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Abstract 

During power system restoration, the planning of the generator start-up sequence (GSUS) can significantly affect the 
restoration efficiency. However, a GSUS optimization model based on mixed integer linear programming (MILP) cannot 
satisfy the need for flexible re-energizing times of transmission liens and the serial restoration of generators. To solve this 
issue, a new MILP-based GSUS optimization model is proposed in this paper that can generate a serial GSUS scheme 
with flexible re-energizing times of transmission lines. The requirements of flexible re-energizing times of transmission 
lines and the serial restoration of the generators are formulated as restoration time constraints for the transmission lines, 
start-up time constraints for the buses on the restoration paths, and a serial restoration constraint, which are transformed 
into mixed integer linear constraints by means of auxiliary binary (0-1) decision variables. Meanwhile, the restart time 
constraints of the generators and the transient frequency requirements are modeled as mixed integer linear constraints. 
Finally, the performance of the proposed method is verified on the IEEE 39-bus system. 
Key Words: power system restoration, mixed integer linear programming, generator start-up sequence. 

Nomenclature

A. Indices and Sets 
G  Set of generators. 
L
t  Set of restored transmission lines at time t. 
B
t  Set of restored buses at time t. 
BUS Set of buses. 
bus  Set of buses that are not connected to 

generators. 
G
r  Set of restored generators. 

G
k  Set of generators whose restoration paths 

include bus k. 
res
m  Set of buses that can be used to restart 

generator m. 
T  End time for system restoration. 

LT  Set of time intervals for line restoration 
operations. 

GT  Set of time intervals for generator start-up. 
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  Sufficiently small positive numbers to make 
the corresponding constraints take certain 

values. 

B. Parameters 

,
crank
g tP  Cranking power for restarting generator g 

at time t. 
TLV  Length of each time interval in TL. 
TV  Length of each time interval in TG. 

gC  Power required to restart generator g. 

gP  Rated power of generator g. 
R

gT  Ramping time of generator g. 
C

gT  Cranking time of generator g. 
min

gT  Minimum cold restart time of generator g. 
max

gT  Maximum hot restart time of generator g. 

gR  Ramping rate of generator g. 

T  Time of system restoration. 

Nf  Rated frequency. 

limf  Upper-limit frequency deviation. 

gdf  Dynamic frequency response coefficient of 

restored generator g. 

imT  Shortest restoration time from bus i to 

generator m, which can be generated by the 
Floyd algorithm. 

kjT  Shortest restoration time between bus k and 

generator m. 

ijT  Shortest restoration time between generator i 

and generator m. 
( , )B i m  Matrix related to the shortest 

restoration time between bus i and generator 
m. 

( , )D i m  Matrix related to the candidate 

restoration paths for non-black-start (NBS) 
generator m. 

xM  Sufficiently large positive numbers to make 

the corresponding constraints completely 
redundant when the binary variables take 
certain values. 

C. Variables 
sysE  Total energy generated during system 

restoration. 
crank
gE  Energy required for the start-up of generator 

g. 
gen
gE  Energy generated by generator g. 

,
gen

g tP  Power of generator g at time t. 
start
gt  Start-up time of generator g. 
start
mt  Start-up time of generator m. 
start
it  Start-up time of bus i. 
start
kt  Start-up time of bus k. 

,Lij tu  Binary variable related to the restoration 

status of line i-j at time t. 

, 1Lij tu   Binary variable related to the restoration 

status of line i-j at time t-1.  

,i tu  Binary variable related to the restoration 

status of bus i at time t. 

, 1i tu   Binary variable related to the restoration 

status of bus i at time t-1. 

, 1j tu   Binary variable related to the restoration 

status of bus j at time t-1. 
path
mt  Start-up time for the restoration path to 

restart generator m. 

imb  Binary variable for choosing the restoration 

path. 
(1)
ima , (2)

ima  Binary variables related to the 

restoration state of bus i when generator m 
starts. 

(2)
kma  Binary variable related to the restoration 

state of bus k when generator m starts. 

mkd , ke   Binary variable that determines the 

start-up time for bus k on the restoration 
path. 

(1)
ge , (2)

ge  Binary variables for implementing one of 

the two constraints. 
(1)
gme , (2)

gme  Binary variables for implementing 

one of the two constraints at the start-up time 
of generator m. 

( )i
gz  Four auxiliary binary variables related to the 

restoration status of generator g. 
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( )i
gmz  Four auxiliary binary variables related to the 

restoration status of generator g at the start-
up time of generator m. 

(2)
mmz  Binary variables related to whether generator 

m is in the cranking period. 

1. Introduction 

Although the operational efficiency and reliability of a power system are improved by extensive 
interconnectivity of the power network, the static and dynamic behaviors of an large-scale interconnected 
power system also become more complex and unpredictable due to growing integration of low-inertia 
sources, operation in the vicinity of the maximum limits, and capacities below market outlooks, et al, which 
increase the risk of blackouts. Large-area blackouts resulting from occasional failures caused by contingencies 
or extreme weather events can result in enormous economic and social costs [1]. In July 2012, the world’s 
worst blackout in history occurred in India, leaving more than 700 million people in 28 states without power 
[2]. A major blackout in South Australia in 2016 was caused by a shutdown of wind power [3]. In addition to 
those mentioned above, many other blackouts have also occurred around the world in recent years, such as the 
Brazilian blackout in 2018 [4] and the Argentinian blackout in 2019 [5]. After such a large-area blackout, an 
effective restoration scheme can significantly reduce the load outage time, ensure security during restoration, 
and improve the resilience of the power system [6]. Therefore, restoration planning is important for successful 
power restoration. 

Power system restoration is a complex process involving multiple objectives and constraints on multiple 
timescales. Generally, the restoration procedure is divided into three stages: preparation, system restoration 
and load restoration [7]. The main objective in the preparation stage is to sectionalize the blacked-out system 
into subsystems according to its topology and the locations of the black-start (BS) generators. The availability 
of power sources and transmission lines was assessed based on the information provided by the wide-area 
measurement system (WAMS) in [8][9]. The blackout system can be sectionalized using multiple methods, 
such as graph theory [10], ordered binary decision diagram (OBDD) method [11], or complex network theory 
[12], et al. After the preparation stage, system restoration is carried out in each subsystem simultaneously to 
restart the non-black-start (NBS) generators and sequentially restore the transmission lines [13]. A two-stage 
optimization model was proposed in [14] for optimizing the network configuration, firstly for the NBS 
generator start-up sequence (GSUS) and then for the restoration paths. A decentralized restoration scheme 
was presented in [15] to realize the coordinated restoration of transmission and distribution systems. Various 
new energy sources, such as electric vehicles and energy storage systems, were employed as power sources 
during system restoration in [16][17]. In the final load restoration stage, the objective is to maximize the load 
pickup for given bus voltage and frequency thresholds. In [18], a hierarchical response-based method was 
proposed to maximize the amount of load pickup. Wind energy was employed to increase the amount of load 
pickup in [19][20]. 

Restoration planning for the GSUS in the system restoration stage can directly affect restoration efficiency 
and system security; consequently, it has attracted considerable attention from researchers. Since system 
restoration planning for the GSUS is a complicated optimal decision-making problem with multiple objectives 
(minimizing the restoration time and maximizing the generation capacity) and various operational and 
technical constraints (self-excitation constraints for the generators, sustained and transient overvoltage 
constraints for the transmission lines, a transient frequency constraint, etc.), early studies focused on the use 
of expert systems to generate restoration schemes [21][22][23]. However, although expert systems can 
produce useful heuristic restoration rules, they are suitable only for specific systems and provide limited 
quantitative analysis capabilities. To generate better restoration schemes, the problem of system restoration 
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planning has been modeled as a nonlinear multi-constraint mathematical planning problem in many studies 
[24][25][26]. For example, the system restoration problem has been formulated as a permutation-based 
combinatorial optimization problem [24]. Nonlinear mathematical planning models are usually solved using 
meta-heuristic algorithms, such as differential evolutionary algorithms [24], the firefly algorithm [25], or 
genetic algorithms [26]. However, these heuristic methods often converge to locally optimal solutions, and 
they have a low solution efficiency and cannot guarantee solution convergence. 

The main challenge in efficiently solving a restoration planning model for a GSUS is the coupling between 
the GSUS and the transmission line re-energizing sequence. The start-up time for an NBS generator is 
constrained by the re-energizing time for the restoration path that connects that NBS generator to the power 
source. A restoration path must pass through each of the NBS generators. Consequently, in some studies, the 
restoration planning problem has been decoupled into two separate optimization problems to improve the 
solution efficiency. Reference [27] proposed a two-stage method of restoration scheme generation, in which 
the optimization of the GSUS in the first stage is coordinated with the optimization of the re-energizing of the 
transmission lines in the second stage. However, the optimization model for the GSUS is still nonlinear and 
thus is not easy to solve. In [28], the GSUS planning problem was formulated as a mixed integer linear 
programming (MILP) problem. In [ 29 ], a MILP-based integrated restoration model was proposed for 
sectionalization and GSUS optimization. Although the above MILP models can be solved effectively, 
optimizing the two problems separately decreases the efficiency of system restoration. Therefore, some 
researchers have established integrated models for generator start-up and transmission line re-energizing. The 
GSUS planning problem was formulated as a linear integer programming problem using a new generator 
model in [30] and was formulated as a MILP model considering the transmission line re-energizing sequence 
in [31]. In these studies, the re-energizing time for each transmission line was considered to be a constant time 
interval. However, since the re-energizing time may vary for different transmission lines, for practical system 
restoration problems, it is more reasonable to consider flexible re-energizing times. Although flexible re-
energizing times have not been considered in existing studies, this requirement has been presented in many 
papers [14,24,30]. Additionally, the restoration of the NBS generators has been assumed to occur in parallel, 
although the restoration of the generators and transmission lines in the system restoration stage is usually 
performed in a sequential manner. Consequently, the current methods cannot satisfy the need to consider 
flexible times for transmission line restoration and generate a serial restoration scheme. 

In most of the existing works [21]-[26], the GSUS planning problem has been formulated as a nonlinear 
multi-constraint planning problem, and metaheuristic algorithms have been employed to solve the 
corresponding nonlinear models; however, such algorithms have a low solution efficiency and cannot 
guarantee solution convergence. In [28]-[31], the GSUS planning problem was transformed into a MILP 
problem to improve the solution efficiency. However, the corresponding models also cannot satisfy the need 
to consider flexible times for transmission line restoration and generate a serial restoration scheme. 

Based on the above discussions, this paper proposes a novel MILP-based restoration planning model for a 
serial GSUS considering flexible re-energizing times for transmission lines. The contributions of the proposed 
model are summarized as follows: 

1) The GSUS is optimized considering the need for flexible re-energizing times for the transmission lines 
and the serial restoration of the generators. 

2) The flexible re-energizing time and serial restoration requirements are formulated as restoration time 
constraints for the transmission lines, start-up time constraints for the buses on the restoration paths, and a 
serial restoration constraint. 

3) The restoration time constraints for the transmission lines, the start-up time constraints for the buses on 
the restoration paths, and the serial restoration constraint are transformed into mixed integer linear constraints 
by means of auxiliary binary (0-1) decision variables. 



  5 

4) The transient frequency requirement is modeled as a series of mixed integer linear constraints. 
5) The maximum and minimum restart time constraints are simultaneously expressed in a single model.  
The remainder of this paper is organized as follows. The framework for system restoration planning is 

introduced in Section 2. Section 3 presents the GSUS optimization model, which considers flexible re-
energizing times for the transmission lines. The solution method for the proposed model is proposed in 
Section 4. Case study results are presented in Section 5, followed by the conclusions. 

2. Framework and Problem Description of System Restoration Planning 

System restoration planning is a complicated optimal decision-making problem with nonlinear operational 
and technical constraints; hence, it is difficult to solve efficiently. In the current research [29][31], this 
optimization problem is decomposed into three subproblems: GSUS optimization, transmission line re-
energizing sequence optimization, and generator dispatch and load pickup. These three subproblems are 
solved iteratively to generate a restoration plan that is technically feasible. The framework for system 
restoration planning is illustrated in Fig. 1. 

 

 
 
In the first subproblem, the GSUS is optimized, while the network topology constraints and the operational 

and technical constraints are ignored [28]. The second subproblem generates the re-energizing sequence for 
the transmission lines based on the GSUS. Then, in the third subproblem, generator dispatch and load 
restoration are carried out considering the operational and technical constraints. When a constraint is violated, 
a few options can be applied to repair the restoration plan, such as using reactive power compensation devices 
or delaying the start-up times of certain generators and buses to generate a new start-up sequence [28,29]. 

Because the separate optimization of the first two subproblems decreases the efficiency of system 
restoration, integrated models for these two subproblems were reported in [30][31], which can be formulated 
as follows: 

 max ( )
G

sys gen crank
g g

g

E E E


   (1) 

subject to 

 , ,( ) 0,
G

gen crank G
g t g t

g

P P t T


     (2) 

Fig. 1 Framework for system restoration planning 
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maxstart

g gt T  (3) 

 
minstart

g gt T  (4) 

 ,( (1 ) 1) ,
L

TL T start BUS
i t g

t T

V u V t i


      (5) 

 , , 1 , 1, ,L L
Lij t i t j t ij tu u u L t T       (6) 

 , , , ,B L
i t Lij t tu u i t T     (7) 

 , 1 , , 1 ,, , , ,B L L
i t i t Lij t Lij t t ij tu u u u i L t T        (8) 

In the above formulation, the objective function (1) maximizes the energy generated during system 
restoration. The first term in (1) represents the energy generated by generator g during system restoration. The 
second term in (1) represents the energy required for the start-up of generator g. This objective function 
ensures that the restored generators generate as much energy as possible to restore the loads that are in outage. 
Constraint (2) guarantees that the power produced by the restored generators satisfies the start-up power 
requirement of the NBS generators. Constraints (3) and (4) represent the start-up time requirements of the 
NBS generators. A thermal generator can be restarted within a maximum restart time of max

gT  after the 
generator has shut down. After this maximum restart time, the generator cannot be restarted until the 
minimum cold start-up time min

gT  has passed. Constraint (5) guarantees that generator g is restarted following 
its connected bus i. Constraints (6) and (7) guarantee that transmission line Lij is re-energized after its 
connected bus is restored. Constraint (8) states that a transmission line or bus will not be energized again once 
it is energized. Constraints (5)-(8) can only be applied in parallel for transmission lines with the same 
restoration time. 

Because the typical generator capacity curve is a nonlinear curve consisting of four piecewise linear 
functions, Eqns. (1) and (4) are nonlinear and were transformed into a MILP model in [29][30][31]. In 
addition, the topology and state constraints of the buses and lines were simultaneously expanded for the new 
model. However, the restoration time for the transmission lines and buses is determined by the time interval 
for transmission line re-energizing. When the re-energizing times for different transmission lines are different, 
this method will not work. Additionally, the topology and state constraints do not permit the generation of a 
serial restoration scheme. 

3. Proposed Mathematical Modeling 

In this section, the objective function and the constraints for the GSUS optimization model are transformed 
into a MILP model that considers flexible re-energizing times for the transmission lines and the serial 
restoration of the generators. 

3.1. Modeling principle 

Since GSUS optimization is a combinatorial optimization problem and restoration path optimization is a 
shortest-path optimization problem, it is challenging to directly integrate the re-energizing times of the 
transmission lines into the GSUS optimization model. However, during system restoration, the re-energizing 
of the transmission lines is equivalent to the re-energizing of the connected buses. Therefore, the re-
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energizing times of the transmission lines can be considered equivalent to re-energizing time constraints for 
the connected buses. Moreover, the connection relationships and the shortest paths between different buses 
can be treated as initial conditions for GSUS optimization, thereby simplifying the restoration path 
optimization problem. Consequently, the re-energizing times of the transmission lines can be considered in 
the GSUS optimization model in the form of re-energizing time constraints on the connected buses, as 
proposed in this paper. 

3.2. Generator capacity curve model 

The generator capacity curve is the basis of GSUS optimization. The capacity curve for an NBS generator 
[29] is shown in Fig. 2, where the start-up time of the generator is start

gt , which is the decision variable. 
Following start

gt  is the cranking time C
gT , during which the generator only consumes a constant cranking 

power Cg without producing any power. The time period R
gT  following the cranking period C

gT  is a ramping 
period during which the generator produces power and ramps up at rate Rg until it reaches its maximum power 
output Pg, which is determined by the installed capacity of the generator. For a BS generator, the start-up time 

start
gt  is 0. 

 

 
In the current research, the generator capacity curve is usually modeled as a piecewise linear function [18-

20], which can be expressed as follows: 

  

0 0

( )

start
g

start start C
g g g g

start C start C start C R
g g g g g g g g

start C R
g g g g

t t

C t t t T
P t

R t t T t T t t T T

P t T T t T

  

   

        
    

 (9) 

This piecewise linear function is a nonlinear model and thus needs to be transformed into a linear model. 
Four auxiliary binary variables are introduced to linearize the model [29], as follows: 

 (2) C (3) (4)( ) 0 ( ) ( )start
g g g g g g g gP t C z R t t T z P z        (10) 

 (1) (2) (3) (4) 1g g g gz z z z     (11) 

 (1)
10 (1 )start

g gt t z M     (12) 

 
Pg

-Cg

P
ow

er
 G

en
er

at
io

n

tg
start

Tg
C T

Time

Tg
R

Fig. 2 Generator capacity curve 
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 (2) (2)
2 3(1 ) (1 )start start C

g g g g gt z M t t T z M        (13) 

 (3) (3)
4 5(1 ) (1 )start C start C R

g g g g g g gt T z M t t T T z M          (14) 

 (4)
6(1 )start C R

g g g gt T T z M t T       (15) 

where (1)
gz , (2)

gz , (3)
gz , and (4)

gz  are four auxiliary binary (0-1) variables, each associated with one of the four 
segments of the generator capacity function. These four auxiliary variables determine the restoration period 
for the NBS generator. In this paper, the big-M method is used to set the values Mx (x=1,2,…) as positive 
numbers that are sufficiently large to make the corresponding constraints redundant when the binary variables 
take certain values. In the big-M method, the value of Mx must be larger than the values of other variables. 
However, if it is too large, the computational efficiency will be reduced. A suitable value of Mx can be 
determined using the method presented in [29]. Here, taking M1 and M2 as examples, since all generators can 
be restarted in 130 min in the case considered in this paper, the values of M1 and M2 can be set to 150. 

At most one auxiliary variable may be positive at time t to ensure that the time t is located in only one 
segment of the curve; for example, when t is located in the cranking period, [ , )start start C

g g gt t t T  , (2)
gz  = 1, 

and the other auxiliary variables are equal to zero. 

3.3. Objective function 

The objective function is a nonlinear function due to the nonlinearity of the generator capacity curve. The 
objective function can be transformed into Eqn. (16). For a description of the transformation method, the 
reader is referred to [28]. 

 
sysmax min

G

start
g g

g

E P t


   (16) 

The transformed objective function is a linear function related to the generator start-up times, start
gt . 

3.4. Start-up power requirement constraint 

Based on the linearized model of the generator capacity curve, the start-up power requirement constraint (2) 
can be transformed into Eqns. (17)-(22) as follows [29]: 

 
(2) (3) (4)( ( ) ) 0  

G

start start C G
g gm g m g g gm g gm

g

C z R t t T z P z m


         (17) 

 
(1) (2) (3) (4) 1 ,G G
gm gm gm gmz z z z g m        (18) 

 
(1)

10 (1 ) ,start start G G
m g gmt t z M g m         (19) 

 
(2) (2)

2 3(1 ) (1 )  ,start start start C G G
g gm m g g gmt z M t t T z M g m            (20) 

 
(3) (3)

4 5(1 ) (1 )

,

start C start start C R
g g gm m g g g gm

G G

t T z M t t T T z M

g m

         

  
 (21) 

 
(4)

6(1 )  ,start C R start G G
g g g gm mt T T z M t T g m           (22) 
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where ( )x
gmz  (x=1,2,3,4) is an auxiliary binary (0-1) variable that specifies the restoration status of generator g 

at the start-up of generator m and ε is a small positive number that helps avoid the evaluation of the start-up 
power requirement constraint at time start

mt  because the generator capacity curve is not continuous at time 
start
mt . Eqns. (17)-(22) are checked at every time point start

mt . 
In constraint (17), (3)start

m gmt z  and (3)start
g gmt z  are nonlinear terms, which can be linearized by introducing two 

auxiliary variables ωgm and vgm [29]. Let (3)= start
gm g gmw t z  and (3)= start

gm m gmv t z . The linearization is as follows. 

 
(3)

7gm gmw z M  (23) 

 
(3) (3)

8 9( 1) (1 )start start
g gm gm g gmt z M w t z M       (24) 

 
(3)

10gm gmv z M  (25) 

 
(3) (3)

11 12( 1) (1 )start start
m gm gm m gmt z M v t z M       (26) 

With the introduction of wgm and vgm, constraint (17) becomes 

 
(2) (3) (4)( ( ) ) 0 

G

C G
g gm g gm gm g gm g gm

g

C z R v w T z P z m


          (27) 

3.5. Restoration time constraints for transmission lines 

The start-up time for NBS generator m must be later than the start-up time for the restoration path of 
generator m plus the re-energizing time of the restoration path. Consequently, the start-up time for generator 
m can be expressed as follows. 

 ,start path G bus G
m m im imt t T b i m       (28) 

Eqn. (28) is used to formulate the start-up times of the generators considering the re-energizing times of the 
transmission lines. When bim = 1, the path between bus i  and generator m is chosen as the restoration path, 
and the restoration time of the shortest restoration path is added to the start-up time of generator m. Because 
generator m can be restored by only one path, bim should be constrained as follows: 

 1,
res
m

G
im

i

b m


    (29) 

The start-up time for the restoration path to restart generator m must be later than the start-up time of the 
initial bus i on the restoration path; this can be expressed as follows: 

 (1)
11, ,path start G bus G

m i imt t a M i m       (30) 

When (1) =0ima , bus i has been re-energized, and the constraint is valid. When (1) 1ima  , the constraint is invalid. 
Moreover, only a restored bus can be used as the initial bus of the restoration path; this can be expressed as 
follows: 

 (2) , ,G bus G
im imb a i m      (31) 

The relationship between (1)
ima  and (2)

ima  is 
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 (1) (2)+ =1, ,G bus G
im ima a i m     (32) 

Based on bus states (1)
ima  and (2)

ima , the relationship between the start-up times of generator m and the initial 
bus i can be expressed as 

 (1)
120 (1 ) ,start start G G bus

m i imt t a M m i          (33) 

 (2)
13(1 )  ,start start G G bus

i km mt a M t T m i          (34) 

When the initial bus i is not energized ( (1) 1ima  ), its re-energizing time will be later than the start-up time of 
generator m. When bus i is energized ( (1) 0ima  ), its re-energizing time will be earlier than the start-up time of 
generator m. 

3.6. Start-up time constraints for buses on a restoration path 

In addition to the start-up times of the initial and end buses on the restoration path, the start-up times of the 
other buses on the restoration path should also be constrained. The start-up times for buses on the restoration 
path must be earlier than the start-up time of NBS generator m, which can be expressed as follows. 

 14 , ,start start G bus
m k mk kt t d M m k      (35) 

 14 , ,start start G bus
k m mk kt t d M m k      (36) 

 15 16 ,start bus
k kM t e M k     (37) 

 15 16 ,start bus
k kt M e M k     (38) 

 
1

, ,
kf

G bus
mk k k k

m

d e f m k


      (39) 

When dmk = 0, the start-up time for bus k is equal to the start-up time for generator m, which means that bus 
k is on the restoration path; otherwise, it is equal to M15, which means that bus k has not been restarted. M15 
should be smaller than M16. Eqn. (39) ensures that bus k is located on only one restoration path if it is re-
energized. 

There may be several restoration paths including bus k that satisfy Eqns. (35)-(39). Consequently, the start-
up time for bus k should be further constrained to be within the restoration path of the generator, which can be 
expressed as follows. 

 
(2)

171 ,
G
k

start start G bus bus
k m im km

m

t t b M a i k


         (40) 

 
(2)

18 (1 ) ,
G
k

start start G bus bus
k m im km

m

t t M b a i k


         (41) 

where bim in Eqns. (40) and (41) is the same as bim in (28) and represents whether bus k is on the restoration 
path from initial bus i to generator m, while (2)

kma  is the same as (2)
ima  in (31) and indicates the state of bus k 

when generator m restarts. When (2)
kma = 0, bus k has not been re-energized. When bus k is located on the 

restoration path of generator m ( imb = 1) and has not been re-energized ( (2)
kma = 0), its start-up time is equal to 

the start-up time of generator m. The start-up times for the buses on the restoration path of generator m are all 
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the same as the start-up time for generator m; these are not the actual start-up times of the buses but rather are 
used to label the restoration path. The actual start-up times can be easily calculated from the restoration path 
matrix B(i,m) after the GSUS is optimized. 

3.7. Serial restoration constraint 

As described subsection 3.5, we can obtain the start-up time for generator m ( start
mt ) and the start-up time for 

the restoration path for restarting generator m ( path
mt ). When the start-up time for the restoration path for 

restarting generator m ( path
mt ) is not equal to the start-up time for another generator g ( start

gt ), serial restoration 
is achieved. The above condition can be formulated as follows. 

 
(1)

19 , ,start path G G
g m gmt t e M m g       (45) 

 
(2)

19 , ,start path G G
m g gmt t e M m g       (46) 

 
(1) (2) 1, ,G G
gm gme e m g      (47) 

3.8. Constraints related to start-up time requirements 

In the current research, the maximum and minimum restart time constraints (3) and (4) are not 
simultaneously expressed in a single model because these two constraints are mutually exclusive. In this 
paper, these two constraints are modeled as follows. 

 
max (1)

20 ,start G
g g gt T e M g      (42) 

 
min start (2)

20 , G
g g gT t e M g      (43) 

 
(1) (2) 1, G
g ge e g     (44) 

3.9. Transient frequency constraint 

During the start-up of an NBS generator, the cranking power for the generator results in transient frequency 
deviations in the restored system. Therefore, it is necessary to check the transient frequency constraint for the 
restart of the NBS generators. 

For the restored system, the transient frequency deviation can be formulated as follows [32]: 

 lim ,
/ ( )

G
r

Gm

g g N
g

C
f m

P df f


   
  (48) 

The maximum frequency deviation is set to 0.5 Hz in this study, and the value of dfg is discussed in [32]. 
Eqn. (48) cannot be directly used in this paper; instead, it is transformed into Eqn. (49) as follows. 

 
(3) (4)

(2)
lim

( )
,

G
r

g gm gm G
m mm

g g N

P z z
C z f m

df f


     (49) 
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4. Solution Methodology 

The proposed GSUS optimization model that considers flexible re-energizing times of transmission lines, 
as established in Section 3, is a MILP model that can be effectively solved using commercial solvers such as 
CPLEX. However, the number of constraints increases with the number of buses, which decreases the 
solution efficiency. Considering the characteristics of system restoration, some constraints can be neglected to 
improve the solution efficiency. Since the initial bus for restarting a new NBS generator must located at the 
edge of the restored network, buses that are not at the edge of the restored network cannot be chosen as this 
initial bus. Since the end bus for restarting a new NBS generator must be the bus connected to the generator, 
no bus that is not connected to an NBS generator can be chosen as such an end bus. Consequently, the 
constraints related to these buses can be neglected to reduce the number of constraints. Additionally, since 
only some of the constraints for system restoration are included in the proposed GSUS optimization model, 
the optimal result obtained from the proposed model may not satisfy other constraints for system restoration 
(such as the voltage security constraints and the power flow constraints); consequently, the solution should be 
corrected to ensure that it satisfies all of the constraints [32]. 

Accordingly, the solution procedure can be divided into four parts. The first step is data preparation, in 
which the system data and the restoration path and start-up time constraints are prepared. The second step 
involves searching for the critical buses and candidate restoration paths and generating restoration time and 
restoration path matrices to reduce the number of computations. The third step involves solving the GSUS 
optimization model. The last step involves repairing the GSUS scheme and generating the restoration plan. 

The details of each step are given as follows, and a flow chart is shown in Fig. 3. 
Step 1: Data preparation 

Step 1.1: Input the data on the power network and the generators. 
Step 1.2: Solve for the shortest path between each pair of buses using the Floyd algorithm. 
Step 1.3: Establish the start-up time constraints for the generators. 

Step 2: Search for critical buses and candidate restoration paths 
Step 2.1: Remove restoration paths from bus k to NBS generator j whose restoration time Tkj is longer than 

the shortest restoration time Tij between BS generator i and NBS generator j. 
Step 2.2: Remove restoration paths starting from the NBS generators that connect to the power network via 

only one path. 
Step 2.3: Search for buses that have no more than two adjacent buses. These buses are called middle buses 

in this paper. 
Step 2.4: Remove all paths starting from middle buses. 
Step 2.5: The buses on the remaining restoration paths are critical buses that are used as initial buses to 

restart the NBS generators. Moreover, the remaining paths are the candidate restoration paths. 
Step 3: Calculate restoration time and restoration path matrices 

Step 3.1: Generate the restoration time matrix B to calculate the fastest restoration time from critical bus i 
to NBS generator m among the candidate restoration paths identified in Step 2.5. If there is no 
candidate restoration path from critical bus i to NBS generator m, set the value of B(i,m) to 0. The 
fastest restoration time Tim in Eqn. (28) is equal to B(i,m). 

Step 3.2: Generate the restoration path matrix D to count the critical buses that are located on the candidate 
restoration paths for each NBS generator. If critical bus i is located on a candidate restoration path for 
NBS generator m, set the value of D(i,m) to 1; otherwise, set this value to 0. G

k  in Eqns. (35) and (36) 
can be obtained from the matrix D. 

Step 4: Establish and solve the proposed GSUS optimization model described in subsections 3.3 
through 3.9 
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Step 5: Generate the restoration plan 
Step 5.1: According to the GSUS generated in Step 4, dispatch the output power for the generators and the 

load pickup such that the operational constraints are satisfied, including the power flow constraints 
and the voltage security constraints. A method for generator dispatch and load restoration can be found 
in [31]. 

Step 5.2: Check whether all constraints are satisfied. If any constraint is not satisfied, repair the restoration 
plan. Some repair methods have been proposed in [29]. Following these repair methods, set new 
constraints for the transmission lines and NBS generators and return to Step 4. If all constraints are 
satisfied, output the restoration plan. 

 

5. Case Study 

The proposed method was tested on the IEEE 39-bus system. The simulations were all performed in 
MATLAB using the CPLEX 12.2 solver on a PC with an Intel Core i7–6700HQ CPU (2.6 GHz) and 8 GB of 
memory. The solution results obtained using the proposed method are presented and analyzed. The 
advantages of the proposed method compared with the current method are verified. 

5.1. Test system 

The IEEE 39-bus system was used to verify the effectiveness of the proposed method. The topology of the 
test system is illustrated in Fig. 3. In the test system, the generator connected to bus 30 is a BS generator, and 

 

Fig. 3 Flowchart of the proposed solution method 
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the other generators are NBS generators. The start-up time for a generator is set to be the same as the start-up 
time for the bus connected to that generator, and the generator’s number is set to the same value as the bus 
number. The parameters of the generators and transmission lines are shown in Table 1 and Appendix A, 
respectively. The values of M5 and M6 are both 360, the value of M15 is 140, and the values of the other Mx are 
all 150. The proposed model consists of 3436 constraints, 232 integer variables, and 1096 binary variables. 

 

5.2. Solution results of the proposed method 

In this simulation, the restoration time for each transmission line was set to 4 min as an example; however, 
other values can be set according to practical experience. The critical buses and candidate restoration paths 
were sought in the preparation stage following the proposed solution method, and matrices B and D are shown 
in Appendix B. In this case, the critical buses selected as the initial buses for NBS generator start-up were 
buses 2, 3, 4, 6, 10, 14, 16, 17, 19, 22, 23, 25, and 26. The optimized restoration paths obtained using the 
proposed method are shown in Fig. 3, where the red buses are middle buses, the blue buses are critical buses, 
and the NBS generators are listed in the start-up sequence. The detailed restoration scheme is shown in Table 
2. 

 
The generator start-up sequence shown in Table 2 is a serial sequence that satisfies the serial restoration 

constraint. The restoration time for every generator considers the re-energizing times of the transmission lines. 
The initial buses for the NBS generators’ restoration paths are all critical buses except for the BS generator. 
This means that the critical buses identified using the proposed method are effective for GSUS optimization. 
Out of all the NBS generators, G31, G33 and G36 have the maximum and minimum start-up time constraints. 
The start-up time for G33 is 36 min, which satisfies the maximum start-up time constraint. The start-up time 
for G31 is 112 min, and that for G36 is 80 min, satisfying the minimum start-up time constraint. 

Table 2: Restoration scheme obtained with the proposed method 

Generator Start-up  
time (min.) 

Restoration path 

G37 12 30→2→25→37 
G33 36 25→26→27→17→16→19→33 
G39 44 2→1→39  
G38 52 26→29→38 
G34 60 19→20→34 
G35 72 16→21→22→35 
G36 80 22→23→36 
G32 100 16→15→14→13→10→32 
G31 112 10→11→6→31 

Table 1: Parameters of the generators 

Gen. max
gT  

(min) 

min
gT  

(min) 

Cranking 
time 

(min.) 

Cranking 
power 
(MW) 

Ramp rate 
(MW/min.) 

Pmax 
(MW) 

30 - - 0 0 2.5 450 
31 60 100 35 26 2.9 572.9 
32   38 30 3.1 650 
33 50 70 30 25 2.6 508 
34   40 28 3.0 632 
35   36 31 3.3 650 
36 30 60 29 25 2.7 560 
37   29 28 2.7 540 
38   45 31 3.6 830 
39   55 40 4.4 1000 
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The available power in the restored system in the first 100 min is shown in Fig. 5. A drop in the available 

power curve indicates that an NBS generator has been restarted and is consuming cranking power. After the 
cranking period, the restored generator produces power and ramps up until it reaches its maximum power 
output, resulting in an increase in the available power indicated by the curve. 

 
Since the re-energizing times for different transmission lines vary, the re-energizing time for each 

transmission line with a transformer was set to 6 min to simulate the flexible re-energizing time requirement. 
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The transmission lines with transformers are lines 30-2, 31-6, 32-10, 33-19, 34-20, 35-22, 36-23, 37-25, 38-29, 
11-12, 12-13, and 19-20. The restoration scheme with flexible re-energizing times is shown in Table 3. The 
start-up times for the NBS generators are all later than those in the solution with equal re-energizing times as 
a result of the additional re-energizing time considered for the transformer branches. Moreover, the restoration 
sequence of the NBS generators is altered due to the additional re-energizing time for the transformer 
branches. These simulation results show that the proposed method can generate a start-up sequence for NBS 
generators considering flexible re-energizing times for the transmission lines. 

 

5.3. Comparison with the state-of-the-art methods 

In existing studies, several meta-heuristic algorithms have been employed to solve nonlinear models for 
GSUS optimization. Here, we take the artificial bee colony (ABC) algorithm [33] and the orthogonal genetic 
algorithm (OGA) [34] as examples to solve the original nonlinear model and compare the results with those of 
the proposed MILP model. The two-stage solution strategy in [15] was employed to implement both methods. 
In the first stage, the GSUS was separately optimized using either the ABC algorithm or the OGA, and then, 
the restoration paths were optimized in the second stage using the Floyd algorithm. Moreover, the MILP-
based parallel GSUS optimized in [28] was improved by delaying the restart times of the parallel generators 
to generate a serial GSUS; the resulting solution is referred to as the improved parallel GSUS in the following 
paragraphs. The system parameters are the same as those in subsection 5.2, with flexible re-energizing times 
for the transmission lines. 

The optimized restoration schemes corresponding to the ABC algorithm, the OGA and the improved 
parallel GSUS are shown in Table 4. The power generated with the different restoration schemes and the 
differences between the different restoration schemes are illustrated in Fig. 6. The dotted black, red, green and 
blue lines show the power generated with the proposed method, the improved parallel GSUS, the ABC 
algorithm and the OGA, respectively. The solid red line shows the difference between the solutions 
corresponding to the proposed method and the improved parallel GSUS. The solid green line shows the 
difference between the solutions obtained using the proposed method and the ABC algorithm. The solid blue 
line shows the difference between the solutions obtained using the proposed method and the OGA. The 
statistics of the different methods are summarized in Table 5. 

Table 3: Restoration scheme with flexible re-energizing times 

Generator Start-up  
time (min.) 

Restoration path 

G37 16 30→2→25→37 
G33 42 25→26→27→17→16→19→33 
G39 50 2→1→39 
G38 60 26→29→38 
G35 74 16→21→22→35 
G36 84 22→23→36 
G34 96 19→20→34 
G32 118 16→15→14→13→10→32 
G31 132 10→11→6→31 
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Table 5: Optimal results obtained with different methods 

Algorithm Objective value Restoration scheme Computation time 
Proposed method 437911 30→37→33→39→38→35→36→34→32→31 236 seconds 

Improved parallel GSUS 463718 30→37→32→39→38→33→34→35→36→31 207 seconds 
ABC 463398 30→37→34→39→38→33→35→36→32→31 31072 seconds 
OGA 461568 30→37→33→39→38→35→36→32→31→34 12912 seconds 

Comparing Table 3 and Table 4, we can see that the restart times of the last generator are similar among the 
different methods. The last generator’s restart time with the proposed method is only four minutes earlier than 
it is with the other methods. However, the start-up sequences and restoration sequences obtained using the 
different methods are different. Since generator G37 is close to the BS generator (G30), it is restarted first in 
all four schemes to increase the power quickly and decrease the wait times for the non-restored generators. 
The second generator to be restarted has a significant impact on the restoration efficiency of the different 
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Table 4: Optimized restoration schemes corresponding to the ABC, OGA and improved parallel GSUS solutions 

ABC OGA Improved parallel GSUS 

Gen. 

Start-
up 

time 
(min.) 

Restoration path Gen. 

Start-
up 

time 
(min.) 

Restoration path Gen. 

Start-
up 

time 
(min.) 

Restoration path 

G37 16 30→2→25→37 G37 16 30→2→25→37 G37 16 30→2→25→37 

G34 48 
2→3→18→17→ 
16→19→20→34 

G33 42 
2→3→18→17→ 

16→19→33 
G32 42 

2→3→4→14→ 
13→10→32 

G39 56 2→1→39 G39 50 2→1→39 G39 50 2→1→39 
G38 70 25→26→29→38 G38 64 25→26→29→38 G38 64 25→26→29→38 

G33 76 19→33 G35 78 16→21→22→35 G33 86 
3→18→17→16 

→19→33 
G35 90 16→21→22→35 G36 88 22→23→36 G34 98 19→20→34 

G36 100 22→23→36 G32 110 
16→15→14→13 

→10→32 
G35 112 16→21→22→35 

G32 122 
16→15→14→13 

→10→32 
G31 124 10→11→6→31 G36 122 22→23→36 

G31 136 10→11→6→31 G34 136 19→20→34 G31 136 10→11→6→31 
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schemes. Due to the minimum cold restart time and maximum hot restart time constraints, G33 is restarted 
within the maximum hot restart time in the schemes obtained using both the proposed method and the OGA. 
In the schemes corresponding to the ABC algorithm and the improved parallel GSUS, G32 and G34, without 
start-up time constraints, are restarted second, and all generators with start-up time constraints are restarted 
after the minimum cold restart time. Consequently, the power generated with the proposed method is less than 
that generated in the ABC from 42 min to 92 min, in the OGA solutions from 61 min to 125 min, and in the 
improved parallel GSUS from 89 min to 115 min, as shown in Fig. 6. However, after this short time period, 
the power generated with the proposed method is greater than that generated with the other methods since the 
generators that were started earlier enter their ramping periods. 

Overall, the optimal results obtained with the proposed method are better than the results of the other 
methods. Moreover, the computation time of the proposed method is close to that of the improved parallel 
GSUS and much faster than those of the ABC algorithm and the OGA. The optimal results obtained with the 
ABC algorithm and the OGA are similar, but the computation time of the OGA is half that of the ABC 
algorithm since the OGA can generate initial and offspring populations that are scattered uniformly in the 
solution space and thus achieves a faster convergence speed. In summary, the proposed method achieves 
better optimization efficiency than the improved parallel GSUS, the ABC algorithm and the OGA. 

6. Conclusion 

A new MILP-based restoration planning method for serial GSUS optimization that considers flexible re-
energizing times for transmission lines is proposed in this paper. The flexible re-energizing time and serial 
GSUS requirement are satisfied by means of a series of proposed constraints, including restoration time 
constraints for the transmission lines, start-up time constraints for the buses on the restoration paths, and a 
serial restoration constraint, that are formulated as mixed integer linear constraints by introducing auxiliary 
binary decision variables. The start-up power requirements and restart time constraints are transformed into a 
series of mixed integer linear constraints along with the transient frequency constraints. Simulation results 
obtained for the IEEE 39-bus system indicate that the proposed method can generate a serial restoration 
scheme for generator start-up while considering flexible re-energizing times for the transmission lines and 
achieves better restoration efficiency than existing methods. 

In the method proposed in this study, the flexible re-energizing time and serial GSUS requirements are 
satisfied simultaneously, while the power flow and voltage security constraints are checked during load 
dispatch. The checking of the power flow and voltage security constraints and the dispatching of the loads 
should be incorporated into the MILP model to further improve the solution efficiency. Moreover, the 
uncertainties associated with renewable generators have not been integrated into the GSUS model. Future 
research should address these issues. 

 
Appendix A 

Data on transmission lines 

Initial node of 
the line 

End node of 
the line 

Resistance 
(p.u.) 

Reactance 
(p.u.) 

Capacitance to 
ground (p.u.) 

Transformer 
ratio 

1 2 0.0035 0.0411 0.6987 0 
1 39 0.001 0.025 0.75 0 
2 3 0.0013 0.0151 0.2572 0 
2 25 0.007 0.0086 0.146 0 
2 30 0 0.0181 0 1.025 
3 4 0.0013 0.0213 0.2214 0 
3 18 0.0011 0.0133 0.2138 0 
4 5 0.0008 0.0128 0.1342 0 
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4 14 0.0008 0.0129 0.1382 0 
5 6 0.0002 0.0026 0.0434 0 
5 8 0.0008 0.0112 0.1476 0 
6 7 0.0006 0.0092 0.113 0 
6 11 0.0007 0.0082 0.1389 0 
6 31 0 0.025 0 1.07 
7 8 0.0004 0.0046 0.078 0 
8 9 0.0023 0.0363 0.3804 0 
9 39 0.001 0.025 1.2 0 
10 11 0.0004 0.0043 0.0729 0 
10 13 0.0004 0.0043 0.0729 0 
10 32 0 0.02 0 1.07 
12 11 0.0016 0.0435 0 1.006 
12 13 0.0016 0.0435 0 1.006 
13 14 0.0009 0.0101 0.1723 0 
14 15 0.0018 0.0217 0.366 0 
15 16 0.0009 0.0094 0.171 0 
16 17 0.0007 0.0089 0.1342 0 
16 19 0.0016 0.0195 0.304 0 
16 21 0.0008 0.0135 0.2548 0 
16 24 0.0003 0.0059 0.068 0 
17 18 0.0007 0.0082 0.1319 0 
17 27 0.0013 0.0173 0.3216 0 
19 20 0.0007 0.0138 0 1.06 
19 33 0.0007 0.0142 0 1.07 
20 34 0.0009 0.018 0 1.009 
21 22 0.0008 0.014 0.2565 0 
22 23 0.0006 0.0096 0.1846 0 
22 35 0 0.0143 0 1.025 
23 24 0.0022 0.035 0.361 0 
23 36 0.0005 0.0272 0 1 
25 26 0.0032 0.0323 0.531 0 
25 37 0.0006 0.0232 0 1.025 
26 27 0.0014 0.0147 0.2396 0 
26 28 0.0043 0.0474 0.7802 0 
26 29 0.0057 0.0625 1.029 0 
28 29 0.0014 0.0151 0.249 0 
29 38 0.0008 0.0156 0 1.025 

 
 
Appendix B 

Matrix B: Times required for the candidate restoration paths for each NBS 

End 
Start 

31 32 33 34 35 36 37 38 39 

30 24 28 32 36 36 36 12 20 12 
2 20 24 28 32 32 32 8 16 8 
3 16 20 24 28 28 28    
4 12 16 20 24 24 24    
6  12        

10 12         
14 16 12 16 20 20 20    
16  20 8 12 12 12    
17   24 12 16 16    
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19   4 8      
22      8    
23     8     
25   24 28 28 28 4 12  
26   20 24 24 24  8  

Matrix D: Nodes on the candidate recovery paths for each NBS 

End 
Path node 

31 32 33 34 35 36 37 38 39 

2 1 1 1 1 1 1 1 1 1 
3 1 1 1 1 1 1 0 0 0 
4 1 1 0 0 0 0 0 0 0 
6 1 0 0 0 0 0 0 0 0 

10 0 1 0 0 0 0 0 0 0 
14 0 1 1 1 1 1 0 0 0 
16 0 0 1 1 1 1 0 0 0 
17 0 0 1 1 1 1 0 0 0 
19 0 0 1 1 0 0 0 0 0 
22 0 0 0 0 1 0 0 0 0 
23 0 0 0 0 0 1 0 0 0 
25 0 0 1 1 1 1 1 1 0 
26 0 0 0 0 0 0 0 1 0 
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