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Abstract—To enhance the resilience of distribution systems 

(DSs), networked microgrids (MGs) can be employed to restore 
critical loads after a blackout. However, uncertainties of 
renewable energy sources (RESs) and loads bring challenges to 
load restoration. This paper proposes a distributed risk-limiting 
load restoration strategy for unbalanced DS with networked MGs. 
In the proposed strategy, the risk is represented by the conditional 
value-at-risk (CVaR), based on which a risk-limiting load 
restoration model is formulated considering renewable and load 
uncertainties. With the projection function-based alternating 
direction method of multipliers (P-ADMM) and sub-additivity of 
the CVaR, the proposed risk-limiting model is decoupled and 
solved in a distributed manner. This enables distributed risk 
limiting among MGs. Each MG can make load restoration 
decisions individually, while ensuring that the risk-limiting 
constraints of the overall system are satisfied. The modified IEEE 
123-node system with networked MGs was used to conduct case 
studies. Simulation results show that the proposed strategy can 
restore loads efficiently with a smaller risk index and can provide 
distributed and flexible risk management. Moreover, the proposed 
distributed strategy can reduce the computation burden and is 
more robust against controller failures compared with the 
centralized strategy. 
 

Index Terms—Alternating direction method of multipliers 
(ADMM), conditional value-at-risk (CVaR), distribution systems, 
distributed energy resources (DERs), load restoration, microgrids. 
 

I. INTRODUCTION 

HE reliable operation of distribution systems (DSs) is 
constantly threatened by extreme weather events with 

increasing intensity [1]. To cope with this issue, resilience of 
DSs has become very important to withstand and recover from 
disruptions [2]. One key aspect of enhancing resilience is to 
implement automatic load restoration. After power outages or 
blackouts, the resilient DS uses distribution automation (DA) 
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devices, algorithms and communication technologies to restore 
loads automatically and intelligently [3]. 

Conventional load restoration strategies of DSs are mainly 
based on power fed by the upstream transmission systems (TSs) 
and, if needed, post-fault system reconfiguration. Various 
techniques have been used for conventional load restoration, 
such as expert systems [4], heuristic algorithms [5], multi-agent 
systems [6], meta-heuristic algorithms [7], and mathematical 
programming based on centralized [8], [9] and distributed 
optimization algorithms [2]. However, conventional load 
restoration strategies may be ineffective in case of damages in 
upstream TSs due to major disasters and unavailability of power 
from the upstream TSs for load restoration. Recently, utilizing 
microgrids (MGs) to deal with this challenge has been studied. 
A MG is a small-scale DS consisting of loads and different 
types of distributed energy resources (DERs) at low voltage 
(LV) or medium voltage (MV) level [1]. MGs can be used for 
load restoration in two ways: 1) MGs are considered as 
emergency sources to restore loads [10]-[11]; 2) the MG utilizes 
its local DERs to restore its own loads [12]-[16], or networked 
MGs are formed to restore loads together [17], which is the 
focus of this paper. 

In [12], the formation of multiple MGs was proposed in the 
DS to restore loads. The restoration problem in [12] was 
formulated as a single time-step model without considering the 
restoration sequence. In [13], [14], sequential load restoration 
strategies were proposed to provide a series of control actions 
in MGs to coordinate DERs and switches to restore loads 
sequentially. In the above studies, uncertainties of load 
consumption and DERs generation, such as wind turbines 
(WTs) and photovoltaics (PVs), were not considered. However, 
uncertainties bring risks to the secure operation of the MG 
during restoration and thus they should be carefully addressed. 
A rolling-horizon optimization based stochastic load restoration 
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strategy was proposed in [15] to sectionalize the outage portion 
of the DS into multiple MGs. In [16], a chance-constrained load 
restoration strategy was proposed, which generates the 
restoration sequence for MGs after blackouts. In [17], a risk-
limiting load restoration strategy was proposed for MGs using 
the risk-limiting dispatch method. 

Most of the load restoration strategies of MGs are based on 
centralized optimization algorithms. A few challenges exist in 
these centralized load restoration strategies. Firstly, a central 
controller has to collect and process all the data required and 
send control commands, thus suffering from the risk of single-
point failure and from a heavy computation burden. Secondly, 
since MGs may belong to different owners, they may not be 
willing to share all the privacy information during restoration 
[18], e.g., schedule schemes of DERs. Therefore, it is important 
to study distributed load restoration in networked MGs. The 
alternating direction method of multipliers (ADMM) [19] is a 
widely used distributed optimization algorithm, and relies on 
local data collection and information exchanges between 
neighboring agents. They are more resilient against failures and 
can improve computation efficiency exploiting parallel 
computation. In addition, the distributed optimization algorithm 
enables each MG to make decisions independently with limited 
boundary information exchanged. 

The ADMM has been widely used for power system 
applications, such as the load restoration [2], optimal power 
flow (OPF) [20], [21], voltage control [22], and operation 
management of battery charging systems [23]. In [20], the 
convexified AC optimal power flow (OPF) problem was solved 
by the ADMM-based algorithm in a distributed manner at each 
node. In the algorithm, the closed-form solutions of sub-
problems can be derived, which significantly reduces 
computation time. The consensus-based ADMM was applied in 
[21] to solve the dynamic DC-OPF problem with demand 
response in a distributed manner. Based on the consensus-based 
ADMM, three distributed DC-OPF algorithms were proposed, 
including distributed DC-OPF with a central controller, fully 
decentralized DC-OPF, and distributed DC-OPF with the 
accelerated ADMM. They were compared with respect to 
convergence performance and communication requirements. In 
[22], a distributed voltage control scheme based on the ADMM 
was proposed for the large-scale wind farm cluster connected 
to the VSC-HDVC. Using the proposed distributed control 
scheme, the computation burden of the wind farm cluster and 
wind farm controllers and communication costs are reduced. 
The random-permuted ADMM was applied in [23] to solve the 
operation management problem of battery swapping-charging 
systems in a distributed way with less computation time. In [2], 
a distributed load restoration strategy based on the ADMM was 
proposed for distribution systems with coordinated operations 
of DERs. In this distributed strategy, the load restoration 
problem is formulated as a convex model with continuous 
variables and is solved in parallel at each node. 

However, a number of control actions used for load 
restoration, such as operation of voltage regulators (VRs) and 
discontinuous load pick-up, can only be modeled as discrete 
variables. Therefore, the standard ADMM needs to be modified 

for non-convex problems of load restoration. A projection 
function-based ADMM (P-ADMM) was proposed in [24], [25] 
for the fast calculation of mixed integer programming (MIP) 
problems. In [26], the P-ADMM was applied to solve the 
coordinated dispatch problem of the PV inverter, on-load tap 
changer (OLTC) and capacitor banks, which is modeled as a 
mixed integer second-order cone programming (MISOCP) 
problem. It is shown that the P-ADMM is an effective method 
to solve non-convex problems with good convergence ability 
and a small optimality gap. Therefore, the P-ADMM is used in 
this study to solve the non-convex load restoration problem. 

In addition, the conditional value-at-risk (CVaR) is used to 
model distributed risk-limiting. The CVaR is a widely used 
risk-limiting index to deal with uncertainties, such as in optimal 
bidding of generation units [27], reactive power planning [28], 
unit commitment [29], and load restoration [30], [31]. 
Compared with the chance-constraint method, the CVaR has 
the sub-additivity feature, which makes it easier to realize the 
distributed risk limiting. In the CVaR-based formulation, the 
risk-limiting constraint can be directly decomposed among sub-
systems. Therefore, each sub-system can make risk-limiting 
decisions individually to realize the distributed risk limiting. 

In [30], a CVaR-based load restoration strategy considering 
uncertainties of loads was proposed for TSs. The CVaR-based 
load restoration problem is formulated as a mixed-integer linear 
programming (MILP) model and solved by the particle swarm 
optimization (PSO) algorithm. In [31], a receding horizon load 
restoration strategy considering uncertainties of RESs and loads 
was proposed for coupled TSs and DSs based on the CVaR. The 
strategy is modeled as a two-stage optimization model with the 
relaxed multi-step optimization at the first stage and a single-
step tracing optimization at the second stage. With the receding 
horizon and CVaR, this strategy can consider future conditions 
and achieve on-line restoration with the risk limited. 

However, the CVaR-based load restoration strategies in [30], 
[31] are proposed for risk-limiting load restoration of TSs and 
DSs with power supply available from the TS. These strategies 
may be ineffective for load restoration of DSs in case of no 
power supply from the TS. Therefore, it is important to study 
the utilization of MGs for load restoration of DSs. In addition, 
in the above-mentioned CVaR-based studies [27]-[31], the 
CVaR-based risk-limiting constraints are incorporated into the 
optimization problem in a coupled way so the risk is limited in 
a centralized manner. To perform the distributed risk limit, this 
paper extends the CVaR-based risk-limiting constraints to a 
distributed form using the sub-additivity of the CVaR. 

This paper proposes a distributed risk-limiting load 
restoration strategy for the unbalanced DS with networked MGs 
based on the CVaR and P-ADMM. In this strategy, the CVaR 
is used as a risk-limiting index, based on which the optimal risk-
limiting load restoration problem is formulated as a mixed-
integer non-linear programming (MINLP) model, considering 
discrete variables and uncertainties of DERs and loads. Then, 
the MINLP model is transformed into a MILP model by 
applying linearization techniques. With the P-ADMM and sub-
additivity of the CVaR, the MILP model is solved in a 
distributed manner among MGs by iteratively solving small-
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scale quadratic programming (QP) sub-problems and applying 
projection functions to deal with discrete variables. 
Consequently, distributed risk limiting is realized among MGs, 
each of which can make load restoration decisions individually 
without violating risk-limiting constraints of the whole system.  

The contributions of this paper are summarized as follows. 
1) Develop a distributed risk-limiting load restoration 

strategy for unbalanced DSs with networked MGs, and 
formulate MINLP and MILP models for the CVaR-based 
optimal risk-limiting load restoration problem of the 
unbalanced DS with networked MGs; 

2) Decompose the risk-limiting load restoration scheme by 
introducing the distributed risk limit using the sub-
additivity of the CVaR; 

3) Develop a P-ADMM-based distributed solution method 
for the non-convex load restoration problem considering 
the discrete operation of VRs and load pick-up. 

The rest of the paper is organized as follows: Section II 
describes the MINLP model of the optimal risk-limiting load 
restoration problem. Section III presents the formulation and 
decomposition of the MILP model. Section III presents the P-
ADMM based distributed solution method for the MILP model. 
Case studies are provided in Section IV, followed by the 
conclusions. 

II. OPTIMAL RISK-LIMITING LOAD RESTORATION PROBLEM 

This section first introduces the load restoration scenario 
considered. The MINLP model of the optimal risk-limiting load 
restoration problem is formulated next.  

A. Load Restoration Scenario  

An unbalanced DS with three MGs shown in Fig. 1 is used 
to illustrate the load restoration scenario under consideration. 
The three MGs are connected by tie-lines and each MG consists 
of different types of DERs, i.e., micro-turbines (MTs), WTs, 
PVs and energy storage systems (ESSs). In the study, MTs and 
ESSs are dispatchable DERs and used to regulate frequency and 
voltage during the restoration process. The frequency and 
voltage regulation capabilities of the MT and ESS depend on 
their capacities. Moreover, the frequency regulation capability 
of the ESS is limited by its state of charge (SOC) level. The 
WTs and PVs are non-dispatchable DERs and their active 
power outputs are assumed to be the forecast values. Therefore, 
they do not participate in frequency regulation. Reactive power 
outputs of the WT and PV can be controlled to regulate voltage.  

Suppose that the substation (s/s) is damaged due to extreme 
events and thus power from the upstream transmission system 
is not available for load restoration. During the outage period, 
networked MGs control DERs and conventional devices, i.e., 
VRs and capacitor banks, to pick up loads in a sequential 
procedure. During restoration, the frequency variation after a 
load pick-up is critical and requires special attention [32]. The 
risk of the frequency security violation due to uncertainties is 
limited by the CVaR-based method in this paper. It is assumed 
that there are sufficient resources to regulate voltage, such as 
VRs, capacitor banks and DERs, and the risk of voltage 
violation is not considered. Since this paper focuses on risk 

management of the frequency security, the uncertainties of 
DER generation and loads that significantly affect the active 
power balance of the system are considered. It is assumed that 
system parameters, e.g., line impedance, do not have 
uncertainty. 
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Fig. 1.  The unbalance DS with networked MGs 

B. Optimal Risk-limiting Load Restoration Model 

Consider the DS as a directed graph = (, ), where  

denotes the set of nodes and  denotes the set of lines. Set  

consists of  L, M, W, P, E, and cap, representing 

sets of loads, MTs, WTs, PVs, ESSs and capacitor banks, 
respectively. Set  consists of N and VR, denoting sets of 

lines without VRs and lines with VRs, respectively. Set  is the 

set of restoration time steps. Set ψ represents the three phases 
{a, b, c}. 

,i tx
  and 

,ij tx
 denote three-phase variables at node i∈ 

and line ij∈, respectively, at time step t∈.  x   denotes the 

ϕ-th element of x


. The inner and element-wise products of 

two vectors are denoted by ,x y
 

 and x y
   , respectively. 

The optimal risk-limiting load restoration problem is 
formulated as a MINLP model in (1)-(25) based on the steady 
state to decide the optimal restoration operation under uncertain 
conditions. To capture dynamics of MGs during restoration, a 
linearized frequency constraint is incorporated into the model 
to ensure the frequency stability of the obtained solution. The 
detailed dynamic analysis of frequency and voltage can be 
conducted using dynamic simulations before implementing the 
obtained restoration scheme. 
1) Objective function 

The objective function (1) consists of four terms. The first 
term maximizes the load pick-up amount considering priorities 

of loads, where 
L
,i tP


 represents the active load restored, P
ic
  is 

the priority coefficient, and ∆t is the duration of a time step. The 

second term minimizes active power losses, where 
sqr
,ij tI


 is the 

square of the current magnitude flowing from node i to node j, 

ijR


+j ijX


 is the impedance of line ij, and 
L
ijc


 is the cost 
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coefficient. The third term minimizes MT generation costs, 

where
M
,i tP


 is the MT active power generation and M
ic
  is the 

generation cost coefficient. The last term minimizes operation 

costs of VRs, where 
VR
,ij ts


 denotes the number of tap operations 

of the VR of line ij and 
VR
ijc


 is the cost coefficient. The 

operation costs are considered in the objective function in order 
to minimize the number of operations of VRs. It is worth noting 
that minimizing the operation costs will not deteriorate load 
pick-up performance since the coefficients associated with the 
load pick-up amount are much larger than the ones of the 
operation costs. 

L

M VR

P L L sqr
, ,

M M VR VR
, ,

max , ,

, ,

  

  

i i t ij ij t ij
t ij ti

i i t ij ij t
t ti ij

c P t c I R t

c P t c s

  

  

  

  

  

   

    

     (1) 

2) Load constraints 

The loads restored at node i in time step t (
L
,i tP


+j
L
,i tQ


) are 

modeled as, 
L L L,F L
, , , ; , i t i t i tP x P i t   
 

                 (2a)  

L L L,F L
, , , ; , i t i t i tQ x Q i t   
 

                (2b) 

where xL 
i,t is the binary variable representing load pick-up status, 

xL 
i,t = 1 if the load is restored; otherwise, xL 

i,t = 0; 
L,F
,i tP


+j
L,F
,i tQ


 

represents the expected amount of loads. The cold load pick-up 

phenomenon (CLPU) is modeled by (3) [2], where 
CLPU
,i tP


 

denotes additional active power absorbed due to the CLPU, 
which is included in the right-hand side of (2a). 

 CLPU L L L,F L
, , , 1 , ; , i t i i i t i t i tP x x P i t     
 

      (3) 

where βi is the cold load percentage and λi is the percentage of 
additional power absorbed. Note that adjustable loads can be 
modeled by defining xL 

i,t as the continuous variable. 
3) Voltage constraints 

The squared voltage magnitude (
sqr
,i tV


) should be within the 

maximum and minimum limits (V sqr, V sqr) as, 

 sqr sqr sqr
, ; , , i tV V V i t      


        (4) 

4) Line current capacity constraints 

The squared current magnitude (
sqr
,ij tI


) should be lower than 

the maximum limit (
sqr

ijI ) as, 

 sqr sqr
, ; , , ij t ijI I ij t      


              (5) 

5) MT operation constraints 

The MT power generation (
MT
,i tP


+j
MT
,i tQ


) is constrained by 

the maximum and minimum limits (
MT,max

iP


, 
MT,max
iQ


, 
MT,min

iP


, 

MT,min
iQ


) in (6). Constraint (7) is the ramping rate constraint, 

where 
MT,ru

iP


 and 
MT,rd

iP


 are the ramp-up and ramp-down 

limits, respectively. 
MT,min MT MT,max M

, ; , i i t iP P P i t    
  

              (6a) 

MT,min MT MT,max M
, ; , i i t iQ Q Q i t    

  
              (6b) 

1

MT,rd MT MT MT,ru M
, , 1 ; ,i i t i t i t t

P P P P i t 
     

   
    (7a) 

MT MT,ru M
, 1; ,i t iP P i t t   
 

                                (7b) 

6) WT and PV operation constraints 

The PV and WT active power generation (
PV
,i tP


,
WT
,i tP


) is 

equal to their generation forecasts (
PV,F
,i tP


, 
WT,F
,i tP


) in (8). The PV 

and WT reactive power generation (
PV
,i tQ


, 
WT
,i tQ


) is constrained 

by the maximum and minimum limits (
PV,max
iQ


, 
PV,min
iQ


, 
WT,max
,i tQ


, 
WT,min
,i tQ


) in (9). 

PV PV,F P
, , ; ,i t i tP P i t   
 

                                  (8a) 

WT WT,F W
, , ; ,i t i tP P i t   
 

                               (8b) 

PV,min PV PV,max P
, ; ,i i t iQ Q Q i t    

  
               (9a) 

WT,min WT WT,max W
, , , ; ,i t i t i tQ Q Q i t    
  

            (9b) 

7) Energy storage system operation constraints 
Energy storage systems (ESSs) are modeled based on the 

per-phase basis [33] in (10)-(15). Constraint (10) calculates net 

active power generation (
ES
,i tP


) of the ESS, which is the 

difference between its discharging power (
ES,D
,i tP


) and charging 

power (
ES,C
,i tP


). 

ES ES,D ES,C E
, , , ; , i t i t i tP P P i t    
  

                    (10) 

Constraint (11) ensures that the ESS can only operate in one 
of the three modes, i.e., charging, discharging or idle mode. 

   ES,C ES,D E
, , 1; , , i t i tx x i t       
 

     (11) 

where 
ES,C
,i tx


 and 
ES,D
,i tx


 are binary variables, 
ES,C
,i tx


=1 if the ESS 

operates in the charging mode, 
ES,D
,i tx


=1 if the ESS operates in 

the discharging mode, and both of them are zero if the ESS 
operates in the idle mode. 

Constraints (12) and (13) are active and reactive power 
generation constraints of the ESS. 

ES,C EC,min ES,C ES,C EC,max E
, , , ; , i t i i t i t ix P P x P i t    

      (12a) 

ES,D ED,min ES,D ES,D ED,max E
, , , ; , i t i i t i t ix P P x P i t    

      (12b) 

ES E,min ES ES E,max E
, , , ; ,i t i i t i t ix Q Q x Q i t    

                  (13) 
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where 
EC,max

iP


 and 
EC,min

iP


 are the maximum and minimum 

limits of active charging power, 
ED,max

iP


 and 
ED,min

iP


 are the 

maximum and minimum limits of active discharging power, 
ES
iQ


 is the reactive power output of the ESS, and 
E,max
iQ


 and 

E,min
iQ


 are the maximum and minimum limits of reactive 

power. 
Constraint (14) represents the energy balance relation of the 

ESS, where 
ES
,i tE


 is the state of charge (SOC) of the ESS, 

ES,ini
,i tE


 is the initial SOC, 
C
i  and 

D
i  are charging and 

discharging efficiency coefficients, respectively. 

1

ES ES C ES,C ES,D E
, , 1 , ,D

1
; , i t i t i i t i t t t

i

E E P t P t i t
 

       
   

(14a) 

ES ES,ini E
, , 1; ,i t i tE E i t t  
 

                                            (14b) 

Constraint (15) stipulates that the SOC should be within the 

maximum and minimum limits (
ES,max
,i tE


, 
ES,min
,i tE


). 

ES,min ES ES,max E
, , , ; , i t i t i tE E E i t    
  

            (15) 

respectively. 
8) Capacitor bank constraints 

The shunt capacitor bank is model in (16), where C
iQ


 is the 

capacitor capacity and cp
,i tx  is the binary variable representing 

the switch on/off status. The capacitor switches on if cp
,i tx  = 1, 

otherwise, the capacitor switches off. 
cap cp C cap
, , ; ,i t i t iQ x Q i t   
 

                 (16) 

9) Three-phase unbalanced power flow constraints 
DER sqr L
, , , , ,( ) ; ,i t ji t ij t ij ij t i t

ji ij

P P P I P i t
 

        R
    

 

      (17) 

DER cap sqr L
, , , , , ,( ) ;

,

i t i t ji t ij t ij ij t i t
ji ij

Q Q Q Q I Q

i t

 

    

  

  X
    

 

 
        (18) 

  2sqr sqr sqr N
, , , , ,2 ; ,i t j t ij ij t ij ij t ij ij tV V P Q I ij t      R X Z

              

(19) 

    22sqr sqr
, , , , ; , j t ij t ij t ij tV I P Q ij t    

   
                 (20) 

Constraints (17) and (18) represent active and reactive power 

balance at node i in time step t, respectively, where 
DER
,i tP


+j

DER
,i tQ


 represents the total power generation of DERs, ,ij tP


+j

,ij tQ


 represents power flow flowing from node i to node j, 

Zij=Rij+jXij is the three-phase line impedance matrix and 

Zij∈3×3. Constraint (19) represents the voltage drop of line ij 

in time step t, where 
3 3

ij
R   and 

3 3
ij

X   are equivalent 

three-phase resistance and reactance matrixes, respectively [2]. 

Constraint (20) defines the relation between the current 
magnitude and voltage magnitude. 
10) Voltage regulator constraints 

The VRs can be modeled by ideal three-phase transformers 
[2]. A line ij with a VR can be divided into a line ij* containing 
a tap-changer, which is modeled in (21), and a line j*j having 
the same impedance as the line ij. 

*

sqr 2 sqr VR
, , ,

; , i t ij t j t
V a V ij t   
                      (21a) 

min tap VR
, , , , ; ,ij t ij t ij t ij ta a a n ij t    
  

               (21b) 

   tap max
, 0,1,..., ,ij tn n    


                       (21c) 

where ,ij ta


 represents the voltage ratio, 
tap
,ij tn


 is an integer 

variable representing the tap position of the tap-changer, ,ij ta  

represents the change rate of the voltage ratio, and
min
,ij ta


 is the 

lower bound of the voltage ratio. The number of tap operations 

is modeled in (22), where 
tap,ini
ijn


 is the initial tap position. 

1

V R ta p ta p V R
, , , 1 ; , i j t i j t i j t t t

s n n ij t 
    

                     (22a) 

1

V R ta p ta p V R
, , 1 , ; , i j t i j t i j t t t

s n n ij t 
    

                     (22b) 

VR tap tap,ini VR
, , 1; ,ij t ij t ijs n n ij t t    
  

                        (22c) 

VR tap,ini tap VR
, , 1; ,ij t ij ij ts n n ij t t    
  

                        (22d) 

11) Load pick-up sequencing constraints 
Constraint (23) represents that the load cannot be tripped 

once it has been restored. 
L L L
, , 1; ,i t i tx x i t                       (23) 

12) Risk-limiting frequency response rate constraints 
The frequency response rate (FRR) is used to measure the 

frequency deviation after a sudden load pick-up, which can be 
modeled by a simplified inequality in (24) [16]. The FRR 
constraint denotes that the equivalent incremental load pick-up 
amount in each time step should be smaller than the maximum 
allowable amount that is proportional to the total capacity of all 
MTs and ESSs operating in discharging modes. 

      

 

L

M E

L PV WT
, , ,

MT,max ES,D ED,max
, , ;



 



i t i t i t
i

i i t i
i i

P P P

P x P t

 

 

  

 



  

    

 
    

 

 

  

  

 
 (24) 

where 
L L L L
, , , 1

PV PV,F PV,F P
, , , 1

WT WT,F WT,F W
, , , 1

; ,

; ,

; ,

 

 

 

i t i t i t

i t i t i t

i t i t i t

P P P i t

P P P i t

P P P i t







     
     

     

  

  

  
 

For simplicity, the compact form of (24) is,  

 L
b,R Rx y ;

L L
,[ ];i txx L,F WT,F PV,F

, , ,, ,i t i t i tP P P   y
  

 

where function R(xL, y) calculates the incremental load pick-up 
amount and Rb is the maximum allowable amount. In practice, 
since forecast errors are inevitable, the forecasts in y are 
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uncertain variables yu. Therefore, the risk of the FRR constraint 
violation caused by uncertainties should be limited. Based on 
the CVaR, the risk-limiting FRR constraint is formulated as, 

  L u
bCVaR ,R Rx y ;

u L,u WT,u PV,u
, , ,, ,i t i t i tP P P   y
  

 (25) 

where (.),u
,i tP
  represents uncertain active loads and active power 

generation of WTs and PVs. Constraint (25) represents that the 
CVaR value of the uncertain incremental load pick-up amount 
R(xL, yu) should be smaller than Rb. By definition, the value-at-
risk (VaR) value is the least value ξ such that R(ꞏ) does not 
exceed the value ξ with a specified probability level α, whereas 
the CVaR value is the conditional expected value of R(ꞏ) above 
the value ξ. The CVaR value of R(xL, yu) with the probability 
level α is calculated as, 

        
 L u

1L u L u u u

,

CVaR , 1 ,
R

R R p d


 



  
x y

x y x y y y  

where p(yu) denotes the probability distribution of yu. 
Due to non-linear constraints (20), (21a), and (25), and 

integer variables, the optimal risk-limiting load restoration 
model is an MINLP model. 

III. FORMULATION AND DECOMPOSITION OF THE MILP 

MODEL  

To make the optimal risk-limiting load restoration problem 
computationally tractable, the MINLP model is transformed 
into the MILP model by applying linearization techniques. 
Then, the decomposition of the MILP model among MGs is 
presented. 

A. Formulation of the MILP Model  

1) Linearization of (20) 

The product of variables sqr
,j tV


⊙
sqr
,ij tI


in (20) is approximated 

by fixing 
sqr
,j tV


 as the square of the nominal value (V nom)2. 

Since the voltage magnitude is constrained in a small range, the 
approximation error is low [8]. The square terms are 
approximated using the piecewise linearization technique [8] as 
shown in (26)-(27). 

       22

, , , ,, ;ij t ij t ij t ij tP h P Q h Q 
   

                 (26) 

where the function h(z) is defined as, 

 
1

;


h z z 





                                       (27a) 

1

; , 0z z z z z


   



   


                   (27b) 

;z z z                                                (27c) 

 0 , 2 1 ; 
 

z zz                 (27d) 

where z is the argument of function h,  is the set of 

linearization segments of z2, || is the cardinality of , z  and 

z  are auxiliary variables used to calculate the absolute value of 
z, z   is the auxiliary variable associated with the λ-th 

linearization segment whose slope is ϕλ, and z is the 

maximum value of z. The linearization approximation of (20) is 
obtained as, 

     2nom sqr
, , , ; , ij t ij t ij tV I h P h Q ij t    

 
   (28) 

2) Linearization of (21a) 
The binary expansion scheme [34] is used to linearize (21a). 

The integer variable 
tap
,ij tn


 is represented by a binary equation 

in (29), where  is the set of binary representation and ,
h

ij t


 is 

the binary variable. 

tap 1
, ,

1

2


h h
ij t ij t

h

n 



 
                                 (29) 

By introducing three auxiliary variables
,i j tm

 , ,
h
ij te


 and ,
h
ij td


, the constraint (21a) is linearized as (30), where M is a large 
enough number. 

sqr min 1
, , , , ,

1

2 ;
H

h h
i t ij t ij t ij t ij t

h

V a m a d



   
 

                        (30a) 

* *

sqr min sqr 1
, , , , ,, ,

1

2
H

h h
ij t ij t ij t ij t ij tj t j t

h

m a V a V a e



    
   

;         (30b) 

, , , ,0 ,0 ;h h h h
ij t ij t ij t ij te M d M    

 
                        (30c) 

   *

sqr
, , , , ,,

0 1 ,0 1h h h h
ij t ij t ij t ij t ij tj t

V e M m d M        
   

(30d) 

3) Linearization of (25) 
According to [35], the CVaR value can be approximately 

calculated using (31) by discretizing uncertain variables yu into 

a collection of scenarios yu 
j , where  is the set of scenarios, j  

is the probability of scenario yu 
j , and [a]+ = max{a, 0}. 

      1u u

1

CVaR , 1 ,


j j
j

R R   




     x y x y (31) 

Then, the non-linear constraint (25) can be replaced by linear 
equations in (32) by introducing the auxiliary variable vj [26]. 

     1u
b

1

CVaR , 1 ;
J

j j
j

R v R  



   x y        (32a) 

 u, , 0; j j jv R v j   x y                 (32b) 

Finally, the MILP model is formulated by replacing non-
linear constraints (20), (21a) and (25) with linear constraints 
(28)-(30) and (32). 

B. Decomposition of the MILP model  

For the sake of presentation, define a set i:={ai, aij}, which 

consists of all variables with the subscript of i and ij and 
represents exclusively affiliated variables of node i. According 
to the structure of networked MGs, the MILP model is rewritten 
in a compact form and decomposed as below, 

 b c
MG MG MG

MG

min ,


m m m

m

f

 x x                  (33a) 

subject to: 

 sqr sqr sqr T, , , , 0; ij i j ij ij ijg V V I P Q ij  
   

                            (33b) 
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 sqr
/, , , , 0; , ,MG  i ji ji ij ij ij m n m ng P Q P Q I i j    

   
 

(33c) 

 b c sqr T
MG MG MG, , , , 0; ,MG 

m m m i ij ij mg V P Q ij   x x
 

 

(33d) 

MG b
MG

CVaR ;


m

m

R R


 
  

 
                                                (33e) 

The objective function in (33a) is the compact form of (1), 

where MGm ∈ represents m-th MG, MGm
f  is the objective 

function of MGm, 
b
MGm

x  and 
c
MGm

x represent binary and 

continuous variables of all nodes in MGm, respectively. 
Constraints (33b) and (33c) represent voltage drop constraints 

of tie lines ij∈T and power balance constraints of the boundary 

node i∈m in MGm. As shown in (33b) and (33c), variables of 

boundary node i∈m in MGm, i.e., 
sqr

iV


, ijP


, ijQ


, are coupled 

with variables of its adjacent boundary node j ∈n in MGn, i.e., 

sqr
jV


, jiP


, jiQ


. Constraint (33d) represents local constraints of 

MGm with exclusive variables. Inequality (33e) originates from 
the risk-limiting FRR constraint (25) which involves all MGs’ 

situations, where uncertain variable MGm
R  represents the 

incremental load pickup amount in MGm. 
To implement the distributed strategy, each MG should solve 

its own problem with exclusive variables. However, due to the 
coupled constraints (33b), (33c) and (33e), the MILP model 
(33) is not intrinsically separable with respect to MGs. 
Therefore, a P-ADMM based solution method is introduced in 
the next section to solve the MILP model in a distributed 
manner. 

IV. P-ADMM BASED SOLUTION METHOD 

This section presents a P-ADMM based solution method to 
solve the MILP model in a distributed manner among MGs. 

A. Decoupling of Coupled Constraints 

Before solving the MILP model, the coupled constraints are 
decoupled by introducing auxiliary variables. For simplicity, 
the symbol of the three-phase variable x⃗ is simplified as x. 
1) Decoupling of power flow constraints (33b) and (33c) 

To decouple (33b) and (33c), a set of auxiliary variables and 
a set of equality constraints are introduced as, 

T

sqr ,sqr sqr ,sqr T

, ;

ˆˆ ˆ, , , ;





ji ij ji ij

i j
ij ij ij ij i i j i

P P Q Q ji

P P Q Q V V V V ij

    


     




  (34) 

By substituting auxiliary variables in (33b)-(33d), these 
constraints are transformed into (35), which can be fully 
decoupled among MGs, each of which optimizes its variables. 

   ,sqr ,sqr sqr Tˆˆ ˆ, , , , 0; , i j
ij i i ij ij ijg V V I P Q i j                     (35a) 

 sqr
/

ˆˆ, , , , 0; , ,MG  i ij ij ij ij ij m n m ng P Q P Q I i j     (35b) 

 b c ,sqr T
MG MG MG, , , , 0; ,MG 

m m m

i
i ij ij mg V P Q ij   x x   (35c) 

2) Decoupling of the risk-limiting FRR constraint (33e) 
The sub-additivity of the CVaR is shown in (36a), which 

means that the CVaR value of the overall system is smaller than 
the sum of CVaR values of all sub-systems. Therefore, as long 
as the right side of (36a) is smaller than the CVaR bound Rb, as 
shown in (36b), the risk-limiting constraint (33e) is satisfied. 
Then, in order to have the distributed risk limit, the distributed 
constraint (36c) is introduced, where each sub-system limits its 
own CVaR value. It can be seen that, as long as the distributed 
constraint (36c) is satisfied, constraint (36b) is satisfied and 
thus the coupled constraint (33e) is satisfied. Therefore, the 
risk-limiting constraint (33e) is replaced by (36c). The solution 
obtained with the model using the distributed constraint (36c) 
respects the coupled risk-limiting constraint (33e). 

 MG MG
MG MG

CVaR CVaR ;
 

m m

m m

R R
 

 
  

 
              (36a) 

 MG MG b
MG MG

CVaR CVaR ;
 

m m

m m

R R R
 

 
   

 
     (36b) 

 

 
M E
MG MG

MG b,MG

MT,max ES,D ED,max
,MG ,

b,MG b
MG

CVaR ; MG

, ;

;

m m

m

m m

m

m

m

b i i t i
i i

R R

R P x P

R R

 


  


 


        






  



 
 



(36c) 

where b,MGm
R  is the maximum allowable incremental load 

pick-up amount of MGm. 
3) Binary variables processing 

In the MILP model, all binary variables 
b
MGm

x  are redefined 

as continuous variables, and an equality constraint (37) and 

binary variables 
b
MGm

x  are introduced as,  

b b
MG MG ,

m m
x x   b

MG 0,1 ,
m
x  b

MG 0,1 ; MG 
m m  x (37) 

B. Augmented Lagrangian 

By adding equality constraints (34) and (37) into the 
objective function (33a) through dual variables Λ defined in 
(38) and the penalty parameter ρ, the augmented Lagrangian of 
the MILP model is formulated, given by (39), subject to (35) 
and (36b). The augmented Lagrangian is optimized over primal 
variables (X, Y) defined in (40) and dual variables Λ. 

 MG, , , , , , ;
mij ij ij ij i ij     Λ ο                         (38) 
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 (39) 

subject to: (35) and (36b). 

 ,sqr ,sqr b c
MG MG

ˆˆ ˆ, , , , , , , ;
m m

i j
i i ij ij ij ijV V P Q P QX x x      (40a) 

 b
MG, , , ;

mi ij ijV P QY x                                       (40b) 

C. P-ADMM-based algorithm 

The augmented Lagrangian is solved by the P-ADMM-based 
algorithm in an iterative procedure, as shown in Table I. For the 
ease of presentation, the objective function (39) of the 
augmented Lagrangian is represented by a compact form L(X, 
Y, Λ). 

TABLE I 
PSEUD CODE OF THE P-ADMM BASED ALGORITHM 

P-ADMM based algorithm 
1: Inputs: Parameters of the system and DERs, and forecast error 
distributions 
2: Output: load pick-up sequence, operations of DERs, VRs and 
Capacitor banks, and power flow  
 

3: while 
2 2ex,*, *, ex,*, ex,*, 1

1 2,ork k k k    X Y X X   

4: do 
5:          solve sub-problem I to update primal variables X 
6:          solve sub-problem II to update primal variables Y 
7:          update dual variables Λ using (44) 
8: end 

 
1) Sub-problem I  

In the k-th iteration, primal variables Xk are optimized in sub-
problem I, given by (41), subject to (35) and (36b), with 
parameters Y*,k-1 and Λ*,k-1 obtained in the (k-1)-th iteration. 

Sub-problem I:  *, 1 *, 1, ,k k kL  X Y Λ                  (41) 

s.t. (35) and (36b) 
Sub-problem I is a QP problem whose objective function and 

constraints can be fully decoupled among MGs. Therefore, sub-
problem I can be solved in a distributed manner among MGs. 
2) Sub-problem II 

The primal variables Yk are optimized in sub-problem II, 
given by (42), with parameters X*,k-1 and Λ*,k-1. 

Sub-problem II:  *, 1 *, 1, ,k k kL  X Y Λ           (42) 

Sub-problem II is a non-constrained mixed integer quadratic 
programming (MIQP) problem. Instead of solving the MIQP 
problem (42) to optimize binary variables, the binary variables 
are optimized using the projection function in (43), where Px 
denotes the projection function, which rounds each entry to its 

nearest binary value. Therefore, the last term in (39) associated 
with binary variables is excluded in sub-problem II and primal 
variables Yk are optimized by solving a QP problem, which can 
be fully decoupled among MGs. 

 b, b,*, 1 *, 1
MG MG MG ;

m m m

k k k
x

  x P x ο                      (43) 

3) Update of dual variables 
After optimizing primal variables, dual variables are updated 

in (44a) using the primal variables Y and exchanged variables 
Xex defined in (44b), 

 *, 1 ex,*, 1 *, ;k k k k   Λ Λ X Y                   (44a) 

 ex ,sqr ,sqr b
MG

ˆˆ ˆ, , , , , , ;
m

i j
i i ij ij ij ijV V P Q P QX x   (44b) 

4) Stop criteria 
The optimization of primal variables and update of dual 

variable continue iteratively till primal and dual residuals are 
lower than specified thresholds, respectively. 

2 2ex,*, *, ex,*, ex,*, 1
1 2, ,k k k k    X Y X X     (45) 

 

V. CASE STUDIES 

The modified IEEE 123-node system with three MGs in Fig. 
1 is used to demonstrate the effectiveness of the proposed 
distributed risk-limiting load restoration strategy. The detailed 
parameters of the system can be found in [36]. The DERs 
considered are categorized in Table II with respect to their black 
start and dispatchable capabilities. The MT at node 55 operates 
with the VSI mode and provides the reference voltage for the 
system [32]. The restoration horizon has six steps and each step 
has a duration of 15 minutes. The lower and upper limits of the 
voltage magnitude are 0.95 p.u. and 1.05 p.u., respectively. The 
probability level α is 0.9. In the P-ADMM-based algorithm, 
convergence thresholds σ1 and σ2 are set as 10 4 || [2]. The 
coefficients in the objective function are monetized. The costs 
of the MT generation, line loss and operation of the VR at a 
time are set as 0.1 DKK/kWh, 0.1 DKK/kWh, and 0.01 DKK, 
respectively. To ensure that the minimization of operation costs 
will not compromise the maximization of the load pick-up 
amount, the priority coefficients of the critical and non-critical 
loads are set as 1.5 DKK/kWh and 1.0 DKK/kWh, respectively. 

When applying the CVaR method to the case with multiple 
random variables, i.e., forecast errors of the WT and PV active 
power outputs and loads, the correlations among random 
variables should be considered when generating scenarios. In 
the study, the forecast error scenarios considering correlations 
are obtained using the copula function-based scenario 
generation method in [37], [38]. 1000 scenarios are generated 
and reduced to 20 scenarios by using the simultaneous 
backward reduction method [39]. The proposed algorithm is 
implemented using GAMS and the solution is obtained with the 
CPLEX solver. 

TABLE II 
CATEGORY OF DISTRIBUTED ENERGY RESOURCES (DERS) 

DERs locations (node no.) 
black-start  
capability 

dispatchable MTs 8, 55,28, 40, 105, 76 55 
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ESSs 23, 79 - 

non-dispatchable 
WTs 152, 61, 48, 300, 87 - 
PVs 53, 30, 50, 108, 450 - 

A. Convergence Analysis  

Although the convergence of the P-ADMM-based algorithm 
cannot be guaranteed for the proposed MILP problem, the 
algorithm shows good performance to handle binary variables 
and converge to an acceptable solution for the MILP problems 
[24], [25] and MISOCP problems [26]. A convergence analysis 
is conducted by implementing the algorithm with different 
values of ρ between 15 and 500. Table III shows that the 
algorithm can reach convergence within 700 iterations for 
different values of ρ. Moreover, the algorithm can converge to 
the optimal solution of the Augmented Lagrangian in (35), 
(36b), and (39), with these values of ρ, which shows a good 
convergence ability of the algorithm. In addition, the 
convergence performance of the algorithm highly depends on 
the selection of ρ. For instance, an improper value ρ =500 would 
cause slow convergence. Within the certain range, the 
algorithm with ρ = 30 has the best convergence performance. 
The convergence process of the P-ADMM-based algorithm 
with ρ = 30 is shown in Fig. 2. It can be seen that the primal and 
dual residuals are lower than thresholds after 182 iterations, 
which further demonstrates the feasibility and convergence of 
the proposed algorithm. 

TABLE III 
NUMBERS OF ITERATIONS WITH DIFFERENT VALUES OF 𝜌 

ρ 15 20 30 40 50 100 150 
# 237 187 182 166 257 500 508 

ρ 200 250 300 350 400 450 500 
# 619 604 599 655 671 651 617 

#: the number of iterations 

 
Fig. 2.  Convergence process of the proposed algorithm (ρ = 30) 

B. Risk-Limiting Load Restoration Performance 

1) Restoration procedure 
Three methods are conducted to demonstrate the 

effectiveness of the proposed distributed risk-limiting strategy. 
The three methods are: 1) the optimal load restoration without 
considering risk limitation (OLR); 2) the centralized risk-
limiting load restoration (CRLR); 3) the proposed distributed 
risk-limiting load restoration (DRLR). The accumulated 
percentages of the load pick-up amount (load pick-up results), 
risk indexes Rindex and CVaR values with the three methods are 
listed in Table IV. The load pick-up results have been validated 
by conducting the power flow analysis based on the expected 
forecast values. 1000 scenarios randomly generated by the 
Monte Carlo simulation are used to check the risk index. The 
risk index at each restoration step denotes the percentage of 
those scenarios in which the FRR constraints are violated 

among the 1000 scenarios. 
TABLE IV 

LOAD RESTORATION RESULTS OF THREE METHODS 

index method 
time steps obj. 

value t1 t2 t3 t4 t5 
load 
pick-

up 

OLR 32.94% 56.0% 77.4% 100% 100% 306.40 
CRLR 29.0% 54.4% 73.9% 93.2% 100% 297.43 
DRLR 27.8% 50.2% 70.2% 88.8% 100% 288.16 

Rindex 
OLR 32.7% 49.4% 47.8% 47.6% 100% / 

CRLR 3.6% 6.2% 20.3% 6.4% 0 / 
DRLR 0.4% 0.7% 5.5% 0.8% 0 / 

CVaR 
OLR 66.1 68.2 65.1 69.2 -12.3 6.0 

CRLR 62.3 62.2 61.8 61.8 13.6 0.7 
DRLR 59.6 57.2 58.2 56.5 32.6 -1.9 

Rb 
CRLR 62.4 62.4 62.4 62.4 60.0 61.2 
DRLR 62.4 62.4 62.4 61.2 61.2 60.0 

 
As shown in Table IV, all loads can be restored during the 

restoration horizon in three methods. Although the CRLR and 
DRLR strategies pick up loads slowly and have lower objective 
values compared with the OLR strategy, the risk indexes are 
reduced substantially. For example, the CRLR and DRLR 
strategies pick up fewer loads in step t1 to reduce the risk of the 
FRR constraint violation. Moreover, the DRLR strategy picks 
up fewest loads and consequently has the smallest CVaR value 
and risk index. In addition, Table IV shows that the CVaR 
values of the DRLR strategy are lower than its bounds (Rb) in 
each step. This means that the risk-limiting constraints of the 
whole system are satisfied as long as the risk-limiting 
constraints of each MG are satisfied. The above results 
demonstrate that the proposed DRLR strategy can restore loads 
efficiently with a smaller risk index and has the distributed risk-
limiting ability. 

Furthermore, two scenarios are conducted to study the 
impacts of VRs and CLPU phenomenon on load restoration. 
Load pick-up results in two scenarios are listed in Table V. In 
scenario 1, the operation of VRs is not considered. Compared 
with the base scenario considering the operation of VRs and 
CLPU phenomenon, loads are picked up slowly in scenario 1 
and only 95.6% of loads are restored at the end of the restoration 
horizon, even if additional four restoration steps are included, 
i.e., a horizon with 10 restoration steps. This is because the 
loads at node 66 remain de-energized to avoid the voltage 
magnitude violation at node 64 at phase b. Thus, using VRs can 
facilitate load restoration. In scenario 2, the CLPU phenomenon 
is not considered. The results show that the restoration 
procedure picks up loads more rapidly and has a larger objective 
value. It means that the CLPU phenomenon defers the 
restoration procedure because additional power is absorbed due 
to the CLPU. 

TABLE V 
RESTORATION RESULTS IN TWO SCENARIOS 

 
time steps  obj. 

value t1 t2 t3 t4 t5 t6 
base 27.8% 50.2% 70.2% 88.8% 100% 100% 288.16 
sce1 27.8% 50.2% 70.2% 88.5% 95.6% 95.6% 283.29 
sce2 35.9% 55.7% 75.8% 91.1% 100% 100% 302.29 

2) Flexible risk management 
The proposed DRLR strategy keeps the flexible risk 

management ability of the CVaR method. Table VI shows load 
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pick-up results with different probability levels α. It is shown 
that a larger probability level leads to a more conservative 
restoration solution with a slower load pick-up sequence and a 
smaller risk index. Therefore, flexible risk management can be 
realized by adjusting the probability level. 

TABLE VI 
LOAD PICK-UP RESULTS WITH DIFFERENT PROBABILITY LEVELS 

α 
time steps obj. Rindex 

t1 t2 t3 t4 t5 value in total 
0.70 28.1% 51.7% 72.2% 91.7% 100% 291.87 16.6% 
0.80 28.1% 50.5% 71.8% 90.7% 100% 290.33 12.9% 
0.95 28.3% 49.0% 69.6% 87.9% 100% 287.00 5.8% 

C. Computation Efficiency of the Distributed Strategy 

The computation time of the DRLR strategy is 355.3 
seconds, which is lower than 455.2 seconds of the CRLR 
strategy. As far as the communication delay of the distributed 
method is concerned, this study assumes the synchronous 
setting of the P-ADMM algorithm, which means that all sub-
problems need to be solved before starting the next iteration 
[40] no matter how much time the communication delay is. 
Therefore, the communication delay would not affect the 
effectiveness of the proposed algorithm but increase the total 
execution time (computation time plus the total communication 
delay). Since the system of networked MGs is not big and 
suppose that there are direct fiber optical links between 
neighboring controllers, the communication delay is small and 
assumed to be 1 second.  

Regarding the model size, the CRLR strategy solves an 
MILP problem with 93195 continuous variables and 648 binary 
variables, whereas the DRLR strategy solves smaller-scale QP 
problems, each of which has in average 16335 continuous 
variables in each calculation. The binary variables are dealt 
with by the projection function and not included in the 
optimization model. Therefore, the DRLR strategy outperforms 
the CRLR strategy in term of computation efficiency. 

D. Faults on Lines, Controllers or Communication Links 

1) Scenario 3: Faults on lines 
Suppose that there is a fault on the line between nodes 35 and 

135 within MG2 during the restoration horizon. Therefore, the 
switch between nodes 18 and 135 is opened to isolate the fault 
and nodes 35-51, 135 and 151 should remain de-energized 
during restoration. The load pick-up result is shown in Table 
VII. It can be seen that the remaining 79.5% of loads can be 
fully restored after 5 restoration steps. 
2) Scenario 4: Faults on restoration controllers 

Compared with the centralized strategy, the distributed 
strategy does not have the risk of the single point of failure. If 
one controller fails, the remaining controllers will still work. It 
is assumed that the restoration controller of MG2 has a fault and 
thus does not participate in the restoration process. In such a 
case, the tie-switch between nodes 13 and 18 is opened and the 
loads in MG2 remain de-energized. The load pick-up result with 
the proposed distributed scheme is shown in Table VII. It can 
be seen that all loads in MG1 and MG3 (68.8% of loads) can be 
restored during the restoration horizon. In the centralized 
strategy, if the central controller fails, the restoration process 
cannot be started. 

3) Scenario 5: Faults on communication links 
Suppose that faults occur on communication links between 

restoration controllers. In such a case, all MGs are disconnected 
by opening tie-switches and each controller makes restoration 
decisions based on local information. The load pick-up result is 
shown in Table VII. Since MGs are disconnected, there are no 
power exchanges between MGs during the restoration process. 
Therefore, it has the slower restoration procedure when all MGs 
are disconnected. 

TABLE VII 
RESTORATION RESULTS WITH THREE FAULT CONDITIONS 

 
time steps obj. 

value t1 t2 t3 t4 t5 t6 
sce3 27.9% 44.3% 56.4% 68.8% 79.5% 79.5% 214.3 
sce4 19.1% 33.5% 45.2% 58.2% 68.8% 68.8% 178.2 
sce5 27.8% 50.7% 69.6% 88.2% 100% 100% 286.7 

E. Impact of Number of Reduced Scenarios on Solutions 

Table VIII shows the load pick-up results with different 
numbers of reduced scenarios, i.e., 4, 20 and 50 scenarios. It is 
shown that it has a more conservative solution with a lower risk 
index as the number of reduced scenarios increases. This is 
expected because the uncertainty can be captured more 
accurately with more scenarios considered in the model. 
However, the number of scenarios affects the computation 
complexity of the problem and thus affects convergence 
performance of the algorithm. Compared with the solution with 
4 scenarios, the risk index of the solution with 20 scenarios 
decreases by 0.079 and computation time increases by 1.68 
times. Although the risk index can be further decreased by 
0.046 when 50 scenarios are used, the computation time 
increases by 1.35 times. Therefore, 20 scenarios are chosen in 
the study because it has a good tradeoff between the 
computation complexity and modeling accuracy of the 
uncertainty. 

TABLE VIII 
LOAD PICK-UP RESULTS WITH DIFFERENT REDUCED SCENARIOS WITH THE 

ALGORITHM WITH 𝜌=30 

# 
time steps compu. Rindex 

t1 t2 t3 t4 t5 time in total 
4 27.4% 49.0% 68.8% 88.8% 100% 254.8s 15.3% 
20 27.8% 50.2% 70.2% 88.8% 100% 428.7s 7.4% 
50 27.1% 48.7% 68.2% 87.1% 100% 581.7s 2.8% 

#: the number of reduced scenarios 

F. Impact of Restoration Horizon on Computation 
Complexity 

The computation complexity of the problem is summarized 
in Table IX with different numbers of restoration steps, i.e., 6, 
8 and 10 steps. The numbers of variables and constraints of the 
problem and computation time are listed. It is shown that the 
problem considering a longer restoration horizon has more 
variables and constraints and needs more computation time. 
Since all loads can be restored after 5 restoration steps, as 
shown in Table IV, the restoration horizon with 6 restoration 
steps is chosen in this study. 

TABLE IX 
COMPUTATION COMPLEXITY OF THE PROBLEM WITH DIFFERENT 

RESTORATION HORIZONS 

number of 
restoration steps 

6 8 10 
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variables 
binary 648 864 1080 

continuous 93195 124602 155729 
constraints 10716 14669 18342 

computation time (s) 455.3 633.9 1333.1 

G. Analysis of Linearization of MINLP Model 

To deal with the linearization error of voltage after applying 
linearization techniques, the minimum limit of voltage is set as 
0.95 p.u. in order to reserve a small security margin (0.02 p.u.) 
compared with the assumed physical limit 0.93 p.u.. The 
linearization errors of voltage during the restoration horizon are 
shown in Fig. 3. Due to limited space, only linearization errors 
of phase c are shown. The maximum error of three phases is 
0.018 p.u. and is smaller than the preset security margin. 
Therefore, the voltage security of the solution with the MILP 
model is guaranteed. 

 

 
Fig. 3 Linearization errors of voltages of phase c 

The centralized load pick-up solutions of the MINLP model 
and the MILP model are shown in Table X. It can be seen that 
two solutions have similar restoration procedures and the 
relative difference of the objective value is 0.19%, which 
demonstrates that the proposed MILP model can obtain a high-
quality solution. Moreover, the distributed load pick-up 
solution obtained by the P-ADMM-based algorithm is a 
feasible load pick-up solution of the original MINLP model. 
The relative difference of the MINLP objective function value 
between the distributed load pick-up solution and the MINLP 
solution is 3.2%, which indicates that the distributed load pick-
up solution is a high-quality solution. 

TABLE X 
CENTRALIZED LOAD PICK-UP SOLUTIONS OF THE MINLP AND MILP 

PROBLEMS 

problems 
time steps 

obj. value 
t1 t2 t3 t4 t5 

MINLP 31.2% 52.4% 73.7% 93.5% 100% 298.00 
MILP 29.0% 54.4% 73.9% 93.2% 100% 297.43 

VI. CONCLUSIONS 

This paper proposes a distributed risk-limiting load 
restoration strategy for unbalanced DSs with networked MGs 
based on the CVaR and P-ADMM. By using the CVaR as the 
risk-limiting index, the optimal risk-limiting load restoration 
problem is formulated as an MINLP model that is transformed 
into an MILP model by applying linearization techniques. With 
the sub-additivity of the CVaR and P-ADMM, the MILP model 
is decoupled and solved in a distributed manner, realizing 
distributed risk-limiting strategy among MGs. The simulation 
results show that the proposed strategy can restore loads 
efficiently with a smaller risk index and can realize distributed 
and flexible risk management. Moreover, the proposed strategy 

can reduce the computation burden and is more robust against 
controller failures compared with the centralized strategy. 
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