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Nonlinear compressive stability of hyperelastic 2D lattices
at finite volume fractions

Gore Lukas Bluhm∗, Ole Sigmund, Fengwen Wang, Konstantinos Poulios

Department of Mechanical Engineering, Technical University of Denmark, Nils Koppels Allé, Building 404, 2800 Kgs. Lyngby, Denmark

Abstract

A framework is introduced for benchmarking periodic microstructures in terms of their ability to maintain their stiff-
ness under large deformations, accounting in a unified manner both for buckling and softening due to geometric and
material nonlinearities. The proposed framework is applied to three classical 2D lattice microstructures at different
volume fractions as well as to an optimized hierarchical microstructure from the literature. The high slenderness of
the structure members, often assumed in analyses, is demonstrated not to be valid at volume fractions of 10% and
above, with the infinitesimal volume fraction solutions underestimating the actual buckling resistance considerably.
The performed analyses provide useful and quantitative insight regarding the compressive load carrying capacity of
materials with a moderately dense periodic microstructure, in a rather universal and practical form.
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1. Introduction

Within structural and material mechanics, lattice structures have important applications in a wide range of length
scales [1, 2, 3, 4] and have therefore been subject of extensive studies, both numerically and experimentally [5, 6, 7, 8].
Typically, numerical studies deal with the evaluation of lattices in terms of stiffness per volume fraction [9, 10, 11, 12],
plastic yield or compressive instabilities [13, 14, 15, 16, 17, 18], elastic or plastic anisotropy [19, 20, 21], and effective
fracture mechanical properties [22, 23, 24, 25].

Depending on the geometry of a given microstructure, models of varying complexity may be necessary for investi-
gating its response to mechanical loading. For studying, for instance, the load carrying capacity of low volume fraction
and geometrically simple microstructures, beam element models are often sufficiently accurate [26, 27, 19, 28]. Also
depending on the kind of the study performed, geometrically linear models may be sufficient but often, geometrical
nonlinearities are essential [27, 17]. Especially at larger volume fraction values, on one hand, beam elements fall
short in representing the actual geometry [9]. On the other hand, maximum loads become large enough for finite
strain effects in the microstructure to become essential [29].

Results from analytical or numerical eigenvalue buckling analysis and Bloch wave theory [14] have unques-
tionably been of immense value for estimating the load carrying capacity and understanding the behavior of lattice
materials under compressive loads. Nevertheless, microstructures of increased geometrical complexity, combined
with large macro-scale deformations and finite strain effects at the micro-scale, render eigenvalue buckling analysis
difficult to apply and interpret. Oppositely, direct force or displacement controlled nonlinear continuum mechanics
simulations are generic, relatively simple to apply, resemble the real system directly and are hence more straightfor-
ward to interpret. However, they require the application of appropriate perturbations, representative of the real system
under consideration and boundary conditions must be imposed that cover both local and global modes. Direct fully
nonlinear continuum mechanics simulations are used in the present work to cover hitherto scarcely treated effects in
lattice structures, such as

• resolving the actual deformation fields in joints to avoid simplifications of joint stiffness,

• finite-strain effects such as beam thickening due to non-zero Poisson ratio [29],

• progressive softening of the structure without a sharp instability point,

• possibly evolving arbitrary misalignment between applied principal stress axes and lattice symmetry axes [30],

• accurate modeling of general hierarchical microstructures.
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Especially for elastomers, that can sustain large strains without undergoing plastic deformation, the aforementioned
effects become highly relevant already for moderate material volume fractions.

The proposed generic approach with all geometrical and material nonlinear effects included, becomes increasingly
relevant with recent achievements in manufacturing technology that allow for the design of materials with extremal
physical properties such as stiffness [31] and buckling resistance [32]. It is also highly relevant in connection to the
newer trend in lattice material research with focus on exploitation of buckling-like response, rather than consider-
ing buckling as a failure mode, for instance for energy absorption with recoverability [33] or for achieving radical
transitions in material properties based on geometrical changes under loading [34].

One particular area of interest for the present work is anisotropy. As opposed to linearized elasticity, where the
anisotropy of any lattice structure is described by a finite number of elasticity constants according to the lattice’s Lau
group [35], there is in general no simple description for the anisotropically nonlinear response of a lattice structure.
For defining yield surfaces for lattice structures, for instance, one approach is to provide certain 2D or 3D slices of
higher dimensional normal and shear stress spaces [36, 19], while another approach is to investigate the response only
to uniaxial loading in any orientation [21]. The often implicit convention of reporting anisotropic yield surfaces in
principal stress space, at a fixed orientation with respect to the lattice axes, actually covers only a small fraction of the
anisotropic behaviour of lattice materials.

The following section introduces the periodic cell model used in the subsequent studies. Special focus is placed
on the periodic boundary conditions implemented in the model that allow for a generalised application of a macro-
scale stress or strain field under large deformations. Other modelling aspects, such as the chosen load cases and the
definition of perturbations are discussed in Section 2, as well. Section 3 explains the interpretation of the obtained
results and their presentation in the subsequent Section 4, in dimensionless form. The provided results cover the
evaluation of the nonlinear response of square, triangular and hexagonal lattices at three volume fractions up to
50% and comparison with a hierarchical lattice at 30% volume fraction from the literature, optimized for buckling
resistance. The most important findings are summarized in the concluding Section 5.

2. Numerical method

Finite strain continuum mechanics provide a sufficiently generic framework for benchmarking periodic microstruc-
tures of arbitrary geometrical complexity and volume fraction in terms of their nonlinear static response. A periodic
cell model is hence used in the present study, based on a finite element discretization of a plane strain hyperelastic
continuum. Such a continuum representation allows to study in a unified manner both simple and complex geometries
at both low and high volume fraction levels.

Among all available hyperelastic laws, the specific choice of a finite strain elastic constitutive law at the continuum
level, might theoretically affect the observed response at the microstructure level. For moderate strains though, the
differences between many hyperelastic laws are relatively small. For simplicity, the well established compressible
neo-Hookean material according to [37] is used to describe the constitutive behavior at the continuum level. The
chosen material law results in a relation between the deformation gradient F̃ and Kirchhoff stress τ̃ given as

τ̃ = K ln |F̃|I + G|F̃|−2/3dev(F̃F̃T
) (1)

with K and G being the initial bulk and shear modulus of the material, respectively. Since all results are presented in
dimensionless form, they are independent of the actual scaling of the material stiffness. However, it is important to
report the adopted initial Poisson ratio ν = 0.4, corresponding to K/G = 14:3, used in the majority of the simulations,
unless otherwise stated. The choice of a relatively high value is justified as representative for polymeric materials.

A plane strain finite element model for the periodic cell is implemented in the GetFEM [38] high-level finite
element framework, which allows for an easy coupling between the discretized displacement field unknown and scalar
homogenized strain unknowns, presented below. Quadratic isoparametric 9-node quadrilateral and 6-node triangular
elements are used for representing the geometry and the displacements field on unstructured meshes. Apart from the
otherwise standard numerical framework, a new implementation was necessary for applying a generic loading under
large deformations in combination with the enforcement of periodicity conditions and this is explained in detail below.
Moreover, the load cases adopted in this study and the types of imperfections imposed are introduced and justified as
essential elements of the numerical model.
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2.1. Representative periodic cell model
Compared to the small deformations case, applying a stress state to the periodic cell of an anisotropic microstruc-

ture undergoing large deformations is not as trivial. The main difficulty is conceptually illustrated in Figure 1, where
the same microstructure is loaded with the same Cauchy stress components in two cases resulting in different material
axes rotations, depending on the far field boundary conditions.

Figure 1: Two cases with the same initial material orientation and under the same stress state but with differently evolving material axes due to
different boundary conditions.

Especially in the context of stability investigations, it is absolutely essential to explicitly choose and state how
the load frame will evolve compared to the material frame during loading. It is possible for example to define the
homogenized stress state in a frame that follows a given axis in the material microstructure, whether it is a symmetry
or an arbitrary axis.

The periodic cell model employed in this work is defined and numerically implemented in the XY frame shown
in Figure 2, which is typically aligned with some symmetry axis in the material microstructure. However, in order to
achieve a fine control over the relative rotations between the applied load and deformations, both initially and during
loading, the homogenized deformation and stress states acting on the periodic cell are defined in a different frame xy.

Figure 2: Embedding of the periodic cell represented in the XY frame in a lattice material under homogeneous deformation defined in the xy frame.
The angle α specifies the relative rotation between the two frames that are both defined in the undeformed configuration.

The overall deformation and rotation of the periodic cell is defined by the four components of the macroscopic
strain tensor defined in the xy frame

ε =

[
∂ux/∂x ∂ux/∂y
∂uy/∂x ∂uy/∂y

]
=

[
εxx εxy

εyx εyy

]
(2)
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where u = (ux, uy) is an assumed homogenized displacement field of the continuum that the cell is embedded in.
For the periodic cell problem defined here, the four components of the tensor ε are assumed as independent problem
variables.

For a rotation angle α from the xy to the XY frame, the corresponding strain components in the XY frame are given
by the known transformation [

EXX EXY

EYX EYY

]
=

[
c s
−s c

] [
εxx εxy

εyx εyy

] [
c −s
s c

]
, (3)

as linear functions of the four aforestated independent strain variables, with c = cosα and s = sinα.
After imposing a certain deformation state on the periodic cell through a given strain tensor ε, it is straightforward

to numerically solve the microscale boundary value problem and obtain the homogenized first Piola-Kirchhoff stress
components PXX , PXY , PYX and PYY , acting on the cell. They correspond to resultant force components on the sides
of the periodic cell divided by the corresponding areas in the undeformed state of the cell. These stress components
can then be further converted to Cauchy stresses in the global frame xy according to the transformation[

σxx σxy

σxy σyy

]
=

1
|F|

[
c −s
s c

] [
PXX PXY

PYX PYY

] [
c s
−s c

]
FT , with F = I + ε, (4)

which is linear with respect to the input stresses but nonlinear with respect to the components of ε. This expression
for the Cauchy stress tensor can be used for post-processing purposes or for applying certain constraints on some of
its components, as will be shown below.

So far introduced strain and stress quantities define, in the xy frame, the assumed homogeneous deformation and
stress state of the lattice material, that the considered periodic cell is part of. These act as boundary conditions for the
continuum mechanical periodic cell model illustrated in Figure 3, with the undeformed solid domainΩ and boundaries
ΓL, ΓB, ΓR, ΓT at the left, bottom, right and top, respectively. Since the microstructure is assumed periodic, a one to
one mapping between left and right as well as bottom and top boundaries of the periodic cell is postulated.

Figure 3: Continuum mechanical periodic cell model of dimensions h× l, which can include several unit-cells of dimensions h0 × l0, as for example
the here illustrated 2 × 2 unit-cells. Ω is the solid domain and ΓL, ΓB, ΓR, ΓT are its periodic boundaries

The deformation of the microstructure is represented through a displacement field ũ, defined in Ω, and periodicity
constraints are imposed through vector valued Lagrange multiplier fields ΛR and ΛT , defined on ΓR and ΓT . Assuming
no body forces, the balance of linear momentum within the periodic cell domain can then be expressed in weak form
as ∫

Ω

τ̃ :
(
∇δũ F̃−1

)
dV −

∫
ΓR

ΛR ·
(
δũ − δũR→L

)
dY −

∫
ΓT

ΛT ·
(
δũ − δũT→B

)
dX = 0, (5)

where τ̃ is given by Eq. (1) and F̃ = I + ∇ũ. Eq. (5) has to be fulfilled for any admissible variation δũ. The
mappings R→ L and T → B denote evaluation of the concerned quantity at a point of the opposite side ΓL or ΓB, that
corresponds to the current integration point on ΓR or ΓT , respectively.

4



The way the Lagrange multiplier fields are used in Eq. (1), acting directly on variations of ũ in an integral defined
in the undeformed configuration, implies that ΛR and ΛT are tractions in the sense of first Piola-Kirchhoff stresses.
Consequently the averaging equations(

PXX

PYX

)
=

1
h

∫
ΓR

ΛRdY and
(
PXY

PYY

)
=

1
l

∫
ΓT

ΛT dX (6)

hold by definition of the first Piola-Kirchhoff stress tensor.
Periodicity conditions including the superposition of an average strain ε can be expressed in weak form as∫

ΓR

(
−ũ + ũR→L + l

[
c s
−s c

] [
εxx εxy

εyx εyy

] (
c
s

))
· δΛR dY

+

∫
ΓT

(
−ũ + ũT→B + h

[
c s
−s c

] [
εxx εxy

εyx εyy

] (
−s
c

))
· δΛT dX = 0,

(7)

that has to hold for any admissible variation δΛR or δΛT of the multipliers. Eq. (7) imposes the homogenized strains as
a boundary condition for the microscale displacements field by coupling the scalar variables ε and the field variables ũ,
ΛR and ΛT . This condition has to be complemented with the overall force equilibrium for the periodic cell, expressed
in weak form through variations of the independent strain variables εxx, εxy, εyx and εyy. The weak form equation∫

ΓR

(
l
[

c s
−s c

] [
δεxx δεxy

δεyx δεyy

] (
c
s

))
· ΛR dY

+

∫
ΓT

(
h

[
c s
−s c

] [
δεxx δεxy

δεyx δεyy

] (
−s
c

))
· ΛT dX − lh

[
δεxx δεxy

δεyx δεyy

]
:
[
Pxx Pxy

Pyx Pyy

]
= 0.

(8)

has to hold for any of the four variations δεxx, δεxy, δεyx and δεyy. The first Piola-Kirchhoff stress components in the xy
coordinate system, appearing in Eq. (8), are considered as given quantities if the corresponding strains are unknown.

The four scalar equations contained in Eq. (8) allow in principle to prescribe any combination of four strain or
stress components. For those strain components in ε which are prescribed, the corresponding variations in Eq. (8) are
disregarded and these components are simply treated as known quantities instead of problem variables. For those first
Piola-Kirchhoff stress components that are prescribed, typically set equal to zero, the prescribed value is accounted
for in Eq. (8).

Another special case of interest is for a fixed ratio between two components of the Cauchy stress tensor in the xy
frame. If the ratio σxx/σyy = k is known, for instance, the corresponding condition can, based on Eqs. (4) and (6), be
expressed in terms of the Lagrange multiplier fields ΛR and ΛT , as

k =

(
c + cεxx + sεxy

h

∫
ΓR

ΛRdY −
s + sεxx − cεxy

l

∫
ΓT

ΛT dX
)
·

(
c
−s

)
(

s + sεyy + cεyx

h

∫
ΓR

ΛRdY +
c + cεyy − sεyx

l

∫
ΓT

ΛT dX
)
·

(
s
c

) (9)

which can be imposed through the following weak form expression

l
∫
ΓR

[
c s

] [1 + εxx εyx

εxy 1 + εyy

] [
c −s
−ks −kc

]
ΛRδεxx dY

+h
∫
ΓT

[
−s c

] [1 + εxx εyx

εxy 1 + εyy

] [
c −s
−ks −kc

]
ΛTδεxx dX = 0

(10)

that has to hold for any variation δεxx, instead of the corresponding equation in Eq. (8).
So far the periodic cell problem is defined in terms of the three unknown vector fields ũ, ΛR and ΛT as well as the

four scalar variables εxx, εxy, εyx and εyy, and sufficient equations are provided for solving for all unknowns. Different
kinds of loadings can be implemented by making specific choices about prescribed strain components and possibly
replacing some of the four equations contained in Eq. (8) with alternative ones, like e.g. Eq. (10). Since rigid body
rotation is already treated in the presented equations, the only remaining condition for the periodic cell problem to be
complete, is to restrain rigid body translations. Restricting two degrees of freedom in 2D, by either fixing an arbitrary
node or the average of some chosen nodes is a trivial step completing the definition of the periodic cell model.
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2.2. Modeled periodic cell and captured points in Brillouin zone
A rectangular periodic cell domainΩ is chosen here for simplicity as it can both represent rectangular and rhombic

lattices, however, a generalization to oblique periodic cells should be straightforward by redefining the mappings
R→ L and T → B accordingly. As indicated on Figure 3, Ω does not necessarily need to represent an elementary unit-
cell in the sense of a minimal repeatable unit that defines the microstructure, but it can contain multiple repetitions of
the actual unit-cell within the modeled periodic cell. This allows to capture buckling modes with different periodicities
in the lattice’s Brillouin zone. In the present work, a 2 by 2 repetition of the elementary unit-cell captures in most
cases all commonly addressed lattice buckling modes for the studied microstructures. Moreover, the homogenized
strain degrees of freedom εxy and εyx allow for capturing modes of infinite period, corresponding to points at the center
of the Brillouin zone.

The periodic homogenization approach adopted here, even if accounting for large deformations, is still limited by
the separation of scales requirement. Results obtained by means of a periodic cell model are therefore only relevant
for situations where variations of stresses along a unit-cell length are small. It should be noted that even in the case
of a unit-cell size small compared to the overall dimensions of a structure, the separation of scales assumption can
be violated due to stress concentrations [39]. In such cases, as well as in cases of a large unit-cell compared to the
geometry of the structure, one should either use direct simulations of the whole structure as in [40], or higher-order
homogenization methods as in [39, 41].

2.3. Load cases
The load carrying capacity of isotropic materials under plane strain conditions can easily be represented in the

in-plane principal stresses space, based on biaxial loading experiments along the axes of an arbitrary coordinate
system. The applicability of this simple description does nevertheless not carry over to materials with a periodic
microstructure, which are inherently anisotropic. In this case, the response upon biaxial loading does not only depend
on the magnitude of the two imposed normal stress components but also on the relative orientation between principal
stress and material symmetry axes. In general, different yield surfaces should be expected for different orientations
between loading and material directions.

Available investigations of the load carrying capacity of anisotropic materials often implicitly neglect this orien-
tation dependence. Works accounting for this load orientation dependence typically report yield surfaces in multidi-
mensional stress spaces in terms of both normal and shear stress components, as for instance [19]. However, in order
to avoid the often difficult to interpret multidimensional stress spaces, a common simplification is to only consider
uniaxial loading spanning the entire space of possible load orientations. In this case, yield limits for uniaxial loading
are either reported through yield surfaces in a polar coordinate system, or through inverse pole figures [21]. To ensure
a simple and practical presentation of the studied 2D lattice structures, the present work considers two basic load
cases.

Biaxial loading. In the first case, biaxial loading is applied in a fixed arbitrarily chosen coordinate system, with
different longitudinal to transverse stress ratios. Since all structures investigated in this study have at least a pair of
perpendicular symmetry axes XY , an obvious choice is to align the load coordinate system xy with these material
principal axes. With stability investigations in focus, compression is imposed along one of the loading axes by
prescribing the corresponding longitudinal strain εyy in Eq. (2), incrementally. At the same time, a zero longitudinal
shear strain condition εyx = 0 is imposed, while the transverse shear strain εxy is set as free, i.e. Pxy = 0. Finally,
regarding the loading in the transverse direction x, Eq. (10) is employed with different positive and negative values for
the Cauchy stress ratio k, resulting in either compressive or tensile stresses σxx, respectively. The resulting loading
path corresponds to a straight line in the {σxx, σyy} space for a coordinate system xy at fixed orientation α = 0.

Rotated uniaxial loading. The load orientation effect neglected in the previous load case is investigated by imposing
a uniaxial load along the x direction of the loading coordinate system xy at varying orientation angles α with respect
to the material coordinate system XY . In this case, the longitudinal strain εxx is prescribed incrementally and the
conditions εxy = 0 and Pyy = Pyx = 0 are imposed. In general, for an arbitrary angle α the uniaxial loading in x
direction leads to normal and shear stress components σXX , σYY and σXY in the material coordinate system XY , that
can not easily be illustrated in a 2D diagram as in the previous case. For this load case, yield surfaces are plotted in
a polar diagram with the applied stress σxx as the radial coordinate and the orientation angle α as the circumferential
coordinate.

6



2.4. Perturbations
In contrast to eigenvalue buckling analysis which is performed on geometrically perfect structures, direct nonlinear

analysis relies on appropriate perturbations or imperfections in order to capture relevant buckling modes. In the present
work, three different types of perturbations are applied depending on the microstructure investigated and the type of
simulation.

Targeted geometrical perturbations. A standard way of introducing imperfections in a structure is by perturbing node
coordinates of the computational mesh, resulting in small geometrical changes. These geometrical modifications are
typically chosen according to some buckling mode of interest, known e.g. from a linear eigenvalue analysis. In this
manner, it is also possible to trigger one specific buckling mode even if this is not the critical one. For this kind of
perturbations, the severity of the imposed imperfection is controlled by the amplitude a of the imperfection. This can
be converted to a roughly estimated characteristic misalignment angle φ = arctan a/l0, where l0 is the unit-cell size.

Random geometrical perturbations. Proper random geometrical perturbations are essential for enabling multiple
buckling modes, hence also capturing the most critical ones. Especially when dealing with multiscale structures,
it is important that imperfections introduced at different length scales are of comparable intensity. Otherwise, the
effect of buckling modes in some length scales may either be amplified or suppressed compared to modes in other
length scales. Figure 4 illustrates a simple but rather generic approach, followed in the present work, for generating
random geometrical perturbations.

(a) Unperturbed (b) d = l/2 (c) d = l/4 (d) d = l/8 (e) =(b)+(c)+(d)

Figure 4: Superposition of random perturbations with different length scales.

In order to introduce imperfections at several wavelengths, different grids of points are defined with spacing d
equal to each desired length scale. The points of each grid, which are not necessarily nodes of the computational
mesh, are then perturbed in X and Y directions by random amounts with a uniform statistical distribution in the
interval

[
−d/2 tan φ, d/2 tan φ

]
. The nodes of the actual mesh of the microstructure are displaced according to a

linear interpolation between the surrounding points on the perturbation grid. By choosing the perturbation amplitude
proportional to each wavelength d, as defined above, it is ensured that the same characteristic misalignment angle
φ is represented in each perturbation grid, independent of the length scale. Finally the overall perturbation of the
microstructure mesh is obtained by superposition of a number of different perturbation grids at different length scales,
as conceptually illustrated in Figure 4.

Shear load. Since an overall shearing deformation is a common collapse mode for non-isotropic microstructures
under compression, it is often convenient to use a small shear load as a perturbation for triggering this kind of collapse.
For the magnitude of the imperfection to be comparable to the other two cases, one should ensure that the overall shear
angle of the microstructure under the perturbation load is of the same order as tan φ.

3. Interpretation and presentation of results

In a direct nonlinear analysis of a periodic microstructure, quantities of interest such as applied homogenized
stress and resulting average strain components will often vary in a complex and non-proportional manner. Moreover,
the distinction between a sharp buckling initiation and a progressively softening response can often be rather diffuse
when kinematic and material nonlinearities are inherently taken into account. These aspects underline the importance
of a systematic analysis and presentation of the obtained results, addressed in detail in the present section.
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3.1. Stress normalization

In order to obtain comparability between calculated stress limits for different microstructures and volume fractions,
it is necessary to employ a normalization that is independent of the type of the microstructure and compensates for
any known bounds at the low volume fraction limit. In [28], the characteristic stress E/(t/L)3 was used as a reference
value for the normalization of stresses, where E is the material Young’s modulus, t is the thickness and L is the length
of the lattice struts. This characteristic stress definition is based on the Euler buckling limit of double pinned bars of
the given slenderness.

Although this is a valid approach when looking at one specific lattice type, different types of lattices made of struts
of the same slenderness will in general occupy different volume fractions. This means that t/L is not an appropri-
ate parameter for benchmarking different lattices in terms of material utilization. In that sense, instead of the strut
slenderness, the material volume fraction V∗ should actually be used as the basis for defining a characteristic stress.
In this fashion, comparability is achieved for generic microstructures, even including a multiscale topology, because
the volume fraction V∗ is always unambiguously defined in contrast to the parameter t/L that assumes a truss-like
structure.

Noticing the approximate relation V∗ ≈ 2t/Ll, valid for the low volume fraction regular square lattice studied in
[28], we suggest a reference stress for normalization purposes, defined as

σ∗ = E/(V∗/2)3. (11)

A high level of universality and comparability of the presented results can then be achieved by reporting dimensionless
stress quantities

σ̄ = σ/σ∗ (12)

instead of the Cauchy stress components from Eq. (4). This choice allows for a direct comparison of microstructures
of all shapes and volume fractions, even though the reference stress σ∗ has a physical interpretation for the regular
square lattice only. The adopted normalization compensates for the known volume fraction dependence of buckling
limits for stretch dominated slender microstructures, which means that any additional dependence of the normalized
stress σ̄ on V∗ is an additional finite volume fraction effect.

3.2. Definition and use of a collapse criterion

Central to the present study is the determination of loss of stability of a microstructure under compressive load.
In contrast to linear buckling analysis, where such a stability limit is mathematically defined in all cases, the actual
nonlinear response of a microstructure can transition towards a complete loss of stiffness without going through a
bifurcation point. Even in cases where a real bifurcation exists, this will typically still be smoothened by the adopted
geometrical perturbations. With practical requirements regarding the load carrying capacity of a microstructure in
mind, it is useful to provide a universal and practical definition of a point of bucking or failure. Here, the choice is
made to define failure by considering a threshold for the tangential stiffness measure defined as

K =
‖σ̇‖

‖ε̇‖
≈
‖∆σ‖

‖∆ε‖
(13)

where ∆σ and ∆ε are respectively increments of the stress and strain tensor within a static load step. The use of the
Frobenius norm for the definition of this effective tangent stiffness is a natural choice as it is invariant with respect to
fixed rotations of the chosen frame of reference.

Based on the effective tangent stiffness defined above, a practical and generic failure criterion can easily be defined
as

K < ηEV∗ (14)

where EV∗ corresponds to the upper Hashin-Shtrikman bound with regard to Young’s modulus, and η is a threshold
parameter that specifies the minimum acceptable stiffness as a fraction of the theoretical upper bound. By defining
failure at a small but non-zero level of stiffness, the adopted criterion encompasses both buckling and softening in a
unified manner, rather than capturing only classical bifurcation buckling. The exact value of the threshold η is not
crucial in case of bifurcational buckling in which the stiffness of the structure drops drastically from its maximum
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towards a small residual stiffness. Only in cases of progressive softening, there is a significant dependence of the
failure line on the chosen threshold value. Throughout this work a value of η = 0.1 is adopted.

To illustrate the use of the failure criterion proposed in Eq. (14), Figures 5 and 6 show typical simulation results for
a square lattice and the two load cases described in section 2.3. During the simulations, the compressive longitudinal
strain was incremented until a specified final strain using variable step sizes to ensure a bounded norm of displacement
field increments. Biaxial loading results at different fixed stress ratios k are shown in Figure 5. Using the failure
criterion of Eq. (14), the stress state at which failure occurs is found individually for every ratio k and finally a
polynomial fit is used to obtain the resulting failure line, shown in the figure as a gray solid line. It becomes evident
in the plot including the strain axis εYY , how the adopted criterion captures the observed kink point along the plotted
curves.
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(a) Angled view including the strain axis.
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(b) Top view showing only the stress space.

Figure 5: Stress-strain curves in two-dimensional normalized stress space illustrating the biaxial loading procedure on the example of the square
lattice. The loading paths are straight lines in Cauchy stress space, the red markers indicate the detected buckling points and the gray line is the
resulting fitted failure line.

Figure 6 shows corresponding results for uniaxial loading with the load direction x oriented at different angles α.
The plotted failure points define a failure line in the polar diagram of uniaxial stresses that describes the anisotropic
buckling behaviour of the considered square lattice. Exploitation of symmetries in the periodic cell reduces the range
of required angles significantly.
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(b) Top view showing only the stress space.

Figure 6: Stress-strain curves for uniaxial loading at different angles to illustrate the uniaxial loading procedure on the example of the square lattice.
The red markers indicate the detected failure points. The dashed lines are reconstructed by exploiting the symmetry of the structure.
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4. Results and Discussion

This section presents results from numerical studies performed according to the methodology described above,
applied on three very common lattice structures at different volume fractions and one optimized hierarchical structure
from the literature, all summarized in Table 1. The table also shows the orientation of each microstructure within
the XY frame with X corresponding to the horizontal and Y to the vertical direction. For biaxial loading, results are
presented in terms of failure lines in the two-dimensional principal stress space, obtained according to the failure
criterion from Eq. (14). Results for the case of rotated uniaxial loading are plotted in polar coordinates instead, with
the radius corresponding to the applied stress σxx and the angle coordinate corresponding to the orientation angle α
between the loading direction axis x and the microstructure axis X. The normalized tangent stiffness K is shown
in this kind of polar diagrams as a colormap plot, combined with the failure line obtained according to Eq. (14) for
η = 0.1. The outer contour of the colormap plots corresponds to an arbitrary chosen maximum strain applied during
the simulations, and accepts therefore no specific interpretation as the failure line does.

Table 1: Investigated microstructures with different volume fractions. The slenderness ratio L/t of constituent bars is based on center to center
distances between bar intersections. Unit-cells are defined through the black frames in the row for V∗ = 0.3 and the number of unit-cells inside the
modeled periodic cell are given in parenthesis in the first row.

Hierarchical Square Triangular Hexagonal
V∗ (2 × 2) (2 × 2) (1 × 2) (2 × 2)

0.1

L/t ≈ 19.5 33.8 11.3

0.3

L/t ≈ 6.1 10.6 3.5

0.5

L/t ≈ 3.4 5.9 2.0

4.1. Square Lattice

The square lattice owes its popularity mainly to its simplicity and has been subject of a large number of inves-
tigations, with compressive stability limit lines at the limit of small volume fractions, reported in [28]. The biaxial
loading results shown in Figure 7 extend this previous result with failure lines for finite volume fractions for the two
most critical buckling modes from the aforementioned study. The post-buckling deformation patterns corresponding
to the two modes are also included in the figure. All failure lines are based on a polynomial fit to the actual data
points, which are marked on the figure.
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Figure 7: Regular square lattice failure lines in two-dimensional stress space (a) for the two illustrated deformation modes (b,c), shown for
V∗ = 0.1. Markers represent simulation results, while lines correspond to a polynomial fit. Circle and plus sign markers respectively represent
failure of mode 1 and 2. The black dashed failure lines are the reference solution from [28] for the low volume fraction limit.

Buckling mode 1. This mode, illustrated in Figure 7b, corresponds to shear deformation of the entire periodic cell
in the sense of either εyx or εxy strains, depending on whether x or y is considered as the main compressive loading
direction. The corresponding two failure lines which intersect on the equibiaxial load path σxx = σyy due to symmetry,
define the critical inner failure envelope for the structure, with the shear deformation perpendicular to the major
compression direction being always critical. The fitted failure lines are almost straight with a slight slope, which
increases with volume fraction, indicating that tensile transverse stresses delay buckling initiation while compressive
transverse stresses promote buckling. However, especially for slender structures, the effect is not very pronounced and
the buckling initiation for this mode mainly depends on the longitudinal compressive stress. The failure lines plotted
for different volume fractions demonstrate the strong additional effect of increased volume fractions compared to the
theoretical dependence through Eq. (11), valid only for very low volume fractions. For comparison, corresponding
results for V∗ → 0 from [28] are included in the figure, adapted though to the material properties and the plane strain
condition assumed here. The obtained results for the lowest volume fraction of 10% are rather close to the included
reference results for very slender structures. There are however visible differences already at this low volume fraction,
especially for the second buckling mode. Deviations are partly due to a non-vanishing effect of the strut intersection
regions, but also due to geometrical and material nonlinearities, accounted for in the nonlinear continuum mechanical
model. For the remaining two higher volume fractions, the deviations from [28] are large.

Buckling mode 2. Although the buckling mode presented above is in general expected to be the most critical one, [28],
boundary conditions may prevent its occurrence so that the second most critical mode shown in Figure 7c becomes
important. For provoking this mode within the nonlinear analysis employed, a targeted geometrical perturbation of
corresponding shape was used with an amplitude of 10−4l0 for V∗ = 0.1 and 5 · 10−4l0 for V∗ = 0.3 and 0.5. This
second buckling mode can occur independent of whether the main compressive load is in X or Y direction and there
is therefore only one continuous failure line in the whole stress space. As expected, the buckling resistance for this
mode is always larger compared to the shearing mode described above. A strong presence of finite volume effects is
also observed in this case with the most dense structure for V∗ = 0.5 being approximately twice as strong as predicted
by the low volume fraction approximation. The buckling limits of the two modes are closest to each other along the
equibiaxial load line but still, the limit of mode 2 is 1.5 to 2 times higher than for mode 1.
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Buckling performance for rotated uniaxial loading. Figure 8 shows results for uniaxial loading of varying orientation
according to section 2.3, demonstrating a strongly anisotropic load carrying capacity. At the left of the figure, the
normalized tangent stiffness K/(EV∗) is shown for V∗ = 0.5, with the plotted solid contour line corresponding to
the failure line defined by the adopted threshold value of 0.1. At small loads in direction parallel to the struts, the
normalized initial tangent stiffness is in the range of 0.6 to 0.7 for all volume fractions.
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  0.5

  1

  1.5

30

210

60

240

90

270

120

300

150

330

180 0

(b) Failure lines

Figure 8: Normalized tangent stiffness under uniaxial load, with 0.1 threshold line for the regular square lattice with V∗ = 0.5 (a) and failure lines
for different volume fractions (b).

The failure lines plotted in Figure 8 reveal the poor performance of the regular square lattice microstructure in any
direction other than parallel to the lattice bars. Even for the highest volume fraction of V∗ = 0.5, it exhibits for load
orientation angles α between 30◦ and 60◦ less than 10% of its maximum load carrying capacity which occurs along the
lattice bars, i.e. at α = 0◦ or 90◦. At most intermediate load orientations, the structure does not show buckling at all,
but instead undergoes a shear deformation with continuously decreasing stiffness, eventually hitting the set threshold
value. This effect is more pronounced for low density structures due to the diminishing bending stiffness.

The discrete load orientations used for generating these results correspond to intervals of 5◦ for angle α from 0◦

to 45◦ and two additional cases with α = 1◦ and 2◦. Perturbations were only necessary for α = 0◦, when the load is
applied in the direction of the lattice bars. The latter is a case already contained in the aforementioned biaxial loading
case, where the global shear mode is critical, hence shear load perturbations are applied here, as well.

4.2. Triangular lattice

Another example of a widely used and extensively studied microstructure is the triangular lattice which exhibits an
isotropic initial stiffness. The nonlinear analysis results shown in Figure 9, demonstrate however, how this isotropy is
lost due to geometrical nonlinearities, with the failure lines illustrating how the buckling performance under uniaxial
load varies as a function of the load angle. Moreover, a strong finite volume fraction effect on the expected buckling
limit is also observed here. While all triangular lattice structures with volume fractions below 0.1 are expected to have
failure lines very close to the one plotted for the 0.1 case, for larger volume fractions the deviations are large.

Interestingly, the microstructure volume fraction does not only expand the plotted failure lines radially, but it also
affects their shape. Triangular lattice structures with volume fractions 0.1 and 0.3 exhibit their highest load bearing
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capacity at angles of 0◦ and ±60◦, i.e. along directions perpendicular to the lattice bars, while their lowest buckling
resistance is observed in directions parallel to the lattice bars. However, at V∗ = 0.5, the lattice has almost isotropic
buckling resistance, while at even higher volume fractions, the anisotropy pattern changes further, with the direction
parallel to lattice bars becoming the strongest, which can be seen from the additional plotted failure line for V∗ = 0.7.
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(a) Failure lines (b) α = 0◦ (c) α = 30◦
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Figure 9: Failure lines for the triangular structure at different volume fractions under uniaxial load (a), and deformed structures for different loading
angles α at V∗ = 0.3 (b,c).

Figures 9b and 9c show the post-buckling deformed microstructures for V∗ = 0.3 with 0◦ and 30◦ rotations,
respectively, under uniaxial loading in the x-direction. Plotting the normalized tangent stiffness is omitted, as for this
structure it exhibits rather high values in the range of K ≈ 0.4 to 0.8 in almost the entire region inside the plotted
failure lines, with a sharp collapse on the failure lines. The presented results were obtained by loading at discrete
orientation angles α from 0◦ to 30◦ at intervals of 3◦ and two additional cases with α = 1◦ and 29◦. In theory,
perturbations are only required for loading directions of 0◦and 30◦, at which the symmetry of the structure would
prohibit the occurrence of the otherwise observed non-symmetric buckling modes. Nevertheless, the shown results
are based on consistently applied random geometrical perturbations including four wave lengths ranging from 0.2l0 to
l0 and a characteristic misalignment angle φ ≈ 0.06◦ for V∗ = 0.7 and φ ≈ 0.02◦ for all other cases. Since the critical
mode for this structure is known, targeted perturbations could have been applied as well.

4.3. Hexagonal lattice

The last classical periodic microstructure considered is the hexagonal lattice, which seems to be one of the most
studied microstructures in the available literature. It is also very widespread in real applications, despite of its well-
known low shear modulus. Figure 10 shows the normalized tangent stiffness under uniaxial load in varying orienta-
tions for V∗ = 0.3 and V∗ = 0.5, including the corresponding failure lines for the same stiffness threshold as in all
previous cases. These lines are compared directly to each other in Figure 11 which also shows post-buckling defor-
mation plots for uniaxial compression at 0◦and 30◦. The results shown for this structure were obtained at the same
loading angles as for the triangular lattice but without any perturbations. For the uniaxial loading considered here, no
crossing of a bifurcation point is expected during the loading procedure and therefore both perturbed and unperturbed
structures appear to behave in the same manner.

The plots in Figures 10 and 11 show the anisotropic failure behavior of the hexagonal structure, with the highest
stiffness and load carrying capacity observed at α = ±30◦ and 90◦, i.e. in directions parallel to the lattice bars,
while stiffness and load capacity attain their minimum for uniaxial compression perpendicular to the lattice bars. For
increasing volume fraction, the failure behavior becomes more isotropic. For V∗ = 0.5 for example, the variation
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Figure 10: Normalized tangent stiffness with 0.1 threshold line for the hexagonal lattice structure at different volume fractions under uniaxial load.
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Figure 11: Failure lines for the hexagonal structure at different volume fractions under uniaxial load (a), and deformed structures for different
loading angles α at V∗ = 0.3 (b,c).

between the maximum and minimum failure limit in any direction is just around 25%, while this variation is around
60% for V∗ = 0.3. However, unlike the triangular structure, no radical change in the anisotropy pattern is observed.

At the volume fraction of 0.1, the hexagonal structure has an initial tangent stiffness below the adopted stiffness
threshold η = 0.1 and thus its failure line collapses to a single point, expressing the fact that at the lower volume
fraction limit the stiffness of this lattice structure vanishes. Independent of the volume fraction, the tangent stiffness
decreases gradually with increasing load, indicating that the structure in most cases looses its stiffness through a
progressive softening rather than a sharp buckling collapse. As a consequence, the obtained failure lines for this case
depend significantly on the threshold value η.
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4.4. Hierarchical Microstructure
In a recent work, periodic microstructures were designed using topology optimization for maximizing the lowest

buckling limit under a single given stress state with principal stresses of fixed ratio and fixed orientation [32]. As
demonstrated by the band-diagrams presented in [32], the optimization procedure leads to multiple buckling modes
clustered at the lowest buckling load. This rather uncommon and unexplored situation, naturally raises some uncer-
tainty on whether the presence of several simultaneous buckling modes could lead to a more extreme and unusual
nonlinear buckling and post-buckling behavior. To address this question, one of the designs from the aforementioned
work is evaluated in this subsection in the same nonlinear analysis framework used for the three hitherto discussed
lattice structures.

The specific design considered, is the one obtained for maximizing buckling resistance of a square lattice under
compressive equibiaxial loading. Figure 12 shows the geometry and the discretization of the considered microstruc-
ture with a volume fraction of approximately V∗ = 0.3. The large number of potential buckling modes due to the
hierarchical nature of the structure motivates the choice of a random geometrical perturbation that will excite a wide
range of buckling modes at different wavelengths. The results presented below cover both the unperturbed geometry
and the case of a random geometrical perturbation according to section 2.4 with a characteristic misalignment angle
φ ≈ 0.06◦ including four wave lengths from 0.2l0 to l0.

Figure 12: Hierarchical square unit-cell and closeup view of the discretization.

Buckling resistance for biaxial loading. The hierarchical structure is initially analyzed for its buckling performance
under biaxial loading along the lattice symmetry axes. Failure lines are obtained both for the original Poisson ratio of
0.4 as well as for the case of a Poisson ratio equal to zero and presented in Figure 13. Corresponding results from a
linear buckling analysis according to [32], but for the material parameters used here, are also included for comparison.
Moreover, the failure line for the regular square lattice under biaxial loading from Figure 7 is repeated in Figure 13 to
put the performance of the optimized hierarchical structure into perspective.

A first observation is that the impact of random geometrical perturbations, investigated in the case for ν = 0.4, is
only visible in the region close to equibiaxial compressive loading, cf. points A. In other regions, the failure lines of
the unperturbed and the perturbed geometries coincide. In general, due to the clustering of multiple buckling modes
at the critical load and the randomness of the perturbations, the shown failure lines do not necessarily correspond to
one specific mode, but they rather represent the critical inner envelope of all possible modes satisfying the periodic
boundary conditions of the adopted 2 × 2 periodic cell.

A second important observation concerns the actual performance of this microstructure compared to the predic-
tions of a linear analysis. To demonstrate the nonlinear effects, the linear analysis from [32] was redone for the plane
strain condition, adopted here, and for Poisson ratios of ν = 0.0 and 0.4, and expressed in terms of true stresses in
order to obtain comparability with the nonlinear analysis in Figure 13. For both investigated Poisson ratios, the linear
analysis underestimates the buckling strength by approximately 22% for ν = 0.4 and 16% for ν = 0 in case of the
loading state B. Noting that nonlinear effects are much less pronounced for the regular square lattice structure that
fails at much lower strains, the nonlinear analysis demonstrates an even larger gain in buckling resistance through
the optimized hierarchical structure, than based on the linear analysis carried out in [32]. Regarding the effect of the
material Poisson ratio it should also be noted that the additional strengthening predicted by the nonlinear analysis
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Figure 13: Failure lines for the hierarchical structure and the regular square lattice under biaxial load. The solid yellow line refers to a perfectly
symmetric structure without perturbation, while the dashed line is obtained by random perturbations.

for ν = 0.4 compared to ν = 0, is due to thickening of compressed struts members that can only be captured by a
nonlinear analysis.

Figures 14 and 15 show stress-strain curves for the two load cases marked in Figure 13 with A and B, respectively.
For the equibiaxial load case A, shown in Figure 14, a comparison between the results for the perfect and perturbed
structures demonstrates the presence of a distinct instability limit which is not captured with the unperturbed structure.
However, for the uniaxial load case B, shown in Figure 15, no distinct failure limit can be observed. Both the
perfect and the perturbed geometries approach a vanishing stiffness in the same manner. Nevertheless, two distinct
postbuckling behaviors can be observed in Figure 15, with the perturbed structure exhibiting a collapse-like response
not captured with the perfect structure.
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Figure 14: Stress-strain curves for the equibiaxial stress state, marked with A on Figure 13, for both the perfectly symmetric and randomly perturbed
hierarchical structure. The red plus sign denotes the point of failure corresponding to the adopted tangent stiffness criterion. The response curve
for the perturbed structure has been truncated due to the onset of self-contact not captured by the model.
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Figure 15: Stress-strain curves for the uniaxial stress state, marked with B on Figure 13, for both the perfectly symmetric and randomly perturbed
hierarchical structure. The red plus sign denotes the point of failure corresponding to the adopted tangent stiffness criterion.

Table 2 provides plots of the deformed hierarchical structure at the detected failure limit, for the three load cases
A, B and C, labeled in Figure 13, as well as post-buckled structures for cases A and B. For the equibiaxial load
case A, the distinct buckling limits between the perfect structure at A0 and the perturbed structure at a lower level at
A1, observed in Figure 14, are also represented in the distinct buckling modes shown in Table 2. While a local and
symmetric buckling is observed for the perfect structure, the perturbed one buckles in a global shear mode that could
not be otherwise captured for the perfectly symmetric geometry. The shear buckling mode captured by the perturbed
structure transitions to a localized buckling mode A2 in the post-buckling region, corresponding to the abrupt drop
in stress observed at the corresponding point in Figure 14. For load cases B and C, the observed deformation modes
leading to a vanishing stiffness are independent of whether perturbations are present or not. As shown in Figure 15
for load case B though, a perturbed geometry allows to capture a subsequent rather abrupt drop in stress at point B2,
which corresponds to a switch to a different buckling mode, shown in Table 2. Unlike case B, the initial local buckling
that causes the structure to loose its stiffness in load case C, does not transition into any other buckling modes for
further increased compression. The two examples, shown for cases A and B with one buckling mode transitioning
into another one, causing more or less abrupt stress drops, is a characteristic of hierarchical structures, where buckling
can occur at different scales.
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Table 2: Buckling modes for the perfect and perturbed hierarchical structure at different normal stress ratios at the stage of pre- and post-buckling.
The labels refer to the ones on Figures 13, 14 and 15

Perfect Perturbed
σ̄XX

σ̄YY
Pre Pre Post

1

A0 A1 A2

0

B0 B1 B2

-1

C C

Buckling performance for rotated uniaxial loading. Even though the studied hierarchical structure design is optimized
for pure equibiaxial load, the results from Figure 15 show that it also performs well under uniaxial load, at least
for loading parallel to the unit-cell symmetry axes. The performance of the hierarchical structure under uniaxial
loading in different orientations is further investigated in Figure 16, based on simulations at the same loading angles
as for the regular square microstructure. The figure actually compares normalized tangent stiffness plots between
the hierarchical and the regular square microstructure with V∗ = 0.3, including the corresponding failure lines. The
regular square structure might be approximately twice as stiff at zero angle, compared to the hierarchical one, but
its stiffness diminishes already at a small offset angle, while the stiffness of the hierarchical structure is much less
affected. Even at an angle of ±45◦, the hierarchical structure has a considerable stiffness, being all in all much less
anisotropic in terms of stiffness. In terms of buckling limits, the difference in anisotropy between the hierarchical
and the regular square lattice is even more pronounced. When looking at the plotted failure lines, not only the radial
scaling between the two graphs differs by a factor of five, but the shape of the failure lines shows a radically reduced
anisotropy in terms of the compressive stability limit. Once again, it is worth noticing, that this structural design was
optimized for a different loading case.
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Figure 16: Normalized tangent stiffness and 0.1 threshold line under rotated uniaxial loading for the regular square (a) and hierarchical (b) lattice
structures of the same volume fraction. Note the different scaling of radial axis.

4.5. Comparison of different structures at the same volume fraction

Extending the comparison performed above to all microstructures at a volume fraction of 0.3, this section provides
a benchmarking of the considered microstructures under uniaxial loading in any direction. It is chosen to base the
comparison on the two properties shown in Figure 17, namely failure lines according to section 3.2, and the initial
Young’s modulus in the loading direction, describing the stiffness of the structure for infinitesimal loads.

The failure lines plotted in a common diagram in Figure 17 make it clear, that the regular square microstructure
has the worst buckling resistance with the dimensionless limit load not exceeding σ̄XX ≈ 0.8 even for loading parallel
to the lattice bars. At the same time it has the worst buckling resistance anisotropy compared to any of the other
structures. In terms of initial stiffness, the regular square structure outperforms the other structures only within a
very narrow window of load orientations, almost parallel to the lattice bars, where a relative Young’s modulus of
Ex/(EV∗) ≈ 0.56 can be reached for the considered V∗ = 0.3.

The triangular lattice structure, which is known to be initially elastically isotropic, exhibits independent of the
direction an initial stiffness of Ex/(EV∗) ≈ 0.39, which is only 30% lower than the maximum stiffness of the regular
square lattice structure. At the same time, it has the least anisotropic buckling resistance with its minimum occurring
at 90◦ and ±30◦ still being above σ̄xx ≈ 1.

The hexagonal lattice structure is also confirmed to be initially elastically isotropic with a very low stiffness
Ex/(EV∗) ≈ 0.15, characteristic for a bending dominated structure. With regard to its buckling resistance, this struc-
ture performs similarly to the triangular one with the lowest failure limit occurring at 0◦ and ±60◦ with a value of
σ̄XX ≈ 0.77. Of course, when comparing buckling performance, one has to keep in mind that due to the progressive
softening observed, the failure line for the hexagonal structure is strongly dependent on the chosen threshold value η.

The performance of the optimized hierarchical structure in terms of stiffness and buckling resistance has already
been commented upon in the previous section through a comparison to the regular square lattice structure. In addition,
Figure 17 demonstrates, that in terms of buckling resistance, the hierarchical structure also outperforms all other
structures considerably. Even if its buckling behavior is not as isotropic as the one of the triangular structure, its
weakest direction of ±45◦ still exhibits a minimum load carrying capacity of σ̄xx ≈ 2.2. With regard to its stiffness,
the hierarchical structure is considerably less stiff than the triangular lattice structure. In its most compliant direction
of ±45◦ a rather low stiffness Ex/(EV∗) ≈ 0.19 is observed which is actually only slightly larger than the one of the
hexagonal lattice structure. Apart from the hierarchical microstructure investigated here, reference [32] includes other
optimized hierarchical structures that could possibly lead to even better performance.
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Figure 17: Comparison of all investigated structures with V∗ = 0.3 under uniaxial loading. Failure lines for the regular square, triangular,
hexagonal and hierarchical lattice structures (a), respectively taken from Figures 8b, 9a, 11a and 16b and relative initial stiffness for the same four
lattice structures (b). Ex is the initial modulus of elasticity for the microstructure in the load direction x, while E is the initial Young’s modulus of
the solid.

5. Conclusions

A numerical framework has been presented for the evaluation of the compressive load carrying capacity of periodic
lattice structures with finite volume fraction and arbitrarily complex geometry. It is based on a periodic cell model
that includes a generalized implementation of periodic boundary conditions and homogenized strains imposed in
an arbitrarily rotated frame compared to the lattice symmetry axes. Moreover, suitable dimensionless quantities have
been defined for ensuring a direct comparability of microstructures with different topologies and qualitatively different
responses to compressive loads. In particular, a tangential stiffness based criterion has been proposed in order to unify
the treatment of structures softening progressively towards a vanishing stiffness and structures that exhibit an abrupt
compressive instability. The choices of appropriate load cases and geometrical perturbations have been discussed,
including a simple method proposed for generating random perturbations covering a range of wavelengths.

The presented framework has been applied for the evaluation of the three most common simple lattices in 2D,
i.e. square, triangular and hexagonal, at three volume fractions, as well as for studying an optimized hierarchical
microstructure from the literature. The included results enhance the state-of-the-art with stability limits reported
for the three classical lattices considered, demonstrating the strong effect of finite volume fractions compared to the
known limits at infinitesimal volume fractions. The choice of analyzing structures of a given volume fraction instead
of a given bar slenderness ratio allowed the direct comparison of lattices in terms of material utilization. The final
comparison between the performance of all four considered microstructures at a volume fraction of 0.3, in terms
of both compressive stability and initial stiffness, provides a very useful overview. At the same time it has verified
the much superior buckling resistance of the optimized hierarchical structure, despite its relatively low directional
stiffness. Here we remind, that [32] also suggests hierarchical hexagonal and triangular structures.

The hierarchical microstructure treated in this work, has also been used as an example for demonstrating the
complexity of the nonlinear response of a generic microstructure when finite deformations are accounted for. Plots of
the deformed structure at overall strains in order of 20% just before buckling have illustrated how severely distorted
the geometry can be in the pre-buckled state. Moreover, cases of switching between two buckling modes in the
post-buckling region have provided additional insight in the post-buckling behavior of this structure.
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