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A Vibration Energy Harvester (VEH) converts the kinetic energy of a moving source into electrical energy. Here we consider
a one-dimensional electromagnetic vibration energy harvester (1D-EMVEH) which consists of three coaxial cylindrical permanent
magnets enclosed in a tube, such that the middle magnet is levitating. The resulting movement of the middle magnet can then
induce an electromotive force (emf) in one or more surrounding coils. Using an analytical model, we derive expressions for the
1D-EMVEHs characteristic frequency and output power by using Fourier space approach. First, the magnetostatic energy of the
system as a function of the position of the levitating magnet is calculated. Its spatial gradient gives the force acting on a magnet,
which drives its dynamics. Next, more accurate magnetic flux and emf expressions are obtained. The results are compared with
experimental measurements, revealing an excellent agreement.

Index Terms—Electromagnetic Energy Harvester, Magnetic Energy, Magnetic Flux, Fourier Space.

I. INTRODUCTION

THE term energy harvesting is nowadays used to describe
the energy conversion process from different sources at

small scale. Such sources can be heat, radiation, or motion,
and the conversion technique can vary depending on the
application. Here, the energy from vibrations, which can be
harvested electromagnetically (EM) or using piezoelectric
materials, is considered. It has been shown that for acoustic
vibrations electromagnetic harvesters produce more power
than piezoelectric harvesters [1]. A considerable number
of electromagnetic energy harvesters have been developed
[2], and have been used in wireless vibration sensors [3]
or microgenerators [4]. When designing a vibration energy
harvester (VEH) in view of specific applications it is important
to take into account the range of frequencies, size, output
power and nature of the vibration source. One particular type
of electromagnetic VEH is the 1D-EMVEH, which consists
of three coaxial cylindrical permanent magnets enclosed in
a tube and facing each other with appropriate polarities so
that the middle magnet keeps levitating [5]–[7]. This middle
magnet can then vibrate through a set of coils where an
electromotive force is induced. This design mitigates the
mechanical friction that is present in a more classical design
where the permanent magnet is mounted on an oscillating
spring. However, a tube is still necessary, as Earnshaw’s
theorem prevents a stable equilibrium of the levitating magnet.
In such a 1D-EMVEH system the interaction between the
levitating permanent magnet and the coil(s) is equivalent to
a damper, while the force between the magnets provides a
restoring force. Previously, the force between the magnets
has been approximated by a polynomial behavior [5], but this
is only an approximation of the true force. Additionally, the
electrical damping effect has been defined as a function of
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the relative position between the permanent magnet and the
coils [8]. However, the fact that the emf in each loop of the
coil also depends on the relative position of the magnet has
not been considered. In order to understand and predict the
motion of the levitating magnet and thus the power that can
be harvested, it is imperative to analyze the true force on the
levitating magnet, resulting from both the permanent magnets
and the force arising when the levitating magnet interacts
with the coaxial coil(s).

A substantial number of different expressions have been
derived for both the force between the permanent magnets
as well as the induced electromotive force [9]. In this work,
we derive the non-linear expressions of the 1D-EMVEH for
the magnetic flux and induced electromotive force based on a
Fourier transform approach. As these results will be shown in
simple expressions involving only a single integral, which are
much simpler than most previously derived expressions [9],
[10]. A particular analysis is done to find the emf equation
when the coil is below, around, and above the levitating
magnet. The given model is validated by comparing with
simulations and experimental results.

II. MATHEMATICAL MODEL

An electromagnetic vibration energy harvester can be de-
scribed as a damped driven harmonic oscillator [11], where the
levitating permanent magnet experiences a restoring force due
to the fixed magnets, and a damping force from the interaction
between the magnet and the coils, i.e. in essence the harvested
power. The force on the levitating magnet from the two fixed
magnets is often approximated with a spring force described
by Hooke’s law. A simple illustration of a 1D-EMVEH system
is shown in Figure 1a. The equation of motion for the levitating
magnet is:
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(a) Harvester basic schematic. (b) Prototype.

Fig. 1: (a) Dimensions and relative position of the levitating
(middle) and fixed (top and bottom) permanent magnets.
(b) Prototype of One-dimensional Electromagnetic Vibration
Energy Harvester 1D-EMVEH.

m
d2z

dt2
+ c

dz

dt
+ kz +mg = Fext (1)

where m is the mass of the levitating magnet, g is the gravity
acceleration, Fext is the external driving force, k is the spring
constant, related to the harvester’s resonant frequency, and c
is the damping constant, related to the generated power. The
spring constant will depend on the size and strength of the
permanent magnets in the setup.

A. Harvester Characteristic Frequency

To solve the equation of motion, the spring constant k and
the damping coefficient c are needed. The spring constant
can be determined from the force between the permanent
magnets in the system, which is the spatial gradient of its
magnetostatic energy [12],

Em = −µo
2

∫
V

H(r) ·M(r)d3r (2)

where H, M, r, µo and V are the magnetic field strength,
magnetization, vector position in the Cartesian space,
permeability in free space and volume respectively.
Assuming that the magnets are cylindrical, the energy can

be determined from a mathematical analysis of the system,
using the concept of the shape function D(r), which is
a discontinuous function equaling unity inside the object
and zero outside [13], and which can be represented within
Fourier space. The only assumption is that the magnets
have a relative permeability of 1, a value very close to
the experimental value which is usually between 1.03–1.17
[14]. Previous derivations have considered a similar co-axial
system of magnets as it is done here, but limited the
analysis to magnets with identical dimensions [15], [16].
Using the same analytical principle, it is here considered
the case where the magnet dimensions are not identical. To
attain this modified expression, the derivation starting point
contemplates the magnetic density (4), magnetization (5)
and magnetic field strength (6) in Fourier space following [17].

B(r) = µo(M(r) + H(r)) (3)

B(k) =
Br
k2
D(k)(m̂k2 − k(m̂ · k)) (4)

M(k) = MrD(k)m̂ (5)

H(k) = − 1

k2
k(M(k) · k) (6)

where Br = µoMr is the residual induction [18]. For the
case of two bodies, the resulting magnetic field strength and
magnetization are the sum of each body’s contribution.

M(r) = M1(r− r1) + M2(r− r2) (7)

H(r) = H1(r1) + H2(r2) (8)

and in Fourier space,

M(k) =
2∑

n=1

Mn Dn(k)m̂n e
−ik·rn (9)

H(k) = − 1

k2

2∑
n=1

k(Mn(k) · k) (10)

Thus the magnetostatic energy becomes (2).

Em =
µo

16π3

∫
d3k
k2

[
2∑

n=1

(
Mn(k) · k

)2
+
(

M1(k) · k
)(

M2(k) · k
)
eik·(r2−r1)

+
(

M2(k) · k
)(

M1(k) · k
)
e−ik·(r2−r1)

]
(11)

The first term of (11) is the self magnetic energy Em,a and
the other terms represent the energy interaction between two
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bodies Em,b.

Em,b =
µo
8π3

∫
d3k
k2

(
M1(k) ·k

)(
M2(k) ·k

)
eik·(r2−r1) (12)

For the harvester of Figure 1, one fixed magnet and the
floating cylindrical magnet represents the bodies in (12)
whose shape function was derived by [15] and is expressed
in (13).

D(k) =
2πtR

k⊥
J1(k⊥R)sinc

(
t kz
2

)
(13)

where t and R are the length and radius of a cylindrical
magnet, k⊥ and kz are the components of the wave number
vector k, and J1 is the Bessel’s function of first order. The
final magnetostatic interaction energy is the sum of the energy
between the bottom magnet and the levitating magnet, where
the ratio ξ1 = ∆z/R1, and between the top magnet and the
levitating magnet whose ratio ξ2 = (d −∆z)/R2. The result
is given in (14).

Em,bi = KeR
2
1

∫ ∞
0

J1(q)J1(qR2/R1)

q2
sinh(τ1q)

· sinh

(
R2

R1
τ2q

)
e−ξiqdq (14)

where Ke = 4πµoM1M2R2, ti = 2Riτi and q = R2/k⊥
is an equivalent integration variable, as shown in [19].
Subsequently, the repulsive magnetic force between sets
of magnets, represented in (15), is derived as the negative
gradient of the magnetic energy Fm,i = −∇Em,bi. Its
solution depends on the position ∆z and the force will be
oriented along the z-axis.

Fm,i = KeR1

∫ ∞
0

J1(q)J1(qR2/R1)

q
sinh(τ1q)

· sinh

(
R2

R1
τ2q

)
e−ξiqdq (15)

Note that this force expression only contains a single
integral, which numerically only has to be evaluated up to
a cut-off value, and is thus easier to evaluate than the equally
correct expression for the force derived by [20], which depends
on six elliptic integrals.

Similarly, the total force of the system is the sum of the
two resulting repulsive forces and the weight of the levitating
magnet. At the equilibrium point ze, the total force acting on
the levitating magnet is equal to zero and represented in (16).

∑
F (ze) = Fm1 − Fm2 − Fw = 0 (16)

Also, around the equilibrium point, the system can be
approximated to a simple harmonic oscillator, and the spring
constant is found by evaluating the derivative of (17) at the

equilibrium point ze shown in (18).

FT = −kz (17)

k = −dFT
dz

∣∣∣∣
ze

(18)

As a result, (19) is obtained, and the harvester characteristic
frequency is found in (20).

k = Ke

∫ ∞
0

J1(q)J1

(R2

R1
q
)

sinh(τ1q)

· sinh

(
R2

R1
τ2q

)(
e−ξe1q − e−ξe2q

)
dq (19)

f =
1

2π

√
k

m
(20)

The force is linear as long as the distance between the
levitating magnet and either of the end magnets is sufficiently
large. This is always desirable in a harvester, as the levitating
magnet must not touch the top or bottom magnets, as this
could break the device.

B. Damping Coefficient

The damping of the motion of the magnet in an electro-
magnetic harvester is caused by the friction of the levitating
permanent magnet with the inner tube walls and air, and
importantly the repulsive (when the magnet is getting close
to the coil) or attractive (when the magnet is getting away
from the coil) magnetic force due to the current induced in
the coil(s). The damping coefficient c in (1) can be expressed
according to [21] by

c = cl +
γ2

Req
(21)

where cl represents the losses due to mechanical friction, Req
is the equivalent electrical resistance, and γ is the damping
coefficient due to the electromagnetic interaction. The latter
is a function of the position [8], and related to the generated
power. The power from the damping force, Pd, is the product
of the damping force Fd, brought about by the electromagnetic
interaction between the coil(s) and levitating magnet, and
the speed of the magnet vz = dz/dt. This must equal the
generated electrical power, Pe, which is the product of the
electromotive force emf and the electric current I , which
depends on the resistance Req , i.e.

Pd = Fd · vz = emf · I = Pe (22)

The damping force is given by the second term of (21) times
the magnet speed as in (23), and the electromotive force is
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defined in (24). Consequently, the electromagnetic damping
coefficient can be found as in (25).

Fd = vzγ
2/Req (23)

emf = −vzdφ/dz (24)

γ =
dφ

dz
(25)

where φ is the magnetic flux through the coil as a function
of its position. Thus, in order to determine the damping
coefficient, the flux from the levitating magnet through the
coil must be known. Two situations must be considered, one
where the magnet is inside the coil and one where it is outside.
In the former situation, with the coil around the permanent
magnet, the magnetic flux density is B = µo(M + H), since
the magnetization of the levitating magnet contributes to
the flux. This equation can also be expressed in Fourier
space following [17] with the result shown in (4), and its
corresponding inverse Fourier transform in (26). When the
coil is above or below the magnet, the above equation
simplifies to B = µoH hence (27) is attained. This situation
is illustrated in Figure 2.

Bin =
Br
8π3

∫
d3kD(k)

[
m̂− k

m̂ · k
k2

]
eik·r (26)

Bout = − Br
8π3

∫
d3k
k2

D(k) k
(
m̂ · k

)
eik·r (27)

t = 2Rτ

∆z = rξ

Rc

R

z

M

Fig. 2: Dimensions and position of the permanent magnet and
coil.

As the levitating magnet and the coil are centered on the
same axis, from symmetry it is only the z-component of the
B-field that generates an inducing magnetic flux φ. This flux
is given in (28), assuming that the coil can be approximated as
a geometric circle, i.e. with no height and defined by a single
radius, Rc. Computing this in Fourier space, and afterwards
evaluating the inverse Fourier transform gives the magnetic
flux for the two configurations, i.e. with the magnet inside,
(29), and outside, (30), the coil. These expressions match on
the boundary when the magnet is about to the enter the coil.

The parameters of these two expressions are represented in
Figure 2.

φ =

∫ Rc

0

ρ dρ

∫ 2π

0

dθ Bz(ρ, θ, z) (28)

φin = KfR

∫ ∞
0

dq

q
J1(q)J1(qRc/R)(1− cosh(qξ)e−qτ )

(29)

φout = KfR

∫ ∞
0

dq

q
J1(q)J1(qRc/R) sinh(qτ)e−qξ (30)

where Kf = 2πµoMrRc. The derivative of the flux with
respect to time gives the electromotive force emf = −dφ/dt.
This can also be expressed as the product of the permanent
magnet speed and the derivative of flux with respect to
position, emf = −vzdφ/dz. The results of performing this
calculation are shown in (31) and (32) for the induced voltage
in a one-loop coil.

emfin = Kfvz

∫ ∞
0

dq J1(q)J1(qRc/R) sinh(qξ)e−qτ

(31)

emfout = Kfvz

∫ ∞
0

dq J1(q)J1(qRc/R) sinh(qτ)e−qξ

(32)

To find the emf in a N-loop coil, an accepted approximation
is to multiply the results of (31) and (32) by the number of
coil turns N as in [8]. One can also consider the full coil’s
stationary equivalent magnet [20], and calculate the force, Fd
between this and the moving magnet. If this force is known,
the damping coefficient can be determined from (22) and (24)
directly as

γ = Fd/I (33)

where I is the current in the coil. Equation (33) is essentially
equal to (25), but [8] and [20] do not consider the position
dependence of the flux with respect to each loop-coil.
Therefore for both of the above mentioned approaches a
comparison with experimental data shows a mismatch because
the emf is a position dependent function, thus the induced
voltage of each loop-coil is different. A more accurate
procedure is to sum the contribution of each loop-coil whose
radius Rc and ratio ξ depend on the layer number and
position of the coil respectively.

emfN−coil =

Rw∑
i=Rc

zt∑
j=zb

emf(Ri, zj) (34)

where Rc is the radius of the inner loop, Rw the radius of
the outer loop, zb the position of the bottom loop and zt the
position of the top loop.
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(a) Force (b) Flux

Fig. 3: Magnetic flux density simulation results for the (a)
magnetic force and (b) magnetic flux cases. The external
vertical bar indicates the intensity of the magnetic flux density
in tesla.

III. SIMULATION MODEL

The magnetic force and flux through a coil can also
be obtained by simulating the magnetic field generated
by the permanent magnets in, e.g., finite element method
software. Here, the software COMSOL was used to verify
the derived analytical expression by calculating the repulsive
force that a levitating magnet experiences as function of its
relative distance to the top and bottom magnets, as shown in
Figure 3a. Furthermore, the magnetic flux from the levitating
magnet through a one-loop coil was also calculated as
illustrated in Figure 3b.
As it was mentioned in subsection II-A, the mathematical
model uses the concept of a shape function, which basically
equals one inside the object. The equivalence in the
simulation model is to assume the magnetization is constant
and distributed equally inside the permanent magnets. Then,
the total flux on the N-loop coil is obtained by summing the
contribution of each loop-coil as in subsection II-B, so the
use of a fill factor as in [22] is avoided.

IV. EXPERIMENTAL VERIFICATION

A 1D-EMVEH prototype was built to experimentally verify
the derived expressions for the magnetic force and flux. The
VEH consists of three parts: permanent magnets, acrylic tube
and coils. The size of each component was selected according
to commercial availability and the dimensions are detailed
in Table I. The designed prototype harvester is shown in
Figure 1b.

A. Magnetic Force

The experimental data were obtained by confining two
permanent magnets in an acrylic tube, with the same magnetic

TABLE I: Dimensions and component specifications.

Component Parameter Quantity

Levitating magnet
Radius 7.5 mm
Length 16 mm
Grade NdFeB, N42

Fixed Magnets

Radius 7.5 mm
Length 8 mm

Separation 103 mm
Grade NdFeB, N42

Coils

Inner radius 10 mm
Outer radius 12.5 mm

Length 10 mm
Separation 15 mm

Number of turns 138
Wire gauge 26 AWG
Resistance 1.3 Ω
Inductance 0.35 mH

pole facing each other to keep the top magnet levitating by
repulsion (see Figure 4). Next, known masses were placed
on top of the levitating magnet to increase its weight and
push it downwards. Then, the new distance between the two
magnets was measured. The total mass, represented by the
sum of the levitating magnet mass and the additional mass
blocks, is multiplied by the gravitational acceleration so that
the total resulting repulsive force is obtained.
The experimental, simulated and theoretical magnet force, as
calculated by (15) is depicted in Figure 5, as a function of

(a) No weight (b) mass = 110 [g] (c) mass = 934 [g]

Fig. 4: Position of the levitating magnet with different weights.
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Fig. 5: The force on the levitating magnet as a function of its
relative position in a configuration as given in Figure 1a.
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the distance between only the center magnet and the bottom
magnet. As it can be seen, there is an excellent agreement
between the derived expression for the force, the simulation
results and the experimental measurement. This shows that
(19) is an accurate approach to find the spring constant k, for
the VEH. The solution of (19) gives k = 6.36 N/m for this
example.

B. Gradient of the Magnetic Flux

As the electromotive force given by (34) depends on the
velocity of the permanent magnet passing through the coils, a
setup is implemented and illustrated in Figure 6 so that such
velocity is known.

Fig. 6: Experimental setup to find the induced emf on a N-loop
coil.

To validate the data, the experiment is carried out at three
different frequencies, and the plotted results are the gradient
of the flux as a function of the position. The induced voltage
on the coil of Figure 6 is recorded and divided by the velocity
given by a total horizontal displacement of 21 mm. The
gradient of the flux obtained from simulations is evaluated, and

-8 -6 -4 -2 0 2 4 6 8
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0

0.2
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d
/d

x
 [

V
s
/m

]

Expression

Simulation

8 Hz

10 Hz

12 Hz

Fig. 7: Gradient of the magnetic flux with respect to the
position in a N-loop coil when a cylindrical permanent magnet
is passing through it.

the correspondent gradient from the expression is found with
(31) and (32), without the velocity being considered. Figure 7
depicts a really small mismatch due to the symmetrical way
how the induced voltage on each loop-coil is summed to attain
the total gradient of the flux on the N-loop coil with the
mathematical expression and the simulation results. Part of the
small discrepancy between the experimental and expression
data can be caused by the fact that the magnets have a relative
permeability slightly different from 1 [14].

V. CONCLUSION

In this paper, the mathematical expressions for the force
between cylindrical axially magnetized permanent magnets,
and the electromotive force on a coil placed co-axially with a
permanent magnet were derived. These expressions were used
to calculate the spring constant and the damping coefficient
of a 1D electromagnetic vibrational energy harvester, in an
easier manner because the analysis was done in Fourier space.
The gradient of the energy and flux was reduced to a simple
derivative of an exponential function. Next, the derived math-
ematical expressions were verified with both finite element
simulations and experimental results, both of which showed
excellent agreement with the expressions.
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