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Abstract

This paper concerns density-based topology optimization of linear elastic con-
tact problems, aiming to present robust and practically realizable designs for
different objective functions. First we revisit a compliance minimization with
frictionless contact problem from the literature and present crisp solid-void de-
signs, based on the so-called modified robust topology optimization formulation.
An adaptation of this problem to frictional contact is then solved for various
friction coefficients and it is checked that the optimization algorithm indeed
exploits the presence of friction for lowering the objective further. Secondly, we
propose and demonstrate the use of a p-norm based objective function to control
the distribution and variation of contact pressure, on an a priori unknown area
of contact, between a body of unknown topology and an obstacle. To have con-
trol over the contact pressure, a Lagrange multiplier based contact formulation
is used within a coupled Newton solution, for imposing impenetrability, fric-
tion, and the corresponding complementarity conditions. The adjoint method
is employed for deriving consistent design sensitivities for the mixed formula-
tion involving both displacements and contact Lagrange multipliers. Through
a series of numerical examples, it is demonstrated how an even distribution of
contact pressure and crisp solid-void designs can be obtained for problems with
and without friction.
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1. Introduction

Over the last couple of decades, the method of density based topology op-
timization [1] has successfully been applied to a large number of research fields
such as solid mechanics [2], fluid mechanics [3, 4] and acoustics [5, 6]. A wealth
of problems have been solved by this method, but many still remain unsolved.5

One class of such relatively little studied problems can be found at the junction
with frictional contact mechanics. The available works in this area are mainly
attributed to three pioneers, Klarbring, Strömberg and Hilding, who together
have successfully applied shape, size and topology optimization methods to the
class of unilateral contact problems throughout the years [7, 8, 9, 10, 11, 12, 13].10

Models for structural optimization with unilateral contact can in general be
categorized depending on whether they deal with compliance or contact force
minimization. Moreover, they can be categorized according to the different types
of design variables considered, including initial gap, truss member thickness or
material density. Especially in the latter case, it is important to distinguish15

between pure solid-void designs and variable sheet thickness designs, i.e. design
with intermediate density values. The present work focuses on contact pressure
optimization with a density based design space and an enforcement of pure
solid-void designs, where the latter is obtained using morphological filters, i.e.
the robust formulation from [14]. We remark that other approaches for reaching20

pure solid-void design exists, e.g. by penalization as done in [15] or the single
realization projection filter as done in [16], but that the robust formulation is
chosen since this also provides control of minimum feature sizes rendering the
optimized designs insensitive to over- and under-etching.

Regarding contact force optimization, in 1992, Klarbring proposed a method25

for optimizing the shape of an obstacle to achieve uniformly distributed contact
forces [17]. For that specific problem a uniform contact force distribution could
be achieved indirectly by minimization of a potential energy objective. The
design variables were the size of the initial gaps between the rigid obstacle and
a prescribed elastic body, whereas in the current work, we would like to optimize30

the topology of the structure itself. A relevant, in that respect, study is the one
by Hilding et al. from 1999, in which one seeks to design a truss structure that
minimizes the maximum unilateral contact force in a frictionless setting [7]. In
that work, a non-smooth max-type objective function was considered, while we
apply a p-norm based objective function instead.35

When it comes to density based topology optimization methods, relatively
few publications deal with the presence of contact and even fewer include fric-
tion. In the majority of the cases, the objective is compliance minimization.
A few early papers [18, 19, 20, 21] address compliance minimization with a
frictionless unilateral contact condition and they all solve approximately the40

same benchmark problem on a square domain with fixed support at its top
and partial contact at its bottom. The problem is also featured in the review
paper by Hilding, Klarbring and Petersson [22] from 1999. The reported solu-
tions for this benchmark problem are interesting as a conceptual demonstration
of the effect of a unilateral contact condition. Nevertheless, these designs are45
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in general not practically realizable, as the density (or thickness) field varies
continuously from zero to one. Although compliance minimization is not the
main focus of the present work, we use the opportunity to revisit this prob-
lem solving it with modern topology optimization methods and we report new
pure solid-void solutions for various material constraints and load intensities.50

Moreover, we investigate the effect of including friction to this problem and
we report designs that outperform designs optimized in the frictionless setting.
More recent works in density based topology optimization of compliance under
unilateral contact conditions include the aforementioned papers by Strömberg
and Klarbring [9, 12] as well as the ones by Desmorat [23] and Andrade-Campos55

et al. [24], which all assume a frictionless condition. An extension of the fric-
tionless case to large deformations has also been proposed by Luo et al. [25] in
2016, whereas the effect of sliding Coulomb friction in the context of compliance
minimization was considered in [13].

One major concern regarding frictional problems, especially in the context60

of optimization, is the load path dependence and non-uniqueness of frictional
forces. As a conservative solution to this problem, Hilding and Klarbring have
proposed the likely state approach [26], which allows to account for frictional
forces to the degree that these are necessary for restricting rigid body motion,
while it reduces to the frictionless case for statically constrained structures.65

Without underestimating the importance of load path dependence in many
practical problems, especially for loads with non-monotonic or non-proportional
components, in the present work we choose to work with simple examples where
the sliding direction can be approximated based on a single load increment. An
extension of the proposed approach to time-dependent and dynamic problems70

is part of a future work by the authors.
Another work worth mentioning is the one by Lawry and Maute [27] which

introduced a level-set based topology optimization framework for the design of
two-component structures in cases where frictionless sliding contact and separa-
tion along the interfaces can occur. Maximization of the average normal stress75

on the Dirichlet boundary of the embedded component, led to stiff anchor de-
signs between the two components with barb-type features forming the contact
interface. This work is particularly interesting because it deals with contact be-
tween two elastically deformable bodies, while the contact interfaces considered
in many other works, including the present one, are between an elastic body80

and a rigid obstacle. Nevertheless, the optimization in [27] does not involve the
contact pressure at the interface as part of the objective function, as the current
work does.

Considering now pressure optimization of contact problems, to the authors’
best knowledge, applications of density based topology optimization with fric-85

tional contact and a contact pressure based objective function, have not yet
been reported in the available literature. In those cases from the aforemen-
tioned literature where contact forces are in the objective, the optimization
either refers to discrete structures or to the shape of a rigid obstacle. On the
other hand, all cases employing a density based description of the topology are90

either directly or indirectly aiming at some sort of compliance minimization. In

3



this paper, building upon the existing literature, we propose an objective func-
tion that controls directly the contact pressure distribution by simultaneously
minimizing the average and the variation of contact pressure on an a priori un-
known contact area. The proposed objective function is smooth with one free95

parameter corresponding to the p-norm exponent q.
The proposed approach is to some degree related to previous works in struc-

tural optimization such as the aforementioned papers [17, 7] and the truss size
optimization method by Klarbring et al. [28], from 1995. These works aim at
a favorable distribution of contact pressure by either modifying the initial gap100

geometry, e.g. by performing shape optimization of the rigid obstacle, or by
size optimization of a truss structure. The novelty of the proposed approach
consists in applying modern density based topology optimization techniques,
combined with a new pressure based objective function, for achieving constant
contact pressure distributions while also accounting for Coulomb friction. The105

frictional test case investigated in this context is one where a fixed velocity is
prescribed to the obstacle, corresponding to a steady state response. Steady
state problems with Coulomb friction are only a limited subclass of problems
observed in the real world, where friction acting opposite to motion will often
lead to transient conditions. However, the chosen example is still well suited for110

demonstrating the applicability of the proposed objective function.
The paper is organized in six sections. Section 2 presents the numerical

setup, introduces the concept of a gap function and describes the employed
unilateral frictional contact formulation. Section 3 presents and describes the
compliance objective and the proposed pressure objective function and Sec-115

tion 4 defines the topology optimization problem, including the adjoint sen-
sitivity analysis. In Section 5 we present three test problems. The first test
problem is the aforementioned compliance minimization benchmark and the
two other test problems are used to demonstrate the proposed pressure based
objective function. Finally, Section 6 summarizes all substantial findings.120

2. Numerical setup

To keep the model presentation simple, plane stress linearized isotropic elas-
ticity is considered throughout the present work, discretized with bi-linear four
node quadrilateral finite elements. Please note, that the presented work does
not make any underlying assumptions on isotropy nor any specific choice of125

elements until the numerical examples. The displacements of a selected set
of finite element nodes are additionally unilaterally constrained by a rigid re-
stricting boundary. The frictional unilateral contact formulation used in this
work is based on the augmented Lagrangian approach proposed by Alart and
Curnier [29], with the actual implementation being closer to the one described130

in [30], although adapted to a nodal enforcement of the contact conditions. We
remark that using an elastic-rigid contact formulation is chosen for the sake of
simplicity. Extending the framework to an elastic-elastic contact is straightfor-
ward - and applying topology optimization to such problem would be relatively
straightforward as long as the interface elements are prescribed as solid. The135
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real complexity comes with including self-contact or design structures without
well-defined boundaries, in which case the normal vectors may not be well-
defined, and this would be complex even in an elastic-rigid setting. However, if
self-contact is possible in an elastic-rigid setting, going to elastic-elastic should
also be feasible.140

To account for the aforementioned contact condition, some nodes, which
do not overlap with nodes restricted either vertically or horizontally by Dirich-
let boundary conditions, must be considered as potential contact nodes. The
distance of a potential contact node (x, y) from the restricting boundary is de-
scribed by a gap function g(x, y), which can be constructed to represent any145

arbitrary shaped obstacle through the equation g(x, y) = 0. Displacement of a
finite element node i from its initial position xi = (xi, yi) by the displacement
vector ui = (uix, uiy) to its current position xi +ui will result to the nodal gap
gi(ui) = g(xi + uix, yi + uiy) as a function of the nodal displacement vector ui.
The unit normal vector at the considered node, pointing to the interior of the150

obstacle, is simply obtained by the spatial gradient of the gap function as

ni(ui) = − ∇g
‖∇g‖

∣∣∣∣
x=xi+ui

. (1)

The impenetrability condition between a node and the restricting boundary is
expressed in a nodal sense as

gi(ui) ≥ 0. (2)

This means that, in between nodes, element sides are in general not prevented
from passing the restricting boundary. However, in the simple case of a straight155

restricting boundary and linear Lagrangian elements, element sides between two
potential contact nodes are sufficiently hindered from penetrating the bound-
ary. For curved obstacles the amount of side penetration decreases with mesh
refinement.

For studying problems with friction, the direction of motion of each potential160

contact node with respect to the rigid obstacle is also needed. Based on a
backward Euler approximation, the relative velocity vector vi at a node i can
be written as

vi =
ui − u〈t−∆t〉

i

∆t
− v0 (3)

where v0 describes the velocity of the rigid obstacle, ∆t is the time step and

u
〈t−∆t〉
i is the displacement of the considered node at the previous time instant165

t−∆t. Eq. (3) represents a single time step within a transient simulation, which
is in generally necessary for capturing the load path dependence of contact trac-
tions in the presence of Coulomb friction. However, in order to overcome the
dependence of the final state on the whole deformation history of the considered
structure, examples are chosen here such that the direction of frictional forces170

can reliably estimated in a single load increment. This is mainly achieved by
adopting a loading with a single and monotonically increasing component but
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also by prescribing a relative velocity between the contact bodies that ensures
pure sliding. In general though, for problems without a dominant relative mo-
tion direction, accounting for the entire time history will be inevitable unless an175

approximation such as the likely-state approach by Hilding and Klarbring [26]
is used.

For the simple examples studied in the present work, a single load step is
nevertheless sufficient and the undeformed configuration is adopted as the pre-

vious time step configuration, i.e. u
〈t−∆t〉
i = 0. For Coulomb friction, where the180

friction force is independent of the magnitude of the sliding velocity, the choice
of ∆t and the scaling of v0 are inessential. For the examples involving pure
sliding though, it must simply be ensured that the product v0∆t is larger than
any elastic deformation in order to exclude sticking at any node. Throughout
this work ∆t = 1s is used.185

The impenetrability condition (2) alone is not sufficient for determining the

two unknown components of the nodal contact force vector f ci =
{
f cx f cy

}T
on

a potential contact node i. For a given friction law, a certain relation between its
normal and tangential components needs to be fulfilled upon frictional sliding.
For Coulomb friction, as demonstrated in [29, 30], the impenetrability, friction190

and relevant complementarity conditions can be expressed through a single non-
smooth equality condition

C(f ci , gi,vi,ni) = 0 (4)

for each potential contact node i. It should be noted here that both the gap
function gi, the unit normal ni and the velocity vector vi all are functions of the
unknown displacement vector ui. The non-smooth vector-valued C-function is195

defined as

C(f ci , g,v,n) = f ci + [f ci · n+ rg]− n− PB
(
n,µ[fc

i ·n+rg]−
) (f ci − rv) (5)

where µ is the Coulomb friction coefficient and r is an augmentation parameter
that may be chosen freely as long as r > 0. Though, for numerical reasons r
needs to be selected according to the study performed in [31]. The value used
for r is included for each of the test examples. The negative part operator [·]−200

is defined as

[x]− =

{
−x if x ≤ 0

0 if x > 0
(6)

and PB(n,τ)(d) is a projection of vector d onto the plane with the normal vector
n and within a circle of radius τ . The projection is defined as

PB(n,τ)(d) =


Tnd if ‖Tnd‖ ≤ τ

τ
Tnd

‖Tnd‖
otherwise

(7)

where ‖·‖ is the Euclidean norm and Tn is the tangent plane projection defined
as205

Tn = I− n⊗ n. (8)
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When u and f c are considered to be the global assembled vectors, containing
all nodal displacements ui and contact forces f ci , it is possible to write one final
set of global residual equations

Ru = Ku− f c − fext = 0

R<i>
c = −1

r
C(f ci , gi,vi,ni) = 0 i = 1, ..., nc

(9)

governing the unknown structural displacements u and contact forces f c. In
this definition of Ru, K is the global linearized elasticity stiffness matrix. Com-210

pared to their standard form, without contact, the residual equations governing
nodal displacements Ru are slightly modified here by accounting for the contact
forces by the subtraction of f c apart from the external forces vector fext. This
term couples nodal displacements and contact forces. The contact condition
residual R<i>

c contains the two components of the respective assembled resid-215

ual vector Rc corresponding to node i. The latter will hence depend nonlinearly
on both u and f c. Note, that nc is the number of potential contact nodes. For
its linearization with respect to each of the unknowns, the piecewise defined
partial derivatives of the C-function from [30] are necessary, cf. Appendix A.
The factor of −1/r in the definition of R<i>

c is for ensuring a close to symmetric220

total system matrix, and hence it is included only for numerical reasons. After
linearization, the residual equations of Eq. (9) are solved to obtain the state

vector s =
{
u f c

}T
, using a standard, full step, Newton Raphson scheme. It

should be noted that the system Jacobian is in general nonsymmetric, moti-
vating the choice of an LU factorization based direct solver employed in this225

work.

3. Objective functions

Structural compliance is commonly used as an objective function to demon-
strate new developments within the field of topology optimization [32, 33, 34,
35], and it has also been used in combination with contact conditions in [18, 20,230

19, 21, 22]. Alternative and often equivalent measures of compliance exist. For
instance the two versions presented in Eq. (10) are commonly seen

ϕ = uTfext (10a)

φ = uTKu (10b)

For static linear problems the two forms in Eq. (10) are equivalent, but
especially for problems with unilateral contact, the possibility of rigid body235

motion, renders this equivalence invalid. For example, rigid body motion is
likely to occur not only in the absence of sufficient supports but also when
a design disconnects from the available supports and subsequently only uses
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the contact surfaces as anchor points. For compliance optimization we use the
compliance definition in Eq. (10b) as this form is not sensitive to rigid body240

motions.
However, compliance can often play a secondary role in real life applications

where the distribution of interface tractions can be of particular interest instead.
This is for example the case for spline shaft couplings, gear pairs, brake pads
and joint replacement implants. To cover this need, a new objective function is245

proposed, aiming at minimizing both the magnitude and the variation of normal
contact forces within an a priori unknown sub-region of a predefined interface.
Assuming that unilateral contact can possibly occur within the given boundary
Γ, we propose to minimize the following quantity

ψ̄ =

∫
Γ

pqdΓ∫
Γ

H(p)dΓ
(11)

in which p is the contact pressure and H is the discontinuous Heaviside step250

function defined as

H(x) =

{
0 if x < 0

1 if x ≥ 0
. (12)

The exponent parameter q can be used to alter the behavior of the objective
function. Increasing q contributes to the penalization of variations in the dis-
tribution of p, so that for larger values of q the obtained pressure distribution
is expected to be closer to uniform compared to lower values of q.255

Of course, Eq. (11) is limited to cases where a potential contact boundary
Γ is known. The actual area of contact to be determined as part of the opti-
mization has to lie within this predefined boundary Γ. For small deformation
problems with rigid obstacles as the ones considered here, it is reasonable to
assume contact at the boundary of the design domain. In general however, an260

extension of the objective function to cases of a completely unknown contact
interface, potentially also in the interior of the design domain, would certainly
be useful, but is deemed outside the scope of this work.

An important observation is that the integral expression in Eq. (11) is not
well-defined in cases without contact. That is, the denominator of Eq. (11)265

corresponds to the actual area of contact and hence division with zero may
occur during the optimization if no contact-zone is present. To alleviate this
problem and avoid division by zero, it is convenient to limit the denominator by
a minimum value ε. Moreover, considering that Γ is discretized using a number
of nodes indexed with i, a discrete and regularized form of Eq. (11) can be270

obtained as

˜̄ψ =

∑
i

aip
q
i

max{ε,
∑
i

ai H (pi)}
(13)

where ai and pi respectively are the area and pressure associated with contact
node i. In two dimensions, the constant nodal-associated area ai is simply
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obtained by summing the half areas of the elements adjacent to node i. The
normal pressure pi is then obtained from the nodal contact force vector f ci as275

pi = nT
i f

c
i /ai. Note, that the discontinuous Heaviside step function H used in

Eq. (11) has been replaced by a regularized smooth version H defined as

Hβ,η(x) =
tanh(βη) + tanh(β(x− η))

tanh(βη) + tanh(β(1− η))
(14)

where η = 0 and β = 1024 are the threshold value and the steepness parameter
respectively. Since the argument of H in Eq. (13) is always non-negative, this
choice creates a very steep transition from H(0) = 0 to H(0+) → 1. We are280

aware that a β-value of 1024 seems extreme, but numerical experiments show
that it works as intended.

By choosing a small positive ε, compared to ai, Eq. (13) avoids division by
zero in cases where there is no contact, while the exact objective function is
recovered once at least one element is in contact. However, the presence of the285

max operator results in a continuous but non-smooth objective function. In
order to work with a continuously differentiable objective function, we propose
another formulation, where the onset of contact is also accounted for through
the smooth Heaviside function H. This is done by replacing the denominator of
Eq. (13) as shown in the following expression290

ψ =

∑
i

aip
q
i∑

i

ai H (pi) +

[
1−H

(∑
i

aipi

)]
ε

(15)

In this expression, the effect of ε vanishes progressively as the total contact force
increases from zero to positive values. This ensures a smooth transition of the
objective function when going from a configuration of no contact to a configu-
ration with contact and vice versa. All further derivations in the present work
concern the objective function according to Eq. (15) with the value ε = 0.01 ai295

used for all numerical examples of pressure optimization.
The four cases presented in figure 1 illustrate the behavior of the proposed

objective function for different representative contact pressure distributions. For
q > 1, a uniform distribution of contact forces results in the lowest objective as
desired.300
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Configuration A
q = 1→ ψA = 1
q = 2→ ψA = 1
q = 4→ ψA = 1
q = 8→ ψA = 1

?

p

pe

Configuration B
q = 1→ ψB = 1.50
q = 2→ ψB = 2.25
q = 4→ ψA = 5.06
q = 8→ ψA = 25.62

?

pe

p

Configuration C
q = 1→ ψC = 1
q = 2→ ψC = 1.33
q = 4→ ψA = 3.20
q = 8→ ψA = 28.44

?

pe

p

Configuration D
q = 1→ ψD = 1
q = 2→ ψD = 1.33
q = 4→ ψA = 3.20
q = 8→ ψA = 28.44

Figure 1: Four different contact pressure distributions resulting from an applied pressure
pe = 3 Pa, corresponding to a total external force Fe = 1 N. The objectives for q = {1 2 4 8}
are included for all configurations. The width of the domain is 1 m and the height is 2/3 m.

To demonstrate that the proposed objective function is also mesh-independent
a small numerical example is conducted. The structure shown in figure 2a is
solved on multiple meshed with decreasing element size and the resulting ob-
jective values are plotted for q = 1 (red) and q = 4 (blue) in figure 2b. The
mesh refinement is the same in both spatial directions such that elements remain305

square.

(a) A structure discretized into 60 × 20 ele-
ments. Displacements magnification is 105.
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(b) Objective values for q = 1 and q = 4 as
a function of the number of elements used in
the discretization.

Figure 2: Impact of mesh refinement on the objective function. The width of the structure is
2 m and the height is 2/3 m. Black elements represent solid material with an elasticity modulus
of E = 1 MPa and white elements represent void with an elasticity modulus of E = 10−9 MPa.
The Poisson’s ratio for all elements is ν = 0.3. The external load corresponds to a total force
Fe = 1 N.

For q = 1 the objective represents the average contact pressure. As shown in
figure 2a the contact forces span roughly half of the domain width, i.e. approx-
imately 1 m. Hence, for a unit thickness and a total load of 1 N, the objective
function should be ψ ≈ 1 Pa, which actually seems to be the case in figure 2b.310

The oscillations of the objective values seen in figure 2 occur as the nodal force
at the left- and rightmost contact nodes may vary among very coarse meshes.
However, the objective value converges towards a constant value as the mesh is
refined.
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4. Topology optimization formulation315

This section presents two topology optimization formulations, one for com-
pliance minimization, as e.g. in [13] but in the robust framework proposed in
[14], and a contact pressure optimization formulation based on the new objective
function from Eq. (15), still in the same framework.

The general purpose robust topology optimization framework according to320

[14] is characterized by the three physical design fields ρ̃e, ρ̃ b and ρ̃d, rep-
resenting an intermediate blueprint design along with an eroded (over-etched)
and a dilated version (under-etched). The physical design realizations are all
obtained from the base mathematical design field ρ ∈ [0, 1]ne using a series of
filter operations.325

First, a convolution type density filter is applied to the design field following
[36]. This filter computes the weighted average of the design variables within a
predefined neighborhood, Ni, of radius rmin, which can be formally stated as

Ni = {k | ‖xk − xi‖ < rmin} (16)

where xk denotes the geometrical center of element k. The filtered density of
element ρ̃i can now be obtained as330

ρ̃i =

∑
k∈Ni

w(xk − xi)Vkρk∑
k∈Ni

w(xk − xi)Vk
(17)

where w(x) is the linearly decaying cone shaped function

w(x) = rmin − ‖x‖ (18)

and Vk refers the volume of element k. We remark that the density filter by
construction introduces intermediate densities and therefore that an additional
filter is needed to ensure solid-void designs.

The output from the density filter is then passed through a smooth Heavi-335

side function Hβ,η as presented in Eq. (14). By employing different offsets for
the threshold parameter η, it is possible to construct multiple realizations cor-
responding to either over- and under-etching of the blueprint design. Thus, in
order to render the physical design insensitive to both over- and under-etching
a minimum of three realization is needed, i.e. ρ̃ → ρ̃k for k ∈ {e, b, d}. This340

can be formally stated as

ρ̃k = Hβ,ηk(ρ̃) (19)

where the steepness parameter β is increased gradually during the optimization
process using a continuation scheme.

The general purpose robust formulation can be greatly simplified for min-
imum compliance problems, or any other problem in which full utilization of345

the available material will be beneficial for the objective. For such problems
it is only necessary to evaluate the objective, in the present case compliance,
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on the eroded design and to apply the volume constraint on the dilated design.
Thus, only one forward finite element analysis is needed per iteration and the
optimization problem can be formally presented as350

min
ρ∈Rne

: φe

s.t :
ρ̃T
d V

V ∗d Vtot
− 1 ≤ 0

: 0 ≤ ρi ≤ 1, i = 1, ..., ne

(20)

where φe is the compliance measure defined in Eq. (10b) for the eroded version
of the structure. The residual vector R corresponds to both parts of Eq. (9)
and it therefore involves both parts u and f c of the state vector s. Its explicit
dependence on the physical density field ρ̃ is through the elastic modulus E
which is defined for each element i according to the modified SIMP relation355

Ei = EV + ρ̃
p
SIMP
i (ES − EV ) (21)

where ES and EV are elastic moduli of solid and void respectively, and a stiffness
penalization exponent p

SIMP
= 3 has been adopted. The contribution of element

i to the global elasticity stiffness matrix K is found as Ki = EiK0, where K0

is the element stiffness matrix for a unit elastic modulus. For this optimization
problem, the use of the penalized stiffness interpolation scheme SIMP [1, 37] will360

by construction favor black and white designs. However, without the projection
filter and the robust formulation, an intrinsic region of intermediate densities
of size rmin will persist due to the density filtering. Although other methods
exist to suppress the intermediate densities, e.g. [15] or [16], we choose to apply
a smooth Heaviside filter in combination with the robust design formulation.365

This means that the volume constraint is enforced on the dilated design, which
is sufficient due to the nature of the minimum compliance, i.e. the objectives
will always follow φe > φb > φd and the opposite for the volumes. The material
constraint is updated every 20 iteration by redefining V ∗d = V ∗Vd/Vb such that
the amount of material in the intermediate design Vb satisfies the prescribed370

volume fraction V ∗. The individual volumes of all elements are stored in the
vector V and the total volume is denoted Vtot. Imposing the volume constraint
in this way prevents the optimizer from exploiting the projection scheme as it
is seen in [38], i.e. that intermediate densities remain in some of the optimized
design realizations.375

When optimizing for contact pressure according to the objective function
from Eq. (15), there is no longer a predetermined relation between eroded,
blueprint and dilated designs and the numerical value of the associated objective
functions. Therefore, all considered design realizations must be evaluated by
finite element analysis. To render the optimized designs insensitive to both380

over- and under-etching, we choose to use all three realization in the following,
but remark, that two realizations are enough to ensure a length scale as well as
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crisp solid-void designs. The resulting optimization problem can therefore be
cast as follows

min
ρ∈Rne

: max
k

(ψk), k ∈ {e, b, d}

s.t :
ρ̃T
d V

V ∗d Vtot
− 1 ≤ 0

:
ϕ∗ϕe
ϕ0
− 1 ≤ 0

: 0 ≤ ρi ≤ 1, i = 1, ..., ne

(22)

Here the goal of the robust formulation is to minimize the largest of three385

objective values, obtained from three structural realizations ρ̃k. Although this
requires the solution of three finite element problems, we emphasize that these
are completely decoupled and can be solved in parallel. In short, the increase
in computational cost does not necessarily lead to an increase in run time.

The additional compliance constraint in Eq. (22) is necessary in order to390

prevent the optimizer from disconnecting the contact surface from the external
load in order to reduce the contact pressure directly to zero at the cost of
structural integrity. It is enforced on the eroded design and is expressed as a
fraction ϕ∗ ≥ 0 of the compliance ϕ0 corresponding to the initial design. For
the compliance constraint, we will use the measure given in Eq. (10a). This395

choice of compliance measure is justified by the fact that the structures for
which we perform pressure optimization cannot undergo rigid body motion. By
increasing ϕ∗ a stricter compliance condition is imposed on the final design.

The sensitivities of the two objective functions and the compliance constraint
with respect to all relevant physical design fields ρ̃k can be found efficiently by400

the adjoint method (with two right-hand sides) and subsequent application of
the chain rule to take the filtering and projections into account. The adjoint
problems are as follows:

JTλ1 = −∂sψk and ∂ρ̃k,i
ψk = dρ̃ψk + λT

1

(
∂ρ̃k

Ku

0

)
JTλ2 = −∂sϕe and ∂ρ̃e,i

ϕe = λT
2

(
∂ρ̃e

Ku

0

) (23)

Here λ1 and λ2 are two sets of Lagrange multipliers and J is the non-symmetric
Jacobian of the system of Eqs. (9), evaluated at the final state, already available405

from the solution of the forward problem. Both adjoint problems are linear and
presented in more detail in appendix B.

During the optimization, a β-continuation approach is used to gradually
force the physical fields into a solid/void state. For all problems included in this
work (unless otherwise stated) η ∈ {0.7, 0.5, 0.3}, the continuation starts with410

β = 1 and β is doubled either after 50 design updates or whenever ‖∆ρ‖ < 0.01.
The continuation is terminated when the non-discreteness measure Mnd of the
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blueprint design becomes less than 3%. Mnd is defined according to [39] as

Mnd =
4ρ̃T

b (1− ρ̃ b)
ne

· 100% (24)

where ne is the number of design variables.
The contact solver, filters, sensitivity analysis and optimization problem are415

implemented in Matlab, and the design updates are performed using the Method
of Moving Asymptotes by Svanberg [40].

5. Results

Figure 3 introduces the three test problems used for the numerical examples.
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(a) Test problem 1 for
compliance minimization:
A square domain clamped
on its upper side, with ex-
ternal load on the lower
side and restrained by
a curved obstacle at the
bottom.

L
2

L
2

L
2

L

ρ0

ρ1
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(b) Test problem 2 for
pressure optimization: An
L-shaped domain with a
symmetry condition at its
left-hand side, loaded on
its top side and with fric-
tionless contact at its bot-
tom.

L
2

L

ρ0

ρ1

ρ1

Ω

ρ0

v0

L
2

L
3

L
3

(c) Test problem 3 for pressure op-
timization: The brake pad problem
with friction, loaded against a re-
stricting boundary at the bottom side
which moves at constant velocity v0.
The domain is the ”full” version of
test problem 2 due to the asymmetry
from the frictional effects.

Figure 3: Schematic representations of the test problems used in the following sections. In
the design domain Ω, ρ0 and ρ1 respectively denote elements prescribed as void and solid.

Test problem 1 presented in figure 3a is the benchmark compliance optimiza-420

tion problem presented e.g. in [19]. The problem consists of a square domain
fully clamped on the upper boundary and subject to a downward distributed
load around the center of the lower boundary. The obstacle is placed such that
there is no initial gap between the lower corners of the domain and the obstacle.
A single row of elements is prescribed to be solid just above the anchoring of the425

external load. The obstacle is described by a function that transitions smoothly
from a low slope within the outer two quarters of the domain to a steep bell
function in the central half of the domain.

Applications of the proposed pressure based objective function are demon-
strated through the test problems of figures 3b and 3c. Test problem 2 involves430

an L-shaped design domain, resting on a frictionless restricting boundary at
the bottom and subject to a compression on one half of the upper side. This
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example is constructed to demonstrate the design opimization for an even dis-
tribution of contact pressure in a simple configuration without frictional effects.
As illustrated in figure 3b, all nodes on the left side of the domain are hori-435

zontally constrained, corresponding to a symmetry condition about this axis.
Moreover, the upper and lower sides of the domain are prescribed to be solid.
Because of the unilateral contact condition, portions of the domain are free to
move upwards, separating from the obstacle. In that sense, the actual contact
area depends on the specific material distribution and the applied force.440

Test problem 3 is an extension of problem 2 with frictional effects. In this
case, a horizontal velocity is prescribed to ensure slip between the elastic do-
main and the obstacle. Due to the inclusion of friction and slip, symmetry
cannot be exploited anymore, hence the entire design domain is considered with
its upside-down T shape. The objective of this problem is to demonstrate how445

the optimized material distribution is affected by including a varying amount
of friction. As in the previous case, the upper and lower boundaries are pre-
scribed to be solid. Moreover, in order to accommodate the frictional forces, all
nodes subject to external vertical load are at the same time constrained in the
horizontal direction.450

From a mathematical point of view, external forces could also act on not
fully solid material. In all three test problems however, elements directly loaded
through external forces are prescribed to be solid. This is simply to achieve
more physical designs without much grey material in the vicinity of the applied
load. The reason for adding a row of solid material at the contact interface455

for test problem 2 and 3 simply follows the same argument, and having such
a predefined interface could be a typical design specification. We demonstrate
that the material at the contact interfaces does in fact not need to be prede-
fined in test problem 1 where the optimizer determines the interface by itself.
Though still, the contact must occur at the boundary of the domain. One could460

potentially include all internal nodes of the design domain as potential contact
nodes, but this would increase the degrees of freedom of the system and also
raise the question of how to strictly define the area associated with each contact
node, especially on a potential staircase interface. For this reason, we restrict
ourselves to a known possible interface region, but without fixing beforehand465

the actual area of contact within this interface region.
Numerical parameters for each problem are included in table 1. For all three

problems, the design domain is discretized by bilinear square elements.
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Description Unit Problem 1 Problem 2 Problem 3

L Length scale m 0.2 200 150
R Density filter radius m 2

100L
3

200L
4

100L

ES Elasticity of solid N/m2 2.1·1011, 2.1·107 106 106

v0 Prescribed velocity m/s 0 0 1
r Augmentation parameter m 103 1 1

Number of elements 192×192† 200×200 180×120

Table 1: Parameters used in the test problems. For all problems Poisson’s ratio is ν = 0.3,
the penalization parameter is pSIMP = 3, Young’s modulus of void is EV = 10−9ES .
†: only 96×192 (half domain) was actually computed. Symmetry about x = 0.1m was utilized
to present the results.

Generally speaking, from an undeformed state, the Newton Raphson algo-
rithm needs less than 10 iterations to converge to an Euclidean norm of the470

residual vector smaller than 10−9 times the Euclidean norm of fext. The three
control parameters of the MMA are set to asyinit = 1.07, asydecr = 0.65
and asyinit = 0.2. Before feeding the MMA with the objective values and the
gradients, the objective is scaled to be 1 on the first iteration. For all of the
following numerical examples the initial design is defined by a uniform density475

distribution sharply fulfilling the volume constraint.

5.1. Compliance optimization with contact

In this section we revisit the compliance minimization benchmark problem
that has been studied in [18, 19, 20, 21]. The problem is also included in the
review paper [41] and a schematic representation of the problem is depicted in480

figure 3a for reference. In [20] the initial gap between the structure and the
obstacle, in case of no obstacle offset, is given by

g(x) = k2x
4 for 0 ≤ x ≤ 0.05m (25)

where x is the distance from the corner of the square domain. The value
k2 = 0.64m−3 is given in the reference but there is no definition of the gap
for 0.05m < x < 0.5m. To remove any ambiguity in the definition of the obsta-485

cle we use the gap function that is presented in Eq. (26). This function is a
smooth step function defined for every point (x, y), and the restricting boundary
of the obstacle is defined as the curve that satisfies g(x, y) = 0

g(x, y) = y +
hd
4

(tanh(s(d+ x− xc)) + 1)(tanh(s(d− x+ xc)) + 1)

+
hk
8

(4− (tanh(s(d+ x− xc)) + 1)) (tanh(s(d− x+ xc)) + 1))

×
(

(x− 2xc)
4

(tanh (s(x− xc)) + 1)− x4 (tanh(s(x− xc))− 1)
) (26)

The parameters xc, d, hd, s, and hk control the shape of the obstacle. The
center of the hole is given by xc = 0.1m, while d = 0.05m defines the hole radius490
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and hd = 0.5m the hole depth. The parameter s = 500 defines the sharpness of
the transition to the flanks of the hole. Finally, the parameter hk has the same
meaning as k2 in Eq. (25), defining the curvature of the fourth order polynomial
in the outskirts region. Figure 4 visualises the difference between the piecewise
gap function in Eq. (25) and the smooth gap function of Eq. (26).495

(a) With k2 = 0.64m−3 in
Eq. (25) for x ≤ 0.05, then
mirrored around x = 0.1

(b) With hk = 0.64m−3

in the level set definition
g(x, y) = 0 from Eq. (26)

(c) With hk = 0.64 ·104m−3

in the level set definition
g(x, y) = 0 from Eq. (26)

Figure 4: Obstacle representations. The outskirts appear to be flat for k2 = hk = 0.64m−3

even though they are described by a fourth order polynomial for 0 ≤ x ≤ 0.05m.

For the rest of this section, we use the smooth representation of the obstacle
based on Eq. (26). We first consider the obstacle geometry from Figure 4b, for
hk = 0.64m−3, which best matches the available literature for this benchmark
problem. Figure 5 summarizes the results of the problem for various load in-
tensities and volume constraints, using the threshold values η ∈ {0.7, 0.5, 0.3}.500

The second column of figure 5, is solved with the same reported load as in [20].
The design that is obtained for an external load of fext = 0.5kN and a vol-

ume fraction of V ∗ = 0.5 resembles one of the designs presented in [20]. By
increasing the load we are able to get results that resemble other designs pre-
sented in [20] where the obstacle is used as support. However, with a total load505

of 0.1kN and an elasticity modulus of 2.1 · 105MPa column designs will always
emerge in contrast to the more interesting designs obtained for increased load.
Generally, the designs that are obtained fall into three different categories listed
below

1. Column designs. This type of design develops when it is not possible to510

take advantage of contact. This can happen if the external load is too
small or the structure is too stiff.

2. Structures that are supported both on the upper and lower side of the
domain. This type of design develops when contact can be exploited and
enough material is available.515

3. Disconnected structures. The optimizer may disconnect the design from
the upper support and only use the obstacle as support when the available
material is very scarce.
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From the designs presented in figure 5 it can also be seen how it is possible
to get combinations of the three types of structures listed above. For example,520

consider the design that is obtained for an external load of fext = 12.5kN and
a volume constraint of V ∗ = 0.5. This design is supported on both the upper
and the lower side of the domain and it resembles a combination of a column
design and a disconnected design.

A few more points can be made about the designs in figure 5 in relation to525

the location of the support that is created on the obstacle.

• Increasing the load causes the location of the support to contract towards
the center of the domain. This yields a more compact structure. This is
the case for all three types of designs listed above. This effect is rather
small and may be hard to see by eye in the way the designs are presented530

here. The effect is best seen across the rows of figure 5.

• For structures that are supported on both the upper and lower side of the
domain, the location of the emerging support will move outwards as more
material is available due to the curvature of the obstacle. This effect is
more pronounced and may be studied in the columns of figure 5.535
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V ∗ fext

0.1kN 0.5kN 12.5kN 20kN

0.100

0.400

0.500

Figure 5: Solutions (ρ̃b) to test problem 1, as schematized in figure 3a, where g(x, y) is defined
as in Eq. (26) and hk = 0.64m−3 for three different material constraints and three different
magnitudes of external load. Please note, that reaction forces at the upper support are not
illustrated here.

In order to add some complexity to this example, we now increase the con-
stant hk to 0.64 ·104m−3, so that contact can take place on the large curved sur-
face illustrated in figure 4c. In addition, we make the structure more compliant
by reducing the elasticity modulus from ES = 2.1 · 1011Pa to ES = 2.1 · 107Pa
and we introduce Coulomb friction. The total external force applied is also540

slightly decreased, and in this case fixed, to 0.2kN. The compliance minimiza-
tion problem is solved for a volume constraint of V ∗ = 0.1 with and without a
friction coefficient of µ = 0.3. The results are presented in figure 6.
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(a) µ = 0.00 (b) µ = 0.30 (c) Design difference

Figure 6: Solutions (ρ̃b) to test problem 1, as schematized in figure 3a, where g(x, y) is defined
as in Eq. (26) and hk = 0.64 ·104m−3 without and with Coulomb friction. Total external load
is fext = 0.2kN and elasticity modulus is ES = 2.1 · 107Pa. (c) highlights how the design is
changed by the inclusion of friction, by showing the difference between (a) and (b).

Figure 6 illustrates that the proposed method can be applied to more com-
plex problems. Here, the optimizer takes advantage of the slope of the obstacle545

to build a compact design, that does not need a horizontal stiffener, as was
the case for the disconnected designs in figure 5. Including friction allows the
optimizer to build a wider structure as highlighted by figure 6c. Because of
the friction, the optimizer needs not to rely as much on the curvature of the
obstacle, but can instead utilize the friction to gain support.550

To verify the optimization outcome, a cross-check on the performance of
the optimized designs in figure 6 is performed by evaluating the compliance of
each design in the opposite setting. Table 2 demonstrates that optimizing for a
specific µ yields the best-performing design for that particular µ.

Optimized for
Analyzed for µ = 0.0 µ = 0.3

µ = 0.0 0.0129 0.0253
µ = 0.3 0.0294 0.0135

Table 2: Compliance φb for the designs presented in figure 6 evaluated with different friction
coeffficients (cross-checking to verify the optimization process).

A final observation from our numerical experiments concerns the role of the555

robust formulation in Eq. (20). That is, if only a single realization is consid-
ered, still including the density filter and the Heaviside projection, the resulting
optimized designs exhibit significant contact forces in nearly void regions. This
is despite the optimized designs reaching an MND of less than 1.5% and further
motivates the use of the robust approach for contact problems, even when using560

compliance as objective.
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5.2. Contact pressure optimization without friction

This section concerns test problems 2 and 3 from figure 3, where optimization
of pressure distribution along the contact interface is performed according to
Eq. (22) with the objective function from Eq. (15). The obstacle is defined by565

the simple level set function in Eq. (27), such that it coincides with the x-axis.

g(x, y) = y (27)

Consider first test problem 2 with the objective function exponent q = 2, and
the volume constraint V ∗ = 0.5. Results corresponding to solutions without a
compliance constraint, i.e. ϕ∗ = 0, as well as with a compliance constraint at570

ϕ∗ = 1, are presented in figure 7.

(a) ψb = 1.001 (b) ψb = 1.001 (c) ψb = 1.0106

Figure 7: Comparison of three different designs obtained with V ∗ = 0.5 and q = 2. (a): No
compliance constraint, ψ∗ = 0. (b): With compliance constraint ψ∗ = 1. (c): Post-processed
version of the structure in (b), with holes along the lower part of the domain filled with
material, thus violating the volume constraint. The curve below each structure indicates the
contact pressure along the lower edge of the domain.

In both figures 7a and 7b an even pressure distribution is achieved along
the contact interface by directing some of the applied load to the lower right
corner of the domain. When the compliance constraint is omitted, the structure
of figure 7a is obtained with some porosity near the lower side of the domain575

and a non straight strut at the left side. By including the compliance constraint
ϕ∗ = 1, we obtain the design of figure 7b which resembles the design of figure
7a, but the strut has straightened out to increase the overall stiffness of the
structure while the porosity near the contact interface has increased, i.e small
holes have been introduced. We remark that solving the problem without a580

compliance constraint is highly ill-posed and that the thresholds was set to
η ∈ {0.51, 0.5, 0.49} for both examples in order to allow for comparison. To
investigate the importance of the small holes in figure 7b, a postprocessed version
is presented in figure 7c. For this structure, the smaller holes at the bottom were
filled with solid material and the analysis reveals how the suppressed porosity585

is essential for obtaining the even pressure distribution in figure 7b.
To further investigate the sensitivity of the design to manufacturing errors,

strongly dilated and eroded version of the structure in figure 7b were evaluated.
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Figure 8 shows three under- and one over-etched versions of the design from
figure 7b and a plot of the objective value as function of η. In this case, the590

base design, obtained for η ∈ {0.51, 0.50, 0.49}, is more sensitive to over-etching
than it is to under-etching.

0 0.05 0.1 0.15 0.2 0.25 0.30 0.35 0.4 0.45 0.5 0.55
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0
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6
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φ

Projection points for actual optimization

Figure 8: Analysis of how sensitive the design of figure 7b is to over- or under-etching.

After having demonstrated the role of including a compliance constraint
and investigated the sensitivity of the designs to under- and over-etching, the
remaining part of this subsection focuses exclusively on cases with constrained595

compliance and threshold values η ∈ {0.7, 0.5, 0.3}. Figures 9 through 11 show
optimized designs from a parametric study with respect to the objective function
exponent q, the volume constraint limit V ∗ and compliance constraint limit ϕ∗.
Keeping in mind that the objective function is non-convex, there is no guar-
antee for the optimization to reach the global minimum; convergence to some600

local minimum is much more likely. However, a general tendency for all of the
following results is that for a given volume constraint limit V ∗ the objective
increases for more strict compliance constraints. Lower values of ϕ∗ result in
somewhat more uniform pressure distributions, while requiring a higher stiff-
ness by increasing ϕ∗ leads to fewer and stiffer beams and corresponding sites605

of pressure concentrations.
Three quantities are included for each design in all of the following figures:

(1) the objective value ψb, (2) the mean and (3) the variance of all non-zero
normal contact forces. The curves below each structure in figures 9 through 11
show the pressure distribution on the contact interfaces.610
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q = 2

V ∗ ϕ∗

4 6 8

0.300

ψb = 1.002
mean(f cy) = 0.500
var(f cy) = 0.001

ψb = 1.006
mean(f cy) = 0.500
var(f cy) = 0.002

ψb = 1.023
mean(f cy) = 0.500
var(f cy) = 0.006

0.375

ψb = 1.002
mean(f cy) = 0.500
var(f cy) = 0.000

ψb = 1.020
mean(f cy) = 0.500
var(f cy) = 0.005

ψb = 1.127
mean(f cy) = 0.510
var(f cy) = 0.021

0.450

ψb = 1.009
mean(f cy) = 0.500
var(f cy) = 0.002

ψb = 1.075
mean(f cy) = 0.500
var(f cy) = 0.019

ψb = 1.363
mean(f cy) = 0.565
var(f cy) = 0.022

Figure 9: Solutions to test problem 2 as sketched in figure 3b solved for q = 2 and various
choices of V ∗ and ϕ∗. The curve below each structure indicates the contact pressure along
the lower edge of the domain.
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q = 4

V ∗ ϕ∗

4 6 8

0.300

ψb = 1.008
mean(f cy) = 0.500
var(f cy) = 0.000

ψb = 1.016
mean(f cy) = 0.500
var(f cy) = 0.001

ψb = 1.045
mean(f cy) = 0.500
var(f cy) = 0.002

0.375

ψb = 1.009
mean(f cy) = 0.500
var(f cy) = 0.000

ψb = 1.067
mean(f cy) = 0.500
var(f cy) = 0.003

ψb = 1.407
mean(f cy) = 0.510
var(f cy) = 0.017

0.450

ψb = 1.044
mean(f cy) = 0.500
var(f cy) = 0.002

ψb = 1.431
mean(f cy) = 0.529
var(f cy) = 0.008

ψb = 2.244
mean(f cy) = 0.588
var(f cy) = 0.013

Figure 10: Solutions to test problem 2 as sketched in figure 3b solved for q = 4 and various
choices of V ∗ and ϕ∗. The curve below each structure indicates the contact pressure along
the lower edge of the domain.
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q = 8

V ∗ ϕ∗

4 6 8

0.300

ψb = 2.185
mean(f cy) = 0.538
var(f cy) = 0.003

ψb = 1.145
mean(f cy) = 0.500
var(f cy) = 0.001

ψb = 2.312
mean(f cy) = 0.535
var(f cy) = 0.005

0.375

ψb = 1.060
mean(f cy) = 0.500
var(f cy) = 0.001

ψb = 3.018
mean(f cy) = 0.559
var(f cy) = 0.005

ψb = 3.220
mean(f cy) = 0.500
var(f cy) = 0.037

0.450

ψb = 1.1248
mean(f cy) = 0.500
var(f cy) = 0.002

ψb = 2.800
mean(f cy) = 0.535
var(f cy) = 0.014

ψb = 6.922
mean(f cy) = 0.617
var(f cy) = 0.006

Figure 11: Solutions to test problem 2 as sketched in figure 3b solved for q = 8 and various
choices of V ∗ and ϕ∗. The curve below each structure indicates the contact pressure along
the lower edge of the domain.
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The objective values reported in figures 9 through 11 generally confirm that
increasing ϕ∗ causes the objective value to increase. This is expected, as there
is less design freedom for the optimizer. The same conclusion applies if the
variation of the contact forces is considered instead of objective values. Phys-
ically, increased variation of contact forces upon stiffening of the design is due615

to pressure concentrations below emerging pillars.
Figure 12 emphasizes the effect of increasing the objective function exponent

q in the cases of V ∗ = 0.375 and ϕ∗ = 8 extracted from figures 9 through 11.
As q is increased, variations in the pressure distribution are penalized stronger.
The pressure distribution appears most even in the case of q = 8. However,620

the actual contact area reduces as q is increased from 2 to 8, which indicates
that the price paid for flattening out the pressure distribution while maintaining
structural stiffness, is an increased average pressure.

(a) mean(fc
y) = 0.510

var(fc
y) = 0.021

(b) mean(fc
y) = 0.518

var(fc
y) = 0.013

(c) mean(fc
y) = 0.555

var(fc
y) = 0.011

Figure 12: Test problem 2 solved with the following parameters: V ∗ = 0.375 and ϕ∗ = 8
(a) q = 2, (b) q = 4 and (c) q = 8. The curves below each structure indicates the contact
pressure along the lower edge of the domain.

Figure 13 shows a convergence curve that is representative of all optimization
problems of figure 9 through 11. It specifically corresponds to q = 4, V ∗ = 0.3625

and ϕ∗ = 4 and it includes the evolution of the objective values and the con-
straints as functions of the iterations. Large peaks within the first 300 iterations
are associated with the employed β-continuation. To amplify changes in the ob-
jective, the red curves of figure 13 show adjusted objective values, ψ′ defined as

630

ψ′k = ψk −min(ψk) (28)

in order to shift all objective values towards zero where small differences are
most clear in logarithmic scale.
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Figure 13: Convergence history for the design shown in figure 10 for V ∗ = 0.3 and ϕ∗ = 4.
This is a typical convergence behavior for all structures in figure 9 through 11. The presented
designs are shown after 50, 286 and 658 design updates respectively.

: Compliance constraint : volume constraint : ψ′e : ψ′b : ψ′d

We remark once again, that for this optimization problem it is necessary
to perform the finite element analyses for all three cases of k ∈ {e, b, d}, as
there is no way to determine which of the three realizations will have the largest635

objective for a particular iteration.
Generally, the β continuation is the main reason for the high number of

required iterations, especially in cases where β cannot be doubled, but instead
is incremented in steps of 1. It is likely that a fixed-β approach [42], although
out of the scope of this work, could alleviate this performance penalty. In terms640

of wall-clock time, the design shown in figure 13 takes roughly 1.5 hours to
compute. Each iteration takes roughly 10 seconds (including everything and
no parallelisation). Solving the state equations is the largest computational
task of each iteration, thus one could employ various strategies to reduce this
computational task. Obvious strategies to decrease the wall-clock time of these645

examples could be parallelisation or to use a reduced-order method for the linear
elasticity equations.

5.3. Contact pressure optimization with friction

In this section, we study solutions to test problem 3. The problem is solved
for three values of the Coulomb friction coefficient µ to investigate the influence650

of friction on the design. The optimized design field is expected to depend on the
direction of the prescribed surface velocity of the rigid body and the coefficient
of friction. As Coulomb friction forces do not depend on the magnitude of
the prescribed velocity, as long as slip occurs, the design is also unaffected
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by the magnitude of the prescribed velocity. The following figures illustrate655

six solutions to test problem 3 for three choices of µ and two choices of the
objective function exponent q, using the threshold values η ∈ {0.7, 0.5, 0.3}. The
frictionless case µ = 0 is included for visual comparison. Once again, the curves
below each structure in figure 14 show the pressure distribution on the contact
interfaces.660

(a) µ = 0.0, q = 4
ψb = 0.197
var(fc

y) = 0.001
avg(fc

y) = 0.552

(b) µ = 0.1, q = 4
ψb = 0.256
var(fc

y) = 0.018
avg(fc

y) = 0.552

(c) µ = 0.2, q = 4
ψb = 0.495
var(fc

y) = 0.025
avg(fc

y) = 0.654

(d) µ = 0.0, q = 8
ψb = 0.044
var(fc

y) = 0.002
avg(fc

y) = 0.552

(e) µ = 0.1, q = 8
ψb = 0.095
var(fc

y) = 0.007
avg(fc

y) = 0.595

(f) µ = 0.2, q = 8
ψb = 0.362
var(fc

y) = 0.007
avg(fc

y) = 0.709

Figure 14: Optimized structures to test problem 3 for V ∗ = 0.3 and ϕ∗ = 4 for different
Coulomb friction coefficients and exponents q. The curve below each structure indicates the
contact pressure along the lower edge of the domain.

For all examples in figure 14, the same trends are observed as in the previous
section. Increasing q reduces the variation of the normal contact forces f cy . It
is also visible how the contact area decreases when q is increased. This leads to
an increased average normal contact force.

For µ = 0, small asymmetries are seen both for q = 4 and q = 8, if the designs665

are closely inspected; these are assumed to be the result of numerical artifacts
in the design sensitivities. However, the resulting designs are approximately
symmetric as expected. For both cases of q = 4 and q = 8, the optimizer
utilizes the full potential contact area to lower the average pressure.
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For µ = 0.1, the effect of friction manifests itself as an asymmetry in the670

obtained designs for both values of q. However, the full potential contact area
is utilized by the optimizer only for q = 4, to lower the average contact force,
while this is not the case for q = 8. In the latter case, the optimizer reduces
the actual contact area to avoid large variations in contact pressure. By further
increasing µ to 0.2 the obtained designs become even more asymmetric and for675

both values of q, the material distributions and the actual contact areas are
heavily shifted towards the right-hand side of the domain.

6. Discussion and conclusions

This paper demonstrates how to combine methods for frictional contact me-
chanics with modern density based topology optimization methods to achieve680

practically realizable designs optimized for either structural stiffness or favorable
contact pressure distributions.

The first part of the paper was devoted to revisiting a compliance mini-
mization with contact problem from the literature, for which we were able to
demonstrate solid-void designs. The presented designs were obtained for dif-685

ferent volume constraints and load intensities, and three qualitatively different
types of designs were obtained for this problem. Furthermore, we have added
some complexity to this benchmark example by accounting for a more pro-
nounced obstacle curvature, as well as by including friction up to µ = 0.2. It
was also demonstrated how the optimizer could disconnect the structure from690

its prescribed boundary conditions and regain support at the obstacle. The
optimization was verified by cross checking the performance of the obtained
designs.

The second part of the paper concerned optimization of contact pressure
distribution over an a priori unknown contact area. To this end, a new objective695

function has been proposed, which aims at minimizing the average and the
variation of the contact pressure. The proposed objective function includes a
p-norm exponent q that controls the relative weighting of pressure variations
compared to the average pressure in the optimization. For q = 1 the objective
function is simply the average contact pressure, while for q > 1 variations of the700

pressure distribution are accounted for as well. Increasing q significantly evens
out the pressure distribution but at the cost of an increased average pressure.
To obtain meaningful results q should be larger than 1; q = 8 has proven to be
a good choice.

Complementing the pressure optimization problems with a compliance con-705

straint has proved crucial while the use of the robust formulation was neces-
sary for achieving crisp solid-void designs. Excluding the compliance constraint
makes the design problem ill conditioned as the minimization of the objective
can be achieved by material removal that disconnects the contact surface from
the external load. All in all, we have demonstrated different designs for different710

combinations of prescribed volume fractions, compliance constraints and values
of the exponent q. The included numerical examples have also demonstrated
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how the obtained designs are affected by including friction up to a friction co-
efficient of µ = 0.2. As expected, including friction under sliding conditions,
resulted in asymmetric designs, that are drastically different from designs ob-715

tained from a frictionless model.
Regarding the limitations of the presented work, only contact of an elas-

tic body against a rigid obstacle has been considered. Extending the proposed
methods to include contact between two deformable bodies is rather straightfor-
ward and such a setting has already been presented, as previously mentioned,720

in [27]. The proposed pressure objective has only been demonstrated in exam-
ples where contact is guaranteed but it is also applicable to cases where the
contact area becomes zero during the design optimization. Moreover, a layer
of prescribed solid along the potential contact area was included in all contact
pressure optimization examples. In principle, it is also possible though to avoid725

adding this prescribed solid layer, and consider all nodes, also internal ones, as
potential contact nodes and let the optimizer determine the interface region.
However, this is likely to result in designs with more grey material near the
interface region or in the vicinity of the applied load.

The presented work utilizes the robust design methodology from [14] to en-730

sure pure solid-void optimized designs with a prescribed minimum feature size.
Although this approach comes at no extra computational cost for the minimum
compliance problem, this is not the case for the proposed contact pressure ob-
jective function, where all three realizations are evaluated through finite element
analysis. Despite the three finite element problems are embarrassingly paral-735

lel in nature, one may argue that the extra cost should be avoided if possible.
This could possibly be achieved using the geometric constraint from [43] which
provides both length scale control as well as crisp designs without the need for
additional finite element analysis. Alternatively, one could use the penalty ap-
proach from [15], although this approach does not ensure a minimum feature740

size.
In conclusion, we would like to underline the potential practical aspects of

optimizing contact pressure distributions by altering the design of an elastic
structure in contrast to altering the initial gap between a structure and an
obstacle. A major limitation of the latter is the load sensitivity of the opti-745

mal initial gap shapes. Adding the possibility of affecting the contact pressure
by changing the stiffness distribution in the underlying structure creates new
opportunities.
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Appendix A. Partial derivatives of C(fci , g, v, n)

In order to calculate the Jacobian of the system of equations (9), the partial
derivatives of the C-function are required. These are available for the general
three-dimensional case in [30]. In the following, we include the simplified version755

of these derivatives, valid in the two-dimensional setting considered here.
It is convenient to start with stating the partial derivatives of the interme-

diate quantity τ = µ [f ci · n+ rg]−, expressed as

∂dPB(n,τ)(d) =

{
Tn if ‖Tnd‖ ≤ τ
0 otherwise

∂τPB(n,τ)(d) =


Tnd

‖Tnd‖
if 0 < τ < ‖Tnd‖

0 otherwise

∂nPB(n,τ)(d) =


0 if τ ≤ 0

−d · nTn − n⊗ (Tnd) if ‖Tnd‖ ≤ τ

− τ

‖Tnd‖
(n⊗ (Tnd)) otherwise

(29)

Finally, all partial derivatives of C(f ci , g,v,n), defined in Eq. (5), are obtained
as760

∂fc
i
C(f ci , g,v,n) =I− ∂qPB(n,τ) − ∂τPB(n,τ) ⊗ ∂fc

i
τ −H(−f ci · n− rg)n⊗ n

∂gC(f ci , g,v,n) =− ∂τPB(n,τ)∂gτ −H(−f ci · n− rg)rn

∂nC(f ci , g,v,n) =− ∂nPB(n,τ) − ∂τPB(n,τ) ⊗ ∂nτ
−H(−f ci · n− rg) (n⊗ f ci − (2f ci · n+ rg)n⊗ n+ (f ci · n+ rg) I)

∂vC(f ci , g,v,n) =r∂qPB(n,τ)

(30)
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Appendix B

For completeness , below follows the full adjoint analysis used to obtain the
sensitivities. First, we construct an augmented objective function Ψ(s(ρ̃)) by
adding a zero-term to the original objective function, such that

Ψ(s(ρ̃), ρ̃) = ψ(s(ρ̃)) + λTR(s(ρ̃), ρ̃) (31)

If we split the vector s into two parts; and consider u and fc separately, and765

ignore the function arguments for the sake of simplicity we can rewrite Eq. (31)
into

Ψ = ψ + λT

(
Ru

Rc

)
(32)

By differentiating Eq. (32) with respect to ρ̃ we obtain

dρ̃Ψ︸︷︷︸
[1×ne]

= dρ̃ψ︸︷︷︸
[1×ne]

+ λT

︸︷︷︸
[1×ndof ]

(
dρ̃Ru

dρ̃Rc

)
︸ ︷︷ ︸
[ndof×ne]

+


(
∂uψ
∂cψ

)
︸ ︷︷ ︸
[1×ndof ]

+ λT

︸︷︷︸
[1×ndof ]

[
∂uRu ∂fcRu

∂uRc ∂fcRc

]
︸ ︷︷ ︸

[ndof×ndof ]


(
∂ρ̃u

∂ρ̃fc

)
︸ ︷︷ ︸
[ndof×ne]

(33)

We refer to the matrix

[
∂uRu ∂fcRu

∂uRc ∂fcRc

]
as J, because this is the system Jacobian

which is also used in the Newton Raphson method to solve the state. To avoid770

evaluation of the gradients ∂ρ̃u and ∂ρ̃fc we require the term within the curly
braces to be zero. This requirement leads to the equation

JTλ = −
(
∂uψ
∂fcψ

)
(34)

Then Eq. (33) simplifies to

dρ̃Ψ = dρ̃ψ + λT

(
dρ̃Ru

dρ̃Rc

)
= dρ̃ψ + λT

(
∂ρ̃k

Ku

0

)
(35)

By considering Eq. (9), it is clear that of the two gradients dρ̃Ru and dρ̃Rc,

only dρ̃Ru has an explicit dependence on the design variables ρ̃ , such that775

dρ̃Ru = ∂ρ̃k
Ku and dρ̃Ru = 0.

Compliance optimization

In the case of compliance optimization of linear elastic structures with unilat-
eral contact the following expressions are used to obtain the design sensitivities

780

JTλ = −
(

2Ku
0

)
and ∂ρ̃k,i

φk = uT∂ρ̃k,i
Ku+ λT

(
∂ρ̃k,i

Ku

0

)
(36)
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Pressure optimization

For an objective function defined as

ψk(s) =
a(s)

b(s)
=

∑
i

aip
q
i∑

i

ai H (pi) +

[
1−H

(∑
i

aipi

)]
ε

(37)

The gradient ∂fcψk become

∂fcψk =
b∂sa− a∂sb

b2
(38)

where

∂sa = pq−1q

∂sb =

i∑
assembly

ai H′(pi)− εai H′

(∑
i

aipi

)
(39)

Such that the adjoint problem for the objective function is785

JTλ1 = −
(

0
∂fcψk

)
and ∂ρ̃k,i

ψk = λT
1

(
∂ρ̃k

Ku

0

)
(40)

and the adjoint problem for the compliance constraint is

JTλ2 = −
(
fext

0

)
and ∂ρ̃e,i

ϕe = λT
2

(
∂ρ̃e

Ku

0

)
(41)
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