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Design of segmented thermoelectric Peltier coolers by topology optimization

Christian Lundgaard and Ole Sigmund

Department of Mechanical Engineering Techinical University of Denmark, Nils Koppels Allé 404, DK-2800 Kgs. Lyngby, Denmark

Abstract

A density-based topology optimization approach is used to optimize the cooling power and efficiency (coefficient
of performance) of thermoelectric coolers by spatially distributing two different thermoelectric materials in a two
dimensional design space. With basis in three numerical examples we identify important model parameters, such as
the choice of objective function, the temperatures of the thermal reservoirs, the heat transfer rates and the available
electrical energy. By using the topology optimization approach, we demonstrate that the cooling power and efficiency
of thermoelectric coolers can be improved by 48.7% and 11.4%, respectively, compared to optimization results from in
the literature.
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1. Introduction

Thermoelectricity is a physical phenomenon which
concerns the interaction between electric and thermal
energy in semi-conducting materials. Thermoelectricity
can be characterized by two separately identified effects,
the Seebeck effect which concerns the conversion of
thermal energy into electric energy, and the Peltier effect
which concerns the conversion of electric energy into
thermal energy [1]. With reference to the sketch in Fig. 1,
a thermoelectric cooler is a solid-state heat pump which
uses the Peltier effect to convert electrical energy into a
thermal energy flux and hereby providing cooling power
at a specified surface.

Compared to vapor-compression refrigeration systems,
thermoelectric coolers offer reliable and silent operation
due to the simple system designs without moving parts
and circulating fluids. Due to the miniature scales of the
systems and their flexibility in packaging and integration,
thermoelectric coolers are often seen in applications,
such as cooling of electronics [2]. As thermoelectric
coolers are fabricated and operate without using chlo-
rofluorocarbons or other chemicals that may be harm-
ful to the environment, thermoelectric coolers are often
considered as an environmentally friendly alternative
to conventional refrigeration systems. Thermoelectric
coolers are therefore by many researchers in science and
industry often predicted to be an important entrant in the
green energy changeover [3].

A thermoelectric cooler consists of a number of mod-

ules which are connected electrically in series and ther-
mally in parallel, see Fig. 1. The modules are build up
by three main components: conductors, legs and sub-
strates. The conductors connect the legs electrically and
the substrates constitute the interface between the am-
bient and the compartment. Thermoelectric coolers can
be enhanced by so-called segmentation where two dis-
similar thermoelectric materials are connected thermally
and electrically in simple one dimensional interfaces.
However, it is still an open question if the segmentation
approaches can be improved further by allowing two and
three dimensional geometries of the segmented materials.
In the present study we seek to answer this question by
using a density-based topology optimization approach
to spatially distribute two different thermoelectric ma-
terials in a thermoelectric leg and hereby optimize the
cooling power and efficiency of thermoelectric coolers.
The paper is therefore concerned with energy conver-
sion, optimal use of energy resources and analysis and
optimization of energy processes.

Compared to vapor-compression refrigeration systems,
thermoelectric coolers are so far limited to niche appli-
cations due to their relatively low operational cooling
power and efficiency (coefficient of performance). De-
spite a considerable amount of scientific efforts, per-
formance improvements of thermoelectric coolers are
still required to increase the range of applications [4, 3].
The main efforts to increase the performance of ther-
moelectric coolers have so far been a broad search for
identification and development of advanced thermoelec-
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(a) Thermoelectric cooling device (b) Thermoelectric module

Figure 1: A schematic of a thermoelectric coolor and thermoelectric module

tric materials [5, 6], however, in this paper we address
a purely mathematical optimization approach aiming at
finding the best spatial distributions of available materi-
als in order to optimize a specified performance measure.

In the literature, the performance of thermoelectric
coolers has been characterized in different ways, see
e.g. Seifert, Müller, and Walczak [7] or Bian, Wang,
Zhou, and Shakouri [8]. As we see it, the performance
measures can be divided into four categories: (A) the
temperature at the compartment surface, fT . (B) the heat
flux at the compartment surface, fQ. (C) the coefficient
of performance at the compartment surface, fµ. (D) and
the dimensionless figure-of-merit of the device, fZT =

ασ/κ, where α is the Seebeck coefficient, σ is the electric
conductivity, κ is the thermal conductivity and T is the
temperature. In this study we address objectives (A), (B)
and (C).

Only a minor part of the scientific efforts concerned
with improving thermoelectric energy conversion takes
basis in mathematical optimization approaches. The
available approaches can generally be sorted in three
categories: (a) functionally graded material studies, (b)
compatibility and segmentation approaches, and (c) ge-
ometrical optimization approaches. The topology opti-
mization approach proposed in present thesis is a sub-
class of (b).

Functionally graded material studies are aiming at
identifying spatial profiles of relevant material parame-
ters which optimize a prescribed performance measure
of thermoelectric coolers and generators. The design so-
lutions of functionally graded material studies are charac-
terized by macroscopic gradients in the material parame-
ters, which may be linked to the composition (including
doping) or micro structures of the functional properties
of the material [9].

In the works of Müller, Walczak, and Seifert [10],

Bian and Shakouri [11], Bian and Shakouri [12] and
Bian, Wang, Zhou, and Shakouri [8], the coefficients in
arbitrary interpolation functions for the spatial profiles of
Seebeck coefficient, α(x), and the electric conductivity,
σ(x), were optimized with basis in parameter studies and
non-gradient algorithms. Such algorithms are inadequate
for design problems with many design variables such as
the density-based topology optimization approach [13].

Later, a gradient-based optimization approach for
functionally graded materials was introduced in Ger-
stenmaier and Wachutka [14] and later extended to phys-
ically realistic boundary conditions in Gerstenmaier and
Wachutka [15]. The topology optimization methodol-
ogy [16, 17] used in this study is also gradient-based
and supports the same type of boundary conditions as
Gerstenmaier and Wachutka, however, the two method-
ologies take completely different offset and modeling
approaches and hereby result in completely different
design solutions.

Compatibility approaches were originally suggested
for thermoelectic generators in the work of Ursell and
Snyder [20] and have later been developed in a series
of studies in e.g. Seifert, Müller, and Walczak [21],
Snyder, Toberer, Khanna, and Seifert [22] and Seifert,
Pluschke, and Hinsche [23]. By identification of compat-
ible materials, it has been shown that the performance of
thermoelectic generators and thermoelectic coolers can
be considerably improved by segmentation. Compati-
ble materials operate optimally under the same external
electrical resistance and are therefore suited for being
segmented, i.e. connected thermally and electrically in
series. The design solutions of the compatibility ap-
proach are generally characterized by one dimensional
(1D) line interfaces between the materials phases, where
the design solutions of the topology optimization ap-
proach support arbitrary two dimensional (2D) features.
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The compatibility approach is, as the functionally graded
material approach, related to the topology optimization
methodology, however the approaches take very different
offsets and converge to different design solutions.

By studying the volume fraction between two materi-
als connected thermally and electrically in series, Yang,
Xie, Ma, and Lei [24] presented a mathematical optimiza-
tion approach aiming at increasing the effective figure-of-
merit of two segmented materials. It was shown that the
figure-of-merit of the composite medium could exceed
the figure-of-merit of the constitutive materials, if the
electric potential difference was chosen sufficiently large
when evaluating the electric conductivity. A related ap-
proach was utilized to optimize the conversion efficiency
in Yang, Ma, Lei, and Liu [25].

System configurations where a vertically directed heat
flux is converted into a horizontally directed electric cur-
rent are often reffered to as off-diagonal problems. These
problems were addressed in Sakai, Kanno, Takahashi,
Tamaki, Kusada, Yamada, and Abe [26], who studied the
tilting angle and volume fraction between two segmented
materials in order to optimize the device figure-of-merit.
The approach, which has been theoretically improved
and discussed in ? [27], was limited to fixed temperature
boundary conditions, simple topological design solutions
and constant material parameters.

In the work of Schilz, Müller, Helmers, Kang, Noda,
and Niino [9] and Müller, Walczak, and Seifert [10], the
cooling power of thermoelectric coolers was optimized
by maximizing the local figure-of-merit with respect to
the local temperature conditions of the device during
operation. The interaction between figure-of-merit and
electric power output for thermoelectric generators was
addressed in Lundgaard and Sigmund [27], and we do
therefore not consider this measure in the present paper.

The topology optimization approach used in this study
uses a completely different offset and modeling approach
and converges to different design solutions compared
to the functionally graded material, compatibility and
homogenization approaches. The topology optimized
design solutions are characterized by two separately iden-
tified material phases and two dimensional features, and
if the design problems are solved for physical material
parameters, the design solutions can straight-forwardly
be interpreted and manufactured without any considera-
tion of the local functional properties of the materials.

2. The design problem

The topology optimization methodology [16, 17] used
in this study is based on a finite element formulation
of the generalized Ohm’s and Fourier’s law [28], the

Table 1: List of important variables used throughout the study.

Variable Description

ΓH Boundary at the ambient
(thermal hot reservoir)

ΓC Boundary at the compartment
(thermal cold reservoir)

T H Temperature of the ambient at ΓH

TC Temperature of the compartment at ΓC

T HC Abbreviation of T H and TC combined

hH Convection coefficient at ΓH

hC Convection coefficient at ΓC

hHC Abbreviation of hH and hC combined

∆T Temperature difference
between ΓH and ΓC

∆V Electric potential difference
between ΓH and ΓC

~T The temperature field [K]
~V The electric potential field [V]
~Qx, ~Qy The thermal heat flux [W/m2]

in x and y, respectively
~Jx, ~Jy The electric current density

[A/m2] in x and y, respectively

fT Temperature average at ΓC

fQ Heat flux at ΓC

fP Electric power input at ΓC

fµ Coefficient of performance,
fµ = fQ/ fP, at ΓC

ΩD Design domain
Lx Length of ΩD in x
Ly Length of ΩD in y

method of moving asymptotes [29], adjoint sensitivity
analysis [30], and various filter operations [31, 32]. The
framework supports advanced physical modeling con-
cepts such as temperature dependent material parameters,
complex geometries and advanced boundary conditions.
A detailed description and implementation details of the
framework can be found in Lundgaard and Sigmund
[19], however we will briefly discuss the most important
features of the framework in the following. In this con-
nection we introduce several variables which we have
summarized in Tab. 1.

2.1. Physical model
The design problem takes basis in the sketch in Fig. 2,

where a single leg of a single module of a single thermo-
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Figure 2: A sketch of the design problem. The aim of the design
problem is to spatially distribute two materials, Material A and Material
B (see Tab. 2 for material paramters), to maximize the cooling power,
fT or fQ, or the efficiency (coefficient of performance), fµ, in the
compartment.

electric cooler is considered. The boundary conditions
and the model parameters are inspired by a household re-
frigerator being powered by thermoelectric cooling. The
hot ambient with temperature, T H , and the cold com-
partment, TC are separated by the leg with dimensions{
Lx, Ly

}
= {0.005, 0.005} [m].

Material A and B (see Fig. 2) are assumed temperature
independent, similar to the material parameters used in
the analytic derivations in the work of [24], and listed in
Tab. 2. Since the present work concerns the development
of a general numerical design approach applicable to
any types and choices of materials, we do not include
experimental verifications. However, for experimental
validation of Material A and B considered in this study,
we refer to the work of Yang, Xie, Ma, and Lei [24].

We also decided to limit the design problems to lin-
ear materials, as the design features of the counterpart
design solutions with non-linear materials are more chal-
lenging to interpret. However, the framework is easily
extended to support temperature dependent materials,
see Lundgaard and Sigmund [19].

2.1.1. Equations
The basic partial differential equations of thermoelec-

tricity are constrained by Fourier’s and Ohm’s general-
ized law. The continuity of thermal energy and electric
charge are in ΩD, see Fig. 2, given by [1]:

∇ · ~Q = q̇ in ΩD (1)

∇ · ~J = 0 in ΩD (2)

where ∇ denotes the spatial derivative with respect to
Cartesian directions x and y; ~Q =

{
Qx,Qy

}
is the heat

flow density in x and y [W/m2]; q̇ = ~J · ~E is the Joule heat-
ing term [W/m3]; ~E = −∇V is the electric field [V/m];
V is the electric potential and ~J =

{
Jx, Jy

}
is the electric

current density in x and y [A/m2]. In thermoelectric anal-
ysis, the thermal and electric energies are coupled by the
constitutive equations:

~Q = Tα · ~J − κ · ∇T (3)

~J = σ ·
(
~E − α · ∇T

)
(4)

where T is the temperature [K].

2.1.2. Newton’s law of cooling
With reference to the simple rectangular geometry of

the thermoelectric cooler in Fig. 2 and the relatively
small length scales of the modules, we assume that the
heat transfer between the module, the ambient and the
compartment can be modeled by Newton’s law of cooling.
Using Newton’s law of cooling, it is assumed that the
thermal heat transfer rate at ΓH and ΓC is proportional
to the temperature difference between the ambient, the
compartment and the module:

~n · ~Q = hH(T − T H) ~n · ~Q = hC(T − TC) (5)

where hH and hC denote the heat transfer coefficients
[W/m2K] on ΓH (the ambient) and ΓC (the compartment),
respectively; ~n is the vector normal to the surface; and
T H and TC denote the temperatures of the hot and cold
thermal reservoirs [K] in ΓH and ΓC , respectively. If the
heat transfer coefficients on ΓH and ΓC are equal, they
are combined denoted hHC to reduce the extent of the
notation.

In Newton’s law of cooling, the heat transfer rate be-
tween the leg and the thermal reservoirs is governed by
the fluid and the flow types at the boundaries. Convec-
tion coefficients of various flow types and flow conditions
have been listed in Tab. 3 for reference.

2.2. Finite element model
The governing equations in Eqs. (1)-(4) are solved

numerically by discretizing the equations into finite el-
ements [33, 28, 34]. The topology optimization frame-
work is set up by introducing a design field 0 ≤ ρ ≤ 1,
such that the material parameters in the governing equa-
tions become functions of the design field, i.e. α = α(ρ),
σ = σ(ρ) and κ = κ(ρ). By introducing the design
variable field, it is possible to control whether a finite
element represents Material A or Martial B. This func-
tionality can be used to optimize a specific performance
measure, i.e. objective function, of the device.
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Table 2: The Seebeck coefficient, α; the electric conductivity, σ; and the thermal conductivity, κ for Material A and B used in the design problem
sketched in Fig. 2. The material parameters are copied from Yang, Xie, Ma, and Lei [24].

Color in plots α [V/K] σ [S/m] κ [W/(m·K)] Z∗ [1/K]

Material A 200 · 10−6 110 · 103 1.60 2.75 · 10−3

Material B 270 · 10−6 22 · 103 0.77 2.10 · 10−3

Table 3: List of convection coefficients for various flow types and flow
conditions.

Flow type Flow condition hHC

Forced convection Air over a surface 100
Air over a cylinder 200
Water in a pipe 3000

Free convection Water and liquids 50-3000
Water 100-1200
Air 10-100
Various gasses 5-37

2.3. The optimization problems
We believe that three objective functions are impor-

tant in TE cooling applications: The average temper-
ature over the boundary ΓC , fT ; the x-directional heat
flux through ΓC , fQ; and the x-directional heat flux di-
vided by the x-directional electric energy through ΓC , fµ.
Objective function fµ is in the literature often denoted
Coefficient Of Performance and abbreviated COP.

The average temperature objective function, fT is de-
fined as:

fT =
1
Ly

∫
ΓC

T dS , (6)

The heat flux objective function, fQ, is given by:

fQ =

∫
ΓC

Qx dS (7)

where the lowercase x denotes that the x directional
component of the field is being considered. The COP
objective function, fµ, is given by:

fµ =
fQ

fP
(8)

where fP is the x-directional electric energy (the power
consumption of the module) given by:

fP =
1
Ly

∫
ΓC

V dS
∫

ΓC
Jx dS (9)

In one dimensional problems in the literature, Eq. (9), is
often simply written as P = V J.

The optimization framework is powered by discrete
adjoint sensitivity analysis which provides gradients of
the objective functions, see Michaleris, Tortorelli, and
Vidal [30], Bendsøe and Sigmund [17], Lundgaard and
Sigmund [19] for more information.

3. Results

Five numerical examples are presented to demonstrate
that the topology optimization methodology is suitable
for optimizing thermoelectric coolers. By identifying
and discussing important model parameters such as the
objective functions, Sec. 3.1; the temperatures of thermal
reservoirs, Sec. 3.2; the electric power supply, Sec. 3.3;
the heat transfer rates, 3.4; and the features of the design
solutions, Sec. 3.5.

The design solutions presented throughout the paper
are dependent on the applied electric potential difference,
∆V , between ΓH and ΓC , and unless otherwise stated all
design solutions are solved for the specific magnitude of
∆V that provides the best performing design solution.

3.1. The objective function

In the first numerical example we investigate the rela-
tionship between the objective functions and the design
solutions. The study takes basis in the design solutions
solved for average temperature, fT , heat flux, fQ, a se-
quence of different convection coefficients, hHC , and
thermal reservoir temperatures of T HC = 300 in Fig. 3.

With reference to Fig. 3, the design solutions can gen-
erally be characterized by three attributes: (A) the vol-
ume ratio between the material phases, (B) the length of
the spike-shaped transitions between the material phases,
and (C) the position of the transition between the ma-
terial phases. The attributes (A), (B) and (C) are all
governed by the convection coefficients and the choice
of objective function.

By comparing the design solutions solved for fT and
fQ, we notice that for a specific set of convection coeffi-
cients, the design solutions are almost similar, compare
e.g. Figs. 3c and 3h. As design problems solved for fT
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(a) hHC = 175 (b) hHC = 276 (c) hHC = 412 (d) hHC = 530 (e) hHC = 1000
Design solutions solved for fT and T HC = 300.

(f) hHC = 175 (g) hHC = 276 (h) hHC = 412 (i) hHC = 530 (j) hHC = 1000
Design solutions solved for fQ and T HC = 300.

Figure 3: Design solutions solved for the average temperature objective function, fT , the heat flux objective function, fQ, and various convection
coeffcients, hHC . The design solutions solved for fT and fQ are almost identical for a specific magnitude of hHC and we hereby conclude that these
objectives result in similar design solutions and it is sufficient to consider just one of them.

and fQ result in almost similar design solutions, we will
only solve maximum cooling problems for fQ through-
out the remaining part of the paper. The equivalence
between fT and fQ design problems were also observed
in the work by Müller, Walczak, and Seifert [10]. The
equivalence between the design problems solved for fT
and fQ is after all not surprising, as the temperature dif-
ference and heat flux between the same two surfaces
basically are the same.

Design solutions solved for fQ and fµ (coefficient of
performance), a sequence of different convection coef-
ficients, T H = 300 and TC = 260 have been plotted in
Figs. 4. By comparing the designs solutions solved for a
specific set of convection coefficients, we observe that
the two objective functions result in very different design
solutions, compare e.g. 4d and 4i.

Three important differences of the design solutions
solved for fQ and fµ are identified: (A) the spike-shaped
transitions between the material phases occur for larger
convection coefficients in design problems solved for fµ.
(B) design solutions solved for fµ have generally a lower
ratio between Material A and B which is cost function
effective due to the low thermal conductivity of Material
B and (C) the position of the transition between the
material phases is different for design problems solved
for fQ and fµ.

With basis in these observations, we hereby conclude
that the magnitude of the convection coefficients and the

objective functions are important model parameters in
design problems of thermoelectric coolers.

3.1.1. Objective function cross-checks
To verify that the design solutions in Sec. 3.1 indeed

have superior performance for the model parameters
they were optimized for, we have carried out a cross-
check. Cross-checks are important in many aspects of
optimization, as they enlight how much significance we
can attribute to the features of the design solutions.

The design solutions in Fig. 3 and 4 are compared with
design solutions obtained with the classical segmenta-
tion approach. Design solutions solved with the classical
segmentation approach are characterized by a one dimen-
sional line interface between the material phases. The
main difference between the classical segmented design
solutions and the topology optimized design solutions
is therefore the two dimensional spike-shaped design
features seen in e.g. Fig. 4i.

In Figs. 5 we have plotted the relationship between
fQ and ∆V for the design solutions solved for fT , fQ,
hHC = 412 and T HC = 300 in Figs. 3c and 3h. With
reference to the plot, we see that the designs solutions
solved with topology optimization outperform the de-
sign solutions solved with the classical segmentation
approach when ∆V is tuned such that the highest pos-
sible device performances are achieved. Furthermore,
we notice that the performance of the design solutions
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(a) hHC = 191 (b) hHC = 530 (c) hHC = 1000 (d) hHC = 2500 (e) hHC = 3000
Design solutions solved for fQ, TC = 260, and T H = 300.

(f) hHC = 191 (g) hHC = 530 (h) hHC = 1000 (i) hHC = 2500 (j) hHC = 3000
Design solutions solved for fµ, TC = 260 and T H = 300.

Figure 4: Design solutions solved for the heat flux objective function, fQ, and the coefficient of performance objective function, fµ, compartment
temperature of TC = 260, ambient temperature of T H = 300 and various convection coefficients, hHC . The design solutions are dependent on hHC

and the choice of objective function, for which reason we conclude that these parameters are important in design problems of thermoelectric coolers.

solved for fT and fQ are almost identical which supports
what already discussed in Sec. 3.1.

In the sake of completeness, we have cross-checked
the design solutions solved for fµ, hHC = 2500, T HC =

260 in Fig. 6. The important features of the cross-check
plot are identical to what was already discussed for the
cross-check plot in Fig. 5 and we will therefore not
discuss this further. However with basis in the cross-
check plots we confidently conclude that (A) we may
attribute features to the design solutions, (B) that the
objective function is an important model parameter and
that (C) the topology optimization approach outperforms
the classical segmentation approach.

3.2. The temperatures of the thermal reservoirs
The second numerical example is concerned with the

relationship between the design solutions and the tem-
perature difference between the ambient and the com-
partment, ∆T . The study takes basis in the design
solutions solved for fQ, ∆T = {0, 10, 20, 30, 40}, and
hHC = {191, 446, 530, 700, 2500} in Fig. 7.

The design solutions can generally be characterized by
two attributes: (A) the ratio between Material A and B is
increased when TC is increased, because an increased ∆T
results in an increased thermal heat transfer rate between
the compartment and the ambient. To reduce this heat
transfer, the effective thermal conductivity of the design
solutions is reduced by increasing the relative amount

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
288

290

292

294

296

298

300

Design solutions
solved for
with topology
optimization

Design solutions
solved for
with topology
optimization

Design solutions
solved for
with classical
segmentation

K

Figure 5: The relationship between the average temperature objective
function, fT , and the applied electric potential difference, ∆V , for
the design solutions solved for fT , fQ, hHC = 412 and T HC = 300
in Figs. 3c and 3h. The design solution solved with the classical
segmentation approach is outperformed by the design solution solved
with the topology optimization approach when ∆V is tuned such that
the highest possible device performances are achieved

.
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100
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104
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with classical
segmentation
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Figure 6: The relationship between the coefficient of performance
objective function, fµ, and the applied electric potential difference, ∆V ,
for the design solutions solved for fQ, fµ, hHC = 2500, T H = 300 and
TC = 260 in Figs. 4d and 4i. The design solution solved with the
classical segmentation approach is outperformed by the design solution
solved with the topology optimization approach for all values of ∆V .

of Material A. (B) length and positions of the spike-
shaped transitions between the material phases and the
increased ratio between Material A and B for increasing
hHC is equivalent to what was already discussed in Sec.
3.1.

As the design solutions are dependent on hHC and ∆T ,
we conclude that these model parameters are important
for design problems of thermoelectric coolers.

3.2.1. Temperatures of the thermal reservoirs cross-
check

The design solutions solved for hHC = 666 and
∆T = {0, 10, 20, 30, 40} in Fig. 7d, 7i, 7n, 7s and 7x have
been cross-checked with design solutions solved with
the classical segmentation approach in Fig. 8. The cor-
responding cross-check for the design solutions solved
for fµ, hHC = 2500 and ∆T = {0, 10, 20, 30, 40} has
been plotted in Fig. 9. Please notice that these designs
solutions are not shown in the paper.

With reference to the cross-check plots in Figs. 8 and
9, we notice that the design solutions solved with topol-
ogy optimization outperform the design solutions solved
with the classical segmentation approach by 48.7% and
11.4% with respect to fQ and fµ, respectively. We there-
fore confidently conclude that topology optimization is
suited for optimizing thermoelectric cooling problems.

3.3. The electric energy supply

The third numerical example is concerned with the
relationship between the design solutions and the elec-
tric potential difference between the ambient and the
compartment, ∆V . The design solutions solved for
fµ, hHC = 615, TC = 280, T H = 300 and ∆V =

{0.0169, 0.0386, 0.0483, 0.0579, 0.0700} have been plot-
ted in Fig. 10.

The design solutions are obviously dependent on the
electric potential difference, and we emphasize the impor-
tance of taking this model parameter into consideration
in the design problems. The magnitude of ∆V which
result in the best performing design solution is a com-
promise between the Peltier effect and the Joule heating
effect. Design problems solved for too large ∆V are sub-
ject to an objective-ineffective amount of Joule heating,
where design problems solved for too low ∆V are subject
to a too low amount of electric energy for powering the
Peltier effect. Design solutions solved for inefficiently
large ∆V are also seen in the cross-check plot in Fig. 6.

The relationships between ∆V and fQ for the de-
sign solutions solved fQ, TC = 280, T H = 300 and
hHC = {242, 327, 463, 564} have been plotted in Fig. 11.
The plot demonstrates that the cooling power and the
electric potential difference are coupled with the convec-
tion coefficient. We emphasize three important features
of the plot: (A) the maximum cooling power is increased
as ∆V is increased. This continues until a specific thresh-
old where the Joule heating effect becomes too dominat-
ing and the maximum cooling power begins to decrease.
(B) the electrical potential difference necessary to obtain
the maximum cooling power is increased as the convec-
tion coefficients are increased. (C) the heat flux on ΓC

is positive for small electric potential differences. Due
to the temperature difference between ΓC and ΓH and
the small electric potential difference, the Seebeck effect
dominates over the Peltier effect and the thermoelectric
cooler is actually working as a thermoelectric generator
for these model parameters.

3.4. The convection coefficient

The fourth numerical example is a cross-check study
which concerns the relationship between the convection
coefficients and the design solutions. The study takes
basis in Fig. 12, where the relationships between fQ and
hHC for the design solutions solved for fQ, TC = 280,
T H = 300 and hHC = {175, 276, 412, 530, 1000} have
been plotted. The performance of the design solutions
has been computed for hHC ∈ [0; 1000] to demonstrate
that the design solutions have superior performance for
the convection coefficients at which they were optimized.
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(a) hHC = 293 (b) hHC = 412 (c) hHC = 497 (d) hHC = 666 (e) hHC = 1000
Design solutions solved for TC = 260 and T H = 300.

(f) hHC = 293 (g) hHC = 412 (h) hHC = 497 (i) hHC = 666 (j) hHC = 1000
Design solutions solved for TC = 270 and T H = 300.

(k) hHC = 293 (l) hHC = 412 (m) hHC = 497 (n) hHC = 666 (o) hHC = 1000
Design solutions solved for TC = 280 and T H = 300.

(p) hHC = 293 (q) hHC = 412 (r) hHC = 497 (s) hHC = 666 (t) hHC = 1000
Design solutions solved for TC = 290 and T H = 300.

(u) hHC = 293 (v) hHC = 412 (w) hHC = 497 (x) hHC = 666 (y) hHC = 1000
Design solutions solved for TC = 300 and T H = 300.

Figure 7: Design solutions solved for the temperature objective function, fT , various compartment convection coefficients, hC , and various
compartment temperatures, TC . Due to the dependency between the hHC and TC and the design solutions. we conclude that these model parameters
indeed are important for design problems of thermoelectric coolers.
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Figure 8: The relationship between the temperature difference between
the ambient and the compartment, ∆T , and the heat flux, fQ, for the
design solutions solved for fQ and hHC = 666 in Figs. 7d, 7i, 7n,
7s and 7x. The design solutions solved with topology optimization
outperform the design solutions solved with the classical segmentation
approach with up to 48.71% and the highest heat fluxes are obtained
for ∆T → 0.
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Figure 9: The relationship between the temperature difference between
the ambient and the compartment, ∆T , and the heat flux, fQ, for the
design solutions solved for fQ and hHC = 3000 (the design solutions
are not shown in the paper). The design solutions solved with topology
optimization outperform the design solutions solved with the classical
segmentation approach with up to 11.4%.

As guidance to understand the plot, we point the atten-
tion to the teal/cyan line which illustrates the relationship
between hHC and fQ for the design solution solved for
hHC = 1000. As the design solutions are evaluated for
hHC = 1000 we notice that the design solutions solved
for hHC = 1000 outperform the design solutions solved
for other convection coefficients.

The same tendency is evident for all the design so-
lutions in Fig. 12, and we thereby conclude that the
convection coefficient is an important model parameter
and that the topology optimization approach is suited for
taking this model parameter into account.

3.5. Design features

Throughout the numerical examples presented in Secs.
3.1-3.4, we have seen that some design solutions are
characterized by spike-shaped transitions between the
material phases. The spike-shaped design features enable
the design solutions to operate locally in an intermedi-
ate state between the material phases and are therefore
“optimal” for some model parameters. The spike-shape
design features are indeed a key feature of the design
solutions and in this section we suggest a methodology
to decompose the 2D design problems presented through-
out Sec. 3.1-3.4 into a 1D design problem which may be
solved with an analytical approach.

The state field plots for the design solution in Fig.
7m have been plotted in Fig. 13. We notice that de-
spite the 2D design features of the design solution, the
y-directional gradients in the temperature and electric
potential fields are relatively small. Due to the small
y-directional effects of the design solution, we argue
that the 2D design solution can be approximated by a
1D design solution where the ratio between the mate-
rial phase, ν, can be varied locally as function of x. The
approximation is therefore achieved by defining a local x-
directional volume ratio between the materials, ν = ν(x).

With references to the sketches in Fig. 14, the de-
composition is initiated with basis in the finite layered
2D design in Fig. 14a. This design is then decomposed
into an “infinite” layered 2D design in Fig. 14b, and
finally decomposed into an infinite layered 1D design in
Fig. 14c. The infinite in 2D layered designs are here in
quotation marks as h→ 0 and h > 0.

By considering the intermediate design variables in
Fig. 14c as horizontal channels where the x-directional
volume ratio between the materials is determined by the
function ν(x), the material parameters can be interpolated
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(a) ∆V = 0.0169 (b) ∆V = 0.0386 (c) ∆V = 0.0483 (d) ∆V = 0.0579 (e) ∆V = 0.0700

Figure 10: Design solutions solved for fµ, hHC = 615, TC = 280, T H = 300 and various electric potential differences, ∆V . The plots illustrate that
the design solutions are dependent on the electric potential difference and this model parameter should be taken into consideration in the design
problem.
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Figure 11: The relationships between fQ and ∆V for design solutions
solved for fQ, TC = 280, T H = 300 and hHC = {242, 327, 463, 564}.
The plot shows that an increase of the convection coefficients results
in an increase of the cooling power. The electric potential difference
which results in the largest cooling power is increased as the convection
coefficents are increased.
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Figure 12: The relationships between fQ and hHC for the design
solutions solved for fQ and TC = 280, T H = 300 and hHC =

{175, 276, 412, 530, 1000}, where some of the design solutions are
shown in Fig. 7. As the design solutions solved for one specific
magnitude of hHC outperform the design solutions solved for different
hHC , we confidently conclude that we may attribute importance of the
features of the design solutions with respect to hHC .
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with the following interpolation functions [26]:

α(x) =
(1 − ν)αAσA + ναBσB

(1 − ν)σA + νσB
(10a)

σ(x) =(1 − ν)σA + νσB (10b)
κ(x) =(1 − ν)κA + νκB (10c)

To demonstrate that this is a suitable approach, we have
plotted the state fields along x for the infinitely finely
layered 2D design and infinitely finely layered 1D design
in Fig. 15. With reference to the excellent fits of the state
fields of the two modeling approaches, we confidently
conclude that the two dimensional spike-shaped transi-
tions of the design solutions actually account for a one
dimensional feature. If the interpolation functions in Eqs.
(10) are used to interpolate intermediate design variables,
it is therefore sufficient to consider the equivalent one
dimensional optimization problem, compare with Fig. 2.

The equivalence between the two dimensional in-
finitely finely layered and one dimensional infinitely
layered design solutions is also observed for temper-
ature dependent material parameters. These observations
may be basis for the derivations of analytic optimization
approaches in the future. However, it is important to clar-
ify that the infinitely small feature of the design solutions
in Fig. 15b may be challenging to manufacture and may
cause large parasitic losses, for which reason designers
most probably prefer to impose a minimum length scale
as in the design solutions presented in this paper. If this
is the case, the 1D and 2D models may deviate and it is
therefore necessary to consider the full two dimensional
optimization problem.

(a) Temperature state field

(b) Electric potential state field

Figure 13: The temperature and electric potential fields for the design
solution solved for fQ, TC = 280, T H = 300 and hHC = 497 in Fig.
7m. Despite the two dimensional features of the design solution, the
state fields have relatively small gradients in the y-direction.
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(a) Finitely layered 2D design

(b) Infinitely finely layered 2D design

(c) Infinitely layered 1D design

Figure 14: Schematic of the steps in the decomposition of a Two
Dimemsional (2D) finite layered design into an One Dimensional (1D)
infite layered design. It is shown that the state fields of the design in (b)
is equivalent to the state fields of the design in (c) if the interpolation
functions in Eqs. (10) are used to interpolate intermediate design
variables.
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Figure 15: Comparison between the state fields of the infinite layered
two dimensional design and infinite layred one dimensional design in
Figs. 14b and 14c. The two modeling approaches provide identical
results for which reason it is concluded that the one dimensional opti-
mization problem is adequate if the interpolation functions in Eq. (10)
are used to interpolate intermediate design variables.
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Discussion

The topology optimization approach for thermoelec-
tric coolers presented in this paper is related to well-
accepted work in the literature such as functionally
graded materials [35], the compatibility approach [20],
the thermoelectric homogenization approach [24, 26]
and sizing approaches [36], however the methodology
takes a completely different offset and modeling ap-
proach and therefore opens a complete new branch for
optimization of thermoelectric coolers.

3.6. Neglecting parasitic losses between material phases
The parasitic losses between the material phases are

neglected in the finite element modeling. This assump-
tion is justified with reference to the work of Sakai,
Kanno, Takahashi, Tamaki, Kusada, Yamada, and Abe
[26], who manufactured and experimentally tested de-
sign solutions which consisted of two materials with a
considerable amount of transitions between the material
phases. These design solutions were manufactured and
experimentally tested, and despite neglecting parasitic
losses, good agreements between the analytic predictions
and the experimentally tested and manufactured designs
were shown. The parasitic losses could be included di-
rectly by formulating a more complex finite element
model or indirectly through geometrical restrictions.

3.7. The spike-shaped transitions between the material
phases

The design solutions can be characterized by three
attributes: the volume ratio between the material phases,
the length of the spike-shaped transition regions between
the material phases, and the position of the transition
between the material phases. The attributes of the de-
sign solutions are dependent on a large range of model
parameters such as objective functions, convection co-
efficients, the temperature of the thermal reservoirs and
the applied electric potential. To fully understand the
interplays between the design solutions and the model
parameters requires by an extensive parameter study with
the numerical framework used in this study or an analytic
optimization approach such as the one suggested but not
fully developed in Sec. 3.5. Such study goes beyond the
scope of the present paper.

3.8. Temperature dependent materials
The material parameters are assumed temperature in-

dependent, which is a non-physical assumption for most
applications of thermoelectric energy conversion devices.
It was decided to limit the modeling to temperature in-
dependent materials to simplify the interpretation of the

spike-shaped design features. By using non-linear ma-
terial parameters, it would be challenging to conclude
whether the spike-shaped design features were occurring
due to non-linear effects of the material parameters or to
achieve intermediate effective material parameters of the
stand-alone materials.

However, the topology optimization methodology can
easily be extended to support temperature dependent
material, see Lundgaard, Sigmund, and Bjørk [37] for
more information.

3.9. Manufacturability of the design solutions

The level of geometrical complexity of the design so-
lutions presented in this study is approximately similar
to the design solutions manufactured and tested by Sakai
and coworkers. With basis in this observation and with
reference to advanced additive manufacturing methods
[38], we assess that the design solutions are manufac-
turable with methodologies available today. Neverthe-
less, to manufacture and experimentally test the design
solutions and hereby assess the difference between the
numerical modeling and the experimental testing is a
very important and interesting future study.

4. Conclusion

A density-based topology optimization approach is
used to optimize the spatial distribution of two mate-
rials in order to optimize the performance of thermo-
electric coolers. The design problems are solved for
physically realistic boundary conditions and model di-
mensions, however, the design problems are purposely
limited to temperature independent materials in order
to ease the interpretation of the design features. The
physical modeling is based on a fully coupled non-linear
finite element model in two dimensions and steady state.

The most important findings are summarized in the
following:

1. The topology optimization approach provides de-
sign solutions which outperform the classical seg-
mentation approach with 48.7% and 11.4 % for
design problems solved for heat flux and coefficient
of performance, respectively. We hereby conclude
that topology optimization is a suited approach for
optimizing thermoelectric coolers.

2. Design problems solved for average temperature
and heat flux provide identical design solutions
which is also concluded in the work of [10].

3. Design solutions solved for heat flux do not nec-
essarily provide large coefficients of performances
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and design solutions solved for coefficients of per-
formance do not necessarily provide large heat
fluxes. The choice of objective function is there-
fore concluded to be a critical design parameter in
design problems of thermoelectric coolers.

4. With basis in validation studies and cross-checks,
it is shown that the applied electric potential differ-
ence, the temperatures of the thermal reservoirs and
the convections coefficients are important model
parameter and should be taken into consideration
when optimizing thermoelectric coolers. Further-
more, we confidently conclude that the topology
optimization approach is suited for taking these
model parameters into account.

5. The design solutions are characterized by spike-
shaped design features, which allow the designs
solutions to operate locally in an intermediate state
between the material phases. The two dimensional
models can be decomposed into one dimensional
models if interpolation functions of horizontally lay-
ered designs are used to define intermediate design
variables. This may provide a road for develop-
ing new optimization approaches for thermoelectric
coolers in the future.

The study provides new insight in the field of ther-
moelectric coolers and may provide guidance for future
research aiming on developing high performing thermo-
electric coolers.
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