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ABSTRACT

In recent years, the potential of sound absorbing metama-
terials as an alternative to traditional acoustic absorbers
has been demonstrated in several publications. A common
way to design these absorbing metamaterials, is through
periodic arrangements of resonators. By combining acous-
tic resonators tuned to different resonance frequencies in
each unit cell, the frequency range for which the mate-
rial achieves high absorption can be extended. Never-
theless, there is limited research on their behavior when
they are exposed to waves incident at oblique directions,
and this information is highly relevant for a large amount
of practical applications; particularly in room acoustics.
In this work, the finite element method (FEM) is used,
to study the angle-dependent absorption properties of in-
finitely large 2D surfaces consisting of a periodic arrange-
ment of Helmholtz resonators. It is found that the inci-
dence angle influences not only the magnitude of the (max-
imum) absorption coefficient, but also the frequencies at
which the maximum absorption coefficient is observed, as
well as the absorption bandwidth.

1. INTRODUCTION

Within the acoustic metamaterials field, alternative solu-
tions have been proposed to obtain structures that dis-
play properties that are not found in traditional elements.
Among this cases, elements that can achieve negative re-
fraction or acoustic cloaking, as well as light weight struc-
tures with high transmission loss and absorbing materials
with a very small thickness to wavelength ratio are some
examples [1, 2]. In the design of metamaterials, the partic-
ular behaviour of periodic arrangements of elements, is of-
ten exploited for sound insulation [3–5], absorption [6–8]
and diffusion [9] applications.

More explicitly, for the applications related to sound ab-
sorption, periodic arrangements of resonators tuned to dif-
ferent frequencies are used in order to create surfaces that
would have a smaller thickness to wavelength ratio, com-
pared to what can be achieved using porous materials; and
at the same time, a frequency range of high absorption co-
efficient values that is broader than what can be achieved
using a surface composed of only one a single type of res-
onator [6–8, 10].

In many practical applications, absorbing materials are
exposed to incoming waves from directions which are not

normal to the surface; several room acoustic applications
among this. Even though the potential of periodic arrange-
ments of resonators as acoustic absorbing materials has
been demonstrated in published works, the characteriza-
tion of their behaviour is typically done in terms of their
normal incidence absorption coefficient. As can already
be seen in the work by Gao et al. [11], changes in the in-
cidence angle can include both changes in the absorption
coefficient value per frequency, as well as the span of the
frequency range for which a high performance is achieved.
Therefore, there is a need to study the behaviour of this
periodic surfaces at oblique incidence. Knowing such
oblique incidence absorption properties will enhance the
accuracy of computer predictions of room acoustics [12].

This work focuses on the angle-dependent absorption
coefficient of surfaces that are composed of periodic ar-
rangements of Helmholtz resonators. The surfaces extend
infinitely both in the directions parallel and perpendicular
to the slits in the plane of the surface. For this purpose, a
2D numerical study has been conducted on surfaces made
of periodic arrangements of 1, 2 and 3 different types of
resonators. The surface consisting on a periodic arrange-
ment of a single resonator is included as the baseline ex-
ample for periodic surfaces. In turn, including the surfaces
consisting of a periodic arrangement of a unit cell com-
posed of 2 types of resonators, allows to observe the be-
haviour of the surfaces when the unit cell starts to be het-
erogeneous. And, the surfaces consisting of a periodic ar-
rangement of a unit cell composed of 3 types of resonators,
shows a generalization of the angle-dependent absorption
properties of surfaces composed of several different res-
onators.

In section 2 of this document, a description of the sur-
faces used for this study, and the method to estimate their
angle-dependent behaviour are described. In sections 3
and 4, the results describing the angle-dependent absorp-
tion properties of the three types of sources analyzed are
presented. In section 5 a discussion of the results shown is
made. And, in section 6, the conclusions that can be drawn
from the present study are included.

2. METHOD

2.1 Test cases included in the present study

In the scope of this work, surfaces constituted by a peri-
odic arrangement of 1, 2 and 3 different 2D Helmholtz
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resonators are studied. For each of this three cases, two
parameters are varied independently in order to see their
effect on the resonators’ performance. This parameters are
the separation distance between adjacent resonators (iden-
tified as d in Figure 1), which is varied between 3 cm to
9 cm in steps of 2 cm; and the angle of incidence of the
incident plane wave with respect to the normal direction,
which takes values from 0 to 87o. As means of illustration,
Figure 1 shows an schematic of the unit cell for the surface
consisting of 3 different types of resonators. And, table
1 shows the dimensions of the resonators constituting the
unit cells of each of the periodic surfaces under study.

Figure 1: Schematic representation of the unit cell of a
surface composed of a periodic arrangement of 3 different
2D Helmholtz resonators.

Surface composed of a periodic arrangement of 1 resonator
Resonator wn [mm] ln [mm] wc [mm] lc [mm]

1 1.6 23 26.8 118.6
Surface composed of a periodic arrangement of 2 resonators
Resonator wn [mm] ln [mm] wc [mm] lc [mm]

1 1.6 23 26.8 118.6
2 1.5 18.7 27.2 90.3

Surface composed of a periodic arrangement of 3 resonators
Resonator wn [mm] ln [mm] wc [mm] lc [mm]

1 1.5 20 27.4 164.4
2 1.6 21.5 25.7 125.8
3 1.5 20 25.6 92.1

Table 1: Dimensions of the elements composing the unit
cells of the different types of periodic surfaces under study.

2.2 Modelling method

In order to model the behaviour of the infinite surfaces,
a finite element model was implemented and solved using
COMSOL Multiphysics. The implementation consists on a
2D model of an air-filled domain, with an incident pressure
field comprised of a plane wave at an incidence angle θ
ranging from 0 to 87 degrees. At the lower boundary of the
domain, one unit cell of the periodic array of resonators is
placed. At the upper part of the domain, a perfectly match
layer (PML) is placed in order to simulate a semi-infinite
space. Furthermore, the surface under study is simulated
to be infinite in the horizontal direction by using Floquet

periodicity boundary conditions. A sketch of the model is
presented in Figure 2, where the unit cell of the surface
composed of 3 different resonators is shown.

Figure 2: Sketch of the model used for the present study.
The case shown corresponds to a surface with 3 resonators
tuned to different frequencies. The boundaries identified
with the dashed and dotted line, correspond to the bound-
aries to which a periodic and boundary layer impedance
boundary condition was assigned respectively. And, the
dotted dashed line identifies the line used for the estima-
tion of the incident and reflected sound power according to
Eq. 10. For ease of visualization, the dimensions shown
here are not in scale with the dimensions of the model.

Given the plane wave incident pressure field, the
problem being solved is described by a homogeneous
Helmholtz equation as:

∇2p̂t +
ω2

c2
p̂t = 0 (1)

Where ω is the angular frequency, c0 is the speed
of sound in air and p̂t is the total complex pressure defined
as:

p̂t = p̂r + p̂i (2)

Where pi is the complex incident pressure field,
and pr is the complex reflected pressure field.

In the same way as the total complex pressure is ob-
tained by adding the incident and reflected complex pres-
sures, the total components of the complex particle veloc-
ity can also be obtained by adding up the components of
the incident and reflected complex particle velocities. i.e.:

v̂t,x = v̂r,x + v̂i,x (3)

v̂t,y = v̂r,y + v̂i,y (4)
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Where v̂t,x and v̂t,y are the components of the
complex total velocity field, v̂i,x and v̂i,y are the compo-
nents of the complex incident velocity field, and v̂r,x and
v̂r,y are respectively the components of the complex re-
flected particle velocity field.

Since the problem being modelled corresponds to a sur-
face that is being exposed to a travelling plane wave, the
incident pressure field and the components of the incident
particle velocity field are defined as:

p̂i = |p̂i|ei(−kxx+kyy) (5)

v̂i,x = − 1

jωρ
∂p̂i
∂x

(6)

v̂i,y = − 1

jωρ
∂p̂i
∂y

(7)

Where ρ is the air density and kx and ky are re-
spectively the components of the wave number in the x-
direction and in the y-direction.

By defining the problem in the aforementioned way, us-
ing the FEM solution of 1 and Eqs. 2 to 7, the reflected
pressure and particle velocity can be obtained. In turn, the
intensity of the incident and reflected wave can be obtained
as:

Ii,y =
1

2
Re{p̂iv̂∗i,y} (8)

Ir,y =
1

2
Re{p̂rv̂∗r,y} (9)

Where ∗ identifies the complex conjugate.
And, the absorption coefficient can be estimated as:

α =
Pa
Pi

= 1− Pr
Pi

= 1−
∫

x Ir,ydx∫
x Ii,ydx

(10)

Where P denotes the acoustic power, and the sub-
scripts a, i, r refer to absorbed, incident and reflected quan-
tities. In turn, the integrals over the x-axis of the intensity,
are evaluated numerically over a horizontal line place 2m
away from the periodic surface, and 50 cm away from the
PML layer (see Figure 2).

Furthermore, in order to account for the viscous and
thermal losses taking place inside the resonators, a bound-
ary layer impedance (BLI) boundary condition [13,14] was
assigned to the boundaries of the resonators (see Figure 2).
For the cases under study here, the use of this boundary
condition to estimate losses yield an accurate result be-
cause the viscothermal boundary layers do not overlap in
the operational frequencies of the resonators.

3. ANGLE DEPENDENT ABSORPTION
COEFFICIENT

The present section, will start by presenting the normal in-
cidence acoustic performance of each of the type of sur-
faces under study for different values of distance between
adjacent resonators (d in Figure 1). Then, for a fixed value

of d, the angle-dependent absorption coefficient is shown.
By comparing the effects of varying d and θ, it is shown
that there is a similar effect, and then a description of the
behaviour of the periodic surfaces is done in terms of a
relationship between d and θ.

Figure 3 shows the absorption coefficient curves at nor-
mal incidence as a function of d for each of the sur-
faces under study. As can be seen, the distance between
the resonators, can affect significantly the absorption per-
formance. On the one hand, in the case of the surface
made from a single resonator, changing the distance af-
fects mostly the value of the maximum absorption coeffi-
cient of the absorber. On the other hand, for the surfaces
made from arrays of 2 and 3 types of resonators, a more
complex effect can be seen. Namely, it includes a change
in the maximum absorption coefficient that the surface can
achieve, the regularity of the curve between the peaks of
maximum absorption coefficient, and the width of the fre-
quency range for which high absorption coefficient values
are seen.

In contrast, in order to visualize the effect of changes
in the incidence angle of the plane wave impinging the
surfaces, the design with the highest normal incidence ab-
sorption coefficients and flatter curve in the region of high
performance at normal incidence for each case according
the Figure 3, was selected, and evaluated for several in-
cidence angles. In this way, the angle dependency of the
absorption properties is studied for the best designs at nor-
mal incidence conditions. More explicitly, the values of d
selected were 9 cm for the surface consisting of a periodic
array of a unit cell composed of a single type of resonator,
and 5 cm for the surfaces consisting of a periodic array of
a unit cell composed of 2 and 3 types of resonators.

The angle dependent behaviour of the surfaces selected
can be seen in Figure 4, where the absorption coefficient
for θ = 0o, 30o, 45o, 60o, and 75o is shown. When in-
creasing the incidence angle from the normal direction, the
changes in the absorption properties have a similar trend
to the ones observed on the normal absorption coefficient
when decreasing the distance between the adjacent res-
onators (see Figure 3). Namely, for the surface composed
of the unit cell containing a single resonator, as the angle
from the normal direction increases, a monotonic decrease
of the maximum value of the absorption coefficient is ob-
served. And, for the cases of the surfaces composed of
unit cells with more than 1 type of resonator (see Figures
4b and 4c), as the incidence angle increases, the difference
in frequency between two contiguous peaks of maximum
absorption coefficient starts decreasing. Then, there is a
point when adjacent high absorption peaks have merged,
and thus, what can be seen is absorption coefficient curves
were 1 less absorption peak is present, compared to the
curve for normal incidence. Furthermore, the frequencies
in which the new absorption coefficient peaks appear, are
in the middle of 2 frequencies in which the peaks were
originally observed.

In addition to the previous, a complementary observa-
tion that can be drawn from Figure 4 is that when the an-
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(a) Surfaces with the unit cell composed of a single type of
resonator.
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(b) Surfaces with the unit cell composed of 2 different types
of resonators.
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(c) Surfaces with the unit cell composed of 3 different types
of resonators.

Figure 3: Normal incidence absorption coefficient of the
surfaces consisting of a periodic arrangement of unit cells
with 1 (top), 2 (middle) and 3 (bottom) different types of
resonators as a function of the distance d between centers
of the resonator’s entrances.

gle of incidence becomes large enough, the maximum ab-
sorption coefficient that the surface can achieve at any fre-
quency is smaller than the maximum absorption coefficient
that can be seen for the case of normal incidence.

In fact, as long as the distance between the resonators
is much smaller than the wavelength, as it is the case for
the surfaces under study here, the absorption coefficient is
dependent on the relationship between the distance sepa-
rating adjacent resonators and the angle of incidence [15].
More explicitly, the absorption properties are dependent on
the parameter dcos(θ). Figure 5 evidences this dependency,
by comparing, for each of the surfaces under study, the ab-
sorption coefficient curves obtained for different values of
the parameter dcos(θ). It can be seen that for every pair
of curves plotted with the same dcos(θ) value, the curves
coincide. And naturally, it can be then seen that the trend
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(a) Surface with the unit cell composed of a single resonator
with dimensions as shown in Table 1, and a distance between
the center of 2 adjacent resonators of 9 cm.
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(b) Surface with the unit cell composed of 2 different types
of resonators with dimensions as shown in Table 1, and a dis-
tance between the center of 2 adjacent resonators of 5 cm.
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(c) Surface with the unit cell composed of 3 different types
of resonators with dimensions as shown in Table 1, and a dis-
tance between the center of 2 adjacent resonators of 5 cm.

Figure 4: Angle dependent absorption coefficient of the
surfaces consisting of a periodic arrangement of unit cells
consisting of 1 (top), 2 (middle) and 3 (bottom) different
types of resonators.

of the changes in the absorption coefficient curves of each
of the surfaces under study as the parameter dcos(θ) de-
creases, is comparable to the trend of the changes in the
absorption coefficient curves of each of the surfaces under
study when the distance between resonators is maintained
constant, and the angle of incidence with respect to the nor-
mal direction increases (see Figure 4).

4. COMPARISON BETWEEN THE NORMAL AND
RANDOM INCIDENCE ABSORPTION

COEFFICIENT

As a way to estimate the behaviour of a material in a dif-
fuse environment, the random incidence absorption coeffi-
cient can be obtained using Paris formula [16] as shown in
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(a) Surface with the unit cell composed of a single resonator.
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(b) Surface with the unit cell composed of 2 different types of
resonators.
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(c) Surface with the unit cell composed of 2 different types of
resonators

Figure 5: Absorption coefficient of the surfaces consisting
of a periodic arrangement of unit cells with 1 (top), 2 (mid-
dle) and 3 (bottom) as a function of the parameter dcos(θ).

Eq. 11. It has been reported that using the normal and ran-
dom incidence absorption coefficient, room acoustic pre-
diction results vary a lot using both geometrical acoustics
and wave-based methods [17, 18]. And although this ran-
dom coefficient estimate assumes an ideally diffuse condi-
tion, which is hard to find in real rooms, it is used here as
a reference of the behaviour of the surfaces in e.g. highly
reverberant enclosed spaces.

αr =

∫ π/2

0

α(θ)sin(2θ)dθ (11)

Figure 6 shows a comparison between the absorption
properties at normal and random incidence for: 1) a sur-
face composed of a single type of resonator and d=9 cm
(Figure 6a). 2) a surface composed of 2 different types of
resonators and d=5 cm (Figure 6b). 3) a surface composed
of 3 different types of resonators and d=5cm (Figure 6c).
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(a) Surface with the unit cell composed of a single resonator
with dimensions as shown in Table 1, and a distance between
the center of 2 adjacent resonators of 9 cm.
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(b) Surface with the unit cell composed of 2 different types
of resonators with dimensions as shown in Table 1, and a dis-
tance between the center of 2 adjacent resonators of 5 cm.
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(c) Surface with the unit cell composed of 3 different types
of resonators with dimensions as shown in Table 1, and a dis-
tance between the center of 2 adjacent resonators of 5 cm.

Figure 6: Comparison between the normal and random
incidence absorption coefficient curve of the surfaces con-
sisting of a periodic arrangement of unit cells with 1 (top),
2 (middle) and 3 (bottom) different types of resonators.

Note that the aforementioned selected cases, are the same
ones selected to show the absorption properties for selected
individual angles (see Figure 4).

As expected, the effects of changes on the incidence an-
gle, as seen in Figure 4, can also be observed when evalu-
ating the performance of the surfaces at random incidence.
More explicitly, for the case of the surface with a single
type of resonator, the maximum achievable absorption co-
efficient is lowered; and for the surfaces with more than
1 type of resonators, there is a decrease on both the max-
imum absorption coefficient that the surface can achieve,
and the width of the frequency range of which high acous-
tic performance.
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5. DISCUSSION

The angle-dependent absorption properties of periodic ar-
rangements of 2D Helmholtz resonators consisting on a
single or several types of resonators was studied. Given a
fixed value of d, for a surface composed of a single type of
resonator, the effect of changing the incidence angle is lim-
ited to changes in the maximum absorption coefficient that
the surface can achieve; but the bell shape of the absorp-
tion coefficient curve and the frequency at which the max-
imum absorption coefficient appears do not change signif-
icantly. On the other hand, for surfaces composed of more
than one type of resonators, the effect is more complex.
It includes changes in the maximum absorption coefficient
that the surface can achieve, the frequencies at which the
maximum absorption coefficient values are obtained, and
the frequency range were a high absorption performance is
seen. Thus, when a periodic surface is composed of res-
onators designed for different operational frequencies, in
order to characterize its behaviour at several oblique inci-
dence angles, it is not sufficient to observe the variation of
the absorption coefficient at a single frequency (e.g. the
frequency for which the maximum normal incidence ab-
sorption coefficient happen); instead, a proper character-
ization of the behaviour should include the evaluation of
the performance for all the frequency range of interest, in
order to also be able to detect changes in the shape of the
absorption coefficient curve.

The absorption properties of the surfaces under study
here, where the separation between adjacent resonators is
much smaller than the wavelength, are highly dependent
on the parameter dcos(θ); d being the distance between ad-
jacent resonators, and θ being the angle of incidence from
the normal direction to the surface. For large dcos(θ) val-
ues, there seems to be less interaction between the res-
onators; this can be stated since in the absorption coeffi-
cient curve, the individual peaks related to the resonance
frequencies of the individual resonators stand out more,
thus, making the absorption coefficient in the intermedi-
ate frequencies drop. As the value of dcos(θ) decreases,
the amount of interaction between the resonators increases,
and the peaks in the absorption coefficient curve start ap-
proaching each other, also causing the absorption coeffi-
cient values in the frequencies between the peaks to drop
less. For even lower dcos(θ) values, each pair of neigh-
bouring peaks merge, and therefore, in the absorption co-
efficient curve, there will be one less absorption peak than
there are resonators. This behaviour will narrow the band-
width of high absorption values. Moreover, a further de-
crease of dcos(θ), will cause the global maximum absorp-
tion coefficient that can be achieved by the surface to drop.
This trend can be seen for both of the cases studied of sur-
faces consisting of more than one type of resonators, thus it
is expected that it is a trend that would also be seen for sur-
faces consisting of more types of resonators than the ones
included in this study.

Finally, when comparing the normal and random inci-
dence absorption coefficients of the surfaces under study
here, it can be seen, that the absorption properties of both

conditions are not equivalent. Therefore, the importance
of characterising the behaviour of these periodic surfaces
also for oblique angles is highlighted.

6. CONCLUSIONS

In the present work, the absorption properties of surfaces
made from infinite periodic arrangements of 2D Helmholtz
resonators at normal and oblique incidence were shown.
When the surface is composed of 1 type of resonator, the
effect of the incidence direction is limited to changes in the
magnitude of the absorption coefficient, but not the overall
shape of the absorption coefficient curve. When the sur-
face is obtained through the combination of more than 1
resonator, the effect observed is changes in the magnitude
and frequency where the highest absorption coefficient val-
ues are achieved, and a narrowing of the frequency range
for which the surface can achieve a high performance.

The use of periodic arrangements involving different
types of resonant elements, has sparked academic inter-
est recently, because they can extend the bandwidth in
which a thin surface efficiently controls acoustic reflec-
tions; nevertheless, as can be seen from the present study,
care must be taken when evaluating this extension based
on the behaviour at normal incidence, if the surface will
be exposed to oblique incident waves. Even though the
maximum number of resonators included in this study is 3,
and in previous scientific works the periodic arrangements
can include a larger amount of different elements, the sim-
ilarities seen on the effects of changing the incident angle
for the 2 heterogeneous surfaces in this study, suggests a
similar trend can be seen for arrays with larger amount of
elements.

When evaluating the extended performance of the peri-
odic surfaces at random incidence, it can be seen that there
can be significant differences to the normal incidence be-
haviour. Therefore, if a particular design of a surface is
meant to be used for an application where there will be
waves coming from several different directions, e.g. room
acoustic applications, the characterization of the absorp-
tion performance only for the normal incidence condition,
can fail to accurately describe the real performance of the
element.

It should be noted that the scope of this investigation
is limited to infinite surfaces of Helmholtz resonators with
slit openings. The effect of the finiteness of the sample is
not considered. And, different effects of the incidence an-
gle might be seen in surfaces in which there is variation
along the out of plane diection from the xy-plane (see Fig-
ure 2), like e.g. a periodic surface of Helmholtz resonators
with circular necks.
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