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Characterization of basic 5-value spectrum
functions through Walsh-Hadamard transform

Samir HodzZi¢, Peter Horak, Enes Pasalic

Abstract—The first and the third authors recently introduced
a spectral construction of plateaued and of 5-value spectrum
functions. In particular, the design of the latter class requires
a specification of integers {W(u) : v € Fy}, where W (u) €
{0,£2 5 ,£2 5 }, so that the sequence {W(u) : u € F3 } isa
valid spectrum of a Boolean function (recovered using the inverse
Walsh transform). Technically, this is done by allocating a suit-
able Walsh support S = S!1U S  F3, where Sl corresponds

nts;

to those u € F3 for which W(u) = £272 . In addition, two
dual functions gj;; : S [ _ F, (with #5 = 2*¢) are employed to

specify the signs through W(u) = 2”5 (—1)90 ™ for v € S
whereas W (u) =0 for u ¢ S.

In this work, two closely related problems are considered.
Firstly, the specification of plateaued functions (duals) g[;, which
additionally satisfy the so-called totally disjoint spectra property,
is fully characterized (so that W (u) is a spectrum of a Boolean
function) when the Walsh support S is given as a union of two
disjoint affine subspaces Stil, Especially, when plateaued dual
functions g(; themselves have affine Walsh supports, an efficient
spectral design that utilizes arbitrary bent functions (as duals of
g(i)) on the corresponding ambient spaces is given. The problem
of specifying affine inequivalent S-value spectra functions is also
addressed and an efficient construction method that ensures the
inequivalence property is derived (sufficient condition being a
selection of affine inequivalent duals). In the second part of this
work, we investigate duals of plateaued functions with affine
Walsh supports. For a given such plateaued function, we show
that different orderings of its Walsh support which are employing
the Sylvester-Hadamard recursion actually induce bent duals
which are affine equivalent.

Index Terms—Bent functions, Plateaued functions, 5-value
spectrum functions, Lexicographic ordering, Spectral construc-
tion methods

I. INTRODUCTION

There are several classes of Boolean functions that are of
special interest for cryptographic applications. Bent functions,
introduced by Rothaus [20], have several nice combinatorial
properties allowing for a wide range of their applications such
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as design theory, coding theory, sequences, cryptography. In
terms of the Walsh-Hadamard transform (see relation (1) in
Section II), the range of W of an n-variable bent function f
is the set {£-2"/2}. An exhaustive survey on bent functions
related to their design and properties can be found in [7].
Another well-studied class of Boolean functions f : 3
— F9 having the range of their WHT equal to {0,+2"}
(for r > [n/2]) is known as plateaued functions [29]. Their
various design methods have been addressed in several papers
[6], [8], [10], [17], [18], [26], [27]. Due to their simple
characterization in the spectral domain an alternative design
approach was proposed recently in [13], [14].

Similarly, the class of Boolean functions with Walsh-
Hadamard spectral values in the set {0, £2*1, £2*2} (where
[5] < A1 < A2 < n) deserves a special interest as
well. For instance, the only known APN permutation over
GF(2)° (up to equivalence), provided by Dillon [11], has a
5-value extended Walsh-Hadamard spectrum (the spectra of
all component functions) with the values {0, j:2%,:|:2"7+2},
for n = 6. Traditional design methods of 5-value spectrum
functions can be traced to the early work of Maitra and Sarkar
[16] and some recent papers [3], [18], [25]. Whereas these
methods commonly define 5-value spectrum functions in the
algebraic normal form (ANF) domain, there is a possibility of
specifying these functions directly in the spectral domain by
using a suitable Walsh-Hadamard support (subset of GF'(2)"
for which the Walsh-Hadamard spectral values are nonzero)
and determining the sign distribution. This approach has been
recently taken in [15], for the first time transferring the design
problem completely into the spectral domain. The main idea
elaborated in [15] is to relate the spectral values +2* to one
dual function, whereas the values £2*2 then specify another
dual function. A suitable choice of these duals (specifying the
signs of spectral values) then provides a valid 5-value spectrum
of a Boolean function. Here, dual functions refer to functions
defined on smaller variable spaces which regulate the signs of
values 2%, i = 1,2 (cf. Section III). The key concept relevant
to this design is the notion of totally disjoint spectra functions
introduced in [15], where also a construction of these functions
(using two bent functions) was elaborated for even n.

In this article, we extend the analysis initiated in [15]
towards a better understanding of the structure and design
of 5-value spectrum functions. In the first part of this work
(Sections IIT and IV), we will derive a characterization of
basic 5-value spectrum functions (for these Walsh-Hadamard
support is a union of two affine subspaces) whose duals are
totally disjoint spectra functions (Theorems IV.2 and IV.3).
This characterization, referring to Theorem IV.2, encompasses
both so-called basic and non-basic plateaued duals. The term
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basic here is used to distinguish the special case when Walsh-
Hadamard supports of plateaued duals are strictly affine/linear
subspaces, whereas other choices of these supports are called
non-basic. We note that basic plateaued functions in [4]
correspond to partially bent functions, while in [14] they are
called trivial plateaued functions.

Moreover, considering the design of basic 5-value spectra
functions, we provide an efficient and general construction
method (Proposition IV.2) which utilizes the spectral construc-
tion method introduced in [13]. It is worth noticing that this
method addresses any parity of n compared to the approach
taken in [15] which only covers even n. For basic 5-value
spectrum functions, we show that the two associated dual
functions are necessarily plateaued.

To construct extended affine (EA) inequivalent basic 5-value
spectra functions, we demonstrate that it is sufficient to employ
affine inequivalent duals, which is addressed in Section IV-D.
As we consider plateaued duals with affine Walsh supports,
then using the results in [14] this inequivalence is achieved
by simply employing inequivalent bent functions as duals
of these plateaued functions. This relatively simple result
has important consequences for the classification of these
objects and most notably it relates the subclass of basic 5-
value spectrum functions to affine equivalence classes of bent
functions defined on smaller variable spaces.

In the second part of this work (Section V), we investigate
the equivalence of duals which are obtained by imposing
different orderings (in terms of Lemma IIL.1-(¢)) on the
affine/linear Walsh-Hadamard support (say) S, of a given
basic plateaued function g. Note that this has been left as
an open problem in [13], [14]. It is shown that representing
Sy differently either as Sy = v1 @ E = {@¢,...,0o_1}
oras Sy = v ® E = {Qo,...,Wok_1}, With v1 # vy
(v1,v2 € §y) and a linear subspace E being ordered in terms
of Lemma III.1-(¢), results in affine equivalent duals of the
same underlying plateaued function g (Theorem V.2).

The existence of 5-value spectrum functions whose sizes
of supports, denoted by S[!l (i = 1,2), are not a power of
two, as well as those whose duals gj;) are not basic plateaued
functions, remains to be answered. In the case when #Sm
are not a power of two, it seems that there is no possibility to
perform the analysis based on dual functions (considered as
Boolean functions on smaller variables spaces). Furthermore,
the question whether there are suitable cardinalities of .S [ sat-
isfying the condition of Proposition II1.3-(iz) and additionally
fulfilling the design requirements imposed by the relationship
in Proposition III.1, is of particular importance.

The rest of this paper is organized as follows. In Section II,
we give some basic definitions related to Boolean functions
and discuss the concept of dual of plateaued Boolean func-
tions. The spectral design method for this class of functions
is elaborated in Section III, where a general specification of
the cardinalities of Walsh-Hadamard supports S?l along with
the value distribution of related exponential sums is given,
cf. Proposition IIL.3. In Section IV, we give an efficient and
general design method for basic 5-value spectrum functions. In
addition, we analyse their mutual EA-equivalence and discuss
briefly the notion of linear structures. A detailed study of

2

different orderings imposed on the used affine subspaces in
terms of [15, Lemma 3.1], is given in Section V. Concluding
remarks are given in Section VI.

II. PRELIMINARIES

By F3 we denote the vector space of all n-tuples z =
(x1,...,2p), where x; € Fy. For ¢ = (21,...,z,) and
y = (y1,.-.,Yn) in F5, the usual scalar (or dot) product
over [y is defined as = -y = 21y1 & -+ & TpYn. By
0,, we denote the all-zero vector with n coordinates, that
is (0,0,...,0) € FZ. By “> " we denote the integer sum
(without modulo evaluation), whereas “@” denotes the sum
evaluated modulo two.

The set of all Boolean functions in n variables, which is the
set of mappings from FJ to [F5, is denoted by B3,,. The set of
affine functions in n variables is given by A,, = {a-2®b: a €

2. be{0,1}}, and similarly £,, = {a-z:a € F}} C A,
denotes the set of linear functions. It is well-known that any
f : F3 — Fy can be uniquely represented by its associated
algebraic normal form (ANF) as follows:

flay,...,xy) = @ )\u(H:cZ“),

uweby =1
where z;,A, € Fo and v = (u1,...,u,) € F%. The
corresponding (£1)-sequence of f : F§ — Fo is defined as

Xf = ((_l)f(O ..... 0,0)7(_1)f(0 ..... 0,1)7” (_l)f(l ..... 1,1)).

The Walsh-Hadamard transform (WHT) of f € B, and its
inverse WHT, at any point u € F5 are defined by

Wilu) = 3 (-,

zeFy

(-7 @ =27 3 Wy(u)(-1)".

u€Fy

el

(D

For the sake of simplicity, throughout the paper the
function Wy will be briefly called Walsh function. For
a given function f € B,, its corresponding sequence
(Wi(ug),...,Wg(ugn_1)) and support Sy = {w € F3 :
Wg(w) # 0}, will be called Walsh spectrum and Walsh
support respectively. We note that a given Boolean function
uniquely corresponds to its Walsh spectrum, or equivalently,
no two different Boolean functions may have the same Walsh
spectrum.

A function f € B, is called bent if [Wy(u)| = 2% holds
for all u € F%. Rothaus [20] proved that a bent function exists
only for n even. Clearly, for each bent function f there is a
Boolean function g € B,, such that Wy (u) = 2% (—1)9®)_ It
can be shown that g is also bent, and W, (u) = 2% (—1)f(®
holds as well. Hence f and g are called mutually dual bent
functions and g is denoted by f*.

A function f € B, is called s-plateaued if the range of its
Walsh function W7 is the set {0, +2"2°}. The value 2" is
called amplitude, where s > 1 if n is odd and s > 2 if n is
even (clearly s and n always must have the same parity). For
an s-plateaued function f € B, the cardinality of its Walsh
support is #Sy = 2"7° [1, Proposition 4].
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Definition I1.1. A function f € B, is called 5- value spec:rtrum
function if the range of W equals - 2}
where sy > s1 > 0. Further, let S[ {u e Fp: |Wf( u)| =

9" 5" }. Then f is called basic if both S[l] and S are affine
subspaces of F3.

Clearly, Sj[cl] U SJ[?] # F7 (equivalently: 2t 4 232 < 27),
otherwise the range of W; would not contain 0. Hence, in
the spectral constructions of 5-value spectrum function this
condition is always assumed.

For an arbitrary Boolean function f € [5,, the set
of its values on F5 (the truth table) is defined as
Ty = (f(0,...,0,0), f(0,...,0,1),..., f(1, 1,1)). The
Sylvester-Hadamard matrix of size 2F x 2*, is defined recur-
sively as:

Hﬁmxm:(}i>um:<

The i-th row of Hyx we denote by H (i € [0,2%—1]). Recall
mm@)_ﬂlwﬁ,w(4W2LQ—queﬂ)
is a (£1)-sequence of a linear function ¢ : F§ — Fo, where
U(z) = u; - = (uj, z € FY).

Throughout the paper by a < b (a,b € F3) we denote
the lexicographic ordering on F%. Also, GL(n,F3) denotes
the group of all invertible F»-linear transformations on F%.
Two Boolean functions h, f : 5 — Fy are said to be EA-
equivalent if there exists a matrix M € GL(n,Fs), vectors
b,c € F% and a constant ¢ € {0, 1} such that h(z) = f(zM &
b)dc-zde.

sz—l
H2k—1

III. SPECTRAL CONSTRUCTIONS OF 5-VALUE SPECTRUM
FUNCTIONS

In this section, we first recall the definition of the dual of 5-
value spectrum Boolean functions which has been introduced
recently in [15]. Essentially, it uses the same defining mech-
anism which has been established for plateaued functions in
[13], [14]. Also, we recall the spectral construction method in
[15] and then we derive new technical results which will be
used in Section IV. We recall that when applying the spectral
construction technique, we firstly construct a Walsh spectrum
of a desired function, which is then obtained by applying the
inverse Walsh transform. We will be mainly focusing on basic
5-value spectrum functions based on totally disjoint spectra
plateaued functions [15], see Definition III.1.

Let f : F5 — Fy be a 5-value spectrum function whose
Walsh spectrum contains values 0 +c1,+co (€1 # c2), where
01,02 € N. For i« = 1,2, by S (] C F3 we denote the set

={u e Fy : |Wy(u)| = cl}, and we define functions
f[i] : S[] — 5 such that the following equality holds:

{

Note that the function f uniquely defines the pairs (Sj[cl], f[*l])

and (SJ[?], f[*é]) Throughout the paper, the functions f7; (i=1,2)
are called duals of f. In addition, we will consider functions

0,
o (_1)ff§](u>7

u€S hust?,

W
1w we s ie{1,2).

2

H2k—1
—HQk—l ’

3

f for which the sets S}i] are of the size power of 2, say oAi
with 27t 4 2*2 < 27 (except for Proposition I11.3), since it
allows us to consider the duals f[’;] as functions in \; variables.
Therefore, we first provide the description of f[j,] : S[fi] — Fy
as functions from F’ to Fy.

Fori =1,2,letv; € F} and E; = {eoi Yoy 21 e
F3 (e0 = On) be lexicographically ordered subsets such that

Ec —{w .w(l) 1}_v,€BEz,Wherew()_vz€Be()
for j € [0, 2’\ — 1] Clearly, the lexlcographlcally ordered

set IJ; imposes an ordering on S with respect to equality
() (@

wj =v; ©e; . Using the representatlon of St Fo=vi O L,
= 1,2, the function ff:‘] as a mapping from JFS‘ to Iy is

deﬁned by

?E]('rj) f[z](vl@e ) f[z( ’L)v jE [Ovai_l]a (3)

where F)* = {x0,..., &y, ,} is ordered lexicographically.

Remark IIl.1. Throughout this work, by affine subspace (say
S C F3) we mean that S is equal to v ® E, for some linear
subspace E C Yy and v € Fy. We do not require that v ¢
E in general, and thus whenever we say that S is an affine
subspace, then it clearly includes the possibility for S to be a
linear subspace (corresponding to the case when v = 0,,).

The following lemma will be used more frequently, and it
regards the ordering of E; when E; is a linear subspace.

Lemma IIL1. [I3] Let S = {wy,...,wam_1} C F5 be
any affine subspace of dimension m > 2 such that S = v @
E, for some lexicographically ordered linear subspace E =
{eo,...,eam_1} C F5 and v € S, where w; = v @ e; for
1 €[0,2™ — 1]. Then:
i) The lexicographic ordering of E implies that for any fixed
i €{0,...,m — 1} it holds that e; = eqi @ e;_q: for all
20 < j <2t
ii) For an arbitrary vector u € F% it holds that

((—1)eo, (=1, .

for some 0 < r, < 2™ — 1 and ¢, € Fo. In addition,
{Ty: €Ly} C{(ueo,...,u-egm_1):u€FLY which
means that L, is contained in a multi-set of m-variable

linear functions whose truth tables are {(u - eg,...,u -
6277171) S Fg}

(=1 = (<1 Hy,

Remark IIL.2. In the rest of the paper, by f . we denote the
duals of a 5-value spectrum Sfunction f whenever it is viewed
as a function deﬁned on St 7 and by f when we consider it
as a function on IFQ (where i = 1 2) The latter case implies

that we must fix some ordering of S

éA ) whlch will be considered

are those for which (u e((f),.. u - e;) ) eg-l) € FE;, C
Fy (i = 1,2) corresponds to the truth table of some linear

Sunction in terms of Lemma Ill.1 (for all u € Fy).

in a suitable way. The

orderings E; = {e .E

The so-called spectral construction of 5-value functions has
been recently introduced in [15]. Now we slightly generalize
[15, Proposition IV.1] (referring to the amplitude values s;
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and s3) which describes the main design rationales behind the
spectral construction of 5-value spectrum functions. The proof
is given for self-completeness.

Proposition IIL1. For sets SV = {u € Fy : |[W(u)| =
> 0, we define the values of

W(u) by
0, u ¢ St u sk
Wu) =14 (=1)9m@ . 2"*” ue Sl (5)
(—1)9e u € S

where g« SU — Fy (i = 1,2). Then, there exists a 5-value
spectrum Boolean function f : Fy — Fo such that Wy(u) =
W (u) if and only if the equality

(u) + Xo(u) (6)

holds for all w € F% (g, € {0,1}), where X;(u) =
ZwES[i](_l)g[i](w)@u.w, T = 1,2 Hence, f[t] = g[z] and
Sj[ci] — S[i] fori=1,2.

—s9

= (_1)Eu2n 2,

Proof. Let u € 3 be an arbitrary vector. By setting Wy (u) =
W(u), ie. fi = gp) and S][f] = Sl (i = 1,2), the inverse
WHT formula (1) gives that

weFy
= 2T (1) @ene 4 9™ §N (L))o,
wesl! wesgcz]
which, after dividing both sides by 252 (52 < s1),
equivalent to (6). D

Remark II1.3. Note that if n is even, then the minimal ampli-
tudes in (5) (providing the maximal nonlinearity of a 5-value
spectrum function) are 2% and 2"3* (thus s1,s2 € {0,2}),
and if n is odd then the minimal amplitudes are given by
2" and 2"% (s1,s2 € {1,3}). In what follows we will
assume that the necessary condition that n and s; are of the
same parity is satisfied.

The spectral constructions proposed in [15, Section IV]
utilize the totally disjoint plateaued spectra functions whose
definition is given as follows.

Definition III.1. [ 15] Let f : Fy — Fy be a 5-value spectrum
Sfunction with S = {u e F} : [Wi(u)| = ZL} where
§1 > 59 >0 and #S[l] + #S[Q] <2n (#S ¥ ot necessarily
a power of 2). We say that the duals [, : S}Z] —Fy (i=1,2)
of f are totally disjoint spectra functions if

X1(w)Xo(u) =0 and |Xi(u)|+ |X2(uw)| >0, VYueFy,

(7
= Zwesm (_1)

Remark II1.4. Note that in Definition IIl.1, in comparison to
Definition IV.1 given in [15], we are not assuming that #S
are powers of 2 As it will be shown later on in Proposmon
I1.3-(ii), #S may take different values in general.

where X;(u) fiy@euw,

4

Notice that the second condition in (7) means that X7 (u)
and X5 (u) are never both equal to zero for any u € F3. The
following result (which we recall from [15]) gives necessary
and sufficient conditions on the main design parameters of
totally disjoint plateaued functions that provide 5-value spec-
trum functions by means of Proposition III.1. We also slightly
adjust the notation in order to unify it with (5).

Proposition IIL2. [15] For sets S1! = v; & E; = {u € F} :
W (u)| = ' ; € F3) with s1 > so > 0, we define the
values W (u) by (5) (u € FY), where E; are linear subspaces
with dim(E;) = \; (i = 1,2). Suppose that gy : F3' — Fy
are totally disjoint spectra r;-plateaued functions with r; > 1.
Then, (W (ug),...,W(uan_1)) is a Walsh spectrum of a 5-
value spectrum function f : F3 — Fo (ie., Wyi(u) = W(u))
if and only if s; +r; + X\i =n for i =1,2.

We note that if for a fixed ¢ € {1, 2} it holds that r; = 0 with
the corresponding \; being even (in which case ﬁz] is bent),
then fﬁ] and f[g] cannot be totally disjoint spectra functions.
In this case the first condition in (7) can not be satisfied.

Remark IIL.5. We note that an r;-plateaued function ?E] in
i variables having the Walsh support of cardinality #Sﬂ}] =
2Xi=Ti < 4 can not exist except for the case when \; = r; = 1,
in which case 7* can be any function defined on s (i.e., it is
a function in one variable only). In general, #S is always
a power of 2 with an even exponent, since \; and 7"1 are of the
same parity. Addmonally, if #F; = 4 (in Proposition 111.2),
then the dual function f can only be an affine or linear
function (in the space of functtons defined on F2, there exist
only bent and affine/linear functions).

In the following example, we present a 5-value spectrum

function whose dual f[*1] : S][}] — F5 is a constant function
with #SJ[}] = 2, and f[*2] : SJ[?] — [F5 is a proper plateaued
function with #SJ[?] = 23 (by proper we mean that it is not
an affine/linear or bent function).

Example III.1. Let us consider the 5-value spectrum function
f:F3 — Fy given as

f(l‘l, ey
The Walsh spectrum of f is given as

:L‘4) = T102X3DX1X3L4DPX2X3L4DPL1X4DL2X4DL3.

Wy =(0,4,8,4,-4,0,4,0,—4,0,4,0,8, 4,0, —4).
Here, we precisely have that

{ } = {(0,0,1,0),(1,1,0,0)} = (0,0,1,0) &

7 =1(0,0,0,1)®((0,0,1,0),(0,1,0,1),(1,0,0,1)) = v2 & Es,

where v; and E; are clear from the context. Moreover, for

the lexicographically ordered Ey and Es, one can define the

Sfunctions ??1] :Fo — Fo and ﬂFQ] : F3 — Fy such that their
truth tables are given as

Tf[*l :(0,0) and Tf*2 :(070713071707171)7

which gives that their ANFs are f (:z:l) =1 (x; € Fy) and

f[z] (z1,22,23) = 9616921026956112@%113@%#3, (z1,22,73) €
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3. For these functions one can verify that (X1 (u), Xa(u)) €
{(2,0), (0, +4)} for all u € F3, ie., [l and fpy) are totally
disjoint spectra functions.

The following result will enable us to prove that if a 5-
value spectrum function f : 5y — o (with spectral values
= , 81 # S9) is constructed using two totally disjoint
spectra functions, then they are necessarily plateaued (see
Corollary 1).

Proposition IIL.3. Let f : F§ — Fo be a 5-value spectrum
function constructed by (5) with totally disjoint spectra dual
Sfunctions f[] S — o, i =1,2. Then:

i) The ya]ues of Xi(u ) are given as (X;(u), Xa2(u)) €
{(£2"5,0), (0,42"52)}, Vu € Fy.

ii) The sizes #SJ[I] are given as (#S][p1 ,#SJ[?]) = (t, 2" %2 —
t-2%17%2) fort € N

Proof. 1) For arbitrary u € Iy, by Proposition III.1, we have
(u) + 272 X5 (u) = (—1)f W27, By squaring
both sides and using the fact that Xy (u)X2(u) = 0 (fj, are

totally disjoint spectra functions), we have that

2" XT (u) 4+ 272 X5 (u) = 277

Since n and s; (for all ¢ = 1,2) are of the same parity, then
n+s; are even numbers. Denoting by n+s; = 2p; for p; € N
(i = 1,2), we have that (2P X7 (u))? + (2P2 Xo(u))? = 22"
Since X;(u) are integers, then using the well-known Jacobi’s
two square theorem (see for instance [2, Lemma B.1]) we have
that (271 X1 (u))? = 22" and (2P2 X5(u))? = 0, or vice versa
(for all u € F3). Thus, for all w € F3 and ¢ = 1,2, we have
that either X;(u) = +2° = or X;(u) = 0, which completes
the first part.

i1) Using the Parseval’s identity, i.e., Zung WJ? (u) = 227,

and denoting by p = #SJ[}] and ¢ = #S[z], we obtain the
Diophantine equation given as

p- 2n+sl 4 q- 2n+32 — 2271.

The assumption s; > sy implies that ged(27Fst, 2n+s2) =
2"F52 and thus the set of all solutions (p, q) is given as p = ¢
and g =2"7%2 —¢.2%17%2 fort € N. O

Corollary 1. Let f : F§ — Fo be a 5-value spectrum function
constructed by (5) with totally dlS]Olnt spectra dual functlons

fly SW o Fo i = 1,2 1 %S = 2% (i = 1,2, S
are not necessarily affine spaces), then ?E] : FQY — [y are
ri-plateaued functions, where r; + s; + A\ = n (1 = 1, 2).

Proof. If #S}' = 2% (i = 1,2), then by Proposition IIL3-(7)
we have that n — s; = \; +7; with r; > 1 for i = 1,2,
and thus f is constructed out of two totally disjoint spectra
r;-plateaued functions ﬂ;} (t=1,2). O]

Remark IIL.6. By Proposition I11.3-(ii), #Sj[f] does not have
to be a power of 2. In such a case a design of 5-value spectrum
function appears to be difficult as it is not possible to employ
dual functions defined on a subspace of F5.

5

IV. DESIGN METHOD OF BASIC 5-VALUE SPECTRUM
FUNCTIONS

The main result of [15] given by Proposition III.2 concerns
the construction of 5-value spectrum functions based on the
use of totally disjoint spectra plateaued functions. Regarding
the constructions, in [15, Section A] one can find a method
of constructing totally disjoint spectra plateaued functions
(only for even n) which can be utilized in Proposition II1.2.
In general, no other constructions of totally disjoint spectra
plateaued functions are known. However, in the literature there
does not exist any type of results which describes the structure
of 5-value spectrum functions (whether it is basic or not).
In this section, we will firstly provide a characterization of
basic 5-value spectrum functions using totally disjoint spectra
plateaued dual functions fg;] (Section IV-A) having affine

Walsh supports Sf[’;] (#SJ[f are powers of two). Then, in
Section IV-B, we present new construction methods of 5-value
spectrum functions based on totally disjoint spectra plateaued
functions. Finally, in Section IV-C we briefly analyze the
notion of linear structures in terms of the derived results, and
in Section IV-D we analyse the equivalence of basic 5-value
spectrum whose duals are basic plateaued functions (where we
essentially apply results derived in [14]).

A. On characterization of basic 5-value spectrum functions

We start by recalling the spectral construction method which
has been given in [13].

Theorem IV.1. [I3]Let S=v@&FE = {wo,...,war—r_1} C
F’g (k —r > 2 is even), where v € F’g and EF =
{eg, €1, eon—r_1} C TF5 is a linear subspace. For a
function g : F5™" — Ty with the Hamming weight wt(g) €
{oh=r=1_ 9%3" =1 ok—r=1 4 953" =11 ye define the values
W (u), for u € F%, by

2%( foru=vde; €5,

W(“):{o ug 8.

Suppose that E is ordered such that the equality
((_1)u~wo, (_1)u-w1’ . (_l)u.kafr_l) — ( )guH(Mu)

ok—73
holds for some 0 < p, < 2k=r _ 1 and e, € Fo. Then
{W(u) : u € F§} is the spectrum of a Boolean r-plateaued
function f :F5 — Fy (ie. Wy(u) = W (u) for all u € F5) if
and only if g is a bent function on Fg_r

_ (z4)
1) (®)

The following technical result will be essential in deriving
properties of the sums X;(u) (from relation (6)) and their
dependency on u in general. Note that in the next result, the
set E; is a linear subspace only in the statement 7).

Proposition IV.1. Let a 5-valued spectrum function f : F§ —
Fy be obtained by applying the inverse WHT to the spectrum
{W(u) : u € F}} constructed by (5). Further, let E; C F%
be a subset, and let A; C FY (i = 1,2) be a linear subspace
such that A; © Ei- =F% and A; N E- = {0,,}. Then:

i) Assume that E; = {e () ...,.eézA 1} is a subset without
any fixed ordering. The set {(u-e; ), TR eéa)i_l) tu €

A;} contains mutually distinct sequences of length 2*:.
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{eéi),...,e;zA s a

linear subspace (ordered lexlcogmphlcally, where e( Q-
0,) andlet§ A; —>IE‘2 be defined by ¢ : aEA —
Vo € Y if

iit) For i = 1,2 assume that FE; =

(- e(()l), . ,a~e;i)i_l):(19Q~zo,...,19a~zzxi71)

holds, where Ty = {z, ..., 295 1} is ordered lexico-
graphically. Then £ is an injective linear mapping.

Proof. i) For an arbitrary vector u € A; @ E;- given as u =
a @y (where a € A; and v € E;b), the equality u - e( Q-

(a®7) e = a- el holds (Ve € E;). Additionally, if we
assume that for two dlstmct vectors g, ap € A; the equality
ar el = ay - el holds for all ef,....e) | € E, then
(a1 Pag)-e (Z) =0 (Ve( ") € E;) which implies o oy € B
However, the condltlon A;,NE}+ = {0,} necessarily gives that
a1 = as. Consequently, we have that (u - e(() ). U 62)\) )
are distinct in pairs only for u = a € A;.

ii) In the proof of i) we have shown that £ : A; — F)
is an injective mapping. Due to the definition of £ it is not
difficult to see that {(cv; B a2) = &(a1) B E(v2) holds for any
two vectors ag,as € A;, which means that £ is an injective
linear mapping. O

Remark IV.1. It is important to emphasize that the state-
ment Proposition IV.1-(i) does not depend on the structure,
ordering and size of E;. In Proposition IV.1-(ii) the equality
(%) (0 — . . j
(arey’s . yares, )= (Da 20,227 _1) admits any
ordering of E; as long as it satisfies the recursion described in
Lemma 3.1-(i). In this context, the definition of the mapping

& depends on the ordering of E;.

Remark IV.2. We also note that the equality (o - eé )7 e
e;)i ) = (Ja-20,---,V0" 297, _1) in Proposition IV.1 is pos-
sible by Lemma IIl.1, since for the lexicographically ordered
linear subspace E; the left side of the equality corresponds to

the truth table of a linear function in \; variables ( 60 =0,).

In the following example, we illustrate the details of Propo-

sition IV.1 where for simplicity we set that £ = E; = Ej is
a linear subspace in F35.

Example IV.1. Let E =
<(1707070a 1)5 (07071a150)7(0a linear

1,1,0,0)) be a
subspace of 3. Then E+ = <(0,17 1 0),(17 ,0, ). If
we set A = ((0,1,0,0,0),(0,0,0,1 0),(0 0,0,0,1)), then
A® E+ =T3 and ADEJ- ={05}. As (1,0,0,0,1) belongs
to both E and E*, we have that E © E+ C F3. This is
due to the fact that the dot product “-” (defined on F3) is
not an inner product, since it fails to satisfy the positive
semi-definiteness property.

6

For simplicity, if we order the spaces E = {eq,...,er}

and A = {a«y, . ..,ar} lexicographically, we have that the set
{(a-e€g,...,-e7): a € A} is given by

ay — 00 0 0 0 0 0O

ap — 0000 11 11

Qg — 01100 1 10

as— | 001101001 )

Qg — 0 01 10 011

as — 001 1 1 1 00

g — 01 01 01 01

ay — 01 011010

For instance, the first row in the matrix (9) corresponds to the
sequence (o -eq, . .., qp-er), and so on. Also, we can see that
no two rows are the same, which means that {(« - eg, ..., o
e7) : o € A} is not a multi-set (Proposition 1V.1-(i)).

On the other hand, we define the mjectzve linear mapping
&1 A — F3 such that (o) = 9, € F3 if (a-eq,...,a-e7) =
(Ve * 205+, Ve - 27), where F3 = {29,...,27} is ordered
lexicographically. Concretely, the values of 5(04@) (; € A)
are given as follows:

£: ao— 20 =03 a1 — 2z =(1,0,0),
=(0,1,1), =(1,1,1),
as — 22 = (0,1,0), (1,1,0),
ag — z1 = (0,0,1), ar — z5 = (1,0,1).

a2 — 23 a3 — 27

a5 — 26 =

It is easy to check that & is an onto mapping, i.e. £(A) = 3.
In other words, we have that the rows in matrix in (9) (which
are rows of linear functions on F3) are actually elements of

the set {(&(c) - 20,...,&() - 2 ) : 0; € A}, ie, we have
that

zo — 000 O0O0O0OO0OTU O

z4 — 00001111

z3 — 01100110

z7 — 01 101001

zo — 00110011}

Z6 — 001 11100

z1 — 01 010101

25 — 01 011010

where for instance, the second row corresponds to the se-
quence (£(ar) - 20, ..., &(a1) - 27) = (24 - 20y -+, 24 - 27)-

In order to proceed further with the analysis of basic
S-value spectrum functions f : Fy — o, using Proposition
IV.1 we have the following set of observations:

(D: In the equation
275 (1) Y (1) i (@t Bt

e eE,
ot (LU Z(_l)f[‘;](v2®e<2))®u'e(2> — on (1)@
e €EE,
we have that the sums X;(u) =

Zeu)eEi(—1)f[*ﬂ(”i@em)@"'em depend only on u € A,
where A; @ EX = F% and A; N B = {0,} (for both
1 = 1,2). This is due to the fact that for any vector
4 € FY given as & = u & k, where u € A; and Kk € Ef-
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it holds that G-e = (u®k)-e = u-e, and thus X; (@) = X;(u).

(II): Let us now observe the duals f* Sj[f] — 5 and
the terms u~ e(® (e@ € E,) in X( Y G o= 1,2). If

{e . QX _, ) satisfies the recursion of Lemma
3.1—( ), then it holds that (u - e(”,... ,u-ell ) is the truth

U €oriy
table of a linear function on Fy' (i =

1,2). Thus, we can
assume that for a fixed v € F; we have that

u~e§-1) =19,2; (z; €Fy') and u-e§-2) =o,y; (y; €Fy?),
for some vectors ¥, € IE‘Al and o, € ]F’\2 (IFX ordered

1ex1c0graphlcally) This consequently means that the equation
+s1

257 (— 1) Xy (u) = (1) Xy (u) = 2m(=1)F ™

can be written as

2 (L) W ()42 F (<)) W () = 27(—1) ™)
f[1] w f[g] v =

where we have defined ?E] :Fy' — Fy (i = 1,2) so that

?Fl](zj) = f[*l] (v1 @ e§-1)) (25 € F;‘l)

and . ,
I ](yj) = f[*](w S 6(- )) (y; € IF/\Q).

(III): Inspired by the previous observation we will consider
now & : A; — IF (¢ = 1,2) which will map the vector
u € % to ]F;‘i such that &; (u) = v € Fy' if it holds that

( (4)

u - eo,...,u«em )

22 —1

:(1/»20,...,1/'22&71), (10

where z; € F;‘i, 1 = 1, 2. Clearly, the definition of &; depends
on the ordering of F;, but it does not affect the analysis of
the structure of f in general (since various orderings of F;
can be considered in the context of Lemma III.1). Hence, by
Lemma III.1 the left side of (10) is the truth table of a linear
function ¢ : Fy" — Fy defined as £(z) = v - 2, z € F'. By
Proposition IV.1 we have that &; is injective and linear, and
thus fz(Az) = ng

av): and f[*2] are totally
disjoint spectra functions, then &;(A;) = F}* implies that the
Walsh supports ST} C F;i have to be images of some subsets
U; C A, i.e., it holds that fl(UZ) = S??i] . Note that U; 7é JAVE
since otherwise U; = A; (for some i € {1,2}) implies that

Sg. = &(U

Now, if we assume that fﬁ]

i) = F;‘i, and this gives a contradiction to the
assumption that ff; are totally disjoint spectra functions (in
this case (7) cannot be satisfied).

(V): Furthermore, since we have that &(U;) = &(U; @ E)
(due to observation (I)), then f[*;.] being totally disjoint
spectra functions implies that it necessarily holds that
U, @ Ef and U, @ E5 partition the space F%. This is due
to the fact that for every u € F5 we will always have that
either & (u) = 9, € 57[*1] and &(u) = oy, € S?Ekz]’ OR

& (u) =1, Q S?Fl] and §2(u) =0y € S?E;]

(VI): In addition, we cannot say anything about the
structure of U, (its structure depends on f[’;]), except that

#U; = #57?1 = 2%~"i holds if fi;) are ri-plateaued (even

7

A; —7; = 0 would be allowed, as indicated in Example IIIL.1).
However, one can deduce that dim(A;) = dim(E;) =
together with A; @ Ei- = F2 and A; N E = {0,,} (for both
1 =1,2) imply that

#(Uz @ E’LJ_) _ 2()\1-7”)+(n7/\i) — gn-ri
since the equation 2"~" 4 2”772 = 2" has only one solution
in r; given by r; = ro = 1. This implies that A; have to
be odd, since A; and r; are of the same parity if f[; are
r;-plateaued functions.

_ on—1
=2 ,

The previous observations/conclusions describe necessary
properties of totally disjoint spectra plateaued functions when
employed for construction of 5-value spectrum functions
(when #E; = 2%, Corollary 1). Before we formalize them
(in form of a theorem whose proof is given in a more compact

" way), for convenience we introduce the following notation.

Notation (x): For a 5 Value spectrum function f : Fy — Fy
[¢]

with Sy = S[l] U Sf , assume that Sf can be written in
the form s“ =@ E = {ueclF}: Wi =25}
(s1 > 52 > 0), where E are linear subspaces with
dim(E;) = X\; and v; € S (1 = 1,2). Additionally, let
A; be a linear subspace such that A; © EZJ- = F% and
A N EJ- {0,}, and let the function & : A; — Fy
(@t = 2) be defined as in Proposition IV.1-(ii) where
E; {eo ,...,e;? |} satisfy the recursion of Lemma
IIL1 () (Remark IV.2).

We recall that, by Corollary 1, the totally disjoint s ectra
duals f are necessarily plateaued functions when #S 7 are
powers of 2.

Theorem IV.2. Let Notation (x) hold. Then f is a basic
S-value spectrum function with totally disjoint spectra ;-
plateaued duals ?E] : JFS‘ — Fy (where r; + \j + s; = n,
r; > 1) if and only if the following holds:
i) For some proper subsets U; C A; with #U; = 2N~
it holds that Uy ® Ei- and Uy @& Ey partition FY and
E‘ _51( )(Z—l 2).
i) #(U @ E) = 2", or equivalently 1 = 1o = 1.
iii) \; are odd and )| # /\2

Proof. (=) i) Let u € T4 be an arbitrary vector. By
observations (III) we have that &(A;) = F;‘i, and thus
observation (IV) gives that for some subsets U; C A; (U;
are not necessarily affine subspaces) it necessarily holds
that Sf = & (U1) and Sf* = &(Uy). Also note that
#U;, = 2>‘ o= #S il < #A (f are r; plateaued in
A; variables) and &(U; © Ef) = &( Z) = 5% holds for
both i = 1,2 (observation (V)), i.e., the values of1 &; are not
affected by vectors from Ei-.

Since f are totally d1s101nt spectra plateaued functions,
that is Xl( )Xg(u) =0 and | X7 (uw)| + | X2(u)| > 0 hold for
all u € F3, the observation (V) is equivalent to the fact that
the sets

Sy, ={ueFy: Xy(u) #0 and Xs5(u) = 0},
S, ={u€Fy: Xy(u) =0 and Xy(u) # 0},

0018-9448 (c) 2020 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

Authorized licensed use limited to: Danmarks Tekniske Informationscenter. Downloaded on January 07,2021 at 04:23:22 UTC from IEEE Xplore. Restrictions apply.



This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/T1T.2020.3044059, IEEE

Transactions on Information Theory

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL.?, NO. ?, 2020

have the property that Sy, USy, = F% and Sy, NSy, = 0, i.e.,
Sy, partition the space ;. This property clearly implies that
U1NUs = (, since if there exists u € U3 NUs, then X7 (u) # 0
and X2 (u) # 0 at the same time (due to &;(u) € S?E] for both
1 =1, 2), which contradicts to the previous conclusion.

We recall that X;(u) # 0 (for fixed i € {1,2}) if and only if
u € U;@FE;-, due to the fact that S?fi] =&(UoER) = &(Uy)

(2 =1, 2). Since fE] are totally disjoint spectra, then U; C Sy,
(¢ = 1,2), and thus we further have that

Sy, ={ucFy:uec (U@ EL)N((Ax\Us) @ Ey)},
Sy, ={ueFy:uec (U@ Ey)N((A\Uy) @ EL)}.

Clearly, we have that Sy, C U; ® Ei* (i = 1,2), and
moreover, if we assume that for some v € F5 it holds that

€ (U @ Eif) N (Uy ® Ey), then this contradicts the fact
that X3 (u)X2(u) =0 (or Sy, N Sy, = 0). Similarly, if there
exists u € FY such that u ¢ (U; ® E{) U (U & Ey ), then
X1 (u) = Xo(u) = 0, which contradicts | X7 (u)| + | X2(u)| >
0. Hence, we have that U; @ E;- partition the space F¥.

The statement i) follows from observation (VI), and i)
follows from (VI) and the fact that s; > so > 0 and \; + s; +
1 = n (Proposition III.2 with r; = 1) imply that A\; # Ao, and
the proof is completed.

(<) Let the conditions (i) — (4i7) hold. Then, condition
(7) implies that for an arbitrary vector u € ]Fg it holds that
X1 (u) # 0 and Xo(u) = 0 when u € Uy @ Ef-, or X;1(u) =0
and Xo(u) # 0 when u € Uy @ E5 (due to S i = &(U;)).
Thus, for all u € F} we have that X5 (u )X2 u) 0 and
| X7 (uw)] + | X2(u)| > 0. This means that f . Fy' — Fy are
totally disjoint spectra functions, which are r;-plateaued by
Corollary 1 due to dim(FE;) = A; and dim(U;) = \; — ry
(t=1,2). O

Remark IV.3. From the proof of Theorem 1V.2 we clearly
have that Uy N Uy = & ( )ﬁ§2 (S7- )—@ due 1o the

fact that U; ® E;- (which contazns U;) partztzon the space F5.

As mentioned in the proof, the sets U; may not necessarily be
ok

affine subspaces, and their structure strictly depends on f [i]-

Remark IV.4. By [21], two functions, say f1, fo : Fy — Fy,
are said to satisfy the classical disjoint spectra property if
Wy, (W)W, (u) = 0 holds for all u € F. However, Theorem
IV.2-(ii1) implies that ?E] and 7?2] cannot be classical disjoint
spectra plateaued functions both defined on F?3, i.e. when
A = A1 = Xo. In general, note that the totally disjoint
spectra property allows that the functions f1, fo are defined
on domains of different dimensions.

The following result provides a refinement of Theorem IV.2
in the case when f i are basic plateaued functions.

Theorem IV.3. Let Notation (%) hold. Then f : Fy — Fy is
a basic 5-value spectrum function with totally disjoint spectra
basic 1-plateaued duals f[i] : ]Fg" —=Fy 14+ XN +s;=n)if

8

ii) U; C A; (dim(U;) = \;—1) are linear subspaces, where
A; @ B =F% and AN E- =1{0,} (i =1,2).

iii) There exists 5 € Fy \ A such that S?F] C Fy are given
by S?[*_] = &(U;), where Uy = Uy, Uy = B @ Uy and

& U — IE"g"i (¢ = 1,2) are defined as in Proposition
IV.1-(it).

Proof. (=) Recall that by Proposition IV.1-(i7) we have that
& U — ]F; are linear injective mappings. Consequently, by
Theorem IV.2-(i) we have that S’ = = &;(U;) are affine spaces
if and only if U; C A,; are afﬁne subspaces with dim(U;) =
A;i — 1 (r; = 1). Here, \; are odd and different integers, due
to Theorem IV.2-(i1).

By Theorem IV.2-(i) — (ii) we have that U; © Ej and
Us @ E5- partition the space F% and thus one of these sets is a
hyperplane in I}, and other one is its coset. For instance, let
U, @ Ei be a hyperplane denoted by A, i.e. let A = U; @ Ei-.
Then by Theorem IV.2-(i) we have that U; = U; C A; and
S?[*l] = 51(U1)

On the other hand, since U, 69]52L is a coset of A, it can be
represented as Uy @ Ey = 3@ A, where 8 € F} \ A. Since
Ej is strictly a linear subspace in FJ, we have that Uy C Ag
is strictly an affine subspace. Clearly, since Ay is a linear
subspace, then Us can be represented as Uy = 3 ®U, for some
linear subspace Us, and thus A = (3@ Us) D EY = Us @ E5-.
Consequently, we have that S?f;] =&(BU,).

And finally, in order to prove that Us is a linear subspace
of Ay, we recall that Uy = 3@ Uy C A,. This implies that
Uy C B® As, and if we assume that 8 € Ao, then due to
A;NEy = () we have that 3 € E5-. However, in this case we
have that A = O (U @ ES) = Uy @ (BO EY) = Uy @ Es-.
This contradicts to the fact that A is strictly a linear subspace
and Uy @ E3- is strictly an affine subspace. Thus, it holds that
ﬂ € Ay and Ug C As.

(<) By Proposition IV.1 (and definition of &;) we have
that S = &(U1) = &(A4) and 57 = &8 © Uz) =
§2(B@ A), and &; (as injective linear functlons) map the affine
subspaces U, and 8 & Us to Sfffu C IF/\l and S . C F)‘Z
respectively. Thus, S?f}] are affine subspaces in F3’, which

gives that f;;] are basic plateaued functions. Now we prove
that ?E] are totally disjoint spectra functions.

Recall that X;(u) = Zwesy](—l)f[il(“)@“"", i=1,2. By
given assumptions we have

(=) X1 (u Z (-1) ) (vlﬂac)@uﬁgéo if and only if w € A,
e€E]

()" Xa(w) = 30 (~) PO g randonly i w e B A
4EE,

Here, for u € A we have that the term u - ¢ (for e € E1)
corresponds to a term 9, -z (z € IF; 1)) for which ¢, € Sﬁu =

& (Uy) = & (A). Equivalently, by Proposition I1V.1-(i7) we
have that

(—D*"1 X (u) = (=1)*"1X,(0@e’) #0 and Xa(u) =0 ifandonlyif 6 € Uy

and only if there exists a hyperplane A C F% which can be {
(D" 2 Xs(u) = —1)"""2X3(p®e”’) #0 and X1(u) =0 ifandonlyif p € Us

represented as A = U; ® E;+ for i = 1,2, where:

i) The dimension of linear subspaces E; C TF%3, i.e.
dim(E;) = A\ (M # Xa), are odd integers.

where u = 0 @ e’ € A(e € Ef),oru=pde € D
A (¢ € Ef). Since we have that & () = Uy € S?[*l] and
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&(p) =9, € S?[*Q], then the r;-plateaued functions ?E} are
totally disjoint spectra functions. O

Hence, Theorems IV.2 and IV.3 provide a structural relation
between the Walsh supports S and linear spaces E;. It is
important to emphasize that Theorem IV.2 also encompasses
basic 5-value spectrum functions with non-basic plateaued
dual functions ﬁl]

We note that Theorem IV.3 can be utilized as a generic
construction method for 5-value spectrum functions. In order
to show how its conditions can be satisfied efficiently (which
is further elaborated in Section 1V-B), we provide a formal
description of a spectral construction of 5-value spectrum
functions which combines Theorems IV.3 and IV.1.

Theorem IV4. Let A C Fy (i = 1,2) be an arbitrary
hyperplane with representations A = U;®E;-, where E; C FY
(d’Lm(E,) = /\Z‘, \; is odd) and UL C Ai (dzm(ﬁz) =\ — 1)
are linear subspaces such that A; ® E- = F3, A; N B+ =
{0,.} (i =1,2). In addition:

i) Let B & A (thus AU (B ® A) = F3), and let \; be odd

(i=1,2).
ii) Let the affine Walsh supports 57[*1-] C ]F§ be given as

S?[*u = El(Ul) and S?E;] = 52(6 5> Ug),
with #85. = #U;, =2 Land & :U; — Fy (i =1,2)
being defined as in Proposition IV.1-(it).
Then basic 1-plateaued functions ?E] constructed by Theorem
IV.1, with Walsh supports S?F'] and arbitrary bent duals

gi: IF;‘F” — Fy, are totally disjoint spectra functions which
correspond to a 5-value spectrum function f : Fy — Foy with
S][f] =v; ® E; and duals f[]

Remark IV.5. Theorem IV.4 emphasizes that by having affine
Walsh supports S?Fi] one can always (by Theorem 1V.1) utilize
arbitrary bent duals g; in order to construct plateaued dual
functions f[’;] (i=1,2).

Hence, Theorems IV.2 and IV.3 provide a characterization
of basic 5-value spectrum functions, where f7, are totally
disjoint spectra plateaued functions. The functions f[”lf] are
basic plateaued functions when U; are affine subspaces (The-
orem IV.2), or equivalently when U; are linear subspaces (in
Theorems IV.3 and IV.4). As an interesting open problem we
leave the constructions of 5-value spectrum functions using
Theorem IV.2 with non-basic plateaued duals ?E]

B. Satisfying the conditions of Theorem IV.3

In this section we present a construction method of 5-value
spectrum functions based on totally disjoint property. The main
idea is to choose a hyperplane A and 8 € F% such that A U
(B® A) = Fy (clearly 8 ¢ A). Then we find two suitable
representation of A as A = U;®©; (which one can always do),
where we simply have that Ef = O; (F; are linear spaces). In
this process we follow and satisfy the conditions of Theorems
IV.2, IV.3 and IVA4.

9

Proposition IV.2. Let A C F3 be a hyperplane and (3 € F7,
such that 8 ¢ A. Let the linear subspaces U;,0; C A (i =
1,2) be chosen such that

{ A:ﬁj®®i7 ﬁimei:{on}

#O:+ = 2% where \; > 1 are odd. an

Then, the linear subspaces U; and E; = O3 satisfy the
properties of Theorem 1V.3.

Proof. Since the Walsh support Sf C IF/\i of a l-plateaued

function f K IE‘2 — Ty is of the size #S =2%~1and )\
are odd, then \; — 1 are even (\; — 1 > O) and by (11) the
subspaces U; can be used as preimages of functions &;, i.e., U;
are suitable for defining Walsh supports S~ = = ¢ (Uy) and

f[ = & (B @ Usy). Also, by (11) it is clear that U; C A,

where the linear subspace A; satisfies the property A; $O; =
F% and A; NO; ={0,} (1 =1,2). O

Remark IV.6. We note that the role of vectors v; € I, where
S][f] =v; ® E;, is to provide the disjoint property of sets E;
obtained in Proposition 1V.2.

In what follows, we provide a construction of a 5- Value
spectrum fU.IlCthIl on n = 5 variables with amplitudes 2°F =
8 and 272 = 16. Deliberately, we will consider the extremal
case when # E; = 2 which does not give many possibilities for
such a 5-value Walsh spectra. Clearly, for larger n, dim(E;)
could be chosen larger. Then the same procedure provides
much bigger variety of constructions thanks to the availability
of many more bent duals g; : F37 ™" — Fy of ﬂ;] (Theorem
IV.3) and space decompositions.

Example IV.2. Let us construct the spectrum Wy by relation
(5) which will in turn give a 5-value spectrum function f :
F3 — Fy (n =5). By by, ..., bs € F3 we denote the canonical
basis of T3, where the only non-zero coordinate of b; is at i-th
position, i € [1,5].

For simplicity, let A = {z € F5 : z-bs = 0} be a hyperplane
(dim(A) = 4), and by B = bs we have that AN (S ® A) =
(. In addition, since by Proposition IV.2 we have to choose
E; = ©3} C F3 such that #E; is an odd power of 2 (Theorem
1V.2), we may choose the values

M =1 and Xy =3,

for which it holds that #E, + #E, = 2M + 2%z = 21 ¢
23 < 25 This immediately gives that the dimensions of U;
and ©; = E- in the decomposition A = U; @ ©; are given
as

dzm(Ul) = 0, dzm(@l) = 5 — Al = 4,

dzm(Ug) = 2, dzm(@g) =5— /\2 = 2,

since we have that dim(U;) + dim(©;) = n—1 = 4 =
dim(A). We necessarily have that Uy = {05} and ©1 = A,
which implies that

=07 = At = {05,b5}.
Furthermore, we can choose Us and ©4 as

UQ = <(07 ]-7 Oa 1; 0)7 (Oa 13 17070»3
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Oy = <(1,070, 0, 0), (1, 0,0, 1,0)>.
One can verify that Uy ® Oy = A and U3 N Oy = {05}. Thus,

we have that Ey is given as
By = O3 = (ba, b3, bs).

Now we proceed with construction of suitable 1-plateaued
Sfunctions ﬂi} : ]Fg'i — Fy (i = 1,2). Firstly, the fact that
#FE1 = 2 implies that frl] can be any function defined on
Fo (Remark II1.5). Thus, we may set that frl] (x1) = 0 for
x1 € Fo. This actually gives that Sﬁl} = {0} C Fa.

On the other hand, by setting that E5 is ordered lexico-
graphically, we compute &5(3 ® Us) = S?[*Q C F3 (where &
is defined as in Proposition IV.1 and B = bs), and we get

7., = &(B®T2) ={(0,0,1),(1,1,1),(1,0,1), (0,1, 1)}

With respect to this ordering of S?*Q (being in a basic way
compatible with Lemma II.1), we can choose the dual g :
IF% — Fy of 7?2] to be defined as g1(x1,22) = T122 Ty =
(0,0,0,1)), i.e., we take that

Fi2(0,0,1) = g(0,0) = 0, fiy(1,1,1) = g(0,1) =0,

fFZ](LOv 1) = g(170) =0, fEKQ](Ov 1, 1) = 9(17 1) =1
Consequently, by relation (5) we obtain the function
fE;] (z1,22,23) = 1 ® T122 D T3.

At the end, we have to choose vi,vy € IE"S such that
(v1 ® E1) N (va ® E2) = O (Remark IV.6). For instance,
one can choose v; = 0g and vy = (0,0,1,1,0), and thus
by defining Sj[cl] = F and SJ[?] = vy @ Ey and relation
(5) (for lexicographically ordered E;) the spectrum Wy =
(Wie(uo), ..., Wy(ugs_y)) is given as

W; = (16,16,8,-8,0,0,8,—8,0,0,8,—8,0,0,-8,8,0,...,0)

Note that the higher amplitude 16 is associated with the set
S E}] and lower amplitude 8 with 5;2]. Inverting the spectrum
W we obtain a 5-value spectrum function f : F3 — Fy given
as

f((El, .

We note that basic 5-value spectrum functions constructed
by Theorem IV.4 and Proposition IV.2 possess a lot of diver-
sity, since one can choose arbitrary bent functions in lower
number of variables (as duals of ?Fﬂ) and consider various
decompositions of the hyperplane A. In this context, these
two results represent a generic construction of totally disjoint
plateaued functions which can be utilized for construction of
basic 5-value spectrum functions. In the next subsection we
briefly analyse the notion of linear structures of 5-value spec-
trum functions, with respect to the spectral design approach.

., T5) = TaT3xs D T4Ts.

C. On linear structures of 5-value spectrum functions

First we recall the definition of a linear structure of a
Boolean function.

Definition IV.1. A function f : Fy — Fy is said to possess a
linear structure o € FY if f(a ® z) ® f(x) = ¢ holds for all
x € Fg, for some c € Fa. The vector a is called an invariant
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linear structure if c = 0, and a complementary linear structure
when ¢ = 1.

We note that the function f(x1,...,x5) = xox3x5 ® T4X5
constructed in Example IV.2 does have a single invariant non-
zero linear structure (1, 0,0, 0,0). This is visible from the fact
that x; is not present in the ANF of f. The main question
in this context is whether one can construct 5-value spectrum
functions without non-zero linear structures using the spectral
approach.

To address this question most efficiently, in terms of the
spectral approach, we recall the following result.

Theorem IV.5. [12] A function f : Fy — Fo admits at least
one (non-zero) linear structure if and only if the smallest affine
subspace which contains Sy is different from F3.

Since the largest affine subspace different from F5 is of
cardinality 2”1, by Theorem IV.5 we have that a 5-value
spectrum function does not have non-zero linear structures if
it holds that

#S = #8771 + #SF > 901,

The case #S; = 2"~ ! is possible if and only if Sf is not
affine subspace in F5. Regarding 5-value spectrum functions
with totally disjoint spectra duals, by Theorem IV.2 we have
that #5 = 2% + 2% (#S}) = 2%, i =1,2), where A; and
Ao are odd and different. However, by [2, Lemma B.1] it is
not difficult to see that the equality 2** +2*2 = 27~ can not
be satisfied when n is even.

As the condition #Sy = #Sj[cl] + #SJ[?] > 2"~1 can be
easily satisfied in terms of the spectral approach in general,
the question is whether it can be satisfied in Theorem IV.4
and Proposition IV.2. The following example indicates that
for certain values of n the necessary requirements are indeed
fulfilled.

Example IV.3. Let us consider the 5-value spectrum function
d:FS — Fy given as
d(z1,...,26) = 245 B 126 B T2x3T6 D T4T6.

One can verify that the function d is a 5-value spectrum func-
tions with totally disjoint spectra functions, whose structure
satisfies Theorem IV.4 and Proposition IV.2. In the context of
Theorem IV.5, one can check that d does not have non-zero
linear structures, since #Sg = 40 > 26-1 = 32.

Remark IV.7. It can be readily verified that the only possi-
bilities for \1 and \o in Example IV.2 are 1 and 3. Therefore,
the cardinality of the Walsh support of f(x1,...,z5) =
Tox3xs B Taxs is smaller than 27" = 16, and thus { admits
non-zero linear structures.

In the next subsection we further analyse the equivalence
of 5-value functions constructed by Theorem IV.4 and Propo-
sition IV.2.
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D. On equivalence of basic 5-value spectrum functions

Let f,h : Fy — Fy be two affine equivalent 5-value
spectrum functions, that is h(x) = f(zAESb) B c -z & e, for
some matrix A € GL(n,Fsy), vectors b,c € Fy and ¢ € {0, 1}.
For any u € F5, we have that

Wi (w) Z (71)f(:cA@b)@c-m@s@u-m

z€FY
=> (—1)f WO@eATT y@(uee) bA™ Be

P R
yEFY

nets;
{2 2 (-1
(u®c)A™ TES[]

+s4 *
2%1(_1)h[i](u)7
0, (udc)A~T gsf

where Sy = S[l] U S , and SM ={z € F} : [Ws(2)| =
} 1 > s9 > 0. From (12) we have that SH =c®
Sf AT (i =1,2) and consequently

hiy(u) = fi(ue DAY (ude) -bA @e.

Using the ideas given in [14, Theorem 3.2], one can deduce the
following results that describe the equivalence of basic 5-value
spectrum functions whose duals are basic plateaued functions.
We note that the arguments and computations used in the proof
of [14, Theorem 3.2] do not depend on the property of the
duals ?FZ] and E;}, i.e., whether they are plateaued or not.

Theorem IV.6. Let f,h : Fy — Fy be two baszc 5-value
spectrum functions whose Walsh supports Sy = S US 2} ana
Sh S[l] 51[12] are related as SZ] = CEBSMM (z =1 2) for
some matrix M € GL(n

v ® B, = {w; =v; De

ordered linear space EE = {eo R
be two functions defined as

ﬁi](iﬂj) = fli(w;) and Ry (z5) = hiy(z5), (i €0, 2N —
where z; = cOw; M € S,[f]. Then f and h are EA-equivalent

if and only if the duals of ?E],E;] : Fgl — s are EA-
equivalent functions.

* udA—TYd (ume)-bA—1 )
)‘f[i](( @c)AT 7 )B(udc)-bA GBE) (u@c)A_T € S[fz]

(u®c)A™T ¢ Sy

0,

(12)

,Fo) and ¢ € FY. Representing S

(l) e] S }for a lextcographlcally

2; b letf and h[l

We note that Theorem IV.6 does not impose any conditions
on the duals f;; and hj;. Thus we have the following
consequence related to plateaued dual functions.

Corollary 2. Let the notation of Theorem IV.6 hold. If
f [i]’h[} Fy" — Ty are ri-plateaued functions, then f and
h are EA-equivalent if and only if the duals of f[i], h[i] are

i T

EA-equivalent bent functions on Fg‘

Following [14, Theorem 3.1-(¢)], we have that f and h
(being 5-value spectrum functions, basic or not) are not
equivalent if S and Sy cannot be related in an affine manner
as S, = ¢® SyM, for some M € GL(n,F3) and ¢ € F3.
Also, one easily obtains the following result which is a direct
consequence of (12) and the fact that #Sh =#(ca sl ]M)
for any M € GL(n,F2) and c € F7.

Corollary 3. Let f,h : Fy — Fy be two 5-value spectrum
Sfunction with Walsh supports Sy = S][cl] U S][?] and Sh

SE] U S}[?]. Then:
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i) If for at least one i € {1,2} it holds that #S,[;] #* #Sj[f],
then f and h are inequivalent functions. ‘ _

ii) If for at least one i € {1,2} the sets S,[:] and Sj[f]
cannot be related in an affine manner, then f and h are
inequivalent functions.

Remark IV.8. Note that the spectral construction method of 5-
value spectrum functions presented in Sections IV-A and IV-B
allows the construction of many inequivalent 5-value spectrum
functions (via Corollary 3), just with setting that #S #+
#SM (for at least one i = 1 2) Regarding Corollary- (u) we

can see that if for instance Sh is an affine space and st
not an affine space (for at least one i € {1,2}), then f and h
are affine inequivalent.

In the context of Proposition I'V.2, one can notice that differ-
ent decompositions of a hyperplane A as A = U; © E;- may
imply inequivalent 5-value spectrum functions, as described
below.

Proposition IV.3. Let f, h : Yy — Fy be two 5-value spectrum
functions constructed by Proposition 1V.2, by choosing the
same hyperplane A C FY5. Assume that A has two different
(decomposmon) representations given by A = U; & EJ‘ and
A=U;® E , with conditions in (11) being satisfied. Assume
that #FE; = 2)"‘ and #E; = 2™ (\;,m; are odd, i = 1,2).
Then:
i) If (221,2%2) & {(2m1,2m2) (272 2™1)} then f and h
are EA-inequivalent.
ii) Let (2™,2*2) = (2™1,2™2). Then, f and h are EA-
equivalent if and only if ?FZ] and E;} are EA-equivalent
plateaued functions for both i = 1, 2.

Proof. Suppose that the hyperplane A has two decompositions

1)), (13) A=U,®E+ and A=U; @ EJ- By Proposition 111.2, we

always have that N+si+ri=n(; =1 and m; + s; +
7 = n (7; = 1), where we assume that the duals of f are
r;-plateaued functions, and the duals of h are 7;-plateaued
functions. These conditions imply that A\; and m; are related
to parameters s; (which determine the amplitudes of f and
h), i.e., we have that the dimension of dim(E;) = \; and
dim(Ei) = m; affect the values of s;. In this context, using
(12), we always have that the Walsh supports S}[f] and SEZ]

are related in an affine way via the same amplitude 95t
However, if f and h are EA-equivalent, then \; +s;, +7;, =n
(r; = 1) and m; + s; +7; = n mean that (2*1,2*2) has
to be equal to either (2™1,2™2) or, to (22,2™1). Thus, if
(221,222) ¢ {(2m1 2m2) (2m2 2™1)} then by Corollary 3-
(i) we have that f and h are EA-inequivalent. The second
statement uses the same arguments and Corollary 2. O

On the other hand, it is very important to emphasize the
relation between Theorem IV.6 and the results presented in
Section V. Namely, one can notice that the relation between
Sy and Sy is affine (in Theorem IV.6), and with respect to this
relation we have defined in (13) the functions f; ’g] and h’gi] on
Fy'. ) and S}Z can
be related in an affine manner, but in that case the equivalence
between f and h will then depend on their duals f[*lf] and hf‘i].
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Now, Theorem V.2 derived later on in Section V-B actually
clarifies the following important property, that is, whatever is
the definition of f7 and hf;) on Fy* with respect to Sj[f] =
v; ® FE; and S,[f] =0; P E~’i, as long as E; and EZ satisfy the
recursion of Lemma III.1 (as mentioned in Remark IV.1), the
duals fp; and %y, will be EA-equivalent plateaued functions.
This simply means that inequivalent bent dual functions of ?E}
and EE;] can be utilized in the spectral construction approach
in order to get inequivalent 5-value spectrum functions (for
any ordering of F; and E; in terms of Lemma IIL.1). In fact,
already the inequivalence of one dual, e.g. 7{1] is inequivalent

to EE], is sufficient to imply the inequivalence between f and

The relation between different duals defined through differ-
ent orderings of an underlying set in terms of Lemma III.1
(whether we are considering duals of basic 5-value functions,
or duals of plateaued functions) has not been studied in [13],
[14]. This relation will be investigated in detail in the following
section.

V. ON DIFFERENT DUALS OF PLATEAUED FUNCTIONS

In order to describe the structure and the main objectives
of this section, we firstly provide necessary settings.

Let A = {ag,a1,...,ast_1} be a set. By saying that A is
ordered with respect to a linear ordering <, or simply A is
ordered by <, we mean that a; < a; if 4 < j. We recall that
the notion of the lexicographic order is used in the standard
sense. Let £ = {eg, e1,...,eox_1} be a set ordered by < and
v € Fy. If not stated otherwise, then the ordering < of the
set T =v® E ={wo,...,wsr_1}, where w; = v & e;, will
be induced by the ordering =< of F, i.e., w; < wj if €; < e;.

Let f : Fy — Fy be an s-plateaued function with dual
f* + S — Fy and an affine subspace Sy C F3. In
order to represent Sy as Sy = v @ E as described in [13,
Section 2.1] (with a linear subspace E), we first choose an
arbitrary vector v € Sy. Then, for the fixed vector v € Sy,
we obtain the set £ by computing £ = v @ Sy. If the
linear space £ = {eg,e1,...,eo6_1} (where k = n — s)
is ordered lexicographically, then the ordering < induced on
Sy = {wo,...,war_1} implies that w; = vPe, K w; = vPe;
ife; <ej; (1€]0, 2F —1]), i.e., we have that Sy is ordered as

Sp={wo,...,war 1} ={vBeg,vPer,...,vB e 1}

Additionally, we note that the induced ordering < of Sy is
not in general a lexicographic order although the ordering on
E is.

With respect to the fixed representation Sy = v ® E, we
define the dual f* as a function on the lexicographically
ordered space F5 = {zo,...,@9c_,} such that [ (z;) =
f*(v®e;) = f*(wi), where z; € F% (see [13, Section 2.1]).

As stated above, for the affine space S there exists a unique
linear subspace £ such that Sy = v@ E. It is very well known
that S; can be represented as Sy = w @ E for any element
w € Sy. However, we point out that for vy # vy € Sy,
the orderings of Sy = vy ® I and Sy = vy © F induced
by the ordering of E are different orderings of Sy. So, each
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representation of Sy in the form Sy = v ® E, v € Sy leads
to a different ordering of St.

Obviously, these different orderings of Sy induce two
different duals f; and f, defined on F%. By Lemma 3.1 and
Theorem IV.1 one can easily verify that both duals are bent
functions on F%. The main objective of this section is to
answer the following questions:

Q1: What is the importance and role of the lexicographic
ordering in defining a dual f* (of a plateaued function) as
a function f : F¥ — F, in comparison to other possible
orderings which satisfy the recursion given in Lemma III.1
(these orderings necessarily imply bentness of 7* when E is
a linear subspace)?

Q2: Let f, and f, be duals of an s-plateaued function
f + F3 — Ty obtained by two different orderings of Sy
induced by representations Sy = v; @ F and S§ = v, © E,
respectively (that is f; (z;) = f*(vi @ ¢;), z; € F§, ¢, € E,
n —s = k). Are then the duals f, and f, affine equivalent?
In other words, does there exists Axxx € GL(k,F3) and

¢ € F% such that [ (zApxi ® ¢) = folz) (x € F5)?

In the rest of this section the questions Q1 and Q2
will be answered by a thorough analysis of the properties of
dual functions. Note that at the end of Subsection IV-D the
main consequences of Q1 and Q2 have been discussed for
5-value spectrum functions.

A. Answering Q1

We start by recalling some of the main parts of the proof
of [13, Theorem 3.1]. Let f be an s-plateaued function with
Sy =v®E, where v € Sy and #E = 2"~°. For any u € 7,
by the inverse WHT (1) we have that

Z(_l)f*(v®e)®u.e _ 2";S (_l)f(u)
ecE

If we want to define f* as a function on Fj ™%, then one
has to impose an ordering on E. If we take that F has
”some” ordering (not necessarily lexicographic) given as F£ =
{eg,...,eax_1} (k = n — s), then the previous equation (by
setting f*(v@e;) = f (x), z; € F) is given as

2k —1 B

Z (_1)f*($ri)®'w€i - 2%(_1))“(“)_

i=0

Clearly, f* is bent on F% if and only if Qr={(u-eg,...,u-
eqk_1) : u € F%} contains truth tables of all linear functions
in k variables, i.e., Ay, = {Ty : £ € L} C Qy. In general,
2y may contain truth tables of non-linear functions, and this
depends on the structure and ordering of the set E.
However, if we consider (u - eg,...,u - €9x_;), then by
Lemma III.1 and the assumption that E is a linear space, we
have that A;, C Qy if the ordering of the space E satisfies the
recursion e; = e;_oi @ ey, for all 20 < j < 271 — 1 and
i €{0,...,k—1}. On the other hand, among many orderings
that one can impose on E, we have that the lexicographic or-
dering is an example of ordering which satisfies this recursion
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(and lexicographic ordering has been used in several works
[13]-[15]). For instance, if we take that E = {eg,...,eqr_1}
is ordered lexicographically, then for an arbitrary matrix
D € GL(n,Fy) we have that ED = {egD,...,eqx_1D}
also satisfies the above recursion due to the simple fact that
D is a linear mapping (see also [14, Proposition 3.1]).

To answer the question Q1, in what follows we derive
several results which actually describe the role of lexico-
graphic ordering in relation to A, C € (for a given linear
space FE). More precisely, we first show that any linear space
which satisfies the recursion of Lemma IIL.1-(%) is actually
an image of some linear space ordered lexicographically.
Towards the end of this subsection, we discuss the fact that
the lexicographically ordered space F% is always embedded
in a lexicographically ordered linear subspace 2 C Fy with
dim(E) = k.

Proposition V.1. Let E = {@y,...,ex_1} C FY be a linear
subspace. Then, the recursion €; = €;_q: D €y holds (for all
20 <j <2t —1andi€{0,...,k—1}) if and only if for
an arbitrary (fixed) lexicographically ordered linear subspace
E ={eg,...,eox_1} C FZ there exists My, € GL(n,Fs)
such that E = EM,, ., and &; = e; M for i € [0,2F — 1].

Proof. A lengthy technical proof of this result is given in
Appendix - Section VII-A. O

Using the same idea to construct the matrix M, x, as in
the proof of Proposition V.1 (see (15) in Appendix), one can
easily prove the following result.

Proposition V.2. Let E = {@y,...,ex_1} C FY be a linear
subspace such that e; = €;_q: B €y holds (for all 20 < j <
211 — 1 and i € {0,...,k —1}). Then:
i) There exists M, w, € GL(n,Fs) such that e; = ¢; My, xn,
where E = {eq, ..., eq_1} is ordered lexicographically.

(1) (1)
0

ii) Moreover, for any two orderings E = {e N

and E = {e(()2)7 ... ,eéi)_l} such that eg-t) = 652)2@ D eé?
holds (for all 2¢ < j < 2% — 1 and i € {0,...,k —
1}, t = 1,2), there exists My x,, € GL(n,Fq) such that
e") = e My (i € (0,25 — 1))

Another interesting property, related to lexicographically
ordered linear spaces, one can find in the proof of [13, Lemma
3.1-(¢)]. Namely, if we consider a lexicographically ordered
linear subspace E = {eg,...,eqx_1} C F} as a matrix of
the size 2 x n, then its reduced row-echelon form reveals
which columns of E' constitute the lexicographically ordered
space FX. These columns are the ones in which the pivots
are placed. The following proposition formalizes the previous
observation.

Proposition V.3. Let E = {eg,...,eqx_1} C TFY be
a lexicographically ordered linear subspace where e; =

(egi), . ,egf)) (i € [0,2% — 1]). Then there exist coordinates
i1y, ik € [1,n] such that 1 < iy <ig <...< i <nand
(€, ey =z e T, iel0,28 —1,
where F5 = {z0,...,29x_1} is ordered lexicographically

(z0 = Ok).

13

Remark V.1. We note that Proposition V.3 can also be proved
inductively, using only the definition of lexicographic ordering,
but we omit it here since it is more complex than the proof of
[13, Lemma 3.1-(i)] (based on the row-echelon form).

The previous two results clearly exhibit that the lexico-
graphic ordering of a linear subspace can be seen as a natural
ordering that one can impose on it, and this is the main
conclusion related to Q1. This is mainly due to Proposition
V.3 and the fact that the lexicographically ordered space F4
is embedded in a lexicographically ordered linear subspace
E C F3, with dim(FE) =k <n.

In the context of spectral construction methods of plateaued
functions, it is usually very convenient to endow an affine
Walsh support Sy with the lexicographic order instead of using
the ordering of Sy induced by E through the representation
Sy = v@®E (v € S). For this purpose, we provide the
following result.

Proposition V4. Let Sy = {wo,...,wox_1} C Fy be a
lexicographically ordered affine subspace (thus wg # 0y).
Then the linear space E = wo® Sy = {0,,e1,€2,...,€90 1}
is ordered lexicographically, where e; = wy ® w;, for i €
[0,2% —1].

Proof. We need to prove that 0, = wyg ® wyg < wy B
wyp < < wo @ wor_1. Equivalently, for the lexico-
graphically ordered linear subspace F = {eg,...,ear_1},

we have to prove that for e; < e; it holds that e; ®
wo < e; @ wg for all ¢ < j, where wy is the minimal
vector of a coset of E (denote the coset by C,,) which
contains it. Thus, for ¢; = (a1,...,—1,0, 041, ,7n) <
e;j = (ai,...,00-1,1,fi441,...,tn), let us assume that
e; & wy > €5 @ wo for some ¢ < j. This is possible
only if the ¢-th coordinate of wy is equal to 1, ie., wg =

(v1,.--sV4—1,1,441,...,Vy), in which case we have that
ei@ej@wo = (01, 1,041 D fhes1s- M © pin) S wo
= (Vla---7Vt—170a0t+17~-~70n) EOWO,

since wy € C,,, implies that wo ® e € C,,, for any e € E
(recall that C,,, is a coset of E). However, this contradicts the
fact that wy is the minimal element of C,,,. O

Remark V.2. Proposition V.4 can be used in Theorem IV.1 if
we want to construct an n-variable plateaued function with
an affine Walsh support Sy C F5. It is sufficient to order
Sy = {wo,...,wor_1} lexicographically (i.e., w; < wj, for
i < j), and then the dual | (x;) = f*(w;) (x; € F§) is a
bent function on F§.

B. Answering Q2

In this section, we show that if S; is endowed by two
induced ordering stemming from two different representations
of Sy = v; ® E;, where I, and E; are different orderings of a
linear subspace E satisfying the recursion of Lemma III.1-(3),
then the duals f; and f, are equivalent functions. We start
with the following example which illustrates how two different
choices of vy,vy € Sy actually provide different orderings of
St.
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Example V.1. Let us consider the Walsh support Sy C F3
given as

Sy =v@®E = (1,0,0,1)&((0,1,1,0), (1,0,1,0), (1,0,1,1)).

Furthermore, let us consider two representations of Sy (E
ordered lexicographically) given as

1 1 1 0
1 1 1 1
1 0 0 O
0 1 0 1
0 0 1 0
0 0 1 1
and
0 1 0 1
0 1 0 0
0 0 1 1
s;=@nonep=| " 9 170
1 1 1 0
1 0 0 1
1 0 0 O

Here, we have that the first representation gives the ordering

Sy ={@o,...,0oc_1} with&; = (1,1,1,0) B e;, and the sec-
ond Sy = {&o, ... ,Wok_1} with &; = (0,1,0,1) @ e;, where
E = {eo,...,eax_1} = ((0,1,1,0),(1,0,1,0),(1,0,1,1)) is

ordered lexicographically.

Note that the duals f; and f, defined as f; (z;) = f*(v1®
e;) and fo(z;) = f*(vyPe;) are not the same mappings since
v1 ®e; = w; and vo @ e; = w;, and thus f: (l‘z) = f*((:}l) and
Fa(wi) = f*(@).

Hence, with the following result we show that the relation
between the variables of f: and f; is actually affine, where
in Sy = v; ® B; we assume that £y = FEy = FE is
lexicographically ordered.

Theorem V.1. Let f : Fy — Fy be an s-plateaued function
with an affine Walsh support Sy C Fy (k = n — s). Assume
that Sy = v1 ® E = {Qo,...,0ox_1} and Sy = vo ® E =
{@o,...,&9r_1} are two orderings of Sy (vi,v2 € Sy two
arbitrary vectors), where E = {eq,...,eoqx_1} C FY is a
linear subspace ordered lexicographically. If the duals ?T, f; :
F5 — Fy are defined as ?:(mj) =f*vide) (i=12 j€
[0,2% —1]), then f, are equivalent functions on F%, i.e., there
exists an invertible matrix Ayxr € GL(k,F3) and ¢ € Fk
such that 1 (xApxi ® ¢) = fo(x), for © € FE.

Proof. An affine relation between v; & F and vo @ F, where
is ordered lexicographically, is established using the mapping
L:vi®E — vy ® F defined as L(z) = b ® z2M,,x,,, where
My sn = Lyxn and b = vo @ v1. Then, we have L(v; @ e;) =
bd (v1 @ e;)Mpxn = vy @ e;. Furthermore, we have that
L(vi®e;) = vaPe; € Sy is actually equal to some v Pe; (for
some e; € E), i.e., we have that L(v; @e;) = va@e; = v ®e;.
In what follows, we show that the relation between e; and ¢;
in the previous equality is not arbitrary, and in fact they are
related in an affine manner in terms of vectors x;,z; € F%.

14

By Proposition V.3 there exists a matrix K« such that
e; Knxr = x; (for every j € [0,2% — 1]), and thus for 7y =
Vol 1 and U7 = v1 K, «x We have that

. _ - k
Vo ®e; Kpxp =01 D xj, v1,v3 € FQ.

Furthermore, using the relation (9) given in [14], we have that
e; € E can be written as

€ok—1

=2 Rixn, i€ TFh, (14)

€2
€1

where {eg: : t =0,1,...,k—1} is a basis of the lexicograph-
ically ordered set E' (where clearly eqr—1 > ... > eq > e3).
Using this representation we have that

V2 @ e Knxir = V2 D 2 RpsnKpnxr = 01 © x5,

and consequently, we have that z;Axxi & (1 © U2) = z;j,
where Apxr = RixnKnxk. Since the mapping L is injective
on Sy, then the mapping Ay has to be invertible. Denoting
by ¢ = U, @ Ty € F5 we finally have that

Ta(z:) Froa@e) = f (v @e) = filz)
= Fi(@idpxp ®c), x; €5,

which completes the proof. O
Note that in the proof of Theorem V.1, there exist different
matrices K, for which e¢; K« = x; € ]F’§ holds, i.e.,
{e;Knxk : € € E} = Fk. One particular choice, with respect
to the matrix Ryx, given in (14), may result that Ay, is
actually the identity matrix I yy.
More precisely, for the lexicographically ordered linear

space E = {eq,...,eon_1} with ¢; = (e§’>,...,e£?), let
i1,...,i% € [1,n] be indices such that 1 < iy < iy < ... <

ir < nand (&, el) = z e F5 i e [0,2F — 1,
where F5 = {z0,...,20r_1} is ordered lexicographically
(zo = 04). The existence of the set of indices i1,...,7 is
due to Proposition V.3.

If we define Kiyn, = (J1,...,Jk), where J; =
(Jijs -y Jn;)T are column vectors such that J;; = 1 only
for t = i; (Jy; = 0 for t # i;), where i; € {i1,... i},
then it is not difficult to see that the product Ry, K xr Will
always be an identity matrix (R, given as in (14)), i.e., we
will have that Apwr = Tpxk-

Even more generally, in the following result we show that
the equivalence of the duals TI and 7; is still valid, if their
definitions corresponds to two different orderings of E which
satisfy the recursion of Lemma III.1-(¢). In fact, the following
result answers to Q2.

Theorem V.2. Let f : Fy — Fy be an s-plateaued function
with an affine Walsh support S¢ C F3 (k = n—s), given in two
Novan,
is a linear subspace and eg-t) = egﬁzi @ e;) holds (for all
20 <j <2 —1andi€{0,....k—1}, t =1,2). If the
duals [, : F% — Fy are defined as [, () = ff(ve® e;t))
(t = 1,2, 7 € [0,2F — 1)), then Tf and ?; are equivalent
functions on F5 .

representations Sy = v, © E;, where E; = {e(()t), -
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Proof. By Proposition V.2-(i¢) there exists an affine mapping
L : vy & E1 — va @ E5 which preserves the ordering structure
from F to E». Then, using the same computational steps and
arguments as in the proof of Theorem V.1, one proves that f{
and [, are equivalent functions on F%. O

To summarize this section, we conclude that regardless of
orderings that Walsh support Sy = v @ E is endowed with,
where ordering of E satisfies the recursion of Lemma III.1-
(i), then duals f : F5 — T, corresponding to these orderings
will be equivalent functions on F%. In other words, Theorem
V.2 shows that the mapping P mentioned in Remark 2.1 in
[13], [14] is actually an affine transformation.

VI. CONCLUSIONS

This article gives a detailed analysis of the so-called
basic 5-value spectrum Boolean functions in terms of their
design (based on totally disjoint plateaued functions) and
their classification with respect to EA-equivalence. The
main challenge that remains to be addressed are efficient
design methods of non-basic classes (using Walsh supports
which are not affine subspaces though of cardinality 2*¢) of
these objects, which would give EA-inequivalent functions
to basic ones (Corollary 3). A hard problem of specifying
such functions for arbitrary cardinalities of the corresponding
Walsh supports, though governed by Proposition II1.3, remains
to be answered and especially the existence of such function
needs to be established in the first place.
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VII. APPENDIX
A. Proof of Proposition V.1

(<) Suppose that E = {ep,...,€sx_1} is an image
of some lexicographically ordered linear subspace E =
{€o,...,eor_1} under an invertible linear mapping M, x, €
GL(n,Fy), ie., let & = e;M,x, (i € [0,2F — 1]). Then by
Lemma III.1-(4) we have that e; = e;_oi @ ey: holds for all
20 < j <2t — 1 and i € {0,...,k — 1}. By multiplying
the equality e; = ej_o: @ egi by Mpx, we have that
€e; = EjMan = ej_QiMan D egiMyxn = €;_2i D eqi, for
all j in the interval 2¢° < j < 2*' —1andi€ {0,...,k—1},
i.e., E satisfies the recursion.

(=) Assume now that E = {€,...,e_,} satisfies the
recursion €; = €;_i ® €y for all 2/ < j < 2t — 1 and
i €{0,...,k —1}. Since by Lemma III.1-(4i) we have that
{Ty:0€ Ly} C{(u-C,...,u-Enr_q):u € F7}, then if we
view E = [Ty, , ..., Ty,] as a matrix of size 2¥ x n, its columns

T}, correspond to some linear functions /; : IF’2“ — TFs.
Without loss of generality, let us assume that the first &
columns 7}, , ..., T}, are linearly independent linear functions

0018-9448 (c) 2020 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

Authorized licensed use limited to: Danmarks Tekniske Informationscenter. Downloaded on January 07,2021 at 04:23:22 UTC from IEEE Xplore. Restrictions apply.



This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/T1T.2020.3044059, IEEE

Transactions on Information Theory

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL.?, NO. ?, 2020

(these exist due to dim(E) = k). Hence, we have that
E = [Tgl, N 7Tfk7T€k+17 N ,Ten], where T£k+17 cee 7Tgn are
columns which can be obtained as linear combinations of the
first & columns 7Y, ,...,T,, . On the other hand, assume that
an arbitrary (fixed) lexicographically ordered linear subspace
E C F% can be written as a matrix of the size 2¥ x n as
well, i.e., E = [T),,...,T),] with \; being linear functions
defined on ]F’Q“ For the matrix E, we also assume that the first
k columns are linearly independent. Now, let us consider the

matrix equality EM, «, = E with a block matrix M,, ., as

Ak Crx(n—k)
On—tyxk  B—k)yx(n—rk)

5T, (15)

where 0(,_z)xj iS a zero matrix. In what follows we
show that there exists submatrices Agxk, B(n—k)x(n—k) and
Clx (n—k) for which M, ., is invertible, and satisfies (15).

Firstly, in the multiplication EM,, ., the matrix Ak
selects linear combinations of the first £ columns of the matrix
E, and it affects the first £ columns of £ (which are linearly
independent functions). Due to the fact {¢; : i = 1,...,k}
and {d; : i =1,...,k} are both sets of linearly independent
functions, it is clear that there always exists an invertible
matrix Ay« which induces the necessary transformation from
columns Ty, ,...,Tp, to Ty,,...,Ty,. And finally, it is clear
that for an arbitrary matrix B(;,,_x)x (n—k) One can always find
a matrix Cj (,—k) such that the equality

[Tg17...,T£k7TZk+17~"7T£n} (

= [Tays-e o Tags Togins - -

Teyy- -5 Toy JChx -ty DTty y 5 - -

holds. Thus, an invertible matrix B, _pyxn—) (along with
invertibility of Ajwx) provides the invertibility of M, .
Note that we required that the first & columns of E and E
are linearly independent (which is not necessary in general).
Without this setting we would only have that the entries of
the matrices Ak xk, B(n—t)x(n—k) and Cpx(n—k) are placed
differently in the matrix M, «x,, where the arguments for
invertibility and existence still hold. O
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