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Abstract. We consider the problem of the radiation losses by fast-traveling
particles traversing two-dimensional (2d) materials or thin films. After review-
ing the screening of electromagnetic fields by two dimensional conducting ma-
terials, we obtain the energy loss by a fast particle traversing such a material
or film. In particular, we discuss the pattern of radiation emitted by monolayer
graphene treated within a hydrodynamic approximation. These results are com-
pared with recent published results using similar approximations and, having in
mind a potential application to particle detection, we briefly discuss how one
can improve on the signals obtained by using other two-dimensional materials.

1 Introduction

The problem of the interaction of the electromagnetic field with a 2d conductor has a long
and distinguished history, going back to the 1950s [1–5]. Such problem gained a renewed
interest in the context of the transport properties of graphene and related materials [6, 7].
These materials hold the promise of yielding devices with tailored optical properties, among
others [8–10].

We briefly review here the formulation of such a problem, as well as the related issue of
the calculation of the conductivity of a 2d material, so as to apply the underlying results to
the problem of radiation losses by fast-particles traversing graphene. We conclude that the
signal emitted by graphene is too small to be of use, but such a result may be modified by
considering a 2d material with a much larger in-plane AC conductivity.

2 Definition of the screening tensor

We consider a 2d material, e.g. graphene, embedded in a dielectric medium of relative electric
and magnetic permittivities, εm and µm. The said medium occupies the z = 0 plane. The
simplest case is that of a suspended material in the vacuum, when εm = µm = 1. If a set of
external sources generate an applied electric field Eext(r, t), surface densities of charge and
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current are induced in the material. At the linear response level, the density of current is given
by

c(q, ω) = σL(q, ω)E‖ L(z = 0, q, ω) + σT (q, ω)E‖ T (z = 0, q, ω) , (1)

where σL, T (q, ω) are the components of the conductivity tensor of the 2d material and
E‖ L, T (z = 0, q, ω) are the corresponding components of the local electric field along the
plane of the material (respectively parallel and perpendicular to q). Here, we employ a mixed
real-Fourier space representation, which takes advantage of the translation symmetry in the
xy plane.

Such field is related to the induced density of current (1) by (with v = c/
√
µmεm)

E‖(z = 0, q, ω) = Eext
‖ (z = 0, q, ω) +

Zm

2
√

1 − q2v2/ω2

[
c(q, ω) − v

2(q · c(q, ω))q
ω2

]
, (2)

where ω > qv and where the solution of the Maxwell equations was obtained using the

Coulomb gauge. Here, Zm =
√
µ0µm
ε0εm

is the impedance of the surrounding medium. As will
be explained below, the choice of the gauge is not completely immaterial (for reasons of
intelligibility), even if the distribution of the fields is of course independent from it.

Expressing the induced current in terms of the local field using (1), we can obtain a rela-
tion between the applied field and the local field. Defining the components of the screening
tensor

ζL,T (q, ω) =
Eext
‖ L,T (z = 0, q, ω)

E‖ L,T (z = 0, q, ω)
, (3)

we obtain the result

ζL(q, ω) = 1 +
1
2

ZmσL(q, ω)
√

1 − q2v2/ω2 , (4)

and
ζT (q, ω) = 1 +

Zm σT (q, ω)

2
√

1 − q2v2/ω2
, (5)

where retardation effects are included.
If ω < qv, one employs the continuation

√
1 − q2v2/ω2 = i(v/ω)

√
q2 − ω2/v2 in the

above formulas, as determined by the condition of causality. As in the case of a 3d medium
[11], the knowledge of the conductivity of a 2d material is sufficient to determine its screening
properties, even if the relations obtained are different in the former and latter cases.

It can be shown that if a plane electromagnetic wave impinges on the 2d material, the
transmission coefficients for its p and s components are related to the components of the
screening tensor by tp,s(q, ω) = ζ−1

L,T (q, ω) (with q = ω
v

sin θ, where θ is the angle of incidence
of the wave) [12]. Such result can be understood if we interpret the incident wave as the
applied field and the transmitted wave (on the other side of the interface) as the local field.

3 Linear response relations and RPA
The relations obtained above are of little use if one does not provide an explicit expression
for the components of the conductivity tensor of the 2d material. One describes it by the
Hamiltonian of a many-particle system, in which carriers interact via the Coulomb force, to
which one adds a term coupling to an external scalar potential and a term coupling to a vector
potential, determined self-consistently [13].

Ĥ =
1

2m

∑
i

[̂
pi − qeA‖(z = 0, ρ̂i, t)

]2
+
∑

i

U (̂ρi) +
1
2

∑
i� j

V (̂ρi − ρ̂ j) + qe

∑
i

φext(z = 0, ρ̂i, t),

(6)
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Ĥ =
1

2m

∑
i

[̂
pi − qeA‖(z = 0, ρ̂i, t)

]2
+
∑

i

U (̂ρi) +
1
2

∑
i� j

V (̂ρi − ρ̂ j) + qe

∑
i

φext(z = 0, ρ̂i, t),

(6)

where qe is the carriers charge, U(ρ) is the potential of the underlying lattice and V(ρ) = q2
e

4πε0ρ
is the Coulomb interaction between the charged particles. The potential φext(z = 0, ρ, t) is the
applied external potential. At the linear response level in the external scalar potential and the
self-consistent vector potential, the induced current and charge densities are given by

αc (q, ω) = q2
e

[(
χαβ(q, ω) − n0

m
δαβ
)

Aβ‖ (z = 0, q, ω) − χα0(q, ω) φext(z = 0, q, ω)
]
, (7)

ρc(q, ω) = q2
e

[
χ0β(q, ω)Aβ‖ (z = 0, q, ω) − χ(q, ω) φext(z = 0, q, ω)

]
, (8)

where α, β designate the Cartesian indices (summation over repeated indices is implied) for
the components of the current operator and 0 refers to density operator and where these
response functions, χαβ(q, ω), χα0(q, ω), χ0β(q, ω) and χ(q, ω) can be expressed, in the case
of an isotropic system, in terms of only two quantities, the density-density response function,
χ(q, ω), and the current-current transverse response function, χT (q, ω).

This approximation scheme, in which the Coulomb interaction is treated exactly, but
where the transverse degrees of freedom of the electromagnetic field are treated self-
consistently avoids the explicit inclusion of magnetic interactions (of order v2/c2) in the
Hamiltonian given by equation (6). Furthermore, do note that Aα‖ L(z = 0, q, ω) � 0 in the
Coulomb gauge, as q is merely the projection of the full wave-vector in the xy plane, so we
need to keep such a component in equations (7) and (8). This gauge is not only the most
adequate to treat the problem in the approximation scheme of Bohm and Pines [13], it also
emphasises the distinction between two and three-dimensional materials.

One can show that the conductivities are related to the response functions by

σL(q, ω) = − iω q2
e

q2 · χ(q, ω)

1 − q2
e

2ε0εmq χ(q, ω)
, (9)

σT (q, ω) =
q2

e

iω

(
χT (q, ω) − n0

m

)
, (10)

where n0 is the total electronic density in the material.
If one substitutes these relations in equations (4) and (5), one can obtain an expression for

the components of the screening tensor in terms of the response functions as well. The zeros
of such components determine the eigen-frequencies of the excitations (plasmons) of the 2d
material. Static screening may also be considered [14, 15].

These response functions can now be calculated using a given approximation scheme. In
the particular case of the Random Phase Approximation (RPA), it is assumed that the system
responds to the self-consistent vector and scalar potentials with the response function of the
free-carriers. In that case, equations (9) and (10) reduce to

σL(q, ω) = − iω q2
e

q2 · χ0(q, ω) , (11)

σT (q, ω) =
q2

e

iω

(
χT

0 (q, ω) − n0

m

)
, (12)

where χ0(q, ω) and χT
0 (q, ω) are the response functions of the quasi-particles in the material,

in the absence of the Coulomb interaction. One can further read from equation (11) that the
irreducible susceptibility, given by the second quotient in equation (9), reduces in the RPA to
the response function of free carriers, χ0(q, ω).
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An illustrative case is that of neutral graphene, for which one has, in the low wave-vector
and low frequency limit [16, 17],

χ0(q, ω) =
q2

4�vF
√

q2 − ω2/v2F

, (13)

χT
0 (q, ω) =

n0

m
− vF

4�

√
q2 − ω2/v2F , (14)

where vF is the Fermi velocity of the material. The use of equations (11) to (14) in equations
(4) and (5) is sufficient to determine the transmission factors of neutral free-standing graphene
[12], within the framework of the RPA.

4 Energy loss through radiation by a fast charged particle
traversing graphene

For a 2d material excited by an external field, the energy radiated per solid angle and per
frequency interval is given by [18]

S(θ, φ, ω) =
µ0µmω

2

16π3v

(
| cL(qρ, ω)|2 cos2 θ + | cT (qρ, ω)|2

)
, (15)

where the components of the induced current are given by equation (1), qρ = ωv sin θ ρ̂, with
ρ̂ being the polar versor in the plane, and where θ and φ are the altitude and azimuthal angles.
Expressing the local electric field in the material, as given in equation (1), in terms of the
applied field using the components of the screening tensor, introduced in equations (4) and
(5), we obtain

S(θ, φ, ω) =
µ0µmω

2

16π3v


|σL(qρ, ω)|2 |Eext

‖ L (z = 0, qρ, ω)|2

|ζL(qρ, ω)|2 cos2 θ

+
|σT (qρ, ω)|2 |Eext

‖ T (z = 0, qρ, ω)|2

|ζT (qρ, ω)|2

 . (16)

In order to consider the profile of radiation due to the passage of a fast-travelling charged
particle through the 2d material, we substitute the known expressions for the components of
the (applied) field produced by the particle, assumed in uniform motion [19], in equation (16).
In the case of doped graphene, we may further use in such an equation the expressions for
the conductivity obtained in an hydrodynamic approximation [20], which corresponds to the
low wave-vector and low frequency limit of the linear response theory discussed in section 3

σL(q, ω) =
iωσ0

τF

[
ω2 − q2v2F/2 + iω

(
1/τF + q2v2Fτv/4

) ] , (17)

σT (q, ω) =
iσ0

τF

[
ω + i

(
1/τF + q2v2Fτv/4

) ] , (18)

where τF and τv are quasi-particle lifetimes, σ0 =
e2 |εF |τF
π�2 is the DC Drude conductivity

of graphene, and where εF is the Fermi energy of the material (for the case of undoped
graphene, the relevant formulas were already given in section 3, within the realm of the
RPA). Integrating over frequency, we can obtain the energy emitted per solid angle. A plot of
the emission pattern is given in figure 1. Similar results were obtained in [21, 22].
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Figure 1. Energy emitted per steradian for an ultra-relativistic electron (with β = 0.9) traversing a sheet
of mono-layer graphene (εF = 0.5 eV and τv = τF = 4.1×10−12 s) travelling in the xz plane, at an angle
of 30◦ from the vertical.

5 Conclusion

We considered the pattern of radiation emitted by graphene traversed by a fast charged par-
ticle. The low values obtained for the emitted energy require, for the purpose of particle
detection, the use of materials possessing high effective AC conductivities, possibly 2d semi-
conductors [23] or thin magnetic films with off-plane magnetisation and a high paramagnetic
susceptibility [24].

One should note however, that the emission efficiency of suspended 2d passive materials
tends to a limiting value for materials with a high conductivity, as follows from equation (16),
since the components of the conductivity tensor appear both in the numerator as well as in
the denominator of the two terms of this expression, see equations (4) and (5). Moreover,
the real part of the screening factors is always larger than one in the region ω > qv, as the
real part of the conductivity is always positive in thermodynamic equilibrium, and hence no
resonances are to be seen in this region of frequency space.
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