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DK-2800 Kongens Lyngby,

Denmark



Preface

This thesis is submitted in partial fulfilment of the Ph.D. degree from the Technical
University of Denmark (DTU). The work has been carried out at the Section of Solid
Mechanics, Department of Mechanical Engineering at DTU and during a five month
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Abstract
Excessive resonance vibrations of large civil engineering structures are effectively

mitigated by the resonant mechanical absorber, while the damping of medium to
small sized structures may be mitigated more efficiently by the electromechanical
absorber. The latter is often designed as a pair of electrically shunted piezoceramic
patches glued directly to the vibrating structure. Mechanical energy is hereby con-
verted into electrical energy which is led in to the shunt consisting of an inductance
tuned to secure a maximum energy dissipation in an electric resistance.

The present thesis concerns numerical modeling of piezoelectric absorbers bonded
to general plate-like structures and the derivation of a precise shunt tuning proce-
dure, which is practical in terms of numerical and experimental implementation.
The thesis is organized in three parts, respectively, covering the development of a
numerical model, the derivation of optimum shunt tuning and the experimental im-
plementation, wherein a beam and a plate example are used throughout the thesis
to validate the numerical models and proposed tuning methods.

In the first part, a numerical model describing general plate-like structures with
pairs of co-located piezoceramic patches is developed. As the piezoceramic patch
bonded to a plate surface mainly influences the plate vibration through the moments
generated by the in-plane patch deformations, a plane stress-reduction of the full
piezoceramic properties is introduced. Subsequently, the electrode equipotentiality
and electric wiring of the piezoceramic patches are modeled and a governing vibra-
tion problem is obtained. The same vibration problem is governing in a commercial
finite element program and two eigenvalue problems associated with the short and
open circuit (SC and OC) piezoelectric absorbers are then considered to determine
the effective electromechanical coupling of the considered beam and plate examples.

In the second part, a modal representation of the mechanical displacements in
the governing vibration problem is introduced, whereby the mechanical equations
uncouple. However, because of the piezoelectric shunt the electric domain couples
the modal equations. An approximation of the contribution from the non-resonant
vibration modes is therefore introduced by an additional term to the inherent piezo-
electric capacitance. This additional correction term is determined from the solution
to the SC and OC eigenvalue problems, while a third eigenvalue problem may be
evaluated to determine a specific non-resonant inertia effect. This method is im-
plemented in the developed numerical model and in a commercial finite element
program, whereby single- and multi-mode tuning of multiple piezoelectric absorbers
are demonstrated for the considered beam and plate examples.

In the final part, the proposed shunt tuning procedure is shown suitable for exper-
imental implementation, where it requires the acquisition of two absorber response
in the SC and OC limits. Good correlation between the numerical and experimental
results and shunt tuning is demonstrated for the beam and plate examples and it is
shown that the omission of the non-resonant modes contribution leads to detuning
of the absorbers and reductions in the attainable damping.
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Resumé
Resonante svingninger i store konstruktioner er effektivt dæmpet ved brugen af

resonante mekaniske dæmpere, mens dæmpning af mellemstore til sm̊a konstruk-
tioner dæmpes mere effektivt med den elektromekaniske dæmper. Sidstnævnte er
ofte designet som et par af piezokeramiske skiver tilsluttet en elektrisk shunt og
limet direkte p̊a den svingende konstruktion. Mekanisk energi omdannes herved til
elektrisk energi, der føres ind i den elektriske shunt, som best̊ar af en induktans
tunet til at sikre en maksimal energiafsætning i en elektrisk modstand.

Denne afhandling omhandler numerisk modellering af piezoelektriske dæmpere
fastgjort til generelle plade konstruktioner og udledningen af en pæcis metode for
den optimale shunt-tuning, som er praktisk med hensyn til numerisk og eksperi-
mentel implementering. Afhandlingen er organiseret i tre dele som dækker over
udviklingen af en numerisk model, udledningen af optimal shunt-tuning og eksperi-
mentel implementering, et bjælke- og plade eksempel er brugt gennem afhandlingen
til at validere de numeriske modeller og den foresl̊aede shunt-tuning.

Den første del adresserer udviklingen af en numerisk model, der beskriver generelle
plade konstruktioner med par af piezokeramiske skiver. En plan spændingsreduk-
tion af de fulde piezokeramiske egenskaber er benyttet, idet den piezokeramiske skive
limet til en pladeoverflade hovedsageligt influerer pladens bøjningssvingninger gen-
nem de plane skive deformationer. Derefter er den piezoelektriske elektrode og de
elektriske forbindelser af de piezokeramiske skiver modelleret, hvorved et styrende
vibrationsproblem er opn̊aet. Det samme vibrationsproblem er styrende i et kom-
mercielt element metode program, hvorved to tilhørende egenværdiproblemer for
kortsluttede- og åbne piezoelektriske kredsløb (SC og OC) er betragtet til bestem-
melsen af den effektive elektromekaniske kobling for bjælke- og plade eksemplerne.

I den anden del indføres en modal repræsentation af de mekaniske frihedsgrader
i det generelle vibrationsproblem, hvorved de mekaniske ligninger afkobles, mend
de modale ligninger kobles p̊a grund af den piezoelektriske shunt i det elektriske
domæne . En approksimation af indflydelsen fra de ikke-resonante svingnings-
former indføres derfor ved et ekstra bidrag til den piezoelektriske kapacitans. Dette
bidrag er baseret p̊a løsningen til det SC og OC egenværdiproblem, mens et tredje
egenværdiproblem kan evalueres til bestemmelsen af den specifikke ikke-resonante
inerti-effekt. Tuningsmetoden er implementeret i den udviklede numeriske model
og i et kommercielt element metode program, hvor dæmpning af en enkel og flere
svingningsformer for bjælke- og plade eksemplerne er demonstreret ved brugen af
piezoelektriske absorbere.

I den sidste del eftervises de udledte shunt-tuningsmetoder eksperimentelt, hvor
der kræves data opsamling af to absorber respons i de SC og OC grænser. God
sammenhæng mellem de numeriske og eksperimentelle resultater og den korrespon-
derende shunt-tuning er demonstreret for bjælke- og plade eksemplerne og det er vist
at udeladelsen af bidraget fra de ikke-resonante svingningsformer fører til en subopti-
mal tuning af de piezoelektriske absorbere og reduktion i den opn̊aelige dæmpning.
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1. Introduction

Pedestrians walking on a bridge, the turbulence of the wind on a wing and the
acoustic pressure on a window, are all harmonic type loads, which may synchro-
nize with a resonance of the host structure causing excessive vibrations that may
lead to fatigue, acoustic problems or structural failure. In these cases the introduc-
tion of additional damping is required and may be achieved by the installment of
resonant absorber devices. The resonant absorber is calibrated to counteract the
structural motions around a targeted resonant frequency, whereby the vibration en-
ergy is effectively dissipated as heat in a viscous damper unit. For large-scale civil
engineering structures the use of traditional tuned mass- or inerter based absorbers
are beneficial, while for moderate to small structures the vibrations may be miti-
gated more efficiently by use of electromechanical absorber devices. For both the
mechanical and electromechanical absorbers a precise frequency tuning is vital for
the final damping performance, which therefore must be based on a model that ac-
curately describes the structure-absorber interaction around the targeted vibration
mode. By discretising the structure and the absorber(s) by finite elements (FE)
the optimum absorber tuning may be obtained by evaluating the corresponding
eigenvalue problem. However, the exact absorber tuning requires the evaluation of
the full range of eigenvalues (frequencies) and eigenvectors (mode shapes), which
is computational undesirable, whereby a modal reduction of the full numerical FE-
model is often introduced. The simplest modal reduction is obtained by assuming
that the influence from the non-resonant vibration modes on the response around
the target mode is negligible. The full numerical model can hereby be reduced to
a two degrees of freedom (DOF) system, from which the optimum absorber tuning
may be derived explicitly. However, as it has been demonstrated for the tuning
of mass- or inerter based absorbers in [31] the idealized single mode representation
of the structure-absorber system may lead to an inaccurate absorber tuning and a
reduction in the attainable damping. Instead, two correction terms accounting for
the flexibility and inertia effects from the non-resonant vibration modes around the
target mode is shown to modify the absorber tuning such that the desired damping
level is obtained. In [24] it is shown that these flexibility and inertia correction terms
are equivalent to capacitance and inductance corrections, which alter the optimum
electromechanical absorber tuning.
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2 Chapter 1. Introduction

1.1 Piezoelectric absorber

The electromechanical absorber is often designed by a single (or several) piezoce-
ramic patch(es) with a specific polarization and two surface electrodes connected
to an electric circuit or shunt. The shunted piezoceramic patch is then glued to a
vibrating structure, whereby an amount of the vibration energy is converted into
electric energy by the piezoceramic material and subsequently dissipated in the
electric shunt. The conversion of mechanical to electrical energy is governed by
the electromechanical coupling properties of the piezoceramic patch and the specific
structure-piezo interaction. In resonance the rate of converted energy is described
by the so-called effective electromechanical coupling coefficient (EMCC), which is
defined as the relative difference between the modal strain energies associated with
short- and open circuit (SC and OC) piezoelectric electrodes [26]. The inherent
electromechanical coupling properties of the piezoceramic patch implies three fun-
damental coupling modes given by in- and out-of-plane deformations and transverse
shear deformations for the piezoceramic patch polarized perpendicular to the ma-
jor patch surfaces. The three electromechanical coupling modes are restricting for
the applications of the piezoelectric absorber. An example for the respective use of
each coupling mode is shown in Figure 1.1, for (a) the in-plane coupling in a pair
of co-located pizoceramic patches [20], (b) the out-of-plane coupling in a stacked
transducer [44] and (c) the shear coupling in a sandwich beam configuration [4].

Piezoelectric absorbers exploiting the in-plane electromechanical coupling mode
in Figure 1.1(a) are beneficial for the damping of a wide range of structural ele-
ments, such as beams [20], plates [40] and shells [32], where bending or twisting
may cause in-plane deformations of the surface bonded piezoceramic patches. For
the damping of general plate-like structures the electromechanical coupling is con-
veniently increased by using a pair of piezoceramic patches placed on both sides
of the plate. The two co-located piezoceramic patches may then be employed as
sensor/actuator pairs in active feedback vibration control [1, 41, 28, 43] or be con-
nected and wired to semi-active [13, 14, 7, 8] or passive [20, 25, 53, 54] resonant
shunts. The electromechanical coupling may be further increased by optimizing the
position, shape and size of the piezoelectric absorber [37, 15], while the optimum
absorber configuration may be influenced by the inherent structural damping [46]
and non-linearities [47, 34].

(a) (b) (c)

Z ZZ

P PP

Figure 1.1. Applications activating the (a) in-plane, (b) out-of-plane and (c) out-of-plane
shear electromechanical coupling deformation modes of a piezoceramic patch.
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1.2 Resonant shunt

The resonant shunt consists of an inductance (L) and a resistance (R) connected in
series [20] or in parallel [53] with the piezoceramic patch(es) as seen in Figure 3.3. In
both cases the inductance is tuned to secure a desired absorber frequency, while the
resistance (R) is chosen subsequently to obtain optimum energy dissipation around
the targeted vibration mode [18]. The absorber frequency is defined by the inverse
product of the shunt inductance and the inherent blocked piezoelectric capacitance
CS

p , whereby the shunt inductance is tuned in order to match the absorber and
target structural frequencies. The single mode truncation implies equality between
the absorber and target frequencies, whereby the inductance is tuned directly from
the blocked capacitance CS

p [20, 53, 38, 10, 55, 49, 22, 45]. However, by including
the effects from the non-resonant vibration modes this tuning becomes inadequate.
Instead, an effective modal capacitance containing the contribution from the residual
(non-resonant) vibration modes modifies the absorber frequency, that should be
matched with the target frequency. In [42, 13, 43] the effective capacitance C(ω) of
a piezoelectric element bonded to a vibrating structure is found to be in between
the blocked CS

p and a static capacitance C0
p obtained by the piezoelectric charge to

voltage ratio in the static limit. This implies that the effective capacitance C(ω) is
close to the static capacitance C0

p at low frequencies, while it approaches the blocked
capacitance CS

p for increasing frequencies. In [42] a blocked modal capacitance
is further proposed but considered impractical to determine experimentally as it
should be measured for blocked modal coefficients. Subsequently, the influence from
the residual vibration modes has been accounted for numerically by modifying the
blocked capacitance by the influence from higher vibration modes in [7, 8], through
a theoretical study of the influence from an increasing number of modes in [19]
and by the evaluation of explicit quasi-static and quasi-dynamic correction terms in
[23, 24]. In all cases the main objective is to describe an effective capacitance for the
piezoelectric absorber bonded to a structure vibrating in a targeted resonant mode,
which is then used for the tuning of the corresponding resonant shunt.

The shunt inductance is often emulated actively by use of operational amplifiers
in a so-called synthetic inductor [16], as the design of passive inductors with high
inductance traditionally has been considered impractical. The use of the synthetic
inductor has permitted easy adjustment of the emulated inductance, whereby the
demand for a precise prior shunt tuning has been inessential. Furthermore, the use

C ipC ip

(a) (b)

CT
p CT

pL
L

R

R

Figure 1.2. Parallel and series (a,b) shunted piezoceramic patch with free capacitance CT
p .



4 Chapter 1. Introduction

of the active resonant shunt has led to the proposal for improved shunts in terms of
actively emulated negative capacitance [9, 13, 7] or switch damping [14]. However, a
practical design of the pure passive inductor with high inductance has recently been
demonstrated by winding a cobber wire around a magnetic coil [33], permitting the
pure passive resonant shunt. While pure passive shunt damping is attractive because
of the inherent stability, it seemingly requires a precise prior inductance tuning to
determine the exact number of coil wire turns, which may only be achieved by
including the contribution from the residual vibration modes.

1.3 Objectives and outline

The objectives of the present work is to develop a plate-piezo FE-model capable of
describing the full electromechanical behavior of shunted and interconnected piezo-
ceramic patches bonded to plate-like structures. The model is then used to ver-
ify the optimum shunt calibration method with residual modes corrections in [24].
Furthermore, it is the aim to implement the shunt calibration procedure [24] in
a general commercial FE-software supporting electromechanical analysis. This re-
quires a consistent reformulation of the calibration method [24] in terms of variables
available in any FE-software. Finally, the developed FE-model, proposed shunt tun-
ing procedures and implementation in commercial FE-software will be validated by
experiments on plate-like structures with multiple piezoelectric absorbers.

The present thesis comprises an introductory summary, four attached journal pa-
pers [P1]-[P4] and two conference papers [C1]-[C2]. The summary is organized in
four chapters and a conclusion. Initially, the assumptions leading to the development
of the plate-piezo FE-model in [P1] is presented. This concerns particularly a plane
stress-reduction of the full three dimensional (3D) electromechanical properties of
the piezoceramic patch(es) and the implementation of the equipotential condition
and wiring of the piezoelectric electrodes. The SC and OC frequencies evaluated
with the piezo-plate FE-model are then compared to numerical benchmark values
obtained with a full 3D FE-model in the commercial FE-software ANSYS [P2].
Next, a modal representation of the general vibration problem for a structure with
piezoelectric absorbers is introduced and used to identify the coupling between the
resonant and the non-resonant vibration modes. Two new methods for the practi-
cal evaluation of the residual modes contribution are then proposed and obtained
from variables available in commercial FE-software [P2-P3] or experimental mea-
surements [P4]. The modal reduced electromechanical structure is hereby used to
derive the final piezoelectric shunt tuning [P3], which is demonstrated numerically by
the plate-piezo and full 3D FE-models for single- and multi-mode damping. Finally,
it is demonstrated how the required shunt tuning parameters may be obtained from
experimental measurements of the piezoelectric SC current and OC voltage response
to a specific dynamic excitation load [P4]. The experimental shunt tuning method
is then verified for the same examples analyzed numerically by the plate-piezo and
3D FE-models, enabling a final experimental validation of the shunt tuning and
damping performance obtained with the numerical models.



2. Finite element modeling

An accurate numerical model considering the full three-dimensional (3D) piezoce-
ramic properties and the electromechanical interaction is crucial for achieving a
precise piezoelectric shunt tuning. A plate-piezo FE-model has therefore been de-
veloped in [P1] for the analysis of piezoelectric shunt damping of plate-like struc-
tures. The model uses a plane stress-reduction of the full 3D piezoceramic material
properties and accounts for the electrode equipotentiality, specific polarization and
wiring of the piezoceramic patches [11]. A thorough review of FE techniques for the
modeling of piezoelectric structural elements is provided in [3]. The host plate-like
structure is approximated by use of Kirchoff plate bending kinematics, whereas the
coupling to the surface bonded piezoceramic patches is established by transforming
the electric forcing from the patches to the equivalent moment contributions in the
plate model. This finally leads to a governing vibration problem which is considered
in the following chapter for the derivation of optimum piezoelectric shunt tuning.

Full 3D modeling of piezoelectric absorbers in the commercial FE-software ANSYS
is considered subsequently and used to validate the developed plate-piezo FE-model
by the analysis of two benchmarks problems, considered experimentally in [P4] and
chapter 4.

2.1 Piezoceramic patch

A piezoceramic patch is a transverse isotropic material with the constitutive relations
(for a polarization along the 3-direction),





T1

T2

T3

T4

T5

T6





=




cE11 cE12 cE13 0 0 0
cE12 cE11 cE13 0 0 0
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0 0 0 0 cE55 0
0 0 0 0 0 cE66
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E2

E3



 (2.2)
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6 Chapter 2. Finite element modeling

between the mechanical stresses {T} and strains {S} and the electric displacements
{D} and fields {E}, respectively. The material properties are defined by six indepen-
dent elastic stiffness components CE

11, C
E
12, C

E
13, C

E
33, C

E
55 and CE

66, three piezoelectric
coupling coefficients e31, e33 and e15 and two blocked dielectric constants ǫS11 and ǫS33.
The indices of the piezoelectric coupling coefficients refer to the coupling between
the applied electric field and the mechanical strain deformation mode, leading to
the three fundamental electromechanical coupling modes shown in Figure 2.1.

For the piezoceramic patch(es) bonded to one of the major surfaces of a vibrating
plate, the electromechanical coupling mode in Figure 2.1(b) between in-plane strains
and electric field in the 3-direction is dominating. The piezoceramic material be-
havior is thereby beneficially represented by the plane stress-reduced mechanical
and electrical properties. The plane stress-assumption yields vanishing transverse
stresses T3 = T4 = T5 = 0, whereby (2.1) and (2.2) can be reduced to





T1

T2

T6

D3





=




c̄E11 c̄E12 0 −ē31
c̄E12 c̄E11 0 −ē31
0 0 cE66 0

ē31 ē31 0 ǭS33








S1

S2

S6

E3





=

[
C̄E −ē3

ē3 ǭS33

]{
S̄

E3

}
(2.3)

with the plane stress-reduced SC stiffness, coupling coefficients and dielectric con-
stants given as

c̄E11 = cE11 −
(cE13)

2

cE33
, c̄E12 = cE12 −

(cE13)
2

cE33
, ē31 = e31 − e33

cE13
cE33

, ǭS33 = ǫS33 +
e233
cE33

(2.4)

By considering the electric quasi-static equilibrium and boundary conditions in [P1]
the variational formulation for the piezoceramic patch may be written as

∫

Ωp

{δS̄}t{T̄}dΩp−ω2

∫

Ωp

{δu}tρp{u}dΩ−
∫

Ωp

δE3D3dΩp =

∫

Ap

{δϕ}t{q}dAp (2.5)

assuming mechanically unloaded vibrations with harmonic solutions of the form
{u} = {u}eiωt, while (. . .)t represents the transpose operation. Furthermore, tp is the
patch thickness, Ap is the surface electrode area, Ωp = Aptp is the volume and ρp is
the material density, while {ϕ} and {q}, respectively, contain the electric potentials

(a) (b) (c)

S1S1

S3

S3

1
2

3
E1

E3E3

S5

S5

Figure 2.1. Electromechanical coupling modes for a piezoceramic patch with two surface
electrodes (dark blue color) and polarization in the 3-direction.
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and surface charge densities for the two surface electrodes. The in-plane strains {S̄}
and the electric field E3 may then be described by the in-plane displacements {u}
and the electrode potentials {ϕ} as

{S̄} = {∇}p{u} , E3 = −{∇}ϕ{ϕ} (2.6)

where {∇}p is the derivative operator and {∇}ϕ the vector enforcing the constant
field assumption in [P1]. Hereby, the variational formulation (2.5) can be written in
terms of the mechanical displacements and electric potentials
{

{δu}
{δϕ}

}t ∫

Ap

[
{∇}tp[C̄E ]tp{∇}p − ω2ρtp {∇}tp{ē3}tp{∇}ϕ

{∇}tϕ{ē3}ttp{∇}p −{∇}tϕǭS33tp{∇}ϕ

]
dAp

{
{u}
{ϕ}

}

=

∫

Ap

{
{δu}
{δϕ}

}t{ {0}
−{Q}

}
dAp

(2.7)

by use of the plane stress-reduced constitutive relations in (2.3). The in-plane piezo-
ceramic element in Figure 2.2 has then been proposed from [P1] to describe the plate
bonded piezoceramic patch. The element stiffness, mass, coupling and capacitance
matrices follow from (2.7) and the nodal shape functions [N ]p in [P1] as

[Me
p ] =

∫
Ae

p
[N ]tpρptp[I]2[N ]p dA

e
p

[Ke
p ] =

∫
Ae

p
({∇}p[N ]p)

t[C̄E]tp({∇}p[N ]p) dA
e
p

[Ke
pe] =

∫
Ae

p
({∇}p[N ]p)

t{ē3}tp{∇}ϕ dAe
p

[Ke
e ] =

∫
Ae

p
{∇}tϕǭS33tp{∇}ϕ dAe

p

(2.8)

After assembly of the element matrices and vectors the global equation of motion
for the discretized piezoceramic patch can then be written as

[
Kp − ω2Mp Kpe

Kt
pe −Ke

]{
up

ϕp

}
=

{
fp

−Q

}
(2.9)

where the mechanical up and electrical ϕp variables are organized in the upper and
lower set of equations, while fp and Q, respectively, contain the nodal mechanical
forces and element electrode charges.

1
23
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ve1
ue
2

ve2

ue
3

ve3
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4

ve4

ϕe
+

ϕe
−

Figure 2.2. Piezoceramic patch element with 8 mechanical and 2 electric DOFs, from [P1].



8 Chapter 2. Finite element modeling

Finally, the equipotential condition for the surface electrodes of the discretized
piezoceramic patch is considered. The electrode equipotentiality states that all
element electrode potentials forming a continuous electrode must be identical. In
[P1] this has been enforced by defining a boolean matrix [P ], that determines the
relation between the element potentials in {ϕ}p and the full surface potentials of
the top (+) and bottom (−) patch electrodes as

{ϕ}p = [P ]{ϕ}± =

[
1 0 · · · 1 0
0 1 · · · 0 1

]t{
ϕ+

ϕ−

}
(2.10)

The coupled FE-equations for the discretized piezoceramic patch considering the
equipotential condition can thereby be written

[
Kp − ω2Mp KpeP

(KpeP )t −P tKeP

]{
up

ϕ±

}
=

{
fp

Q±

}
(2.11)

where {Q}± contains the electric charge of the surface electrodes while the quadratic
product

[P ]t[Ke][P ] = CS
p

[
1 −1
−1 1

]
, CS

p =
ǭS33Ap

tp
(2.12)

recovers the blocked capacitance CS
p of the plane stress-reduced piezoceramic patch.

2.2 Plate-piezo model

For the damping of plate-like structures it is convenient to place the piezoceramic
patches in pairs on the two major plate surfaces, whereby the electromechanical
coupling is increased and the neutral axis of the plate remains unchanged. The
kinematic coupling between a pair of co-located piezoceramic patch elements and the
Kirchoff plate bending element used in [P1] is depicted in Figure 2.3. It is here seen
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+
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Figure 2.3. Moment equilibrium of plate and piezoceramic patch elements, from [P1].
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that the bending moments of the plate element are restricted by the piezoceramic
in-plane nodal forces through the moment arm h. This may be described by the
kinematic relations

Mxx = −hf t
y + hfb

y

Myy = hf t
x − hfb

x

(2.13)

between the plate and the top (t) and bottom (b) piezoceramic patch elements, which
are enforced by the establishment of a connectivity matrix [W ] as demonstrated in
[P1]. Hereby the mechanically unloaded discrete vibration problem for the plate
and piezoceramic patches can be written as



KE − ω2M WKpeP −WKpeP

(WKpeP )t −P tKeP 0

−(WKpeP )t 0 −P tKeP








U

ϕt
±

ϕb
±




=





0

−Qt
±

−Qb
±





(2.14)

in which the resulting elastic stiffness and mass matrices

[KE ] = [K0] + 2[W ][Kp][W ]t, [M ] = [M0] + 2[W ][Mp][W ]t (2.15)

are the plate stiffness [K0] and mass [M0] matrices altered through the connectiv-
ity matrix [W ] by the SC piezoceramic patch stiffness [Kp] and mass [Mp]. Since
the piezoceramic patches are approximated by pure in-plane elements the bending
stiffness and transverse inertia effects of the patches are omitted. For thin patches
the bending stiffness becomes insignificant, while the omission of the transverse in-
ertia effects may cause erroneous results. The transverse inertia effects are therefore
included in the model by simply lumping the mass of the patches at the relevant
DOFs of the system mass matrix according to [P1].

Piezoelectric polarization and wiring

The piezoceramic patches are co-located in pairs such that they can be electrically
connected and thereby dissipate more energy in a resonant shunt, on the condition
that the patches are properly wired and polarized according to one of two possible
configurations. Either the piezoceramic patches are applied with the same polar-
ization and wired in parallel (SP-PW) with the resonant shunt as in Figure 2.4(a)
or the patches are applied with opposite polarization and wired in series (OP-SW)
as in Figure 2.4(b). In both cases the shunted pizoceramic patch pair will work as
a resulting piezoelectric absorber, while the resulting electromechanical properties
and corresponding optimum shunt tuning for the two configurations are substan-
tially different. This is now shown by considering the relation between the electrode
potentials for the two patch pair configurations in Figure 2.4. In the following a
piezoelectric absorber refers to the shunted patch pair(s) shown in Figure 2.4.

For the SP-PW piezoelectric absorber in Figure 2.4(a) the relations between the
potentials are given by

ϕt
− = ϕb

+ , ϕt
+ = ϕb

− , V = ϕt
+ − ϕt

− (2.16)
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Figure 2.4. Electrically conducting plate structure with a pair of shunted piezoceramic
patches (absorber) in the (a) SP-PW and (b) OP-SW configurations, from [P1].

where the last relation introduces the voltage across the electric shunt with the
impedance Z. These relations may then be imposed to the equation of motion (2.14)
by establishing the matrix [Pϕ] in [P1]. By eliminating the electrode potentials in
(2.14) by use of [Pϕ] the electromechanical coupling in (2.14) is governed by a vector
[W ]{kpe}ẽ31 while the electric capacitance is described by a (scalar) resulting blocked
capacitance C̄S

p for the piezoelectric absorber. The resulting blocked capacitance C̄S
p

and modified piezoelectric coupling coefficient ẽ31 are for the SP-PW piezoelectric
absorber hereby readily found as

C̄S
p = 2CS

p , ẽ31 = 2ē31, (2.17)

while the piezoelectric coupling vector {kpe} in the present notation is given as

{kpe} = [Kpe][P ]

{
1
−1

}
1

2ē31
(2.18)

The relations between the potentials for the OP-SW piezoelectric absorber in
Figure 2.4(b) are given by

ϕt
− = ϕb

+ , ϕt
+ − ϕt

− = ϕb
+ − ϕb

− , V = ϕt
+ − ϕb

− (2.19)

where the second condition is valid when two identical and symmetrically positioned
piezocermic patches are assumed. Hereby the new resulting blocked capacitance and
modified piezoelectric coupling coefficient,

C̄S
p =

1

2
CS

p , ẽ31 = ē31 (2.20)

are found after eliminating the electrode potentials in (2.14) by use of the new matrix
[Pϕ] determined from (2.19) in [P1].

It is seen from (2.17) and (2.20) that there is a factor four between the effective
blocked capacitances and a factor two between the modified piezoelectric coupling
coefficients for the SP-PW and OP-SW piezoelectric absorbers. In the next chapter,
it is shown how this influences the corresponding resonant shunt tuning, while the
effective electromechanical coupling is the same for the two absorber configurations,
as demonstrated in the subsequent numerical examples.
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General vibration problem

For both the SP-PW and OP-SW piezoelectric absorbers the vibration problem
(2.14) may be reduced to

([
KE Wkpeẽ31

(Wkpeẽ31)
T −C̄S

p

]
− ω2

[
M 0
0 0

]){
U

V

}
=

{
0

−Q

}
(2.21)

where V is the voltage across the shunt impedance Z, while Q contains the charge
with the corresponding time-derivative describing the flow of electric current I. The
off-diagonal terms in (2.21) define the electromechanical coupling vector

{kE
me} = [W ]{kpe}ẽ31 (2.22)

which for the case of multiple piezoelectric absorbers are collected as columns for
each absorber in the electromechanical coupling matrix [kE

me], while the correspond-
ing resulting capacitances (C̄s

p)i constitute the diagonal of the capacitance matrix
[Cp]. The discrete vibration problem for a plate with multiple piezoelectric absorbers
may hereby be written as

([
KE kE

me

(kE
me)

t −Cp

]
− ω2

[
M 0
0 0

]){
U
V

}
=

{
0

−Q

}
(2.23)

This general vibration problem is considered henceforth for the analysis of elec-
tromechanical coupling and for optimum shunt tuning and damping in chapter 3.

2.3 Commercial FE software

In [P2] the commercial FE-software ANSYS is used to validate the plate-piezo FE-
model developed in [P1] by the analysis of a simple supported plate with a single
piezoelectric absorber. In the present chapter the 3D modeling of general elec-
tromechanical structures (Figure 3.1) in ANSYS is used to validate the developed
plate-piezo FE-model for the case of multiple piezoelectric absorbers attached to a
beam and a plate, considered experimentally in [P4] and chapter 4. Furthermore,
in chapter 3, the 3D electromechanical ANSYS model is used to verify a proposed
shunt tuning method suitable for implementation in any FE-software supporting
electromechanical analysis.

By assuming mechanically unloaded harmonic vibrations the variational formula-
tion for the 3D electromechanical structure may be written similarly to (2.5) as

∫

Ω

{δS}t{T}dΩ− ω2

∫

Ω

{δu}tρ{u}dΩ−
∫

Ω

{δE}t{D}dΩ =

∫

Γq

{δϕ}t{q}dΓq (2.24)

where ρ is the material density, Ω the material volume and Γq the area of the
electrode where the charge q is applied or measured. The FE-formulation is then
obtained by considering the full 3D constitutive relations in (2.1) and (2.2) and
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Vibrating structure

Mechanical constraints

Figure 2.5. Vibrating structure with Np = 4 piezoelectric absorbers, from [P3].

by approximating the continuous displacements {u} and electric potentials {ϕ} by
nodal displacements {U} and potentials {ϕ} via appropriate shape functions. The
discrete vibration problem can hereby be represented by the coupled set of equations

([
KE

U KE
Uϕ

(KE
Uϕ)

t −KS
ϕ

]
− ω2

[
M 0
0 0

]){
U
ϕ

}
=

{
0

−Qϕ

}
(2.25)

from [P2] with [KE
U ], [K

E
Uϕ] and [KS

ϕ ] containing the stiffness components associated
with the mechanical displacements, electromechanical coupling and electric poten-
tials, while [M ] is the system mass matrix.

Next, the equipotential condition is imposed in ANSYS by applying a coupling
constraint to all electric potential DOFs that are part of a continuous electrode,
whereby the resulting electrode potential is represented in a so-called master node.
The wiring between two electrodes is then performed by imposing another cou-
pling constraint on the corresponding two master nodes, whereby the properties are
merged in a single node. Hereby, two interface electrodes can be defined for the
piezoelectric absorber consisting of several connected piezoelectric domains. It is
cumbersome to impose specific relations between the electric master node potentials
as it has been done in the developed plate-piezo model. Instead, the voltage between
the two interface electrodes of the piezoelectric absorber is simply represented at
one of the interface electrodes when the other is electrically grounded. Hereby the
discrete vibration problem (2.25) including the electrode's equipotentiality can be
written







KE
U K̄E

Uϕ KE
UV

(K̄E
Uϕ)

t −K̄S
ϕ −KS

ϕV

(KE
UV )

t −(KS
ϕV )

t −KS
V


− ω2



M 0 0

0 0 0

0 0 0











U

ϕ

V





=





0

0

−Q





(2.26)

in which [K̄E
Uϕ] and [K̄S

ϕ ] contain contributions associated with the electric potential
DOFs that are not part of an electrode, while [KE

UV ] and [KS
ϕV ] represent the coupling
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to the potential DOFs for the patch electrodes, and [KS
V ] represent the corresponding

dielectric properties. By eliminating {ϕ} from the second set of equations in (2.26)
the resulting condensed system matrices

[KE ] = [KE
U ] + [K̄E

Uϕ][K̄
S
ϕ ]

−1[K̄E
Uϕ]

t

[
kE
me

]
= [KE

UV ]− [K̄E
Uϕ][K̄

S
ϕ ]

−1[KS
ϕV ]

[Cp] = [KS
V ]− [KS

ϕV ]
t[K̄S

ϕ ]
−1[KS

ϕV ]

(2.27)

permit the vibration problem (2.26) to be written in the same form (2.23) as obtained
for the plate-piezo model.

2.4 Electromechanical coupling

The general vibration problem (2.23) for an elastic structure with Np piezoelectric
absorbers (Figure 3.1) is characterized by two limiting eigenvalue problems associ-
ated with SC and OC absorber electrodes.

In the short circuit (SC) limit the interface electrodes of the piezoelectric absorbers
are electrically wired, whereby the voltage in (2.23) vanishes ({V } = {0}). The
corresponding SC eigenvalue problem can then be written as

(
[KE ]− ω2

j [M ]
)
{Uj} = {0} (2.28)

with SC frequency ωj and mode shape {Uj} for vibration mode j. The second
equation in (2.23) provides a modal charge

{Qj} = −[kE
me]

t{Uj} (2.29)

in the SC limit, which can be viewed as an electric reaction force securing the zero
voltage constraint.

In the open circuit (OC) limit no wire connects the absorber interface electrodes,
whereby the flow of electric current is prohibited. Since the current is described by
the rate of charge, zero current implies zero charge ({Q} = {0}), whereby the OC
eigenvalue problem follows from (2.23) as

(
[KE ] + [kE

me][Cp]
−1[kE

me]
t − ω̂2

j [M ]
)
{Ûj} = {0} (2.30)

where {V } has been eliminated by the second equation in (2.23). Furthermore,
ω̂j and {Ûj} represent, respectively, the OC frequency and mode shape of vibration
mode j. Again, the second equation of the discrete system (2.23) may be considered,
which in this case determines a modal voltage

{V̂j} = [Cp]
−1[kE

me]
t{Ûj} (2.31)

which may be seen as an unconstrained electric displacement.
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The effective coupling between the mechanical and the electrical domains of the
structure with Np piezoelectric absorbers is quantified by the rate of convertible
energy. When the electromechanical structure resonates in a specific vibration mode
j this rate of convertible energy becomes equivalent to the relative difference between
the modal strain energies associated with SC and OC piezoelectric absorbers [50].
The SC and OC modal strain energies are proportional to their respective squared
frequencies ω2

j and ω̂2
j , whereby the rate of convertible energy for resonant vibration

mode j may be determined by the effective EMCC [26]

κ2
j =

ω̂2
j − ω2

j

ω2
j

(2.32)

Hence, the effective EMCC provides a direct measure of the attainable energy dis-
sipation by the piezoelectric absorbers for the vibration mode j. In the following
chapter, the effective EMCC is further shown to be a key parameter for the optimum
piezoelectric shunt tuning.

2.5 Numerical examples

Two examples have been used in [P1] to demonstrate the accuracy of the developed
plate-piezo FE-model. The first example concerns a cantilevered beam with one
pair of piezoceramic patches, for which the two first frequencies, effective EMCCs
and corresponding optimum shunt tuning has been verified by the corresponding
experimental results available in [49]. The second example concerns a simple sup-
ported plate also with a single pair of piezoceramic patches, which initially has been
investigated analytically in [19], while it has been analyzed subsequently in [C1]
and [P2] by use of 3D FEs in ANSYS. Good agreement between the results of the
developed plate-piezo model and the full 3D ANSYS model is further demonstrated
in [C1] for both examples. Because both examples only consider a single piezoelec-
tric absorber the experimental setups considered in [P4] concerning a free beam and
free plate each equipped with four piezoelectric absorbers, are here analyzed by the
developed plate-piezo and 3D ANSYS models. The results of the present chapter
are subsequently compared to the experimental results obtained in chapter 4.

Free beam

The first example concerns the free beam with five pairs of co-located piezoceramic
patches in Figure 2.6, where four pairs are connected to resonant shunts Zi, while
the last patch pair is used in the experiment to excite structural vibrations through
the voltage input Vp. The dimensions of the beam and location of the piezoceramic
patches can be seen in Figure 2.6, while the material properties of the aluminum
beam and piezoceramic material 3625HD are given in [P4].

The free beam is discrtized by 180×12 plate elements and the patches by 12×12
patch elements in the developed plate-piezo FE-model. Similarly the beam is dis-
cretized by 180 × 12 × 3 Solid186 3D FEs and 12 × 12 Solid226 electromechanical
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Figure 2.6. Free beam with five pairs of piezoceramic patches. Dimensions in mm.

3D FEs for the piezoceramic patches in ANSYS. The SC (fj = ωj/(2π)) and OC

(f̂j = ω̂j/(2π)) frequencies and effective EMCCs obtained with the 3D ANSYS
model are provided in Table 2.1 for the flexural beam modes 1 to 5, while the corre-
sponding mode shapes can be seen in Figure 2.7. It is seen by the effective EMCCs in
Table 2.1 that the rate of convertible energy is significant for the considered flexural
vibration modes, particularly for mode 5 in Figure 2.7(e), for which all the piezoelec-
tric absorbers experience maximum curvature. The frequencies and effective EMCCs
obtained with the developed plate-piezo model are now compared in Figure 2.8(a,c)
by a percentage relative deviation (∆) to the results in Table 2.1 obtained with
the 3D ANSYS model. Good agreement between the frequencies obtained with the
plate-piezo and 3D ANSYS models can be seen in Figure 2.8(a) with relative de-
viations below 3% for the five lowest flexural vibration modes. It is seen that the
relative deviation increases proportional with the frequency in Figure 2.8(a), which
indicates that higher accuracy of the numerical models may be required for the pre-
cise evaluation of higher resonance frequencies. The relative deivations between the
squared effective EMCCs based on the plate-piezo and 3D ANSYS models are seen
in Figure 2.8(c) to be significantly larger than for the corresponding frequencies.
This is because κ2

j in (2.32) is determined as the relative difference between the
squared SC and OC frequencies, and because the deviations on the SC frequencies
simply are lower than for those with OC conditions. This means that the SC and
OC frequencies need to be very precise for achieving an accurate squared effective
EMCC by (2.32). The same conclusion is drawn in [P2] from the convergence study
of a 3D ANSYS model. The challenge associated with the accurate evaluation of
the effective EMCC is well known and has been discussed extensively in [50, 5].

Table 2.1. SC and OC frequencies and effective EMCCs for flexural vibration modes 1 to
5 of the free beam with five piezoceramic patch pairs, evaluated with 3D FEs in ANSYS.

Mode 1 2 3 4 5

fj [Hz] 160.59 438.62 852.36 1397.9 2076.0

f̂j [Hz] 162.44 443.10 859.67 1410.1 2109.5
κ2j [%] 2.31 2.06 1.72 1.77 3.26
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Figure 2.7. Flexural vibration modes 1-5 (a-e) of the free beam (gray) with five piezoce-
ramic patch pairs (blue).

By evaluating the SC and OC eigenvalue problems the modal SC charge (2.29)
and OC voltage (2.31) are readily obtained. The modal charge and voltage values
provide the individual absorber response for vibration mode j and they may therefore
by their magnitude be used to determine which piezoeletric absorbers are suitable
for mitigating vibrations in mode j. The modal charges and voltages evaluated
by the plate-piezo (red bars) and 3D ANSYS (blue bars) models are provided in
Figure 2.8(b,d), in which they are normalized by the accumulated modal voltage∑Np

i=1(V̂j)i. The normalized modal charges in Figure 2.8(b) thus have the dimensions
of capacitance, while the modal voltages in Figure 2.8(d) become dimensionless and
thereby determine the relative authority of each piezoelectric absorber with respect
to vibration mode j. It is thus seen from the modal voltages in Figure 2.8(d) that
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Figure 2.8. Relative deviation for (a) the SC and OC frequencies and (c) the effective
EMCC of the free beam and (b,d) the modal charge and voltage based on the 3D ANSYS
(blue) and plate-piezo (red) models for the OP-SW (dark) and SP-PW (light) absorbers.
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the third absorber has no authority on mode 2 and 4, which also can be seen from the
corresponding mode shapes in Figure 2.7(b,d) for which the third absorber is located
at a nodal point. Furthermore, it is seen that the four piezoelectric absorbers have
almost the same authority on mode 5, which has already been observed by inspection
of the corresponding mode shape in Figure 2.7(e). The modal voltage for the OP-SW
and SP-PW piezoelectric absorbers are identical since they have been normalized by
their respective accumulated modal voltages, while the normalized modal charges
are significantly larger for the SP-PW (light red bars) compared to the OP-SW
(dark red bars) piezoelectric absorbers. By evaluating the ratio of the SP-PW to
OP-SW normalized modal charges a factor of exactly 4 is found, which corresponds
to the ratio between the respective resulting blocked capacitances in (2.17a) and
(2.20a). Furthermore, a factor of two can be found between the non-normalized
modal charges for the SP-PW and OP-SW piezoelectric absorbers, which agrees
with the ratio between the corresponding effective piezoelectric coupling coefficients
in (2.17b) and (2.20b). Finally, it is seen that the modal charges and voltages
obtained by the plate-piezo and 3D ANSYS models are similar, except for slightly
underestimated capacitances for the plate-piezo model (red bars) in Figure 2.8(b).

Free plate

The second example concerns the free plate with five pairs of piezoceramic patches
in Figure 2.9. Again, four piezoceramic patch pairs are connected to a resonant
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Figure 2.9. Free plate with five pairs of piezoceramic patches. Dimensions in mm.
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Table 2.2. SC and OC frequencies and effective EMCCs for the six lowest resonances of
the free plate with five piezoceramic patch pairs, evaluated with 3D FEs in ANSYS.

Mode 1 2 3 4 5 6

fj [Hz] 150.11 155.40 336.91 376.08 417.83 505.17

f̂j [Hz] 150.11 156.85 339.37 381.32 418.22 513.44
κ2j [%] − 1.86 1.46 2.80 0.19 3.30

shunt, while the last patch pair is used experimentally to excite structural vibrations
through the voltage input Vp. The dimensions of the plate and the position of the
piezoceramic patches are seen in Figure 2.9, while the respective material properties
are provided in [P4].

The plate has been modeled by 108×72 plate elements and 18×18 patch elements
(for the large piezoceramic patches) in the plate-piezo model and by 108 × 72 × 2
Solid186 3D elements and 18 × 18 Solid226 3D electromechanical elements, respec-
tively, in ANSYS. The SC and OC frequencies and the effective EMCCs obtained
in ANSYS are provided in Table 2.2 for the six lowest plate modes, while the corre-
sponding mode shapes can be seen in Figure 2.10.

It is seen that the effective EMCC in Table 2.2 for the first plate vibration mode is
vanishing since the four piezoelectric absorbers are either exposed to pure in-plane
shear or located in a nodal point of the vibration mode in Figure 2.10(a). The
effective EMCC for the fifth vibration mode is also low, while considerable coupling
between the mechanical and electrical domains is obtained for modes 2, 3, 4 and 6.

The relative deivations between the frequencies and the effective EMCCs deter-
mined from the plate-piezo and 3D ANSYS models are shown in Figure 2.11(a,c),
where good agreement between the frequencies can be seen, while the deviations
on the effective EMCCs for the two models again are seen to be larger. A linear
tendency for the relative deivations with respect to the frequencies is not apparent

Figure 2.10. Vibration mode 1-6 (a-f) of free plate with five piezoceramic patch pairs.
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Figure 2.11. Relative deviation for (a) the SC and OC frequencies and (c) the effective
EMCC of the free plate and (b,d) the modal charge and voltage based on the 3D ANSYS
(blue) and plate-piezo (red) models for the OP-SW (dark) and SP-PW (light) absorbers.

from Figure 2.11(a) as for the free beam, which may be due to the higher complexity
of the free plate structure. However, a linear increase of the relative error on the
effective EMCCs in Figure 2.11(c) can be seen, when the 5th resonant mode with
low electromechanical coupling is neglected.

Finally, the normalized modal SC charge and OC voltage have been provided in
Figure 2.11(b,d) for the four piezoelectric absorbers. Again, the normalized modal
voltages in Figure 2.11(d) indicate the authority of the individual absorbers on the
specific vibration mode j. It is thus seen that the absorbers 2, 3 have authority
on modes 2, 3 and 4, while the absorbers 1, 4 contribute to the electromechanical
coupling for modes 4, 5 and 6. The same observations may be obtained from the
corresponding mode shapes in Figure 2.10 considering which piezoelectric absorbers
experience maximum curvature for the structure vibrating in the specific vibration
mode.
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3. Resonant shunt damping

The resonant shunt initially proposed in [18] consists of an inductance (L) and a
resistance (R) wired in parallel [53] or in series [20]. The resonant shunt is then
wired to the interface electrodes of the piezoelectric element(s) to form the reso-
nant piezoelectric absorber, which acts as an equivalent mechanical inerter-based
absorber [24] with stiffness, inertance and damping, respectively, represented by the
inverse piezoelectric capacitance (1/C̄S

p ), shunt inductance (L) and shunt resistance
(R). The absorber frequency hereby follows from the inverse product of the piezo-
electric capacitance and shunt inductance, which is tuned by L to a target mode r
of the vibrating structure. The piezoelectric absorber stiffness given by the inverse
of the blocked piezoelectric capacitance is therefore an essential parameter for piezo-
electric shunt tuning and decisive for the final level of attainable damping. Hence,
the piezoelectric absorber performance may be enhanced by reducing the inherent
piezoelectric capacitance by adding an active negative capacitance [9, 13, 7] to the
resonant shunt. In the present work the focus has been on the pure passive resonant
shunt, whereby the blocked capacitance is considered as a constant property.

The optimum tuning of pure resonant shunts has been studied extensively in the
literature. Initially, by assuming a single-mode approximation of the electrome-
chanical structure [20, 53, 38, 10, 55, 49, 22, 45] and subsequently by including the
contribution from the non-resonant vibration modes in [13, 23, 24, 19]. In [P1] the
optimum shunt tuning method with flexibility and inertia corrections for the non-
resonant vibration modes [24] is verified by the numerical analysis of a cantilever
beam [48, 49, 14] and a simply supported plate [19] by use of the developed plate-
piezo FE-model. Furthermore, an alternative tuning method based on the SC and
OC frequencies and the two split mode frequencies obtained for the pure L-shunt
is proposed. In [C1] and [P2] the latter tuning method is implemented in the com-
mercial FE-software ANSYS and analyzed for the same cantilever beam and simple
supported plate used in [P1]. Furthermore, in [P2] the damping of plate vibrations
by use of multiple interconnected piezoceramic patch pairs has been analyzed. Fi-
nally, in [P3] a shunt tuning method, based on the modal absorber response in the
SC and OC limits, is derived for Np piezoelectric absorbers damping a single or
multiple target vibration modes of a simply supported beam. Subsequently, this
method has been implemented experimentally in [P4].

In chapter 2 the same governing vibration problem (2.23) for a structure with
Np piezoelectric absorbers was obtained for the developed plate-piezo and the 3D

21
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ANSYS models and the two limiting eigenvalue problems associated with SC and
OC piezoelectric electrodes were analyzed. In the present chapter, the electric charge
in the bottom equation of the general vibration problem (2.23) is eliminated by the
shunt impedance Z and voltage V , whereby the optimum shunt tuning is obtained
by introducing a modal representation of the mechanical displacements.

3.1 Single piezoelectric absorber

In [P1], [P2] and [C1] the optimum tuning of a single piezoelectric absorber attached
to a vibrating structure is considered. It is here the aim to accurately represent
the behavior of the full vibrating structure in Figure 3.1(a) around a target mode
r by the modal reduced system in Figure 3.1(b). A modal representation of the
mechanical displacements in (2.23) is therefore introduced by {U} = [U ]{v}, where
the matrix [U ] contains the SC mode shapes {Uj} as columns and {v} represents
the N modal coordinates vj. Hereby the top set of mechanical equations in (2.23)
uncouple and may be written for vibration mode j as

(ω2
j − ω2)vj −

Qj

mj

V = 0, j = 1, 2, . . . , N (3.1)

Furthermore, the bottom electric equation in (2.23) can be written as

N∑

j=1

Qjvj = Q− C̄S
p V (3.2)

which is seen to depend on the full range of modal charges Qj . The evaluation of
all modal charges is inconvenient and may be associated with high computational
costs, whereby a truncation of the sum in (3.2) may be required. It follows from
the modal mechanical equations in (3.1) that vj is proportional to the voltage V ,

(a) (b)

V

I

kr mr

Q2
r/C(ω) Z(ω)Q2

r

Z

Figure 3.1. Vibrating structure with (a) a single piezoelectric absorber and (b) the corre-
sponding modal reduced model. Frequency dependency of Z(ω) is omitted in (a).
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whereby the sum over the non-resonant vibration modes in (3.2) contributes with
an additional frequency dependent term to the blocked capacitance

Qrvr = Q−
(
C̄S

p +
N∑

j 6=r

Q2
j

mjω2
j

ω2
j

ω2
j − ω2

)
V = Q− C(ω)V (3.3)

The main challenge is hereby associated with the approximation of the frequency
dependent effective capacitance C(ω) representing the inherent blocked piezoelectric
capacitance and the spill-over from the residual vibration modes.

Residual modes contribution from modified system matrices

In [P1] the electric equivalence to the flexibility and inertia correction terms in [31]
is used to approximate the effective capacitance by

C(ω) = C̄S
p + C ′

r −
1

ω2L′
r

= CR − 1

ω2L′
r

(3.4)

where CR is the flexibility corrected capacitance and C ′
r and L′

r, respectively rep-
resent a correction capacitance and an inductance effect around the target mode r.
These may be evaluated according to [P1] as

C ′
r = {kE

me}t[Kr]
−1[KE ][Kr]

−1{kE
me} −

Q2
r

ω2
rmr

ω2
r

L′
r

= {kE
me}t[Kr]

−1[KE ][Kr]
−1{kE

me} − {kE
me}t[Kr]

−1{kE
me}

(3.5)

in which the modified stiffness and mass matrices follow by removing the mass
contribution from the target mode r and making a frequency shift of the stiffness
matrix

[Kr] = [KE ]− ω2
r [Mr] , [Mr] = [M ]− ([M ]{Ur})([M ]{Ur})t

{Ur}t[M ]{Ur}
(3.6)

By neglecting the non-resonant inertia contribution the pure quasi-static residual
mode correction is obtained by [Kr] = [KE ] in (3.5a).

As demonstrated in [P1] the modal reduced characteristic equation for the target
mode r can hereby be written as

ω2
r

ω2
r − ω2

κ2
R +

1

iωZ(ω)CR
− 1

ω2L′
rCR

+ 1 = 0 (3.7)

after eliminating the modal coefficient between (3.3) and (3.1) and introducing the
flexibility corrected modal EMCC

κ2
R =

Q2
r

mrCRω2
r

(3.8)
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in which the modal mass mr is convieniently normalized to unity. Subsequently, the
optimum shunt tuning follows in [P1] by considering the specific shunt impedance
Z(ω) and the principle of equal modal damping [30]. Hereby the shunt inductance
is found to depend on the effective capacitance C(ωr) at the SC frequency, while
the shunt resistance is tuned by the flexibility corrected capacitance CR.

The evaluation of the two non-resonant correction terms in (3.5) provides a robust
shunt tuning as demonstrated in [24] and [P1]. However, the method requires that
the full electromechanical mass and stiffness matrices are available and simple to
modify, which may not be the case when using commercial FE-software. An alter-
native method for the evaluation of the non-resonant correction parameters in (3.5)
has therefore been suggested in [P1] and implemented in the FE-software ANSYS
in [C1] and [P2].

Residual modes contribution from frequencies

The alternative method considers the SC (2.28) and OC (2.30) eigenvalue problems
and a third eigenvalue problem associated with the pure L-shunted piezoelectric
absorber. Initially, the same modal approximation in (3.3) is assumed, whereby a
governing modal equation is obtained by substituting the modal coefficient vr into
(3.1),

ω2
r − ω2

ω2
r

(Q− C(ω)V )− Q2
r

mrω2
r

V = 0 (3.9)

This governing equation is then considered in the OC limit with Q = 0, whereby a
modal effective capacitance

Cr = C(ω̂r) =
Q2

r

mrκ2
rω

2
r

(3.10)

may be obtained from the SC and OC frequencies in κ2
r (2.32) and the modal SC

charge Qr (2.29) and mass mr. As demonstrated in [P1], and previously described,
the optimum shunt inductance depends on the effective capacitance C(ωr) at the
SC frequency. The pure parallel tuned L-shunt is thereby introduced by

L =
1

C(ωr)ω2
r

≃ 1

Crω2
r

(3.11)

in which the last approximation C(ωr) ≃ Cr is valid for most practical cases with a
limited change in the SC to OC frequencies. The inductance correction L′

r hereby
vanishes in the corresponding characteristic equation, obtained from (3.9), as

ω4 − (2 + κ2
R)ω

2
rω

2 + ω4
r = 0 (3.12)

after elimination of the charge Q by the impedance relation for the pure L-shunt.
The product and sum of the solutions ω2

+ and ω2
− to (3.12) can be written as

ω2
+ω

2
− = ω4

r , ω2
+ + ω2

− = (2 + κ2
R)ω

2
r (3.13)
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whereby an alternative flexibility corrected modal EMCC (3.8) is obtained by elim-
inating ω2

r in (3.13)

κ2
R =

(ω+ − ω−)2

ω+ω−
(3.14)

The solutions ω+ and ω− are the emerging split mode frequencies for the pure L-
shunt, which may be obtained by evaluating the associated eigenvalue problem

([
KE kE

me

0 1

]
− ω2

[
M 0

−(kE
me)

tL C̄S
p L

]){
U

V/L

}
=

{
0
0

}
(3.15)

Hereby the flexibility corrected capacitance CR, used for the shunt resistance tuning,
is determined from (3.8) by use of the flexibility corrected modal EMCC in (3.14).
The capacitance and inductance correction terms for the non-resonant vibration
modes (3.5) are thereby simply determined, respectively, as the differences between
the flexibility corrected CR and blocked C̄S

p capacitances and the effective modal Cr

and flexibility corrected CR capacitances. The optimum shunt tuning with correction
from the residual vibration modes may therefore be obtained by evaluation of the
three eigenvalue problems associated with the SC, OC and L-shunted piezoelectric
absorber, which in [C1] and [P2] have been rather easy to implement in commercial
FE-software. Furthermore, it was shown in [C1] that the optimum shunt tuning for
all practical damping applications may be based exclusively on the effective modal
capacitance Cr, whereby the specific inertia effect from the non-resonant vibration
modes is neglected. Using this assumption the correction spring-inerter system
Q2

r/C(ω) in Figure 3.1(b) is replaced by a single spring with the stiffness Q2
r/Cr,

whereby the optimum shunt tuning is obtained from the results of the SC and OC
eigenvalue problems.

3.2 Multiple piezoelectric absorbers

In [P3] multiple piezoelectric absorbers is considered, see Figure 3.2. The scalar
quantities in (3.1) and (3.3) are thereby replaced by matrices and vectors containing
the electric properties and DOFs for each piezoelectric absorber. The equations for
target mode r may then be written as

(ω2
r − ω2)vr −

{Qr}t
mr

{V } = 0

{Qr}vr + [C(ω)]{V } = {Q}
(3.16)

in which [C(ω)] contains the effective blocked capacitances in [Cp] and the contri-
bution from the non-resonant vibration modes. By assuming [C(ω)] as diagonal
the electric equations in (3.16) decouple, whereby the characteristic equation for
the piezoelectric absorber i follows by elimination of vr in (3.16) and {Q} by the
impedance relation {V } = [Z(ω)]{Q},

ω2
r − ω2

ω2
r

(
(V̂r)i

iωZi(ω){V̂r}t{Qr}
+

(V̂r)iCi(ω)

{V̂r}t{Qr}

)
+

(Qr)i
mrω2

r

= 0 (3.17)
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Figure 3.2. Vibrating structure with (a) four piezoelectric absorbers and (b) the corre-
sponding modal reduced model. Frequency dependency of Zi(ω) is omitted.

This characteristic equation is then considered in the OC limit with Zi(ω) → ∞ in
order to determine the effective modal capacitance for the piezoelectric absorber i,

(Cr)i = Ci(ω̂
2
r) =

{V̂r}t{Qr}
mrω2

r

ω2
r

ω̂2
r − ω2

r

(Qr)i

(V̂r)i
(3.18)

Using a combined modal projection by multiplying the OC eigenvalue problem in
(2.30) with the SC mode shape {Uj} an alternative expression for the effective
EMCC in (2.32) is in [P3] obtained as

κ2
j = −{Qj}t{V̂j}

m̃jω2
j

(3.19)

in which m̃j is an intermediate modal mass. Considering this effective EMCC for
the target mode r it is seen that the expression for the modal effective capacitance
(3.18) may be reduced to

(Cr)i = −(Qr)i

(V̂r)i

m̃r

mr

≃ −(Qr)i

(V̂r)i
(3.20)

where the last approximation m̃r ≃ mr is valid for most practical problems with
limited electromechanical coupling. The effective modal capacitance given by the
ratio of the modal SC charge to OC voltage is convenient since it is independent of
any specific mode shape normalization, required in (3.10), as long as the SC and OC
mode shapes are equally scaled. This also enables the effective modal capacitance
(3.20) to be determined directly from experimental measurements as discussed in
chapter 4. In [P3] the specific non-resonant inertia effect is neglected, whereby the
structure with multiple piezoelectric absorbers in Figure 3.2(a) may be represented
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by the reduced mechanical system in Figure 3.2(b), where the effect of the non-
resonant vibration modes are contained in the modal effective capacitances (Cr)i.

As suggested in [P2] and previously discussed in [42, 13, 43, 7] the effective modal
capacitance (Cr)i may in many cases be approximated accurately by the static ca-
pacitance (C0

p )i measured at low frequency for the piezoelectric absorber bonded
to the structure. Numerically the static capacitance may be obtained by apply-
ing a voltage between the absorber interface electrodes and solving the associated
static problem to determine the corresponding absorber charge response. The static
capacitance thereby follows by an expression similar to (3.20)

(C0
p)i = −(Qs)i

(Vs)i
= (CS

p )i + {kE
me}ti[KE ]{kE

me}i (3.21)

in which the static charge (Qs)i and voltage (Vs)i replaces the modal quantities (Qr)i
and (V̂r)i, while it may also be determined by an expression similar to the pure flex-
ibility correction (3.5a), without considering the target modal stiffness Q2

r/(ω
2
rmr).

3.3 Single-mode damping

In [P1-P3] the principle of equal modal damping [29, 30] has been considered for
the derivation of an optimum resonant shunt tuning. Initially, the characteristic
equation for the modal reduced system is derived for either the parallel or the series
shunt, which is then compared with the generic equation from [30],

ω4

ω4
r

− (2 + 4χ2)
ω2

ω2
r

+ 1 + 4iλχ
ω

ωr

(
1− ω2

ω2
r

)
= 0 (3.22)

with i =
√
−1 denoting the imaginary unit. This generic equation ensures equal

modal damping through the tuning of the shunt inductance L, while the subsequent
tuning of the shunt resistance R by λ = 1/

√
2 balances large attainable damping

and effective vibration amplitude mitigation.

For a vibrating structure with multiple piezoelectric absorbers (Figure 3.2(a))
the characteristic equation of the modal reduced system considering both the non-
resonant flexibility and inertia effects may be written as

(
1− ω2

ω2
r

)[
ω2

ω2
r

− i
ω

ωr

Np∑

i=1

(V̂r)i(Qr)i

{V̂r}t{Qr}

(
1

Zi(ω)
+

1

iω(L′
r)i

)
1

(CR)iωr

]
+ κ2

R

ω2

ω2
r

= 0

(3.23)
The optimum shunt tuning then follows by inserting the parallel or series shunt
impedance Zi(ω) and writing the characteristic equation in accordance with the
generic form (3.22). This is done in [24] and [P1] for the single piezoelectric ab-
sorber, where the extension to multiple absorbers is straightforward. However, as
demonstrated in [C1] the specific non-resonant inertia effect does not improve the
shunt damping performance for most practical cases. Furthermore, for simplic-
ity, the modal reduced system in Figure 3.2(b), deliberately neglecting the specific
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non-resonant inertia correction, is considered in the following. The characteristic
equation for the modal reduced system in Figure 3.2(b) can be written as

(
1− ω2

ω2
r

)(
ω2

ω2
r

− i
ω

ωr

Np∑

i=1

(V̂r)i(Qr)i

{V̂r}t{Qr}
1

Zi(ω)(Cr)iωr

)
+ κ2

r

ω2

ω2
r

= 0 (3.24)

in which the effective modal capacitances (Cr)i and the effective EMCC κ2
r replaces,

respectively, the flexibility corrected capacitances (CR)i and EMCC κ2
R in (3.23),

while the inertia terms (L′
r)i vanishes.

Parallel shunt

The parallel shunt is equivalent to a series connection of a mechanical dashpot and
inerter as seen in Figure 3.3(a), whereby the impedance relation is conveniently
expressed in terms of the inverse of the individual contributions,

1

Zp
i (ω)

=
1

Rp
i

+
1

iωLp
i

(3.25)

with superscript p referring to the parallel shunt. This impedance is then used in
(3.24), which hereby can be written in accordance with the generic form (3.22) as

ω4

ω4
r

−
(
1 + κ2

r +

Np∑

i=1

(V̂r)i(Qr)i

{V̂r}t{Qr}
(Cr)i
Lp
iω

2
r

)
ω2

ω2
r

+

Np∑

i=1

(V̂r)i(Qr)i

{V̂r}t{Qr}
(Cr)i
Lp
iω

2
r

+i
ω

ωr

Np∑

i=1

(V̂r)i(Qr)i

{V̂r}t{Qr}
(Cr)i
Rp

iωr

(
1− ω2

ω2
r

)
= 0

(3.26)

Comparing this characteristic equation with the generic equation (3.22) it is readily
seen that the constant term should equal unity, which may only be secured by

C ip C ip

(a) (b)
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Figure 3.3. Parallel (a) and series (b) shunted piezoceramic patch with free capacitance
CT
p and their mechanical equivalent systems.
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a proper tuning of the shunt inductances Lp
i . This is achieved by balancing the

individual inductance Lp
i with the respective effective modal capacitance (Cr)i and

the target mode frequency ωr,

Lp
i =

1

(Cr)iω2
r

, Rp
i =

1

(Cr)iωr

√
1

2κ2
r

(3.27)

while the optimum resistance is obtained by identifying χ = κ2
r/4 and comparing

the odd-power terms in (3.22) and (3.26).

The optimum parallel inductance tuning (3.27) based on the principle of equal
modal damping secures the inverse point relation in (3.13a) for Rp → ∞, whereby
the roots for decreasing resistance follow a semicircle into the complex plane until the
two root trajectories meet in a bifurcation point, as shown for the single piezoelec-
tric absorber in Figure 3.4(a). Hereafter, one root becomes heavily damped when
approaching the imaginary axis, while the other root becomes undamped when ter-
minating at the SC solution for Rp → 0. According to the principle of equal modal
damping [30] the optimum resistance is subsequently tuned to secure a reasonable
compromise between large modal damping and effective response mitigation, which
is obtained in the points on the semi-circle (red crosses) in Figure 3.4 for λ = 1/

√
2,

which are approximately located on the ±45◦ lines from the SC frequency ωr. The
attainable damping may hereby be estimated as ζr =

√
1/8κ2

r, while the tuning
causes a flat plateau in the absorber response amplitude with unit magnitude, when
normalized by the applied modal load {fr} = [M ]{Ur}, as seen in Figure 3.4(c).
The corresponding normalized structural displacements (red curve) in Figure 3.4(b)
are further seen to have a nearly flat plateau around the target mode r at the level of
the dynamic amplification factor |DAF| = 1/(2ζr). Furthermore, the three (dashed,
blue, red) curves in Figure 3.4(b) are seen to intersect for two neutral frequencies,
at which the structural response is independent of the applied resistance and that
the response to the pure L-shunt (blue line) exhibits a clear anti-resonance point at
ω = ωr, indicating that the inverse point relation in (3.13a) is fulfilled.
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Figure 3.4. Parallel shunt tuning analyzed by (a) root-locus diagram, (b) the normalized
displacements for the SC ( ), L ( ) and LR-shunted ( ) piezoelectric absorbers and (c)
the corresponding LR-shunted absorber voltage response.
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Series shunt

The series shunt is equivalent to a mechanical dashpot and inerter connected in
parallel as shown in Figure 3.3(b), whereby the impedance relation is simply given
by the sum of the individual components,

Zs
i (ω) = Rs

i + iωLs
i (3.28)

in which superscript s refers to the series shunt. This is now used in (3.24), which
then can be written in accordance with the generic form (3.22) as

ω4

ω̂4
r

−
(
1 +

Np∑

i=1

{V̂r}t{Qr}
(V̂r)i(Qr)i

(Cr)i
Ls
i ω̂

2
r

)
ω2

ω̂2
r

+

Np∑

i=1

{V̂r}t{Qr}
(V̂r)i(Qr)i

(Cr)i
Ls
i ω̂

2
r(1 + κ2

r)

+i
ω

ω̂r

∑Np

i=1(Qr)
2
iR

s
i∑Np

i=1(Qr)
2
iL

s
i ω̂r

(
1− ω2

ω̂2
r

)
= 0

(3.29)

and conveniently expressed in terms of the OC frequencies ω̂r, as discussed in [P3].
The series inductance tuning hereby follows by balancing the individual inductance
Ls
i with the respective effective modal capacitance (Cr)i and the altered OC fre-

quency ω̂r
2(1 + κ2

r),

Ls
i =

1

(Cr)iω̂2
r(1 + κ2

r)
, Rs

i =
1

(Cr)iω̂r(1 + κ2
r)

√
2κ2

r (3.30)

while the series resistance is obtained by identifying χ = κ2
r/4, inserting the series

inductance in (3.29) and comparing the odd-power terms with those in (3.22).

For the series shunt, the inductance is now tuned such that the two split mode
frequencies ω− and ω+ for Rs → 0 are inverse points to the altered OC frequency
ω̂r

√
1 + κ2

r , whereby the roots for increasing resistance in Figure 3.5(a) follow a
semicircle into the complex plane, similarly to the parallel shunt. After the root
trajectories meet in a bifurcation point, they split into a heavily damped and an
undamped trajectory, with the latter terminating at the OC solution ω̂r for R
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see Figure 3.5(a). It is again seen that the optimum resistance based on the principle
of equal modal damping causes a completely flat plateau in the absorber response
amplitude in Figure 3.5(c) and a nearly flat plateau for the displacement response
(red curve) in Figure 3.5(b) at a level close to the DAF. For the series shunt it is seen
that the response curves for the L- (blue curve) and LR-shunted (red curve) absorber
now intersect with the OC frequency response (black dashed curve) in Figure 3.5(b).
Furthermore, the frequency response for the pure L-shunted absorber (blue curve)
in Figure 3.5(b) exhibits an anti-resonance point at ω = ωr(1 + κ2

r) = ω̂r

√
1 + κ2

r ,
verifying the inverse point relation for the series shunt.

3.4 Multi-mode damping

When only a subset np 6 Np of the piezoelectric absorbers in Figure 3.2 are cal-
ibrated with respect to target mode r, the single mode tuning presented in the
previous section may not be optimal. This is primarily due to the resistance tuning,
which is inversely and directly proportional to the effective EMCC for the parallel
and the series shunts, respectively. The inductance tuning on the other hand is only
affected by the minor frequency shift occurring due to the effect of the piezoelectric
absorbers not tuned to the target mode r. This may be accounted for by consid-
ering these non-resonant absorbers in the SC or OC condition corresponding to,
respectively, releasing and blocking the absorbers in Figure 3.2(b). Two methods
for the multi-mode tuning have been suggested in [P3], one which only considers the
change of the resistance tuning due to the lower electromechanical coupling for the
target mode r and another that considers the influence on both the inductance and
resistance tuning from the SC or OC non-resonant piezoelectric absorbers.

Modified single-mode calibration

By assuming that the frequency shift caused by the non-resonant absorbers is negli-
gible, the single-mode tuning of the shunt inductances is still considered to provide
the optimum absorber frequency tuning. However, when fewer piezoelectric ab-
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ported beam, plotted around mode 1 (a), 2 (b) and 3 (c), for the single- ( ,+), modified
single- ( ,+) and multi-mode ( ,+) calibrations with varying and optimum resistance, [P3].



32 Chapter 3. Resonant shunt damping

sorbers contribute to the overall effective electromechanical coupling this will be
reduced and cause less energy to enter the individual absorber shunt. Thereby, ei-
ther higher and lower resistances are required for for the parallel (3.27b) and series
(3.30b) shunts, respectively. A modified effective EMCC κ̃2

r , which only considers
the coupling contribution from the absorbers tuned to mode r should therefore be
used for the resistance tuning. This modified effective EMCC may be determined
directly from (3.19) as

κ̃2
r = −

np∑

i=1

(Qr)i(V̂r)i
m̃rω2

r

=

np∑

i=1

(Qr)i(V̂r)i

{Qr}t{V̂r}
κ2
r (3.31)

whereby it depends on variables already available from the solution to the SC and OC
eigenvalue problems used in the single-mode tuning. The new optimum resistance
tuning for the case where np piezoelectric absorbers are tuned to mode r may thereby
be determined by the same tuning formulas for the parallel (3.27) and series (3.30)
shunts where the effective EMCC κ2

r is replaced by the modified effective EMCC κ̃2
r .

In Figure 3.6 the single- (black) and the modified single-mode (red) calibrations
are compared in a root-locus diagram for the simultaneous damping of the three
lowest simple supported beam vibration modes in [P3], for varying (dots) an opti-
mum (crosses) resistance. It is here seen that the root trajectories do not follow
a perfect semi-circle in the complex plane due the frequency shift caused by the
non-resonant absorbers. Furthermore, it can be seen that the single-mode tuning
causes a corresponding root (black cross) in Figure 3.6 to be lightly damped, while
for the modified single-mode tuning the two roots (red crosses) in Figure 3.6 have
almost equal damping.

Multi-mode calibration

In Figure 3.6 it has been seen that the root trajectories for the single- and modified
single-mode calibrations do not follow the optimum semicircle into the complex plane
because of the frequency shift caused by the non-resonant piezoelectric absorbers.
This frequency shift is now estimated by including the SC or OC contribution from
the piezoelectric absorbers tuned to other target modes j 6= r. Both the parallel
(3.27) and series (3.30) shunt tuning are inversely proportional to the SC (or OC)
frequency. This means that for lower modes j << r the optimum shunt components
are large, while for higher modes j >> r they appear small. The resulting absolute
value of the parallel (3.25) and series (3.28) shunt impedances may therefore be
described as

|Zp
i (ωr)| , |Zs

i (ωr)| → ∞ for ωj << ωr

|Zp
i (ωr)| , |Zs

i (ωr)| → 0 for ωj >> ωr

(3.32)

for target modes j below and above the target mode r. Hereby, it can be seen
that absorbers tuned to modes below the target mode ωj < ωr approximately con-
tribute to the structural response around ωr by their OC stiffness, whereby the
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corresponding mechanical absorbers in Figure 3.2(b) are considered locked. Oppo-
sitely, absorbers tuned to target modes ωj > ωr may be considered to contribute to
the response only by their SC stiffness, whereby the absorbers in Figure 3.2(b) are
released.

A new SC and OC eigenvalue problem for each target mode r may thereby be es-
tablished, considering the SC or OC contributions from the non-resonant absorbers.
The new SC eigenvalue problem may thus be written as

(
[KE ] + [kE

me]j<r[Cp]
−1
j<r[k

E
me]

t
j<r − ω2

r [M ]
)
{U r} = {0},

{Q
r
} = −[kE

me]
t
r{U r}

(3.33)

in which the original SC stiffness is increased by the OC stiffness contribution from
the piezoelectric absorbers tuned to modes below the target mode ωj < ωr. The
new OC eigenvalue problem similarly follows by

(
[KE ] + [kE

me][Cp]
−1[kE

me]
t − [kE

me]j>r[Cp]
−1
j>r[k

E
me]

t
j>r − ω̂2

r[M ]
)
{Û r} = {0},

{V̂ r} = [Cp]
−1
r [kE

me]
t
r{Û r}

(3.34)

where the original OC stiffness is reduced by the piezoelectric absorbers tuned to
higher target modes ωj > ωr. Finally, the same parallel (3.27) and series (3.30)
shunt tuning can be used by replacing the original frequencies and the effective
modal capacitances by the new SC ωr and OC ω̂r frequencies and effective modal
capacitances determined from the new modal charges {Q

r
} and voltages {V̂ r}.

The multi-mode tuning method (blue) is compared to the single- (black) and
modified single-mode (red) calibrations by the root-locus diagram in Figure 3.6 for
varying (dots) an optimum (crosses) resistance [P3]. It is here seen that the root
trajectories for the multi-mode shunt tuning method (blue dots) in Figure 3.6 ap-
proximately follows the semicircle into the complex plane for each vibration mode,
indicating that a near optimal tuning has been achieved, when the specific SC and
OC stiffness contributions from the non-resonant absorbers have been considered.

3.5 Numerical examples

The presented shunt tuning methods are now considered for the numerical examples
introduced in chapter 2, concerning a free beam and free plate with four piezoelectric
absorbers. In chapter 2 the SC and OC eigenvalue problems have been evaluated by
the plate-piezo and the 3D ANSYS models. They determine the modal SC charges
and OC voltages and the corresponding frequencies. In the following these tuning
parameters are used to evaluate the effective modal capacitances (3.20) and optimum
series shunt tuning (3.30) for the OP-SW piezoelectric absorbers, which has been
considered experimentally in [P4] and chapter 4.
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Free Beam

The effective modal capacitances (Cr)i of the OP-SW piezoelectric absorbers bonded
to the free beam are evaluated from the modal charges and voltages in Figure 2.8
and shown in Figure 3.7(a) for the plate-piezo (red bars) and 3D ANSYS (blue bars)
models. It is noted that the effective modal capacitances become exactly four times
larger when using the SP-PW absorbers. The dark red and blue lines in Figure 3.7(a)
further represent the blocked C̄S

p , static C0
p and free C̄T

p capacitances. It can then
be seen that the effective modal capacitances are in between the blocked and the
free capacitance, while the static capacitance is slightly larger than the effective
modal capacitances. This agrees with the findings in [42, 13, 7] where the dynamic
capacitance is stated to equal the static capacitance in the static limit, while it for
increasing frequency approaches the original blocked capacitance. In the present
case this is indicated by the general decrease of the effective modal capacitances for
the higher target modes.

As previously described the single-mode representation of the electromechanical
structure leads to a shunt tuning directly dependent on the blocked capacitance C̄S

p

instead of the effective modal capacitances (Cr)i in (3.27) and (3.30). When applying
this assumption, the relative error on the corresponding shunt tuning is in the present
case about 30% as seen by the light red and blue bars in Figure 3.7(b). However, the
blocked capacitance is not always used for the subsequent experimental validation
of the proposed shunt tuning methods. Instead, the static capacitance of the piezo-
electric absorber is measured and used in the final shunt tuning [38, 42, 13, 33, 8].
The static capacitance provides in most cases a much more reliable shunt tuning,
particularly for low-frequency target modes, as seen in the present example, where
the relative errors on the shunt tuning based on the static capacitance (dark blue
and red bars) in Figure 3.7(b) are much lower than for the tuning based on the
blocked capacitance. The exact series shunt tuning for the OP-SW piezoelectric
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Figure 3.7. In (a) the effective modal (OP-SW) capacitance for beam mode 1-5 for the
plate-piezo (red) and 3D ANSYS (blue) models, and (b) the relative deviation on the
shunt tuning based on the static (dark colors) and blocked (light colors) capacitances.
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Table 3.1. Series single mode tuning for free beam mode 1 to 5 by 3D ANSYS model.

Mode 1 2 3 4 5
L [H] R [Ω] L [H] R [Ω] L [H] R [Ω] L [H] R [Ω] L [H] R [Ω]

A
b
so
rb
er

1 29.9 6550 4.01 2260 1.07 1070 0.396 660 0.179 604
2 29.9 6550 4.02 2270 1.09 1100 0.391 651 0.177 599
3 29.9 6550 - - 1.07 1070 - - 0.176 596
4 29.9 6560 4.01 2260 1.01 1020 0.406 676 0.176 595

absorbers based on the 3D ANSYS model are provided in Table 3.1 for the first
five flexural beam vibration modes. The corresponding tuning of the SP-PW piezo-
electric absorbers has not been provided, but is exactly four times lower than the
OP-SW tuning. This means that the SP-PW piezoelectric absorber is often pre-
ferred as it requires a lower inductance value. Unfortunately this configuration may
be impractical as the electrodes glued to the structure must be accessed.

The frequency response (FRF) to a modal load (Figure 3.8(a,b)) and an elec-
tromechanical point load (Figure 3.8(c,d)), imposed by the 5th piezoceramic patch
pair in Figure 2.6, are now considered for the free beam with the piezoelectric ab-
sorbers all tuned to mode 2. From the FRF for the tip beam displacements to the
modal load in Figure 3.8(a) it is seen that the optimum LR-shunt damping (solid
red curve) causes a near flat plateau at the level of the DAF (horizontal dashed
line) around the target mode 2. Furthermore, it is seen that the corresponding ac-
cumulated absorber voltage response (solid curves) in Figure 3.8(b) exactly retains
a unit flat plateau. In the case of the electromechanical point load the absorber
voltage response (solid curves) in Figure 3.8(d) inclines slightly, while a near flat
plateau is still obtained for the tip beam displacements (red curve) in Figure 3.8(c).
The FRFs for an absorber tuning based on the blocked capacitance C̄S

p has further
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Figure 3.8. FRF to a (a,b) modal and (c,d) electromechanical point load, for the OC ( ),
L ( ) and LR-shunted ( ) piezoelectric absorbers and the tuning based on the blocked
capacitance C̄S

p ( ), and in (b,d) the voltage of absorber 1 ( ), 2 ( ) ,3 ( ), 4 ( ).
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Table 3.2. Optimum series single-, modified single- and multi-mode tuning for simultane-
ous damping of beam modes 2 to 5 based on the 3D ANSYS model in chapter 2.

Mode 2-5 L1 [H] R1 [Ω] L2 [H] R2 [Ω] L3 [H] R3 [Ω] L4 [H] R4 [Ω]

Single 0.396 660 4.02 2270 1.07 1070 0.176 595
Modified 0.400 493 4.07 1480 1.08 741 0.180 305
Multi 0.398 487 4.07 1467 1.08 739 0.179 300

been provided (red dashed curves) in Figure 3.8, which is seen to cause a significant
reduction in the shunt damping performance.

Finally, multi-mode damping is considered for the simultaneous damping of the
beam flexural vibration modes 2 to 5. This is achieved by tuning the four absorbers
to modes 4, 2, 3 and 5, respectively, for which the individual absorbers have signif-
icant modal charge and voltage in Figure 2.8. The corresponding optimum shunt
calibrations based on the single-, modified single- and multi-mode tuning methods
are provided in Table 3.2.

It is seen that the shunt inductances in Table 3.2 are almost identical for the three
methods as the effect of the frequency shift caused by the non-resonant absorbers
is insignificant. The resistances however are seen to vary significantly as less en-
ergy can be dissipated when only a single absorber is tuned to the specific target
mode. The corresponding FRFs for the beam tip displacements and the absorber
voltage response to the electromechanical point load are shown in Figure 3.9. It
is seen that near flat plateaus around the four target modes in Figure 3.9(a) are
obtained with the modified single- (red dashed curve) and multi-mode (solid black
curve) shunt tuning methods. For the single-mode shunt tuning (red dash-dotted
curve) the maximum amplitudes are seen to increase significantly, which indicates
the importance of modifying the effective EMCC (3.31) according to the absorbers
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Figure 3.9. FRF for (a) tip beam displacements with OC ( ), multi-mode tuned L ( )
and LR-shunted ( ) piezoelectric absorbers and for the single- ( ) and modified single-
mode ( ) tuning, and (b) the voltage of absorber 1 ( ), 2 ( ) ,3 ( ), 4 ( ).
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tuned to the specific target mode. Furthermore, it is seen that the absorber voltage
amplitudes in Figure 3.9(b) are significant only around the respective target modes.

Free Plate

The effective modal capacitances (Cr)i in (3.20) for the four OP-SW piezoelectric
absorbers bonded to the free plate in Figure 2.9 are determined from the modal
charges and voltages in chapter 2 and provided in Figure 3.10(a) for the plate-piezo
(red bars) and the 3D ANSYS (blue bars) models. As it has been observed for the
free beam example, the effective modal capacitances in Figure 3.10(a) are seen to be
in between the blocked C̄S

p and free C̄T
p capacitances, while the static capacitance C0

p

is a bit larger than the effective capacitances. The tendency of slightly decreasing
effective capacitances for the higher target modes are further seen, which causes the
resonant shunt tuning based on the static capacitance to be less accurate for the
higher modes (dark red and blue bars) in Figure 3.10(b). For the considered target
modes the tuning based on the blocked capacitance (light red and blue bars) in
Figure 3.10(b) is seen to cause significant relative deviations to the optimum tuning
with residual modes contribution.

The optimum series shunt tuning, based on the 3D ANSYS model, is provided in
Table 2.2 for the target vibration modes 2, 3, 4 and 6 of the free plate in Figure 2.9.
The red colored values in Table 3.3 indicate the absorbers suitable for vibration
mitigation of the specific target mode, based on the corresponding modal charges
and voltages in Figure 2.11(c,d).

The consequence of using the static capacitance C0
p for the shunt tuning to tar-

get mode 6 is now analyzed by the FRFs for the free plate exposed to a modal
(Figure 3.11(a,b)) and an electromechanical point (Figure 3.11(c,d)) load, respec-
tively. Again, it can be seen that the modal displacements for the optimally tuned
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Figure 3.10. In (a) the effective modal (OP-SW) capacitance for plate mode 2, 3, 4, 6
for the plate-piezo (red) and ANSYS (blue) models, and (b) the relative deviation on the
shunt tuning based on the static (dark colors) and blocked (light colors) capacitances.
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Table 3.3. Series single mode tuning for free plate mode 2, 3, 4, 6 by 3D ANSYS model.

Mode 2 3 4 6
L [H] R [Ω] L [H] R [Ω] L [H] R [Ω] L [H] R [Ω]

A
b
so
rb
er

1 6.35 1210 0.842 307 0.912 517 0.509 422
2 5.42 1030 1.16 424 0.928 527 0.516 428
3 5.42 1030 1.16 424 0.929 527 0.836 693
4 6.35 1210 1.15 418 0.911 517 0.509 422

absorbers (solid red curve) in Figure 3.11(a) have a near flat plateau at the level of
the DAF (dashed horizontal line) and that the corresponding accumulated absorber
voltage amplitudes exactly retain a unit flat plateau. For the electromechanical point
load the plateaus around the target mode 6 incline slightly, while the 5th plate vibra-
tion mode also becomes visible in the FRF for the plate corner (cor) displacements
and absorber voltage amplitudes in Figure 3.11(c,d). Considering the FRF for the
tuning based on the static capacitance (red dashed curves) in Figure 3.11 it is seen
that the shunt damping performance is slightly reduced for both the modal and
electromechanical load cases. The static capacitance provides in the present case
a proper shunt tuning. However, as the effective modal capacitances decrease for
higher target modes, this may lead to an inaccurate shunt tuning based on the static
capacitance for higher target modes.
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Figure 3.11. FRF to a (a,b) modal and (c,d) electromechanical point load, for the OC
( ), L ( ) and LR-shunted ( ) piezoelectric absorbers and for the tuning based on the
static capacitance C̄0

p ( ), and the voltage (b,d) of absorber 1 ( ), 2 ( ) ,3 ( ), 4 ( ).



4. Experimental validation

In the present chapter the experimental validation of the numerical FE-models pre-
sented in chapter 2 and implementation of the shunt tuning methods proposed in
chapter 3 are considered. A good correlation between experiments and numerical
FE-models is often challenged by the difficulties associated with the description of
the exact structural boundary conditions, which in most cases leads to numerical
overestimation of the resonance frequencies [20, 48, 50]. This may be solved by re-
placing the numerical supports by springs with stiffness that are updated according
to the experimental results [21] or by eliminating the effect of the boundary con-
ditions by considering unsupported structures. The latter is used in [P4], where a
beam and a plate are supported by rubber bands in order to obtain free bound-
ary conditions. Both structures are then equipped with five pairs of piezoceramic
patches, where four are connected to resonant shunts in order to damp the structural
vibrations excited by the remaining piezoceramic patch pair, see Figure 2.6 and 2.9.
The experimental setup in Figure 4.1 contains a multimeter used to measure the
electric response of the piezoelectric absorbers 1 to 4, a Power Amplifier controlling
the 5th piezoceramic patch pair and a Laser Doppler Vibrometer used to measure
the structural response.

The experimental implementation and validation of piezoelectric shunt tuning
methods have traditionally been challenged by the manufacturing of passive induc-
tors with high inductance required for low frequency vibrations [39] and the precise
evaluation of the effective EMCC [50, 49]. The challenge of obtaining a high induc-
tance has usually been solved by using the so-called synthetic inductor [16], which is
also used in [C2] for the vibration mitigation of free beam vibrations. The synthetic
inductor enables simple adjustments of the emulated inductance but consists of an
active electric circuit, which requires a constant power source. The pure passive
inductor is therefore desired and may be realized by winding a cobber wire around
a closed magnetic core as it was recently proposed in [33]. This permits the design
of pure passive resonant shunts as demonstrated in [P4], while the precise prior
inductance tuning including the effect of non-resonant vibration modes becomes
compulsory for the determination of the exact number of required coil wire turns.

The second obstacle towards a practical implementation of piezoelectric shunt
damping is to obtain a precise effective EMCC for the actual structure. As it
was shown in the numerical examples of chapter 2 small deviations on the SC and
OC frequencies may cause significant errors on the corresponding squared effective

39
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Figure 4.1. Experimental setup (a) and close-up of the tested free (b) beam and (c) plate
with five pairs of co-located piezoceramic patches. From [P4].

EMCC (2.32). This makes the shunt tuning methods presented in [P1] and [P2]
unsuitable for experimental implementation as the corresponding inductance tun-
ing is directly dependent on the effective EMCC. However, the inductance tuning
presented in [P3] becomes independent of the effective EMCC, by instead using the
modal charge and voltage amplitudes, which may be determined accurately from
experimental measurements as demonstrated in [P4].

In the following the steps of the experimental calibration procedure in [P4], based
on the shunt tuning methods proposed in [P3], are explained by taking the free
beam and free plate experiments from [P4] as examples, which were also analyzed
numerically in chapters 2 and 3.

4.1 Current and voltage response

The shunt tuning method proposed in [P3] requires the evaluation of four tuning
parameters, given by the modal SC charge and OC voltage and the corresponding
frequencies. Experimentally these parameters may be obtained by imposing a dy-
namic load to the analyzed structure, while the electric SC current and OC voltage
absorber response is measured, as proposed in [P4]. In the present work the fifth
piezoceramic patch pair in Figure 4.1(b,c) is used to excite pseudo-random struc-
tural vibrations generated by the power amplifier in Figure 4.1(a). Simultaneously
the absorber response is measured with a 34465A Keysight Digital Multimeter, sup-
porting high-resolution acquisition of the direct current and voltage time histories.
Two FRFs are then obtained from the electric current and voltage time histories, by
use of the build-in spectrum generator pspectrum in Matlab. The time derivatives
of the electric charge equals electric current, whereby a FRF for the charge may be
obtained in the frequency domain, by dividing the FRF for the electric current with
the frequency ω.

The FRFs for the SC charge and OC voltage of the four OP-SW piezoelectric
absorbers bonded to the free beam in Figure 4.1(b) and the free plate in Figure 4.1(c)
are shown in Figure 4.2 and 4.3, respectively.
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Figure 4.2. FRF for measured SC charge ( ) and OC voltage ( ) for piezoelectric absorber
1-4 (a-d) bonded to the free beam in Figure 4.1(b). From [P4].

The FRFs for the electric charge and voltage in Figure 4.2 for the free beam and in
Figure 4.3 for the free plate provide all the information required for the evaluation of
the shunt tuning to any target vibration mode represented in the analyzed frequency
interval. The modal SC charge and OC voltage are determined by the peak resonance
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Figure 4.3. FRF for measured SC charge ( ) and OC voltage ( ) for piezoelectric absorber
1-4 (a-d) bonded to the free plate in Figure 4.1(c). From [P4].
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values, as indicated in Figure 4.2 and 4.3 by the vertical dashed lines, while the
SC and OC frequencies follows by the intersections of these dashed lines with the
frequency axis. It is hereby immediately seen that five free beam modes and also five
free plate modes may be targeted in the analyzed frequency intervals. Furthermore,
The magnitude of the charge and voltage amplitudes provides information about
which absorbers may be used to damp the individual resonant vibration modes. It
is thus seen that the third absorber for the free beam in Figure 4.2(c) may not be
used to damp modes 2 and 3 and that absorbers 1, 4 in Figure 4.3(a,d) and 2, 3 in
Figure 4.3(b,c) for the free plate are not applicable for damping of modes 2, 3 and 5,
6, respectively. Similar observations could have been made from the corresponding
free beam and plate mode shapes provided in [P4] and shown for the 3D ANSYS
model in chapter 2.

4.2 Shunt tuning

The next step is to determine effective modal capacitances by (3.20) for each piezo-
electric absorber, which are provided for the free beam in Figure 4.4(a) and for the
free plate in Figure 4.5(a). Furthermore, the blocked C̄S

p , static C0
p and free C̄T

p

capacitances are shown by the horizontal lines, where the static capacitances are
measured at low frequency for the piezoelectric absorbers 1 (black), 2 (red), 3 (blue)
and 4 (green). It can be seen that the the effective capacitances in general are in be-
tween the blocked and the individual static capacitances, which were also observed
numerically in chapter 3. The blocked capacitances are determined from the free
capacitances, provided by the piezo manufacturer, with a standard deviation of 2.11
nF and 5.51 nF for the small and large piezoceramic patches, respectively.

The actual effective capacitances of the piezoceramic patches are seen to be larger
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Figure 4.4. In (a) the effective modal capacitance for absorber 1 ( ), 2 ( ), 3 ( ), 4 ( )
for beam mode 1 to 5 and (b) the relative deviation on the shunt tuning based on the
static (dark colors) and blocked (light colors) capacitances.
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Table 4.1. Series single mode tuning for free beam mode 1 to 5 based on experiments.

Mode 1 2 3 4 5

fj [Hz] 152.63 414.99 806.78 1320.4 1958.03

f̂j [Hz] 153.24 416.21 808.91 1323.9 1968.10
κ2j [%] 0.80 0.59 0.53 0.53 1.03

L [H] R [Ω] L [H] R [Ω] L [H] R [Ω] L [H] R [Ω] L [H] R [Ω]

A
b
so
rb
er

1 29.2 3555 4.08 1158 1.10 532 0.427 375 0.196 343
2 28.5 3469 4.09 1162 1.17 568 0.413 362 0.202 364
3 31.1 3795 − − 1.16 651 − − 0.198 358
4 29.0 3537 4.02 1142 1.05 588 0.402 322 0.188 330

than those obtained by the numerical models in chapter 2. Particularly, the blocked,
static and effective modal capacitances are larger than their corresponding numerical
values, since the plane piezoelectric coupling coefficients for the provided piezoce-
ramic material 3265HD are notoriously lower than in theory. This also implies that
the effective EMCCs are expected to be reduced compared to the numerical val-
ues. Furthermore, it can be seen that the static capacitances for the piezoelectric
absorbers bonded to the free plate are generally closer to the free than the blocked
capacitances, which indicates that the piezoceramic patches are poorly bonded to
the structure [P4]. The effective modal capacitances are seen to be close to the static
values for the low frequency target modes, while they slowly approach the blocked
capacitance for the higher target modes, as for the numerical results in chapter 3.
This implies that the shunt tuning based on the static capacitances (dark blue bars)
in Figure 4.4(b) and 4.5(b) is close to the optimum tuning for low frequency target
modes, while the blocked capacitance (light blue bars) in Figure 4.4(b) and 4.5(b)
may be better for the tuning to higher target modes.
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Figure 4.5. In (a) the effective modal capacitance for absorber 1 ( ), 2 ( ), 3 ( ), 4 ( )
for plate mode 2, 3, 4 and 6, and (b) the relative deviation on the shunt tuning based on
the static (dark colors) and blocked (light colors) capacitances.
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Table 4.2. Series single mode tuning for free plate mode 2, 3, 4, 6 based on experiments.

Mode 2 3 4 6

fj [Hz] 153.36 332.70 371.87 501.10

f̂j [Hz] 153.75 333.28 372.75 502.27
κ2j [%] 0.51 0.35 0.47 0.47

L [H] R [Ω] L [H] R [Ω] L [H] R [Ω] L [H] R [Ω]

A
b
so
rb
er

1 4.38 427 0.907 159 0.756 172 0.446 137
2 4.52 441 0.985 173 0.771 175 0.408 125
3 4.73 461 1.04 183 0.812 184 0.462 141
3 4.32 421 0.876 151 0.745 169 0.449 138

The optimum series shunt tuning (3.30) is then determined from the effective
modal capacitances in Figure 4.4(a) and 4.5(a) and provided in Table 4.1 and 4.2
together with the SC and OC frequencies and the effective EMCCs. The values
in red indicate the absorber configurations suitable for vibration mitigation of the
specific target modes. Relatively good correlation between the numerical results in
chapter 2 and 3 and the present experimental results can be seen. The experimental
SC and OC frequencies are a bit lower than the numerical frequencies, which is
mainly due to the larger piezoelectric capacitances and because an ideal kinematic
coupling between the piezoceramic patches and the aluminum beam and plate has
not been achieved. Hence, the numerical model could be updated by reducing the
electromechanical coupling through the kinematic relations and by implementing the
experimental capacitances [6]. The optimum shunt tuning in Table 4.1 and 4.2 are
seen to be close to the numerical tuning for the free beam, while the deviations are
larger for the free plate, because of the poor bonding of the piezoceramic patches.

4.3 Inductance

The main challenge of the practical implementation of the resonant shunt is the
design of the shunt inductance. Particularly, inductors with high inductance values
(larger than 1 H), required for the damping of low frequency vibrations, have been
considered impractical to obtain passively [17]. Instead, the so-called synthetic
inductor [16] has traditionally been used for resonant piezoelectric shunt damping
and it is also used in [C2] for the vibration mitigation of free beam vibrations. The
synthetic inductor in Figure 4.6 is designed to emulate the effect of an inductance
in an electric circuit defined as the ratio of the voltage to the time derivative of the
current, which in the frequency domain can be described as

L =
|V |
ω|I| (4.1)

The task is thereby to keep this voltage-current relation constant for any frequency
ω. This is obtained with the Antoniou circuit [2], which consists of two operational
amplifiers, three resistors and a capacitance, as seen in Figure 4.6(a). The circuit is
then connected to a variable resistance RL, which governs the emulated inductance
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Figure 4.6. Synthetic inductor, circuit diagram (a) and prototype (b), from [C2] and (c)
passive inductor, from [P4].

by the relation

L =
C1R1R3

R2

RL (4.2)

The other variable resistance RR in Figure 4.6(a) is introduced to permit the addi-
tion of negative resistance to compensate for eventual parasitic losses [51].

The emulated inductance for different values of RL is analyzed in [C2] by im-
posing a pseudo-random voltage between the circuit terminals, while acquiring the
corresponding electric current time history. A spectrum generator is then used to
determine the FRF for the input voltage and output current, which in Figure 4.7(a)
is shown for four different RL values. The corresponding emulated inductances are
then obtained from the voltage-current relation (4.1) and shown in Figure 4.7(b).

It can be seen from the emulated inductances in Figure 4.7(b) that the theoretical
inductance values are exactly obtained in the analyzed frequency interval, when the
resistors R1, R2 and R3 and capacitor C1 results in a constant inductance factor of
20 H/(kΩ) in (4.2). This demonstrates the reliability and simple adjustments of the
emulated inductance with the synthetic inductor, which makes it highly attractive
for use in shunt damping applications. However, because of the operational ampli-
fiers, the synthetic inductor requires a constant power source, thereby making it an
active electronic component, which may be undesirable. The interest for the pure
passive resonant shunt has therefore been maintained and in [33] high inductance
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Figure 4.8. Passive inductor, (a) voltage input ( ) and current response ( ) and (b)
effective inductance as function of the excitation frequency. From [P4].

were obtained passively by winding a copper wire around a closed magnetic core.
This has subsequently been used for the design of a passive electrical analogue for a
plate in [34], while non-linearity and temperature dependency have been considered
in [35, 12]. In [P4] the passive inductor is used in the design of the optimum resonant
shunts in Table 4.1 and 4.2 for the damping of free beam and plate vibrations.

Similarly to the synthetic inductor, the passive inductor in Figure 4.6(c) is de-
signed to obtain the constant voltage-current relation (4.1). This is realized by con-
sidering the voltage V = nωϕI, which follows from the magnetic flux ϕ = nµ(Ae/le)
that goes through n turns in the magnetic coil with the specific permeability µ,
magnetic cross section Ae and path length le. Combining these expressions, the
inductance becomes proportional to the square of the n coil turns,

L =
µAe

le
n2 = ALn

2 (4.3)

while AL is the permeance or the constant inductance factor.

The passive inductor is tested similarly to the synthetic inductor by imposing a
pseudo-random voltage between the circuit terminals, while the electric current time
history is acquired. The FRF for the input voltage and output current are shown
in Figure 4.8(a) for a magnetic RM-core T38 with properties reported in [P4] and
n = 400 wire turns, while the corresponding inductance is shown in Figure 4.8(b).

It can be seen in Figure 4.8(b) that the inductance is almost constant in the
analyzed frequency interval. However, the theoretical inductance factor for the RM-
core T38 of AL = 28µH is not achieved. Instead, the attainable inductance factor
has been estimated to be AL ≃ 25µH, which is used in [P4] to determine the number
of wire turns required for the specific inductance tuning.

4.4 Frequency response analysis

The performance of the shunt tuning method based on experimental measurements
is now analyzed by the same FRF analysis considered for the numerical examples
in chapter 3. Initially, the effect of using the optimum tuning based on the blocked
and static capacitances are considered for the damping of the second free beam
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Figure 4.9. FRF for (a) the beam tip displacements with OC ( ), L ( ) and LR-shunted
( ) piezoelectric absorbers and for the tuning based on the blocked capacitance C̄S
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and (b) the voltage of absorber 1 ( ), 2 ( ), 3 ( ), 4 ( ).

mode and the sixth free plate mode, while multi-mode damping of the free beam is
considered subsequently.

Three passive inductors with n = 400 turns has been designed to obtain the
optimal inductance tuning for the second free beam mode in Table 4.1. The obtained
inductance values are respectively L1 = 4.09H, L2 = 4.07H and L4 = 4.02H, whereby
they in average are 0.1% below the optimum tuning. By implementing the pure
L-shunt, the corresponding FRF for the beam tip displacements (blue curve) in
Figure 4.9(a) shows two split mode resonances around the original OC response
(black dashed curve). Furthermore, it can be seen that the passive inductor has
some internal resistance since the anti-resonance point at ω = ω2

r(1 + κ2
r) is not

entirely obtained. This further implies that the implemented resistances are smaller
than the tuning values in Table 4.1 as described in [P4]. Three resistors with the
resistances R1 = R2 = R4 = 750Ω are thus connected in series with the passive
inductors, whereby the FRF for the beam tip displacements are given by the red
solid curve in Figure 4.9(a) while the corresponding absorber voltage response is
provided (solid curves) in Figure 4.9(b). It is seen that the plateau around the
target mode 2 (red curve) in Figure 4.9(a) is not entirely flat but is slightly inclined,
which may be explained by the small deviation on the passive inductors. However,
almost completely flat plateaus are obtained for the corresponding absorber response
(solid curves) in Figure 4.9, which indicates that the optimum shunt tuning has been
obtained. Oppositely it can be seen by the dashed curves in Figure 4.9 that the shunt
is detuned when using the classic shunt tuning based on the blocked capacitance.
In the present case this detuning causes a minor increase of the maximum tip beam
amplitudes, as seen (red dashed curve) in Figure 4.9.

For the damping of the sixth free plate mode two passive inductors with n =
125, 127 turns and corresponding inductances L1 = 0.444H and L4 = 0.446H have
been used, whereby the correponding FRF for the plate corner displacement (blue
curve) in Figure 4.10 is obtained. It is again seen that the passive inductor intro-
duces some resistance, whereby the implemented resistances of R1 = R4 = 250Ω are
less than the optimum tuning values in Table 4.2. The corresponding FRF for the
plate corner displacements are shown by the solid red curve in Figure 4.10(a), which
exhibits a fairly flat plateau around the target mode. The corresponding absorber
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shunted ( ) piezoelectric absorbers and for the tuning based on the static capacitance C̄0
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reponse (solid curves) in Figure 4.10(b) is almost completely flat, demonstrating
optimum shunt tuning. In this case, the performance of the shunt tuning based
on the static capacitance is analyzed as this tuning generally becomes less accu-
rate for higher target modes. It is clearly seen that the tuning based on the static
capacitance is not optimal in the present case as the corresponding FRF for the
plate corner (cor) displacements (red dashed curves) and absorber response (dashed
curves) in Figure 4.10 are inclined significantly.

Finally, multi-mode damping of the free beam modes 2, 3, 4 and 5 has been
tested experimentally. The modified single-mode tuning is considered, whereby the
single-mode inductance tuning provided in Table 4.1 has been designed by passive
inductors with the inductances L1 = 0.760H, L2 = 4.53H, L3 = 1.05H and L4 =
0.446H, targeting mode 4, 2, 3 and 5, respectively. The corresponding FRF for
the tip beam displacements are seen (blue curves) in Figure 4.11. The optimum
resistances are then reduced according to the modified effective EMCC in (3.31)
and to account for the inherent resistance of the passive inductors, whereby the
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Figure 4.11. FRF for (a) tip beam displacements with OC ( ), L ( ) and LR-shunted
( ) piezoelectric absorbers, and (b) the voltage of absorber 1 ( ), 2 ( ), 3 ( ), 4 ( ).
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used resistances are R1 = 140Ω, R2 = 375Ω, R3 = 200Ω and R4 = 70Ω. The
FRF for the beam tip displacements and the voltage response of the optimally LR-
shunted piezoelectric absorbers are seen by the red solid and the four solid curves in
Figure 4.11(a and b), respectively. The voltage absorber response in Figure 4.11(b)
is seen to have almost flat plateaus around the respective target modes for each
absorber, indicating an optimum shunt tuning. Furthermore, the FRF for the tip
displacements (red curve) in Figure 4.11(a) are seen to have almost flat plateaus
around the target modes, whereby vibrations are mitigated over a wide frequency
spectrum. Multi-mode damping of the free plate is additional considered in [P4].
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5. Conclusions

The main topic of the present thesis is the development of a precise resonant piezo-
electric shunt calibration procedure, which is practical in terms of numerical and
experimental implementation. Additionally, it is the aim to achieve a good correla-
tion between the numerical and experimental analysis, which requires an accurate
numerical model, that includes the specific piezoelectric material properties and
interaction with the considered vibrating structure.

In [P1] a numerical model was developed to describe shunted and electrically
wired piezoceramic patches bonded to plate-like structures. When the piezoceramic
patch is bonded to one of the major surfaces of a vibrating plate this mainly causes
energy conversion through the electromechanical coupling between in-plane strains
and the transverse electric field. A plane stress-assumption has therefore been used
in [P1] to reduce the full 3D properties of the piezoceramic patch. The coupling
between the plate and the piezoceramic patch is then enforced by considering the
corresponding kinematic relations, where the plate bending moments are restricted
by the in-plane electric forcing from the piezoceramic patch. Piezoceramic patches
are conveniently placed in pairs on both sides of a vibrating plate, whereby more
energy may be dissipated if the patches are either oppositely poled and series wired
or have the same polarization and are parallel wired to the resonant shunt. In [P1] it
is demonstrated how the specific wiring and polarization of the piezoceramic patch
pair may be modeled numerically and results in a resulting piezoelectric coupling
and capacitance for each patch pair configuration. It is thus found that the same
poled and parallel wired patch pair has a resulting piezoeletric coupling coefficient
and blocked capacitance which are, respectively, two and four times larger than for
the oppositely poled and series wired patch pair. This results in a shunt tuning,
which are four times lower for the same poled and series wired patch pair, which is
beneficial for the practical shunt design.

A shunt tuning method with flexibility and inertia correction terms for the non-
resonant vibration modes has been used in the developed numerical model in [P1] to
calculate and verify the optimum resonant shunt tuning for a benchmark beam and
plate structure. The method requires modifications of the system mass and stiffness
matrices and may therefore be inconvenient to use in commercial FE-software. A
new shunt tuning method based on the analysis of an SC, OC and a third eigenvalue
problem associated with pure inductive shunts is therefore proposed in [P1]. In
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[C1] and [P2] this new shunt tuning method is implemented in commercial FE-
software and used to verify the developed numerical model in [P1]. In [P2] the exact
evaluation of the non-resonant inertia correction term is demonstrated, while in [C1]
it is shown that the shunt damping performance for most practical applications is
insignificantly deteriorated by neglecting the specific non-resonant inertia correction.
The new shunt tuning method is therefore conveniently evaluated exclusively from
the analysis of the SC and OC eigenvalue problems.

The extension of the new shunt tuning method to cover the tuning of multiple
piezoelectric absorbers and multi-mode damping is presented in [P3]. It is here
shown how an effective modal capacitance, containing the inherent blocked capaci-
tance and the influence from non-resonant vibration modes, is obtained by a modal
SC charge to OC voltage ratio for each piezoelectric absorber. The effective modal
capacitance then substitutes the blocked capacitance in traditional tuning formulas
based on the pure single-mode truncation of the structural dynamics. Hereby the
shunt tuning is readily obtained both numerically or from experimental measure-
ments. Numerically the modal SC charge and OC voltage are available as electric
reaction forces and displacements in the solutions to the SC and OC eigenvalue
problems [P3]. In experiments the electric SC current and OC voltage time histo-
ries may instead be acquired for each absorber, while the structure is excited by
pseudo-random vibrations, as demonstrated in [P4]. Hereby the FRFs for the SC
electric charge, which is obtained from the current time history, and the OC voltage
are calculated, while the peak amplitudes provides the modal SC charges and OC
voltages and corresponding resonant frequencies. The method may also be used for
multi-mode damping, either by neglecting the frequency shift caused by the non-
resonant absorbers, whereby the shunt tuning is only altered by a new modified
effective EMCC that excludes the contribution from the non-resonant absorbers.
Otherwise, the frequency shift is considered by including the SC or OC contribu-
tions from the non-resonant absorbers depending on their individual target modes.
It is demonstrated in [P3] that the influence on the damping performance from the
frequency shift is insignificant and the first method based on a modified effective
EMCC is therefore preferable as it does not require the evaluation of additional
eigenvalue problems of new experimental measurements.

In [P4] experiments on a free beam and plate with four piezoelectric absorbers
were used to verify the numerical models and the proposed shunt tuning methods.
Good agreement between the numerical and experimental results were demonstrated
and almost fully flat absorber response around the target vibration modes were
obtained, which agrees with the principle of equal modal damping used for the
proposed shunt tuning methods. Finally, the piezoelectric shunt damping is achieved
by means of pure passive electronic components, where the passive inductor requires
a precise prior tuning. Hereby, the traditional tuning based on the blocked or static
capacitances has been demonstrated to be insufficient in many cases and to cause
significant reductions in the corresponding attainable damping.
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Optimal piezoelectric
resistive–inductive shunt damping of
plates with residual mode correction

Johan F Toftekær1 , Ayech Benjeddou2,3, Jan Høgsberg1

and Steen Krenk1

Abstract
This work concerns vibration suppression of plates and plate-like structures by resonant piezoelectric damping, intro-
duced by resistive–inductive shunts. The performance of this type of shunt damping relies on the precise calibration of
the shunt frequency, where an important aspect is the ability to account for the energy spill-over from the non-resonant
modes, not taken into account by most available calibration methods. A newly proposed calibration procedure includes
this residual mode contribution by a quasi-dynamic modal correction, taking both flexibility and inertia effects of the
non-resonant modes into account. In this work, this procedure is implemented in a finite element model combining
Kirchhoff plate bending kinematics for the host structure and a plane stress assumption for a pair of bonded piezocera-
mic patches. The established model is verified by comparison with shunt calibrations from benchmark examples in the
literature. As demonstrated by frequency response plots and the obtained damping ratios, the resistive–inductive shunt
tuning is influenced by the effect of the non-resonant modes and omission may yield a significant detuning of the shunt
circuit. Finally, an alternative method for precise evaluation of the effective (or generalized) electromechanical coupling
coefficient is derived from the modal electromechanical equations of motion. This results in a new shunt tuning method,
based on the effective electromechanical coupling coefficient obtained by the short- and open-circuit frequencies of the
coupled piezo-plate structure.

Keywords
Shunt piezoelectric damping, resonant shunt calibration, quasi-dynamic residual mode correction, effective modal elec-
tromechanical coupling coefficient, plates

Introduction

This article concerns the suppression of plate vibrations
by means of resonant piezoelectric shunt damping.
Piezoceramic patches, bonded to vibrating plates, have
the ability to convert mechanical energy into electrical
energy that can then be dissipated in supplemental
resonant shunts. The amount of converted energy is
governed by the squared effective (or generalized) elec-
tromechanical coupling coefficient (EMCC), which
depends on the properties of the piezoceramic patches
and their placement on the host structure.
Furthermore, the EMCC is a key parameter for the
performance and tuning of a shunt, traditionally com-
posed of an inductor (L), calibrated such that the
shunted piezoelectric device works in resonance with
the host structure, and a resistor (R), dissipating the
converted mechanical energy into heat via the Joule
effect. However, alternative passive and semi-active
resonant (RL) shunts have been proposed, for instance,

by the addition of a negative capacitance (Berardengo
et al., 2016; De Marneffe and Preumont, 2008) or by
the use of switch damping (Ducarne et al., 2010). The
motivation behind most of these alternative resonant
shunts is the difficulty in generating the large induc-
tance required in shunt damping of (low-frequency)
structural vibrations. The problem is commonly solved
by the introduction of synthetic inductors (Thomas
et al., 2012), which are active components that emulate
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the inductive behavior in the desired frequency range.
Nonetheless, high inductance values have recently been
obtained and demonstrated for pure passive inductors
with windings around a magnetic coil (Lossouarn
et al., 2017), allowing an unconditionally stable
resistive–inductive (RL) shunt with large damping
potential if a precise shunt tuning can be obtained
already in the structural design phase. This can be rea-
lized using a consistent calibration procedure that
explicitly takes into account the dynamic effects of the
full flexible structure, as this work shall demonstrate.

Piezoelectric vibration damping by resonant RL
shunts was originally suggested by Forward (1979) and
further developed by Hagood and Von Flotow (1991),
who proposed two calibration procedures for a series
shunt based on minimization of the response ampli-
tudes and maximization of the damping characteristics.
A calibration procedure for the parallel RL shunt was
subsequently proposed by Wu (1996), arguing that the
series shunt would be inappropriate for large resis-
tances. The series and parallel shunts have been com-
pared by Park and Inman (1999), revealing a larger
attainable energy dissipation using the parallel config-
uration, while a critical analysis of the calibration
methods has been provided by Caruso (2001). Methods
for multi-modal piezoelectric shunt damping have been
proposed by Hollkamp (1994) and Wu (1998). In the
later years, several alternative procedures have been
proposed for the detailed tuning of RL shunts, for
example, based on an H‘�norm of the response ampli-
tude (Soltani et al., 2014) or a balanced calibration pro-
cedure based on the principle of equal modal damping
(Høgsberg and Krenk, 2012), originally developed for
the mechanical tuned mass damper (Krenk, 2005). The
balanced calibration procedure has recently been
extended to include the effects from non-resonant
structural modes, first by a quasi-static correction
(Krenk and Høgsberg, 2014) and then by a more gen-
eral quasi-dynamic correction with both flexibility and
inertia terms (Krenk and Høgsberg, 2016).

An important part of all calibration methods is the
accurate determination of the squared EMCC, which
governs both the attainable damping and the shunt
tuning. Commonly, the squared EMCC is estimated
from a single-mode representation of the electromecha-
nical structure (Thomas et al., 2009), while improved
accuracy has been demonstrated by including quasi-
static effects from higher non-resonant vibration modes
(Berardengo et al., 2016). In other cases, the tuning is
based directly on the squared effective EMCC deter-
mined either from experiments (Delperro et al., 2012;
Porfiri et al., 2007) or by numerical analysis
(Benjeddou, 2014; Trindade and Benjeddou, 2009).
However, inherent inconsistencies between the squared
modal and effective EMCC often lead to discrepancies
in the tuning formulas, because the influence from non-
resonant modes is neglected in the modal

representation of the electromechanical structure. This
motivates the present derivation of a new and consis-
tent RL shunt tuning procedure based on the effective
EMCC.

The proposed shunt calibration relies on the proce-
dure with residual mode correction, introduced by
Krenk and Høgsberg (2016) for mechanical absorbers
and subsequently extended to piezoelectric shunt
damping in Høgsberg and Krenk (2017). It is applied
to the optimal calibration of RL shunted piezoceramic
patches, bonded symmetrically to plate elements and
structures for which the tuning is influenced by vibra-
tion modes and frequencies that are closely grouped
both spectrally and spatially. It is the aim to account
for the influence from the non-resonant modes on the
shunt calibration and discuss the errors associated with
the pure single-mode representation of the electrome-
chanical structure, by considering both the squared
modal and effective EMCC. A new modal EMCC is
presented that accounts for the spill-over from non-
resonant modes, whereby it becomes identical to the
effective EMCC. Thus, a consistent relation is estab-
lished between the modal equations of motion and the
corresponding short-circuit (SC) and open-circuit (OC)
frequencies of the coupled electromechanical structure.
Consequently, this enables the derivation of a shunt
tuning procedure based on the effective EMCC, as
demonstrated in the third section of this article.

The first section of this article presents a finite ele-
ment (FE) model for plates with a symmetrically bonded
pair of piezoceramic patches in order to facilitate the
subsequent analysis and assessment of the proposed RL
shunt tuning procedures. The plate displacements are
approximated using Kirchhoff plate bending kinematics,
whereas only the in-plane displacements are considered
for the piezoceramic patch. Equipotential conditions are
imposed to all continuous patch electrodes, reducing the
number of electric variables to two for the discretized
piezoceramic patch. Subsequently, the coupling between
a pair of piezoceramic patches and a plate is established
by transforming the electric forcing from the patches to
the equivalent moment loads in the plate model. In this
work, a symmetric pair of identical piezoceramic patches
is considered. The patches are either same-poled and
parallel-wired (SP-PW) or opposite-poled and series-
wired (OP-SW), whereby they operate out of phase. The
number of variables in the electric domain can hereby be
reduced to the voltage over the supplemental shunt by
the introduction of the resulting capacitance and the
plane stress–reduced piezoelectric coupling coefficient
for the specific patches electric connection. A thorough
review of FE techniques for the modeling of piezoelectric
structural elements was provided by Benjeddou (2000).

The second section conducts a modal analysis of the
SC electromechanical structure. For a specific vibration
mode, the consistent modal truncation in Krenk and
Høgsberg (2016) reduces the system to a single
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mechanical equation, in which the piezoceramic patches
are represented by their resulting displacement. Hereby,
the optimal tuning for both parallel and series shunt cir-
cuits (Høgsberg and Krenk, 2017) can be derived for
the targeted mode of the electromechanical FE model.

In the third section, a new shunt tuning procedure is
developed based on the effective EMCC, where a simple
format of the shunt tuning formulas is obtained.

In the fourth section, it is demonstrated and justified
that the influence from the residual modes can be directly
identified from the squared modal EMCC, both with
and without residual mode correction. Furthermore, the
influence on the shunt tuning when having either an SP-
PW or an OP-SW pair of piezoceramic patches can be
seen from the new tuning formulas.

In the fifth section, the established FE model and
implementation of the calibration procedures with resi-
dual mode corrections is compared with RL shunt tun-
ing results from the previously proposed calibration
methods for benchmark examples with a cantilever
beam (Thomas et al., 2009) and a simply supported plate
(Gardonio and Casagrande, 2017). For the cantilever,
the available experimental data are used for comparison
with the proposed FE-based tuning methods. Both
examples analyze the ability to achieve optimal damping
by the proposed calibration procedures and validate the
equality between the squared effective EMCC, and the
squared modal EMCC with residual mode correction.

As a closure of this introduction, it is worth empha-
sizing the originality of this work with regard to the
related earlier publications (Høgsberg and Krenk, 2012,
2015, 2017). In previous works, the balanced shunt tun-
ing has been considered with and without residual mode
correction for beam structures. Thus, the present imple-
mentation for plates and two-dimensional (2D) piezo-
ceramic patches is a novel extension that relies on the
derived FE model. Furthermore, optimal tuning formu-
las have here been derived directly from the underlying
electric equations. Besides, a new methodology for the
precise evaluation of the effective EMCC is proposed.
It is based on the corresponding modal EMCC with
residual mode correction. Following the accurate eva-
luation of the effective EMCC, an alternative tuning
procedure based on the latter is proposed in the third
section which, as well, is a new contribution. Finally,
the present shunt tuning procedures with residual mode
corrections are assessed by comparison with benchmark
examples for beam and plate structures.

Electromechanical piezo-plate model

This first section is devoted to the derivation of an FE
model for the coupled piezo-plate structure. Initially,
the variational formulations are obtained for the host
plate structure and the piezoceramic patch separately,
by considering the respective kinematic and constitutive

relations. Subsequently, the coupling is established by
transforming the electric forcing from a considered pair
of piezoceramic patches to the equivalent moment loads
in the plate model. Alternatively, a layer model could
have been established by the use of sandwich theory
(Benjeddou, 2002).

Host elastic plate

The host elastic structure is considered to cover the
three-dimensional (3D) domain O, subjected to pre-
scribed displacements �ui on part of the boundary Gu,
and prescribed surface tractions Fi on the remaining
part of the domain boundary GF , such that
∂O=Gu [ GF and Gu \ GF =[. Hereby, the dynamic
equilibrium, under free-body loads, and boundary
equations can be written as

sij, j = r€ui in O ð1Þ

sijnj =Fi on GF ð2Þ

ui = �ui on Gu ð3Þ

where i, j denote the 3D vector and tensor components,
with repeated subscripts implying summation. Partial
differentiation with respect to a space coordinate is
denoted by comma and time differentiation by a dot.
The material density of the plate is denoted r, and nj

are the components of the outward unit normal to O.
The variational formulation is established using the

weighted residual method by multiplying the equation
of motion (equation (1)) with the virtual displacement
dui, followed by an integration over the structural
domain

ð
O

dui(sij, j � r€ui)dO= 0 ð4Þ

Integration by parts then, using the kinematically
admissible boundary conditions, gives the weak varia-
tional formulation

ð
O

deijsijdO+

ð
O

duir€uidO=

ð
GF

duiFidG ð5Þ

where the displacement has to satisfy the essential
boundary condition (equation (3)).

In this work, plates and plate-like structures with
thickness t0 significantly smaller than the in-plane
dimensions of the surface area A are considered. Thus,
a good representation of the structural behavior is
obtained by Kirchhoff plate theory. The latter consid-
ers a plane stress state, whereby the constitutive rela-
tion between the strains and stresses is reduced to the
relation between the in-plane components. For an iso-
tropic material
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s=
E

1� n
Dpe ð6Þ

with Young’s modulus E, Poisson’s ratio n, and the
stress and strain vectors and constitutive matrix defined
as

s=

sxx

syy

sxy

2
4

3
5, e=

exx

eyy

2exy

2
4

3
5, Dp =

1

1+ n

1 n 0

n 1 0

0 0
1� n

2

2
64

3
75
ð7Þ

The particular form of Dp becomes convenient in the
subsequent derivations. Considering bending only, the
in-plane strains are determined from the transverse
coordinate z and vertical displacement w as

e= zk= � zDw ð8Þ

where D is a 2D Laplace-like operator, defined as

D=$p$=

∂

∂x
0

0
∂

∂y
∂

∂y

∂

∂x

2
666664

3
777775

∂

∂x
∂

∂y

2
64

3
75=

∂2

∂x2

∂2

∂y2

2
∂2

∂x∂y

2
6666664

3
7777775

ð9Þ

Using the constitutive relation (equation (6)), the strain
definition (equation (8)), and the Laplace-like operator
(equation (9)), the variational formulation (5) can be
written as

ð
A

dw DTDD� v2rt0

� �
wdA=

ð
AF

dwFwdA ð10Þ

where harmonic solutions w=wexp (ivt) of circular
frequency v are assumed, and the boundary forces are
given only by the vertical surface traction Fw on
GF =AF . In equation (10), the constitutive matrix for
the isotropic plate is

D=
Et3

0

12(1� n)
Dp ð11Þ

The FE formulation is now obtained from the varia-
tional formulation (10) by discretizing the amplitude of
the displacement field as

w(x, y)=N(x, y)ue ð12Þ

where the shape functions in N and nodal degrees of
freedom (dofs) in the harmonic amplitude vector ue for
element e are

N= N 1
w N 1

f N 1
c � � � N 4

w N 4
f N 4

c

� �
ue = w1 f1 c1 � � � w4 f4 c4½ �T

ð13Þ

The numerical index 1, . . . , 4 denotes the node number
in the considered rectangular plate element. The shape
functions Ni

w, Ni
f, and Ni

c are derived for the nodal ver-
tical displacement wi and the associated nodal rotations
fi and ci about the x� and y�axis, respectively, corre-
sponding to a cubic Hermitian interpolation of the ver-
tical displacement field.

By substitution of equation (12) into the variational
equation (10), followed by summation over the number
of elements n, the equation of motion for the discretized
plate can be written as

Xn

e= 1

(due)T Ke
0 � v2Me

0

� �
ue � fe

� �
= 0 ð14Þ

where the element mass and stiffness matrices have been
introduced as

Me
0 =

Ð
Ae

NT rt0NdAe

Ke
0 =

Ð
Ae

(DN)TD(DN)dAe
ð15Þ

and the external element force vector as

fe =

ð
Ae

F

NT FwdAe ð16Þ

It is noted that four-point Gauss integration is suffi-
cient to integrate the highest polynomial order exactly.

The global mass and stiffness matrices M0 and K0,
and the force f and displacement u vectors are then
assembled using a standard finite element method
(FEM) assembly procedure, adding each mass, stiff-
ness, and force component to a defined global nodal
order, whereby the full discretized equation of motion
can be written as

(K0 � v2M0)u= f ð17Þ

which represents a system of 3N linear equations of
motion, where N is the number of FE model nodes.

Piezoceramic patch

In the following, the variational formulation for a
piezoceramic patch with continuous top and bottom
electrodes is derived and an FE model established,
which will later be coupled to the FE model of the host
plate structure.

The mechanical dynamic equilibrium of the piezo-
ceramic patch is described similarly to equations (1) to
(3) as

s
p
ij, j = rp€up

i in Op ð18Þ

s
p
ijn

p
j =F

p
i on G

p
F ð19Þ

u
p
i = �up

i on Gp
u ð20Þ
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with Op being the patch domain of boundary
∂Op =G

p
F [ Gp

u and G
p
F \ Gp

u =[, and rp being the mass
density of the piezoceramic patch. Again, it is assumed
that no body loads act on the patch domain. In addi-
tion, the electric quasi-static equilibrium and boundary
conditions for the piezoceramic patch are as follows

Di, i = 0 in Op ð21Þ

Dini = � Q on GQ ð22Þ

u= �u on Gu ð23Þ

with the electric displacement Di, surface charge density
Q on GQ, electric potential u, and prescribed potential
�u on Gu. Here, the total patch boundary is as follows:
∂Op =GQ [ Gu and GQ \ Gu =[.

Again, the weighted residual method is used to
obtain the variational formulations, by multiplying the
mechanical and electric equilibrium equations (18) and
(21) with the virtual displacements du

p
i and potential

du, respectively, followed by integration over the patch
domain

ð
Op

(s
p
ij, j � rp€up

i )du
p
i dOp = 0

ð
Op

Di, idudOp = 0

ð24Þ

The weak variational formulations follow by integra-
tion by parts and substitution of the mechanical and
electrical kinematically admissible boundary conditions
(equations (19) and (22))

ð
Op

dep
ijs

p
ijdOp +

ð
Op

du
p
i rp€up

i dOp =
Xnc

ic = 1

dup
a xic , yicð Þ(Fp

a)ic

ð
Op

dEiDidOp =

ð
GQ

duQdGQ

ð25Þ

where the fields have to satisfy the corresponding
mechanical and electrical essential boundary conditions
(equations (20) and (23)). It is noted that the boundary
loads will be considered only as concentrated loads at
nc points of the coordinates (xic , yic), while a= 1, 2 with
summation over the repeated indices.

By assuming that the piezoceramic patch is thin and
bonded to either of the major plate surfaces, the effect
from the patch on the plate approximately reduces to
the in-plane electric forces, whereby a plane stress con-
stitutive behavior, similar to equation (6), can be used
for the patch. This implies that the bending stiffness
and associated transverse inertia effects of the patch
are not considered. However, when the patch is thin,
the bending stiffness of the patch becomes insignificant,

while the omission of the transverse inertia effects can
be accounted for by lumping the mass of the patch at
the relevant dofs in the system mass matrix, which will
be discussed in the benchmark examples.

Regarding the electric domain, it is assumed that no
electric field is generated from bending of the piezo-
ceramic patch and the electric field is considered to be
non-vanishing only in the transverse (poling) direction
3. Hereby, the reduced electromechanical constitutive
equations can be written as

sp

D3

� 	
=

Ep

1� np

Dp �e3

eT
3 e

ep

33

2
4

3
5 ep

E3

� 	
ð26Þ

They represent the relations between the mechanical
in-plane stresses sp and transverse electric displace-
ment D3, and the associated in-plane strains ep and
transverse electric field E3. The pure mechanical beha-
vior is recovered by SC patch electrodes, while the pure
electric behavior is represented by the dielectric con-
stant at constant (nil) strains e

ep

33. The electromechanical
coupling is governed by the piezoelectric constants in
the vector e3, defined for a piezoceramic patch as

e3 = d31

Ep

1� np

Dpb= e31b ð27Þ

where Ep is the Young’s modulus of the piezoceramic
material, np is the corresponding Poisson’s ratio, and
d31b= d31½ 1 1 0 �T represents the isotropic plane
electromechanical coupling with the strength governed
by the piezoelectric strain coefficient d31 = d32. It is
noted that there is no inherent coupling with the in-
plane shear strain for piezoceramic materials, which is
the reason for the zero component in the last entry of
b. Because 1� np is contained explicitly in equation
(27), the remaining SC constitutive matrix Dp can be
written as in equation (7) with np instead of n. It is
readily shown that Dpb= b, whereby the scalar plane
stress–reduced piezoelectric coupling coefficient in
equation (27) is identified as

e31 = d31

Ep

1� np

ð28Þ

It recovers the stress piezoelectric coupling coefficient
resulting from the one-dimensional (1D) transverse
mode constitutive equation when np = 0.

The in-plane strains can here be represented by

ep =$pvp ð29Þ

where the in-plane displacements u and v are arranged
in the displacement vector vp = ½ u v �T and the 2D
derivation operator $p is as in equation (9). As for the
host plate, the frequency domain representation of the
weak variational formulations (25) of the patch is
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reached by assuming harmonic loads and solutions
vp = vp exp (ivt).

The patch thickness tp is assumed significantly
smaller than a characteristic in-plane dimension of the
patch surface. Hereby, the electric field E3 is approxi-
mately constant through the patch thickness and can
thus be determined by the difference between the elec-
tric potentials on the top u+ and bottom u� electrodes
by

E3 = �ruu= � 1=tp �1=tp½ � u+

u�

� 	
ð30Þ

Thus, in this notation, the symbol ru denotes the row
vector ½1 � 1�=tp. By substituting equations (26), (27),
(29), and (30) into (25), the variational weak formula-
tions for the patch (equation (25)) can be written in the
frequency domain as

ð
Ap

dvT
p rT

p

Eptp

1� np

Dprpvp +rT
p e31tpbruu




�v2rptpvp

�
dAp =

Xnc

ic = 1

dup
a xic , yicð Þ Fp

a

� �
ic

ð31Þ

for the mechanical relation and as

ð
Ap

duTrT
u �e31tpb

Trpvp + e
ep

33tpruu
� �

dAp

=

ð
AQ

duTQdAQ

ð32Þ

for the corresponding electrical relation. In both rela-
tions, the integration over the constant patch thickness
tp has been conducted. From equation (32), it is seen
that the surface charge densities in Q= ½Q+, Q��T are
distributed on the top and bottom electrodes with iden-
tical surface areas AQ, while zero surface charges are
assumed on the lateral parts of the patch boundaries.

The FE formulation for the piezoceramic patch is
then established by introducing a rectangular four-node
element with two uniform electric potential surface dofs
for the top and bottom electrodes

u=ue = ue
+ ue

�½ �T ð33Þ

and two nodal dofs representing the in-plane displace-
ments ui and vi, as shown in Figure 1. The harmonic
amplitudes vp can therefore be represented by

ve
p(x, y)=Np(x, y)ue

p =
N1 0 � � � N4 0

0 N1 � � � 0 N4

� 	 ue
1

ve
1

..

.

ue
4

ve
4

2
666664

3
777775 ð34Þ

where Np contains the shape functions Ni, u
e
p the nodal

displacements, while the subscript 4 again represents
the number of element nodes.

The discretized equations of motion are obtained
next by substituting equations (33) and (34) into both
equations (31) and (32), followed by summation over
the number of patch elements np as

Xnp

e= 1

due
p

due

� 	T Ke
p � v2Me

p Ke
c

� Ke
c

� �T
Cep

p

� �e

" #
ue

p

ue

� 	
� f e

p

Qe

� 	( )
= 0

ð35Þ

In this expression, the element mass, SC stiffness, and
electromechanical coupling matrices are determined as

Me
p =

Ð
Ae

p

NT
p rptpI2NpdAe

p

Ke
p =

Ð
Ae

p

(rpNp)
T Eptp

1�np
Dp(rpNp)dAe

p

Ke
c =

Ð
Ae

p

(rpNp)
Tbe31tprudAe

p

ð36Þ

where I2 is the two-by-two identity matrix and the
element nodal force and surface charge vectors are
defined as

fep =
Xnc

ic = 1

N xic , yicð Þfpic

Qe =

ð
Ae

p

QdAe
p

ð37Þ

with the concentrated force vector f
p
ic
= ½Fp

x Fp
y �Tic .

Furthermore, the blocked capacitance matrix in (35) is
given by

Cep

p

� �e

=

ð
Ae

p

rT
ue

ep

33tprudAe
p =Cep

p

1 �1

�1 1

� 	
ð38Þ

where

Cep

p =
e
ep

33Ap

tp

ð39Þ

Figure 1. Piezoceramic patch element with eight mechanical
and two electric dofs.

Toftekær et al. 3351



is the scalar blocked capacitance.
The global coupled FE equations for a piezoceramic

patch discretized by np elements are then established by
assembly of the element matrices and vectors to the glo-
bal nodal order, following a rearrangement of the full
system matrices and vectors such that the final format
of the global FE equations can be written as

Kp � v2Mp Kc

�KT
c Cep

p

� 	
up

up

� 	
=

fp
Q

� 	
ð40Þ

where the mechanical and electric equations are
arranged, respectively, as the first 2Np and last Npe

coupled equations of motions, Np is the number of ele-
ment nodes, and Npe = 2np is the number of electrical
dofs.

The equipotential condition is then applied to the
potentials of the piezoceramic elements forming a con-
tinuous surface of an electrode. In the present case, only
a single piezoceramic patch is considered with one top
and one bottom electrode, whereby

u1
+ =u2

+ = � � � =u
np

+, u1
�=u2

�= � � � =unp

� ð41Þ

The equipotential conditions (equation (41)) can be
imposed by defining a boolean matrix P that deter-
mines the relation between the element potentials in up

and the full surface potentials of the top or bottom elec-
trodes as

up =Pu6 =
1 0 � � � 1 0

0 1 � � � 0 1

� 	T
u+

u�

� 	
ð42Þ

The coupled FE equations for the discretized piezocera-
mic patch with consideration of the equipotential con-
dition can thereby be written as

Kp � v2Mp KcP

�PTKT
c PTCep

p P

� 	
up

u6

� 	
=

fp
Q6

� 	
ð43Þ

which consists of 2Np + 2 equations of motion, where
the charges at the top and bottom electrodes are defined
similarly to equation (42) by

Q=PQ6 , Q6 = Q+ Q�½ �T ð44Þ

The introduction of the equipotential conditions
results in pure edge coupling between the electric
and mechanical domains. The coupling between the
equations of motion of the plate (equation (17))
and the patch (equation (43)) is obtained next by
transforming the electric forcing from the patch ele-
ments to the equivalent moment loads for the plate
elements.

Coupled piezo-plate structure

Piezoceramic patches are often placed symmetrically in
pairs on the host structure. This is beneficial as the neu-
tral axes of the composite and host structure hereby
coincide and higher electromechanical coupling can be
achieved, when the piezoceramic patches are poled and
wired correctly. In the later benchmark examples, only
pairs of identical and symmetrically positioned piezo-
ceramic patches are considered. Therefore, a single pair
of piezoceramic patches, bonded symmetrically to the
upper and lower plate surfaces, is considered in the fol-
lowing. It is assumed that the discretization of the
piezoceramic patches concides with the discretization
of the underlying part of the plate, whereby the cou-
pling between each (top and bottom) patch and plate
element can be described as shown in Figure 2. It is
now considered that the generated electric forcing from
the piezoceramic patches acts as external moment loads
on the host plate structure, whereby the former force
vector f in equation (17) can be written as a sum

f= fe + frp ð45Þ

of the external mechanical loads fe and the resulting
transformed electric forcing from the patches f r

p. It is
seen from Figure 2 that the in-plane forces f t

x , f t
y and f b

x ,
f b
y of the top and bottom piezoceramic patch elements,
respectively, couple with the associated moments Mxx

and Myy of the plate, through the distance h between the
mid-planes of the plate and the patches. The moment
loads to the plate from the patches’s in-plane forces can
thus be obtained as

Figure 2. Moment equilibrium of plate and piezoceramic patch
elements; the superscript e is omitted in the figure notations.
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Mxx = � hf t
y + hf b

y

Myy = hf t
x � hf b

x

ð46Þ

Hereby, the resulting electric forcing from the piezo-
ceramic patches f r

p on the plate can be written as

frp =Wftp �Wfbp ð47Þ

where f t
p and fb

p are, respectively, the in-plane forces
from equation (43) of the top and bottom piezoceramic
patches transformed through equation (46) by the con-
nectivity matrix

W=

0 0 0

W1 0 0

0 . .
.

0

0 0 WNp

0 0 0

2
666664

3
777775 ; Wi =

0 0

0 �h

h 0

2
4

3
5 ð48Þ

for the top patch, while forcing from the bottom patch
is determined by �W, as in equation (47). The nodal
connectivity array Wi of the patch node i is placed at
the rows and columns of W that correspond to the dofs
shared by the plate and patches, respectively. Thus,
there are as many nodal arrays as there are nodes (Np)
in the piezoceramic patch.

By use of equation (45), the equation of motion
(equation (17)) for the plate structure, augmented by
the electric forcing from the pair of piezoceramic
patches, can then be written as

(K0 � v2M0)u� frp = fe ð49Þ

The coupled FE equations then follow from eliminating
the piezoelectric forces f r

p in equation (49) by equations
(47) and (43), whereby they can be written as

K� v2M �WKcP WKcP

(WKcP)
T PTCep

p P 0

�(WKcP)
T 0 PTCep

p P

2
64

3
75 u

ut
6

ub
6

2
4

3
5=

fe
Qt

6

Qb
6

2
4

3
5
ð50Þ

which consists of the full set of 3N mechanical equa-
tions and four electric equations for the pair of piezo-
ceramic patches. The mass and stiffness matrices of the
piezoceramic patches further provide additional terms
in the system matrices

K=K0 + 2WKpW
T , M=M0 + 2WMpW

T ð51Þ

where the multiplication with the connectivity matrix
W ensures that the mass and stiffness effects of the
patches are transferred to the correct nodes of the plate
structure.

It is now the aim to reduce the number of electric
equations by considering the pair of patches being

configured as either SP-PW or OP-SW and connected
to a shunt circuit with an impedance Zsh(v) (Figure 3).

SP-PW pair of patches. For the SP-PW shunted pair of
piezoceramic patches, the following relations between
the electrode potentials can be deduced from
Figure 3(a) as

ut
�=ub

+ ; ut
+ =ub

�, V =ut
+ � ut

� ð52Þ

These relations are now used to eliminate some poten-
tials and to introduce the voltage V over the electric
shunt by establishing the matrix Pu as follows

ut
6

ub
6

� 	
=Pu

V

ut
�

ub
6

2
4

3
5 , Pu =

1 1 0 0

0 1 0 0

0 1 0 0

1 1 0 0

2
664

3
775 ð53Þ

Introducing equation (53) in equation (50), the cou-
pling and capacitance matrices are altered by Pu, such
that

PT
u

PTCep

p P 0

0 PTCep

p P

" #
Pu = 2Cep

p

1

0

� 	
1 0½ �

W �KcP KcP½ �Pu = �Wkc2e31 1 0½ �

ð54Þ

Thus, the capacitance is determined by a scalar 2C
ep

p for
the parallel-wired pair of patches and the coupling by a
vector Wkc2e31 as the rows and arrays associated with
the remaining potentials contain zeroes only. It is noted
that the blocked capacitance C

ep

p is given in equation
(39) and the coupling vector kc is defined as

kc =KcP
1

�1

� 	
1

2e31

ð55Þ

By defining a resulting capacitance �C
ep

p and plane
stress–reduced piezoelectric coupling coefficient �e31 as

�Cep

p = 2Cep

p , �e31 = 2e31 ð56Þ

the coupled FE equations (50) can be reduced to

Figure 3. Conducting plate structure with a pair of patches
wired to a shunt circuit according to poling configurations: (a)
SP-PW and (b) OP-SW.
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K� v2M �Wkc�e31

(Wkc�e31)
T �C

ep

p

� 	
u

V

� 	
=

fe
Q

� 	
ð57Þ

where the number of electric equations is reduced to
one with the voltage as a variable, while the resulting
charge

Q=Qt
+ +Qb

� ð58Þ

is obtained after multiplication of the surface charges in
equation (50) with PT

u.
The resulting charge Q can be linked to the voltage

V through the shunt impedance Z(v) via Ohm’s law

V = � ivZsh(v)Q ð59Þ

Therefore, the coupled FE equations for the plate with
a pair of SP-PW shunted piezoceramic patches can be
written as

K� v2M �Wkc�e31

(Wkc�e31)
T �C

ep

p +
1

ivZsh(v)

2
4

3
5 u

V

� 	
=

fe

0

� 	
ð60Þ

where the inverse of the shunt impedance enters in the
last diagonal term of the system matrix after the substi-
tution of equation (59) into equation (57) leading to the
zero on the right-hand side of equation (60).

OP-SW pair of patches. For the OP-SW shunted pair of
patches in Figure 3(b), the relations between the poten-
tials can be defined as

ut
�=ub

+ , V =ut
+ � ub

� ð61Þ

and, furthermore, as the patches are considered identi-
cal and symmetrically positioned on the host structure,
the individual differences in patches’ potentials are
equal

ut
+ � ut

�=ub
+ � ub

� ð62Þ

These relations are now defined by the matrix Pu as

ut
6

ub
6

� 	
=Pu

V

ut
�

ub
6

2
4

3
5, Pu =

1=2 1 0 0

0 1 0 0

0 1 0 0

�1=2 1 0 0

2
664

3
775 ð63Þ

whereby the capacitance and coupling matrices are
altered by the substitution of equation (63) into equa-
tion (50)

PT
u

PTCep

p P 0

0 PTCep

p P

" #
Pu =

1

2
Cep

p

1

0

� 	
1 0½ �

W �KcP �KcP½ �Pu = �Wkce31 1 0½ �

ð64Þ

As for the SP-PW pair of patches, the number of elec-
tric equations can be reduced to one with the voltage as
a variable, whereby equation (50) can be written as
equation (60), now with the resulting capacitance and
plane stress–reduced piezoelectric coupling coefficient
defined for the OP-SW pair of patches as

�Cep

p =
1

2
Cep

p , �e31 = e31 ð65Þ

It is seen that the resulting capacitances for the SP-PW
and OP-SW pairs of piezoceramic patches correspond
to the resulting capacitances of two capacitors con-
nected, respectively, in parallel and series; see
Chevallier et al. (2009). For both configurations of the
pairs of piezoceramic patches, the vector

w=Wkc ð66Þ

defines a resulting scalar measure of displacement up of
the pair of patches as

up =wTu ð67Þ

used in the following.

Shunt circuit

In the coupled FE equations (60), the voltage V is gov-
erned by the relation between the resulting blocked
capacitance �C

ep

p and plane stress–reduced piezoelectric
coupling coefficient �e31 and the shunt circuit impedance
Zsh(v). The former can be obtained from the material
properties, electrode configuration, and wiring of the
pair of piezoceramic patches, while the shunt circuit
impedance depends on the configuration and tuning of
the connected shunt electronic components.

The solution to equation (60) is bounded by two lim-
its associated with SC and OC patch electrodes. The
corresponding SC and OC eigenvalue problems can be
deduced from equation (57), with, respectively, V = 0

and Q= 0. The SC eigenvalue problem hereby follows
as

K� v2
j M

h i
uj = 0 ð68Þ

with SC frequencies vj and mode shapes uj, while the
additional sensor equation provides the modal charge

Qj = � �e31w
Tuj ð69Þ

In the opposite OC limit, the stiffness is augmented by
the voltage stiffening contribution which, for Q= 0,
can be determined as

V =
�e31

�C
ep

p

wTu ð70Þ
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Inserting this relation into the former mechanical equa-
tions of equation (57), the OC eigenvalue problem is
determined as

K+
�e2

31

�C
ep

p

wwT


 
� v̂2

j M

� 	
ûj = 0 ð71Þ

Thus, the OC circular frequencies v̂j � vj because of
the piezoelectric effect, where the equality might occur
due to charge cancelation effects.

The relative difference between the squared OC and
SC frequencies provides the so-called squared effective
EMCC

k2
e =

v̂2
j � v2

j

v2
j

ð72Þ

which determines the authority of the pair of patches
on mode j and consequently the associated attainable
modal damping from the supplemental shunt.
Therefore, the latter increases with the separation of
the two limiting natural frequencies vj and v̂j.

For RL shunts, the inductance L is calibrated in
order for the circuit frequency to work in resonance
with the vibrating structure, while the resistance R is
tuned in order to maximize the dissipation of electrical
energy. The RL network can be established by placing
the inductance and resistance either in parallel or in
series, as shown in Figure 4. It is noted that these net-
works are idealized in the sense that any resistance asso-
ciated with either synthetic or purely passive inductors
is neglected, which may have an effect on the tuning of
the shunt resistance. Furthermore, it can be seen from
Figure 4 that the capacitance is the stress-free capaci-
tance C

sp

p , which can be found by the relation to the
blocked capacitance for the transverse response mode
as

Cep

p =Csp

p 1� k2
31

� �
, k2

31 = 2
d31e31

e
sp

33

ð73Þ

where k31 is the piezoceramic material plane stress–
reduced electromechanical coupling factor.

For the parallel shunt configuration in Figure 4(b),
the impedance Zsh(v) is conveniently expressed in terms
of reciprocal values as

1

Zsh(v)
=

1

R
+

1

ivL
ð74Þ

Substitution of the previous impedance function into
equation (60) gives the parallel coupled FE equations

K� v2M �w�e31

�e31w
T �C

ep

p +
1

ivR
� 1

v2L


 2
4

3
5 u

V

� 	
=

fe
0

� 	
ð75Þ

with the inverse impedance terms appearing directly in
the system matrix.

For the series network in Figure 4(c), the impedance
function is given as

Zsh(v)=R+ ivL ð76Þ

whereby the series coupled FE matrix equation takes
the form

K� v2M �w�e31

�e31w
T �C

ep

p +
1

ivR� v2L

" #
u

V

� 	
=

fe
0

� 	
ð77Þ

For both shunt circuit configurations, the mechanical
equivalence is presented in, for example, Høgsberg and
Krenk (2017), where the inerter (inductance) and the
damper (resistance) are connected in series for the par-
allel RL shunt, while they are connected in parallel for
the series shunt. However, in this work the electric
notation is kept, whereby the existing shunt calibration
formulas can be directly applied based on the derived
electric analogies.

Shunt tuning based on balanced modal
calibration

In this second section, the coupled FE equations (75)
and (77) for the parallel and series shunt circuits are
analyzed in order to determine the particular shunt tun-
ing that maximizes the damping of a targeted resonant
vibration mode j= r. In order to apply analytical cali-
bration methods, the full complex eigenvalue problem
is reduced to a representative system of only two
coupled equations, governing the structural response of
the target mode r and the associated electric loading
from the pair of piezoceramic patches.

The mechanical equations in equations (75) and (77)
can be decoupled in terms of the mode shapes uj from
the SC eigenvalue problem in equation (68). For this pur-
pose, the displacement vector u is represented by a linear
combination of the normalized mode shape vectors
uj=(w

Tuj), whereafter the pre-multiplication of equations
(75) and (77), with the transpose of the normalized mode
shape vector, gives the scalar equation of motion

(kj � v2mj)uj � �e31V = fj ð78Þ

(a) (b) (c)

Figure 4. Electric model for (a) piezoceramic patch, with (b)
parallel and (c) series RL shunts, where I is the electric current
and C

sp

p is the constant stress (free) capacitance.
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where the normalized modal mass, stiffness, and loads
are defined as

mj =
uT

j Muj

wTuj

� �
uT

j w
� � , kj =

uT
j Kuj

wTuj

� �
uT

j w
� � , fj =

uT
j fe

wTuj

ð79Þ

The resulting displacement up (equation (67)) of the
pair of patches is, because of the normalization, given
by the sum of the modal displacements uj obtained by
solving the 3N scalar equations (78).

The aim is to derive the optimal shunt tuning for a
specific resonant vibration mode j= r, which can be
approximated by the single dynamic term j= r and
two supplemental terms, accounting for the flexibility
and inertia effects from the non-resonant modes j 6¼ r

(Krenk and Høgsberg, 2016). This modal correction
approach is based on a two-term representation of the
response contribution from non-resonant modes and
enables the derivation of explicit expressions for the
optimal shunt tuning. This is briefly reviewed in the fol-
lowing and expressed in terms of representative electro-
mechanical components.

The resulting plane stress–reduced piezoelectric cou-
pling coefficient �e31 translates displacement in the
mechanical domain to charge Q in the electric domain
by equation (69). This is now used to eliminate uj in the
modal equations of motion (equation (78)), which by
considering free vibrations can be written as

� kj

�e2
31

� v2 mj

�e2
31


 
Qj =V ð80Þ

The sum of the modal charge components Qj deter-
mines the magnitude of the resulting charge Q.

For resonant damping, the charge Q is specifically
determined at the resonant frequency of mode r, taking
into account the influence from the other residual
modes by including the flexibility and inertia correction
terms as presented in Krenk and Høgsberg (2016) and
transferred to the equivalent electric corrections by
multiplication with �e2

31

Cr0 =�e2
31w

TK�1
r KK�1

r w� �e2
31

kr

v2
r

Lr0
=�e2

31w
TK�1

r KK�1
r w� �e2

31w
TK�1

r w

ð81Þ

The modified stiffness and mass matrices correspond
to removing the mass contribution from the resonant
mode and making a frequency shift of the stiffness
matrix. They are given as (Krenk and Høgsberg, 2016)

Kr =K� v2
rMr , Mr =M� (Mur)(Mur)

T

uT
r Mur

ð82Þ

with Kr =K for the case of a pure quasi-static residual
mode correction. The flexibility and inertia corrections
for the non-resonant modes, due to the presence of the
electric shunt, can thus be represented by the modal
capacitance Cr0 and inductance Lr0 in equation (81),
respectively. Hereby, the charge Q is truncated consis-
tently for mode r as

Q ’ Qr � Cr0 �
1

v2Lr0


 
V ð83Þ

where the modal charge for the resonant mode r is
determined from equation (80) by the dynamic
equation

Qr = � v2
r

v2
r � v2

�e2
31

kr

V ð84Þ

Substitution of the modal electric representation (equa-
tion (83)) into the last equation of (equation (60)) gives
the homogeneous equation

v2
r

v2
r � v2

�e2
31

kr

+Cr �
1

v2Lr0
+

1

ivZsh(v)


 
V = 0 ð85Þ

when the modal charge Qr has been eliminated by equa-
tion (84), while the modal capacitance

Cr = �Cep

p +Cr0 ð86Þ

is conveniently represented as the sum of the resulting
blocked capacitance �C

ep

p and modal capacitance Cr0 in
equation (81).

Non-trivial solutions require the expression inside
the parenthesis in equation (85) to vanish, constituting
the characteristic equation of the system. In common
calibration methods, based on single-mode representa-
tions of the mechanical structure, division with the
blocked capacitance �C

ep

p introduces the so-called
squared modal EMCC

k2
0 =

�e2
31

�C
ep

p kr

ð87Þ

see, for instance, Thomas et al. (2012). In the present
case, the introduced residual mode corrections in equa-
tion (81) modify the effective capacitance of the pair of
piezoceramic patches by a constant flexibility and a
frequency-dependent inertia contribution from the
non-resonant modes. This means that the effective
capacitance varies with the frequency as discussed in
Berardengo et al. (2016). At resonance in mode r, the
effective capacitance can thus be determined as

CL =Cr �
1

v2
r Lr0

ð88Þ

whereby the residual mode–corrected squared modal
EMCC can be defined as

3356 Journal of Intelligent Material Systems and Structures 29(16)



k2
L =

�e2
31

CLkr

ð89Þ

As demonstrated in the later benchmark examples, this
residual mode–corrected modal EMCC approximately
equals the effective EMCC in equation (72), with a
minor deviation due to the approximation of the non-
resonant mode representation in Krenk and Høgsberg
(2016). However, for the derivation of the shunt tuning
formulas, it is convenient to introduce the frequency-
independent squared modal EMCC

k2
r =

�e2
31

Crkr

ð90Þ

which is only modified by the flexibility correction for
the non-resonant modes, by the modified capacitance
in equation (86). Hereby, the characteristic equation for
equation (85) can be written as

v2
r

v2
r � v2

k2
r +

1

ivZr(v)Cr

+ 1= 0 ð91Þ

where the modal shunt circuit impedance

1

Zr(v)
=

1

Zsh(v)
+

1

ivLr0
ð92Þ

is explicitly modified by the modal inductance Lr0 in
equation (81).

Parallel shunt

For the parallel shunt circuit, the impedance function
Zsh(v) in equation (74) is substituted into equation (92),
whereby the modal impedance function can be written as

1

Zr(v)
=

1

Rr

+
1

ivLr

ð93Þ

introducing the modal inductance and resistance as

1

Lr

=
1

L
+

1

Lr0
, Rr =R ð94Þ

Any preferred calibration procedure can now be used to
determine the modal inductance Lr and resistance Rr. In
the present case, the modal shunt components are deter-
mined by the balanced calibration method (Høgsberg
and Krenk, 2017), based on the equal modal damping
calibration for the tuned mass damper (Krenk, 2005).
The electric components of the modal shunt circuit are
therefore determined according to Høgsberg and Krenk
(2012) by the two calibration formulas

LrCrv
2
r = 1 , RrCrvr =

ffiffiffiffiffiffiffi
1

2k2
r

s
ð95Þ

where vr is the natural frequency of the targeted mode
with SC electrodes, Cr is the modal capacitance in equa-
tion (86), while kr has been defined in equation (90).

The actual shunt inductance L follows from equation
(94) and is conveniently written as in equation (95)

LCLv2
r = 1 ð96Þ

with the effective modal capacitance defined in equa-
tion (88). Hereby, the resistance in equation (95) and
the inductance in equation (96) are determined by
expressions similar to those for an idealized single-
mode structure (Høgsberg and Krenk, 2012), but with
modified capacitances Cr and CL, respectively.

The calibration formulas for Lr, Rr with only flexi-
bility correction and for L, R with the full flexibility–
inertia residual mode correction are listed in the second
column of Table 1. Furthermore, the table provides the
commonly used single-mode calibration (L0, R0) deter-
mined by the squared modal EMCC in equation (87)
and the resulting blocked capacitance �C

ep

p of the pair of
piezoceramic patches.

Series shunt

For the series shunt circuit, the modal impedance Zr(v)
is obtained by the substitution of equation (76) into
equation (92)

Zr(v)=
ivLr0(R+ ivL)

ivLr0 +(R+ ivL)
ð97Þ

As for the parallel shunt, this modal function is
approximated by the format

Table 1. Balanced calibration procedure for parallel and series
shunt circuits, without L0, R0, with flexibility Lr, Rr, and with
flexibility–inertia L, R residual mode corrections.

Parameter Parallel Series

L0
1

�C
ep

p v2
r

1

�C
ep

p (1+k2
0)

2
v2

r

R0

1
�C

ep

p vr

ffiffiffiffiffiffiffi
1

2k2
0

s
1

�C
ep

p vr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k2

0

(1+k2
0)

3

s

Lr
1

Crv2
r

1

Cr(1+k2
r )

2
v2

r

Rr
1

Crvr

ffiffiffiffiffiffiffi
1

2k2
r

s
1

Crvr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k2

r

(1+k2
r )

3

s

L
1

CLv2
r

1

CL(1+ k2
L )

2
v2

r

R Rr Rr(L=Lr)
2
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Zr(v)=Rr + ivLr ð98Þ

similar to the actual shunt in equation (76). The modal
impedance in equation (97) is separated into its real and
imaginary parts, whereby the frequency-independent Rr

and Lr are obtained by omitting the terms containing
R2. The electrical components of the modal shunt impe-
dance are then obtained as

1

Lr

=
1

L
+

1

Lr0
, Rr =

R

1+
L

Lr0


 2
ð99Þ

where the inductance Lr is defined as for the parallel
shunt in equation (94), while the modal resistance Rr is
additionally affected by the modal inductance correc-
tion Lr0 . Again, the balanced calibration in Høgsberg
and Krenk (2012) is applied, which in the present nota-
tion gives the following calibration formulas for the
modal components of the series shunt

LrCrv
2
r =

1

1+ k2
r

� �2
, RrCrvr =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k2

r

1+ k2
r

� �3

s

ð100Þ

The actual shunt tuning then follows by considering
equations (88), (89), (99), and (100)

LCLv2
r =

1

1+ k2
r

� �2
+ k2

Lj
, R=Rr

L

Lr


 2

ð101Þ

which is seen to depend on the residual mode–corrected
squared modal EMCC, while the parameter j, in the
inductance tuning formula, represents the difference
between k2

r and k2
L

j = k2
r � k2

L = k2
r

1

1� v2
r Lr0Cr

ð102Þ

The parameter j depends on the difference between
unity and the ratio of the modal capacitance Cr to the
inertia correction 1=(v2

r Lr0), and therefore j ! 0 when
the inertia correction becomes small relative to the
modal capacitance. As j in equation (101) is further
multiplied by k2

L, the term is negligible and can be
omitted in the tuning of the series-connected induc-
tance. The optimal calibration formulas both with and
without the flexibility and flexibility–inertia residual
mode corrections are summarized in the last column of
Table 1.

Shunt tuning based on the
effective EMCC

The squared effective EMCC k2
e defined in equation

(72) is commonly used as the governing parameter in
the calibration of resonant shunt circuits. It is a

convenient parameter, as it can be determined experi-
mentally by simple dynamic tests in the SC and OC lim-
its and thereby takes actual device imperfections into
account. However, the squared effective EMCC is typi-
cally represented by the squared modal EMCC k2

0 in
equation (87), evaluated for a single-mode of the struc-
ture without any residual mode correction. As demon-
strated in the later analysis of two benchmark
examples, the approximation k2

0 ’ k2
e becomes rather

inaccurate when the contribution from non-resonant
modes is substantial. In particular, the flexibility contri-
bution from the residual modes can be shown to have a
significant effect on the evaluated squared modal
EMCC k2

r in equation (90), as also discussed by
Berardengo et al. (2016). An even more accurate evalua-
tion of the squared effective EMCC is however obtained
by the squared modal EMCC k2

L in equation (89), where
the modified capacitance CL in equation (88) contains
both the flexibility correction by Cr in equation (86)
and the inertia correction directly by Lr0 . The only
approximation associated with this coupling coefficient
is the truncation introduced in the derivation of the resi-
dual mode components in equation (81); see details in
Krenk and Høgsberg (2016). Thus, it is investigated in
the next section by two benchmark examples how accu-
rately the representation of the squared effective EMCC
by

k2
L ’ k2

e ð103Þ

captures the influence from residual vibration modes.
Assuming k2

L = k2
e , an alternative calibration procedure

based on the SC and OC frequencies of the structure
can then be established, as demonstrated in the
following.

The characteristic equation resulting from equation
(85) is now expressed in terms of the squared effective
EMCC k2

e and the modified capacitance CL via the
elimination of �e2

31=kr by equations (89) and (103) and
of Lr0 by equation (88). Hereby, the characteristic equa-
tion can be written as

k2
ev2

r v2

v2
r � v2

+v2
r �

Cr

CL

v2
r � v2

� �
+

v2

ivZsh(v)CL

= 0

ð104Þ

The optimal shunt inductance is now based on the
squared effective EMCC k2

e , while the resistance is sub-
sequently derived from the squared modal EMCC k2

r .
Thus, the present calibration procedure depends on
two effective coupling coefficients: k2

e and k2
r .

Parallel shunt

For the parallel shunt circuit, the inductance L is deter-
mined by equation (96). When the modified capaci-
tance CL is eliminated in terms of the squared effective
EMCC k2

e by equations (89) and (103), with the
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normalized modal stiffness expressed as kr =mrv
2
r , the

shunt inductance can be represented as

L= k2
e

mr

�e2
31

ð105Þ

In this expression, the normalized modal mass mr may
often be estimated quite accurately from the vibration
form of the structure, while the squared effective
EMCC k2

e is determined by equation (72). The resulting
plane stress–reduced piezoelectric coupling coefficient
�e2

31 is further specified for the particular piezoceramic
patches through equation (28) and wiring by equations
(56) and (65) for, respectively, the SP-PW and OP-SW
pairs of patches.

Once the inductance L has been determined, a pure L
shunt is constructed, as indicated in Figure 4(b) with
R= 0. Hereby, two new resonant frequencies v2

� and
v2
+ emerge around the original SC frequency v2

r .
Expressions for these two frequencies can be determined
by inserting the expression for the inductance (equation
(96)) into the characteristic equation (104) and consider-
ing the expressions for the residual mode–corrected
modal EMCCs (equations (89) and (90)), whereby the
following quadratic equation in v2 is obtained

v4 � 2+ k2
r

� �
v2

r v2 +v4
r = 0 ð106Þ

The product and sum of the solutions v2
+ and v2

� can
be written as

v2
+v2

�=v4
r , v2

+ +v2
�= 2+ k2

r

� �
v2

r ð107Þ

and the elimination of v2
r between these relations gives

the modal EMCC k2
r as

k2
r =

(v+ � v�)
2

v+v�
ð108Þ

The shunt resistance then follows from equation (95) as

R= k2
r

mrvr

�e2
31

ffiffiffiffiffiffiffi
1

2k2
r

s
ð109Þ

where Cr has been eliminated by equation (90) and
kr =v2

r mr has again been used. As for the inductance L
in equation (105), the resistance R is determined by the
normalized modal mass and the resulting plane stress–
reduced piezoelectric coupling coefficient �e2

31, while k2
r

should be used for R instead of k2
e . The tuning formu-

las for the optimal parallel-connected inductance and
resistance based on the effective EMCC are summar-
ized in the second column of Table 2.

Series shunt

For the series shunt circuit, the same approach is used.
The inductance L is calibrated by the expression in

equation (101), where the assumption k2
Lj � 1 yields

the simplified expression

L= k2
e

mr

(1+ k2
e)

2�e2
31

ð110Þ

which only contains the squared effective EMCC k2
e from

equation (103), the normalized modal mass mr, and the
squared resulting plane stress–reduced piezoelectric cou-
pling coefficient �e2

31, while CL is eliminated by equations
(89) and (103) and kr =v2

r mr. Again, the pure L shunt
with R= 0 in Figure 4(b) is constructed and the two nat-
ural frequencies v+ and v� are determined numerically
or experimentally. The shunt resistance is given by the
expression in equation (101), in which the modal resis-
tance Rr from equation (100) is scaled by the apparent
inductance ratio L=Lr, where the modal inductance in
equation (100a) can alternatively be written as

Lr = k2
r

mr

(1+ k2
r )

2�e2
31

ð111Þ

when introducing equations (89) and (103) and
kr =v2

r mr. Thus, the shunt resistance can be obtained
by the expression

R= k2
r

mrvr

�e2
31

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k2

r

(1+ k2
r )

3

s
L

Lr


 2

ð112Þ

which, besides the normalized modal mass mr, the
resulting plane stress–reduced piezoelectric coupling
coefficient �e2

31, and the squared modal EMCC k2
r , also

depends on the squared effective EMCC k2
e through

the ratio L=Lr. However, while the calibration of the
inductance must be calibrated rather precisely because
it governs the shunt frequency, the corresponding shunt
resistance may subsequently be approximated by
assuming Lr=L ’ 1, as the shunt performance is less
sensitive to deviations in the resistance. The

Table 2. Tuning procedure based on the effective EMCC for
parallel and series shunt circuits.

Parameter Parallel Series

L k2
e

mr

�e2
31

k2
e

mr

(1+k2
e)

2�e2
31

R k2
r

mrvr

�e2
31

ffiffiffiffiffiffiffi
1

2k2
r

s
k2

r

mrvr

�e2
31

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k2

r

(1+k2
r )

3

s

Initial step

k2
e =

v̂2 � v2

v2
, L=k2

e

mr

�e2
31

Determine

v+, v�, k2
r =

(v+ � v�)
2

v+v�

EMCC: electromechanical coupling coefficient.
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approximated tuning formulas for the series-connected
resistance and the corresponding expression for the
inductance are listed in the last column of Table 2.

For both the parallel and series shunt circuits, accu-
rate calibration of the inductance and resistance can be
achieved from the effective EMCC only, when the iner-
tia correction is significantly smaller than the flexibility
correction 1=(v2

r Lr0)� Cr0 , whereby kr ’ ke. This is
often the case for the lower and well-separated vibra-
tion modes, while the influence of the inertia correction
may increase for the higher and closely spaced modes.
It is beneficial to base the shunt tuning on the effective
EMCC only, as one avoids the evaluation of an addi-
tional eigenvalue problem or experiments with the pure
L shunt, which can be difficult to produce due to the
inherent resistance in both synthetic and purely passive
inductors.

Error estimate

The error arising from the use of either a single-mode
representation k2

0 or the method with pure quasi-static
corrections k2

r for the shunt circuit calibration can for
the parallel shunt be represented by the ratio k2=k2

e ,
which is unity when the residual mode correction is
insignificant. For the series shunt, this ratio provides a
good estimate of the error, although it is not entirely
unity because of the truncations introduced for this
shunt. Thus, the necessity of including both the flexibil-
ity and the inertia contributions from the non-resonant
modes can be evaluated by comparing the different
squared modal EMCCs: k2

0, k2
r , and k2

L with the squared
effective EMCC k2

e , as demonstrated in the following
benchmark examples.

In the shunt tuning formulas in Table 2, the effect of
having, respectively, an SP-PW or an OP-SW config-
ured pair of piezoceramic patches is directly seen to be
governed by the corresponding resulting plane stress–
reduced piezoelectric coupling coefficient �e2

31. The SC
and OC frequencies and thereby the squared effective
EMCC will be the same for the structure with, respec-
tively, a pair of patches in SP-PW and OP-SW config-
urations. Consequently, the squared modal EMCC k2

r

will as well be identical for the two configurations.
Finally, since the normalized modal mass mr is also
independent of the poling and wiring of the pair of
piezoceramic pacthes, it is found that both the optimal
inductance and resistance for the OP-SW pair of
patches are four times as large as the corresponding
values for the SP-PW patch configuration. This is
because the resulting plane stress–reduced piezoelectric
coupling coefficients for the SP-PW and OP-SW pairs
of patches are, respectively, 2e31 and e31 (see equations
(56) and (65)). Hence, as �e31 is squared in the denomi-
nator of the tuning formulas in Table 2, a factor of four
occurs between the shunt tunings of the two respective

pairs of patches’ configurations. In Thomas et al.
(2009) and Lossouarn et al. (2017), the same cantilever
beam with a single pair of, respectively, OP-SW and
SP-PW piezoceramic patches is analyzed. Considering
the corresponding optimal shunt tunings based on
experiments, it is approximately found that the OP-SW
configured patches cause four times larger optimal
inductance and resistance values compared to the SP-
PW configuration.

Benchmark examples

In this section, the balanced calibration procedures
based on the modal and effective EMCC, respectively,
are analyzed. It is noted that only one shunt tuning will
be provided in the examples as the two methods give
almost the same tuning values. The small deviations
are only due to the approximation (equation (103)).

The implemented FE model enables comparison
with shunt tuning methods from benchmark examples
in the literature concerning optimal RL shunt tuning.
The two examples of this section consider a cantilever
beam, analyzed by both Thomas et al. (2009, 2012) and
Ducarne et al. (2012), and a plate analyzed by
Gardonio and Casagrande (2017). In both cases, the
structure is equipped with a single pair of piezoceramic
patches, configured either as OP-SW or as SP-PW. The
present examples apply the particular configurations
from the benchmark cases, although the SP-PW config-
uration is seemingly adequate, as it leads to four times
smaller inductances and resistances than for OP-SW.

As the experimental results are available for the can-
tilever beam example, it can be used to verify the estab-
lished numerical model as well as assess the effect of
using beam instead of plate elements for the modeling
of plate-like beam structures. For the subsequent plate
benchmark presented by Gardonio and Casagrande
(2017), the influence of the non-resonant modes is
investigated by a thorough parametric study.
Therefore, this example constitutes a good opportunity
to compare the benchmark results with the present cali-
bration procedures, in which the presence of the non-
resonant modes is accounted for explicitly.

Cantilever beam

The first example concerns the cantilever beam with a
single pair of OP-SW piezoceramic patches, for which
the SC and OC frequencies and the associated modal
EMCC are determined both numerically and experi-
mentally by Thomas et al. (2009). The optimal tuning
of the electronic components for both R and RL shunts
is provided in Thomas et al. (2012), while the optimal
design and placement of the piezoceramic patches are
analyzed by Ducarne et al. (2012). The geometry of the
cantilever beam can be seen in Figure 5. The single pair
of ideally bonded OP piezoceramic patches (red color)
is placed in series with a shunt circuit (blue color) with
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impedance Zsh(v). The beam is conductive and a con-
ductive adhesive is used for the bonding of the piezo-
ceramic patches, whereby the two inner electrodes of
the patches are connected. The pair of patches is mod-
eled as described in the first section, where the resulting
capacitance and plane stress–reduced piezoelectric cou-
pling coefficient can be determined by equation (65).

The dimensions and material properties of the beam
and the piezoceramic patches are given in Table 3. A
vanishing Poisson’s ratio is assumed for both patch and
beam, whereby the present results can be compared to
the numerical results for the beam model in Thomas
et al. (2009). In the original experimental design, an
additional tip mass mex = 4:2 g is added for excitation
purpose. This mass is therefore also added to the diago-
nal element of the mass matrix for the transverse dof of
the center node at the free end of the beam. Finally, the
pair of piezoceramic patches is placed with a horizontal
offset of xp = 0:5mm relative to the fixed support.

The cantilever beam is discretized by 41 3 2 plate
elements, while the piezoelectric patches are each repre-
sented by 5 3 2 patch elements. The corresponding
beam model (Høgsberg and Krenk, 2015) with 41
Bernoulli beam elements and 5 (1D) patch elements is
used for comparison. It corresponds to the model in
Thomas et al. (2009) with 41 beam elements, with 5

elements containing the electromechanical coupling to
the pair of patches, and it reproduces the first two
vibration modes with sufficient accuracy.

In order to verify the current electromechanical
piezo-plate model, the first two SC and OC frequencies
are determined. They are summarized in Table 4, which
also contains the experimental and numerical frequen-
cies for the first bending modes reported in Thomas
et al. (2009).

The optimum series and parallel shunt tuning of the
pair of piezoceramic patches, based on the present
piezo-plate model, is now determined with and without
residual mode contribution. The results are shown in
the first rows of Table 4 for modes 1 and 2. The table
also contains the optimal series shunt tuning with resi-
dual mode correction for the simple beam model. For
comparison, Table 4 also presents the optimal experi-
mental shunt tuning (Thomas et al., 2012) (superscript
2), the theoretical tuning based on the tuning formulas
without correction (Thomas et al., 2012) (superscript
1), and the numerical beam model described in Thomas
et al. (2009). Finally, the modal EMCCs k, in Table 4,
are calculated, respectively, with (equation (89)) and
without (equation (87)) the residual mode correction,
while k values provided for the experiment are the
effective EMCC (equation (72)).

The reported numerical results based on the tuning
formulas in Thomas et al. (2012) are obtained by the
numerical beam model described in Thomas et al.
(2009). They are observed to be in good agreement
with the frequencies determined by the beam model in
Høgsberg and Krenk (2015). The reason for the
slightly lower frequencies is mainly due to the omis-
sion of the patches’ bending contribution in the pres-
ent model. A good agreement is observed also for the
determined SC and OC frequencies for the plate
model, where the small decrease of the OC frequency
occurs because of plate effects at the supports, which
is not captured by the simpler beam model. The
experimentally obtained SC and OC frequencies
(Thomas et al., 2012) are slightly larger for the first
mode, while the mode 2 frequencies are in very good

Figure 5. Geometry of cantilever beam, with one pair of OP,
surface-bonded, and SW piezoceramic patches.

Table 3. Dimensions and material properties for cantilever beam and piezoceramic patches.

Beam Piezoceramic

Length (mm) l 170 lp 25
Width (mm) b 20 b 20
Thickness (mm) t0 2 tp 0.5
Density (kg/m3) r 2800 rp 8500

Young’s modulus (GPa) E 72 Ep 66.7
Poisson’s ratio (–) n 0 np 0

Piezoelectric coefficient (10�12 m=V) d31 2210
Blocked dielectric coefficient (F/m) e

ep

33
2068e0

e0 = 8:854310�12 F=m; see IEEE (1988).
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agreement with the numerical results. Significant dif-
ferences are found between the modal EMCCs kL and
k0 with and without residual mode correction, respec-
tively. Furthermore, the corrected modal EMCC kL

from the beam model is seen to deviate from the cor-
responding EMCC determined by the plate model,
demonstrating that the influence from the residual
modes depends on the model accuracy. The effective
EMCC based on the experimental data is expected to
correspond well with the modal EMCC kL. However,
it is seen to be larger for the first vibration mode, due
to differences between the associated SC and OC fre-
quencies. For the second vibration mode, the SC and
OC frequencies are in better agreement, whereby the
effective EMCC determined by equation (72) is more
accurately represented by kL.

Comparison of the values of the shunt resistances
and inductances in Table 4 shows that the spill-over
from the non-resonant residual vibration modes has a
significant effect on the calibration. For both vibration
modes, the relative deviation is approximately 15% on
the shunt inductance between the calibration with and
without residual mode correction for both series and
parallel shunts. Because of this deviation in inductance,
substantial changes in the corresponding resistance are
also observed. It is noted that the final electronic com-
ponents based on experiments are not measured, but
merely stated in Thomas et al. (2012) to be close to the

theoretical values. This indicates that a precise shunt
tuning has not been obtained prior to the experiments.

The effective EMCCs for the first two beam vibra-
tion modes are provided in the first column of Table 5.
Furthermore, the ratios between the squared modal
EMCCs and the squared effective EMCCs are com-
pared in the second to the last column of Table 5. It is
found that the ratio between k2

0 (without correction)
and the squared effective EMCC k2

e exactly accounts
for the observed error in the inductance for the parallel
shunt, while it accounts approximately for the error for
the series shunt; see Table 5. It follows from the last
two columns of Table 5 that the residual mode–
corrected squared modal EMCC k2

L almost exactly
recovers the squared effective EMCC k2

e . When k2
L is

determined by the beam model, the deviation is around
7%, while it exactly matches k2

e for the plate model.
This shows that the accuracy of the numerical model
also influences the residual mode correction and thus
the subsequent shunt tuning.

The effect of including the residual mode contributions
in the shunt tuning is now illustrated by the frequency
response plots in Figure 6, for the cantilever beam exposed
to a harmonic tip load with excitation frequencies around
the first and second resonant frequencies. The response is
determined by solving the full system of equations for the
parallel (equation (75)) and series (equation (77)) shunts
with optimal components in Table 4.

Table 4. SC and OC frequencies, modal EMCC, and shunt circuit calibration for modes 1 and 2 of a cantilever beam, using a beam
and a plate model.

Model shunt f (Hz) f̂ (Hz) k L (H) R (kO)

Mode 1 Plate
Parallel* 48.93 49.36 0.13 991.0 1619
Series* 957.0 55.85
Parallel0 48.93 49.36 0.14 1156 1749
Series0 1110 70.00
Beam
Series* 48.93 49.39 0.14 1021 61.69
Series1 48.96 49.42 0.14 1131 61.56
Experiment
Series2 51.64 52.17 0.14 10203 58.63

Mode 2 Plate
Parallel* 337.0 340.3 0.14 21.26 226.2
Series* 20.45 8.702
Parallel0 337.0 340.3 0.15 24.36 242.5
Series0 23.29 10.61
Beam
Series* 337.1 340.7 0.15 21.84 9.63
Series1 337.1 340.7 0.15 23.81 9.37
Experiment
Series2 337.0 340.2 0.14 23.93 8.653

SC: short-circuit; OC: open-circuit; EMCC: electromechanical coupling coefficient.
*Present model with residual mode correction (kL).
0Present model without residual mode correction (k0).
1Tuning based on theory in Thomas et al. (2012)(k0).
2Experimental results from Thomas et al. (2012)(ke).
3Final values not measured in Thomas et al. (2012).
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It can be seen from Figure 6 that the calibrations
without residual mode correction (dashed lines) cause
significantly larger maximum amplification of both tip
displacement and voltage, compared to the tuning
including the contribution from the non-resonant
modes (solid lines). In particular, for the voltage ampli-
fication, an almost flat plateau around both resonant
modes is seen for the calibration with the residual mode
correction. The small deviations from a completely flat
plateau are caused by the inclusion of structural damp-
ing in the model and from the fact that we do not have
an ideal modal load, which is not accounted for by the
calibration method. The structural damping is repre-
sented by Rayleigh damping with the damping ratios
z1 = 0:34% and z2 = 0:28% for the first two vibration
modes (Thomas et al., 2009). The damping introduced
by the shunted piezoceramic patches can be assessed
either directly by the obtained damping ratios or from
the reduction in vibration amplitude, as summarized in

Table 6. The damping ratios are determined by solving
the full complex eigenvalue problems for the parallel
(equation (75)) and series (equation (77)) shunt circuits.
The table contains the two damping ratios for each
mode, associated with the two resonant frequencies
emerging around the original resonant frequency when
introducing the resonant shunt circuit. It is noted that
the two damping ratios in Table 6 are ordered accord-
ing to the magnitude of their associated natural fre-
quencies. The amplitude reduction is obtained as the
logarithm to the ratio of the maximum amplification of
the structure with SC patch electrodes to that with opti-
mally shunted pair of piezoceramic patches

AdB = 20 log
ASC

Aopt


 
ð113Þ

It can be seen from the attained damping ratios and
amplitude reductions in Table 6 that the inclusion of
the non-resonant modes significantly improves the
shunt calibration. The amplitude reduction is found to
decrease about 35% from the best to the worst shunt
calibration. It can also be seen that equal modal damp-
ing of the emerging resonant modes is obtained exactly
for the parallel shunt with residual mode correction,
while almost insignificant deviations occur for the corre-
sponding series shunt, due to approximations made to
simplify the tuning formulas. These results illustrate the
potential improvement in common calibration methods,
when taking into account the influence from non-
resonant vibration modes. However, small discrepancies
occur when the simplified beam model is used to obtain
the desired level of damping or vibration mitigation.
This illustrates the importance of having a sufficiently
accurate numerical model for the dynamic structure, in
order to obtain a precise shunt tuning. For the beam-
based shunt tuning without residual mode contribution,
the damping ratios and amplitude reductions are identi-
cal to those obtained from the plate model. This is
because the more substantial residual mode correction
in the plate model is now omitted, while the correspond-
ing vibration modes are almost identical.

Simply supported plate

The second example concerns a simply supported plate
analyzed by Gardonio and Casagrande (2017), with a

Table 5. The effective EMCC (ke) and the ratio between this squared and the squared modal EMCC, with (k2
L ) and without (k2

0)
residual mode correction.

Mode ke k2
0=k2

e (k2
L=k2

e)
1 k2

L=k2
e

1 0.1330 1.1661 1.0694 1.0000
2 0.1405 1.1457 1.0682 1.0001

EMCC: electromechanical coupling coefficient.
1kL from the beam model.

Figure 6. Frequency response around modes 1 and 2 of a
cantilever beam exposed to a harmonic tip load: (a), (c) tip
displacement and (b), (d) voltage response. Blue lines indicate the
parallel shunts and red lines the series shunts, tuned, respectively,
with (solid) and without (dashed) residual mode correction.
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single SP-PW shunted pair of piezoceramic patches
placed with a small offset of (1=28lx, � 1=28ly) to the
plate center. The plate geometry and the geometry and
position of the pair of piezoceramic patches are shown
in Figure 7, while the dimensions and material proper-
ties are provided in Table 7. It is noted that the plate is
conductive and that a conductive adhesive is used for
the bonding of the piezoceramic patches, whereby the
inner electrodes are connected. The structural damping
is assumed to be zs = 0:2%, and side lengths of the pair
of patches are 1=5th of the corresponding lengths of the
plate (lpx, py = lx, y=5). As the piezoceramic patches in
the present example are relatively thick and placed far
from the boundary simple supports, the omission of the
patches’ bending stiffness and transverse inertia
becomes significant. Thus, the additional mass from the
pair of piezoceramic patches is lumped and included at
the relevant dofs in the system mass matrix. Hereby,
the present results are comparable to those in Gardonio
and Casagrande (2017).

In Gardonio and Casagrande (2017), the optimal
calibration of the parallel RL shunts electronic compo-
nents is determined for a particular load case, described
as a rain-on-the-roof load scenario. The solution is
evaluated using a mode shape expansion, with a gradu-
ally increasing number of modes. The solution is

Table 6. Damping ratios and amplitude reductions of cantilever beam with optimally calibrated parallel and series shunted
piezoceramic patches, for resonant modes 1 and 2.

Model Corrected Non-corrected

Shunt zd (%) AdB z0
d (%) A0

dB

Mode 1 Plate
Parallel 4.88 4.88 22.86 7.39 2.36 17.86
Series 4.91 4.85 22.70 8.90 2.40 17.80
Beam
Parallel 6.28 3.48 20.98 7.39 2.36 17.86
Series 6.83 3.57 21.04 8.90 2.40 17.80

Mode 2 Plate
Parallel 5.10 5.10 24.26 7.49 2.70 20.28
Series 5.13 5.07 24.50 8.85 2.76 20.23
Beam
Parallel 6.55 3.66 22.33 7.49 2.70 20.28
Series 7.14 3.77 22.38 8.85 2.76 20.23

0Without residual mode correction.

Table 7. Dimensions and material properties for the plate and piezoceramic patches.

Plate Piezoceramic

Length (mm) lx 414 lpx 82.8
Width (mm) ly 314 lpy 62.8
Thickness (mm) t0 1 tp 0.5
Center patch along the x-axis (mm) xc

13
28lx

Center patch along y-axis (mm) yc
15
28ly

Density (kg/m3) r 2700 rp 7600

Young’s modulus (GPa) E 70 Ep 50
Poisson’s ratio (–) n 0.33 np 0.35

Piezoelectric coefficient (10�12 m=V) d31 2150

Free dielectric coefficient (10�9 F=m) e
sp

33
29.2

Figure 7. Geometry of a simply supported plate with one pair
of SP-PW piezoceramic patches.
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seemingly converged when 150 modes are included.
The bottom row of Table 8 provides the fundamental
frequencies of the plate, both with and without SC
patches, and the optimal tuning components from
Gardonio and Casagrande (2017). The two top rows of
the table summarize the corresponding results obtained
by the present balanced calibration procedure, with
and without residual mode correction. The present FE
model consists of 28 3 28 plate elements and 6 3 6

patch elements, whereby the relative errors on the first
eight SC frequencies of the coupled piezo-plate struc-
ture are below 1%, as demonstrated by the conver-
gence curves in Figure 8 with the reference values
obtained by a fine mesh with 112 3 112 plate and
24 3 24 patch elements. Furthermore, the straight lines
in the logarithmic scale of Figure 8 indicate quadratic
convergence. The SP-PW pair of piezoceramic patches
is modeled according to the piezo-plate coupling sub-
section in the first section, with the resulting capaci-
tance and plane stress–reduced piezoelectric coupling
coefficient determined from equation (56). The blocked
dielectric constant

e
ep

33 = e
sp

33 � 2d31�e31 ð114Þ

is determined from the free dielectric constant e
sp

33 in
Table 7.

A good agreement between the base plate frequen-
cies (f0) can be observed in Table 8, while the SC fre-
quency of the piezo-plate structure (f ) is seen to be
lower using the present FE model. This discrepancy
occurs because of the omission of the patches’ bending
stiffness. Therefore, the presently determined SC fre-
quencies will all be lower than the actual frequencies
(Gardonio and Casagrande, 2017). The present tuning
of the inductance L with residual mode correction is
seen to be in good agreement with the tuning obtained
by Gardonio and Casagrande (2017), while a significant
deviation can be seen for the shunt resistance R. This
agrees well with the fact that the present tuning formula
for the inductance is identical to that in Gardonio and
Casagrande (2017), while the present resistance is

ffiffiffi
2
p

smaller than in the previous study. The slightly smaller
inductance is due to the differences in the SC

frequencies, while the deviation in the resistance is
dominated by the different tuning formulas based on
the free vibration properties in the present procedure
and a specific forcing in Gardonio and Casagrande
(2017). In Table 8, the calibration without residual
mode contribution (L0, R0) deviates about 9% for the
inductance and 4.5% for the resistance, which is
slightly less than in the previous beam example. This is
because the patches in the present plate example have
reduced authority, whereas the larger capacitance of
the present SP-PW patches’ configuration is equalled
by the correspondingly larger plane stress–reduced
piezoelectric coupling coefficient (see equations (56)
and (65)).

The magnitude of structural authority by the piezo-
ceramic patches is determined by the relation between
stiffness, mass, and dimensions for the host structure
and the patches in SC conditions. In the present case,
the low authority is caused by the small patch-to-plate
area ratio, whereby the contribution from non-resonant
modes becomes less pronounced than in the previous
beam example. However, as it will be shown subse-
quently, the low structural authority causes the shunt
performance to be more sensitive to deviations from the
optimum shunt tuning. The low structural authority
implies reduced effective EMCCs, as the separation of

Table 8. Fundamental frequencies of simply supported plate with (f ) and without (f0) short-circuit piezoceramic patches, modal
EMCC, and optimal shunt tuning.

Shunt f0 (Hz) f (Hz) k L (H) R (kO)

Parallel* 39.05 35.73 0.070 33.87 76.89
Parallel0 0.074 36.92 80.31
Parallel1 ’ 39:1 ’ 37:2 – ’ 34 ’ 160

EMCC: electromechanical coupling coefficient.
*With residual mode correction (kL).
0Without residual mode correction (k0).
1Results from Gardonio and Casagrande (2017).

Figure 8. Relative error on the first eight SC frequencies of
piezo-plate structure (reference, refined mesh 1123112).
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the SC and OC frequencies in equation (72) is governed
by the term (�e2

31=
�C

ep

p )wwT in equation (71). A significant
effective EMCC and thereby large damping are attain-
able in the present plate example, when the pair of
patches is placed optimally with respect to the deforma-
tion pattern of the concerned vibration mode. Figures
9(a) to (h) show the first eight vibration modes of the
base plate and Figures 9(i) to (p) show those of the plate
with the SC patches. It is seen that the pair of patches is
placed optimally for the first vibration mode (Figures
9(a) and (i)), while the authority is reduced for the sec-
ond mode (Figures 9(b) and (j)). To realize a desired
level of damping by an indirectly placed pair of patches
requires either larger patch dimensions or improved
electromechanical coupling, in which case the influence
from residual modes will increase as well. Thus, it is
important in these cases to include the influence from
residual vibration modes in the shunt calibration. This
is illustrated in Figure 10, which shows the dynamic
amplification curve for harmonic distributed transverse
load with constant spatial intensity. The figure shows
the resonance peaks for the base plate (black dashed)
and the plate with the SC pair of patches (green dash-
dotted), and the curves obtained by shunt with (blue)
and without residual mode correction (red). It is seen
that the dynamic amplification is doubled, when
neglecting the residual mode correction compared to
the calibration with correction. In the beam example, a
factor of two can also be observed between the dynamic
amplifications associated with the shunt tunings with
and without residual mode correction (see Figure 6(a)).
However, in the beam example the relative deviation in
shunt tuning is significantly larger than that in the plate
example. This indicates that the shunt tuning is more
sensitive to deviations, when the piezoceramic patches
have less structural authority. It should also be noted
that the frequency response plots are produced by
dynamic point load and distributed load, respectively,
in the beam and plate examples, which influence the
responses as well.

Optimum calibration for the parallel shunt circuit
with and without residual mode correction is now deter-
mined for the first eight vibration modes with the corre-
sponding mode shapes shown in Figures 9(i) to (p) for
SC patch electrodes. The results are summarized in
Table 9, where the provided modal EMCCs are k= kL

in equation (89) with residual mode correction and
k= k0 in equation (87) without correction. The last col-
umns of the table show the two damping ratios for the
targeted vibration mode, determined from the full com-
plex eigenvalue problem in equation (75).

The results in Table 9 indicate that considerable
damping is realized only for modes 1, 4, and 7. This is
due to the low structural authority of the pair of piezo-
ceramic patches and its indirect location with respect to
the deformation form of the five remaining vibration

modes in Figure 9. Some of the vibration modes in
Figure 9 are very sensitive to the actuation by the pair
of patches. For example, in modes 5 (Figures 9(e) and
(m)) and 6 (Figures 9(f) and (n)), the symmetry in the
pattern is slightly altered by the presence of the patch,

Figure 9. Plate modes 1–8 for (a)–(h) a bare plate and (i)–(p) a
plate with an SC pair of piezoceramic patches.

3366 Journal of Intelligent Material Systems and Structures 29(16)



while for modes 7 (Figures 9(g) and (o)) and 8 (Figures
9(h) and (p)) the shape is more drastically changed. As
it was observed for the damping of the first vibration
modes, the deviation in the shunt calibration, when
neglecting the residual modes, leads to significant
detuning and thereby smaller minimum damping ratios
of the first eight vibration modes (see Table 9). There
also seems to be a connection between the magnitude
of the modal EMCC and the deviations observed for
shunt tuning without residual mode correction. This
supports the previous conclusion that the effect of the
residual mode correction is governed by the apparent
structural authority of the piezoceramic patches.

The influence of using the flexibility and flexibility–
inertia corrections, respectively, for the shunt tuning
can be analyzed by looking at the relative errors on the
squared modal EMCC, without k2

0 and with flexibility
k2

r and flexibility–inertia k2
L residual mode corrections,

with respect to the squared effective EMCC k2
e , pro-

vided in Table 10. It follows from Table 10 that the
squared effective EMCC (k2

e) is determined very accu-
rately by the squared modal EMCC (k2

L) with residual
mode correction. Also, the squared modal EMCC with
pure flexibility correction (k2

r ) recovers the effective val-
ues rather precisely, in particular for the first four
modes. For modes 5–8, the importance of using the
more accurate flexibility–inertia corrections increases,
especially for modes 5, 6, and 8, where the errors on the
squared modal EMCCs (k2

r ) are significant. The latter
may be due to the indirect placement of the pair of
patches with respect to these modes. Generally, the
importance of using the more substantial flexibility–
inertia corrections for the non-resonant modes increases
for resonant shunt damping of higher and closely
spaced vibration modes with indirectly placed patches.
The ratio between the squared modal and effective
EMCCs seems to correlate with the relative errors
observed for the (parallel) shunt inductance. It is, for
instance, noted in Table 10 that k2

0=k2
e indicates a 9%

relative error on the inductance, while for the first
vibration mode the same order of error has been
observed between L and L0. The error associated with
the pure flexibility correction for the non-resonant
modes observed for modes 5–8 is now analyzed by

Table 9. Optimum parallel shunt tuning and attained damping ratios, with and without residual mode correction, for the first eight
vibration modes of simply supported plate.

Mode f (Hz) k L (H) R (kO) z (%)

1 w 35.73 0.070 33.87 76.89 2.57 2.57
wo 0.073 36.92 80.31 3.95 1.19

2 w 80.03 0.016 6.740 152.9 0.66 0.66
wo 0.016 7.358 160.3 1.08 0.23

3 w 111.0 0.017 3.488 99.29 0.71 0.71
wo 0.018 3.827 104.9 1.18 0.23

4 w 153.4 0.074 1.840 16.74 2.72 2.71
wo 0.078 2.003 17.59 1.31 0.21

5 w 163.1 0.007 1.698 153.5 0.33 0.33
wo 0.007 1.772 185.1 0.37 0.21

6 w 227.8 0.007 0.801 90.90 0.36 0.35
wo 0.008 0.908 116.8 0.50 0.20

7 w 239.9 0.070 0.756 11.34 2.55 2.55
wo 0.073 0.819 11.99 1.24 0.21

8 w 247.3 0.005 0.772 107.8 0.27 0.27
wo 0.005 0.771 169.8 0.23 0.24

w—with residual mode correction (kL).

wo—without residual mode correction (k0).

Figure 10. Frequency response around mode 1 for a plate
(dashed black line) with an SC (green dot-dashed line) and
parallel shunted pair of patches, optimally tuned with (blue line)
and without (red line) residual mode correction.
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considering the frequency response to a harmonic uni-
formly distributed load around the seventh resonant
frequency shown in Figure 11.

It can be seen from Figure 11 that the calibration
without residual mode correction (red dot-dashed)
causes significantly larger maximum amplifications
compared to the tuning with flexibility–inertia residual
mode correction (blue solid). The tuning with pure flex-
ibility correction (magenta dashed) yields a small off-
calibration, which shows that it may be important to
use the precise flexibility–inertia compensation for the
dynamic residual mode effects. In this example, larger
levels of attainable damping could have been achieved
for the five lightly damped modes (2, 3, 5, 6, and 8)
either by placing the pair of piezoceramic patches more
appropriately, according to the deformation pattern of
the respective modes, or by applying several intercon-
nected pairs of patches. The same position with larger
patches or lower resulting capacitance could also have
been realized, whereby the effects of including the non-
resonant modes in the calibration would have been
more pronounced. However, the design, optimization,

and application of several pairs of patches are outside
the main scope of this work.

Conclusion and future work

An FE model for coupled piezo-plate structures was
established, by considering the constitutive relations
and dynamic equilibrium equations of the plate,
described by Kirchhoff theory, in which the patch was
represented by a plane stress assumption and its elec-
tromechanical interaction. The coupling between the
plate and a pair of either SP-PW or OP-SW piezocera-
mic patches was considered through the transformation
of the electric forcing from the two patches to the
equivalent moment loads on the plate. The wiring and
poling are subsequently implemented by considering
the relations between the patch electrodes’ potentials
and the voltage over the connected shunt. This reduces
the number of electric equations to one, by the intro-
duction of a resulting capacitance and a plane stress–
reduced piezoelectric coupling coefficient. Hereby, the
voltage across the shunt becomes the governing electric
variable in the equations of motion.

A recently proposed balanced calibration procedure
for RL shunted piezoelectric transducers, with quasi-
dynamic residual mode correction, is implemented for
the shunted pair of piezoceramic patches bonded symme-
trically to the plate. This calibration procedure enables
precise and effective calibration of the electronic shunt
components, as demonstrated by two benchmark exam-
ples concerning beam and plate vibrations.

A new calibration procedure based on the effective
EMCC has also been proposed and used in the two
benchmark examples. The method was derived from a
new modal EMCC corrected by the spill-over from the
non-resonant modes. In the benchmark examples, it is
illustrated that this modal EMCC precisely retains the
effective EMCC, hereby providing an explicit connec-
tion between the SC and OC frequencies of the coupled
structure and the modal shunt tuning based on the
numerical FE model. It is further shown that the ratio
between the squared modal EMCC with and without

Table 10. The squared effective EMCC and the ratio between this and the squared modal EMCC with flexibility, flexibility–inertia,
and no residual mode correction.

Mode ke k2
0=k2

e k2
r =k2

e k2
L=k2

e

1 0.0699 1.0899 1.0007 1.0000
2 0.0156 1.0917 0.9976 1.0000
3 0.0172 1.0974 1.0029 1.0000
4 0.0744 1.0891 1.0006 1.0001
5 0.0068 1.0442 0.9540 1.0000
6 0.0074 1.1343 1.0364 1.0000
7 0.0699 1.0826 0.9939 1.0002
8 0.0050 0.9985 0.9123 1.0000

EMCC: electromechanical coupling coefficient.

Figure 11. Frequency response around the seventh resonant
frequency of a plate with a pair of piezoceramic patches; SC
(green dot-dashed line) and shunted optimally with flexibility–
inertia (blue line), flexibility (dashed magenta line), and without
(dot-dashed red line) residual mode corrections.
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residual mode correction and the corresponding
squared effective EMCC provides the deviation in the
corresponding shunt tuning. A simple format of the
tuning formulas was obtained for the new calibration
procedure. It showed that the difference in the shunt
calibration of, respectively, an SP-PW or an OP-SW
pair of patches is simply determined by the reciprocal
value of the squared resulting plane stress–reduced
piezoelectric coupling coefficient. In the present case,
this corresponds to four times higher shunt tuning val-
ues for the OP-SW pair of patches for a given level of
attainable damping. Thus, it is often preferable to use
this SP-PW configuration, as it is notoriously difficult
to achieve the large inductances associated with damp-
ing of low-frequency structural vibrations.

The considered benchmark examples represent a
cantilever beam and a simply supported plate, both
equipped with a single pair of shunted piezoceramic
patches configured in OP-SW and SP-PW, respectively.
For the cantilever beam, optimum shunt tuning for
vibration suppression of the first two resonant modes
was determined and compared to the calibration results
reported in the literature (Thomas et al., 2012). It was
found that the omission of the residual mode correction
leads to significant deviations in the shunt circuit elec-
tronic components. The latter is directly related to the
ratio between the modal EMCC with and without resi-
dual mode correction. The deviation in the shunt tun-
ing when neglecting the non-resonant modes leads to a
further reduction in attainable damping. This was
demonstrated directly by the damping ratios and by the
amplitude reduction from the frequency response
curves for a particular harmonic load.

For the second benchmark example with a simply
supported plate and a single pair of SP-PW piezocera-
mic patches, the effect of the non-resonant modes on
the shunt tuning was found to be less pronounced. This
is due to a smaller structural authority by the piezocera-
mic patches. However, notable influence by the residual
mode correction is still observed on the frequency
response curves and the damping ratios, verifying that
the residual mode correction may be important in shunt
tuning. It was found for the lower vibration modes that
the residual mode corrections are sufficiently deter-
mined by the pure flexibility contribution, while the
importance of using the flexibility–inertia corrections
increases for higher and closely spaced vibration modes.
This was illustrated by the frequency response curves at
the first and the seventh vibration modes and the eva-
luation of the modal EMCC, both with flexibility and
flexibility–inertia residual mode corrections. Finally, it
was shown that the deviation in the shunt inductances
can be determined by the ratio between the squared
modal EMCC with and without residual mode correc-
tion and the corresponding squared effective EMCC. It
was demonstrated here that the newly proposed resi-
dual mode–corrected modal EMCC precisely retains

the effective EMCC, which suggests that this coefficient
should be used in shunt calibration based on modal
analysis.

It is worth mentioning that the two proposed cali-
bration methods give approximately the same shunt
tuning as the corrected modal EMCC precisely retains
the effective EMCC. The choice of method thus
depends on whether the tuning is based on experiments
or a numerical model and the associated computational
costs. For the first balanced modal calibration proce-
dure, the SC eigenvalue problem of the electromechani-
cal structure has to be solved and a modified stiffness
matrix has to be inverted in order to determine the resi-
dual mode correction terms. For the calibration based
on the effective EMCC, both the SC and OC and an
additional third eigenvalue problem, after the determi-
nation of the optimal inductance, have to be evaluated.
However, in many cases the inversion of the modified
stiffness matrix will be associated with significant com-
putational costs, and thus the new calibration proce-
dure, based on the effective EMCC, will in many cases
be superior, also in regards to the experimental
calibration.

In future works, the proposed calibration procedures
will be implemented in more sophisticated numerical
models, allowing for even more accurate modeling of
an experimental set-up or an industrial application. It is
expected that the new procedure with the corrected
modal EMCC will result in a good agreement between
optimum numerical and experimental shunt tuning.
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Lossouarn B, Aucejo M, Deü J-F, et al. (2017) Design of

inductors with high inductance values for resonant piezo-

electric damping. Sensors and Actuators A: Physical 259:

68–76.
Park CH and Inman DJ (1999) A uniform model for series R-

L and parallel R-L shunt circuits and power consumption.

SPIE Proceedings 3668: 797–804.
Porfiri M, Maurini C and Pouget J (2007) Identification of

electromechanical modal parameters of linear piezoelectric

structures. Smart Materials and Structures 16: 323–331.
Soltani P, Kerschen G, Tondreau G, et al. (2014) A Piezoelec-

tric vibration damping using resonant shunt circuits: an

exact solution. Smart Materials and Structures 23: 125014.
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ABSTRACT
A recently proposed tuning method for resistive-inductive (RL) shunts is implemented in a com-
mercial finite element (FE) code (ANSYSVR ). A main result of the paper is therefore the consistent
formulation of the tuning method in terms of variables directly available as solutions in any com-
mercial FE code: The two natural frequencies associated with short- and open-circuit (SC and OC)
electrodes and a modal charge obtained as the electrical SC reaction force. An alternative method
is based on quasi-static solutions with SC and OC electrodes, convenient for both numerical ana-
lysis and experiments. The proposed shunt tuning method is suitable for implementation in any
commercial FE software supporting electromechanical analysis and ANSYSVR has been used to
assess its accuracy for a piezoelectric smart plate benchmark problem. The method is finally
extended to multiple piezoceramic patches, placed symmetrically on the structure and shunted to
a single RL network, whereby more vibration modes can be effectively controlled for the specific
plate problem.
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1. Introduction

Piezoelectric transducers attached locally to a host structure
enable dissipation of converted mechanical energy into heat
by a supplemental resonant shunt. The latter is often
designed as a series or parallel connection of a resistance
(R) and an inductance (L), whereby the effect on the host
structure from the electromechanical transducer corresponds
to an inerter-based absorber [1]. The RL-shunt circuit was
first suggested and experimentally demonstrated by Forward
[2]. Actual calibration procedures were subsequently derived
first for the series [3] and since for the parallel shunt circuit
[4]. Both calibration methods are based on a single mode
representation of the vibrating host structure and are gov-
erned by the resonant frequency of a targeted vibration
form and the capacitive properties of the piezoelectric
transducer(s).

Recently, the modal coupling introduced by the presence
of a supplemental absorber on the structure has been rep-
resented in [5] via the dynamic characteristics of the other
nonresonant modes around the targeted resonant fre-
quency. It demonstrated the ability of two consistent cor-
rection terms to accurately account for both the flexibility
and inertia effects from residual modes and to adjust the
absorber tuning to retain a desired flat plateau in the fre-
quency response curves. The initial analysis for mechan-
ical tuned mass- and inerter-based absorbers [5] has
recently been extended to RL-shunted piezoelectric trans-
ducers [1].

The performance of a piezoelectric transducer is inher-
ently limited by its capacitive property, which is inversely
proportional to the stiffness of an equivalent mechanical
absorber. A key factor in the electromechanical absorber
tuning has therefore been the accurate representation and
maximization of the effective (or generalized) electromech-
anical coupling coefficient (EMCC). The latter represents
the apparent electromechanical to modal stiffness ratio and
thus the relation between the inherent capacitance, electro-
mechanical coupling and structural resonance. In [6], a
piezoelectric shunt tuning procedure has been derived on
the basis of the effective EMCC, demonstrating its direct
equivalence to a modal EMCC with residual corrections
from nonresonant modes. The effective EMCC is therefore a
key parameter for electromechanical structures; it is com-
monly defined by the relative difference between (the square
of) the associated short circuit (SC) and open circuit (OC)
frequencies [7]. Consequently, it is a measure for the level
of attainable damping and has therefore been the objective
for the design and optimization of piezoelectric transducer
systems [8]. It is possible to increase the effective EMCC—
and thereby the attainable damping—by the application of a
negative capacitance in the electric shunt circuit [9].
Unfortunately, this increases the required shunt inductance,
which is usually so large that it must already be realized by
active electronic shunt components. Thus, the absorber real-
ization is often limited by the magnitude of the shunt
inductance instead of the inherent transducer capacitance.

CONTACT Johan Frederik Toftekær jotof@mek.dtu.dk Department of Mechanical Engineering, Technical University of Denmark, Nils Koppels All�e, Building
404, DK-2800 Kgs, Lyngby, Denmark.
Color versions of one or more of the figures in the article can be found online at www.tandfonline.com/umcm.
� 2019 Taylor & Francis Group, LLC

MECHANICS OF ADVANCED MATERIALS AND STRUCTURES
https://doi.org/10.1080/15376494.2018.1549297



However, it has recently been demonstrated that even large
inductances can be obtained by simply winding a copper
wire around a magnetic core [10], which substantially
improves the feasibility of genuine passive shunts [11]. The
present work concerns pure passive vibration control, in
which case the attainable damping is governed by the mag-
nitude of the transducer capacitance with the magnitude of
the EMCC as a limiting factor in the design of the trans-
ducer and the corresponding shunt tuning procedure.

In the present work, a recently proposed shunt tuning
method, based on the effective EMCC, is implemented in the
commercial finite element (FE) code ANSYSVR [12]. Correction
terms, that represent the interaction with nonresonant modes,
are consistently derived from the natural frequencies obtained
by the three eigenvalue problems associated with piezoelectric
SC and OC electrodes and a pure inductive shunt. However, as
demonstrated in [13], the solution for the pure inductive shunt
is only needed when the effective EMCC is almost vanishing
because of a very indirect location of the transducer(s).
Therefore, in most practical problems, the tuning formulae only
rely on the two natural frequencies from the SC and OC limits
and a modal charge that appears as a supplemental reaction
force associated with SC electrodes. This tuning procedure is
simply and very directly implemented in a commercial FE
code. The present tuning method is implemented in ANSYSVR ,
which supports three-dimensional (3D) coupled analysis of elec-
tromechanical structures, previously used for the assessment of
both 2D and 3D evaluations of the effective EMCCs [14].
Furthermore, a full 3D analysis of a CD-ROM drive base with
shunted piezoelectric patches has previously been analyzed in
ANSYSVR [15], while the possibility of exporting system matrices
and vectors has been further utilized in [16] to determine opti-
mal shunt calibration and in [17] for optimal patch positioning
by optimization functions written in Matlab. Presently, the
implementation of the new shunt calibration method in
ANSYSVR is used to perform full 3D analysis of a benchmark
problem concerning a simply supported plate presented in [6]
with a single pair of piezoceramic patches and subsequently
with multiple pairs placed symmetrically with respect to the tar-
geted vibration forms. The aim of the paper is to introduce an
adapted calibration procedure that is suitable for use and imple-
mentation in commercial FE software and consistently incorpo-
rates the effective EMCC to accurately represent the effects
from nonresonant modes in a flexible structure.

2. FE formulation

This section is devoted to the notations and general struc-
ture of commercial codes with electromechanical packages,
such as the ANSYSVR 3D FE model, and is presented to clar-
ify and support the theory behind the proposed shunt cali-
bration procedure in [6] based on a consistent use of the
effective EMCC.

2.1. Constitutive equations

The constitutive relations for piezoelectric materials can be
written in four different forms, depending on the choice of

independent variables. The most commonly implemented
form in commercial software, such as ANSYSVR , is the so-
called e-form,

Tf g ¼ CE½ � Sf g� e½ � Ef g (1)

Df g ¼ e½ �t Sf gþ �S½ � Ef g (2)

where superscript t denotes the transpose operation. For a
full 3D representation, the six engineering stresses in fTg
and three electric displacements in fDg are expressed in
terms of the energy conjugated strains in fSg and electric
fields in fEg through the SC elastic stiffness matrix ½CE�,
piezoelectric (stress) coupling coefficients matrix ½e�, and
dielectric blocked constants matrix ½�S�. Details about the
coupled constitutive relations in Eqs. (1) and (2) can be
found in [14].

2.2. Eigenvalue equations

In the following, mechanically unloaded harmonic vibrations
are considered by implying general harmonic solutions of
the form f:::g ¼ f:::geixt , where x is the representative
angular frequency when t represents time. Thus, the vari-
ational formulation for the combined electromechanical
structure can be written asð

X
dSf gt Tf gdX�x2

ð
X

duf gtq uf gdX�
ð
X

dEf gt Df gdX

¼
ð
Cq

d/qdCq (3)

where the d indicates the variational function. In Eq. (3), q
denotes the material mass density, / the electric potential, q
the corresponding surface charge density, X the material
volume, and Cq the area of the electrode where the charge q
is applied or measured.

Upon substitution of the constitutive relations in Eqs. (1)
and (2) into the variational equation (3), the stresses fTg and
electric displacements fDg no longer appear explicitly in the
variational equation (3). In the coupled FE formulation, the
3D displacements in the vector {u} are then approximated by
their nodal displacements in {U} via appropriate shape func-
tions, while a similar interpolation is used to represent the
electric potential / by the corresponding nodal values in fug.
The corresponding mechanical strains in fSg and electric fields
in fEg are then obtained by consistent differentiation of the
shape functions associated with {U} and fug, respectively. In
the discrete representation by the nodal degrees of freedom
(dofs), the variational equation (3) contains two coupled equa-
tions with system matrices obtained by performing the volume
integration over X on the left-hand side of Eq. (3) and the
integral across the electrode area Cq on the right-hand side.
Hereby, the discrete vibrational problem can be represented by
this coupled set of equations
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where ½KE
U �; ½KE

Uu�, and ½K�S

u � contain the stiffness components
associated with the mechanical displacements, electromechan-
ical coupling, and electric potentials, while M contains the
physical mass associated with the vibrational inertia of the host
structure and piezoelectric patches. Finally, the vector fQug
contains the applied electric charges from, for example, an
external power source or a supplemental shunt.

When modeling a piezoelectric patch in an FE code,
some dofs constitute the patch electrode, while other dofs
describe the pure electromechanical material. A continuous
electrode distributed on the patch is represented by a scalar
electric potential via an equipotential condition, which in
the present case is introduced for thin piezoceramic patches
with two in-plane electrodes. In the case of a single patch or
a single system of connected patches, only a single electric
potential dof remains unconstrained once a non-wired
(interface) electrode is grounded. Appendix A presents the
extension to several independent pairs of symmetrically
placed piezoceramic patches. When introducing the equi-
potential condition, the discrete vibrational problem (Eq. 4)
can be decomposed into
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While ½�KE
Uu� and ½�K �S

u � contain contributions associated
with the electric potential dofs that are not part of an electrode,
the coupling matrix fKE

UVg represents the apparent stiffness
associated with the dofs representing the patch electrode and
C�

S

p is the effective capacitance of the single network of piezo-
ceramic patches. Thus, the electric potential on the
ungrounded non-wired electrode defines the difference in elec-
tric potential or voltage V, while Q is the corresponding
charge. Finally, fK�S

uVg describes the coupling between the
non-electroded and the electroded dofs. The vibrational prob-
lem (Eq. 5) may therefore be written in the collapsed format

KE kEme

kEme

� 	t ��C�S

p

" #
� x2 M 0

0 0

� � !
U
V

� �
¼ 0
�Q

� �
(6)

obtained by eliminating fug from the second set of equa-
tions in Eq. (5). Hereby, the resulting system matrices and
resulting modified capacitance follow as:

KE½ � ¼ KE
U


 �
þ �KE

Uu

h i
�K �S

u

h i�1
�KE
Uu

h it
;

�C�S

p ¼ C�
S

p � K�S

uV

n ot
�K �S

u

h i�1
K�S

uV

n o
(7)

while the coupling between the mechanical and electric
domains is computed as

kEme

� 
¼ KE

UV

� 
� �KE

Uu

h i
�K �S

u

h i�1
K�S

uV

n o
(8)

It is found that the compact form of the equations of
motion in Eq. (6) is equivalent to the system previously
derived in [6] with a slightly different notations for the elec-
tromechanical coupling.

3. Electromechanical coupling coefficients

The vibrational problem (Eq. 6) constitutes the governing
equation used in the subsequent analysis and derivations, in
which the mechanical and electric stiffnesses are governed
by the stiffness matrix ½KE� and the resulting capacitance in
Eq. (7), while the coupling between the system of mechan-
ical equations and the single electric equation is governed by
the electromechanical coupling vector fkEmeg in Eq. (8). For
a specific vibration mode of the structure, the magnitude of
the electromechanical coupling is conveniently represented
by the effective EMCC, basically describing the modal ratio
between electrical and mechanical stiffnesses. In this section,
the effective EMCC and its quasi-static approximation are
derived and then subsequently used to calibrate resonant RL
shunt circuits for optimal piezoelectric vibration damping.

3.1. Effective EMCC

The effective EMCC may be defined as the rate of converted
energy by the piezoelectric material and therefore described
by the difference between the modal strain energies associ-
ated with SC and OC patch electrodes. The modal strain
energies are proportional to the eigenvalues from the SC
and OC eigenvalue problems [14], obtained from Eq. (6)
with V¼ 0 and Q¼ 0, respectively. For vanishing voltage,
the SC eigenvalue problem can be directly written as

KE½ � � x2
j M½ �

� �
Uf gj ¼ 0f g (9)

for a particular vibration mode j with circular frequency xj.
In the SC limit, the bottom equation in Eq. (6) provides the
(sensed) modal charge

Qj ¼ � kEme

� t
Uf gj (10)

as a reaction force securing V¼ 0. This modal charge is eas-
ily extracted from a FE solution and therefore conveniently
used to determine the effective EMCC. The SC eigenvalue
problem (Eq. 9) conveniently constitutes the foundation of a
dynamic analysis, with the mode shape vectors fUgj nor-
malized to unit modal mass,

Uf gtj M½ � Uf gj ¼ 1; Uf gtj KE½ � Uf gj ¼ x2
j (11)

while x2
j then determines the corresponding modal stiffness.

The opposite OC eigenvalue problem follows from Eq.
(6) for vanishing charge (Q¼ 0), conveniently formulated as

KE½ �þ 1

�C�S

p

kEme

� 
kEme

� t�x̂2
j M½ �

 !
Ûf gj ¼ 0f g (12)

to secure a nonvanishing determinant of the resulting mass
matrix. In the corresponding stiffness matrix, the SC contri-
bution ½KE� is then increased by the quadratic projection of
the coupling vector fkEmeg on the modified capacitance �C�S

p
such that the OC circular frequency x̂j � xj. In the following
the ð^Þ-symbol denotes solutions for the OC configuration.

The calibration procedure is derived for a specific target
mode j¼ r with circular SC and OC frequencies xr and x̂r,
respectively. The effective EMCC for this mode is referred
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to as j2e , representing the ability to convert between mech-
anical and electrical energy and therefore the damping
attainable by the supplemental shunt. The effective EMCC is
presently defined by the relative difference between the SC
and OC circular frequencies squared,

j2e ¼
x̂2

r�x2
r

x2
r

(13)

Pre-multiplying Eq. (9) with fÛgtr and oppositely Eq.
(12) with fUgtr, the terms involving ½KE� may be eliminated
so that the effective EMCC for the target mode r can be
expressed as

j2e ¼
Uf gtr kEme

� 
kEme

� t
Ûf gr

x2
r
�C�S

p Uf gtr M½ � Ûf gr
(14)

A simpler expression is obtained by assuming
fÛgr ’ fUgr, which is commonly used in the literature [9].
Thus, the effective EMCC can be estimated as

j20 ¼
Q2

r

x2
r
�C�S

p

(15)

whereby evaluation of the OC eigenvalue problem in Eq.
(12) can be avoided.

3.2. Quasi-static EMCC

The approximation in Eq. (15) of the effective EMCC in Eq.
(13) has in [6] been demonstrated to be rather imprecise for
flexible host structures. However, a more accurate approxi-
mation can quite simply be obtained by considering two
static problems associated with SC and OC patch electrodes,
obtained from Eq. (6) when ½M� ¼ ½0� and a mechanical
load {f} is applied. As for the approximative solution in Eq.
(15), this quasi-static approach avoids solving the OC eigen-
value problem in Eq. (12). When applying any external load
to the electromechanical structure with SC patch electrodes
the quasi-static solution to the measured charge is found as

Qs ¼ � kEme

� t
KE½ ��1 ff g (16)

with subscript s referring to a sufficiently static limit where
the inertia can be neglected. As the same external load {f} is
applied to the structure with OC electrodes, the deflection is
slightly altered due to the electromechanical stiffening. This
gives the following solution for the difference in electric
potential between the patch electrodes for the quasi-static
behavior,

Vs ¼
kEme

� t
KE½ ��1=�C�S

p

1þ kEme

� t KE½ ��1 kEme

� 
=�C�S

p

ff g (17)

Note that the inverse of the SC stiffness matrix is
obtained explicitly by the Sherman–Morrison relation
[18]. Both the quasi-static solution to the measured
charge Qs and the difference in electric potential Vs are
easily accessible reaction and response outputs in any
electromechanical FE analysis, from which the quasi-
static capacitance of the piezoceramic patches can be
evaluated as

Cs ¼ �
Qs

Vs
¼ �C�S

p þ kEme

� t
KE½ ��1 kEme

� 
(18)

This quasi-static capacitance Cs is more precise than the
modified capacitance �C�S

p since it includes the (static) inter-
action with the specific host structure by the last term in Eq.
(18). This further implies an improved approximation of the
effective EMCC (j2e ’ j2s ) by an expression similar to Eq. (15)

j2s ¼
Q2

r

Csx2
r

(19)

where �C�S

p has been replaced by Cs. The use of the quasi-
static EMCC in Eq. (19) might be a suitable alternative in
both practical applications and experiments when the SC
and OC natural frequencies are almost indistinguishable.
Furthermore, for large and complex FE models this method
may require less computational effort than solving the
dynamic eigenvalue problems.

4. Modal reduced equations

A reduced-order model for the vibrating structure is effect-
ively introduced by a modal representation in terms of the
most energetic vibration form. In this section, the represen-
tative modal equations are derived in order to obtain an
accurate shunt tuning method that is suitable for implemen-
tation in a commercial FE-software. The structural part of
Eq. (6) is effectively described by the mode shapes fUgj
from the SC limit, collected as columns in the modal matrix
½U�. Hereby, the structural response {U} in Eq. (6) can be
represented as

Uf g ¼ U½ � vf g (20)

where the vector {v} contains the modal coordinates. When
substituting Eq. (20) into Eq. (6) and then pre-multiplying
the structural equation with the vibration form fUgtr of the
resonant mode j¼ r, the coupled set of modal equations can
be written as

x2
r�x2

� 	
vr ¼ QrV (21)

�C�S

p V�Q ¼ � Qf gt vf g (22)

where the vector fQgt ¼ hQ1;Q2:::i contains the modal
sensed charges Qj defined in Eq. (10). Thus, the right-hand
side of Eq. (22) contains contribution from both the reson-
ant mode through the modal charge Qr as well as residual
contributions from the nonresonant modes due to the non-
vanishing Qj for j 6¼ r. The residual terms (j 6¼ r) are now
represented by two supplemental terms that are proportional
to the electrical forcing V and describe corrections to the
system impedances. Thus, the right-hand side of Eq. (22) is
approximated as

Qf gt vf g ¼ Qrvrþ C0r�
1

x2L0r

� �
V (23)

where C0r and L0r are artificial capacitance and inductance,
respectively, taking into account the influence from the non-
resonant structural modes (j 6¼ r). The two correction terms
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can be calculated explicitly and elegantly based on the sys-
tem matrices [5]. However, next, the correction terms are
instead calibrated by solving three eigenvalue problems asso-
ciated with SC and OC patch electrodes and a pure induct-
ive shunt with an optimally tuned inductance from the
preferred calibration formulae without residual mode correc-
tions. Elimination of Qrvr between Eqs. (21)–(23) gives the
governing equation

�C�S

p þC0r�
1

x2L0r

� �
x2

r�x2
� 	

þQ2
r

� �
V ¼ Q x2

r�x2
� 	

(24)

where the relation between charge Q and voltage V depends
on the particular shunt impedance.

4.1. SC and OC electrodes

The SC condition corresponds to V¼ 0, in which case the
nontrivial solution to Eq. (24) is readily obtained as
x ¼ xr, exactly recovering the solution to the SC eigen-
value problem in Eq. (9). The corresponding OC condi-
tion follows when Q¼ 0 and the associated circular
frequency x̂r may be obtained numerically from Eq. (12)
or experimentally by measurements. The relative differ-
ence between the SC and OC frequencies defines the
effective EMCC by the relation in Eq. (13). Thus, substi-
tuting the OC frequency x ¼ x̂r into Eq. (24) and then
imposing Q¼ 0, the former becomes

Cr�
1

x̂2
r L
0
r

� �
x2

r�x̂
2
r

� 	
þQ2

r

� �
V ¼ 0 (25)

after introducing

Cr ¼ �C�S

p þC0r (26)

as a modal capacitance, modified by the quasi-static correc-
tion term C0r introduced in Eq. (23).

Solving for nontrivial solutions with V 6¼ 0, the prob-
lem in Eq. (25) constitutes a quadratic equation in x̂2

r .
The effective EMCC j2e can thereby be obtained from the
solution to this quadratic equation, see details in
Appendix B, as

j2e ¼
x̂2

r�x2
r

x2
r
¼ j2rþ

1
2

1þj2r�k
0
rj

2
r
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0
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0
B@

1
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(27)

in which the inertia correction from the residual modes is
represented by

k0r ¼
1

Q2
r L
0
r

(28)

while the flexibility correction in Cr is contained in a modi-
fied EMCC (see Eqs. (15) and (26))

j2r ¼
Q2

r

Crx2
r

(29)

It follows from Eq. (27) that for vanishing inertia correc-
tion from the residual modes (k0r ¼ 0), the modified EMCC
is j2r ¼ j2e . And if furthermore the flexibility correction is

ignored (C0r ¼ 0), the modal capacitance Cr ¼ �C�S

p and the
EMCC j2e ¼ j20 from Eq. (15).

An improved estimate is achieved for finite k0r � 1,
whereby a Taylor expansion of first order can be applied on
the square root in Eq. (27). This gives

j2e ¼ j2r
1þj2r

1þ j2r � k0rj
2
r

¼ Q2
r

CLx2
r

(30)

where the latter equality defines an actual modal capacitance
CL of the piezoelectric patches around the targeted reson-
ance j¼ r,

CL ¼ Cr 1� k0rj
2
r

1þ j2r

 !
(31)

It is found that for vanishing k0r the inertia reduced cap-
acitance Cr recovers the actual capacitance CL associated
with j2e .

It follows from Eq. (30) that the effective EMCC is the
ratio between the apparent electrical absorber stiffness
Q2

r=CL and the modal stiffness x2
r . The expression in Eq.

(30) can furthermore be used to determine the artificial
inductance L0r as

1
1þ j2r
� 	

x2
r L
0
r

¼ 1� j2r
j2e

 !
Q2

r

j2rx
2
r

(32)

using Eqs. (28) and (31). By elimination of L0r, using Eqs.
(32), (26), and (29), the governing modal equation (24) can
be expressed as

x2

x2
r
� 1þ j2r
� 	

1� j2r
j2e

 !" #
1� x2

x2
r

 !
þ j2r

x2

x2
r

( )
V

¼ Q
Q2

r
j2rx

2 1�x2

x2
r

 !
(33)

containing both the effective EMCC j2e and the modified
EMCC j2r .

As mentioned above, a simplified representation can be
obtained by assuming that L0r !1, whereby the last (iner-
tia) correction term in Eq. (23) vanishes, leaving only the
former flexibility term proportional to C0r. For this approxi-
mation, it follows directly from Eq. (27) that j2r ¼ j2e ,
obtained directly from Eq. (13). The validity and accuracy of
j2r ¼ j2e is verified by the numerical results obtained in
Section 7 and the tuning formulae presented in Section 5
which are therefore expressed directly in terms of j2e .
However, for a non-negligible residual mode inertance, rep-
resented by L0r, a supplemental condition is then needed to
separate the individual correction effects from C0r and L0r.
This separation is conveniently achieved by introducing a
pure inductive (L) shunt that creates a supplemental reson-
ance. For completeness, this improved L-shunt calibration is
now summarized, although its influence is limited for most
flexible structures, as illustrated in [6].
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4.2. Pure L-shunt

In the OC limit, the effective EMCC j2e in Eq. (27) or Eq.
(30) depends on both the flexibility correcting capacitance
C0r in j2r and the inertia correcting inductance L0r in k0r. In
order to distinguish these two nonresonant modal correc-
tions, a supplemental condition must be introduced. By
introducing a pure inductive (L) shunt, an expression for j2r
can be determined by solving the corresponding quadratic
characteristic equation, as detailed subsequently.

For a pure L-shunt, the impedance relation between
charge and voltage can be written as

V ¼ x2LQ (34)

Hereby, the charge Q can be eliminated, after using Eq.
(34), in Eq. (33), whereby the characteristic equation associ-
ated with V 6¼ 0 can be written as

x
xr

� �4

� 1þj2rþ 1þj2r
� 	

1�j2r
j2e

 !
þkrj2r

" #
x
xr

� �2

þ 1þj2r
� 	

1� j2r
j2e

 !
þkrj2r ¼ 0 (35)

representing the shunt inductance L in normalized form as

kr ¼
1

Q2
r L

(36)

similar to Eq. (28) for the correction inductance L0r. It is noted
that the form of kr in Eq. (36) is due to the present normaliza-
tion of the SC mode shapes to unit modal masses in Eq. (11).

Because of the inclusion of the inductance L, the quadratic
characteristic equation (35) governs two roots x2

� and x2
þ,

with the corresponding circular frequencies x� and xþ being
smaller and larger than the SC circular frequency xr, respect-
ively. The two circular frequencies associated with the L-shunt
can be found experimentally or numerically by solving the
eigenvalue problem Eq. (6) with Q eliminated by Eq. (34),

KE kEme
0 1

� �
� x2 M 0

� kEme

� 	t
L �C�S

p L

" # !
U

V=L

� �
¼ 0

0

� �

(37)

The product of the two roots must be equal to the con-
stant term in (35), which gives the condition

xþ
xr

� �2 x�
xr

� �2

¼ k�rj
2
r (38)

where

k�r ¼
1þj2r
j2r

1� j2r
j2e

 !
þkr (39)

represents the j2r factored out constant term in the charac-
teristic equation Eq. (35). It may be noted, considering the
first relation of Eq. (30), that k�r ¼ k0rþkr represents the
combined inductance from shunt, Eq. (36) and residual
modes Eq. (28).

The sum of roots must further equal the coefficient to the
linear term in Eq. (35) with opposite sign, which results in

xþ
xr

� �2

þ x�
xr

� �2

¼ 1þj2r 1þk�r
� 	

(40)

Subtracting Eq. (38) from Eq. (40) gives the modified
EMCC as

Figure 2. Root-Locus diagram for (a) parallel Eq. (46) and (b) series Eq. (52) shunt circuits.

Figure 1. (a) Parallel and (b) series shunted piezoceramic patch with inherent capacitance Crp .
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j2r ¼ 1�x2
�

x2
r

 !
x2
þ

x2
r
�1

 !
(41)

Once j2r is determined, the modal capacitance Cr is
obtained from Eq. (29), whereby the quasi-static correction
capacitance C0r subsequently follows from Eq. (26) after
using Eq. (15), as

C0r ¼ Cr��C�S

p ¼ 1�j2r
j20

 !
Q2

r

j2rx
2
r

(42)

The corresponding inductive correction term L0r is deter-
mined by the previously derived expression in Eq. (32).

The introduction of the pure L-shunt enables the individ-
ual determination of the two correction terms in Eq. (23)
with the artificial modal capacitance C0r and inductance L0r.
However, in the following, the modified EMCC j2r is
replaced by the effective EMCC j2e , which is readily available
from an FE analysis when using the definition in Eq. (14).
As demonstrated in the present section, this estimate of j2e
is valid for vanishing k0r.

5. Resonant shunt tuning

The resonant shunt circuit consists of an inductance L and a
resistance R connected either in parallel or in series, as
shown in Figure 1. For both circuit connections, the charge
Q on the right-hand side of Eq. (33) can be eliminated by
the generalized Ohm’s law

V ¼ �ixZsh xð ÞQ (43)

where ZshðxÞ is the impedance of the supplemental shunt.
Upon elimination, by Eq. (43), of Q in Eq. (33), the cor-

responding characteristic equation can be written as

x2

x2
r
� 1þ j2r
� 	

1� j2r
j2e

 !
� ix

1
Zsh xð ÞQ2

r
j2r

" #
1� x2

x2
r

 !

þj2r
x2

x2
r
¼ 0 (44)

Next, the calibration principle for the parallel and series
RL resonant shunt circuits are considered, in which the tun-
ing expressions are subsequently simplified by assum-
ing j2r ’ j2e .

5.1. Parallel shunt circuit

The schematics of a parallel shunted piezoceramic patch is
shown in Figure 1(a). Because of its inductive property it
operates as a vibration absorber on the host structure and
details about its equivalent mechanical properties are pro-
vided in [1]. The impedance ZshðxÞ is for the parallel shunt
circuit given as

1
Zsh xð Þ ¼

1
R
þ 1
ixL

(45)

and, by substituting the latter into Eq. (44), the characteris-
tic equation can be written as

x
xr

� �4

� 1þj2rþk�rj2r
� 	 x

xr

� �2

þk�rj2rþi
x
xr

� �
qprj

2
rxr 1� x

xr

� �2
" #

¼ 0 (46)

where the electric damping parameter (superscript p refers
to parallel)

qpr ¼
1

RQ2
r

(47)

is inversely proportional to the shunt resistance R.
Furthermore, the shunt inductance L is contained in k�r as
defined in Eq. (39), with the normalized shunt inductance kr
introduced in Eq. (36).

When introducing the estimate j2r ’ j2e , the characteristic
equation (46) reduces to

x
xr

� �4

� 1þj2eþkrj2r
� 	 x

xr

� �2

þkrj2e

þi x
xr

� �
qprj

2
exr 1� x

xr

� �2
" #

¼ 0 (48)

where kr then directly replaces k�r from Eq. (39). In the fol-
lowing Eq. (48) constitutes the basis of the shunt tuning.

Initially, the tuning of the inductance L in kr must secure
that the electric shunt reacts properly in resonance with the
targeted mode j¼ r. For this, the principle of equal modal
damping is applied; initially, the latter was introduced for the
mechanical tuned mass damper in [19] and subsequently pro-
posed for pole placement calibration of a resonant series RL
shunt [1]. The principle states that the two complex roots
must meet at a bifurcation point, whereby they have equal
damping up to the point of bifurcation because the roots fol-
low semicircular trajectories for increasing qpr . It, furthermore,
implies that equal damping can be secured for a pure L-shunt
in the limit qpr ! 0, at which the real-valued roots x� and
xþ must be inverse points with respect to the circular fre-
quency xr in the opposite (SC) limit qpr !1. For qpr ! 0,
the characteristic equation (46) recovers Eq. (35) for the pure
L-shunt. The inverse point condition can therefore be directly
represented by the relation krj2e ¼ 1, see Eq. (48). Hereby, the
inductance calibration follows readily from Eq. (36) as

L ¼ j2e
Q2

r
(49)

It is important to observe that the optimal inductance is
given by the effective EMCC j2e relative to the square of the
modal charge Qr in Eq. (10), obtained directly from an FE
analysis as a reaction force associated with the SC eigenvalue
problem.

Table 1. Tuning procedure based on the effective EMCC for parallel and series
shunt circuits with j2r ’ j2e .

Parallel Series

L ¼ j2e
Q2
r
; R ¼ j2exr

Q2
r

ffiffiffiffiffiffiffi
1
2j2e

s
L ¼ j2e

Q2
r ð1þj2eÞ

2 ; R ¼ j2exr

Q2
r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2j2e
ð1þj2eÞ

3

s
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In Figure 2(a), the blue trajectories represent the path of
the complex roots in the first quadrant, obtained by solving
the characteristic equation (46) with respect to qpr as gain.
For infinite resistance (qpr ! 0), the roots recover x� and
xþ below and above xr. When increasing qpr (or decreasing
the resistance), the two roots move into the complex plane
along semicircular paths until they meet at the bifurcation
point, hereafter one root becomes heavily damped when
approaching the imaginary axis along a quarter circle, while
the other root becomes undamped when terminating at the
SC solution xr for qpr !1. Thus, the reference frequency
for the parallel RL shunt is associated with the SC
configuration.

The shunt resistance is now tuned to secure a reasonably
flat plateau in the frequency response curve. Several expres-
sions have been proposed for this calibration [3], [4], and
[8] and in the present case the resistance tuning in [1], [13],
[19], and [20]. By comparing the generic equation (33) in
[20] with the characteristic equation (48), this gives the opti-
mum resistance tuning as

R ¼ j2exr

Q2
r

ffiffiffiffiffiffiffi
1
2j2e

s
(50)

when the approximation j2r ’ j2e has been introduced. The
tuning in Eq. (50) provides a reasonable compromise
between large modal damping and effective response mitiga-
tion, and furthermore it gives a flat plateau in the amplitude
curve for the shunt loading V. The complex roots obtained
by Eq. (50) are indicated by the red crosses in Figure 2(a).

As demonstrated in [13], it is numerically advantageous
and, for most actual problems, sufficiently accurate to base
the tuning of the resistance on the effective EMCC, whereby
j2r ’ j2e is used in the calibration formulae for both L and
R. Thus, the subsequent implementation of the shunt tuning

method only involves the use of modal parameters xr, Qr

and j2e for the SC and OC configurations, while avoiding
the pure L-shunt and its supplemental eigenvalue problem
in Eq. (37). The tuning formulae for the parallel shunt are
summarized in Table 1.

5.2. Series shunt circuit

The series shunted piezoceramic patch is shown in Figure
2(b). This configuration implies that the residual mode cor-
rections and shunt components are not additive, whereby
optimal calibration is associated with an iterative procedure,
unless the assumption j2r ’ j2e is conveniently introduced,
as demonstrated subsequently.

The series shunt impedance is introduced as

Zsh xð Þ ¼ RþixL (51)

whereby substitution into Eq. (44) gives this characteristic
equation (see Appendix C for its derivation)

x
x̂r

� �4

� 1þj2r
1þ j2e

þ k�rj
2
r

1þ j2e

 !
x
x̂r

� �2

þ k�rj
2
r

1þj2e
� 	2þi x

x̂r

� �
qsr

kr
x̂r

1þj2r
1þ j2e

� x
x̂r

� �2

þ 1þj2r
1þ j2e

1� j2r
j2e

 !
xr

x

� �2

� 1

" #8<
:

9=
; ¼ 0

(52)

conveniently given in terms of the OC frequency x̂r and
introduction of an electric damping parameter (superscript s
refers to series)

qsr ¼ RQ2
r (53)

that becomes proportional to the shunt resistance R.
In Eq. (52), the characteristic equation is actually quintic,

due to the presence of the frequency ratio x2
r=x

2 in the final

Figure 3. Flow chart illustrating ANSYSV
R

implementation of the proposed optimum shunt tuning procedure.
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term. However, by applying the estimate j2r ’ j2e the last
term inside the latter curled brackets vanishes and Eq. (52)
reduces, after Eq. (39), to

x
x̂r

� �4

� 1þ krj2e
1þ j2e

 !
x
x̂r

� �2

þ krj2e
1þj2e
� 	2

þi x
x̂r

� �
qsr

kr
x̂r

1� x
x̂r

� �2
" #

¼ 0 (54)

For this reduced equation, the desired inverse point rela-
tion is secured by krj2e ¼ ð1þj2eÞ

2, corresponding to the
roots x� and xþ for vanishing qsr being inverse points with
respect to the OC natural frequency x̂r. The optimal induct-
ance is then determined from Eq. (36) as

L ¼ j2e
Q2

r 1þj2e
� 	2 (55)

For the inductance tuning in Eq. (55), the complex roots
obtained by solving Eq. (52) are plotted in Figure 2(b) for
increasing qsr . The root locus diagram verifies that x� and
xþ are in fact inverse points on the real axis with respect to
x̂r, whereby the OC natural frequency is the apparent refer-
ence frequency for the series RL shunt, as also observed
by [11].

It can be seen from Figure 2(b) that the roots to Eq. (52)
approximately follow a semicircle in the complex plane up to a
bifurcation point. However, due to the approximations associ-
ated with the inverse point relation, the bifurcation point is not
perfectly met. The optimal resistance tuning indicated by red
crosses in Figure 2(b) is again found by the balanced calibration
devised in [20] by comparing its generic equation (33) with Eq.
(54), which results in the resistance formula

R ¼ j2ex̂r

Q2
r 1þj2e
� 	2

ffiffiffiffiffiffiffi
2j2e

q
¼ j2exr

Q2
r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2j2e

1þj2e
� 	3

s
(56)

expressed in terms of j2r ’ j2e . Thus, the optimum piezo-
electric shunt tuning for both the parallel and series RL
shunts are now consistently derived with respect to the SC
modal charge Qr, the SC circular frequency xr and the
effective EMCC j2e obtained by the classical expression in
Eq. (13). The calibration formulae used in the following
numerical analysis are summarized in the second column of
Table 1 for the series shunt connection.

6. Numerical implementation in ANSYSVR

The modeling of the electromechanical structure in
ANSYSVR , evaluations of the SC and OC eigenvalue problems
and implementation of the proposed shunt tuning method

are summarized in the flow-chart shown in Figure 3, and
briefly explained in the following. Initially, “Structural” and
“Electrical” analyses have to be chosen. The first step then
follows by defining the geometry, material properties, elem-
ent types and mesh partitions of the analyzed electromech-
anical structure. In the present work, SOLID186 and
SOLID226 3D 20 node elements are used for the discret-
ization of the host structure and piezoceramic patch(es),
respectively. Next, the boundary conditions and equipoten-
tial (EP) conditions for all continuous electrodes are
imposed to the discretized model. For each continuous elec-
trode, the EP condition is defined in a master node which is
saved for later use. In the second step, zero electric potential
is applied to the master nodes to obtain SC piezoceramic
patch(es). A modal analysis is then conducted to determine
the targeted SC resonant frequency xr and modal charge Qr,
with the latter being a reaction force of the modal analysis.
The third step deletes the zero electric potential constraint
on one of the master nodes to obtain OC piezoceramic
patch(es). A modal analysis is then conducted to determine
the target OC resonant frequency x̂2

r . The fourth step then
determines the effective EMCC j2e using Eq. (13), whereby
the optimum inductance and resistance values can be deter-
mined according to Table 1 for either the parallel or series
shunt circuit. The fifth and final step implements the opti-
mum inductance and resistance between the grounded and
ungrounded master nodes according to the patch(es) con-
nection and polarization directions, see [6]. The inductance
and resistance are implemented using CIRCU94 elements
with specific key options and real constants. The shunt tun-
ing can then be validated by performing a harmonic analysis
around the target resonant frequency.

If the alternative tuning method based on the quasi-static
EMCC j2s is preferred, the evaluation of the OC eigenvalue
problem can be omitted, while two static problems associ-
ated with SC and OC patch electrodes must instead be
solved. Finally, for single mode tuning with the effective
EMCC approximated by the modal EMCC j20 in Eq. (15),
the resulting modified capacitance is determined by Eq.
(7b). In the following the performance of these three tuning
methods are analyzed for the smart plate benchmark [6]
with either a single pair or four pairs of piezocer-
amic patches.

7. Benchmark examples

In the present section, the smart plate benchmark analyzed
in [6] is modeled with 3D FEs in ANSYSVR with the aim of
determining the optimum parallel and series shunt tuning
and demonstrate the simplicity of the proposed tuning

Table 2. Dimensions of simply supported plate with a single pair of piezoceramic patches.

Plate Center patch Piezoceramic PZT 5H

Dimensions Density Young’s modulus Poisson’s ratio x,y Dimensions
lx � ly � t [mm3] [kg/m3] [GPa] [–] [mm] lpx � lpy � tp [mm3]

414� 314� 1 2700 70 0.33
13
28

lx ;
15
28

ly 82:8� 62:8� 0:5
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method based on xr, Qr and j2e . Details about the dimen-
sions of the simply supported plate and the single pair of
pieceramic patches as well as the location of the latter are
provided in Table 2, along with the material properties of
the plate. In the present work, it is chosen to use the piezo-
ceramic material PZT 5H, for which the material properties
can be accessed through the “eFunda portal” [21].

7.1. Simply supported plate with a single pair
of patches

The first example concerns optimum shunt tuning to the first
eight vibration modes of the simply supported plate described in
[6] with a single pair of piezoceramic patches. Initially, a short
convergence study is carried out in order to justify the chosen
discretization. It is first of all noted that increasing the number
of elements in thickness direction only slightly alters the numer-
ical results. The convergence study is thus carried out for an
increasing number of elements along the two in-plane axes. The
convergence of the squared SC and OC frequencies and effective
EMCC for three of the first eight vibration modes is shown in
Figure 4. The three modes 1, 4, and 7 are of particular interest
because they possess significant electromechanical coupling, as
indicated by large j2e in the following. The relative errors are
obtained by comparing the approximate (approx.) results to the
reference (ref) ones obtained with a very fine mesh consisting of
23,104 elements and 633,064 dofs.

It can be seen from Figure 4(a) that the squared SC and
OC frequencies converge rapidly and have relative errors below
1% (dashed black line) when using a model with approxi-
mately 104 dofs. Furthermore, a nearly linear tendency of the
convergence on the double logarithmic scale can be observed,
indicating quadratic convergence. From Figure 4(b) it can be
seen that the convergence of the squared effective EMCC is
slower than that for the SC and OC frequencies. This is
because j2e is determined as the relative difference between x̂2

r
and x2

r , where the SC frequency simply converges faster than
the OC one. It is seen that the relative error on the effective
EMCC is around 1% (dashed black line) when using a model
with approximately 1:5� 105 dofs. This discretization is there-
fore used in the present analysis. The relative error on the
effective EMCC for the remaining five vibration modes might
be larger since the convergence rate is proportional to the
magnitude of j2e , as demonstrated in [14].

The first eight vibration modes for the simply supported
plate with a single SC pair of piezoceramic patches are shown
in Figure 5, with the location of the patch pair indicated by
the black rectangle. It can be seen from Figure 5(a, d, g) that
the pair of piezoceramic patches is favorably positioned target-
ing vibration modes 1, 4 and 7, as their large curvatures over
the patch area give large in-plane patch deformation. For the
remaining five vibration modes, the pairs are positioned close
to nodal points, whereby the EP condition results in cancel-
ation of the charge across the patch area.

Figure 4. Convergence of (a) SC and OC frequencies and (b) effective EMCC for modes 1, 4 and 7, determined by RelðXÞ ¼ ðXapprox�Xref Þ=Xref .

Figure 5. Mode shapes of a simply supported plate with a single SC patch pair.
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Table 3 provides the SC and OC frequencies, the effective
EMCC, the normalized modal charge and the optimum par-
allel (p) and series (s) shunt tunings for modes 1 to 8. It can
be seen for the present piezoceramic patch design that
damping with the present patch pair location and dimen-
sions is attainable for modes 1, 4, and 7, denoted in bold
face in Table 3. The squared effective EMCCs are for these
three modes around 2%, yielding a damping ratio of

approximately f1;4;7 ¼
ffiffiffiffiffiffiffi
1
8 j

2
e

q
�5%, see [1]. It is seen that the

normalized modal charge Qr is seemingly proportional to
the level of attainable damping. Finally, it is noted in Table
3 that the parallel and series optimum inductances have the
same order of magnitude, while much lower resistance val-
ues are required for the series shunt configuration.

The tuning of the electronic components could as well have
been based on the quasi-static (Eq. 19) or the modal (Eq. 15)
EMCC, whereby evaluation of the OC eigenvalue is avoided.
For the quasi-static EMCC, the two static Eqs. (16) and (17)
must instead be computed, whereby the quasi-static capaci-
tance can be determined by Eq. (18). In the present example,
this is found to be Cs ¼ 554:6nF. The quasi-static EMCC j2s
then follows by multiplying the inverse of Cs with Q2

r=x
2
r in

Table 3. Using the single mode approximation, the resulting
modified capacitance �C�S

p can be determined by Eq. (7) by
mapping the corresponding entries in the system stiffness
matrix in ANSYSVR . However, mapping the correct entries in
the stiffness matrix is a heavy and rather complicated task in
ANSYSVR , which uses three different layers of ordering.
Therefore, it may be advantageous simply to solve the two
static problems, associated to Eqs. (16) and (17) in order to get
Qs and Vs, and to determine the quasi-static capacitance Cs. In
the present case, the resulting modified capacitance is found to
be �C�S

p ¼ 616:2nF, from which the modal EMCC j20 (Eq. 15)
follows by multiplication of its inverse with Q2

r=x
2
r in Table 3.

The performance of the tuning methods based on the
effective, quasi-static and modal EMCC is now analyzed by
considering the frequency response plot (FRP) around the
first and fourth resonant frequencies, which are shown in
Figure 6. It can be seen from Figure 6 that the tuning based
on the effective EMCC (solid line) gives an optimum
response around the resonant frequencies with a flat (unit)
plateau for the shunt voltage response. The latter is observed
when an idealized harmonic modal load is used for produc-
ing the FRP. This modal load is determined from the mass
matrix, the SC mode shape and the modal charge as
fFgr ¼ ½M�fUgrQr. The tuning based on the quasi-static
EMCC (dashed line in Figure 6) is also seen to perform

relatively well (with small deviations to the optimum shunt
tuning). However, the tuning based on the modal EMCC
(dashed-dotted line) is seen to be very poor in the given
example causing large dynamic amplification around the ori-
ginal SC resonance frequency. Hence, an accurate descrip-
tion of the electromechanical structure, accounting for the
nonresonant modes, is apparently of great importance as it
furthermore results in a relatively simple tuning procedure.

7.2. Simply supported plate with four pairs of patches

It may be of general interest to place piezoelectric patches at
decentralized location on the host structure, while maintaining
the same level of supplemental modal damping. This can be
realized by the application of several interacting piezoelectric
patches, which further may have the potential of increasing the
number of vibration modes with attainable damping, as inves-
tigated in the following for the simply supported plate. The
second example thus concerns the same simply supported plate
but with four pairs of piezoceramic patches placed symmetric-
ally in the quarter points of the plate. The pairs are only a
quarter of the size of the former single pair, whereby the pie-
zoceramic volume is unchanged. The aim of the present
example is to demonstrate the performance of the piezoelectric
shunt damping when having several patches and to investigate
the difference between having an individual patch and a net-
work of wired patches.

As in the first example, the first eight vibration modes
are exploited and shown in Figure 7 with the position of the
piezoceramic SC patches indicated by the black rectangles. It
can be seen from the mode shapes in Figure 7, compared to
those in Figure 5, that modes 4 and 5 have interchanged.
Also, the piezoceramic patches are in the present case seen
to alter the vibration modes less compared to the first
example, in particular for modes 7 and 8.

The SC and OC frequencies, effective EMCC, squared nor-
malized modal charge, and parallel (p) and series (s) shunt
tunings are now determined for the plate with four individu-
ally shunted pairs of patches and provided in Table 4. As the
pairs of patches are symmetrically (or anti-symmetrically) posi-
tioned with respect to the deformation pattern of the first eight
vibration modes, see Figure 7, the optimum tuning of each
pair of patches will be identical and determined according to
Appendix A. In Table 4, the provided modal charge and shunt
tunings are thus for a single patch pair. It can be seen from
Table 4 that damping is attainable for the first seven vibration
modes given in bold-face. This is a considerable improvement

Table 3. SC and OC frequencies, effective EMCC, normalized modal charge and optimum RL-shunt tunings, for simply supported plate with a pair of same poled
and parallel wired piezoceramic patches.

Mode (type) f [Hz] f̂ [Hz] j2e [%] Q2
r =x

2
r lð CsradÞ

2
h i

Lp [H] Rp [kX] Ls [H] Rs [kX]

1 (1,1) 35.89 36.22 1.86 1.013 36.03 42.16 34.73 1.523
2 (2,1) 80.73 80.77 0.10 0.054 7.071 80.96 7.057 0.159
3 (1,2) 111.9 112.0 0.12 0.066 3.604 52.32 3.592 0.122
4 (3,1) 154.7 156.5 2.30 1.252 1.943 8.810 1.857 0.392
5 (2,2) 165.7 165.7 0.02 0.008 1.999 1.115 1.998 0.038
6 (3,2) 230.6 230.7 0.04 0.027 0.744 37.31 0.744 0.031
7 (1,3) 242.3 244.8 2.01 1.067 0.814 6.176 0.782 0.241
8 (4,1) 252.3 252.3 0.00 0.000 0.976 24.17 0.976 0.010
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compared to the three modes with substantial damping in the
first example (Section 7.1). Vibration mode 8 is again seen to
have vanishing attainable damping since the patches locations
in Figure 7(h) are at nodal points. The effective EMCC is seen
to be lower for modes 1, 5 (4 in first example) and 7 com-
pared to the first example, which is therefore superior for these
specific modes. Furthermore, it is seen that the magnitude of
the optimum electronic components are considerably larger
compared to the tuning in the first example. This is mainly
due to the much lower modal charges caused by the smaller
individual patch volumes with less conversion into electrical
energy. However, this can be changed by connecting the four
pairs of patches to a single common shunt. This causes the
squared modal charges to increase by a factor sixteen, while
the optimum tuning values for the electronic components will
be a quarter of the values provided in Table 4. The attainable
damping will remain unchanged, since the SC and OC fre-
quencies and thus the effective EMCC are the same. However,

attention has to be paid to the connection of the four pairs of
patches as the particular configuration depends on the shape
of the vibration mode to be damped. For example, for the
first vibration mode, the interface (top and bottom) electrodes
and the inner electrodes should be connected, respectively,
and wired in parallel to the shunt circuit. This is because the
in-plane strains of all the patches have equal sign. However,
this is not the case for modes 2, 3, 4 and 6, for which the in-
plane strains have opposite signs. These signs, and thereby
the wiring of the four pairs of patches, can be determined by
considering the signs of the individual modal charges. For
instance, in mode 2, the modal charges of the two pairs of
patches to the left are positive while they are negative for the
pairs to the right, see Figure 7(b). This implies that the inter-
face electrodes of the left patch pairs should be connected to
the inner electrodes of the corresponding right patch pairs
and vice versa. When the wiring of the patches is done cor-
rectly, it is apparently beneficial to connect the four pairs of

Figure 6. FRP for displacement and voltage around the (a)þ(b) first and (c)þ(d) fourth resonant frequency for parallel shunt tuning based on the effective Eq. (13)
(solid line), quasi-static Eq. (19) (dashed line) and modal Eq. (15) (dashed-dotted line) EMCC in respect to mode r.

Figure 7. Mode shapes of a simply supported plate with four pairs of SC patches.

Table 4. SC and OC frequencies, effective EMCC, normalized modal charge and optimum RL-shunt tunings for each individual shunted pair of piezoceramic
patches, for the simply supported plate with four pairs of same poled and parallel wired piezoceramic patches.

Mode (type) f [Hz] f̂ [Hz] j2e [%] Q2
r =x

2
r nð CsradÞ

2
h i

Lp [H] Rp [kX] Ls [H] Rs [kX]

1 (1,1) 38.58 38.66 0.41 0.141 123.1 330.8 122.1 2.678
2 (2,1) 78.24 78.64 1.01 0.348 30.09 104.0 29.49 2.073
3 (1,2) 109.3 109.8 0.93 0.321 15.36 77.36 15.08 1.420
4 (2,2) 143.3 144.7 1.90 0.648 9.049 41.77 8.714 1.545
5 (3,1) 153.0 153.5 0.62 0.216 7.821 67.28 7.725 0.833
6 (3,2) 219.8 220.9 0.98 0.334 3.840 37.92 3.766 0.731
7 (1,3) 236.3 236.9 0.52 0.178 3.295 48.06 3.261 0.494
8 (4,1) 254.6 254.6 0.00 0.000 3.253 – 3.253 –
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patches in a single network, requiring smaller optimum
shunt components.

8. Summary and conclusions

In the present work, a newly proposed RL shunt calibration
procedure based on the effective EMCC is generalized and
demonstrated suitable for implementation in the commercial
ANSYSVR FE code. The calibration procedure includes the
effects of the nonresonant vibration modes, which are
assumed to contribute by flexibility and inertia effects. These
nonresonant effects can be determined by solving three
eigenvalue problems associated with SC and OC piezocer-
amic patch electrodes and when a shunt circuit consisting of
an inductance is introduced. However, the latter eigenvalue
problem is found unnecessary to evaluate in all desired cases
where the effective EMCC, and thereby the attainable damp-
ing, is significant. An alternative method based on a quasi-
static EMCC is also proposed which may be of interest for a
tuning based on experiments and also when computational
costs are a limiting factor in the numerical analysis. The
optimum tuning formulae for parallel and series shunt cir-
cuits are based on a balanced calibration principle, where
the roots in the pure inductive limit appear as inverse points
with respect to the SC and OC frequencies, respectively.

In the numerical examples, a smart plate benchmark is
analyzed for two patch pairs configurations, consisting of
either a single centralized pair of piezoelectric patches or
four decentralized, but symmetrically placed, patch pairs. A
convergence study has been carried out, for the former con-
figuration, to demonstrate that a precise numerical model is
important in order to accurately determine the effective
EMCC. The first eight vibration modes have then been ana-
lyzed with both patch designs and the optimum shunt cir-
cuit calibrations were determined for each individual mode.
For the single patch pair design, nonvanishing damping was
observed for three of the first eight vibration modes, while
this increased to seven modes for the second design with
four symmetric pairs. It has been demonstrated that the
optimum shunt tuning causes a nearly flat plateau in the
frequency response around the target resonant mode, when
applying a representative modal harmonic load.
Furthermore, the voltage response is found to have a com-
pletely flat (unit) plateau as dictated by the principle of
equal modal damping. Finally, it was found that larger tun-
ing values are required for the plate with four patch pairs
shunted individually. However, by connecting the four pairs
of patches in a single network, these tuning values can be
reduced by a factor four since the modal charge increases by
a factor sixteen. It is noted that close attention has to be
given to the particular wiring of the patch pairs electrodes,
according to the signs of the individual modal charges.
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Appendix A. Identical and symmetrically placed
pairs of piezoceramic patches

The proposed shunt tuning procedure and its implementation in
ANSYSV

R

for a single pair of patches are here extended to the case of
several identical and symmetrically placed pairs of piezoceramic
patches, whereby the optimum shunt tuning is the same for each pair
of patches. The coupling vector fkEmeg in Eq. (6) becomes a coupling
matrix ½kEme� with columns equal to the number of individually shunted
patch pairs, while the scalar quantity �C�S

p becomes a diagonal matrix
�C�S

p ½In� containing the identical capacitive properties. At last, the varia-
bles V and Q become vectors {V} and {Q} with entries equal to the
number of shunted patch pairs. The SC eigenvalue problem is the
same as for the single piezoceramic patch pair (Eq. 9), while the sensor
equation is given as

Qj
� 

¼ � kEme


 �t
Uf gj (A1)

It is seen that the modal charge becomes a vector containing the
individual modal charges for each shunted patch pair, which are now
collected in the modal charge matrix

Q½ �t ¼ Q1f g Q2f g 	 	 	 Qnf g

 �

(A2)

The modal equations (21) and (22) are then, for n shunted pairs of
patches and the rth mode, given as

x2
r�x2

� 	
vr ¼ Qrf gt Vf g (A3)

�C�S

p In½ � Vf g� Qf g ¼ � Q½ �t vf g (A4)

The right-hand side of Eq. (A4) is approximated similarly to Eq.
(23) as

Q½ �t vf g ¼ Qrf gvrþ C0r�
1

x2L0r

� �
In½ � Vf g (A5)

whereby the governing equation follows by eliminating fQrgvr between
Eqs. (A3) and (A5)

�C�S

p þC0r�
1

x2L0r

� �
x2

r�x2
� 	

In½ �þ Qrf g Qrf gt
� �

Vf g ¼ Qf g x2
r�x2

� 	
(A6)

For identical and symmetrically placed patches, with respect to the
deformation pattern of the target vibration mode, Eq. (A6) represents
the number of shunt circuits n redundant equations given as

�C�S

p þC0r�
1

x2L0r

� �
x2

r�x2
� 	

þnQ2
r

� �
V ¼ Q x2

r�x2
� 	

(A7)

in which Q2
r is the common squared modal charge, while Q and V are

the common circuit charges and electric potentials, respectively.
Finally, use of Ohm’s law in Eq. (43) gives the characteristic

equation

x2

x2
r
� 1þj2r
� 	

1�j2r
j2e

 !
�ix 1

Zsh xð ÞnQ2
r
j2r

" #
1�x2

x2
r

 !
þj2r

x2

x2
r
¼ 0

(A8)

which is similar to Eq. (44) but with nQ2
r instead of Q2

r . The effect
on the individual shunt tunings is thus the factor n on the modal

charge Q2
r , whereby the optimum shunt tunings are given as listed

in Table 5.

Appendix B. Determination of j2e from quadratic
equation (25)

Initially, Eq. (25) is multiplied with �x̂2
r=Cr , whereby one obtains the

quadratic equation

�x̂2
rþ

1
CrL0r

� �
x2

r�x̂
2
r

� 	
�x̂2

r
Q2

r

Cr
¼ 0 (A9)

Division with x4
r and using Eqs. (28)–(29), and (A9) transform

above relation to

� x̂r

xr

� �2

þj2rk
0
r

" #
1� x̂r

xr

� �2
" #

� x̂r

xr

� �2

j2r ¼ 0 (A10)

Now, after using Eq. (13), the characteristic equation is obtained in
terms of the effective EMCC as

1þj2e�j2rk
0
r

� 	
j2e�j2r 1þj2e

� 	
¼ 0 (A11)

Which can be written in a quadratic form as

j2e
� 	2þ 1�j2r�k0rj2r

� 	
j2e�j2r ¼ 0 (A12)

This is a quadratic equation in j2e that can be solved in order to
find j2e when both correction terms are included. However, it is of
interest to find a solution that can be truncated for k0r ’ 0. Thus,
instead, Eq. (A12) is solved with respect to Dj2 ¼ j2e�j2r ! 0 for
k0r ! 0. Using the former relation, the following holds

j2e
� 	2 ¼ Dj2þj2r

� 	2 ¼ Dj2ð Þ2þ2j2rDj2þ j2r
� 	2

(A13)

Then, elimination of j2e between Eqs. (A12) and (A13) gives

Dj2ð Þ2þ 1þj2r�k0rj2r
� 	

Dj2� j2r
� 	2

k0r ¼ 0 (A14)

For k0r ! 0, Eq. (A14) reduces to

Dj2 ¼ � 1þj2r
� 	

or Dj2 ¼ 0 (A15)

while the full solution can be found as

Dj2 ¼ 1
2

1þj2r�k0rj2r
� 	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ
4 j2r
� 	2k0r

1þj2r�k0rj2r
� 	2

vuut � 1

2
64

3
75 (A16)

whereby the effective EMCC j2e follows by Eq. (27).

Appendix C. Derivation of characteristic equation
(52) for series shunt connection

Initially, the series shunt circuit impedance ZshðxÞ in Eq. (51)
is inserted in the characteristic equation (44), followed by the elimin-
ation of the inductance and resistance through the normalized induct-
ance in Eq. (36) and electric damping parameter in Eq. (53). Thus, the
characteristic equation (44) can hereby be written as

x
xr

� �2

� 1þj2r
� 	

1�j2r
j2e

 !
þx2 krj2r

ixqsrkr � x2

" #
1� x

xr

� �2
" #

þj2r
x
xr

� �2

¼ 0

(A17)

Table 5. Parallel and series shunt tuning for identical and symmetrically
placed pairs of piezoceramic patches.

Parallel Series

L ¼ j2e
nQ2

r
; R ¼ j2exr

nQ2
r

ffiffiffiffiffiffiffi
1
2j2e

s
L ¼ j2e

nQ2
r ð1þj2eÞ

2 ; R ¼ j2exr

nQ2
r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2j2e
ð1þj2eÞ

3

s
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The characteristic equation (A17) is now multiplied by
ðixqsrkr�x2Þ=x2 whereby the former, after using Eq. (39), can be writ-
ten as

i
x
xr

� �
qsr

kr
xr

1� xr

x

� �2

1þj2r
� 	

1� j2r
j2e

 !" #
þk�rj2r�

x
xr

� �2
( )

1� x
xr

� �2
" #

þi x
xr

� �
qsr

kr
xr

j2r�j2r
x
xr

� �2

¼ 0

(A18)

Finally, the products in Eq. (A18) are expanded and this character-
istic equation can be written as

x
xr

� �4

� 1þj2rþk�rj2r
� 	 x

xr

� �2

þk�rj2r

þi x
xr

� �
qsr

kr
xr

1þj2r�
x
xr

� �2

� 1þj2r
� 	

1� j2r
j2r

 !
x2

r

x2
�1

� �" #
¼ 0

(A19)

In order to identify the inverse points relation, it is convenient to
multiply Eq. (A19) by 1=ð1þj2eÞ

2 and use the relation 1=ð1þj2eÞ ¼
ðxr=x̂rÞ2 from Eq. (13). Hereby, the characteristic Eq. (A19) can be
written as in Eq. (52).
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Abstract
A resonant piezoelectric shunt tuning procedure is based on the limiting eigenvalue problems associated with short
and open circuiting (SC and OC) of the piezoelectric domains attached to a vibrating structure. Whereas SC and
OC frequencies are directly obtained from the eigenvalues, the associated electrical equation further determines
a modal charge as an SC reaction force and a new modal voltage from the electric deflection in the OC limit.
By a modal representation with SC mode shapes the structural equation fully decomposes, while the inherent
contributions from non-resonant vibration modes in the corresponding electrical equation consistently define an
effective modal capacitance, conveniently estimated by the modal charge to voltage ratio. The shunt tuning is obtained
from the governing characteristic equation for the targeted vibration mode, in which the residual mode correction is
explicitly represented by the effective modal capacitance. The tuning procedure with an effective modal capacitance is
generalized to multiple piezoelectric domains with independent shunts for simultaneous damping of multiple vibration
modes. The accuracy of the proposed shunt tuning methods is demonstrated by a numerical beam example with three
piezoceramic patch pairs and independent resistive-inductive shunts. The analysis is carried out in a commercial finite
element program, in which the required modal frequencies, charge and voltage are readily available as output to the
SC and OC eigenvalue problems.

Keywords
Piezoelectric shunt damping, resonant shunt calibration, residual mode correction, effective electromechanical coupling
coefficient

Introduction

Piezoelectric materials are characterized by their ability
to couple mechanical strains and stresses with electrical
fields and displacements. This property may be exploited for
vibration mitigation of structures, by attaching piezoelectric
transducers to the structure, whereby a fraction of the
vibrational energy can be converted into electrical energy by
the piezoelectric material and dissipated in an electric circuit
or shunt wired between the two transducer electrodes.

A piezoelectric shunt may be composed in various
designs by either passive (Hagood and von Flotow ,
1991; Hollkamp , 1994; Wu , 1996, 1998), semi-active
(de Marneffe and Preumont , 2008; Ducarne et al. ,
2010; Berardengo et al. , 2016, 2018) or active
(Anderson and Hagood , 1994; Preumont , 2011) electric
circuits. The entirely passive piezoelectric shunt is attractive
because of its independence of external power and
unconditional stability. The simplest passive (R) shunt is
pure resistive, whereby the shunted piezoelectric material
has viscoelastic properties (Hagood and von Flotow , 1991).
The resonant shunt is obtained by adding an inductance
(L), designed to resonate with the inherent piezoelectric
capacitance, as initially suggested and experimentally
demonstrated by Forward (1979). A tuning procedure based
on a single-mode approximation of the electromechanical
structure has been derived for the series LR-shunt by
Hagood and von Flotow (1991), with tuning formulas
that explicitly depend on the inherent piezoelectric

capacitance. The optimal tuning for the corresponding
parallel shunt is subsequently proposed by Wu (1996),
while the series and parallel shunts have been compared
in Park and Inman (1999) and Caruso (2001). Alternative
methods for the optimum series and parallel shunt tuning
has been suggested in Thomas et al. (2012); Yamada et al.
(2010); Høgsberg and Krenk (2012); Soltani et al. (2014),
all relying on modal truncation, whereby the inherent
piezoelectric capacitance appears as a direct tuning
parameter.

The main issue with the practical implementation of
passive resonant shunt has traditionally been to obtain
the high inductance values required for the damping
of low-frequency vibrations. For experimental verification
of shunt tuning methods, a so-called synthetic inductor
therefore commonly emulates high inductance values
(Fleming et al. , 2000). A benefit of the synthetic inductor
is that the emulated inductance is adjustable, whereby
an exact prior inductance tuning is of less important.
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A major drawback of the synthetic inductor is the
use of operational amplifiers, requiring constant power
sources. Because resonant shunts are often realized by
such semi-active circuits with operational amplifiers, further
active or semi-active improvements of the shunts has
naturally been suggested, for instance by the design of
a negative capacitance (de Marneffe and Preumont , 2008;
Berardengo et al. , 2016, 2018) or the use of switch damping
(Ducarne et al. , 2010). However, recently high inductance
values have been obtained passively by winding a cobber
wire around a closed magnetic coil (Lossouarn et al. , 2017),
permitting the construction of pure passive resonant shunts
and electrical circuit analogies (Lossouarn et al. , 2018).
Contrary to a synthetic inductor, this passive component
requires a precise prior tuning to determine the exact number
of wire winds, whereby it may be necessary to include
the effect of non-resonant vibration modes to obtain a
sufficiently accurate shunt tuning.

Recently, the inaccuracy associated with the traditional
use of the inherent piezoelectric capacitance as a direct
tuning parameter has been recognized. In Berardengo et al.
(2016) the inherent capacitance of the piezoelectric mate-
rial has thus been modified by the influence from higher
vibration modes, while a theoretical study of the influ-
ence from an increasing number of vibration modes on
the shunt tuning was provided in Gardonio and Casagrande
(2017) for a simply supported plate. A Common denom-
inator for these approaches is the inclusion and evalua-
tion of additional resonant frequencies and mode shapes.
In Krenk and Høgsberg (2016) this is avoided through the
derivation of explicit expressions for the supplemental flex-
ibility and inertia effects from the non-resonant vibration
modes, thus explicitly correcting the tuning of tuned mass-
and inerter-based absorbers. The equivalence to resonant
piezoelectric shunt damping has subsequently been consid-
ered in Høgsberg and Krenk (2017), with Toftekær et al.
(2018) proposing an expression for the frequency depen-
dent effective capacitance, which incorporates a consistent
residual mode correction. As full system mass and stiffness
matrices are not necessarily available in commercial finite
element (FE) software, an alternative shunt tuning method
in Toftekær et al. (2019) relies on the so-called effective
electromechanical coupling coefficient (EMCC) (IEEE inc. ,
1988) at resonance, limited by the short and open circuit
(SC and OC) conditions for the piezoelectric material. The
proposed tuning formulas have thus been based on the
effective EMCC and a modal charge in the SC limit, which
are readily accessible quantities in any FE software support-
ing electromechanical coupled analysis. However, for shunt
tuning based on experimental measurements the method
proposed in Toftekær et al. (2019) is less evident, since the
modal charge assumes a particular normalization and the
effective EMCC may be difficult to evaluate to a sufficient
accuracy. Instead, the present paper provides a deeper in-
sight to the influence of the non-resonant vibration modes,
demonstrating that the optimum shunt tuning with residual
mode correction may be determined from a modal charge
and a modal voltage, obtained from the eivenvalue problems
in the SC and OC conditions, respectively. Hereby the shunt
tuning becomes independent of modal normalization and it
is therefore suitable for both numerical and experimental

implementation. The novelty of the present single mode
calibration method, compared to the method proposed in
Toftekær et al. (2019), specifically concerns the inclusion of
the modal voltage as a shunt tuning parameter, which also
allows the direct evaluation of an effective modal capacitance
that inherently contains the influence from the non-resonant
vibration modes. Furthermore, the present tuning method
is derived for an arbitrary number of piezoelectric shunts,
whereby the method is readily extended to multi-mode
damping through the individual tuning of several shunted
piezoelectric domains (absorbers).

The paper is structured in four main sections. In the section
Discrete vibration problem the general electromechanical
discrete vibration problem is presented, for which the
SC and OC limits are considered. The OC resonant
frequencies are inherently larger than the corresponding
SC frequencies, due to the stiffening by the capacitance
of the piezoelectric material. The traditional modal
assumption states this stiffening effect to be inversely
proportional to the inherent piezoelectric capacitance,
while the exact stiffening, including non-resonant modal
interaction, may be represented by an effective modal
capacitance, evaluated directly from the stored modal
charge in the SC condition and the modal voltage in
the OC condition. Hereby, the governing characteristic
equation for a representative 2-dof modal system of the
full electromechanical structure is obtained and used in the
section Single-mode calibration to determine the optimum
single-mode calibration of multiple piezoelectric absorbers.
In the section Multi mode calibration the effect of having
piezoelectric absorbers tuned to simultaneously suppress
several resonant vibrations is investigated and two methods
for the optimum shunt calibration are proposed. The former
considers the effect of the piezoelectric absorbers tuned
to other vibration modes to be insignificant, whereby the
optimum tuning to any resonant vibration mode may be
evaluated from the same SC and OC eigenvalue problems
and a modified effective EMCC. An enhanced method
also includes the influence from the piezoelectric absorbers
tuned to other vibration modes by considering them either
in their SC or OC condition. Finally, in the section
Numerical example the single-mode and two multi-mode
shunt tuning methods are analyzed and compared by a
numerical example concerning a simply supported beam
with three pairs of shunted piezoceramic patches.

Discrete vibration problem
In the present section, the coupled vibration problem con-
sidered in Toftekær et al. (2019) for a single piezoelectric
absorber is generalized to a vibrating structure with i =
1, 2, . . . , Np piezoelectric domains and independent shunts
Zi, see Figure 1. When discretized by finite elements
(FE) the vibration problem may by written according to
(Toftekær et al. , 2019) as
([

KE kEme

(kEme)
t −Cp

]
− ω2

[
M 0
0 0

]){
U
V

}
=

{
0

−Q

}
(1)

Here [KE ] is the elastic stiffness matrix for the structure
with SC piezoelectric electrodes (Zi = 0), while [M ] is the
mass matrix. The coupling between the mechanical and
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Figure 1. Vibrating structure with attached piezoelectric
domains and Np = 4 independent shunts (red dashed).

the electrical domains is governed by the coupling matrix
[kEme] with rows equal to the number of mechanical degrees
of freedom (dofs) and columns equal to the number of
independent piezoelectric shunts Np, while (. . .)t represents
the transpose operation.

A piezoelectric shunt may be wired to several piezoelectric
domains and act as a single resulting piezoelectric absorber,
as long as two interface electrodes can be defined, where one
is grounded for practical reasons, see Figure 1. The electrical
domain is described by a diagonal matrix [Cp] containing
the resulting modified blocked capacitance (C̄ǫS

p )i for each
piezoelectric absorber (Toftekær et al. , 2019). The total
number of dofs in the discrete system is given by the
mechanical displacements in {U} and the voltages in
{V } between each pair of grounded and non-grounded
electrodes. Finally, the vector {Q} contains the stored
electric charge on each of the non-grounded electrodes,
while the corresponding time-derivative provides the flow of
current represented in the frequency domain as

Ii = −iωQi (2)

and shown in Figure 1 between each pair of grounded
and non-grounded electrodes, with i =

√
−1 denoting the

imaginary unit.

Electromechanical coupling
The influence of the piezoelectric absorbers on the vibrating
structure is characterized by two limiting eigenvalue
problems associated with SC and OC piezoelectric
electrodes.

The SC condition is defined by zero voltage between the
piezoelectric electrodes (Zi = 0), for which the current is
free to flow. The corresponding eigenvalue problem thus
follows from {V } = {0} in (1),

(
[KE ]− ω2

j [M ]
)
{Uj} = {0} (3)

where ωj is the SC frequency and {Uj} the corresponding
SC mode shape vector of vibration mode j. The second

equation in (1) provides a stored modal charge on each non-
grounded electrode as

{Qj} = −[kEme]
t{Uj} (4)

which may be determined from (2) when the electric current
is measured for the SC piezoelectric absorbers bonded to a
structure vibrating in resonant mode j. Assuming harmonic
oscillations with SC frequency ωj , the magnitude of the
stored modal charge may alternatively be determined by the
corresponding flow of current {Qj} = {Ij}/(iωj) from (2).

In the opposite OC condition, no current flows between the
piezoelectric electrodes (Zi → ∞ in Figure 1), equivalent to
vanishing charge. The OC eigenvalue problem thus follows
from (1) with {Q} = {0}, conveniently formulated as
(
[KE] + [kEme][Cp]

−1[kEme]
t − ω̂2

j [M ]
)
{Ûj} = {0} (5)

where {V } has been eliminated by the second equation in
(1). In (5), ω̂j and {Ûj} are respectively the OC frequency
and mode shape of vibration mode j. The second equation
of the discrete system in (1) determines the corresponding
modal electric response, which in this case is given by a
modal voltage between each pair of grounded and non-
grounded electrodes

{V̂j} = [Cp]
−1[kEme]

t{Ûj} (6)

This has not been considered previously for shunt tuning
and may be directly measured over the OC piezoelectric
absorbers bonded to a structure vibrating in resonant mode
j.

In the remainder of the present paper, a similar
normalization of the SC {Uj} and OC {Ûj} mode shape
vectors is assumed, for instance by normalizing the mode
shapes to unit modal mass.

The rate of convertible energy by the piezoelectric
domains may now be determined for a resonant mode j
by the effective EMCC, defined as the relative difference
between the squared SC and OC frequencies,

κ2
j =

ω̂2
j − ω2

j

ω2
j

(7)

It is noted that ω̂2
j ≥ ω2

j due to the quadratic projection of the
coupling matrix [kEme] on the capacitance matrix [Cp] in (5).
Thus, the effective EMCC is also a measure of the relative
stiffness increase by the OC piezoelectric domains on the
vibrating structure. The effective EMCC may alternatively
be determined by considering the OC eigenvalue problem (5)
multiplied with the SC mode shape {Uj}t,

{Uj}t[KE]{Ûj}+ {Uj}t[kEme][Cp]
−1[kEme]

t{Ûj}
−ω̂2

j {Uj}t[M ]{Ûj} = {0}
(8)

After division with an intermediate modal mass,

m̃j = {Uj}t[M ]{Ûj} (9)

and introduction of the SC modal charge (4) and the OC
modal voltage (6), the equation (8) can be written as

ω2
j −

{Qj}t{V̂j}
m̃j

− ω̂2
j = 0 (10)
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Considering the relation between the SC and OC resonant
frequencies defined by (7), it is found from (10) that the
effective EMCC can alternatively be determined as

κ2
j = −{Qj}t{V̂j}

m̃jω2
j

(11)

This expression for the effective EMCC is conveniently used
in the following, where a modal decomposition of the general
vibration problem (1) is considered. It is noted that the
combined modal projection used here is proposed as basis
for a modal reduction technique in Larbi and Deü (2019),
which is found to improve the response accuracy compared
to traditional modal reduction methods. This result is in
a agreement with the findings in the subsequent section
Modal equations, in which the influence from the non-
resonant vibration modes is included through the combined
modal projection.

Modal equations
The general vibration problem (1) may be decoupled by
introducing a modal representation with the SC mode shapes
of the mechanical vibrations {U} = [U ]{v}, where the
matrix [U ] contains {Uj} as columns and {v} represents
the N modal coordinates vj . Introducing this modal
representation into (1) and multiplying with the transpose of
the SC mode shapes [U ]t, the vibration problem (1) can be
written as

[U ]t
(
[KE ]− ω2[M ]

)
[U ]{v}+ [U ]t[kEme]{V } = {0},

[
kEme

]t
[U ]{v} − [Cp]{V } = −{Q}

(12)

The top set of mechanical equations in (12) uncouple and
may for vibration mode j be written as

(ω2
j − ω2)vj −

{Qj}t
mj

{V } = 0, j = 1, 2, . . . , N (13)

where {Qj} has been introduced as in (4). Each of the
bottom Np electric equations in (12) still depends on the full
range of modal coordinates vj ,

N∑

j=1

{Qj}vj = {Q} − [Cp]{V } (14)

It is inconvenient to evaluate the full range of modal
coefficients and charge components. Thus, a modal
approximation of the left hand-side in (14) is introduced.
In order to maintain the accuracy of the model, the effect
of the non-resonant modes is included and subsequently
approximated around a target resonant mode j = r by
e.g. a flexibility and an inertia correction term according
to (Krenk and Høgsberg , 2016). In Toftekær et al. (2018),
these flexibility and inertia effects have been demonstrated to
correspond to a capacitance and an inductance, respectively,
altering the resulting modified blocked capacitance C̄ǫS

p at
resonance. In the present analysis, this additional capacitance
from the non-resonant vibration modes is determined by
considering the SC and OC limits.

It follows from the modal equation (13) that vj is
proportional to the voltage vector {V }, whereby the sum

over the non-resonant vibration modes in (14) contributes
with an additional term to the blocked capacitance,

{Qr}vr = {Q} −


[Cp] +

N∑

j 6=r

{Qj}{Qj}t
mjω2

j

ω2
j

ω2
j − ω2


 {V }

= {Q} − [Cr ]{V }
(15)

in which the introduced matrix [Cr ] is assumed diagonal,
deliberately ignoring any coupling effects from the
summation inside the parenthesis. Hereby the diagonal of
[Cr] contains the effective modal capacitance around the
target vibration mode r, for each piezoelectric absorber.

The modal coefficient for target mode r may be
determined from (15) by multiplying with the modal voltage
{V̂r}t and then dividing with the scalar product {V̂r}t{Qr},

vr =
{V̂r}t

{V̂r}t{Qr}
{Q} − {V̂r}t[Cr]

{V̂r}t{Qr}
{V } (16)

This target modal coordinate vr may now be inserted into
(13), whereby a governing modal equation is obtained as

(ω2
r − ω2)

(
{V̂r}t{Q}
{V̂r}t{Qr}

− {V̂r}t[Cr]{V }
{V̂r}t{Qr}

)

−{Qr}t{V }
mr

= 0

(17)

The impedance relation for each shunt is then introduced as

{V } = −iω[Z(ω)]{Q} (18)

where [Z(ω)] is a diagonal matrix containing the impedance
Zi(ω) for shunt i in the diagonal. The impedance relation
(18) is used in (17) to eliminate {Q}, whereby it can be
written in homogeneous form,

(ω2
r − ω2)

(
{V̂r}t[Z(ω)]−1{V }

iω{V̂r}t{Qr}
+

{V̂r}t[Cr]{V }
{V̂r}t{Qr}

)

+
{Qr}t{V }

mr
= 0

(19)

The expression inside the square brackets constitutes Np

independent characteristic equations, since both [Z(ω)] and
[Cr] are diagonal matrices. The independent equation for a
piezoelectric shunt i may therefore be written as

(ω2
r − ω2)

(
(V̂r)i

iωZi(ω){V̂r}t{Qr}
+

(V̂r)i(Cr)i

{V̂r}t{Qr}

)

+
(Qr)i
mr

= 0

(20)

The effective capacitances (Cr)i for the targeted resonant
mode r may now be determined from (20) in the OC limit
(Zi(ω) → ∞), at which it reduces to

(ω2
r − ω̂2

r)
(V̂r)i(Cr)i

{V̂r}t{Qr}
+

(Qr)i
mr

= 0 (21)
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when ω = ω̂r has been introduced. The relation between the
SC and OC resonant frequencies may then be introduced by
the previous expression for the effective EMCCs in (7) or
(11). Hereby, shunt i’s effective modal capacitance (Cr)i for
the targeted mode r is determined from (21) as

(Cr)i =
{V̂r}t{Qr}

mrω2
r

ω2
r

ω̂2
r − ω2

r

(Qr)i

(V̂r)i

= − (Qr)i

(V̂r)i

m̃r

mr
≃ − (Qr)i

(V̂r)i

(22)

where the last approximation m̃r ≃ mr is valid for most
practical problems with limited electromechanical coupling.
Furthermore, it should be noted that the minus in the
effective capacitance expression requires that the distribution
of negative and positive displacements of the SC and OC
mode shapes is the same, whereby (Qr)i and (V̂r)i always
have opposite signs. This may be circumvented by simply
introducing absolute values of both |Qr|i and |V̂r|i, as
applied later.

The effective capacitance, comprising both the resulting
blocked capacitance and any contributions from non-
resonant vibration modes, is found to be accurately
approximated by the absolute value of the SC modal charge
|Qr|i divided by the OC modal voltage |V̂r|i. The effective
capacitance (22) also implies an alternative definition of the
effective EMCC, for the r-th mode, obtained by elimination
of {V̂j} in (11),

κ2
r =

{Qr}t[Cr]
−1{Qr}

mrω2
r

(23)

This expression for the effective EMCC is similar to the often
used modal EMCC (Park and Inman , 1999) without non-
resonant mode contributions, where the resulting blocked
capacitance [Cp] is here simply replaced by the effective
capacitance [Cr].

Finally, the characteristic equation for target mode r,
represented by the square brackets in (19), may be re-
written, after using (23), by multiplication, from the right
with [Cr]

−1{Qr} and ω2/ω4
r ,

(
1− ω2

ω2
r

)(
ω2

ω2
r

− i
ω

ωr

{V̂r}t[Z(ω)]−1[Cr ]
−1{Qr}

{V̂r}t{Qr}ωr

)

+κ2
r

ω2

ω2
r

= 0

(24)

In the following sections, this characteristic equation (24)
is used to obtain optimum single- and multi-mode shunt
calibration by inserting the respective shunt impedances and
compare the corresponding characteristic equations with the
generic equation from (Krenk and Høgsberg , 2013),

ω4

ω4
r

− (2 + 4χ2)
ω2

ω2
r

+ 1 + 4iλχ
ω

ωr

(
1− ω2

ω2
r

)
= 0 (25)

This generic equation ensures equal modal damping through
the tuning of the shunt inductance L, while the subsequent
tuning of the shunt resistance R by λ = 1/

√
2 balances

large attainable damping and effective vibration amplitude
mitigation. It finally follows from (Krenk and Høgsberg ,

2013) that the damping ratio for the target mode r can be
estimated as

ζr ≃ λχ =

√
1

2
χ2 (26)

where χ2 is proportional to the effective EMCC
(Høgsberg and Krenk , 2012), as also demonstrated in
the following.

Single-mode calibration
This section presents the tuning of Np independent
piezoelectric absorbers to a single target vibration mode r.
The corresponding characteristic equation is given by (24), in
which the term depending on the impedance and capacitance
may be replaced by a sum over the Np absorbers tuned to
mode r. When inserting the effective capacitances (22), the
characteristic equation (24) can be written as

(
1− ω2

ω2
r

)
ω2

ω2
r

+ iω
Np∑

i=1

(V̂r)i(Qr)i

{V̂r}t{Qr}
(V̂r)i

Zi(ω)(Qr)iω2
r




+κ2
r

ω2

ω2
r

= 0

(27)

The optimum tuning for the parallel and series shunts is
then derived by introducing the corresponding impedances
into (27) followed by comparison with the generic equation
(25) to obtain the balanced calibration principle for resonant
absorbers (Krenk and Høgsberg , 2013).

Parallel shunt tuning
The parallel shunt impedance Zi = Zp

i is conveniently
expressed in terms of the inverse shunt inductance and
resistance for shunt i as (superscript p refers to parallel)

1

Zp
i (ω)

=
1

Rp
i

+
1

iωLp
i

(28)

When inserting this parallel shunt impedance, the charac-
teristic equation (27) can be written in accordance with the
generic form (25) as

ω4

ω4
r

−


1 + κ2

r −
Np∑

i=1

(V̂r)i(Qr)i

{V̂r}t{Qr}
1

Lp
i

(V̂r)i
(Qr)iω2

r


 ω2

ω2
r

−
Np∑

i=1

(V̂r)i(Qr)i

{V̂r}t{Qr}
1

Lp
i

(V̂r)i
(Qr)iω2

r

−i
ω

ωr

Np∑

i=1

(V̂r)i(Qr)i

{V̂r}t{Qr}
1

Rp
i

(V̂r)i
(Qr)iωr

(
1− ω2

ω2
r

)
= 0

(29)

Comparison with (25) requires a unit constant term in (29),
which is only secured by the inductance

Lp
i = − (V̂r)i

(Qr)iω2
r

(30)

since the first fraction inside the summation of the constant
term in (29) sums to unity. It is seen that (30) corresponds
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to the traditional modal inductance tuning Lp
i (Cr)iω

2
r = 1

with the effective modal capacitance (Cr)i replacing the
inherent blocked capacitance CǫS

p . The influence of using
the new effective modal instead of the blocked capacitance
for the optimum shunt tuning is analyzed in the section
Numerical example.

When all Np inductances are optimally tuned, the
parameterχ can be identified as χ2 = κ2

r/4 from comparison
of the quadratic terms, whereafter the shunt resistances are
determined by comparing the common factor to the odd-
power terms in (25) and (29),

Rp
i = − (V̂r)i

(Qr)iωr

√
1

2κ2
r

(31)

It is noted that the minus signs in the tuning formulas
(30) and (31) appear because of the implied opposite signs
between (Qr)i and (V̂r)i, as discussed previously. This
may be circumvented by simply using the corresponding
absolute values, whereby the tuning formulas can be written
as presented in the first row of Table 1.

Series shunt tuning
The series impedance Zi = Zs

i for shunt i is given as
(superscript s refers to series)

Zs
i (ω) = Rs

i + iωLs
i (32)

The impedances in the characteristic equation (27) are
replaced by the series impedances (32) and the characteristic
equation may then be written in accordance with the generic
form (25),

ω4

ω̂4
r

−


1−

Np∑

i=1

{V̂r}t{Qr}
(V̂r)i(Qr)i

1

Ls
i

(V̂r)i
(Qr)iω̂2

r


 ω2

ω̂2
r

−
Np∑

i=1

{V̂r}t{Qr}
(V̂r)i(Qr)i

1

Ls
i

(V̂r)i
(Qr)iω̂2

r(1 + κ2
r)

+i
ω

ω̂r

∑Np

i=1(Qr)
2
iR

s
i∑Np

i=1(Qr)2iL
s
i ω̂r

(
1− ω2

ω̂2
r

)
= 0

(33)

expressed relative to the OC resonance frequency ω̂r.
For a detailed derivation of (33), see Appendix I. As for
the parallel shunt the characteristic equation (33) is now
compared with the generic equation (25), whereby the
optimum series inductance is determined as

Ls
i = − (V̂r)i

(Qr)iω̂2
r(1 + κ2

r)
= − (V̂r)i

(Qr)iω̂2
r

ω2
r

ω̂2
r

(34)

ensuring that the constant term in (33) becomes unity.
The parameter χ2 = κ2

r/4 is the same as for the parallel
shunt. The optimum tuning of the series resistance follows
by inserting the series inductances (34) into (33) and then
comparing the odd-term factors in (25) and (33), which gives

Rs
i = − (V̂r)i

(Qr)iω̂r(1 + κ2
r)

√
2κ2

r = − (V̂r)i
(Qr)iω̂r

ω2
r

ω̂2
r

√
2κ2

r

(35)
The optimum series shunt tuning is also summarized in the
first row of Table 1, which also defines the effective EMCC
and the attainable damping ratio ζr from (26).

Multi mode calibration
This section presents simultaneous damping of multiple
vibration modes. Each piezoelectric absorber is still
considered to be optimally tuned to a single target vibration
mode. This implies that a reduced number of absorbers np

is tuned to a specific target mode r, whereby np becomes a
subset of the total number of absorbers Np, as indicated by
the blue dashed group in Figure 1.

Modified single-mode calibration
When np 6 Np, the single-mode calibration presented in
the section Single-mode calibration will not provide the
optimum resonant tuning with respect to mode r, mainly
because the effective EMCC in (7) includes all Np

piezoelectric absorbers. The tuning of the shunt inductances
(30) and (34) are both independent of the effective EMCC.
Hence, the inaccuracy of the single-mode calibration used on
a subset of the piezoelectric absorbers np mainly concerns
the tuning of the shunt resistances in (31) and (35), which
causes an apparent decrease in the attainable damping ζr.
By comparing the common factor to the odd-power terms in
the characteristic equations (29) and (33) with the generic
equation (25) it can be found that the damping ratio ζr from
(26) is reduced by

∑np

i=1(V̂r)i(Qr)i for the np absorbers
relative to the total amount {V̂r}t{Qr} for all Np absorbers,

ζr =

np∑

i=1

(V̂r)i(Qr)i

{V̂r}t{Qr}

√
1

8
κ2
r (36)

This reduction in attainable damping may be circumvented
without additional computational costs by instead evaluating
a modified effective EMCC, which only includes the subset
of piezoelectric absorbers np tuned to the target mode r. This
modified effective EMCC κ̃2

r follows from (11) as

κ̃2
r = −

np∑

i=1

(Qr)i(V̂r)i
m̃rω2

r

=

np∑

i=1

(Qr)i(V̂r)i

{Qr}t{V̂r}
κ2
r (37)

which is the original effective EMCC scaled by the same
factor that in (36) reduces the damping ratio. The tilde ˜(...)
will in the following refer to this modified single-mode
calibration of the reduced np shunts. From this modified
effective EMCC, an enhanced resistance tuning is then
simply obtained by replacing the effective EMCC κ2

r in (31)
and (35) with its modified counter-part κ̃2

r. The modified
single-mode tuning formulas are provided in the second row
of Table 1 and used for multi-mode damping in the numerical
example in the section Numerical example.

The single-mode and modified single-mode calibrations
are now compared in a root-locus diagram obtained by
evaluating the full eigenvalue problem (1), with {Q}
eliminated by the parallel shunt impedances in (28), for
the simply supported beam considered in the numerical
example of the section Numerical example. The eigenvalue
problems are established and evaluated using the in-
house FE-code developed and described in Toftekær et al.
(2018). In Figure 2, the roots around the first three
resonant frequencies of the simply supported beam are
plotted for varying resistance values, when each shunt
circuit is tuned to a single target mode, as outlined in
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Table 1. Optimum parallel and series single-mode, modified single-mode and multi-mode calibration for shunt i tuned with respect
to target mode r and the corresponding effective EMCCs and damping ratios.

M
et

ho
d Inductance Resistance EMCC Damping

Lp
i Ls

i Rp
i Rs

i κ2
r ζr

S
in

gl
e |V̂r|i

|Qr|iω2
r

|V̂r|i
|Qr|iω̂2

r

ω2
r

ω̂2
r

|V̂r|i
|Qr|iωr

√
1

2κ2
r

|V̂r|i
|Qr|iω̂r

ω2
r

ω̂2
r

√
2κ2

r
ω̂2
r − ω2

r

ω2
r

√
1

8
κ2
r

M
od

ifi
ed |V̂r|i

|Qr|iω2
r

|V̂r|i
|Qr|iω̂2

r

ω2
r

ω̂2
r

|V̂r|i
|Qr|iωr

√
1

2κ̃2
r

|V̂r|i
|Qr|iω̂r

ω2
r

ω̂2
r

√
2κ̃2

r

np∑

i=1

(Qr)i(V̂r)i

{Qr}t{V̂r}
κ2
r

√
1

8
κ̃2
r

M
ul

tip
le |V̂ r|i

|Q
r
|iω2

r

|V̂ r|i
|Q

r
|iω̂2

r

ω2
r

ω̂2
r

|V̂ r|i
|Q

r
|iωr

√
1

2κ2
r

|V̂ r|i
|Q

r
|iω̂r

ω2
r

ω̂2
r

√
2κ2

r

ω̂2
r − ω2

r

ω2
r

√
1

8
κ2
r

the section Three-modes damping. The single-mode and
modified single-mode methods (black and red dots) are seen
to follow the same root trajectories, which almost describe a
semi-circle in the complex plane, indicating that the common
inductance calibrations are close to optimum with equal
modal damping. However, the optimum resistance tuning
is seen to be off for the single-mode calibration (black
crosses), as one of the two complex roots approaches the
real axis along the right trajectory in Figure 2. The modified
resistance tuning (red crosses) is however seen to be in
better agreement with the balanced calibration principle
(Krenk and Høgsberg , 2013), with roots approximately
placed on ±45◦ lines from the respective undamped SC
frequencies.

Although the enhanced resistance tuning in many cases
will provide an almost optimum resonant shunt tuning and
a flat plateau in the frequency response curve around the
target resonant frequency, it is not the exact optimum tuning,
since the modal charge and voltage and the corresponding
SC and OC frequencies are influenced by the effect of the
piezoelectric absorbers not tuned with respect to target mode
r, whereby the trajectories (with black and red dots) in
Figure 2 do not meet at a bifurcation point. This modal
interaction is neglected when simply using the modified
effective EMCC in (37). A more precise shunt tuning may
thus be obtained by reevaluating the SC and OC eigenvalue
problems, in which the piezoelectric absorbers not tuned to
mode r are included either in their SC or OC state, depending
on whether they are targeted to a mode j above or below r.

Multi-mode calibration with non-resonant
absorbers
In the modified single-mode calibration, the influence from
the piezoelectric absorbers not tuned with respect to mode
r is assumed negligible, whereby the governing SC and
OC eigenvalue problems may be represented by (3) and (5)
with all Np piezoelectric domains jointly in SC and OC
conditions, respectively. However, the influence from the
piezoelectric absorbers not tuned with respect to mode r may
instead be included by considering them in either SC or OC
condition, depending on whether an individual shunt targets
a mode below or above the present tuning mode r.

By inserting the optimum inductance and resistance tuning
from the first row of Table 1 into the respective parallel (28)
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Figure 2. Root-locus diagram based on the numerical example
in the section Numerical example and simultaneous three mode
damping in Three-modes damping, plotted around mode 1 (a),
2 (b) and 3 (c) for the single-mode ( ), modified single-mode ( )
and multi-mode ( ) calibration and varying resistance values.
The roots to the corresponding optimum resistance tuning are
indicated by (+), (+) and (+).

and series (32) shunt impedances, these can be written for
the resonant mode r as

1

Zp
i (ω)

=
|Qr|iωr

|V̂r|i

(√
2κ2

r − i
ωr

ω

)
,

Zs
i (ω) =

|V̂r|i
|Qr|iω̂r

(√
2κ2

r + i
ω

ω̂r

)
ω2
r

ω̂2
r

(38)

Prepared using sagej.cls



8 Journal Title XX(X)

Considering the shunt tuning to the target mode r, it can be
seen from (38) that the absolute value of the parallel and
series impedances of the piezoelectric absorbers tuned to a
mode j 6= r can be described around the target mode r as

|Zp
i (ωr)| , |Zs

i (ωr)| → ∞ for ωj << ωr,

|Zp
i (ωr)| , |Zs

i (ωr)| → 0 for ωj >> ωr

(39)

An approximation of the influence from the piezoelectric
absorbers not tuned with respect to mode r is therefore
obtained by keeping the piezoelectric absorbers tuned with
respect to mode j < r in the OC condition, while the
absorbers tuned with respect to mode j > r are in the
SC condition when evaluating the SC and OC eigenvalue
problems for the present target mode r. The SC eigenvalue
problem and corresponding modal charge may thus be
determined as
(
[KE ] + [kEme]j<r [Cp]

−1
j<r[k

E
me]

t
j<r − ω2

r[M ]
)
{U r} = {0},

{Q
r
} = −[kEme]

t
r{Ur}

(40)

in which the OC stiffness contribution from the piezoelectric
absorbers tuned to mode(s) j < r will increase the original
SC frequency ωr ≥ ωr, while the modal charges are
evaluated only for the piezoelectric absorbers tuned with
respect to mode r.

The OC eigenvalue problem and corresponding modal
voltages are further given as
(
[KE] + [kEme][Cp]

−1[kEme]
t − [kEme]j>r [Cp]

−1
j>r[k

E
me]

t
j>r

−ω̂2
r[M ]

)
{Ûr} = {0},

{V̂ r} = [Cp]
−1
r [kEme]

t
r{Ûr}

(41)

in which the OC stiffness contribution from the piezoelectric
absorbers tuned to mode(s) j > r is subtracted from the
original OC stiffness matrix in (5), whereby the original
OC frequency decreases ω̂r ≤ ω̂r. Furthermore, the modal
voltages are now evaluated only for the piezoelectric
absorbers tuned with respect to mode r.

After evaluation of the SC and OC eigenvalue problems
(40) and (41), a new effective EMCC can further be
determined for a target mode r as

κ2
r =

ω̂2
r − ω2

r

ω2
r

(42)

The underbar will in the following denote the modal
parameters for these new SC and OC eigenvalue problems
with more advanced book keeping, including the state of the
non-resonant shunts.

The optimum parallel and series shunt tunings then follow
by the same tuning formulas proposed for the single-mode
calibration, but with frequencies, modal charges and modal
voltages based on the SC and OC eigenvalue problems in
(40) and (41). The tuning formulas are provided in the third
row of Table 1.

Using this shunt tuning, the root trajectories for varying
resistance are seen to follow semi-circles around the targeted

resonant frequencies (blue dots) in Figure 2, while the
optimum resistance tuning (blue crosses) appear on the
±45◦ lines from the respective undamped SC frequencies,
with a corresponding damping ratio that can be estimated
accurately as

ζ
r
=

√
1

8
κ2
r (43)

The present multi-mode calibration method requires the
evaluation of two eigenvalue problems for each target
mode r, while tuning to any resonant mode may be
determined by evaluating only two eigenvalue problems
when using the single-mode calibration in the section
Single-mode calibration and the modified single-mode
calibration in Modified single-mode calibration. In the
numerical example of the section Numerical example, it is
thus investigated how well the previous single-mode and
modified single-mode calibrations perform compared to the
multi-mode calibration of this section for a simply supported
beam with three pairs of shunted piezoceramic patches,
simoultaneuously targeting modes 1 to 3.

Numerical example
In the present section the calibration methods presented in
the section Single-mode calibration and are demonstrated
by the analysis of a simple numerical example. The example
concerns a simply supported beam with three pairs of
piezoceramic patches, which can be seen in Figure 3. All
the piezoceramic patches have the same polarisations and
are connected in parallel in pairs with a resonant shunt
circuit Zp

i . The dimensions of the beam are 40× 3× 0.2
cm3, while the piezoceramic patch pairs are placed with
their respective centers in the quarter, half and three-quarter
point locations along the beam. The dimensions of the
piezoceramic patches are 5× 3× 0.1 cm3. The material
properties of the beam are defined for aluminum by a
Young’s modulus E = 70 GPa, a density ρb = 2700 kg/m3

and a Poisson’s ratio ν = 0.33. PZT 5H is the material
considered for the piezoceramic patches with material
properties that can be accessed through the ”eFunda portal”
(eFunda Portal , 2019). The beam and piezoceramic patches
are discretized by respectively 48× 4× 1 and 6× 4× 1
20-node three dimensional solid elements in ANSYS R©.
The equipotential condition of the piezocelectric electrodes
are enforced by a coupling constraint on the concerned
electrical dofs, reducing the number of electrical dofs for
each electrode to a single dof defined in a so-called master
node (Toftekær et al. , 2019). The master nodes of the top
and bottom interface electrodes are coupled, while the inner
interface electrodes are coupled and grounded, in order to
model the parallel connection of each piezoceramic patch
pair. In the following, each of the three parallel connected
piezoceramic patch pairs will therefore act as a single
combined piezoelectric absorber with shunt impedance Zp

i

(i = 1, 2 or 3).
Optimum piezoelectric shunt tuning is considered for the

first three resonant vibration modes of the simply supported
beam in Figure 3. Firstly, the three piezoelectric absorbers
are in turn tuned with respect to a single target mode.
Secondly, simultaneous damping of modes 1 and 2 is
considered and finally simultaneous damping of modes 1,
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Z1 Z2 Z3

p

Figure 3. Simply supported beam with three pairs of shunted
piezoceramic patches (absorbers) and position of a dynamic
point load p.

Table 2. SC and OC frequencies and the effective EMCC of the
simply supported beam with three piezoelectric absorbers.

Mode ωr/(2π)[Hz] ω̂r/(2π)[Hz] κ2
r [%]

1 25.18 25.35 1.41
2 102.8 103.5 1.53
3 242.0 244.2 1.79

Figure 4. The first three mode shapes (a-c) of the simply
supported beam with three pairs of SC piezocermic patches.

2 and 3 is analyzed. Initially, the SC and OC eigenvalue
problems are evaluated in order to determine the resonant
frequencies, the effective EMCC and the corresponding
mode shapes of the simply supported beam. The SC
eigenvalue problem (3) is established by enforcing zero
electric potential at all interface electrodes, while the OC
eigenvalue problem (5) follows by deleting the zero potential
constraints on the top/bottom interface electrodes of the three
piezoelectric patch pairs. The first three SC and OC resonant
frequencies and the corresponding effective EMCCs are
provided in Table 2. The three mode shapes corresponding
to the SC resonant frequencies in Table 2 can be seen in
Figure 4, where the gray and blue colors indicate the beam
and piezoelectric absorbers, respectively. It can be seen from
Figure 4(a,c) that the second piezoelectric absorber (Z2) is
placed optimally for vibration modes 1 and 3 (the location
of maximum curvature), while the position of the first (Z1)
and third (Z3) piezoelectric absorbers are optimally located
for mode 2 in Figure 4(b). Moreover, it can be seen from
Figure 4(b) that the second piezoelectric absorber (Z2) is
positioned at a nodal point for the second mode shape,
which means that this absorber is without electromechanical
coupling for vibration mode 2, for which it can therefore not
be applied.

Single mode damping
The optimum piezoelectric shunt tuning is now considered
for the case where all three piezoelectric shunts are

simultaneously tuned to the same target mode r. The single-
mode calibration formulas, provided in the first row of
Table 1, are thus used to determine the optimum parallel
and series shunt tuning, given in Table 3. Furthermore,
Table 3 also gives the modal charge (4) and voltage (6)
found for each piezoelectric absorber from the ANSYS R©

model as an SC electric ”reaction force” and an OC
electric ”displacement” in the master node of the top/bottom
electrodes, respectively. It is noted that both the SC and OC
mode shapes are scaled in order to obtain unit modal mass,
which ensures that the (units) provided for modal charge and
voltage are the mass normalized quantities.

The magnitude of the normalized modal charges
and voltages in Table 3 determine the authority of
the corresponding piezoelectric absorber on the targeted
vibration mode. The largest modal charge and voltage are
thus found for the second absorber (Z2) in mode 1 and 3
and for the first (Z1) and third (Z3) absorbers in mode 2.
As expected, zero electric charge and voltage is observed
for the second absorber (Z2) in mode 2. It can also be seen
from Table 3 that the tuning of the three shunts is identical
for both modes 1 and 3, while it is identical for the first
(Z1) and third (Z3) absorbers for mode 2. This is because
the three absorbers are positioned symmetrically and thus
perform almost equally well for the first three vibration
modes, except for the second absorber (Z2) in mode 2 with
vanishing influence.

The amplitudes of the frequency response functions (FRF)
around vibration modes 1, 2 and 3 are now determined
in order to verify the obtained shunt tuning in Table 3. It
is noted that the FRFs are only presented for the model
with optimum parallel shunts, as the corresponding curves
for the series shunts are almost identical. The FRFs are
obtained by applying the modal load {fr} = [M ]{Ur} to
the structure for which the three parallel shunts are tuned.
The magnitude of the FRFs in the point of maximum
modal deflection |u1|, |u2| and |u3| are in Figure 5(a,c,e)
normalized by the corresponding static deflection u0, while
the corresponding voltage amplitudes |V1|, |V2| and |V3| are
shown in Figure 5(b,d,f). The term FRF will in the remainder
of the paper refer to the magnitude of the frequency response
function, and specifically for the normalized structural
amplitudes it denotes therefore the dynamic amplification
factor (DAF). In Figure 5(a,c,e) the horizontal dashed line
indicates the dynamic amplification factor DAF= 1/(2ζr) at
resonance ω = ωr, with the damping ratios ζr determined
from Table 1. Furthermore, the FRFs corresponding to the
tuning without residual modes correction is provided in
Figure 5(a,c,e) by the dashed and dashed-dotted curves for,
respectively, the tuning based on the static capacitance Cs =
82.2nF (Toftekær et al. , 2019) and the traditional blocked
capacitance CǫS

p = 51.8nF (Toftekær et al. , 2018). It can
be seen that flat plateaus in DAF= |FRF| agree well with the
estimated damping level and that the omission of the residual
contribution modes (dashed and dashed-dotted curves) leads
to a reduced damping performance, in particular for the
tuning based on the blocked capacitance (dashed-dotted
curves). Furthermore, it can be seen from Figure 5(b,d,f) that
completely flat plateaus are obtained for the voltage response
amplitudes |Vi| normalized by the corresponding modal
charges |Qr|i around the resonance. For mode 1, the flat
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Table 3. Modal charge and voltage and optimum parallel and series single-mode calibration for each piezoelectric absorber to the
first three resonant vibration modes.

Shunt |Qr|i
[
(mC)
m
√

kg

]
|V̂r|i

[
(kV)

m
√

kg

]
Lp

i [H] Rp
i [kΩ] Ls

i [H] Rs
i [kΩ]

M
od

e
1 Z1 2.670 32.94 493.0 464.7 479.4 12.81

Z2 3.781 46.64 493.0 464.7 479.4 12.81
Z3 2.670 32.94 493.0 464.7 479.4 12.81

M
od

e
2 Z1 16.06 198.4 29.62 109.3 28.73 3.269

Z2 - - - - - -
Z3 16.06 198.4 29.62 109.3 28.73 3.269

M
od

e
3 Z1 28.86 356.0 5.335 42.91 5.150 1.494

Z2 41.05 506.5 5.335 42.91 5.150 1.494
Z3 28.86 356.0 5.335 42.91 5.150 1.494

0.8 1 1.2

0

5

10

15

0.8 1 1.2

0

0.2

0.4

0.6

0.8

1

0.8 1 1.2

0

5

10

15

0.8 1 1.2

0

0.2

0.4

0.6

0.8

1

0.8 1 1.2

0

5

10

15

0.8 1 1.2

0

0.2

0.4

0.6

0.8

1

(a) (b)

(c) (d)

(e) (f)

|u
1
|/
u
0

|u
2
|/
u
0

|u
3
|/
u
0

ω/ω1ω/ω1

ω/ω2ω/ω2

ω/ω3ω/ω3

|V
i||
Q

r
| i

|V
i||
Q

r
| i

|V
i||
Q

r
| i

Figure 5. FRF for the displacements (at the position of the
maximum modal deflection) and voltages around mode 1(a,b),
2(c,d) and 3(e,f) of the simply supported beam with three
piezoelectric absorbers. In (a,c,e) the solid, dashed and
dashed-dotted curves is for the tuning based on the modal,
static and blocked capacitance, respectively, while the horizontal
dashed lines indicate the DAFs. In (b,d,f) the black, blue and red
lines indicates the voltage V1, V2 and V3 over each absorber.

plateaus are at |V2||Q1|2 ≃ 0.5 for shunt Z2 and |V1||Q1|1 =
|V3||Q1|3 ≃ 0.25 for shunt Z1 and Z3, which corresponds
to the fractions ((V̂r)i(Qr)i)/({V̂r}t{Qr}) appearing in the
characteristic equation (27). This fraction also determines the
ratio between the effective and modified effective EMCCs in

(11) and thus quantifies the amount of damping provided by
each piezoelectric shunt. For mode 2 in Figure 5(d) it is seen
that the first (Z1) and third (Z3) piezoelectric absorbers each
provide half of the total damping, while the second absorber
(Z2) instead contributes the most to the damping of mode 3.

Two-modes damping
Simultaneous damping of the resonant vibration modes
1 and 2 in Figure 4(a,b) is now considered. The second
piezoelectric absorber (Z2) is tuned to vibration mode 1,
for which it is optimally positioned, while the first (Z1) and
third (Z3) absorbers are tuned to vibration mode 2. In the
following the calibration strategies for the single-mode in the
section Single-mode calibration, the modified single-mode
in Modified single-mode calibration and the multi-mode
in Multi-mode calibration with non-resonant absorbers are
applied.

The single-mode tuning parameters are provided in
Table 3, with the second absorber (Z2) tuned to mode 1
and the first (Z1) and third (Z3) absorbers tuned to mode
2. According to (36), the single-mode calibration causes
a decrease in the obtained damping ratio and ultimately a
higher maximum DAF at resonance. It may therefore be
beneficial to use the resistance tuning from the modified
effective EMCC (37), which gives

κ̃2
1 =

(Q1)2(V̂1)2
ω2
1

= 0.70%,

κ̃2
2 =

(Q2)1(V̂2)1 + (Q2)3(V̂2)3
ω2
2

= 1.53%

(44)

for the two modes. The optimum tuning of shunts Z̃1, Z̃2

and Z̃3 is provided in Table 4 and determined by using the
modified single-mode calibration from the second row of
Table 1.

Finally, the multi-mode calibration method presented in
the third row of Table 1 is considered. This method requires
the evaluation of two eigenvalue problems for each target
mode, in order to obtain more representative effective
EMCCs and modal charges and voltages. The two eigenvalue
problems for the first target mode (r = 1) is obtained by
grounding all absorber electrodes V1 = V2 = V3 = 0 in the
SC case, while subsequently removing the constraint on
the second absorber electrode V1 = Q2 = V3 = 0 in the OC
case. For the second target mode (r = 2), the SC eigenvalue
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problem is defined by keeping the second absorber in the
OC condition, while the first and third absorbers are shorted:
V1 = Q2 = V3 = 0, while the OC eigenvalue problem has
all absorbers in their OC condition: Q1 = Q2 = Q3 = 0.
Hereby, the corresponding two effective EMCCs are

κ2
1 = 0.70%, κ2

2 = 1.53% (45)

corresponding exactly to those in (44) obtained by the
modified single-mode calibration. The new modal charges
and voltages are provided in Table 4 together with the
optimum parallel and series shunt tuning determined by the
formulas in the third row of Table 1.

It can be seen from Table 4 that the modified single-mode
and the multi-mode shunt tuning of Z1 and Z3 to mode
2 are identical and equal to the single-mode calibration in
Table 3. This is because the second piezoelectric absorber
(Z2) does not influence mode 2. The single-mode calibration
is therefore valid in this case without any reduction in
attainable damping. The optimum tuning of the second shunt
Z2 to mode 1 is however seen to differ from the single-mode
calibration in Table 3, because of the influence from the first
(Z1) and third (Z3) piezoelectric absorbers on the effective
EMCC. The inductance tuning for the modified single-mode
and the multi-mode calibrations in Table 4 are almost equal
to those for the single-mode calibration in Table 3, since the
effective EMCC only plays a minor role in the corresponding
tuning formulas and the new modal charge and voltage only
alter the inductance tuning of Z2 slightly. However, the
resistance tuning for the modified single-mode and multi-
mode calibrations in Table 4 are significantly different for
mode 1 compared to those for the single-mode calibration in
Table 3, due to the new effective EMCCs in (44) and (45).

The effect of using the three different shunt tuning
methods is now analyzed by inspecting the FRFs in Figure 6
to a load with a spatial distribution equal to either the first
or second resonant vibration modes. It can be seen from the
FRF around the first resonant frequency in Figure 6(a) that
the single-mode calibration (dashed-dotted curve) causes a
non flat plateau with a maximum DAF accurately determined
from the reduced damping ratio in (36) (horizontal dashed-
dotted line). When instead using the modified single-mode
calibration (dashed curve) and the multi-mode calibration
(solid curve), flat plateaus are observed for the corresponding
FRFs in Figure 6(a). For the shunt voltage in Figure 6(b), the
multi-mode calibration (solid curve) gives a slightly more
flat plateau in the FRF compared to the modified single-
mode calibration (dashed curve). It can be seen from the FRF
around the second resonant frequency in Figure 6(c) that the
three-shunt calibrations give identical responses, as Z2 has
no influence on mode 2. For the mode 2 shunt voltage in
Figure 6(d), it is furthermore seen that the first (Z1) and third
(Z3) absorbers contribute equally to the mitigation of mode
2 in Figure 5(d).

The simultaneous shunt tuning and damping of modes
1 and 2 of the simply supported beam is now analyzed
by considering a dynamic point load located at the center
point in Figure 3, of the first piezoelectric absorber where it
spatially excites both vibration modes 1 and 2.

The FRF to the point load is seen in Figure 7 in a
frequency spectrum capturing the first two resonances of the
simply supported beam. As observed for the response to the
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Figure 6. FRF to modal loads in mode 1 (a,b) and 2 (c,d), for
parallel multi-mode ( ), modified single-mode ( ) and
single-mode ( ) tuning of the piezoelectric absorbers. In (a,c)
the horizontal dashed and dashed-dotted lines indicate, the
DAFs based on the damping ratios (43) and (36), while the
black, blue and red curves in (b,d) indicate the voltage
responses V1, V2 and V3, respectively.
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Figure 7. FRF for simply supported beam with point load in
Figure 3, for parallel multi-mode tuning ( ), modified
single-mode tuning ( ), single-mode tuning ( ), and for the
SC structure ( ).

modal loads in Figure 6, it can be seen in Figure 7 that the
optimum vibration suppression is obtained around mode 2
for all three tuning methods, while optimum suppression of
vibration mode 1 requires the use of the modified single-
mode tuning or the full multi-mode calibration. In all cases,
the three piezoelectric absorbers suppresse both resonant
peaks significantly.

Three-modes damping
Simultaneous damping of the first three resonant vibration
modes of the simply supported beam in Figure 3 is now
considered and realized by tuning the first piezoelectric
absorber (Z1) to mode 2, the second (Z2) to mode 3
and the third (Z3) to mode 1. Again, all three tuning
methods are considered and compared. The single-mode
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Table 4. Modal charge and voltage and optimum modified single Z̃i and multi-mode Zi parallel and series shunt tuning for the
second piezoelectric absorber tuned to mode 1 and the first and third absorbers tuned to mode 2.

Shunt |Qr|i
[
(mC)
m
√

kg

]
|V̂r|i

[
(kV)

m
√

kg

]
Lp

i [H] Rp
i [kΩ] Ls

i [H] Rs
i [kΩ]

M
od

e
1 Z̃2 3.781 46.64 493.0 656.8 482.8 9.130

Z2 3.781 46.32 489.6 654.5 479.4 9.035
M

od
e

2 Z̃1 16.07 198.41 29.62 109.3 28.73 3.269
Z̃3 16.07 198.41 29.62 109.3 28.73 3.269

Z1 16.07 198.41 29.62 109.3 28.73 3.269
Z3 16.07 198.41 29.62 109.3 28.73 3.269

calibration follows from Table 3, while the modified single-
mode calibration follows from determination of the modified
effective EMCC in (37), obtained for the three vibration
modes as

κ̃2
1 =

(Q1)3(V̂1)3
ω2
1

= 0.35%,

κ̃2
2 =

(Q2)1(V̂2)1
ω2
2

= 0.76%,

κ̃2
3 =

(Q3)2(V̂3)2
ω2
3

= 0.90%

(46)

The corresponding optimum tuning of the parallel and
series shunt Z̃i are provided in Table 5. The multi-mode
calibration requires the evaluation of individual eigenvalue
problems in order to determine three new SC and OC
resonance frequencies and the corresponding modal charges
and voltages. The SC and OC eigenvalue problems (40) and
(41) are respectively established for target mode r = 1 by
V1 = V2 = V3 = 0 and V1 = V2 = Q3 = 0, for target mode
r = 2 by V1 = V2 = Q3 = 0 and Q1 = V2 = Q3 = 0 and
for target mode r = 3 by Q1 = V2 = Q3 = 0 and Q1 =
Q2 = Q3 = 0. The corresponding effective EMCCs are then
found as

κ2
1 = 0.35%, κ2

2 = 0.76%, κ2
3 = 0.89% (47)

while three new modal charge and voltage amplitudes
are provided in Table 5. Finally, the optimum multi-mode
parallel and series shunt tuning are given in Table 5.

It can be seen from Table 5 that the parallel shunt
inductance for the modified single-mode calibration is
identical to the single-mode calibration in Table 3 because
the corresponding tuning formula (30) is independent of
the effective EMCC. For the multi-mode calibration the
inductance is slightly altered due to the new modal charges
and voltages. As also found for the double mode damping,
the optimum resistances in Table 5 are significantly different
from the single-mode calibration values in Table 3, mainly
due to the new effective EMCCs in (46) and (47). The three
tuning methods are analyzed by inspecting the corresponding
FRFs produced by applying modal loads for the respective
three resonant vibration modes, shown for the parallel shunts
in Figure 8.

It can be seen from Figure 8(a,c,e) that the maximum
DAF at resonance is accurately determined from the reduced
damping ratio (dashed line) in (36), when the single-mode
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Figure 8. FRF to modal loads in mode 1 (a,b), 2 (c,d) and 3
(e,f), for parallel multi-mode ( ), modified single-mode ( )
and single-mode ( ) calibrations. In (a,c,e) the horizontal
dashed and dashed-dotted lines indicate the DAFs based on
the damping ratios (43) and (36), and in (b,d,f) the black, blue
and red curves indicate the voltage responses V1, V2 and V3,
respectively.

calibration in Table 3 is used. Both the modified single-mode
and multi-mode calibration give almost flat plateaus in the
FRF based on the damping ratio in (43). A slightly higher
amplitude may be observed for the modified single-mode
calibration, due to the inaccuracy of the modal charges and
voltages. For the shunt voltage in Figure 8 it is similarly
observed that the multi-mode calibration (solid curves) is
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Table 5. Modal charge and voltage and optimum single and multi-mode parallel and series shunt tuning for the three piezoelectric
absorbers dedicated to damp resonant vibration mode 2, 3 and 1, respectively.

Shunt |Qr|i
[
(mC)
m
√

kg

]
|V̂r|i

[
(kV)

m
√

kg

]
Lp

i [H] Rp
i [kΩ] Ls

i [H] Rs
i [kΩ]

M
od

e
1 Z̃3 2.670 32.94 493.0 930.1 484.5 6.470

Z3 2.670 32.58 487.6 925.0 485.9 6.420
M

od
e

2 Z̃1 16.07 198.4 29.62 154.6 28.95 2.329

Z1 16.14 198.4 29.25 153.5 29.03 2.332

M
od

e
3 Z̃2 41.05 506.5 5.335 60.50 5.195 1.069

Z2 41.07 506.5 5.286 60.45 5.238 1.073
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Figure 9. FRF for simply supported beam with point load in
Figure 3, for parallel multi-mode ( ), modified single-mode
( ) and single-mode ( ) calibrations, and for the SC
structure ( ).

closer to the ideally balanced calibration with completely flat
plateaus compared to the response of the modified single-
mode calibration (dashed curves).

Finally, the performance of the shunt tuning provided
in Table 3 and 5 are again analyzed by the FRF in
Figure 9 for the harmonic point load in Figure 3. It can be
seen from Figure 9 that the multi-mode calibration (blue
solid curve) leads to the most flat plateaus around the
resonant frequencies. The modified single-mode calibration
(red dashed curve) provides almost the same vibration
suppression around the three resonant frequencies and may
thus be beneficial, as it avoids the evaluation of additional
eigenvalue problems. The single-mode calibration (black
dashed-dotted curve) is seen to cause non-flat plateaus
around the resonant frequencies and a larger DAF, which is
however still significantly reduced compared to the DAF for
the SC structure (black dashed curve).

Conclusion
A resonant piezoelectric shunt calibration principle account-
ing for the influence of non-resonant vibration modes is
proposed for multiple shunted piezoelectric domains (ab-
sorbers) attached to a flexible structure. The method requires
the evaluation of two eigenvalue problems associated with
the SC and OC conditions of the piezoelectric domains,
from which the frequencies, modal charges and modal volt-
ages are determined, constituting the required shunt tuning
parameters. The evaluation of the modal charge and volt-
age also permits the direct evaluation of a new effective

modal capacitance, that contains the effects of non-resonant
vibration modes. When only a subset of the piezoelectric
shunts are tuned with respect to the target vibration mode
the tuning becomes non-optimal and the attainable damping
decreases. In this case, an enhanced shunt tuning may be
obtained by the determination of a modified effective EMCC,
which only considers the piezoelectric absorbers tuned with
respect to the target vibration mode. Finally, the tuning
method is generalized to multi-mode vibration suppression,
for which the corresponding optimum shunt tuning requires
the evaluation of additional eigenvalue problems to account
for the influence from piezoelectric absorbers tuned to modes
below and above the target mode.

The three shunt calibration methods are tested on a
simple numerical example concerning a simply supported
beam with three pairs of shunted piezoceramic patches
(absorbers). First, it is demonstrated that the tuning of the
three piezoelectric absorbers to the same resonant vibration
mode provides significant vibration suppression and reduces
the maximum DAF to the level predicted by an estimated
modal damping ratio. It is found that the tuning parameters
for the three shunts are indistinguishable, except for the
tuning of the second absorber to the second vibration mode,
since this absorber is exactly located at the nodal point of
mode 2.

Secondly, simultaneous damping of vibration modes 1
and 2 is considered. It is demonstrated that the single-mode
calibration of the second piezoelectric absorber causes a
non-optimal response around mode 1, while a flat plateau
is obtained around mode 2, damped by the piezoelectric
absorbers 1 and 3. For the first vibration mode the influence
from absorber 1 and 3 on the effective EMCC causes the non-
optimum damping. The single-mode calibration, however,
remains valid for the second vibration mode, as the second
absorber is located in nodal point. The optimum tuning
to the first resonant mode may be enhanced by using the
modified effective EMCC or the multi-mode calibration,
where improved accuracy of the latter comes at the cost of
evaluating additional eigenvalue problems.

Finally, simultaneous damping of the first three resonant
vibration modes is considered. In this case, the single-mode
calibration leads to non-optimum shunt damping for all three
vibration modes with a maximum DAF accurately estimated
from a reduced modal damping ratio. However, when using
the modified single-mode or the multi-mode calibrations,
flat plateaus around the resonant frequencies are obtained
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in the corresponding FRFs. The results of the numerical
example therefore indicate that it may be beneficial to use
the modified single-mode calibration method, by which
an optimum tuning and vibration suppression is obtained
without the evaluation of the additional eigenvalue problems
required in the full multi-mode calibration.

An experimental implementation and validation of the
proposed shunt tuning method is of great interest and may
be achieved by determine the shunt tuning from actual
measurements of the SC current and OC voltage. As the
effective modal capacitance is independent of the mode
shapes normalization through the modal charge to voltage
ratio, this is obtained and used to determine a precise
inductance tuning. By evaluating the optimum shunt tuning
directly from measurements on the actual piezoelectric
absorber any uncertainties associated with the numerical
model and evaluation of the shunt tuning may be seemingly
avoided. The experimental validation of the proposed tuning
method is considered in future work.
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Appendix I
The square brackets in (19) may be multiplied by
iω[Z(ω)]{Qr}, whereby the characteristic equation can be
written as
(
1− ω2

ω2
r

)(
iω

{V̂r}t[Cr][Z(ω)]{Qr}
{V̂r}t{Qr}

+ 1

)

+iω
{Qr}t[Z(ω)]{Qr}
{Qr}t[Cr]−1{Qr}

κ2
r = 0

(48)

after using (23) and dividing by ω2
r . The series impedance

(32) and effective capacitance (22) are now inserted in (48),
whereby the characteristic equation can be written as

(
1− ω2

ω2
r

)(
ω2

Np∑

i=1

(V̂r)i(Qr)i

{V̂r}t{Qr}
Ls
i
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(V̂r)i

−iω
Np∑
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(V̂r)i(Qr)i

{V̂r}t{Qr}
Rs

i

(Qr)i

(V̂r)i
+ 1

)

+ω2

Np∑

i=1

(V̂r)i(Qr)i

{V̂r}t{Qr}
Ls
i

(Qr)i

(V̂r)i
κ2
r

−iω
Np∑

i=1

(V̂r)i(Qr)i

{V̂r}t{Qr}
Rs

i

(Qr)i

(V̂r)i
κ2
r = 0

(49)

It is convenient to divide (49) with∑Np

i=1
(V̂r)i(Qr)i
{V̂r}t{Qr}

Ls
i
(Qr)i
(V̂r)i

ω2
r , which then can be written

as
(
1− ω2

ω2
r

)(
ω2

ω2
r

− i
ω

ωr

∑Np

i=1(Qr)
2
iR

s
i∑Np

i=1(Qr)2iL
s
iωr

+

Np∑

i=1

{V̂r}t{Qr}
(V̂r)i(Qr)i

1

Ls
i

(V̂r)i
(Qr)iω2

r

)

+
ω2

ω2
r

κ2
r − i

ω

ωr

∑Np

i=1(Qr)
2
iR

s
i∑Np

i=1(Qr)2iL
s
iωr

κ2
r = 0

(50)

By expanding the expressions in (50), it can be written as

ω4

ω4
r

−
(
1 + κ2

r −
Np∑

i=1

{V̂r}t{Qr}
(V̂r)i(Qr)i

1

Ls
i

(V̂r)i
(Qr)iω2

r

)ω2

ω2
r

−
Np∑

i=1

{V̂r}t{Qr}
(V̂r)i(Qr)i

1

Ls
i

(V̂r)i
(Qr)iω2

r

+i
ω

ωr

∑Np

i=1(Qr)
2
iR

s
i∑Np

i=1(Qr)2iL
s
iωr

(
1 + κ2

r −
ω2

ω2
r

)
= 0

(51)

Finally, the characteristic equation (51) may be expressed
in the generic form of (25) by division with (1 + κ2

r)
2 and

introduction of the OC frequency from (7), which leads to
(33).
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Abstract
The effective vibration mitigation properties of piezoceramic patches with inductive-resistive (LR) shunts are
investigated experimentally. A shunt tuning method is proposed, in which a consistent correction for the influence from
residual vibration modes is included by an effective modal capacitance, evaluated from measured charge and voltage
amplitudes in short- and open circuit (SC and OC) conditions, respectively. The robustness of the proposed method is
verified experimentally for both a free beam and plate structure with four shunted piezoceramic patch pairs. A stable and
fully passive inductor is produced by winding a copper wire around a magnetic coil, which requires precise inductance
tuning to determine the final number of turns. It is demonstrated that the effective modal capacitance interpolates
consistently between the blocked and static capacitances, commonly used for single-mode tuning of piezoelectric
LR shunts. By imposing pseudo-random vibrations, the piezoelectric current and voltage signals are measured and
evaluated by their frequency response functions (FRF). Spectrum peak values determine the apparent SC charge
to OC voltage ratio for each shunt, which directly determines the shunt components by explicit tuning formulas.
Good correlation between numerical and experimental results are obtained for the free beam, while for the free plate
experiment effective multi-mode shunt tuning is obtained by a modified effective electromechanical coupling coefficient.

Keywords
Piezoelectric shunt damping, shunt calibration, residual mode correction, electromechanical coupling coefficient, modal
capacitance, experimental validation

Introduction

Flexible plate-like structures may be vulnerable to excessive
vibrations caused by dynamic harmonic loads with
frequencies close to a resonance in the structure. This
may cause structural failure, fatigue or lead to undesirable
acoustic problems. The introduction of resonant absorber
devices calibrated to a single or several dominating resonant
modes of the structure may therefore be required. For
vibration mitigation of plate-like structures, a convenient
absorber consists of co-located piezoceramic patches, with
strong electromechanical coupling properties, wired to
resonant shunts. The resonant shunt consists of an inductance
(L) tuned to secure a proper absorber frequency and a
resistor (R) chosen to obtain optimum energy dissipation
around the targeted resonant frequency, as proposed
and experimentally demonstrated by Forward (1979). A
tuning procedure based on a single mode approximation
of the electromechanical structure has been derived
subsequently for the series (Hagood and von Flotow , 1991)
and parallel (Wu , 1996) LR-shunts, while a comparison
of the two shunt configurations have been provided by
Park and Inman (1999) and Caruso (2001). Alternative
methods for the series and parallel resonant shunt tuning
has been suggested in Thomas et al. (2012); Yamada et al.
(2010); Høgsberg and Krenk (2012); Soltani et al. (2014),
all relying on a pure single-mode truncation of the structural
dynamics. A consequence of the single mode assumption

is that the optimum inductance tuning is evaluated directly
from the inherent blocked piezoelectric capacitance CS

p , in
order to obtain the desired absorber frequency. However,
due to the effect of non-resonant vibration modes this will
in many cases lead to a non-optimum inductance and shunt
tuning.

The effect of the (non-resonant) residual vibration modes
has rarely been considered in neither numerical or experi-
mental validations of shunt tuning procedures. In numerical
validations the influence from residual mode is ignored
by simply applying a single-mode structural model when
producing frequency response curves for the electromechan-
ical structure (Caruso , 2001; Soltani et al. , 2014), while
in experiments it is seldom stated precisely which piezo-
electric capacitance is measured and thereby used in the
shunt tuning. However, in Wu and Bicos (1997) it is stated
that the capacitance of a piezoceramic patch bonded to a
structure is only slightly different than the inherent blocked
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capacitance, which is therefore used as the governing
shunt tuning parameter. Furthermore, in Porfiri et al. (2007);
de Marneffe and Preumont (2008); Preumont (2011) the
effective capacitance of a piezoelectric element bonded to
a vibrating structure is discussed in greater detail. Further-
more, Porfiri et al. (2007) distinguishes between the orig-
inal free and blocked capacitances and the two additional
capacitances, referred to as the free modal and the blocked
modal capacitance of the piezoelectric patch bonded to the
vibrating host structure. The free modal capacitance can be
measured when the structure is free to deform, whereby
it becomes representative in the low- frequency limit and
thus in de Marneffe and Preumont (2008); Preumont (2011)
referred to as the static capacitance C0

p . Oppositely, the
blocked modal capacitance is representative in the high-
frequency limit, whereby its evaluation in principle requires
the blocking of all modal coefficients. This makes the
blocked modal capacitance difficult to evaluate from exper-
imental campaigns. However, as described in Porfiri et al.
(2007) the optimum shunt tuning should be based on this
blocked modal capacitance, since it inherently contains the
contributions from (non-resonant) residual vibration modes.
Finally, methods for evaluating the blocked modal capaci-
tance is proposed and discussed in Porfiri et al. (2007).

The influence and importance of residual vibration
modes on resonant LR shunt tuning has recently been
addressed. In Høgsberg and Krenk (2017) explicit flexibility
and inertia correction terms, initially derived for tuned
mass- and inerter based absorbers in Krenk and Høgsberg
(2016), have been proposed. In Berardengo et al. (2016,
2018) the inherent capacitance of the bonded piezoelectric
element is modified by the influence from higher vibration
modes, while a theoretical study of the influence from an
increasing number of vibration modes on the shunt tuning
has been provided in Gardonio and Casagrande (2017). An
electrical analogy to the flexibility and inertia correction
terms in Høgsberg and Krenk (2017) has been proposed in
Toftekær et al. (2018), in which it is demonstrated that the
corresponding electric capacitance and inductance correction
terms, together with the inherent blocked piezoelectric
capacitance, determine an effective dynamic capacitance,
used to evaluate and improve the traditional shunt inductance
tuning. It is illustrated in Toftekær et al. (2019) that for
typical patch configurations the apparent inertia correction
from residual modes is insignificant compared to the
corresponding flexibility effect. Therefore, an alternative
effective capacitance, based on the electric response to a
short and a open circuit (SC and OC) eigenvalue problem,
is proposed in Toftekær and Høgsberg (2019a). It defines
a tuning method that is easy to implement in commercial
finite element (FE) software (Toftekær et al. , 2019), as it
only requires the evaluation of two eigenvalue problems
and thus avoids matrix manipulations or the determination
of an exhaustive number of residual mode frequencies and
shapes. As demonstrated in the following, this method is also
suitable for experimentally based shunt tuning.

The present paper provides experimental validation of the
shunt tuning procedure proposed in Toftekær and Høgsberg
(2019a) and demonstrates experimentally the influence from

residual vibration modes by comparison with the shunt tun-
ing based on both the blocked, the static and the proposed ef-
fective modal capacitance (Toftekær and Høgsberg , 2019a).
The shunt circuits are designed as pure passive electrical
circuits with use of a passive inductor, designed by winding a
cobber wire around a closed magnetic coil (Lossouarn et al. ,
2017), connected in series with a potentiometers, which is
easily adjusted to the specific resistance tuning. As discussed
in the paper, the use of the passive inductor increases
the importance of a precise prior inductance tuning, since
subsequent re-adjustment of the final passive inductance is
not as straightforward, as for the typical synthetic inductor.
Finally, the multi-mode piezoelectric shunt tuning proposed
in Toftekær and Høgsberg (2019a) is also implemented and
demonstrated experimentally.

The paper is organized in three main sections. In the
first section, the numerical shunt tuning method proposed
in Toftekær and Høgsberg (2019a) is briefly summarized
for the series shunt, used in the experiments. Furthermore,
the numerical results for the initial experimental setup,
concerning a free beam with four shunted piezoceramic
patch pairs, is presented for the subsequent comparison
with experimental results. In the second section, it is
demonstrated how the required shunt tuning parameters
can be evaluated experimentally by measurements of the
piezoelectric SC current and OC voltage signals to a specific
dynamic excitation imposed by a fifth piezoelectric patch
pair. The passive inductor is then briefly presented, requiring
a precise prior tuning that includes the influence from the
residual vibration modes. The third section considers the
two experimental setups, with a free beam and a free plate
structure, each damped by four pairs of shunted piezoceramic
patches. The components in the four shunts are for both
structures determined from the experimentally evaluated
tuning parameters. Finally, the shunt damping performance
is verified by considering the frequency response functions
(FRFs) for both the structural displacements and the
piezoelectric absorber voltage response around the targeted
resonance frequencies.

Numerical shunt tuning
This section presents the numerical model and shunt tuning
method (Toftekær and Høgsberg , 2019a) to be validated
experimentally in the subsequent sections.

In a frequency domain representation with angular
frequency ω, the general vibration problem for an elastic
structure with attached piezoelectric domains may be
described as (Toftekær et al. , 2019)
([

KE kEme

(kEme)
t −Cp

]
− ω2

[
M 0
0 0

]){
U
V

}
=

{
0

−Q

}
(1)

in which [KE ] is the elastic stiffness matrix of the structure
with SC piezoelectric electrodes and [M ] is the mass matrix.
The coupling between the mechanical and the electrical
domains is governed by the coupling matrix [kEme] with
rows equal to the number of mechanical degrees of freedom
(dofs) and columns equal to the number of independent
piezoelectric shunts Np, while (. . .)t represents the transpose
operation. A piezoelectric shunt Zi may be wired to several
piezoelectric domains whereby the shunted domains act as
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Figure 1. Vibrating structure with piezoelectric domains
comprised by Np = 4 piezoelectric absorbers with independent
shunt impedance Zi. (Toftekær and Høgsberg , 2019a)

a single resulting piezoelectric absorber, see Figure 1. The
electrical domain is hereby described by a diagonal matrix
[Cp] containing the resulting blocked capacitance (C̄S

p )i
for each piezoelectric absorber (Toftekær et al. , 2019). In
(1) the vector {U} contains the N mechanical degrees of
freedom (dofs), {V } contains the Np electric dofs given
by the voltage between the shunted electrodes, while {Q}
represents the stored electric charge on each of the shunted
electrodes, alternatively expressed by the flow of current

Ii = −iωQi (2)

with i =
√
−1 being the imaginary unit.

The proposed shunt tuning method in
Toftekær and Høgsberg (2019a) considers the two limiting
eigenvalue problems from (1) with either SC and OC
piezoelectric electrodes. The SC eigenvalue problem is
obtained by direct wiring of the piezoelectric electrodes
(Zi = 0), whereby {V } = {0} in (1) directly gives

(
[KE ]− ω2

j [M ]
)
{Uj} = {0} (3)

introducing the SC natural frequency ωj and the mode shape
{Uj} for mode j. The electric absorber response from the
second equation in (1) is then obtained as a modal charge

{Qj} = −[kEme]
t{Uj} (4)

obtained alternatively as {Qj} = {Ij}/(iωj) from the
current {Ij} in (2) with ω = ωj , which can be readily
measured in experiments. The OC limit corresponds to
infinite shunt resistance (Zi → ∞), implying a vanishing
flow of current or {Q} = {0}. Elimination of {V } in the
upper equation of (1) then determines the OC eigenvalue
problem as
(
[KE] + [kEme][Cp]

−1[kEme]
t − ω̂2

j [M ]
)
{Ûj} = {0} (5)

defining the OC frequency ω̂j and mode shape vector {Ûj}.
For {Q} = {0} the second equation of (1) defines the modal
voltage

{V̂j} = [Cp]
−1[kEme]

t{Ûj} (6)

as the associated electric response amplitude. The evaluation
of the two limiting (SC and OC) eigenvalue problems
respectively determine the SC frequencies ωj and modal
charge amplitudes {Qj} and the corresponding OC
frequencies ω̂j and modal voltages in {V̂j}. These four
modal parameters constitute the basis of the present shunt
tuning procedure (Toftekær and Høgsberg , 2019a), which is
verified in the following by experimental analysis.

The derivation of the tuning procedure applies a mixed
modal projection of the SC and OC mode shapes, which
expresses the effective EMCC

κ2
j =

ω̂2
j − ω2

j

ω2
j

=
{Qj}t{V̂j}

m̃jω2
r

(7)

in terms of the modal charge, modal voltage and an
intermediate modal mass m̃j = {Uj}t[M ]{Ûj}, which
is approximately equal to the SC modal mass mj =
{Uj}t[M ]{Uj} for most practical cases with a limited
change in the mode shape because of the inherent SC to
OC stiffness increase. The modal equations are derived
from a decoupling of the general vibration problem (1) by
the modal representation {U} = [U ]{v} with the SC mode
shapes {Uj} contained as columns in the modal matrix [U ]
and the modal coordinates vj collected in the vector {v}.
Hereby, the upper mechanical equation in (1) uncouples as

(ω2
j − ω2)vj −

{Qj}t
mj

{V } = 0 (8)

for all vibration modes j = 1, 2, . . . , N , while the bottom
electric equation in (1),

N∑

j=1

{Qj}vj = {Q} − [Cp]{V } (9)

still depends on the full range of modal coordinates vj .
The influence from the non-resonant vibration modes on

the optimum shunt tuning arises from the linear combination
of modal charges in (9), which is undesirable to fully
evaluate. Since (8) states that vj is proportional to the voltage
{V }, the influence from the non-resonant vibration modes
around a target mode j = r may be approximated by an
additional term to the blocked piezoelectric capacitance as

{Qr}vr = {Q} −
(
[Cp] +

N∑

j 6=r

{Qj}{Qj}t
mjω2

j

ω2
j

ω2
j − ω2

)
{V }

≃ {Q} − [Cr ]{V }
(10)

The introduced effective modal capacitance matrix
[Cr] is in the following assumed to be diagonal
(Toftekær and Høgsberg , 2019a). An effective modal
capacitance is evaluated by considering the modal equations
(8) and (10) in the OC limit and then introducing the latter
representation of the effective EMCC in (7). This results in
the modal effective capacitance

(Cr)i ≃ − (Qr)i

(V̂r)i
(11)

for the i’th piezoelectric absorber when m̃j ≃ mj is
assumed. Upon introduction of the impedance relation
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Table 1. Pure and modified single-mode calibration
expressions for series shunt i components and effective
EMCCs.

M
et

ho
d Inductance Resistance EMCC

(Lr)i (Rr)i κ2
r, κ̃

2
r

S
in

gl
e |V̂r|i

|Qr|iω̂2
r(1 + κ2

r)

|V̂r|i
√
2κ2

r

|Qr|iω̂r(1 + κ2
r)

ω̂2
r − ω2

r

ω2
r

M
od

ifi
ed |V̂r|i

|Qr|iω̂2
r(1 + κ̃2

r)

|V̂r|i
√
2κ̃2

r

|Qr|iω̂r(1 + κ̃2
r)

np∑

i=1

(Qr)i(V̂r)i

{Qr}t{V̂r}
κ2
r

{V } = −iω[Z(ω)]{Q} for the piezoelectric absorbers and
the non-resonant modal approximation in (10), a governing
characteristic equation for the target mode r,

(
ω2

ω2
r

− i
ω

ωr

Np∑

i=1

(V̂r)i(Qr)i

{V̂r}t{Qr}
1

Zi(ω)(Cr)iωr

)

×
(
1− ω2

ω2
r

)
+ κ2

r

ω2

ω2
r

= 0

(12)

is then obtained from (8). In the present analysis the series
LR shunt with Zi(ω) = Ri + iωLi is preferred because
the intrinsic resistance of the passive inductors used in
the experiments can then be directly accounted for by Ri

(Lossouarn et al. , 2017). The modal characteristic equation
is now obtained by substitution of Zi(ω) = Ri + iωLi into
(12), from which the principle of equal modal damping
(Krenk and Høgsberg , 2013) then determines the effective
single-mode tuning expressions presented in Table 1. The
applied tuning procedure accounts for the influence from
residual vibration modes directly by the modal voltage to
charge ratio |V̂r|i/|Qr|i contained in the derived calibration
expressions (Toftekær and Høgsberg , 2019a).

When a subset np 6 Np of all piezoelectric absorbers
targets a specific vibration mode j = r, the presented single-
mode calibration becomes non-optimal, as discussed in
Toftekær and Høgsberg (2019a). The limited authority of
the reduced number of absorbers can however be represented
by a modified effective EMCC

κ̃2
r = −

np∑

i=1

(Qr)i(V̂r)i
m̃rω2

r

=

np∑

i=1

(Qr)i(V̂r)i

{Qr}t{V̂r}
κ2
r (13)

which mainly alters the optimum shunt resistance, as seen
from the tuning formluas in the bottom row of Table 1.

Numerical results
The performance of the presented shunt tuning strategy
is initially demonstrated numerically for the experimental
setup with a free beam and five pairs of piezoceramic
patches. The four piezoceramic patch pairs are shunted
for vibration damping, while the fifth piezoceramic patch
pair is used to induce structural vibrations. Dimensions
and material properties of the beam and the piezoceramic
patches are provided in the section Experiments. For the
present numerical analysis the commercial FE-software

Table 2. Free beam with four piezoceramic patch pairs:
Numerical SC and OC frequencies, effective EMCC, modal
capacitances and optimum shunt components.

Flex. mode 1 2 3 4 5

ω/(2π) [Hz] 160.6 439.6 852.3 1398 2076
ω̂/(2π) [Hz] 162.4 443.1 859.7 1410 2110
κ2
r [%] 2.31 2.06 1.72 1.77 3.26

(Cr)1 [nF] 31.4 31.5 31.6 31.6 3.09
(Cr)2 [nF] 31.4 31.5 30.9 32.0 31.1
(Cr)3 [nF] 31.4 - 31.6 - 31.3
(Cr)4 [nF] 31.4 31.6 33.2 30.8 31.3

(Lr)1 [H] 29.85 4.01 1.07 0.396 0.179
(Lr)2 [H] 29.86 4.02 1.09 0.391 0.177
(Lr)3 [H] 29.86 - 1.07 - 0.176
(Lr)4 [H] 29.87 4.01 1.01 0.406 0.176

(Rr)1 [Ω] 6549 2263 1068 660.1 604.2
(Rr)2 [Ω] 6551 2267 1095 651.3 599.1
(Rr)3 [Ω] 6552 - 1070 - 596.0
(Rr)4 [Ω] 6555 2262 1017 676.1 595.0

ANSYS is used, see Toftekær et al. (2019) for details on
the implementation. The beam is discretized by 180×
12× 3 3D Solid186 elements, while each piezoceramic
patch is modeled by 12× 12× 1 3D Solid226 coupled
field elements. The natural frequencies and corresponding
tuning parameters are for the lowest six modes determined
by evaluation of the SC and OC eigenvalue problems in
(3) and (5), respectively. The natural frequencies, effective
modal capacitances (11) and series shunt components
are summarized in Table 2. In the following section
Experiments, the experimental shunt tuning results are
compared by a percentage deviation to these numerical
benchmark values. It should be noted that only the flexural
vibration modes are considered in Table 2.

Modal load For the present free beam example the four
piezoelectric absorbers target the flexural vibration modes
2 to 5, with the curves for the frequency response
functions (FRFs) obtained by a full harmonic analysis of
the discretized structure in ANSYS. Initially, the ideal
modal load case {fr} = [M ]{Ur} is considered to verify the
equal modal damping principle used to derive the present
shunt tuning method in Table 1. The FRFs around the
four target flexural vibration modes 2 to 5 can be seen
in Figure 2(a,c,e,g) for the structure with the piezoelectric
absorbers in OC condition (black dashed curves), with pure
L-shunts (blue curves) and with optimum series LR-shunts
(red curves). For each vibration mode r = 2 to 5 in Figure 2,
all four piezoelectric absorbers i = 1 to 4 are calibrated
specifically to that mode, as seen from the corresponding
absorber voltage response in Figure 2(b,d,f,h).

Figure 2(a,c,e,g) shows that the vibration reduction
provided by the LR-shunted piezoelectric absorbers (red
curves) agrees well with the dynamic amplification factor
1/(2ζr), estimated by the modal damping ratio ζr =√
1/8κ2

r from Toftekær and Høgsberg (2019a) with the
effective EMCC κ2

r given in Table 1. For a proper
inductance tuning the three (dashed, blue and red) curves
in Figure 2(a,c,e,g) intersect for two neutral frequencies, at
which the structural response magnitude is independent of
the applied shunt resistance. Furthermore, the pure L-shunt
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Figure 2. FRFs for free beam with 4 piezoelectric absorbers
and modal load: Maximum modal displacements and voltages
for damping of mode r = 2(a,b), 3(c,d), 4(e,f), 5(g,h). (a,c,e,g):
black, blue and red curves are FRFs for OC condition, L- and
LR-shunted absorbers, respectively. Horizontal dashed lines is
1/(2ζr). (b,d,f,h): Black, red, blue and green curves represent
voltage response for absorbers 1 to 4, respectively.

(blue curve) exhibits a clear anti-resonance point at ω =
ωr(1 + κ2

r), around which the two resonance frequencies
of the blue curve are inverse points (Toftekær et al. , 2019).
Therefore, the FRFs for the pure L-shunt are in the
following included to specifically asses the inductance
calibration. The response curves in Figure 2(a,c,e,g) are
not completely flat because the equal modal damping
calibration (Krenk and Høgsberg , 2013) implies a slight
declination towards higher frequencies. However, the equal
modal damping principle secures a fully flat plateau in
absorber response amplitude with a unit magnitude when
normalized appropriately by the applied modal load {fr}.
Figure 2(b,d,f,h) verifies this condition, as the absorber
voltage amplitudes at each resonance are exactly flat and add

up to unity. The flatness of the voltage FRFs are therefore a
convenient indicator for the accuracy of the underlying shunt
tuning.

Electromechanical point load In the experimental setups in
the section Experiments a pair of piezoceramic patches is
placed locally on the structure to excite structural vibrations.
This load is modeled in ANSYS by applying an electric
potential on the non-grounded interface electrode of the
fifth piezoceramic patch pair (Toftekær et al. , 2019). For
this piezoelectric excitation, the FRFs around the four target
vibration modes 2 to 5 are shown in Figure 3(a,c,e,g) for
the tip beam displacements with the piezoelectric absorbers
in OC condition (black dashed curves), with pure L-shunts
(blue curves) and with the optimum LR-shunts (red curves).
The corresponding voltage response amplitude curves are
shown in Figure 3(b,d,f,h) for the absorbers 1 to 4.

For the electromechanical point load imposed by the
fifth piezoceramic patch pair, the FRFs for the voltage
response in Figure 3(b,d,f,h) are not entirely flat and thus
non-optimal, while the tip displacement FRFs (red curves)
in Figure 3(a,c,e,g) do not recover the precise inclination,
presented for the ideal modal load case in Figure 2(a,c,e,g).
However, as the absorber voltage amplitudes (b,d,f,h) are
almost flat and the displacement amplitudes (a,c,e,g) are
effectively reduced, the performance is practically optimal,
even for this specific load case that inherently activates
other non-targeted vibration modes. Furthermore, the blue
curves for the pure L-shunt recover both the correct anti-
resonance frequency ωr(1 + κ2

r) and the neutral points.
Thus, the numerical results in Figure 3 constitute an
important benchmark for the assessment of the actual
experimental results, presented in the section Experiments.

Experimental shunt tuning
The experimental method follows the approach of the
numerical implementation, in which the modal parameters
are evaluated in the two limiting situations associated with
SC and OC piezoelectric electrodes. The structure is excited
by the fifth piezoelectric patch pair with a pseudo-random
vibration signal within a given frequency interval and a
certain intensity. In terms of noise, it has been found that this
type of signal appears superior to other random excitation
methods. For each shunt the electric current I(t) and the
voltage V(t) response signals are then measured for the
SC and OC conditions, respectively. The measurements are
acquired over a sufficiently long time-span and fast sampling
rate to gather sufficiently detailed experimental FRFs by
a spectrum analyzer to obtain the natural frequencies and
electrical amplitudes to be used in the tuning procedure. The
FRF for the electric charge is obtained from the measured
FRF for the electric current by simply applying (2). Thus, the
required modal shunt tuning parameters are directly obtained
from the resonant peaks in the charge and voltage FRFs,
which are available from the shunt terminals without any
assessment of the structural response.

Influence of residual mode correction
The modal charge to voltage ratio, used (11) to estimate
the effective modal capacitance, may be determined
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Figure 3. FRFs for free beam with 4 piezoelectric absorbers
and electromechanical point load: Tip displacements and
voltages for damping of mode r = 2(a,b), 3(c,d), 4(e,f), 5(g,h).
(a,c,e,g): black, blue and red curves are FRFs for OC condition,
L- and LR-shunted absorbers, respectively. (b,d,f,h): black, red,
blue and green curves represent voltage response for
absorbers 1 to 4, respectively.

experimentally by the ratio between the peaks in the charge
and voltage FRFs. The effective modal capacitance (Cr)i
is the main shunt tuning parameter and in particular a
precise inductance tuning is crucial for the final damping
performance of the piezoelectric absorber.

For the series shunt inductance, the optimal tuning
expression from Table 1 can be written in the traditional form

(Lr)i =
1

(Cr)iω̂2
r(1 + κ2

r)
(14)

for which any tuning error is comprised by the modal
capacitance (Cr)i. For the traditional inductance tuning,
based on a single-mode approximation without residual
mode correction, the inductance is obtained by the similar

expression

(LS
r )i =

1

(C̄S
p )iω̂

2
r(1 + κ2

r)
(15)

where the effective modal capacitance is simply replaced by
the resulting blocked capacitance (C̄S

p )i, which is usually
evaluated from the stress-free piezoelectric capacitance CT

p

and the relevant coupling coefficient k provided by the
manufacturer,

CS
p = CT

p (1 − k2) (16)

This resulting blocked capacitance is the actual blocked
capacitance for a single piezoelectric element, while the
resulting blocked capacitance depends on the specific wiring
between several piezoelectric patches connected to a single
shunt.

As mentioned in the Introduction, the literature describes
the difference between the blocked capacitance CS

p and a
static capacitance C0

p , measured at low frequencies when the
piezoelectric element is bonded to the structure. The static
capacitance is inherently larger than the blocked capacitance,
yet smaller than the stress-free capacitance CS

p < C0
p < CT

p ,
as the boundaries of the piezoelectric element bonded to
a flexible structure are only partially constrained in reality
(Porfiri et al. , 2007; de Marneffe and Preumont , 2008). For
the shunt tuning to lower resonance frequencies this
static capacitance will therefore provide a more accurate
inductance tuning by

(L0
r)i =

1

(C0
p )iω̂

2
r(1 + κ2

r)
(17)

while the use of the blocked capacitance may instead be more
accurate for damping of very high-frequency modes, since
(Cr)i → (C̄S

p )i for ω → ∞ (de Marneffe and Preumont ,
2008).

A common practice in experimental piezoelectric shunt
tuning has been to determine an optimum inductance tuning
based on either the blocked or the static capacitance, while
the final fine-tuning has been performed by implementing
the pure L-shunt and ensuring that the two split mode
frequencies match the inverse frequency relation to the
original target frequency (Toftekær et al. , 2018). This has
been a feasible method as the adjustable synthetic inductor
(Fleming et al. , 2000) has been widely used to emulate the
required shunt inductance. However, recently it has been
demonstrated that relatively large inductance values may
in fact be realized passively by winding a cobber wire
around a magnetic core (Lossouarn et al. , 2017). Whereas
this provides a promising opportunity for the design of pure
passive LR-shunts, it obviously eliminates the possibility
to fine-tune and therefore requires a very precise prior
inductance tuning, providing the desired number of wire
turns in the passive inductor. Thus, it is the aim of this paper
to demonstrate that the effective modal capacitance (Cr)i in
(11) secures an adequate and robust inductance tuning from
(14) for the design of the passive inductor.

The passive inductor
This section summarizes the main properties of and practical
experiences with the design of the passive inductors
introduced in Lossouarn et al. (2017), to which the reader
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Figure 4. Passive inductor: (a) RM-core parts and (b)
assembled inductor with n wire turns around center coil.

is referred for further details. In the present application a
so-called RM-core is considered, see Figure 4. It consists of
the two parts in Figure 4(a) that are assembled around a coil
with n wire turns to create the passive inductor shown in
Figure 4(b). The passive inductor is designed to obtain the
required inductance properties in an electric circuit, defined
by the following ratio between the voltage and the rate of
current,

L =
V

ωI
(18)

The voltage V may also be described in the frequency
domain by the total flux ϕ through the n turns of the coil:
V = nωϕ. The magnetic flux then follows from the current
as ϕ = nµ(Ae/le)I , where the effective permeability µ, the
magnetic cross section Ae and the magnetic patch length
le are properties provided by the core manufacturer. By
combining these expressions, the inductance of the wounded
coil becomes proportional to the square of n,

L = ALn
2 , AL =

µAe

le
(19)

with AL being the permeance or constant inductance factor.
It is a challenge in the manufacturing of passive inductors

to achieve a tight and proper winding arrangement. For this
purpose a CNC Guitar Pickup Mini Coil Winder has been
used, which permits a sufficiently fine adjustment of coil and
wire size, and furthermore winds the exact number of desired
turns. Once the desired coil wire arrangement is achieved,
it is furthermore important to fully clamp the RM-core to
the coil. Even small variations in the clamping has been
observed to significantly deteriorate the achieved inductance.
It is strongly advised to the purchase RM-cores with a center
hole that enables the use of adjustment screws for the fine-
tuning of the inductance.

In the present experimental setup, the RM-cores in
Figure 4(a) are without a center hole, whereby adequate
fine-tuning has been performed by use of scotch and
strips. Furthermore, an exact measurement of the realized
inductance is important, as this may vary with frequency
(Lossouarn et al. , 2017), temperature (Darleux et al. , 2018)
and magnitude of the current (Lossouarn et al. , 2018). In
the present case, the inductance has been measured by
considering the voltage-current relation for the electric
circuit inductor (18). By applying a suitable alternating
voltage between the poles of the inductor, while measuring
the flow of current with a high-quality multimeter, the
achieved inductance is determined precisely for the specific
excitation frequency. Figure 5(a) shows a measured electric
current to a specific voltage excitation for the RM-core T38
with material properties provided in Table 3 and n = 400
wire turns. The theoretical inductance for these properties are
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Figure 5. Effective inductance of passive inductor: (a) voltage
excitation (red curve) and current response (blue curve) give
effective inductance in (b).

Table 3. Geometry and properties of magnetic core.

RM-core Ae[mm2] le [mm] Bsat [T] µe[-]* AL [µH]

T38 145 46 0.43 7070 28

*µe = µ/µ0 with vacuum permeability µ0 = 0.4πµH/m

L = ALn
2 = 4.48H, while the actual inductance obtained

by measurements with (18) is shown in Figure 5(b) as
function of the excitation frequency. It is found that the
measured inductance is slightly lower than the theoretical
estimate, corresponding to an inductance factor AL ≃
25µH that is smaller than the theoretical value (28µH) in
Table 3 over the frequency interval of interest. Details on
practical limitations of the passive inductors can be found
in Lossouarn et al. (2017).

Experiments
Experimental piezoelectric shunt damping of two plate-
like structures is analyzed in the present section, where
the data which reproduces the results presented in the
following are available at Toftekær and Høgsberg (2019b).
The general experimental setup can be seen in Figure 6(a),
while Figure 6(b,c) shows the free beam and the free plate
structure, each with five pairs of piezoceramic patches. In
both experimental setups the fifth piezoceramic patch pair is
connected to a power amplifier, which is controlled by the
Laser Doppler Vibrometer acquisition software Polytec. The
acquisition of the velocities measured by the Laser Doppler
Vibrometer is also controlled by the Polytec acquisition
sotfware, whereby FRFs and mode shapes of the tested
structures are readily available.

The shunt tuning of the piezoelectric absorbers is based
on FRFs for current and voltage, as discussed in the section
Experimental shunt tuning. These FRFs are obtained by a
34465A Keysight Digital Multimeter, see Figure 6(a), which
supports high-resolution acquisition of the direct current
and voltage time histories. The precise geometries and
material properties for the free beam and plate structures
are presented in the following subsections. The free
beam is primarily used to validate the numerical results
obtained with the ANSYS 3D FE-model presented in the
section Numerical shunt tuning, while multi-modal damping
of closely spaced vibration modes is addressed by the
subsequent free plate experiment.
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Figure 6. (a) Experimental setup and close-up of the tested free beam (b) and free plate (c), both with five pairs of piezoceramic
patch pairs (1-5). Red points indicate location of laser deflection measurement at left beam tip in (b) and bottom left plate corner in
(c).

Free beam

The experimental results for the free beam with five pairs
of piezoceramic patches in Figure 6(b) are presented and
discussed in the present section. To realize free boundary
conditions, the beam is hanging in two rubber bands
(Figure 6(b)). The beam dimensions are 450× 30× 6mm3

and the material is aluminum with a Young’s modulus
Eb = 71GPa, Poison’s raio νb = 0.33 and density ρb =
2710kg/m3. The five piezoceramic patches all have the
same dimensions 30× 30× 6mm3 and they are bonded to
the beam with their center points placed in the one-sixth
locations along the beam. The piezoceramic material is PZT
3265HD, purchased from CTS (2019), with full 3D material
properties presented in Table 4. The free capacitance CT

p

and in-plane coupling coefficient kp for each piezoceramic
patch have furthermore been provided by the manufacturer,
while the mean values used in the experimental analysis
are given in Table 4. For each pair the two piezoceramic
patches are glued with non-conductive EPO-TEK 320 epoxy
to both sides of the sanded aluminum beam, followed by a
one hour curing at 130◦C. The non-conductive adhesive is
used to avoid the risk of spill-over epoxy short-circuiting
the electrodes of the thin piezoceramic patches. However,
as each patch pair must be connected in series, the two
inner electrodes must be electrically connected. This is
ensured by applying a sufficient mechanical pressure during
the curing to establish an electric connection between the
inner electrodes and the aluminum beam, which then acts
as the conductor between the two piezoceramic patches.
Multi-filament cables are then soldered to the two outer
piezoelectric electrodes, which can then be connected to
the electric shunt. When bonded to the structure, the static
capacitance (C0

p ) of each pair of piezoceramic patches may
be determined by an LCR-meter. The static capacitance
may also be evaluated numerically by applying a unit static
voltage to each pair of piezoceramic patches in the FE
code ANSYS, while the corresponding charge (capacitance
per unit voltage) is obtain as the corresponding electric
response. Both the experimental and numerical (ANSYS)
static capacitances C0

p are provided in Table 4. As previously
discussed in the section Experimental shunt tuning, the value
of C0

p appears between the free (C̄T
p ) and the blocked (C̄S

p )

Table 4. Stiffness components, stress piezoelectric coupling
coefficients and blocked dielectric constants for PZT 3265HD
(CTS , 2019).

Stiffness components [GPa] Piezoelectric coupling [C/m2]
CE

11, C
E
22 151 e31, e32 −16.5

CE
33 137 e33 30.3

CE
12 99.0 e24, e15 21.7

CE
13, C

E
23 98.0 Blocked dielectric constants

CE
44, C

E
55 24.2 εS11, ε

S
22 2465ε0

CE
66 26.0 εS33 2100ε0

Material density [kg/m3] Plane coupling coefficient [-]
ρPZT 8220 kp 0.66
Free, blocked and static capacitance (ANSYS) [nF]
C̄T

p = CT
p /2 46.7

C̄S
p = C̄T

p (1− k2
p) 23.4

C0
p 32.1

Free, blocked and static capacitance (Experiment) [nF]
C̄T

p = CT
p /2 47.2 kp [-] 0.54

C̄S
p = C̄T

p (1− k2
p) 33.4

(C0
p)i 38.1 37.5 35.7 36.2

ε0 = 8.854 × 10−12F/m; see IEEE inc. (1988)

capacitances, with (̄ ) denoting the resulting capacitance
from the series connection of the two patches in each
piezoceramic pair.

Experimental shunt tuning The experimental shunt tuning
method presented in the section Experimental shunt tuning
is now applied, by initially imposing a pseudo-random
vibration excitation to the free beam, while the piezoceramic
patch pairs 1 to 4 are placed in the SC and OC conditions,
respectively. In the present case the considered frequency
range of the pseudo-random excitation is 100− 2500Hz,
while the excitation intensity is set to 2V. By use of a
multimeter, the corresponding SC current and OC voltage
time histories are measured between the outer electrodes of
the piezoceramic patch pairs 1 to 4, with a sampling interval
of 1/(2× 2500Hz) = 200µs for a total of 220 samples. The
Matlab build-in spectrum generator pspectrum is then used
on the electric current and voltage time series to obtain
the corresponding FRFs. Figure 7(a-d) shows the FRFs for
the SC charge Q and OC voltage V for the piezoelectric
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Figure 7. FRFs for measured SC charge (blue) and OC voltage
(red) for piezoelectric absorbers 1-4 (a-d) on free beam.

absorbers 1 to 4. The charge FRF is obtained from the
measured FRF of the electric current by the relation in (2).

The FRFs of the SC charge and OC voltage in Figure 7
for the piezoelectric absorbers 1 to 4 contain all the
information needed for conducting the shunt tuning to any
target vibration mode in the analyzed frequency spectrum. It
can immediately be seen that five resonant vibration modes
may be targeted in the analyzed frequency spectrum, for
which the modal charge and voltage are determined as the
peak resonance values indicated in Figure 7 by the vertical
dashed blue and red lines, while the SC and OC frequencies
are identified by the dashed lines intersections with the
frequency axis. From the measured charge and voltage peak
values the corresponding effective capacitances are then
determined by (11) and provided in Table 5. The magnitude
of the individual peak charge and voltage furthermore reveal
which piezoelectric absorbers are suitably targeting which
vibration mode. It is seen that the third piezoelectric absorber
in Figure 7(c) may not be used to damp modes 2 and 3,
while a closer inspection of the resonance peak values in
Figure 7(b,d) indicate that the piezoelectric absorbers 2 and
4 are a inadequate for damping of mode 3. An overview of all
tuning values for all target modes is provided in Table 5. The
table entries in red indicate which patch pairs are suitable for
vibration damping of the particular mode 1 to 5.

As a supplement to the electric FRF, the physical response
of the free beam has been measured using the Laser Doppler
Vibrometer in Figure 6, which produces the experimental
mode shapes in Figure 8. From these mode shapes and the

Table 5. Free beam with four piezoceramic patch pairs:
Experimental SC and OC frequencies, effective EMCC, modal
capacitances and optimum shunt tuning components based on
charge and voltage FRFs in Figure 7.

Flex. mode 1 2 3 4 5

ω/(2π) [Hz] 152.6 415.0 806.8 1320 1958.0
ω̂/(2π) [Hz] 153.2 416.2 808.9 1324 1968.1
κ2
r [%] 0.80 0.59 0.53 0.53 1.03

(Cr)1 [nF] 36.7 35.6 35.1 33.6 33.0
(Cr)2 [nF] 37.6 35.5 32.9 34.8 32.0
(Cr)3 [nF] 34.4 32.3 33.1 29.5 32.6
(Cr)4 [nF] 36.9 36.1 36.1 35.8 34.4

(Lr)1 [H] 29.2 4.08 1.10 0.427 0.196
(Lr)2 [H] 28.5 4.09 1.17 0.413 0.202
(Lr)3 [H] 31.1 4.52 1.16 0.487 0.198
(Lr)4 [H] 29.0 4.02 1.05 0.402 0.185

(Rr)1 [Ω] 3550 1160 532 375 343
(Rr)2 [Ω] 3470 1160 568 362 364
(Rr)3 [Ω] 3800 1280 651 427 358
(Rr)4 [Ω] 3540 1140 588 322 330

Figure 8. Experimental flexural mode shapes 1-5 (a-e) of the
free beam with five pairs of SC piezoceramic patches.

position of the piezoelectric absorbers 1-4 it is seen that
the (optimal) red entries in Table 5 correspond to the cases,
where the specific patch pair is located at a point with large
curvature of the associated mode shape. Furthermore, it is
seen that the homogeneous distribution of the piezoelectric
absorbers along the beam is particularly optimal for the
electromechanical coupling of mode 5 in Figure 8(e), for
which all absorbers experience almost maximum curvature.

When comparing the numerical results in Table 2 to the
experimental results in Table 5, it is seen that there is a
noticeable deviation on the effective EMCC κ2

r. This is
due to the large experimental capacitances in Table 5 and
to the quality of the gluing of the piezoelectric patches
to the aluminum beam, which is considered ideal in the
numerical ANSYS model. The quality of the gluing is highly
sensitive to small differences in the amount of epoxy and
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also to the pressure applied during the curing process. In the
present case generally too much epoxy have been applied
between patches and beam, whereby a considerable amount
of strain energy may be stored in the epoxy layer. However,
besides the deviation in effective EMCC, a good agreement
is observed for the resonance frequencies, the effective
modal capacitances and the shunt tuning components. For the
higher vibration modes the deviation between the numerical
model and the experimental results increases slightly, which
might occur because more FE elements are required in the
numerical model to obtain the same accuracy on the higher
vibration modes. However, an advantage of the present
experimental shunt tuning method is that the tuning is based
entirely on the piezoelectric absorber response, whereby
the bonding quality and eventual material imperfections are
inherently accounted for in the procedure.

FRF analysis The performance of the optimum shunt tuning
is now analyzed by studying the FRFs based on the time
response of the tip displacements, measured when the
structure is excited with pseudo-random vibrations by the
fifth piezoelectric patch pair. Four different damping cases
are considered, in which all piezoelectric absorbers 1-4 are
collectively shunted in turn to one of the target modes 2, 3,
4 and 5. Each resonant shunt is composed of the passive
inductor presented in the section The passive inductor,
connected in series with a potentiometer permitting an easy
adjustment of the shunt resistance. The passive inductors
are designed to achieve inductance values as close to the
predetermined optimum tuning as possible. The required
number of wire turns n are calculated by (19) with the
constant attainable inductance factor AL ≃ 25µH measured
for the RM-core T38. The inductors to the target vibration
modes 2, 3, 4 and 5 are designed with n = 400, 200, 130, 90
wire turns, respectively. The fine-adjustment for each
piezoelectric absorber tuning is subsequently done by
simply changing the tightness of the RM-core clamping, as
discussed in the section The passive inductor. Finally, the
obtained inductance values are measured using the method
presented in the section The passive inductor, from which
the mean value and relative standard deviation (Std) in
a frequency interval (0.8ωr − 1.2ωr) are determined and
provided in Table 6. The deviation (Dev) between the exact
tuning in Table 5 and the passively obtained inductance
around the target modes is also provided in Table 6,
indicating a relatively good accuracy of the produced passive
inductors.

The FRFs for the tip displacements around the target
modes 2, 3, 4 and 5 with the piezoelectric absorber 1
to 4 shunted only by the passive inductors can be seen
in Figure 9(a,c,e,g) by the blue solid curves, while the
blacked dashed curves indicate the original OC response.
Subsequently, the potentiometers are connected in series
with the passive inductors and adjusted to the resistance
values provided in Table 6. It is seen from the relative
deviation to the optimum resistance tuning in Table 5 that
the implemented resistances are considerably lower than the
optimum tuning. This is due to the inherent resistance of
the passive inductor, which will not be analyzed in further
detail. The FRFs for the tip displacements with the optimum
LR-shunted absorbers can be seen in Figure 9(a,c,e,g) by the

Table 6. (Top) Passive inductances with relative standard
deviations (Std) and (bottom) shunt resistance with relative
deviation (Dev.) to desired optimum shunt tuning in Table 5.

Flex. mode 2 3 4 5

(Lr)1 [H] 4.09 1.07 0.428 0.193
Std [%] (0.43) (0.30) (0.39) (0.48)
Dev. 0.31% −2.54% 0.07% −1.96%

(Lr)2 [H] 4.07 - 0.411 0.203
Std [%] (0.38) - (0.42) (0.44)
Dev. −0.61% - −0.56% 0.39%

(Lr)3 [H] - 1.17 - 0.201
Std [%] - (0.53) - (0.32)
Deviation - 0.43% - 1.15%

(Lr)4 [H] 4.02 - 0.400 0.186
Std [%] (0.32) - (0.45) (0.46)
Dev. −0.06% - −0.63% −1.56%

(Rr)1 [Ω] 750 250 250 250
Dev. −35% −53% −33% −27%

(Rr)2 [Ω] 750 - 250 250
Dev. −35% - −31% −31%

(Rr)3 [Ω] - 250 - 250
Dev. - −62% - −3%

(Rr)4 [Ω] 750 - 250 250
Dev. −34% - −22% −24%

red solid curves, while the corresponding absorber voltage
responses for the piezoelectric absorbers 1 to 4 are provided
in Figure 9(b,d,f,h).

As discussed in the section Numerical shunt tuning, the
present shunt tuning method is based on the principle of
equal modal damping, which results in slightly inclined
plateaus in the FRF for the displacements around the
target resonant frequencies, see numerical results in
Figure 3(a,c,e,g). However, the method implies completely
flat plateaus for the absorber voltage response in the
case of and ideal modal load (Figure 2(b,d,f,h)) and
almost flat plateau for an electromechanical point load
case (Figure 3(b,d,e,f)). Therefore the validation of the
experimental shunt tuning method is best performed by
inspecting the absorber voltage response in Figure 9(b,d,e,f),
from which it can be seen that the FRF for the four
absorbers around the four target frequencies are relatively
flat, with the exception of the absorber response around
target mode 3 in Figure 9(d), in which the inductances for
absorber 1 and 3 seem, respectively, too low and too high.
However, this tendency is seen to agree with the deviation
for the implemented passive inductors in the third column of
Table 6. Small deviations from the optimum flat plateau may
also be encountered for the other three target modes, but in
all cases the tendency seem to follow the deviation between
the optimum inductances in Table 5 and the implemented
inductances in Table 6. By inspection of the FRFs for the
tip displacements with the implemented LR-shunts (red
curves) in Figure 9(a,c,e,g) it is seen that these have the
same form as those obtained in the numerical example
in Figure 3. For target modes 2,3 and 4 in Figure 9(a,c,e)
the plateau inclination is however too large, while the
opposite inclination for target mode 5 in Figure 9(g) occurs
because of a too large inductance. The present FRFs for
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Figure 9. Experimental FRFs for free beam with 4 piezoelectric
absorbers and electromechanical point load. Tip displacements
and voltages for damping of mode r = 2(a,b), 3(c,d), 4(e,f),
5(g,h). (a,c,e,g): black, blue and red curves are FRFs for OC, L-
and LR-shunted absorbers, respectively. (b,d,f,h): black, red,
blue and green curves represent voltage response for
absorbers 1 to 4, respectively.

the free beam experiment show that the proposed shunt
tuning method, based on experimental FRFs for the charge
and voltage signals from the four piezoelectric absorbers,
appears robust, as it approximately recovers the desired
frequency response characteristics across the full frequency
range, with deviations likely associated with inaccuracies in
the produced passive inductances.

Inductance from blocked and static capacitance As
discussed in the section Experimental shunt tuning it is
particular important to obtain a precise inductance tuning,
as even small deviations may substantially detune the shunt
absorbers and because the use of passive inductors will
not allow any straightforward fine tuning. The inductance
tuning in (17) and in (15) is based on the static capacitance

Table 7. Shunt inductance tuning based on the experimental
static (C0

p)i and blocked C̄S
p capacitances (Table 4). Deviation

(Dev) relative to the tuning in Table 5 based on effective modal
capacitance (Cr)i.

Flex. mode 1 2 3 4 5

(L0
r)1 [H] 28.1 3.82 1.01 0.378 0.170

(L0
r)2 [H] 28.5 3.87 1.03 0.383 0.172

(L0
r)3 [H] 30.0 4.07 1.08 0.400 0.181

(L0
r)4 [H] 29.0 4.02 1.06 0.397 0.179

Mean Dev. [%] −1.3 −5.4 −6.6 −9.3 −10

(LS
r )i [H] 32.0 4.35 1.15 0.430 0.194

Mean Dev. [%] 8.7 4.1 2.7 −0.6 −1.4
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Figure 10. Experimental FRF for mode r = 2 for free beam
with 4 piezoelectric absorbers and electromechanical point
load. Absorbers tuned with effective modal capacitance (Cr)i
(red solid curves) and with static capacitance CS

p (red dashed
curves). Corner displacements in (a), voltage response in (b) for
absorbers 1(black) and 4(green) for the tuning based on (Cr)i
(solid curves) and CS

p (dashed curves).

(C0
p )i and the blocked capacitance C̄S

p , respectively. These
inductances in Table 7 are determined based on the measured
capacitances in Table 4 and used to illustrate the potential
detuning associated with the exclusion of the residual mode
contribution contained in the effective modal capacitance
(Cr)i in (11). It can be seen from Table 7 that the inductance
tuning based on the static capacitance C0

p is relatively
accurate for the lower-frequency modes, while the blocked
capacitance CS

p becomes better for target modes with higher
frequencies. This agrees with the tendency of the dynamic
capacitance, which approaches the blocked capacitance for
increasing frequency. However, the use of either the static
or the blocked capacitance for the inductance tuning may
therefore cause errors in the high- or low-frequency limits,
respectively.

Figure 10 shows the FRF for the tip beam deflection (a)
and shunt voltage (b) for target mode r = 2. The red solid
curve represents the present tuning based on the effective
modal capacitance (Cr)i, while the red dashed curve is
for the associated blocked capacitance CS

p . The passive
inductors used in the experiment for the tuning based on the
blocked capacitance are designed with n = 415 wire turns,
whereby the inductance values are (L2)1 = 4.33H, (L2)2 =
4.36H and (L2)4 = 4.32H, with a relative standard deviation
to the numerical values of 0.46%, 0.43% and 0.51%,
respectively. The present tuning based on (Cr)i results in
an increased inclination of the plateau in the response FRF
in Figure 10(a), whereas the inductance tuning based on the
blocked capacitance CS

p has an entirely opposite inclination,
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indicating a substantially detuning. For the voltage FRF in
Figure 10(b) the present tuning method provides almost flat
plateaus, while for the blocked capacitance tuning the dashed
curves exhibit substantial peaks.

Free plate
The second experiment concerns the free plate with five pairs
of piezoceramic patches in Figure 6(c). The plate dimensions
are 450× 300× 6mm3 and it is made of aluminum with
a Young’s modulus Eb = 71GPa, Poison’s raio νb = 0.33
and material density ρb = 2710kg/m3. The piezoceramic
material is the same as in the previous experiment with full
3D material properties provided in Table 4. In the present
setup the fifth pair of piezoceramic patches with dimensions
30× 30× 0.5mm3 is used to excite structural vibrations,
while the remaining pairs 1 to 4 with the dimensions
75× 75× 0.5mm3 are shunted for vibration mitigation. The
piezoelectric patch pairs 1 and 4 are centered along the
vertical y-axis (short plate side), while their center is located
respectively 50mm from the left and right plate edges.
Similarly, the piezoelectric patch pair 2 and 3 are centered
along the horizontal x-axis (long plate side), with the patch
center located 50mm from the bottom and top plate edges,
respectively. Finally, the fifth piezoceramic patch pair is
placed with its center at respectively 287.5mm and 87.5mm
along the x and y directions from the bottom left plate corner.
All the piezoceramic patches are glued to the aluminum plate
using the approach described for the free beam experiment in
the previous subsection.

The free capacitance and in-plane piezoelectric coupling
coefficient of the piezoceramic patches (pair 1 to 4) have
been provided by CTS (2019), from which the resulting
free C̄T

p and blocked C̄S
p capacitances for the series

connected patch pairs are determined and summarized in
Table 8. Furthermore, the static capacitances (C0

p )i of the
piezoceramic patch pairs 1-4 have been measured and
provided in Table 8.

It can be seen that the four static capacitances (C0
p )i in

Table 8 appear as expected between the blocked C̄S
p and free

C̄T
p capacitances. However, in the present case the static

capacitances are in general closer to the free capacitance,
which indicates a poorer bonding between the patches and
the plate, whereby the patches become less constrained. The
reason for the poor bonding is mainly due to insufficient
pressure applied on to the fairly large piezoelectric patches
during the curing process.

Experimental shunt tuning The shunt tuning procedure in
the section Experimental shunt tuning is now applied by
initially exciting plate vibrations with a pseudo-random
vibration signal in the frequency interval from 100−
800Hz. The SC current and OC voltage response signals
are then measured between the interface electrodes of the

Table 8. Free, blocked and static capacitance of the
piezoceramic patch pairs 1-4 in Figure 6(c).

Free, blocked and static capacitance (Experiment) [nF]
C̄T

p = CT
p /2 298 kp [-] 0.62

C̄S
p = C̄T

p (1− k2
p) 185

(C0
p)i 254 245 233 252
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Figure 11. FRF for measured SC charge (blue) and OC
voltage (red) for piezoelectric absorbers 1-4 (a-d) on free plate.

piezoelectric absorbers 1-4. The electric absorber response
is measured with a sampling interval of 1/(2× 800Hz) =
625µs for a total of 219 samples. Subsequently, the build-in
Matlab spectrum generator pspectrum is used on the absorber
current and voltage time series to obtain the corresponding
FRFs shown in Figure 11. The FRF for the charge is obtained
by (2) from the FRF of the measured electric current.

It can be seen from the FRFs of the SC charge and OC
voltage in Figure 11 that five resonant vibration modes are
excited in the analyzed frequency interval. The vibration
response of the plate is measured by the Laser Doppler
Vibrometer and the first six modes are shown in Figure 12.
It is found that the first free plate mode in Figure 12(a)
at 149.5Hz is not apparent in the FRFs for the measured
current and voltage in Figure 11, since the four piezoelectric
absorbers are either exposed to in-plane shear or located in a
nodal point of the vibration mode in Figure 12(a).

The shunt tuning parameters for the vibration modes 2
to 6 are now determined directly from the FRFs for charge
and voltage by their respective peak values, indicated by
the vertical dashed lines in Figure 11, which also determine
the corresponding SC and OC frequencies. The effective
modal capacitances (Cr)i are then evaluated from the peak
charge and voltage values according to (11). They are given
in Table 9 together with the optimum series shunt tuning
parameters. It is seen from the peak charge and voltage
values that the absorber 1 and 4 in Figure 11(a,d) are not
applicable for damping of modes 2 and 3, while the absorbers
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Figure 12. Resonant vibration modes 1-6 (a-f) of the free plate
with SC piezoceramic patches.

2 and 3 in Figure 11(b,c) have very limited authority on
modes 5 and 6. An overview of all tuning values for all target
modes is provided in Table 5, in which those values in red
constitute the suitable shunt configurations.

The passive inductors are designed according to the
procedure in the section The passive inductor with the aim
of achieving the optimum inductance tuning provided in
Table 9 for the targeted modes 2, 3, 4 and 6 with considerable
electromechanical coupling. For each of the four targeted
modes the inductors emphasized in red in Table 9 have been
wounded with n = 420, 450 turns for mode 2, n = 198, 200
turns for mode 3, four times n = 180 turns for mode 4
and n = 125, 127 turns for mode 6. Table 10 provides the
corresponding mean inductance values around the target
frequencies (0.8ωr − 1.2ωr), the relative standard deviation

Table 9. Free plate with four piezoceramic patch pairs:
Experimental SC and OC frequencies, effective EMCC, modal
capacitances and optimum shunt tuning components based on
charge and voltage FRFs in Figure 11.

Experimental results
Mode 2 3 4 5 6

ω/(2π) [Hz] 153.4 332.7 371.9 413.5 501.1
ω̂/(2π) [Hz] 153.7 333.3 372.7 413.6 502.3
κ2
r [%] 0.51 0.35 0.47 0.05 0.47

(Cr)1 [nF] 243.7 250.4 239.8 252.5 223.6
(Cr)2 [nF] 235.8 230.6 235.0 240.7 244.5
(Cr)3 [nF] 225.7 217.9 223.4 213.7 216.1
(Cr)4 [nF] 246.9 259.3 243.2 245.1 222.3

(Lr)1 [H] 4.38 0.907 0.756 0.586 0.446
(Lr)2 [H] 4.52 0.986 0.771 0.613 0.408
(Lr)3 [H] 4.72 1.04 0.812 0.693 0.462
(Lr)4 [H] 4.32 0.876 0.745 0.604 0.449

(Rr)1 [Ω] 427 159 172 149 137
(Rr)2 [Ω] 441 173 175 156 125
(Rr)3 [Ω] 461 183 184 176 141
(Rr)4 [Ω] 421 151 169 153 138

Table 10. (Top) Passive inductances with relative standard
deviations (Std) and (bottom) shunt resistance with relative
deviation (Dev.) to desired optimum shunt tuning in Table 9.

Mode 2 3 4 6

(Lr)1 [H] - - 0.760 0.444
Std [%] - - (0.62) (0.62)
Deviation - - 0.48% −0.64%

(Lr)2 [H] 4.53 0.986 0.790 -
Std [%] (0.41) (0.54) (0.53) -
Deviation 0.29% 0.06% 2.30% -

(Lr)3 [H] 4.70 1.05 0.811 -
Std [%] (0.53) (0.44) (0.66) -
Deviation −0.47% 0.41% −0.19% -

(Lr)4 [H] - - 0.751 0.446
Std [%] - - (0.57) (0.44)
Deviation - - 0.60% −0.77%

(Rr)1 [Ω] - - 100 80
Deviation - - −42% −41%

(Rr)2 [Ω] 250 100 100 -
Deviation −43% −42% −43% -

(Rr)3 [Ω] 250 100 100 -
Deviation −46% −45% −46% -

(Rr)4 [Ω] - - 100 80
Deviation - - −41% −42%

and the deviation relative to the optimum inductance tuning
in Table 9.

FRF analysis The deviations in Table 10 indicate that the
produced passive inductors are in good agreement with the
desired optimum shunt tuning in Table 9. Figure 13 shows
the FRFs for the measured corner (cor) displacement of
the free plate structure in (a,c,e,g) and the corresponding
voltage across the patch electrodes in (b,d,f,h). The blue solid
curves in Figure 13(a,c,e,g) represent the pure L-shunts for
the absorbers 1 to 4, which appear to have two well-separated
peaks with a minimum close to ω = ωr(1 + κ2

r). When
introducing the shunt resistance from Table 10 in series with
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Figure 13. Experimental FRF for free plate with 4 piezoelectric
absorbers. Corner displacements and voltages for damping of
mode r = 2(a,b), 3(c,d), 4(e,f), 5(g,h). (a,c,e,g): black, blue and
red curves are FRFs for OC, L- and LR-shunted absorbers,
respectively. (b,d,f,h) black, red, blue and green curves
represent voltage response for absorbers 1 to 4, respectively.

the passive inductors, the red curves in Figure 13(a,c,e,g)
become almost flat around resonance. Furthermore, the
absorber voltage response in Figure 13(b,d,f,h) is practically
flat, which indicates a proper shunt tuning.

A pronounced resonance peak in the FRF for the plate
corner displacement can be seen around the target mode
2 in Figure 13(a), which occurs because of the closely
spaced resonant mode 1 in Figure 12(a), not damped by the
piezoelectric absorbers. To avoid the influence of mode 1,
the response for target mode 2 may instead be analyzed
by considering the FRF for the displacements of the center
point on the left plate edge, where mode 1 in Figure 12(a)
has a nodal point. Figure 14(a) shows the FRF for this new
measuring point, which exhibits a flat plateau around target
mode 2.
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Figure 14. Experimental FRF for mode r = 2 for free plate with
4 piezoelectric absorbers. (a) Displacement at center point on
the left plate edge and (b) voltage response. (a): black, blue and
red curves are FRFs for OC, and L- and LR-shunted
absorbers, respectively. (b): black, red, blue and green curves
represent voltage response for absorbers 1 to 4, respectively.

Inductance based on blocked and static capacitance
The influence of neglecting the residual mode contributions
in the shunt inductance tuning is analyzed by tuning
the inductances based on the static (C0

p )i and blocked
CS

p capacitances in Table 8. These inductance values are
provided in Table 11 along with the mean deviations
relative to the optimum inductance tuning in Table 9. The
comparison in Table 11 shows that the static capacitance
(C0

p )i is most accurate for the lower modes, while
its deviation increases with frequency, confirming the
observations from the previous free beam experiments. The
opposite tendency is found for the tuning based on the
blocked capacitance CS

p , which becomes less imprecise for
higher target modes.

The influence on the damping performance, when using
the inductance based on the static capacitance, is finally
analyzed by considering the FRF for the plate corner
displacements around target mode 6 shown in Figure 15(a)
with the corresponding absorber voltage response in
Figure 15(b). The exactly implemented inductors used in the
experiment have mean inductance values around the target
mode 6 given by (L0

6)1 = 0.399H and (L0
6)4 = 0.406H,

thus slightly larger than the tuning values indicated in red
for mode 6 in Table 11. It is clearly seen in Figure 15
that the piezoelectric absorbers are severely detuned when
the inductances are based on the static capacitances (red
dashed curves) compared to the response with optimally
tuned absorbers (red solid curves) based on the effective
modal capacitances. This demonstrates the importance of

Table 11. Shunt inductance tuning based on the experimental
static (C0

p)i and blocked C̄S
p capacitances in Table 8 and the

mean relative deviation (Dev) to the optimum tuning with
residual mode contribution in Table 9.

Flex. mode 2 3 4 5 6

(L0
r)1 [H] 4.19 0.893 0.713 0.581 0.392

(L0
r)2 [H] 4.35 0.926 0.740 0.603 0.407

(L0
r)3 [H] 4.57 0.974 0.777 0.634 0.428

(L0
r)4 [H] 4.23 0.901 0.719 0.587 0.396

Mean Dev. [%] −3.3 −2.8 −4.4 −3.4 −7.9

(LS
r )i [H] 5.78 1.23 0.981 0.800 0.540

Mean Dev. [%] 29 29 27 28 23
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Figure 15. Experimental FRF for mode r = 6 for free plate with
4 piezoelectric absorbers. Absorbers tuned with effective modal
capacitance (Cr)i (red solid curves) and with static capacitance
CS

p (red dashed curves). Corner displacements in (a), voltage
response in (b) for absorbers 1(black) and 4(green) for the
tuning based on (Cr)i (solid curves) and CS

p (dashed curves).

Table 12. Modified effective EMCC and corresponding series
shunt tuning of the plate bonded piezoelectric absorbers 1 to 4
in Figure 6(c). (. . .): Implemented resistances.

Multi-mode tuning
Mode 3 and 4 Dev. 2, 3, 4 and 6 Dev.

κ̃2
2 [%] - 0.23 −51%

κ̃2
3 [%] 0.35 −0.1% 0.16 −53%

κ̃2
4 [%] 0.34 −27% 0.27 −47%

κ̃2
6 [%] - 0.18 −62%

(Lr)1 [H] 0.758 0.1% 0.448 0.2%
(Lr)2 [H] 0.988 0.0% 0.987 0.2%
(Lr)3 [H] 1.043 0.0% 4.735 0.2%
(Lr)4 [H] 0.747 0.1% 0.748 0.2%

(Rr)1 [Ω] 147(70) −16% 96(50) −30%
(Rr)2 [Ω] 172(100) 0.0% 119(50) −31%
(Rr)3 [Ω] 183(100) 0.0% 337(125) −27%
(Rr)4 [Ω] 144(70) −16% 105(40) −38%

considering the residual mode contributions by the shunt
tuning contained in the effective modal capacitances (Cr)i
obtained by (11).

Multi-mode damping Simultaneous damping of several
vibration modes is now considered by calibrating the
piezoelectric absorbers to different target modes. Initially,
simultaneous damping of the closely spaced vibration modes
3 and 4 is considered by tuning the absorbers 2 and 3 to mode
3, while absorbers 1 and 4 target mode 4. Subsequently, the
four piezoelectric absorbers 1 to 4 are respectively tuned to
modes 6, 3, 2 and 4, for simultaneous damping of all four
vibration modes.

As discussed in the section Numerical shunt tuning the
optimum multi-mode shunt tuning is based on the same
charge and voltage FRF curves, by evaluating the modified
effective EMCC κ̃2

r in (13), which only considers the
coupling of the piezoelectric absorber(s) tuned to the specific
targeted mode. Therefore, the multi-mode shunt tuning
of the piezoelectric absorbers is based on the FRFs for
measured charge and voltage in Figure 11, which has also
previously been used for the single-mode tuning. Table 12
provides the modified effective EMCC, the corresponding
LR-shunt tuning and its deviation from the basic single-
mode tuning for simultaneous damping of modes 3 and 4
and for simultaneous damping of modes 2, 3, 4 and 6.
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Figure 16. Experimental FRF for (a) the plate corner
displacements with OC (dashed), L-shunt (blue) and LR-shunt
(red) and (b) the voltage response of the absorbers 2(red),
3(blue) tuned to mode 3, and absorber 1(black), 4(green) tuned
to mode 6.

For the simultaneous damping of modes 3 and 4 it is
seen that the modified effective EMCC for mode 3 in
Table 12 is equal to the original effective EMCC, which
is the case because the piezoelectric absorbers 1 and 4
have limited coupling with mode 3. The remaining effective
EMCCs are as expected seen to be somewhat lower than the
original effective EMCC, as fewer piezoelectric absorbers
now contribute to the overall coupling of a targeted mode.
For all cases it can be seen in Table 12 that the influence
from the modified effective EMCC on the inductance tuning
is negligible, whereby the same passive inductors from the
single-mode tuning can in fact be implemented for multi-
mode damping. The optimum resistances are however seen to
be significantly altered, since their values are proportional to
the square root of the modified effective EMCC, see Table 1.
The new resistances used for the experimental multi-mode
shunt tuning are thus in Table 12 provided in parentheses for
comparison. These implemented values are as well smaller
than the optimum tuning, mainly because of the inherent
resistance in the passive inductors. However, the deviation
between the optimal and the implemented resistances are
seen to have approximately the same magnitude as for
the single-mode tuning, which indicates that the modified
effective EMCC successfully modifies the shunt resistance.

The FRF for the plate corner displacements and the
corresponding absorber voltage response can be seen in
Figure 16 for the simultaneous damping of modes 3 and 4
and in Figure 17 for the damping of modes 2, 3, 4 and 6. It
can be seen from the FRF for the plate corner displacements
in Figure 16(a) that both modes 3 and 4 are optimally
damped by the LR-shunted absorbers (red curves) with flat
plateaus around the two target modes. Furthermore, it can be
seen in Figure 16(b) that there is almost no absorber voltage
response for absorber 1 (black) and 4 (green) around mode 3
and for absorber 2 (red) and 3 (blue) around mode 4. This
limited spill-over to non-targeted modes indicates precise
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Figure 17. Experimental FRF for (a) the plate corner
displacements with OC (dashed), L-shunt (blue) and LR-shunt
(red) and (b) the voltage response of the piezoelectric
absorbers 1(black), 2(red), 3(blue) and 4(green) tuned to modes
6, 3, 2 and 4, respectively.

tuning of the individual absorbers to their respective target
modes.

Similar characteristics can be seen for the simultaneous
damping of modes 2, 3, 4, and 6 in Figure 17, in which flat
plateaus around the target modes can be observed in the FRF
for the plate corner displacements in Figure 17(a), except
for the first resonance peak of the undamped first free plate
mode in Figure 12(a). Furthermore, it is clearly seen from the
FRF for the absorber voltage in Figure 17(b), that significant
voltage amplitudes are present only around the respective
target modes of the individual piezoelectric absorbers.

Conclusion
The use of passive inductors for resonant piezoelectric
shunt tuning requires a precise prior inductance tuning,
accounting for the influence from residual vibration modes.
This effect is included in a recently proposed shunt tuning
method, based on the evaluation of an effective modal
capacitance determined from a modal SC charge and OC
voltage, obtained by the evaluation of the two corresponding
eigenvalue problems. In the present paper, it is demonstrated
how this method can as well be applied from simple
measurements of the piezoelectric absorber SC current and
OC voltage response to a simple pseudo-random vibration
excitation of the electromechanical structure. By acquiring
the current and voltage measurements with a suitable sample
interval and time-span the corresponding FRFs may be
obtained with sufficiently high accuracy. From the FRF
for the electric current the corresponding FRF for electric
charge is obtained, and the shunt tuning is then entirely
based on the measured FRFs for the absorber charge and
voltage responses. The modal charge and voltage are then
found as the peak amplitudes in the FRFs, while SC
and OC frequencies are obtained as resonances along the
frequency axis. The effective modal capacitance is finally
evaluated from the proposed charge to voltage ratio, which

is subsequently used for the shunt tuning instead of the
traditional blocked or static capacitances.

The experimental shunt tuning method is demonstrated
for both a free beam and free plate structure with five pairs
of piezoceramic patches. In both cases one piezoceramic
patch pair is used to excite structural vibrations, while the
remaining four patch pairs are connected in series with a
tuned resonant shunt. Hereby, the shunted patch pairs act
as four individual piezoelectric vibration absorbers. For the
free beam the tuning and damping of four resonant vibration
modes is considered and found to be in good agreement with
the corresponding numerical results obtained with a full 3D
FE analysis conducted in ANSYS. Similar results have been
obtained for the free plate experiment, for which optimum
multi-mode shunt damping is further demonstrated by tuning
the piezoelectric absorbers to different target modes, while
altering the resistance tuning by a modified effective EMCC.
Finally, it is shown that tuning of the shunt inductance based
on the blocked capacitance for the second beam mode and
on the static capacitance for the sixth plate mode may cause
severe detuning of the piezoelectric shunts, reducing the
attainable damping performance. Thus, it can be concluded
that a precise inductance tuning is vital for the shunt damping
performance, especially for pure passive resonant shunts,
for which the re-adjustments of the shunt inductance is not
straightforward. A precise prior tuning is therefore required
and may be ensured by taking into account the contribution
from residual vibration modes.
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the flexibility and inertia effects from the non-resonant modes equals the effective (or

based on the effective EMCC [5], that is defined by the relative difference between the

finite element (FE) code. The tuning

bration procedure [5]. The latter is further briefly recapped in the present notation, also
serving the purpose of presenting the modification to the tuning formulas in order to not
explicitly contain the plane stress-reduced piezoelectric coupling coefficient.

-form, which defines

fields
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pling coefficients and dielectric constants under constant (nil) strains, respectively. When

and the electric field
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the electric potential on the ungrounded non wired (interface) electrode defines the differ-

parts. The vibration problem (8) is now beneficially written in the condensed format

from the second equation of (8) into its first and third equations.
Hereby the system matrices and coupling vectors are defined as

while the resulting modified capacitance follows as
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and the inverse of the modified capacitance

The first product in the governing equation (21) is alternatively written as a sum over
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From (23) the system’s characteristic equation can finally be identified as

and define the inertia reduced EMCC as
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are identified. The
inertia reduced EMCC finally follows from (28) and the optimum resistance according to

The optimum resistance may beneficially be approximated by using the effective EMCC

beneficial as it avoids solving the eigenvalue problem (29).

. The key steps of the approach are shown in the flow chart of

The first step is to define the geometry, material properties, element types and mesh

For each continuous electrode, the EP condition is defined in a master node which is
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to obtain OC piezoceramic patch(es). A modal analysis is then conducted to find and save

The fifth step is to implement the optimum inductance between the grounded and un-
grounded master nodes according to the patch(es) configuration and polarization, see [5].

plemented using key options and by defining their associated real constants. The matrices
are identified next. Further, the coupling

The sixth and final step is to determine and implement the optimum resistance. Either

approximation leads to the possibility of omitting step five. At last, the optimum resistance

shunt circuit configuration.

to use well defined piezoceramic materials. For the beam benchmark the piezoceramic

for the first eight vibration modes using, respectively, a 3D FE model in ANSYS

yielding relative errors on the first eight resonant frequencies around and below 1% with
the present discretization, which is thus regarded sufficient for the present purposes. The
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and configuration of the piezoceramic patches, which yield no electromechanical energy

shunt tuning can still be found close to the optimum. The influence of using the effective

the resistance could beneficially be evaluated from (30) with

with results obtained with refined mesh. The first eight SC frequencies, effective and in-
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of the first eight vibration modes (in bold in Table 2) with the gi

remaining five resonant modes (in non-bold in Table 2) which squared values are below

the shunt tunings are low for the three modes with high effective EMCC, while significant
relative deviations can be observed for the shunt tunings to the remaining five uncoupled

inertia reduced EMCCs (see [15]). The shunt tunings for the five electromechanically

mates the exact resistance (30) and which influence it has on the shunt performance. In

sistances are relatively low. For the five electromechanically uncoupled vibration modes
(in non-bold in Table 3) significant relative deviations can be observed with an increasing

tion mode Figure 2(b), with strong electromechanical coupling, no significant deviations
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only, provides a sufficiently precise shunt tuning.

FE code. A formerly established 2D FE model is subsequently verified through

model is found to sufficiently represent thin beam and plate structures with a pair of

high effective and inertia-reduced EMCCs found adequate. At last, the influence, on the

shunt damping, it can be concluded that the shunt resistance is sufficiently tuned from the
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Abstract. A tuning procedure for resonant piezoelectric shunt damping based on measurable experimen-
tal data is proposed. The procedure is derived from a proposed resonant shunt tuning method designed
for the implementation in commercial finite element (FE) software, including the contribution from non-
resonant vibration modes. It has been found that this procedure is robust and effective for vibration
mitigation in both beam and plate structures. In the presentprocedure a pseudo-random excitation sig-
nal is imposed on a structure with attached piezoceramic patches, while the piezoelectric electrodes are
respectively in short- or open circuit. In both cases a time record of respectively the electric current
and voltage is measured with a high quality multimeter. A Fast-Fourier-Transform is then used on these
time records in order to determine the electric current and voltage frequency response functions. Finally,
the optimum resonant shunt inductances and resistances aredetermined from the corresponding modal
properties, which are extracted from the two frequency response functions. The method is demonstrated
for a free beam with two pairs of piezoceramic patches, one pair used for the vibration excitation and
the other for vibration mitigation. The experimental results are found to be in good agreement with the
results from a corresponding numerical model build up in thecommercial FE-software ANSYS®.

1 INTRODUCTION

The concepts of resonant piezoelectric shunt damping origin from the work by Forward [1], in which
the mechanical equivalence to an electric capacitance, resistance and inductance are presented. It is then
suggested that the shunt inductance (L) is tuned in order to neutralize the inherent capacitance ofthe
piezoelectric material, whereby the damping introduced bythe shunt resistance (R) is maximized. A
concrete procedure for the optimum tuning of the resonantLR-shunt circuit was subsequently proposed
by Hagood and von Flotow [2]. The method assumes the structural response around a target resonant
frequency to be sufficiently represented by the corresponding modal properties. The tuning formulas are
thus derived from a representative two degrees of freedom coupled electromechanical system. In [2] the
series shunt circuit is considered, while the parallel shunt circuit was suggested later by Wu [3]. Alter-
native methods for the precise series and parallel shunt tuning have been suggested subsequently [4, 5],
all based on the modal approximation. In recent years several authors have discussed the influence from
the non-resonant vibration modes on the structural response, which alternate the optimum piezoelectric
shunt tuning [6, 7, 8]. In [9] the influence from the non-resonant modes was described by a flexibility and
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an inertia correction terms and the influence on the optimum tuning of tuned mass and inerter-based ab-
sorbers was demonstrated. In [8] the equivalence to resonant piezoelectric shunt damping was presented
and in [10] an alternative formulation suitable for implementation in commercial software was suggested.
In the present work, it is the aim to demonstrate the latter method through experiments carried out on a
free beam employed with two pairs of piezoceramic patches.

The experimental design with a free beam is chosen in order toachieve high correlation between the
experimental and numerical results. Disperancies betweennumerical and experimental results have been
encountered in numerous contributions [2, 3, 4], where one of the common uncertainties is associated
with an inaccurate numerical or theoretical approximationof the actual boundary conditions of the ex-
perimental setup. This can be dealt with by updating the finite element (FE) model according to the
experimental results as proposed in [11]. However, such a procedure can be rather cumbersome, hence
the free beam is chosen in the present case.

2 NUMERICAL SHUNT TUNING

In the present section the optimum shunt tuning procedure presented in [10] is summarized and an
alternative way of determining the effective electromechanical coupling coefficient (EMCC) presented,
where the latter becomes useful when reformulating the tuning formulas for subsequent experimental
implementation. Optimum tuning of one shunt circuit is considered, which however may be connected
to a network of several piezoceramic patches glued on to a mechanical structure. The coupled vibration
problem of a mechanical structure with interconnected and shunted piezoceramic patches may be written
according to [10], as

([
KE kEme

(kEme)
t −C̄ǫS

p

]
− ω2

[
M 0
0 0

]){
U
V

}
=

{
0

−Q

}
(1)

where[KE ] is the elastic stiffness matrix of the structure with short circuit (SC) piezoceramic patch(es),
[M ] is the mass matrix,{kEme} the electromechanical coupling vector andC̄ǫS

p the resulting modified
capacitance of the piezoceramic patch(es).

The vibration problem Eq. (1) is limited by two eigenvalue problems associated with, respectively, SC
and open circuit (OC) piezoceramic patch electrodes. When having SC electrodes the voltage vanishes
V = 0 and the associated eigenvalue problem can be written as

(
[KE]− ω2

j [M ]
)
{U}j = {0} (2)

for a particular vibration modej with circular frequencyωj. The second equation in Eq. (1) further
provides the (sensed) modal charge

Q̃j = −{kEme}t{U}j (3)

When no current can flow between the interface electrodes, the piezoceramic patch(es) is(are) said
to be in OC. Vanishing current implies that the charge is zero, whereby the corresponding eigenvalue
problem follows from Eq. (1), withQ = 0, as

(
[KE] +

1

C̄ǫS
p

{kEme}{kEme}t − ω̂2
j [M ]

)
{Û}j = {0} (4)

while the second equation of Eq. (1) provides an OC modal voltage given as

Ṽj =
1

C̄ǫS
p

{kEme}t{Û}j (5)
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Table 1: Numerical parallel and series shunt tuning to target vibration moder.

Parallel (p) Series (s)

Lp =
κ2r
Q2

r

, Rp =
κ2rωr

Q2
r

√
1

2κ2r
Ls =

κ2r
Q2

r(1 + κ2r)
2

, Rs =
κ2rωr

Q2
r

√
2κ2r

(1 + κ2r)
3

The authority of the piezoceramic patch(es) on a given vibration mode of the electromechanical struc-
ture is associated with the relative difference between theSC and OC modal strain energies and defined
by the effective EMCC. The effective EMCC is for resonant vibration modej = r, given as

κ2r =
ω̂2
r − ω2

r

ω2
r

(6)

Pre-multiplying Eq. (2) with{Û}tr and Eq. (4) with{U}tr, the terms involving[KE ] may be eliminated
such that the effective EMCC alternatively can be expressedas

κ2r =
{U}tr{kEme}{kEme}t{Û}r
ω2
r C̄

ǫS
p {U}tr[M ]{Û}r

(7)

Introducing the SC modal charge Eq. (3) and OC voltage Eq. (5), the effective EMCC Eq. (7) can be
written as

κ2r =
Q̃rṼr

ω2
r{U}tr[M ]{Û}r

=
QrVr

ω2
r

(8)

The latter expression in Eq. (8) follows by normalizing the modal charge and voltage from Eqs. (3) and
(5) by the intermediate modal massm̃r = {U}tr[M ]{Û}r in the denominator of Eq. (8) as

Qr =
Q̃r√
m̃r

, Vr =
Ṽr√
m̃r

(9)

In regard to experiments, the intermediate modal massm̃r may beneficially be determined from Eq. (8),

m̃r =
Q̃rṼr

ω2
rκ

2
r

(10)

In reality the intermediate modal mass̃mr would be close to both the modal mass of the SC or OC
electromechanical structure, since the corresponding mode shapes are almost identical and the mass
distribution remains virtually unchanged.

In [10], a reduced order model was introduced in order to determine the optimum parallel and series
resonantRL shunt tuning. The tuning formulas are provided in Table 1 forclarity, while the reader is
referred to [10] for the extensive derivations. It is noted that the inertia effect from the non-resonant
vibration modes on the shunt tuning is neglected according to [10].

The tuning formulas provided in Table 1 are favorable in terms of FE-analysis since the mode shapes
and modal charge can be normalized in order to obtain unit modal masses as described in [10]. In
terms of tuning based on experimental data it become beneficial to reformulate these tuning formulas as
demonstrated subsequently in section 3.

3
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3 EXPERIMENTAL SHUNT TUNING

In this section the resonant shunt tuning procedure in section 2 is reformulated to be dependent on
measurable experimental data. The experimental procedureis very simple and consists of two steps.
First, the electromechanical structure is excited by a pseudo-random excitation signal with a given fre-
quency bandwidth and intensity, while the piezoceramic patch(es) are in SC condition. The SC condition
is realized by connecting the interface electrodes of the piezoceramic patch(es) to a multimeter measur-
ing the time record of the corresponding electric currentI(t). In the second step, a random excitation
signal with the same frequency bandwidth and intensity is applied to the electromechanical structure
with the piezocermic patches in OC condition. The OC condition is realized by adjusting the multimeter
to measure electric voltageV (t), whereby an infinitely large resistance is imposed between the interface
electrodes. From the measured current and voltage time records two frequency response functions (FRF)
can be determined using a fast Fourier transform (FFT), fromwhich the SC and OC frequencies and
modal current and voltage amplitudes are read for each vibration mode in the analyzed frequency band.

The modal voltage is found directly as the resonant peaksṼj = Ṽ (ω̂j) in the generated frequency
response, while the measured electric current time response I(t) is used to determine the corresponding
chargeQ̃(t). The electric current is given as the time derivative (˙( ) = d/dt) of the electric charge

I(t) = Q̇(t) (11)

Assuming harmonic solutions, the electric current and charge time functions may be expressed as

I(t) = Ĩeiωt , Q(t) = Q̃eiωt (12)

with the complex amplitudes̃I and Q̃. Inserting (12) into (11) the relationship between the complex
amplitudes of the current and charge may be written as

Ĩ = iωQ̃ (13)

Finally the modal charge are found as the resonant peaksQ̃j = Q̃(ωj) of the corresponding FRF.
The shunt tuning then follows by determining the effective EMCC Eq. (6) and the intermediate modal

mass from Eq. (10), while the shunt tuning formulas in Table 1can be reformulated by insertingκ2r from
Eq. (8) in the tuning formulas. For the parallel inductance tuning this gives

Lp =
|Vr|

|Qr|ω2
r

=
|Ṽr|

|Q̃r|ω2
r

(14)

which is seen to be independent of any normalization of the modal charge and voltage and also does not
require determination of the OC frequency and effective EMCC. The series inductance tuning and tuning
of the optimum resistances follow similarly from insertingthe effective EMCCκ2r (Eq. (8)) into the
tuning formulas provided in Table 1. The reformulated tuning formulas for the experimentalRL shunt
design are provided in Table 2 for both the parallel and series shunt circuits.

4 SYNTHETIC INDUCTOR

In the subsequent experimental verification of the tuning procedure presented in section 3, a so-called
synthetic inductor is used to emulate the required shunt inductance. It consists of an Antoniou circuit
[12] with the modification proposed in [13]. The circuit diagram of the modified Antoniou circuit and
the prototype of the synthetic inductor used in the experiment can be seen in Figure 1.
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Table 2: Experimental parallel and series shunt tuning to target vibration moder.

Parallel (p) Series (s)

Lp =
|Ṽr|

|Q̃r|ω2
r

, Rp =
|Ṽr|

|Q̃r|ωr

√
1

2κ2r
Ls =

|Ṽr|
|Q̃r|ω̂2

r

ω2
r

ω̂2
r

, Rs =
|Ṽr|

|Q̃r|ω̂r

ω2
r

ω̂2
r

√
2κ2r

+

+

-

-
(a)

R1 R2

R3

RR

RL

C1

V

I

Figure 1: Synthetic inductor, circuit diagram (a) and prototype (b).

Details about the original Antoniou circuit can be found in [14], while the modification is given by
the addition of the variable resistanceRR, see Figure 1(a). The latter permits the addition of negative
resistance to the circuit impedance, added in order to compensate for eventual parasitic losses. The
original Antoniou circuit was designed in order to emulate the effect of an inductance by keeping a
constant current to voltage relationship at the circuit terminal defined as

V (t) = Lİ(t) (15)

Assuming harmonic solutions, the electric current may be expressed as in Eq. (12a) with a similar
representation for the voltage,

V (t) = Ṽ eiωt (16)

Inserting Eqs. (12a) and (16) into Eq. (15) the emulated inductance can be defined as

L =
|Ṽ |
ω|Ĩ|

(17)

Analyzing the circuit diagram Figure 1(a), it may thus be found that the emulated inductance is given as

L =
C1R1R3

R2
RL (18)

The full effective impedance of the modified Anoniou circuitcan further be determined as

Z = iω
C1R1R3

R2
RL − R1

R2
RR (19)

which is seen to correspond to the impedance of an inductanceconnected in series with a negative
resistance. The properties of the constant electronic components are given byR1 = 2kΩ, R2 = 1kΩ,
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Figure 2: Verfication of synthetic inductor (a) FRF for the current and voltage and (b) the corresponding
emulated inductance value, forRL = 25Ω( ), 50Ω( ), 100Ω( ), 200Ω ( ).

R3 = 1kΩ andC1 = 10µF, whereby the inductance and negative resistance can be determined by
constant factors multiplied by respectively the variable resistancesRL andRR (0− 1kΩ), as

L = (0.02H/Ω)RL , R = −2RR (20)

In order to verify the analytic expression Eq. (20a) for the emulated inductance, the terminal of
the synthetic inductor is excited by a pseudo-random voltage signal for differentRL values, while the
resistanceRR is kept constant to zero. The corresponding electric current time record is then measured
with a high quality multimeter connected in series with the synthetic inductor. Finally, an FFT is used
on the voltage and current time records in order to obtain thecorresponding FRFs. In Figure 2(a) the
FRFs corresponding toRL values of25Ω, 50Ω, 100Ω and200Ω are provided, while the corresponding
emulated inductance values determined from Eq. (17) are shown in Figure 2(b). It is seen that the input
voltage signal is increased for the tests with largerRL-values, in order to minimize the effect of the
electric hums that are clearly visible in the FRF of the electric current. Disregarding these electric hums,
it is seen from Figure 2(b) that the emulated inductance values agree well with the values predicted from
Eq. (20a) and are almost constant in the analyzed frequency band.

The synthetic inductor is further tested at higherRL values of400Ω, 800Ω, 1600Ω and 3200Ω
for which the FRFs of the current and voltage and corresponding emulated inductance can be seen in
Figure 3. Again, the electric hums are clearly apparent in the FRF of the current and corresponding em-
ulated inductance. Again, disregarding this noise, constant emulated inductance values predicted by Eq.
(20a) are observed in the considered frequency band, exceptfor the case ofRL = 3200Ω where a slight
decrease in the emulated inductance is noted at higher frequencies. This may indicate that the emulated
inductance becomes slightly non-linear for largeRL values at high frequencies. However, largerRL and
corresponding inductance is only relevant for piezoelectric shunt tuning to low frequent vibrations, since
the optimum inductance tuning is inversely proportional tothe target resonant frequency, see Table 2. It
is thus verified that Eq. (20a) precisely predicts the emulated inductance of the synthetic inductor.

5 EXPERIMENTAL VERIFICATION

In this section, the optimum piezoelectric shunt tuning to afree beam with two pairs of piezoceramic
patches is determined according to the tuning procedure presented in section 3. The free beam and the
position of the two piezoceramic patch pairs can be seen in Figure 4, while the exact dimensions and
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Figure 3: Verfication of synthetic inductor (a) FRF for the current and voltage and (b) the corresponding
emulated inductance value, forRL = 400Ω( ), 800Ω( ), 1600Ω( ), 3200Ω ( ).

Table 3: Dimensions and material properties for free beam and piezoceramic patches.

Beam Piezoceramic patches NCE51 (CTS)
Length (mm) l 260 lp 30 Center patch to center beam
Width (mm) w 30 wp 30 (mm)
Thickness (mm) t 2 tp 1 xp 22
Density (kg/m3) ρ 2710 ρp 7850 Stress piezoelectric coefficient
Young’s Modulus

E 71
Stiffness Components (GPa) (10−12m/V)

(GPa) CE
11, C

E
22 134 e31, e32 -6.06

Poisson’s ratio (-) ν 0.33 CE
12 88.9 e33 17.2

CE
13, C

E
23 90.9 e24, e15 13.7

CE
33 121 Relative permittivity∗

CE
44, C

E
55 20.5 ǫ

εp
11, ǫ

εp
22 906ε0

CE
66 22.4 ǫ

εp
33 823ε0

∗Reference vacuum permittivityε0 = 8.854 × 10−12F/m

material properties of the beam and piezoceramic patches are provided in Table 3. It is noted that the
piezoceramic patches of each patch pair are oppositely poled and connected in series. As indicated
in Figure 4 the left piezoceramic patch pair is used for vibration excitation, while the right patch pair
mitigates vibrations by connecting it to an optimally tunedresonant shunt.

The experimental setup can also be seen in Figure 4, where theleft piezoceramic patch pair is con-
nected to a power amplifier, while the right patch pair is connected to a multimeter. Both power amplifier
and multimeter are connected to a PC used for data acquisition. A Laser Doppler Vibrometer is used to
measure the dynamic response of the free beam.

Following the steps presented in section 3 a pseudo-random voltage excitation signal is imposed be-
tween the interface electrodes of the left piezoceramic patch pair, while the right patch pair is connected
to a multimeter set to measure respectively current, whereby the right patch pair is in its SC condition,
and voltage corresponding to the OC condition. The bandwidth of the pseudo-random excitation signal
is set to2kHz and the sample rate of the multimeter to250µs. The tip velocity is further measured by the
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Figure 4: Free beam with two pairs of piezoceramic patches, experimental setup.

Laser Doppler Vibrometer in order to compare the mechanicalresponse of the free beam and the electric
response of the right piezoceramic patch pair. An FFT is performed on both mechanical and electrical
time records, whereby the FRFs for, respectively, the tip displacements (determined from the tip velocity)
in SC and OC condition and the electric current and voltage are obtained and shown in Figure 5.

It can be seen from Figure 5 that the mechanical and electrical responses correspond very well and
that four resonant vibration modes appear in the investigated frequency band. In order to determine the
optimum piezoelectric shunt tuning, only the FRFs for the electric charge and voltage in Figure 5(b)
are considered, from which the SC and OC natural frequenciesand modal charge and voltage are deter-
mined and provided in Table 4. The optimum shunt tuning then follows by the tuning formulas provided
in Table 2 giving the optimum parallel and series shunt tuning listed in Table 4. For comparison, the free
beam with the two piezoceramic patch pairs has been modeled in ANSYS®, where the SC and OC eigen-
value problems have been evaluated in order to determine theSC and OC frequencies and modal charge
and voltage, which are also provided in Table 4. The FE-modelused in ANSYS® consist of225× 8× 4
SOLID186 3D elements discretizing the beam and100 × 8 × 2 SOLID226 3D electromechanical ele-
ments discritizing each of the four piezoceramic patches. Finally, the equipotential condition is enforced
for each piezoelectric electrode by applying a coupling constraint to the concerned electrical dofs, while
the opposite polarization is obtained by using opposite signs for the stress piezoelectric coefficients in
each piezoceramic patch pair.

It can be seen from Table 4 that there is a good correlation between the experimental and numerical
SC and OC frequencies, except for the fourth torsional vibration mode predicted by the ANSYS® model,
which can not be excited by the driving force from the left piezoceramic patch pair. The use of the
left piezoceramic patch pair as the driving force for the vibrations means that only the flexural vibration
modes are easily activated. Furthermore, the position of the patch pairs also influences how well each
vibration mode may be sounded and damped. The mode shapes corresponding to the four flexural res-
onant frequencies in Table 4 and based on the measurement with the Laser Doppler Vibrometer can be
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Figure 5: FRF for (a) the tip displacement and (b) the electric charge and voltage with respectively SC
(blue line) and OC (red line) piezoceramic patch electrodes.

Table 4: Frequencies, effective EMCC, modal charge and voltage and optimum shunt tuning to the
resonant vibration modes between0− 2kHz

Mode Model f [Hz] f̂ [Hz] κ2
r[%] Qr[mC] Vr[MV] Lp[H] Rp[kΩ] Ls[H] Rs[kΩ]

1 Flex ANS 170.9 171.4 0.52 6.618 0.907 118.9 1251 117.6 12.93
Exp 168.5 169.0 0.58 7.242 0.899 110.7 1088 109.4 12.52

2 Flex ANS 409.1 410.1 0.50 15.52 2.141 20.88 535.2 20.67 5.341
Exp 409.3 409.8 0.24 10.38 1.522 22.18 825.3 22.07 3.928

3 Flex ANS 813.5 813.7 0.03 7.224 0.992 5.256 1147 5.253 0.629
Exp 807.8 807.8 0.02∗ 5.506 0.936 6.598 1674 6.532 0.670

4 Tors ANS 958.6 958.6 0.00 - - - - - -
Exp - - - - - - - - -

5 Flex ANS 1446.6 1454.4 1.07 80.05 11.08 1.675 103.9 1.640 2.195
Exp 1449.6 1455.4 0.81 61.70 10.89 2.129 152.3 2.095 2.438

∗ Effective EMCC based on frequencies determined from the FRFfor the tip displacements, see Figure 5(a).

seen in Figure 6. The location of the piezoceramic patches are here indicated by the red arrows, and it
can thus be seen that the third vibration mode is both hardly excited and damped since the two patch
pairs are located close to a nodal point of the correspondingmode shape in Figure 6(c). This is also
apparent by the corresponding effective EMCC in Table 4, which is close to zero. Oppositely, the largest
effective EMCC is obtained for the fourth flexural vibrationmode, for which it can be seen that the
piezoceramic patches are located near a position of maximumcurvature (Figure 6(d)) and therefore have
good authority on the corresponding vibrations. The position of the piezoceramic patches with respect
to the first and second vibration modes in Figure 6(a,b) are seen to be moderately good, also indicated
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Figure 6: First four flexural mode shapes (a)-(d) of the free beam with two piezoceramic patch pairs
located as indicated by the red arrows.

by the effective EMCCs in Table 4. Common for all the effective EMCCs is that there is a significant
relative deviation between the numerical and experimentalresults. This may be explained by several un-
certainties associated with the experimental setup, for instance the gluing of the pizoceramic patches to
the beam, the actual electromechanical properties and eventual hysteretic behavior of the piezoceramic
material, which is not considered in the tuning and numerical FE-model. Finally, it can be seen from
Table 4 that there is good correlation between the numericaland experimental modal charge and voltage
and the corresponding optimum parallel and series shunt tuning. The normalized modal charge and volt-
age are for the experiment determined from the measured modal charge and voltage amplitudes with Eq.
(9), in which the intermediate modal mass is equated with Eq.(10).

It is now analyzed how well the optimum piezoelectric shunt tuning performs, when each individual
shunt circuit for the four flexural vibration modes are wiredin series to the right piezoceramic patch
pair. The optimum inductance is emulated by the synthetic inductor described in section 4, which is
further connected in series with a variable resistor. It is found that the optimum inductance values must
be slightly altered in order to obtain the most optimum damping properties. The optimum inductance
values areL1 = 128H, L2 = 24.2H, L3 = 6.6H andL5 = 2.0H. The deviation between these values
and the series tuning provided in Table 4 may be due to the neglect of structural damping in the tuning
formulas and the fact that the forcing from the left piezoceramic patch pair does not act as an ideal
modal load. However, the deviations are relatively small, in particularly for the fourth flexural vibration
mode with the largest effective EMCC. Regarding the resistance tuning to the first three flexural vibration
modes, it is found that the parasitic loss in the synthetic inductor seems to exceed the optimum resistance
tuning, even when negative resistance is added to the systemthroughRR. For the shunt circuit tuned
to the fourth flexural vibration mode, the variable resistance is set toR4 = 2.4kΩ, approximately equal
to the optimum series tuning in Table 4. With the respective implementation of these four shunt circuits
the corresponding FRFs for both the tip displacements and electric voltages are determined using the
FFT on the corresponding time records to a pseudo-random vibration excitation with the same frequency
bandwidth and intensity as used previously. The FRFs can be seen in Figure 7.

It can be seen from Figure 7(a)-(d) that considerable amplitude reduction is obtained around each
of the four flexural resonant frequencies when implementingthe respective resonant shunt circuits. In
particular, flexural vibration mode 4 in Figure 7(d) is seen to be highly damped and an almost flat plateau
around the corresponding resonant frequency is obtained. The lowest vibration reduction is found for
mode 3 in Figure 7(c), as expected due to the corresponding insignificant electromechanical coupling.
Looking at the voltage responses in Figure 7(e)-(h), it can be seen that the damper response is increased
around the resonant frequencies when implementing the resonant shunt circuits. This may be interpreted
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Figure 7: FRF for (a)-(d) the tip displacements and (e)-(f) shunt voltage, for OC ( ) and optimally
shunted to respectively flexural mode 1-4 () piezoceramic patches.

as an increase in the amount of energy dissipated by the shuntresistance. For the fourth flexural vibration
mode in Figure 7(h) an almost flat plateau around the resonantfrequency for the voltage is obtained,
which agrees well with the theoretical damper response of the tuned piezoelectric shunt damper [10].

Although small deviations between the optimum and implemented shunt tuning has been encoun-
tered, the experimental shunt tuning method presented in section 3 has proven to be accurate and easy to
implement, as the optimum shunt tuning to any resonant vibration mode in a given frequency band may
be determined from only current and voltage responses to a pseudo-random vibration excitation.

6 CONCLUSIONS

A piezoelectric shunt tuning method based on measurable experimental data has been proposed. The
procedure consists in imposing pseudo-random vibrations to a mechanical structure while the electric
current and voltage responses are measured between the electrodes of an attached piezoelectric domain.
A FFT is then used on the electric time records to obtain the FRF for the corresponding charge and volt-
age. The SC and OC natural frequencies and modal charge and voltage may finally be determined for
each vibration mode in the analyzed frequency band, and the corresponding shunt circuit components
optimally tuned. The method is verfied by the analysis of a free beam with two pairs of piezoceramic
patches, one pair used to excite the structure, while the second pair is connected to a shunt circuit op-
timally tuned to a target resonant vibration mode. The FRF for the electric charge and voltage have
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been determined and the optimum shunt tuning evaluated for the first four flexural vibration modes of
the free beam. Finally, it is found that the obtained optimumshunt tuning values are very close to the
shunt tuning, which delivers the most substantial damping to the structure around the target resonant
frequencies. The proposed method is beneficial as the necessary tuning parameters are determined from
two FRF obtained by imposing pseudo-random vibrations to the investigated structure. Furthermore, the
inductance tuning is independent of the relative difference between the SC and OC frequencies, which
may be hard to determine. Instead, it relies on the ratio between the modal voltage and charge.
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