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Abstract—In the past decades, the Residue Number System (RNS)

has been adopted in DSP as an alternative to the traditional two’s

complement number system (TCS) because of the savings in area and

power dissipation.

In this work, we first perform a comprehensive Design Space Explo-

ration (DSE) to analyze the impact of state-of-the-art design tools and

libraries on the implementation of the basic operations (i.e., addition and

multiplication) used in DSP. From this DSE, we extract the characteris-

tics of the stand-alone RNS and TCS operators in the different design

corners, independently of the specific context of the application.

Then, we propose a design methodology, based on the DSE, to

fully automate the design of digital filters, hiding the detail of the RNS

to the designer, and providing optimal power efficient implementations.

Our methodology can enable the efficiency in computation (speed and

power) in DSP and in emerging applications, such as Machine Learning

and Internet-of-Things.

Index Terms—Residue Number System (RNS), design space explo-

ration, trade-offs analysis.

1 INTRODUCTION

The Residue Number System (RNS) has been extensively
used over the years in digital systems as an alternative to
binary representation [1], [2].

The RNS allows the parallelization of operations such
as addition and multiplication, in independent datapaths
with reduced bit-width. For operations on integers of large
dynamic range (bit-width), the advantage is that the RNS
parallelization shortens the carry chains reducing the delay
of the carry propagation in the RNS channels resulting in
faster execution of the operations [1].

The main drawback is that conversions are necessary to
interface a RNS datapath to the conventional systems based
on binary representation.

Among several application areas, the RNS is mainly
used in Digital Signal Processing (DSP). In the last decades,
digital filters were implemented in RNS to increase the
speed and to reduce the power dissipation, e.g., [3], [4], [5],
[6], [7], [8].

Another interesting field of application is the RNS im-
plementation of fault-tolerant DSP architectures [9].

More recently, RNS has been used to optimize the hard-
ware implementation of neural networks to lower the en-
ergy in multiply and accumulate operations in the inference
computation, [10], [11], [12], [13], [14].

These research works indicate RNS as a good candidate
for the implementation of energy efficient processors to
be integrated in embedded systems and Internet-of-Things
devices.

In this work, we analyze the impact of today’s inte-
grated circuit technology and state-of-the-art CAD tools in
the design of RNS digital filters by comparing the RNS
implementation to the implementation in the conventional
two’s complement system (TCS).

Our main objective is to show that by using synthesis
and hardware generators for RNS processors, we can de-
sign energy efficient DSPs (e.g., FIR filters) and hide the
detail (conversion algorithms, choice of moduli, etc.) to the
designers.

The design choices for the RNS processor are based on
a Design Space Exploration (DSE) to investigate the perfor-
mance of the TCS and RNS arithmetic operators used in
DSP (i.e., addition, multiplication, and fused multiplication-
addition). We characterize each operator in terms of delay,
area and power dissipation for a set of different dynamic
ranges typical of DSP applications.

By the DSE, we identify design corners, for each oper-
ator, where the RNS is advantageous over the TCS. Then,
we present a design methodology based on the DSE and on
RNS synthesis tools to automatically generate RNS filters
targeting given design constraints to validate the results of
the DSE.
The main contributions of this work are:

• A comprehensive design space exploration of ba-
sic arithmetic operators where several metrics are
compared between TCS and RNS implementations.
These include: switching capacitance, impact of
glitches and drive strength on power dissipation.
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• A characterization of the switching activity in TCS
and RNS units under several classes of input pat-
terns.

• A design methodology to automatically design RNS
filters to optimize power efficiency.

The paper is organized as follows. In Section 2, we
present the background on RNS arithmetic and filters. In
Section 3, we explain how we carried out the DSE of the
arithmetic operations and we show its results. In Section 4,
we highlight the main findings of the DSE. In Section 5, we
illustrate how the proposed design methodology is applied
to some examples to obtain power efficient digital filters. In
Section 6, we report the results of related work supporting
the findings of the DSE. In Section 7, we wrap-up the main
findings of the work. In the Supplemental Material, we
provide an appendix reporting the experimental data of the
DSE.

2 RESIDUE NUMBER SYSTEM

A Residue Number System (RNS) is defined by a set of P co-
prime integers {m1,m2, . . . ,mP } which identify the RNS
base. Its dynamic range is given by the product

M = m1 ·m2 · . . . ·mP (1)

Any integer X ∈ {0, 1, 2, . . .M − 1} has a unique RNS rep-
resentation given by

X
RNS
→ ( 〈X〉m1

, 〈X〉m2
, . . . , 〈X〉mP

) (2)

where 〈X〉mi
, or Xmi

, denotes the operation X mod mi.
Operations, such as addition and multiplication, are

computed independently (in parallel) in each modulus mi

path

Z = X op Y
RNS
→











Zm1
= 〈Xm1

op Ym1
〉m1

Zm2
= 〈Xm2

op Ym2
〉m2

. . . . . . . . .
ZmP

= 〈XmP
op YmP

〉mP

(3)

As a consequence, operations on large wordlengths can
be split into several modular operations executed in parallel
and characterized by a reduced wordlength [1].

The main disadvantage of the RNS approach, when used
in a TCS environment, is the need for input and output
converters. The input conversion can be implemented by
using a look-up table approach when the dynamic range
of the moduli is small [1], or by computing the residues
by extracting the modulus [15]. The conversion from the
RNS representation to TCS is normally done by the Chinese
Remainder Theorem (CRT) [1]

Z =

〈

P
∑

i=1

mi · 〈mi
−1〉mi

· Zi

〉

M

(4)

with mi =
M
mi

and mi
−1 obtained by 〈mi ·mi

−1〉mi
= 1.

For example, suppose we have the RNS base { 5, 7, 8 },
with dynamic range M = 5 · 7 · 8 = 280. The addition
13 + 150 = 163 is performed in RNS as follows:

1) conversion to RNS

13
RNS
→







〈13〉5 = 3
〈13〉7 = 6
〈13〉8 = 5

150
RNS
→







〈150〉5 = 0
〈150〉7 = 3
〈150〉8 = 6

2) modular addition in parallel RNS channels

〈3 + 0〉
5
= 3 ∈ [0, 4]

〈6 + 3〉
7
= 2 ∈ [0, 6]

〈5 + 6〉
8
= 3 ∈ [0, 7]

3) conversion to TCS by (4)

3
2
3







CRT
→ 〈 56 · 1 · 3 + 40 · 3 · 2 + 35 · 3 · 3 〉

280
= 163

with
m5 = 56, m5

−1 = 1
m7 = 40, m7

−1 = 3
m8 = 35, m8

−1 = 3

Furthermore, the increased complexity is also justified by
the greater robustness to the errors in RNS, where a fault in a
modular processor does not preclude the correct operation
of the filter, but only the reduction of its dynamic range.
The use of fault-tolerant by construction arithmetic circuits
is very important with the shrinking of microelectronic
technologies because of the increased occurence of radiation
induced, faults, even at sea level [9].

2.1 Digital Filters in RNS

A Finite Impulse Response (FIR) filter is described by

y(n) =

N−1
∑

k=0

a(k) · x(n− k) (5)

where N is the order of the filter, x(n) and y(n) are respec-
tively the input and the output sequences, and a(k) are the
filter coefficients (filter mask).

FIR filters are largely used for the linear phase charac-
teristic. However, for high selectivity in FIR filters , i.e., a
narrow transition band, a high order N is necessary. More-
over, if the dynamic range is large and the data rate is high,
a fully parallel FIR implementation is needed. An efficient
parallel implementation of (5) when N is high and many
bits b are required for coefficients/samples, is challenging
because of the large number of bxb multipliers. In these
cases, a RNS implementation of FIR filters is very interesting
mainly for the reduction in complexity of the multiplication
due to a reduced dynamic range of the residues, and the
possibility to use the isomorphism method that transforms
the multiplication in a modular sum (see Section 3.5.2).
By (3), the filter (5) is specified in RNS as

y(n) =
N−1
∑

k=0

a(k) · x(n− k)
RNS
→



























ym1
(n) =

〈

∑N−1

k=0
〈am1

(k) · xm1
(n− k)〉m1

〉

m1

ym2
(n) =

〈

∑N−1

k=0
〈am2

(k) · xm2
(n− k)〉m2

〉

m2

...

ymP
(n) =

〈

∑N−1

k=0
〈amP

(k) · xmP
(n− k)〉mP

〉

mP

(6)

and its hardware architecture is shown in Fig. 1.
For illustrative purposes, we refer to real coefficients FIR

filters in the transposed form [16].
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BINARY

↓

RNS

FIR FILTER    m_1

x/ak

FIR FILTER    m_P

FIR FILTER    m_2

b

( ) 1_2log m

RNS

↓

BINARY

y

k

� ) 2_2log m

( ) P_2log m

m_P

� ) 1_2log m

( ) P_2log m

( ) 2_2log m

Fig. 1: RNS implementation of a FIR filter.

The real coefficients FIR filter in two’s complement is
shown in Fig. 2 for a section of the filter. The filter is
composed of a regular repetition of blocks (multiply-add
and register in the figure), a so called filter’s tap.

In RNS, the structure of the modular filter in Fig. 1 is
obtained from Fig. 2 by using modular multiply-add units
for each RNS channel.

The main advantage of the RNS decomposition of the
FIR filter in Fig. 1 is that the modular operations in the
RNS channels are done on a reduced dynamic range with
respect to the dynamic range of the TCS. Consequently, the
critical path is reduced and the slack with respect to the
TCS implementation can be used to optimize the energy
consumption.

As previously mentioned, one of the disadvantages of
the RNS approach is the need for input and output con-
verters which increase the area and the power consumption
of the RNS processor. However, the power consumption in
the converters does not offset the RNS benefits when a high
number of operations per sample is required (e.g., the order
of the filter N is high).

2.2 Choice of the RNS Base

The choice of the moduli set, or RNS base, is critical to obtain
an efficient RNS implementation. From (1) we can roughly
assume that the average number of bits (bit-width) of each
modulus composing the RNS base is

dave =

∑P

i=1
⌈log2 mi⌉

P
(7)

To cover a given dynamic range D (such as D ≤M ) we can
select the RNS base by using two different criteria:

1) RNS base composed of a small number P of mod-
uli. In this case, by (7) the dynamic range of each
modulus in the base is medium/large.

2) RNS base composed of a relative large number P
of moduli. In this case, the dynamic range of each
modulus in the base is medium/small.

By applying criterion 1) for the implementation of a
typical high-performance digital filter (20–40 bits of output
dynamic range), the bit-width of each base is rather large.
For example, to implement a 24-bit dynamic range by using
a P = 3 RNS base (e.g., {2k − 1, 2k, 2k + 1}), we need at
least k = 9 resulting in dave ≃ 9.

x

ak

b

2b

CRITICAL PATH

MADD

ak

2b
MADD

ak-1

y

2b
MADD

ak

w

b

2b

REG REG

b

REG

2b

REG REG

b

REG

Fig. 2: TCS implementation of the transposed form real
coefficients FIR filter (section).

In contrast, by using criterion 2) we can cover the 24-bit
dynamic range by P = 6 and the base {7, 11, 13, 17, 31, 32}
for a resulting dave = 4.3.

The main advantage in using several prime moduli of
small dynamic range is that we can implement modular
multiplication by table look-up and addition (no actual
multiplication) as explained in Section 3.5.2.

Moreover, by criterion 2), we have more freedom in
selecting the co-prime moduli of the RNS base at expenses
of more complicated input and output converters. However,
converters constitute an overhead independently of the
chosen RNS base, and, generally, the complexity of the con-
verters does not have a significant impact on applications
in which the number of RNS operations (additions and
multiplications) per sample is large.

In other words, if we obtain a significant gain in area, or
power, in the RNS computation the overhead introduced by
different conversion schemes becomes marginal.

Another criticism to the use of a RNS base composed of
a large number of moduli is that, due to the difference in
the moduli’s bit-width, the delay in the different paths is
unbalanced. However, as modern synthesis tools optimize
slack for low power (e.g., selection of high-threshold voltage
gates in non-critical paths), unbalanced paths might result
at advantage for reducing the power dissipation. Moreover,
voltage scaling techniques can be applied to increase the
delays in the faster moduli (delay equalization to the slower
modulus) saving additional power [5].

2.3 Coding Overhead

In [17], we introduced the “coding overhead” (OH) defined as
the amount of extra bits required in the RNS representation
of an integer compared to its TCS representation.

If the dynamic range of the TCS is D = 2d, for the RNS
representation the base must be chosen such that

P
∏

i=1

mi = M ≥ D = 2d (8)

The total number of bits necessary for the RNS base is

b =

P
∑

i=1

⌈log2 mi⌉ (9)

The coding overhead is defined as

OH = b− d (10)
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Fig. 3: TCS multiplier plots. 3D Area (left). Projection on the 2D area–dynamic range plane (right).

A large OH has a significant impact on registers and
multiplexers, i.e., the parts of the datapath to store and
move the data around. For example, in case the operands
of a n × m-bit multiplication (multiplicand and multiplier)
need to be stored, in a TCS multiply unit the multiplicand
storage requires n bit, and the multiplier m bits. In RNS, both
multiplicand and multiplier must be expressed in the whole
RNS base requiring 2× (n+m+OH) bits of storage1.

3 DESIGN SPACE EXPLORATION

In this section, we first explain the DSE experimental set-
up, illustrate some of the metrics used and describe some
specific choices we made. Then, in the second part, we
present the results of the actual DSE on the three opera-
tions: addition, multiplication, and fused multiplication and
addition.

3.1 DSE Framework

The DSE is based on a synthesis design flow (Synopsys)
targeting the low-power STM 45 nm library of standard
cells.

The functional units implement in both TCS and
RNS the following operations: addition (ADD), multipli-
cation (MULT), and fused (merged) multiplication-addition
(MADD).

The characterization is done on a set of dynamic ranges
which are typical of digital filters: from 16 to 48 bits, at steps
of 4 bits.
In the DSE, we consider two design corners:

Ms the maximum speed corner, obtained by synthesiz-
ing the functional unit to achieve the maximum
speed.

ma the minimum area corner, obtained by synthesizing
the unit to achieve the minimum area.

1. For example, for a 10×8 TCS multiplier, 18 flip-flops are necessary
to store the two operands. In RNS, for the same multiplier even
assuming OH = 0, a total 2× (18 + 0) = 36 flip-flops are required.

PROJECTION ON delay–dynamic range PLANE

16 20 24 28 32 36 40 44 48
0.7

1.9

3.0

4.2

5.3

6.5
d
e
la

y
 (

n
s
)

dynamic range (bit)

 

 

Ms
ma

Fig. 4: Projection on the delay–dynamic range plane for the
TCS multiplier.

For each operation and dynamic range, we perform
a delay, area and power dissipation characterization for
twelve different synthesis timing constraints TC , ranging
from the ma to the Ms corners.

The two corners for the area of the TCS multiplier are
illustrated in Fig. 3. The 3D plot (area–dynamic range–
timing constraint) is projected on the area–dynamic range
plane in Fig. 3 (right). A similar 3D plot is obtained for
delay–dynamic range–timing constraint. Its projection on
the delay–dynamic range plane is shown in Fig. 4.

As an example, we show the case for a TCS multiplier.
At 32-bit dynamic range, dashed vertical lines in Fig. 3 and
Fig. 4, the “area” plot of Fig. 3 (right) points to an area of
about 1, 500 µm2 at ma and about 3, 500 µm2 at Ms. The
“delay” plot of Fig. 4, points to a delay of about 4.6 ns at ma
and about 1.0 ns at Ms. Therefore, a 32-bit TCS multiplier
can be synthesized to a target delay in the range [1.0, 4.6] ns
adapting its delay and area to the specified timing constraint
TC .

The power estimation is based on simulations on the
synthesized netlists of the units and includes an estimate of
the interconnect capacitance, based on the Synopsys’ built-
in models2.

2. Synopsys Design Compiler (DC) interconnects’ delays are esti-
mated proportional to the circuit area when the layout is not available.
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To determine the switching activity, we opted for a
Monte-Carlo approach [18]. The random vectors are gen-
erated with a uniform distribution on the whole dynamic
range of the operands.

The power dissipation is estimated at a data rate of 100
MHz for all units, since the corresponding delay (10 ns)
is sufficient for signals to propagate input to output in all
synthesized units.
In the DSE, the units are never pipelined.

3.2 Characterization Metrics

In the DSE, besides the characterization of the traditional
metrics (delay, area and power dissipation), we extract info
on the switching activity and capacitance of the circuits’
internal nodes, and info on the percentage of transitions due
to glitches.

3.2.1 Switching Capacitance

We analyze the combined effect of the switching activity and
the capacitance in the internal nodes of the circuits under
characterization.

The dynamic power dissipation of a circuit composed of
N cells (gates) can be modeled by

P dyn
TOT =

N
∑

i=1

(

1

2
V 2
DDCLi + Ei

int

)

aifC [W ] (11)

where VDD is the power supply voltage, CLi is the capac-
itative load connected at the output of the i-th gate, Ei

int

is the internal energy (sum of short-circuit currents and
switching of internal nodes), and ai is the switching activity
of the output node of the gate expressed as percentage of the
circuit toggling (clock) frequency fC (aC = 1.0). At a given
supply voltage VDD , the cell’s power dissipation is largely
due to the product CLi · ai, called “switching capacitance”.

We investigate how the correlation between the two
factors impacts the overall power dissipation in TCS and
RNS operators.

3.2.2 Cells’ Drive Strength

Standard cells libraries provide several drive strengths (cur-
rent sourcing) for the same logic function. These cells are
normally labeled “1X”, “2X”, etc., where a cell labeled 2X
sources double the current sourced by a cell 1X.

Since cells with higher drive strengths consume more
power, modern logic synthesizers adapt the drive strength
to the load and the speed of the given portion of the circuit.

Consequently, the mix of cells’ drive strength mostly
depends on how well a given operator architecture can
match the specific timing constraint. Since TCS and RNS
architectures are quite different, especially for multiplica-
tion, the high drive cell-mix differences (and the power
dissipation) are quite significant in some cases.

3.2.3 Glitches

Spurious transitions, or glitches, are mostly due to delay
mismatches at gates’ inputs and occur less frequently in
shallower paths. The power due to the glitches, can account
for a large percentage of the total [19], [20].

The glitch count is performed by computing the differ-
ence in the number of transitions, in each node, between a

full-timing (with parasitics delays) and a zero-delay simula-
tion.

3.3 Choice of RNS base for DSE

To cover a given dynamic range in RNS, we can choose
several sets of co-prime moduli to form the RNS base
(Section 2). The moduli considered for the RNS base are all
prime numbers from 3 to 71 and at most one power-of-two
(2k) from 8 to 256.

Once we have the data from the characterization of
the different moduli, we choose the set of moduli that
minimizes a specific cost function. The costs are determined
by a stand-alone characterization of the modular operations
for each modulus. This characterization is carried out for
different timing constraints from the minimum value (cor-
responding to the maximum speed implementation) to a
very relaxed TC value (corresponding to the minimum area
implementation).

We consider all the possible combinations of co-prime
moduli which cover the range D, plus other combinations
with small overhead on D (e.g., d+2 bits):

2d = D ≤

P
∏

mi = M ≤ 2d+2 (12)

Then, we choose the set (RNS base) which minimizes the
cost function (e.g. area or power dissipation of the RNS
operator) at the given timing constraint TC .

If the delay at maximum speed for a given modulus mi

is larger than TC , the modulus is discarded, otherwise mi,
and its corresponding cost, is added to the base. When all
combinations of moduli covering the specific dynamic range
have been evaluated, we select the RNS base with the lowest
cost.

For example, for RNS addition and D = 216 a sub-set of
the bases satisfying (12) at TC = 0.3 ns is:

. . .
base i: {31, 47, 64} −→ cost = 206
base j : {3, 7, 31, 128} −→ cost = 148 ← min.
base k : {3, 5, 7, 31, 32} −→ cost = 160
. . .

We choose base j which minimizes the cost function for the
specific timing constraint.

3.4 DSE Addition

3.4.1 TCS Adder

The TCS adder architecture is selected by the synthesizer
depending on the timing constraint3. For relaxed values of
the time constraint the synthesizer implements a structure
similar to a carry-ripple adder (CRA), where the propaga-
tion delay increases linearly with the adder bit-width. For
tighter values of the time constraint the synthesizer imple-
ments a prefix-adder scheme [21], where delay increases as
the logarithm of the adder bit-width.

3. Synopsys’ DWare provides several adder architectures automati-
cally selected to meet the design constraints.
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Fig. 5: DSE addition: ratios TCS/RNS in Ms and ma corners.

3.4.2 RNS Adder

The easiest way to implement two-operand modular ad-
dition 〈a+ b〉m, for any modulus m, is to perform two
additions modulus 2k (with m < 2k)

(a+ b) and (a+ b−m) (13)

If the result of a+ b exceeds the modulus, by subtracting m
we obtain the correct result.

This simple algorithm can be implemented by two cas-
caded adders as in [22]. To reduce the latency, the two
additions of (13) are executed in parallel (e.g., [23]).

From the HDL description of the modular algorithm the
synthesizer selects the implementation depending on the
design corner. Synthesizer’s optimization criteria (timing
constraint driven) apply to modular adders as well.

3.4.3 Characterization Results

Fig. 5 shows the trends of the ratio for delay, area, and power
of the TCS and the RNS adder for the different dynamic
ranges. The actual values for delay, area and power dissi-
pation are reported in the Supplemental Material. Ratios are
computed by placing the TCS value at the numerator. There-
fore, for ratios greater than 1.0 the RNS is advantageous.

The RNS adder is always faster than the TCS adder.
In the maximum speed (Ms) corner the speed-up (ratio) is
marginal: ranging from 1.1 to 1.4. However, in the minimum
area (ma) corner, the RNS adder is much faster (speed-up
2.1–5.1) because, in this corner, the adders are synthesized
as CRA and in RNS modular paths the carry-chain is much
shorter.

ka

|ab|m

n

n n

|+|m-1det 0 det 0
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Fig. 6: Structure of basic isomorphic multiplier.

As for the area and average power dissipation, Fig. 5
(bottom plots) shows that in the ma corner, the addition
in RNS is never advantageous as the ratios are less than
1 (marked with a dashed horizontal line) for all dynamic
ranges. This result can be easily explained by consider-
ing that modular adders, require n+OH full-adders (FAs),
needed for the addition, plus extra gates for the modular
correction, while a minimum area n-bit TCS carry-ripple
adder requires n FAs only.

For the maximum speed design corner, area and power
dissipation are lower in RNS, but the improvements never
exceed 40%.

In summary, in the Ms corner the RNS choice is always
advantageous, while in the ma corner, the RNS is justified
only if the delay is critical: i.e., the TCS adder (slower than
RNS in the ma corner) does not meet the required timing
constraint.

3.5 DSE Multiplication

3.5.1 TCS Multiplication

The TCS multiplication is implemented by a radix-4 parallel
multiplier, which gives the best delay–power dissipation
trade-offs [24].

3.5.2 RNS Multiplication

By using moduli which are prime numbers, we can trans-
form a modular multiplication into a modular addition of
the isomorphic indices [1].

The isomorphism method is similar to the method of mul-
tiplication by logarithms: the two operands are transformed
into their indices of the isomorphism (logarithms) by Direct
Isomorphism Transforms (DITs), the indices (logarithms) are
added, and their sum is transformed back (anti-logarithm)
by the Inverse Isomorphism Transform (IIT). The architec-
ture of the isomorphic multiplier is shown in Fig. 6. The
scheme is completed by a few gates to detect when one of
the two operands is zero (no corresponding index in the
isomorphism). On zero detected, the product is set to zero.

If the modulus’ bit-width is small (less than 8 bits),
the direct and inverse isomorphic transformations can be
implemented by look-up tables of reasonable size which
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Fig. 7: DSE multiplication: ratios TCS/RNS in Ms and ma
corners.

are then synthesized into multi-level combinational logic in
standard cells.

For the RNS isomorphic multiplication, we considered
the two alternatives of [25] and [26]. Detail on the two
alternatives is given in [27].

3.5.3 Characterization Results

Also for multiplications, we show in Fig. 7 the trends of the
ratio TCS/RNS for delay, area and power dissipation for the
different dynamic ranges. The actual values are reported in
the Supplemental Material.

Differently from the addition case, RNS multipliers are
always advantageous in both corners (ma and Ms).

TCS multipliers, especially for large dynamic ranges,
require adder trees which are large (area) and consume a
significant amount of power. In contrast, in RNS, by taking
advantage of the isomorphism, the modular multipliers are
changed in adders which are much smaller than binary
multipliers.

By comparing the ratios of area and power in Fig. 7
(bottom plots), it is clear that the lower power dissipation of
the RNS is not only due to the reduced area, but also to the
reduced switching activity, as shown in detail in Section 4.

3.6 DSE Multiplication-Addition

The multiplication-addition (MADD in the following),
Z = X · Y +W , is a very frequent operation in most DSP
algorithms.
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Fig. 8: DSE MADD (Multiply-Add: ratios TCS/RNS in Ms
and ma corners.

3.6.1 TCS MADD

In TCS, the MADD is efficiently implemented by adding
W (properly aligned) in the partial products reduction tree
of the multiplier. Therefore, the performance of the TCS
MADD is very similar to that of the TCS multiplier.

3.6.2 RNS MADD

On the contrary, the modular MADD architecture is very
different from a modular multiplier implemented by iso-
morphism, because the indices calculus domain cannot be
merged with the residue domain4. Consequently, the RNS
MADD is implemented by cascading an isomorphic multi-
plier and a modular adder, for each modulus of the RNS
base. Therefore, in this case, the performance is roughly
the sum of those of modular multiplication and modular
addition.

3.6.3 Characterization Results

The plots of ratios for the MADD operator DSE are shown
in Fig. 8, while the DSE actual values are reported in the
Supplemental Material.

In both the maximum speed (Ms) and the minimum
area (ma) design corners, the RNS MADD is always faster,
smaller and more power efficient than the TCS MADD, but
the advantages are reduced compared to the implementa-
tion of multiplication only.

4. An inverse isomorphism transformation after multiplication is
required.
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Fig. 9: Switching activity (top) and total power consumption
(bottom) in 32-bit MADD when the dynamic range of test-
vectors is progressively reduced.

Summarizing the results, the RNS MADD implementa-
tion is 30–60% faster than the corresponding TCS implemen-
tation in the Ms corner and about two times faster in the
ma corner. As for the power dissipation, the RNS MADDs
consume roughly one quarter of the power in the Ms corner
and about one third of the power in the ma corner.

3.6.4 Switching Activity when Dynamic Range is Reduced

The characterization of the MADD is carried out by apply-
ing random test-vectors uniformly distributed in the whole
dynamic range of the input signals.

However, for frequency filters, some coefficients have
a very reduced dynamic range with respect to the full
dynamic range. This is not the case for other types of filters,
such as correlation filters.

In linear-phase frequency filters with N coefficients, the
coefficients closer to the mid-point N/2 have a full dynamic
range, while the ones closer to the end-points (i.e., 0 and
N − 1), also called filter’s tails, have a reduced dynamic
range. When we use a multiply-add unit to implement FIR
filters, one of the inputs (we assume the multiplier – op-
posed to multiplicand) is connected to one of the coefficients
specifying the filter mask (see later in Section 5). To simulate
this case, we generate random test-vectors at a progressively
reduced dynamic range in the input Y of the multiply-add
unit (Z = X · Y +W ). For the other two inputs, X and W ,
we apply random test-vectors at full dynamic range.

The results of the experiment for a 32-bit MADD are
shown in Fig. 9.

In Fig. 9, we indicate on the x-axis how many bits (start-
ing from the Most-Significant Bit, MSB) are held constant (to
0 or 1). By holding the MSBs to the sign bit (MSB in TCS)
we reduce the dynamic range of the specific test-vector. In
Fig. 9, the point labeled ‘0’ (center of the plot) indicates that
0 bits are held constant and that the corresponding MADD
works at full dynamic range. Moving from the center of
the plot toward the right, we hold an increasing number
of MSBs to 0 by reducing the dynamic range for positive
coefficient values. Similarly, for negative values, the range is
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Fig. 10: Switching capacitance (top) and dynamic power
dissipation (bottom) for 32-bit MADD.

reduced by holding the MSBs to 1 (from the center toward
the left of the plot).

In Fig. 9, both the switching activity (top) and the power
consumption (bottom) plots show that the TCS MADD is
sensitive to the variations in the dynamic range of one of
the operands (bell shaped trend), while the RNS MADD is
almost insensitive to those variations.

In summary, although the data of Fig. 8 points to a better
power efficiency of the RNS over the TCS MADD, the bene-
fits are reduced in actual frequency filters since in the filter’s
tails the TCS MADDs have a reduced power dissipation due
to the smallest dynamic range of their operands.

4 MAIN FINDINGS OF DSE

In the following, we list the main characteristics emerged
from the design space exploration of the TCS and RNS
operators.

These aspects, somewhat hidden in the power dissipa-
tion metrics, clearly explain why the RNS is more power
efficient than the TCS for addition and multiplication.

1) Switching capacitance in RNS units is lower than TCS
As an example, we illustrate the case of the 32-bit MADD

unit when the TCS and RNS implementations have roughly
the same area in different corners (DSE for multiply-add in
the Supplemental Material):

MADD corner area [µm2] power [µW ]
TCS ma 1715 (+1%) 370 (+45%)
RNS Ms 1695 203

The total node count is 909 for TCS and 960 for
RNS, and the average capacitance per internal node are
Cave(TCS) = 4.0 fF and Cave(RNS) = 3.8 fF .

The histogram in Fig. 10 (top) shows the capacitances of
the circuit internal nodes (obtained as cumulative sum) in
different intervals of activity. For example, in the interval
0.4 < ai ≤ 0.6, the total capacitance switched is about 2 pF
for the RNS implementation and about 1.2 pF for the TCS
one. Next to the bars, in the figure, we list the node count
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Fig. 11: Cells’ drive strength histogram for 32-bit TCS and
RNS MADD in Ms (top) and ma (bottom) corners.

in each interval of activity (e.g., 419 nodes for RNS and 152
nodes for TCS in the interval 0.4 < ai ≤ 0.6).

The histogram of the dynamic power dissipation (Fig. 10
bottom) is obtained by the cumulative sum of the product
CLi · ai for nodes belonging to each interval.

The experimental results show that the TCS unit has a
high number of internal nodes switching at high activity
rates, compared to the input activity of 0.5: about 45% the
total power in the TCS unit is generated by nodes switching
at a > 1.5 (bars in the right hand side of Fig. 10), while for
the RNS the contribution is just 5% of the total power.

In other words, for two units of about the same area,
most of the nodes in the RNS unit switch at lower activity
rates resulting in a lower power consumption. Moreover,
a large portion of the total power dissipation in the TCS
MADD is due to the high switching activity.

2) RNS units have fewer high drive cells
In Fig. 11, we show the histogram of the drive capability

of the standard cells mapped by the synthesizer for the
32-bit MADD. The histograms show the percentages of cells
of the same drive capability (indicated by the labels “1X”,
“2X”, etc.) in the circuit. Clearly, lower drive capability cells
are smaller and dissipate less power.

In the Ms corner, Fig. 11 (top), two RNS units are re-
ported: one synthesized with the same time constraint of
the TCS Ms corner (central red bars in the figure), and one
synthesized for the RNS Ms corner – faster than the TCS Ms
corner – (blue bars at right in the figure).

The result of Fig. 11 show that in the Ms corner the
RNS MADD is synthesized with fewer high-drive cells than
the TCS MADD, even when synthesized at RNS maximum
speed (faster than TCS Ms implementation).

In the opposite design corner (i.e., minimum area) both
MADD units are synthesized mostly with low drive cells,
and again, in the RNS implementation the percentage of
low drive cells is slightly higher than in the TCS one.

3) RNS implementations generate less glitches
As previously mentioned, the main reason for using RNS

in digital systems is the reduced carry chain (delays) when
a large dynamic range is parallelized in several channels.

Power due to glitches (%) - (TCS max-speed)

dyn (bit) 16 20 24 28 32 36 40 44 48
TCS 43% 40% 45% 44% 45% 49% 46% 47% 49%
RNS 25% 27% 28% 29% 34% 31% 35% 34% 35%

TABLE 1: Percentage of power due to glitches in MADDs
synthesized at TCS max-speed.

Shorter paths have shorter delays because, in general, the
signals ‘travel’ through a fewer gates (circuit logical depth),
and consequently, the spurious transitions due to delay
mismatches are reduced.

By defining a “glitchy” node, a node with switching
activity ai > 1.0 (the clock switching activity is aC = 1),
in Fig. 10 bars at the right of “activity = 1” represent glitchy
nodes. Therefore, Fig. 10 shows that the TCS MADD is more
affected by glitches than the RNS MADD.

To confirm the different impact of glitches on power
dissipation, we extracted the glitch count, as explained
in Section 3.2.3, for MADDs of different dynamic-range
synthesized at the maximum speed achievable by the TCS
MADD.

The results, displayed in Table 1, confirm that the RNS
units generate fewer glitches than TCS units.

5 DESIGN METHODOLOGY

In this section, we explain how our DSE-based methodology
can be used to design energy efficient RNS filters. The core
of this approach is the DSE performed on the RNS operators.

We sketch in Fig. 12 the proposed tool-chain and design
steps. Once the characterization is done, for each RNS
modulus, we store the results for delay, area, and power
dissipation as a function the timing constraint in “views” (a
tabular format) of a database with search key m (modulus).
Then, the search of the optimal RNS base covering the
given dynamic range at the given constraints is done by
BaseFinder, a tool derived from [28].

BaseFinder evaluates all the combinations of moduli cov-
ering the specified dynamic range and meeting the required
timing constraint. Then, depending on the target of the im-
plementation (minimum area or lowest power dissipation),
the combinations are sorted in increasing cost. BaseFinder
outputs the lowest cost RNS base in a specification file that
is used by VHDL Builder [28] to generate the RTL-level code
of the processor and the scripts necessary for simulation,
synthesis and power estimation.

The main advantage of this approach is that the DSE and
the tools take care of all the detail of implementing a RNS
system, including conversions, greatly simplifying the tasks
of the designer.

The key point is the use of small prime moduli that can
be aggregated easily to form the base, and that in such prime
moduli, multiplication can be implemented by isomorphism
since the indices tables are small.

Next, we show that this design approach is quite accu-
rate and provides reliable solutions.

As example, we consider a programmable 64-tap FIR
filter in transposed form with a 24-bit dynamic range. We
assume the TCS implementation of this filter as the reference
design.
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Fig. 12: DSE-based methodology flow to design RNS filters.

mod. set RNS base
# comment m1 m2 m3 m4 m5 m6 m7 b OH ⌈log2 M⌉
1 best 5 7 11 13 17 256 27 3 25
2 2nd best 5 7 13 17 19 128 27 3 25
3 median 5 7 11 13 3 128 26 2 25
4 10% best 7 11 13 17 31 32 26 2 25
5 20% best 5 7 11 17 19 23 8 28 4 25

TABLE 2: Selected RNS bases after DSE for TC = 1.2 ns and
d = 24.

The 64-tap TCS filter is synthesized in the STM 45 nm
standard cell library used in the DSE, and its maximum
operating frequency (Ms corner) is about 830 MHz, corre-
sponding to a clock period of 1.2 ns.

We use this time constraint TC = 1.2 ns to run BaseFinder
for the 64-tap RNS filter covering a 24-bit dynamic range.
BaseFinder evaluated that more than 24,000 combinations of
moduli satisfying the timing constraint can cover the 24-
bit dynamic range. By setting as cost criteria the minimum
power dissipation, we selected the five RNS bases reported
in Table 2.

In Table 2, set 1 is the RNS base with the best power
efficiency (lowest cost in the DSE). Set 2, is the second best.
Set 4 is the closest moduli set which has cost +10% with
respect to the best (set 1). Set 3 is the one which cost is the
median value between the costs of sets 1 and 4. This cost
may be different from the +5% cost of the best, since it is
chosen based on the median position in the sorted ranking
of the costs. Set 5 is the RNS base which has cost +20%
with respect to set 1. The combinations of moduli which fall
in the lowest 20% of the cost are 65. Table 2 also reports
the number of bits b necessary to represent the RNS base,
its coding overhead OH, and the equivalent dynamic range
covered by the base: ⌈log2 M⌉ ≥ d.

The RNS filters of sets 1–5 are generated by VHDL

Filter impl. Area P
(1)
ave

[µm2] ratio [mW ] ratio(2) ratio(3)

TCS 192,584 1.000 80.475 1.000 -
RNS

1 best 111,481 0.579 44.565 0.554 1.000
2 2nd best 106,962 0.555 46.078 0.573 1.031
3 median 103,920 0.540 46.094 0.573 1.034
4 10% best 107,450 0.558 45.938 0.571 1.034
5 20% best 117,781 0.612 52.650 0.654 1.181

(1)Pave at 200 MHz; (2)ratio to TCS; (3)ratio to RNS set 1.

TABLE 3: 64-tap 24-bit filter comparison: reference TCS vs.
RNS (selected RNS bases).

Builder and synthesized by Synopsys Design Compiler. The
RNS filters are completed with input and output converters,
pipelined (by VHDL Builder) to match the timing constraint
TC = 1.2 ns. The power estimation is done by running a
simulation of the filter programmed as a low-pass filter and
white noise (random values) as input.

The implementation results for the TCS reference filter
and the RNS filters are reported in Table 3. The average
power dissipation is evaluated at a clock rate of 500 MHz
(TC=2 ns) for all filters. The two “ratio” columns refer to the
Pave ratio to the TCS and RNS set 1, respectively.

Since we are operating in the Ms corner and the dynamic
range is relatively large, the RNS filters are quite more
power efficient than the TCS filter. However, with this
experiment, we want to highlight that the power efficiency
is quite independent of the chosen RNS base as long as the
selection is done based on the DSE. Since the value for
the power in Set 5 is about 18% larger than Set 1 – we
were expecting 20% from the DSE – we drop Set 5 in the
remaining discussion.

The four sets 1–4 are selected among 12 combinations
corresponding to the DSE costs within 10% of the lowest
cost. The standard deviation for the measured Pave in the
filters of sets 1–4 in Table 3 is 0.74 mW corresponding to
a variability of about 5% (Fig. 13). Relative to the power
dissipation of the TCS filter, this variability has a negligible
impact when computing the power efficiency of TCS vs.
RNS filters (less than 1%).

In other words, we can trust the DSE to choose the
moduli set to be optimal for the given constraints within
a confidence of 95%.

Therefore, by using this DSE based approach, we can
design power efficient RNS filters without spending time
in the trade-off analysis of different RNS bases because the
optimal solution is quite insensitive to the specific chosen
set. The characterization based DSE and BaseFinder take care
of the trade-off analysis for the specific design constraints,
and VHDL Builder generates the RTL code implementing the
selected architecture.

To confirm the results of the DSE in Section 3, we
implemented the 64-tap 24-bit dynamic range FIR filter in
the minimum area corner. The minimum timing constraint
resulting in minimum area for the TCS filter is TC = 4.0 ns.

By running BaseFinder with TC=4.0 ns, the lowest
power dissipation RNS base is obtained for the moduli set
{5, 7, 11, 13, 31, 128}, with b=26 and OH=2.

The power estimation, done for the same low pass filter
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Fig. 13: Plot of Pave for RNS filters. Average and confidence
interval are for sets 1–4.

and input patterns, resulted in the following power dissipa-
tion (at 250 MHz)

TCS: Pave = 16.82 mW, RNS: Pave = 18.07mW

By removing the power dissipated in the registers of the FIR
filters, the figures for the combinational part are

TCS: P comb
ave = 12.46 mW, RNS: P comb

ave = 11.98mW

confirming that, the overhead in the registers offsets the
power advantages of RNS in the computation. Also the
overhead of input/output converters has an higher impact
in the min area corner.

Moreover, these implementations in the minimum area
design corner confirm the experiment in Section 3.6.4, show-
ing a significant reduction of the switching activity in the
tails of the TCS filter.

6 OTHER RNS FILTER IMPLEMENTATIONS

In this section, we report the results of past work supporting
the findings of the DSE for digital filters implemented in
RNS.

6.1 Real coefficients FIR Filters

In [29], we implemented two real coefficient FIR filters:

• a low dynamic range (16 bits) and low order filter (16
taps/coefficients);

• a high dynamic range (48 bits) and high order filter
(64 taps/coefficients);

and compared their implementations is TCS and RNS.
The experimental results on the DSE-based designs of

the filters confirmed that for the dynamic ranges typical of
FIR filters. the units implemented in RNS are faster than
their TCS counterparts, and that for implementations at
the same delay constraints, the RNS units are smaller and
consume less power (50–70% reduction).

The experiments also confirmed that if the system has to
operate at high frequency rates RNS offers the best trade-
offs speed/power, while, when the execution rates are not
too demanding, implementing the system in RNS does not
give significant advantages because of the added complexity
(converters and RNS coding overhead).

6.2 Parallel/Serial FIR Filter

In [27], we presented a high-order FIR filter implemented
partly in parallel and partly serially. The starting point is
a 128-tap FIR filter working at a frequency of 20 MHz and
dynamic range d=36 bits. The selected RNS base, by the
DSE, is {3, 5, 7, 11, 13, 17, 19, 23, 31, 32} (P=10).

Due to the high order and large dynamic range, the filter
is “folded” and executed serially on a 16-tap filter working
at 8× 20 = 160 MHz. The detail of the implementation is in
[27].

The results of the implementation in [27], show that the
RNS unit is much larger than the TCS one. The extra area
is mostly due to the overhead introduced by RNS in the
registers for the filter coefficients and the input samples.

However, with respect to the power dissipation, this
overhead is mitigated by the use of clock gating, and the
RNS filter results in 12% savings in power dissipation.

6.3 Polyphase Filters

In [30], we presented the design of polyphase filters in
Quadratic RNS (QRNS) for filter banks with a large number
of channels for systems on-board telecom satellites.

The design of the system is also based on the DSE for
a restricted number of moduli used to represent complex
numbers in QRNS [4]. The results in [30] are in line with
the ones in Section 4: the lower power consumption in
the QRNS filter bank, compared to its TCS counterpart, is
due to a reduced switching activity in the RNS operators,
and a reduced switching capacitance when the activity is
similar. That is, in RNS the switching activity is more evenly
distributed on the nodes.

7 CONCLUSIONS

The comprehensive design exploration demonstrates that
for the dynamic ranges typical of DSP applications, the
units implemented in RNS are always faster than their
TCS counterparts, and that for implementations at the same
delay constraints, the combinational part of RNS units is
less complex (smaller area and less glitches generated).
In contrast, for the storage part (registers) the overhead
introduced by the RNS is significant in some cases.

In RNS the switching activity is significantly reduced
because multiplications are implemented by isomorphism,
and there is less glitching. The reduction in the multipliers’
switching activity is less sizeable when one of the operands
has reduced dynamic range and is constant for the whole
processing, as for coefficients in frequency filters.

The proposed design methodology for RNS filters pro-
duces an optimal implementation of the RNS filter targeting
given design constraints, and it is quite insensitive to the
specific moduli set, if chosen accordingly to the results of
the DSE.

Moreover, our tool-chain greatly simplifies the design by
hiding the detail of the RNS implementation of arithmetic
blocks. However, if the constraints are not too demanding
in terms of execution rates, and the number of operation
per sample in not high, implementing the system in RNS
may not give significant advantages because of the added
complexity (converters and representation overhead).
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