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Abstract

In this paper we apply the topology optimiza-
tion method to the design of MEMS gyroscopes, with
the aim of supporting traditional trial and error de-
sign procedures. Using deterministic, gradient based
mathematical programming, the approach is here ap-
plied to the design of 2D in-plane single mass MEMS
gyroscopes.

We first focus on a benchmark academic case, for
which we present and compare three different formu-
lations of the optimization problem, considering typ-
ical industrial requirements. These include the max-
imization of the response of the sensor’s structure to
the external angular rate, target resonant frequencies
and minimum or constrained material usage. Also, a
minimum length scale is imposed to the geometric
features in order to ensure manufacturability, and an
explicit penalization of grey elements is proposed to
improve convergence to black and white layouts.

Once the suitability of the method has been as-
sessed, the formulation associated with the lowest
computational cost, i.e. the one considering static es-
timations of the resonant frequencies, is applied to
the design of a real-world MEMS gyroscope, target-
ing different resonant frequencies.
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1 Introduction

The market of inertial Micro Electro Mechanical Sys-

tems (MEMS) has grown at a spectacular rate in the

last two decades. This kind of devices includes sensors

such as accelerometers and gyroscopes, originally de-

veloped for military and space-related utilities but now

found in a multitude of everyday products. For exam-

ple, airbag-release sensors and electronic stability con-

trol are now standard in all new cars. Also, activity

monitoring of pacemaker patients and stabilization of

platforms such as transport robots, drones and cam-

eras are now improving our quality of life through the

use of inertial MEMS devices. But, probably, the most

interesting application is the motion sensing integrated

into consumer electronics (mobile phones, game con-

trollers, toys, etc.), personal navigation systems and

other human-machine interfaces. The introduction of

inertial MEMS into new application areas is a trend

that is still gaining momentum [Kempe, 2011]. Poten-

tial markets of growth are expected through the evolu-

tion of sensors for wearable electronics, mobile health-

care, and Internet of Things (IoT).

In particular, MEMS gyroscopes are inertial sen-

sors that are used to detect external angular velocities.

Even though an extensive variety of MEMS gyroscope

designs and operation principles exist, the majority

of the reported micromachined gyroscopes use vibrat-

ing mechanical elements to sense angular rate [Acar

and Shkel, 2009]. The gyroscope is usually a micro-

resonator with two resonant modes, the drive mode

and the sense mode. The resonator will vibrate at its

drive resonant mode with a constant frequency and am-

plitude when excited by electrostatic, electromagnetic,

piezoelectric or other forces. The angular rate in the

secondary mode direction can be detected because of

https://orcid.org/0000-0002-1214-2570
https://orcid.org/0000-0002-0476-4118
https://orcid.org/0000-0002-3042-0036
mailto:daniele.giannini@polimi.it
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the Coriolis force coupling the two modes [Xia et al.,

2014].

In recent years the increasing performance require-

ments have led to a higher and higher complexity in the

mechanical structure of MEMS gyroscopes [Xia et al.,

2014]. From the classical tuning fork structures able to

reject common mode inputs [Bernstein et al., 1993, Za-

man et al., 2006], many categories of gyroscopes have

appeared. Structurally decoupled gyroscopes [Acar and

Shkel, 2005, Kulygin et al., 2012] minimize the unde-

sired mechanical coupling between the drive mode and

the sense mode. Multi degree of freedom gyroscopes

[Acar and Shkel, 2001, Sahin et al., 2009] increase the

robustness against variations in the structural parame-

ters. Dual-axis and multi-axis gyroscopes [Trusov et al.,

2011, Sung et al., 2011] allow to lower the costs while

still increasing the efficiency of Inertial Measurement

Units (IMUs).

The mechanics of MEMS devices are typically de-

signed using a set of popular building blocks (rectan-

gular cantilevers, folded flexure beams, crab legs, etc.),

combined with scaling laws and/or engineering insight

gained from studying the relationships between geo-

metric features and the device behaviour. In general,

the design of MEMS devices relies on a trial and er-

ror approach (”Build and Break”) dependent on the

designer experience. This is both time-consuming and

expensive [Benkhelifa et al., 2010a, Farnsworth et al.,

2017].

As the complexity in the mechanical structure in-

creases, the design procedure of the devices becomes

more and more crucial. For example, [Xia et al., 2015]

shows the issues related to the design of a beating-

heart triaxial gyroscope. Such type of sensor, originally

introduced by the commercial company STMicroelec-

tronics [Vigna, 2011], exploits a complex triple tuning

fork structure with a single drive mode and three sense

modes, one for each detection axis. In this case the de-

signer has to tune the geometries and the features of

all the mechanical elements of the gyroscope in order

to match the desired target resonant frequencies. The

result is a long and laborious procedure.

Therefore, the development of a design procedure

that allows to improve the process of modeling, simula-

tion and optimization of inertial MEMS devices is fun-

damental to ensure progress in the industry [Benkhe-

lifa et al., 2010a]. Work on MEMS design automation

and optimization consists mainly of sizing existing lay-

outs. That is, the layout of the structure is decom-

posed into basic mechanical elements, such as masses,

beams, plates and compliant parts. As in [Xia et al.,

2015] or [Benkhelifa et al., 2010b], the shape and con-

nectivity between the elements is fixed, while their size

and location are used as design variables. These param-

eters are then optimized by means of numerical meth-

ods for parametric optimization: examples include both

gradient-based methods [Haronian, 1995] and stochas-

tic or evolutionary algorithms [Xia et al., 2015, Benkhe-

lifa et al., 2010b, Chen et al., 2012, Solouk et al., 2019].

Another interesting approach for structural opti-

mization is topology optimization. This method does

not require any initial definition and parametrization

of the layout by the designer, but directly looks for

the best way to distribute the material in the avail-

able design space. This approach therefore systemati-

cally generates the full topology of the design, includ-

ing the shape, size, and location of features. The tech-

nique was first introduced for the minimization of me-

chanical compliance of structural components [Bend-

soe and Sigmund, 2004] subjected to a constraint on

the available material. The method has since then ma-

tured such that it is no longer confined to single com-

ponents [Aage et al., 2017], and is now regularly being

used by private companies such as Airbus and Boeing

[Krog et al., 2004]. Beyond the traditional minimum

compliance problem, the approach has been employed

to solve a broad range of multiphysical problems [Bend-

soe and Sigmund, 2004], including some in the MEMS

domain, e.g. electro-thermal-mechanical actuators and

various piezo based devices [Sigmund, 2001, Sardan

et al., 2008, Philippine et al., 2013, Bruggi et al., 2016].

The focus of the present work is on dynamics and vi-

brations, for which the first papers on frequency op-

timization can be found in [Olhoff, 1989, Dı́aaz and

Kikuchi, 1992, Tenek and Hagiwara, 1993, Ma et al.,

1995] and the seminal work on dynamic compliance op-

timization can be found in [Jog, 2002, Tcherniak, 2002].

Specific issues related to dynamic problems are manag-

ing multiple eigenvalues as treated in [Seyranian et al.,

1994], and selecting appropriate interpolation schemes,

for which a thorough discussion is presented in [Stolpe

and Svanberg, 2001, Pedersen, 2000]. Finally, this work

will utilize target frequency constraints building on the

findings of [Ma et al., 1994].

The aim of this paper is to apply topology optimiza-

tion to the design of MEMS gyroscopes. In particular,

a 2D structure representing the layout of a single mass

monoaxial gyroscope is considered. The technique is

applied to optimize the elastic parts of the structure

in order to match the prescribed target eigenfrequen-

cies and to maximize the response of the sensor to the

external angular rate. In order to ensure the manufac-

turability of the optimized layout, a minimum thickness

constraint for the geometric features is imposed.

The paper is organized as follows: in Section 2 the

general objectives and requirements regarding the de-
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sign of MEMS gyroscopes are introduced. Section 3

presents the physical models used to study the dynam-

ics of the MEMS gyroscope and introduces the design

variables of the topology optimization process. Three

possible formulations of the optimization problem are

described in Section 4, while Section 5 presents the pro-

posed topology optimization algorithm. In Section 6,

the different formulations are applied and compared

for a benchmark academic design case, and in Section

7 the simplest of the optimization formulations, i.e. the

one exploiting a static estimation of the resonant fre-

quencies, is applied to a real MEMS gyroscope design

case, considering different target resonant frequencies.

Finally, Section 8 concludes the paper with a summary

of the obtained results and a view of the interesting

points to be investigated in the future research.

2 Problem statement

A simple, yet representative, model of a MEMS vibra-

tory gyroscope is illustrated in Fig. 1. The system con-

sists of a proof mass suspended by a compliant struc-

ture mounted on an external box that acts as a sup-

port frame. The suspending structure allows the mass

to displace in two orthogonal directions: the drive di-

rection along the x-axis and the sense direction along

the y-axis. A harmonic oscillation is imposed along the

drive direction, usually through forcing electrodes and

a control loop. When the gyroscope is subjected to an

external angular rate Ωz, a sinusoidal Coriolis force,

proportional in amplitude to Ωz, is induced at the fre-

quency of the drive oscillation along the sense direction.

The Coriolis force excites the sense mode, causing the

proof-mass to displace along the sense direction. Such

sinusoidal displacement, proportional to the generated

Coriolis force and thus to the external angular rate Ωz,

is picked up by the detection electrodes.

The purpose of the suspending structure design is

to provide two well-controlled modes of oscillations for

the drive and the sense directions, and to prevent other

movements of the mass, such as in-plane rotations. Fig.

2 schematizes the main requirements for the resonant

frequencies of the gyroscope. In particular, the drive

mode resonant frequency ωd is usually chosen to be

higher than the bandwidth of acoustic noise (> 10

kHz). In order to achieve the maximum possible gain in

the Coriolis response, it is generally desirable to operate

the gyroscope at, or near, the peak of the sense-mode.

This is typically achieved by matching the sense reso-

nant frequency ωs with the drive one ωd, that greatly

enhances the sense mode mechanical response to the

angular rate input. However, operating close to the

sense resonant peak makes the system very sensitive

 

  

Fig. 1: Simple model of a MEMS vibratory gyroscope.

Fig. 2: Main requirements for the resonant frequencies

of MEMS gyroscopes.

to variations in system parameters which can cause a

shift in the resonant frequencies or damping properties.

Thus, the sense resonant frequency ωs is set around

2−10% higher than the drive-mode frequency ωd [Acar

and Shkel, 2009]. In addition all other so-called ”spuri-

ous” resonant frequencies ωsp,i, associated for example

to in-plane rotations of the mass or to the internal dy-

namics of the suspending structure, have to be kept far

enough from the sense one. In the following, we will

identify angular frequencies with the letter ω [rad/s]

and the corresponding frequencies with f = ω/2π [Hz].

Fig. 3 illustrates the focus of the present work, in

which the objective is to design the suspending struc-

ture in a certain design space around a proof mass m,
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Fig. 3: Scheme of the presented design problem.

to maximize the sense response and to match the re-

quirements on the target resonant frequencies.

3 Physical model

3.1 Dynamics of the MEMS gyroscope

In this paper the MEMS gyroscope is modeled as a 2D

planar structure: for simplicity the focus is here on the

in-plane linear dynamics of the gyroscope, while the

out-of-plane motion is not treated. The main assump-

tions for the elastic constitutive laws are therefore small

strains and a linear and isotropic plane stress condition.

Considering time-harmonic motion and a discretiza-

tion of the domain by linear Q4 Lagrange finite ele-

ments [Cook, 1995], the eigenfrequencies of the struc-

ture ωi and the corresponding mode shapes Φi can be

computed by solving the following undamped eigen-

value problem:

(−ω2
iM +K)Φi = 0 (1)

In Eq. (1), M and K are the global mass and stiff-

ness matrices of the structure, obtained through the

assembly of the elements matrices Me and Ke, given

by:

K =
∑
e

Ke =
∑
e

∫
Ωe

EeBu
TCBudΩe

M =
∑
e

Me =
∑
e

∫
Ωe

ρeNu
TNudΩe

(2)

Here Ee and ρe are the Young modulus and the

mass density of the material inside the e-th element.

Nu is the shape functions matrix for the displacements

defined inside each element domain Ωe, Bu is the lin-

ear strain-displacement matrix computed through the

differential operator ∂ and
∑
e is intended as the stan-

dard finite element assembly operator. The matrix C

is used to express the plane stress material constitutive

relationship:

Bu = ∂Nu

∂ =


∂
∂x 0

0 ∂
∂y

∂
∂y

∂
∂x


C =

1

1− ν2

1 ν 0

ν 1 0

0 0 1−ν
2


(3)

where ν is the Poisson ratio of the material.

The response of the gyroscope to the external angu-

lar rate Ωz can be computed by imposing an harmonic

drive displacement in correspondence of the horizontal

degree of freedom of the center of gravity of the proof

mass uM,x (cf. Fig. 3), and solving for the steady-state

response of the structure. The nodal vector of harmonic

displacements uh can be obtained by solving the fol-

lowing system of equations:

(−ω2
hM + iωhGC(Ωz) +K)uh = fh (4)

In Eq. (4), ωh is the frequency of excitation and the

vector of harmonic loads fh contains the reaction forces

associated to the imposed drive displacement and to

the constrained degrees of freedom. In the following,

special focus will be given to the response of the proof

mass along the sense direction, namely to the vertical

degree of freedom uM,y (cf. Fig. 3).

Damping in MEMS gyroscopes is usually kept very

low (adimensional damping ratios are in the order of

10−3): it is therefore possible to neglect its effect on

resonant frequencies shifts, and also the dynamic re-

sponse when a proper mismatch between the drive and

sense resonant frequencies is imposed [Acar and Shkel,

2009]. The effect of the Coriolis forces due to the ex-

ternal angular rate Ωz is instead included in the skew-

symmetric matrix GC(Ωz), that is assembled from the

element matrices GC,e(Ωz):

GC(Ωz) =
∑
e

GC,e(Ωz) =

=
∑
e

∫
Ωe

2ρeNu
TΩ(Ωz)NudΩe

(5)

where
∑
e is again intended as the standard finite el-

ement assembly operator, andΩ(Ωz) is a skew-symmetric

matrix function of the external angular rate Ωz:

Ω(Ωz) =

[
0 −Ωz
Ωz 0

]
(6)
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We note also that the focus of the analysis is only on

the steady-state dynamics of the gyroscope, while the

transient homogeneous response has been neglected.

This follows typical practice in the study of these sen-

sors [Acar and Shkel, 2009]: a steady-state drive motion

is guaranteed by control systems, while the sense mo-

tion is assumed to be forced by an external angular

rate at sufficiently low frequency with respect to the

structure sense dynamics. Also, other harmonics than

the one at the drive frequency are usually filtered by

proper demodulation of the sense signal.

The FEM solver is implemented in MATLAB: the

eigenvalue problem in Eq. (1) is solved by ARPACK

(as ”eigs”), applying an Implicitly Restarted Lanczos

Method (IRLM), whereas the harmonic response in Eq.

(4) is obtained by UMFPACK (as ”\”), applying LU

decomposition.

3.2 Design variables of the topology optimization

problem

The topology optimization problem is formulated using

the density method, which is a pixel based description

of the structural layout. One design variable is assigned

to each finite element and denoted by γe. This set of

variables allows to describe the material distribution

in the design space, scaling the properties of each finite

element between solid and void.

In order to obtain a smooth optimization problem,

the design variables are allowed to vary from 0 to 1,

where 0 corresponds to void and 1 to solid. Intermedi-

ate values are permitted during the optimization pro-

cess, but are penalized in order to ensure all elements

are 0 or 1 in the final design. This is achieved by prop-

erly designing the interpolation functions of the mate-

rial properties, and combining them with an appropri-

ate regularization of the optimization problem through

filtering/projection techniques and length-scale control

(cf. Section 3.3) [Bourdin, 2001, Bruns and Tortorelli,

2001, Guest et al., 2004, Wang et al., 2011].

3.3 Regularization

The filtering and projection scheme from [Wang et al.,

2011] is adopted throughout the presented work and de-

scribed in the following Section. Starting from the de-

sign variables γe, the filtered variables γ̃e are obtained

by a weighted average of the neighbouring elements γe,

i.e. through a convolution type filter:

γ̃e =

∑
j∈Ns,e

w(xj)vjγe,j∑
j∈Ns,e

w(xj)vj
(7)

Fig. 4: Projection filter scheme (Eq. (9)), for threshold

η = 0.5 and different values of the sharpness parameter

β.

where vj is the volume of the j-th element and Ns,e
is the set of neighbouring elements, defined as the set of

elements lying within a circle with radius rmin centered

on element e. The linear weighting function w(xj) is

given as:

w(xj) = rmin − |xj − xe| (8)

A threshold projection filter ensures convergence to-

wards a solid/void solution. The projected design vari-

ables (or physical densities) γ̃e are [Wang et al., 2011]:

γ̃e =
tanh(βη) + tanh(β(γ̃e − η))

tanh(βη) + tanh(β(1− η))
(9)

where β is the sharpness parameter controlling the

slope of the smoothed Heaviside function and η is the

location of the threshold. The threshold is set to η =

0.5, while β is increased incrementally such that the

design gradually converges to a solid/void solution (cf.

Section 6.2). Fig. 4 plots the projection scheme for sev-

eral values of β.

The projected design variables are then used to in-

terpolate the material properties of the elements be-

tween solid and void.

3.4 Interpolation of material properties

In this work a Rational Approximation of Material

Properties (RAMP) model is used to interpolate the

stiffness properties [Stolpe and Svanberg, 2001], while

a linear interpolation is used for the mass properties.
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The Young modulus Ee and the mass density ρe for a

generic element e with physical density γ̃e will be:

Ee = Emin +
γ̃e

1 + q(1− γ̃e)
(E0 − Emin)

ρe = ρmin + γ̃e (ρ0 − ρmin)

(10)

where E0 and ρ0 are the Young modulus and mass

density of the considered material, while Emin = 10−8 ·
E0 and ρmin = 10−7 · ρ0 are small values assigned to

void elements, in order to avoid singular element ma-

trices Ke, Me and GC,e(Ωz) (Eq. (2) and (5)). In the

following, we will first consider normalized Young mod-

ulus and mass density for a benchmark design case (cf.

Section 6), and then we will use the actual material

properties of polysilicon (cf. Section 7).

The choice of a nonlinear interpolation for stiffness

is made to ensure convergence towards black and white

final designs. This is also a reasonable choice because

the intermediate densities can in fact be realized, or

at least interpreted, following the Hashin-Shtrikman

bounds [Bendsøe and Sigmund, 1999]. The linear inter-

polation of the mass densities is used because this is the

only choice that makes physical sense following the rule

of mixtures. We also note that combining the classical

SIMP with a linear density interpolation often leads to

numerical artifacts, which further motivates the use of

the RAMP type interpolation for the stiffness [Peder-

sen, 2000]. In particular, we use q = 4 in Eq. (10) for

the RAMP interpolation.

4 Formulation of the optimization problems

Since a systematic study of topology optimization for

MEMS gyroscopes has not been presented before, we

propose, investigate and compare three different possi-

ble formulations. Besides including both the response

to the external angular rate and the structure eigenfre-

quencies in the optimization problem, we in fact inves-

tigate the degree to which the problem can be simpli-

fied and still provide good and well-performing designs,

proposing two levels of simplification.

The first design problem is to optimize the structure

in order to maximize its sense response to the exter-

nal angular rate and to match the target values of the

resonant frequencies. This requires the solution of two

finite element problems, i.e. an eigenfrequency problem

as well as a subsequent forced response which depends

on the eigenfrequency solution. In the second problem,

the structure is optimized to minimize the material us-

age and we only require the design to match the target

resonant frequencies, i.e. only an eigenfrequency prob-

lem needs to be solved. The third and final problem

represents a simplification of the second design prob-

lem, employing a static estimation of the eigenfrequen-

cies in order to minimize the associated computational

cost.

4.1 (P1) Maximum sense response with target

eigenfrequencies

The first topology optimization problem (P1), based on

all the required physics, can be stated as seen in Eq.

(11). The motivation for the choice of objective and

constraints will be explained in details in the following

Section.

max
γe

Ψ1 =

(
ψ1

ψ
(it=0)
1

)2

subject to
(ωd − ωd,des)2

ω2
d,des

− ε2 ≤ 0

(ωs − ωs,des)2

ω2
s,des

− ε2 ≤ 0

1.4 · ωs
ωsp

− 1 ≤ 0

ωd,des = 0.95 · ωs,des

(−ω2
iM +K)Φi = 0 , i = 1...nω

(−ω2
hM + iωhGC(Ωz) +K)uh = fh

ωh = α · ωs = 0.95 · ωs

Vol =

∑
e γ̃eve∑
e ve

≤ v∗

Geometric constraints

Grey penalization constraints

(11)

In (P1) the objective function Ψ1 is set to maximize

the square of the sense response ψ1, normalized with

respect to its value ψ
(it=0)
1 at the initial iteration. The

sense response ψ1 is represented by the modulus of the

transfer function between the imposed drive displace-

ment ux,M and the sense displacement uy,M due the

external angular rate (cf. Fig. 3). Namely:

ψ1 =

∥∥∥∥uy,Mux,M

∥∥∥∥ =

∥∥∥∥∥ lyTuhlx
Tuh

∥∥∥∥∥ (12)

These components can be extracted from the so-

lution of the harmonic response analysis (Eq. (4)) uh
through the vectors ly and lx.
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Constraints are instead imposed to match the target

eigenfrequencies, to bound the fraction of used material

and to impose a minimum length scale to the layout ge-

ometric features. Two separate finite element analyses

are therefore required: the solution of the eigenvalue

problem (Eq. (1)) for a number nω of modes, and a

subsequent harmonic response solution (Eq. (4)), that

is computed for ωh = 0.95 · ωs. The eigenvalue prob-

lem is solved for nω = 25 modes: this has proven to be

a good choice since the drive and sense resonant fre-

quencies keep among the computed nω ones for all the

optimization steps in all the treated examples.

In Eq. (11), ωd, ωs and ωsp are the drive, sense

and first spurious resonant frequencies, while ωd,des and

ωs,des are the target drive and sense resonant frequen-

cies. The constraints are set to match the desired target

drive and sense resonant frequencies with a certain rel-

ative tolerance ε. Moreover, a 5% mismatch between

the drive and the sense frequencies is imposed, while

the first spurious mode is kept at least 40% higher than

the sense frequency. Note that in this way the required

ordering of the eigenfrequencies correspond to ω1 = ωd,

ω2 = ωs and ω3 = ωsp. The definition of the different

modes is based on the displacements of the center of

gravity of the proof mass in the corresponding mode

shapes: the drive mode is defined as the mode with a

pure horizontal displacement of the proof mass, and the

sense mode as the mode with a pure vertical displace-

ment. The first spurious mode will be the one with the

lowest frequency among the remaining modes.

A volume constraint is applied to set an upper bound

v∗ to the amount of used material Vol, while geometric

constraints allow to impose a minimum length-scale to

the layout features and hence ensure manufacturabil-

ity. In order to improve convergence to black and white

layouts, the last constraints are imposed to explicitly

penalize the use of grey elements. The formulation of

geometric and grey penalization constraints will be dis-

cussed in Sections 4.4 and 4.5 respectively.

4.2 (P2) Lightweight suspending structure with target

eigenfrequencies

In the formulation of the second optimization problem

(P2) we eliminate the harmonic response and instead

focus on matching the target resonant frequencies while

minimizing the total mass. This leads to the following

statement:

min
γe

Vol =

∑
e γ̃eve∑
e ve

subject to
(ωd − ωd,des)2

ω2
d,des

− ε2 ≤ 0

(ωs − ωs,des)2

ω2
s,des

− ε2 ≤ 0

1.4 · ωs
ωsp

− 1 ≤ 0

ωd,des = 0.95 · ωs,des
(−ω2

iM +K)Φi = 0, i = 1...nω

Geometric constraints

Grey penalization constraints

(13)

The objective function to be minimized is the amount

of used material Vol. Besides leading to a lightweight

suspending structure, this also helps the convergence

of the algorithm to a feasible layout, avoiding unde-

sired big portions of material attached to the suspend-

ing structure, that are associate to low-frequency local

spurious modes.

The same constraints as in (P1) are imposed to

match the target eigenfrequencies, to impose a mini-

mum length-scale and to penalize grey areas.

(P2) requires to solve only an eigenvalue problem

(Eq. (1)) per iteration, and the overall optimization

process is therefore computationally cheaper than solv-

ing (P1). However, since (P2) does not consider the

harmonic response of the structure to the external an-

gular rate, there is no way to guarantee that the sense

response is maximized in the process. Our hypothesis

is therefore that operating the MEMS gyroscope close

to the sense resonant frequency should be adequate to

ensure a high amplitude sense response.

4.3 (P3) Lightweight suspending structure with target

eigenfrequencies, using static estimations

The formulation of the third topology optimization prob-

lem (P3) is similar to the one of (P2), but the solution

of the eigenvalue problem in Eq. (1) is replaced by sim-

ple and computationally cheap static estimations.

The idea is to assume that low frequency modes

are associated to rigid movements of the proof mass,

with negligible internal dynamics of the suspending

structure. In this way the mode shapes can be esti-

mated as the static deformed shapes of the structure
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Fig. 5: Static estimation of the first spurious mode by

imposing a static rotation θM to the proof mass.

when proper displacements of the proof mass are im-

posed. In particular, the drive mode shape can be es-

timated by imposing a horizontal static displacement

ux,M , whereas the sense mode shape can be estimated

by imposing a static vertical displacement uy,M (cf.

Fig. 3).

While the definition of the drive and sense mode

shapes is straightforward, it can be difficult to predict

which mode will be the first spurious one. The chosen

guess is here to impose an in plane rotation θM to the

proof mass. This is done by prescribing corresponding

horizontal/vertical displacements to the nodes around

its center of gravity. At this purpose, a square region

with side equal to half the side of the proof mass (red

area in Fig. 5) is considered: this dimension has proven

to be a good trade off to avoid artificial localized effects

while preserving the overall compliance of the struc-

ture. We note that it is possible to include several spu-

rious modes to the static problem, but our choice has

proven to be effective for the considered design cases.

Once the static deformation is computed, the fre-

quency is estimated from the computation of the mass

and the stiffness associated to the estimated mode shape.

The formulation of (P3) therefore becomes:

min
γe

Vol =

∑
e γ̃eve∑
e ve

subject to
(ω̃d − ωd,des)2

ω2
d,des

− ε2 ≤ 0

(ω̃s − ωs,des)2

ω2
s,des

− ε2 ≤ 0

1.4 · ω̃s
ω̃sp

− 1 ≤ 0

ωd,des = 0.95 · ωs,des

ω̃i =

√
k̃m,i
m̃m,i

=

√√√√ Φ̃i
T
KΦ̃i

Φ̃i
T
MΦ̃i

KΦ̃i = fi, i = d, s, sp

Geometric constraints

Grey penalization constraints

(14)

In Eq. (14) ω̃i and Φ̃i are the estimations of the

eigenfrequencies and the eigenmodes, while k̃m,i and

m̃m,i are the estimations of the modal stiffness and

mass. The load vector fi contains the reaction forces

in the static estimation of the i-th mode shape.

4.4 Geometric constraints

Geometric constraints are added to the presented de-

sign problems to impose a minimum length-scale for

the optimized layouts, namely a minimum width for

the geometric features.

In general, a length-scale is desirable both for manu-

facturability and for numerical considerations [Poulsen,

2003]. The structure is usually fabricated by etching or

chemical deposition, and imposing a minimum length-

scale enhances the reliability of the fabrication process.

From the numerical point of view, a minimum length

scale means that the finest features of the design are

not determined by the underlying finite element dis-

cretization. This gives invariance of the optimized lay-

out under mesh refinement and the possibility to dis-

cretize the finest parts of the structure by a reasonable

number of elements.

The formulation of geometric constraints follows the

one proposed in [Zhou et al., 2015]. The idea is inspired

by the work on topology optimization with robust for-

mulations [Wang et al., 2011]. Different realizations of

the design are considered by changing the threshold

used to compute the projected design fields: if η gives

the nominal design (in this case η = 0.5), ηd < η gives

dilated designs and ηe = 1−ηd > η gives eroded designs
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[Wang et al., 2011, Zhou et al., 2015]. If all the designs

in the range η ∈ (ηd, ηe) share the same topology, the

optimized nominal design possesses a minimum length

scale. In particular, the imposed minimum length scale

depends on the value ηd for the dilated design: here

ηd = 0.25 and ηe = 1 − ηd = 0.75 are considered, so

that the minimum length scale corresponds to the filter

radius rmin selected to compute the filtered densities

[Wang et al., 2011].

In order to formulate the geometric constraints, two

structural indicator functions are defined to capture the

inflection regions of the solid and void phases [Zhou

et al., 2015]:

Is = γ̃ · exp(−c · ‖∇γ̃‖2)

Iv = (1− γ̃) · exp(−c · ‖∇γ̃‖2)

with: c = r4min

(15)

where the subscripts s and v stand for the solid and

void phases respectively, and the parameter c of the

exponential function is set to c = r4min as suggested in

[Zhou et al., 2015].

Based on the indicator functions, the geometric con-

straints are imposed as:

gs =
1

n

∑
i∈N

Isi · [min {(γ̃i − ηe), 0}]2 ≤ εgc

gv =
1

n

∑
i∈N

Ivi · [min {(ηd − γ̃i), 0}]2 ≤ εgc
(16)

where n is the total number of elements in the dis-
cretization set N, and εgc is a given tolerance. Satisfy-

ing these two constraints allows to impose a minimum

length scale.

4.5 Grey penalization constraints

Convergence to black and white layouts can be im-

proved considering that, if grey connections are present

in the structure, pushing grey variables towards void

causes disconnections, and the eigenfrequencies approach

zero. The use of grey connections can be therefore dis-

couraged by bounding this change of eigenfrequencies.

It is therefore useful to define a new field of variables

γ
(∗)
e , in which intermediate design variables are pushed

towards void. Considering the structure layout defined

by the field γ
(∗)
e , it is possible to compute the new drive

and sense resonant frequencies ω
(∗)
d and ω

(∗)
s . Their dif-

ference with respect to the original eigenfrequencies ωd
and ωs, related to the field γ̃e, will be then bound by

grey penalization constraints. They can be formulated

as:

1−
ω
(∗)
d

αgrey · ωd
≤ 0

1− ω
(∗)
s

αgrey · ωs
≤ 0

(17)

Grey penalization constraints depend on the choice

of the grey penalizing field γ
(∗)
e and on the lower bound

parameter 0 ≤ αgrey ≤ 1. Some examples of possible

definitions of these parameters in different design cases

are provided in Sections 6 and 7.

4.6 Sensitivity Analysis

The formulated optimization problems (P1), (P2) and

(P3) (Eq. (11), (13), (14)) can be solved for local op-

timality using a gradient-based optimizer such as the

Method of Moving Asymptotes (MMA) by Svanberg

[Svanberg, 1987]. The evaluation of the sensitivities of

the objective function and the constraints with respect

to the design variables is therefore required.

In general, the sensitivities of the functions that de-

pend only on the design field can be easily computed

by analytically differentiating their expressions. On the

other hand, the sensitivities of the functions that de-

pend on the state of the system have to be computed

exploiting the adjoint method when many design vari-

ables are considered. In the following the results of the

adjoint sensitivity analysis for this latter type of func-

tions are presented.

The gradient of a general function Ψ with respect

to the design field γe is computed using the chain rule,

considering the derivatives of the expressions in Eq. (7)

and (9) of the filtered field γ̃e and of the projected field

γ̃e:

∂Ψ

∂γe
=

∂Ψ

∂γ̃e

∂γ̃e
∂γ̃e

∂γ̃e
∂γe

(18)

Concerning the harmonic response analysis (Eq. (4))

considered in (P1) (Eq, (11)), the state and adjoint

fields have been split into a real and an imaginary part

to ensure well-defined derivatives. The sensitivities of

the objective function of the first formulation with re-

spect to the projected field are:

∂Ψ1

∂γ̃e
=

1

ψ
(it=0)
1

∂ψ1

∂γ̃e
(19)
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The sensitivities of ψ1 can be obtained as explained

in Appendix A, namely:

∂ψ1

∂γ̃e
= λ1

T

(
∂K

∂γ̃e
− ω2

h

∂M

∂γ̃e

)
uh,r+

− ωhλ1
T ∂GC(Ωz)

∂γ̃e
uh,i+

− λ2
T

(
∂K

∂γ̃e
− ω2

h

∂M

∂γ̃e

)
uh,i+

− ωhλ2
T ∂GC(Ωz)

∂γ̃e
uh,r+

+ λ3
T

(
∂K

∂γ̃e
− ω2

s

∂M

∂γ̃e

)
Φs+

+ λ4Φs
T ∂M

∂γ̃e
Φs

(20)

where Φs is the sense mode shape, uh,r and uh,i
indicate the real and imaginary parts of vector uh and

(λ1,λ2) are computed from the following adjoint prob-

lem:

λ1 = Re(λ∗), λ2 = Im(λ∗)(
−ω2

hM + iωhGC(Ωz)
T +K

)
λ∗ = −(a− ib)

(21)

with:

a =

(
∂ψ1

∂(uh,r)

)T
and b =

(
∂ψ1

∂(uh,i)

)T
(22)

The other two adjoint vectors (λ3, λ4) are given by

the solution of the following adjoint problem that de-

pends on the solution of Eq. (21):

[
K − ω2

sM 2MΦs
2ωsΦs

TM 0

] [
λ3

λ4

]
=

[
0

p

]
(23)

with the right hand side given as

p = − 2α2ωsuh,r
TMλ1+

− αuh,iTGC(Ωz)
Tλ1+

+ 2α2ωsuh,i
TMλ2+

− αuh,rTGC(Ωz)
Tλ2

(24)

Hence, we remark that Eq. (21) must be solved be-

fore Eq. (23).

The sensitivities of the constraints on the eigenfre-

quencies with respect to the projected field can be com-

puted as:

∂

∂γ̃e

(
(ωd − ωd,des)2

ω2
d,des

− ε2
)

=
2(ωd − ωd,des)

ω2
d,des

∂ωd

∂γ̃e

∂

∂γ̃e

(
(ωs − ωs,des)2

ω2
s,des

− ε2
)

=
2(ωs − ωs,des)

ω2
s,des

∂ωs

∂γ̃e

∂

∂γ̃e

(
1.4 · ωs
ωsp

− 1

)
=

1.4

ω2
sp

(
∂ωs

∂γ̃e
ωsp −

∂ωsp

∂γ̃e
ωs

)
(25)

Exploiting the expressions for the sensitivities of the

i-th eigenvalue ω2
i [Bendsoe and Sigmund, 2004], the

gradient of the i-th eigenfrequency with respect to the

projected field is:

∂ωi

∂γ̃e
=

1

2ωi
Φi

T

(
∂K

∂γ̃e
− ω2

i

∂M

∂γ̃e

)
Φi (26)

assuming that Φi is mass normalized. Note the no

adjoint is needed for Eq. (26).

The sensitivities of the static estimation of resonant

frequencies can be computed as:

∂ω̃i

∂γ̃e
=

1

2ω̃im̃2
m,i

(
∂k̃m,i

∂γ̃e
m̃m,i −

∂m̃m,i

∂γ̃e
k̃m,i

)
(27)

where the sensitivities of the statically estimated

modal stiffness and mass can be obtained as explained

in Appendix B and are:

∂k̃m,i

∂γ̃e
= Φ̃i

T ∂K

∂γ̃e
Φ̃i

∂m̃m,i

∂γ̃e
= Φ̃i

T ∂M

∂γ̃e
Φ̃i + µTKΦ̃i

(28)

with µ being the solution of the following adjoint

problem:

[
Kff Kfc

0 I

]
µ =

[
−2Mf Φ̃i

0

]
(29)

In Eq. (29) Kff is a selection of the rows and

columns of the matrix K corresponding to the free de-

grees of freedom, Kfc is a selection of the rows cor-

responding to the free degrees of freedom and of the

columns corresponding to constrained degrees of free-

dom and Mf is a selection of the rows of the matrix

M corresponding to the free degrees of freedom.
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For what concerns the sensitivities of the drive and

sense frequencies ω
(∗)
d and ω

(∗)
s , corresponding to the

field γ
(∗)
e , the expressions in Eq. (26) and (27) still ap-

ply, provided that the derivatives with respect to the

projected field ∂
∂γ̃e

are substituted with the derivatives

with respect to the grey penalizing field ∂

∂γ
(∗)
e

.

We note that the presented sensitivity computa-

tions have been verified by finite differences.

5 Details of the optimization algorithm

The scheme of the proposed optimization algorithm is

presented in Fig. 6.

First of all, the structure is initialized: the material

properties are defined, the design space is discretized by

finite elements, boundary conditions are assigned and

the design variables are initialized to an intermediate

value γe = 0.4. This value has been chosen based on

numerical experiments and have proven to be a good

choice. However, we remind that the design problems

treated are all non-convex and hence that the initial

distribution will have an impact on the final results.

At each optimization step, the filtering and projec-

tion schemes are applied and the needed finite element

analyses are performed. The obtained results are used

to compute the values of the objective function and the

constraints of the optimization problem, together with

the computation of the geometric constraints and grey

penalization constraints.

Next, the sensitivities of the objective function and

the constraints are computed, and the Method of Mov-

ing Asymptotes (MMA) [Svanberg, 1987] is used as the

mathematical programming method that provides an

updated design variables field. The finite element anal-

yses followed by the sensitivity analysis are performed

again on this new structure to obtain a new updated

design variables field by MMA. The process is repeated

until the maximum difference between consecutive de-

sign variables fields is lower than a certain tolerance

[Bendsoe and Sigmund, 2004], here set to 10−3.

6 Numerical experiments: solution of the

different optimization problems for a

benchmark design case

In this Section the different formulated optimization

problems (P1), (P2) and (P3) (Eq. (11), (13), (14)) are

solved for the benchmark design case in Fig. 7, and the

results are discussed and compared.

Fig. 6: Scheme of the proposed topology optimization

algorithm.

6.1 Setup of the design space

Referring to Fig. 7, the aim is here to design the sus-

pending structure on the two sides of a square proof

mass with size 128 × 128. On each side, an available

space with size 158 × 128 is set for the design of the

suspending structure. The whole area is discretized by

finite elements with dimensions 1 × 1 and symmetries

are imposed to the structure with respect to the ver-

tical and horizontal axes. This follows typical indus-

trial choices: non symmetrical topologies can in fact

easily couple the ideal horizontal/vertical drive/sense

motions of the structure, increasing the quadrature er-

ror of the sensor and degrading its performance [Acar

and Shkel, 2009]. Since we consider ideally decoupled

drive and sense modes, we remark that the maximiza-

tion of the sensor performance proposed in problem

(P1) only focuses on the response to the external an-

gular rate, and no minimization of the offset nor of the

quadrature error of the gyroscope has been considered.

The proof mass is described by a fixed ”passive”

solid domain: no design variables are assigned to the

corresponding area, that remains solid in the optimiza-

tion process. A void padding of dimension dext is in-

cluded along all the borders of the design domain as in

[Clausen and Andreassen, 2017], in order to avoid un-

desired boundary effects on the subsequent filters and

geometric constraints. As suggested in [Clausen and

Andreassen, 2017], dext is set to be equal to the filter

radius rmin.

The location of the connection between the proof

mass and the design domain for the suspending struc-

ture is assigned by small passive solid portion with di-

mensions 2dext × 2dext, that is attached to the proof

mass and crosses the void padding of the design do-

main.
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Fig. 7: Setup of the design space for the benchmark

design case.

By way of example, in this case we have considered

a unitary out-of-plane thickness of the structure, a uni-

tary Young modulus E0 = 1, a Poisson ratio ν = 0.3

and a density ρ0 = 1.76× 10−10.

6.2 Optimization parameters

The layout of the suspension structure is optimized in

the design space using a filter radius rmin = 4, that also

corresponds to the imposed length-scale as explained in

Section 4.4.

For the present design case, a soft penalization of

grey is employed. In particular, grey penalization con-

straints (Section 4.5) are imposed using a lower bound

parameter αgrey = 0.35 and an eroded field of variables

for γ
(∗)
e , that is computed projecting the filtered field

with a threshold parameter ηe = 0.75. Thus:

γ(∗)e =
tanh(βηe) + tanh(β(γ̃e − ηe))
tanh(βηe) + tanh(β(1− ηe))

(30)

A continuation scheme is applied to the sharpness

parameter β of the projection scheme and to the toler-

ances ε and εgc, to gradually enforce a black and white

layout that satisfies the constraints with the desired

tolerances. In particular, the desired tolerance ε for the

constraints on the target frequencies is set to 3 · 10−4,

while the tolerance εgc for the geometric constraints is

decreased during the optimization as a function of the

projection parameter β (Fig. 8).

Starting from β = 1, the projection parameter is

kept constant for 50 iterations and then increased by

a factor 1.2 when the constraints are satisfied with

a tolerance of 2 · 10−4. When β changes, constraints

are slightly relaxed increasing the tolerances ε and εgc
by a factor of 100 and decreasing them back to their

desired values through 13 iterations. The process is

then repeated increasing β each time by a factor of

1.2 up to β = 64. Also, for the presented design ex-

amples we have used the following MMA parameters:

Fig. 8: Continuation scheme on the constraint tolerance

εgc as a function of the projection parameter β.

a0 = 1, ai = 0, ci = 1000, di = 0, whose nomencla-

ture and explanation are provided in [Svanberg, 2002].

We note that the optimization parameters have been

chosen based on exhaustive numerical experiments.

As underlined in [Zhou et al., 2015], the applica-

tion of geometric constraints is effective after an initial

topology has formed. For this reason, they are intro-

duced later into the topology optimization process, for

β > 7, and the same applies for the grey penalization

constraints.

6.3 Optimized layouts

Fig. 9 shows the different optimized layouts. As re-

ported in Table 1, the suspension structure is optimized

for target drive and sense frequencies equal to 3.8 Hz

and 4 Hz respectively. Layout (1a), (1b), (1c) are opti-

mized solving problem (P1), considering a test external

angular Ωz = 103 · ωs,des in the dynamic analysis and

using different available volume fractions v∗. Instead,

layouts (1d) and (1e) correspond to the solution of (P2)

and (P3) respectively. It can be also seen how the dif-

ferent layouts are conceptually similar, with a rhom-

boidal part providing the required compliance and a

stiffer part close to the anchored area.

In Table 2 and Table 3 a quantitative comparison

between the performance of the different layouts is pre-

sented, with focus on the resonant frequencies of the

structure, the response to the external angular rate,

the final volume fraction and the computational cost

of the associated design problem. These results form

the basis for the discussion of the three proposed de-

sign formulations which will be treated next.
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Fig. 9: Different optimized layouts for the benchmark design case, corresponding to the optimization parameters

reported in Table 1.

Fig. 10: Mode shapes of Layout (1b) shown in Fig. 9. (a) First mode shape (drive - frequency 3.8008 Hz, Ux contour

plot). (b) Second mode shape (sense - frequency 3.9970 Hz, Uy contour plot). (c) Third mode shape (spurious -

frequency 7.7764 Hz, Uy contour plot).

Fig. 11: Mode shapes of Layout (1d) shown in Fig. 9. (a) First mode shape (drive - frequency 3.7991 Hz, Ux contour

plot). (b) Second mode shape (sense - frequency 3.9990 Hz, Uy contour plot). (c) Third mode shape (spurious -

frequency 7.5871 Hz, Uy contour plot).

Fig. 12: Mode shapes of Layout (1e) shown in Fig. 9. (a) First mode shape (drive - frequency 3.7994 Hz, Ux contour

plot). (b) Second mode shape (sense - frequency 3.9900 Hz, Uy contour plot). (c) Third mode shape (spurious -

frequency 8.0080 Hz, Uy contour plot).
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Layout Problem v∗ fd,des fs,des
(1a) (P1) 1 3.8 Hz 4 Hz

(1b) (P1) 0.5 3.8 Hz 4 Hz

(1c) (P1) 0.4217 3.8 Hz 4 Hz

(1d) (P2) - 3.8 Hz 4 Hz

(1e) (P3) - 3.8 Hz 4 Hz

Table 1: Benchmark design case: optimization param-

eters for the different layouts shown in Fig. 9.

6.4 Resonant frequencies

Table 2 lists the values of the resonant frequencies cor-

responding to the different layouts, while Fig. 10, 11

and 12 show the drive, sense and first spurious mode

shapes of the layouts (1b), (1d) and (1e). In all cases

the target values for the drive and sense frequencies are

matched, and the first spurious frequency is maintained

sufficiently higher than the sense one.

Table 2 also shows the validity of the static esti-

mation of the resonant frequencies used in the third

formulation. An almost perfect match with the results

of modal analysis is achieved for the drive and sense

frequencies, while a small error (2.66%) is associated

to the estimation of the first spurious frequency. This

is likely due to the fact that the internal dynamics of

the elastic parts start playing a role at the first spurious

frequency. Despite the small introduced error, the ac-

curacy of the static estimation of the resonant frequen-

cies is here enough to match the target drive and sense

frequencies in the optimization process, and to keep

the first spurious frequency sufficiently higher than the

sense one.

6.5 Response to the external angular rate

A comparison between the different optimized layout in

terms of the objective function Ψ1 of (P1) is shown in

Table 3, when an external angular Ωz = 103 · ωs,des
is considered. In addition, Fig. 13 and 14 show the

trend of ψ1 =
∥∥∥uy,M

ux,M

∥∥∥ with respect to the excitation fre-

quency, for the different optimized layouts. This quan-

tity represents the the modulus of the transfer function

between the imposed drive displacement ux,M and the

response uy,M along the sense axis.

As expected, the highest dynamic response to the

external angular rate is achieved when (P1) is solved

(layouts (1a), (1b) and (1c)), and the final dynamic

response increases with the available volume fraction.

Refer to Fig. 9 and consider for example layout (1b)

and (1d): it can be seen how the higher available volume

fraction of layout (1b) is exploited in the optimization

Fig. 13: Benchmark design case: trend of ψ1 =
∥∥∥uy,M

ux,M

∥∥∥
with respect to the excitation frequency, for the differ-

ent optimized layouts.

Fig. 14: Benchmark design case: detail of the trend of

ψ1 =
∥∥∥uy,M

ux,M

∥∥∥ shown in Fig. 13, around the excitation

frequency ωh = 0.95 · ωs.

process to concentrate material close to the proof mass.

Referring to Fig. 10, this additional portion of mass has

the same displacement of the proof mass in the drive

motion, but only a fraction of the displacement of the

proof mass in the sense motion. This allows to have

a bigger total mass participating to the drive motion,

maximizing the total generated Coriolis force, and to

have a smaller total mass in the sense motion, increas-

ing the response to the Coriolis force along the sense

direction.

The concentration of material close to the proof

mass is marginal, but still effective, for layout (1c),

where a maximum volume fraction equal to the one ob-

tained in layout (1d) is imposed. The effect is instead
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Layout Problem fd fs fsp f̃d f̃s f̃sp
(1a) (P1) 3.8007 Hz 3.9975 Hz 6.8114 Hz - - -

(1b) (P1) 3.8008 Hz 3.9970 Hz 7.7764 Hz - - -

(1c) (P1) 3.8010 Hz 3.9942 Hz 7.9971 Hz - - -

(1d) (P2) 3.7991 Hz 3.9990 Hz 7.5871 Hz - - -

(1e) (P3) 3.7994 Hz 3.9900 Hz 8.0080 Hz 3.8000 Hz 3.9989 Hz 8.2212 Hz

Table 2: Resonant frequencies of the different optimized layouts shown in Fig. 9.

Layout Problem Ψ1
Max. error on

freq. estimation
Vol

Computational cost

(normalized)
N iterations

(1a) (P1) 0.6500 0 % 0.5583 100% 1270

(1b) (P1) 0.6326 0 % 0.5000 100% 1441

(1c) (P1) 0.5921 0 % 0.4217 100% 1703

(1d) (P2) 0.5683 0 % 0.4217 56.2% 1232

(1e) (P3) 0.5874 2.66 % 0.4158 20% 1411

Table 3: Benchmark design case: comparison of the different optimized layouts (Fig. 9) in terms of final performance

and computational cost of the associated optimization problem.

maximized in layout (1a), where there is no constraint

on the maximum available volume fraction and a big

portion of mass is placed to increase the dynamic re-

sponse.

6.6 Computational cost

Table 3 shows also a comparison between the computa-

tional costs of the different formulations, that are nor-

malized with respect to the computational cost of (P1).

While the different layouts are obtained with com-

parable numbers of iterations, it can be seen how (P1)
is the most expensive design problem in terms of time

per iteration, since it requires both the modal and the

harmonic response analyses with the associated adjoint

solutions.

Instead, (P3) brings a good advantage by replacing

the modal analysis with a static estimation of the reso-

nant frequencies: the computational time is reduced by

almost a factor of 3 with respect to (P2).

7 Numerical experiments: application to a real

MEMS gyroscope design case

In Section 6 the different optimization problems have

been presented and compared for a benchmark design

case. In this Section, we choose (P3) and apply it to

a real MEMS gyroscope design case, considering typi-

cal dimensions and material properties of a real world

structure. Static estimations of resonant frequencies are

in fact associated with a low computational cost, and

Fig. 15: Setup of the design space for the real MEMS

gyroscope design case.

are shown to be accurate enough to allow the optimizer

to match the target resonant frequencies.

7.1 Setup of the design space and optimization

parameters

Fig. 15 shows the set up of the real world gyroscope

design problem. It includes a proof mass with dimen-

sions 600 µm× 600 µm, and we enforce the symmetry

of the suspension structure as shown with the blue col-

oring of the design domain. The proof mass and the

suspending structure are separated by a passive void

strip similar to the design case presented in Section 6,

and their connection is imposed through a small pas-

sive solid portion located close to the corner of the proof

mass. The anchor points are imposed as passive solid

areas. The out-of-plane thickness of the structure is

set to 25 µm, and the material properties of polysil-

icon have been considered, i.e. a Young modulus of
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E0 = 148000 MPa, a Poisson ratio of ν = 0.23 and

a mass density of ρ0 = 2330 kg/m
3
.

The design domain is discretized by a mesh of 320000

finite elements, each with dimensions 1.5 µm×1.5 µm.

A filter radius of rmin = 4 is imposed which leads to a

length-scale of 6 µm for the minimum allowable size of

the geometric features. In this way the imposed min-

imum length-scale follows typical dimensions of com-

pliant elements in MEMS gyroscope structures [Acar

and Shkel, 2009], and the finest geometric features are

discretized by at least 4 elements.

With respect to the benchmark case, in the real

world gyroscope design case the optimization algorithm

has shown to be more prone to exploit grey connections

to match the target resonant frequencies. Therefore, we

employ a harder grey penalization, defining the field

γ
(∗)
e with an additional projection applied on the field

γ̃e (Eq. (9)). Thus:

γ(∗)e =
tanh(β2η2) + tanh(β2(γ̃e − η2))

tanh(β2η2) + tanh(β2(1− η2))
(31)

The new threshold and sharpness parameter have

been set to η2 = 1 and β2 = 3β respectively. Fig. 16

plots the new projection scheme for several values of

β2. Again, the lower bound parameter is set to αgrey =

0.35.

The formulated grey penalization constraints are

active from the beginning of the optimization process,

while geometric constraints are considered only for β >

7. The same procedure explained in Section 6.2 is fol-

lowed for the continuation schemes on the sharpness

parameter β (and consequently to β2) and on the con-

straints tolerances ε and εgc.

In the following we summarize the differences in the

optimization parameters between the benchmark and

the real word design cases:

i in the real world design case we define the grey pe-

nalization field using an additional projection, op-

posed to the eroded design with simple projection

used in the benchmark case

ii in the real world design case we invoke grey penal-

ization constraints from the beginning of the op-

timization, compared to when β exceeds 7 in the

benchmark case

7.2 Optimization results

Fig. 17 shows the different optimized layouts for the

real MEMS gyroscope design case and the correspond-

ing data for each example design are shown in Table 4

and 5.

Fig. 16: Additional projection scheme defining the grey

penalizing field in the real MEMS gyroscope design case

(Eq. (31)), for threshold η2 = 1 and different sharpness

parameters β2.

The optimization problem is initially solved for ωs,des =

40 kHz, investigating the behaviour of the algorithm

when grey penalization is first not considered (Fig. 17

(2a)) and then introduced (Fig. 17 (2b)). Results show

that, when grey penalization is not applied, disconnec-

tions appear in the support structure and the design

has no physical significance (layout (2a)). Convergence

to a connected and feasible layout is instead achieved

when grey penalization is introduced (layout (2b)).

The behaviour of the algorithm is then tested when

the target sense resonant frequency is decreased, when

still applying grey penalization. Layouts (2c) and (2d)

in Fig. 17 show the results optimizing for ωs,des =

32 kHz and ωs,des = 24 kHz. In these cases the target

eigenfrequencies are matched by employing an increas-

ing amount of meandering in the layout, in order to

design a suspending structure that has a progressively

increasing compliance. The mode shapes of layout (2b),

(2c) and (2d) are shown in Fig. 18, 19 and 20 respec-

tively.

Finally, Fig. 17 (2e) shows that for a further de-

crease of the target sense resonant frequency to ωs,des =

20 kHz convergence is not achieved. Although the struc-

ture contains evidence and outlines of an intricate me-

andering layout, the algorithm is not able to satisfy all

the constraint and gets stuck at β = 2.99 (cf. Table 4).
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Fig. 17: Different optimized layouts for the real MEMS gyroscope design case, corresponding to the optimization

parameters reported in Table 4.

Layout Problem fd,des fs,des Grey penalization

(2a) (P3) 38000 Hz 40000 Hz No

(2b) (P3) 38000 Hz 40000 Hz Yes

(2c) (P3) 30400 Hz 32000 Hz Yes

(2d) (P3) 22800 Hz 24000 Hz Yes

(2e) (P3) 19000 Hz 20000 Hz Yes

Table 4: Real MEMS gyroscope design case: optimization parameters for the different layouts shown in Fig. 17.

Layout Vol fd fs fsp f̃d f̃s f̃sp Physical sound

(2a) 0.553 36814 Hz 38902 Hz 75421 Hz 36815 Hz 38905 Hz 75421 Hz No

(2b) 0.532 37989 Hz 39994 Hz 97107 Hz 37992 Hz 39996 Hz 97127 Hz Yes

(2c) 0.530 30393 Hz 31995 Hz 78818 Hz 30394 Hz 31996 Hz 78825 Hz Yes

(2d) 0.523 22794 Hz 23993 Hz 61146 Hz 22797 Hz 23999 Hz 61163 Hz Yes

(2e) 0.743 18576 Hz 18979 Hz 28822 Hz 18886 Hz 19089 Hz 30864 Hz No: stop at β=2.99

Table 5: Real MEMS gyroscope design case: final material usage, resonant frequencies and physical soundness for

the different optimized layouts shown in Fig. 17.
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Fig. 18: Mode shapes of Layout (2b) shown in Fig. 17. (a) First mode shape (drive - frequency 37989 Hz, Ux contour

plot). (b) Second mode shape (sense - frequency 39994 Hz, Uy contour plot). (c) Third mode shape (spurious -

frequency 97107 Hz, Uy contour plot).

Fig. 19: Mode shapes of Layout (2c) shown in Fig. 17. (a) First mode shape (drive - frequency 30393 Hz, Ux contour

plot). (b) Second mode shape (sense - frequency 31995 Hz, Uy contour plot). (c) Third mode shape (spurious -

frequency 78818 Hz, Uy contour plot).

Fig. 20: Mode shapes of Layout (2d) shown in Fig. 17. (a) First mode shape (drive - frequency 22794 Hz, Ux contour

plot). (b) Second mode shape (sense - frequency 23993 Hz, Uy contour plot). (c) Third mode shape (spurious -

frequency 61146 Hz, Uy contour plot).
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8 Conclusions

In this paper the topology optimization approach has

been applied to the design of MEMS gyroscopes, con-

sidering an in plane, single mass layout.

Three different problem formulations with varying

computational complexity have been presented and com-

pared for a benchmark design case. Results show how

the approach allows to satisfy the typical design re-

quirements of the MEMS gyroscope structure. The de-

sired ordering of the resonant frequencies is achieved:

the target drive and the sense resonant frequencies are

matched, while spurious modes are kept far enough

from the operation range. The sensor response to the

angular rate can be maximized if included in the for-

mulation, though a proper distribution of mass in the

layout. Manufacturability can be ensured by impos-

ing a minimum length-scale to the geometric features

through geometric constraints. In order to improve con-

vergence to black and white layouts, constraints can be

included in the formulations to employ an explicit pe-

nalization of grey elements, that have proved its effec-

tiveness in several presented numerical experiments.

A formulation that exploits static estimations of the

resonant frequencies has been also presented: it leads

to a substantial reduction of the computational cost

with respect to the full modal analysis, resulting only

in a small estimation error on the resonant frequencies

of interest.

This last formulation has been applied to a real

MEMS gyroscope design case, for which the behaviour

of the algorithm has been tested for decreasing target

resonant frequencies. It has been seen how an increas-

ing meandering is exploited by the algorithm in order to

progressively increase the compliance of the suspend-

ing structure. This applies down to a certain target

frequency, below which convergence has not been guar-

anteed.

Future research work will focus on the extension of

the proposed approach to real MEMS gyroscopes de-

sign cases, considering also the out-of-plane motion of

the structure, using e.g. shell finite elements, and more

complex layouts with several proof mass and sense axes.

In addition, different formulations will be investigated

to design gyroscope layouts with even lower resonant

frequencies.

9 Replication of the results

The manuscript provides all the information needed by

readers to replicate the presented results. The authors

have stored all data related to the presented examples

and ensured that all relevant parameters are stated

clearly throughout the manuscript. Furthermore, the

code can be made available upon request to the corre-

sponding author.
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Appendix A: adjoint sensitivity analysis of the

sense response

In order to compute the sensitivities of the sense re-

sponse ψ1 (Eq. (12)) with respect to the projected field,

we first consider the corresponding harmonic response

problem:

(−α2ω2
sM + iαωsGC(Ωz) +K)uh = fh (32)

and rewrite it introducing the dynamic stiffness ma-

trix S as well as expliciting the dependencies on the

projected field and on the sense resonant frequency:

S(γ̃e, ωs)uh = fh (33)

Considering that:

S = Sr + iSi

uh = uh,r + iuh,i

fh = fh,r + ifh,i

(34)

Eq. (33) can be split into its real and imaginary

parts as:

Sruh,r − Siuh,i = fh,r

Sruh,i + Siuh,r = fh,i
(35)

Referring to Eq. (12), the sense response ψ1 can be

expressed as a function of the projected field and of the

real and imaginary parts of the harmonic displacements

vector:

ψ1 = ψ1(γ̃e,uh,r,uh,i) (36)
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As usual for adjoint sensitivity analysis, we add to

this function extra (vanishing) terms, that are related

to the harmonic response, to the sense eigenvalue prob-

lem and to the normalization of the sense modal shape:

ψ̂1 =ψ1 + λ1
T (Sruh,r − Siuh,i − fh,r)+

− λ2
T (Sruh,i + Siuh,r − fh,i)+

+ λ3
T (K − ω2

sM)Φs + λ4(Φs
TMΦs − 1)

(37)

We now compute the sensitivities of the above func-

tion with respect to the projected field, that after re-

arranging the terms become:

∂ψ̂1

∂γ̃e
=λ1

T ∂Sr

∂γ̃e
uh,r − λ1

T ∂Si

∂γ̃e
uh,i+

− λ2
T ∂Sr

∂γ̃e
uh,i − λ2

T ∂Si

∂γ̃e
uh,r+

+ λ3
T

(
∂K

∂γ̃e
− ω2

s

∂M

∂γ̃e

)
Φs+

+ λ4Φs
T ∂M

∂γ̃e
Φs+

+

(
∂ψ1

∂uh,r
+ λ1

TSr − λ2
TSi

)
∂uh,r

∂γ̃e
+

+

(
∂ψ1

∂uh,i
− λ1

TSi − λ2
TSr

)
∂uh,i

∂γ̃e
+

+

(
λ1

T ∂Sr
∂ωs

uh,r − λ1
T ∂Si
∂ωs

uh,i+

− λ2
T ∂Sr
∂ωs

uh,i − λ2
T ∂Si
∂ωs

uh,r+

− 2ωsλ3
TMΦs

)
∂ωs

∂γ̃e
+

+
(
λ3

T (K − ω2
sM) + λ42Φs

TM
) ∂Φs
∂γ̃e

(38)

In order to eliminate the expressions involving
∂uh,r

∂γ̃e

and
∂uh,i

∂γ̃e

, we require the first two parenthesis to van-

ish:

λ1
TSr − λ2

TSi = − ∂ψ1

∂uh,r

λ1
TSi + λ2

TSr =
∂ψ1

∂uh,i

(39)

Multiplying the second equation in (39) by i and

adding it to the first one yields:

(λ1
T + iλ2

T )(Sr + iSi) = −
(
∂ψ1

∂uh,r
− i ∂ψ1

∂uh,i

)
(40)

that after introducing λ∗ = λ1 + iλ2 and S =

Sr + iSi, and after transposing, gives Eq. (21) that

allows to compute the adjoints λ1 and λ2.

In order to compute the adjoints λ3 and λ4, we in-

stead eliminate the expressions involving ∂ωs

∂γ̃e

and ∂Φs

∂γ̃e

,

i.e. we require the last two parenthesis in Eq. (38) to

vanish. After transposing, this yields Eq. (23) that al-

lows to compute λ3 and λ4.

The final expression of the sensitivities of ψ1 (Eq.

(20)) can be obtained from Eq. (38) by removing the

four eliminated terms.

Appendix B: adjoint sensitivity analysis of the

statically estimated modal stiffness and mass

The sensitivities of the statically estimated resonant

frequencies (Eq. (27)) are obtained from the sensitivi-

ties of the statically estimated modal stiffness and mass

(Eq. (28)).

In order to compute the sensitivities of the stat-

ically estimated modal stiffness k̃m,i with respect to

the projected field, we first consider the correspondent

static load case and partition it into the sets of free

and constrained degrees of freedom (pedices f and c

respectively):

[
Kff Kfc

Kcf Kcc

] [
Φ̃i,f
Φ̃i,c

]
=

[
fi,f
fi,c

]
=

[
0

fi,c

]
(41)

Following the partition, the expression for k̃m,i be-

comes:

k̃m,i =Φ̃i,f
T
Kff Φ̃i,f + 2Φ̃i,c

T
Kcf Φ̃i,f+

+ Φ̃i,c
T
KccΦ̃i,c

(42)

We then add to k̃m,i two vanishing terms related to

the two sets of equations in Eq. (41):

̂̃
km,i =Φ̃i,f

T
Kff Φ̃i,f + 2Φ̃i,c

T
Kcf Φ̃i,f+

+ Φ̃i,c
T
KccΦ̃i,c + ν1

T (Kff Φ̃i,f+

+KfcΦ̃i,c) + ν2
T (Kcf Φ̃i,f+

+KccΦ̃i,c − fi,c)

(43)
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The sensitivities of the above function with respect

to the projected field, after rearranging the terms, be-

come:

∂
̂̃
km,i

∂γ̃e
=Φ̃i,f

T ∂Kff

∂γ̃e
Φ̃i,f + 2Φ̃i,c

T ∂Kcf

∂γ̃e
Φ̃i,f+

+ Φ̃i,c
T ∂Kcc

∂γ̃e
Φ̃i,c + ν1

T ∂Kff

∂γ̃e
Φ̃i,f+

+ ν1
T ∂Kfc

∂γ̃e
Φ̃i,c + ν2

T ∂Kcf

∂γ̃e
Φ̃i,f+

+ ν2
T ∂Kcc

∂γ̃e
Φ̃i,c +

(
2Φ̃i,f

T
Kff+

+ 2Φ̃i,c
T
Kcf + ν1

TKff+

+ ν2
TKcf

)
∂Φ̃i,f

∂γ̃e
− ν2T

∂fi,c

∂γ̃e

(44)

Requiring the terms that multiply
∂Φ̃i,f

∂γ̃e

and
∂fi,c
∂γ̃e

to vanish we get:

[
Kff Kfc

0 I

] [
ν1
ν2

]
=

[
−2(Kff Φ̃i,f +KfcΦ̃i,c)

0

]
(45)

Being the right hand side null because of Eq. (41),

we conclude that ν1 = 0 and ν2 = 0, that substituted

in Eq. (44) gives the sensitivities of the statically esti-

mated modal stiffness in Eq. (28).

The sensitivities of the statically estimated modal

mass can be obtained by first expressing m̃m,i following
the partition in Eq. (41) and then adding the vanishing

terms related to the static load case as in Eq. (43).

Thus:

̂̃mm,i =Φ̃i,f
T
Mff Φ̃i,f + 2Φ̃i,c

T
Mcf Φ̃i,f+

+ Φ̃i,c
T
MccΦ̃i,c + µ1

T (Kff Φ̃i,f+

+KfcΦ̃i,c) + µ2
T (Kcf Φ̃i,f+

+KccΦ̃i,c − fi,c)

(46)

We now repeat the same procedure as before: we

compute the sensitivities of Eq. (46) and we require

the terms that multiply
∂Φ̃i,f

∂γ̃e

and
∂fi,c
∂γ̃e

to vanish. We

therefore obtain Eq. (29), that allows to compute the

adjoint vector µ = [µ1
T ,µ2

T ]T , and we get also the

final expression of the sensitivities of the statically es-

timated modal mass (Eq. (28)) by removing the elimi-

nated terms.
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