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Design of segmented off-diagonal thermoelectric generators using topology
optimization

Christian Lundgaard, Ole Sigmund

Department of Mechanical Engineering Techinical University of Denmark, Nils Koppels Allé 404, DK-2800 Kgs. Lyngby, Denmark

Abstract

A density-based topology optimization methodology is used to optimize the off-diagonal figure-of-merit and
off-diagonal electrical power output of thermoelectric generators by distributing two different thermoelectric active
materials in a two dimensional design space. Off-diagonal thermoelectric generators are characterized by converting
a vertical thermal heat flux into a horizontal electric current, and may be useful in applications where the electrodes
connected to the generator are prone to thermo-mechanical stress and wear.

With basis in the topology optimization framework and a sequence of numerical examples, we discuss critical and
important model parameters such as objective functions, heat transfer rates and device lengths. All results are supported
by exhaustive crosschecks and validations, and it is shown that the off-diagonal figure-of-merit and the off-diagonal
electrical power output may be improved by 233% and 229%, respectively, compared to other optimization approaches
available in the literature.

Keywords: Topology optimization, thermoelectric energy conversion, figure-of-merit, electric power output,
thermoelectricity, renewable energy

1. Introduction

Thermoelectric generators exploit the Seebeck effect
to convert thermal energy into electric energy [1]. This
type of device is especially useful in waste heat recov-
ery applications as 55-75% of the fuel consumption in
conventional combustion engines is converted into waste
heat [2]. By using thermolectric generators in waste
heat recovery applications, it is possible to increase the
overall efficiency which may be profitable even for small
performance improvements. With a point of departure
in thermoelectric generators, we present and solve a nu-
merical design problem which aims at increasing the
performance of a special type of thermoelectric genera-
tors called off-diagonal thermoelectric generators.

With reference to the sketch in Fig. 1, off-diagonal
thermoelectric generators convert a vertical heat flux
into a horizontal electrical current. As the electrodes are
disconnected from the thermal reservoirs, the thermo-
mechanical stress and wear of the electrodes are reduced,
which makes off-diagonal thermoelectric generators suit-
able in e.g. applications where the temperature difference
between the hot and the cold reservoirs varies consider-
ably during operation.

The present study is inspired by the work of Sakai et al.
[3] and takes point of departure in an optimization prob-
lem of an off-diagonal thermoelectric generator serving
in a realistic application. Sakai et al. [3] demonstrated
that it is possible to increase the off-diagonal figure-of-
merit and electrical power output for this type of device,
by determining the optimal tilting angle and volume frac-
tion between two thermoelectric active materials placed
in a layered configuration.

As we point our attention to the layered configuration
of Sakai and coworkers’ design solutions, we presume
that the performance of the design solutions can be in-
creased further by allowing geometrically free distribu-
tion of the two materials. Such a design problem can be
powered by a numerical optimization approach called
topology optimization [4, 5] which we use in the present
study.

With basis in the schematic of the design problem in
Fig. 1, the goal of the topology optimization problem
is to increase the figure-of-merit and electrical power
output of the off-diagonal thermoelectric generators by
distributing two different thermoelectric materials, Ma-
terial A and Material B, in the two dimensional design
space, ΩD. The material parameters of Material A and B
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have been listed in Tab. 1.
The work of Sakai et al. [3] is particularly interesting

for our endeavor, as the theoretically obtained design
solutions were both manufactured and experimentally
verified. Despite the neglection of parasitic losses be-
tween the layers of different types of materials, Sakai
and coworkers found excellent agreement between the
analytical predictions and experimental testing. Due to
these observations, we find it reasonable to assume that
Sakai and coworkers overcame challenges concerning
manufacturability and minimization of parasitic losses.
This topic is further discussed in Secs. 3.1 and 3.2.

The topology optimization methodology used in the
present study is powered by the finite element method
[7, 8], adjoint sensitivity analysis [9] and the method of
moving assymptotes [10]. The finite element method is
a discretization approach used to estimate the solution
to the governing partial differential equations. Adjoint
sensitivity analysis provides the gradients of the objec-
tive function with respect to the design variable field,
which are used in the deterministic gradient-based opti-
mization solver called the method of moving assymptotes.
The method of moving assymtotes is an approach used
to solve the design problem and ensure convergence
of the design routine within a couple of hundred de-
sign iterations despite solving problems with more than
10,000 design variables. Interested readers are referred
to Lundgaard and Sigmund [6] who provide a detailed
introduction to the methodology.

The topology optimization approach is related to well-
accepted studies in the thermoelectric literature such as
functionally graded materials [1, 11], the compatibility
approach [12], genetic sizing approaches [13] and ho-
mogenization [3, 14, 15, 16], however the methodology
takes a completely different off-set and modeling ap-
proach, and converges to very different design solutions
and hereby opens a hole new branch of optimization
approaches for off-diagonal thermoelectric generators.

1.1. Physical model
The topology optimization framework is based on

the temperature independent and steady state form of
Fourier’s and Ohm’s generalized equations which are
given by [7, 1]:

∂Qi

∂xi
= q̇ in ΩD (1a)

∂Ji

∂xi
= 0 in ΩD (1b)

Qi = Tαi jJ j − κi j
∂T
∂x j

(1c)

Figure 1: A sketch of the off-diagonal thermoelectric generator design
problem. The temperature difference between the hot exhaust gas from
e.g. a combustion engine and the cold ambient air generates a heat
flux from ΓN to ΓS . The heat flux is converted into a vertical electrical
current by exploiting the Seebeck effect. By spatially distributing
Material A and B (see Tab. 1) in the two dimensional design space,
ΩD, the off-diagonal figure-of-merit or electrical power output are
optimized. The thermal heat transfer between the thermal hot and cold
reservoirs and the thermoelectric generator are modeled by Newton’s
law of cooling, see Sec. 1.3.

Ji = σi j

(
E j − αik

∂T
∂xk

)
(1d)

where Qi is the heat flow density; xi is the spatial co-
ordinates; q̇ = JiEi is the Joule heating term; T is the
temperature; αi j is the Seebeck coefficient; Ji is the elec-
tric current density; κi j is the thermal conductivity of
the medium; σi j is the electrical conductivity of the
medium; and E j = −∂V/∂x j is the electric field. The
tensor indices, i and j, have two entries, x and y, which
are corresponding to the spatial directions in a Cartesian
coordinate system.

1.2. External resistive load
The electric current in the external resistive load is

given by:

niJi = z�(V − V�) (2)

where � indicates the surface on which the boundary
condition is imposed (north, south, east, west, see Fig.
1 for definitions), z� is the impedance of the external
resistive load, ni is the unit vector normal and V� is a
reference electric potential.

1.3. Newton’s law of cooling
With reference to the simple rectangular design and

the relatively small length scales of the thermoelectric
generator problem sketches in Fig. 1, we assume that the

2
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Table 1: The Seebeck coefficient, α; the electric conductivity, σ; and the thermal conductivity, κ, for Material A and B used in the design problems.
The material parameters are similar to the material parameters used in [3].

Color in plots α [V/K] σ [S/m] κ [W/(m·K)] Z [1/K]

Material A 210 · 10−6 8.333 · 104 1.1 3.3409 · 10−3

Material B −20 · 10−6 588.2 · 104 51.0 0.0461 · 10−3

Table 2: List of important variables used throughout the paper.

Variable Description

ΓN Northern boundary (cold reservoir)
ΓS Southern boundary (hot reservoir)
ΓE Eastern boundary
ΓW Western boundary (electrically grounded)

T N Temperature at ΓN (cold reservoir)
T S Temperature at ΓS (hot reservoir)
T NS Abbreviation of T N and T S combined

hN Convection coefficient at ΓN

hS Convection coefficient at ΓS

hNS Abbreviation of hH and hC combined

~T The temperature field [K]
~V The electric potential field [V]
~Qx, ~Qy The thermal heat flux field

in x and y, respectively
~Jx, ~Jy The electric current density

field in x and y, respectively

zE Electrical resistance in
outer electrical load at ΓE

fZ Off-diagonal figure-of-merit
fP Off-diagonal electrical power output
fP/Lx Normalized off-diagonal

electrical power output

ΩD Design domain
Lx Length of ΩD in x
Ly Length of ΩD in y

heat transfer between the hot and the cold reservoirs and
the thermoelectric generator is governed by Newtons law
of cooling.

By modeling heat transfer with Newtons law of cool-
ing, it is assumed that the thermal heat transfer between
thermal hot and cold reservoirs and the module is pro-
portional to the temperature differences between these.
Mathematically, Newton’s law of cooling is given by:

niqi = h�(T − T�) (3)

where qi is the heat flux due to convection, h� is the
convection coefficient and T� is the temperature of the
reservoir.

1.4. Finite element formulation
To set up the topology optimization framework, we

introduce a design field, ρ, such that Eqs. (1) become
functions of ρ, i.e. α = α(ρ), σ = σ(ρ) and κ = κ(ρ).
The discretized finite element equations suited for the
topology optimization framework can now be obtained
by multiplying the strong forms of Eqs. (1) with suitable
test functions; integrating over the domain; performing
integration by parts of higher dimensions on relevant
terms and introducing the design field dependent inter-
polation functions [7, 17, 8].

The design variable field makes it possible to compute
the gradients of the objective functions with an analytic
adjoint sensitivity analysis. The gradients of the objec-
tive function contain the information which describe how
Material A and Material B should be spatially distributed
to maximize the objective functions.

A detailed description of the derivation and imple-
mentation of the optimization framework is provided
[6].

1.5. The design problem
To provide the best comparison between the optimiza-

tion approaches, we decided to take basis in the same
pair of objective functions as the main references of the
present study, the works of Yang et al. [14] and Sakai
et al. [3]. The objective functions are the off-diagonal
figure-of-merit and the off-diagonal electrical power out-
put.

3
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Table 3: The boundary conditions used to evaluate the figure-of-merit,
fZ , in Eqs. (5). To compute the figure-of-merit, it is necessary to solve
three different finite element problems with the boundary conditions
listed below.

Boundary

Load-case ΓN ΓS ΓE ΓW

α T 10−5 0 – –
V – – – 0

σ T – – 0 0
V – – 10−5 0

κ T 10−5 0 – –
V 0 – – –

With reference to Fig. 1, we denote the northern,
southern, eastern and western surfaces of the design do-
main ΓN , ΓS , ΓE , ΓW , respectively. The design domain
is rectangular with length, Lx, and height, Ly, length-to-
height ratio Λ = Lx/Ly; and an outer electric impedance,
zE , is imposed on boundary ΓE . For readability purposes
we have listed the most used abbreviations and variables
used throughout the paper in Tab. 2. The model pa-
rameters are similar to the model parameters used in
[3].

1.5.1. Figure-of-merit
The thermoelectric off-diagonal figure-of-merit, fZ , is

computed by the following composite objective function:

fZ =
fα2 fσ

fκ
(4)

where fα is the objective function for the Seebeck coef-
ficient, fσ is the objective for the electric conductivity
and fκ is the objective for the thermal conductivity. In
the following we will account for how to compute these
objective functions.

The off-diagonal figure-of-merit is computed by solv-
ing three different finite element problems or load cases,
computing the corresponding objective functions and
multiplying them as stated in Eq. (4). The boundary
conditions for the α-load case, the σ-load case and the
κ-load case have been listed in Tab. 3.

By computing the objective functions in Eq. (4) with
small differences in the state fields as listed in Tab. 3, the
governing equations remain in the linear regime where
the Joule heating is negligible. By including the surface
electrodes and ensuring that the governing equations stay
in the linear regime, the evaluation of the objective func-
tions are consistent with the analytic and experimental

approaches seen in e.g. Rowe [1], Yang et al. [14, 18]
and Sakai et al. [3].

The objective functions in Eq. (4) can now be com-
puted by the following surface integrals, please cf. Fig.
1.

fα =
Ly

Lx

[
1
Ly

∫

ΓE
V dS − 1

Ly

∫

ΓW
V dS

]
·

[
1
Lx

∫

ΓN
T dS − 1

Lx

∫

ΓS
T dS

]−1

(5a)

fσ =
Lx

Ly

[∫

ΓE
Jx dS

]
·

[
1
Ly

∫

ΓE
V dS − 1

Ly

∫

ΓW
V dS

]−1

(5b)

fκ =
Ly

Lx

[∫

ΓN
Qy dS

]
·

[
1
Lx

∫

ΓN
T dS − 1

Lx

∫

ΓS
T dS

]−1

(5c)

As a reference, the integral expressions above are often
in one dimensional modeling written as fα = ∆V/∆T ,
fσ = J/∆V and fκ = Q/∆T , where ∆T and ∆V denote
the temperature and electric potential difference between
the boundaries, respectively.

The reporting of the intricated integral expressions in
Eq. (5) is serving as guidance for future research, as the
expressions explicitly state the approach for computing
the objective functions in Eq. (4).

1.5.2. The electrical power output
The off-diagonal electric power output, fP, is given

by:

fP =
1
Ly

∫

ΓE
V dS

∫

ΓE
Jx dS (6)

which is simply an integral expression, where the average
electric potential along ΓE is multiplied with the integral
of the electric current density along ΓE . The correspond-
ing objective function in one dimensional modeling is
often written as P = V J, where P is the electrical power
output, V is the electrical potential and J is the electric
current.

By assuming that a highly conductive surface elec-
trode is connected to ΓE , the boundary conditions can
be written as listed in Tab. 4. The height of the design
domain (Ly = 0.004 [m]) and temperatures of the hot
and cold reservoirs are equivalent to the design problems
investigated in Sakai et al. [3].

4
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Table 4: The boundary conditions used to evaluate the electrical power
output, fP, for off-diagonal thermoelectric generators.

Boundary

ΓN ΓS ΓE ΓW

T� [K] 85 0 – –
h� [W/m·K] 104 104 – –
V� [V] – – – 0
z� [S/m] – – zE –

1.5.3. Sensitivities, filter operations and optimizer
The gradients of the objective functions in Eqs. (5)

and (6) with respect to the design variable field are com-
puted by the discrete adjoint approach (see Bendsøe and
Sigmund [5]). To ensure length-scale control and robust-
ness toward manufacturing variations, the optimization
problem is formulated in a min/max form for three dif-
ferent projected realizations of the design variable field
[19]. The physical design variables used for the finite
element analysis are obtained by a density filter and a
Heaviside projection filter operation [20, 21] and the op-
timization problem is solved with the method of moving
assymptotes [10]. Readers interested in implementation
details of the framework are referred to Lundgaard and
Sigmund [6].

2. Results

To demonstrate that the topology optimization frame-
work is suited for optimizing the figure-of-merit and the
electrical power output for off-diagonal thermoelectric
generators, we present a sequence of different numerical
examples throughout this section.

The framework is benchmarked against the analytical
predictions and frameworks in Sec. 2.1, design prob-
lems solved for the figure-of-merit are presented in Sec.
2.2 and design problems solved for the electric power
output are presented in Sec. 2.3. The performance of
off-diagonal, diagonal thermoelectric generators are com-
pared in Sec. 2.4 and the thermal heat transfer modeling
with Newton’s law of cooling is discussed in Sec. 2.5.

2.1. Benchmark examples

The topology optimization framework used in the
present study is validated with basis in the analytic op-
timization approach presented in Sakai et al. [3]. The
objective of the analytical approach is to increase the off-
diagonal figure-of-merit, fZ , and the off-diagonal electric

power output, fP, by determining the optimal tilting an-
gle between two thermoelectric materials placed in a
layered configuration.

The analytical approach by Sakai et al. [3] is derived
under the assumption of infinite periodicity and neg-
ligible boundary effects. Design solutions of infinite
periodicity are assumed to consist of layered, and in-
finitely narrow channels. Boundary effects refer to the
disturbances in the state fields that occur in the transi-
tions between the material phases and near the outer
boundaries of design solutions.

As infinite periodic design solutions are a purely math-
ematical concept, we have to distinguish between design
solutions with finitely and infinitely small design fea-
tures. Equivalent to the design solutions manufactured
and tested by Sakai et al. [3], our design solutions with
finite length scales have an enforced minimum physical
length-scale relative to the design domain height of 0.05.
The corresponding design solutions for infinitely small
design features do not have such minimum length-scale.

With reference to Figs. 3a and 3b, layered designs
with finite and infinite periodicity are here called finite
layered designs and infinite layered designs, respectively.
To validate the numerical framework, we have plotted the
relationship between the figure-of-merit and the tilting
angle for the different optimization approaches in Fig. 2.

The entries in Fig. 2 are computed with basis in the
three different analytical design solutions in Fig. 3: (A)
The infinite layered design without boundary effects in
Fig. 3a, (B) the infinite layered design with boundary
effects in Fig. 3b and (C) the finite layered design with
boundary effects in Fig. 3b. The design solutions are
all solved for Λ = 10, V = 0.5 and θ ∈ [0; 90] and the
positions of the integration domains in Eq. (5) have been
marked by black, green and blue encircled rectangles on
the design solutions plots.

With reference to Fig. 2, the relationship between fZ
and θ for the infinite layered designs without boundary
effects and the analytical predictions in Sakai et al. [3]
show excellent agreements, as the numerical simulations
and the analytical derivations are carried out under the
same assumptions: Infinite periodicity and negligible
boundary effects. As the analytical and numerical opti-
mization frameworks show excellent agreement, we con-
fidently conclude that the topology optimization frame-
work and underlying finite element model are suited
for solving off-diagonal thermoelectric generator design
problems seen in Fig. 1.

The influence of the boundary effects and the varia-
tions in the state fields over the layers cause the relation-
ship between fZ and θ for the different designs to deviate.
The differences between the numerical and analytical
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optimization framework can be minimized by narrowing
the channels, increasing the length-to-height ratio, and
placing the integration domains “sufficiently far” from
the outer boundaries.

The physically realizable design solutions with finite
layered design with boundary effects obtained with the
approach presented in Sakai et al. [3] are in the remain-
ing part of the paper simply denoted analytical design
solutions.

Figure 2: The figure-of-merit, fZ , as function of the tilting angle, θ, for
the design solutions in Fig. 3. The numerical evaluation of the infinite
layered designs without boundary effects have the same predicted
performance as the analytical predictions and experimental results (not
shown on the plot) presented in the work of Sakai et al. [3]. Due
to the excellent fits between the finite element model, the analytical
predictions and the experimental measurement, we conclude that the
framework used in the present study is suited for solving off-diagonal
thermoelectric generator design problems.

2.2. Figure-of-merit
The goal of the first numerical design problem is to

optimize the off-diagonal figure-of-merit, fZ . To demon-
strate what can be achieved in performance improve-
ments with the proposed methodology, we have decided
to use the design solutions obtained with the analytical
approach as benchmarks for the numerical approach.

The length-to-height ratio of the design domain, Λ, is
an important model parameter so we have solved 100
different design problems for Λ ∈ [0.1; 10], and plotted
a selection of the design solutions in Fig. 4. A selection
of the corresponding design solutions solved with the
analytical approach have been plotted in Fig. 5. The
design solutions solved with the analytical optimization
approach are obtained by a simple and computational

expensive parameter study over θ which is swept in 100
different and equally spaced steps in the interval θ ∈
[0; 90] for each value of Λ.

By comparing Fig. 4 and Fig. 5, we point out that
the numerical and analytical approach converge to very
different design solutions. The large difference is also
reflected in performance of the design solutions which
have been plotted in Fig. 6.

The plot shows the relationship between fZ and Λ for
the design solutions solved for fZ and fP (see Sec. 2.3 for
more information). The important message of the plot is
the following: The design solutions solved for fZ with
the numerical approach outperform the design solutions
solved for other objectives and other optimization ap-
proaches with up to 233%. With basis in this, we hereby
conclude that the numerical optimization approach is
suited for solving design problems of off-diagonal ther-
moelectric generators.

2.2.1. The features of the design solutions
In this section we explain why there occurs an opti-

mum between fZ and Λ in Fig. 6 and how we can use this
knowledge to increase the performance of thermoelectric
generators. With reference to the figure, we start this
discussion by pointing out that the largest fZ is achieved
for Λ ≈ 1.3.

As seen in the state field plots for the design solutions
in Fig. 7, this specific length-to-height ratio provides the
ideal interplay between a high electric conductivity in
the horizontal direction, a low thermal conductivity in
the vertical direction and a high Seebeck coefficient in
the off-diagonal direction.

It is possible to tweak the design process so that one
diagonal channel is obtained for larger Λ, cf. Fig. 4d
with Fig. 4e, but doing so will, according to our expe-
rience, not provide better design solution performances
than already presented.

Apparently, the design solutions prefer only one sim-
ple diagonal channel of Material A, as more channels
cause Material B to connect between ΓN and ΓS and
hence causing a “thermal short circuit” which results in
a high fκ and hereby a low fZ , please cf. Eq. (4).

As fα has a squared weight in the objective function,
the main feature of the design solutions is therefore to
generate a high average electric potential along ΓE in the
α-load case. This attribute is maximized by the following
two design features: (1) maximizing the heat flux normal
to Material A in the diagonal channel and (2) choosing
an adequate diagonal channel width to ensure that a
sufficient amount of Material A is available for powering
the Seebeck effect.
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(a) Infinite layered design without boundary effects and infinite layered design with boundary effects.

(b) Finite Layered design with boundary effects

Figure 3: The best performing design solutions obtained with the analytical optimization approach layout in Sakai et al. [3]. The design solutions are
used to validate the topology optimization framework. The performances of the design solutions are compared in Fig. 2. The green, blue and black
encircled squares indicate the integration domains in Eq. (5).

(a) Λ = 1 (b) Λ = 1.3 (c) Λ = 2 (d) Λ = 3

(e) Λ = 5

(f) Λ = 10

Figure 4: Design solutions solved for fZ and various length-to-height ratios, Λ. The corresponding design solutions obtained with the analytical
optimization approach in Sakai et al. [3] are plotted in Fig. 5. The performance of the design solutions are compared in Fig. 6, where it is seen that
the best performing design solution is obtained for Λ ≈ 1.3.

(a) Λ = 1 (b) Λ = 2 (c) Λ = 5

Figure 5: The analytical designs solutions solved for fZ and various length-to-height ratios, Λ. The corresponding topology optimized design
solution are plotted in Fig. 4. The performance of the design solutions are compared in Fig. 6.

7
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Figure 6: The relationship between the height-to-length ratio, Λ, and
the off-diagonal figure-of-merit, fZ , for the best performing design
solutions obtained with the topology optimization approach and the
analytical approach. The design solutions obtained with the topology
optimization framework and solved for fZ outperform the other de-
sign solutions. We therefore confidently conclude that the topology
optimization approach is suited for optimizing the off-diagonal figure-
of-merit and that we may attribute significance to the features of the
design solutions.

By comparing the design solutions in Fig. 4 and 5,
we observe that the relative differences between the de-
sign solutions of the two optimization approaches are
decreased as Λ is increased. As the relative differences
between the design solutions are decreased, the relative
performance differences are also decreased, please cf.
Fig. 6.

As a final remark, we call attention to that topology op-
timization is especially suited for off-diagonal problems,
as trivial designs solutions, i.e. standalone Material A
or B, have fκ , 0, fσ , 0 and fα = 0. The segmented
configuration of off-diagonal thermoelectric generators
is therefore necessary, because trivial design solutions
don’t generate any electric current.

2.3. Electrical power output

The goal of the second design problem is to optimize
the electric power output, fP, and again we use the de-
sign solutions obtained by the analytical optimization
approach by Sakai and coworkers as benchmarks for the
topology optimized designs solutions.

The design solutions solved with the analytical ap-
proach are obtained by a simple and computational ex-
pensive parameter study where both θ and zE are swept
in 100 equally sized steps in the intervals θ ∈ [0; 90]
[degrees] and zE ∈ [10; 15000] [1/S], respectively.

The design solutions solved for fP and Λ =

{0.5, 1, 2, 5, 10} have been plotted in Fig. 8. By com-
paring these design solutions with the solutions solved
for fZ in Fig. 4, we notice that the choice of objective
function has a considerable influence on the topology of
the design solutions.

This difference is also reflected in the performances
of the design solutions obtained with the different opti-
mization approaches and objective functions. In Fig. 9
we have plotted the relationship between Λ and fP for
the different design solutions. The important point of the
graph is the following: the design solutions solved for fP

outperform all other design solutions, for which reason
we confidently conclude that the choice of objective func-
tion is a critical parameter of the design problems and
that the topology optimization methodology outperforms
the analytical optimization approach.

Another interesting and important study is seen in Fig.
9b, where the electrical power output has been normal-
ized with respect to Lx. This is done to demonstrate than
an optimal choice for Λ exists, if the designer’s goal
is to generate as much electrical power output as possi-
ble for a constrained length of the thermal hot and cold
reservoirs. The maximal fP/Lx is obtained for Λ ≈ 1 for
reasons similar to those already discussed in Sec. 2.2.1.

2.3.1. The features of the design solutions
The main differences between the design solutions

solved for fZ and fP can be characterized by two at-
tributes: (1) the volume ratio of the materials and (2) the
topology of the diagonal channels.

Design solutions solved for fZ generally have a larger
amount of Material A in the diagonal than design solu-
tions solved for fP. This design feature is advantageous
as an increased amount of thermoelectric active mate-
rial powers the Seebeck effect and hereby increases the
average electric potential difference on ΓE .

The diagonal channels of Material A in the design
solutions solved for fP tend to meet ΓN and ΓS at a per-
pendicular angle which is not the case for the design
solutions solved for fZ . This design feature results in
reduced temperature gradients near ΓN and ΓS , which
increases the Peltier heat load and hereby contributes
negatively to the electric current and the objective func-
tion. As the overall temperature variations are small for
the design solutions solved for fZ , this design feature is
not advantageous for these problems.

The state field plots for the design solutions solved for
fP and Λ = 1 in Fig. 8b have been plotted in Fig. 10.
The interplay between the design solution and the state
fields are similar to those already discussed in Sec. 2.2.1.
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(a) Temperature [K] (b) Electric potential [V]

(c) Electric potential [V] (d) Electric current density [A/m2]

(e) Temperature [K] (f) Heat flux [W/m2]

Figure 7: The relevant state field plots of the α-load case, (a) and( b), the σ-load case, (c) and (d), and the κ-load case, (e) and (f), for the design
solution solved for fZ and Λ = 1.3 in Fig. 4b. With reference to the large gradients of the electric potential field in the diagonal channel, the
surrounding metal is working as a thermal and electric conductor and the diagonal channel is powering Seebeck effect and hereby the thermoelectric
energy conversion.
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(a) (b) Λ = 1 (c) Λ = 2 (d) Λ = 5

(e) Λ = 10

Figure 8: Design solutions solved for fP and various length-to-height ratios, Λ. By comparing the design solutions solved for fP in present figure,
the design solutions solved for fZ in Fig. 4 and the performances of the design solutions in Fig. 9, we call attention to (A) the considerably different
design solutions solved for different objective functions and (B) the superior performance of the design solutions solved for fP. We hereby conclude
that the choice of objective function is a critical design parameter and should be taking into consideration in design problems of thermoelectric
generators.

2.3.2. The impedance of the outer resistive load
The impedance of the outer resistive load is part of the

design problem, and to demonstrate the importance of the
model parameter, we have plotted the design solutions
solved for fP, zE = {150, 8000, 15000} and Λ = 2 in
Fig. 11. The design solutions are considerably different,
which is also reflected in the corresponding relationships
between fP and zE for the three design solutions plotted
in Fig. 12.

The relationships between fP and zE show that a de-
sign solution solved and evaluated for a specific zE has su-
perior performance compared to design solutions solved
and evaluated for another zE . The impedance of the
outer resistive load is therefore a critical model parame-
ter and should be taken into account for design problem
involving off-diagonal thermoelectric generators.

2.4. Diagonal and off-diagonal problems

In previous sections we have demonstrated that topol-
ogy optimization can be used to outperform other op-
timization approaches in the literature. However, we
have not discussed the performance difference between
off-diagonal and diagonal thermoelectric generators. Di-
agonal thermoelectic generators convert a vertical heat
flux into a vertical electric current, and this configura-
tion is the most standard and applied configuration of
thermoelectic generators.

Tab. 5 shows that diagonal thermoelectric generators
outperform off-diagonal thermoelectric generators for
both fZ and fP, however the performance loss incurred by
using the off-diagonal thermoelectric generators may be
acceptable when taking into account that the electrodes

on ΓE and ΓW are not required to be in contact with the
heat source. By decoupling the electrodes and the heat
source, the probability of damaging the electrodes with
thermo-mechanical stresses and wear during operation is
decreased and this may be game changing in applications
where the temperature difference between the hot and
the cold reservoirs are changing considerable during
operation.

2.5. Boundary conditions

We claimed in Sec. 1.3 that adequate modeling for
the thermal heat transfer between the hot and cold reser-
voirs and the thermoelectric generator is constituted by
Newton’s law of cooling. The plot in Fig. 13 is key to
support this claim.

With basis in a diagonal thermoelectric generator, the
plot shows the relationship between the height of the
design domain, Ly, and the electric power output, fP, for
various heat transfer rates. For finite heat transfer rates
there exist an optimum between the electrical power out-
put and the height of the design domain. However, as the
heat transfer rate goes to infinity, the optimal height of
the design domain goes to zero, and the electric power
output goes to infinity. This singularity is indeed non-
intuitive and non-physical and it is therefore concluded
that finite heat transfer rates between the hot and cold
reservoirs and the thermoelectric generator are required
for carrying out adequate physical modeling for thermo-
electric generators.
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Table 5: A comparison between the figure-of-merit, fZ , electrical power output, fP, and the normalized electrical power output, fP/Lx for design
solutions of standalone materials in diagonal and off-diagonal configurations. The topology optimized design solution solved in the diagonal
configuration (not shown in the paper) outperform the design solutions solved in the off-diagonal configurations. However, thermoelectric generators
in off-diagonal configurations may be less prone the thermo-mechanical stresses and wear.

Description Type fP/Lx fZ

Standalone Material A Diagonal 1444.18 3.341 · 10−3

Standalone Material B Diagonal 85.17 0.046 · 10−3

Design solution Diagonal 4378.62 3.302 · 10−3

Design solution in Fig. 8b Off-diagonal 3896.19 2.110 · 10−3

(a) Electrical power output as function the length-to-height ratio

(b) Normalized electrical power output as function of the length-
to-height ratio

Figure 9: The relationships between the length-to-height ratio, Λ, the
electrical power output, fP, and the normalized electrical power out-
put, fP/Lx for the design solutions solved for fP and fZ . The design
solutions solved for fP with topology optimization outperform design
solutions solved for other objectives and optimization approaches, for
which reason we conclude that the topology optimization approach is
suited for optimizing the off-diagonal electric power output of thermo-
electric generators.
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(a) Temperature [K]

(b) Electric potential [V]

(c) Heat flux [W/m2]

(d) Electric current density [A/m2]

Figure 10: The state field plots for the design solution solved for
electrical power output, fP, and length-to-height ratio, Λ = 1, in Fig.
8b. The design features of the design solution are equivalent to what
already discussed in the caption in Fig. 7 and in Sec. 2.3.1.

(a) zimp = 150 (b) zimp = 8000

(c) zimp = 15000

Figure 11: Design solutions solved for electrical power output, fP,
and different electrical impedances of the outer resistive load, zE . The
performance of the design solutions are plotted in Fig. 12. As the
performance and topology of the design solutions are dependent on zE ,
we conclude that zE is an important model parameter.

Figure 12: The relationship between the electrical power output, fP,
and the electrical resistance in the outer load, zE , for the design solu-
tions plotted in Fig. 11. Design solutions solved for one zE outperform
design solutions solved for other zE for which reason we conclude that
we can attribute importance to the features to the design solutions.
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Figure 13: The relationship between the normalized electrical power
output, fP/Lx, the length of the design domain, Ly, and various con-
vection coefficients, hNS , for trivial design solutions consisting of
standalone Material A. As the convection coefficients are increased,
the electric power output are increased and the optimal design domain
length is decreased. Dirichlet type boundary conditions are equivalent
to hNS → ∞, which due to the singularity between fP/Lx and Ly is
concluded to be non-physical.

.

3. Discussion

All results presented in the present paper are sup-
ported by validation studies, benchmark examples and
cross-checks, for which reason we confidently conclude
that the topology optimization approach is a promis-
ing methodology for optimizing the performance of seg-
mented off-diagonal thermoelectric generators. However,
there are three issues that need to be discussed in relation
to the presented results:

1. The neglection of parasitic losses
2. The manufacturability of the design solutions
3. The assumption of temperature independent mate-

rial parameters

These topics are discussed in the following.

3.1. Parasitic losses
The thermal and electric parasitic losses in the transi-

tions between the material phases are neglected in the
underlying finite element model. The work presented is
hence purely theoretical and the design solutions have
not been tested experimentally.

The losses should indeed be included in detailed com-
putations, however we argue that the methodology and
design solutions are relevant despite neglecting the losses.

Our main argument can be divided in three subargu-
ments:

(A) [3] presented an analytical optimization approach
which was used to optimize the figure-of-merit and the
electric power output. This study is especially interest-
ing because the design solutions were manufactured and
tested experimentally. Even though the design solutions
consisted of a high number of transitions between mate-
rial phases, Sakai and coworkers found good agreement
between the experimental measurements and the analyt-
ical predictions. Since our designs have less interface
regions, we therefore argue that it is reasonable to assume
that the thermal and electrical parasitic losses are smaller
for the design solutions presented in this study than the
design solutions tested in by Sakai and coworkers.

(B) Off-diagonal thermoelectric generators are re-
quired to be segmented with two or more different mate-
rials to produce thermoelectric energy, please confer the
discussion in Sec. 2.2.1. As segmentation is necessary
to ensure the functionality of off-diagonal thermoelec-
tric generators, designers are therefore forced to accept
parasitic losses which make the topology optimization
approach, used in the present study, suitable.

(C) With performance improvement beyond ≈200%
compared to analytical design solutions, we argue that
these performance improvements are so large that they
may dominate the parasitic losses.

3.2. Manufacturability of the design solutions
The manufacturability of the design solutions can be

assessed with basis in three characteristica of the design
solutions: (A) the topology of the design features (B) the
number of transitions between the material phases and
(C) the minimum length scale.

(A) The analyical design solutions tested and manu-
factured by [3] were quite similar to the design solutions
presented in the present study as the design solutions
obtained with the numerical and the analytical approach
both consisted of simple geometrical structures such as
triangles and parallelograms, see e.g Figs. 4b and 8b.

(B) With respect to the number of transitions between
the material phases, the analytical design solutions con-
sisted of a considerably amount of diagonal channels
compared to the design solutions with only one diago-
nal channel seen in the present study. The transitions
between the material phases are a critical part in relation
to the manufacturability, as poor connections between
the material phases result in poor transfer of thermal and
electrical energy and hereby high parasitic losses. How-
ever, with reference to the good agreements between
the analytical predictions and experiments in Sakai and
coworkers, it seems that they overcame this challenge.
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The design solutions presented in the present paper
are solved with a requirement on the minimum length
scale and the design solutions does therefore not contain
design features which are smaller than a prescribed value.
This approach provides a road to tailor the design solu-
tions such that they are suited for additive manufacturing
techniques as the minimum length-scales of the design
features are matched to the available printing resolution.

With reference to the study by Sakai and coworkers,
we point out that the topology optimized design solutions
are simpler or equally simple in topology, have smaller
amount of transitions between the material phases, and
the same minimum length scale, for which reason we
assess that the design solutions presented in the present
paper are less or equally complicated to manufacture
compared to the design solutions presented in the work
of Sakai and coworkers.

3.3. Temperature independent materials

The design problems were solved for temperature in-
dependent material parameters, which indeed is an in-
adequate assumption for many physical materials. We
decided to limit the design problems to temperature in-
dependent materials to ensure a frame of reference with
respect to the design solutions presented in Sakai et al.
[3]. The topology optimization methodology can straight
forwardly be extended such that temperature dependent
material parameters in taking into consideration. Imple-
mentation details are provided in Lundgaard and Sig-
mund [6].

4. Conclusion

We have used a density-based topology optimization
methodology to optimize the figure-of-merit and the
electric power output for off-diagonal thermoelectric
generators. The objectives are optimized by spatially
distributing two different thermoelectric materials in a
two dimensional design space.

With basis in a fully coupled thermoelectric model
with temperature independent materials, we use the
framework to identify and discuss several important de-
sign model parameters. The most important findings
have been listed in the following:

1. With reference to the excellent agreements between
the analytic predictions in Yang et al. [14], Sakai
et al. [3], the experimental validations in [3] and the
topology optimization framework, we confidently
conclude that we can rely on the underlying mathe-
matical model of the framework.

2. The topology optimized design solutions outper-
form the analytical design solutions by 233% for
design problems solved for figure-of-merit and by
229% for design problems solved for electric power
output. The topology optimization approach is
therefore concluded to be excellently suited for op-
timizing off-diagonal thermoelectric generators.

3. Design solutions solved for figure-of-merit do not
necessarily provide large electrical power outputs
and design solutions solved for electric power out-
put do not necessarily provide large figure-of-merits.
The choice of objective function is therefore con-
cluded to be a critical design parameter and design-
ers should therefore carefully consider the interplay
between the end-goal application of the devices and
the optimization problem.

4. By solving three different realization of the design
problems in a min/max formulation, it is possible
to control the length-scales of the design solutions,
such that they are supported by the resolution of the
manufacturing techniques available.

5. To ensure adequate physical modeling, the heat
transfer rates between the cold reservoir, the hot
reservoir and the thermoelectric generator are finite
to ensure physical realistic modeling. Surfaces with
Dirichlet type temperature boundary conditions are
subject to infinite heat transfer rates, for which rea-
son these type of boundary condition may result
in non-physical physical modeling and therefore
useless design solutions.

6. With basis in the state fields of the design solutions,
we conclude that the spatial distribution and the
volume ratio between the materials are the primary
design features for maximizing the figure-of-merit
and the electric power output.

7. By analyzing crosscheck studies, we identify the
length of the thermoelectric generator and the
impedance in the outer electrical load as critical de-
sign parameters for maximizing the figure-of-merit
and the electric power output.

8. Diagonal thermoelectric generators outperform off-
diagonal thermoelectric generators for both elec-
tric power output and figure-of-merit, however off-
diagonal thermoelectric generators may be less
prone to wear and/or thermo-mechanical stresses.

The methodology can easily be extended to incorpo-
rate temperature dependent materials, multiple materials
phases, other objective functions and different bound-
ary conditions. However, for now, the study serves as a
demonstration that topology optimization is a suitable
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method for optimizing off-diagonal thermoelectric gen-
erators.
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