearing
modes [48].

We compute joint tomographic inversions of 2D fast-
ion velocity distribution functions from synthetic 1D
CTS and FIDA measurements. The use of synthetic
diagnostics gives us the advantage that we can compare the
underlying, known 2D velocity distribution functions with the
inversions. The synthetic measurements were calculated from
a TRANSP/NUBEAM simulation for the combined four-view
FIDA/CTS system at ASDEXUpgrade. Our joint tomography
method could also combine the fast-ion charge exchange
spectroscopy (FICXS) (that detects light other than Dα but
is otherwise similar to FIDA) and the CTS diagnostics at
the Large Helical Device (LHD) [49, 50]. Moreover, joint
tomographic inversions could be directly relevant to ITER
where the proposed FICXS [51] and the CTS system [52–55]
could be combined even if there is only one CTS view.
Measurements from any other fast-ion diagnostic could be
included in our joint tomography prescription, if quantitative
weight functions describing the measurements such as those
for CTS [34] or FIDA [20, 56] can be formulated. Our joint
tomography method would then also be applicable to other
tokamaks with many-view FIDA systems and additional fast-
ion diagnostics, for example DIII-D [57, 58], NSTX [59] and
MAST. Here we make a start by combining CTS and FIDA.

In section 2 we describe the four-view CTS and
FIDA system at ASDEX Upgrade, and in section 3 we
discuss the combination of CTS and FIDA measurements
and their uncertainties in a joint tomography prescription.

Joint tomographic inversions of a simulated beam ion
distribution function from combined synthetic CTS and
FIDA measurements and their uncertainties are presented in
section 4, and in section 5 we study the effect of noise. Finally,
we discuss the intrinsically complementary nature of CTS and
FIDA measurements in section 6, and we draw conclusions in
section 7.

2. CTS and FIDA measurements at ASDEX
Upgrade

The CTS system at ASDEX Upgrade has two receivers after
installations in 2012, and likewise the FIDA system has two
optical heads. CTS and FIDA measurements are sensitive to
the velocity-space distribution in small measurement volumes.
Except for different shapes and sizes of the measurement
volumes, which we ignore here assuming measurements in
spatial points, theCTS and FIDAmeasurements could bemade
at the same position assuming toroidal symmetry. Hence, four
simultaneous views of the 2D fast-ion distribution function
are now available if the CTS views and the FIDA views are
used together. The spatial resolution of the CTS diagnostic at
ASDEX Upgrade is about 10 cm which is given by the size
of the intersection pattern of the probe beam from a gyrotron
and the receiver field of view. The measurement positions
can be moved freely in the plasma core by means of steerable
antennas. The measurement locations of the two CTS views
can be similar in the poloidal (R, Z) plane if two probe beams
are used. The time resolution is often set to 4ms given by
the gyrotron modulation frequency. The position of a FIDA
measurement is determined by the intersection of the NBI S3
beam path and the line-of-sight (LOS) of the optical head. The
spatial resolution of the FIDA diagnostic at ASDEX Upgrade
is about 7 cm, and the time resolution is 2ms.

CTS and FIDA measure 1D functions g which depend on
the respective projection anglesφCTS andφFIDA and the fast-ion
2D velocity-space distribution function f that we assume to
be rotationally symmetric about the magnetic field direction.
CTS and FIDAweight functions relate the 2D fast-ion velocity
distribution function f to the 1D measurements g [34, 56].
CTS and FIDA weight functions w are defined by

gCTS(u, φCTS)

=
∫ ∞

−∞

∫ ∞

0
wCTS(u, φCTS, v‖, v⊥)f (v‖, v⊥)dv⊥dv‖, (1)

gFIDA(λ, φFIDA)

=
∫ ∞

−∞

∫ ∞

0
wFIDA(λ,φFIDA,v‖,v⊥)f (v‖, v⊥)dv⊥ dv‖ (2)

where u is the projected velocity and λ is the wavelength of
detected FIDA light. Examples of weight functions for CTS
and FIDA for φCTS = φFIDA = 64◦ are shown in figure 1.

CTS diagnostics are sensitive to 1D projections of f

onto the wave vector kδ = ks − ki which is the difference
between thewave vectors of scattered radiationks and incident
radiation ki . The most important angle to describe the pre-
selected projection direction given bykδ is the projection angle
φCTS = � (kδ,B) whereB is the magnetic field. A frequency
shift νδ of scattered radiation can be related to the ion velocity
v projected onto kδ:

νδ = νs − ν i ≈ v · kδ/2π = ukδ/2π, (3)
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Figure 1. Weight functions [a.u.] at a projection angle of φCTS = φFIDA = 64◦ for (a) CTS and (b) FIDA and a particular velocity or
wavelength interval.

where kδ = |kδ|. We define here a CTS measurement as
detection of the fast-ion phase-space density in a particular
interval in u that is related to an interval in νδ via equation (3).
The projection angles φCTS of the two CTS views can be varied
independently if two probe beams are used.

For FIDA, the fast ions likewise leave a spectral signature
in the detected light by Doppler shift and Stark splitting. FIDA
weight functions are directly parametrized by the wavelength
of detected radiation λ instead of u [20, 56]. Hence we define
here as FIDA measurement the detection of Doppler- and
Stark-shifted light in a particular wavelength interval. The
FIDA optical head observes NBI source S3 in the plasma core
at two different fixed angles φFIDA = � (kLOS,B) where kLOS

is the wave vector along the LOS of the optical heads. The
toroidal LOS has an angle of φFIDA = 11◦, and the poloidal
LOS, that was installed in 2012, has φFIDA = 64◦. The angles
φCTS andφFIDA describing the view, themeasurementsgCTS and
gFIDA, and the weight functionswCTS andwFIDA are analogous
and will hereafter simply be called φ, g and w, respectively.
The analogybetweenCTSandFIDAmeasurements is reflected
in the form of the weight functions that can be chosen to be
quite similar as we show in figure 1. We will discuss the
differences between the CTS and FIDA weight functions with
identical projection angle φ in section 6.

3. Prescription for joint tomographic reconstruction
from measurements and their uncertainties

We discretize f and the measurements g from CTS and
FIDA into fkl and gij and the coordinates (u, φ, v‖, v⊥) into
(ui, φj , v‖k, v⊥l). The discrete functions fkl and gij arewritten
into the column matrices F and G, respectively, similarly to
the procedure in [13]. F is a column matrix of size N × 1
obtained from the discrete 2D fast-ion velocity distribution
function described by N = K × L grid points (K grid points
in v⊥ and L in v‖). G is a column matrix of size M × 1
consisting of the discrete 1D functions measured with CTS or
FIDA. M is the total number of measurements in ui (CTS)
and λi (FIDA) made in the J views with projection angles φj .
The subscripts i, j, k, l, m, n run from 1 to the corresponding
upper case letter I, J, K, L, M, N . The discretized form of

equations (1) and (2) is

gij =
K∑

k=1

L∑
l=1

wijklfkl	v⊥	v‖, (4)

where	v⊥ and	v‖ are the cell sizes in v⊥ and v‖, respectively.
Using these discrete weight functions, we can immediately
write down anM ×N transfer matrixW taking F intoG [13],
and we obtain the linear system of equations

WF = G. (5)

In real experiments the transfer matrix W and the
measurements G are known, and tomographies can be
found by solving the inverse problem in equation (5).
If the measurements G contain noise, there is no exact
solution irrespective of whether the system of equations is
underdetermined or overdetermined, but we can find a best
fit F + by minimizing a figure of merit χ2. Whereas in [13] we
assumed identical uncertainties in all measurements, we here
allow for individual uncertainties σG,m in each measurement.
For correlated uncertainties in the measurements, the χ2

figure of merit is determined by the covariance matrix of the
measurements CG and the misfit of the measurements [60]:

χ2 =
∑
m,m′

(
Gm −

∑
n

WmnFn

)
C−1

G,mm′

×
(
Gm′ −

∑
n′

Wm′n′Fn′

)
, (6)

where the subscripts denote the matrix elements. We here
assume the uncertainties to be uncorrelated and get the usual
least-squares figure of merit in which the misfit of each
measurement is divided by its uncertainty:

χ2 =
∑
m

(
Gm − ∑

n WmnFn

σG,m

)2

=
∑
m

(
Gm

σG,m

−
∑

n

Wmn

σG,m

Fn

)2
. (7)

In matrix form this becomes

χ2 =| Ĝ − ŴF |2 . (8)
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Figure 2. (a) Singular values of the transfer matrixW for combined CTS and FIDA measurements (before normalization with the
uncertainties). (b) Singular values of the transfer matrix Ŵ for combined CTS and FIDA measurements (after normalization with the
uncertainties).
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Figure 3. (a) 2D velocity distribution function f on a very fine grid (300× 601). (b) Synthetic measurement data in G from two CTS views
with φ = (33◦, 85◦) (left bumps) and two FIDA views with φ = (11◦, 64◦) (right bumps). m is the index of the measurement.

The matrix elements of Ĝ and Ŵ are given by

Ĝm = Gm/σG,m (9)

Ŵmn = Wmn/σG,m, (10)

where repeated indices do not imply summation. We
find a minimum χ2 figure of merit under minimum two-
norm regularization and positivity constraint using the
Moore–Penrose pseudoinverse Ŵ + [61, 62] computed from
the singular value decomposition of Ŵ [63]. Therefore,
the tomographic inversion F + is determined from the
measurements and their uncertainties by

F + = Ŵ +Ĝ. (11)

F + is the least-squares fit to the normalized set of equations

ŴF = Ĝ. (12)

In [13] the figure of merit was simply

χ2 =| G − WF |2 (13)

which is minimized by

F + = W +G (14)

as the best-fit solution to equation (5). Equations (5) and (12)
are equivalent, but here the figure of merit χ2 (equation (8))

is different than in [13] (equation (13)). By this normalization
of W and G with σG here we take the uncertainties of the
individual measurements into account. If all uncertainties are
equal, the reconstruction prescription in [13] is recovered.

The normalization of the measurements and the weight
functions by their respective uncertainties is also essential
to improve the conditioning of the transfer matrix. Without
this normalization the conditioning of W would usually be
poor for combined CTS and FIDA measurements because
CTS and FIDA measure different physical quantities, and
their weight functions are usually given in different units and
have amplitudes that differ by orders of magnitude. The
conditioning of Ŵ , in contrast, should usually be good, and
this well-conditioned transfer matrix allows the combination
of CTS and FIDA measurements. The singular values before
and after the normalization by the uncertainties are shown in
figure 2. Here we assume the uncertainty in each view to be
10% of the maximum value of the respective view.

4. Joint tomographic inversion from combined CTS
and FIDA measurements

First we illustrate the data we use for the inference of F +.
Figure 3(a) shows a beam ion velocity distribution function
for NBI source S3 (60 keV, 2.5MW) at ASDEX Upgrade
computed with TRANSP/NUBEAM, and figure 3(b) shows
a set of normalized, synthetic CTS and FIDA measurements
of that function. The resolution of the original function, from
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Figure 4. (a) Interpolation of the original function from figure 3(a) to the 30× 61 grid of the tomographic inversion. (b) Inversion using
200 singular values. No additional noise has been added to G. The colour scales in (a) and (b) are identical. Figure 5(e) presents the
inversion with a different colour scale.

which we take the synthetic measurements, is 300× 601 grid
points. The two bumps to the left in figure 3(b) represent
CTS measurements taken in two views at φ = (33◦, 85◦),
and the two bumps to the right represent FIDA measurements
at φ = (11◦, 64◦) for the two FIDA views. The CTS
measurements are distributed in the u-intervals −5 × 106 <

u < −0.7×106 m s−1 and 0.7×106 < u < 5×106 m s−1 with
a resolution of	u = 0.1×106 m s−1 that is roughly achievable
with the filterbank receivers at ASDEX Upgrade. We do not
use CTS measurements in the interval −0.7 × 106 < u <

0.7×106 m s−1 because bulk ionsmakeunambiguous detection
of fast ions very difficult if not impossible in this interval. The
FIDA measurements are evenly distributed in the wavelength
intervals 649 nm < λ < 654 nm and 659 nm < λ < 663 nm.
FIDA light cannot be observed in the wavelength interval
654 nm < λ < 659 nm due to beam emission and halo
neutrals [7], and we likewise exclude this wavelength range in
the syntheticmeasurements. Figure 3(b) contains the synthetic
normalized measurements that we use for the inference of
the tomographic inversions. The abscissa is the measurement
index label m that runs from 1 to M , and the ordinate is the
corresponding CTS or FIDA measurement normalized by the
uncertainty of the measurement (10% of the maxima of each
CTS or FIDA view as explained above).

The inversions are calculated on a much coarser grid with
30×61 grid points corresponding to velocity-space resolution
of typical simulations. The original function has been
interpolated to the coarser grid of the inversion in figure 4(a)
to illustrate an upper limit of the achievable resemblance
between the inversion and the original function. If the data are
noisy, it is necessary to truncate the SVD and use lower rank
approximations to theMoore–Penrose pseudoinverse. Explicit
noisewill be added in section 5whereas in this section the noise
originates from the different discretizations of the original
function (300 × 601) and the inversion (30 × 61). Here the
transfermatrixW has a rankof about 320, corresponding to 320
significant singular values (see figure 2(b)). In truncated SVD,
only the largest singular values are used. Figure 4(b) shows a
inversion using 200 singular values. The joint inversion from
a mix of CTS and FIDA measurements reproduces the overall
shape of the underlying function including the location of the
peaks at full and half beam injection energy. However, these
peaks are broader in the inversion than in the original function,
and their amplitudes are approximately 3–4 times smaller.

Figure 5 shows inversions computed with various
truncation levels from40 singular values to 320 singular values.

From here on we use different colour scales in the inversions
to emphasize the shape of the inferred inversions more clearly.
The two peaks at full and half beam injection energies emerge
if about 80 singular values are used. The peak amplitudes
become larger if more singular values are used, but they
never become quite as large as in the original. Using more
singular values, however, also tends to increase the jitter in the
inversion.

It should be possible to improve the resemblance of
the inversions with the original velocity distribution function
by adding more CTS or FIDA views or other fast-ion
measurements and by increasing the frequency resolution
of the measurements [13]. High-frequency resolution
CTS measurements on the order of 1 MHz were recently
demonstrated which give a few thousand measurements in
frequency space per view [64–66].

5. Joint tomographic inversions from noisy
measurements

In the following we investigate inversions computed from
noisymeasurements. Noisemakes the smallest singular values
useless, and the inversions then have to be inferred using only
the largest singular values. The lower the noise level, the
more singular values can be used. We add various levels of
uncorrelatedGaussian noise to the syntheticmeasurements and
infer inversions at various truncation levels of the SVD.

Figure 6 shows inversions computed for a Gaussian noise
level of 2%. The two beam injection peaks again emerge if
about 80 singular values are used. About 240 singular values
contain useful information at 2% noise. In figure 7 we infer
inversions at various noise levels up to 50%. The two peaks
at full and half beam injection energy are visible for 100
singular values at noise levels of 4% (figure 7(a)). At 10%
noise (figure 7(b)), the form of the peaks is distorted by the
noise, and for larger noise levels such as 20% they completely
disappear (figure 7(c)) in the jitter. Nevertheless, even at a
noise level of 50%, the inversion based on 20 singular values
still reveals the coarsest anisotropy features of the original
function (figure 7(d)).

For a matrix equation of the form F + = Ŵ +Ĝ, we
can investigate the propagation of errors from the normalized
measurements Ĝ to the inversion F +. The measurements can
contain correlated noise that can be summarized in them × m
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Figure 5. Tomographic inversions inferred from the synthetic CTS/FIDA four-view data in figure 3(b). 40–320 singular values are used in
(a) to (h). No additional noise has been added to G. The colour scales are different from that of the original in figure 4.

covariance matrix ĈG. We then use standard error propagation
methods [60] to find the n × n covariance matrix C+

F of F
+:

C+
F = Ŵ +ĈG(Ŵ +)T . (15)

For uncorrelated noise in the measurements, the diagonal
elements (σ +F,n)

2 of C+
F are given by

(σ +F,n)
2 =

∑
m

(Ŵ +
nm)2σ̂ 2G,m. (16)

Figure 8 shows standard deviations σ +f , which are
immediately given by the vectors σ +F , using 100 singular values
(a) and 300 singular values (b). Tomographic inferences

using only the largest singular values are less sensitive to
noise than those using many singular values. For 100 singular
values, the values of f are well above the noise level σ +f , and
hence a tomographic inversion f + using 100 singular values
is dominated by the measured values g. In contrast, for 300
singular values, the values of f are below the noise level σ +f ,
and hence this inversion f + is strongly influenced by noise.

6. The complementary nature of CTS and FIDA
measurements

Lastly, we remark that the velocity-space interrogation regions
of CTS and FIDA measurements and the relative weightings

6
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Figure 6. Tomographic inversions inferred from the synthetic CTS/FIDA four-view data in figure 3(b) with 2% Gaussian noise. 80–240
singular values are used. The colour scales are different from that of the original in figure 4.
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Figure 7. Tomographic inversions inferred from the synthetic CTS/FIDA four-view data in figure 3(b) with 4–50% Gaussian noise. In (a) to
(c) we use 100 singular values, in (d) we use 20 singular values. The colour scales are different from that of the original in figure 4.

within these can in fact never coincide, irrespective of how
we choose the scattering geometry. These weightings are
described by theweight functionsw that relate the 2Dvelocity-
space (v‖, v⊥) to the 1D CTS or FIDA measurements of
a spectrum of radiation. CTS and FIDA measurements g

are sensitive to products of their respective weight functions
and the ion velocity distribution function f according to
equations (1) and (2). The basic shapes of CTS and
FIDA velocity-space interrogation regions were illustrated in
figure 1. They are given by 1D projections of velocities of
gyrating ions determining the frequency shifts of detectable

radiation [34]. Despite the identical projection angle in
figure 1, the boundaries of the triangular velocity-space
interrogation regionofFIDAhave a smaller slope than those for
CTS due to Stark splitting: Stark splitting broadens the FIDA
velocity-space interrogation regions compared with those of
CTS. The weights are also different due to Stark splitting,
the charge-exchange probability, and the probability of a
Balmer alpha photon emission. Figure 1 suggests that the
observable signals emphasize different velocity-space regions
even if the interrogation regions are chosen to be as similar as
possible. This makes direct comparisons of CTS and FIDA
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Figure 8. Standard deviation σ +f of the inversion obtained from the diagonal elements of the covariance matrix for (a) 100 singular values
and (b) 300 singular values.

measurements difficult as these measurements can never be
redundant; they are complementary irrespective of the viewing
geometry. But the combination of the measurements in joint
inversions turns this intrinsically complementary nature of the
measurements into an advantage. One may then speculate
how to set the projection angles of the available CTS and FIDA
views to obtain the best possible inversion and howmany views
are really required. It is firstly beneficial to increase the number
of views and secondly to select very different projection angles
in each view as one would intuitively expect. It is, however,
outside the scope of this work to find optimum projection
angles or number of views, and we will give comprehensive
discussion of these topics elsewhere.

7. Conclusions

We have demonstrated that diagnostic information from CTS
and FIDA measurements can be combined in joint velocity-
space tomographic inversions that provide the best fit to
the measurements under a regularization condition. To
enable this combination of diagnostic methods, we have
derived a new velocity-space tomography prescription that can
use information from any fast-ion diagnostic and that takes
uncertainties in the measurements into account. We infer
tomographic reconstructions using synthetic measurements
with the combined four-view CTS/FIDA system at ASDEX
Upgrade. The synthetic measurements are based on a
beam ion velocity distribution function simulated with
TRANSP/NUBEAM. The overall shape of the distribution
function and the location of the maxima at full and half
beam injection energy are reproduced well in tomographic
inversions, if uncorrelatedGaussian noise in themeasurements
has a level below 10%. Joint tomography using real
fast-ion measurements can combine different diagnostic
methods—also other than CTS and FIDA—and can yield an
experimentally determined 2D fast-ion velocity distribution
function.
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Abstract
We present the first measurement of a local fast-ion 2D velocity distribution function f (v‖, v⊥). To this end, we heated a plasma
in ASDEX Upgrade by neutral beam injection and measured spectra of fast-ion Dα (FIDA) light from the plasma centre in three
views simultaneously. The measured spectra agree very well with synthetic spectra calculated from a TRANSP/NUBEAM
simulation. Based on the measured FIDA spectra alone, we infer f (v‖, v⊥) by tomographic inversion. Salient features of
our measurement of f (v‖, v⊥) agree reasonably well with the simulation: the measured as well as the simulated f (v‖, v⊥)

are lopsided towards negative velocities parallel to the magnetic field, and they have similar shapes. Further, the peaks in
the simulation of f (v‖, v⊥) at full and half injection energies of the neutral beam also appear in the measurement at similar
velocity-space locations. We expect that we can measure spectra in up to seven views simultaneously in the next ASDEX
Upgrade campaign which would further improve measurements of f (v‖, v⊥) by tomographic inversion.

Keywords: fast-ion velocity distribution function, tomography, inverse problems, fast ions in tokamaks

(Some figures may appear in colour only in the online journal)

1. Introduction

The fast-ion phase-space distribution function is often the
key to understanding many aspects of plasma behaviour but
it can only be incompletely diagnosed. Here we discuss
fast-ion Dα (FIDA) spectroscopy which measures spectra of
Dα light at large Doppler shifts [1]. FIDA spectra are 1D
functions of the 3D fast-ion velocity distribution function
in small measurement volumes. In strongly magnetized
plasmas, the 3D velocity distribution function can be regarded
as 2D by decoupling the fast, quasi-periodic gyro-motion
from the drift motion [2]. Hence we consider local 2D fast-
ion velocity distribution functions f (v‖, v⊥) where v‖ and
v⊥ are velocities parallel and perpendicular to the magnetic
field, respectively. We have recently shown theoretically that
f (v‖, v⊥) can be inferred from FIDA spectra by tomographic
inversion [3]. Tomography is a standard analysis method
in nuclear fusion research [4–13] as well as in many fields

throughout physical and medical sciences [14, 15]. Fast-ion
velocity-space tomography in nuclear fusion research has until
now only been investigated theoretically [3, 16–18]. Here we
apply this method to measure f (v‖, v⊥) for the first time.

Our velocity-space tomography approach seeks to make
up for shortcomings in conventional FIDA data analysis
procedures. FIDA measurements are often compared with
numerical simulations to judge if a measurement is consistent
with a theoretical model or not. This is conventionally done
by means of synthetic diagnostics using forward modelling in
which the expected FIDA spectrum is modelled on the basis
of a simulation of the fast-ion distribution, for example by the
FIDASIM code [19] on the basis of a TRANSP/NUBEAM
simulation [20]. If the FIDA measurements agree with
synthetic FIDA measurements [21–30], it is argued that
f (v‖, v⊥) in the experiment corresponds to the simulation and
that the fast-ion behaviour therefore is understood—at least
in the interrogation regions of the measurements. However,

0029-5515/14/023005+07$33.00 1 © 2014 IAEA, Vienna Printed in the UK
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Figure 1. The geometry of the three FIDA lines-of-sight (red: φ = 69◦, R = 1.720m; green: φ = 156◦, R = 1.749m; blue: φ = 12◦,
R = 1.728m) and NBI Q3 (yellow) are shown in a toroidal view to the left and in a poloidal view to the right. The FIDA measurements are
localized where NBI Q3 intersects the lines-of-sight. The fast-ion density from a TRANSP/NUBEAM simulation is illustrated in grey. The
directions of the plasma current and the toroidal magnetic field are indicated in the left figure.

if they disagree [31–42], it is unclear how the experimental
and simulated functions f (v‖, v⊥) are different. In this case,
we would rather solve the inverse problem to know what
the measured FIDA spectra imply about f (v‖, v⊥). The
tomographic inversion of the FIDA spectra is a solution to this
inverse problem and provides a measurement of f (v‖, v⊥).
We could then examine in which parts of 2D velocity space
the simulation and the measurement disagree.

Nevertheless, here we chose a discharge with very good
agreement between measured and synthetic spectra so that
the TRANSP/NUBEAM simulation should be a good model
for the discharge and should resemble our measurement of
f (v‖, v⊥). In section 2 we discuss the experimental conditions
and the three-view FIDA diagnostic. In section 3 we briefly
review the inversion method. We demonstrate in section 4 that
salient features of our measurement of f (v‖, v⊥) agree with
the simulation. Lastly, in section 5 we discuss the potential of
tomographic inversion of FIDA and other measurements, and
we draw conclusions in section 6.

2. Three-view FIDA measurements

FIDA measurements at ASDEX Upgrade were described in
references [27, 43]. For our experiment in discharge 29578,
we selected a plasma scenario with very low plasma density
of about n = 1.8 × 1019 m−3 in the plasma centre in order
to limit bremsstrahlung and the very bright so-called passive
Dα light from excited deuterium at the plasma edge [43]. The
discharge in deuterium was heated by the co-current neutral
beam injection (NBI) source Q3 that was switched on 70ms
before the measurement. NBI Q3 has an injection energy of
60 keV and a power of 2.5MW. The toroidal magnetic field
was Bt = 1.8 T, and the current was Ip = 0.8MA. The plasma
was in L-mode at the time of our measurements.

Figure 1 illustrates the geometry of the three-view FIDA
measurements in a toroidal and a poloidal view. FIDA light
is generated along the path of the neutral beam where many
neutrals can undergo charge exchange reactions with fast ions.
FIDA measurement volumes are located at the intersections

of the lines-of-sight and the path of NBI Q3. Here we
choose the lines-of-sight such that the measurement volumes
in each view are very similar. The spatial resolution of
the three FIDA views is about 3–6 cm, and the centres of
the three measurement volumes are within 3 cm of each other.
The three FIDA views therefore observe approximately the
same spatial volume in the plasma centre. The velocity-
space interrogation regions in a FIDA view are determined
by the wavelength range and the viewing angle φ between
the line-of-sight and the magnetic field [1, 17, 22]. The three
viewshave viewing angles (12◦, 156◦, 69◦)which is equivalent
to (12◦, 24◦, 69◦) since a spectrum at φ = 24◦ is a mirror
image of that at φ = 156◦. The FIDA light is collected
by fibres placed in the vacuum vessel and is guided to a
single 180mmCzerny-Turner-like spectrometer with a grating
with 2000 linesmm−1. The spectrometer is optimized for
high photon throughput (f/2.8). The spectrally dispersed
radiation is measured by a low-noise electron-multiplying
charge-coupled device (EM-CCD) camera with 2 ms exposure
time. We used a neon lamp for the wavelength calibration
and the beam emission appearing in the three spectra for the
absolute intensity calibration.

In figures 2 and 3 we plot measured spectra together
with synthetic spectra calculated from TRANSP/NUBEAM
simulations. In figure 2 we use logarithmic intensity axes
to show the contributions due to FIDA light, halo emission,
beam emission, and a flat background of bremsstrahlung. In
figure 3 we focus on the FIDA contributions with uncertainties
using linear intensity axes. The measured spectra are averages
over three frames from t = 0.861–0.867 s. Hence the time
resolution is 6 ms. Figure 2 shows that the sum of these four
contributions in the synthetic spectra agrees very well with the
measured spectra. The levels of bremsstrahlung and passive
Dα light were so low that we could detect red-shifted as well
as blue-shifted FIDA light in all three spectra. However, line
radiation from the plasma edge is not taken into account in the
model and hence causes discrepancies between measurements
and simulations in particular wavelength ranges. The
dominating line is the cold Dα line at 656.1 nm in all three
views. In figures 2(b) and (c) two carbon lines appear
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Figure 2. Measured and synthetic FIDA spectra based on TRANSP/NUBEAM simulations are shown for the three FIDA views. The total
simulated spectra are the sums of the contributions from FIDA, halo, and beam emissions and bremsstrahlung. The dashed lines indicate the
wavelength ranges used for the inversion. The FIDA emission curves are plotted with linear axes in figure 3.

at 657.8 nm and 658.3 nm [44]. Figure 3 confirms that
in particular the measured and synthetic FIDA emission
contributions to the spectra, which we use for the tomographic
inversion, agree very well despite the detected weak MHD
activity at the frequency of Alfvén modes. The Alfvén modes
may be the reason for the slight tendency of the measured
spectra to lie below the synthetic spectra, but this minor
discrepancy is within the experimental uncertainty.

3. Tomographic inversion method

We use the inversion prescription discussed in references
[3, 18]. The tomographic inversion F +, i.e. our estimate
of the fast-ion distribution function leading to the FIDA
measurements, is given by

F + = Ŵ +Ĝ. (1)

Ĝ is a matrix containing the FIDA measurements normalized
by their uncertainties, Ŵ + is theMoore-Penrose pseudoinverse
of the transfer matrix Ŵ which is composed of likewise
normalized weight functions, and F + is a matrix containing
the discretized function f (v‖, v⊥) [18]. The weight functions
relate f (v‖, v⊥) to the fast-ion measurements [1, 17, 22]. The

weight functions are determined by Doppler shift and Stark
splitting of the emitted Dα light as well as charge exchange and
photon emission probabilities of fast ions based on averaged
neutral densities in the measurement volume as calculated by
FIDASIM. The uncertainties are here given by the diagnostic
read-out-noise and by the photon noise. Ŵ + is found by
singular value decomposition of Ŵ using the largest 65
singular values whereas the remaining singular values have
been truncated. The inversion F + minimizes the least-square
figure of merit χ2 in which the misfit of each measurement is
normalized by its uncertainty:

χ2 =| Ĝ − ŴF |2 . (2)

Based on the achievable spectral resolution of the FIDA
measurements, we divide the spectral range in a FIDA view
into 160 wavelength intervals. Each wavelength interval
monitors a particular velocity-space region described by a
weight function. As we use three FIDA views, we have in
total 480 weight functions. Of these, 217 weight functions
cover the velocity-space of interest and spectral ranges which
are dominated by FIDA light and bremsstrahlung or just by
bremsstrahlung (see figure 2). The tomographic information
lies in the amplitudes of the FIDA light. Beam emission, halo

3
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Figure 3. Measured and synthetic FIDA spectra based on TRANSP/NUBEAM simulations are shown for the three FIDA views in linear
scale. The uncertainties of every second measurement are indicated. The graphs are presented with logarithmic intensities in figure 2.

emission, or impurity lines dominate the other spectral ranges.
These contributions cannot be subtracted accurately enough
from the total measured signal to extract a useful estimate for
the FIDA signal, and hencewe do not use these spectral ranges.
We are free to choose the numerical grid to describe f (v‖, v⊥).
On the one hand, we would like to describe f (v‖, v⊥) in high
resolution and sowouldprefer afinegridwithmanygrid points.
On the other hand, there is a limited number of measurements
to infer useful values for F + at these grid points. If there are
more grid points than measurements or even if the numbers
are comparable, signatures of weight functions appear in the
tomographic inversion [3]. These are systematic artefacts in
the inversion which can be identified but which we avoid here.
We therefore choose a discretization with 17 × 8 grid points
in (v‖, v⊥) such that the number of grid points (136) is lower
than the number of measurements (217).

4. Tomographic inversion of three-view FIDA
measurements

The three measured FIDA spectra in discharge 29578
agreed very well with synthetic FIDA spectra based on a
TRANSP/NUBEAM simulation. Therefore the simulation
should be a realistic model of f (v‖, v⊥) in the experiment,

and the measurement of f (v‖, v⊥) by tomographic inversion
should resemble the TRANSP/NUBEAM simulation.

Figure 4(a) shows the TRANSP/NUBEAM simulation
of f (v‖, v⊥) discretized on 61 × 30 grid points in (v‖, v⊥).
This resolution is high enough to capture essential features of
f (v‖, v⊥). The function shows three peaks at full, half and
one-third beam injection energies of NBI Q3 (E = 60 keV,
E/2 = 30 keV and E/3 = 20 keV). As NBI Q3 is injected
against the direction of the magnetic field (co-current), these
beam injection peaks have negative v‖ coordinates. Hence
the function is lopsided towards negative v‖. We choose to
calculate the inversion of the FIDAmeasurements on a coarser
grid with 17 × 8 grid points in (v‖, v⊥) so that we infer 136
values from 217 measurements. In figure 4(b) we interpolate
the TRANSP/NUBEAM simulation to the coarse grid. On
this grid the peaks at E/2 and E/3 merge to become a single
dominant peak in f (v‖, v⊥) due to the lower resolution. This
interpolation in figure 4(b) shows how well a measurement of
f (v‖, v⊥) could at best resemble the simulation in figure 4(a)
for our choice of grid for the inversion, given that the TRANSP
simulation is a good model for f (v‖, v⊥) in discharge 29578
and that the measurements are noise-free and cover the entire
2D velocity-space.

Figure 4(c) shows a tomographic inversion of the synthetic
spectra based on the TRANSP/NUBEAM simulation. We use
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(c) Synthetic FIDA measurements
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(d) Real FIDA measurements

Figure 4. Simulation of f (v‖, v⊥) as well as measurement of f (v‖, v⊥) by tomographic inversion. (a) TRANSP/NUBEAM simulation
discretized by 61× 30 grid points. (b) TRANSP/NUBEAM simulation discretized by 17× 8 grid points. (c) Inversion of synthetic FIDA
spectra based on the TRANSP/NUBEAM simulation. (d) Measurement of f (v‖, v⊥) by tomographic inversion of FIDA spectra.

only synthetic spectral data from experimentally accessible
wavelength intervals for our three-view FIDA measurements.
This inversion is an idealized prediction for the measurement
of f (v‖, v⊥) in figure 4(d) and represents how well our
measurement of f (v‖, v⊥) with our particular three-view
FIDA instrument could at best resemble the simulation in
figure 4(a), given noise-free measurements and that the
TRANSP simulation is a good model for f (v‖, v⊥) in
discharge 29578. As expected, the inversion from synthetic
spectra resembles the TRANSP simulation very well [3].

In figure 4(d) we present the measurement of
f (v‖, v⊥) by tomographic inversion of FIDA spectra. The
TRANSP/NUBEAM simulation and the measurement of
f (v‖, v⊥) agree reasonably well. The shapes of the measured
and simulated functions f (v‖, v⊥) are similar, and the
measured function f (v‖, v⊥) is also lopsided towards negative
v‖. The beam injection peaks at E and E/2 appear in the
measurement very close to the velocity-space positions in the
simulation. The differences between figures 4(c) and 4(d)
originate from the slight systematic differences between the
measured and the synthetic FIDA spectra and from noise in the
measurements. We interpret the jitter appearing in figure 4(d)
not to be physical but rather to be artefacts generated by noise.

To conclude, we find remarkable agreement between
the measurement and the simulation of f (v‖, v⊥). The
overall shape of f (v‖, v⊥) including the positions of the beam
injection peaks can be revealed by tomographic inversion but
not by conventional inspection of the FIDA spectra in figure 2.

5. Discussion

In this section we suggest how to improve tomographic
inversions further and discuss the potential of tomographic

inversions to study physical phenomena in plasmas. In the
experiment reported here, three FIDA spectra with different
viewing angles were simultaneously measured and inverted.
Two additional FIDA views should become available in the
next ASDEX Upgrade campaign. Moreover, we can increase
the signal-to-noise ratio of the FIDA measurements. Here we
allowed the cold Dα line to enter the spectrometer together
with the FIDA signal. It will benefit the signal-to-noise ratio
to block the cold Dα line as then the EM-CCD camera can be
operated at higher gain without saturation.

Further, our analysis method is not restricted to FIDA
measurements. Likewise, 1D collective Thomson scattering
(CTS) measurements can be inverted [3], as can combinations
of CTS and FIDA measurements [18]. Traditional CTS data
analysis procedures also rely on synthetic diagnostics [45, 46],
and our velocity-space tomography approach will have the
same benefits for the interpretation of CTS spectra. The
next step will be to include the CTS diagnostic installed at
ASDEX Upgrade [46–50] which we recently upgraded with
a second radiometer. Hence a total of seven views should
become available for a combined FIDA and CTS system in
the next campaign. The additional four views would improve
the inversions, in particular if they have large viewing angles
to complement the viewing angles at 12◦ and 24◦. CTS
measurements at very high frequency resolution, such as
those demonstrated at TEXTOR [51–53], are also possible
at ASDEX Upgrade. High resolution CTS measurements
have so far been restricted to bulk-ion measurements since
the bandwidth and the bit resolution were not large enough
to measure fast ions. High resolution spectra should contain
a wealth of information suitable for tomographic inversion of
future CTS measurements [3]. Measurements from other fast-
ion diagnostics at ASDEX Upgrade could also be included
in the inversion if weight functions describing these can be
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formulated, for example neutron spectroscopy [54, 55] and
neutron countmeasurements [56], γ spectroscopy [57], neutral
particle analysers [58], or fast-ion loss detectors [37, 59].
Lastly, we could likely achieve further improvements of the
tomography method by using alternative inversion algorithms
such as those in other branches of tomography [4–15].

Several other machines have multi-view FIDA systems
installed or are planning to install or upgrade multi-view FIDA
systems. Similar measurements of f (v‖, v⊥) could be done on
DIII-D (three FIDA views [38, 60]), NSTX (two FIDA views
[61]), MAST (two FIDA views [40, 62]), LHD (one CTS view
[63, 64] and two FIDA views [65, 66]) and ITER (one CTS
view [67–70] and possibly charge exchange measurements of
fast α particles [71]).

The velocity-space tomography approach can potentially
reveal new physics in cases with anomalous transport of
fast ions, in particular if this transport depends on the
position of the fast ions in velocity space. Our measurement
of f (v‖, v⊥) was made in a plasma with relatively weak
Alfvén modes. A TRANSP/NUBEAM simulation assuming
neoclassical transport matched the FIDA measurements well,
and we could demonstrate that it is possible to measure
f (v‖, v⊥). StrongerAlfvén eigenmodes than the ones reported
here are known to affect ions in specific parts of velocity space
[37, 60, 72–75]. The amplitude of the anomalous transport
due to resonant interaction of the modes with the fast ions
depends on the position in velocity space as only ions fulfilling
a resonance condition with the modes are affected. Several
other types of modes also affect ions selectively in velocity
space, for example sawteeth, neoclassical tearing modes, and
or fishbones. Sawtooth crashes redistribute passing ions
more than trapped ions [41, 42, 76, 77]. Strong and coherent
fast-ion losses observed in the presence of neoclassical
tearing modes have shown that these modes selectively
redistribute fast particles under resonance conditions [59, 78].
Fishbones [72, 79] and off-axis fishbones [80] have also been
demonstrated to act selectively in velocity space. However, the
underlying mechanisms leading to enhanced fast-ion transport
in the presence of these MHD instabilities are still not
understood well. Likewise, any anomalous fast-ion transport
in the presence of microinstabilities is thought to be selective
in velocity space and is not well understood [30, 33, 81]. Our
tomography approach can pinpoint the origin of any observed
discrepancies between FIDA measurements and simulation in
velocity space which has not been possible before. This can
give clues to reveal the underlying mechanisms and can enable
us to improve the forward modelling, either in cases where
existing theory is wrong or even if there is no theory yet.

6. Conclusions

We demonstrated that it is possible to measure salient features
of a 2D fast-ion velocity distribution function f (v‖, v⊥).
For this purpose we measured spectra of FIDA light from
the plasma centre at ASDEX Upgrade simultaneously in
three views and calculated a tomographic inversion of these
measurements. The measured spectra agree very well with
synthetic spectra based on a TRANSP/NUBEAM simulation,
and the tomographic inversion therefore agrees reasonablywell
with the simulation. The inversion aswell as the simulation are

lopsided towards negative v‖, and the overall shapes also agree
reasonably well. The velocity-space locations of the beam
injection peaks at E and E/2 in the inversion are very close to
those in the simulation. Wehope tomeasuref (v‖, v⊥) in seven
views simultaneously in the next ASDEX Upgrade campaign,
and this would further improve the diagnostic potential of
tomographic inversion to measure 2D fast-ion velocity-space
distribution functions f (v‖, v⊥).
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Abstract
The velocity-space observation regions and sensitivities in fast-ion Dα (FIDA) spectroscopy
measurements are often described by so-called weight functions. Here we derive expressions
for FIDA weight functions accounting for the Doppler shift, Stark splitting, and the
charge-exchange reaction and electron transition probabilities. Our approach yields an
efficient way to calculate correctly scaled FIDA weight functions and implies simple analytic
expressions for their boundaries that separate the triangular observable regions in
(v‖, v⊥)-space from the unobservable regions. These boundaries are determined by the
Doppler shift and Stark splitting and could until now only be found by numeric simulation.

Keywords: fast-ion D-alpha spectroscopy, FIDA, charge-exchange recombination
spectroscopy, fast ions, velocity space

(Some figures may appear in colour only in the online journal)

1. Introduction

Fast-ion Dα (FIDA) spectroscopy [1–3] is an application
of charge-exchange recombination (CER) spectroscopy [4, 5]
based on deuterium [6–11]. Deuterium ions in the plasma
are neutralized in charge-exchange reactions with deuterium
atoms from a neutral beam injector (NBI). The neutralized
deuterium atoms are often in excited states, and hence they can
emit Dα-photons which are Doppler-shifted due to the motion
of the excited atoms. As the excited atoms inherit the velocities
of the deuterium ions before the charge-exchange reaction,
spectra of Doppler-shiftedDα-light are sensitive to the velocity
distribution function of deuterium ions in the plasma. The
measurement volume is given by the intersection of the NBI
path and the line-of-sight of the CER diagnostic. Dα-photons
due to bulk deuterium ions typically have Doppler shifts of
about 1–2 nm whereas Dα-photons due to fast deuterium,
which is the FIDA light, can have Doppler shifts of several
nanometers. This paper deals with FIDA light but as the
physics of Dα-light due to bulk deuterium ions is the same,

our methods also apply to deuterium-based CER spectroscopy.
The FIDA or CER-Dα light is sometimes obscured by Doppler
shifted Dα-light from the NBI, unshifted Dα-light from the
plasma edge, bremsstrahlung or line radiation from impurities.

FIDA spectra can be related to 2D velocity space by
so-called weight functions [2, 3, 12]. Weight functions have
been used in four ways: first, they quantify the velocity-
space sensitivity of FIDA measurements, and hence they also
separate the observable region in velocity space for a particular
wavelength range from the unobservable region [2, 3, 13–29].
Second, they reveal howmuchFIDA light is emitted resolved in
velocity space for a given fast-ion velocity distribution function
[2, 3, 24–30]. The ions in the regions with the brightest FIDA
light are then argued to dominate the measurement. Third,
weight functions have been used to calculate FIDA spectra
from given fast-ion velocity distribution functions [14, 31–33],
eliminating the Monte-Carlo approach of the standard FIDA
analysis code FIDASIM [34]. Fourth, recent tomographic
inversion algorithms to infer 2D fast-ion velocity distribution

0741-3335/14/105005+15$33.00 1 © 2014 EURATOM Printed in the UK
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functions directly from the measurements rely heavily on
weight functions [12, 31–33, 35].

Here we present a comprehensive discussion of FIDA
weight functions and derive analytic expressions describing
them. FIDA weight functions have often been presented
in arbitrary units, relative units or without any units
[2, 3, 15–28, 30] which is sufficient for their use as indicator of
the velocity-space interrogation region or of the velocity-space
origin of FIDA light. However, correctly scaled FIDA weight
functions, which are necessary to calculate FIDA spectra
or tomographic inversions, have only been implemented in
the FIDASIM code recently [13, 14, 29, 31–33]. Weight
functions are traditionally calculated using the FIDASIM code
by computing the FIDA light from an ion on a fine grid in
2D velocity space and gyroangle. It is then counted how
many photons contribute to a particular wavelength range for
a given observation angle and point in velocity space using
models for the Doppler shift, Stark splitting, charge-exchange
probabilities and electron transition probabilities.

In section 2 we define weight functions and motivate their
interpretation in termsof probabilities. Our viewpoint provides
insights into functional dependencies between wavelength
space and 2D velocity space that are not revealed by the
traditional numerical calculation approach using FIDASIM.
As a consequence we demonstrate how Doppler shift,
Stark splitting, charge-exchange probabilities as well as the
electron transition probabilities contribute to the velocity-
space sensitivity of FIDA measurements. Section 3 focuses
on weight functions implied by the Doppler shift alone as a
relatively simple approximation. In section 4 we additionally
treat Stark splitting and in section 5 the charge-exchange
and the electron transition processes. In section 6 we
present full FIDA weight functions accounting for these four
effects. In section 7 we deduce exact analytic expressions
for the boundaries of FIDA weight functions. We discuss the
applicability of our results to CER spectroscopy and other fast-
ion diagnostics in section 8 and conclude in section 9.

2. Definitions of weight functions

The velocity-space interrogation or observation regions of
FIDAdiagnostics are described byweight functionswvol which
are determined by charge-exchange probabilities, electron
transition probabilities, Stark splitting and the Doppler shift.
They thereby depend on position space and velocity space.
Weight functions are defined to obey [2, 3, 12]

I (λ1, λ2, φ) =
∫
vol

∫ ∞

0

∫ ∞

−∞
wvol(λ1, λ2, φ, v‖, v⊥,x)

×f (v‖, v⊥,x)dv‖dv⊥dx. (1)

I (λ1, λ2, φ) is the intensity of FIDA light in the wavelength
range λ1 < λ < λ2 with a viewing angleφ between the line-of-
sight of the FIDA diagnostic and the magnetic field. (v‖, v⊥)

denote velocities parallel and perpendicular to the magnetic
field, respectively, and x denotes the spatial coordinates. Here
we use (v‖, v⊥)-coordinates rather than the more widespread
(E, p)-coordinates (energy, pitch) since our mathematical

expressions are simpler in (v‖, v⊥)-coordinates. The energy
and the pitch are defined as

E = 1

2
mD

(
v2‖ + v2⊥

)
(2)

p = −v‖
v

(3)

where mD is the mass of a deuteron and v =
√

v2‖ + v2⊥
is the velocity magnitude. Note that the pitch is positive
for co-current particles as usual. Key expressions are
given in (E, p)-coordinates in the appendix. We assume
wvol(λ1, λ2, φ, v‖, v⊥,x) and the fast-ion distribution function
f (v‖, v⊥,x) to be spatially uniform within the small
measurement volume V . This may be violated near the foot
of the pedestal where the density gradient length scale could
be comparable with the mean free path of the emitters, but it
should be fulfilled in the core plasma. With

w(λ1, λ2, φ, v‖, v⊥) = V wvol(λ1, λ2, φ, v‖, v⊥,x) (4)

equation (1) becomes

I (λ1, λ2, φ)

=
∫ ∞

0

∫ ∞

−∞
w(λ1, λ2, φ, v‖, v⊥)f (v‖, v⊥)dv‖dv⊥. (5)

Weight functionsw relate the FIDA intensity I (λ1, λ2, φ)with
units [Nph/(s×sr×m2)] to the 2D fast-ion velocity distribution
function with units [Ni/(m3 × (m/s)2)]. The units of FIDA
weight functionsw are hence [Nph/(s×sr×m2×Ni/m3)], i.e.
FIDA weight functions w quantify the FIDA intensity per unit
ion density in the wavelength range λ1 < λ < λ2 for a viewing
angle φ as a function of the ion velocity (v‖, v⊥). The units of
FIDA weight functions wvol are [Nph/(s× sr×m2 × Ni)], i.e.
the FIDA intensity per ion in λ1 < λ < λ2 for a viewing angle
φ as function of (v‖, v⊥). We will split FIDA weight functions
w into a FIDA intensity function R(v‖, v⊥) and a probability
prob(λ1 < λ < λ2|φ, v‖, v⊥) according to

w(λ1, λ2, φ, v‖, v⊥)

= R(v‖, v⊥)prob(λ1 < λ < λ2|φ, v‖, v⊥). (6)

R(v‖, v⊥) determines the total FIDA intensity for any
wavelength of the photons per unit ion density. It depends only
on the charge-exchange and electron transition processes, but
not on the Doppler shift or Stark splitting that only change
the wavelength of the photons. prob(λ1 < λ < λ2|φ, v‖, v⊥)

determines the probability that a randomly selected detected
photon has a wavelength in a particular range λ1 < λ < λ2
for a given projection angle φ and (v‖, v⊥)-coordinates. The
conditioning symbol ‘|’ means ‘given’. The subject of this
paper is the derivation of this probability. prob(λ1 < λ <

λ2|φ, v‖, v⊥) depends on the Doppler shift and Stark Splitting
as well as on the charge-exchange and electron transition
processes which in turn all depend on the gyroangle γ of
the ion at the time of the charge-exchange reaction. We treat
γ ∈ [0, 2π ] as a random variable since we do not know the
phases of all ions in the plasma, i.e. the initial conditions of
any set of equations determining the ion motion are unknown
as always in problems with a very large number of degrees
of freedom. Since λ is determined by γ , it is also treated
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Figure 1. The FIDA intensity function R shows the total FIDA intensity per unit ion density as function of (a) (v‖, v⊥)-coordinates and (b)
(E, p)-coordinates. The units are [Nph/(s× sr ×m2 × Ni/m3)]. The Balmer-alpha photons can have any Doppler-shifted wavelength. We
computed R using FIDASIM for NBI Q3 at ASDEX Upgrade. Q3 has an injection energy of 60 keV.

as random variable. Probabilities are always dimensionless
numbers in the interval [0,1], and hence the FIDA intensity
function R(v‖, v⊥) has the same units as weight functions.

R(v‖, v⊥) is a common factor of all weight functions for
a given φ at any wavelength. On the contrary, the probability
function depends on the wavelength range and the projection
angle φ and hence contains the spectral information. We
compute R(v‖, v⊥) using FIDASIM by modeling the charge-
exchange and the electron transition processes. Examples
of the FIDA intensity function for NBI Q3 at ASDEX
Upgrade, which is used for FIDA measurements, are shown in
figure 1(a) in (v‖, v⊥)-coordinates and in figure 1(b) in (E, p)-
coordinates. The sensitivity of FIDA is low for very large ion
energies where few photons are generated per ion. Ions with
positive pitch generate more photons per ion than ions with
negative pitch for Q3.

Usually onemeasures spectral or specific intensities Iλ, i.e.
the intensity per wavelength with units [Nph/(s × sr × m2 ×
nm)]. The intensity and the spectral intensity are related by

I (λ1, λ2, φ) =
∫ λ2

λ1

Iλ(λ, φ) dλ. (7)

The spectral intensity Iλ(λ, φ) can likewise be related to
f (v‖, v⊥) by a probability density function pdf(λ|φ, v‖, v⊥)

that then leads to a differential weight function dw as

Iλ(λ, φ) =
∫ ∞

0

∫ ∞

−∞
dw(λ, φ, v‖, v⊥)f (v‖, v⊥) dv‖ dv⊥ (8)

with

dw(λ, φ, v‖, v⊥) = R(v‖, v⊥)pdf(λ|φ, v‖, v⊥). (9)

However, the weight functions we discuss here are related
to a wavelength range rather than a particular wavelength
since FIDA intensity measurements can only be made
for a wavelength range and not for a single wavelength.
Mathematically this is reflected in the always finite amplitudes
of w whereas dw is singular at its boundary.

3. Doppler shift

An approximate shape of FIDA weight functions can be found
by considering only the Doppler shift λ − λ0 where λ0 =
656.1 nm is the wavelength of the unshifted Dα-line and λ

is the Doppler-shifted wavelength. In this section we derive
this approximate shape by neglecting Stark splitting and by
assuming that the Dα-photon emission is equally likely for all
gyroangles γ of the ion at the time of the charge-exchange
reaction. The probability density function in γ of randomly
selected detected Dα photons is

pdfDα
(γ | v‖, v⊥) = 1/2π. (10)

Stark splitting and an arbitrary pdfDα
describing charge-

exchange and electron transition probabilities will be
introduced into the model in the next two sections. The
Doppler shift depends on the projected velocity u of the ion
along the line-of-sight according to

λ − λ0 = uλ0/c (11)

where c is the speed of light. Equation (11) assumes u � c.
Consider a gyrating ion with velocity (v‖, v⊥) in a magnetic
field. The ion is neutralized in a charge-exchange reaction
which ultimately leads to emission of a Dα-photon. We define
a coordinate system such that for γ = 0 the velocity vector of
the ion is in the plane defined by the unit vector along the line-
of-sight û andB such that v · û > 0. Then the ion velocity is

v = v‖B̂ + v⊥ cos γ v̂⊥1 − v⊥ sin γ v̂⊥2 (12)

and the unit vector along the line-of-sight is

û = cosφB̂ + sin φv̂⊥1. (13)

The velocity component u of the ion along the line-of-sight at
a projection angle φ to the magnetic field is then given by [12]

u = v · û = v‖ cosφ + v⊥ sin φ cos γ. (14)

3
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Figure 2. Projection of the ion velocity (v‖, v⊥) and the unit vector v̂ × B̂ onto the line-of-sight. The latter is required for the treatment of
Stark splitting discussed in section 4.

The projections of the ion velocity v and the unit vector
v̂ × B̂ (relevant for Stark splitting) onto the line-of-sight in
this coordinate system are illustrated in figure 2. Equation (14)
shows thatu is a randomvariablewhich depends on the random
variable γ ∈ [0, 2π]. We now calculate the probability
prob(u1 < u < u2|φ, v‖, v⊥) that the ion has a projected
velocity between u1 and u2 at the time of the charge-exchange
reaction and therefore a Doppler-shifted Dα-line wavelength
between λ1 and λ2 according to equation (11). For given
(v‖, v⊥)with v⊥ �= 0 and projection angleφ �= 0, the projected
velocity depends on the gyroangle γ . Conversely, we can
calculate the gyroangles that lead to a given projected velocity
u by solving equation (14) for γ :

γ = arccos
u − v‖ cosφ

v⊥ sin φ
. (15)

The arccos function is defined for 0 < γ < π , and a second
solution in π < γ ′ < 2π is given by

γ ′ = 2π − γ. (16)

Using equations (15) and (16) we can calculate gyroangles γ1
and γ2 and γ ′

1 and γ ′
2 corresponding to the limits u1 and u2 and

transform the calculation of the probability to γ -space:

prob(u1 < u < u2|φ, v‖, v⊥)

= prob(γ2 < γ < γ1|v‖, v⊥) + prob(γ ′
1 < γ < γ ′

2|v‖, v⊥)

=
∫ γ1

γ2

pdfDα
(γ | v‖, v⊥)dγ +

∫ γ ′
2

γ ′
1

pdfDα
(γ | v‖, v⊥) dγ.

(17)

As we here assume a uniform probability density, we can
integrate equation (17) analytically:

prob(u1 < u < u2|φ, v‖, v⊥) = γ1 − γ2

2π
+

γ ′
2 − γ ′

1

2π

= γ1 − γ2

π
. (18)

The probability prob(u1 < u < u2|φ, v‖, v⊥) is thus the
fraction of the gyro-orbit that leads to a projected velocity

between u1 and u2. Substitution of γ using equation (15)
gives

prob(u1 < u < u2|φ, v‖, v⊥)

= 1

π

(
arccos

u1 − v‖ cosφ
v⊥ sin φ

− arccos u2 − v‖ cosφ
v⊥ sin φ

)
.

(19)

Equation (19) is singular for v⊥ = 0 or φ = 0. If φ = 0, the
projected velocity is just the parallel velocity as equation (14)
reduces to u = v‖. Then the probability function becomes

prob(u1 < u < u2|φ = 0, v‖, v⊥) =
{
1 for u1 < v‖ < u2
0 otherwise

(20)

which is identical to equation (19) in the limit φ → 0. For
v⊥ = 0, i.e. on the v‖-axis corresponding to ions not actually
gyrating, equation (14) reduces to u = v‖ cosφ, and the
probability function becomes

prob(u1 < u < u2|φ, v‖, v⊥ = 0)

=
{
1 for u1/ cosφ < v‖ < u2/ cosφ
0 otherwise.

(21)

Lastly, we note that the argument of the arccos function
is often outside the range [−1;1]. In this case the
arccos is complex, and we take the real part to obtain
physically meaningful quantities. Equation (19) is a weight
function describing just the projection onto the line-of-sight.
We have previously derived the corresponding probability
density function pdf(u|φ, v‖, v⊥) to describe the velocity-
space sensitivity of collective Thomson scattering (CTS)
measurements [12]. The pdf can be found from the probability
function by letting u1, u2 → u:

pdf(u|φ, v‖, v⊥) = lim
u1,u2→u

prob(u1 < u < u2|φ, v‖, v⊥)

u2 − u1

= 1

πv⊥ sin φ

√
1−

(u − v‖ cosφ
v⊥ sin φ

)2 . (22)

Equations (19) to (22) have been used to interpret CTS
measurements at TEXTOR [36] and should have great utility
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Figure 3. Probability functions after ((a)–(d)) equation (24) and ((e)–(h)) equation (68) for various Doppler shifts and a narrow wavelength
range λ2 − λ1 = 0.1 nm. The projection angle is φ = 10◦. The colorbar shows the base ten logarithm of the probability function
log10(prob(λ1 < λ < λ2|φ, v‖, v⊥)).

for CTS measurements at ASDEX Upgrade [37–39], LHD
[40, 41] or ITER [42–44].

To obtain the probability function in λ-space, we first find
the integration limits by substituting u in equation (15) using
equation (11):

γ = arccos
c
(

λ
λ0

− 1) − v‖ cosφ

v⊥ sin φ
. (23)

Hence the probability function in λ-space becomes

prob(λ1 < λ < λ2|φ, v‖, v⊥) = γ1 − γ2

π

= 1

π

(
arccos

c
(

λ1
λ0

− 1) − v‖ cosφ

v⊥ sin φ

− arccos
c
(

λ2
λ0

− 1) − v‖ cosφ

v⊥ sin φ

)
. (24)

This is a simple approximation to the probability part of
FIDA weight functions neglecting Stark splitting and non-
uniformity in pdfDα

due to charge-exchange and electron
transition probabilities.

Figures 3((a)–(d)) show prob(λ1 < λ < λ2|φ, v‖, v⊥)
for a narrow wavelength range of 0.1 nm at various Doppler
shifts. Figures 3((e)–(h)) show the corresponding probabilities
prob(λ1 < λ < λ2|φ, E, p). The observable regions or
interrogation regions are colored whereas the unobservable
regions are white. The viewing angle is φ = 10◦. The
wavelength interval width λ2 − λ1 = 0.1 nm is comparable
to the achievable spectral resolution of FIDAmeasurements at
ASDEXUpgrade and is typical for tomographicmeasurements
of 2D fast-ion velocity distribution functions [33]. The shape
of the probability functions is triangular and symmetric in
(v‖, v⊥)-coordinates, but the very tip of the triangle is cut
off by the v‖-axis as we will show more clearly in figure 5.
The opening angle of the triangles is 2φ = 20◦ as the
two sides have inclination angles of ±φ with respect to
the v⊥-axis [12]. The location of the interrogation region
changes substantially with the magnitude of the Doppler

shift. In figures 3((e)–(h)) we show the same probability
functions in (E, p)-coordinates since FIDA weight functions
are traditionally given in these coordinates. The probability
functions havemore complicated shapes in (E, p)-coordinates.
In figure 4we vary the viewing angle φ. The larger the viewing
angle, the larger the opening angle (2φ) of the triangular
regions in (v‖, v⊥)-space, and the lower the probabilities that a
detected photon has a wavelength in the particular wavelength
range. These probabilities decrease for increasing projection
angle φ since the spectrum of projected velocities of the ion
and therefore wavelengths of the photons broaden according to
equation (11) while the integral over the spectrum is the same.
Figure 5 shows probability functions for broader wavelength
ranges up to λ2 − λ1 = 1 nm typical for the traditional use of
weight functions as sensitivity or signal origin indicators. The
inclinations of the sides of the triangle are not affected by the
larger wavelength range, but a larger tip of the triangle is now
cut off by the v‖-axis as figure 5(d) shows most clearly. The
larger thewavelength range, the larger the probabilities become
since larger fractions of the ion orbits can produce Doppler
shifts within the wavelength limits. In the limit of wavelength
ranges covering very large red- and blue-shifts, the probability
function becomes unity. Figures 3–5 show that patterns in the
velocity-space sensitivity of FIDA measurements are easier to
spot in (v‖, v⊥)-space where FIDA weight functions always
have triangular shapes.

Equations (14), (15) and (16) transform the problem of
finding a probability in λ-space into the simpler problem
of finding a probability in γ -space. We will use this
transformation when we account for Stark splitting and non-
uniform charge-exchange and electron transition probabilities
in the next two sections.

4. Stark splitting

An electron Balmer alpha transition from the n = 3 to
n = 2 state of a moving D-atom in the magnetic field of a
tokamak leads to light emission at 15 distinct wavelengths

5
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Figure 4. Probability functions after ((a)–(d)) equation (24) and ((e)–(h)) equation (68) for various projection angles φ and a narrow
wavelength range λ2 − λ1 = 659.1− 659.0 nm = 0.1 nm. The colorbar shows the base ten logarithm of the probability function
log10(prob(λ1 < λ < λ2|φ, v‖, v⊥)).
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Figure 5. Probability functions after ((a)–(d)) equation (24) and ((e)–(h)) equation (68) for various wavelength ranges λ2 − λ1. The
wavelength ranges are centered at 659.1 nm. The projection angle is φ = 45◦. The colorbar shows the base ten logarithm of the probability
function log10(prob(λ1 < λ < λ2|φ, v‖, v⊥)).

λl . This is referred to as Stark splitting since the splitting
occurs due to the electric field in the reference frame of
the moving D-atom. Zeeman splitting is negligible in the
analysis of FIDA measurements as it is much weaker than
Stark splitting [34]. In this section we treat Stark splitting
of the Dα-line. For this we find the integration limits for
the 15 lines, find their probabilities and then sum over all
possibilities. The magnitude of the Stark splitting wavelength
shift is proportional to the magnitude of the electric field Ẽ in
the reference frame of the neutral:

λl = λ0 + slẼ (25)

where l is a number from 1 to 15 corresponding to the 15 lines
and the constants sl are [45, 46]

sl=1,...,15 =
(

− 220.2, −165.2, −137.7,
−110.2, −82.64, −55.1, −27.56, 0, 27.57, 55.15,
82.74, 110.3, 138.0, 165.6, 220.9

)
× 10−18 m

2

V
. (26)

Lines 1, 4–6, 10–12 and 15 are so-called π -lines, and lines 2,3,
7–9, 13 and 14 are so-called σ -lines. Line 8 is the unshifted
wavelength with s8 = 0. The electric field Ẽ in the reference
frame of the neutral is

Ẽ = Ê + v × B. (27)

where Ê is the electric field in the lab frame. In components
this is⎛

⎝Ẽ⊥1
Ẽ⊥2
Ẽ‖

⎞
⎠ =

⎛
⎝Ê⊥1

Ê⊥2
Ê‖

⎞
⎠ +

⎛
⎝v⊥ cos γ

v⊥ sin γ

v‖

⎞
⎠ ×

⎛
⎝00

B

⎞
⎠

=
⎛
⎝ Ê⊥1 + Bv⊥ sin γ

Ê⊥2 − Bv⊥ cos γ
Ê‖

⎞
⎠ . (28)

Themagnitude of the electric field in the frame of the neutral is

Ẽ =
√

Ê2 + v2⊥B2 + 2v⊥B(Ê⊥1 sin γ − Ê⊥2 cos γ ). (29)

6
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Suppose we make a FIDA measurement at a particular
wavelength λ. The photon could have been emitted from
any of the 15 lines with wavelength λl that is then Doppler
shifted. Each of the 15 lines has a particular Stark wavelength
shift corresponding to a particular Doppler shift with projected
velocity ul to be observable at λ. The 15 Doppler shift
conditions are

λ = λl

(
1 +

ul

c

)
(30)

which in combination with equation (25) yields

λ =
(
λ0 + slẼ

) (
1 +

ul

c

)
. (31)

The projected velocity ul and the electric field in the frame
of the particle Ẽ depend on the gyroangle. Substitution of Ẽ

using equation (29) and of ul using equation (14) shows the
relation between λ, φ, v⊥, v‖, γl and sl :

λ =
(

λ0 + sl

√
Ê2 + v2⊥B2 + 2v⊥B(Ê⊥1 sin γl − Ê⊥2 cos γl)

)

×
(
1 +

1

c

(
v‖ cosφ + v⊥ sin φ cos γl

))
. (32)

This relation describes not only the Doppler effect but also
Stark splitting, the two effects changing the wavelength of a
detectable photon. It can be used to transform integration limits
in λ to γ -space where the integration is easier to do. Here
we include Stark splitting neglecting any electric field in the
laboratory frame of reference. This reveals the most important
effects and is often a good approximation in a tokamak as
|Ê| � |v × B|, in particular for fast ions with large v⊥. In
FIDASIM simulations this approximation is usually made. If
there is no electric field in the laboratory reference frame, the
electric field in the reference frame of the particle is

Ẽ = v⊥B (33)

and the Stark shift is just proportional to v⊥:

λl = λ0 + slv⊥B. (34)

The functional dependence between λ and γ in equation (32)
simplifies, and λ becomes a cosine function of γ as in the
relation between u and γ in equation (14). Equation (32)
becomes

λ = (λ0 + slv⊥B)

(
1 +

1

c

(
v‖ cosφ + v⊥ sin φ cos γl

))
. (35)

Equation (35) implies an equation for the exact shape of FIDA
weight functions neglecting the electric field in the lab frame
but accounting for Stark splitting as we will show in section 7.
The inverse function is

γl = arccos
c
(

λ
λ0+slv⊥B

− 1
)

− v‖ cosφ

v⊥ sin φ
(36)

which gives a solution for 0 < γ < π . A second solution is
given by equation (16). These are integration limits in γl for
each of the 15 lines. The relative intensities Il(γ ) of π -lines

and σ -lines depend on the gyroangle γ and can be written
as [14]

σ : Il(γ ) = Cl(1 + cos
2(û, v̂ × B̂)) = Cl(1 + sin

2 φ sin2 γ )

(37)

π : Il(γ ) = Cl(1− cos2(û, v̂ × B̂)) = Cl(1− sin2 φ sin2 γ )

(38)

where û, v̂ and B̂ are unit vectors and the constants Cl are
[14, 45, 47]

Cl=1,...,15 =
(
1, 18, 16, 1681, 2304, 729, 1936, 5490,

1936, 729, 2304, 1681, 16, 18, 1
)
. (39)

The expression of the projection of v̂×B̂ onto the line-of-sight
vector û in terms of the gyroangle γ is illustrated in figure 2.
The probabilities prob(l|γ ) that a detected photon comes from
line l given the gyroangle γ can be calculated from the relative
intensities:

prob(l|γ ) = Il(γ )∑
Il(γ )

. (40)

Since
∑

Il(γ ) = 18860 is a constant independent of γ , we
can write the probabilities of line l as

prob(l|γ ) = Ĉl(1± sin2 φ sin2 γ ) (41)

where the plus is used for the σ -lines and minus for the π -lines
and

Ĉl = Cl∑15
n=1 Cl

. (42)

The probability part of full FIDA weight functions accounting
for Doppler and Stark effects for arbitrary pdfDα

can now be
calculated according to

prob(λ1 < λ < λ2|φ, v‖, v⊥)

=
15∑
l=1

( ∫ γ1,l

γ2,l

prob(l|γ )pdfDα
(γ | v‖, v⊥) dγ

+
∫ γ ′

2,l

γ ′
1,l

prob(l|γ )pdfDα
(γ | v‖, v⊥) dγ

)
. (43)

We will discuss the nature of the pdfDα
in FIDAmeasurements

in the following section. Here we study basic effects by
assuming a uniform pdfDα = 1/(2π) for which we can solve
the integrals in equation (43) analytically:

prob(λ1 < λ < λ2|φ, v‖, v⊥)

=
15∑
l=1

1

2π

( ∫ γ1,l

γ2,l

Ĉl(1± sin2 φ sin2 γ ) dγ

+
∫ γ ′

2,l

γ ′
1,l

Ĉl(1± sin2 φ sin2 γ ) dγ

)

=
15∑
l=1

Ĉl

(
γ1,l − γ2,l

π
± sin2 φ

2

×
(

γ1,l − γ2,l

π
− sin(2γ1,l) − sin(2γ2,l)

2π

))
. (44)
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Figure 6. The probability functions prob(λ1 < λ < λ2 | φ, v‖, v⊥) for pdfDα
= 1/(2π): (a) without Stark splitting (equation (24)), (b) with

Stark splitting (equation (44)). The wavelength range is λ2 − λ1 = 0.1 nm. The magnetic field is 1.74 T. The projection angle is φ = 30◦.
The colorbar shows the base ten logarithm of the probability part of the weight function log10(prob(λ1 < λ < λ2|φ, v‖, v⊥)).

We leave the probability function in this form as substitution of
the gyroangles using equation (36) provides no new insights.
The probability function is calculated as a weighted sum over
the 15 Stark splitting lines. The first fraction accounts for
15 different probability functions for the uniform distribution
where the integration limits change for eachStark splitting line.
The second term is a small correction due to the changing
relative intensities of the 15 Stark splitting lines over the
gyroangle. The corrections due to σ -lines and π -lines have
different signs and hence partly cancel. For φ = 0 this
correction disappears.

Figure 6 demonstrates the effects of Stark splitting for a
uniform pdfDα

and a magnetic field of 1.74 T. The observation
angle is φ = 30◦ and the wavelength range is 658.0–658.1 nm
in both figures. Stark splitting widens the interrogation
region and changes the probabilities. The effect of the 15
Stark splitting lines shows most clearly close to the boundary
of the observable region where several local maxima in
the probability are formed. Since Stark splitting can be
calculated accurately, it actually does not limit the spectral
resolution of FIDA measurements as was sometimes asserted
[3, 15, 16, 24, 48, 49] but rather just changes the velocity-space
sensitivities.

5. Charge-exchange reaction and Dα-emission

The probability density pdfDα
(γ | v‖, v⊥) is in fact not

uniform as we assumed until now but is a complicated
function depending on the charge-exchange probabilities and
the electron transition probabilities and hence ultimately on the
particular NBI as well as on the ion and electron temperatures
and drift velocities. We hence find pdfDα

(γ | v‖, v⊥) and
the FIDA intensity per unit ion density R(v‖, v⊥) irrespective
of the detected wavelength by numeric computation using
FIDASIM. Here we discuss the nature of these contributions.

The probability of a charge-exchange reaction between an
ion and a neutral depends on their relative velocity as well as
on the particular charge-exchange reaction. For an ion with
given (v‖, v⊥), the probability density of a charge-exchange
reaction pdfCX(γ | v‖, v⊥) therefore depends on the gyroangle
γ . Since FIDA light comes from a fast neutral that has been
created from a fast ion in a charge-exchange reaction, FIDA
does not sample the gyroangles of the ions uniformly, but favors

those gyroangles for which the ion velocity vectors are similar
to those of the neutrals. The charge-exchange probability
density depends on the distributionof injected neutrals andhalo
neutrals and therefore on the particular NBI heating geometry.

The gyroangle probability densities that an ion at a
particular gyroangle ultimately leads to a detection of a
Dα-photon are further influenced by the electron transition
probability densities pdfm→n(γ | v‖, v⊥) from energy level
m to n. The n = 3 state can be populated and depopulated
from any other energy state whereas only the n = 3 → 2
leads to Dα-emission. These electron transition probabilities
also depend on the velocity due to collisions. The probability
density pdfDα

(γ | v‖, v⊥) is hence found numerically using
FIDASIM.

Before we proceed to such a full numeric computation
of the relevant charge-exchange reactions and electron
transitions, we study essential features using a simplified
model. We consider the charge-exchange reaction

D+ +D(n) → D(n = 3) +D+ (45)

where the donor neutral D(n) is in the nth excited state and
the product neutral D(n = 3) is in the n = 3 state and so can
directly emit a Dα-photon. We emphasize that the n = 3 state
can also be populated via any electron transition. However,
in our simplified model we neglect electron transitions and
consider only the direct population of the n = 3 state via
the charge-exchange reaction. The charge-exchange reaction
cross sections σ and the reactivities σvrel strongly depend on
the relative velocity vrel which is usually expressed as the
relative energy

Erel = 1
2mDv2rel. (46)

Figure 7 illustrates the cross sections σm and the reactivities
σmvrel for charge-exchange reactions with a donor neutral
in state m directly resulting in an excited n = 3 neutral
[14, 50–52]. In these reactions the donor neutral was in one of
the first six excited states. The reactivities strongly depend on
the relative velocities which in turn depend on the gyroangle.
For simplicity, we treat a single source of injected neutrals
neglecting that in reality there are sources at full, half and
third injection energy. In the coordinate system from figure 2
the velocity of the beam neutrals is

vb = vb,‖B̂ + vb,⊥1v̂⊥1 + vb,⊥2v̂⊥2 (47)
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Figure 7. Cross sections and reactivities σvrel of the charge-exchange reactions of ions with donor neutrals in the first six excited states
directly resulting in an excited neutral in the n = 3 state.
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Figure 8. Reaction rates σmvrelnneut,m as function of the gyroangle γ for an energy of E = 60 keV and pitches of p = ±0.5. The donor
neutral population is here from the full injection energy peak of NBI Q3 while we neglect donor neutrals from half or third injection
energies. Here we show rates for reactions with these beam neutrals in the first six excited states directly resulting in an excited neutral in
the n = 3 state.

and the fast-ion velocity is given by equation (12). The relative
velocity is then

vrel = (48)√
(vb,‖ − v‖)2 + (vb,⊥1 − v⊥ cos γ )2 + (vb,⊥2 − v⊥ sin γ )2.

To find extremal values in vrel , we set

dvrel
dγ

= 0 (49)

and find that the gyroangle γ is then given by

tan γ = vb,⊥2
vb,⊥1

. (50)

If the reactivity σmvrel were monotonic in the range of interest,
the extrema of σmvrel would correspond to the extrema of vrel.
However, figure 7 shows that the reactivities in particular of
the charge-exchange reactions 1 → 3 and 2 → 3 are not
monotonic but have maxima in the energy range of interest.
Since the density of neutrals nneut,m=1 in the first energy state is
by far largest, this charge-exchange reaction often dominates.
The reaction rates per ion are given by

rm = σmvrelnneut,m. (51)

In figure 8 we show these reaction rates for the six charge-
exchange reactions for an energy of E = 60 keV and pitches

of p = ±0.5. The reaction rates strongly depend on the
gyroangle and have local maxima and minima. The dashed
line shows the minima of the relative velocities given by
equation (50) which coincides well with the local minima or
maxima in the corresponding reaction rates. An extreme case
is illustrated in figure 8(a) where the relative velocity goes
to zero for a particular gyroangle. Figure 8(b) illustrates the
reaction rates for velocity space coordinates far away from the
donor neutral velocities.

Up to now we have not considered electron transition
processes. In the following we calculate the full pdfDα with
FIDASIM where we model the important charge-exchange
reactions and electron transitions as well as the beam geometry
and energy distribution. Figure 9 shows such numerically
calculated pdfDα for a few energies and pitches. They
often coarsely resemble phase-shifted cosine curves if one
disregards local minima and maxima and Monte-Carlo noise.
To study the effects of the non-uniform gyroangle distributions
by simple models, we assume a model pdf to take the
form

pdfDα
(γ | v‖, v⊥) = 1/2π + a cos(γ + γ̄ ) (52)

where a < 1/2π is an amplitude and γ̄ is a phase shift. The
integrals in equation (17) can be solved assuming pdfDα

from
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Figure 9. Probability density functions pdfDα
at various positions in (E, p)-space (energy, pitch). The functions have been computed with

FIDASIM. The NBI Q3 has an injection energy of 60 keV and an injection angle of about 120◦. The thin dashed line is the uniform
distribution assumed up to now.

equation (52):

prob(λ1 < λ < λ2 | φ, v‖, v⊥)

=
∫ γ1

γ2

1/2π + a cos(γ + γ̄ ) dγ

+
∫ γ ′

2

γ ′
1

1/2π + a cos(γ + γ̄ ) dγ

= γ1 − γ2

π
+ 2a cos γ̄

(
sin γ1 − sin γ2

)
. (53)

Again we leave the probability function in this form and do not
substitute the gyroangles. The first term in equation (53) also
appears for the uniform pdf whereas the second term accounts
for cosine shape. It is proportional to the amplitude a and
to the cosine of the phase shift cos γ̄ . We can also integrate
our model pdf accounting for Stark splitting. Equation (43)
becomes

prob(λ1 < λ < λ2|φ, v‖, v⊥)

=
15∑
l=1

( ∫ γ1,l

γ2,l

Ĉl

(
1± sin2 φ sin2 γ

)

×
( 1
2π

+ a cos(γ + γ̄ )
)
dγ

+
∫ γ ′

2,l

γ ′
1,l

Ĉl

(
1± sin2 φ sin2 γ

)( 1
2π

+ a cos(γ + γ̄ )
)
dγ

)

=
15∑
l=1

Ĉl

(
γ1,l − γ2,l

π
± sin2 φ

2

×
(

γ1,l − γ2,l

π
− sin(2γ1,l) − sin(2γ2,l)

2π

)

+2a cos γ̄

(
sin γ1,l − sin γ2,l ± sin2 φ

3

×
(
sin3 γ1,l − sin3 γ2,l

)))
. (54)

Equation (54) contains all terms of equation (44) as well as
the term accounting for the cosine shape from equation (53).
Additionally, another correction term arises accounting for
changing intensities of the Stark splitting lines and varying
amplitude due to the cosine function. This term has again
different signs for σ -lines and π -lines and disappears for
φ = 0.

As already mentioned, the phase shift γ̄ in equation (52)
can be found approximately from geometric considerations.
Further, we construct a model for the amplitude so that it
increases with energy and decreases with the magnitude of
the pitch as motivated by figure 9 where these trends appear:

a = E

E0
(1− p2) = v2⊥

v2⊥0
. (55)

This model for the amplitude has E0 as the only free
parameter. It has units of energy to non-dimensionalize the
energy coordinate. The amplitude a of the cosine function in
equation (52) is inversely proportional toE0. ForE0 = 1MeV
the amplitudes of the probability density functions roughly
correspond to the FIDASIM calculation over the relevant
energy range up to 90 keV as we show in figure 10. Figure 11
shows that the typical large-scale cosine-like shape of pdfDα

leads to lopsided probabilities. In this particular case ions close
to the right side of the triangular weight functions have higher
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Figure 10. Comparison of pdfDα
as computed with FIDASIM with the cosine model pdfDα

(equation (52)) at various positions in velocity
space. The thick dashed lines are the model cosine, and the thin dashed line is the uniform distribution.
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Figure 11. The probability functions prob(λ1 < λ < λ2 | φ, v‖, v⊥) for pdfDα
given by equation (52): (a) without Stark splitting

(equation (53)), (b) with Stark splitting (equation (54)). The wavelength range is λ2 − λ1 = 0.1 nm. The magnetic field is 1.74 T. The
projection angle is φ = 30◦. The colorbar shows the base ten logarithm of the probability part of the weight function
log10(prob(λ1 < λ < λ2|φ, v‖, v⊥)).

probabilities to emit light in the particular wavelength range
than those close to the left side of the triangle. The phase
angle γ̄ determines how lopsided the probability function
becomes. In figure 11(a) we show one of the extreme cases
as cos(γ̄ ) = 1. For cos(γ̄ ) = 0 the probability function is
symmetric and the same as that for the uniform distribution.
Figure 11(b) shows the probability function for the model
pdfDα

given by equation (52) and accounting for Stark splitting.
The effect of Stark splitting is similar to that observed for the
uniform pdfDα

. Lastly, we note that any arbitrary pdfDα
can

be expanded into a Fourier series and then analytical, smooth
FIDA weight functions could be constructed from the Fourier
components which each can be integrated as in equation (54).

6. Full FIDA weight functions

Substitution of equation (43) into equation (6) gives an analytic
expression for full FIDA weight functions accounting for
Doppler and Stark effects and allowing for arbitrary pdfDα:

w(λ1, λ2, φ, v‖, v⊥) = R(v‖, v⊥)

×
15∑
l=1

( ∫ γ1,l

γ2,l

prob(l|γ )pdfDα
(γ | v‖, v⊥) dγ

+
∫ γ ′

2,l

γ ′
1,l

prob(l|γ )pdfDα
(γ | v‖, v⊥) dγ

)
. (56)

Equation (56) is general whereas the assumptions of the
FIDASIM code are used to calculate R and pdfDα

[14, 34]. In

particular, the calculation of the weight functions assumes that
the FIDAemission comes froma small volume in configuration
space. Practically, R and pdfDα

are calculated from the
distribution function fDα

(γ | v‖, v⊥) of the FIDA intensity
per unit ion density over γ which we calculate numerically
using FIDASIM. Then

R(v‖, v⊥) =
∫ 2π

0
fDα

(γ | v‖, v⊥) dγ, (57)

pdfDα
(γ | v‖, v⊥) = fDα

(γ | v‖, v⊥)

R(v‖, v⊥)
. (58)

We prefer not to substitute equation (58) into equation (56) to
emphasize that R is a factor common to any weight function
with any wavelength range. We compare full FIDA weight
functions as computed with our formalism with the traditional
weight function as computed with FIDASIM in figure 12.
The two approaches give the same result within small and
controllable discretization errors and Monte Carlo noise from
the sampling of the neutral beam particles in FIDASIM below
5%. This shows that our new formalism is consistent with
the traditional FIDASIM computation as expected since the
physics assumptions are the same. However, our approach
provides additional insight into functional dependencies not
revealed by the traditional brute-force computation. It
also leads to faster computations if weight functions in
several wavelength ranges are to be computed since the
time-consuming collisional–radiative model only has to be
evaluated once to find R and pdfDα

, and weight functions

11



Plasma Phys. Control. Fusion 56 (2014) 105005 M Salewski et al

0 50 100 150
−1

−0.5

0

0.5

1

Energy [keV]

P
it

ch
 [

−]
FIDASIM

0.5

1

1.5

2

2.5

3

3.5

(a)

0 50 100 150
−1

−0.5

0

0.5

1

Energy [keV]

P
it

ch
 [

−]

Numeric pdf
Dα

0.5

1

1.5

2

2.5

3

3.5

(b)

0 50 100 150
−1

−0.5

0

0.5

1

Energy [keV]

P
it

ch
 [

−]

Cosine pdf
Dα

0

1

2

3

(c)

0 50 100 150
−1

−0.5

0

0.5

1

Energy [keV]

P
it

ch
 [

−]

Uniform pdf
Dα

0

1

2

3

(d)

Figure 12. Full FIDA weight functions as computed with (a) traditional FIDASIM, (b) equation (56) for numerically computed pdfDα
using

FIDASIM, (c) equation (56) for the cosine model pdfDα
, (d) equation (56) for the uniform model pdfDα

. The projection angle is φ = 155◦.
The wavelength range is 660–661 nm. The magnetic field is 1.74 T.

for any wavelength range can then be computed rapidly using
equation (56). Additionally, we compare these full FIDA
weight functions based on numerically computed pdfDα

using
FIDASIM with full weight functions given by the uniform
pdfDα

and the cosine pdfDα
which match the full computation

to within 20%.

7. Boundaries of FIDA weight functions

Often it is useful to know the velocity-space interrogation
regions of FIDA measurements. Until now these observable
regions in velocity space had to be found by numerical
simulations with the FIDASIM code. Here we show that these
velocity-space interrogation regions are in fact completely
determined by a simple analytic expression accounting for the
Doppler shift and Stark splitting. The boundaries of FIDA
weight functions are found by solving equation (35) for v‖ and
setting cos γ = ±1 and l = 1 or l = 15 which gives the
largest possible Doppler shift and Stark splitting wavelength
shift, respectively. The boundaries for arbitrary l are

v‖ = ±v⊥ tan φ +
c

cosφ

(
λ

λ0 + slv⊥B
− 1

)
. (59)

This is a hyperbolic equation. Nevertheless, for v⊥ � c we
have slv⊥B � λ0, and we can expand the right hand side in a
Taylor series:

v‖ ≈
(

± tan φ − c

cosφ

λ

λ0

slB

λ0

)
v⊥ +

c

cosφ

λ − λ0

λ0
. (60)

For v⊥ � c the FIDAweight functions are thus approximately
bounded by straight lines in (v‖, v⊥)-coordinates. The
v‖-intercept is c

cosφ
λ−λ0
λ0

and the slope is given by the term
in the bracket. In figure 13 we compare the outer boundary
given by equation (60) with the corresponding FIDA weight
function in (E, p)-coordinates. The outermost boundaries are
found for l = 1 and l = 15. However, since the outermost
three lines on each side correspond to Stark lines with tiny
intensities (see equation (39)), the effective boundaries of the
velocity-space interrogation region could be considered to be
defined by l = 4 and l = 12 as indicated by dashed lines.
Stark splitting has always been neglected in previous work
where boundaries of weight functions or minimum energies
below which the weight function is zero have been discussed
[2, 3, 15, 16, 18, 19, 22, 28]. Figure 13 demonstrates that the
effect of Stark splitting can be substantial as it decreases the
minimum energy below which the weight function is zero by
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Figure 13. Boundaries of a FIDA weight function compared with
the corresponding weight function for φ = 80◦, 662–663 nm, and
B = 1.74 T. For each of the 15 Stark splitting lines there is a
boundary shown by thin black lines. The thick black line denotes
l = 8 (no Stark shift). The thick dashed black lines denote l = 4 and
l = 12. Note that here we show probabilities down to 10−6.

10–20 keV depending on whether we define the boundary by
l = 1, 15 or by l = 4, 12. In Figure 13 the thick lines
correspond to previous models with no Stark splitting (here
l = 8). The outermost lines set the interrogation region
accounting for Stark splitting (l = 1, 15), and dashed lines
correspond to the Stark lines l = 4, 12.

8. Discussion

8.1. Fast-ion studies

ASDEXUpgrade has five FIDA views. Correctly scaled FIDA
weight functions, as we present here, allow measurements
of 2D fast-ion velocity distribution functions by tomographic
inversion [33]. This will allow velocity-space studies of fast-
iondistributionswhich are generatedbyup to20MWofneutral
beam injection power and 6MW of ion cyclotron heating
power [53–55]. Moreover, weight functions are not specific
to FIDA and have also been given for CTS [12], neutron
count ratemeasurements [2], neutral particle analyzers (NPAs)
[2], fast-ion loss detectors [56], neutron spectroscopy [57, 58]
and beam emission spectroscopy [59]. If weight functions
for the other diagnostics are correctly scaled, as those for
FIDA and CTS [12], the fast-ion diagnostics can be combined
in joint measurements of 2D fast-ion velocity distribution
functions using the available diagnostics [32]. For example,
ASDEX Upgrade is equipped with fast-ion loss detectors
(FILD) [26, 60, 61], fast-ion Dα (FIDA) [13, 27, 29, 33], CTS
[31, 32, 37–39, 62, 63], neutron energy spectrometry [64, 65],
NPAs [66, 67], and γ -ray spectrometry [68].

8.2. CER spectroscopy of the bulk ions

Weight functions describing FIDA diagnostics will also
describe Dα-based CER spectroscopy of the bulk deuterium
ions [6–11] and would then also be applicable to CER
spectroscopy based on impurity species [4, 5] if the path of

the emitter from the charge-exchange reaction to the photon
emission does not curve significantly. Hence we could
also show velocity-space interrogation regions of particular
wavelength intervals in CER spectroscopy with our approach,
estimate where in velocity space most signal comes for a given
ion velocity distribution function, calculate spectra, and—
perhaps the most interesting application—calculate velocity-
space tomographies of bulk-ion velocity distribution functions
of the emitting species. A temperature, density and drift
parallel to the magnetic field could be found by fitting a
2D Maxwellian to the tomography of the ion distribution
functions, and this could provide an alternative to standard
methods. This method would be even more interesting if
parallel and perpendicular ion temperatures are discrepant as
sometimes observed in MAST [69] or JET [70] or if the ions
do not have a Maxwellian distribution.

9. Conclusions

The velocity-space sensitivity of FIDA measurements can
be described by weight functions. We derive correctly
scaled expressions for FIDA weight functions accounting for
the Doppler shift, Stark splitting, and the charge-exchange
and the electron transition probabilities. Our approach
provides insight not revealed by the traditional numerical
computation ofweight functions implemented in theFIDASIM
code. By using simple analytic models we show how these
physical effects contribute to the velocity-space sensitivities
of FIDA measurements. The Doppler shift determines an
approximate shape of the observable region in (v‖, v⊥)-space
which is triangular and mirror symmetric. Stark splitting
broadens this triangular observable region whereas the charge-
exchange and electron transition probabilities do not change
the boundaries of FIDA weight functions separating the
observable region from the unobservable region in velocity
space. Our approach implies exact analytic expressions for
these boundaries that take Stark splitting into account and
therefore differ by up to 10–20 keV in (energy, pitch)-space
from similar expressions in previous work. We show that
Stark splitting changes the sensitivity of the measurement,
but this does not limit the achievable spectral resolution
of FIDA measurements as has sometimes been asserted
[3, 15, 16, 24, 48, 49]. Weight functions as we deduce here
can be used to rapidly compute synthetic FIDA spectra from
a 2D velocity distribution function. This lays the groundwork
for the solution of the inverse problem to determine 2Dvelocity
distribution functions from FIDA measurements. Lastly,
our methods are immediately applicable to charge-exchange
recombination spectroscopy measurements of Dα-light from
the bulk deuterium population to determine their temperature
and drift velocity as well as any anisotropy.
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Appendix

Here we give key expressions in the widespread (E, p)-
coordinates (Energy, pitch) that are used in the TRANSP code.
They can be obtained by substituting

v‖ = −p
√
2E/m (61)

v⊥ =
√

(1− p2)2E/m (62)

into the corresponding expressions in (v‖, v⊥)-coordinates.
Weight functions in (E, p)-coordinates are defined as

I (λ1, λ2, φ) =
∫ ∫ ∫

w(λ1, λ2, φ, E, p)f (E, p) dE dp.

(63)

They can be written as

w(λ1, λ2, φ, E, p) = R(E, p)prob(λ1 < λ < λ2|φ, E, p).

(64)

The projected velocity u along the line-of-sight is

u =
(

− p cosφ +
√
1− p2 sin φ cos γ

)√
2E/m. (65)

If there is no static electric field, the observed wavelength as
function of gyroangle becomes

λ =
(
λ0 + slB

√
(1− p2)2E/m

)
(66)

×
(
1 +

1

c
(−p cosφ +

√
1− p2 sin φ cos γl)

√
2E/m

)

and the inverse function is

γl = arccos

c√
2E/m

(
λ

λ0+slB
√

(1−p2)2E/m
− 1

)
+ p cosφ

√
1− p2 sin φ

. (67)

The probability function for a uniform gyroangle distribution
and no Stark splitting becomes

prob(λ1 < λ < λ2|φ, E, p)

= 1

π

(
arccos

c√
2E/m

(
λ1
λ0

− 1) + p cosφ√
1− p2 sin φ

− arccos
c√
2E/m

(
λ2
λ0

− 1) + p cosφ√
1− p2 sin φ

)
(68)

and the pdf is expressed in (E, p) as

pdf(λ, φ, E, p)

= 1

π
√
2E/m(1− p2) sin φ

√
1−

(
c√
2E/m

(
λ1
λ0

−1
)
+p cosφ√

1−p2 sin φ

)2 .

(69)

For an arbitrary gyroangle distribution and no Stark splitting
the probability function becomes

prob(λ1 < λ < λ2|φ, E, p)

=
∫ γ1,l

γ2,l

pdfDα
(γ | E, p) dγ +

∫ γ ′
2,l

γ ′
1,l

pdfDα
(γ | E, p) dγ.

(70)

The general expression of the probability function for an
arbitrary gyroangle distribution and accounting for Stark
splitting is

prob(λ1 < λ < λ2|φ, E, p)

=
15∑
l=1

( ∫ γ1,l

γ2,l

prob(l|γ )pdfDα
(γ | E, p) dγ

+
∫ γ ′

2,l

γ ′
1,l

prob(l|γ )pdfDα
(γ | E, p) dγ

)
. (71)

The general expression of FIDA weight functions is

w(λ1, λ2, φ, E, p) = R(E, p)

×
15∑
l=1

( ∫ γ1,l

γ2,l

prob(l|γ )pdfDα
(γ | E, p) dγ

+
∫ γ ′

2,l

γ ′
1,l

prob(l|γ )pdfDα
(γ | E, p) dγ

)
(72)

and their boundaries are given by

E = mc2(λ − λ0)
2

2(1− p2) ×
(
λ0 cosφ

(
± tan φ − p + cλslB

λ20 cosφ

))2 .
(73)
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[60] Garcı́a-Muñoz M, Martin P, Fahrbach H U, Gobbin M,
Günter S, Maraschek M, Marrelli L, Zohm H and the
ASDEX Upgrade Team 2007 Nucl. Fusion 47 L10–15
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1. Introduction

Doppler tomography has been used to image a fast-ion 
velocity distribution function in a fusion plasma [1]. While 
this application of Doppler tomography is in its infancy, it has 
been used to study astrophysical accretion discs for more than 
25  years [2–4]. Readily observable accretion discs form in 
pairs of stars, called interacting binaries, in which matter flows 
from one star to its companion. Angular momentum tends to 
confine these discs within the orbital plane of the binary with 
the gas orbiting around the more massive, compact component 
in the system, often a stellar remnant. They form when this 

compact object pulls matter towards it. Angular momentum 
in the accretion disc is transported outwards and hence 
matter spirals inwards and eventually reaches the accretor. 
Astrophysical Doppler tomography has provided images of 
accretion discs for several classes of binaries [3–9].

Magnetically confined laboratory plasmas are heated 
to ∼10 keV mostly by fast ions generated by injected ener-
getic neutrals (∼ 30 keV–1 MeV), by electromagnetic wave 
acceleration (up to MeVs), or finally in a fusion power plant 
by the DT fusion reaction (3.5 MeV). Fast ions are magneti-
cally forced on twisted trajectories within the donut-shaped 
plasma until they become part of the thermal ions. At the 
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tokamak ASDEX Upgrade we can generate a variety of fast-
ion populations by using neutral beams or electromagnetic 
waves at the ion cyclotron frequency [10–12].

Doppler tomography is analogous to standard tomography, 
but the images are constructed in velocity space rather than 
in position space. This is possible due to the Doppler shift of 
line radiation from emitters on trajectories with a near-circular 
component. Such trajectories are typical for rotating accretion 
discs of binary stars and gyrating ions in magnetized plasma 
that have locally helical trajectories. The velocity vector of 
the emitter and its projected velocity vLOS onto the line-of-
sight (LOS) of a detector depend on the angular position of the 
emitter in its orbit with respect to the line-of-sight. We refer to 
this angle as phase angle [0, 2π] or alternatively as phase [0, 
1] following the astrophysical literature. The wavelength shift 
of emitted photons is proportional to vLOS according to the 
Doppler shift λ − λ0 = vLOS λ0/c where c is the speed of light, 
λ0 is the unshifted wavelength of the line emission and λ is 
its Doppler-shifted wavelength. The goal of Doppler tomog-
raphy is to infer 2D velocity distributions of the emitters from 
spectroscopic measurements. In fusion plasmas such spectra 
are measured by fast-ion Dα (FIDA) spectroscopy [1, 13–19] 
where fast ions are neutralized to become excited neutrals 
emitting Dα-photons. The Doppler shift is determined by the 
phase angle of the fast ion at the time of the charge-exchange 
reaction.

The available measurements in astrophysical and fusion 
plasma Doppler tomography lead to different flavours of 
Doppler tomography. Since the two stars in an interacting 
binary orbit each other, we can view the binary at any phase 
angle in their orbit. The observations are made mostly using 
ground-based telescopes but sometimes also satellite-based 

telescopes such as the Hubble space telescope. Provided 
observations are obtained across a substantial fraction of the 
period of the binary system, spectra for various phase angles 
can be adequately sampled using time-series observations. 
These spectra change with the phase since several promi-
nent features in the accretion disk are phase-locked to the 
binary. Astrophysical Doppler images are then inferred for 
two velocity coordinates in the orbital plane of the binary. The 
out-of-plane velocity component of matter in the disc is neg-
ligible as the disc is thin compared with its diameter. On the 
contrary, line radiation from fusion plasmas comes from many 
emitters at all phases and hence spectra are not phase-resolved 
but phase-averaged. But since the ion velocity distribution 
function is to a good approximation rotationally symmetric 
about the strong and slowly varying local magnetic field, 
resolution of different phases is not necessary. Fusion plasma 
Doppler tomograms are imaged in velocity components par-
allel and perpendicular to the magnetic field. Astrophysical 
Doppler tomograms are 2D by assuming zero out-of-plane 
velocity whereas fusion plasma Doppler tomograms are 2D 
by assuming rotational symmetry.

The incentives for imaging in velocity space are different 
in the two fields. In astrophysical Doppler tomography one is 
actually interested in the spatial structure of accretion discs. 
Each point of an accretion disc can be mapped onto velocity 
space by for example assuming flow velocities obeying 
Kepler’s law which may, however, be a crude assumption. 
Such Keplerian mapping is illustrated in figure  1. Here we 
observe that typical rotational speeds in the disc are much 
larger than the thermal speed of the atoms, so that the line 
broadening is mostly caused by the rotation of the accre-
tion disc. Tomographic reconstructions in velocity space are 

Figure 1. (a) Model spectrum from an accretion disc in LOS velocity space. Negative vLOS corresponds to blue-shift and positive vLOS to red-
shift. (b)–(d) show where these vLOS appear on the disc in position space and in velocity space in the same colours as in (a). (b) and (c) show 
the disc and the Roche lobe of a binary in position space at different phases. The Roche lobe is an equipotential surface of the rotating two-
body system. Matter within the Roche lobe of a star is gravitationally bound to this star. (d) and (e) show the same accretion disc in velocity 
space at the phases of (b) and (c), respectively. The circles and the squares illustrate the mapping from position space to velocity space.

Plasma Phys. Control. Fusion 57 (2015) 014021
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preferable as they do not require any mapping assumptions 
and make the method applicable to a wide range of flow 
geometries including emission sources not originating within 
discs. In fusion plasma Doppler tomography, on the contrary, 
knowledge of the fast-ion phase-space distribution function f 
(u, x) itself is essential for the successful operation of a fusion 
power plant.

In this paper we discuss Doppler tomography in astrophys-
ical and nuclear fusion applications. In section 2 we discuss 
general principles appearing in both applications as well as 
their differences. We compare the equations  describing the 
projection onto the LOS, the forward models and the most 
wide-spread inversion methods. In section  3 we highlight 
achievements of astrophysical Doppler tomography and in 
section 4 we present fusion plasma Doppler images. In sec-
tion 5 we discuss the two applications of the Doppler tomog-
raphy method in light of each other and what can be learned 
by comparison. In section 6 we draw conclusions.

2. Principles of velocity-space tomography

2.1. Line-of-sight velocity

Here we derive how vLOS relates to the astrophysical 2D 
velocity space of the orbital plane (vx, vy) and to the fusion 
plasma 2D velocity space (u ⃦, u⊥). Consider a coordinate 

system with unit vectors ̂ ̂ ̂( )u u u, ,x y z  and components (ux, uy,  
uz) in velocity space as illustrated in figure 1 where the uz-axis 
is aligned with the rotation axis. The orientation of ux and uy-
axes is arbitrary for fusion plasma due to rotational symmetry. 
Let the LOS be at an inclination angle i to the rotation axis 
and have an azimuthal angle ϕ from the ̂ ̂u u( , )x z  -plane and let 
γ be a systemic or drift velocity along the LOS. Then the unit 
vector along the LOS ̂v and the emitter velocity u are

 ̂ ̂ ̂ ̂ϕ ϕ= − + −i i iv u u ucos sin sin sin cos ,x y z (1)

 ̂ ̂ ̂ ̂γ= + + +u u uu v u u u .x x y y z z (2)

The projected velocity vLOS along the LOS from 3D velocity 
space is then [2]

 γ ϕ ϕ= − + −v u i u i u isin cos sin sin cos .x y zLOS (3)

In the following we make further assumptions to deduce 
simplified projection equations for astrophysical and fusion 
plasma Doppler tomography. In astrophysics the inclination 
i of the accretion disc is often unknown and so one substi-
tutes [2]

 =     =     =v u i v u i v u isin , sin , cosx x y y z z (4)

to get a projection equation not containing the inclination:

 γ ϕ ϕ= − + −v v v vcos sin .x y zLOS (5)

Further, the out-of-plane flow vz is assumed to be zero and we 
arrive at the projection equation used in many astrophysical 
applications [2]:

 γ ϕ ϕ= − +v v vcos sin .x yLOS (6)

In fusion plasma Doppler tomography, the magnetic field and 
the LOS vectors and hence the inclination i are known, making 
transformation to (vx, vy, vz)-coordinates unnecessary. To exploit 
rotational symmetry, we transform to cylindrical coordinates:

 ϕ ϕ=     =     =⊥ ⊥ ⃦u u u u u ucos , sin ,x y z (7)

so that the projection equation becomes

 
γ ϕ ϕ ϕ ϕ
γ ϕ ϕ

= − + −
= − + −

⊥ ⊥ ⃦
⊥ ⃦

v u i u i u i

u i u i

cos sin cos sin sin sin cos

sin cos ( ) cos .
LOS

(8)

As the distribution is rotationally symmetric, we can choose 
ϕ = 0. Further, it is assumed that there is no systemic or drift 
velocity γ. Hence we obtain the usual projection equation used 
for Doppler tomography in fusion plasma

 ϕ= − +⃦ ⊥( )v u i u icos sin cosLOS (9)

where normally the vector along the LOS is defined in the 
opposite direction so that the minus disappears [19, 20]. Thus 
the two projection equations  are consistently derived but 
describe projections from different image planes and rely on 
different assumptions.

2.2. Forward models

The projection of an arbitrary 3D function fu
D3  onto the LOS 

is [2, 20]

 
∫ ∫ ∫ϕ

δ

=
× −

−∞
∞

−∞
∞

−∞
∞

f v f u u u

v v u u u

( , ) ( , , )

( ) d d d .

v u
D

x y z

x y z

,LOS
3

LOS (10)

We now reduce equation  (10) by making the same assump-
tions as in the previous section. In astrophysics we transform 
the velocity coordinates to (vx, vy, vz) using equation (4) and 
substitute for vLOS using equation (5):

 
∫ ∫ ∫ϕ

δ γ ϕ ϕ

=
× − + − +

−∞
∞

−∞
∞

−∞
∞

( )

f v f v v v

v v v v v v v

( , ) ( , , )

cos sin d d d .

v v
D

x y z

x y z x y z

,LOS
3

(11)

Assuming the out-of-plane velocity to be negligible, we write

 δ=f v v v f v v v( , , ) ( , ) ( )v
D

x y z v
D

x y z
3 2 (12)

and integrate over vz to find the common astrophysical 2D 
projection equation [3]

 
∫ ∫ϕ

δ γ ϕ ϕ

=
× − + −

−∞
∞

−∞
∞

( )

f v f v v

v v v v v

( , ) ( , )

cos sin d d .

v v
D

x y

x y x y

,LOS
2

(13)

In fusion plasma physics, uz is allowed to be arbitrary, but we 
assume the f u u u( , , )u

D
x y z

3  to be rotationally symmetric so that 
it can be described by two coordinates (u||, u⊥). We define a 2D 
velocity distribution function

 ∫ ϕ π= =π
⃦ ⊥ ⃦ ⊥ ⊥ ⊥ ⃦ ⊥f u u f u u u d u f u u( , ) ( , ) 2 ( , ) ,u

D
u

D
u

D2

0

2
3 3 (14)
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transform equation (10) to cylindrical coordinates and substi-
tute equation (14) [20]

 ∫ ∫ ∫π
δ

ϕ ϕ

= +
× −

π

−∞
∞ ∞

⊥

⊥ ⊥

(

)

f v i u i u i

v f u u u u

( , )
1

2
cos sin

cos d ( , ) d d .

v

u
D

,LOS
0 0

2

2 (15)

As one actually measures the number of photons in a small 
wavelength range rather than at one wavelength, the mea-
surable quantity is the integral of fv over a small velocity 
range [19]. Noting that ⃦ ⊥f u u( , )u

D2  does not depend on v, we 
arrive at the forward model used in fusion plasma Doppler 
tomography:
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where we have introduced a weight function w in analogy 
with position-space tomography. The weight function can be 
explicitly calculated [19, 20]:
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Weight functions in this form enable us construct a transfer 
matrix W with which we can rapidly calculate the implied 
function fLOS from an arbitrary image in 2D velocity space 
fu

D2 . The forward model can be written as a matrix equation of 
the form

 =F WFu
D

LOS
2 (18)

where FLOS is a vector holding the measurements and Fu
D2  is a 

vector holding the image pixel values [1, 20–22]. Refined for-
ward models accounting for Stark splitting, charge-exchange 
reaction probabilities and electron transition probabilities 
are discussed in reference [19]. In this paper we focus on the 
Doppler shift to emphasize the analogy between astrophysical 
and fusion plasma Doppler tomography.

2.3. A rotationally symmetric accretion disc with  
no out-of-plane flow

Here we derive explicit formulas for the observable spec-
trum of a rotationally symmetric accretion disc with 
velocities from v⊥1 to v⊥2 and no out-of-plane flow so that 

δ=⊥ ⃦ ⊥ ⃦f v v f v v( , ) ( ) ( )v
D

v
D2 1 . Exploiting the analogy with fusion 

plasma Doppler tomography, we integrate equation (16) over 
v ⃦ using equation (17):
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We can evaluate the integral over v⊥ by assuming a func-
tional form of fv

D1 . Similar models used position coordinates 
[23–26] whereas we use velocity coordinates. In these ear-
lier treatments power laws were assumed and then matched 
to experimental data. As for Keplerian flow power laws in 
position space map to power laws in velocity space, we also 
take the emitted intensity to follow a power law of the form 

=⊥ ⊥f v f v( ) /v
D a1

0  between v⊥1 and v⊥2. Hence we find theo-
retical spectra for rotationally symmetric discs with no out-of-
plane flow for a = (0, 2, 4):
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These spectra are shown in figure 2. The value of a is unknown 
and could be found by matching experimental data. For a = 0 
the 1D velocity distribution is uniform corresponding to a 
1/v curve in 2D velocity space. For a  =  4 very little emis-
sion comes from the rapidly rotating regions of the accretion 
disc which cover only a small area close to the accretor in 
position space. The models reproduce the characteristic often 
observed double-peak. This illustrates the analogy between 
astrophysical and fusion plasma Doppler tomography as we 
derived the astrophysical observation from the fusion plasma 
formula. Further, the model gives direct insight in the rela-
tion between 2D velocity space of the accretion disc and the 
line-of-sight velocity space of the measurement and it can be 
used to validate inversion algorithms. The detailed shape of 
the double-peak is also influenced by the optical depth [25] 
and magnetohydrodynamic turbulence [26].

2.4. Inversion methods

Several inversion methods have been applied to solve the 
velocity-space tomography problem. Astrophysical appli-
cations usually apply the maximum entropy method [2] or 
filtered back-projection method [3]. Nuclear fusion appli-
cations of velocity space tomography have relied on the 
singular value decomposition [1, 21, 22], an iterative tech-
nique akin to the back-projection method [20] and a max-
imum entropy method [27]. In all methods velocity space 
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is divided into many elements or pixels. In the maximum 
entropy method we calculate synthetic data for possible 
images and quantify the difference between the synthetic 
data with the measured data by a goodness-of-fit parameter 
χ2. χ2 could be decreased to very low values by changing the 
image, but this tends to amplify noise in the images. Instead 
we set a target χ2 such that we judge the synthetic and the 
measured data to be consistent. The reduced χ2 should then 
be of order one but the precise value is open for discussion. 
Out of the many tomograms that achieve this target χ2 one 
selects the one with maximum entropy which can be found 
using Lagrange multipliers in an iterative procedure [28]. 
The standard definition of entropy

 ∑ ∑= − =S p p p f fln ,    i i i i
j

j (23)

selects the most uniform image [2]. In astrophysical Doppler 
tomography one frequently instead uses a modified entropy

 ∑ ∑ ∑= − = =S p
p

q
p f f q D Dln ,     ,    i

i

i
i i

j
j i i

j

j (24)

where D is an default image [2]. Prior information can 
be encoded in the default image which can be set to be for 
example axisymmetric or a heavily blurred version of the 
image. Such adaptive defaults are better than axisymmetric 
defaults as the Doppler images have well-defined spots of 
emission and discs can be strongly asymmetric. An advantage 
of the maximum entropy method is the enforced positivity 
that reduces high frequency jitter in the image which is often 
found in linear methods.

The filtered back-projection method is a linear method in 
which the inversion is computed in two steps. First the spectra 
are filtered to damp high frequency components which would 
otherwise lead to jitter in the tomogram. This step also blurs 
the tomogram. The filtered profiles ϕ∼

f v( , ) are

 ̂ ̂ ̂∫ϕ ϕ= −∼
f v F v v f v v v( , ) ( , ) ( , ) d . (25)

where F is the filter function. The second step is the so-called 
back-projection which is

 ∫ γ πϕ πϕ ϕ ϕ= − ′ + ′ ′ ′∼ ( )f v v f v v( , ) cos 2 sin 2 , d .x y x y
0

0.5
(26)

In this method each image value is found by integrating the 
2D function ϕ∼

f v( , ) over the sinusoidal path which would be 
traced out by a bright light source with the velocity coordi-
nates of the image point. One may also regard this as smearing 
the filtered profile measured at the angle ϕ across the image at 
the same angle ϕ.

The singular value decomposition method is another linear 
method, in which we formulate a forward model based on 
weight functions as a matrix equation. The tomographic inver-
sion is then given by

 ̂̂=+ +
F W F .LOS (27)

+̂
W  is the truncated Moore–Penrose pseudoinverse found by 
singular value decomposition of the transfer matrix ̂W  from 
equation (18).

3. Doppler tomography of accreting binary stars

Astrophysical Doppler tomography is a standard technique 
to image accretions discs of binary star systems such as 
cataclysmic variables [6], Algols [8] and x-ray binaries [9] 
including neutron stars [29, 30] and black holes [31, 32]. It 
is also very useful to map the magnetically controlled accre-
tion stream in polars where the strong magnetic fields prevent 
formation of an accretion disc [7] or in intermediate polars 
[33]. Often spectra of the strong emission lines from H and 
He are measured, but recently spectra of the CaII line even 
revealed the presence of the faint donor star [34]. Here we 
highlight two particularly instructive achievements of astro-
physical Doppler tomography. Figure 3 shows the observed 
time-series of emission line profiles, so-called trailed spectra, 
and the corresponding Doppler tomogram of the interacting 
binary CE315. The maximum entropy method was used for 
the inversion of the 34 measured spectra. The strong emis-
sion near 0 km s−1 comes from the compact, massive white 
dwarf. The trailed spectra in figure 3(a) have a half-width of 
about 1000 km s−1. They show the characteristic S-curve of a 
bright source of emission that is phase-locked to the binary. 
Figure  3(b) shows the Doppler image constructed from the 
trailed spectra. The accretion disk appears as a ring with veloc-
ities between 400 km s−1 and 1000 km s−1. The highest speeds 
show emission from the inner edge of the disc in position 
space that is close to the white dwarf. The lowest speeds show 
emission from the outer edge of the disc in position space. The 
accreting white dwarf sits at the center of the Doppler image. 
The mass donor sits at vy = 400 km s−1 and by definition of 
the coordinate system at vx = 0. The Doppler image reveals a 
bright spot causing the S-curve in the trailed spectra. At this 
location the gas flow from the donor star to the white dwarf 

Figure 2. Theoretical spectra of rotationally symmetric accretion 
discs with no out-of-plane flow and intensities following power 
laws of the form ~ ⊥f f v/ a

0 . Solid lines show the analytic formulas 
and dashed lines the numeric integration of the velocity image not 
accounting for finite resolution.
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hits the disc. In the Doppler image this gas flows from the 
L1 Lagrange point between the donor and the accretor to the 
high-speed outer edge of the disc which, in position space, 
corresponds to the inner edge of the disc close to the accretor.

In figure 4 we show an example of the very variable spectra 
observed over the binary phase of the binary IP Peg [35–37]. 
The Doppler images reveal that these variable spectra, which 
would otherwise be very hard if not impossible to interpret, 
are due to spiral arms in the accretion disc [35]. A numerical 
simulation and derived synthetic observations match respec-
tively the Doppler image and observations well. These spiral 
arms are phase-locked to the binary suggesting they are some 
form of tidal wave [35], perhaps tidally induced shock waves 
[37]. However, the nature of the spiral arms is still controver-
sial. Spiral arms have been observed in many other binaries, 
e.g. [33]. Other asymmetric features in the discs have also been 
observed, e.g. eccentricity [38] or alternating radial flow veloci-
ties [39]. These examples illustrate how the complex emissivity 
profiles observed from binaries can be conveniently mapped 
into images that are much more straightforward to interpret and 
at the same time offer quantitative tests against models.

4. Doppler tomography of fast-ion velocity  

distribution functions

Tomography in position space is a standard analysis method 
in nuclear fusion research [40, 41] just as in other fields 
throughout physical and medical sciences [42, 43]. Fusion 
plasma Doppler tomography has been studied theoretically 
for some years [20–22, 44]. The method has been theoreti-
cally demonstrated and made tractable by formulating the for-
ward model in terms of weight functions [20] previously used 
to estimate the velocity-space sensitivity of FIDA measure-
ments [14, 19, 45].

Figure 5 shows Doppler images of the fast-ion velocity 
distribution function in ASDEX Upgrade discharge 29578 

on 17 × 8 grid points. Here we study the number of singular 
values and the effect of filtering the spectra as in the filtered 
back-projection method. From the uppermost row to the 
bottom row the number of singular values in the tomogram 
decreases. In the left column we use synthetic measurements, 
in the center column actual measurements and in the right 
column filtered actual measurements.

We measured in three FIDA views and used the singular 
value decomposition method to invert the spectra [1]. We used 
experimentally accessible parts of the spectrum with red- and 
blue shifts with a wavelength resolution of 0.1 nm over 16 nm. 
Of the resulting 3 × 160 measurement points, 217 were not 
obscured by other features in the FIDA spectra and covered 
the velocity-space region of interest. The inclination angles i 
of the three FIDA LOS are 12°, 69° and 156°. The left column 
in figure 5 shows reconstructions from synthetic FIDA meas-
urements computed from a simulated fast-ion velocity distri-
bution function using the FIDASIM code [46]. Figure  5(a) 
closely matches simulations which we show in reference [1].

This distribution function is typical for fast ions generated 
by neutral beam injection and its form can be explained by 
classical slowing down due to collisions. Neutral deuterium 
atoms at E = 60 keV are injected and ionized to D ions, forming 
a peak at about (v ,⃦ v⊥) ≈ (−1, 2) × 106 m s−1. D2 and D3 in the 
neutral beam lead to further injection peaks at E/2 = 30 keV 
and E/3 = 20 keV which are merged to form the second, larger 
peak at about (v ,⃦ v⊥) ≈  (−1, 1) × 106 m s−1. These injection 
peaks are the sources of fast ions which then slow down due 
to collisions. In collisions with electrons the ions lose energy 
while their pitch = − +⃦ ⃦ ⊥p V V V/ 2 2 does not change signifi-
cantly. In collisions with ions the pitch also changes.

The Doppler images of the synthetic measurements show 
as expected that the larger the number of singular values, 
the finer features of the functions can be reconstructed but 
the more the noise is amplified. 50 singular values are not 
enough to recover the two peaks in the functions whereas for 

Figure 3. (a) The observed line emission from CE315 as a function of the binary orientation and projected velocity which is here called 
Vx [4]. Each of the 34 spectra is measured for a new phase angle of the binary, corresponding to a new line-of-sight. (b) The corresponding 
Doppler image reveals a bright spot where the gas stream from the donor to the accretor hits the accretion disc. The dotted line shows a 
calculated ballistic trajectory of the gas stream where the circles show 10% steps of the distance which the gas stream covers [4]. The  
Vx-coordinate in (a) corresponds to the Vx-coordinate in (b) for one particular phase.
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60–70 singular values the two peaks appear. For more than 
70 singular values the Doppler images become hard to inter-
pret due to noise. There is no obvious objective rationale how 
to choose the number of singular values and this is a weak-
ness of the method. A possible remedy could be the L-curve 
technique [47]. The center column in figure 5 shows Doppler 
images from actual FIDA measurements at ASDEX Upgrade. 
The large-scale shape of the function including the location 
of the beam injection peaks are reproduced well if 60–70 sin-
gular values are used as predicted. The right column shows 
Doppler images calculated from filtered spectra as in the 
filtered back-projection method. We use a box filter with a 
stencil of three points. The filter decreases the amplitude of 
the jitter as expected.

In figure 6 we present a maximum entropy reconstruction of 
a fast-ion velocity distribution typical for the tokamak DIII-D 
on a 25 × 25 element energy-pitch grid from noisy synthetic 
measurements. Here we used four views with viewing angles 
of 8°, 19°, 45° and 95°, a mean signal-to-noise ratio of 20 : 1 
and a wavelength resolution of 0.14 nm over 14 nm, which 
corresponds to a total of 4 × 100 measurement points in the 
spectra. This simulated distribution assumes a 60  keV NBI 
in co-current direction (positive pitch) and an 80 keV NBI in 
counter-current direction (negative pitch) which generate the 
dominant beam injection peaks. Further peaks appear at half 
and third energies for both beams. The overall shape of the 

reconstruction matches the original function used to compute 
the synthetic measurements well, in particular for positive 
pitch. The peak at 80  keV at negative pitch in the recon-
struction is barely visible, blurred and much smaller than in 
the original function. In the actual experiment the spectrum 
will be obscured by other emissions at small Doppler shifts. 
An experimental demonstration of the Doppler tomogaphy 
method on DIII-D with these or similar parameters is in 
preparation.

5. Discussion

Doppler tomography in nuclear fusion research and astro-
physics rely on the same techniques, but substantially dif-
ferent measurement data lead to different implementations of 
the method. The imaging plane is the orbital plane in astro-
physics. The reduction from 3D is achieved by assuming that 
the out-of-plane velocity components are much smaller than 
the flow within the binary plane. Several researchers have 
attempted 3D imaging using all three velocity coordinates, 
though this is a much less well-constrained inversion problem 
from the observable time-series of 1D spectra. The assump-
tion of rotational symmetry in fusion plasmas is rather good, 
so it would likely not lead to new insight to do 3D imaging 
in velocity space. Nevertheless, the inclusion of a spatial 

Figure 4. In the upper panels we show the observed line emission from IP Peg as a function of the binary orientation and projected velocity 
(left) and corresponding Doppler image revealing spiral arms in the accretion disc (right) [37]. The binary phase in the left panel runs from 
0 to 1 during a period of the binary. Both axes of the Doppler image in the right panel are in identical units. The velocities are defined 
analogous to those in figure 3. The lower panels show a numerical simulation of the disc (right) and the implied observable line emission 
(left). The gas stream is marked as in figure 3.
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dimension in fusion plasma Doppler tomography would likely 
improve the inference.

Astrophysical and fusion plasma Doppler tomography are 
photon-starved compared with many position-space tomog-
raphy applications: The data is often scarce and the signal-
to-noise ratio unfavourable. A spectrum in astrophysical 
Doppler tomography is analogous to a set of measurements 
with parallel or fanned beams along a LOS in position-
space tomography. In astrophysical Doppler tomography the 
number of spectra or LOS’s is limited by the signal-to-noise 
ratio, so that typically much fewer LOS’s are used in astro-
physical Doppler tomography (tens) than in position-space 
tomography (hundreds). In fusion plasmas actually only one 
LOS would be necessary for a measurement without noise 
since the fast-ion velocity distribution function is rotation-
ally symmetric to a good approximation. However, due to 
noise in practise we need to use all available fast-ion meas-
urements. So far three LOS’s have been used and this may 
be increased to seven or eight LOS’s in the future. In fusion 
plasma Doppler tomography at ASDEX Upgrade, we can 
combine the FIDA measurements with other measurements 
[22] such as collective Thomson scattering [20, 48–51], neu-
tron emission spectroscopy or neutron yield measurements 
[52–56] or gamma-ray spectroscopy [57]. Similar combina-
tions are possible at the tokamak DIII-D [27, 45], the stellar-
ator LHD [58–60] or the spherical tokamak MAST [61–63] 

as well as the next step fusion experiment ITER [64–69]. In 
astrophysical Doppler tomography, one can use several emis-
sion lines from various elements such as hydrogen, helium, 
or calcium [34].

The astrophysical Doppler tomography allows for a sys-
temic velocity γ along the LOS. This velocity is analogous 
to perpendicular drift in tokamak plasmas, such as the often 
dominant E × B-drift or the often smaller grad-B, curvature 
or polarization drifts. Since parallel velocities are allowed in 
fusion plasma Doppler tomography, any drift velocities par-
allel to the magnetic field can already be handled, but not per-
pendicular drift velocities. It should be possible and beneficial 
to introduce a perpendicular drift velocity in the fusion plasma 
Doppler tomography approach as well, in particular when 
applied to the thermal ion population. This would possibly 
allow us to infer the perpendicular drift velocity and would 
probably also improve the Doppler image itself.

If there is a significant magnetic field, the line emission 
has finer structure. A moving D-atom in a magnetic field 
experiences an electric field in its own rest frame which 
causes the Balmer alpha line to split into 15 lines. This is 
referred to as Stark splitting. Stark shifts are usually substan-
tially larger than Zeeman shifts which occur due to the mag-
netic field. Stark shifts are routinely accounted for in fusion 
plasma Doppler tomography by calculating the emission 
from the 15 lines and summing over them whereas Zeeman 

Figure 5. Doppler images from synthetic FIDA spectra (left column), from measured FIDA spectra (center column) and from filtered, 
measured FIDA spectra (right column). The number of singular values is 70 in the uppermost row, 60 in the center row and 50 in the 
bottom row. (a) Synthetic, 70 SV, (b) measured, 70 SV, (c) filtered, 70 SV, (d) synthetic, 60 SV, (e) measured, 60 SV, (f) filtered, 60 SV,  
(g) synthetic, 50 SV, (h) measured, 50 SV, (i) filtered, 50 SV.
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shifts are neglected. The effect of Stark splitting is significant 
for fusion plasmas [19]. In astrophysical Doppler tomog-
raphy, Stark and Zeeman shifts have so far been neglected in 
Doppler tomography in binaries due to the large bulk veloci-
ties of the gas in the disc though Zeeman Doppler imaging 
has been successfully applied to resolve the stellar surfaces 
of magnetic stars. If the magnetic fields are strong, Stark and 
Zeeman shifts might also be a nuisance for Doppler tomog-
raphy in binaries. They could be taken into a account in astro-
physical Doppler tomography in binaries analogous to fusion 
plasma Doppler tomography.

Finally, the inversion algorithms are readily transferable 
between astrophysical and nuclear fusion Doppler tomog-
raphy. The formulation as a matrix problem is possible in 
astrophysics. Maximum entropy inversion algorithms are 
already used in both fields. The filtered back-projection 
method is widely used in astrophysics. A closely related 
method also using back-projection has been used in nuclear 
fusion Doppler tomography [20]. In this paper we borrowed 
the idea to filter the spectra and found that improvements 
may be possible with this technique. Filtering the measure-
ment data is also a common technique in position-space 

tomography. Improvement of inversion algorithms will 
clearly benefit both fields.

6. Conclusions

We outline basic principles of astrophysical and fusion plasma 
Doppler tomography by deriving projection equations and for-
ward models from their common 3D framework. This enables 
us to derive the shape of observed spectra of light coming 
from accretion discs from the forward model of fusion plasma 
Doppler tomography. We present inversions of filtered mea-
sured spectra from the tokamak ASDEX Upgrade with the 
singular value decomposition method and of synthetic spectra 
with the maximum entropy method in preparation of Doppler 
tomography on the tokamak DIII-D. Prominent astrophysical 
Doppler images are discussed and compared with simulations. 
We already highlighted an example where an idea from one 
discipline was applied to the other. We further find that an 
inclusion of a perpendicular drift velocity in the fusion plasma 
forward model analogous to the systemic velocity of the binary 
in astrophysics will be valuable. Further, Stark and Zeemann 
splitting have so far been neglected in astrophysical Doppler 

Figure 6. Simulation (up) and Doppler image (below) from synthetic measurements of a fast-ion velocity distribution function at the 
tokamak DIII-D. Here the function is presented in the widespread (energy, pitch)-coordinates with =E 1/2 mv2 and p = − v ⃦ /v.
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tomography of binaries whereas Stark splitting is routinely 
accounted for in fusion plasma Doppler tomography. One 
could introduce similar models for the line splitting in astro-
physical Doppler tomography even though additional models 
of the magnetic field would be required. Similar approaches 
have been successfully applied to image stellar surfaces of 
magnetic stars. Ideas in the inversion algorithms are readily 
transferable, for example the formulation as matrix equa-
tion  used for fusion plasmas, filtering in linear methods to 
reduce noise, or different formulations of the entropy. In con-
clusion, using Doppler tomography we can conveniently map 
measured spectra into images that are much more straightfor-
ward to interpret and at the same time offer quantitative tests 
against models.
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1. Introduction

Gamma-ray spectroscopy (GRS) is an essential diagnostic to 
study fast ions in fusion plasmas [1, 2]. Early GRS measure-
ments in tokamaks have been made at Doublet-III [3], TFTR 
[4], JET [5–13] and JT-60U [14, 15]. More recently, high-res-
olution GRS measurements have been made at JET [16–21] 
and ASDEX Upgrade [22] thanks to the development of new 
detectors [18, 23]. GRS is particularly well-suited for large, 
hot devices such as JET [5–13, 16–21], ITER [24] or DEMO 
[25] since high temperatures enhance fusion reaction rates and 
hence γ-ray fluxes [1, 2].

Many nuclear reactions in hot fusion plasmas lead to  
γ-ray emission [1, 2]. At JET, several species including alpha 
particles, helium-3, deuterium or hydrogen have been meas-
ured using GRS [5–13, 16–21]. These fast ions are gener-
ated in fusion reactions, by ion cyclotron resonance heating 
(ICRH) or by neutral beam injection (NBI) [7]. γ-rays are 
emitted when fast ions react with bulk plasma ions or with 
low-mass impurities such as lithium, beryllium, boron, carbon 
or oxygen [7]. Fast alpha particles are of particular interest 
as they are produced at an energy of 3.5 MeV in the most 
important fusion reaction T(D,n)α, which will release most 
of the fusion power in future burning plasmas. Fast alpha par-
ticles can undergo resonant nuclear reactions with low-mass 
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impurities allowing GRS measurements with high signal-to-
noise ratio [26]. Here we consider the reaction 9Be(α γ), n 12

C [8, 27], which has been proposed for studies of alpha 
particles in ITER where beryllium is the first-wall material. 
This reaction has regularly been studied at JET [7–10, 12, 
16, 17, 19, 21] and has become all the more important at 
JET since the installation of the ITER-like beryllium wall  
[28, 29]. The reaction happens in two steps. (1) An alpha 
particle and 9Be react to form excited 12C* and a neutron. 
(2) The excited 12C* rapidly decays to ground-state 12C 
emitting a γ-photon:

α + → *+B e C n,9 12 (1)

γ* → +C C .12 12 (2)

The energy release of the reaction is Q   =   5.70 MeV of 
which =γE 4.440  MeV is required to populate the excited state 

*C12 . This is also the rest frame energy of the γ-photon that is 
emitted when *C12  decays to the ground state. The remaining 

* =Q 1.26 MeV becomes kinetic energy of the reaction prod-
ucts 12C* and the neutron in addition to the initial kinetic 
energies of the fast alpha and the thermal 9Be. γ-photons are 
Doppler-shifted due to the velocity component uC of the 12C* 
nucleus along the line-of-sight of the detector. The Doppler-
shifted energy γE  of the detected γ-photon is

= +γ γ ⎜ ⎟
⎛
⎝

⎞
⎠E E

u

c
10

C
 (3)

where c is the speed of light and u c/C  is typically on the order 
of 1%.

Each nuclear reaction emitting γ-rays forms a peak in the 
measured energy spectra. Such peaks are hence broadened by 
the Doppler shift according to equation (3). Recently, it has 
become possible to measure the spectral shapes of such peaks 
using high-resolution γ-ray spectrometers [2, 16–21]. Here we 
study sensitivities of such high-resolution GRS measurements 
to 2D fast-ion distribution functions typical for hot, magnet-
ized plasmas. It is known from the energy dependence of the 
reaction cross sections (figure 1) that GRS measurements are 
highly sensitive to alpha particles near the resonance energies 
of the reaction at 1.9 MeV, 2.6 MeV, 4.0 MeV, 4.5 MeV, 5.0 
MeV, 5.3 MeV and 5.75 MeV [30]. As the energies of thermal 
9Be impurities are negligible compared with the alpha particle 
energies, resonance peaks appear as semi-circular ridges in 
figure 1. The sensitivity to alpha particles with energies below 
1.7 MeV is poor. (At 1.7 MeV the sensitivity is about 10% of 
the sensitivity at the resonance maximum at 1.9 MeV). In this 
paper we show that the energies of the measured γ-photons 
from a particular reaction indicate not only the energies of 
the alpha particles but also their pitches. The pitch is defined 
as = ∥p v v/  where ∥v  is the velocity component parallel to the 
magnetic field and v is the velocity magnitude. Energy and 
momentum conservation imply, together with the reaction 
cross sections, the existence of regions in 2D velocity space to 
which a measurement in a given energy range of the γ-photon 
is sensitive as well as regions to which the measurement is 
completely insensitive.

Such 2D velocity-space sensitivities of two-step reac-
tion GRS measurements are described by weight functions 
analogous to those of fast-ion Dα (FIDA) [31, 32], collec-
tive Thomson scattering (CTS) [32, 33] and neutron emis-
sion spectrometry (NES) measurements [34, 35]. Our final 
goal is to infer 2D fast-ion velocity distribution functions 
by tomographic inversion using weight functions as we pre-
sent here for GRS [33, 36, 37]. Whereas full tomographic 
inversion of GRS measurements cannot yet be achieved, the 
general method has been demonstrated using FIDA measure-
ments at ASDEX Upgrade in MHD quiescent plasmas [37, 
38] and in plasmas with sawteeth [39]. A comparison of the 
tomographic inversion before and after a sawtooth crash 
showed a strong dependence of the fast-ion redistribution on 
pitch. Whereas these measurements relied on FIDA, all avail-
able fast-ion diagnostics can in principle be combined, pro-
vided their weight functions are known [40]. Here we focus 
on three other useful applications of weight functions. First, 
weight functions provide significant insight into the velocity-
space sensitivity of the diagnostic. They separate observable 
velocity-space regions from unobservable regions [31–35, 
41–51, 52–62]. Second, they reveal the velocity-space origin 
of a measurement for a given 2D fast-ion velocity distribution 
function [31–35, 41, 56–61, 63]. Third, they allow rapid cal-
culation of synthetic measurements [32–35]. The formalism 
we present here allows these applications for two-step reac-
tion GRS measurements.

In section 2 we show how to calculate GRS weight func-
tions numerically using the GENESIS code as forward model 
[20, 64]. We present numerically calculated GRS weight func-
tions to show the velocity-space observation regions typical 
for high-resolution GRS measurments at JET in section  3. 
To gain insight into the numerically calculated GRS weight 
functions, we consider the kinematics of the 9Be(α γ), n 12

C reaction based on energy and momentum conservation 
in section  4, which allows us to construct a tractable sim-
plified model showing observable regions in section  5. We 
compare analytical and numerical approaches in section  6.  

Figure 1. Reaction cross sections (millibarn) of the 9Be α( ,
nγ)12C reaction as a function of ( ∥ ⊥v v, ) of the alpha particle 
for energies up to 6 MeV corresponding to a velocity 
magnitude = ×v 17 106 m s−1. The resonances appear at 

= ( ) ×v 9.5, 11.1, 13.8, 14.7, 15.5, 15.9, 16.6 106 m s−1. Below the 
resonance at 1.9 MeV ( = ×v 9 106 m s−1) the cross sections become 
very small, and hence GRS is insensitive to particles populating the 
inner white region.
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In section 7 we study the dependence of the GRS velocity-
space sensitivities on key parameters. We calculate GRS 
measurements using weight functions in section 8 and show 
where in velocity space the measurements originate from for 
typical JET parameters. We discuss the potential application 
of GRS weight functions in future burning plasmas in sec-
tion 9 and conclude in section 10.

2. Numeric computation of GRS weight functions

Weight functions, w, relate 2D fast-ion distribution functions, 
f , to measurements, s, according to [31–35, 41]

∫ ∫ ∫ϕ ϕ( ) = ( )
( )
γ γ γ γ

∞
−∞

∞
∥ ⊥

∥ ⊥ ∥ ⊥

s E E w E E v v

f v v v v

x

x x

, , , , , , ,

, , d d d .

,1 ,2
vol 0

,1 ,2
 

(4)

For GRS measurements, ϕ( )γ γs E E, ,,1 ,2  is the detection rate 
of γ-rays [photons/s] in the energy range < <γ γ γE E E,1 ,2 with 
a viewing angle ϕ between the line-of-sight of the GRS diag-
nostic and the magnetic field. ( )∥ ⊥v v,  are the velocities parallel 
and perpendicular to the magnetic field, respectively, and x 
describes the spatial coordinates. We use 2D ( )∥ ⊥v v, -coordi-
nates rather than the equivalent and more widespread (energy, 
pitch)-coordinates for example used in the TRANSP code as 
our expressions are simpler in ( )∥ ⊥v v, -coordinates. The fast-
ion velocity distribution function f is a 2D function due to 
rotational symmetry of the full 3D fast-ion velocity distribu-
tion function. It is obtained by transforming to cylindrical 
coordinates and integrating over the ignorable gyroangle 
Γ: π= ⊥f v f22D 3D. In cylindrical coordinates ∥v  can be nega-
tive or positive whereas ⊥v  is always positive. The units of f 
in equation (4) are [s2m−5] due to multiplication of f 3D with 
the Jacobian ⊥v . The units of GRS weight functions are thus 
(photons/(α-particle  ×  s)).

Weight functions of any fast-ion diagnostic can be found 
numerically using a forward model that can predict a meas-
urement for an arbitrary fast-ion distribution function. In this 
numerical approach we calculate energy spectra of γ-rays 
emitted due to a small collection of N f  fast alpha particles 
whose velocities ( ∥ ⊥v v, ) are varied to scan the area of interest 
in velocity space. This formalism is analogous to numeric 
computation of weight functions for FIDA [31, 38], CTS [33] 
and NES [34, 35]. This collection of fast ions at phase-space 
position ( )∥ ⊥v vx , ,0 0 0  has a fast-ion distribution function δf  of 
the form

δ δ δ( ) = ( − ) ( − ) ( − )δ ∥ ⊥ ∥ ∥ ⊥ ⊥f v v N v v v vx x x, , .f 0 0 0 (5)

Substitution into equation  (4) and integration gives the 
amplitude of the weight function at phase-space position 
( )∥ ⊥v vx , ,0 0 0 :

ϕ
ϕ( ) = ( )

γ γ
δ γ γ

∥ ⊥w E E v v
s E E

N
x, , , , ,

, ,
.

f
,1 ,2 0 0 0

,1 ,2
 (6)

GRS weight functions show the incident rate of γ-photons 
between two γ-ray energies viewed at angle ϕ per alpha par-
ticle at phase-space position ( )∥ ⊥v vx , ,0 0 0 .

3. Observable regions of GRS measurements at 

JET

In this section  we calculate GRS weight functions by the 
numerical approach given in equation (6) using the GENESIS 
code. Figures 2 and 3 show weight functions for observation 
angles of respectively ϕ = °90  and ϕ = °30  at Doppler shifts 
typical for high-resolution GRS measurements at JET. The 
coloured regions are observable whereas the white regions 
are unobservable. The amplitude shows the sensitivity of the 
measurement in (photons/(α-particle  ×  s)). GRS measure-
ments are indeed insensitive to energies below about 1.7 
MeV and are most sensitive to alpha particles with energies 
at the resonance energies. These features are inherited from 
the cross sections of the reaction shown in figure 1. However, 
the weight functions reveal that GRS measurements are also 
highly selective in pitch.

For an observation angle of ϕ = °90  and large Doppler 
shifts (Δ = − ≳γ γ γE E E 450  keV), GRS measurements are 
completely insensitive to ions with pitches  ∼±1. The unob-
servable regions become larger for larger Doppler shifts such 
that for very large Doppler shifts (Δ ∼γE 90 keV), the meas-
urements are only sensitive to pitches around zero. We will 
show in the following sections that the energy and momentum 
equations  cannot be obeyed in the unobservable regions 
between 1.7 MeV and 6 MeV. Hence γ-photons with the given 
Doppler shifts cannot originate from these regions. For a 
Doppler shift of Δ ∼γE 30 keV, the sensitivity of GRS meas-
urements depends only weakly on the pitch. For low Doppler 
shifts (Δ ≲γE 15 keV), the measurements are most sensitive 
to particles with pitches close to ±1 on all resonances. We 
will explain this perhaps surprising result as a consequence of 
energy and momentum conservation as well as the projection 
of vc onto the line-of-sight in section 7. The redshifted side 
is identical to the blueshifted side at the same Doppler shift 
magnitude (figures 2(a) and (c)) corresponding to the expec-
tation to observe spectra that are symmetric about the peak 
energy.

We illustrate typical velocity-space observation regions of 
the other high-resolution γ-ray spectrometer at an observa-
tion angle ϕ = °30  and various Doppler shifts in figure 3. For 
any Doppler shift there are pitch ranges that are completely 
unobservable at ϕ = °30 . As for ϕ = °90  the unobservable 
regions grow with the Doppler shift. The observable regions 
are now biased towards either positive or negative pitches. 
The blueshifted side (Δ >γE 0) is most sensitive to co-going 
particles for large Doppler shifts (Δ ≳γE 30 keV). For very 
large Doppler shifts (Δ ≳γE 75 keV) the measurement is not 
sensitive to particles with negative pitches at all. The red-
shifted side is always a mirror image of the blueshifted side 
at the same Doppler shift magnitude (figures 3(a) and (c)). 
For low Doppler shifts (Δ ≲γE 15 keV), the measurements are 
most sensitive to trapped particles with pitches close to zero. 
This again perhaps surprising result will also be explained in 
section 7.

Thus we find that firstly GRS measurements are highly 
selective in pitch depending on the observation angle and the 
Doppler shift. Secondly, the pitch selectivity for both view 
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changes depending on the Doppler shift. The latter is per-
haps a surprising result that we will study using an analytic 
approach in the following sections.

4. Kinematics of the 9Be(α, nγ)12C reaction

The numeric computations of GRS weight functions is the 
most accurate way to characterize the velocity-space sensi-
tivity of GRS measurements as the numeric GRS weight func-
tions account for all physics modelled in the GENESIS code 
including the anisotropic differential cross sections  of the 
9Be(α γ), n 12C reaction [65]. However, the numeric approach 
provides limited insight and, for example, does not explain 
why large pitch ranges are not observable. In the following 
sections  we seek to gain insight into the velocity-space 

sensitivity of GRS measurements by constructing a simplified 
model of GRS weight functions based on the kinematics of the 
9Be(α γ), n 12C reaction. The gyro-angle Γ of the alpha particle 
at the time of the reaction influences the measurable Doppler-
shifted energy γE  of a γ-photon emitted by 12C* due to conser-
vation of energy and momentum. Motion of the alpha towards 
the detector tends to lead to blueshift whereas motion of the 
alpha away from the detector tends to lead to redshift. Here we 
establish this functional dependence. γE  depends linearly on 
the line-of-sight velocity uC of the carbon nucleus according 
to equation (3). uC in turn can be related to the gyro-angle Γ 
of the alpha particle by energy and momentum conservation.

Our formalism is analogous to that for neutron emission 
spectrometry (NES) [35]. However, two nuisance param-
eters appear as the reaction kinematics in two-step reaction 
GRS is less constrained than in NES which relies on one-step 

Figure 2. Full GRS weight functions w (photons/(α-particle  ×  s)) for ϕ = °90  and various Doppler-shifted energies Δ γE  of the γ-photons. 
The γ-ray energy bin width is − =γ γE E 1,1 ,2  keV. We assume =n 10Be

18 m−3. Note that the colour scale is different in each plot.  
(a) Δ = −γE 15 keV. (b) Δ =γE 0 keV. (c) Δ =γE 15 keV. (d ) Δ =γE 30 keV. (e) Δ =γE 45 keV. (  f ) Δ =γE 60 keV. (g) Δ =γE 75 keV.  
(h) Δ =γE 90 keV.

(a) (b)

(c) (d)

(e) (f)

(g) (h)
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reactions. In one-step reaction NES we know the energy 
as well as the momentum of the neutrons produced in the 
reaction since only neutrons moving along the line-of-sight 
towards the detector are measured. In two-step reaction GRS 
measurements we neither know the energy nor the momentum 
of the 12C* produced in the reaction, but we know its velocity 
component uC along the line-of-sight of the γ-ray detector as 
we know the energy of the γ-photon. The other two directions 
are described by the unknown angles β and ζ. These angles 
and the velocities and line-of-sight velocities of the 12C* and 
of the alpha particle relative to the line-of-sight and the local 
magnetic field are sketched in figure 4.

We neglect the gyro-motion of the 12C* as it decays after 
much shorter time than the cyclotron period. The decay time 
can be estimated from the intrinsic half-width of the 4.44 MeV 
level, Δ =γE 5.40  meV, to ℏ Δ ∼γE/ 610  fs [66] where ℏ is the 

reduced Planck constant. The cyclotron period of fully ion-
ized 12C* is about 60 ns for a magnetic field of 2.2 T, i.e.  ∼106 
times larger. In our simplified model, we further neglect the 
energy and momentum of the thermal 9Be impurities com-
pared with the energy and momentum of the alpha particle. 
For a beryllium temperature of  ∼10 keV and an alpha par-
ticle energy of 2 MeV, the alpha-to-beryllium energy ratio 
is  ∼200 and the momentum ratio is  ∼10. The GENESIS code 
accounts for the non-zero energy and momentum of beryl-
lium. A calculation showed that non-zero beryllium tempera-
tures blur the GRS weight functions somewhat but preserve 
their large-scale features. We do not show these temperature 
effects for brevity.

Hence the energy and momentum conservation equa-
tions for the first step (equation (1)) of the two-step reaction 
become, respectively,

Figure 3. Full GRS weight functions w (photons/(α-particle  ×  s)) for ϕ = °30  and various Doppler-shifted energies Δ γE  of the γ-photons. 
The γ-ray energy bin width is − =γ γE E 1,1 ,2  keV. We assume =n 10Be

18 m−3. Note that the colour scale is different in each plot.  
(a) Δ = −γE 15 keV. (b) Δ =γE 0 keV. (c) Δ =γE 15 keV. (d ) Δ =γE 30 keV. (e) Δ =γE 45 keV. (  f ) Δ =γE 60 keV. (g) Δ =γE 75 keV.  
(h) Δ =γE 90 keV.

(a) (b)

(c) (d)

(e) (f)

(g) (h)
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+ * = +α αm v Q m v m v
1

2

1

2

1

2
,n n

2
C C

2 2 (7)

= +α αm m mv v vn nC C (8)

where subscripts α, C and n refer to the alpha particle, the 12C 
and the neutron, respectively. We solve equation (8) for vn and 
eliminate vn

2 from the energy equation:

+ * = + ( + − ⋅ )α α α α α αm v Q m v
m

m v m v m m v v
1

2

1

2

1

2
2 .

n

2
C C

2 2 2
C
2

C
2

C C

 (9)

When equation  (9) is solved for αv , the solution 
may not conserve momentum but instead comply with 

= −α αm m mv v vn nC C  rather than the correct momentum equa-
tion. This is checked for and excluded below. The dot product 

⋅αv vC in equation  (9) is calculated by introducing the line-
of-sight velocities. The line-of-sight velocity uC of 12C can at 
once be calculated from the measured energies γE  in high-
resolution GRS according to equation  (3). The line-of-sight 
velocity αu  of the alpha leaves a signature in the γ-ray spectra 
through the momentum and the energy equations whereas its 
velocity perpendicular to the line-of-sight enters through the 
energy equation only. Motivated by this observation, we split 
the velocity vectors of the 12C and the alpha into components 
parallel and perpendicular to the line-of-sight,

= + −α α α α α⊥u v uv v vˆ ˆ ,LOS
2 2

,LOS (10)

= + − ⊥u v uv v vˆ ˆC C LOS C
2

C
2

C,LOS (11)

where v̂LOS is the unit vector along the line-of-sight towards 
the detector and α⊥v̂ ,LOS and ⊥v̂ C,LOS are unit vectors of the 
velocity components of the alpha particle and the carbon 
nucleus perpendicular to the line-of-sight, respectively. The 
line-of-sight velocity uC and the total velocity vC can be 
related according to

β=u v cosC C (12)

where β π∈ [ ]0,  is the angle between v̂C and v̂LOS as sketched 
in figure 4. β is a random variable with a probability distribu-
tion which we will sample by Monte Carlo simulations. As vC 
is the magnitude of vC, uC and βcos  have the same sign.

The dot product in equation (9) becomes

ζ⋅ = + ( − )( − )α α α αu u v u v uv v cosC C
2 2

C
2

C
2 (13)

where ζ π∈ [ ]0, 2  is the angle between α⊥v̂ ,LOS and ⊥v̂ C,LOS 
as sketched in figure 4. ζ is, as β, a random variable with a 
probability distribution which we sample by Monte Carlo 
simulation. For the special cases that αv  or vC has no velocity 
component perpendicular to the line-of-sight, the dot product 
becomes

⋅ =α αu uv vC C (14)

as =α αu v2 2 or =u vC
2

C
2. Then ζ is not defined, and the simplified 

dot product must be used. This simplified dot product appears 
for NES weight functions because detectable neutrons always 
move along the line-of-sight [35]. Substituting equation (13) 
into equation (9) we get

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟( )ζ

− + * = +

− + ( − )( − )

α
α

α

α
α α α

m
m

m
v Q m

m

m
v

m m

m
u u v u v u

1

2

1

2

cos .

n n

n

2
2

C
C
2

C
2

C
C

2 2
C
2

C
2

 

(15)

We eliminate vC for β π≠ /2:

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟( )

β

ζ β

− + * = +

− + ( − )( − )

α
α

α

α
α α α

m
m

m
v Q m

m

m

u

m m

m
u u v u u u

1

2

1

2 cos

cos /cos .

n n

n

2
2

C
C
2

C
2

2

C
C

2 2
C
2 2

C
2 (16)

For β π= /2, =u 0C  according to equation (12). The meas-
ured Doppler shift is zero for particles moving perpendicular 
to the line-of-sight. To simplify the algebra, we take =αm m4 n 
and =m m12 nC . Using β β− =1/cos 1 tan2 2  we find

( )β
ζ β

* − − + + ( − ) =α α α α
Q

m
v

u
u u v u u

6
13

cos
8 cos tan 0.

n

2 C
2

2 C
2 2

C
2 2

 (17)

αv  and αu  are given by

= +α ∥ ⊥v v v2 2 2 (18)

and [33]

ϕ ϕ= + Γα ∥ ⊥u v vcos sin cos (19)

where ϕ is the angle between the line-of-sight and the mag-
netic field at the position we consider as sketched in figure 4. 
Γ is the gyro-angle. Substitution gives

β
ϕ ϕ

ζ ϕ ϕ β

* − − − + ( + Γ)

+ ( + − ( + Γ) )
=

∥ ⊥ ∥ ⊥

∥ ⊥ ∥ ⊥

Q

m
v v

u
v v u

v v v v u

6
13

cos
8 cos sin cos

8 cos cos sin cos tan

0.

n

2 2 C
2

2 C

2 2 2
C
2 2

 
(20)

Figure 4. Sketch of the geometric relation between the magnetic 
field, the line-of-sight (LOS) and the velocities of the 12C* 
nucleus, vC, and the alpha particle, αv . The respective line-of-sight 
velocities are uc and αu . The dashed lines are perpendicular to the 
line-of-sight. The angles ϕ β ζ, ,  are defined as ϕ = ∠( )v Bˆ ,LOS , 
β = ∠( )v vˆ ,LOS C  and ζ = ∠( )α⊥ ⊥v vˆ , ˆ,LOS C,LOS .
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This is an implicit functional relationship between the gyro-
angle Γ of the alpha particle and the measurable uC showing 
that the measurable energy γE  depends on the gyro-angle Γ of 
the alpha particle for each point in 2D velocity space.

5. Analytic model of GRS probability functions

Equation (20) contains the gyroangle Γ which can take any 
value in π[ ]0, 2 . The probability distribution is uniform to a 
good approximation:

π
=Γpdf

1

2
. (21)

The relation between the measurable uC and the gyro-
angle Γ of the alpha particle in equation (20) then allows us 
to calculate the probability that a detected γ-photon lies in a 
given energy range between γE ,1 and γE ,2 as we will show in 
this section. As this probability is a function of the observa-
tion angle ϕ and the position in velocity space, it is written 
as ϕ( < < ∣ )γ γ γ ∥ ⊥E E E v vprob , ,,1 ,2  where the conditioning 
symbol ‘’ means ‘given’. The probability function is related 
to the weight function by a detection rate function ( )∥ ⊥R v v x, ,  
defined as the detection rate of photons per alpha particle 
per second irrespective of the γ-ray energy in units (photons/ 
(α-particle  ×  s)). The weight function w is obtained if we mul-
tiply the total detection rate per ion R with the probability that 
the detected γ-photon is in a particular energy range:

ϕ

ϕ

( ) = ( )
× ( < < )

γ γ

γ γ γ

∥ ⊥ ∥ ⊥

∥ ⊥

w E E v v R v v

E E E v v

x x, , , , , , ,

prob , , .

,1 ,2

,1 ,2

 (22)

This relation has similarly been introduced to normalize 
FIDA and NES weight functions [32, 35]. ( )∥ ⊥R v v x, ,  hence 
has the same units as weight functions whereas the prob-
abilities functions are dimensionless numbers between 0 and 
1. ( )∥ ⊥R v v x, ,  depends on the production rate of γ-photons 
per alpha particle, on how many of the produced γ-photons 
reach the detector, and on how efficiently the γ-photons at 
the detector are detected. Energy and momentum conserva-
tion determine the boundaries of the probability functions 
prob ϕ( < < )γ γ γ ∥ ⊥E E E v v, ,,1 ,2  in ( )∥ ⊥v v, -space and hence ulti-
mately the boundaries of weight functions separating the 
observable regions from the unobservable regions. The ampli-
tudes of the probability functions and the full weight functions 
also depend on the reaction cross sections.

We compute ( )∥ ⊥R v v x, ,  using the GENESIS code by 
allowing all possible γE :

ϕ( ) = ( = → ∞ )δ γ γ
∥ ⊥R v v

s E E

N
x, ,

0, ,
.

f
0 0 0

,1 ,2
 (23)

An example of a numerically calculated rate function for 
the 9Be(α γ), n 12C reaction is shown in figure 5. The rate func-
tion is, as the cross sections, symmetric in pitch angle. The 
numbers of detectable γ-photons per ion are enhanced at the 
resonances.

In the following we calculate probability functions intro-
duced in equation  (22) using equation  (20). The angles β 

and ζ are random variables for which probability distribu-
tion functions pdf β ζ ϕ( ∣ )∥ ⊥v v, , ,  can be computed numeri-
cally using the GENESIS code. The probability function 

ϕ( < < ∣ )γ γ γ ∥ ⊥E E E v vprob , ,,1 ,2  can be calculated by trans-
forming to probabilities in uC according to

∫
∫ ∫

ϕ
ϕ

ϕ

ϕ β ζ β ζ ϕ β ζ

( < < ∣ )
= ( < < ∣ )
= ( ∣ )

= ( ∣ ) ( ∣ )

γ γ γ

β ζ

∥ ⊥
∥ ⊥

∥ ⊥

∥ ⊥ ∥ ⊥

E E E v v

u u u v v

u v v u

u v v v v u

prob , ,

prob , ,

pdf , , d

pdf , , , , pdf , , , d d d

u

u

u

u

,1 ,2

C,1 C C,2

C C

,
C C

C,1

C,2

C,1

C,2

 (24)
The integration limits in uC can be directly calculated from 

equation (3) for the energy range of interest. The probability 
density function pdf ϕ β ζ( ∣ )∥ ⊥u v v, , , ,C  can be calculated by 
solving equation (20) for uC and then by sampling from the 
uniform probability density function in gyro-angle Γ (equa-
tion (21)).

To solve for uC, we pull the always positive product βu tanC  
in equation (17) in front of the square root:

( )β
β ζ

* − − + + − =α α α α
Q

m
v

u
u u u v u

6
13

cos
8 tan cos 0.

n

2 C
2

2 C C
2 2

 (25)
The solutions of the quadratic equation in uC are

⎛
⎝⎜

⎞
⎠⎟

( )
( )

β β β ζ

β β β ζ

= + −

± + − + * −

α α α

α α α α

u u v u

u v u
Q

m
v

4

13
cos cos sin cos

cos

13

16

13
cos sin cos

6
.

n

C
2 2

2
2 2

2
2

 

(26)

A second option to calculate ϕ( < < ∣ )γ γ γ ∥ ⊥E E E v vprob , ,,1 ,2  
is to transform the problem from uC-space to Γ-space 
according to

ϕ β ζ( ∣ ) = Γ
∥ ⊥ Γu v v

u
pdf , , , , pdf

d

d
C

C
 (27)

which has the advantage that the integration of the constant 
pdfΓ is straightforward. Hence the probability function can 
alternatively be calculated according to

Figure 5. Rate function R (photons/(α-particle  ×  s)) showing the 
number of detectable γ-photons per alpha particle at ϕ = °90  as 
a function of alpha particle velocities. The photons can have any 
energy. We assume =n 10Be

18 m−3. The resonances appear at 
= ( ) ×v 9.5, 11.1, 13.8, 14.7, 15.5, 15.9, 16.6 106 m s−1.
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∫ ∫
∫ ∫

∑
∑

ϕ

β ζ ϕ β ζ

β ζ ϕ β ζ

( < < ∣ )
= ( ∣ ) Γ

= ( ∣ ) Γ

γ γ γ

β ζ

β ζ

∥ ⊥

Γ
Γ

Γ ∥ ⊥

∥ ⊥ Γ
Γ

Γ

E E E v v

v v

v v

prob , ,

pdf pdf , , , d d d

pdf , , , pdf d d d .

i

i

,1 ,2

,

,

i

i

i

i

1,

2,

1,

2,

 

(28)

The integration limits in Γ must still be calculated. There 
are zero to four possible ranges in Γ corresponding to the 
range in uC as we will show next. These are indicated as a 
sum over the index i in equation (28). As these ranges in Γ do 
not overlap, we sum over the mutually exclusive probabilities. 
We take the absolute value of the integral in Γ as the integral 
represents a probability and hence must be positive while we 
have Γ > Γi i1, 2,  for at least one interval, if there is a solution. 
In the last step we have used that pdf β ζ ϕ( ∣ )∥ ⊥v v, , ,  does not 
depend on Γ. We can now evaluate the integral in Γ:

∫ ∑
ϕ

β ζ ϕ
π

β ζ

( < < ∣ )
= ( ∣ ) Γ − Γ

γ γ γ

β ζ

∥ ⊥

∥ ⊥

E E E v v

v v

prob , ,

pdf , , ,
2

d d
i

i i

,1 ,2

,

2, 1, 
(29)

To find the integration limits in Γ in equations  (28) and 
(29), we isolate the square root in equation (17) and square:

β β

β ζ

* − − + * − −

+
= ( − )

α α α

α

α α

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

Q

m
v

u
u

Q

m
v

u
u

u u

u v u

6
13

cos
16

6
13

cos

64

64 tan cos .

n n

2 C
2

2

2

C
2 C

2

2

C
2 2

C
2 2 2 2 2

 
(30)

The solutions in αu  are for β β ζ( + ) ≠u cos sin cos 0C
2 2 2

( )

( )

( )

β

β β ζ

β ζ β β β ζ

β

β β β ζ

=
+ −

( + )

±

( + )

− − −
( + )

α
α

α

α

*

*

⎛
⎝⎜

⎞
⎠⎟

u
u v

u

u v

v u

u

13 cos

8 cos sin cos

sin cos 64 cos cos sin cos

cos 13

64 cos cos sin cos
.

Q

m

Q

m

C
2 2 2

6

C
2 2 2

2 2
C
2 2 2 2 2 2

2
6

2
C
2

2

C
2 2 2 2 2 2

n

n

 (31)
Γ is then found from αu  by

ϕ
ϕ

Γ = −α ∥
⊥

u v

v
arccos

cos

sin
. (32)

A second pair of solutions for π πΓ ∈ [ ], 2  is given by

πΓ = − Γ′ 2 (33)

as π( − Γ) = Γcos 2 cos  and the arccosine function is defined 
in π[ ]0,  whereas πΓ ∈ [ ]0, 2 . This is the functional dependence 
between Γ and uC required to transform the integration limits. 
However, taking the square again introduces a spurious solu-
tion, i.e. a solution of the squared equation (30) but not of the 
original non-squared equation (17), which we check for and 
exclude below.

We note that our solution for Γ is valid for not completely 
parallel observation ( ϕ ≠sin 0), velocity-space positions 
not exactly on the ∥v -axis ( ≠⊥v 0), non-zero Doppler-shifts 
( β≠ ≠u 0, cos 0C ), and particles not moving exactly parallel 
to the line-of-sight ( ≠α αu v2 2 and ≠u vC

2
C
2). The special cases 

not fulfilling these conditions could be treated individually, 
but we omit these special cases for brevity.

6. Comparison of analytically and numerically  

calculated GRS probability functions for given (β ζ, )

In this section  we compare probability functions for given 
(β ζ, ) as computed by the analytical and the numerical 
approaches. Equation (28) shows that the full probability func-
tion ϕ( < < ∣ )γ γ γ ∥ ⊥E E E v vprob , ,,1 ,2  requires knowledge of the 
probability density function β ζ ϕ( ∣ )∥ ⊥v vpdf , , , . Nevertheless, 
equation (20) allows analytic computation of probability func-
tions for given (β ζ, ),

∑ϕ β ζ
π

( < < ∣ ) = Γ − Γ
γ γ γ ∥ ⊥E E E v vprob , , , ,

2
i

i i
,1 ,2

2, 1,
 (34)

which must be integrated over β ζ( ),  to obtain the full prob-
ability function:

∫
ϕ

β ζ ϕ ϕ β ζ β ζ

( < < ∣ )
= ( ∣ ) ( < < ∣ )

γ γ γ

β ζ
γ γ γ

∥ ⊥

∥ ⊥ ∥ ⊥

E E E v v

v v E E E v v

prob , ,

pdf , , , prob , , , , d d

,1 ,2

,
,1 ,2

 (35)

Both probability functions can be calculated with the 
numerical approach. The full probability function can be cal-
culated from the numerically calculated quantities w and R 
according to

ϕ
ϕ

( < < ∣ )
= ( )

( )

γ γ γ

γ γ

∥ ⊥
∥ ⊥

∥ ⊥

E E E v v

w E E v v

R v v

x

x

x

prob , , ,

, , , , ,

, ,
.

,1 ,2 0 0 0

,1 ,2 0 0 0

0 0 0

 
(36)

The probability prob ϕ β ζ( < < ∣ )γ γ γ ∥ ⊥E E E v v, , , ,,1 ,2  can also 
be calculated using the numerical approach by allowing only 
the given ( β ζ, )-pair:

ϕ β ζ
ϕ β ζ

β ζ
ϕ β ζ

β ζ

( < < ∣ ) = ( )
( )

= ( )
( )

γ γ γ
γ γ

γ γ

∥ ⊥
∥ ⊥

∥ ⊥

∥ ⊥

E E E v v
w E E v v

R v v

s E E

N R v v

x

x

x

prob , , , ,
, , , , , , ,

, , , ,

, , , ,

, , , ,
.

f

,1 ,2
,1 ,2

,1 ,2

 

(37)

As pdf β ζ ϕ( ∣ )∥ ⊥v v, , ,  is not known analytically, it is best to 
compare analytic and the numerical approach at given ( β ζ, ). 
The probability functions prob ϕ β ζ( < < ∣ )γ γ γ ∥ ⊥E E E v v, , , ,,1 ,2  
may be regarded as basic building blocks of full probability 
functions prob ϕ( < < ∣ )γ γ γ ∥ ⊥E E E v v, ,,1 ,2 . As probability func-
tions based on equation  (20) neglect the momentum and 
energy of the thermal beryllium impurity, we also neglect 
these in the numeric computation by setting the beryllium tem-
perature to zero. A comparison of the analytical and numerical 
probability functions for given β ζ( ),  is presented in figure 6. 
The amplitudes are the probabilities of detected γ-photons 
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to be within the given energy range. The analytical and the 
numerical approaches find the complex shape of this prob-
ability function in very good agreement. The amplitudes of 
the analytical and numerical probability functions are slightly 
different because β ζ( ),  are not given in exact values but rather 
in a small ranges due to the finite numerical resolution. We 
have calculated the probability functions up to energies of 6 
MeV corresponding to ×17 106 m s−1 as larger energies are 
usually not of interest. We have used this particular pair of 
( β ζ, ) as this probability function has a particularly complex 
shape. The simpler shapes of probability functions for other 
( β ζ, ) pairs computed with the numerical and the analytical 
approaches are similarly in very good agreement.

7. Parametric studies of the velocity-space  

sensitivity of GRS

In this section we study the velocity-space sensitivity of GRS 
measurements using simplified analytic expressions as shown 
in section 5. First we show examples of probability functions 
for fixed values of β and ζ. We will further present a simplified 
model for a full probability function by assuming a uniform 
probability distribution of β ζ( ), .

Figure 7 shows the impact of the observation angle ϕ and the 
Doppler-shifted energy of the γ-rays for β = ∠( ) = °v vˆ , 10LOS C  
and ζ = ∠( ) = °α⊥ ⊥v vˆ , ˆ 0,LOS C,LOS . Typical observation angles 
for the two high-resolution GRS diagnostics at JET are 
ϕ = °90  and ϕ = °30 . The Doppler shifts of the γ-rays are 
varied from Δ = −γE 15 keV to Δ =γE 60 keV corresponding 
to projected velocities of the 12C from = −u 10C

6 m s−1 to 
= ×u 4 10C

6 m s−1 (equation (3)). These values are also 
typical for GRS measurements at JET. Blueshifted γ-rays 
have positive Δ γE  whereas redshifted γ-rays have negative 
Δ γE . The forms and positions of these probability functions 
prob ϕ β ζ( < < ∣ )γ γ γ ∥ ⊥E E E v v, , , ,,1 ,2  are highly dependent on 
the Doppler-shifted energies and the observation angles. The 
amplitudes of prob ϕ β ζ( < < ∣ )γ γ γ ∥ ⊥E E E v v, , , ,,1 ,2  are large 
near their boundaries. This is also observed for CTS, FIDA, 
and NES weight functions for the typical spectral resolution 
of the measurements and is explained by the projection of the 
circular gyro-motion onto the line-of-sight which leads to high 
probabilities to observe velocities near the extremal values [32, 
33, 35]. We further note the appearance of a low sensitivity 
region at a particular alpha particle energy in each probability 

function which does not occur for FIDA, CTS or NES weight 
functions. For ϕ = °90  (figures 7(a)–(c)) the probability func-

tions are mirror symmetric about =∥v 0 since ∥v  appears only 
as the squared quantity ∥v 2 in equation (20) whereas the linear 
terms in ∥v  vanish. The larger Δ γE  is (or equivalently the larger 
uC is), the larger the observable area covered by the proba-
bility functions is in alpha velocity space and the larger the 
velocities are. For the oblique line-of-sight with respect to the 
magnetic field at ϕ = °60  (figures 7(d )–(  f )), a bias towards 
positive ∥v  for blueshifted γE  is introduced into the probability 
functions. This bias comes from the terms ϕ∥v cos  in equa-
tion (20). It becomes even stronger for ϕ = °30  (figures 7(g)–
(i)). These biases for oblique lines-of-sight occur for any β and 
ζ and hence leave a signature in the full GRS weight functions 
and make GRS measurements with oblique lines-of-sight 
selective in pitch towards either co-going or counter-going 
alpha particles. Lastly, we find that the observation regions for 
given β and ζ and redshift are mirror images of those for cor-
responding blueshifts (figures 7(  j)–(l )) as also follows from 
equation (20). Similarly, observation regions for fixed β and ζ 
for an observation angle ϕ ϕ= ° −′ 180  are mirror images to 
those at ϕ at the same Doppler shift.

In the following we calculate a simplified model of full prob-
ability functions prob ϕ( < < ∣ )γ γ γ ∥ ⊥E E E v v, ,,1 ,2  assuming that 
all angles β and ζ are equally likely. Then the pdf(β ζ ϕ∣ ∥ ⊥v v, , , ) 
is uniform. Our results show that salient features of the GRS 
weight functions in figure 2 are reflected in similar features 
of either the rate function R in figure 5 or the corresponding 
probability function. The elevated sensitivity of weight func-
tions at the resonances is inherited from the rate functions. In 
contrast, the pitch selectivity is inherited from the probability 
functions prob ϕ( < < ∣ )γ γ γ ∥ ⊥E E E v v, ,,1 ,2 .

In figure 8 we show a simplified model of the full prob-
ability function prob ϕ( < < ∣ )γ γ γ ∥ ⊥E E E v v, ,,1 ,2  for a perpendic-
ular observation angle ϕ = °90  assuming uniform probability 
densities in ( β ζ, ). The Doppler shifts are varied from 15 
keV to 75 keV. The boundaries of the simplified probability 
functions are identical with the boundaries of full probability 
functions computed with the GENESIS code whereas the 
amplitudes may be different for probability densities in β ζ( ),  
accounting for anisotropic cross sections. The probability 
functions reveal completely unobservable regions as well as 
local maxima with elevated sensitivity. The local maxima in 
the probability functions make the GRS measurements highly 

Figure 6. prob ϕ β ζ( < < ∣ )γ γ γ ∥ ⊥E E E v v, , , ,,1 ,2  for =γE 15 keV, − =γ γE E 12 1  keV, ϕ = °30 , β = °70  and ζ = °10  as computed by the analytic 
and numerical approaches. (a) Analytic. (b) Numeric.

(a) (b)
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sensitive in particular pitch ranges whereas areas with no solu-
tion of energy and momentum equations make the GRS meas-
urements completely insensitive in other pitch ranges. We note 
that the probability functions prob ϕ( < < ∣ )γ γ γ ∥ ⊥E E E v v, ,,1 ,2  
presented here assume uniform probability densities in β and ζ 
in the allowed regions whereas in section 3 we fully accounted 
for the anisotropic differential cross sections.

For Δ =γE 15 keV the entire velocity space is observable. 
The strong upper local maximum would suggest strong sen-
sitivity for pitches near zero, but this maximum lies below 
the energy of the first resonance and is hence in a region pro-
ducing few detectable γ-rays. For alpha particle energies larger 
than 1.9 MeV we find that the GRS measurements should be 
most sensitive to co-going and counter-going particles (low 
⊥v ) rather than trapped particles. This perhaps surprising result 

was also found by calculating full GRS weight functions in 
section  3. For larger Doppler shifts, completely unobserv-
able regions appear at low ⊥v  (corresponding to pitches  ∼±1). 
In these regions energy and momentum conservation do not 
allow the emission of γ-photons with these Doppler shifts. The 
sizes of these unobservable regions increase with the Doppler 
shift consistent with the corresponding weight functions. 
Further, there are particular regions with very large probabili-
ties. We find two local maxima whose distances to the origin 
also increase with the Doppler shift. For Δ ∼γE 30 keV the 
upper maximum lies in the region with significant γ-photon 
production whereas the lower maximum is still below the first 
resonance at 1.9 MeV. For Δ ∼γE 45 keV the upper and lower 
local maxima at pitches around zero cover several resonances 
making the GRS measurements highly sensitive for pitches 

Figure 7. prob ϕ β ζ( < < ∣ )γ γ γ ∥ ⊥E E E v v, , , ,,1 ,2  for various projection angles ϕ = ( ° ° °)30 , 60 , 90  and Doppler shifts Δ = (− )γE 15, 15, 30, 60  
keV in base ten logarithm, see subfigure captions. − =γ γE E 1.52 1  keV and ζ = °0  are kept fixed. The angle between v̂LOS and vC is set 
to β = °10  for blueshift (Δ >γE 0) and to the supplementary angle β = °170  for redshift (Δ <γE 0). The probability functions for redshift 
and blueshift with the same magnitude are mirror images about =∥v 0. (a) ϕ = ° Δ =γE90 , 15 keV. (b) ϕ = ° Δ =γE90 , 30 keV. (c) 
ϕ = ° Δ =γE90 , 60 keV. (d) ϕ = ° Δ =γE60 , 15 keV. (e) ϕ = ° Δ =γE60 , 30 keV. (  f ) ϕ = ° Δ =γE60 , 60 keV. (g) ϕ = ° Δ =γE30 , 15 keV.  
(h) ϕ = ° Δ =γE30 , 30 keV. (i) ϕ = ° Δ =γE30 , 60 keV. (j) ϕ = ° Δ = −γE30 , 15 keV. (k) ϕ = ° Δ = −γE30 , 30 keV. (l) ϕ = ° Δ = −γE30 , 60 keV.
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around zero. For Δ ∼γE 60 keV the lower local maximum is in 
the region with significant γ-photon production. The elevated 
detection probabilities make GRS spectrometers observing 
at ϕ = °90  for Doppler shifts of about 45 keV or larger par-
ticularly sensitive to ions with pitches close to zero and rather 
insensitive or completely insensitive to ions with pitch close to 
±1. We stress that the most sensitive pitch range thus strongly 
depends on the Doppler shift.

We illustrate typical velocity-space observation regions 
of the other high-resolution γ-ray spectrometer at an obser-
vation angle ϕ = °30  and various Doppler shifts in figure 9. 
Completely unobservable regions appear even at small 
Doppler shifts (Δ ∼γE 15 keV). These blueshifted γ-photons 

cannot be produced due to alpha particles with ∼ −p 1 and 
very high energy alpha particles with ∼p 1. Two local 
maxima with elevated detection probabilities again appear 
that are biased towards positive ∥v  for blueshift and ϕ = °30 . 
Further we find elevated probabilities for pitches near zero 
explaining why the weight functions for low Doppler shift 
and ϕ = °30  are actually most sensitive to trapped particles. 
For Doppler shifts of Δ ≳γE 30 keV, the probability func-
tions show the expected bias. The blueshifted side is most 
sensitive to co-going particles. For large Doppler shifts the 
measurement is not sensitive to counter-going particles at 
all. The probabilities are also rather small for trapped alpha 
particles. As already mentioned GRS weight functions for 

Figure 8. prob ϕ( < < ∣ )γ γ γ ∥ ⊥E E E v v, ,,1 ,2  assuming uniform probability densities in (β ζ, ) for ϕ = °90  and various Doppler shifts 
Δ = ( )γE 15, 30, 45, 60, 75  keV in base ten logarithm. − =γ γE E 1.52 1  keV is kept fixed. Note that we choose different scales for each plot. 
(a) Δ =γE 15 keV. (b) Δ =γE 30 keV. (c) Δ =γE 45 keV. (d ) Δ =γE 60 keV. (e) Δ =γE 75 keV.
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Figure 9. prob ϕ( < < ∣ )γ γ γ ∥ ⊥E E E v v, ,,1 ,2  assuming uniform probability densities in (β ζ, ) for ϕ = °30  and various Doppler shifts 
Δ = ( )γE 15, 30, 45, 60, 75  keV in base 10 logarithm. − =γ γE E 1.52 1  keV is kept fixed. We assume uniform probability densities in (β ζ, ). Note 
that we choose different scales for each plot. (a) Δ =γE 15 keV. (b) Δ =γE 30 keV. (c) Δ =γE 45 keV. (d ) Δ =γE 60 keV. (e) Δ =γE 75 keV.
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redshifts are mirror images of those with the corresponding 
blueshift.

8. Applications of GRS weight functions for a 

slowing-down distribution

Traditionally high resolution GRS spectra are calculated by 
computationally demanding Monte Carlo simulation using 
the GENESIS code. GRS spectra can also be calculated using 
weight functions. In this approach weight functions are cal-
culated for each Doppler-shifted energy bin. Once the weight 
functions are known, the spectra can be rapidly calculated 
by matrix multiplication for any f . The matrix multiplication 
method is significantly faster than the Monte Carlo simulation 
[32, 33, 35]. This becomes very advantageous if spectra for 
many distributions functions are to be calculated. We illustrate 
the two approaches to calculate spectra for an alpha particle 
slowing down distribution. This distribution is illustrated in 
figure 10 as a slice of a 3D function [s3 m−6] and as 2D func-
tion with no implied third direction [s2 m−5]. The slowing 
down distribution is given by

∫τ( ) = ( + ) + ˜ ( ˜) ˜∥ ⊥
∥ ⊥

∞
f v v

v v v
v S v v, ds3D

2 2 3/2
c
3 0

2
 (38)

where τs is the slowing-down time, vc is the critical velocity 
and S is the alpha particle source spectrum, which we calcu-
lated using a Monte Carlo approach.

Figure 11 demonstrates that spectra calculated using 
weight functions and using the Monte Carlo approach agree 
within the Monte Carlo noise level. This verifies that the 
GRS weight functions are in agreement with the traditional 
Monte Carlo simulation. The weight function method addi-
tionally shows the alpha particle velocity space origin of the 
signal in a particular γ-photon energy bin. This is shown by 
the product of the particular weight function for this γ-photon 
energy bin and the fast-ion velocity distribution function 

×w f  at that point. Figures 12 and 13 illustrate these regions 
for ϕ = °90  and ϕ = °30  for a few Doppler-shifted energies, 
respectively. For the adopted slowing-down distribution, most 
γ-photons with Doppler shifts below ≲60 keV are produced 
near the 1.9 MeV resonance. Most γ-photons with Doppler 
shifts larger than 60 keV are produced near the 4 MeV reso-
nance as energy and momentum conservation do not permit 
the production of γ at the 1.9 MeV resonance. We further find 

the strong pitch dependence inherited from the corresponding 
weight functions.

9. Discussion

Weight functions are widely used to interpret FIDA and CTS 
measurements [31–35, 41–61] . Recently, NES weight func-
tions have been derived and applied to interpret measurements 
with the time-of-flight neutron spectrometer TOFOR at JET 
[34, 35]. GRS weight functions should likewise prove useful 
for GRS measurements at JET. Alpha particles accelerated to 
high energies by ICRH likely have pitches quite close to zero 
and can hence be measured well using the detector with the 
perpendicular line-of-sight (ϕ = °90 ) at large Doppler shifts. 
However, alpha particles generated in burning plasma in the 
upcoming DT campaign at JET should be quite evenly dis-
tributed in pitch. GRS weight functions show that measure-
ments at ϕ = °90  and large Doppler shifts will preferentially 
detect trapped fast particles with low pitches ( ∼p 0) whereas 
measurements at ϕ = °30  and large Doppler shifts will pref-
erentially detect co- and counter-going fast particles on the 
blue- and redshifted sides of the peak, respectively.

Weight functions are further used to measure 2D fast-ion 
distribution functions by tomographic inversion. This was 
demonstrated for FIDA measurements at ASDEX Upgrade in 
NBI heated MHD quiescent discharges as well as discharges 

Figure 10. Alpha particle slowing-down distribution represented (left) as a slice of a 3D function [s3 m−6] and (right) as 2D function  
[s2 m−5]. We assume =αn 1018 m−3, =n 10e

20 m−3, = =n n n /2T eD  and = = =T T T 20T eD  keV. The velocity distribution function f 2D from 
f 3D by transforming to cylindrical coordinates and integrating over the by assumption ignorable gyroangle Γ, π= ⊥f v f22D 3D.

Figure 11. Energy spectrum for the =γE 4.440  MeV level for 
the alpha particle slowing-down distribution from figure 10 as 
calculated using Monte Carlo simulations (MC) and by weight 
functions (WF). The spectrum shows the number of detected  
γ-photons per second [photons/s] in small energy bins of widths 

− =γ γE E 1,2 ,1  keV. We assume emission from a point source in 
position space.
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with sawtooth activity. JET has two high-resolution γ-ray 
spectrometers as well as two high-resolution neutron emis-
sion spectrometers. These diagnostics could be combined to 
measure 2D fast-ion distribution functions in JET discharges. 
This could provide direct measurements of 2D velocity dis-
tribution functions of fast ions in the MeV range generated 
by ICRH or even of an alpha distribution function in burning 
plasma in the upcoming DT campaign at JET. However, this 
is beyond the scope of this paper. We must still investigate if 
the signal-to-noise ratio is high enough for tomographic inver-
sion. Further, GRS and NES measurements have no spatial 
resolution along their lines-of-sight, and hence measurements 
in small spatial volumes as for FIDA are not possible with this 
diagnostic set. At JET the tomographic inversion would deter-
mine a spatial average of the 2D velocity distribution function 
in the plasma core assuming most fusion products are formed 
there.

GRS weight functions could also prove useful for tomo-
graphic inversion at ASDEX Upgrade [67, 68] where up to 
six FIDA views [39, 55, 61], two CTS views [54, 62, 69–73], 
one NES view [74, 75], one GRS view [22], one neutral par-
ticle analyzer as well as three FILD diagnostics [76, 77] pro-
vide excellent fast-ion velocity-space coverage. Here the GRS 
weight functions enable us to use GRS together with the other 
diagnostics to measure 2D fast-ion distribution functions.

Lastly, our formalism will show the velocity-space sensi-
tivity of GRS measurements on ITER [24] and DEMO [25] 
and fusion reactors beyond. ITER will also be equipped 
with NES [78] and CTS [79–81] diagnostics, and diagnos-
tics based on charge-exchange reactions will also likely give 
valuable information about fast ions [82]. GRS weight func-
tions should make it possible to measure 2D fast-ion velocity 
distribution functions on ITER in combination with the other 
fast-ion diagnostics.

Figure 12. The products ×w f  of the functions shown in figures 2 and 10(b) illustrate how many γ-photons detected at each Doppler shift 
Δ γE  were produced resolved in 2D velocity-space for this slowing-down distribution function. The units are (photons  ×  s m−5). The γ-ray 
energy bin width is − =γ γE E 1,1 ,2  keV, and the observation angle is ϕ = °90 . We assume =n 10Be

18 m−3 and =T 0Be  keV. (a) Δ = −γE 15 
keV. (b) Δ =γE 0 keV. (c) Δ =γE 15 keV. (d ) Δ =γE 30 keV. (e) Δ =γE 45 keV. (  f ) Δ =γE 60 keV. (g) Δ =γE 75 keV. (h) Δ =γE 90 keV.

(a) (b)

(c) (d)

(e) (f)

(g) (h)
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10. Conclusions

Here we calculated weight functions revealing velocity-space 
sensitivities of GRS measurements. GRS weight functions 
show how many γ-photons can be detected per ion and hence 
which velocity-space regions are observable and which are 
unobservable. Given a simulated fast-ion distribution function, 
GRS weight functions allow rapid calculation of γ-ray spectra 
additionally showing how many γ-rays are produced for each 
alpha particle velocity. We focussed on the 9Be(α,nγ)12C reac-
tion, but our formalism is valid for any two-step reaction pro-
ducing γ-rays.

It is known that GRS measurements of the 9Be(α,nγ)12C 
reaction are highly sensitive to alpha particles with energies 
near the resonance energies of the reaction. Here we demon-
strate that the GRS measurements are also highly selective in 
pitch depending on the orientation of the line-of-sight and the 

Doppler-shifted energy. The pitch selectivity originates from 
the conservation of energy and momentum and the Doppler 
shift condition as we demonstrate by constructing a tractable 
simplified model.

The two high-resolution γ-ray spectrometers at JET 
have a perpendicular (ϕ = °90 ) and an oblique line-of-sight 
(ϕ = °30 ) with respect to the central magnetic field, respec-
tively. GRS measurements with perpendicular lines-of-sight 
are highly sensitive to ions with pitches close to zero for large 
Doppler shifts. Perhaps surprisingly, for small Doppler shifts 
they are most sensitive to ions with pitch close to ±1. On the 
contrary, for the oblique lines-of-sight the blueshifted side of 
the spectrum is sensitive to co-going ions and the redshifted 
to counter-going ions for large Doppler shifts. At very large 
Doppler shifts, these measurements are completely insensi-
tive not only to ions passing in the opposite direction but even 
to ions with pitches near zero. For smaller Doppler shifts the 

Figure 13. The products ×w f  of the functions shown in figures 3 and 10(b) illustrate how many γ-photons detected at each Doppler shift 
Δ γE  were produced resolved in 2D velocity-space for this slowing-down distribution function. The units are (photons  ×  s m−5). The γ-ray 
energy bin width is − =γ γE E 1,1 ,2  keV, and the observation angle is ϕ = °30 . We assume =n 10Be

18 m−3 and =T 0Be  keV. (a) Δ = −γE 15 
keV. (b) Δ =γE 0 keV. (c) Δ =γE 15 keV. (d ) Δ =γE 30 keV. (e) Δ =γE 45 keV. (  f ) Δ =γE 60 keV. (g) Δ =γE 75 keV. (h) Δ =γE 90 keV.

(a) (b)

(c) (d)
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(g) (h)
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measurements are biased in the same sense but still sensitive 
to both sides of the spectrum. Again perhaps surprisingly, 
measurements for the oblique line-of-sight at small Doppler 
shifts are most sensitive to particles with pitches around zero.

The energy selectivity and pitch selectivity make GRS 
measurements highly sensitive in rather small regions in 
velocity space. This selectivity in 2D velocity space suggests 
that GRS measurements could be highly valuable in measure-
ments of 2D velocity distribution functions by tomographic 
inversion.
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1. Introduction

Resolution of the energies of fast particles in fusion plasmas 
is a long-standing problem in present energetic-particle 
diag nostics. For example, the ITER measurement require-
ments entail resolution of the energy spectrum of confined 
α-particles [2]. However, recent studies of the velocity-space 
sensitivity of available core plasma fast-ion diagnostics sug-
gest that this goal cannot be achieved by traditional measure-
ments and analysis techniques as there is no direct one-to-one 
correspondence between fast-ion energy and measured signals 
[3–8]. In fact, fast-ion charge-exchange recombination spectr-
oscopy (e.g. fast-ion Dα (FIDA) [3, 4]), collective Thomson 
scattering (CTS) [4, 5], neutron emission spectrometry (NES) 
[6, 7] and two-step reaction γ-ray spectrometry (GRS) [8] are 
not sensitive to distinct energies or pitches but to large regions 
in 2D velocity space covering a wide range of energies and 

pitches. Neutral particle analyzers (NPA) are a notable excep-
tion and resolve fast-ion energies for the observable narrow 
pitch range [3]. Here we demonstrate that fast-ion energies for 
all pitches can be resolved directly by one-step reaction GRS. 
However, good direct energy resolution is achievable only for 
selected one-step reactions, such as the D(p,γ)3He reaction 
with fast protons. Further, the plasma temperature needs to be 
moderate. Hence direct energy resolution in burning plasmas 
in ITER remains elusive. Nevertheless, energy resolution of 
fast ions is possibly achievable by tomographic inversion in 
velocity space [9–13].

In GRS the γ-rays emitted by fusion plasmas are spectrally 
analyzed [14, 15]. Today the highest γ-ray fluxes from fusion 
plasmas are achieved at JET where GRS is routinely used 
[16–32]. The high nuclear reaction rates in the upcoming DT 
campaign at JET [1, 33] and later in burning plasmas at ITER 
and DEMO will further enhance the γ-ray emission [14, 15, 
34, 35]. GRS measurements have traditionally been made at 
moderate spectral resolution just sufficient to identify peaks 
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appearing at characteristic γ-ray energies in the spectra. Each 
peak can be related to a nuclear reaction by the γ-ray energy. 
GRS measurements at moderate spectral resolution have been 
made at Doublet-III [36], TFTR [37], JET [16–24] and JT-60U 
[38, 39]. New detectors [27, 40] allow GRS measurements at 
very high spectral resolution sufficient to resolve the spectral 
shapes of the individual peaks as demonstrated at JET [25–31] 
and ASDEX Upgrade [41].

Nuclear reactions emitting γ-rays can be divided into one-
step reactions and two-step reactions based on their reaction 
kinematics [14]. In one-step reactions the γ-ray is a primary 
reaction product, as e.g. in D(p,γ)3He which can also be 
written as

→ γ+ +D p He .3 (1)

In two-step reactions the γ-ray is a secondary reaction product, 
as e.g. in 9Be( )α γ, n 12C. The two steps of this reaction are:

→α+ +∗Be C n,9 12 (2)

→ γ+∗C C .12 12 (3)

As this reaction releases high γ-ray fluxes in tokamaks with 
strong alpha particle populations and beryllium as a main 
plasma impurity, it is foreseen for alpha particle studies in the 
upcoming DT campaign at JET and at ITER [19, 42].

We have recently shown that two-step reaction high- 
resolution GRS measurements observe rather large regions in 
velocity space [8]. The measurements are sensitive to ener-
gies near the nuclear resonances in selected pitch ranges.  
As γ-rays at measured energies γE  can be produced on several 
nuclear resonances, two-step reaction GRS actually provides 
no direct resolution of fast-ion energies. Here we demon-
strate that selected one-step reaction GRS measurements, on 
the contrary, directly provide resolution of the fast-ion ener-
gies at moderate plasma temperatures. We will consider the 
D(p,γ)3He reaction as the main example as well as the reac-
tions summarized in table 1.

The sensitivity in 2D velocity-space of fast-ion diag-
nostics can be described by weight functions. At present, 
weight functions have been developed for FIDA [3, 4], NPA 
[3], CTS [4, 5], fast-ion loss detectors [43] and NES [6, 7] as 
well as for two-step reaction GRS [8]. Weight functions have 
been used in four ways. First, they show the velocity-space 

sensitivity of the diagnostic separating the observable 
velocity-space regions from unobservable regions [3–8, 31, 
44–63]. Second, assuming a 2D fast-ion velocity distribu-
tion function, the velocity-space distribution of the ions 
generating a given measurement can be calculated [3–8, 
31, 44, 57–62, 64]. Third, they allow rapid calculation of 
synthetic measurements [4–8]. Fourth, given enough meas-
urements and sufficiently high signal-to-noise ratio, it is pos-
sible to infer 2D fast-ion velocity distribution functions by 
tomographic inversion [5, 9–13, 65, 66]. The formalism we 
present here allows these applications for one-step reaction 
GRS measurements.

This paper is organized as follows. In section 2 we consider  
the kinematics of one-step reactions. In section 3 we present  
analytic weight functions describing the velocity-space  
sensitivity of high-resolution one-step reaction GRS measure-
ments. Section 4 illustrates typical observable velocity-space 
of the GRS spectrometer at JET for the D(p,γ)3He reaction. 
In section 5 we derive analytic expressions for the boundaries 
of the observable regions and explain the energy resolution of 
one-step reaction GRS by energy and momentum conserva-
tion. In section 6 we benchmark our formalism against numer-
ical simulations. Section 7 discusses other nuclear reactions 
with and without so-called intrinsic broadening. Similarly, 
in section  8 the impact of thermal broadening is discussed. 
Finally, in section 9 we discuss implications of our formalism, 
and in section 10 we draw conclusions.

2. Kinematics of one-step reactions

The reaction kinematics determines the spectral broadening 
of the peak in the spectrum for reactions without intrinsic 
broadening [67]. Here we derive the relationship between 
the line-of-sight velocity uf, the energy of the fast ion and the 
energy γE  of the detected γ-ray by considering the reaction 
kinematics. As uf depends on the gyroangle Γ of the fast ion, 
we can relate the energy γE  to the gyroangle Γ of the fast ion. 
For a generic one-step reaction between species 1 and species 
2 to form a reaction product, pr, releasing a γ-ray, the non-
relativistic energy and momentum conservation equations are, 
respectively,

+ + = + γm v m v Q m v E
1

2

1

2

1

2
,pr pr1 1

2
2 2

2 2 (4)

+ = + γm m mv v v p .pr pr1 1 2 2 (5)

γE  and γp  are respectively the energy and momentum of the 
emitted γ-ray, and Q is the energy released in the reaction. 
We now assume that one species is fast and the other thermal. 
Neglecting the energy and momentum of the thermal species 
and denoting the mass of the fast species to mf and its velocity 
to vf , the energy and momentum equations become

+ = + γm v Q m v E
1

2

1

2
,f f pr pr

2 2 (6)

= + γm mv v p .f f pr pr (7)

Table 1. One-step fusion reactions discussed in this paper.

Reaction Q (MeV)
σQ 
(MeV) Remark

D(p,γ)3He 5.5 0.0 Well-established cross 
sections, often analysed

D(D,γ)4He 23.8 0.0 Peak has not been found 
at JET

D(T,γ)5He 16.85 0.648 Intrinsic broadening

T(p,γ)4He 19.7 0.0 Suggested for DEMO, 
good for H in DT plasma

Note: The Q-value is the energy released in the reaction. σQ stands for the 
intrinsic non-zero mass width of the nuclear reaction product.
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The effects of non-zero temperature will be calculated in sec-

tion 8 using the GENESIS code [29, 68]. Elimination of vpr
2  in 

equation (6) using equation (7) gives

( )+ = − ⋅ + +γ γ γm v Q
m

m v m p Ep v
1

2

1

2
2f f

pr
f f f f

2 2 2 2
 (8)

where = | |γ γp p . Equation  (8) could also be obtained from 
the erroneous equation  = − + γm mv v pf f pr pr  instead of 
momentum conservation (equation (5)). This is checked for 
and excluded below. The dot product ⋅γp vf  can be expressed 
in terms of the line-of-sight velocity uf by introducing the unit 
vector along the line-of-sight ˆγp :

ˆ⋅ = ⋅ =γ γ γ γp p up v p v .f f f (9)

The magnitude of the momentum γp  and the energy of the 
γ-ray are related by

=γ γp E c/ (10)

where c is the speed of light. Substitution of equations (9) and 
(10) into equation (8) gives

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟+ = − + +γ γ

γm v Q
m

m v m
E

c
u

E

c
E

1

2

1

2
2 .f f

pr
f f f f

2 2 2
2

2 (11)

Equation (11) relates the line-of-sight velocity uf of the fast 
ion to the measurable energy γE  of the γ-photon. We solve 

equation (11) for uf and express v f
2 in ( )∥ ⊥v v, -coordinates with 

respect to the total magnetic field as ∥= + ⊥v v vf
2 2 2 :

( ) ( ) ( )
∥=

−
+ + +

−

γ

γ γ

γ
⊥u

m m c

E
v v

E

m c

m c E Q

m E2 2
.f

f pr

f

pr

f

2 2
 (12)

The line-of-sight velocity uf is determined by the gyroangle Γ 
according to [5, 7, 11]

∥ φ φ= + Γ⊥u v vcos sin cosf (13)

where φ is the observation angle between the line-of-sight and 
the magnetic field. We eliminate uf from equations (12) and 
(13) and solve for [ ]πΓ∈ 0, :

( )( )
∥

( )
∥ φ

φ
Γ =

+ + + −−
⊥

−

⊥

γ

γ γ

γ
v v v

v
arccos

cos

sin
.

m m c

E

E

m c

m c E Q

m E2
2 2

2
f pr

f

pr

f

 (14)

This relation allows us to calculate the gyroangle [ ]πΓ∈ 0,  
of the fast ion leading to the detected energy γE  of the γ-ray.  
A second solution for [ ]π πΓ ∈′ , 2  is given by [5]

πΓ = − Γ′ 2 . (15)

3. One-step reaction GRS weight functions

The relation between fast-ion measurements, s, and fast-ion 
distribution functions, f, can be expressed as an integral over 
phase space,

∫ ∫ ∫φ φ=

×

γ γ γ γ

∞

−∞

∞

⊥

⊥ ⊥

s E E w E E v v

f v v v v

x

x x

, , , , , , ,

, , d d d

,1 ,2 vol 0 ,1 ,2( ) ( )
( )

∥

∥ ∥
 

(16)

where w is the weight function [3–8, 44] and x denotes the 
spatial coordinates. For GRS measurements, ( )φγ γs E E, ,,1 ,2  is 
the detection rate of γ-rays (photons s−1) in the energy range 
< <γ γ γE E E,1 ,2 with an observation angle φ. The units of 

( )∥ ⊥f v v x, ,  are (fast ions  ×  s2 m−5). The units of GRS weight 
functions are thus (photons / (fast ion  ×  s)) describing the 
velocity-space sensitivity of the diagnostic. Analogous to two-
step reaction GRS weight functions as well as FIDA and NES 
weight functions [4, 7, 8], we factor GRS weight functions w 
into a detection rate function ( )∥ φ⊥R v v x, , ,  and a probability 

( )∥φ< < |γ γ γ ⊥E E E v vprob , ,,1 ,1 :

( ) ( )
( )

∥ ∥

∥

φ φ

φ

=

× < < |

γ γ

γ γ γ

⊥ ⊥

⊥

w E E v v R v v

E E E v v

x x, , , , , , , ,

prob , , .

,1 ,2

,1 ,2

 
(17)

( )∥ φ⊥R v v x, , ,  describes incident rates in (photons / (fast 
ion  ×  s)) irrespective of the γ-ray energy [8]. ( )∥ φ⊥R v v x, , ,  
hence has the same units as weight functions whereas the 
probabilities are dimensionless numbers between 0 and 
1. The laws of energy and momentum conservation deter-
mine the boundaries of the probability functions prob 
( )∥φ< < |γ γ γ ⊥E E E v v, ,,1 ,2  in ( )∥ ⊥v v, -space and hence ulti-
mately the boundaries of weight functions which separate the 
observable regions from the unobservable regions.

Before we calculate probability functions, we briefly dis-
cuss the rate function R. Assuming a fast reactant with velocity 
( ∥ ⊥v v, ) and a thermal reactant at rest and neglecting any angle 
dependence of the cross section σ, the rate function can be 
calculated according to [7]

( )( )∥ ∥ ∥π
σ=

Ω
+ +⊥ ⊥ ⊥R v v n v v v vx, ,

4
.t

2 2 2 2 (18)

where Ω is the solid angle of the detector as seen from posi-
tion x and nt is the density of the thermal ions. The cross sec-
tion can be modelled as [41]

( ) ( )σ β= −E
S

E
Eexp /G (19)

where ( )∥= + ⊥E m v v1

2
2 2  is the energy (which depends on the 

velocity-space position), βG is the Gamow constant and S is 
the so-called astrophysical factor which is a slowly varying 
function of energy [69, 70]. For the D(p,γ)3He reaction,  
S is modelled as a fifth-order polynomial for which the coef-
ficients are given in reference [41]. The rate function is illus-
trated in figure 1.

The probability function ( )∥φ< < |γ γ γ ⊥E E E v vprob , ,,1 ,2  
can be calculated by transforming to probabilities in Γ using 
equation (14). This transformation is advantageous as the gyro-
angle has, to a good approximation, a uniform distribution:

π
=Γpdf

1

2
. (20)
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We write the probability function as an integral over the 
corresp onding probability density function and transform to 
probability densities in Γ:

( ) ( )∥ ∥∫

∫ ∫

φ φ

π

< < | = |

= Γ + Γ =
Γ − Γ

γ γ γ γ γ

π

π

⊥ ⊥

Γ

Γ

Γ
−Γ

−Γ

Γ

γ

γ

E E E v v E v v Eprob , , pdf , , d

pdf d pdf d .

E

E

,1 ,2

2

2
1 2

,1

,2

2

1

1

2

 

(21)

We have used that

( )∥φ| =
Γ

γ
γ

⊥ ΓE v v
E

pdf , , pdf
d

d
. (22)

The second integral in Γ arises due to the second solution in Γ 
shown in equation (15). The integration limits Γ1 and Γ2 are respec-
tively given by the energies γE ,1 and γE ,2 according to equa-
tion (14). We stress that the probability function depends only on 
the observation angle φ, the considered γ-ray energy range and the 
reaction kinematics but not on the reaction cross sections.

4. Observable velocity-space regions for the 

D(p,γ)3He reaction at JET

Typical observation angles for the two high-resolution GRS 
diagnostics at JET are about φ = °90  and φ = °30  with respect 
to the magnetic field in the plasma centre. The observation 
angle varies along the line-of-sight. However, as most γ-rays 
are generated in the plasma centre, we neglect these spatial 
variations here. Figure 2 shows probability functions for the 
D(p,γ)3He reaction with fast protons and thermal deuterium 
for these angles and various γ-ray energy ranges. In this case 
the proton velocity is much larger than the deuterium velocity 
( �v vp D). This reaction is often studied for plasma scenarios 
with ICRH hydrogen minority heating in deuterium plasma 
[18, 41, 67]. The observation regions are similar for the two 
views and are bounded by circular arcs that have their cen-
ters close to the origin as we will show in section 5. Hence 
fast ions in narrow energy ranges are observable in each  
γ-ray energy range. The radius of each circular arc as well 
as the distance of its center to the origin are independent of 
φ. For φ = °90  the probability functions are symmetric about 

∥=v 0. For φ = °30  the center is tilted towards negative par-
allel velocities, and hence the observation regions are slightly 
biased towards negative parallel velocities. We also observe 
that the probability functions for φ = °30  are narrower and 
have larger amplitudes than those at φ = °90 . The arcs for 

φ = °30  are narrower as the impact of the gyromotion is 
smaller according to equation  (13). The shapes and ampl-
itudes of the probability functions suggest good resolution of 
the fast ion energies for all pitches in contrast to other fast-
ion diagnostics. Weight functions with perfect energy resolu-
tion would be bounded by concentric circular arcs about the 
origin in ( ∥ ⊥v v, )-coordinates.

Figure 3 shows the corresponding weight functions, i.e. the 
product of each probability function from figure 2 with the rate 
function R from figure 1. As R covers the entire velocity space, the 
forms of the probability functions and the corresponding weight 
functions are identical. However, as the cross sections and hence 
R increase with energy, the weight functions have their largest 
amplitudes in the parts furthest away from the origin.

5. Boundaries of one-step reaction GRS weight 

functions

Boundaries of weight functions are found by inserting 
Γ =±cos 1 in equation (13) as then the line-of-sight velocity 

is at extremal values for given φ. Substitution of uf into equa-
tion (12) then gives

( ) ( )
( ) ( )

∥

∥

φ φ+ − − ±

− − + =

γ γ γ⊥

⊥

E m c E Q m c v v E

m m m c v v

2 2 cos sin

0.

pr f

f pr f

2 2

2 2 2 
(23)

Equation (23) can be written in the form − +v v ,0
2( )∥ ∥  

( )− =⊥ ⊥v v rv,0
2 2:

( ) ( )
( ) ( )

( )

∥
⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

φ φ
+

−
+ ±

−

=
+ − −

−

γ γ

γ γ

⊥v
E

m m c
v

E

m m c

m E m m m c E Q

m m m c

cos sin

2
.

pr f pr f

pr pr pr f

f pr f

2 2

2 2

2 2

 (24)

The weight functions are hence bounded by the circular arcs 
with >⊥v 0. The center and the radius rv are given by

( )∥
φ

= −
−

γ
v

E

m m c

cos
,

pr f
,0 (25)

( )
φ

= ±
−

γ
⊥v

E

m m c

sin
,

pr f
,0 (26)

( )
( )⎛

⎝
⎜⎜

⎞
⎠
⎟⎟=

−
+

−

−
γ γ

r
m

m

E

m m c

E Q

m m

2
.v

pr

f pr f pr f

2

2 2 (27)

The distance of the center of the circular arcs to the origin is

( )=
−
γ

v
E

m m c
.

pr f
0 (28)

The radicand in equation (27) must be positive which implies 
a minimum energy of the observable γ-rays:

⩾ ( ) ( )
( )

= − + −

− −

γ γE E m m c Q m m c

m m c

2

.

pr f pr f

pr f

,min
2 2 4

2
 (29)

Figure 1. Rate function R in units (γ-photons / (ion  ×  s)). The 
magnitude is shown in base 10 logarithm.
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For example, for the D(p,γ)3He reaction with fast protons and 
thermal deuterium =γE 5.480,min  MeV (for Q  =  5.488 MeV). 
This minimum energy is only a few keV below the released 
energy Q whereas there are no maximum energies. The peak 
is strongly asymmetric with a much larger high-energy tail 
than low-energy tail as has been observed previously [67]. As 
the low-energy tail is close to the spectral resolution, we con-
sider the nominal peak energy and the high-energy tail in the 
following. For NES an analogous minimum energy of observ-
able neutrons was found to be En  >  Q/2 [7] which implies a 
considerably more prominent low-energy tail in neutron emis-
sion energy spectra.

As observed in figure  3 and in equations  (25)–(28), the 
radius and the distance of the center to the origin do not 

depend on the observation angle φ, but the pitch coordinate 
∥v v/  of the center does. For a given energy γE  we can now give 

upper and lower energy limits on the fast proton leading to 
the γ-ray emission. The center of the upper circular boundary 
has >⊥v 0,0 , whereas the center of the lower circular boundary 
<⊥v 0,0  (see equation  (26)). Hence the largest and smallest 

possible proton energies Emax and Emin for a given γ-ray 
energy γE  are

( )= −E m r v
1

2
,f vmin 0

2 (30)

( )= +E m r v
1

2
f vmax 0

2 (31)

where rv and v0 are given by equations (27) and (28), respec-
tively. The fast-ion energy limits for a given γ-ray energy 
range are found at the extremal values of the considered  
γ-ray energies. In figure  4 we plot an example of a proba-
bility function together with its boundaries as calculated in 
equations  (25)–(27) as well as the upper and lower limits 
on the proton energies according to equations (30) and (31).  
In ( )∥ ⊥v v, -coordinates the upper and lower energy limits show 
as the two circles about the origin that each touch the prob-
ability function. These upper and lower proton energy limits 
are plotted as a function of the measured γ-ray energy γE  for 
the D(p,γ)3He reaction in figure  5, illustrating the fast-ion 
energy resolution of the measurement for each γ-ray energy. 
This reaction is useful for tail temperatures <⊥T 400 keV.  
At higher tail temperatures the peak tends to become difficult 

Figure 2. Probability functions prob( )∥φ< < |γ γ γ ⊥E E E v v, ,,1 ,2  of D(p,γ)3He with �v vp D for two observation angles φ and various γ-ray 
energies in base 10 logarithm. In each figure we plot four probability functions showing the observation regions at four γ-ray energy ranges 
with fixed width − =γ γE E 1,2 ,1  keV. From inside to outside: − =γE Q 50,1  keV, 150 keV, 300 keV, 500 keV. (a) φ = °90 . (b) φ = °30 .
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Figure 3. Weight functions of D(p,γ)3He with �v vp D for two observation angles φ and various γ-ray energy ranges of fixed width 
− =γ γE E 1,2 ,1  keV in units (γ-photons / (ion  ×  s)) in base ten logarithm. From inside to outside: − =γE Q 50,1  keV, 150 keV, 300 keV, 

500 keV. The weight functions are obtained from equation (17). R is shown in figure 1 and prob( )∥φ< < |γ γ γ ⊥E E E v v, ,,1 ,2  in figure 2.  
(a) φ = °90  . (b) φ = °30 .
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Figure 4. Probability function of D(p,γ)3He with �v vp D for 
φ = °30  and − =γE Q 300,1  keV in units (γ-photons / (ion  ×  s)) 
in base ten logarithm. We set − =γ γE E 50,2 ,1  keV, so that the low-
energy and high-energy boundaries are more easily distinguishable. 
Black dashed lines: boundaries. Green dashed lines: Upper and 
lower energy limits.
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to separate from the background [18]. The energy limits are 
valid for zero temperature of the deuterium. We note that in 
JET there are often also fast deuterium ions in the plasma. 
Fast hydrogen is generated by first harmonic ICRH. If fast 
deuterium ions due to NBI are in the plasma, they will also 
be accelerated to high energies by second harmonic ICRH. 
Under some conditions fast deuterium can even be generated 
without NBI [18].

The fast-ion energy resolution of the measurement is good 
if �r vv 0. This is indeed the case for large or even moderate 
energy shifts. The ratio r v/v 0 is

( )⎛
⎝⎜

⎞
⎠⎟= +

−
×

−γ

γ γ

r

v

m

m

E Q

E

m m c

E
1

2
.v pr

f

pr f

0

2

 (32)

At the nominal peak energy =γE Q, the radius becomes 

=r vv
m

m
0

pr

f
. This will also hold approximately when the 

energy shift −γE Q is so small that the first term in equa-
tion  (27) dominates. The second term dominates at large 
energy shifts, i.e. if

( )
−

−
γ

γ

γ�
E Q

E

E

m m c2
.

pr f
2 (33)

For example for fast protons in D(p,γ)3He, ( )− ∼m m c2 4pr f
2  

GeV and ∼γE 5.5 MeV, and hence the fraction 
( ( ) )−γE m m c/ 2 pr f

2  is of order 10−3. The radius is larger than 
the distance of the circular arc to the origin, unless the γE  is 
very close to the minimum energy γE ,min. For large energy 
shifts according to equation (33), we find �r vv 0, i.e. the cen-
ters of the circular arcs are close to the origin compared with 
the radius. Equation  (32) suggests that low Q-values (and 
hence typical ∼γE Q), large m m/pr f  and large −m mpr f  are 
beneficial for the energy resolution. NES weight functions are 
analogously bounded by circular arcs. But for the GRS weight 
function of the D(p,γ)3He reaction, the center of the circle lies 
very close to the origin compared with the radius. Hence for 
this and other selected one-step reaction GRS, the measured 
γ-energies can be related to particular fast-ion energies in 
rather narrow bands. The reaction kinematics of NES and one-
step reaction GRS are very similar. The significant differences 

originate from the ratios between energies and momenta for 
neutron and γ-ray fusion products:

=E p
v

2
,n n

n
 (34)

=γ γE p c (35)

For example, for the 2.45 MeV neutrons from D(D,n)3He, 
�E p c/ /20n n . For one-step reactions releasing γ-rays, 
=γ γE p c/  as always. One may estimate how much of the ini-

tial fast-ion momentum a released γ-ray or neutron can carry:

=γ γp

p

E

E

v

c2
,

f f

f
 (36)

=
p

p

E

E

v

v
.n

f

n

f

f

n
 (37)

As �v c/2 1n  and if ∼ γE En , the γ-rays carry a much smaller 
fraction of the total momentum after the reaction compared 
with a neutron in a similar reaction. The γ-ray therefore tends 
to carry a significant fraction of the energy, but a small fraction 
of the momentum compared with neutrons. For the D(p,γ)3He 
reaction with ∼E 1p  MeV and ∼ ∼γE Q 5.5 MeV, we get 

∼γp p/ 0.13p . For the D(D,γ)4He reaction with ∼E 1D  MeV 
and ∼ ∼γE Q 23.8 MeV, we get ∼γp p/ 0.39D . As compar-
ison, for the D(D,n)3He reaction releasing 2.45 MeV neutrons 
and ∼E 1D  MeV, we get ∼p p/ 1.1n D . Hence the observation 
regions become strongly selective in energy and only weakly 
selective in pitch, as reflected by the circular shapes centered 
close to the origin, for one-step reactions releasing γ-rays with 
low Q-value when the momentum carried by the γ-ray is com-
paratively low. Examples of probability functions for various 
reactions illustrating their energy resolution will be shown in 
section 7.

6. Numerically calculated weight functions with 

anisotropic cross sections

Weight functions can also be calculated numerically using the 
GENESIS code that predicts a GRS measurement for an arbi-
trary fast-ion distribution function [29, 68]. In this numerical 
approach, we calculate a γ-ray spectrum for a collection of 
Nf fast ions located at a single point in velocity space and 
then scan the location of this point through velocity space. 
This formalism has been presented for two-step reaction GRS 
measurements [8] and is analogous to numeric computation 
of weight functions for FIDA [3, 11], CTS [5] and NES [6, 7]. 
The amplitude of the weight function at phase-space position 
( )∥ ⊥v vx , ,p pp  is [7]

φ
φ

=γ γ
γ γ

⊥w E E v v
s E E

N
x, , , , ,

, ,
.p p

f
,1 ,2 p

,1 ,2( ) ( )
∥ (38)

GRS weight functions show the incident rate s of γ-photons 
between two γ-ray energies viewed at angle φ per alpha par-
ticle at phase-space position ( )∥ ⊥v vx , ,p pp . In the numerical 
approach we take anisotropy of the cross sections into account 

Figure 5. Proton energy resolution of the GRS measurement. 
The green region shows possible proton energies Ep for a given 
measured γ-ray energy γE . This neglects the energy of the thermal 
species. Here we set − =γ γE E 1,2 ,1  keV.
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[71]. Figure 6 shows the rate function R for the two observation 
angles φ = °90  and φ = °30  illustrating the strong anisotropy 
of the cross sections. For isotropic cross sections the isolevels 
are concentric circles (see figure 1). Figure 7 shows numer-
ically calculated weight functions at these angles. While the 
shapes of the numerically calculated weight functions agree 
with the analytic model at the same angles (see figure 3), the 
amplitudes are different due to the anisotropic cross sections.

Fast-ion distribution functions typical for ICRH are often 
characterized by a so-called tail temperature. We model the 
tail of such a distribution function as strongly biased bi-Max-
wellian with a tail temperature =⊥T 150 keV and ∥=T 15 keV 
as illustrated in figure 8. The product of weight functions and 
a given fast-ion velocity distribution functions ×w f  resolves 
the origin of the γ-rays in 2D velocity space of the fast ions 
for this given f as illustrated in figure  9. The narrow prob-
ability functions at φ = °30  provide a better energy resolution 
for narrow velocity distribution functions with ∥ ⊥�v v , such 
as the bi-Maxwellian from figure 8.

Figure 10 shows spectra as calculated by traditional Monte 
Carlo simulations and by weight functions. The energy 
and momentum of the thermal species are here neglected. 
As expected, the two approaches give very similar results 
and differ only due to Monte Carlo noise. The weight func-
tion approach has two advantages. First, the velocity-space 
region generating the γ-ray at each energy can be identified 
(see figure 9). Second, once the weight functions are calcu-
lated, the weight function approach is significantly faster as it 
requires only a matrix multiplication instead of Monte Carlo 
simulations. Hence spectra of many fast-ion velocity distribu-
tion functions can rapidly be calculated.

7. Other reactions and excited charged reaction 

products

Our formalism is general and applies to any one-step reaction 
GRS measurement, including reactions where the charged 
reaction product has an intrinsic mass width. This leads to 
so-called intrinsic broadening of the reaction energy peak 
such as in D(T,γ)5He. For many reactions the energy depend-
ence of the reaction cross sections  is described by only few 
data points. We can nevertheless draw conclusions about the 
velocity-space sensitivity for such one-step reactions. The 
cross sections enter only into the calculation of the rate func-
tion R whereas probability functions are calculated based on 
the conservation of energy and momentum and do not depend 
on the cross sections. Hence we can calculate the probability 
functions and the boundaries of weight functions exactly even 

Figure 6. Rate function R in units (γ-photons / (ion  ×  s)) for two observation angles. Anisotropic cross sections are accounted for.  
(a) φ = °90 . (b) φ = °30 .

(a) (b)

Figure 7. Numerically calculated weight function in units (γ-photons / (ion  ×  s)) for two observation angles covering various energy 
ranges of fixed width − =γ γE E 1,2 ,1  keV. From inside to outside: − =γE Q 50,1  keV, 150 keV, 300 keV, 500 keV. Anisotropic cross 
sections are accounted for. (a) φ = °90 . (b) φ = °30 .

(a) (b)

Figure 8. 2D bi-Maxwellian in units (fast ions  ×  s2 m−5). The 2D 
bi-Maxwellian f 2D is related to the corresponding 3D  
bi-Maxwellian f 3D by π= ⊥f v f22D 3D assuming rotational 
symmetry about the magnetic field vector.
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if the cross sections  are poorly known. Three examples of 
one-step reactions with less well established cross sections are 
D(D,γ)4He, D(T,γ)5He and T(p,γ)4He. The highly energetic 
γ-rays from these reactions (see table 1) could be observable 
at ITER as deuterium and tritium are the main constituents of 
ITER plasmas and the continuum emission above 10 MeV in 
ITER is practically zero.

Some example probability functions of the D(p,γ)3He, 
D(D,γ)4He and T(p,γ)4He reactions are illustrated in 
figure 11. The D(p,γ)3He reactions with fast protons provides 
the narrowest weight functions suggesting direct fast-proton 
energy resolution. D(p,γ)3He with fast deuterium and thermal 
proto ns (as might be useful in the low-activation phase of 
ITER with hydrogen plasmas and deuterium beam injection) 
and T(p,γ)4He have somewhat broader weight functions tilted 
towards negative pitches. The D(D,γ)4He reaction provides 
the lowest fast-ion energy resolution.

Reactions with so-called intrinsic broadening require spe-
cial attention, for example the D(T,γ)5He reaction. The ground 
state of the 5He nucleus has a broad energy width due to its 
very short lifetime after which it decays to 4He and a neutron. 
The energy of the ground state is then defined as Lorentzian 
with a width σ =∗ 0.648Q  MeV obeying the uncertainty prin-
ciple. In this case DT gamma-ray energies also follow a 
Lorentzian distribution centered about the nominal energy 
Q  =  16.85 MeV:

( ) ( ) ( )π

σ

σ
=

− +
∗

∗

∗ ∗
Q

Q Q
pdf

1
.

Q

Q

1

2

2 1

2
2

 (39)

We account for this effect by introducing Q* as nuisance 
parameter:

∫

∫

φ
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= < < | ×
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γ γ γ

γ γ γ
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( ) ( ) ( )

∥

∥

 

(40)

An example probability function for the D(T,γ)5He reaction 
is shown in figure 12. The intrinsic broadening of the peak 
broadens the observable velocity space, such that ions with any 
energy could result in the given γ-ray energy. Nevertheless, the 
measurement is significantly more sensitive in some regions 
compared with others.

8. Blurring due to high temperatures

In our model we assumed that the energy and momentum of the 
thermal species are negligible. Non-zero temperatures can be 
accounted for by the Monte-Carlo sampling approach as pre-
viously shown for NES [7] where it was found that non-zero 

Figure 9. Products ×w f  of the weight functions illustrated in figure 7 and the bi-Maxwellian illustrated in figure 8. The observation  
angles are (a) φ = °90  and (b) φ = °30 . The γ-rays observed in each narrow energy range originate from small regions in velocity space.  
(a) φ = °90 . (b) φ = °30 .

(a) (b)

Figure 10. Energy spectra for the bi-Maxwellian distribution from figure 8 as calculated using Monte Carlo simulations and by weight 
functions for (a) φ = °90  and (b) φ = °30 . The spectrum shows the number of detected γ-photons per second (photons s−1) in small energy 
bins of widths − =γ γE E 1,2 ,1  keV.(a) φ = °90 . (b) φ = °30 .

(a) (b)
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temperatures blur the weight functions. In figure 13 we illustrate 
the blurring effect for one-step reaction GRS weight functions 
for a typical JET ion temperature of 5 keV. The blurring due 
to thermal broadening decreases the fast-ion energy resolution, 
but some energy resolution can still be provided at these typical 
temperatures. The strength of the blurring can be assessed by 
comparing the momenta and energies of the fast ions to those 
of the thermal reaction partners. Our analytical model from 
section 2 neglected the energies and momenta of the thermal 
ions (equations (4)–(7)). These approximations improve with 
the fast-ion velocity at given temperature. This suggests that at 
larger fast-ion energies the blurring effect is less pronounced 
and the fast-ion energy resolution thus less affected.

9. Discussion

Weight functions have previously been calculated for FIDA 
[3, 4], NPA [3], CTS [4, 5], FILD [43] and NES measure-
ments [6, 7] as well as for two-step reaction GRS [8]. The 

substantial differences between the weight functions of each 
diagnostic imply that the diagnostics complement each other 
well. FIDA, CTS, NES and two-step reaction GRS observe 
large regions in velocity space which do not allow energy  
resolution of the measurements unless tomographic techniques 
in velocity space are used [9–13]. In contrast, the velocity-
space positions of the narrow weight functions of selected 
one-step reaction GRS measurements demonstrate that GRS 
can provide energy resolution of the fast-ion population, even 
without tomographic techniques. The fast-ion energy resolu-
tion is a strong asset of one-step reaction high resolution GRS 
measurements that could be highly important for further fast-
ion studies at JET, ITER or other large-size tokamaks with 
significant γ-ray fluxes. However, the temperature should be 
as low as possible for good energy resolution. Figure 13 illus-
trates that the fast-ion energy resolution at a plasma temper-
ature of 5 keV is degraded compared with the 0 keV case. 
This temperature is likely the upper limit for useful energy 
resolution. At the very high temperatures of burning plasmas 
( ∼T 20 keV) it is likely that tomographic inversion techniques 
will be required to provide useful energy resolution.

We have argued that the ITER measurement requirements 
on resolution of the confined α-particle energies [2] are not 
achievable by major core fast-ion diagnostics (FIDA [56, 
65], CTS [72, 73], NES [7, 32] or two-step reaction GRS [7, 
32]) without resorting to tomographic inversion in velocity 
space. A notable exception is NPA that can provide good 
energy resolution for a narrow observed pitch range if the 
signal-to-noise ratio is high enough. Our results would sug-
gest that energy resolution of confined α-particles could in 
principle be achievable at moderate temperatures for one-
step reactions involving α-particles. However, the chances to 
observe such peaks at ITER are bleak. The capture reactions 
α(D,γ)6Li and α(T,γ)7Li have much lower cross sections than 

Figure 11. Probability functions prob( )∥φ< < |γ γ γ ⊥E E E v v, ,,1 ,2  in base 10 logarithm for the various reactions: (a) D(p,γ)3He with fast 
p; (b) D(p,γ)3He with fast D; (c) T(p,γ)4He with fast p; (d ) D(D,γ)4He. The inner probability functions is at − =γE Q 50,1  keV for each 
reaction, and the outer at 500 keV. The observation angle is φ = °30 , and − =γ γE E 1,2 ,1  keV.
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Figure 12. Probability function prob( )∥φ< < |γ γ γ ⊥E E E v v, ,,1 ,2  
of the D(T,γ)5He reaction for φ = °30 , − =γE Q 0.351  MeV, 
− =γ γE E 12 1  keV in base 10 logarithm. The intrinsic width of the 

line is 648 keV.
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9Be( )α γ, n 12C by about five to six orders of magnitude at the 
resonances. As deuterium and tritium will be about 100 times 
more abundant than beryllium in ITER and the velocity-space 
observation regions have comparable sizes, the emission will 
be about three to four orders of magnitude smaller. We can 
expect counting rates on the order of 1 Hz in a spectral range  
(1–3 MeV) where the background counting rates are on the 
order of 100 kHz. Hence the observation of one-step reaction 
peaks involving α-particles at ITER will be extremely difficult 
if not impossible. Hence one-step reaction GRS will likely not 
be able to meet the ITER measurement requirement on energy 
resolution of confined α-particles either. Nevertheless, other 
fast ions should be readily observable at ITER and DEMO. 
T(p,γ)4He has been highlighted as a very promising reac-
tion in DT plasmas [35] as may be demonstrated using ICRH 
minority heating in the upcoming tritium campaign at JET. 
The D(T,γ)5He reaction should be observable, as count rates 
on the order of 1 kHz are expected in a high-energy spectral 
range (>10 MeV) where the background is practically zero. 
Other ions accelerated by ion cyclotron resonance heating, 
e.g. 3He, could also be readily observable. The D(D,γ)4He 
reaction peak could so far not be detected in JET discharges, 
but might appear at ITER.

Weight functions are now available for all major core fast-
ion diagnostics. At ASDEX Upgrade [74], full tomographic 
inversion of fast-ion measurements to infer fast-ion distribu-
tion functions based on weight functions has already been 
demonstrated [11]. Such a full tomographic inversion is not 
likely to be achievable based on one-step reaction GRS meas-
urements by themselves. However, ASDEX Upgrade has up to 
six FIDA views [56, 62, 65], two CTS views [55, 63, 75–78] 
one NES view [79, 80], one GRS view [41], one NPA [81] as 
well as three FILD diagnostics [82, 83]. We can in principle 
combine the one-step reaction GRS with the other fast-ion 
measurements [10, 84]. This approach is also promising for 

JET which is equipped with two NES views, two GRS views 
as well as an NPA [31, 32]. Lastly, we will be able to show the 
velocity-space sensitivity of GRS measurements at ITER [34] 
and DEMO [35]. ITER will be equipped with GRS, NES [2] 
and CTS [85–87] as well as fast-ion charge-exchange recom-
bination spectroscopy [88]. With this set of diagnostics, meas-
urements of the 2D fast-ion velocity distribution functions on 
ITER, and hence energy resolution, should be in reach.

10. Conclusions

We derived analytic expressions, so-called weight functions, 
describing the velocity-space observation regions of one-step 
reaction GRS measurements. The spectral resolution of the 
γ-rays achievable with modern detectors allows energy reso-
lution of the fast ion distribution for all pitches for selected 
one-step reactions at moderate plasma temperatures. One-step 
reaction GRS is the only major core fast-ion diagnostic that 
can provide energy resolution directly without tomographic 
inversion in velocity space which is a strong asset of this 
diagnostic. The D(p,γ)3He reaction with fast protons has the 
best direct energy resolution. The D(D,γ)4He allows some-
what coarser energy resolution. The direct energy resolution 
is worst for reactions with intrinsic broadening. High plasma 
temperatures as expected in ITER also strongly degrade 
the direct energy resolution. Nevertheless, one-step reac-
tion GRS weight functions provide additional information 
on fast-ion velocity space for any machine with substantial  
γ-ray fluxes, such as JET, ITER and DEMO. Weight func-
tions are now available for the major fast-ion diag nostics: 
FIDA, NPA, CTS, NES, and one- and two-step reaction GRS. 
Hence all major fast-ion diagnostics can now in principle be 
combined to determine fast-ion velocity distribution func-
tions experimentally.

Figure 13. Comparison of numerically calculated weight functions at 0 keV and 5 keV at two γ-ray energy shifts −γE Q,1 .  
(a) − =γE Q 150,1  keV, T  =  0 keV. (b) − =γE Q 150,1  keV, T  =  5 keV. (c) − =γE Q 500,1  keV, T  =  0 keV. (d ) − =γE Q 500,1  keV,  
T  =  5 keV.

(a) (b)

(c) (d)
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1. Introduction

It is often convenient to split ion distribution functions in 
magnetized fusion plasmas into two parts. One part contains 
fast ions from fusion reactions or auxiliary heating and the 
other part thermal ions. The latter is by definition described 
by a Maxwellian distribution and thus fully determined by a 
temper ature Ti, a density ni and a drift velocity vi. As Ti and ni 
are nearly constant on a flux surface, bulk-ion measurements 
often refer to flux surface measurements of these fundamental 

parameters [1–4]. Fast-ion velocity distribution functions are 
much more complex. They are not flux functions due to the 
large drift excursions of fast ions, and they are in general 6D 
functions in phase space. Nevertheless, the cyclotron motion 
in strongly magnetized plasmas implies an approximate rota-
tional symmetry which effectively reduces the dimensionality 
of velocity space to two. Usually fast-ion measurements do not 
refer to measurements of the fundamental high-dimensional 
fast-ion distribution functions but rather to measurements of 
local 1D projections or other derived quantities such as the 
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Abstract

Velocity-space tomography of the fast-ion distribution function in a fusion plasma is usually 
a photon-starved tomography method due to limited optical access and signal-to-noise ratio 
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further use a numerical simulation as prior information to reconstruct where in velocity space 
the measurements and the simulation disagree. This alternative approach is demonstrated for 
four-view as well as for two-view FIDA measurements. The high-definition tomography tools 
allow us to study fast ions in sawtoothing plasmas and the formation of NBI peaks at full, half 
and one-third energy by time-resolved tomographic movies.
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measured spectra in collective Thomson scattering (CTS)  
[5–8], fast-ion Dα spectroscopy (FIDA) [9–11], neutron emis-
sion spectrometry (NES) [12–15] and γ-ray spectrometry 
(GRS) [16–19]. This is in contrast to bulk-ion measurements 
where the fundamental parameters Ti, ni and vi are inferred 
from the spectra and presented as measurements whereas the 
spectra themselves are of secondary interest.

Velocity-space tomography allows us to infer the fun-
damental 2D fast-ion velocity distribution functions from 
measured spectra in analogy to bulk-ion measurements 
[20–30, 31]. The 2D velocity distribution function is spa-
tially localized in a small measurement volume which we 
take to be a single point in position space. The fast-ion 
measurements depend on phase space in a complicated way 
illustrated by so-called weight functions which have been 
formulated for FIDA [10, 32], neutral particle analyzers 
(NPA) [10], CTS [21], fast-ion loss detectors [33], NES 
[34, 35] and GRS [36, 37]. To exploit the rich informa-
tion about fast ions contained in the measurements by tra-
ditional procedures, we need to consider hundreds of data 
points, e.g. spectral bins, together with the corresponding 
weight functions. Further, the spectral measurements also 
depend on nuisance parameters such as bulk-ion densities 
or temperatures.

Velocity-space tomography provides a way to process this 
wealth of information at once by inverting the data. It provides 
a 2D image that is straightforward to interpret, that is the best 
useful fit to hundreds of simultaneous measurements from 
different diagnostics, that shows the fundamental quantity of 
interest rather than derived quantities, and that accounts for 
nuisance parameters. The tomography approach also allows 
an alternative way to compare fast-ion measurements and 
numerical simulations. Traditionally, this is done by com-
paring the measurements with simulated measurements in 
units particular to the diagnostic, e.g. the spectral density of 
the measured neutron or photon fluxes ( γαD , , or mm-wave). 
Velocity-space tomography allows us to use the fundamental 
2D velocity distribution function as a meeting ground between 
theory and observation for any combination of fast-ion diag-
nostics [23, 29, 31].

Until now velocity-space tomography has relied on 
standard inversion methods such as truncated singular value 
decomposition (TSVD), the maximum entropy method, and 
variants of the Tikhonov regularization [24, 25, 27, 28]. For 
measurements with high data quality and signal-to-noise 
ratio, these inversion methods work well. We have previously 
shown that it is possible to correctly reconstruct the injection 
energy in plasma heated by neutral beam injection (NBI), and 
good agreement with TRANSP predictions was found in the 
absence of strong magnetohydrodynamic (MHD) activity [24, 
27]. Fast-ion velocity-space redistribution patterns of saw-
tooth crashes could also be reconstructed with confidence 
[26–31]. However, velocity-space tomography is usually a 
photon-starved enterprise since the signal-to-noise ratio is 
often low compared with many other tomography applica-
tions and the optical access to tokamak plasmas is limited. 
The FIDA emission is weak compared with other components 
of the measured spectra, e.g. the beam emission. In addition, 

the spectra are often polluted with strong background contrib-
utions from bremsstrahlung and impurity line radiation. This 
hampers the analysis in plasmas with high electron density 
or high impurity content. In conflict with the limited amount 
of data, we strive for high-resolution images requiring the 
inference of many unknowns. Consequently, the inversions 
based on standard methods have been plagued by artifacts, 
for example non-zero phase-space densities at energies larger 
than the NBI energy or negative phase-space densities, even 
though artifacts can be minimized in optimized discharges 
usually based on L-mode plasmas with low density and low 
heating power [24, 26–28]. Artifacts can be attenuated by 
increasing the number of measurement data points by installa-
tion of additional fast-ion diagnostics [22, 27]. However, often 
economic or technical constraints do not allow this. In high-
definition velocity-space tomography we make up for the lack 
of data through various types of prior information. This not 
only improves results for the five-view FIDA diagnostic at the 
tokamak ASDEX Upgrade [38], but it also allows the use of 
inversion techniques for more common FIDA systems with 
two or three views. The attenuation of artifacts through the 
use of prior information further allows an increased resolution 
of the images.

We discuss prior information for velocity-space tomog-
raphy in section 2 and the choice of the regularization strength 
using current inversion techniques in section  3. Substantial 
improvements brought about by prior information are dem-
onstrated in sections 4 and 5. In section 6 we study fast-ion 
velocity distributions in NBI heated plasmas and dynamics in 
sawtoothing plasmas using high-definition movies applying 
our new techniques. Finally, we draw conclusions in section 7.

2. Prior information for velocity-space tomography

Velocity-space tomography entails the solution of an ill-posed 
problem in which we seek F∗ solving the matrix equation

=∗WF S (1)

where W and S are known [22]. F∗ is the fast-ion velocity dis-
tribution function discretized in n pixels, S holds m fast-ion 
measurements, and W is an ×m n matrix composed of weight 
functions. S and W are normalized by the uncertainties of the 
measurements [23]. Noise in the measurements makes the 
rows of the matrix equation (1) inconsistent, so that there is 
no solution irrespective of the choice of n (n  =  m, n  <  m, or 
n  >  m). One might have hoped that one could instead solve 
the related least-squares problem

∥ ∥= −∗F WF Sarg min ,
F

LS 2 (2)

where F is an arbitrary fast-ion velocity distribution function 
and ∗FLS is the least-squares solution. However, this is also 
useless since the matrix W is ill-conditioned and hence the 
solution ∗FLS is not stable. This means that small perturbations 
in S can lead to large perturbations in ∗FLS which is therefore 
dominated by random jitter. Nevertheless, we can construct 
a related well-conditioned problem by imposing additional 
requirements that reflect prior assumptions about the solution 
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and that provide useful and stable solutions. This is called 
regularization. A popular regularization method in plasma 
physics is the Tikhonov regularization [28, 39, 40] in which 
we solve the minimization problem

λ= − +∗ {∥ ∥ ∥ ∥ }F WF S LFarg min .
F

2
2 2

2
2

 (3)

In equation  (3), F∗ minimizes the sum of the residual of 
the original ill-posed problem (first term) and the norm of 
the additional requirement on the solution (second term). A 
common choice is to require that the norm of the gradients in 
F∗ is small, i.e. that the solution is smooth. In this so-called 
first-order Tikhonov regularization, the penalty matrix L is a 
matrix operator effecting a finite difference approximation of a 
gradient [28]. We calculate the gradient in ( ∥ ⊥v v, )-space where 
parallel and perpendicular denote directions with respect to 
the magnetic field [28]. The free regularization parameter 
λ balances how well the solution should fit the noisy data 
and how much it should obey the regularization constraint. 
Equation (3) shows that for small λ’s the residual of the orig-
inal problem dominates whereas for large λ’s the norm of the 
regularization constraint dominates. The challenge now is to 
select λ leading to a useful and stable solution as we will dis-
cuss in section  3. An equivalent formulation of Tikhonov’s 
minimization problem in equation (3) is

) )⎜ ⎜⎛
⎝

⎛
⎝λ

= −∗F W
L

F Sarg min
0

.
F 2

 (4)

Our computations of Tikhonov solutions in the following will 
be based on the formulation in equation (4) as it is most stable 
and best suited for numerical computations. Our exposition 
will focus on Tikhonov regularization, but our methods are 
applicable to other regularization methods as we will demon-
strate for TSVD. The types of prior information presented in 
the following sections are summarized in table 1 together with 
their benefits and risks. Each type of prior information can be 
optionally added when appropriate.

2.1. Null measurements

FIDA measures Doppler-shifted Dα-light emitted when a 
fast deuterium neutral is formed in a charge-exchange reac-
tion from a fast deuterium ion and then decays from the third 
to the second excited state [9]. In many experiments, there 
is an upper limit to the observed Doppler shifts. Parts of a 
spectrum where no FIDA light is observed above the noise 

floor are referred to as null measurements. The wavelength 
ranges of null measurements are related to velocity-space 
regions through weight functions [32]. We refer to such 
weight functions as null-measurement weight functions. If 
treated on an equal footing with detections of FIDA light, 
null measurements already contribute strongly to the recon-
struction of the large-scale shape of the velocity distribu-
tion function since they tend to decrease the reconstructed 
phase-space densities in the velocity space covered by the 
null-measurement weight functions. For that reason the 
FIDA system at ASDEX Upgrade was upgraded to measure 
red- and blue-shifted light in all spectra so that the absence 
of FIDA light could be measured [27]. Still, inversions are 
plagued by artifacts in velocity-space regions covered by 
null-measurement weight functions where the phase-space 
densities should be negligible [24].

Here we remedy such artifacts by analyzing the measure-
ments in two stages. In the first stage we identify regions 
in velocity space where null measurements suggest phase-
space densities below the detection limit of the diagnostic 
according to

⩽∫ = εw F E p Sd d0 true (5)

where w0 is the null-measurement weight function, Ftrue is 
the unknown true fast-ion velocity distribution function, S 
is the measured signal, and ε is the noise floor. As is cus-
tomary, w0 and Ftrue are given in energy-pitch coordinates 
(E, p), where E is the energy of the fast ions and p is the 

pitch defined as ∥=p
v

v
. v is the fast-ion speed, and ∥v  the 

velocity component anti-parallel to the magnetic field. The 
non-negativity of w0 and Ftrue would allow us to conclude 
from an absolutely certain null-measurement (i.e. =ε 0) 
that Ftrue must be zero in the regions covered by the null-
measurement weight function. If noise is present, the strict 
argument does not hold. Nevertheless, we can still assert that 
the velocity space covered by the null-measurement weight 
function contains so few ions that they cannot be detected 
against the noise floor and thus neglect the small phase-
space densities in these regions. This stage does not require 
the solution of an inverse problem and is thus very reliable 
if null-measurements can be told apart from measurements 
of small FIDA intensities, i.e. if the measurement uncer-
tainties can be quantified reliably. In the second stage we 
solve the tomography problem neglecting the phase-space 

Table 1. Prior information used in this article, their benefits and risks.

Prior Benefits Risks

L (1st-order) Good for smooth functions. Misses spikes and ridges.
F  >  0 Always true, improves solutions. F  <  0 could point to data errors that are now missed.
F E p, 00 0( ) = Avoids artifacts in null-

measurement region.
Misses marginal densities of fast ions in null-measurement 
region. Possibly artifacts at the boundary.

E p,( )κ Accounts well for NBI peaks. Misses any peak displacement. Might introduce spurious peaks.
Fsim Good at locating discrepancies 

in velocity space.
Possible misinterpretation if the absolute scaling is wrong.

Note: Each prior is optionally used when appropriate.
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densities in the regions covered by null-measurement weight 
functions:

) )        ( )⎜ ⎜⎛
⎝

⎛
⎝λ

= − =∗ ∗F W
L

F S F E parg min
0

subject to , 0.
F 2

0 0

 (6)
E0 and p0 are the energies and pitches covered by the null-
measurement weight functions, and ( )∗F E p,0 0  are the ele-
ments of the vector F∗ that represent the null-measurement 
region. This condition determines an upper energy boundary 
of the target velocity space that we seek to reconstruct 
(figure 1). As weight functions are not bounded in energy, 
the target velocity space has also been judiciously restricted 
at some energy in previous work. A common choice is  
10–50 keV above the injection energy of 60 keV or 90 keV 
as phase-space densities at larger energies are supposed to 
be small. Null-measurement weight functions allow us to 
determine this upper boundary in energies from the mea-
surements in an optimal way that does not allow artifacts 
in the null-measurement region and that minimizes the 
number of unknowns in the inversion. This upper boundary 
is a strong function of pitch (figure 1). Neoclassical simula-
tions by TRANSP [41] agree very well with the shape of the 
null-measurement velocity space (figure 2). Maxima of the 
velocity distribution function simulated by TRANSP appear 
at 60 keV and at 30 keV, corresponding to the full and half 
injection energy, whereas here no peak appears at 20 keV 
(one-third energy) as the TRANSP model removes thermal-
ized particles in this region due to the high temperature.

The null-measurement idea is based on the presence 
of a sharp transition to zero in the fast-ion velocity distri-
bution function. This is fulfilled in NBI discharges at the 
highest injection energy. In experiments with ion cyclotron 
resonance heating, the fast-ion distribution function is not 
expected to have a sharp transition within the energy range 
accessible to FIDA, such that the null-measurement tech-
nique cannot be used here. Nevertheless, we note that null 
measurements are often found in NES and GRS measure-
ments in plasmas with third harmonic ICRH at JET as these 
diagnostics can easily detect MeV-range ions [14].

2.2. Non-negativity

One of the advantages of maximum entropy regularization 
is that it does not allow negative phase-space densities. The 
TSVD and variants of the Tikhonov regularization (one of 
which is inspired by Fisher information) do allow nega-
tive phase-space densities and in fact inversions based on 
those methods often contain regions with small negative 
phase-space densities. Negative phase-space densities have 
usually been ignored [11, 22–25, 28–31]. In a recent study 
such negative densities were strongly attenuated by a new 
approach [27]. It used fictitious measurements with pixel-
sized weight functions covering the most negative values 
in the inversions. These fictitious measurements were given 
enough weight to iteratively force the phase-space densities 

to negligible, yet still negative, values. Here we simply 
impose the constraint that the solution be non-negative and 
solve the minimization problem

) )        ⩾⎜ ⎜⎛
⎝

⎛
⎝λ

= −∗ ∗F W
L

F S Farg min
0

subject to 0
F 2

 (7)

using a standard non-negative least-squares algorithm [42]. 
The implementation as constraint has the advantage that 
no assumptions about the negative regions are needed. We 
will in the following also impose non-negativity and null- 
measurement constraints together:

Figure 1. The coloured lines circumscribe the regions covered by 
null-measurement FIDA weight functions for ASDEX Upgrade 
discharge #31557 where the five colours represent the five views. 
These null-measurements suggest negligible fast-ion densities for 
energies above the black line to the right. The vertical black line 
at 10 keV is defined as the border between fast and thermal ions. 
The phase-space densities between the black lines are found by 
tomographic inversion.
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Figure 2. Comparison of the target velocity space identified 
in figure 1 with a TRANSP simulation of the fast-ion velocity 
distribution function (1016 keV−1 m−3). The simulation confirms 
the form of the null-measurement region with negligible phase-
space densities. The colorbar is linear and includes positive phase-
space densities as well as negative phase-space densities to allow 
comparisons with figures 4 and 5.
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⎛
⎝⎜

⎛
⎝⎜

⎧⎨⎩F W
L

F S F E p

F
arg min

0
subject to

, 0

0
.

F 2

0 0

λ
= −

=∗
∗

∗) )        ( )
⩾

 

(8)

2.3. Positions of neutral beam injection peaks

Often the fast-ion distribution function has peaks at full-, half 
and one-third NBI energy which are difficult to reconstruct. 
We will show a reconstruction of all three NBI peaks based on 
TSVD exploiting null-measurements in section 4. First-order 
Tikhonov regularization, which penalizes steep gradients typ-
ical for NBI peaks, will tend to reduce the peaks. The positions 
of the NBI peaks, if present, are actually very well known 
from the geometry and energy of the beams. Three peaks are 
expected at E  =  (20, 30, 60) keV and p  =  0.6 for NBI Q3 in 
the plasma center. Here we encode the known geometry of the 
NBI by using a 2D function ( )κ E p,  varying between 0.5 and 1 
and solve the minimization problem

λκ= −
=∗

∗

∗) )( )        ( )
⩾

⎛
⎝⎜

⎛
⎝⎜

⎧⎨⎩F
W
E p L

F S F E p

F
arg min

, 0
subject to

, 0

0
.

F 2

0 0

 

(9)

This reduces the penalty by a factor of about two at the posi-
tion of the NBI sources, where we expect large gradients 
(figure 3), compared with the penalty elsewhere. In this way 
no prior knowledge of the size of the peak is used, and in 
fact even a negative peak would equally well be supported by 

( )κ E p, .

2.4. Numerical simulations as prior information

In previous studies of velocity-space tomography based on 
three to five FIDA views or a mix of FIDA and CTS views, 
it was possible to find useful and stable inversions and hence 
provide measurements of the fast-ion velocity distribution 
function and derived quantities such as the fast-ion density 
[26, 28]. However, if fewer views are available or if the signal-
to-noise ratio is unfavourable, this is sometimes out of reach. 
Here we propose a new goal of the tomography approach for 
such highly photon-starved situations. Rather than inferring 

the full 2D velocity distribution function, we only seek to infer 
the distribution of any discrepancy between a numerical simu-
lation and the measurement in velocity space. Firstly, this is a 
simpler task that is possible with fewer views as we will show. 
Secondly, deviations from a numerical simulation is often 
what we are actually interested in. For example, the TRANSP 
code accounts for neoclassical transport and likely provides 
a good picture of the distribution function in MHD quiescent 
discharges. In MHD active discharges, we often observe dis-
crepancies from such neoclassical simulations. The discrep-
ancies are attributed to anomalous transport in addition to 
the neoclassical transport which still serves as a baseline. To 
locate the distribution of any disagreement in velocity space, 
we penalize differences from the simulated velocity distribu-
tion function Fsim and solve the minimization problem

⎛
⎝⎜

⎛
⎝⎜

⎧⎨⎩F W
L

F
S
LF

F
F E p

arg min subject to
0
, 0

.
F sim 2 0 0λκ λκ= −

=
∗

∗

∗) )        ⩾
( )

 

(10)

For very small λ’s the inversion is underregularized and is 
dominated by random jitter as in the previously discussed 
Tikhonov problems. For very large λ’s the solution is over-
regularized, but here the inversion then approaches the numer-
ical simulation as equation (10) shows. The problem is now 
again to select λ assigning an appropriate balance between 
the measurements and the simulation which we will discuss 
in section 3. The solution F∗ represents our estimate of the 
2D velocity distribution function considering the simulation 
and the measurements. As our goal is to locate discrepancies 
between simulation and measurements in velocity space, we 
calculate

Δ = −∗ ∗F F Fsim (11)

which shows how the simulation should be modified 
according to the measurements. Examples will be shown in 
sections 5 and 6.

3. Standard inversions and the choice of the  

regularization parameter λ

The number of measurement data points and the number of 
unknowns in fast-ion velocity-space tomography is fairly 
small compared with many other tomography problems. 
Quick automatic inversion of FIDA spectra based on a library 
of approximate weight functions after each plasma discharge 
is therefore possible and will be implemented in future work. 
For that purpose the regularization parameter λ must be com-
puted automatically from the data. In traditional tomography, 
two popular methods among many are the L-curve method 
[43, 44] and the generalized cross-validation (GCV) method 
[45]. The L-curve method has been applied to velocity-space 
tomography previously [28]. The GCV method seeks to 
minimize the prediction error by asserting that an arbitrary 
measurement Si should be predicted well by the regularized 
solution based on the other measurements in S and that orthog-
onal transformations of S should not affect the choice of the 

Figure 3. The known positions of the beam injection peaks are 
encoded by using a 2D regularization given by E p,( )κ  [-]. The total 
regularization strength is given by E p,( )λκ . The half- and one-third 
energy injection peaks merge due to the low resolution.
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regularization parameter λ [45]. Recall that the Tikhonov solu-
tion ( )λ=∗ ∗F F  is a function of the regularization parameter λ 
and that, for the unconstrained problem (equation (4)), we can 
write ( ) ( )λ λ=∗F W S#  where the matrix ( )λW #  defines the 
solution. Then λ minimizes the GCV function

( ) ∥ ( ) ∥
( ( ( )))λ

λ
λ

=
−

−

∗
G

WF S

I WWtrace
,2

2

# 2 (12)

where I is the identity matrix.
Figure 4 shows two unconstrained first-order Tikhonov inver-

sions of FIDA measurements in ASDEX Upgrade discharge 
#31557. The level of regularization was respectively selected 
by the L-curve method and the GCV method. The discharge and 
the five-view FIDA measurements have been discussed previ-
ously [28]. The plasma was heated by NBI with the 2.5 MW  
source Q3 at 60 keV. The five-view FIDA measurements here 
and throughout the paper were made in the center of the plasma. 
Figure 2 shows a corresponding TRANSP simulation.

The unconstrained inversion with first-order Tikhonov 
regularization and L-curve regularization parameter selection 
in figure 4(a) shows the usual characteristics for this method. 
The inversion is smooth, and the overall shape, including the 
anisotropy and the location of the merged 20 keV and 30 keV 
NBI peaks, is close to our expectation. However, there are also 
limitations of the unconstrained inversion. First, the NBI peak 
at full injection energy (60 keV) does not appear. It is known 
that the sharp NBI peaks tend to be attenuated by first-order 
Tikhonov regularization [28]. Second, there are substantial 
phase-space densities at energies well in the null-measurement 
region. Here we plot up to 20 keV above the full injection 
energy. As already mentioned, TRANSP/NUBEAM predicts 
almost zero phase-space densities in the null-measurement 
region (figure 2), which further corroborates the hypothesis 
that the inferred phase-space densities are artifacts. Third, 
small patches of unphysical negative fast-ion phase-space 
densities appear, in this case in the null-measurement region. 
These three features of the inversions are very likely artifacts 
since they also appear erroneously in inversions of synthetic 
data where the true solution is known [22, 24, 28].

The GCV method tends to regularize less than the L-curve 
method (figure 4(b)) and roughly produces a regularization 
level as was sometimes judiciously selected [11, 24, 27]. The 
full energy beam injection peak (60 keV) does not appear but 
there is a clear ridge of large phase-space densities between 
the expected locations of the beam injection peaks. The ridge 
does not extend to energies larger than 60 keV as expected. 
The form of the ridge is consistent with the presence of fast 
ions that are slowing down due to collisions with electrons, i.e. 
they loose energy without significant pitch angle scattering. 
Nevertheless, as the critical energy is about 60 keV, collisions 
with thermal ions are also important leading to pitch-angle 
scattering as is apparent in figure 4. The unphysical negative 
regions are larger than for the L-curve method. A peak appears 
at p  =  −0.5 which is not expected according to the TRANSP 
simulation (figure 2) and is likely an artifact.

In velocity-space tomography, the regularization param-
eter has up to now been set either by judicious choice or by 
the L-curve method. The choice of regularization parameter 
or of a method to calculate it remains an open problem as 
one never knows a priori which method works best. Our 
criteria for good reconstruction of velocity-space distribu-
tion functions in NBI heated plasma are that there are no 
significant negative phase-space densities, that there are 
no significant phase-space densities far above the beam 
injection energies, that the distribution function is smooth 
and that the beam injection peaks are reconstructed well. 
Neither the L-curve nor the GCV method is consistently 
superior. Both methods are fairly robust but do not always 
work. The L-curve method can be applied irrespective of the 
incorporated prior information. However, the GCV method 
requires the existence of a regularized inverse matrix map-
ping the measurement space to the solution space, and so it 
is not directly applicable to the non-negative least-squares 
problem formulation or maximum entropy methods. Here 
we apply either method, depending on what works best for 
the given problem. For inversions not using a TRANSP 
simulation as prior information we will choose the regu-
larization parameter λ by the GCV method applied to the 
unconstrained least-square problem (figure 4(b)), and then 

Figure 4. Unconstrained first-order Tikhonov tomographic inversions of FIDA measurements in five views in ASDEX Upgrade discharge 
#31557 in units (1016 keV−1 m−3). The regularization parameter λ is chosen by two different methods: (a) L-curve. (b) GCV.
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solve the non-negative least-squares problem with that λ. 
However, we apply the L-curve method for the inversions 
using the TRANSP simulations as prior information.

4. High-definition inversions using prior 

information

In this section we show that prior information based on non-
negativity, null measurements and the NBI geometry improves 
inversions substantially. The effect of prior information based 
on a numerical simulation is presented in section 5. The inver-
sions in this section represent an estimate of the 2D fast-ion 
velocity distribution functions based on measurements alone. 
The inversions in section  5 represent an estimate based on 
measurements and simulations or, more interestingly, of how 
a given simulation needs to be modified to match best with the 
measurements.

Figure 5(a) shows a first-order Tikhonov inversion with 
non-negativity constraint according to equation  (7). The 
non-negativity constraint improves the inversions without 
any visible disadvantages compared with the unconstrained 
inversions in figure 4. By virtue of the constraint, there are 

no negative regions. Erroneous phase-space densities in the 
null-measurement region are reduced compared with the 
unconstrained inversions. The full energy beam injection peak 
is almost invisible, but there is a clear drop in phase-space 
densities above the full NBI energy. A possibly spurious peak 
at p  =  −0.5 is present as also observed in figure 4(b).

Figure 5(b) shows a first-order Tikhonov inversion with the 
null-measurement constraint according to equation  (6). The 
inversion shows a clear peak at full injection energy and a 
clear ridge consistent with ions slowing down due to collisions 
with electrons. By virtue of the constraint, the phase-space 
densities in the null-measurement region are zero. Regions of 
erroneously negative phase-space densities are present at this 
regularization level. It is unclear if the two peaks appearing 
at negative pitches are real or if they are artifacts. The peak at 
p  =  −0.5 also appears as in figures 4(b) and 5(a).

Figure 5(c) shows a first-order Tikhonov inversion with 
non-negativity and null-measurement constraints according 
to equation (8). By construction there are no artifacts in the 
null-measurement region and there are no negative phase-
space densities. The white patches of very low fast-ion den-
sity circumscribed by larger fast-ion densities seem physically 
unlikely and would suggest that slightly more regularization 

Figure 5. First-order Tikhonov tomographic inversions based on five-view FIDA measurements in ASDEX Upgrade discharge #31557. 
The units are (1016 keV−1 m−3). Various types of prior information are used. (a) Non-negativity: F 0⩾∗ . (b) Null-measurement constraints: 
F E p, 00 0( ) =∗ . (c) F 0⩾∗  and F E p, 00 0( ) =∗ . (d) F 0⩾∗ , F E p, 00 0( ) =∗  and known peak locations: E p,( )κ .
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Figure 6. First-order Tikhonov tomographic inversions using a simulation as prior information. The units are (1016 keV−1 m−3). (a) Ftrue 
which is a modified TRANSP simulation with selective ejection of particles. (b) F F Ftrue simΔ = − . (c)  +  (d) Inversion F F FsimΔ = −∗ ∗  
based on synthetic measurements of Ftrue with 5% Gaussian noise for a five-view FIDA system (c) without and (d) with the TRANSP 
simulation as prior information.
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Figure 7. F F FsimΔ = −∗ ∗  where F∗ is calculated as in figure 6(d). In each subfigure the black dotted line shows the true location of the 
discrepancy. The units are (1016 keV−1 m−3). The colorbar is different for each plot.
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would benefit the solution. The non-negativity constraint also 
tends to attenuate positive peaks because it reduces high-
frequency components of the inversion and hence negative 
as well as positive extrema. The peak at full injection energy 
is present but weaker than in figure 5(b), and the ridge con-
necting the beam injection peaks is weaker than in figure 5(b). 
The two small peaks at negative pitches are attenuated com-
pared with figure 5(b).

Finally, figure 5(d) shows a first-order Tikhonov inversion 
with non-negativity and null-measurement constraints and 
known NBI geometry according to equation  (9). Two NBI 
peaks as well as the ridge connecting them appear. No clear 
artifacts, such as peaks or low-density patches at unexpected 
locations, appear in this inversion, and by construction there 
are again no artifacts in the null-measurement region and 
there are no negative phase-space densities. In the NBI peak 

Figure 8. As figure 7, but using only two FIDA views. The angles of the lines-of-sight to the magnetic field are 73 , 153[ ]φ = � � .  
The colorbar is different for each plot.
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Figure 9. Inversions by TSVD with null-measurement constraint after NBI Q3 was turned on in discharge #33138 at t  =  0.4 s. A movie is 
provided as supplementary material to this paper (movie 1) (stacks.iop.org/NF/56/106024/mmedia). NBI peaks at full, half, and one-third 
energy are gradually formed. The units are (1016 keV−1 m−3). (a) 0.40 s, (b) 0.42 s, (c) 0.44 s, (d) 0.47 s, (e) 0.49 s, ( f ) 0.52 s.
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region the regularization is comparatively weak so that high- 
definition features appear. In the regions far from the peaks the 
solution is smooth due to the stronger regularization. Overall, 
this inversion resembles the TRANSP simulation from figure 2 
the most. This use of prior information will likely make inver-
sions possible at many other tokamaks, where fewer fast-ion 
data than at ASDEX Upgrade is available.

5. Inversions using numerical simulations as prior 

information

Inversion techniques can be used to identify differ-
ences between theory and observation in velocity space. 
This could give clues on which physics is not adequately 
described in the simulation or which systematic error 
confounds the measurements. For this goal it is advanta-
geous to use the numerical simulation as prior information. 
Figure 6 illustrates two different ways to locate differences 
between measurements and simulation in velocity space. 
Figure 6(a) shows a true distribution function Ftrue which 
we would like to know but which in an experiment is never 
known. Here we assume a modified TRANSP simulation. 
We have added the negative Gaussian function shown in 
figure 6(b) to the known TRANSP simulation Fsim (figure 2).  
This selective reduction in phase-space density is a toy 
model for an assumed anomalous transport phenom enon 
localized in velocity space which is not modelled in the 
TRANSP simulation Fsim. Hence figure  6(b) shows the 
difference

Δ = −F F F .true true sim (13)

The goal is now to reconstruct ΔFtrue, given synthetic mea-
surements of Ftrue in five FIDA views and Fsim. We add 5% 
Gaussian noise to each synthetic measurement which is 

a realistic noise level for FIDA measurements at ASDEX 
Upgrade. The discrepancy between measurement and simula-
tion Δ ∗F  is calculated according to equation (11) without and 
with using the TRANSP simulation as prior information, i.e. 
respectively using equations (9) and (10). Figure 6(c) shows 
Δ ∗F  for the case without the TRANSP simulation as prior. 
In the region of the true difference, Δ ∗F  is negative and has 
approximately correct amplitudes. However, Δ ∗F  is domi-
nated by large negative values at the beam injection peaks 
reflecting the difficulty in reconstructing the NBI peaks. The 
reconstructed difference Δ ∗F  therefore does not resemble 
the true difference ΔFtrue. Figure  6(d) presents Δ ∗F  for the 
case where the TRANSP simulation has been used as prior 
information (equation (10)). In this case the approximate 
location of the discrepancy between the true distribution and 

Figure 10. TRANSP simulation (1016 keV−1 m−3) as in figure 9 after NBI Q3 was turned on in discharge #33138 at t  =  0.4 s. NBI peaks 
at full, half, and one-third energy appear in the simulation. (a) 0.40 s, (b) 0.42 s, (c) 0.44 s, (d) 0.47 s, (e) 0.49 s, ( f ) 0.52 s.
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Figure 11. Measured (full lines) and simulated (dashed lines) 
increases in the fast-ion density for p 0.3, 0.7[ ]∈  and five 10 keV 
wide energy intervals in ASDEX Upgrade discharge #33138 right 
after the NBI is switched on. The fast-ion densities are obtained 
by integration of the high-definition tomographic inversion in the 
specified regions in velocity space. The fast-ion densities in the 
regions containing NBI peaks grow faster.
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the TRANSP simulation is found based on experimentally 
accessible quanti ties. However, artifacts are present and the 
amplitudes in the reconstruction are too low by about 30%. 
The success of this approach does not depend strongly on the 
position of the discrepancy in velocity space for the five-view 
FIDA system as we illustrate in figure 7. Each case shows the 
true location of the discrepancy and the reconstruction using 
the simulation as prior information. The approximate location 
of the discrepancy is in each case identified as the region with 
the lowest amplitudes.

Many FIDA systems have two or three viewing directions 
rather than the five available at ASDEX Upgrade. DIII-D has 
three FIDA views [46, 47] and MAST [48, 49], NSTX [50], 
EAST [51], and LHD have two views [52, 53]. In figure 8 we 
reconstruct the six cases from figure 7 using just two FIDA 
views to show that this approach could be useful for other 
machines. The approximate location of the ΔFtrue is recon-
structed in each case, even though the amplitudes of nega-
tive phase-space densities are not reconstructed as well as 
for the five-view case. The reconstruction of Δ ∗F  does not 
require as many measurements as the reconstruction of F∗ 
since the simulation provides cogent prior information about 
the approximate basic shape. Hence this alternative approach 
to tomographic reconstruction should be highly useful for 
FIDA systems with few viewing directions as is common on 
many machines. Further, the approach should also work for 
many combinations of fast ion diagnostics installed on many 
machines [23, 29, 31], for example based on FIDA and CTS 
at LHD [54, 55], CTS, FIDA, NPA, NES, and GRS at ASDEX 
Upgrade [5, 7, 11, 56–62], NES, GRS and NPA at JET [14, 
15, 63], CTS, GRS, NES, NPA and possibly fast-ion charge-
exchange recombination spectroscopy at ITER [64–69]. We 
will demonstrate this method for the two-view FIDA case 
using experimental data in the next section.

6. Studies of neutral beam injection and sawtooth 

dynamics

Prior information allows us to study the formation and pres-
ence of NBI peaks at full, half, and one-third injection energy 
and the fast-ion dynamics associated with sawteeth. NBI 
peaks are here reconstructed by TSVD which is well-suited 
for fine-scale features at the expense of the appearance of 
some jitter. The target velocity-space is restricted using null-
measurements. The beam positions are not used as prior infor-
mation here, and neither is the TRANSP simulation. Negative 
phase-space densities are present in the TSVD, but they are 
fairly small and simply ignored as usual for TSVD. The TSVD 
study confirms the positions of the NBI peaks which we will 
use as prior information in the Tikhonov inversions of fast-ion 
dynamics in sawtoothing plasma.

In discharge #33138, FIDA measurements in five views 
were made just after switching on NBI Q3 to study the 

Figure 13. The measured (full lines) and simulated (dashed lines) 
total fast-ion densities and the fast-ion densities in selected pitch 
ranges in ASDEX Upgrade discharge #32323.
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Figure 12. High-definition first-order Tikhonov tomographic inversions based on four-view FIDA measurements in ASDEX Upgrade discharge 
#32323. The units are (1016 keV−1 m−3). 100 frames are supplied in a sawtooth crash movie attached as supplementary material to the paper 
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appearance of the beam injection peaks in the plasma center. 
The time resolution of the measurements was 2.5 ms. Figure 9 
shows six inversions after the NBI was switched on at t  =  0.4 s.  
A movie showing the formation of the three NBI peaks in 50 
frames is provided as supplementary material to this paper 
(movie 1) (stacks.iop.org/NF/56/106024/mmedia). The same 
level of regularization is used for all frames. The NBI peaks 
at full, half, and one-third injection energy appear reliably at 
the expected pitch and energies at 20 keV, 30 keV and 60 keV. 
Even though three peaks do not always appear in inversions, 
the well-understood locations and the large-scale coherence 
suggest that the peaks are not artifacts but are supported by the 
FIDA measurements. Figure 10 shows that a TRANSP sim-
ulation of the discharge also predicts the formation of three 
peaks in agreement with the measured result.

To study the increase of fast-ion density in time at selected 
positions in velocity space due to switching on the NBI, we 
integrate the inversion in [ ]∈p 0.3, 0.7  and in five 10 keV 
wide energy intervals (figure 11). The fast-ion density builds 
up quickly and steadily for the intervals containing the NBI 
peaks at 20, 30 and 60 keV whereas the intermediate inter-
vals from 32 to 52 keV increase more slowly in agreement 
with the TRANSP simulation. Simulations and measurements 
agree very well for the intervals containing the 20 keV and 
30 keV NBI peaks whereas the 60 keV interval is predicted 
to be slightly less populated. The TRANSP simulation shows 
larger fast-ion densities at 42–52 keV than at 32–42 keV as 
these intervals are fuelled mostly by slowing down of 60 keV 
ions and there is some pitch angle scattering. The inversion 
does not show this behaviour. It should be noted that TSVD 

Figure 14. The measured fast-ion densities in selected pitch and energy ranges in ASDEX Upgrade discharge #32323. The red and blue 
curves also appear in figure 13 and are here split into different energy intervals. (a) 0.25  <  p  <  0.75. (b) p  >  0.75.
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Figure 15. Reconstruction of the velocity-space distribution of the differences between the measurements and the TRANSP simulation 
F F FsimΔ = −∗ ∗  (1016 keV−1 m−3) according to equation (10). Here the TRANSP simulations was used as prior information in the 

inversion. The crash occurs at t  =  2.23 s. A movie is supplied as supplementary material to this paper (movie 3) (stacks.iop.org/
NF/56/106024/mmedia). (a) 2.1 s. (b) 2.13 s. (c) 2.16 s. (d) 2.19 s. (e) 2.22 s. ( f ) 2.25 s.
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showing NBI peaks typically also have undulations elsewhere, 
which may bias a comparison between the different energy 
curves. All in all, the TRANSP simulation agrees fairly well 
with the measurements, and both show the formation of three 
NBI peaks at the expected locations.

Now we turn to study fast-ion dynamics in the sawtoothing 
plasma by high-definition first-order Tikhonov inversions 
using all methods discussed in section 2. First we will use null-
measurements, non-negativity, and the NBI peak positions, but 
not the TRANSP simulation, in pure inversions of the data. 
Then we will use the TRANSP simulation as prior informa-
tion and locate the distribution of discrepancies between the 
measurements and the TRANSP simulation. Previous inver-
sions focussed on the redistribution due to the crash [26–31] 
whereas we here study the dynamics in the entire sawtooth 
period. In this discharge only four views had a time resolu-
tion of 2.5 ms whereas the fifth view had a time resolution of 
25 ms as the camera did not allow faster data acquisition in this 
discharge, and hence we only use four views here. Figure 12 
shows first-order Tikhonov inversions with prior information 
from non-negativity, null-measurements and the position of 
the NBI peaks but not from any simulation. The same level of 
regularization is used for all frames. Figure 12 covers one saw-
tooth cycle, and figures 12(a) and ( f ) are right after crashes. 
A movie showing 100 frames covering two sawtooth cycles 
is supplied as supplementary material to this paper (movie 2) 
(stacks.iop.org/NF/56/106024/mmedia). The 2D velocity dis-
tribution function is strongly depleted at the sawtooth crashes 
and builds up due to the continuous fuelling by the NBI particle 
sources at 20 keV, 30 keV and 60 keV between the crashes. 
The 60 keV peak almost disappears right after the crashes. It 
gradually builds up as the fast-ion density increases during the 
sawtooth cycle. The ridge between the beam injection peaks 
also becomes stronger during the sawtooth cycle.

Figure 13 compares measured total fast-ion densi-
ties as well as fast-ion densities in selected pitch intervals 
with a TRANSP simulation. Here we have added drifting 
Maxwellian distribution functions to the fast-ion TRANSP 
simulation as one always measures the complete ion velocity 
distribution function. The tails of the Maxwellian here make 
a significant contribution due to the very high ion temper-
atures of up to 10 keV with sawtoothing time traces. The 
fast ion densities are obtained by integration of the inver-
sions over all energies and over pitches in the selected inter-
vals. The measured and simulated total fast-ion densities are 
similar right after the crashes. However, the measured total 
fast-ion density increases less than the simulated one during 
the sawtooth cycle. For p  >  0.75 the measurement and the 
TRANSP simulation show clear sawteeth in good agreement 
though the TRANSP simulation is consistently lower than 
the FIDA measurement. For the intermediate pitch range 
0.25  <  p  <  0.75 the agreement is also good, but here the 
TRANSP simulation is consistently higher than the FIDA 
measurement. For | | <p 0.25 the measurements show no evi-
dence of sawteeth, whereas the simulation shows clear saw-
teeth. We stress that variations in measured signals are much 
more reliable than their absolute values, and hence we are 
confident in the presence or absence of sawteeth in the time 
traces. The previous velocity-space tomography studies of 
sawtooth crashes have consistently found that fast ions with 
pitches close to zero are much less affected by the crash than 
ions with pitches close to one which is consistent with our 
results [26–31]. Figure 14 subdivides the p  >  0.75 interval as 
well as the 0.25  <  p  <  0.75 interval into three energy inter-
vals. Sawtoothing time traces are evident at all energies, and 
we find no strong selection in energy.

In figure 15 we examine the results from figures 13 and 14 
by reconstructing the difference Δ = −∗ ∗F F Fsim between the 

Figure 16. As for figure 15, but using only two FIDA views. The angles of the lines-of-sight to the magnetic field are 14 , 73[ ]φ = � � . (a) 2.1 s.  
(b) 2.13 s. (c) 2.16 s. (d) 2.19 s. (e) 2.22 s. ( f ) 2.25 s.
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TRANSP simulation and the high-definition inversions using 
the TRANSP simulation as prior information. As above we 
have added a drifting Maxwellian to the TRANSP simulation 
to account for the thermal ions. We use the available four FIDA 
views. A movie covering two sawtooth cycles is supplied as 
supplementary material to this paper (movie 3) (stacks.iop.
org/NF/56/106024/mmedia). The results obtained by using 
and not using the TRANSP simulation as prior information 
are consistent. The inversions and the simulations agree rela-
tively well right after the crashes. The differences then grow 
during the sawtooth cycle in the region where the TRANSP 
simulation underpredicts the measurements (p  >  0.75) as 
well as in the region where the TRANSP simulation over-
predicts the measurements (p  <  0.75). Finally, in figure  16 
we repeat the tomographic reconstructions of the difference 
Δ = −∗ ∗F F Fsim from figure  15, but only using two FIDA 
views as available on many other machines. Salient large-
scale features such as the regions of overprediction and under-
prediction as well as the approximate location of the extrema 
are well reconstructed using only two views. However, the 
detailed shape of Δ ∗F  is somewhat different, and there is a 
tendency to find larger discrepancies.

7. Conclusions

Velocity-space tomography is usually a highly photon-starved 
enterprise since the optical access to tokamaks and hence the 
number of simultaneous measurements is limited and since 
the signal-to-noise ratio of the measurements is often low 
compared with many other tomography applications. At the 
same time, we would like to infer the 2D velocity distribu-
tion function in high resolution and hence need to infer as 
many unknown parameters as the measurement data sup-
port. Here we make up for the lack of measurements by using 
additional prior information. The inversions are substantially 
improved by using three types of prior information: 1. The 
non-negativity of phase-space densities. 2. The measured 
absence of FIDA light restricting the target velocity space. 3. 
The velocity-space position of NBI peaks.

An inversion based on truncated singular value decomposi-
tion using null-measurements but not the other types of prior 
information reconstructs the three NBI peaks at full, half and 
one-third energy at the expected locations, and their appear-
ance after switching on an NBI could be studied resolved 
in time. We could further study the dynamics of the fast-
ion velocity distribution function in a sawtoothing plasma 
resolved in time in unprecedented detail. TRANSP simula-
tions underpredict the measurements for p  >  0.75 and over-
predict the measurements for p  <  0.75. Measurements show 
no evidence of sawteeth for p  <  0.25 in disagreement with the 
TRANSP simulation. The time-resolved tomographic inver-
sion movies efficiently summarize up to 50 000 data points 
using all presented prior information.

Lastly, we demonstrate an alternative approach to velocity-
space tomography. We infer the 2D fast-ion distribution func-
tion considering the measurements as well as a simulation. 
In this case tomographic inversion uses the simulation as 

prior information. If the measurements and the simulation are 
inconsistent, the most likely velocity-space distribution of the 
discrepancies can then be found by subtracting the simula-
tion from the inversion with the simulation as prior informa-
tion. This could not be achieved with the pure velocity-space 
tomography approach, which does not use the simulation, even 
with five FIDA views. The experimental results obtained with 
this alternative approach are consistent with results obtained 
by velocity-space tomography that does not use the simulation 
as prior information. Experimental results obtained with this 
approach using only two FIDA views suggest that velocity-
space tomography methods can be applied to two-view FIDA 
systems which are common on many machines.
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1. Introduction

The era of burning plasmas is approaching with the construc-
tion of the ITER tokamak. Burning plasmas will offer new 
challenges since the temperature and density profiles are 

self-consistently determined by α-particle heating rather than 
controlled by auxiliary heating. Furthermore, MeV-range ions 
can drive a zoo of instabilities deteriorating the plasma perfor-
mance [2–8]. Hence the development of diagnostics capable 
of measuring MeV-range ions is essential.

MeV-range ions are routinely generated by waves in the 
ion cyclotron range of frequencies (ICRF) and diagnosed 
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Abstract

We demonstrate the measurement of a 2D MeV-range ion velocity distribution function by 
velocity-space tomography at JET. Deuterium ions were accelerated into the MeV-range by 
third harmonic ion cyclotron resonance heating. We made measurements with three neutron 
emission spectrometers and a high-resolution γ-ray spectrometer detecting the γ-rays released 
in two reactions. The tomographic inversion based on these five spectra is in excellent 
agreement with numerical simulations with the ASCOT–RFOF and the SPOT–RFOF codes. 
The length of the measured fast-ion tail corroborates the prediction that very few particles are 
accelerated above 2 MeV due to the weak wave-particle interaction at higher energies.

Keywords: γ-ray spectrometry, neutron emission spectrometry, velocity-space tomography, 
fast ions, tokamak
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by high-resolution γ-ray spectrometry (GRS) and neutron 
emission spectrometry (NES) at JET. Substantial densities 
of MeV-range α-particles are expected in the upcoming DT 
campaign [9]. The fast-ion phase-space distribution func-
tion can be related to energy spectra of neutrons and γ-rays, 
respectively [10–24]. Traditionally the measured 1D spectra 
are compared with simulated 1D spectra to obtain informa-
tion about the fast ion phase-space distribution function. If the 
spectra agree, the simulation is thought to be a good model 
of the fast ions in the discharge. However, any disagreement 
is enormously difficult to interpret for several reasons. First, 
if several simultaneously acquired spectra are available, the 
amount of data one has to consider is rather large, often hun-
dreds of data points. Second, each data point samples large 
regions of fast-ion phase space as illustrated by NES and 
GRS weight functions, and hence it is difficult to pinpoint the 
sources of any disagreement in phase space [25–28]. Third, 
the spectra also depend on nuisance parameters which are 
not of direct interest in fast-ion measurements, such as the 
thermal ion parameters.

Velocity-space tomography is a method to overcome 
these difficulties [29–42]. The method provides a meas-
urement of the 2D velocity distribution function averaged 
over a spatial measurement volume. The rich and complex 
spectral measurement data are converted into 2D images 
of the velocity distribution function that are straightfor-
ward to interpret. The 2D images are the best useful fit to 
hundreds of simultaneously acquired data points, and nui-
sance parameters are accounted for. ASDEX upgrade [43] 
is equipped with collective Thomson scattering (CTS) and 
fast-ion Dα (FIDA) spectroscopy diagnostics [33, 44–48]. 
Velocity-space tomography is becoming a standard tool 
to visualize and analyze FIDA and CTS measurements  
[32–42]. While FIDA spectroscopy works well for ion ener-
gies on the order of 100 keV, it suffers from the low charge-
exchange cross sections  at MeV-range energies [49–51]. 
Hence velocity-space tomography has so far been limited to 
ion energies below 120 keV. At JET, 1D distribution func-
tions of fast-ion velocities perpendicular to the magnetic 
field have been inferred from measurements with the time-
of-flight neutron emission spectrometer TOFOR [15–17]. 
These 1D inversions are based on the assumption that all ion 
velocities parallel to the magnetic field are zero. Here we 
demonstrate velocity-space tomography in the MeV-range 
based on GRS and NES at JET and measure a core-averaged 
2D velocity distribution function of fast ions generated by 
third harmonic ICRF.

Section 2 describes the JET discharge, the diagnostic 
set-up and the NES and GRS measurements. In section 3 we 
discuss the velocity-space sensitivity of our detectors and how 
we select measurement data for the inversion. In section 4 we 
outline the velocity-space tomography approach. A measure-
ment of a 2D MeV-range velocity distribution function and 
benchmarks with the ASCOT–RFOF [20, 52] and the SPOT–
RFOF [22] codes are presented in section 5. We discuss the 
potential and limitations of our approach in section 6 and draw 
conclusions in section 7.

2. NES and GRS measurements at JET

Deuterium ions are routinely accelerated into the MeV-range 
by third harmonic ICRF heating at JET [15, 19, 20]. The wave-
particle interaction for third harmonic ICRF heating is much 
stronger for moderately energetic ions than for thermal ions 
[22]. Hence JET discharge #86459 was heated by 4.5 MW of 
neutral beam injection (NBI) with beam injection energies of 
80 keV, 100 keV and 120 keV providing the seed fast-ion popu-
lation as well as 3 MW of third harmonic ICRF heating accel-
erating the ions into the MeV range. As the magnetic field on 
the magnetic axis was B  =  2.25 T, the ICRF wave frequency 
was 51 MHz. The electron density was about ×4 1019 m−3.

The energetic deuterium tail formed in such plasma sce-
narios was simultaneously measured by three NES detectors 
and one high-purity Germanium (HpGe) GRS detector from 
50.5 s to 52.1 s in discharge #86459 (figure 1). The three neu-
tron emission spectrometers detect neutrons with energies 
near 2.5 MeV from the D(D,n)3He reaction. The time-of-flight 
spectrometer TOFOR is mounted in the roof laboratory and 
views the plasma perpendicularly to the magnetic field [53]. 
The other two neutron emission spectrometers detect neutrons 
through reactions with a synthetic single-crystal diamond 
[54–56] and the liquid organic scintillator material NE213 
[57], respectively. Both neutron emission spectro meters have 
compact designs and are mounted in the back of the magnetic 
proton recoil (MPR) deuterium-tritium neutron emission 
spectrometer (which is not used here). The lines-of-sight of 
the two compact neutron emission spectrometers are oblique 
forming an angle of 47° with the magnetic field on the magn-
etic axis.

The high-resolution HpGe GRS detector is mounted just 
behind TOFOR sharing the same line-of-sight [12, 58]. Here 
we use measurements of the two competing two-step reac-
tions 9Be(D,nγ)10B and 9Be(D,pγ)10Be. Beryllium is the 
first-wall surface material and therefore a major impurity at 
JET. It is also planned as first-wall surface material in ITER. 
Basic parameters of the reactions relevant to this study are  
summarized in table 1.

Figure 2 presents the NES measurements for the three 
spectro meters. The y-axes are the number of event counts per 
bin in all cases. However, the x-axes are given in units par-
ticular to each instrument as we will explain below. The instru-
mental units are related to the neutron energies via known 
instrumental response matrices which reflect that a recorded 
event could originate from neutrons in a wide range of possible 
energies. The determination of neutron energy spectra from 
the measurements is therefore an inverse problem in itself. 
We incorporated this inverse problem into the velocity-space 
tomography problem by formulating instrumental weight 
functions that include the instrumental response matrix and 
hence directly relate the instrumental units to velocity space 
[25, 59]. The parts of the spectra that are used for the inversion 
are chosen based on weight functions and are highlighted in 
each case (see section 3).

The measurements are shown together with synthetic 
measurements based on a numerical simulation with the 
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ASCOT–RFOF code [20]. The absolute calibration of the 
measurements is comparatively uncertain. Hence we fitted the 
synthetic spectra to the measured spectra by multiplication 
with a single scaling factor per spectrum. This allows compar-
isons of the spectral shapes disregarding the absolute scaling.

TOFOR measures the distribution of times-of-flight of 
neutrons covering the distance between two detectors (figure 
2(a)). Ideally, the energy En of an incoming neutron before 
scattering in the first detector can be related to the time-of-
flight of the scattered neutrons between the two detectors by 
[53]

=E m
R

t
2n n

s
2

tof
2 (1)

where ttof is the time-of-flight, mn is the neutron mass and 
Rs  =  0.705 m is the radius of the constant time-of-flight sphere 
on which both detectors are situated. The geometry leading to 
equation  (1) is illustrated in reference [53]. Plugging in the 
parameters leads to the handy formula for TOFOR

   ⎛
⎝⎜

⎞
⎠⎟≈E

t

100 ns
MeV.n

tof

2

 (2)

However, the detailed instrumental response accounting for 
multiple scattering is more complicated as summarized in the 
instrumental response matrix [53, 59] which we will account 

for. Equations  (1) and (2) are useful because they describe 
the by far most likely response of TOFOR. Such a relation 
between the measured variable and the neutron energies does 
not exist for the diamond and the liquid scintillator spectro-
meters. We use the time-of-flight data between 22 ns and 58 ns.  
Hardly any neutrons with times-of-flight below 42 ns are 
detected. Measurements of the absence of neutrons contain 
strong information about 2D velocity space (see section 3).

Figure 2(b) shows the measurements made with the single-
crystal diamond detector. The detector measures distributions 
of energies deposited by neutrons in the diamond. In this case 
the instrumental response matrix reflects that neutrons in a 
wide range of possible energies above a threshold energy can 
deposit a particular energy in the diamond ( <E E0.284 ndep ) 
[59]. Here we use the data with deposited energies between 
0.8 MeV and 2 MeV though hardly any detections are made 
above about =E 1.4dep  MeV.

Figure 2(c) shows the measurements with the liquid scin-
tillator NE213 detector. This detector is sensitive to neutron 
energies by measuring the emitted light produced when a 
neutron hits the scintillator material. The commonly used unit 
of this measurement is megaelectronvolt electron equivalent 
(MeVee) which is the energy of a hypothetical electron pro-
ducing the emitted light. A particular flash of emitted light 
can again be produced by neutrons in a wide range of possible 
energies [59]. We use the data between 0.9 and 2.2 MeVee. 
Hardly any detections are made above about 2 MeVee.

Finally, the GRS measurements are made with a high- 
resolution HpGe detector, which can provide 1 keV energy 
bins in the bandwidth of 10 MeV. Its fine instrumental 
response allows us to neglect it without loss of accuracy. The 
entire GRS data containing many γ-ray peaks is presented in 
figure 3. The tiny highlighted regions show the spectral range 
that we use for velocity-space tomography. Figure 3 illustrates 
that measurement data from many other reactions can be 

Figure 1. Cutaway view (left) and top view (right) of the lines-of-sight of the three neutron spectrometers (TOFOR, diamond, NE213) and 
the HpGe GRS detector. The angle between the lines-of-sight and the magnetic field is about 90° for TOFOR and the HpGe detector and 
about 47° for the compact diamond and NE213 spectrometers.

Table 1. Reactions producing the measured neutron and γ-ray 
spectra.

Reaction Energy release
Neutron or γ 
energy

D(D,n)3He Q  =  3.27 MeV En  =  2.5 MeV
9Be(D,nγ)10B ∗ =Q 4.36–3.59( ) MeV =γE 2.868 MeV
9Be(D,pγ)10Be ∗ =Q 4.59–3.37( ) MeV =γE 3.367 MeV
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exploited for tomographic inversion. We use the 9Be(D,nγ)10B 
and 9Be(D,pγ)10Be reaction peaks as they are powerful and 
good cross section data are available. High-resolution views 
of these peaks near 2868 keV and 3367 keV are presented in 
figure  4. Even though the two peaks are recorded with the 
same detector, the velocity-space observation regions of these 
two spectra are different as we will discuss in the next section.

Generally the agreement between the measurements and 
the simulations is good as noted previously [20]. The slight 
disagreement between the measurements and the simulations, 
most notably in figure 4, is likely caused by the large Larmor 

radius of MeV-range deuterons compared with the width of 
the line-of-sight [13, 60]. These spatial effects are presently 
not accounted for in the weight function formalism.

3. Instrumental weight functions

Weight functions describe the velocity-space sensitivity 
of fast-ion diagnostics and have been calculated for FIDA  
[50, 61], NPA [50], CTS [29], NES [25, 26, 59] and GRS 
[27, 28]. NES and GRS weight functions including the instru-
mental response functions allow an efficient inversion of the 
measurements by velocity-space tomography. Weight func-
tions w connect the velocity distribution function f to the mea-
surement S by

∥∫ ∫= ⊥S wf v vd d . (3)

In this section  we emphasize two basic assumptions of the 
NES and GRS weight function formalism and illustrate the 
velocity-space interrogation regions of the various spectral 
measurements.

First, NES and GRS weight functions rely on the assump-
tion that most neutrons or γ’s originate from a reaction 
between a fast ion and a thermal ion rather than between two 
thermal ions or two fast ions. These three basic types of reac-
tions based on the reactant speeds are referred to as beam-
beam, beam-thermal and thermal reactions. In JET discharge 
#86459, beam-thermal reactions dominate (figure 5) as they 
often do. Beam-beam reactions are usually fairly unlikely due 
to the small number densities of fast particles whereas thermal 
reactions are usually fairly unlikely due to the small reaction 

Figure 2. NES measurements in JET discharge #86459 with three different neutron detectors together with synthetic measurements based 
on the ASCOT–RFOF code. The data used for the inversion is highlighted in yellow. (a) TOFOR. (b) Diamond. (c) Liquid scintillator 
NE213.

Figure 3. High-resolution GRS measurements showing the full  
γ-ray energy range of the HpGe detector. We use the high-resolution 
measurements of the two highlighted peaks. The spectral shapes of 
these two peaks are shown in figure 4.
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cross sections at low energies. The beam-thermal assumption 
is always fulfilled for GRS involving 9Be because the impurity 
is thermal and the reaction cross sections hence require large 
ion energies to allow reactions.

Second, here we neglect that the measurements are made in 
spatially different observation volumes. In principle, the neu-
trons and γ ′s can originate from anywhere along the line-of-
sight. However, most neutrons and γ’s originate from the hot 
plasma core where the fusion reaction rates are largest as the 
inversion of neutron camera data shows (figure 6) [62]. Here 
we assume that all neutrons and γ’s originate from the plasma 
core and neglect emissions from the periphery.

We now turn to the velocity-space interrogation regions of 
the measured data based on these assumptions. Figure 7 illus-
trates ×5 3 weight functions representing the five detectors and 
three typical data points in the spectra for each detector. The 
amplitude of the weight functions is the measurable signal per 
ion in the relevant detector units (equation (3)). Consequently, 
the white regions are not observable. The velocity-space sen-
sitivity (amplitudes) of the weight functions of the different 
spectral data points are rather different which suggests that 
the measurements complement each other well. In each case 
the weight function in the left column is sensitive to large 
portions of our target velocity space, i.e. the part of velocity 

space shown in figure 7 in which we seek to reconstruct the 
2D velocity distribution function. The weight functions in the 
center column are sensitive to ions at intermediate and high 
energies but not to low-energy ions, and the weight functions 
in the right column are sensitive to high-energy ions only.

The data points for the inversion are selected using their 
associated weight functions. Here we do not seek to recon-
struct the part of velocity space below 120 keV since this low-
energy region of velocity space is densely populated due to 
the NBI ions. The inclusion of this densely populated low-
energy velocity-space region would make the inference of 
the relatively sparsely populated high-energy velocity-space 
region difficult. Hence we reject all data points associated 
with weight functions with significant values below 120 keV. 
In figure  7 the 120 keV line is shown in blue. This method 
to reject the parts of the spectra that are sensitive to densely 
populated low-energy parts of velocity space is analogous 
to the rejection of the likewise very bright thermal halo fea-
ture originating from thermal ions in FIDA velocity-space  
tomography [61].

Figure 4. High-resolution GRS measurements of the spectral shapes of the two peaks used for the inversion together with synthetic 
measurements based on the ASCOT–RFOF code. The data used for the inversion is highlighted in yellow. (a) The peak at 2868 keV 
originates from the 9Be(D,nγ)10B reaction. (b) The peak at 3367 keV originates from the 9Be(D,pγ)10Be reaction.

Figure 5. Relative contributions to the neutron energy spectra 
from beam-thermal, beam-beam and thermal reactions according 
to a GENESIS simulation of discharge #86459. Beam-thermal 
reactions dominate over the other contributions.

Figure 6. Measured neutron production rates [a.u.] obtained by 
inversion of neutron camera measurements (in position space) in 
discharge #86459. Most neutrons are produced in the plasma core.
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Figure 7. Typical weight functions for the five spectra for low (left column), intermediate (center column), and high (right column) neutron 
or γ-ray energy shifts expressed in the particular diagnostic units. (a)–(c) TOFOR. (d)–(  f ) Diamond. (g)–(i) NE213. ( j )–(l ) HpGe γ-ray 
peak at 2868 keV. (m)–(o) HpGe γ-ray peak at 3367 keV. The blue dashed lines show 1 MeV, 2 MeV and 3 MeV, and the full blue line 
shows 120 keV. (a) =t 58tof  ns. (b) =t 50tof  ns. (c) =t 42tof  ns. (d ) =E 813dep  keV. (e) =E 1016dep  keV. ( f  ) =E 1191dep  keV.  
(g) =E 0.9ph  MeVee. (h) =E 1.2ph  MeVee. (i) =E 1.5ph  MeVee. ( j ) =γE 2868 keV. (k) =γE 2848 keV. (l) =γE 2828 keV. (m) =γE 3367 
keV. (n) =γE 3347 keV. (o) =γE 3327 keV.

The weight functions covering only very high ion energies 
tend to be beneficial since the measured absence of signal for 
these weight functions helps finding empty regions of velocity 
space. Hence we use all weight functions reaching into the 
target velocity space. The rejected data at the high-energy end 
of the spectra are associated with weight functions that do not 
cover our target velocity space.

4. MeV-range velocity-space tomography

The NES and GRS weight functions allow us to pose the for-
ward model for the computation of synthetic GRS and NES 
spectra efficiently as the matrix equation [30, 31]

=S WF (4)
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which is a discretization of equation  (3). Here S is a vector 
holding the measurements normalized by their uncertainties, 
F is a vector holding the fast-ion velocity distribution func-
tion, and W is a matrix composed of weight functions nor-
malized by the uncertainty of the corresponding measurement 
[31]. As mentioned in section 2, the absolute scaling of the 
measured spectra is fairly uncertain. This uncertainty of the 
absolute scaling means that we will not compute absolutely 
scaled fast-ion velocity distribution functions. Here we calcu-
late a constant scaling factor for each spectrum by fitting the 
synthetic spectra to the measured spectra and then scale all 
weight functions corresponding to a spectrum by this factor. 
This method provides a relative calibration of the five spectra, 
but does not change the spectral shapes.

The goal of velocity-space tomography is now to find F  
(in a.u.), given S and W. The matrix W is ill-conditioned such 
that a useful and stable solution in F cannot be computed 
without additional requirements on the solution. This is called 
regularization. Here we require that the gradients in F are 
small and that F is non-negative. Hence we pose the inverse 
problem using first-order Tikhonov regularization as the mini-
mization problem [38]

⎜ ⎜⎛
⎝

⎛
⎝λ
−W

L
F S Fminimize

0
subject to 0

2
) ) ⩾ (5)

which we solve using a standard non-negative least-squares 
algorithm [63]. The problem shown in expression (5) mini-
mizes the sum of the two-norm of the residual (upper row) and 
the two-norm of the additional constraint on the solution (lower 
row). Left-multiplication with the penalty matrix L effects a 
finite difference approximation of a gradient [36]. The free 
regularization parameter λ balances the smoothness require-
ment and the goodness-of-fit to the data. As consequence of 
the normalization, the measurements with the highest signal-
to-noise ratio are weighted most heavily in the least-square fit.

5. Benchmark of MeV-range velocity-space  

tomography and ASCOT–RFOF and  

SPOT–RFOF simulations

This section demonstrates that measurements of MeV-range 
2D velocity distribution functions using velocity-space 

tomography are feasible and benchmarks the approach 
against numerical simulations with the ASCOT–RFOF [20] 
and SPOT–RFOF [22] codes. The simulated 2D velocity 
distribution functions averaged over the plasma core are 
presented in figures  8(a) and 8(c). The simulations of the 
formation of the fast-ion tail due to ICRF heating from 
the NBI seed population have been discussed previously 
[20, 22]. The 2D velocity distribution functions show sev-
eral expected features. The NBI population has energies 
below 120 keV. The ICRF waves draw a fast-ion tail in the 
⊥v -direction (>120 keV) since the wave electric field couples 

to this velocity component. The tail is close to symmetric 
about the ⊥v -axis. For third harmonic ICRF heating, the tail 
is expected to terminate at energies of about 2 MeV since 
the wave-particle interaction becomes very weak above this 
energy. This strong decrease in the wave-particle interaction 
is also referred to as the barrier region [22]. The simula-
tions predict that very few ions can be accelerated across 
the barrier region. Another feature of the simulations is that 
the tail width increases as ⊥v  decreases which is explained 
by collisions driving the distribution towards an isotropic 
distribution.

Figure 8(b) shows the measurement of the core-averaged 
MeV-range 2D velocity distribution function based on the 
three NES spectra and the two GRS spectra. Several features 
of the inversion are in excellent agreement with the simula-
tions. The measured fast-ion tail is close to symmetric about 
the ⊥v -axis as are the simulations. The predicted and meas-
ured tail lengths are very similar which confirms the presence 
of the barrier region at the predicted location. The measured 
width of the fast-ion tail including the widening for lower ⊥v  
also follows the predictions very closely. Since the measure-
ments are not absolutely calibrated, we can make no state-
ment about the amplitudes. By construction the amplitudes of 
the simulation and the measurement are similar in arbitrary 
units.

The tomographic inversion allows the computation of 
derived quantities that are not experimentally accessible by 
other means. Here we integrate the 2D velocity distribution 
function over ∥v :

( ) ( )∥ ∥∫=⊥ ⊥f v f v v v, d .1D (6)

Figure 8. Simulations with the ASCOT–RFOF and SPOT–RFOF codes and measurement of an MeV-range ion velocity distribution 
function for third harmonic ICRF heating by velocity-space tomography. The dashed lines mark 1 MeV, 2 MeV and 3 MeV. The blue line 
marks 120 keV which is the lower limit of our target velocity space. (a) ASCOT–RFOF. (b) Measurement. (c) SPOT–RFOF.
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Figure 9 shows a comparison of the measured and simulated 
1D velocity distribution functions ( )⊥f v1D . As in figure  8, 
the agreement is excellent for > ×⊥v 6 106 m s−1. The inver-
sion becomes uncertain for lower ⊥v  because the GRS weight 
functions do not reach into this region so that this low energy 
region is not well diagnosed.

Lastly, we note that the obtained results require the use of 
both NES and GRS diagnostics. We have computed inver-
sions based on the three NES spectra alone and have not 
been able to find useful solutions. Figure 7 illustrates that the 
GRS measurements and TOFOR observe similar regions in 
velocity space whereas the oblique sightlines (i.e. the dia-
mond and the liquid scintillator NES detectors) interrogate 
mostly ∥>v 0. Hence the GRS measurements are essential to 
provide the necessary extra views for the region with ∥<v 0. 
Further, the GRS weight functions have isolevels roughly fol-
lowing lines of constant energy whereas the weight functions 
of TOFOR have isolevels roughly following lines of constant 
⊥v . This curvature of the GRS weight functions means that 

only GRS measurements observe the lower left corner of 
our target velocity space (low ⊥v  and ∥<v 0). Thus the GRS 
diagnostic substantially improves the conditioning of the 
inverse problem, such that we can only obtain useful results 
by velocity-space tomography relying both on NES and GRS.

6. Discussion

In this section  we discuss the potential and limitations of 
MeV-range velocity-space tomography. One limitation of our 
present method is that we do not have a standard candle to 
cross-calibrate the spectra without reference to a simulated 
fast-ion distribution function. This is different from FIDA 
velocity-space tomography since FIDA spectra are abso-
lutely calibrated. Further, very strong direct beam emission is 
present in all FIDA spectra and can act as standard candle in 
each spectrum. Here we use a numerical simulation to cross-
calibrate the measured spectra. An improvement could be to 
use an iterative procedure calibrating one spectrum against a 
synthetic spectrum calculated from a tomographic inversion 

based on the other four spectra. This would have the advan-
tage that it does not rely on a simulation. An absolute scaling 
could be estimated after the inversion using the total neutron 
count rate. However, this is not attempted here.

A second limitation is that we neglect the spatial dimension 
of the problem. This limitation also appears to some extent 
in FIDA tomography as the measurement volumes of the dif-
ferent views are not exactly the same. A possible solution 
could be to formulate the NES and GRS weight functions with 
a spatial dimension along the line-of-sight which has already 
been done [26]. The downside of this idea for velocity-space 
tomography is that the spatial dimension increases the number 
of unknowns substantially. Thus more detectors providing 
more measurement data would be required. The γ-ray tomog-
raphy provides spatial information, and it could be possible 
to combine the position-space and velocity-space tomography 
methods.

Possible applications of velocity-space tomography based 
on NES and GRS are not limited to JET, ITER and DEMO 
but include several present machines. Concerning ITER, 
our results hold promise that measurements of α-particle 
2D velocity distribution functions could be feasible. The 
ITER measurement requirements entail measurements of the  
α-particle density and the α-particle energy spectrum [64] 
which can actually not be determined using traditional data 
analysis procedures. Velocity-space tomography allows core-
averaged measurements of these parameters by integration of 
the measured 2D velocity-distribution function, provided that 
at least one diagnostic is absolutely calibrated. The α-particles 
can be directly measured by CTS [65–67] and GRS [68, 69], 
and CTS measurements at ITER are being designed to be 
absolutely calibrated. ITER is also equipped with NES [64]. 
Deuterium and tritium 2D velocity distribution functions, as 
well as the derived fast-ion density and energy spectra, could 
also be determined by velocity-space tomography in ITER by 
CTS, NES and GRS.

The demonstration of a tomographic inversion of NES and 
GRS data will further be useful in many present tokamaks 
with NES and GRS diagnostics. For example, EAST has 
neutron spectrometers [70, 71] as well as two FIDA views 
[72]. LHD is equipped with CTS [73, 74], fast-ion charge-
exchange recombination spectroscopy [75, 76] and a neutron 
spectrometer [77]. ASDEX Upgrade [43] has five FIDA views 
[33, 35, 48], two CTS views [44–47] as well as NES [78, 79] 
and GRS [80]. These various combinations of diagnostics on 
the various machines provide a rich test bed to develop the 
velocity-space tomography method for ITER.

7. Conclusions

So far velocity-space tomography has focussed on FIDA data 
and been limited to energies below 120 keV due to the low 
FIDA signal levels for more energetic ions. However, with 
burning plasmas on the horizon, the 2D velocity-space diag-
nostic of MeV-range particles becomes essential to confront 
theories describing energetic particles. In this paper we extend 
the applicability of the velocity-space tomography method 

Figure 9. Comparison of measured and simulated 1D velocity 
distribution functions ⊥f v1D ( ) illustrating the tail length in ⊥v  space.
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into the MeV-range and demonstrate the measurement of a 
2D velocity distribution function in a third harmonic ICRF 
heating scenario at JET. The tomographic inversion in the 
MeV-range velocity space requires that we base the inversion 
on NES and GRS measurements rather than on FIDA. The 
NES measurements are made with the time-of-flight detector 
TOFOR, a single-crystal diamond detector and a liquid scin-
tillator detector based on the organic material NE213. The 
GRS measurements are made with a high-resolution high-
bandwidth HpGe detector of which we use spectrally resolved 
data for two reaction peaks.

The tomographic inversion based on these five spectra is 
in excellent agreement with SPOT–RFOF and ASCOT–RFOF 
simulations which validates not only the velocity-space tomog-
raphy approach but also the simulations. The measurement by 
velocity-space tomography confirms the predicted length and 
width of the fast-ion tail in velocity space. The measured tail 
length is consistent with the presence of the predicted barrier 
region in velocity space in which the wave-particle interaction 
is very weak. The measurement of an MeV-range 2D velocity 
distribution function based on GRS and NES at JET paves 
the way for measurements of 2D α-particle velocity distribu-
tion functions in the upcoming DT campaign at JET and at 
ITER. Finally, the ITER measurement requirements entail 
measurements of the α-particle density and energy spectra. 
However, diagnostic weight functions suggest that these top-
level measurement requirements are out of reach for indi-
vidual diagnostics. Combined velocity-space tomography will 
allow measurements of these important parameters and is thus 
a promising diagnostic analysis tool for ITER.
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1. Introduction

Fusion plasmas are often described by just a few parameters 
summarizing their basic properties. The ion populations are 
described by the lowest moments of their velocity distribution 

functions: the density n, the drift velocity vd (or equivalently 
the so-called rotation), the temperature T, and the pressure p. 
Anisotropic plasmas are described by the temperatures T‖ and 
T⊥ and the pressures p‖ and p⊥ where the indices refer to 
directions with respect to the magnetic field.

However, the properties of the main-ion species are almost 
never measured directly, but are estimated from measurements 
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Abstract

We measure the deuterium density, the parallel drift velocity, and parallel and perpendicular 
temperatures (T‖, T⊥) in non-Maxwellian plasmas at ASDEX Upgrade. This is done by 
taking moments of the ion velocity distribution function measured by tomographic inversion 
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(6 keV) is not uniquely measurable due to the fast ions. Nevertheless, simulated kinetic 
temperatures accounting for fast ions based on TRANSP (T‖ = 8.3 keV, T⊥ = 10.4 keV) are in 
excellent agreement with the measurements. Similarly, the Maxwellian deuterium drift velocity 
computed with TRANSP (300 km s−1) is not uniquely measurable, but the simulated kinetic drift 
velocity accounting for fast ions agrees with the measurements (400 km s−1) and is substantially 
larger than the measured boron drift velocity (270 km s−1). We further find that ion cyclotron 
resonance heating elevates T‖ and T⊥ each by 2 keV without evidence for preferential heating 
in the Dα spectra. Lastly, we derive an expression for the 1D projection of an arbitrarily drifting 
bi-Maxwellian onto a diagnostic line-of-sight.

Keywords: anisotropic plasma, deuterium density, deuterium rotation, deuterium temperature, 
bi-Maxwellian, velocity-space tomography

(Some figures may appear in colour only in the online journal)

International Atomic Energy Agency

a See Meyer H. et al [1]
b See Kallenbach A. et al [2]

1741-4326/18/036017+12$33.00

https://doi.org/10.1088/1741-4326/aaa6e1Nucl. Fusion 58 (2018) 036017 (12pp)



M. Salewski et al

2

of impurity ions and calculations. For example, deuterium 
temperatures and drift velocities are routinely estimated from 
the corresponding impurity parameters which are measured 
by charge-exchange recombination (CER) spectroscopy. A 
non-exhaustive list of examples of such measurements on a 
variety of tokamaks is found in [3–23]. Deuterium temper-
atures and drift velocities are directly measured by Dα-based 
CER spectroscopy [24–34] and collective Thomson scattering 
(CTS) [35–44]. Neutron emission and gamma-ray spectr-
oscopy also allow temperature measurements in high-perfor-
mance plasmas [45]. A difficulty of main-ion measurements 
is that the associated distribution function is often highly 
non-Maxwellian and anisotropic due to the intense auxiliary 
plasma heating. The non-Maxwellian functional form and the 
anisotropy has up to now been dealt with by splitting the total 
population into a thermal, Maxwellian population and an ener-
getic, non-Maxwellian population in analogy to the simulated 
populations in the widespread TRANSP code [46] (figure 1). 
In TRANSP fast ions are usually assumed to be part of the 
energetic population down to energies of E  =  1.5Ti where Ti 
is the Maxwellian ion temperature. The fast ions with higher 
energies are tracked in the NUBEAM module [46], and when 
they have slowed down to an energy of 1.5Ti, they are removed 
from NUBEAM and added to the thermal population.

If the deviation from a Maxwellian is small, it is argued 
that the energetic-ion population is negligible [38–41]. In 
this case the total deuterium population is modelled as a 
thermal, Maxwellian population which is found as the best-
fit Maxwellian to the total distribution function illustrated 
in figure 1(c). If the deviation from a Maxwellian is large, a 
common approach is to allow for the existence of an energetic, 
non-Maxwellian population in addition to a thermal popula-
tion in analogy to TRANSP [28–31]. In this case one finds the 
best-fit Maxwellian to the distribution function illustrated in 
figure 1(a). However, as individual deuterium ions from the 
‘thermal’ (figure 1(a)) and the ‘energetic’ (figure 1(b)) popula-
tions are indistinguishable, only the total main-ion population 
(figure 1(c)) can be measured experimentally. We will show 
that the artificial splitting into thermal and non-thermal popu-
lations leads to ambiguity of the inferred bulk ion parameters. 
We will drop this artificial splitting altogether and consider 

one total deuterium ion population, and our goal will be to 
measure its lowest moments, the density, the drift velocity, 
and the parallel and perpendicular temperatures and pressures.

Here we demonstrate two new formalisms that accom-
plish this and account for the anisotropy and the deviation 
from a Maxwellian of the deuterium population. To this end, 
we have acquired five spectra of Dα-light originating from 
the same location simultaneously by active Dα-CER spectr-
oscopy using five different lines-of-sight [48–50]. In our first 
approach we find the parallel-drifting bi-Maxwellian distri-
bution function that produces the best fit to the five spectra. 
While this approach in principle allows measurements of the 
bi-Maxwellian parameters n, vd‖, T‖, T⊥, p‖, p⊥ in plasmas 
that have a bi-Maxwellian distribution function, it is inaccu-
rate for populations that are not Maxwellian or bi-Maxwellian 
as is often the case at ASDEX Upgrade. Nevertheless, this 
approach is still worth pursuing as it may be the only option 
for anisotropic temperature measurements if only two or three 
simultaneously acquired active CER measurements are avail-
able. Further, this approach has advantages compared with 
traditional CER spectroscopy based on one spectrum since 
measurements from several detectors are used simultaneously. 
This approach is hence a form of integrated data analysis [51].

In our second approach, we will not assume any functional 
form of the distribution function but instead measure the total 
deuterium distribution function by velocity-space tomog-
raphy which is becoming an increasingly widespread tool to 
analyze fast-ion measurements [48–64]. We then calculate 
n, vd‖, T‖, T⊥, p‖ and p⊥ as the lowest moments of the total 
deuterium distribution function. These kinetic parameters 
are unique and well-defined for any distribution function in 
tokamak plasmas, and they reduce to the usual Maxwellian 
parameters if the distribution is Maxwellian.

This paper is organized as follows. Section 2 briefly reviews 
coordinate systems frequently used to measure drift velocities 
and ion distribution functions. We calculate the projection of 
a bi-Maxwellian distribution function onto a diagnostic line-
of-sight in section 3, illustrating that perpendicular as well as 
parallel temperatures can be measured if spectroscopic data 
from two or more intersecting lines-of-sight are available. 
In section 4 we discuss measurements of the kinetic parallel 

Figure 1. TRANSP splits the deuterium population into (a) a drifting Maxwellian and (b) a fast-ion velocity distribution function 
computed in the NUBEAM module in (1016 (keV m3)−1). (c) The modelled complete deuterium velocity distribution is the sum of both 
populations. The parameters here are taken from a TRANSP simulation of ASDEX Upgrade [47] discharge #32323 at 1711 ms in the 
plasma center just before a sawtooth crash. The NBI source is S3. The Maxwellian is described by T  =  6 keV, nth = 2 × 1019 m−3 and 
vd = 3 × 105 m s−1. The density of the fast-ion population in (b) is nf = 6 × 1018 m−3.
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and perpendicular temperatures and pressures, drift velocities 
and densities as moments of the velocity distribution function 
using velocity-space tomography. Section 5 gives an overview 
of the two discharges that we analyze. Sections 6 and 7 discuss 
difficulties one encounters when trying to fit non-Maxwellian 
distribution functions with Maxwellians and bi-Maxwellians 
in 1D and 2D, respectively. Section 8 presents measurement 
results obtained by fitting spectra with bi-Maxwellians and by 
velocity-space tomography. Finally, in section 9 conclusions 
are drawn.

2. Bi-Maxwellians and drift velocities in common 

coordinate systems

In this section we briefly define the various coordinate sys-
tems that are customary in descriptions of distribution func-
tions and drift velocities in a tokamak. The drift velocities 
are often split into components in the toroidal and poloidal 
directions referring to a drift parallel to the magnetic axis and 
a drift azimuthally around it, respectively. As we analyze mea-
surements in the plasma center in a high-power, high-torque 
plasma, the poloidal drift is not important compared with the 
toroidal drift. Often these drift velocities are presented in 
terms of so-called toroidal and poloidal rotations in units of 
(Hz) or (rad s)−1. However, our formalism to calculate drift 
velocities and distribution functions is simplest in coordinates 
referring to parallel and perpendicular directions with respect 
to the local magnetic field vector due to the rotational sym-
metry associated with the rapid gyration of the ions. Vectors 
in these directions can easily be transformed to vectors in 
toroidal and poloidal directions since the local magnetic field 
vectors are known.

The anisotropic temperatures and pressures are most easily 
understood in (v‖, v⊥)-space which can be represented as a 
slice through the full 3D function f 3D

v (v‖, v⊥) with implied 
rotational symmetry or as a true 2D function f 2D

v (v‖, v⊥) with 
no implied third direction. These two functions are related by 
[52]

f 2D
v (v‖, v⊥) = 2πv⊥ f 3D

v (v‖, v⊥) (1)

where the factor v⊥ is the Jacobian of the transformation from 
Cartesian to cylindrical coordinates and 2π is the integral over 
the ignorable gyroangle. The energy E and pitch ξ of a particle 
are another customary set of 2D coordinates. The 2D coordi-
nate transformations between f 2D

v (v‖, v⊥) and f (E, ξ) are

E =
1
2

m
(

v2
‖ + v2

⊥
)

v‖ = ξ

√
2E
m

ξ =
v‖√

v2
‖ + v2

⊥
v⊥ =

√
1 − ξ2

√
2E
m

 
(2)

with the Jacobians

Jv→E,ξ =
1

m
√

1 − ξ2
JE,ξ→v =

mv⊥√
v2
‖ + v2

⊥
. (3)

A parallel-drifting bi-Maxwellian velocity distribution func-
tion in a magnetized plasma with the ignorable gyroangle γ in 
3D (v‖, v⊥)-space is

f 3D
v (v‖, v⊥) = n

( m
2π

)3/2 1

T⊥T1/2
‖

exp

(
−m(v‖ − vd‖)2

2T‖
− mv2

⊥
2T⊥

)
.

 (4)
A Maxwellian with perpendicular drift cannot be repre-
sented using the two coordinates (v‖, v⊥) due to the rota-
tional symmetry. A perpendicular drift velocity term of the 
form (v⊥ − vd⊥)2 would represent a ring distribution rather 
than a drifting Maxwellian due to the rotational symmetry. 
Therefore such a term is not included. It is possible to allow 
perpendicular drifts using the formalism shown in section 3 
where one describes the rotation symmetric bi-Maxwellian 
in a coordinate system with a relative perpendicular velocity. 
In high-power, high-torque plasmas in ASDEX Upgrade, the 
perpendicular drift can be assumed to be small compared with 
the parallel drift in the plasma center where the pitch of the 
magnetic field lines is small. Therefore the 2D bi-Maxwellian 
is a good model that is often used. In 2D (v‖, v⊥)-space it 
becomes according to equation (1)

f 2D
v (v‖, v⊥) = n

m3/2

(2π)
1/2

v⊥
T⊥T1/2

‖
exp

(
−m(v‖ − vd‖)2

2T‖
− mv2

⊥
2T⊥

)
,

 (5)
and in 2D (E, ξ)-space according to equations (2) and (3)

f (E, ξ) = n
(

E
πT2

⊥T‖

)1/2

× exp

(
−
ξ2E + 1

2 mv2
d‖ − vd‖ξ

√
2mE

T‖
− (1 − ξ2)E

T⊥

)
.

 (6)
The standard drifting isotropic Maxwellians in these 
 coordinate systems are obtained by setting T‖ = T⊥ = T  in 
equations (4) to (6).

3. Projection of a bi-Maxwellian with arbitrary drift

For many diagnostics the projection of the distribution 
 function onto a particular direction plays a special role. For 
example, the Doppler shift Δλ in CER spectroscopy measure-
ments is given by

Δλ = λ0
u
c (7)

where λ0 is the rest frame wavelength of the emitted light, u 
is the velocity component along the line-of-sight and c is the 
speed of light [65]. Blue- and red-shift correspond to negative 
and positive u, respectively. Similarly, the frequency shift of 
scattered radiation ωδ  in CTS measurements is

ωδ = u|kδ| (8)

where kδ is the difference between the wave vectors of received 
and incident radiation [66]. The velocity distribution function 
projected onto the line-of-sight for CER spectroscopy and onto 
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kδ for CTS, g(u), strongly influences the widths of the measured 
spectra. Here we derive an expression for the 1D projection of a 
bi-Maxwellian with arbitrary parallel and perpendicular drifts. 
This expression provides insight into temperature and drift 
velocity measurements in idealized bi-Maxwellian plasmas. 
The line-of-sight velocity component of a particle with veloci-
ties (v‖, v⊥) and a perpendicular drift velocity vd⊥ is

u = vd⊥ cosβ + v‖ cosφ + v⊥ sinφ cos γ (9)

where φ is the angle between the magnetic field and the line-
of-sight and β is the angle between the perpendicular drift 
velocity and the line-of-sight. Compared with the previously 
used projection equation [52], we here allow for a perpend-
icular drift velocity in analogy to the treatment of systematic 
Doppler shifts due to relative drifts of astrophysical rotating 
accretion discs to Earth [57]. v‖ is the parallel drift which is 
already handled by the existing formalism [52, 67]. The pro-
jection of the 3D function onto the line-of-sight can be written 
using the Dirac δ-function

g(u,φ) =

∫∫∫
f 3D(v‖, v⊥)δ(v‖ cosφ + v⊥ sinφ cos γ

− (u − vd⊥ cosβ))v⊥dv‖dv⊥dγ
 

(10)

which can be interpreted as the projection onto the trans-
formed coordinate

u′ = u − vd⊥ cosβ. (11)

Integration over γ gives for φ �= 0 [52]

g(u,φ) =

∫ ∞

−∞

∫ ∞

(u′−v‖ cosφ)/ sinφ

2f 3D(v‖, v⊥)

sinφ

√
1 −

(
u′−v‖ cosφ

v⊥ sinφ

)2
dv⊥dv‖.

 (12)
The lower integration limit (u′ − v‖ cosφ)/ sinφ in v⊥ 
describes the border between the observable and unobserv-
able velocity-space regions [52, 67]. Unobservable regions 
can be identified here by a negative radicant in equation (12). 
After substituting equation (4) and expanding the fraction by 
v⊥, we get

g(u,φ) =
2n

sinφ

( m
2π

)3/2 1

T⊥T1/2
‖

×
∫ ∞

−∞

∫ ∞

u′/ sinφ−v‖ cotφ

v⊥ exp
(
−mv2

⊥
2T⊥

)

√
v2
⊥ −

(
u′−v‖ cosφ

sinφ

)2
dv⊥

× exp

(
−m(v‖ − vd‖)2

2T‖

)
dv‖.

 

(13)

After integration over v⊥,

g(u,φ) =
n

sinφ

( m
2π

) 1
(T⊥T‖)1/2

∫ ∞

−∞
exp

⎛
⎜⎝−

m
(

u′−v‖ cosφ

sinφ

)2

2T⊥
− m(v‖ − vd‖)2

2T‖

⎞
⎟⎠ dv‖,

 (14)

and over v‖,

g(u,φ) =
n

sinφ

( m
2π

) 1
(T⊥T‖)1/2

(
2π

m( 1
T‖

+ 1
T⊥

cot2 φ)

)1/2

× exp

(
− 2m2(u′ − vd‖ cosφ)2

4T⊥T‖m/2
(
1/T⊥ + 1/T‖ + (1/T⊥ − 1/T‖) cos(2φ)

)
)

,

 
(15)

and after straightforward simplification and transformation 
back to u, we find an intuitive equation for the projection of 
the arbitrarily drifting bi-Maxwellian distribution function 
onto the line-of-sight:

g(u,φ) = n

(
m

2π
(
T⊥ sin2 φ + T‖ cos2 φ

)
)1/2

× exp

(
−m

(
u − vd‖ cosφ− vd⊥ cosβ

)2

2
(
T‖ cos2 φ + T⊥ sin2 φ

)
)

.

 (16)
Equation (16) is a 1D Maxwellian with the effective temper-
ature in the u-coordinate along the line-of-sight

Tu = T⊥ sin2 φ + T‖ cos2 φ (17)

and the u-drift

ud = vd‖ cosφ + vd⊥ cosβ. (18)

It connects the drifting 1D Maxwellian often used in temper-
ature measurements to an underlying group of 2D arbitrarily 
drifting bi-Maxwellians with the same 1D projection. The 
angle between the line-of-sight and the magnetic field is always 
known. If the direction of the perpendicular drift velocity is 
known, we also know β for each view. If at least two simulta-
neous measurements at different viewing angles on the same 
measurement volume are available and the perpendicular drift 
direction is known, we could find all parameters of a drifting 
bi-Maxwellian, assuming that the velocity distribution func-
tion has a bi-Maxwellian shape. This is accomplished by 
measuring Tu and ud for each view (at least two views) and 
inverting equation (17) to obtain T‖ and T⊥ and equation (18) 
to obtain vd‖ and vd⊥. We illustrate this possibility by consid-
ering the two extreme angles φ = 0◦ and φ = 90◦ leading to a 
particularly simple inversion. For φ = 90◦ the parallel temper-
ature and the parallel drift velocity drop out. The width of the 
Maxwellian is then given by the perpendicular temperature 
and the drift is the projected perpendicular drift:

g(u,φ = 90◦) = n
(

m
2πT⊥

)1/2

exp

(
−m(u − vd⊥ cosβ)2

2T⊥

)
.

 (19)
For φ → 0 the perpendicular temperature and the perpend-
icular drift velocity drop out (as β → 90◦). The width is given 
by the parallel temperature. The observed u-drift is vd‖. The 
special case φ = 0 gives the same results as the limit φ → 0 of 
equation (16) (we omit the analogous derivation for brevity):

g(u,φ = 0◦) = n
(

m
2πT‖

)1/2

exp

(
−m(u − vd‖)2

2T‖

)
. (20)
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For T‖ = T⊥ ≡ T , φ drops out of the temperature terms, 
and we obtain a standard drifting Maxwellian with the same 
temper ature for any φ, but with u-drift velocities that do 
depend on the direction of the line-of-sight:

g(u,φ) = n
( m

2πT

)1/2
exp

(
−m(u − vd‖ cosφ− vd⊥ cosβ)2

2T

)
.

 (21)

4. Kinetic temperatures, drift velocities and densi-

ties for arbitrary distribution functions

This section  provides definitions of the kinetic parallel and 
perpendicular temperatures, drift velocities and densities and 
briefly defines how to compute them from an arbitrary dis-
tribution function. At ASDEX Upgrade five active Dα-CER 
spectra are simultaneously measured using five different 
lines-of-sight [48]. These intersect the beam path of NBI 
source S3 in the same region in the plasma. Each line-of-sight 
forms a different angle with the local magnetic field vector, 
so that different parts of velocity space are observed [67]. For 
such a setup we can drop the assumption that the 1D projec-
tions of the distribution function are Maxwellian. Instead 
we can find the complete distribution function by velocity-
space tomography which provides the best regularized fit to 
the measurement data. We can then summarize some of the 
rich information contained in the fitted distribution function 
by computing its lowest moments. In this section we briefly 
define these. The zeroth moment is the density:

n =

∫ ∞

−∞
f (v)dv =

∫ ∞

0

∫ ∞

−∞
f (v‖, v⊥)dv‖dv⊥

=

∫ 1

−1

∫ ∞

0
f (E, ξ)dEdξ.

 

(22)

The first moment is the drift velocity:

vd =
1
n

∫ ∞

−∞
vf (v)dv. (23)

The perpendicular drift is presently neglected in the tomo-
graphic inversion. The parallel drift velocity is

vd‖ =
1
n

∫ ∞

0

∫ ∞

−∞
v‖ f (v‖, v⊥)dv‖dv⊥

=
1
n

∫ 1

−1

∫ ∞

0
ξ

√
2E
m

f (E, ξ)dEdξ.

 

(24)

The second moment is known as the pressure tensor

P = m
∫ ∞

−∞
(v − vd)(v − vd) f (v)dv (25)

which can, for rotational symmetry about the magnetic field, 
be written as

P =

⎛
⎝

p⊥ 0 0
0 p⊥ 0
0 0 p‖

⎞
⎠ (26)

where the parallel and perpendicular kinetic pressures are

p‖ = m
∫ ∞

0

∫ ∞

−∞

(
v‖ − vd‖

)2
f (v‖, v⊥)dv‖dv⊥

= m
∫ 1

−1

∫ ∞

0

(
ξ

√
2E
m

− vd‖

)2

f (E, ξ)dEdξ,
 

(27)

p⊥ =
m
2

∫ ∞

0

∫ ∞

−∞
v2
⊥ f (v‖, v⊥)dv‖dv⊥

=

∫ 1

−1

∫ ∞

0
(1 − ξ2)Ef (E, ξ)dE dξ.

 

(28)

The total kinetic pressure is defined as one third of the trace 
of P:

p =
1
3

tr(P) =
1
3
(

p‖ + 2p⊥
)

=
2
3

∫ ∞

0

∫ ∞

−∞

(
1
2

m
(
v‖ − vd‖

)2
+

1
2

mv2
⊥

)
f (v‖, v⊥)dv‖dv⊥

=
2
3

∫ 1

−1

∫ ∞

0

(
E − vd‖ξ

√
2mE +

1
2

mv2
d‖

)
f (E, ξ)dEdξ.

 (29)
The corresponding kinetic temperatures are

T‖ =
p‖
n

, (30)

T⊥ =
p⊥
n

, (31)

T =
p
n

=
1
3
(
T‖ + 2T⊥

)
. (32)

If the distribution is Maxwellian, these definitions for kinetic 
pressures and temperatures reduce to our thermodynamic 
notions.

5. Overview of discharges #32323 and #33178

In sections  6 and 7 we will investigate discharge #32323 
theor etically, and in section 8 we will present measurements 
in discharges #32323 and #33178. Here we give a brief over-
view of these discharges. Figure 2 presents time traces of the 
auxiliary heating power and the plasma stored energy WMHD 
as well as the impurity (boron) and electron temperatures in 
the plasma center and the line-integrated electron density. 
The auxiliary heating was by neutral beam injection (NBI) 
and electromagnetic wave heating in the electron cyclotron 
range of frequencies (ECRF) and in the ion cyclotron range 
of frequencies (ICRF). The measurement times are high-
lighted in grey. Discharge #32323 has a very low density  
(2 × 1019 m−3) and 2.5 MW of NBI heating power (by NBI 
source S3) which leads to a high impurity temperature (7 keV). 
We will show that the deuterium population in this discharge is 
non-Maxwellian and substantially hotter. Discharge #33178 
had a higher density ((6–7 × 1019 m−3)) and 3.5 MW NBI 
heating. We will compare the anisotropic deuterium temper-
atures with and without additional 4 MW ICRF heating at 
5.5 s and 7 s, respectively.
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Profiles of the temperatures and the toroidal drift velocities 
as function of the normalized toroidal magnetic flux ρt  for the 
three analyzed time points are presented in figure 3. The meas-
ured boron impurity temperatures and toroidal drift veloci-
ties are fairly close to corresponding neoclassical predictions 
for deuterium according to TRANSP in discharge #33178 
whereas they differ by up to about 10–15% in discharge 
#32323. These neoclassical predictions assume Maxwellian 
distributions for deuterium and boron. In the next section we 
will show that such neoclassical predictions are not uniquely 

measurable quantities in non-Maxwellian plasmas due to the 
presence of fast ions.

6. 1D fits of Maxwellians to non-Maxwellian 

 distribution functions

In this section we discuss difficulties in fitting 1D Maxwellians 
to non-Maxwellian deuterium populations as an underlying 
model for typical data analysis in Dα-based CER spectr oscopy 
[24–34] and CTS [38–41]. Otherwise this section makes no 

Figure 2. Overview of discharges #32323 and #33178. Time traces of NBI, ECRH and ICRH power and the plasma stored energy WMHD 
as well as the impurity and electron temperatures in the plasma center and the line-integrated electron density. The time points used in the 
analysis are highlighted in grey: 1.711 s in discharge #32323 and 5.5 s and 7 s in discharge #33178.

Figure 3. Profiles of measured boron (B) temperatures and toroidal drift velocities with corresponding neoclassical predictions for 
deuterium (D) according to TRANSP for the three measurements we will discuss. ρt  is the normalized toroidal magnetic flux.
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reference to any particular diagnostic to gain insight into the 
basic difficulty. Whereas the Maxwellian velocity distribution 
function could be a good model for impurity species in the 
plasma, TRANSP simulations suggest that it can be a poor 
model for the main-ion species deuterium. The reason is that 
auxiliary heating selectively populates particular regions in 
velocity space. Deuterium ICRF and NBI heating therefore 
generate non-Maxwellian populations of deuterium ions.

Simulation codes such as the widely used TRANSP code 
deal with the non-Maxwellian ion population by artificially 
splitting the actual ion population into a thermal, Maxwellian 
ion population and an energetic (E  >  1.5Ti), non-Maxwellian 
population. In TRANSP the deuterium temperature, drift 
velocity and density of the introduced Maxwellian ion popu-
lation are calculated based on other measurements, e.g. impu-
rity temperatures and drift velocities. The fast-ion population 
is calculated by the NUBEAM module. The actual ion popu-
lation is then modelled as the sum of the Maxwellian and the 
fast-ion population (figure 1).

However, the splitting of the total deuterium population 
into two artificial parts based on experimental data is ambig-
uous. Figure 4 illustrates this dilemma in a 1D example. We 
project the 2D velocity distribution functions from figure  1 
onto a diagnostic line-of-sight at φ = 80◦ as discussed in sec-
tion 3. The contributions from the Maxwellian population and 
the fast-ion population are plotted in blue as well as the total 
population (the sum) in black. However, in an experiment we 
can only measure the total population. The temperature of the 
Maxwellian according to TRANSP is 6 keV which is the deute-
rium temperature neoclassically calculated from the impurity 
temperature. We also show an alternative Maxwellian at 7 keV 
with the same density and its non-Maxwellian fast-ion com-
plement summing up to the same total distribution. As there 
is no way to decide which splitting is best, the temperature, 

drift velocity and densities are ambiguous if a significant non-
Maxwellian population is present. The same dilemma occurs 
for 2D velocity distribution functions.

An approach to bypass this dilemma is to assume that the 
energetic, non-Maxwellian population is negligible. Then the 
total deuterium population reduces to the Maxwellian part. In 
figure 5 we show temperatures and drift velocities found by 
fitting 1D Maxwellians to the total projected velocity distribu-
tion function from figure 4. The x-axis shows the interval in 
the projected velocity u which is a proxy for the frequency 
or wavelength range of CTS or CER spectra used in the fit 
(equations (7) and (8)). In CTS measurements, only measure-
ment data at small projected velocities u (or Doppler shifts) 
typical for thermal ions are used to measure temperatures [38–
41]. However, figure 5 illustrates that the fitted temperature 
depends on the range of projected velocities used in the fit, 
in particular if this range is small. It appears to be best to use 
wide ranges so that the fitted temperature does not strongly 
depend on the projected velocity range.

We further vary the adopted ratio of the densities of fast-
ion and thermal populations, nf /nth, which can be computed 
from the TRANSP simulation. The fitted temperatures and 
drift velocities depend on both parameters. The nominal den-
sity ratio according to TRANSP for the distributions shown 
in figure  1 is nf /nth = 0.3. For ASDEX Upgrade discharge 
#32323, the fitted temperature obtained from the total dis-
tribution according to TRANSP is about 9 keV which is sub-
stantially higher than the nominal temperature according to 
TRANSP (6 keV). The lower the density of fast ions, the more 
the fitted temperature to the total population approaches the 
nominal temperature.

Similar trends are observed for the drift velocity. Figure 5 
suggests that we should expect to see differences between the 
fitted main-ion temperature and the corresponding nominal 
value from TRANSP due to the deviation from a Maxwellian. 
The density ratio nf /nth can be used to estimate how large 
this effect is for the discharge under consideration. This effect 
might partly explain the sometimes observed higher fitted 
temperatures and drift velocities of deuterium compared with 
the corresponding TRANSP estimates [41].

7. 2D fits of Maxwellians and bi-Maxwellians  

to non-Maxwellian distribution functions

The 1D examples hinted that the fitted temperatures and drift 
velocities depend on the fast ion population which is strongly 
non-Maxwellian. In figure  6 we consider an analogous 2D 
example, focusing just on the 2D velocity distribution func-
tion underlying the measurements but without reference 
to any particular diagnostic or line-of-sight. We consider 
again the TRANSP simulation illustrated in figure  1 where 
the total deuterium population is modelled to consist of a 
thermal, Maxwellian part and an energetic ion part computed 
by NUBEAM. Here we compute the kinetic drift velocities 
and temperatures of the total velocity distribution function 
according to section  4 and compare these with the corre-
sponding parameters obtained by fitting bi-Maxwellians and 

Figure 4. Projection of the velocity distribution functions simulated 
by TRANSP from figure 1 onto the line-of-sight (φ = 80◦). 
The nominal temperature is 6 keV. Given only the total velocity 
distribution function (black), the splitting into thermal and fast-
ion parts is not unique. This is illustrated by splitting the total 
distribution into two parts using Maxwellians with temperatures of 
6 keV and 7 keV and their respective fast-ion distribution adding to 
the same total distribution.
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Maxwellians to the total (non-Maxwellian) velocity distribu-
tion function. This modelled total distribution is illustrated 
in figure 1(c). Mathematically, we find the fitted parallel and 
perpendicular temperatures and parallel drift velocities by 
solving the minimization problem

minimizevd,T‖,T⊥

(
fMaxw(E, ξ, ntot, vd, T‖, T⊥) − ftot(E, ξ)

)

 (33)
where ftot(E, ξ) is the total distribution in figure  1(c). This 
non-weighted minimization is done for the velocity-space 
up to 70 keV as illustrated in figure 1. The best-fitting single 
temper ature Maxwellian is obtained with the same formalism 
and the contraint T = T‖ = T⊥.

We again vary the ratio nf /nth. In the case of bi-Maxwellian 
populations, the kinetic parameters are the same as the fitted 
bi-Maxwellian parameters. If T‖ = T⊥, the bi-Maxwellian 

further reduces to the Maxwellian. This limit is approached 
for nf /nth � 1 where all temperatures approach 6 keV (figure 
6(a)) and the parallel drift velocity 3 × 105 m s−1 (figure 6(b)). 
For larger nf /nth the kinetic temperatures and the drift velocity 
increase due to the presence of fast ions. The perpendicular 
kinetic temperature is larger than the parallel kinetic temperature 
for NBI source S3 at ASDEX Upgrade due to the beam geom-
etry (injection pitch p ∼ 0.6 in the plasma center as illustrated 
in figure 1(b)). The total kinetic temperature is a 2:1 weighted 
average between the perpendicular and parallel kinetic temper-
atures equation (32). Figure 6(b) shows an analogous comparison 
of fitted parallel drift velocities and the corresponding kinetic par-
allel drift velocities computed as moment of the total velocity dis-
tribution function. The fitted parallel drift velocities remain fairly 
constant for nf /nth < 0.3 and then increase strongly whereas the 
kinetic parallel drift velocity increases smoothly.

Figure 5. (a) Fitted temperatures (φ = 80◦) and (b) parallel drift velocities (φ = 10◦) assuming that the total velocity distribution function 
is Maxwellian. The x-axes show the fitting interval in u which is [−ulim; ulim] excluding the interval [−2; 2] × 105 m s−1 which is typically 
not experimentally accessible due to the need for a notch filter blocking e.g. the gyrotron radiation or the cold Dα-line. The angles φ are 
judiciously selected to illustrate large temperature and drift velocity changes.

Figure 6. Kinetic temperatures and drift velocities as function of the adopted density ratio of the fast ions and thermal ions in the TRANSP 
picture. The nominal TRANSP deuterium values are T  =  6 keV and vd = 300 km s−1. Results from fits of Maxwellians and bi-Maxwellians 
to the total distribution are also shown.
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The bi-Maxwellian temperatures also increase with the 
ratio nf /nth but for nf /nth = 0.3, as in ASDEX Upgrade dis-
charge #32323, the fitted parallel temperature is larger than 
the fitted perpendicular temperature in disagreement with the 
corresponding kinetic temperatures. The difference to the 
corre sponding kinetic values is about 2 keV. The differences in 
these temperatures and drift velocities suggest that the drifting 
Maxwellian and the drifting bi-Maxwellian models do not 
describe typical distribution functions in a low-density, NBI 
heated ASDEX Upgrade plasma well. The best fits have a too 
low drift velocity up to well beyond nf /nth = 0.3 which might 
be related to the too high parallel and too low perpendicular 
temperatures of the best fit.

8. Measurement results

In previous sections we have studied how energetic ion popula-
tions due to auxiliary plasma heating influence measurements 
of main-ion temperatures based on theoretical considerations. 
It appeared that unique densities, drift velocities and aniso-
tropic temperatures could be obtained by considering the total 
ion velocity distribution function, rather than an artificially 
introduced thermal part. In this section we develop two formal-
isms based on these findings allowing for possible anisotropy 
in the plasma, and we demonstrate them using experimental 
data. We infer temperatures following two new approaches 
exploiting that the five active Dα-based CER views allow 
measurements of kinetic anisotropy. Both approaches rely on 
the weight function formalism [52, 67–72].

8.1. Fits to the Dα spectra using bi-Maxwellians

In previous applications of weight functions, the total ion dis-
tribution has been split into thermal and non-thermal parts. 
The weight functions depend only on thermal parameters in 
this picture, whereas they are applied only to energetic, non-
thermal ions. Hence we could relate the measurable signal S 
to the fast-ion velocity distribution function F by the linear 
matrix equation

S = WF (34)

where W is a matrix composed of weight functions [53]. 
However, as we now seek to infer the total deuterium distribu-
tion function, the weight functions now depend on the func-
tion that we seek to infer, and we obtain a non-linear problem

S = W(F)F. (35)

The weight functions W(F) can be computed for arbitrary 
velocity distribution functions but this is computationally very 
demanding. Here we seek a computationally faster approach 
and generate a database of weight functions for bi-Maxwellian 
parameters. The best fitting bi-Maxwellian is found by solving 
the minimization problem

minimize

∥∥∥∥∥S − W(FbiMax)FbiMax

∥∥∥∥∥
2

 (36)

where W(FbiMax) is the weight function matrix computed 
using the bi-Maxwellian test functions. The weight functions 
have been precomputed for a discretization in the parameters 
(n, vd, T‖, T⊥). This allows us to find the best fitting drifting 
bi-Maxwellian to the five simultaneously measured spectra 
given the physics model encoded in the weight functions. 
Traditionally, one 1D Maxwellian is fit to one CER spectrum. 
Our approach combines measurements from various detectors 
allowing integrated data analysis. Furthermore, the weight 
function formalism accounts for the effect of the halo and the 
variable charge-exchange probabilities for different energies, 
pitches, and gyro-angles [67, 73]. As consequence we do not 
obtain any apparent temperatures and apparent drift velocities 
that need to be corrected [74]. If the velocity distribution func-
tion is close to bi-Maxwellian, all parameters can be found 
rapidly by matrix multiplication.

We applied this formalism to the five simultaneously 
measured Dα-based CER spectra in ASDEX Upgrade dis-
charge #32323 obtained for the plasma described in figure 1 
[50]. With this approach we find parallel and perpendicular 
temperatures that are consistently higher than the deuterium 
temperature of 6 keV neoclassically determined by TRANSP 
based on the measured boron temperature. However, the 
values vary substantially in the range 7 keV to about 13 keV 
(depending on used data ranges) and either the parallel or 
perpend icular temperature of the fitted bi-Maxwellian is 
higher. This behavior is consistent with the difficulty of fitting 
a Maxwellian or bi-Maxwellian to a realistic total distribution 
function as these are not good models in this case (section 7). 
While this approach works very well using synthetic data and 
presumably also in bi-Maxwellian plasma, we do not obtain 
unique results in the strongly non-Maxwellian plasma in dis-
charge #32323 investigated here.

8.2. Temperature and drift velocity measurements  
by velocity-space tomography

Our second new approach to measure bulk plasma param-
eters is to find the best fitting smooth velocity distribution 
function by velocity-space tomography based on the five 
spectra of Dα-light. In this approach no specific functional 
form of the ion velocity distribution function is assumed, 
such as a Maxwellian or bi-Maxwellian, which in turn makes 
regularization necessary to obtain useful solutions. In pre-
vious work velocity-space tomography has been restricted 
to analysis of Dα-light with large Doppler shifts, so-called 
fast-ion Dα-light (FIDA [65, 75]), and to the part of velocity 
space with energies larger than 15–20 keV. Here we include 
the thermal feature in the fit and infer the complete velocity 
distribution function of the deuterium population. The basic 
plasma parameters n, vd,‖, T‖, T⊥, p‖ and p⊥ can be calcu-
lated by taking appropriate zeroth to second moments of the 
resulting distribution function (section 4). Due to the non-
linear nature of the problem (section 8.1), we calculate the 
solution iteratively. The minimization problem in iteration 
step i now becomes
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minimize

∥∥∥∥∥

(
W(FbiMax(ni−1, vd‖,i−1, T‖,i−1, T⊥,i−1))

λL

)
Fi

−
(

S
0

)∥∥∥∥∥
2

subject to Fi � 0

 

(37)

where the bi-Maxwellian parameters ni−1, vd‖,i−1, T‖,i−1 and 
T⊥,i−1 are found as the lowest moments of Fi−1 according to 
section 4. The results are not sensitive to the start guess. L is 
a matrix operator effecting a numerical approximation to a 
gradient [58]. In this is so-called first-order Tikhonov regu-
larization the parameter λ balances the requirements to fit the 
data and smoothness [50].

In figure 7, the measured total distribution function in dis-
charge #32323 is compared with the corresponding TRANSP 
simulation, which is the sum of fast-ion and thermal contrib-
utions. The tomography problem was solved for energies to 
the left of the dashed line. The phase-space densities to the 
right of the dashed line are assumed to be small since no FIDA 
light above the noise level is observed in the part of the spectra 
probing only these velocity-space regions [50]. Overall, the 
measurement and the simulation are in excellent agreement. 
Figure 8 demonstrates that the simulated and measured loop 
voltages, the plasma stored energies, and the neutron rates also 
agree well, indicating that the TRANSP simulation is a good 
model for this discharge. The observed differences between 

the tomographic inversion and the simulated ion distribu-
tion function in figure 7 partly originate from reconstruction 
uncertainties and could also partly originate from anomalous 
effects not caught in the TRANSP simulation.

However, the inference of the low-energy part of velocity 
space hampers the inference of the high-energy part of velocity 
space due to the much larger phase-space densities in the low-
energy part. For example, the peaks at the NBI injection ener-
gies are not found whereas they are routinely found in fast-ion 
velocity-space tomography studies [50]. It will therefore still 
be advantageous to introduce a lower energy limit in velocity-
space tomography studies that are focused on fast ions.

Our goal here is to calculate the lowest moments of the 
velocity distribution function (section 4). We find that the 
total density is 2.3 × 1019 m−3 which is comparable to the 
total density in TRANSP/NUBEAM (2.6 × 1019 m−3). The 
measured drift velocity is 400 km s−1 and the measured 
temper atures are T‖ = 9 keV and T⊥ = 11 keV. The corre-
sponding values obtained with TRANSP/NUBEAM when the 
simulated fast-ion distribution from NUBEAM is accounted 
for by computing the moments of the total ion distribution 
function (figure 1(c)) are T‖ = 8.3 keV, T⊥ = 10.4 keV, vd =  
400 km s−1. The agreement between measurements and 
simulation accounting for fast-ions is excellent. The nominal 
TRANSP deuterium density (2 × 1019 m−3), temper ature 
(6 keV) and drift velocity (300 km s−1) are not uniquely 
measurable quantities. The agreement corroborates our new 

Figure 7. Comparison of a (a) measurement of f (E, p) (1016 (keV m3)−1) by velocity-space tomography and a (b) TRANSP simulation 
for discharge #32323 at 1711 ms before a sawtooth crash in the plasma center. The simulation is the sum of a Maxwellian at 6 keV and the 
fast-ion velocity distribution function computed with NUBEAM. (c) Difference between (a) and (b). 

Figure 8. Comparison of the TRANSP simulation in 32323 and measurements. (a) Loop voltage. (b) Plasma stored energy. (c) Neutron 
rate.
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approach to temperature measurements, and it suggests that 
the nominal temperatures given by TRANSP need to be 
regarded as lower bounds. We note that this discharge has a 
very high nf /nth. In more conventional discharges these dif-
ferences are smaller according to figure 6.

As a second example of temperature measurements by 
velocity-space tomography, we study the impact of electro-
magnetic wave heating in the ion cyclotron range of frequen-
cies (ICRF). Discharge #33178 was heated by NBI and 
ECRH at 5.5 s and by NBI, ECRH and 2nd harmonic ICRF 
heating at 7 s (figure 2). The plasma was at steady-state at both 
times. The core electron density was 6–7 × 1019 m−3 which is 
higher than in previous applications of velocity-space tomog-
raphy. The inversions for both heating schemes are compared 
in figure  9. The ICRF heating populates the high-energy 
space such that the distribution function becomes broader. We 
find evidence for acceleration above the full NBI energy of 
60 keV as expected for the 2nd harmonic ICRF heating sce-
nario which accelerates fast ions from NBI. These results are 
consistent with recent measurements of the fast-ion velocity 
distribution function in a comparable plasma scenario [62]. 
The central boron temperature and the neoclassically com-
puted central deuterium temperature according to TRANSP in 
the NBI-only phase were about 2.3 keV. In the ICRF-heating 
phase both temperatures are about 1 keV higher according to 
TRANSP.

From the inversion, we find deuterium temperatures of 
T‖ = 5 keV and T⊥ = 6 keV for the NBI-only phase. The 
ICRF heating increased both T‖ and T⊥ by 2 keV. We find no 
evidence for preferential heating in the perpendicular direc-
tion. The expected tail in the perpendicular direction is likely 
below the detection limit of FIDA, in particular at high ener-
gies exceeding about 150 keV. This is in contrast to the strong 
fast-ion tail in the perpendicular direction observed at JET 
above 150 keV [61, 76–78] as γ-ray and neutron emission 
spectroscopy used for the inversion are much more sensitive 
at very high energies [57, 69, 71, 72]. At ASDEX Upgrade 

such an ICRF heating tail could not be detected by FIDA. 
Nevertheless, effects of the heating are observed. Fast ions 
above the critical energy heat preferentially the electrons 
which in turn quickly approach equilibrium and heat the ions 
without preferred direction as we observe. At JET, energies 
below 150 keV were not studied as the γ-ray measurements 
have little sensitivity at such energies.

Lastly, we note that a substantial fraction of the ICRF 
heating accelerates hydrogen [62]. Hα-light is therefore also 
detected by FIDA. According to calculations the hydrogen 
ions become strongly anisotropic with a long high-energy 
tail. However, this happens at energies outside the FIDA 
detection range [62]. As the hydrogen is an impurity spe-
cies with low concentration, we here neglect the presence of 
hydrogen.

9. Conclusions

We propose two new approaches to measure deuterium den-
sities, drift velocities and parallel and perpendicular temper-
atures. We further derive an expression for the projection of an 
arbitrarily drifting bi-Maxwellian distribution function onto 
the line-of-sight of ion diagnostics, e.g. a CER spectrometer. 
This projection suggests that measurements of any anisotropy 
are feasible if simultaneous measurements using different 
lines-of-sight are made. We measured five active spectra of 
Doppler-shifted Dα-light with the five-view FIDA system 
at ASDEX Upgrade usually used for fast-ion velocity-space 
tomography.

In our first approach, we fit a bi-Maxwellian to the five 
simultaneously acquired spectra to obtain the density, the par-
allel drift velocity and the parallel and perpendicular temper-
ature. Whereas this approach should work well for plasmas 
that have a bi-Maxwellian distribution function, we demon-
strate that it is less reliable in strongly heated, low-density 
plasmas in fusion devices due to the non-Maxwellian and 
non-bi-Maxwellian nature of the plasma.

In our second approach, the full velocity distribution func-
tion is measured using velocity-space tomography. Here the 
bulk plasma parameters are obtained as the lowest moments of 
the measured velocity distribution function. For a Maxwellian 
distribution these kinetic parameters reduce to the usual 
Maxwellian parameters. Firstly, we find that the kinetic temper-
atures are substantially higher than the usual thermal temper-
atures calculated from impurity temperatures using TRANSP. 
This is explained by the impact of fast ions. We stress that the 
kinetic temperatures are experimentally accessible parameters 
in any plasma whereas the nominal Maxwellian deuterium 
temperature according to TRANSP is not a uniquely meas-
urable quantity in the presence of an even moderate fast ion 
population. Secondly, in a plasma heated by NBI at ASDEX 
Upgrade, we find substantial anisotropy in the plasma. 
The measured perpendicular temperature is T⊥ = 11 keV  
whereas the parallel temperature is T‖ = 9 keV. The meas-
ured boron temperature is 7 keV, and TRANSP determines 
the single deuterium temperature of 6 keV neoclassically 
from this boron measurement. However, the parallel and 

Figure 9. Comparison of measurements of f (E, p) (1016  
(keV m3)−1) in the plasma center without ICRF heating (dashed 
lines) and with ICRF heating (full lines) in discharge #33178.
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perpendicular temperatures computed as second moments of 
the sum of the Maxwellian and the fast-ion population from 
NUBEAM give T⊥ = 10.4 keV and T‖ = 8.3 keV which are 
in excellent agreement with the measurement. Similarly, the 
measured parallel drift velocity of 400 km s−1 is in excellent 
agreement with TRANSP, if corrected for the impact of fast 
ions, whereas the nominal deuterium drift velocity computed 
with TRANSP without any fast-ion correction is 300 km s−1. 
The measured boron drift velocity in the plasma center is 
270 km s−1. As second example, we studied an ICRF heated 
plasma. Any preferential heating due to ICRF could not be 
detected using Dα-based CER spectroscopy. ICRF elevated 
the measured parallel and perpendicular temperatures by sim-
ilar amounts (2 keV).
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Abstract — Bayesian integrated data analysis combines measurements from different diagnostics to jointly
measure plasma parameters of interest such as temperatures, densities, and drift velocities. Integrated data
analysis of fast-ion measurements has long been hampered by the complexity of the strongly non-Maxwellian
fast-ion distribution functions. This has recently been overcome by velocity-space tomography. In this method
two-dimensional images of the velocity distribution functions consisting of a few hundreds or thousands of
pixels are reconstructed using the available fast-ion measurements. Here we present an overview and current
status of this emerging technique at the ASDEX Upgrade tokamak and the JET toamak based on fast-ion
D-alpha spectroscopy, collective Thomson scattering, gamma-ray and neutron emission spectrometry, and
neutral particle analyzers. We discuss Tikhonov regularization within the Bayesian framework. The imple-
mentation for different types of diagnostics as well as the uncertainties are discussed, and we highlight the
importance of integrated data analysis of all available detectors.

Keywords — Tokamaks, fast ions, velocity-space tomography.

Note — Some figures may be in color only in the electronic version.

I. INTRODUCTION

Integrated data analysis refers to the combined
analysis of measurements from several different

detectors or diagnostics to jointly infer parameters of
interest.4,5 The inference of the plasma temperature,
densities, or drift velocities by integrated data analysis
relies on the assumption of Maxwellian distributions of
the particles. However, the ion distributions in fusion
plasmas are usually not in thermal equilibrium but are
non-Maxwellian due to the intense plasma heating. For
example, velocity distribution functions in plasmas
heated by neutral beam injection (NBI) can have
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†See Ref. 1.
‡See Ref. 2.
§See Ref. 3.
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peaks due to energetic ion sources at full, half, and
one-third NBI energy at a pitch determined by the
geometry. The pitch is defined as p ¼ vk=v where vk
is the velocity component parallel to the magnetic field
and v is the velocity magnitude. Electromagnetic wave
heating in the ion cyclotron range of frequencies
(ICRF) causes anisotropy because ICRF heating
increases the velocity components perpendicular to
the magnetic field, often into the mega-electron-volt
range. Early modelling assumed bi-Maxwellian distri-
bution functions with different temperatures parallel
and perpendicular to the magnetic field, but modern
ICRF codes predict features that are not well described
by bi-Maxwellians in many heating scenarios. For
example, a cut-off energy of the velocity distribution
function is predicted in deuterium ICRF heating at the
third harmonic.6 It would often be an oversimplifica-
tion to model such velocity distribution functions by
analytic formulas. The lack of simple models has ham-
pered integrated data analysis of fast-ion measurements
in the past.

Integrated data analysis of fast-ion measurements
from at least two detectors has recently become possi-
ble by velocity-space tomography.7–20 The fast-ion
velocity distribution function is described by a two-
dimensional (2-D) image consisting of a few hundreds
or thousands of pixels. The amplitudes in these pixels
are then determined by the available measurement data
and any prior information one might have by a regu-
larized least-squares fit.

Experimentally, the method was introduced based on
Axially Symmetric Divertor Experiment (ASDEX)
Upgrade21 data first using three simultaneously measured
spectra from fast-ion Dα (FIDA) spectroscopy in three
different views observing the plasma center.10,11 Now
four to five simultaneously measured FIDA spectra are
routinely used.12–19 NBI (Refs. 10–18) as well as ICRF
heated plasmas19 have been studied, including sawtooth-
ing plasmas12–18 and NBI startup scenarios.18 The first
movies of fast-ion velocity distribution functions at
ASDEX Upgrade have been presented.18 Integrated data
analysis by combining different fast-ion diagnostics9 has
been experimentally demonstrated for FIDA and collec-
tive Thomson scattering (CTS) measurements at ASDEX
Upgrade15,17 and very recently for gamma-ray spectro-
metry (GRS) and neutron emission spectrometry (NES) at
the Joint European Torus (JET) (Refs. 3 and 20).

This paper is organized as follows. In Sec. II we
describe the velocity-space tomography method using
Tikhonov regularization with prior information, and in
Sec. III this approach is related to the Bayesian

framework. In Sec. IV we discuss so-called weight func-
tions, which are analogous to lines of sight in position-
space tomography, of the most common fast-ion diagnos-
tics. Section V deals with uncertainties. Section VI
highlights the importance of integrated data analysis of
the available measurements. An outlook is presented in
Sec. VII, and Sec. VIII concludes the paper.

II. HIGH-DEFINITION VELOCITY-SPACE TOMOGRAPHY

In analogy to position-space tomography, the forward
model to compute synthetic fast-ion measurements from a
fast-ion velocity distribution function is cast as the matrix
in Eq. (1) (Ref. 8):

eS ¼ eWF ; ð1Þ

where F is the fast-ion velocity distribution function

written as a vector, eS contains the measurements written
as another vector, and eW is a matrix holding the forward

model. The calculation of eW is discussed in Sec. IV. To
take measurement uncertainty eσS into account, each entry
in eS is normalized with its associated uncertainty, and so
is the corresponding line in eW (Ref. 9). Hence we obtain
the normalized matrix in Eq. (2),

S ¼ WF ; ð2Þ

in the normalized quantities S and W . The tomography
problem now is to find a stable and useful solution for F,
given S and W . As the signal-to-noise ratio S is on the
same order of magnitude for most diagnostics, whereas

the measured signal eS can differ by orders of magnitude
depending on the units, the normalization by eσs substan-
tially improves the conditioning of the tomography pro-
blem and allows integrated data analysis of measurements
from different diagnostics.

Equation (2) has no exact solution due to noise in the
measurements, and hence we instead seek to find a best
estimate. However, as in most tomography problems, it
turns out that W is ill-conditioned so that small changes
in S result in large changes in F in a standard least-
squares fit. The measurement noise therefore generates
random jitter in the inversion and no stable inversion can
be found. To date velocity-space tomography has relied
on standard inversion methods: truncated singular value
decomposition, the maximum entropy method, and a few
variants of the Tikhonov regularization.10–12,14,18 We here
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discuss Tikhonov’s regularization method and solve the
minimization problem

F� ¼ arg min
F

W
λL

� �
F � S

0

� ����� ����
2

subject to F� � 0 ;

ð3Þ

where we also demand the solution to be nonnegative.18

The upper row minimizes the two-norm of the residual of
Eq. (2). Tikhonov’s formulation adds the lower row to the
least-squares fit which penalizes large values of the two-
norm of λLF. L is a matrix representing an operator on
F such that LF quantifies an undesired property of the
solution. If L is the identity matrix, λLF penalizes large
amplitudes of F. If L is a numerical gradient operator, λLF
penalizes large gradients and hence seeks out smooth
solutions. The regularization parameter λ balances the
goodness-of-fit and the regularization requirements and
must be found as part of the solution.

Compared with many other tomography applications,
the amount of measured fast-ion diagnostic data is small
due to the limited optical access to the plasma and the
often comparatively low signal-to-noise ratio. Therefore,
inversions often have so-called artifacts which are spur-
ious features of the inversion. Artifacts can be reduced by
installing additional fast-ion diagnostics8,14 and by opti-
mizing the discharges for signal-to-noise ratio. For exam-
ple, FIDA works very well in L-mode plasmas with low
density and few impurities.10,12–14

High-definition tomography techniques additionally
make use of prior information to remedy artifacts and to
improve the inversions.18 Besides the usual demand on
smoothness, cogent prior information is the nonnegativity
of the velocity distribution function, the measured
absence of evidence for fast ions within the detection
limit, and the position of the injection sources in velocity
space for NBI scenarios. Further, a numerical simulation
can be used as prior knowledge of the velocity distribu-
tion function. With these types of prior information,
Eq. (3) is written in extended form as18

F� ¼ arg min
F

W

λκL

� �
F � S

λκLFsim

� ����� ����
2

subject to
F� � 0

F�ðvk0; v?0Þ ¼ 0

(
; ð4Þ

where κ ¼ κðvk; v?Þ encodes the velocity-space positions
of the particle sources of the NBI at the full, half, and
one-third NBI injection energies, F�ðvk0; v?0Þ ¼ 0 is the

velocity-space region with negligible fast-ion densities
according to null measurements, and Fsim is a numerical
simulation used as prior information. These high-
definition tomography techniques improved results for
the five-view FIDA diagnostic at the tokamak ASDEX
Upgrade and further allow the use of inversion techniques
for more common FIDA systems with two or three views.
The nonnegativity constraint is also essential for tomo-
graphic inversion at JET (Ref. 20).

III. BAYESIAN FRAMEWORK FOR VELOCITY-SPACE
TOMOGRAPHY WITH TIKHONOV REGULARIZATION

This section justifies the velocity-space tomogra-
phy formalism using Tikhonov regularization in the
Bayesian picture and clarifies the connection between
the regularization and the prior information. Bayes’
theorem links the posterior distribution function with
the likelihood function and the prior distribution
function:

probðFjSÞ ¼ probðSjFÞ � probðFÞ
probðSÞ ; ð5Þ

where

posterior probðFjSÞ = probability of the
amplitudes of the
pixel values describ-
ing the distribution
function, given the
normalized data

prior probðFÞ = probability of the
distribution function
before considering
the normalized data

likelihood function probðSjFÞ = probability of the
normalized data,
given the distribu-
tion function

probðSÞ = probability of the
normalized data,
often called the
evidence.

Using the forward model, we can assign probabilities
to the likelihood function:
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probðSjFÞ / exp � 1
2
eWF � eS� �TeΣS

eWF � eS� �� �
;

ð6Þ

where eΣS is the covariance matrix for the data eS.
Assuming the noise to be independent and normally dis-
tributed, the likelihood function reduces to

probðSjFÞ / exp � 1
2

WF � S

���� ����2
2

 !
: ð7Þ

Recall thatW and S are normalized by the uncertainties. We
further assume the prior distribution to be a multivariate
Gaussian:

probðFÞ / exp � 1
2
ðF � F0ÞTC�1ðF � F0Þ

� �
; ð8Þ

where F0 is the estimate of the velocity distribution
function before considering the data and C is the covar-
iance matrix for F0. If a numerical simulation Fsim is
available, we may set F0 ¼ Fsim. Since the covariance
matrix is positive semidefinite, so is its inverse C�1.
Hence we can introduce the symmetric decomposition

C�1 ¼ λ2LTL ; ð9Þ

where λ2 is a positive free parameter setting a width-
scaling for the multivariate Gaussian. The inverse of the
covariance matrix C�1 is often called the Fisher informa-
tion matrix. Equation (9) allows us to write Eq. (8) as

probðFÞ / exp � 1
2
λ2 LðF � F0Þ
���� ����2

2

 !
: ð10Þ

According to Bayes’ theorem [Eq. (5)], the posterior
becomes

probðFjSÞ / exp � 1
2

WF � S

���� ����2
2

� 1
2
λ2 LðF � F0Þ
���� ����2

2

 !
;

ð11Þ

where we dropped the evidence term since it just scales
the results which does not change the proportionality
relation. Maximizing the posterior probability is equiva-
lent to solving the minimization problem:

minimize WF � S

���� ����2
2

þλ2 LðF � F0Þ
���� ����2

2

 !
: ð12Þ

We prefer the equivalent formulation as

minimize
W
λL

� �
F � S

λLF0

� ����� ����
2

; ð13Þ

as it is a stable and convenient form for numeric computa-
tion. We have hence recovered the Tikhonov problem from
the Bayesian formulation. Equation (9) shows how to
obtain a Fisher information matrix or its inverse, the cov-
ariance matrix C, from the penalty matrix L in Tikhonov’s
problem. Conversely, given C, we can find L to within a
factor λ by symmetric matrix decomposition. Perhaps the
simplest example is the zeroth-order Tikhonov problem
where L is the identity matrix. Then C is a diagonal matrix

with 1=λ2 on the diagonal, so that the entries in F are
uncorrelated. For first-order or higher-order Tikhonov reg-
ularization, we can likewise use Eq. (9) to calculate C. The
detailed mathematical form of C depends on how the
penalizing derivative is implemented as finite differences.

The complete Bayesian prior corresponding to the
Tikhonov problem in Eq. (4) is

probðFÞ / exp � 1
2
λ2ðF � F0ÞTðκLÞTðκLÞðF � F0Þ

� �
subject to

F� � 0

F�ðvk0; v?0Þ ¼ 0

(
:

ð14Þ

IV. WEIGHT FUNCTIONS

Weight functions enter the rows of the matrix eW in
Eq. (1) and are analogous to lines of sight in standard
position-space tomography. They quantify how much signal
per ion is measured and are hence a convenient formulation
of the forward model for velocity-space tomography. The
phase space is described by the velocity coordinates
ðvk; v?Þ or ðE; pÞ and the position coordinates x. ðvk; v?Þ
are the velocities parallel and perpendicular to the magnetic
field, and ðE; pÞ are the energy and pitch of the particle,
respectively. Here pitch is defined as p ¼ vjj

v
, where v is the

magnitude of the ion velocity. Themeasurable signal s can be
found by integration of the weight function w times the fast-
ion velocity distribution function f over phase space7,22–28:

sðm1;m2; ϕÞ ¼
ð
vol

ð1
0

ð1
�1

wðm1;m2; ϕ; vk; v?; xÞ
� f ðvk; v?; xÞdvkdv?dx ; ð15Þ
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where sðm1;m2; ϕÞ is the integrated measured signal in
the interval m1 < m < m2 where ϕ is the angle between
the line of sight and the magnetic field, and m represents
the units on the abscissa of the fast-ion measurements,
e.g., the energy in GRS measurements or the wavelength
in FIDA measurements. The units of the integrated mea-
sured signal depend on the diagnostic units. The units of
f in Eq. (15) are seconds squared divided by meters to the
fifth (s2/m5). The weight functions thus show the signal
per fast ion as a function of the velocity coordinates in
units (signal/fast ion). They can be calculated using a
forward model of a given fast-ion diagnostic. One defines
a phase-space distribution function consisting of a single
pixel and computes the signal as a function of the phase-
space coordinates of the pixel. Formally, we can substi-
tute a δ function describing the position of Nf fast ions,

fδðvk; v?; xÞ ¼ Nf δðvk � vk0Þδðv? � v?0Þδðx� x0Þ ;
ð16Þ

into Eq. (15) and effect the integration. The amplitudes of
weight functions at phase-space position ðx0; vk0; v?0Þ are
then

wðm1;m2; ϕ; vk0; v?0; x0Þ ¼ sðm1;m2; ϕÞ
Nf

: ð17Þ

The weight functions computed with this formalism
account for any physics included in the forward model.
However, they neglect any spatial variations within the
measurement volume. Further, the weight functions do
not account for any background noise which will there-
fore need to be subtracted, e.g., passive FIDA light.
Uncertainties of this type are discussed in Sec. V.

Equation (17) does not provide any insight into the
peculiar shapes of the weight functions for each diagnos-
tic. Examples of weight functions for FIDA, CTS, a
neutral particle analyzer (NPA), NES, and GRS are pre-
sented in Figs. 1 through 6. The basic shapes of the
weight functions are explained for each diagnostic by
considering the underlying physics processes.7,24–27

The FIDA weight functions24 in Fig. 1 illustrate the
excellent coverage of velocity space by the five-view
FIDA diagnostic installed at ASDEX Upgrade when the
measurements are analyzed together.10,14 Each FIDA
view individually misses a portion of velocity space, but
integrated data analysis of all five detectors together
provides excellent coverage of 2-D velocity space allow-
ing the measurement of velocity distribution functions.
Nevertheless, the integrated data analysis can further be

improved by adding additional diagnostics. In particular,
the velocity-space sensitivity of FIDA drops above the
beam injection energy because the charge-exchange prob-
abilities of very highly energetic particles with beam
neutrals drop for increasing particle energy. Therefore,
the measurements of the high-energy velocity space could
likely be substantially improved by adding CTS and NES
diagnostics to the FIDA tomography.

Figure 2 illustrates typical CTS weight functions for
observation perpendicular to the magnetic field.7 If the geo-
metry of CTS experiments is flexible (as often), the weight
functions can take very different shapes similar to the FIDA
weight functions. The overall shapes of CTS weight func-
tions are similar to those of FIDAweight functions because
both are largely determined by the Doppler shift.

Figure 3 shows weight functions for the NPA at
ASDEX Upgrade. NPAs measure the energies of fast
neutrals generated in charge-exchange reactions between
fast ions and neutrals. The measured energy of the neutral
in the detector is the same as that of the fast ion in the
plasma. Ions in very small pitch and gyroangle ranges can
generate a detectable neutral which is reflected in the
narrow pitch range of the weight function. The width of
the energy interval is the same as the chosen energy bin
width in the measurement. NPA weight functions have
not yet been used in velocity-space tomography.

Figure 4 illustrates typical weight functions for the
time-of-flight neutron emission spectrometer TOFOR at
JET (Refs. 25 and 28). The line-of-sight of TOFOR is
approximately perpendicular to the central magnetic field
at JET (Ref. 29). The weight functions are calculated for the
D(D,n)3He reaction. The mega-electron-volt–range ions are
well diagnosed by TOFOR or other NES instruments in
contrast to FIDA. The low time-of-flight signals in TOFOR
are not sensitive to high-energy ions with pitches close to
� 1 (Fig. 4). However, NES detectors installed on oblique
lines of sight can be sensitive to either p ~ 1 or p ~ –1.

Figure 5 shows typical weight functions for two-step
reaction GRS with a HpGe detector,26 here for the
9Be(D,nγ)10B reaction. An interesting feature is that at
low Doppler–shift the HpGe detector is most sensitive to
high-energy ions with pitches close to � 1. However, at
high Doppler–shift these regions do not contribute any
signal whereas the ions with pitches close to 0 contribute
the most signal. The velocity-space sensitivities of the
NES and GRS detectors at JET (similar to Fig. 1 for
FIDA) have been presented elsewhere.20,28

Last, Fig. 6 illustrates typical weight functions for
one-step reaction GRS, here for the reaction D(p,γ)3He
(Refs. 27 and 30). The ITER measurement requirements
entail resolution of the energy spectra and densities of
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fusion alphas and other fast ions.31 Figure 6 illustrates
that one-step reaction GRS could in principle provide
direct energy resolution of the fast ions without the
need for tomographic inversion,27 similar to the NPAs.
The other fast-ion diagnostics have weight functions
covering very broad energy ranges hampering a direct
energy resolution of the individual diagnostics in princi-
ple. Tomographic inversion of all available fast-ion mea-
surements at ITER is currently the only known way to

obtain measurements of the alpha-particle energy spectra
and other fast-ion energy spectra to fulfill the ITER
measurement requirements.31

V. UNCERTAINTIES

The uncertainties of velocity-space tomography are
conceptually the same as for standard position-space

(a) 13◦,−5 nm (b) 13◦,−3 nm (c) 13◦, 3 nm (d) 13◦, 5 nm

(e) 69◦,−5 nm (f) 69◦,−3 nm (g) 69◦, 3 nm (h) 69◦, 5 nm

(i) 103◦,−5 nm (j) 103◦,−3 nm (k) 103◦, 3 nm (l) 103◦, 5 nm

(m) 133◦,−5 nm (n) 133◦,−3 nm (o) 133◦, 3 nm (p) 133◦, 5 nm

(q) 154◦,−5 nm (r) 154◦,−3 nm (s) 154◦, 3 nm (t) 154◦, 5 nm

Fig. 1. Typical weight functions (a.u.) for the five FIDA spectra for five different viewing angles for strong and moderate
blueshifts (first and second columns) and redshifts (third and fourth columns). The angles describe the angle between the line of
sight of the view and the local magnetic field. The wavelengths are relative to the unshifted Dα radiation wavelength of 656.1 nm.
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tomography which is unfortunately not straightforward. We
may divide the uncertainties into three main categories:

1. uncertainties in the fast-ion measurements
S (Ref. 9)

2. uncertainties in the weight matrix W due to
uncertainties in nuisance parameters12

3. bias uncertainties due to the regularization.12

The nature of the uncertainties in the fast-ion mea-
surements depends on the diagnostic. Usually apparently
random fluctuations in the signal (so-called noise) are one
contribution to the uncertainty. There can also be sys-
tematic uncertainties. An example is the passive FIDA
light originating from the plasma edge rather than from
the measurement volume. The passive FIDA light can
be subtracted by beam modulation or passive lines of
sight.23 Whereas uncertainties due to measurement noise
are controlled to be small in tomography, any systematic
measurement error such as in the background subtraction
will propagate into the inversion. Discussions of uncer-
tainties for various fast-ion diagnostics are found in a
recent review.32 Uncertainties in the nuisance parameters
cover the uncertainties in other parameters needed in the
forward model. For example, often the densities and

temperatures of ions or electrons influence the amplitude
of the measured fast-ion signals. Such parameters and
their uncertainties are usually measured by other

(a) 90◦, 1 × 106 m/s (b) 90◦, 2 × 106 m/s (c) 90◦, 3 × 106 m/s

Fig. 2. Typical CTS weight functions (a.u.) for a viewing angle of 90 deg for three projected velocities.

Fig. 3. Typical NPA weight functions (a.u.) for the NPA
at ASDEX Upgrade for five different energy ranges of
the observed neutrals which are identical to the energy
ranges of the fast ions: 50 to 54 keV, 58 to 62 keV, 66 to
70 keV, 74 to 78 keV, and 82 to 86 keV. Only narrow
pitch and gyroangle ranges are accepted by the
instrument.

(a) 56 ns (b) 48 ns (c) 40 ns

Fig. 4. Typical weight functions (a.u.) for TOFOR for three times of flight.
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diagnostics. Last, the bias uncertainties cover systematic
errors introduced by the regularization which is needed to
obtain stable solutions to the tomography problem.

Equation (3) shows that the solution in F depends on
the regularization parameter λ, and so do the uncertain-
ties. For very small λ, the lower part of Eq. (3) becomes
negligible, and one approaches the original least-squares
problem. Even though the fit to the measurement data is
very good, the solution is unstable and is completely
dominated by measurement noise. The bias due to the
regularization is in this case small. For very large λ, the
upper part of Eq. (3) becomes negligible and one
approaches a very smooth function, but the fit to the
measurement data is poor. In this case the uncertainty
due to measurement noise is small, but the bias due to
regularization is large. A trade-off must be made in the
choice of λ to balance the propagation of measurement
noise into the inversion against systematic bias

introduced by the regularization itself. Various strategies
to choose λ automatically exist, such as the L-curve12 or
generalized cross validation.18 Assuming that we have
chosen λ or choose it automatically, we can quantify
the uncertainties in the inversion due to uncertainties in
the fast-ion measurements and due to uncertainties in the
nuisance parameters. We sample the fast-ion measure-
ments and nuisance parameters from their probability
distribution functions and compute a population of
inversions:

F�i ¼ arg min
F

Wi

λL

� �
F � Si

0

� ����� �������� ����
2
subject to F � 0 :

The mean of the N inversions is the best estimate of the
velocity-distribution function

hF�i ¼ 1

N

X
i

Fi� ; ð18Þ

and the uncertainty of the inversion is the corresponding
standard deviation

δF� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

N � 1

X
i

Fi � hF�ið Þ2
s

; ð19Þ

which accounts for uncertainties in the signal and the
nuisance parameters.

Each pixel of the inversion has its own uncertainty so
that we can assess which parts of velocity space can be
reliably inferred.12,15 If required, we can assess the indivi-
dual contributions of the measurement noise and the nui-
sance parameter uncertainty by fixing the other value. The
quantification of the systematic regularization bias is an
open problem because we would need to know the true
distribution function. If it was known, we could substitute
and find the regularization bias according to

(a) +2 keV (b) +22 keV (c) +42 keV

Fig. 5. Typical weight functions (a.u.) for two-step reaction gamma-ray spectrometry using a high-purity Germanium detector
resolving the nominal peak energy of 2868 keV. The shifts in (a) to (c) are relative to the nominal peak energy.

Fig. 6. Typical weight functions (a.u.) for one-step reac-
tion gamma-ray spectrometry using a high-purity
Germanium detector resolving the nominal peak energy
of 5500 keV. From left to right relative to the nominal
peak energy: +200 keV, +350 keV, +550 keV, and
+800 keV.
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δFbias ¼ arg min
F

W

λL

� �
F � WFtrue

0

� ����� ����
2

� Ftrue

subject to F � 0:

ð20Þ

One may use a numerical simulation or the tomographic
inversion to estimate the bias uncertainty.12

VI. RECONSTRUCTIONS OF A PHANTOM USING
INTEGRATED DATA ANALYSIS

In this section we demonstrate the benefits of inte-
grated data analysis of all available fast-ion measurements
at JET. JET discharge #86459 was heated by 4.5-MW NBI
and 3-MW ICRF heating at the third harmonic of
deuterium.33 In this scenario a strong fast-ion tail is accel-
erated above the NBI injection energies of 120 keV.
Deuterium ions are accelerated up to energies of about
2 MeV until they encounter the so-called barrier region
in velocity space where the coupling between the wave
electric field and the ions becomes very weak.6 Therefore

only small populations at energies above about 2 MeV are
expected. This is shown in the ASCOT simulation in
Fig. 7a where the tail terminates at about 2 MeV. The
simulation also shows that the tail becomes broader toward
lower energies due to collisions. A corresponding tomo-
graphic inversion of NES and GRS measurements was in
excellent agreement with the simulation.20

In Fig. 7 we demonstrate the importance of integrated
data analysis to achieve this result. The three inversions in
Figs. 7b, 7c, and 7d are computed using first-order Tikhonov
regularization with nonnegativity constraint according to
Eq. (3). Figure 7b shows an inversion from noisy, synthetic
measurements using all available detectors based on the
simulation in Fig. 7a. The detectors are one HpGe GRS
detector34,35 and three NES detectors: the time-of-flight
spectrometer TOFOR (Refs. 29, 36, 37) the liquid
scintillator,38 and the single crystal–diamond detector.39–41

If the NES and GRS measurements are combined (Fig. 7b),
the shape of the fast-ion tail is in excellent agreement with
the simulation as also the inversion of actual measurements
showed.17

In Fig. 7c we use only the three NES detectors. We
have not been able to obtain inversions resembling the

(a) ASCOT (b) NES+GRS

(c) NES (d) GRS

Fig. 7. (a) Simulation. Inversions based on noisy synthetic measurements from the ASCOT simulation: (b) NES and GRS
measurements, (c) only NES measurements, and (d) only GRS measurements.
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known solution from Fig. 7a for this case. A likely reason
is that two of the three NES detectors are on an oblique
line of sight. Detectors on this oblique line of sight cover
only positive parallel velocities.20,25,28 The half-plane
with positive parallel velocities is therefore well covered
by three sets of weight functions. However, the half-plane
with negative parallel velocities is only covered by the
weight functions from TOFOR, i.e., by just one view,
which is not enough for inversion.

The GRS instrument observes two gamma-ray reac-
tion peaks in high resolution, such that two sets of weight
functions and independent measurements are available.
These two sets cover the entire velocity space.20,26

Roughly, it is possible to localize the position of the
tail, but the tail shape cannot be recovered (Fig. 7d).

While TOFOR is the workhorse of this integrated
data analysis, it is noteworthy that the 2-D inversion at
JET is not successful without the gamma-ray measure-
ments. With TOFOR and the HpGe detector, most of the
velocity space shown in Fig. 7b is covered by three sets
of weight functions. We conclude that an essential ingre-
dient for the velocity-space tomography method to work
is that the relevant parts of velocity space are covered by
more than one set of weight functions. Apparently the
two sets of weight functions available from the HpGe
detector are not sufficient, either.

Currently a second set of GRS instruments is being
installed at JET which will have an oblique view
(ϕ ¼ 30 deg). In Fig. 8 we show an inversion based on
four GRS spectra observed with two HpGe detectors

whereas the NES detectors are not used. This type of all-
GRS inversion is relevant for alpha-particle diagnostic in
the upcoming deuterium-tritium campaign as fast alpha
particles do not produce neutrons directly. The reconstruc-
tion of the ASCOT simulation based on the noisy synthetic
measurements (Fig. 8) is much improved compared with the
single GRS detector measurements (Fig. 7d).

VII. OUTLOOK

A near-term goal of velocity-space tomography at
JET and ASDEX Upgrade is to include further detectors
in the integrated data analysis. The ASDEX Upgrade has
up to six FIDA views,13,42,43 two CTS views,44–46 one
NES view,47,48 one GRS view,49 and one NPA (Ref. 50),
as well as five fast-ion loss detectors.51,52 Until now only
five detectors have been used in the integrated data ana-
lysis. At JET, further detectors should become available
in the near future to allow measurements in the upcoming
deuterium-tritium campaign.1,20,53 In particular, an obli-
que GRS view and an upgraded gamma-ray camera could
contribute significantly to the integrated data analysis.

Integrated data analysis based on high-definition velo-
city-space tomography should now be demonstrated on
other machines than ASDEX Upgrade and JET. Good
candidates are machines with FIDA views and additional
diagnostics, such as DIII-D (Refs. 54 and 55), EAST
(Refs. 56, 57, and 58), TCV (Ref. 59), NSTX (Ref. 60),
MAST (Refs. 61 and 62), or LHD (Refs. 63 through 66).

An important long-term goal is to measure alpha-
particle 2-D velocity distribution functions at ITER.
This would allow us to measure the alpha-particle
density and the alpha-particle energy spectrum which
are part of the ITER measurement requirements.31

The core-averaged values of these parameters can be
measured by integration of the measured 2-D velocity-
distribution function, if at least one diagnostic is abso-
lutely calibrated. The alpha particles at ITER can be
directly measured by CTS (Refs. 67, 68, and 69), GRS
(Refs. 70 and 71), and possibly charge-exchange
recombination spectroscopy.72 CTS measurements at
ITER are being designed to be absolutely calibrated.
ITER is also going to be equipped with NES (Ref. 31).
Deuterium and tritium 2-D velocity distribution func-
tions, as well as the derived fast-ion density and energy
spectra, could also be determined by velocity-space
tomography in ITER by CTS, NES, and GRS. The
various combinations of fast-ion diagnostics on the
various machines provide a rich test bed to develop
the velocity-space tomography method for ITER.

Fig. 8. Inversions based on noisy synthetic measure-
ments from the ASCOT simulation. Here two simulta-
neous GRS measurements were assumed: ϕ1 ¼ 90 deg
and ϕ2 ¼ 30 deg.
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VIII. CONCLUSIONS

We presented an overview and current status of velocity-
space tomography as an integrated data analysis tool for fast-
ionmeasurements.As an example of an inversionmethod,we
discussed the Tikhonov regularization and how to use various
forms of prior information in the Bayesian framework.
Further, we discussed weight functions and uncertainties in
the inversions. The recent combined inversion of GRS and
NES at JET highlights the need for integrated data analysis.
Useful inversions could only be obtained by combined mea-
surements of NES and GRS, not from NES or GRS alone.
NES-only or GRS-only inversions do not even work well
using synthetic data which are substantially easier than using
experimental data. However, if another HpGe GRS detector
with an oblique line of sight becomes available at JET, it could
be possible to base inversions on GRS data alone. Integrated
data analysis of all available fast-ion measurements by tomo-
graphic inversion appears to be a promising route to fulfil the
ITERmeasurement requirements on the densities and energy
spectra of alpha particles and other fast ions.
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Abstract

We discuss α-particle velocity-space diagnostic in ITER based on the planned collective 
Thomson scattering (CTS) and γ-ray spectrometry (GRS) systems as well as ASCOT 
simulations of the α-particle distribution function. GRS is sensitive to α-particles with 
energies E � 1.7 MeV at all pitches p, and CTS for E � 0.3 MeV and |p| � 0.9. The 
remaining velocity space is not observed. GRS and CTS view the plasma (almost) 
perpendicularly to the magnetic field. Hence we cannot determine the sign of the pitch of 
the α-particles and cannot distinguish co- and counter-going α-particles with the currently 
planned α-particle diagnostics. Therefore we can only infer the sign-insensitive 2D 
distribution function f (E, |p|) by velocity-space tomography for E � 1.7 MeV. This is a 
serious limitation, since co- and counter-going α-particle populations are expected to have 
different birth rates and neoclassical transport as well as different anomalous transport due to 
interaction with modes such as Alfvén eigenmodes. We propose the installation of an oblique 
GRS system on ITER to allow us to diagnostically track such anisotropy effects and to infer 
the full, sign-sensitive f (E, p) for E � 1.7 MeV. α-particles with E � 1.7 MeV are diagnosed 
by CTS only, which does not allow velocity-space tomography on its own. Nevertheless, we 
show that measurements of the α-particle energy spectrum, which is an ITER measurement 
requirement, are now feasible for E � 0.3 MeV using a velocity-space tomography formalism 
assuming isotropy in velocity space.
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1. Introduction

A new era of burning plasmas is approaching with the planned 
DT experiments at JET [1, 2] and the construction of the ITER 
tokamak [3]. The ultimate goal for ITER is a fusion power 
of Pfus = 500 MW for an auxiliary heating power of Paux =  
50 MW which gives a power amplification of Q = Pfus/Paux = 
10 [4]. Many present designs for the next-step device DEMO 
hope for Q  =  20–50 [5–7]. Such plasmas are primarily heated 
by α-particles generated in the fusion reaction D(T,n)α. Since 
the fusion born α-particle power is Pα = Pfus/5, the plasma 
self-heating fraction ηα for well-confined energetic particles is

ηα =
Pα

Pα + Paux
=

Q
Q + 5

. (1)

The plasma self-heating fraction is an alternative way to state 
the goal to achieve Q  =  10 which highlights the prominent 
role of α-particles for the plasma heating [4]. The impor-
tance of plasma self-heating by α-particles increases with Q 
(figure 1). The fusion power world record discharge at JET 
in 1997 had ηα = 11% (Q  =  0.64) just below ‘break-even’ at 
ηα = 17% (Q  =  1) [8]. Burning plasmas are predominantly 
self-heated by α-particles (ηα > 50%, Q  >  5), as in ITER 
(ηα = 67%) or DEMO (ηα = 80%–91%). At ‘ignition’ the 
plasma is completely self-heated (ηα = 100%, Q → ∞). 
Burning plasmas will offer new challenges since the temper-
ature and density profiles are self-consistently determined by 
α-particle heating rather than controlled by auxiliary heating. 
Furthermore, MeV-range ions may drive a zoo of instabili-
ties deteriorating the plasma performance [9–19]. Due to the 
central role of α-particles to achieve Q  =  10 and the possible 
anomalous transport due to instabilities, the diagnostic of α-
particles in ITER will be essential.

In the most basic modelling, α-particles are assumed 
to follow a classical, isotropic slowing-down distribution. 
However, neoclassical transport theory and the anisotropic 
α-particle birth profiles in ITER suggest that the α-particle 
distribution will be anisotropic [20]. Furthermore, the basic 
physics of wave-particle interaction suggests that particles 
close to resonance conditions interact most strongly with 
modes. These resonance conditions are different for co- and 
counter-going α-particles such that the expected anomalous 
wave-induced transport is thought to be substantially dif-
ferent for co- and counter-going particles. However, these 
two groups of particles cannot be told apart with the currently 
planned set of α-particle diagnostics. In this paper we hence 
propose the installation of an extra fast-ion diagnostic at ITER 
which would allow us to tell co- and counter-going α-particles 
apart.

Confined α-particles in ITER are expected to be diagnosed 
by γ-ray spectrometry (GRS) [21–24] and collective Thomson 

scattering (CTS) [25–30]. In GRS measurements, the γ-rays 
emitted by fusion plasmas are spectrally analyzed [31, 32]. 
The largest γ-ray fluxes today are achieved at JET. Early 
GRS measurements at JET had a moderate spectral resolu-
tion [33–41]. Developments in detectors now allow a much 
higher spectral resolution such that the Doppler shapes can 
be analyzed [22, 42–51]. The high nuclear reaction rates in 
the upcoming DT campaign at JET [1, 2] and later in burning 
plasmas at ITER and DEMO will further enhance the γ-ray 
emission [21, 52].

In CTS measurements, scattered electromagnetic waves 
are spectrally analyzed. Fast-ion CTS measurements were 
first done at JET [53], and nowadays on ASDEX Upgrade 
[54–57] and LHD [58]. Wendelstein 7-X is also equipped with 
CTS [59, 60]. In this paper we demonstrate various ways to 
determine α-particle velocity distribution functions by inte-
grated data analysis of the GRS and CTS spectra based on 
velocity-space tomography [57, 61–76]. The velocity-space 
tomography technique allows the measurement of α-particle 
densities and energy spectra, which are ITER measurement 
requirements [77].

Section 2 gives a brief overview of the planned GRS and 
CTS systems at ITER. In section 3 we illustrate their velocity-
space sensitivities. Section  4 presents expected results of 
velocity-space tomography at ITER and demonstrates that the 
sign of the pitch cannot be determined, unless an extra fast-ion 
diagnostic with an oblique view is added. The pitch is defined 
as p = v‖/v where v‖ is the velocity component along the 
magnetic field and v the velocity magnitude. This limitation 
is explained in section 5. In section 6 we compute reconstruc-
tions of α-particle distribution functions simulated by ASCOT 
for the baseline and the hybrid scenario which do show signif-
icant asymmetry in pitch. Section 7 discusses further sources 
of such anisotropy in the α-particle distribution and highlights 
the importance of measurements that are sensitive to the sign 
of the pitch. Section 8 presents a way to measure α-particle 
energy spectra based on CTS or GRS measurements in one 
view by assuming isotropy in velocity space as prior informa-
tion. Conclusions are drawn in section 9.

2. Diagnostics for confined α-particles at ITER

For 2D velocity-space or 3D phase-space studies, spectra are 
of particular interest [62, 78]. The currently planned GRS 
and CTS systems for α-particle diagnostic are illustrated in 
figure 2. The CTS system at ITER has several measurement 
volumes distributed along the 60 GHz, 1 MW probe beam 
where it overlaps with the fields of view of highly sensitive 
radiometers [25–30]. We use the central measurement volume 
illustrated in figure  2. CTS diagnostics measure spectra of 
scattered radiation which are sensitive to the projection of 
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the fast-ion velocity distribution function in the measure-
ment volume along kδ = ks − ki. ks and ki are the wave 
vectors of the scattered and incident waves, respectively. In 
CTS the probing radiation is Doppler-shifted according to 
νδ = u|kδ|/2π where u is the projected velocity of the fast 
ion onto kδ . The angle φ between the magnetic field and kδ  
determines together with the observed Doppler shift the inter-
rogation region of the diagnostic in velocity space (see sec-
tion 3). The central measurement volume of the ITER CTS 
system has φ = 97◦.

The GRS system has just completed its conceptual design 
phase and is planned to consist of up to two perpendicular 
detector arrays, one vertical and one radial, out of which we 
select the views going through the plasma core. The lines-of-
sight of both systems are about perpendicular to the magnetic 
field in the plasma core. GRS measurements are in principle 
sensitive along the entire lines-of-sight of the detectors, but 
the γ-ray production is strongly biased towards the plasma 
center where most fusion reactions occur. α-particle measure-
ments at ITER are mainly foreseen by GRS measurements of 
the two-step reaction 9Be(α, nγ)12C which produces γ-rays at 
4.44 MeV and 3.2 MeV [79]. The 4.44 MeV γ-rays originate 
from the decay of 12C from the first excited state, and the 3.2 
MeV from the decay from the second to the first excited state. 
The second excited state is expected to get populated mostly 
due to α-particles with energies larger than 3.4 MeV. Ideally, 
high-resolution GRS measurements resolve the spectral 
shapes of these γ-ray peaks which are sensitive to the veloci-
ties of the α-particles. In this paper we do not consider the 
experimental challenges that must be overcome [24, 45, 80, 
81], but we assume that both GRS and CTS deliver optimal 
measurements according to design.

3. Velocity-space coverage of α-particle  

diagnostics at ITER

The diagnostic velocity-space coverage can be analyzed using 
weight functions which have been studied for the major con-
fined fast-ion diagnostics [61, 64, 82–86], recently also in 3D 
phase-space [78]. A few illustrative examples for GRS and 
CTS weight functions at ITER [24, 61] are presented in fig-
ures  3 and 4. We expect detectable signals for the Doppler 
shifts chosen in figures 3 and 4. The amplitude in the colored 
regions shows the detectable signal per ion and is thus a mea-
sure of the velocity-space sensitivity of the diagnostic. The 
white regions are not observed.

GRS weight functions for ITER are up–down symmetric 
about p  =  0 (figure 3). As GRS relies on the Doppler shift, 
it is impossible to tell in perpendicular views, if a given par-
ticle traverses the detector along or against the direction of the 
magn etic field. Therefore an ion with a given pitch p1 generates 
the same signal as an ion with pitch  −p1 which means that the 
perpendicular GRS at ITER cannot tell co- and counter-going 
ions apart. Otherwise, the GRS weight functions actually have 
considerable selectivity in pitch. At the nominal γ-ray peak 
energy, the sensitivity of co- and counter-going ions is largest 
whereas at large Doppler shifts the sensitivity to trapped ions 

is largest. This pitch selectivity of the two-step reaction GRS 
weight functions ultimately originates from the conservation 
of energy and momentum [84].

Figures 3(a)–(c) shows typical GRS weight functions 
for the γ-ray peak at 3.2 MeV which is most sensitive to α-
particles at energies above about 3.4 MeV which is just below 
the α-particle birth energy. The sensitivity decreases rapidly 
for lower α-particle energies. α-particles with energies larger 
than their birth energy at 3.5 MeV, e.g. due to wave heating in 
the ion cyclotron range of frequencies (ICRF), the Gaussian 
form of the birth energy distribution or anomalous effects, 
could easily be detected with this reaction. It will therefore 
be effective in reconstructions of the velocity-space above the 
nominal α-particle birth energy.

Weight functions for the 4.44 MeV γ-ray peak (figures 
3(d)–( f)) have some similarities with those for the 3.2 MeV 
peak. However, there are important differences due to the dif-
ferent reaction cross sections  of the two reactions. Nuclear 
resonances boost the sensitivity of the 4.44 MeV γ-ray peak 
near α-particle energies of 2 MeV and 4 MeV. The sensitivity 
decreases rapidly for energies below 2 MeV such that this 
reaction is sensitive down to about 1.7 MeV. The sensitivity in 
the region between the 2 MeV and 4 MeV resonances should 
be sufficient for velocity-space tomography.

The viewing angle of CTS is φ = 97◦, and hence the ITER 
CTS system can practically be regarded as a perpendicular 
system. The difference from a truly perpendicular view is 
reflected in the slight asymmetry of the CTS weight functions 
about p  =  0 (figures 4). The weight functions are slightly lop-
sided towards negative pitches for positive projected veloci-
ties u and towards positive pitches for negative u. This gives us 
the theoretical possibility to detect asymmetry in the velocity 
distribution function about p  =  0. However, the asymmetry in 
the weight functions is small, and considering realistic noise 
levels it turns out to be difficult to determine the sign of the 
pitch of a measured ion.

A measure of the gross velocity-space sensitivity is 
obtained by computing weight functions covering the entire 
accessible spectral range. This is equivalent to summing the 

Figure 1. Plasma self-heating fraction ηα as function of the power 
amplification Q. Plasmas are predominantly heated by MeV-range 
α-particles for Q  >  5.
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(a) ΔEγ = ±20 keV (b) ΔEγ = ±10 keV (c) ΔEγ = 0 keV

(d) ΔEγ = ±50 keV (e) ΔEγ = ±30 keV (f) ΔEγ = 0 keV

Figure 3. GRS weight functions (a.u.) for φ = 90◦ and different Doppler shifts ΔEγ for the γ-ray peaks at 3.2 MeV (a)–(c) and at 4.44 
MeV (d)–( f). (E, p) are the energy and the pitch of the α-particles. The pitch sensitivities change substantially from the wings to the center 
of the relevant spectral line. All weight functions are up–down symmetric about p  =  0. The weight functions for positive Doppler shifts are 
identical to those for the corresponding negative Doppler shifts.

(a) CTS (b) GRS

Figure 2. Geometries of the α-particle diagnostic systems planned for ITER in the baseline scenario. (a) Central measurement volume 
of the CTS system. The probe beam is illustrated in blue, and the central receiver beam is illustrated in red. The measurement volume is 
located at the intersection of the probe and receiver beams. Magnetic flux surfaces are indicated. (b) Vertical and radial GRS lines-of-sight 
going through the plasma center. The colours indicate the predicted γ-ray emissivity (γ’s/m3s).
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weight functions associated with each experimentally acces-
sible data point in the spectrum. The weight functions are nor-
malized by the noise levels of their associated measurements 
before computing the sum which is here assumed to be 10% 
[63]. Figure 5 illustrates such gross sensitivities for the three 
spectra (out of which each GRS spectrum will be measured by 
two detectors simultaneously).

Basic features of the individual weight functions enter 
the gross velocity-space sensitivity of the γ-ray peaks at  
3.2 MeV and 4.44 MeV (figures 5(a) and (b)). The gross 
velocity-space sensitivities largely resemble what is expected 
from the energy dependence of the reaction cross sections. 
The 3.2 MeV peak has little sensitivity at energies below   
∼3.4 MeV and becomes very sensitive above the α-particle 
birth energy. The 4.44 MeV peak is strongly sensitive at the 

resonances at 2 MeV and 4 MeV and has a good sensitivity 
between the resonances.

The CTS diagnostic (figure 5(c)) can detect α-particles 
despite the thermal deuterium down to about 0.3 MeV for 
p ∼ 0. This energy is based on an assessment of where in the 
measurable CTS spectrum the α-particles are going to gen-
erate most of the scattered radiation [26, 27]. Thermal deu-
terium (and tritium) ions moving in parallel to kδ  can have 
similar projected velocities as MeV-range α-particles moving 
almost perpendicularly to kδ . The projected velocity u is 
proportional to the Doppler shift in the measured spectrum. 
The dense thermal bulk population can hence effectively 
mask the fairly dilute energetic α-particle population at low 
Doppler shifts. Here we estimate this minimum projected 
velocity, where the α-particle signal starts to dominate, to be 

(a) u = 12× 106 m/s (b) u = 8× 106 m/s (c) u = 4× 106 m/s

(d) u = −12× 106 m/s (e) u = −8× 106 m/s (f) u = −4× 106 m/s

Figure 4. CTS weight functions (a.u.) for φ = 97◦ and different projected velocities u. (E, p) are the energy and the pitch of the α-particles. 
Due to the almost perpendicular observation angle, the weight functions for positive and negative u are very similar but not identical.

(a) (b) (c)

Figure 5. Illustration of gross velocity-space sensitivity of individual fast-ion diagnostics at ITER. (E, p) are the energy and the pitch of the 
α-particles. (a) GRS at 3.2 MeV. (b) GRS at 4.44 MeV. (c) CTS. The sensitivity functions are normalized. The color scale shows the base 
ten logarithm.
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uα,min ∼ 3vth,D where vth,D is the thermal velocity of deute-
rium. The factor three is not fixed but depends on the relative 
densities of the α-particles and the bulk ions and how well we 
know the bulk plasma densities, temperatures, and drifts, in 
particular for deuterium due to its low mass. On the back-of-
the-envelope, this leads to a minimum α-particle energy

Eα,min ∼ mα

mD

u2
α,min

v2
th,D

TD ∼ 18TD ∼ 300 keV. (2)

for one particular pitch. The exact form of the region where 
we can hope to measure α-particles by CTS is given by weight 
functions summarized in figure 5(c). For the CTS geometry 
at ITER, the minimum detectable α-particle energy increases 
towards extreme pitches, such that α-particles with |p| ∼ 0.9
–1 cannot be measured. To detect the α-particles, a CTS with 
an oblique view would be required (φ ∼ 0◦–50◦). The region 
with high gross velocity-space sensitivity is circumscribed 
by a narrow stripe of intermediate sensitivity where the α-
particles produce signals only on one side of the CTS spec-
trum due to the slight asymmetry of the CTS weight functions 
about p  =  0.

We now go one step further and illustrate the gross velocity-
space sensitivity of the combined diagnostic set of CTS and 
GRS. Figure 6 is obtained by summing the weight functions of 
all spectral points normalized by their associated noise levels. 
As the noise levels are estimated on theoretical grounds, we 
should keep in mind that the amplitudes in figure 6 are uncer-
tain. Nevertheless, it is an efficient illustration of the topology 
of the gross velocity-space sensitivity of the combined diag-
nostic set at ITER and it provides useful insight into the matrix 
W required for velocity-space tomography (section 4). Salient 
features from the individual diagnostics can be recognized in 
figure 6. α-particles at energies below  ∼0.3 MeV and co- and 
counter-going α-particles at extreme pitches (|p| � 0.9) and 
energies up to  ∼1.7 MeV can hardly be diagnosed by CTS or 
GRS. The gross velocity-space sensitivity increases substanti-
ally from about 1.7 MeV upwards and becomes excellent 
around the 2 MeV resonance of the 4.44 MeV γ-ray peak. 
For energies close to this resonance and upwards, the gross 
velocity-space coverage of the combined diagnostic set at 
ITER is good. However, CTS is practically the only diagnostic 
detecting α-particles below  ∼1.7 MeV, covering the pitch 
range of |p| � 0.8–0.9. This causes the protrusion below the 
2 MeV resonance of the 4.44 MeV γ-ray peak. Overall, while 
figure 6 is an illustrative summary of the diagnosed velocity 
space at ITER, it does not reveal our incapability to determine 
the sign of the pitch of an ion.

4. Velocity-space tomography based on GRS  

and CTS at ITER

In this section we analyze the inference of the α-particle distri-
bution at ITER by standard velocity-space tomography using 
analytic test functions to reveal basic features of the tomog-
raphy problem. Realistic α-particle distributions computed 

by ASCOT will be studied in section 6. In standard velocity-
space tomography, we solve the Tikhonov problem

minimize
∥∥∥∥
(

W
λL

)
F −

(
S
0

)∥∥∥∥
2

2

subject to F � 0 (3)

with the mathematically equivalent formulation

minimize
{
‖W F − S‖2

2 + λ2 ‖L F‖2
2

}
subject to F � 0 .

 (4)
W is a matrix consisting of normalized weight functions, S 
is the normalized measured signal written as a vector, L is 
a penalty matrix, and F is the velocity distribution function 
rearranged as a vector [70]. In 0th-order Tikhonov regular-
ization L is the identity matrix penalizing large amplitudes 
of F. In 1st-order Tikhonov regularization L is a numerical 
gradient operator penalizing large gradients [68]. The regu-
larization parameter λ balances the relative sizes of the data 
fitting residual WF  −  S and the penalty term LF and must be 
determined as part of the solution. An interpretation of what 
the solution F to the Tikhonov problem represents for almost 
perpendicular diagnostic systems will be given in section 5. 
Here we restrict our focus to finding F by standard velocity-
space tomography in a few examples.

Figure 7 shows our best attempt to infer the 2D classical 
α-particle slowing-down distribution function by standard 
velocity-space tomography for energies down to 300 keV. The 
classical α-particle slowing-down distribution (figure 7(a)) is 
given by [87, 88]

f (E) =
CE1/2

E3/2 + E3/2
c

erfc
(

E − Eb

ΔE

)
. (5)

Here the birth energy is Eb = 3.5 MeV and the crossover 
energy (where drag on ions equals drag on electrons) is 
Ec = 660 keV, and we use a width of ΔE = 100 keV in the 
argument of the complementary error function. C is a constant 
set to obtain the desired total density. The slowing-down distri-
bution is isotropic in velocity space so that it does not depend 
on the pitch. We calculate synthetic spectra based on this 

Figure 6. Illustration of the gross velocity-space sensitivity of CTS 
and GRS together. (E, p) are the energy and the pitch of the α-
particles. The sensitivity functions are normalized. The color scale 
shows the base ten logarithm.
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distribution function with the combined GRS and CTS diag-
nostic system, add 10% noise and calculate inversions of the 
noisy, synthetic spectra. The inversion in figure 7(b) resembles 
the original function only coarsely. The distribution decreases 
monotonically for increasing energies at a given pitch, and the 
phase-space density of ions above the birth energy of 3.5 MeV 
is practically zero. However, the inversion is plagued by arti-
facts. The isotropy of the original function is lost in the inver-
sion. The amplitudes of the inversion do depend on the pitch, 
such that a wave-like pattern is formed. The shape of the CTS 
weight functions appears to be imprinted in the reconstruction. 
The artifacts appear because CTS provides practically the only 
view below about 1.7 MeV where the GRS measurements are 
only very weakly sensitive. This behaviour relates well to pre-
vious findings that inversions based on one view are plagued 
by artifacts for realistic noise levels [62].

A strategy to circumvent these artifacts is to restrict the 
velocity-space region to energies larger than 1.7 MeV, so that 
more than one diagnostic is available everywhere in velocity 
space. Hence the CTS measurements that have significant sen-
sitivity to α-particles below 1.7 MeV are not used in the tomog-
raphy problem (see figure 6). The CTS measurements without 
sensitivity below 1.7 MeV and the GRS measurements can then 
be used to reconstruct the velocity space above 1.7 MeV.

Reconstructions restricted to energies above 1.7 MeV are 
presented in figure 8. Figures 8(a) and (b) show the isotropic 
α-particle slowing-down distribution function and its recon-
struction above 1.7 MeV. They are in excellent agreement. 
The decreasing density towards higher energies is well cap-
tured, as is the birth energy at 3.5 MeV. The reconstruction is 
isotropic to a high degree in agreement with the original func-
tion. This demonstrates that the classical, isotropic slowing-
down distribution can be reconstructed with the diagnostics 
currently planned at ITER in the region above 1.7 MeV where 
both CTS and GRS are sensitive.

In figures 8(c) and (d) we reconstruct an anisotropic func-
tion with symmetry about p  =  0. The anisotropic function has 

decreasing phase-space densities towards pitches of p ∼ ±1. 
This type of distribution function could be a model for the α-
particles after a sawtooth crash that has ejected predominantly 
passing particles rather than trapped particles. This type of 
anisotropy with symmetry in the co-going and counter-going 
particles is also captured well in the reconstruction.

However, in figures 8(e) and ( f) we attempt to reconstruct a 
distribution function that is asymmetric about p  =  0. The orig-
inal function is lopsided towards negative pitches as a model 
for ejection of co-going particles from the classical slowing-
down distribution. This asymmetry is poorly captured in the 
reconstruction. The reconstruction is only marginally lopsided 
towards negative pitches and is almost symmetric such that 
it erroneously also shows ejection of counter-going particles. 
The failure to reconstruct the asymmetric distribution func-
tion originates from the very poor sensitivity to the sign of 
the pitch of the current set of diagnostics. We will discuss 
velocity-space tomography techniques for perpendicular and 
almost perpendicular systems in section 5.

We could distinguish co- and counter-going ions and the 
sign of the pitch if ITER had a tangential or oblique fast-ion 
diagnostic view with respect to the magnetic field. Figure 9 
illustrates weight functions for an oblique GRS view with a 
viewing angle of φ = 30◦ which is similar to that currently 
being installed at JET. Typical weight functions are asym-
metric about p  =  0 allowing the reconstruction of asymmetric 
functions. At ITER such an oblique GRS instrument could be 
installed in any port plug from a physics point of view, but 
this is often challenging from an engineering point of view. 
One option could be to place it in equatorial port plug 8.

Figure 10 shows reconstructions of the asymmetric α-
particle distribution function from figure  8(e) assuming an 
additional oblique GRS view. The reconstruction captures the 
asymmetry and shape of the original function. This demon-
strates that an oblique GRS view will be required, if we wish 
to be able to determine the sign of the pitch and tell co- and 
counter-going ions apart. Close inspection still reveals some 

(a) (b)

Figure 7. (a) Classical slowing-down distribution in units (1010/(m3eV)). (b) Tomographic inversion down to 300 keV from noisy, synthetic 
GRS/CTS measurements based on the distribution in (a). The inversion is plagued by artifacts since CTS is effectively the only available 
fast-ion diagnostic in the range 300 keV to 1.7 MeV.
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erroneous depletion at negative pitches in the inversion, but 
this artifact is strongly suppressed compared with figure 8( f).

To quantify the improvement due to the additional oblique 
GRS view, we compute the partial fast-ion densities for ions in 
the upper and lower (E, p)-halfplanes corresponding to posi-
tive and negative pitches for the inversion and the true solution 
(table 1). The inversions generally have similar α-particle den-
sities as the corresponding true solutions. However, solutions 
obtained with the currently planned set of GRS/CTS diag-
nostics always give symmetric distributions of α-particles, 
despite any asymmetry in the true solution. The asymmetry in 
the true distribution is captured much better with an additional 
oblique GRS view.

5. Velocity-space tomography for diagnostics with 

perpendicular and almost perpendicular views

In this section  we discuss the implications of the almost 
perpendicular viewing directions of the fast-ion diagnostics 
planned for ITER. Assume first a completely perpendicular 
system as an idealized model. In this case there is no way 
to infer the full velocity distribution function F as we never 
know if a given ion has a pitch of p or  −p. It is not even pos-
sible to infer a pixel function Fi consisting of just one pixel i. 
The measured signal for the pixel function is as usual

Si = WFi. (6)

(a) (b)

(c) (d)

(e) (f)

Figure 8. Test distribution functions in units (1010/(m3eV)) and their respective tomographic inversions down to 1.7 MeV from noisy 
synthetic data. (a) Isotropic test function. (b) Inversion based on (a). (c) Anisotropic test function with symmetry about p  =  0. (d) Inversion 
based on (c). (e) Anisotropic test function with aymmetry about p  =  0. ( f) Inversion based on (e).
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As we are not sensitive to the sign of the pitch, the mirror 
image of Fi, F̄i, produces the same signal as Fi:

Si = WF̄i. (7)

The bar denotes the mirroring operation about p  =  0. Adding 
n times equation (6) to m times equation (7) and solving for 
S gives

Si =
n

m + n
WFi +

m
m + n

WF̄i. (8)

We introduce the function Fi,mix as a mixture of Fi and its 
mirror image F̄i:

Fi,mix =
n

m + n
Fi +

m
m + n

F̄i. (9)

The measurable signal for Fi,mix is

Si = WFi,mix (10)

which is the same as for Fi and F̄i. If Fi and F̄i produce the same 
signal, then so does any mix of Fi and F̄i, Fi,mix, constructed 
according to equation (9). This demonstrates our incapability 
to tell the sign of the pitch apart for entirely perpendicular sys-
tems. This result also holds for arbitrary distribution functions 
since these can be constructed from pixel functions:

F =
∑

i

Fi. (11)

The total signal for an arbitrary distribution function can also 
be constructed as the sum of signal for pixel functions:

S =
∑

i

Si =
∑

i

WFi,mix = W
∑

i

Fi,mix. (12)

Hence we obtain

S = WFmix (13)

showing that any mix of F and F̄  gives the same signal. For 
a completely perpendicular system, we can hence infer Fmix 
from a measured signal by velocity-space tomography. Fmix 
still holds much information about F but we do not make any 
statement about how the phase-space densities are shared 
among F and F̄  for each pixel according to equation  (9). 

(a) ΔEγ = −60 keV (b) ΔEγ = −30 keV (c) ΔEγ = 0 keV (d) ΔEγ = +30 keV

(e) ΔEγ = −40 keV (f) ΔEγ = −20 keV (g) ΔEγ = 0 keV (h) ΔEγ = 20 keV

Figure 9. GRS weight functions at various Doppler shifts ΔEγ for the proposed extra diagnostic view at φ = 30◦. Upper row: 4.44 MeV 
peak. Lower row: 3.2 MeV peak.

Figure 10. Reconstruction of the asymmetric α-particle distribution 
function from figure 8(e) with an additional oblique GRS view at 
φ = 30◦.

Table 1. α-particle densities nα (1018 m−3) for Eα > 1.7 MeV. n+α  
and n−

α  are the densities for positive and negative pitch, respectively. 
Their ratio n+

α/n−α  measures the asymmetry of the distribution 
function.

Figure 8(a) 8(b) 8(c) 8(d) 8(e) 8( f) 10

nα 2.93 2.76 2.39 2.29 2.66 2.57 2.58

n+
α

1.46 1.37 1.19 1.15 1.19 1.28 1.16

n−
α 1.46 1.38 1.19 1.14 1.46 1.29 1.43

n+
α/n−α 1.00 0.99 1.00 1.01 0.82 0.99 0.81
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Hence only f (E, |p|) can be inferred by velocity-space tomog-
raphy for completely perpendicular systems.

Solutions found by Tikhonov regularization tend to be 
close to up–down symmetric about p  =  0 for completely 
perpendicular systems. This is not surprising as all weight 
functions are up–down symmetric about p  =  0 in this case. 
However, it is also instructive to consider the symmetry in 
terms of the Tikhonov problem. Any mix Fmix has the same 
residual WFmix − S as F, and hence the least-squares term 
‖W F − S‖2

2 of Tikhonov’s minimization problem (equation 
(4)) is not able to separate these. Nevertheless, the Tikhonov 

penalty term ‖LFmix‖2
2 = ‖ n

m+n LF + m
m+n LF̄‖2

2 in equation (4) 
is smallest for a mix (equation (9)) with m  =  n, i.e. when the 
mix is symmetric (this follows from a bit of algebra omitted 
here). Therefore the Tikhonov regularization will select for 
solutions that are close to up–down symmetric. The up–down 
symmetric solution is obtained for m  =  n  =  1 in equation (9):

Fud =
1
2

(
F + F̄

)
. (14)

To directly solve for this up–down symmetric solution and 
explicitly incorporate our inability to determine the sign of 
the pitch in the Tikhonov problem, we can pose the problem 
by computing the up–down symmetric Fud in one halfplane 
only, e.g. the halfplane with p  >  0. The signal due to Fud in 
the full velocity space is

S = WFud. (15)

We introduce the parts of the weight functions with positive 
pitch, W+ , and the parts with negative pitch, W−, and similarly 
for Fud, F+

ud  and F−
ud . Then we can write the signal as

S = W+F+
ud + W−F−

ud. (16)

Without changing the result, we can mirror W− and F−
ud  into 

the upper halfplane and compute the signal as

S = W+F+
ud + W̄−F̄−

ud. (17)

Since we are assuming an up–down symmetric function Fud, 
we have

F̄−
ud = F+

ud. (18)

Hence

S =
(

W+ + W̄−
)

F+
ud. (19)

For exactly φ = 90◦, we also have W+ = W̄−. For the almost 
perpendicular system at ITER (φ ∼ 90◦, but not exactly), Fud 
is a good approximation to the computed F and illustrates 
our limitation to infer the pitch. In this case we can simply 
use equation (19) to infer F+

ud  with the explicit prior informa-
tion of up–down symmetry. This conveniently uses half the 
number of grid points but a small error is introduced.

Asymmetries in the original function are not captured by 
the inversion and are instead redistributed towards a more 
symmetric inversion as illustrated in figure 8( f). We can still 
make statements about the 2D velocity distribution function 
f (E, |p|), just not about the sign of the pitch. We can gain 
insight into the solution obtained using 1st-order Tikhonov 
regularization by the generalized singular value decompo-
sition (GSVD) (see [89] and the references therein). It pro-
vides the basis of the solutions allowed by the weight matrix 
W and the regularization matrix L in the Tikhonov problem. 
As explained in [89], the Tikhonov solution is expressed in 
terms of the GSVD basis functions, and it can be shown that 
the Tikhonov solution is dominated by those components that 
correspond to the largest generalized singular values. The 
reconstruction of asymmetric Tikhonov solutions from noisy 
data thus requires that some of the dominant generalized sin-
gular values are associated with asymmetric basis functions. 
Figure 11 illustrates the nine most important basis functions 
for the currently planned set of α-particle diagnostics and for 
the enhanced set with an extra GRS view at φ = 30◦. The first 
eight basis functions of the Tikhonov solution for the currently 
planned set are almost up–down symmetric which results in 
almost up–down symmetric solutions. On the contrary, sev-
eral of the nine dominant basis functions for the enhanced set 
are up–down asymmetric such that it is possible to compute 
up–down asymmetric solutions.

We can consider the Tikhonov problem to devise a strategy 
to allow asymmetric regularized solutions. Any asymmetry 
in the inversion needs to have an incentive in the measure-
ments, which is, however, very hard to deliver with almost 

Figure 11. The nine dominant basis functions of a GSVD (yellow: positive, blue: negative). Upper row: the currently planned set of 
α-particle diagnostics where the first eight basis functions are up–down symmetric. Lower row: the enhanced system with an additional 
GRS view at φ = 30◦. In this cases several of the first nine basis functions are asymmetric and thus allow the construction of asymmetric 
regularized solutions.
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perpend icularly viewing diagnostics. In the Tikhonov problem, 
the upper row WF  −  S can introduce asymmetry. The signal is

S = WF + ε (20)

where ε is the noise. Hence the residuals of the true solution F 
and an erroneous solution Fmix, in which the mirror image of 
the true solution appears, are, respectively,

r = |S − WF| = ε (21)

rmix = |S − WFmix| = |W(F − Fmix) + ε|. (22)

The three competing terms determining the degree of asym-
metry are ε, W(F − Fmix) and LFmix. The term W(F − Fmix) 
can introduce asymmetry in this case and will effectively pre-
vent the appearance of F̄  in the inversion measurements if 
measurements in tangential or oblique views are made (and 
if the true F is indeed up–down asymmetric). However, for 
almost perpendicular views W(F − Fmix) is small and it com-
petes with the Tikhonov penalty term λLFmix which will tend 
to promote evenly distributed or smooth solutions for 0th- and 
1st-order Tikhonov regularization, respectively. For almost 
perpendicular systems this will tend to promote the appearance 
of F̄  in the solution which also explains the data fairly well. 
We found in section 4 that Fmix does not have large enough 
residuals for the almost perpendicular CTS view (and not at all 
by GRS) to prevent the appearance of F̄  in the solution.

Hence our inversions in section 4 should be understood to 
represent Fmix rather than F, i.e. the amplitude in a given pixel 
represents a weighted sum of the amplitudes of the pixel and 
its mirror image. To become more sensitive to the sign of the 
pitch, the term W(F − Fmix) must be increased. This could 
in principle be done by higher-signal-to-noise ratio measure-
ments but we do not regard this as realistic [62]. The only way 

appears to be an extra oblique GRS view which leads to large 
W(F − Fmix) for realistic noise levels.

6. Reconstruction of ASCOT simulations based  

on GRS and CTS

The classical α-particle slowing-down distribution is sym-
metric. However, several effects can lead to asymmetry and 
anisotropy in the α-particle distribution, which we discuss here 
and in the next section. Here we assess how much aniso tropy 
and asymmetry is expected in ITER based on neoclassical 
theory. The Monte Carlo orbit-following code ASCOT [90] is 
used for studies of neoclassical transport of minority particles 
in toroidal magnetic fusion devices. It follows guiding-center- 
and gyro-orbits of charged particles in realistic geometries. 
The particles are represented by weighted markers initialized 
to represent the source population of interest. ASCOT simu-
lates collisional interactions with an assumed Maxwellian 
background by the Monte Carlo method using given temper-
ature and density profiles.

ASCOT has recently been applied to extensive studies 
of fusion α-particle wall loads in various ITER scenarios  
[91, 92] with 3D magnetic background and first wall. The 
effects of toroidal field ripple, mitigated by ferritic inserts 
at the toroidal field coils, as well as non-periodic magnetic 
field perturbations caused by the ferritic test blanket modules 
and control coils for edge-localized modes were studied. In 
the simulations, an isotropic α-particle source corresponding 
to the local DT fusion reaction density of each scenario was 
assumed, and 100.000 weighted α-markers were followed 
from their birth energy down to 50 keV.

(a) (b) (c)

(d) (e) (f)

Figure 12. Reconstructions of α-particle distribution functions from ASCOT. (a) ITER baseline scenario. (b) Reconstruction of baseline 
scenario with planned GRS/CTS diagnostics. (c) As (b) with an extra 30° GRS detector. (d) ITER hybrid scenario. (e) Reconstruction of 
hybrid scenario with planned GRS/CTS diagnostics. ( f) As (e) with an extra 30° GRS detector.
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In addition to the wall loads that were the primary goal of 
the simulations previously described [91, 92], the four-dimen-
sional slowing-down distribution f (R, z, p, E) was recorded 
for the α-population for the ITER baseline (15 MA) and the 
ITER hybrid (12.5 MA) scenarios in the absence of non-peri-
odic magnetic perturbations. We study these distributions as 
more realistic models for the α-particles which include aniso-
tropy due to neoclassical transport.

Figure 12 illustrates α-particle distribution functions for the 
ITER baseline and the ITER hybrid scenarios. Reconstructions 
from noisy, synthetic measurements based on these are illus-
trated for the currently planned set of diagnostics and for our 
proposed extra oblique GRS view at 30°.

Neoclassically, the α-particle distribution is anisotropic 
even for an isotropic α-particle birth velocity distribution due 
to the different orbit topologies. Passing particles can either 
have parallel velocities aligned with the plasma current (posi-
tive pitch, co-going), or they have parallel velocities against 
the current direction (negative pitch, counter-going). There 
are more particles born on the outboard (low-field) side as 
compared with the inboard (high-field) side due to the larger 

volume. A co-going particle on the outboard midplane drifts 
first inwards towards the plasma center and then outwards 
back to its starting flux surface. On the contrary, a counter-
going particle drifts first outwards and then inwards back to 
the starting flux surface. The slowing-down times tend to be 
larger on the inner flux surfaces traversed by the co-going 
particles due to the larger temper atures as compared to the 
outer flux surfaces traversed by the counter-going particles. 
The steady-state α-particle distribution is therefore expected 
to be biased towards co-going particles. Similarly, a trapped 
α-particle with positive pitch on the outboard midplane is on 
the outer leg of the banana orbit whereas with negative pitch 
it is on the inner leg. ASCOT simulations contain this type of 
asymmetry.

As expected, this asymmetry cannot be captured for the 
currently planned GRS/CTS diagnostic. Our proposed addi-
tional 30° GRS view substantially improves the diagnostic 
of this asymmetry which is only just apparent in figure 12. 
Nevertheless, the improvement is quantified in table  2 
showing the partial α-particle densities with positive and neg-
ative pitches and their ratios.

Table 2. α-particle densities nα (1018 m−3) for Eα > 1.5 MeV. n+
α  and n−

α  are the densities for positive and negative pitch, respectively. 
Their ratio n+

α/n−α  measures the asymmetry of the distribution functions.

Scenario

Baseline Hybrid

ASCOT GRS/CTS Extra GRS ASCOT GRS/CTS Extra GRS

nα 7.76 7.55 7.54 5.71 5.58 5.60

n+
α

4.06 3.78 3.90 3.03 2.80 2.97

n−
α 3.70 3.77 3.64 2.68 2.78 2.63

n+
α/n−α 1.10 1.00 1.07 1.13 1.01 1.13

(a) (b) (c)

(d) (e) (f)

Figure 13. Reconstructions of sign-insensitive α-particle distribution functions f (E, |p|) from ASCOT. (a) ITER baseline scenario 
represented as f (E, |p|). (b) Full reconstruction of baseline scenario represented as f (E, |p|). (c) Direct reconstruction of f (E, |p|). (d)–( f) 
As for (a)–(c), but for the ITER hybrid scenario.

Nucl. Fusion 58 (2018) 096019



M. Salewski et al

13

If an additional 30° GRS view cannot be made available, 
we instead need to be aware that our computed solution is a 
mix of the solution and its mirror image. In this case it could 
be misleading to plot the entire function f (E, p). Instead, 
we propose to present our results in terms of the distribu-
tion function f (E, |p|) which is not sensitive to the sign of 
the pitch. Figure  13 illustrates such halfplane reconstruc-
tions for the baseline and the hybrid scenarios without our 
proposed additional 30° GRS view. We define the function 
f (E, |p|) = f (E, p) + f̄ (E, p) for p  =  [0;1]. The distribution 
f (E, |p|) is computed in two ways: firstly, we infer the full 
velocity-space tomography formalism and compute f (E, |p|) 
afterwards. Secondly, we directly infer f (E, |p|) assuming up–
down symmetry. As expected, the two methods give similar 
results in good agreement with the true solution.

7. Sources of anisotropy in the α-particle 

distribution

As discussed in section 6, the α-particle distribution is aniso-
tropic even for an isotropic birth velocity distribution in neo-
classical transport theory due to the different orbit topologies. 
This type of asymmetry is reproduced in our ASCOT simula-
tion which showed n+

α/n−α ∼ 1.10 or larger. In this section we 
discuss two additional sources of asymmetry.

A second source of asymmetry in the α-distribution is 
that the birth profile of the α-particles is not isotropic. As α-
particles are born in the D(T,n)α reaction, anisotropies in par-
ticular in the deuterium velocity distribution due to NBI lead to 
anisotropies in the α-particle birth profile. The α-distribution 
will therefore be lopsided towards the direction of the NBI 
injection, as the suprathermal NBI ions are much more likely 
to undergo a fusion reaction than the bulk deuterium popula-
tion. Any rotation induced by the torque of the beam enhances 
this effect. The ASCOT simulation assumes an isotropic birth 
profile, and so our simulations do not account for this effect. 
As the NBI ions are injected with positive pitch, this bias is 
expected to enhance the asymmetry due to the drift orbits as 
computed in the ASCOT simulation.

A third source of asymmetry is the physics of wave-
particle interaction between energetic particles and Alfvén 
eigenmodes which is also sensitive to the sign of the pitch 
of the particle motion. This sensitivity determines the type of 
instabilities observed and the class of particles which undergo 
wave-induced transport resulting in anisotropy. To study the 
drive of eigenmodes, we consider the distribution function 
F(E,μ, Pζ) in constants-of-motion space. E is the energy, μ 
the magnetic moment and Pζ the toroidal canonical angular 
momentum respectively given by

E =
1
2

mv2,μ =
mv2

⊥
2B

, Pζ = mRvζ − qΨ (23)

where Ψ is the poloidal magnetic flux. When energetic par-
ticle velocities are comparable to the phase velocity vA of the 
Alfvén wave

ω

k
≈ vA =

B√
μ0ρ

, (24)

particles resonantly exchange energy with the waves. ω is 
the mode frequency, k is the wave number, B is the magnetic 
field, μ0 the vacuum permeability, and ρ is the plasma density. 
Gradients in the distribution function at resonance can provide 
free energy to drive the modes [93, 94]. The gradient in μ is not 
relevant as the ion cyclotron frequency exceeds the mode fre-
quency by far so that μ is conserved. For a mode to be unstable, 
the drive must exceed the damping rate. Gradients in energy are 
usually negative (∂F/∂E < 0) whereas the mode frequency ω 
is positive. Therefore the growth rate associated with gradients 
in energy is usually negative, which damps the wave:

γL ∝ ω
∂F
∂E

. (25)

Spatial radial gradients enter Pζ, and they can drive an eigen-
mode given with the growth rate

γL ∝ n
∂F
∂Pζ

 (26)

for a given toroidal mode number n (see for example [93] 
equation (76)). For drive of the mode, the sign of the radial 
gradient ∂F/∂Pζ matches the sign of the toroidal mode 
number n. As usually ∂F/∂Pζ > 0, positive mode numbers 
can be driven unstable. (A reversal in sign can suggest that 
gradients have reversed and that fast particle distributions 
have become hollow.) The sign of n defines the direction of 
propagation of the corresponding shear Alfvén wave through 
the sign of [88]

k‖ ≈ 1
B

(m
r

Bθ +
n
R

Bφ

)
. (27)

k‖ is the parallel wave number, m is the poloidal mode number, 
r and R are the minor and major radii, and Bθ and Bφ are the 
poloidal and toroidal magnetic field. When waves are driven 
in this manner, they interact most strongly with particles trav-
elling with the same speed and direction given by the reso-
nance condition

k‖v‖ − ω = 0. (28)

If a single mode interacts with a particle, the quantity 
E − (ω/n)Pζ is a constant of the motion, and so the particle 
changes its energy and toroidal canonical angular momentum 
according to

nΔE = ωΔPζ (29)

which means that loss in energy to the wave leads to outward 
energetic particle transport towards the edge. The selectivity 
of the shear Alfvén waves in v‖ will thus induce an anisotropy 
in the α-particle distribution function.

The current set of fast-ion diagnostics is not sensitive to the 
sign of the pitch, and the consequences of the three sources of 
asymmetry can therefore not be measured. Given the impor-
tance of understanding the α-particle distribution function in 
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ITER, we therefore propose that an additional GRS detector 
with an oblique viewing angle should be installed in ITER. 
With this additional GRS detector, these asymmetries in the 
α-particle distribution can be tracked. This can give impor-
tant clues on the physics of wave-particle interaction and the 
aniso tropy of the α-particle distribution function.

8. Measurements of energy spectra for isotropic 

distributions

Below α-particle energies of 1.7 MeV, CTS is practically the 
only available diagnostic for confined α-particles. With only 
one available view, reconstructions of the α-particle distribu-
tion function below 1.7 MeV has strong artifacts if standard 
velocity-space tomography methods are used. The ITER mea-
surement requirements entail measurements of the α-particle 
energy spectrum and density [77]. The α-particle density could 
be estimated by assuming a functional form of the α-particle 
distribution function, e.g. a slowing-down distribution, and fit-
ting the spectra. However, velocity-space tomography is the 
only known way to measure the energy spectrum.

Here we present a method to nevertheless measure the 
energy spectrum even if only one view is available. To make 
up for the lack of measurements, additional prior information 
is used. We assume the velocity distribution function to be 
isotropic which is in contrast to the asymmetries observed in 
sections 6 and 7. A second assumption is that the measurable 
CTS signal due to NBI ions is negligible compared with meas-
ureable CTS signal due to α-particles [26]. If we are prepared 
to neglect any asymmetry and CTS due to NBI ions, we can 
encode the isotropy assumption into the first-order Tikhonov 
regularization which penalizes large gradients in the velocity-
distribution function. A solution with a high degree of isotropy 
can be selected for by penalizing derivatives in pitch direction 
much more than derivatives in energy direction. Instead of the 

standard Tikhonov problem solving for a 2D velocity distribu-
tion function, we solve

minimize

∥∥∥∥∥∥

⎛
⎝

W
λELE

λpLp

⎞
⎠F −

⎛
⎝

S
0
0

⎞
⎠
∥∥∥∥∥∥

2

subject to
F � 0

λp � λE

 

(30)

which selects for isotropic solutions. Figure 14(a) presents an 
isotropic inversion where we have chosen λp = 100λE . The 
true solution is the α-particle slowing-down distribution func-
tion from figure 7(a). The inversion is in excellent agreement 
with the true solution which is expected since our assumption 
of isotropy as additional prior information is completely true 
in this case. However, any anisotropy such as those studied 
in figure 8 will not be captured with this approach as then the 
prior information is wrong. In fact, it may not be appropriate 
to characterize an anisotropic function by an energy spectrum 
since this parameter disregards any pitch dependence. We 
compare the energy spectrum of the original function used to 
compute the synthetic measurements with the energy spec-
trum of the inversion in figure 14(b). The energy spectrum of 
the inversion is in good agreement with the energy spectrum 
of the slowing-down distribution used to compute the synth-
etic measurements. Hence inversion assuming isotropy now 
allows us to measure the α-particle energy spectrum down to 
energies of about 300 keV. The same technique also works 
for the GRS measurements using one spectrometer for ener-
gies close to the 2 MeV resonance and higher (figure 14(b)). 
In particular the fairly sharp kinks in the energy spectrum in 
the region around the α-particle birth energy are reconstructed 
well using GRS.

9. Conclusions

ITER is going to be equipped with collective Thomson scat-
tering (CTS) and γ-ray spectrometry (GRS) systems for 

(a) (b)

Figure 14. Measurement of energy spectra by velocity-space tomography based on one measured CTS or GRS spectrum and assuming 
isotropy. (a) The inversion assuming isotropy penalizes gradients in pitch direction strongly and does therefore not depend on the pitch. 
(b) The inversion effectively constitutes an α-particle energy spectrum which is in excellent agreement with the energy spectrum of the 
isotropic true solution.
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diagnosing α-particles. The velocity space above 1.7 MeV is 
well diagnosed, but CTS is the only α-particle diagnostic with 
sensitivity below 1.7 MeV. Due to the perpendicular viewing 
direction, the extreme pitches |p| � 0.9–1 are not observable 
for E � 1.7 MeV. CTS is sensitive to α-particles down to 
about 0.3 MeV.

GRS observes the plasma completely perpendicularly and 
CTS almost perpendicularly to the magnetic field. GRS meas-
urements are hence insensitive, and CTS measurements prac-
tically insensitive, to the sign of the pitch of the α-particles. 
There are three major groups of fast ions: trapped, co-going 
and counter-going. Since the sign of the pitch cannot be deter-
mined with the current set of diagnostics, we cannot tell the 
groups of co-going and counter-going ions apart. This is a 
major shortcoming of the fast-ion diagnostic set on ITER, as 
the physics of fast ions does depend on the sign of the pitch. 
The α-particle velocity distribution function in the plasma 
center is neoclassically expected to have more co-passing than 
counter-passing particles for two reasons: the guiding center 
drifts of co- and counter-going particles are in opposing direc-
tions and the birth profile is biased in the direction of the NBI. 
The resonance condition with Alfvén waves is also different 
for co- and counter-going particles. Given the importance of 
understanding the α-particle distribution function in ITER, 
we therefore propose that an additional GRS detector with an 
oblique viewing angle be installed in ITER.

Velocity-space tomography is feasible for energies above 
1.7 MeV where GRS and CTS are sensitive. With the cur-
rently planned GRS and CTS diagnostics (lacking an oblique 
view), only the sign-insensitive distribution function f (E, |p|) 
can be reconstructed from measurements with realistic noise 
levels. With an extra oblique GRS view, we could also distin-
guish the sign of the pitch and infer the full distribution func-
tion f (E, p). This would substantially improve our diagnostic 
capabilities to track any anisotropy in the α-particle distribu-
tion, for example induced by Alfvén waves.

Below 1.7 MeV velocity-space tomography is not feasible 
as the GRS is not sensitive so that CTS is practically the only 
α-particle diagnostic. Nevertheless, we demonstrate that the 
α-particle energy spectrum, which is an ITER measurement 
requirement [77], can be inferred for E � 0.3 MeV based on 
one CTS spectrum. However, we need to make the approx-
imation that the distribution function is isotropic for meas-
urements of energy spectra based on CTS. The ASCOT code 
suggests anisotropic α-particle distributions, but the deviation 
from isotropy is at about 10% acceptable for this measurement.
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Abstract: The measurement of the energy spectra and densities of α-particles and other fast ions
are part of the ITER measurement requirements, highlighting the importance of energy-resolved
energetic-particle measurements for the mission of ITER. However, it has been found in recent
years that the velocity-space interrogation regions of the foreseen energetic-particle diagnostics do
not allow these measurements directly. We will demonstrate this for γ-ray spectroscopy (GRS),
collective Thomson scattering (CTS), neutron emission spectroscopy and fast-ion Dα spectroscopy
by invoking energy and momentum conservation in each case, highlighting analogies and differ-
ences between the different diagnostic velocity-space sensitivities. Nevertheless, energy spectra
and densities can be inferred by velocity-space tomography which we demonstrate using measure-
ments at JET and ASDEX Upgrade. The measured energy spectra agree well with corresponding
simulations. At ITER, α-particle energy spectra and densities can be inferred for energies larger
than 1.7MeV by velocity-space tomography based on GRS and CTS. Further, assuming isotropy of
the α-particles in velocity space, their energy spectra and densities can be inferred by 1D inversion
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of spectral single-detector measurements down to about 300 keV by CTS. The α-particle density
can also be found by fitting a model to the CTS measurements assuming the α-particle distribution
to be an isotropic slowing-down distribution.

Keywords: Nuclear instruments and methods for hot plasma diagnostics; Computerized Tomog-
raphy (CT) and Computed Radiography (CR)
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1 Introduction

Measurements of the densities and energy spectra of α-particles and other fast ions in ITER
are considered highly important and constitute the ITER measurement requirements for energetic
particle diagnostics [3]. However, in recent years it was found that the spectra measurable by
common fast-ion diagnostics are sensitive to restricted yet rather broad regions in phase space such
that densities and energy spectra cannot be directly measured by individual diagnostics. This is
illustrated by so-called weight functions [4–14]. Examples of weight functions for neutron emission
spectrometry (NES) [15, 16], γ-ray spectrometry (GRS) [17, 18], collective Thomson scattering
(CTS) [19–21] and fast-ion Dα (FIDA) spectroscopy [22–25] are presented in figure 1 [14]. The
2D velocity space in figure 1 is described by the energy E and the pitch p = v‖/v where v‖ is the
velocity component along the magnetic field and v is the speed. Each point in a measured spectrum
is sensitive to a particular region in 2D velocity space such as those illustrated in red in figure 1.
We also illustrate a hypothetical weight function which would allow direct energy resolution. One-
step reaction GRS [26] is the only diagnostic with some direct energy resolution [9]. The shapes
of weight functions for these diagnostics will be explained in this paper by invoking energy and
momentum conservation.

Despite the restricted velocity-space coverage of individual measurements, energy spectra and
densities can still be found by solving an inverse problem to infer the fast-ion 2D velocity distribution
function from the combined set of available measurements. This is referred to as velocity-space
tomography [13, 14, 24, 27–41]. Integration over the pitch gives the energy spectrum [33], and
subsequent integration over the energy gives the density [31, 35]. If we assume isotropy in velocity
space, we can use this approach to also invert measurements from only one detector [40]. Whereas
velocity-space tomography is the only known way to measure energetic-particle energy spectra, the
energetic-particle density can also be inferred by fitting spectra to the measurements assuming a
functional form of the velocity distribution function, e.g. a slowing-down distribution.

– 1 –
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This paper consists of twomain parts. Firstly, wewill show that the velocity-space interrogation
regions of fast-ion diagnostics are a consequence of energy and momentum conservation. We will
consider one-step reaction GRS, NES, FIDA (or generally charge-exchange recombination spec-
troscopy (CXRS)) and CTS as well as the analogous electron diagnostic Thomson scattering (TS).
Secondly, we will demonstrate techniques to measure energy spectra by velocity-space tomography
and related data inversion techniques using measurements at ASDEX Upgrade and JET as well as
modelling for ITER.

(a) CTS / FIDA (b) NES

(c) GRS one-step reaction (d) GRS two-step reaction

Figure 1. Examples of weight functions [a.u.] of various fast-ion diagnostics illustrated in red as compared
to the form required by a weight function to achieve direct energy resolution, marked by a black line at 2MeV.

2 Velocity-space interrogation regions

Energy and momentum conservation determine to which velocity-space regions energetic-particle
diagnostics are sensitive. These conservation principles relate the energy and momentum of the
energetic particle in the plasma to the energy and momentum of the detectable particle (including
photons). This is well-established for NES and GRS weight functions [7, 9, 10, 30]. FIDA and
CTS as well as the related diagnostics CXRS and TS exploit the Doppler shift. The Doppler
shift is in turn implied by energy and momentum conservation [42]. Hence we invoke energy and
momentum conservation for each diagnostic and derive the shape of weight functions from these
principles. This common framework highlights reasons for analogies and differences among the
weight functions. To focus on the large-scale shapes of the observable velocity-space regions, we
here neglect effects leading to small changes in the observable velocity space, such as non-zero

– 2 –
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plasma temperatures, Stark splitting or instrumental broadening [6, 7, 9, 30]. We do not consider
any reaction probabilities since they influence only the amplitudes of the weight functions but not
the boundaries. [6, 7, 9, 30].

The following sections will show that, for each diagnostic, the fast-ion velocity component u
along the line-of-sight appears when themomentum and energy equations are combined. u is related
to the energy Ed of the detectable particle (including photons) by these conservation principles. u
is also related to the gyroangle Γ of the energetic particle according to [5]

u = v‖ cos φ + v⊥ sin φ cos Γ (2.1)

where φ is the observation angle between the line-of-sight and the magnetic field and v⊥ is the
velocity component perpendicular to the magnetic field. Given u, φ and (v‖, v⊥), the corresponding
gyroangles can be computed. The resulting probability that the detected particle has energies in the
interval [Ed,1, Ed,2] can be related to the probability that the fast ion has a line-of-sight velocity in
the interval [u1, u2] (see next section) and to the corresponding fraction of the gyroorbit [6]:

prob(Ed,1 < Ed < Ed,2 |φ, v‖, v⊥) = prob(u1 < u < u2 |φ, v‖, v⊥)

=
Γ1 − Γ2
π

=
1
π

(
arccos

u1 − v‖ cos φ
v⊥ sin φ

− arccos
u2 − v‖ cos φ

v⊥ sin φ

)
. (2.2)

The unobserved velocity space corresponds to a probability of zero such that no gyroangle exists
allowing a detection in the interval [Ed,1, Ed,2]. The observed velocity space corresponds to
probabilities between zero and one. In this case a detection in the interval [Ed,1, Ed,2] is possible
on some parts of the gyroorbit (for prob=1 on the full orbit). Equation 2.2 shows how to find the
observable velocity space from the line-of-sight velocity u for the diagnostics that we consider. In
the following we will calculate u from the energy Ed and momentum pd of the detected particle for
each diagnostic using energy and momentum conservation.

3 Energy and momemtum conservation principles for fast-ion diagnostics

We first formulate the specific non-relativistic energy and momentum conservation equations for
NES, GRS, FIDA, CXRS and CTS that connect the projected velocities u with the velocities of the
detected particles (including photons). TS will be treated relativistically. In the second step we will
solve a set of generic conservation equations modelling all of these fast-ion diagnostics.

GRS and NES:
Consider a generic one-step fusion reaction between a fast particle (f) and a reactant thermal particle
(r) to form a reaction product (pr) releasing a detectable photon or a neutron (d). The non-relativistic
energy and momentum conservation equations for particles with mass m, velocity v and v = |v| are,
respectively,

1
2

m f v
2
f +

1
2

mrv
2
r +Q =

1
2

mprv
2
pr + Ed, (3.1)

m f v f + mrvr = mprvpr + pd . (3.2)

– 3 –
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Here Q is the released energy, and Ed and pd are the energy and momentum of the emitted detected
particle (or photon), respectively.

FIDA and CXRS:
Usually FIDA weight functions are calculated invoking the Doppler shift. Here we instead invoke
energy and momentum conservation which in turn imply the Doppler shift [42]. In the rest frame
of the excited atom, the energy of the released photon, Q, is the difference between the energy
levels U and U ′ before and after the emission, respectively: Q = U −U ′ = h f0 where h is Planck’s
constant and f0 is the frequency. Primes (’) mark quantities after the reaction. In the lab frame
the total energy is the sum of the kinetic energy and the energy level U. Energy and momentum
conservation of the Dα-emission process in the lab frame are then [42]

1
2

m f v
2
f +U =

1
2

m f v
′2
f +U ′ + Ed, (3.3)

m f v f = m f v′
f + pd . (3.4)

CTS and TS:
Whereas TS measures the distribution of electrons in the plasma, CTS measures the distribution of
ions. Scattering off ions is negligible compared with scattering off electrons due to the large proton-
to-electron mass ratio mp/me = 1836. The difference between TS and CTS can be illustrated using
the dressed particle model which is a simplification of a rigorous kinetic treatment. The dressed
particle model is well-suited to highlight the analogy between CTS and TS and, together with
energy and momentum conservation, also with other fast-ion diagnostics. A test charge in a plasma
is surrounded by other charges that screen the potential of the test charge. The size of this screening
cloud is on the order of the Debye length λD . A test particle together with its screening cloud is
referred to as a dressed particle. For example, the screening cloud of an ion is composed of (a
surplus of) electrons and (a lack of) ions. We consider very fast ions so that thermal ions are too slow
to participate strongly in the screening, and hence the screening cloud consists mostly of electrons.

In incoherent Thomson scattering, the wavelength of the fluctuation wave field is much smaller
than the Debye length, so that scattering occurs incoherently at random phases of the wave electric
field. The scattering power due to individual electrons can then be summed to obtain the power due
to Thomson scattering from a plasma. Hence we can consider energy and momentum conservation
for an individual electron and incident (index i) and scattered (index s) photons,

�ωi +
1
2

mev
2 = �ωs +

1
2

mev
′2, (3.5)

�ki + mev = �ks + mev′, (3.6)

where � = h/2π, ω is the angular frequency, and k is the wave vector.
For CTS in the dressed particle model, the radiation is scattered off electrons in the screening

cloud surrounding ions. As the wavelength of the mainly ion-induced fluctuation wave field is
much larger than the Debye length, the phases of the fluctuation wave field of the test charge and the
electrons in the screening cloud are correlated. Scattering from a test electron is therefore balanced
by a lack of scattering from its screening cloud, and hence the electron signature in the detectable

– 4 –
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spectra is strongly suppressed. This cancellation does not occur for the comparatively immobile
ions which are therefore revealed by coherent or collective scattering from their screening clouds.
Following the dressed particle model, the energy and momentum equations are identical with those
for incoherent Thomson scattering with me → mdi, where mdi ≈ mi is the dressed ion mass which
is about the same as the ion mass.

4 Generic energy and momentum equations for NES, GRS, CXRS, FIDA, TS and
CTS

We can now formulate non-relativistic energy and momentum equations which conveniently en-
compass all of the above emission processes. These energy and momentum equations have in
common that the energetic particle with energy 1

2m f v
2
f and momentum m f v f undergoes a process

in which a detectable particle with energy Ed and momentum pd is formed. The detected particle
may be a photon. In NES, GRS and CTS, the process involves another reactant with energy Er and
momentum pr , whereas for FIDA we will just set these to zero. Apart from the detectable particle,
another particle with mass carries the energy 1

2mprv
2
pr and momentum mprvpr for all processes.

However, for CTS and FIDA mpr = m f in a non-relativistic treatment. Lastly, there may be a
change of the excitation states releasing an energy Q = U − U ′ in the rest frame. Thus we get the
non-relativistic energy and momentum equations in the lab frame:

1
2

m f v
2
f + Er +U =

1
2

mprv
2
pr +U ′ + Ed, (4.1)

m f v f + pr = mprvpr + pd . (4.2)

To solve these, we eliminate vpr in the energy equation using the momentum equation:

1
2

m f v
2
f + Er +U =

m2
f

2mpr
v2f −

m f

mpr
v f · (pd − pr ) + 1

2mpr
(pd − pr )2 +U ′ + Ed . (4.3)

The fast-ion velocity appears in direction-independent terms as v2f = v2‖ + v2⊥ and in the direction-
dependent dot products including v f . The projection of the energetic particle velocity onto the
momentum vector of the detectable particle, v f ·pd, highlights the selective role of the geometry of
the line-of-sight. We solve for v f · (pd−pr ) and set the difference in internal energies toQ = U−U ′:

v f · (pd − pr ) =
m f − mpr

2
(v2‖ + v2⊥) +

mpr

m f
(Ed − Er − Q) + (pd − pr )2

2m f
. (4.4)

Equation 4.4 is valid for all diagnostics that we consider. For NES and GRS, we neglect the energy
and momentum of the thermal species (v f � vr ). They are routinely taken into account in numeric
weight function computations using the GENESIS code. For FIDA, these terms are not relevant
and we consequently set them to zero.

The projected velocity onto the line-of-sight appears in the dot product v f · pd = upd where
pd is the magnitude of pd. Thus we get a simplified equation for the projected velocity u for NES,
GRS and FIDA:

u =
m f − mpr

2pd
(v2‖ + v2⊥) +

mpr

m f

Ed − Q
pd

+
pd

2m f
. (4.5)
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For NES, the detected particle is a neutron with Ed =
1
2mnv

2
n and pd = mnvn:

uNES =
m f − mpr

2mnvn
(v2‖ + v2⊥) +

mpr

m f

1
2mnv

2
n − Q

mnvn
+

mnvn

2m f
. (4.6)

This is the result obtained in reference [7]. Substitution of equation (4.6) into equation (2.2) reveals
the velocity space interrogated by NES.

For GRS, the detected particle is a γ-ray with Ed = Eγ and pd = Eγ/c where c is the speed of
light:

uGRS = c

(
m f − mpr

2Eγ
(v2‖ + v2⊥) +

mpr

m f

Eγ − Q
Eγ

+
Eγ

2m f c2

)
≈ c

(
m f − mpr

2Eγ
(v2‖ + v2⊥) +

mpr

m f

Eγ − Q
Eγ

)
.

(4.7)
This is the result obtained in reference [9]. Substitution of equation (4.7) into equation (2.2) reveals
the velocity space interrogated by GRS. A difference between the neutron and γ-ray spectrometry
equations is that the last term is negligible for the γ-ray diagnostic as it is smaller by a factor of the
order of the ratio of the energy of the γ and the rest energy of the ion.

Similar to GRS, FIDA relies on the emission of a photon. Hence we obtain basically the same
equation for FIDA as for γ-rays. However, for FIDA we can set mpr = m f . We also set E = h f ,
Q = h f0 and pd = h f /c:

uFIDA = c

(
f − f0

f
+

h f
2m f c2

)
≈ c

(
f − f0

f

)
= c

(
λ0 − λ
λ0

)
. (4.8)

Neglecting the second term containing the small ratio of the photon energy and the rest energy
of the fast ion (h f /m f c2 ∼ 10−9), we obtain the usual Doppler shift formula determining the
large-scale shape of FIDA weight functions which can be substituted into equation (2.2) to obtain
the interrogated velocity space.

The analogy of the line-of-sight velocities obtained for FIDA (equation (4.8)) and GRS (equa-
tion (4.7)) becomes clear. The first term in equation (4.7) is quadratic in v‖ and v⊥ resulting
in the circular shapes of one-step reaction GRS weight functions in (v‖, v⊥)-space. It drops out
for mpr = m f so that no circular shapes appear in Doppler-shift based weight functions (for the
classical treatment). The second term in equation (4.7) is related to the Doppler shift. This term
has a prefactor mpr/m f for GRS. For the usual Doppler shift as in FIDA, we have mpr = m f ,
whereas mpr � m f describes the recoil due to the emission of the energetic γ-ray. The third term
in equation (4.6) is important for NES only but is negligible for GRS and FIDA.

For CTS, consider first the generic equation (4.4). Introducing the energies and momenta of
the incident photon (i) and the scattered photon (s), we set

pd = �ks, pr = �ki, Ed = �ωs, Er = �ωi . (4.9)

As the ion mass and the internal energies are not changed, we have mpr = m f and Q = 0.
Equation 4.4 simplifies to

v f · (ks − ki) = ωs − ωi + �(ks − ki)2
2m f

. (4.10)
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We also introduce the differences (δ) of the frequencies and wavevectors of the incident photon
(i) and the scattered photon (s),

kδ = ks − ki, ωδ = ωs − ωi, (4.11)

and recover the Doppler shift relation for TS and CTS

ωδ = v f · kδ −
�k2δ
2m f
. (4.12)

With v f · kδ = ukδ we obtain

uCTS =
ωδ

kδ
+

�kδ
2m f
, (4.13)

where the second term can be neglected. Equation 4.13 describes two Doppler shifts as apparent
from equation (4.10): v f · ki and v f · ks. The probe radiation has a Doppler shifted frequency in
the rest frame of the particle and the emitted radiation from the moving particle has yet another
Doppler-shifted frequency in the lab frame. The observable velocity space for a CTS measurement
is found by substitution of equation (4.13) into equation (2.2).

Electrons in hot plasmas have large speeds, often a significant fraction of the speed of light, so
that a relativistic description may sometimes be necessary. The relativistic energy and momentum
equations for CTS are

�ωi + γ f m f c2 = �ωs + γ′f m f c2, (4.14)

�ki + γ f m f v f = �ks + γ
′
f m f v′

f , (4.15)

containing the Lorentz factor γe with γ2e = 1/(1 − v2e/c2). The relativistic solution is

ωδ = ve · kδ − �
2γeme

(
k2δ −

ω2δ
c2

)
, (4.16)

from which we can recover the non-relativistic equation by setting γe → 1 and seeking the solution
with k2δ ≈ ω2

δ

u2
� ω2

δ

c2
.

5 Velocity-space tomography and model fitting

The previous section showed that the principles of energy and momentum conservation suggest that
the CTS, FIDA, GRS and NES observe broad regions in velocity space, so that the determination
of fast-ion energy spectra from the measurements directly is not possible. Some one-step GRS
reactions have direct energy resolution [9], but unfortunately they do not involve α-particles.
Further, the diagnostics observe restricted parts of velocity space, so that the direct determination
of fast-ion densities is not possible, either. Nevertheless, these important parameters can still be
determined by various analysis techniques.

Ideally, the interrogation regions of individual diagnostics can be combined to get a full
coverage of the fast-ion phase-space. Integrated data analysis of several diagnostics by velocity-
space tomography allows the determination of the 2D velocity distribution function. The integral
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(a) (b)

Figure 2. Measurements of fast-ion energy spectra and corresponding simulations. The measurements
are obtained by velocity-space tomography and integration over the pitch. (a) FIDA measurement and
TRANSP simulation of a fast-ion energy spectrum before and after a sawtooth crash in ASDEX Upgrade
discharge #32323 [35]. (b) Combined GRS and NES measurements of an energy spectrum of deuterium
ions accelerated by 3rd harmonic ICRF in JET discharge #86459 [36]. The measurements are compared to
ASCOT/RFOF and SPOT/RFOF simulations.

over pitch is the energy spectrum [33] and the double integral over energy and pitch gives us the fast-
ion density [31, 35]. As the velocity-space tomography problem is ill-posed, we must regularize the
solution by prior information. A popular approach is to assume the velocity distribution function to
be smooth. As compared to other techniques discussed below, this approach uses the least amount
of prior information but requires many measurements.

Energy spectra determined from FIDA measurements in this way appear in figure 2(a) along
with a corresponding TRANSP simulation. At ASDEX Upgrade [43], five FIDA spectra can be
acquired simultaneously [33]. The energy spectra show the distribution of core fast-ion energies
in ASDEX Upgrade discharge #32323 just before and after a sawtooth crash. A velocity-space
tomography movie of this event has been published previously [35]. Here we focus on energy
spectra. The neutral beam deuterium injection energy is 60 keV so that the energy spectra are
expected to have kinks at 60 keV and 30 keV (half injection energy). The inversions from FIDA
measurements show weaker kinks at these energies than the TRANSP simulation. This is expected
since the measured 2D velocity distribution functions have smaller beam injection peaks than the
TRANSP simulations which is explained by the first-order Tikhonov regularization [35].

Figure 2(b) shows measured energy spectra of fast deuterium ions accelerated by 3rd harmonic
ICRF heating at JET [1, 44] as compared to ASCOT/RFOR and SPOT/RFOF simulations [46, 47].
A high-resolution GRS detector and three NES detectors acquired spectra simultaneously [15].
Velocity-space tomography based on the GRS and NES measurements gives a 2D velocity distri-
bution function, from which we obtain the energy spectra by integration over pitch. The agreement
between theory and experiment is excellent.

Several important points are lost when considering just the energy spectra, which constitute
the α-particle ITER measurement requirement [3], instead of 2D velocity distribution functions.
Firstly, the strong anisotropy of the 2D velocity distribution function of the NBI ions is lost due to the
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integration over pitch. Secondly, the measured and simulated energy distributions are monotonic
whereas the measured and simulated 2D velocity distribution functions have peaks at the full and
half injection energy such that a bump-on-tail is formed in 2D velocity space. Nevertheless, energy
spectra provide an intuitive meeting ground between theory and experiment. The rich information
can further be simplified by integration over the energy to obtain the fast-ion density. The agreement
of simulated and measured fast-ion densities determined by this approach is good [9, 31].

ITER will be equipped with CTS [5, 40, 48–51] and GRS systems [18, 52, 53]. Velocity-space
tomography should be possible for α-particle energies Eα > 1.7MeV [40]. A reconstruction of
an energy spectrum computed from synthetic GRS and CTS measurements at ITER [18, 49, 50]
appears in figure 3. The α-particle energy spectrum can be reconstructed by integrated data analysis
of the GRS and CTS measurements. We stress again that any velocity-space anisotropy of the α-
particle distribution function is not reflected in the energy spectra. To study anisotropy, the full
2D distribution function must be measured but this requires an additional detector with an oblique
line-of-sight with respect to the magnetic field [40].

Figure 3. Reconstruction of the energy spectrum for E > 1.7MeV for an isotropic α-particle slowing-down
distribution based on synthetic GRS and CTS measurements.

For 0.5MeV < Eα < 1.7MeV, CTSwill be the only direct diagnostic for confined α-particles at
ITER since GRS is not sensitive below 1.7MeV. The lower energy limit arises from the assessment
where scattering due to α-particles significantly exceeds scattering due to thermal deuterium and
tritium. Depending on assumptions, energies down to about 0.3-0.4MeV might be accessible.
Despite the absence of other diagnostics entering an integrated data analysis, α-particle energy
spectra and densities can still be determined using CTS spectra only. To do this we here assume the
distribution function to be smooth and isotropic in velocity space [40]. An example of this technique
appears in figure 4(a). In particular the region below 1.7MeV, where GRS is not sensitive, is well
reconstructed from the CTS measurements. However, the kink near the α-particle birth energy is
not as well reconstructed as is possible in the 2D inversion based on GRS and CTS. The same
approach works for single-detector GRS measurements at ITER (figure 4(b)). The GRS inversion
does an excellent job at reconstructing the α-particle birth energy due to the very good sensitivity
at high energies but GRS becomes insensitive for energies below 1.7MeV. This 1D inference
technique is also useful for runaway electron measurements [54].
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(a) (b)

Figure 4. (a) Reconstruction of the energy spectrum for E > 0.5MeV for an isotropic α-particle slowing-
down distribution based on single-detector CTS measurements and the prior information that the distribution
function is isotropic. (b) As (a), but for GRS for E > 1.7MeV.

A disadvantage of this technique is that the assumption of isotropy precludes the measurement
of any anisotropy effects. Nevertheless, the ITER measurement requirement to measure α-particle
energy spectra can be met down to 0.5MeV (optimistically 0.3MeV) based on the CTS measure-
ments. The assumption of isotropy is perhaps already implied by the requirement to measure
energy spectra which ignores any pitch effects. This approach allows the determination of the
α-particle density under the assumptions that the α-particle velocity distribution function is smooth
and isotropic in velocity space. While smoothness is probably a good assumption, the isotropy
assumption is questionable since some anisotropy is expected due to the drift orbit topology, the di-
rectional bias of NBI and any anomalous transport due to Alfvénic or other magnetohydrodynamic
activity [40].

The last approach that we discuss is to fit a model to the measured spectra by assuming a
functional form of the α-particle velocity distribution function, for example a classical slowing-
down distribution. The assumption of a functional form of the velocity distribution function is
stronger prior information yet than isotropy and smoothness. The slowing-down distribution is
both isotropic and smooth, and additionally the spectral shape is given (assuming we know the
crossover energy). This approach precludes the measurement of energy spectra as they are assumed
in the approach. Nevertheless, the α-particle densities can be inferred by determining the α-particle
density that produces the best fit to the measured spectra, for example using a least-square metric
accounting for nuisance parameters [55]. Figure 5 illustrates the sensitivity of CTS measurements
to the α-particle density for an isotropic slowing-down distribution in a deuterium-tritium plasma.
The frequency of the injected electromagnetic waves is 60GHz. The shapes of the measured spectra
depend on the α-particle densities which can hence be determined. In particular the wings of the
spectra with Doppler shifts larger than about 1GHz vary strongly with the α-particle density. The
inner part of the spectra with Doppler shifts smaller than about 1GHz are dominated by scattering
from thermal deuterium and tritium. Since the isotropic slowing-down distribution is probably a
fairly good model [56], it should allow the determination of α-particle densities with good accuracy.
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Figure 5. Sensitivity of CTS spectra to the α-particle density for the central CTSmeasurement volume for the
ITER baseline scenario. The α-particle velocity distribution is assumed to be an isotropic slowing-down dis-
tribution. The alpha particle density nα can be inferred by finding the best fit of themodel to themeasurements.

6 Conclusions

Energy and momentum conservation imply that fast-ion diagnostics observe restricted yet rather
broad regions in velocity space. This makes it impossible to directly measure densities and energy
spectra of fusion α-particles. The consistent use of energy and momentum conservation stresses the
analogies and differences in the velocity-space interrogation regions of NES, GRS, CTS and FIDA.
We can nevertheless determine energy spectra and fast-ion densities. Integrated data analysis of the
available fast-ion diagnostics allows the tomographic reconstruction of a 2D velocity distribution
function which can be integrated to obtain energy spectra and densities. Energy spectra measured
in this way at JET and ASDEXUpgrade agree very well with corresponding numerical simulations.
This approach will be possible at ITER for α-particles with energies larger than 1.7MeV based on
GRS and CTS. For lower energies down to about 300-500 keV the measurement relies on CTS only,
and we need to assume additional prior information on the distribution function to obtain solutions.
Energy spectra and densities of the α-particles can be obtained by assuming that their distribution
is isotropic in velocity space. Alternatively, fast-ion densities can also be obtained by assuming
a functional form of the fast-ion velocity distribution function, such as an isotropic slowing-down
distribution, which is stronger prior information yet than smoothness and isotropy.
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