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Abstract: Helico-conical optical beams, different from higher-order Bessel
beams, are generated with a parallel-aligned nematic liquid crystal spatial
light modulator (SLM) by multiplying helical and conical phase functions
leading to a nonseparable radial and azimuthal phase dependence. The
intensity distributions of the focused beams are explored in two- and three-
dimensions. In contrast to the ring shape formed by a focused optical
vortex, a helico-conical beam produces a spiral intensity distribution at the
focal plane. Simple scaling relationships are found between observed spiral
geometry and initial phase distributions. Observations near the focal plane
further reveal a cork-screw intensity distribution around the propagation
axis. These light distributions, and variations upon them, may find use for
optical trapping and manipulation of mesoscopic particles.
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1. Introduction

Thefield of singular optics, in reference to light beams with phase singularities, has long been
a fertile ground for both theoretical and applied research [1-3]. Such beams are most often
referred to as optical vortices, a name evocative of the Poynting vector twisting about the
phase singularity. Animmediately striking trait of optical vorticesisthe vanishing field at the
singularity location resulting in a doughnut- or ring-shaped intensity cross-section. One
particular application that takes advantage of this intensity distribution is the trapping of
particles with either high or low refractive indices using strongly focused optical vortices [4].
Although other techniques have also been demonstrated to generate ring-shaped optical traps
[5,6], optica vortices carry an additional phenomenon of imparting an orbital angular
momentum to the trapped particles[7,8]. These properties are seen as potentialy useful in the
development of optical microfluidic and micromanipulation systems[9,10].

There are several families of optical beams, such as Laguerre-Gaussian [11] and higher-
order Bessel beams[12,13], that may be described as optical vortices. Common for themisa
field distribution that features a complex exponential term, exp(iy,), where the phase

functionis
Y, =16. @)

Equation (1) describes a helix where the topological charge, ¢, is an integer that determines
the number of 27 -phase shifts that occur across one revolution of the azimuthal angle, 6.
The sign of ¢ determines the handedness of the helix. While numerous methods are available
to introduce a helical phase to an incident TEMg, beam [12-18], the perhaps most convenient
approach is to imprint the phase directly using a phase-only spatia light modulator (SLM)
that emulates a helical phase plate [8]. The disadvantage of having to discretize the phase
function is greatly offset by the ability to arbitrarily encode functionsin two dimensions.
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In general, aside from v, , the optical beam may also have some radial phase dependence.
For example, with the generation of higher-order Bessel beams the phase-carrying term can be
written as expli y(r,0)] with:

w(r,0)=10-2m/r,, )

r, being a normalization factor of the radial coordinate, r [12]. Implications of combining

the helical phase with the quadratic phase factor of a spherical lens have also been explored in
the context of optical image processing [19]. However, previously considered mixed phase
functions have usually been cast with separable radial and azimuthal dependence.

In this work, we implement a phase function with nonseparable dependenceon r and 6:

w(r.0)=to(K-r/r,), 3

where K isaconstant that takes avalue of either 1 or 0. In contrast to Eq. (2), which can be
seen as a sum of ahelical phase and a conica phase (such as from an axicon), Eq. (3) appears
as a product of such functions. Consequently, the complex exponential cannot be separated
into radial and azimuthal terms. We shall refer to Eq.(3) as a helico-conical phase, not to be
confused with the phase in Eq. (2) for higher-order Bessel beams.

Aside from nonseparability, Eq. (3) also differs from Egs. (1) and (2) in that it describes a
phase that is not entirely continuous. The first two equations feature a phase steps of 27,
equivalent to a phase step of zero, for integral values of 7. Interestingly, optical vortices with
fractional values of ¢, i.e. discontinuous phase surfaces, have recently been described
analytically [20] and demonstrated experimentally [21,22]. The phase described by Eq. (3),
while similar to fractional optical vortices, differs further because the phase step varies
linearly with r and the phase becomes continuous around an azimuthal circuitat r =r, .

In this work, we examine the two-dimensional intensity distribution at the focal plane of a
Fourier transforming lens illuminated by a plane wave encoded with a phase described by
Eqg. (3). Further, we show scaling relationships between the geometry of the intensity
distribution and the initial parameters of the helico-conical beam. Intensity distributions at
defocused planes are also explored to create a three-dimensional picture of the light
distribution near the focus. These distributions are seen to be novel in comparison to those
generated by previously considered radial and azimuthal phase functions.

2. Experiment setup

Figure 1 depicts the experimental apparatus used to generate beams with the desired phase
function. The light source is a 30-mW HeNe laser (A = 632.8 nm) expanded to ~24-mm in
diameter by a Keplerian beam expander (L1, L2) fitted with a pinhole spatial filter (PH). The
intensity of the beam is controlled with a A/2-retarder (HP) and Glan-laser polarizer (GL)
tandem. For compactness, the expanded beam is passed through a beam splitter (BS) onto the
20 x 20 mm face of a reflection-type spatia light modulator (SLM; Hamamatsu Photonics
X7550). An adjustable circular aperture stop (CA) with a maximum diameter of 11 mm is
placed in front of the SLM surface. The BS directs reflected light from the SLM towards a
CCD camera mounted with a neutral density filter (ND). A 200-mm focal length lens (L3) is
placed in a 2-f configuration with the SLM and CCD at the front and back focal planes,
respectively. Video and images are captured from the CCD by a personal computer through a
PCI video capture card.
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Fig. 1. Setup for generation of phase-encoded beams and corresponding Fourier transforms.

(© (d)

Fig. 2. Typical phase masks encoded onto the SLM with () K = 1, (b) K = 0. Lighter gray-
level indicates greater phase. In pseudo-color unwrapped representation in (¢) K = 1 and (d) K
=0, red has highest phase while blue has lowest.
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Given linearly polarized light properly oriented with respect to the parallel-aligned
nematic liquid crystals, the SLM can perform phase-only modulation from 0 to ~2z in 230

discrete steps. The 480 x 480 array of 40-um pixels are optically addressed to minimize dead-
space on the SLM surface. Phase masks are drawn as grey-level images on a personal
computer and directed via the VGA output to the SLM. Typical images used as phase masks
are presented in Fig. 2(a) and Fig. 2(b) corresponding to Eq. (3) with K=1 and K =0,
respectively. r, is chosen to coincide with the radius of CA. Note that the encoded phases
arewrapped in 27 . Figures 2(c) and 2(d) show the mixed helical and conical shapes of the
corresponding unwrapped phase profiles.

3. Intensity distribution at the focal plane

Scalar diffraction theory relates the field distributions at the front and back focal plane of a
spherical lens by a Fourier transform. The intensity measured at the CCD sensor isthen given

by 1(p.¢)=|u(p.¢)’ with

2700

u(p.g)= j jcim(r/ ro) expli w(r,6)|expl-i27rpcos6 — )Jr dr d6 . (4)

circ(r/r,) isthe Circle function [23] used to describe the circular aperture stop, and w(r,8) is
defined asin Eq. (3). For simplicity, we assume that the area of the expanded Gaussian beam
enclosed by radius r, can be approximated by a plane wave. As emphasized earlier, because

of the chosen form of w(r,8), the double integral is not separablein r and €. It isthus most
convenient to evaluate Eq. (4) numerically with an FFT algorithm.

Figures 3(a) and 3(b) compare an actual image captured on the CCD camera with a
numerical result for K =1. The strong correspondence between numerical and experimental
results is emphasized by the composite image in Fig. 3(c). The intensity distribution at the
focal plane appears quite distinctly as a spiral, specifically an arithmetic spiral of points with
radial position, p,, proportional to azimuthal angle, ¢ . An arithmetic spiral, p, =0.13¢, is
superimposed on the results in Fig. 3(c) to highlight the basic geometry of the intensity
distribution.

(b) (©

Fig. 3. Intensity distribution at the focal plane with K = 1. (a) image captured from CCD,
increasing intensity from black to white; (b) numerical simulation, increasing intensity from
violet to red; (c¢) a simple arithmetic spiral is superimposed in red, on top of the numerical
simulation in pseudo-color, and the captured image in gray-scale.

The observed spiral pattern brings to mind the broken-ring intensity distribution associated
with fractional optical vortices [20-22]. One might then also expect to find a chain of
alternating-sign vortices embedded in the dark regions of the field distribution. Locations of
these vortices could be mapped by investigating the phase structure of the propagated beams
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as in [20,21]. In this work, however, we shall limit our discussion to explorations of the
intensity distributions.

An arithmetic spiral in the focal plane is not a surprising result if the phase function as
depicted in Fig. 2(a) is considered with some detail. We may look at the two-dimensional
distribution as a superposition of one-dimensional radial segments. Each individua segment
appears as a blazed grating with a constant slope

my = £6/1, . ©)

The slope then increases proportionally to the azimuthal position of the segment. A plane
wave incident on a particular segment will be deflected to a point on the Fourier plane

corresponding to a spatial frequency proportional to m,. Accumulating the contributions
from each segment around the azimuthal angle thus draws an arithmetic spiral on the Fourier
plane. Moreover, following Eq. (5), we would expect this spiral to scale linearly with ¢/r .
We shall explore this point further later.

Following a similar analysis, we find that the phase distribution for K =0 may also be
decomposed into radial segments with slopes m,. We might then expect the intensity
distribution to be the same as in the previous case. Figures 4(a) and 4(b) however, are clearly
different from Figs. 3(a) and 3(b). The most obvious point is an intensity peak forming a
compact head on the spiral that is displaced from the origin of the Fourier plane when K =0.
Figure 4(c) aso reveals that, close to the origin, the intensity distribution deviates from an
arithmetic spiral drawn in red.

@ (b) (©

Fig. 4. Intensity distribution at the focal plane with K = 0. (a) image captured from CCD;
(b) numerical simulation; (c) a simple arithmetic spiral is superimposed in red, on top of the
numerical simulation in pseudo-color, and the captured image in gray-scale.

To resolve this discrepancy, we return to the case of K =1. The complete phase function
acrossasingle radial segment as earlier considered is

W1 = L0 —myr . (6)
If we compare the equivalent expression for K =0,

Vk=0 ="Myl (7)

the difference is the first term in Eq. (6). Bearingin my mind that ¢ is constant within each
radial segment but varies between segments, it effectively introduces an azimuthally varying
phase-offset in y_; that isnot present in y_,. We then interpret the results Figs. 4(a) and
4(b) as indicating that the coherent superposition of diffracted waves from each segment
interfere destructively close to the origin when K=0. When K =1, such coherent
superposition is compromised by relative phase shifts, /6, between radial segments, leading
to afully formed arithmetic spiral at the focal plane.
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At this point, we comment on the central maximum displayed on the captured image in
Fig. 4(a), but not present in the numerical calculation, Fig. 4(b). This zero-order diffractionis
easily accounted for in the simulation when the realistic modulation range of the SLM is
considered. Actua phase modulation of the SLM does not reach 2z for the wavelength used
(632.8 nm), but peaks at 1.8z . Such limitations can be mitigated by techniques that map the
initial phase function to a projection optimal for the limited range of the device [24].
However, dead-space on the SLM, as well as multiple reflections from the beam splitter cube,
would still contribute to a bright spot at the focus.

The addition of a carrier wave to the object phase is a common technique used to isolate
the desired first-order diffraction from the zero-order and other components [21]. However,
this increases the space-bandwidth product (SBP) required to render the same image on the
SLM. The limited SBP available will result in aliasing issues as more rapidly varying phase
functions, i.e. large ¢/r, -values, are encoded.

We also observed an increased visibility of higher diffraction orders with more rapidly
varying phase functions. We attribute this result to edge bleeding in the optically-addressed
SLM. This limitation in rendering high contrast edge features, such as phase steps, leads to
the unwanted diffraction of light towards other orders. Figure 5 illustrates this problem using
the optical Fourier transform of a simple linear blazed grating. Although the desired
(positive) first-order is clearly projected, some light is diffracted to (negative) higher-orders
on the opposite side. The undesired orders are lower in intensity and may be suppressed by
reducing the overall illumination, however the amount of misdirected light increases when the
encoded phase mask contains more phase steps.

Fig. 5. Diffraction from a linear blazed grating encoded on the SLM. The experimentally
obtained diffraction orders are labeled as -3, -2, -1, 0, and 1, respectively.

4. Analysis by local spatial frequency

A more formal analysis, compared to the above interpretation of the observed spiral intensity
distributions, is provided by utilizing the concept of local spatia frequency [23]. In
rectangular coordinates, the Fourier transform,

oo oo

6(&.¢0)= | [l y)epl-izr(é+ )l axay, ®

—o0 —oo

of an object function,
g(x y)=alx y)expli 7(x )], ©)

can be seen as a superposition of plane waves with spatial frequency components, (£,¢).

Strictly speaking, frequency components at the Fourier plane cannot be associated to
particular spatial coordinates in the front focal plane. However, for an object field with

dowly varying amplitude, a(x,y), and phase, i (x,y), functions, an approximate mapping
can be provided by local spatial frequencies defined as
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10 10
. aXt//(x. y) and = ayV’(X’ y). (10)

Equation (10) can be arrived at by solving the Fourier integral by the method of stationary
phase [25,26].

A previous work presents a similar approach to manipulate the intensity distributions of
optical vortex traps [27]. By assuming a mapping based on dy/dé, the radius of a focused
optical vortex is modulated into various Lissajous curves while still imparting orbital angular

momentum to trapped particles. Local spatid frequency analysis possibly provides a basis for
the observed pattern modulation.

Applying Eg. (10) to our phase function defined in Eq. (3) in rectangular coordinates, and
transforming back to polar coordinates, for K =1 we arrive at

L RISSEAF S Mo —r
5—2 {Hcose ( - jsne} and ¢ o { Hsm6+[ - ]cose] (12)

ﬂrO (o]

Figure 6(a) plots (£',¢") as a spot diagram following Eq. (11). The density of points is
representative of intensity observable at the focal plane. In the figure, we observe that some
points have accumulated in aspiral. Thelocal spatia frequencies forming the spiral appear to
be associated with points on the object plane closest to the circular boundary. Taking the limit
as r—r,, we find p, :(§'Z+§'2)1/2 e%ﬁ and g=tan*(v/u)—@. The dense
l’O

collection of points thus forms an arithmetic spiral on the focal plane that scales linearly with
{/r, , assuggested earlier by Eq. (5).

6f 6r 1
— 3 — 3t J
S ‘E
cl:\; N gL _
~ OF ~
< )
\n_3_ N 3E J
Bl 61 1
-6 -3 0 3 6
£'[¢/2nr, ]

(b)

Fig. 6. Spot diagram of local spatial frequencies (¢&',¢") for (@ K =1, and (b)) K =0.
Density of plotted points approximately corresponds to observable intensity on the focal plane.

Similar analysis for the case of K =0 yields

Lt
5_2711'

[-6cosf+sing] and {':;[—esine—cose]. (12)

(o] (o]

A notable feature of Eq. (12) isthe lack of dependence on r. Thisresultsin a very compact
distribution of points into a spiral as shown in Fig. 6(b), and an observable dislocation of the
spiral’s head from the origin of the focal plane as opposed to when K =1. In agreement with
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results from the numerical simulation and experiment in Fig. 4(c), Eq. (12) does not yield a
strictly arithmetic spiral. Further, the resulting pattern also scales linearly with ¢/r,, .

Scaling with 1/r, may also be inferred from the similarity theorem of Fourier transforms
[23]. A normalization of radia coordinates in the input plane, r/r,, translates to an
expansion of radial coordinates in the Fourier plane, r,p. Scaling with ¢ is seen as

analogous to the scaling behavior observed between optical vortices and their corresponding
topological charge [8]. Figures 7(a) and 7(b) confirm the experimental observation of linear

t/r, -scaling.  p, is measured along ¢ =7 on images generated with varying permutations
of ¢ (5, 10, 20, 40, 60, 80, and 100) and r, (3.0 mm, 4.5 mm, and 5.5 mm).

2.5
2.0
‘T 45 | E
£ £
& ke
1] 1]
L 10
Q g
0.5
00 L 1 L i ! I n
0 10 20 30 40 0 10 20 30 40

¢/, Imm’] /1, [mm”]

(a (b)
Fig. 7. Linear scaling of spirals at the focal with (a) K = 1 and (b) K = 0. Radial distances
from the origin were measured at ¢ =7z . Phase functions encoded onto SLM used ¢ -values

ranging from 5 to 100, and r,-values of 3.0 mm (red circles), 4.5 mm (green squares), and
5.5 mm (blue triangles).

5. Three-dimensional intensity distribution near thefocal plane

Moving the CCD camera away from the focal plane alows us to visualize the nearby
propagation of the focused helico-conical beams. The intensity distribution in this region was
also calculated using Fresnel propagation of the complex fields from the focal plane. u(p,#)

is decomposed into plane wave components by a Fourier transform, then multiplied by the
quadratic phase factor associated with free-space propagation for a distance, z. An inverse
Fourier transform of the result yields the desired distribution at the defocused plane. Intensity
values extracted from these field distributions for different z are stacked to form a three-
dimensional representation of the light distribution near the focal plane.

Figure 8 presents the captured intensity distributions for K =1. There is a stark contrast
in the propagation dynamics for z< 0 (approaching the focal plane) and z> 0 (beyond the
focal plane). An interesting feature for z< 0 is the apparent rotation of the intensity profile
as the beam propagates towards the focal plane. The irregular-spiral intensity pattern also
appears to reverse in handedness as it evolves in the region prior to the foca plane.
Propagation for z> 0, meanwhile, is dominantly characterized by a dilation of the intensity
distribution from the focal plane and remains nearly invariant in structure. These phenomena
are seen more clearly with the pseudo-color representation of the numerical results in Fig. 9.
It is perhaps worth noting that the propagation dynamics are reversed when the conjugate
phase functions are considered, for exampleif ¢ ischosen to be negative.
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@ (h) (i)

Fig. 8. (AVI, 1.067 MB) Propagation of focused beam with K = 1. Images (a) through (i) cover
atotal distance of ~40 mm, with (a) being closest to the lens, and (€) at the focal plane.

@ (b)
(d) ©
9 (h)
Fig. 9. (animated GIF, 261 kB) Numerical simulation of focused beam propagation with K = 1.

Distances from focal plane used to calculate images are (a) -20 mm, (b) -16 mm, (c) -12 mm,
(d) -6 mm, (¢) 0 mm, (f) 6 mm, (g) 12 mm, (h) 16 mm, and (i) 20 mm.

(i)
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Fig. 10. (AVI, 1.01 MB) Propagation of focused beam with K = 0. Images (@) through (i) cover
atotal distance of ~40 mm, with (a) being closest to the lens, and (e) at the focal plane.

@ (b) ©
(d) ©
©) (h)

Fig. 11. (animated GIF, 275 kB) Numerical simulation of focused beam propagation with K = 0.
Distances from focal plane used to calculate images are (a) -20 mm, (b) -16 mm, (c) -12 mm,
(d) -6 mm, (¢) 0 mm, (f) 6 mm, (g) 12 mm, (h) 16 mm, and (i) 20 mm.
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Similar propagation dynamics are observed in Fig. 10 for K =0. Rotation of the intensity
profile, simultaneous with a switching in the direction of the tail of the spiral, is observed
while approaching the focus. This, again, is followed by dilation of the intensity pattern
beyond the focal plane. However, the particular intensity profile projected by the phase
distribution when K =0 leads to a more interesting dynamics in theregion z< 0. Following
the intensity profile carefully, we can observe that the head of the spiral follows a cork-screw
path around the optical axis. Again, the use of a pseudo-color representation more
prominently presents this behavior with the numerical results in Fig. 11. With sufficiently
intense input illumination, one could imagine particles being guided along the path of this
intensity “hot spot”.

Projection of the initial phase function onto a basis set of component modes, particularly
the Laguerre-Gaussian (LG) modes, may provide some insights on the underlying dynamics
behind the evolution of observed intensity distributions in the propagating beam [28].
Unfortunately, the lack of structural stability or self-imaging properties in the beam suggests
that the decomposition will be non-trivial. Further, numerical simulations did not reveal any
obvious association between prominent propagation features, i.e. the rotation and the

switching of handedness by the intensity patterns, with either the Rayleigh range ( zg ), or the

Gouy phase shift (arctan(z/zg) ). The latter in particular is a key parameter in the

propagation of LG modes. This result would also suggest alarge set of LG component modes
forming the helico-conical beams.

6. Conclusion

We introduced, in Eqg. (3), a phase distribution with nonseparable radial and azimuthal
dependence that results from the product of a helical and conical phase fronts, and generates
helico-conical beams, different from the higher-order Bessel beams. Rather than forming the
ring-shaped intensity distributions characteristic of optical vortices, focusing these beams
produces spiral intensity distributions at the focal plane. An interpretation of the observed
distributions in terms of the superposition of radialy arranged, linear blazed-gratings was
initially presented, followed by a more forma analysis by local spatial frequencies. The spira
profiles were shown to scale linearly with the initial parameters, ¢/r, , of the encoded phase

profiles.

Observations at defocused planes revealed a strong asymmetry of the propagation
dynamics with respect to the focal plane. A rotation of intensity distributions was observed
when approaching the focal plane, while moving beyond the focal plane led principaly to
dilation of the intensity patterns. Propagation towards the focal plane was seen to be
particularly interesting when K =0, where the projected intensity distribution forms an
intensity hot spot that follows a cork-screw path around the propagation axis.

Although the behavior of particles trapped by these beams focused with a high NA
remains to be seen, the actions of a non-symmetric beam possessing orbital angular
momentum is an enticing prospect. Its potentia application might include rotational
positioning of asymmetric particles, or even the collection and accumulation of smaller
particles towards the focus.
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