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Field-free molecular orientation, achieved by using two-color slow turn-on and rapid turn-off laser pulses, is
theoretically investigated for linear molecules. We derive analytical results for the maximum degree of field-free
orientation for a given number of populated rotational states. We show that numerical results with adiabatic-turn-
on and sudden-turn-off laser pulses attain the optimal orientation. Based on the adiabatic theorem, the effects
of laser and molecular parameters on both the adiabatic process and the degree of molecular orientation are
analyzed. The adiabaticity is well reflected through the temporal evolution of the phase difference between two
adjacent rotational states.
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I. INTRODUCTION

The technology of controlling molecular alignment and
orientation, based on its highly anisotropic characteristic, has
been used in many fields. Ionization probabilities, which are
important for understanding strong-field molecular physics,
can be enhanced by aligning molecules [1]. Spatially aligned
and oriented molecules are very important for investigating
in detail the stereodynamics of molecules [2,3]. Enhanced
high-order harmonic generation widely used in molecular
imaging [4], nuclear dynamics retrieving [5], and attosecond
pulse production [6], was observed experimentally in aligned
molecular systems [7].

Many studies have been carried out theoretically and ex-
perimentally to achieve a high degree of molecular alignment
or orientation [8]. All methods can be roughly divided into
two strategies with adiabatic or nonadiabatic laser-molecule
interactions. Molecular alignment is obtained mainly by the
interaction of laser fields and molecular polarizability. Adi-
abatic alignment was proposed and observed after the slow
turn-on of an intense laser field [9–11]. At the same time
several nonadiabatic methods with sudden pulse interaction
were introduced which are capable of producing field-free
alignment [12–14]. The degree of alignment depends on the
population as well as the phases of even rotational states.
Almost the same even rotational state phases can be obtained
after an adiabatic process, while a broad rotational state dis-
tribution can be obtained after a sudden pulse but phases are
very different [15].

In order to obtain molecular orientation, there are higher
requirements for the laser pulse to make sure that odd ro-
tational states also are populated. A nonresonant two-color
femtosecond laser was used to interact with the molecular
hyperpolarizability in order to break the parity of the rota-
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tional wave function [16,17]. Alternatively, a THz pulse was
used to generate molecular orientation by permanent dipole
interaction [18,19]. Considering the limit of THz pulse inten-
sity, highly excited rotational states are not easily populated.
Subsequently, some combination schemes were proposed to
get a high degree of molecular orientation [20–23]. As in the
case of alignment, it is difficult to keep the phase difference
of adjacent rotational states identical for the above mentioned
nonadiabatic orientation process which limits acquirement of
a higher degree of orientation [24].

One method significantly enhanced the degree of orienta-
tion by combining a nonresonant laser with sufficiently long
duration and a weak electrostatic field [25,26]. Compared to
the molecular alignment, adiabatic orientation is more diffi-
cult to fulfill in this mixed-field method. The dependence on
intensity and duration of laser pulses and the strength of the
electrostatic field which influence the adiabatic process has
been discussed in detail [27]. Meanwhile, experiments based
on the mixed-field have been conducted [28–30].

Considering the advantages of both adiabatic and nonadia-
batic methods, a slow turn-on and sudden-turn-off truncated
laser pulse was proposed to significantly increase the de-
gree of alignment [31,32]. Likewise, an approach to achieve
field-free molecular orientation was demonstrated theoreti-
cally and experimentally with a two-color slow turn-on and
rapid turn-off laser [33–36]. The general consensus on achiev-
ing adiabatic conditions is that the rise time of the laser
pulse should be much longer than the rotational period of the
molecules. Intensities and delay of two-color truncated pulses
have been optimized to achieve an adiabatic rotational wave
packet evolution [37].

In addition to the laser parameters, the molecular pa-
rameters, such as rotational constant, polarizability and
hyperpolarizability, influences the realization of adiabatic
processes and the degree of molecular orientation. All the
parameters need to be taken into account to determine the
optimal laser parameters for a specific molecule or the optimal
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molecules for a laser pulse with a specific energy. In this
paper, two-color truncated pulses are used to control the
field-free orientation of linear molecules. How the parameters
of laser pulses and molecules affects the adiabatic process
is discussed based on the adiabatic theorem. The temporal
evolution of the two parts in the adiabatic theorem, the rate
of change of the Hamiltonian and the instantaneous energy
difference, are shown separately. It gives an intuitive picture
of the dynamics. Further, a two-state model is used to explain
the results.

II. THEORY

A. Model and basic equations

We consider a molecule described as a linear rigid-rotor
subject to two-color linearly polarized nonresonant laser
pulses with slow turn-on and rapid turn-off. The polarization
axis of the pulse is defined as the laboratory-fixed Z axis. The
form of the laser pulse is expressed as

E (t ) = ε(t )[cos(ωt ) + cos(2ωt )] (1)

with

ε(t ) = E0exp

(
− t2

2σ 2

){
σ = σR (t � 0)
σ = σF (t > 0) , (2)

where ω is the fundamental frequency of the laser pulse, ε(t )
is a Gaussian shape envelope of E (t ), E0 is the peak amplitude
of the laser, σ is related to the FWHM (FWHM = 2σ

√
2ln2),

σR and σF determines the rise and fall time, respectively.
Assuming that the frequency of the laser is much larger

than the rotational frequency of the molecule, after applying
the rotating wave approximation, the Hamiltonian of a linear
molecule irradiated by a two-color laser pulses is given by [8]

Ĥ (t ) = BĴ2 − ε2(t )

2
�αcos2θ

− ε3(t )

8
[(β‖ − 3β⊥)cos3θ + 3β⊥cosθ ] (3)

with B the rotational constant of the molecule, Ĵ2 the squared
angular momentum operator, θ the angle between the laser
polarization and the molecular axis, �α the anisotropic polar-
izability, and β‖ and β⊥, the hyperpolarizability components
parallel and perpendicular to the molecular axis, respectively.
It can be seen from Eq. (3), that the polarizability term forms a
symmetric double-well potential in θ space between −π/2 to
3π/2 and the hyperpolarizability term leads to an asymmetry
of the double-well potential.

We start by formulating the dynamics in terms of the den-
sity matrix method but will eventually use the Schrödinger
picture since we only consider pure quantum states. The den-
sity operator can be expanded in eigenstates of a rigid rotor in
a field-free space as

ρ̂(t ) =
∑

J,M,J ′,M ′
ρJ,M,J ′,M ′ (t )|J, M〉〈J ′, M ′| (4)

The time evolution of the density operator is determined by
the Liouville equation. A fourth-order Runge–Kutta method
is used to solve the differential equations [38]. The degree of

molecular orientation is given by

〈cosθ (t )〉 = Tr{cosθρ̂(t )}
=

∑
J ′′,M ′′

〈J ′′, M ′′|cosθρ̂(t )|J ′′, M ′′〉

=
∑
J,M

(
ρJ+1,M,J,M (t ) + ρ∗

J+1,M,J,M (t )
)

×〈J + 1, M|cosθ |J, M〉. (5)

The phase difference between two adjacent rotational states
φJ+1,J (t ) can be calculated based on the real and imaginary
part of ρJ+1,M,J,M (t ).

In this paper, we mainly investigate the dynamics based on
the adiabatic theorem [39]. If the condition∣∣∣∣h̄〈m|∂Ĥ

∂t
|n〉/(En − Em)2

∣∣∣∣ 	 1 (6)

is satisfied, the dynamics is adiabatic. |m〉 and |n〉 are
the instantaneous eigenstates of Ĥ (t ). Em and En are the
corresponding instantaneous eigenvalues. The instantaneous
eigenvalues and eigenstates in the |J, M〉 representation at a
certain time can be calculated based on the matrix of Ĥ (t ) in
the |J, M〉 representation. The rate of change of the Hamilto-
nian is given by

∂Ĥ

∂t
= �αcos2θε2(t )

t

σ 2

+ 3

8
[(β‖ − 3β⊥)cos3θ + 3β⊥cosθ ]ε3(t )

t

σ 2
. (7)

Then we can evaluate if the process is adiabatic by comparing
|〈m|∂Ĥ/∂t |n〉| and |(En − Em)2/h̄|, the former represents the
coupling matrix element of ∂Ĥ/∂t and the latter represents
the corresponding instantaneous energy difference. Both di-
mensions are energy/time.

The instantaneous eigenstates can also be converted from
the |J, M〉 representation to a representation in terms of spher-
ical harmonics by

〈θ, φ|n(t )〉 =
∑
J,M

C(n)
J,M (t )〈θ, φ|J, M〉

=
∑
J,M

C(n)
J,M (t )Y M

J (θ, φ) (t < 0) (8)

with C(n)
J,M being the complex coefficient of the |J, M〉 state

of the nth instantaneous eigenstate, which gives us a more
intuitive picture of molecular orientation.

B. Estimation of the maximum degree of orientation

After the laser pulse, molecules return to free-rotor states,
then we have

〈cosθ (t )〉 = 2
Jmax−1∑
J=0

J∑
M=−J

|CJ+1,MCJ,M |

× 〈J + 1, M|cosθ |J, M〉

× cos

(
�EJ+1,J

h̄
t − ϕJ+1,J

)
, (9)
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where Jmax is the highest rotational state in the sum, CJ,M is
the complex coefficient of the rotational state, �EJ+1,J and
ϕJ+1,J are the energy difference and phase difference between
two adjacent rotational states after the decay of the pulse. We
observe that for a given population of the rotational states,
the highest degree of orientation is obtained when ϕJ+1,J is
constant, i.e., independent of J .

Based on the method of Lagrange multipliers, the max-
imum degree of orientation can be estimated for different
Jmax (for related previous work, see Ref. [40]). The ma-
trix elements in Eq. (9) 〈J + 1, M|cosθ |J, M〉 = (J + 1)/√

(2J + 3)(2J + 1) (for M = 0) are denoted by MJ+1,J , then
the Lagrange function can be written as

L(|C0|, |C1|, . . . , |CJmax |, λ) = f − λg, (10)

where

f = 2
Jmax−1∑

J=0

|CJ+1CJ |MJ+1,J,

g =
Jmax∑
J=0

|CJ |2 − 1 = 0. (11)

f is the degree of orientation at revival times when the phase
difference ϕJ+1,J is constant, λ is the Lagrange multiplier, and
g is the constraint. To find the extrema of f subject to g, we
need ∇L = 0, then we have

M1,0|C1| − λ|C0| = 0,

M1,0|C0| + M2,1|C2| − λ|C1| = 0,

M2,1|C1| + M3,2|C3| − λ|C2| = 0,

. . .

MJmax,Jmax−1|CJmax−1| − λ|CJmax | = 0. (12)

Nontrivial solutions are obtained when the determinant of
the coefficients is equal to zero, which determines λ. By
multiplying each equation in Eq. (12) by the corresponding
coefficient |CJ | of λ, i.e., (M1,0|C1| − λ|C0|) × |C0| = 0, and
sum all equations, we have

f − λ

Jmax∑
J=0

|CJ |2 = f − λ = 0. (13)

It shows that the maximum degree of orientation is the maxi-
mum value of λ which can be obtained from Eq. (12).

Another general result is obtained by multiplying each
equation in Eq. (12) by the corresponding coefficient |CJ | for
J even and −|CJ | for J odd, i.e., (M1,0|C1| − λ|C0|) × |C0| =
0, (M1,0|C0| + M2,1|C2| − λ|C1|) × (−|C1|) = 0, and sum all
equations. If Jmax is even, then we have

(|C1|2 + · · · + |CJmax−1|2)︸ ︷︷ ︸
Podd

− (|C0|2 + · · · + |CJmax |2)︸ ︷︷ ︸
Peven

= 0.

(14)

It can be seen that when the maximum degree of orientation is
obtained for a given Jmax, the total populations of the odd and
even states are equal. If Jmax is odd, the same conclusion can
be obtained. This result has also been mentioned in Ref. [20].
It should be noted that Podd = Peven is just a necessary but

TABLE I. Molecular parameters of CO and OCS.

B/cm−1 α‖/Å3 α⊥/Å3 β‖/Å5 β⊥/Å5

CO 1.93 2.294 1.77 2.748×109 4.994×108

OCS 0.2029 7.886 3.864 −3.888×109 −5.106×109

not sufficient condition for obtaining the maximum degree of
orientation for a given Jmax. Thus Podd = Peven is valid for any
extremum and, e.g., also obtained when all populations are
equal, which is not an optimal distribution. The population
distribution of the rotational states should also be considered.

The first few upper limit values of 〈cosθ〉 for Jmax =
1, 2, 3, 4, and 5 are 0.577, 0.775, 0.861, 0.906, and 0.932,
respectively. It indicates that a high degree of orientation can
be obtained with a broad range of the rotational quantum
number J . We show below that the underlying assumption of
constant phases is fulfilled under adiabatic conditions.

III. RESULTS AND DISCUSSION

The linear molecules CO and OCS are selected as mod-
els for numerical simulation. Molecular parameters are taken
from Refs. [41–43] and shown in Table I. As we mainly
consider the adiabatic condition during the slow turn-on of
two-color laser pulses, the fall time σF in Eq. (2) is set to zero
first, corresponding to a pulse which is suddenly switched off
at t = 0. The initial rotational state is set to J = 0.

A high degree of orientation 0.91 is obtained for CO with
a relative long rise time 2 ns (Fig. 1). It can be seen that the
adiabatic turn-on produces nearly identical phase differences
ϕJ,J−1. Further, the total populations of the odd and even
states are almost equal (Podd = 0.499 and Peven = 0.501). That
is just the necessary condition for obtaining the maximum
degree of orientation for a given Jmax. The numerical result for
the degree of orientation is essentially identical to the optimal

FIG. 1. Field-free population of CO, the phase of J states ϕJ and
phase differences ϕJ,J−1 as a function of J . The laser parameters
are E0 = 7×107 V/cm, σR = 2 ns. The inset shows the molecular
orientation after the pulse.
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FIG. 2. Field-free population of OCS, the phase of J states ϕJ

and phase differences ϕJ,J−1 as a function of J for different rise times,
(a) σR = 2, (b) 6, (c) 12, and (d) 28 ns. The right panels show the evo-
lution of φ1,0(t ) with corresponding rise time (a′) σR = 2, (b′) 6, (c′)
12, and (d′) 28 ns. Peak electric amplitude E0 = 2.745×107 V/cm.

result for Jmax = 5. The population distribution is similar to
but is not identical with the analytically obtained result.

While under the same rise time, it is difficult to get identical
phases for OCS [Fig. 2(a)], we found that the odd and even
rotational states are in phase, respectively. One way to get the
same phase difference ϕJ,J−1 between J and J − 1 states is by
further increasing the rise time to obtain an adiabatic evolution
of the molecular states (Fig. 2). The phase difference ϕJ,J−1

approaches nearly the same value π after a long rise time of
28 ns [Fig. 2(d)].

From the evolution of the phase difference φ1,0(t )
[Figs. 2(a′)–2(d′)], we find a “bump” (the first sudden phase
difference change) which decreases as the rise time increases.

After the bump, φ1,0(t ) begins to oscillate with a specific
amplitude. This kind of oscillation implies that the phase
difference ϕ j, j−1 cannot be kept constant. It can be used as
a signature to justify if the adiabatic condition is satisfied
by observing the evolution of the phase difference between
adjacent rotational states over time.

Furthermore, the total populations of the odd and even
states are very different for the case of σR = 2 ns [Fig. 2(a)],
but become nearly equal as the rise time increase. For the case
of σR = 28 ns [Fig. 2(d)], Podd = 0.523 and Peven = 0.477.
The dependence of the total populations of the odd and even
states on the peak amplitude of the electric field E0 for OCS
with σR = 28 ns is shown in Table II. Only even rotational
states are populated when E0 is weak. As the E0 increases,
Podd and Peven approach 0.5. When E0 exceeds a certain value,
the difference between Podd and Peven starts to increase. This
is due to the effect of electric field intensity on the adiabatic
dynamics, which will be shown in Sec. III A 1. It can be
seen that Podd = Peven can be obtained at a sufficiently high
intensity with adiabatic dynamics.

The degree of orientation in Fig. 2(d) reaches 0.973. The
numerical result for the degree of orientation is essentially
identical to the optimal result for Jmax = 10 (〈cosθ〉max =
0.978). It indicates that a nearly optimal distribution of ro-
tational states can be obtained at a sufficiently high intensity
with adiabatic dynamics. Again, the population distribution is
similar to but is not identical with the analytically obtained
result, indicating that the optimal degree of orientation is not
highly sensitive to the population distribution. Ionization is
negligible at the applied laser intensity [35]. It should be
noted that the peak amplitude E0 determines the range of the
rotational quantum number J for a specific molecule in our
two-color truncated pulses scheme. As discussed in Sec. II B,
Jmax determines the upper limit value of the maximum de-
gree of orientation, and the optimal distribution of rotational
states varies for different Jmax. In order to get a higher degree
of orientation, increasing the peak amplitude E0 should be
considered first, and then the adiabatic dynamics should be
ensured.

As the adiabatic process is beneficial for getting a high
degree of orientation, it is crucial to understand what influ-
ences the adiabatic process. Based on the adiabatic theorem
[Eq. (6)], one of the important factors is the coupling matrix
element which is related to the rate of change of the Hamil-
tonian and the other one is the instantaneous eigenenergy
difference. There are several parameters affecting the rate
of change of the Hamiltonian [Eq. (7)]; anisotropic polariz-
ability �α, hyperpolarizability β‖, β⊥, peak amplitude E0,
and rise time σR. The instantaneous eigenenergy difference
is determined by Ĥ (t ). Comparing to the alignment case, near
degeneracy of states in the double-well potential is removed
in the two-color laser pulse scheme. The dependence of the
double-well potential on the parameters should be considered.

On the other hand, assuming that the molecule evolves
from a certain initial state and goes through an adiabatic
process, the maximum degree of orientation is determined
by the instantaneous state at t = 0, which is dependent on
parameters of the laser and the molecule. This will guide us
how to optimize the laser or choose the molecule in order to
obtain a high degree of molecular orientation. The influence of
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TABLE II. The dependence of Podd and Peven on the peak amplitude of electric field E0 for OCS with σR = 28 ns. The range of the laser
intensities is 4.8×1010–1×1012 W/cm2.

E0 (107 V/cm) 0.6 0.65 0.68 0.71 0.74 0.78 1 1.5 2 2.745

Podd 0.039 0.132 0.220 0.306 0.373 0.430 0.499 0.495 0.518 0.523
Peven 0.961 0.868 0.780 0.694 0.627 0.570 0.501 0.505 0.482 0.477

parameters will be discussed by considering both the adiabatic
process and the degree of molecular orientation.

A. Influence of laser parameters

1. Peak amplitude E0

Figure 3 shows the time dependence of the coupling matrix
element |〈0̃, 0|∂Ĥ/∂t |1̃, 0〉| and instantaneous energy differ-
ence of the two lowest pendular states, |0̃, 0〉 and |1̃, 0〉, with
a constant σR and different peak amplitudes. A maximum of
|〈0̃, 0|∂Ĥ/∂t |1̃, 0〉| and a minimum of |(En − Em)2/h̄| appears
roughly at the same time during the pulse. If there is a big
gap between the two lines, the adiabatic condition is well
fulfilled and the bump and amplitude of the phase oscillation
in Fig. 2 will get smaller. As the peak intensity decreases,
the gap increases, which makes it easier to meet the adiabatic
condition. That can be explained from Eq. (7), a smaller E0

reduces the rate of change of the Hamiltonian.
However, it should be noted that the maximum of

|〈0̃, 0|∂Ĥ/∂t |1̃, 0〉| and ∂Ĥ/∂t mostly occurs at different
times. The former occurs at roughly the same time where the
minimum of the instantaneous energy difference occurs, and
the latter is easy to get from Eq. (7). The instantaneous eigen-
values are related to the shape of the double-well potential
which changes with electric field intensity ε(t ). We observe,
for different E0, the minimum values of the instantaneous
eigenvalue difference between E1̃,0 and E0̃,0 are the same
for a specific molecule. That means once the electric field

FIG. 3. Time dependence of |(E1̃,0 − E0̃,0)2/h̄| (solid lines) and
|〈0̃, 0|∂Ĥ/∂t |1̃, 0〉| (dashed lines) for OCS for different electric field
peak amplitudes E0 in unit of 107 V/cm. The rise time σR is set to
28 ns. The inset is an enlarged image of the dashed lines.

intensity reaches a certain value εc during the slow turn-on of
the pulse, the minimum of |(E1̃,0 − E0̃,0)2/h̄| will be obtained
except when the peak amplitude E0 is smaller than εc. At
the time where the minimum of |(E1̃,0 − E0̃,0)2/h̄| occurs,
we find that εc = 0.688×107 V/cm for OCS. For the case
of E0 = 0.65×107 V/cm (the inset in Fig. 3), the maximum
of |〈0̃, 0|∂Ĥ/∂t |1̃, 0〉| and ∂Ĥ/∂t occurs at almost the same
time. εc can be substituted into Eq. (7) with the time t given
by Eq. (2), then we have

∂Ĥ

∂t

∣∣∣
ε(t )=εc

= − �αcos2θε2
c

√
2ln(E0/εc)

σR

− 3

8
[(β‖ − 3β⊥)cos3θ + 3β⊥cosθ ]

× ε3
c

√
2ln(E0/εc)

σR
. (15)

This equation gives the maximum value of the time derivative
of the Hamiltonian during the turn-on of the pulse. There
will be nonadiabatic transitions if this value is too large as
we increase the peak amplitude for a given σR. After this
maximum, the adiabatic condition becomes satisfied again.

Although adiabatic conditions are obtained with a smaller
peak amplitude E0, it is not equivalent to obtaining a high
degree of molecular orientation. The wave function of the
ground states |0̃, 0〉 with different peak amplitudes at t = 0
are compared in Fig. 4. Higher peak amplitude results in a
deeper and more asymmetric double-well potential. A deeper
asymmetric double-well potential will make the peak of the
wave function of ground states |0̃, 0〉 higher and narrower
which is beneficial for getting a higher degree of orientation.
For the case of E0 = 0.65×107 V/cm, the wave function of
the ground state has not yet been transformed into a single-
peak shape. The degree of orientation at t = 0 as a function
of E0 is shown in the inset of Fig. 4. The calculated results
based on the wave function of the ground states |0̃, 0〉 or all
states are almost the same. It indicates that the dynamics is
adiabatic and the wave function of the ground state |0̃, 0〉 can
be used to calculate the degree of orientation. It can be seen
that the degree of orientation is sensitive to E0, at first where
the wave function of |0̃, 0〉 has a double-peak shape and then
the slope gets small when a single-peak shape wave function
is formed. Thus, a relative high intensity is needed to get a
good molecular orientation, equivalent to a sufficiently high
value of Jmax in Eq. (9).

2. Rise time σR

In order to obtain a high degree of orientation at high
peak intensity and keep the adiabatic condition at the same
time, another key parameter, the rise time σR should be taken
into account. It can be seen from Eq. (15) that ∂Ĥ/∂t , at the
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FIG. 4. The wave function of the instantaneous ground states
|0̃, 0〉 of OCS at t = 0 corresponding to different peak amplitudes
E0 in the unit of 107 V/cm. The rise time σR is set to 28 ns. The solid
line is the normalized �(θ ) of the spherical harmonics. The dotted
line represents the periodic extension for showing the wave function
in a double-well potential more clearly. The inset shows the degree
of orientation at t = 0 as a function of E0. The solid line is obtained
from the wave function of |0̃, 0〉. The circles are obtained from the
superposition of all the pendular states.

moment of ε(t ) = εc, is inversely proportional to σR. Then we
can increase σR to reduce the maximum rate of change of the
Hamiltonian until the adiabatic condition is satisfied (Fig. 5).
As the shape of double-well potential at t = 0 is independent
of the rise time σR, it is an effective method to increase the

FIG. 5. Time dependence of |(E1̃,0 − E0̃,0)2/h̄| (solid lines) and
|〈0̃, 0|∂Ĥ/∂t |1̃, 0〉| (dashed lines) for OCS with different laser
rise times σR. The electric field peak amplitude E0 is set to
2.745×107 V/cm.

rise time to get an adiabatic process and a high degree of
orientation.

Comparing Fig. 5 to the evolution of the phase difference in
Fig. 2, for the same σR, the “bump” just occurs at the moment
of ε(t ) = εc where the nonadiabatic transition is most likely
to appear. It shows clearly that the sudden change in the phase
difference is caused by the nonadiabatic process. For the case
of σR = 28 ns in Fig. 5, |(E1̃,0 − E0̃,0)2/h̄| is one order of
magnitude larger than |〈0̃, 0|∂Ĥ/∂t |1̃, 0〉| and the amplitude
of the phase difference oscillation is about 6◦ [Fig. 2(d′)].
This leads to the variation of ϕJ,J−1 [Fig. 2(d)], which is much
larger than that obtained for CO (Fig. 1). Further, comparing
to the case of CO, the difference between Podd and Peven is
larger for OCS in Fig. 2(d). Although the adiabatic process is
better satisfied and the peak intensity of the laser is higher,
the Jmax in the case of CO (Fig. 1) is smaller than that of
OCS [Fig. 2(d)], and CO does not obtain a higher degree of
orientation than OCS. That means that the choice of molecules
is also very important.

B. Influence of molecular parameters

The Hamiltonian depends not only on the parameters of
the laser but also on the molecular parameters. The choice
of molecule determines how easy it is to meet the adiabatic
criterion. Here we keep the parameters of the laser constant
and change B, �α, β‖ and β⊥, respectively, to investigate
the adiabatic process and the dependence of the degree of
orientation on molecular parameters.

As shown in Fig. 6(a), the minimum of |(E1̃,0 − E0̃,0)2/h̄|
increases with the increase of the rotational constant B or with
the decrease of �α. The same trend can be also found in the
change of the maximum of |〈0̃, 0|∂Ĥ/∂t |1̃, 0〉| over time. The
change of the former is several orders of magnitude larger
than that of the latter [inset of Fig. 6(a)]. Thus molecules
with larger B and smaller �α are beneficial for achieving
an adiabatic process. On the other hand, a smaller B and
larger �α results in a more localized wave function [inset
of Fig. 6(b)]. That is why a higher degree of orientation is
obtained for OCS at lower peak intensity, even when there is
a bit of nonadiabatic effects during the evolution compared to
the case of CO.

Further, it can be found from Figs. 6(a) and 6(b) that, after
the instantaneous eigenvalue difference reaches its minimum,
the curves with the same value of �α/B begin to approach
and coincide, with the increase of laser intensity. The instan-
taneous ground-state eigenfunctions at t = 0 are essentially
identical for the same value of �α/B [inset of Fig. 6(b)]. In
addition, we observed that when the value of �α/B is kept
constant, the instantaneous eigenfunctions at t = 0 (where
the intensity is sufficiently high) are almost independent of
the molecular hyperpolarizabilities. It will be explained in
Sec. III C.

Molecular hyperpolarizability affects the minimum value
of the eigenvalue difference (Fig. 7). Larger absolute val-
ues of the hyperpolarizability, which makes the double-well
potential more asymmetric, increase both the minimum of
|(E1̃,0 − E0̃,0)2/h̄| and the maximum of |〈0̃, 0|∂Ĥ/∂t |1̃, 0〉|,
but by different degrees just like the case of B and �α. Thus,
larger absolute values of the hyperpolarizability are beneficial
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FIG. 6. (a) Time dependence of |(E1̃,0 − E0̃,0 )2/h̄| (solid and
dashed lines) and |〈0̃, 0|∂Ĥ/∂t |1̃, 0〉| (dashed-dot and short-dashed
lines) for a linear molecule with different rotational constants and
anisotropic polarizability. B, �α, β‖, and β⊥ are the parameters of
the OCS molecule. The electric field peak amplitude and rise time
are kept constant E0 = 2.745×107 V/cm and σR = 28 ns. The inset
is an enlarged image of the dashed lines. (b) is the identical image
of (a) with larger rate of change of energy and time scales. The inset
shows the wave function of the instantaneous ground states of OCS at
t = 0 with different parameters represented by corresponding colors.
The solid and dashed lines are the normalized �(θ ) of the spherical
harmonics. The dotted line represents the periodic extension for
showing the wave function in a double-well potential more clearly.

for achieving an adiabatic process and hardly affects the peak
of the wave function when the intensity is high enough.

Although it is difficult to achieve an adiabatic process
for linear molecules with a larger �α/B, it is beneficial for
projecting the pendular states created during the turn-on of
the laser pulse onto free-rotor state. The case in Fig. 2(d) for
OCS and Fig. 1 for CO are compared to analyze the effect
of the fall time on the degree of molecular orientation. It can
be seen from Fig. 8 that the maximum degree of orientation
from an adiabatic process for OCS is less sensitive to the fall
time than that for CO. As the fall time σF increases to 2 ps,
the maximum degree of orientation for CO decreases by 28%,
while that for OCS only decreases by 4.2%.

FIG. 7. Time dependence of |(E1̃,0 − E0̃,0 )2/h̄| (solid lines) and
|〈0̃, 0|∂Ĥ/∂t |1̃, 0〉| (dashed lines) for a linear molecule with different
hyperpolarizabilities (a) parallel and (b) perpendicular to the molec-
ular axis. B, �α, β‖, and β⊥ are the parameters of the OCS molecule.
The electric field peak amplitude and rise time are kept constant
E0 = 2.745×107 V/cm and σR = 28 ns.

C. Theoretical analysis in a two-state model

The analysis of the previous section is now supplemented
by an analytical model. The eigenfunctions in a symmetric
double-well potential occur as tunneling doublets with op-
posite parity. In our calculations, the polarizability term is
several orders larger than the hyperpolarizability term and
the hyperpolarizability term which breaks the symmetry can
be taken as a perturbation. Thus, we use a two-state model,
which has been used to analyze the mixed-field scheme [25],
to explain some of our previous results.

The Hamiltonian [Eq. (3)] can be separated into two parts,
Ĥ = Ĥ0 + Ĥ ′, where

Ĥ0(t ) = BĴ2 − ε2(t )

2
�αcos2θ, (16)

Ĥ ′(t ) = −ε3(t )

8
[(β‖ − 3β⊥)cos3θ + 3β⊥cosθ ]. (17)

FIG. 8. Fall time σF dependence of the maximum degree of
orientation for CO and OCS. The peak amplitude and rise time
of the laser pulse for CO are identical to the parameters in Fig. 1
(E0 = 7×107 V/cm and σR = 2 ns) and that for OCS are identical to
the parameters in Fig. 2(d) (E0 = 2.745×107 V/cm and σR = 28 ns).
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FIG. 9. Schematic diagram of the time dependence of d , 2|H ′
SA|,

�E , and 2d|H ′
SA|/�E . OCS is considered as a model. The electric

field peak amplitude and rise time are E0 = 2.745×107 V/cm and
σR = 28 ns, respectively.

The energy splitting of the doublets in Ĥ0 can be expressed as
d = EA − ES , where ES and EA are instantaneous eigenvalues
of Ĥ0. The corresponding eigenfunctions are denoted as |ψS〉
and |ψA〉 which have opposite parity. Further, |ψS〉 only have
even numbers of J and |ψA〉 only have odd numbers of J in
the |J, M〉 representation [25]. In this two-state model Ĥ can
be expressed as [

ES H ′
SA

H ′
AS EA

]
, (18)

where H ′
SA = 〈ψS|Ĥ ′|ψA〉 = H ′∗

AS = H ′
AS . Then, the exact

eigenvalues and eigenfunctions of Ĥ are

E± = EA + ES

2
± 1

2

√
d2 + 4H ′2

SA (19)

and

|ψ+〉 = sinχ |ψS〉 + cosχ |ψA〉,
|ψ−〉 = cosχ |ψS〉 − sinχ |ψA〉 (20)

with the mixing angle determined by

tan(2χ ) = 2H ′
SA

d
. (21)

The eigenvalue difference can be written as

�E = E+ − E− =
√

d2 + 4H ′2
SA. (22)

It can be seen from Fig. 9 that |H ′
SA| increases monotonically

and d decreases monotonically as ε(t ) increases with t . Mean-
while, d � 2|H ′

SA| and d 	 2|H ′
SA| in the earlier and later

period of the turn-on of the laser pulse, respectively. Therefore
�E has a minimum which appears around the time when
d = 2|H ′

SA|.
Furthermore, it can be explained why the maximum of the

coupling matrix element |〈m|∂Ĥ/∂t |n〉| in Eq. (6) appears
around the time when the eigenvalue difference reaches its

minimum; but not the time when ∂Ĥ/∂t is at its maximum.
The coupling matrix element of ∂Ĥ/∂t in this two-state model
can be expressed as

〈ψ−|∂Ĥ

∂t
|ψ+〉 = 〈ψ−|∂Ĥ0

∂t
|ψ+〉 + 〈ψ−|∂Ĥ ′

∂t
|ψ+〉

= (〈ψ−|BĴ2|ψ+〉 − 〈ψ−|Ĥ0|ψ+〉)
2t

σ 2

− 〈ψ−|Ĥ ′|ψ+〉 3t

σ 2
, (23)

where

〈ψ−|BĴ2|ψ+〉=cosχsinχ〈ψS|BĴ2|ψS〉 − sin2χ〈ψA|BĴ2|ψS〉
+cos2χ〈ψS|BĴ2|ψA〉−cosχsinχ〈ψA|BĴ2|ψA〉

=cosχsinχ (〈ψS|BĴ2|ψS〉 − 〈ψA|BĴ2|ψA〉)

= 1
2 sin2χ (〈ψS|BĴ2|ψS〉 −〈ψA|BĴ2|ψA〉) (24)

and

〈ψ−|Ĥ0|ψ+〉 = (ES − EA)cosχsinχ = −d

2
sin2χ, (25)

〈ψ−|Ĥ ′|ψ+〉 = (cos2χ − sin2χ )H ′
SA = cos2χH ′

SA. (26)

Substitute Eqs. (21) and (24)–(26) into Eq. (23), then we have∣∣∣∣〈ψ−|∂Ĥ

∂t
|ψ+〉

∣∣∣∣ =
∣∣∣∣(−�K + d )sin2χ

t

σ 2
− cos2χH ′

SA

3t

σ 2

∣∣∣∣
= 2d|H ′

SA|
�E

∣∣∣∣ t

σ 2

(
1

2
+ �K

d

)∣∣∣∣ (27)

where the kinetic energy difference can be written as �K =
〈ψA|BĴ2|ψA〉 − 〈ψS|BĴ2|ψS〉.

As shown in Fig. 9, 2d|H ′
SA|/�E ≈ 2|H ′

SA| and
2d|H ′

SA|/�E ≈ d in the earlier and later period of the turn-on
of the laser pulse, respectively. That is why the maximum
of 2d|H ′

SA|/�E always appears around the time when
d = 2|H ′

SA|. The maximum is shifted when 2d|H ′
SA|/�E is

multiplied by the term including t .
We can roughly evaluate if the adiabatic condition is ful-

filled by inserting Eq. (22) and Eq. (27) in Eq. (6) when
d = 2|H ′

SA|,∣∣∣∣h̄〈ψ−|∂Ĥ

∂t
|ψ+〉/�E2

∣∣∣∣ = h̄

2
√

2d

∣∣∣∣ t

σ 2

(
1

2
+ �K

d

)∣∣∣∣
= h̄

4
√

2|H ′
SA|

∣∣∣∣ t

σ 2

(
1

2
+ �K

d

)∣∣∣∣.
(28)

Considering that d increases as B increases or as �α decreases
[25] and that |H ′

SA| is proportional to |β‖| or |β⊥|, a molecule
with a large B, |β‖|, or |β⊥| and a small �α can easily fulfill
the adiabatic condition which is consistent with the results in
Sec. III B.

Since H ′
SA = 0 before the turn-on of the laser pulse and

d approaches 0 at a high electric field, the mixing angle 2χ

in Eq. (21) changes from 0 to π/2 or −π/2. Thus, as the
intensity gets sufficiently strong, χ approaches π/4 or −π/4.
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Then, the eigenfunctions of Ĥ in Eq. (20) can be written as

|ψ±〉 = 1√
2

(|ψS〉 ± |ψA〉)

or |ψ±〉 = 1√
2

(|ψA〉 ∓ |ψS〉), (29)

where |ψS〉 and |ψA〉 are determined by Ĥ0 [Eq. (16)]. That
is why the instantaneous eigenfunction is independent of the
molecular hyperpolarizability at a sufficiently high laser in-
tensity.

According to the expression for Ĥ0 [Eq. (16)], after divid-
ing both sides of the Schrödinger equation Ĥ0(t )ψ = E (t )ψ
by B, it can be found that the depth of the double-well po-
tential is proportional to �α/B for any linear molecule. As
�α/B increases, the peak of |ψS〉 and |ψA〉 increase. That is
why a “sharp” wave function can be obtained with a larger
�α/B under the superposition of |ψS〉 and |ψA〉 which are
of opposite parity (Eq. (29)). Furthermore, if the dynamics is
adiabatic, the system evolves into |ψ+〉 or |ψ−〉. As |ψS〉 only
have even numbers of J and |ψA〉 only have odd numbers of
J in the |J, M〉 representation, it can be seen from Eq. (29)
that identical total populations of the odd and even states can
be obtained at a sufficiently high electric field with adiabatic
dynamics.

IV. SUMMARY

We investigated the effects of the parameters of two-
color slow turn-on and rapid turn-off laser pulses for linear
molecules, respectively, on the adiabatic condition and the
degree of molecular orientation. Analytical results for the
maximum degree of field-free orientation for a given number
of populated rotational states is derived. The adiabatic dynam-
ics turns out to be a very effective method to get a high degree
of field-free orientation, by producing identical phase differ-
ences of adjacent rotational states, identical total populations
of the odd and even states, and a nearly optimal distribution
of rotational states at a sufficiently high peak intensity of the
laser.

In order to obtain a high degree of orientation, a high
electric field amplitude is required which makes it difficult

to obtain an adiabatic process. However, we can increase the
rise time of the laser pulse to obtain an adiabatic process for a
high peak amplitude laser. The optimal rise time for achieving
an adiabatic process with the same electric field intensity is
different from one molecule to another. The molecular pa-
rameters determine how difficult it is to obtain an adiabatic
process for specific laser pulses. A smaller rotational constant
B and a larger anisotropic polarizability �α are beneficial to
obtain a higher degree of orientation and results where the
maximum degree of the field-free orientation is less sensitive
to the fall time, however, also conditions where the adiabatic
process is not easy to obtain. Further, with a sufficiently high
laser intensity, the degree of orientation will increase with the
value of �α/B and is independent of the hyperpolarizability.
The effect of the hyperpolarizability is to break the symmetry
of the double-well potential for obtaining molecular orienta-
tion and a large absolute value of the hyperpolarizability is
advantageous for achieving an adiabatic process.

In summary, for a specific molecule, we can choose a high
laser intensity in order to obtain a high degree of molecular
orientation, and increase the rise time for satisfying the adia-
batic condition. On the other hand, the rise time and intensity
of this truncated laser pulse are confined experimentally by its
available energy [44] (see also Ref. [15]), and we can select
a molecule with a small value of �α/B and large absolute
value of the hyperpolarizability for satisfying the adiabatic
condition under specific laser parameters and obtain a relative
high degree of field-free orientation if the fall time is small
enough. The slowly rising pulse having relatively low peak
intensity is beneficial for minimizing ionization.

Our analysis was based on the initial rotational state J = 0
and can easily be extended to other rotational states. To that
end, we note that state selection methods can be used to sepa-
rate molecules with different initial states to avoid a significant
decrease of the degree of molecular orientation [45].
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