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Abstract

The concurrent use of statistical process control and engineering process con-

trol involves monitoring manipulated and controlled variables. One multivari-

ate control chart may handle the statistical monitoring of all variables, but

observing the manipulated and controlled variables in separate control charts

may improve understanding of how disturbances and the controller perfor-

mance affect the process. In this article, we illustrate how step and ramp dis-

turbances manifest themselves in a single-input–single-output system by

studying their resulting signatures in the controlled and manipulated variables.

The system is controlled by variations of the widely used proportional-integral-

derivative(PID) control scheme. Implications for applying control charts for

these scenarios are discussed.

KEYWORD S
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1 | INTRODUCTION

Statistical process control (SPC) and engineering process control (EPC) have developed more or less independently but
with the same overarching goal of reducing process variability. SPC methods typically employ control charts to monitor
that a product quality characteristic or important process variable remains close to a nominal value. If control charts
signal a statistically significant change in the process mean and/or variability, the SPC methodology assumes that off-
line process analysis will be able to identify sources of variation, so-called assignable causes. Given that the root cause
can be identified, problem-solving methods can then be used to remove or reduce effects of the variation sources. Con-
versely, EPC attempts to make a process insensitive to external disturbances by continuously adjusting a process input
(manipulated variable) to ensure that an output variable (controlled variable) remains on target (the controller set
point).

The assignable causes in SPC usually arise from external disturbances. Such disturbances will increase probabilities
for out-of-control signals in control charts. An out-of-control signal should trigger further investigation and corrective
action, and given a successful remedial action, the reduced variability improves the process performance. Controllers in
EPC continuously adjust the process to minimize deviations of a controlled variable from its set point due to various
unexpected and/or unplanned external phenomena. The control action stems from the manipulation of a related and
less sensitive variable thereby transferring the variability from the controlled variable to the manipulated variable.
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Knowledge of the causal relationships between such manipulated and controlled variables and of the process dynamics
is therefore important to determine the required EPC adjustments. Although the continuous adjustments of the manip-
ulated variable may be able to keep the controlled variable at its set point, they may come at some increased cost that
we would like to avoid.

The currently high and increasing level of automation leads to complex production environments where a combina-
tion of EPC and SPC may be needed to improve the processes, as for example, in semiconductor manufacturing.1

Accordingly, there have been attempts to develop a unified tool for process improvement that concurrently uses EPC
for process adjustments and SPC for process monitoring.2,3 MacGregor4 suggested that engineers could use control
charts to monitor a process that was already under feedback control. For additional background and discussions, see,
for example, Vander Wiel,5 MacGregor6, Tucker et al.,7 Fultin et al.,8 Del Castillo,9 and Vining.10

To apply SPC naïvely in a process under feedback control without considering how the implemented feedback con-
trol should affect the choice of variables to monitor is risky. A control chart applied to a tightly controlled variable in
an EPC scheme will often result in a small ‘window of opportunity’ or in a failure to detect out-of-control situations
due to the continuous adjustments of the manipulated variable.11 In the SPC literature, there are two basic rec-
ommended approaches to deal with the potential masking effect that EPC may have on process disturbances. The first
approach suggests monitoring the difference between the controlled variable and set point value, that is, the control
error.12–14 Keats et al.13 showed that a control chart that monitors the control error detects sources of variation for
which the feedback controller does not compensate. The study included integral (I), proportional-integral (PI), and
proportional-integral-derivative (PID) control schemes. Montgomery et al.12,14 drew similar conclusions for feedforward
control schemes. The second approach is to monitor the manipulated variable itself.2,15,16 Tsung and Tsui17 demonstrate
that monitoring the manipulated variable may be more appropriate than monitoring the controlled variable for some
processes and vice versa for others. Therefore, a combined approach that jointly monitors the control error and the
manipulated variable (or the controlled and the manipulated variables) using a multivariate control chart is also possi-
ble.18,19 A combined approach increases the chances that the control chart will issue an out-of-control signal. The out-
of-control signal may be issued either when the controller fails to compensate for the disturbance completely or when
the manipulated variable deviates from its normal (expected) operating condition.

The main aim of this article is to provide further insight and guidelines to an analyst who wants to apply SPC on a
system under feedback control. We focus on outlining and illustrating what we in this article will call ‘disturbance sig-
natures’ (e.g., mean shifts or trends) and how these will manifest themselves in the controlled and/or manipulated vari-
ables at steady state for step and ramp disturbances. We limit our study to a single-input–single-output (SISO) system
controlled by variations of the widely used PID control scheme. Step and ramp disturbances represent two general clas-
ses of disturbances and control engineers often use such disturbances to quantify feedback control systems in practice.
The controlled and manipulated variables are also monitored using control charts. We argue that monitoring both the
manipulated and controlled variables in separate univariate charts instead of using a combined, multivariate chart may
increase understanding of the out-of-control condition of the process and also makes it possible to evaluate controller
performance. We use two simulated examples of SISO systems in Matlab/Simulink® to illustrate the disturbance signa-
tures in the controlled and manipulated variables and the implications for process monitoring.

2 | PRELIMINARIES ON EPC

Feedback control schemes mitigate unwanted deviations of a process variable by adjusting a related manipulated vari-
able, that is, a process input. These adjustments (the actuator signals) depend on the implemented control scheme and
the output error fed back to the controller. The output error is the difference between the actual measured value of the
process variable and its set point. Feedback control systems are also referred to as closed-loop systems. Figure 1 shows a
general block diagram of a closed-loop system.20 Conventionally, the variables are expressed in the frequency domain
through their Laplace transformed quantities:

• y(s) is the controlled variable to be kept at its set point value ysp(s),
• u(s) is the actuator signal of the controller, that is, the manipulated variable,
• ym(s) is the measured output variable,
• e(s) is the output error, that is, e(s) = ysp(s) − ym(s), and
• d(s) is the disturbance signal affecting the process.
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By definition, all Laplace transformed variables are also in deviation form, that is, each variable represents its devia-
tion from a corresponding steady-state value.

The dynamics of the various elements in the feedback loop are defined through their transfer function models as

• gp(s) is the transfer function of the process plant,
• gc(s) is the transfer function of the controller,
• gm(s) is the transfer function of the measuring element (e.g., a sensor) and,
• gd(s) is the transfer function describing how the disturbance influences the output.

2.1 | Transfer function of the controller

The implemented EPC action defines the controller model (e.g., a transfer function model, gc(s)). The outcome of the
EPC action is evaluated considering several criteria such as closed-loop stability and performance. The speed of the
response, the degree of overshoot and damping, as well as the ability of the control system to eliminate the steady-state
error are often important aspects of controller performance evaluation.20 Below, we briefly discuss the properties of the
common PID controller. The PID controller is typically deployed in one of three control modes—P, PI, or PID—
depending on the system requirements. For convenience and ease of exposition, we will assume that the transfer func-
tion of the measuring element, gm(s) = 1. We will thus have ym(s) = y(s).

2.1.1 | P controller

The P mode is the simplest form of a feedback controller. The relationship between the manipulated variable and con-
trol error is expressed proportionally as

gc sð Þ= u sð Þ
e sð Þ = kc ð1Þ

where the constant kc denotes the proportional gain. The P controller has the main advantage of having to tune only
one parameter (kc). However, the P controller can produce a steady-state error. That is, a non-zero difference, e(s) 6¼ 0,
between the set point and measured output will remain indefinitely as long as the disturbance persists.

2.1.2 | PI controller

The PI controller combines the proportional and integral control actions according to the transfer function:

FIGURE 1 Block diagram of a closed-loop

system subject to a disturbance
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gc sð Þ= u sð Þ
e sð Þ = kc 1+

1
τI s

� �
ð2Þ

where τI is the integral time. In the PI control mode, the integral part of the control action works to eliminate the
steady-state error. However, tuning of τI is critical, as a too large value can lead to long settling times and a too small
value can produce an oscillatory response of the controlled variable.

2.1.3 | PID controller

A PID controller combines the proportional, integral, and derivative control actions. The transfer function of this com-
bined control action is given by

gc sð Þ= u sð Þ
e sð Þ = kc 1+

1
τI s

+ τDs

� �
ð3Þ

where τD represents the derivative time. A PID controller has the added advantage of balancing the aggressive integral
action by providing an anticipatory element through the derivative action.20

2.2 | Transfer function model of the process plant

One of the core components of a controlled system is the model of the process plant , representing the dynamic behav-
ior of the controlled variable of interest in response to a specific input (manipulated) variable. The transfer function of
the process plant is usually expressed in the following general model

gp sð Þ= kp b0s+1ð Þ b1s+1ð Þ… bms+1ð Þ
a0s+1ð Þ a1s+1ð Þ… ans+1ð Þ ð4Þ

where kp is the process gain, and the as and bs can be viewed as time constants associated with the underlying physical
phenomena. The constants m and n represent the order of the numerator and denominator polynomials, and their dif-
ference denotes the relative order of the model. For causal systems, m ≤ n.

2.3 | Closed-loop systems subject to a disturbance

Closed-loop systems are designed to satisfy particular control objectives such as stability and performance while
addressing two specific problems: set-point tracking and disturbance rejection. In this article, our focus is on the distur-
bance rejection problem, and we thus assume that the set point is held constant. We will study the effect of external dis-
turbances on systems controlled by variations of PID control modes and show that in some cases, even though the
controller attempts to mitigate unwanted variations by adjusting the manipulated variable, the controlled variable may
have a resulting steady-state error depending on the disturbance type. Therefore, steady-state analysis of both the con-
trolled and manipulated variables in systems where EPC is implemented is relevant for understanding how SPC will
work if applied to that system. Specifically, the steady-state analysis is important to understand how SPC can help
detect the out-of-control signals that may result from disturbance signatures in the controlled and manipulated vari-
ables. In what follows, we focus on analyzing the steady-state behavior of the controlled and manipulated variables in
closed-loop systems subject to a disturbance. We examine the effects of using P, PI, and PID controllers on the behavior
of the controlled and manipulated variables for step and ramp disturbances. As most textbooks on process control pro-
vide the mathematical background, we give here only essential concepts for purposes of completeness. Appendix A pro-
vides a more detailed derivation.
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2.4 | Steady-state response of controlled and manipulated variables

The following assumptions are made:

• the set point ysp(s) is constant over time, that is, ysp(s) = 0,
• the set point ysp(s) and the disturbance d(s) are handled independently, and
• the closed-loop system is stable.

As shown in Appendix A, using the final value theorem, the steady-state error ess and the steady-state values (the
long-term value after the transient dynamics have settled) of the controlled and manipulated variables, yss and uss, are
determined to be

ess = lim
s ! 0

se sð Þ= lim
s ! 0

s −
gd sð Þ

1+ gp sð Þgc sð Þd sð Þ
" #

ð5Þ

yss = lim
s ! 0

sy sð Þ= lim
s ! 0

s
gd sð Þ

1+ gp sð Þgc sð Þd sð Þ
" #

= −ess ð6Þ

uss = lim
s ! 0

su sð Þ= lim
s ! 0

s −
gd sð Þgc sð Þ

1+ gp sð Þgc sð Þd sð Þ
" #

ð7Þ

The steady-state values of the controlled and manipulated variables of a closed-loop system can be determined using
Equations 5–7 if the implemented controller gc(s), the process plant model gp(s), the disturbance model gd(s), and the
disturbance signal d(s) are known. Again, for convenience, and without loss of generalization, we assume that
gd(s) = 1.

2.4.1 | Scenario I: Step disturbance

In this first scenario, suppose that a step disturbance of magnitude �d affects the system in Figure 1, that is, d sð Þ= �d=s.
The steady-state values of the controlled and manipulated variables can now be determined for a given control mode—
P, PI, or PID—using the model of the process plantin Equation 4 and Equations 5–7. Table 1 presents the steady-state
error ess, and the steady-state values of the controlled and manipulated variables, yss and uss, when a P, PI, or PID con-
trol mode is in place and a step disturbance of magnitude �d affects the system.

Table 1 shows that a P control mode produces a steady-state error ess proportional to �d (magnitude of the distur-
bance) and inversely proportional to kc (proportional gain). Even though the controller adjusts the manipulated variable
continuously, (uss 6¼ 0), the controller cannot keep the controlled variable at the set point.

On the contrary, both the PI and PID control modes produce a steady-state error ess = 0, which means that both
control modes are able to remove the step disturbance effect from the controlled variable by adjusting the manipulated
variable (uss 6¼ 0). Note that for ease of discussion, we intentionally avoided adding a random component to the system.
In the presence of a small amount of random noise, ess, yss, and uss also show the presence of noise, slightly fluctuating
around their steady-state values. However, when the amount of random noise is not negligible, the control action

TABLE 1 Steady-state error (ess) and steady-state values of the controlled variable (yss) and manipulated variable (uss) of a closed-loop

system subject to a step disturbance when a P, PI, or PID control mode is in place.

Control mode Steady-state error Controlled variable Manipulated variable

ess yss uss

P − �d
1+ kckp

�d
1+ kckp

− kc �d
1+ kckp

PI, PID 0 0 (= ysp) − �d
kp
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design should also consider noise attenuation. Hereafter, we assume that the random noise affecting the system is small
and that the controller can cope with it.

2.4.2 | Scenario II: Ramp disturbance

In this second scenario, suppose that a ramp disturbance of a slope d̂ affects the system, that is, d sð Þ= d̂=s2 . Similar to
the step disturbance scenario, the steady-state values ess, yss, and uss (given in Table 2) can be determined for the P, PI,
and PID control actions when a ramp disturbance affects the system. Note that when a P action is in place, the steady-
state values ess, yss, and uss do not converge to a finite value. It is thus evident that a P control mode is not suitable if
ramp disturbances are expected. When a PI or a PID control action is in place, the steady-state value of the controlled
variable yss converges to a constant finite value, although different from the set point value ysp, proportional to d̂ (slope
of the ramp) and τI (the integral time constant) and inversely proportional to kc (the proportional gain of the controller).
In summary, a PID control scheme cannot remove the steady-state error for a ramp disturbance.

3 | SPC AND EPC USED CONCURRENTLY

As mentioned earlier, the aim of EPC is to reduce variation by keeping the variable of interest around a set point
through continuous adjustments of another variable. SPC also aims at reducing variation, but in this case, the aim is
the detection and subsequently the removal of the disturbance from the system that causes more than an expected
amount of variation. In that regard, EPC can be seen as relieving the symptom (i.e., excessive variation) without neces-
sarily identifying and removing the cause of the problem. Its prevalence has primarily been due to its ease of application
at a low cost. However, continuous monitoring of the process via SPC can be more effective than EPC alone when the
disturbance is persistent, for example, when the resulting disturbance signature in the manipulated variable is a mean
shift and adjustments are relatively costly.

SPC is by nature a real-time scheme. That is, process surveillance is performed as an on-going process. The idea is
to focus on a variable of interest or a statistic directly related to the state of the process and based on its current value
declare the process in-control or out-of-control. Hence, SPC can ultimately be seen as a decision-making scheme and as
is the case with any decision made, two potential errors can occur: labeling a process out-of-control when in fact it is
in-control (false alarm or false positive) and vice versa (missed detection or false negative). The probability of these
errors happening can be calculated if the distribution of the statistic being monitored is known. In most cases, even if
the distribution is identified, its parameter(s) needs to be estimated. For that, an off-line study (also called Phase I
study) is performed where the data are collected following the data collection scheme set for the real-time monitoring
and parameters are estimated accordingly. These estimates can be used to calculate the probabilities of a false alarm or
a missed detection for a given change in the distribution parameters. The uncertainties associated with the parameter
estimation also affect the calculation of these probabilities, but this is beyond the scope of this article.

In SPC, the primary decision-making tool is a control chart on which the statistic of interest is plotted along with a
threshold(s) (also called the control limits) within which the statistic is expected to be for an in-control process. The
threshold is obtained through the probability distribution of the statistic. Akin to Type I and Type II errors in hypothe-
sis testing, the decision errors (false alarm and missed detection) compete leading to a choice of threshold where a bal-
ance between the probabilities of these two errors is established. Similarly, the commonly used performance measure
for a control chart is its average run length (ARL), the expected amount of observations collected before an out-of-

TABLE 2 Steady-state error (ess) and steady-state values of the controlled variable (yss) and manipulated variable (uss) of a closed-loop

system subject to a ramp disturbance when a P, PI, or PID is in place. Note that the signs of ∞ need to be changed to the opposite signs if

d̂< 0

Control mode Steady-state error Controlled variable Manipulated variable

ess yss uss

P −∞ +∞ −∞

PI, PID − τI
kckp

d̂ τI
kckp

d̂ −∞
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control signal is seen. For an in-control process (and assuming that the observations are independent), the ARL (called
ARL0) is the inverse of the false alarm rate, and for an out-of-control process, it is the inverse of the probability of detec-
tion (ARL1). For further details on control charts, we refer the reader to Montgomery21.

3.1 | Control charts for individual observations

The Shewhart chart and the time-weighted control charts, such as the cumulative sum (CUSUM) control chart22 or the
exponentially weighted moving average (EWMA) control chart,23 are commonly applied univariate control charts for
individual observations. In this article, we elaborate on the CUSUM chart in somewhat more detail below as it performs
well in detecting small shifts in the mean of a process, which we will encounter in the upcoming examples.

As the name indicates, the statistic for the CUSUM chart is obtained through the accumulated deviation from the
expectation. Since in this work we mainly focus on the shift in the process mean, we apply CUSUM on the deviations
of the observations from their expectation. To avoid scaling issues, we standardize the variable by taking its average out
and dividing it by the sample standard deviation both obtained from the Phase I study. For the standardized CUSUM
chart, the following two statistics are recorded for upward and downward shifts in the mean, respectively:

C+
i =max 0,

xi−μ0
σ

−k+C+
i−1

h i
C−
i =min 0,

xi−μ0
σ

+ k+C−
i−1

h i ð9Þ

where μ0 is the target value and σ is the standard deviation of the process variable x estimated, respectively, using the
average and the sample standard deviation, and k is the reference or slack variable. The slack variable is used to avoid
excessive false alarms and often chosen to be halfway between the target mean (μ0) and out-of-control mean (μ1) that is
of interest for fast detection. The shift is often given in standard deviation units μ1 = μ0 + δσ. For the standardized vari-
able, we then have k = δ/2. Furthermore, the starting values are C+

0 =C−
0 = 0.

The process is deemed out-of-control if either C+
i or C−

i exceeds a critical value h. In many practical applications,
h = 5 is often recommended as it provides a good balance of the in-control run length (ARL0) and a short out-of-control
run length (ARL1) for shifts of 1σ in the process mean. The reader is referred to Montgomery21 for further details about
the CUSUM chart.

3.2 | Disturbance signatures in the controlled and manipulated variables

Depending on the applied control mode, (P, PI, or PID), the steady-state error in the controlled variable due to a step
disturbance can be eliminated partially or completely through continuous adjustments of the manipulated variable (see
Table 1). Moreover, Table 2 shows that variations of the PID control scheme, at best, only reduces the steady-state error
in the controlled variable that a ramp disturbance induces. Consequently, there are circumstances where the distur-
bance signature appears in both the controlled and manipulated variables. If control charts are applied to both the con-
trolled and manipulated variables, then both may issue an out-of-control signal, albeit for different reasons. The choice
of control mode will also influence how the two charts will signal for different types of disturbances. Moreover, the dis-
turbance types and magnitudes and the control chart and its parameters influence the charts' detection abilities. Gen-
eral recommendations of which control charts and control chart parameters settings are most appropriate for each
variable in a process under feedback control are hard to give. However, if we know which control action is in place (P,
PI, or PID), we would know a priori in which variables a step or a ramp disturbance will manifest itself and what kind
of signature to expect (mean shift or trend). Such knowledge can guide the choice of a control chart and eventually the
disturbance identification during the monitoring phase (Phase II).

Table 3 indicates on which variables (manipulated and/or controlled) the signature of a step or ramp disturbance
can be found depending on the control mode used (P, PI, or PID) and if this signature is of the type ‘mean shift’ or
‘trend’.

As shown in Table 3, the signature of a step disturbance can be found as a mean shift solely in the manipulated var-
iable when the PI or PID control modes are used, whereas the signature of a step or ramp disturbance will be visible as
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mean shifts or trends in both the controlled and manipulated variables in the remaining cases. In the former case, a
properly chosen and parameterized control chart applied to the manipulated variable should issue an out-of-control sig-
nal if the controller is working properly. In latter cases, control charts on both the controlled and manipulated variables
can be expected to issue out-of-control signals. Consequently, the typical approaches of monitoring either only the
manipulated variable or both the manipulated and controlled variables in one multivariate control chart are expected
to result in an out-of-control signal for all cases in Table 3. However, it should be underscored that the multivariate
chart in itself would be less informative as monitoring the controlled and manipulated variables separately allows for
more insight, for example, regarding how well the controller is performing, or if the controller is malfunctioning as well
as to offering clues of what type of disturbance may be affecting the system.

4 | EXAMPLE 1—HEAT-EXCHANGER WITH A P CONTROLLER

In this example, we will study how the disturbance signatures manifest themselves in the controlled and manipulated
variables of a simulated SISO system controlled by a proportional (P) controller to exemplify some of the theoretical
results presented in Tables 1–3.

4.1 | Heat-exchanger and controller transfer functions

The model of the process plant, gp(s), obtained empirically by Romagnoli and Palazoglu,20 represents a heat exchanger
where the input–output relationship between the exit temperature (�C) of the process stream and the steam flow rate
(ml/s) is expressed as

gp sð Þ= Temperature
Steam Flow Rate = 2:58e−14:61s

33:73s+1
ð10Þ

Note that using the properties of logarithms, it can be shown that Equation 10 satisfies Equation 5.
In this example, we have assumed that the heat exchanger is operating in closed-loop with a P controller:

gc sð Þ= u sð Þ
e sð Þ = kc =0:8315 ð11Þ

where the proportional gain, kc, was tuned using the Ziegler–Nichols technique. The reader is referred to Romagnoli
and Palazoglu20 for additional information about the Ziegler–Nichols technique for tuning PID controllers. The system
was simulated in Matlab/Simulink® adding a random, normally distributed noise with zero mean and constant vari-
ance, σ2 = 0.002.

4.2 | Scenario I: Step disturbance

A dataset including 840 samples of the controlled and manipulated variables was produced through simulation. A step-
change disturbance of magnitude �d=0:25 was introduced at the 440th observation and onwards.

TABLE 3 Signatures of step and ramp disturbances on the controlled and manipulated variables depending on the control mode (P, PI,

or PID).

Control mode

Step disturbance Ramp disturbance

Controlled variable Manipulated variable Controlled variable Manipulated variable

P Mean shift Mean shift Trend Trend

PI, PID No signature Mean shift Mean shift Trend

8 CAPACI ET AL.



4.2.1 | Disturbance signatures in the controlled and manipulated variables

The left half of Table 4 provides the mean, standard deviation, and steady-state values of the temperature (controlled
variable) and steam flow rate (manipulated variable) when no disturbance is present, �d=0. The mean and the standard
deviation were calculated by removing the start-up phase of the process that was deemed to be completed after 40 sam-
ples, creating a Phase I data set consisting of 400 observations. All theoretical steady-state values, yss and uss, were calcu-
lated using the formulas in Table 1.

As shown in the left half of Table 4, the theoretical steady-state values yss and uss are similar to the respective mean
values of the controlled and manipulated variables. Differences from the theoretical steady-state values are due to the
added random noise. As the mean temperature is close to zero, it is clear that the P controller is able to keep the con-
trolled variable at its set point when the process is running without any disturbance (�d=0).

The right half of Table 4 provides the theoretical steady-state values yss and uss when the process is affected by a step
disturbance of magnitude �d=0:25 as well as the estimated means and standard deviations of the controlled and manip-
ulated variables. The P controller is no longer able to maintain the temperature at the desired set point value. The mean
of the controlled variable when the disturbance is active is 0.090, close to the theoretical steady-state value. As outlined
in Table 3, when a P controller is used a step disturbance results in a mean shift on both the controlled and manipu-
lated variables.

Figure 2a,b provide the time series plots of the 800 observations of the temperature (controlled variable) and steam
flow rate (manipulated variable). Both variables show a transient and then a clear, sustained shift after the introduction
of the step disturbance. For this scenario we do not provide control charts as any univariate control chart would be able
to detect these apparent mean shifts in the variables quickly.

4.3 | Scenario II: Ramp disturbance

A new dataset with 840 observations of the controlled and manipulated variables from the heat-exchanger example
was generated. This time, a ramp disturbance with a slope d̂=0:01 was introduced at the 440th observation and
onwards.

TABLE 4 Mean, standard deviation, and steady-state values of the controlled and manipulated variables when �d=0 and �d=0:25 (step

disturbance).

Variable

Phase I: �d= 0 Phase II: Step disturbance �d= 0:25

Mean SD Steady-state value Mean SD Steady-state value

Temperature (�C):Controlled 0.001 0.047 yss 0 0.090 0.045 yss 0.080

Steam flow rate (ml/s):Manipulated −1.066 38.87 uss 0 −74.937 37.74 uss −66.109

FIGURE 2 Time series plots of the controlled (a) and manipulated (b) variables. The step disturbance of magnitude �d=0:25 occurs at

the 400th observation. The horizontal lines in the time series plots indicate the mean values of the controlled and manipulated variables in

Phase I and Phase II
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4.3.1 | Disturbance signatures in the controlled and manipulated variables

Table 5 shows the mean, standard deviation, and the theoretical steady-state values of the controlled and manipulated
variable without the disturbance (d̂ = 0) and after the disturbance is introduced (d̂ = 0.01). Again, the mean and the
standard deviation when there is no active disturbance were calculated by removing the first 40 observations of the
start-up phase. The theoretical steady-state values yss and uss are zero when d̂ = 0 (see Table 1) and drawn from Table 2
when d̂=0:01.

As expected, the simulation results summarized in Table 5 confirm those presented in Table 3. The P controller can-
not keep the temperature at its set point when the ramp disturbance is introduced, and the disturbance signature is visi-
ble on the mean values of both the controlled and manipulated variables in Phase II. Note that the theoretical steady-
state values of the controlled and manipulated variables approach infinity as the ramp disturbance approaches infinity.
That is, the values of the controlled (manipulated) variable keep increasing (decreasing) as long as the ramp distur-
bance continues to increase (decrease). Figure 3a,b provide a graphical representation of this behavior where the tem-
perature continues to increase and move away from its set point while the steam flow rate keeps decreasing to
counteract the disturbance. Similar to the previous scenario, these trends in both variables are apparent, so we do not
provide control charts. Any univariate control chart would be able to signal an out-of-control situation in these vari-
ables quickly.

4.4 | Remarks on the heat-exchanger example

The heat-exchanger example illustrates that for the P control mode, the adjustments of the manipulated variable at
best reduces the effect of a step disturbance on the controlled variable while a ramp disturbance will affect the con-
trolled variable with a continuously increasing difference between the controlled variable and its set point over time.
Consequently, the signatures of a step or ramp disturbance are present on both the controlled and manipulated vari-
ables for the P control mode. When introducing control charts to monitor a process controlled by the P control mode,
it may suffice just to monitor the controlled variable in a univariate chart. Since the disturbance signal in the con-
trolled variable may be a small mean shift, a robust choice may be to use a time-weighted control chart, such as a
CUSUM chart to increase detection capability. Regarding diagnosing disturbances, note that the disturbance signatures
on the controlled and manipulated variables keep their step and ramp characteristics in both cases. As we have illus-
trated, a step disturbance induces mean level shifts on both the controlled and manipulated variables for the P control
mode whereas a ramp disturbance induces an increasing/decreasing trend in both variables. The analyst can thus use
these known patterns to classify which type of disturbance is affecting the process, given the knowledge that the P con-
trol mode is in use.

TABLE 5 Mean, standard deviation, and steady-state values of the controlled and manipulated variables when d̂=0 and d̂ = 0.01

(ramp disturbance).

Variable

Phase I: d̂= 0 Phase II: Ramp disturbance d̂= 0:01

Mean SD Steady-state value Mean SD Steady-state value

Temperature (�C): Controlled 0.0004 0.045 yss 0 0.4244 0.044 yss +∞

Steam flow rate (ml/s): Manipulated −0.3322 37.695 uss 0 −352.873 37.196 uss −∞

FIGURE 3 Time series plots of the

controlled (a) and manipulated (b) variables. A

ramp disturbance of a slope d̂ = 0.01 occurs at

400th observation
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5 | EXAMPLE 2—STEEL ROLLING MILL WITH A PI CONTROLLER

In this second example, we further illustrate the theoretical results presented in Tables 1–3 but now with a different
example using the PI control mode.

5.1 | Steel rolling mill and controller transfer functions

Figure 4 depicts a steel rolling mill where steel bars pass through a pair of rolls to reduce their thickness. Each time a
new bar engages the rolls, the load change produces a torque on the rolls that reduces their speed. This unwanted speed
reduction can be avoided by designing a feedback control scheme that keeps the roll speed (the controlled variable) at
the desired set point.24 The steel rolling mills are usually equipped with a DC motor and a speed controller to maintain
the speed of the rolls. That way, the DC motor can convert the electromotive force (the manipulated variable) into rota-
tional energy according to the error fed back to the controller. The resulting feedback control scheme has a block dia-
gram like the one shown in Figure 1, where the torque on the rolls due to the load change can be interpreted as a
(known) constant disturbance.

The described system was implemented in Matlab/Simulink®, introducing a normally distributed random noise
with zero mean and constant variance σ2 = 6 × 10−5 chosen subjectively to provide a realistic simulation. The variance
level was picked by trial and error. The employed DC motor has the following transfer function

gp sð Þ= Speed
Voltage

=
2:857
τs + 1ð Þ =

2:857
0:086s+1ð Þ ð12Þ

A Matlab model of the DC motor by Elshamy25 is available in the Matlab central file repository. For additional informa-
tion about the transfer function and typical constants of the DC motor, see Dorf and Bishop (pp.70–73).24

A PI controller with the following transfer function

gc sð Þ=kc 1+
1
τI s

� �
=0:175 1+

1
0:086s

� �
ð13Þ

was implemented to keep the roll speed at the set point value. The controller parameters were tuned using the internal
model control (IMC) rule by setting λ = τ/2, which indicates a twice as fast closed-loop response time compared to the
open loop. The reader is referred to Romagnoli and Palazoglu20 for additional information about the IMC rules for tun-
ing PID controllers.

5.2 | Scenario I: Step disturbance

Observations of the roll speed (controlled variable) and the voltage (manipulated variable) were collected in sequence
during a continuous simulation of the process. Again, 840 observations were generated. The first 440 observations were
collected under normal operating conditions, that is, �d=0. The first 40 observations were excluded to remove the start-

FIGURE 4 Steel rolling mill.

Figure inspired by Dorf and Bishop (2011)
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up phase thus creating a Phase I data set of 400 observations. The last 400 observations constitute the Phase II dataset.
A step disturbance in the torque of magnitude �d= −0:0025 was introduced at 440th observation and onwards.

5.2.1 | Disturbance signatures in the controlled and manipulated variables

Table 6 shows the mean, standard deviation, and theoretical steady-state values of the controlled and manipulated vari-
ables in Phase I and Phase II. The theoretical steady-state values yss and uss were calculated based on formulas in
Table 1.

From Table 6, we see that mean values of the controlled and manipulated variables in Phase I are the same or simi-
lar to the theoretical steady-state values yss and uss indicating stable process operation during which the PI controller is
able to keep the controlled variable at the set point. The mean value of the manipulated variable is close to the theoreti-
cal value, uss, and the small difference is due to the random noise. Table 6 also provides the theoretical steady-state
values yss and uss in Phase II. Note that in a real process, these values are not known in advance since the disturbance
types and magnitudes are unknown beforehand. However, in the specific situation that the analyst can assume that the
disturbance is a step change, formulas in Table 1 may actually be used to estimate the magnitude of the disturbance �d
using the mean of the controlled (or manipulated) variable in Phase II as an estimate of the steady-state value yss
(or uss).

Table 3 as well as the mean values of Phase II in Table 6 suggest that for the PI control mode, the signature of a
step-change disturbance should only be visible as a mean shift in the manipulated variable. This means that the PI con-
troller is able to keep the disturbance from affecting the controlled variable, and the disturbance signature is only iden-
tifiable in the manipulated variable.

5.2.2 | Monitoring the controlled and manipulated variables in control charts

Figure 5a,b show the time-series plots of the controlled and manipulated variables in both Phases I and II. A visual
inspection of the time-series plots shows that the controlled variable does not exhibit a clear shift when the step distur-
bance is introduced. However, the time series plot of the manipulated variable seems to exhibit a slightly higher mean
value after the step disturbance is introduced.

The Phase I and Phase II datasets with 400 observations each of the controlled and manipulated variables were used
to create the control charts. Two CUSUM charts were applied to monitor the controlled and manipulated variables in
Phase II, see Figure 5c,d. Note that in this example (as well as in the previous one), the observations in Phase I
(no disturbance) are independent and normally distributed. Without active disturbances, the random variability of the
controlled and manipulated variables comes from the added random, normally distributed noise. Throughout this
example, we used the common choices of k = 0.5 and h = 5 for the CUSUM charts.21 Other choices are possible, but
here, we are mainly interested in illustrating how commonly used univariate control charts can be applied to the con-
trolled and manipulated variables and not in optimizing the sensitivity of the charts. Under the assumption of time-
independent observations, the selected CUSUM charts' parameters would result in an in-control ARL (ARL0) of
465 observations.21 We also tested other control charts with comparable detection abilities, such as a EWMA chart, but
the results were similar. We excluded illustrations in other control charts to save space as a different choice of control
chart does not change the conclusions.

From Figure 5c, we see that the CUSUM chart for the controlled variable does not issue any out-of-control signal.
However, the CUSUM chart for the manipulated variable issues an out-of-control signal as the CUSUM passes the

TABLE 6 Mean, standard deviation, and steady-state values of the rolls' speed and voltage in Phase I and Phase II (step disturbance of

magnitude �d= −0:0025).

Variable

Phase I: �d= 0 Phase II: Step disturbance �d= −0:0025

Mean SD Steady-state value Mean SD Steady-state value

Speed (rad/s): Controlled 0.000 1.278 yss 0 0.000 1.294 yss 0

Voltage (mV): Manipulated 0.042 0.007 uss 0 0.974 0.007 uss 0.875
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control limit at the 424th observation in Figure 5d. From the analysis of the control charts, it is possible to conclude that
the controlled variable is in control operating close to or at its desired set point and that the PI controller prevents the
disturbance from affecting the controlled variable. The signature of the disturbance is instead displaced to the manipu-
lated variable. The analyst may at this point undertake a root cause search for the disturbance if the sustained control
action is causing unwanted costs or other negative consequences.

5.3 | Scenario II: Ramp disturbance

Another dataset of 840 observations was once again produced for both the controlled and manipulated variables follow-
ing the same criteria of the previous step disturbance scenario. Again, the first 40 observations were removed, and the
Phase I dataset includes 400 observations. This time, a ramp disturbance with a slope d̂= −0:025 was introduced at
440th observation and onwards.

5.3.1 | Disturbance signatures in the controlled and manipulated variables

Table 7 shows the mean, standard deviation, and theoretical steady-state values of the controlled and manipulated vari-
ables in Phase I (d̂ = 0) and in Phase II (d̂ = −0.025). The theoretical steady-state values, yss and uss, are zero in Phase I
whereas their values in Phase II were obtained using the formulas in Table 2.

FIGURE 5 Time series plots of the speed (a) and voltage (b) variables. A step-change disturbance of magnitude �d= −0:0025 occurs at

the 400th observation. The vertical dotted lines divide observations in Phase I and Phase II. (c) CUSUM chart for the controlled variable.

(d) CUSUM chart for the manipulated variable. The vertical solid line indicates the out-of-control signal at the 424th observation
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5.3.2 | Monitoring the controlled and manipulated variables in control charts

Figure 6a,b show the time-series plots of the controlled and manipulated variables. A visual inspection of the time-
series plots shows that after the disturbance introduction (400th observation) there is an obvious increasing trend in the
manipulated variable and a slight decrease in the mean of the controlled variable. In this example, the PI controller
does a fair job of keeping the roll speed close to its set point by rapidly increasing the voltage. Based on theoretical
results summarized in Tables 2–3, the signature of a ramp disturbance should remain on both the controlled and
manipulated variables, but a signature in the controlled variable is perhaps not evident from a visual inspection of
Figure 6a. Therefore, we move on to analyze the control charts for the controlled and manipulated variables. Again, we
used a CUSUM chart for both the controlled and the manipulated variables using the same control chart parameters as
in the previous step disturbance scenario, see Figure 6c,d.

TABLE 7 Mean, standard deviation, and steady-state values of the rolls' speed and voltage in Phase I and Phase II (ramp disturbance

with a slope d̂= −0:025).

Variable

Phase I: d̂= 0 Phase II: Ramp disturbance d̂= −0:025

Mean SD Steady-state value Mean SD Steady-state value

Speed (rad/s): Controlled 0.000 0.0077 yss 0 −0.004 0.0073 yss −0.004

Voltage (mV): Manipulated −0.059 1.348 uss 0 8.096 1.270 uss + ∞

FIGURE 6 Time series plots of the speed (a) and voltage (b) variables. A ramp disturbance with a slope d̂= −0:025 is introduced at the

400th observation. The vertical dotted lines divide Phase I and Phase II data. (c) and (d) are CUSUM charts for the controlled and

manipulated variables, respectively. The vertical solid lines indicate the out-of-control signal at the 430th observation for the controlled

variable and at 437th observation for the manipulated variable
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The CUSUM chart for the controlled variable issues an out-of-control signal indicating a decrease in the mean of
the controlled variable, see Figure 6 (c). Not surprisingly, the CUSUM chart in Figure 6 (d) for the manipulated variable
also issues an out-of-control signal with an ever-increasing voltage. In a real-life scenario, however, the voltage would
only be allowed to increase to a certain limit before the process would be shut down.

5.4 | Remarks on the steel rolling mill example

The steel rolling mill example shows how for a given implemented control scheme and process plant, monitoring the
controlled and manipulated variables separately may be crucial for understanding and interpreting out-of-control situa-
tions in a closed-loop system. Monitoring both the controlled and the manipulated variables in separate charts allows
the analyst to evaluate the performance of the controller but also to develop an increased understanding of which type
of disturbance is active in the system (step or ramp). For the PI (or PID) control mode, a step disturbance results in a
mean shift signature in the manipulated variable only. However, a ramp disturbance induces a mean level shift in the
controlled variable and an increasing or decreasing trend in the manipulated variable. In which of the variables a dis-
turbance signal can be detected depends on the control mode used, the type of disturbance affecting the system, and
the choice of control chart, as we have illustrated in the examples above and in Tables 1–3. By illustrating the behavior
for a P control mode in Example 1 and a PI control mode in Example 2 for the step and ramp disturbances, we inten-
tionally exemplify all interesting disturbance signatures covered in Table 3: ‘no signature’, ‘mean shift’, and ‘trend’.

A generalization on the proper choice of control chart for a general EPC application is not self-evident. The
Shewhart chart for individual observations would be fast to signal when a large shift occurs, such as a dramatic step
change. However, at times, the remaining signals in the controlled and/or manipulated variables may be much smaller
and time-weighted control charts, such as a CUSUM or EWMA chart, would be recommended for fast and effective
shift detection.

6 | CONCLUSIONS AND DISCUSSION

This article explores and discusses the concurrent use of EPC and SPC, and more specifically, the implications of moni-
toring variables from a system under feedback control through control charts. From an SPC perspective, the control
action increases complexity and influences the behavior of the process variables when a disturbance affects the process.
The analyst may even fail to detect a disturbance affecting the system when monitoring only the controlled variable in
an EPC scheme. This mistake may occur since the controlled variable in a feedback controller usually is ‘the’ important
process output that the naïve analyst may think warrants monitoring through SPC.

In this article, we provide formulas for calculating the theoretical steady-state values of the controlled and manipu-
lated variables in a SISO system for the P, PI, and PID control modes, given that the system is affected by step or ramp
disturbances. In the two simulated examples, we illustrate how step and ramp disturbance signatures manifest them-
selves in the controlled and manipulated variables for the above-mentioned control modes. The control mode used, the
disturbance type, and the choice of control chart determine whether the disturbance signature can be detected in the
controlled and/or manipulated variables. For step disturbances, PI and PID controllers can maintain the controlled var-
iable on target by adjusting the manipulated variable thereby displacing the disturbance signature to the manipulated
variable. For P controllers and for ramp disturbances combined with all tested control modes, the disturbance affects
both the controlled and the manipulated variables.

Consequently, irrespective of the control mode applied, properly chosen and parameterized control charts monitor-
ing the controlled and/or the manipulated variables should be able to signal out-of-control situations for step and ramp
disturbances affecting the system. Our recommendation is to monitor both the controlled and manipulated variables
when applying SPC on a process under feedback control. A combined study of the disturbance signatures in both con-
trol charts can also give important information on how well the controller is performing in terms of disturbance elimi-
nation as well as clues of what type of disturbance is affecting the system (step or ramp). Indeed, for the P, PI, and PID
control modes, univariate control charts monitoring only the manipulated variable may also issue out-of-control signals
for step and ramp disturbances. Another alternative is to use a bivariate chart based on both the controlled and manipu-
lated variables. However, these choices would potentially be at the expense of gaining a deeper process insight. For
example, if the control chart for the controlled variable is in control and the control chart for the manipulated variable
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is out-of-control, one can infer that the controller is performing satisfactorily in keeping the controlled variable at its set
point by transferring the disturbance (variability) from the controlled variable to the manipulated variable. The distur-
bance signature in the manipulated variable may, of course, be a lingering problem if the sustained adjustment incurs
increased costs or other negative consequences. The goal of SPC in this case is to eliminate the assignable cause to cut
potential unwanted costs of corrective adjustments by the controller. Moreover, if the control charts for both manipu-
lated and controlled variables are out-of-control, we may conclude either that the controller is not working or that the
controller is working but unable to counteract the disturbance completely. In this case, understanding and eliminating
the assignable cause is even more important to reduce unwanted costs of waste, resource consumption, production of
off-spec products, safety risk, or to consider potential changes on the controller design if, for example, the assignable
cause occurs frequently.

This article focuses on SISO systems. Future research will explore multivariate systems and the potential of dividing
controlled and manipulated variables in separate multivariate control charts for increased process insight.
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APPENDIX A.

As shown in the block diagram of Figure 1, the effect of ysp(s) and d(s) on the controlled variable can be expressed
through the representation of the set point tracking and disturbance rejection problems. This yields the additive output
response as

y sð Þ= gp sð Þgc sð Þ
1+ gp sð Þgc sð Þ ysp sð Þ+ gd sð Þ

1+ gp sð Þgc sð Þ d sð Þ ðA:1Þ

y sð Þ=gsp sð Þysp sð Þ+ gd sð Þd sð Þ

where gsp(s) and gd(s) are the closed-loop transfer functions for the set point response and the disturbance response,
respectively. Since the set point is assumed to be constant (ysp(s) = 0), we are left with the expression,
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y sð Þ= gd sð Þ
1+ gp sð Þgc sð Þ d sð Þ ðA:2Þ

The steady-state value of the controlled variable yss can then be determined using the final value theorem:

yss = lim
t ! + ∞

y tð Þ= lim
s ! 0

s y sð Þ½ �= lim
s ! 0

s gd sð Þd sð Þ½ � ðA:3Þ

or, incorporating Equation A.2 in Equation A.3:

yss = lim
s ! 0

s
gd sð Þ

1+ gp sð Þgc sð Þ d sð Þ
" #

ðA:4Þ

where the steady-state value of the controlled variable yss becomes a function of the controller, gc(s), the process model
gp(s), and the disturbance model, gd(s) as well as the disturbance signal. If yss is non-zero, it represents the steady-state
error. Similarly, the steady-state value of the manipulated variable is calculated as,

uss = lim
t ! + ∞

u tð Þ= lim
s ! 0

s u sð Þ½ �= lim
s ! 0

s e sð Þgc sð Þ½ �

Since the error term is expressed as,

e sð Þ=ysp sð Þ−y sð Þ

This yields,

uss = lim
s ! 0

s
−gd sð Þ

1+ gp sð Þgc sð Þ d sð Þ
" #

gc sð Þ= lim
s ! 0

s
−gd sð Þgc sð Þ
1+ gp sð Þgc sð Þ d sð Þ

" #
ðA:6Þ
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