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Abstract In the design of flow geometries consisting of channels such as high-temperature gas heat

exchangers, a great number of design parameters can be chosen, why solving the turbulent Rey-

nolds Averaged Navier-Stokes (RANS) equations by CFD coupled with other physics can become

computational demanding. Therefore, we here propose a method for a significant reduction of com-

putational resources and consequent high speed. This is done by using the less computational

demanding Darcy’s Law (DL) to approximate the laminar and turbulent flows in channels with cir-

cular and arbitrary cross-sections. To obtain the right velocity profile, an artificial permeability vari-

ation across the cross-section of the channel is determined. This is obtained based on the analogy of

the DL and Darcy–Weisbach equation (DW). Results demonstrate that the DL approximations

predict velocities and pressures distributions from the laminar and turbulent flows in the channels

with circular and arbitrary cross-sections very well. At the same time, the models with DL approx-

imations reduce the runtime up to ~40 times as compared to RANS, and improve the stability and

convergence of the model. Lastly, a cross-flow heat exchanger is studied as an application of the DL

approximations.
� 2020 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

Navier-Stokes equations (NS) are used to model the motion of
a fluid, resulting in flow distribution. There is no analytical

solution for these equations due to their nonlinear form [1].
Therefore, computational fluid dynamics (CFD) is used to
solve them numerically. However, numerical simulations of
NS equations confront difficulties raised from their nonlinear-

ity and presence of a convective term [2]. The numerical diffi-
culties are more severe for higher Reynolds numbers (Re),
where the convective term is dominant over the diffusive (vis-

cous) term. Therefore, a higher number of degrees of freedom
(DOF) is needed to calculate the flow distribution for higher
Re numbers [3]. Linearization and discretization of the NS

equations result in a non-symmetric system of equations [4].
Moreover, it has been shown that transient solutions of the
NS equations are sensitive to the initial conditions [5–7].

Several studies have been devoted to searching for the tech-

niques that could improve the numerical simulations of the NS
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Nomenclature

Abbreviation
CFD Computational fluid dynamic

DL Darcy’s Law
DNS Direct numerical simulation
DOF Number of degrees of freedom

DW Darcy–Weisbach equation
NS Navier-Stokes
Re Reynolds number

RANS Reynolds-Averaged Navier-Stokes

Symbols
H Height
L Length

p Pressure

R Radius

W Width

Greek letters
r Gradient operator
m Dynamic viscosity

q Density

Subscripts and superscripts
av Average
c Cold

h Hot
in Inlet
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equations so that they give fast, reliable, and accurate solu-
tions. Common methods are: 1) addition of a streamwise diffu-

sion term to the equations to mitigate the velocity oscillations
[8 and 9]; 2) applying preconditioning techniques [4 and 10–
14]; 3) splitting the velocity and pressure variables [15–17]; 4)

using reduced basis methods [18–20]; and 5) applying adaptive
time-stepping [21–23].

Practical flows are mostly turbulent [24]. The turbulent flow

is dominated by the evolution and motion of small eddies in
addition to the geometry and dimensions of the flow configu-
ration. Numerical simulations of the turbulent flows are chal-
lenging due to their aperiodic behavior, random spatial

distribution, initial condition-dependence solutions, and the
existence of vast eddies scales [25]. To resolve all turbulent (ed-
dies) scales, direct numerical simulation (DNS) of the transient

NS equations with high accuracy in time and space is required
[26]. The number of grid points and time step requirements are

roughly Re9=4 and Re�1=2, respectively [26], which results in a
very high computational cost for the DNS method, e.g. 107

grid and time steps of 10�5 s are needed for simulation of a
flow with the Re of 800. Therefore, the DNS approach has
been used for low Re and flows with simple geometries. The

very fine scale (small eddies) and time resolved by the DNS
are not essential for engineering design purposes. Therefore,
Reynolds-Averaged Navier-Stokes (RANS) equations, which
are based on temporary time-averages of the NS equations,

are used as a practical modeling approach for the turbulent
flows. Extra equations are needed to be coupled with the
RANS ones to capture the turbulent variables, i.e. eddy viscos-

ity kinetic. Turbulent models are categorized based on these
extra equations as: 1) zero-equation model (e.g. Baldwin-
Lomax and Mixing Length); 2) one-equation model (e.g.

Spalart-Allmaras and Wolfstein); 3) two-equation model (e.g.
k � e and k � x); 4) stress-equation model; 5) algebraic-
stress model; and 6) Large-eddy model [24, 25, and 27–30].

Other approaches for modeling turbulent flows could be
found in the literature. For instance, for studies that are not
interested in resolving the flow distribution with high accuracy
and use it for e.g. heat or mass transport, a distributed resis-

tance analogy is used to describe the effect of the extra resis-
tance against fluid motion due to the eddy viscosity through
adding an extra term with an effective viscosity to the NS
equations [31–34]. Beale [35] used a distributed resistance anal-

ogy for the heat transfer in turbulent flows for the compact
heat exchangers in addition to the flow model. First, the
author calculated an effective laminar Re based on the back-

projection of the friction factor or thermal conductivity onto
a low-Re profile. Then, the effective Re was used to calculate
effective turbulent viscosity or thermal conductivity.

Darcy’s Law (DL) is an empirical equation that relates the
average velocity of a fluid in a porous media to the pressure
drop over it. DL is a linear partial differential equation, which
can be solved numerically without or with few iterations. The

latter is the case with non-linear material parameters. Thus,
DL is much faster and numerically stable to solve. Recently,
Youssef and Awotunde [36] proposed a DMEPD (Darcy

Model with Estimated Permeability Distribution) approach
to model flow distribution in a laminar free flow domain sur-
rounded with porous mediums by DL.

To overcome the aforementioned difficulties and challenges
for the numerical simulations of the laminar and turbulent
flows in channels using NS, we here propose a novel method
of approximating them via DL. The modeling domain is con-

sidered as a porous media with a porosity of one and an arti-
ficial permeability, which is calculated based on the analogy of
the DL and Darcy–Weisbach (DW) equations. The obtained

permeability is generalized based on the velocity profile over
the cross-section to resolve the flow distribution. Fig. 1 shows
a schematic of the methodology used to calculate the perme-

ability for a channel with an arbitrary cross-section. The fun-
damental models are presented in Section 2, and in
Section 3, the contributions of this work are provided. In Sec-

tion 4, the DL approximations are validated for the laminar
and turbulent flows in channels with circular and arbitrary
cross-sections. Moreover, in Section 5, the application of this
approach for saving time of optimization of a cross-flow heat

exchanger is demonstrated and discussed.

2. Fundamental flow models

In this section, the fundamental models for the laminar and
turbulent flow distributions, i.e. Navier-Stokes (NS) and



Fig. 1 (a) Velocity distribution over cross-section of a channel with an arbitrary cross-section; and (b) schematic of the methodology for

calculating an artificial permeability for the channel.
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k� x turbulence models, and Darcy’s law are presented. The
novelties of this work is presented in the next section based

on these models.

2.1. Laminar flow

Navier-Stokes equations are solved to calculate flow distribu-
tion in the channels with a laminar flow regime:

r � quð Þ ¼ 0 ð1Þ

q u � rð Þu ¼ �rpþ lr2u ð2Þ
where u is the velocity vector, and q and l are the density and
dynamic viscosity of the fluid, respectively. Eq. (1) applies the
conservation of mass to the channels and couples with the
momentum equation (2) to solve for the flow distribution in

the channels.

2.2. Turbulent flow

The k� x turbulence model is chosen as a representative of
the Reynolds-averaged Navier-Stokes (RANS) models to
model turbulent flow in the channels. This model captures

the flow turbulence by adding two extra partial differential
equations for the turbulence kinetic energy, k, and specific rate
of dissipation of the kinetic energy, x. The governing equa-

tions for the k� x turbulence model, Wilcox revised formula-
tions [37], are as follows:

r � quð Þ ¼ 0 ð3Þ

q u � rð Þu ¼ �rpþ lþ lTð Þr2u ð4Þ

q u � rð Þk ¼ r � lþ lTr
�
k

� �rk
� �þ Pk � b�

0qxk ð5Þ

q u � rð Þx ¼ r � lþ lTrxð Þrx½ � þ a
x
k
Pk � qb0x

2 ð6Þ

Pk ¼ lT ru : ruþ ruð ÞT� �� � ð7Þ
Here, lT is the eddy viscosity, which is defined as lT ¼ q k
x;

and a, b0, b
�
0, rx, and r�

k are constants, which are set to 0.52,

0.072, 0.09, 0.5, 0.5, respectively. These closure coefficients in
the turbulence model are the default parameters set in Comsol

Multiphysics, as they have been optimized to fit as many flow
types as possible.

2.3. Darcy’s Law

Darcy’s Law relates the pressure drop in a porous medium to
the average velocity of the flow through it:

rp ¼ l
K
uav ð8Þ

where uav is the average velocity of the flow.

3. Free flow approximations using Darcy’s Law

In this section, the resemblance of Darcy’s law (DL) and the

Darcy–Weisbach (DW) equation is utilized to obtain a novel
form of Darcy’s law, which can represent the laminar and tur-
bulent flows in channels fast and in a numerically stable man-

ner. This is done by using the velocity profile of a known
velocity distribution in DW to obtain a permeability variation
in DL based on this to yield the same velocity distribution.

3.1. Laminar flow for a circular channel

DW equation determines the pressure drop in a channel as a
function of the average velocity of the flow and fluid

properties:

rp ¼ f
q
2

u2av
Dh

ð9Þ

where f is the Darcy friction factor and Dh the hydraulic diam-
eter of the channel. The friction factor is proportional to the
inverse of the Reynolds number for the laminar flow:

f ¼ 64

Re
ð10Þ
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where Re is the Reynolds number:

Re ¼ quavDh

l
ð11Þ

Substituting Eq. (11) in Eq. (10) and the resultant friction
factor into the Eq. (9) leads to:

rp ¼ l
D2
h

32

uav ð12Þ

Considering the channels as porous mediums with a poros-
ity of 1 and comparing Eqs. (8) and (12) result in the following

artificial permeability for the channels with the laminar flow:

Kav ¼ D2
h

32
ð13Þ

Here, Kav is the artificial permeability of the channel. Sub-
script av indicates that this permeability gives the average
velocity in the channel. To resolve the velocity profile, the per-

meability needs to be modified based on the velocity profile
over the channel cross-section as velocity and permeability
are proportional, i.e. the lower/higher permeability the

lower/higher velocity:

K / u ! K ¼ Kav

u

uav
ð14Þ

Laminar flow through a circular cross-section channel
forms a parabolic velocity profile [38]:

u ¼ 2uav 1� r

R

� �2
� 	

ð15Þ

The general permeability of the channel, which can resolve
the velocity profile over the channel cross-section, is obtained
by substituting Eqs. (13) and (15) in Eq. (14):

K ¼ D2

16
1� r

R

� �2
� 	

ð16Þ

where D is the diameter of the channel and r is the distance

from the channel centerline. This permeability gives a maxi-

mum permeability of D2=16 at the channel centerline, r ¼ 0,

and zero permeability at the channel walls, r ¼ R, which satis-
fies the no-slip boundary condition on the walls.

3.2. Laminar flow for an arbitrary cross-section channel

For the laminar flow in an arbitrary cross-section channel, the
approach to find the artificial permeability is the same as the

one used for the circular channel, Section 3.1. The only differ-
ence is that the velocity profile over the cross-section of the
channel has a different variation than the parabolic in the cir-
cular channel. The governing equation for the velocity profile

over the cross-section of a channel with arbitrary cross-section
is as follows [39]:

@2u

@x2
þ @2u

@y2
¼ � dp=dz

l
ð17Þ

Solving the above equation for the variation in 2D in the (x,
y)-plane, with zero-velocity boundary condition on the walls,

no-slip condition, gives the velocity profile over the cross-
section of the channel. Eq. (17) is solved over the middle
cross-section of the channel and the obtained velocity profile
is used everywhere in the channel as it does not change along
the channel owing to the fully developed flow assumption con-
sidered in this study. Substituting the obtained velocity profile
and its average in Eq. (14) gives the permeability for the chan-

nel with arbitrary cross-section.

3.3. Turbulent flow for a circular channel

For the turbulent flow approximation, the approach is the
same as the one used for the laminar flow approximation with
changes in friction factor definition and velocity profile, which

are needed to be updated for turbulent flow. The turbulent
velocity profile in a circular cross-section channel obeys the
power-law velocity profile [38]:

u ¼ uav
2

1

n
þ 1


 �
1

n
þ 2


 �
1� r

R

h i1
n ð18Þ

Here, n is a constant, and n ¼ 7 is a common value for prac-

tical flow approximations [40].
Colebrook equation is used for the turbulent friction factor

[41]:

1ffiffi
f

p ¼ 1:8 log
Re

6:9


 �
ð19Þ

Due to the nonlinearity of the above equation, an explicit

relation for the friction factor as a function of average velocity
could not be obtained. Therefore, DW, Eq. (9), and DL, Eq.
(8), are compared to define the permeability as a function of
the friction factor:

Kav ¼ 2Dh

fquav
ð20Þ

It should be noted that the viscosity in the DL equation is

set to one to consider all the coefficients of the average velocity
in the DW equation for the artificial permeability. This is a
reasonable assumption as for the turbulent flow the fluid vis-

cosity is not important anymore and eddy viscosity, which is
the internal fluid friction due to the transfer of momentum
by eddies and a function of the flow, is dominant. The modi-

fied form of DL considered for the turbulent flow is:

rp ¼ 1

Kav

uav ð21Þ

Substituting Eq. (21) into Eq. (20) leads to:

K2
av ¼

2Dh

fqrp
ð22Þ

Coupling Eqs. (21) and (22) and solving them simultane-
ously gives the permeability and the pressure field. The average
permeability corresponds to the average velocity in the chan-

nel. Again, this permeability could be generalized over the
cross-section of the channel for the circular cross-section chan-
nel by applying the power-law velocity profile, Eq. (18), to Eq.

(14):

K ¼ Kav

2

1

n
þ 1


 �
1

n
þ 2


 �
1� r

R

h i1
n ð23Þ
3.4. Turbulent flow for an arbitrary cross-section channel

For the turbulent flow in an arbitrary cross-section channel,
the average permeability is obtained based on the same
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procedure used for the circular channel, i.e. coupling and solv-
ing Eqs. (21) and (22). Unfortunately, there is no equation for
the turbulent velocity profile over the cross-section of a chan-

nel with arbitrary cross-section; even the power-law velocity
profile, Eq. (18), is an empirical relation for the circular
cross-section channels. Therefore, the permeability cannot be

generalized for the turbulent flow in the arbitrary cross-
section channel and the one corresponds to the average veloc-
ity is used for this case. In other words, DL approximates the

average velocity for the turbulent flow in the arbitrary cross-
section channel and could not resolve the velocity profile over
the cross-section of the channel. As mentioned, it is in some
cases possible to represent the average flow, by an average per-

meability for an arbitrary cross-section, as also shown in
Section 4.4.

4. Validation

Efficacy of the Darcy’s Law approximations for the laminar
and turbulent flows in the channels with circular and arbitrary

cross-sections is investigated for a couple of inlet pressures for
each flow regime. Comparisons are based on the pressures and
velocities distributions in the middle of the channels. This

should be enough as the velocity profile does not change along
the channel and pressure varies linearly from the inlet to the
outlet for fully developed flows.

The values of the geometric and model parameters used for
the validation are given in Table 1.

4.1. Boundary conditions

Pressure boundary conditions are used for the inlet and outlet.
Outlet pressure is set to zero and inlet pressure is varied for
each flow regime to verify the efficacy of the DL approxima-

tions in predicting the flow distribution in the channels. No-
slip boundary condition, u ¼ 0, is applied to the walls of the
channels for the laminar flow distribution, NS model. Wall

functions formulations are used for the walls in the k� x tur-
bulence model. Wall functions do not solve for the flow distri-
bution in the sublayers close to the wall, i.e. viscose and buffer

sublayers, as the thickness of these layers is very small. Wall
functions ignore the flow in the buffer sublayer and consider
a non-zero velocity at the walls based on an analytic solution
for the flow in the viscose sublayer. The default COMSOL wall

function formulations are used. Using wall functions reduces
the computational cost of the model and improves the conver-
gence of the solution. Wall boundary condition for the DL is

no-flow:

�n � qu ¼ 0 ð24Þ
Table 1 Geometric and model parameters.

Parameter Value Description

L 20 cm Length of the channel

R 5 mm Radius of the circular cross-section

channel

q 1.2 kg m�3 Density of air

l 1.81 � 10�5

Pa s

Dynamic viscosity of air
Here, n is the normal vector to the walls. No-flow boundary
condition does not satisfy no-slip boundary condition on the
walls. However, the velocity at the walls is set to zero through

the definition of the permeability over the channel cross-
section with zero permeability at the walls.

4.2. Numerical approach

The governing equations obtained for each model, Sections 2
and 3, are solved numerically via the commercial finite element

package COMSOL Multiphysics. The default modules in
COMSOL are used for the modeling of the laminar and turbu-
lent flows and Darcy’ Law. For the laminar flow in a circular

channel, the permeability definition is straight forward as it is
defined based on the diameter of the channel and distance
from the channel centerline, Eq. (16). However, the permeabil-
ity calculation is tricky for the laminar flow in the arbitrary

cross-section channel and turbulent flow in both circular and
arbitrary cross-sections channels due to its dependency on
the pressure gradient over the channel. Therefore, the corre-

sponding equations for the permeability need to be formed,
coupled, and solved with the DL. For the laminar flow in
the arbitrary cross-section channel, the permeability is calcu-

lated based on the solution of Eq. (17) for the velocity distribu-
tion over the middle cross-section of the channel. Coefficient
Form Boundary PDE module is used to form the Poisson’s
equation (17) and couple and solve it with the DL. For the tur-

bulent flows, Domain ODEs and DAEs module is used to
form the nonlinear equation for the average permeability,
Eq. (22), and couple and solve it with the DL.

Triangular mesh with 4 layers of boundary layers on the
walls is used over the cross-section of the channels, as shown
in Fig. 2, and swept through the channels 80 layers to mesh

the modeling domains. These fine meshes are used to ensure
the mesh independency of the results. For instance, increasing
the mesh density 4 times for the laminar flow in the circular

cross-section channel leads to about 0.3% change in the Rey-
nolds number for the inlet pressure of 3 Pa, which corresponds
to Reynolds number of 1587.

The fully-coupled solver is used for all models except for

the k� x turbulence model, which does not converge with
fully-coupled solver and needs to be solved via segregated sol-
ver with 2 steps: one for solving the velocity and pressure fields

and the other one for solving the turbulence kinetic energy, k,
and specific rate of dissipation of the kinetic energy, x. The
models were run on a high-end workstation with an Intel Core

i9 3.5 GHz 12-core processor.
Fig. 3 shows the comparisons of the runtimes for the lam-

inar and turbulent flow models and their equivalent DL mod-
els for the channels with circular and arbitrary cross-sections.

Comparisons are done for the inlet pressures of 3 and 1000 Pa
for the laminar and turbulent flows, respectively. It is seen that
the runtimes of the DL models are 32, 3.2, 41.1, and 28.4 times

faster than the runtimes of the models for the laminar flow in
circular cross-section channel, laminar flow in arbitrary cross-
section channel, turbulent flow in circular cross-section chan-

nel, and turbulent flow in arbitrary cross-section channel,
respectively.

The longer runtime of DL for laminar flow in the arbitrary

cross-section channel is due to the mapping needed to transfer
the flow distribution over the channel middle cross-section to



Fig. 2 Mesh distributions over the cross-section of the channels with (a) circular cross-section and (b) arbitrary cross-section; these

meshes are swept along the channels to form prismatic meshes in the modeling domains.

Fig. 3 Comparisons of runtimes of the DL models with (a) laminar flow model (NS) and (b) turbulent flow model (k-x) for the channels
with circular and arbitrary cross-sections. Inlet pressures of 3 and 1000 Pa are considered for the laminar and turbulent flows, respectively.
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the whole channel. It should be mentioned that the k� x tur-
bulence model does not converge for the inlet pressure of
1000 Pa directly, so auxiliary sweep with steps of 10, 100,

and 1000 Pa are used and the runtime is divided by three to
approximate the runtime of the model for each step. Therefore,
it can be concluded that the DL approximation does not just

reduce the runtime of the models but improves the conver-
gence of the models as well.

4.3. Laminar flow

Fig. 4 shows the comparisons of the velocities and pressures
distributions in the middle of the circular cross-section channel

along the x-axis, section A-A in Fig. 4a, for the laminar flow.
Circles and solid lines are used for the laminar flow (NS) and
its DL approximation, respectively. It should be noted that the
model data along the A-A section is interpolated on 20 points

to have clear comparisons.
It is seen that the artificial permeability, Eq. (16), could

resolve the parabolic velocity profile with a maximum at the

channel centerline and zero velocity, no-slip boundary
condition, on the walls. Comparisons are done for Reynolds
numbers ranged from 52 to 2118, which are results of the inlet
pressures from 0.1 to 4 Pa. An excellent match is seen for both

velocities and pressures distributions for lower Reynolds num-
bers and a slight deviation is observed for higher Reynolds
numbers.

Comparisons of the velocities and pressures distributions
along the x-axis in the middle of a channel with arbitrary
cross-section and laminar flow are shown in Fig. 5. NS denotes

the results from the laminar flow in the channel. Inlet pressure
varies from 1 to 5 Pa, which results in the Reynolds numbers of
381 to 1917. DL predicts the velocities and pressures distribu-
tions very well, even though the velocity profile is not a perfect

parabola and has a maximum located out of the channel
centerline.

4.4. Turbulent flow

Fig. 6 shows the comparisons of the velocities and pressures
distributions in the middle of the circular cross-section channel

along the x-axis for the turbulent flow. Here, k� x represents



Fig. 4 (a) Schematic of the circular cross-section channel with section A-A along the x-axis in the middle of the channel. Comparisons of

the vertical velocities, (b), and pressures, (c), from the laminar flow (NS) model and its equivalent Darcy’s Law (DL) along the section A-

A.

Fig. 5 (a) Schematic of the arbitrary cross-section channel with section A-A along the x-axis in the middle of the channel. Comparisons

of the vertical velocities, (b), and pressures, (c), from the laminar flow (NS) model and its equivalent Darcy’s Law (DL) along the section

A-A.
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the results from the turbulence k� x model. Very good agree-
ments are seen for both velocities and pressures distributions
for Reynolds numbers ranged from 5466 to 98674, which are
resulted from the variation of the inlet pressure from 30 to
5000 Pa. It should be mentioned that different equations for
the turbulent friction factor reported in [41] are examined



Fig. 6 (a) Schematic of the circular cross-section channel with section A-A along the x-axis in the middle of the channel. Comparisons of

the vertical velocities, (b), and pressures, (c), from the k-x turbulence model and its equivalent Darcy’s Law (DL) along the section A-A.
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and found that the Colebrook equation (19) gives the best
match for the Re range used in this study.

The data along the section A-A, shown in Fig. 6a, are inter-

polated on 20 points and the velocities on the walls are set to
zero to make the velocity profile realistic. This modification is
necessary since wall functions application on the walls employs

a non-zero velocity on them based on an analytical solution for
the viscose sublayer on the walls. It should be noted that the
wall functions application is needed to improve the conver-

gence and computational cost of the turbulence models. Since
there is no need for the wall functions for the DL, it could be
concluded that the DL approximation improves the conver-
gence of the turbulence model in addition to reducing the run-

time of the model, while predicts the turbulence model results
with high accuracy.

Comparisons of the velocities and pressures distributions

along the x-axis in the middle of the channel with arbitrary
cross-section and turbulent flow are shown in Fig. 7. Solid
lines and circles are used for the DL approximation and the

k� x turbulence model, respectively, and asterisks are used
for the average of the velocities from the k� x turbulence
model over the middle cross-section of the channel. Inlet pres-

sure varies from 30 to 5000 Pa, which results in the Reynolds
numbers of 4900–88461. An excellent match is seen for the
pressure distributions, as shown in Fig. 7c. DL predicts the
average velocity from the k� x turbulence model well for

lower Reynolds numbers and underestimate it a bit for higher
Reynolds numbers.

One could generalize the DL approximation so that it

resolves the velocity profile over the cross-section of the chan-
nel by finding a relation for the turbulence velocity profile over
arbitrary cross-sections and substituting it and its average in

Eq. (14) to generalize the permeability corresponds to the aver-
age velocity. The procedure would be similar to the one used
for the laminar flow in the channel with arbitrary cross-
section. However, to the best of authors’ knowledge, there
has not been any relation for the velocity profile of the turbu-
lent flow in a channel with arbitrary cross-section.

5. CASE STUDY: Cross-flow heat exchanger

A cross-flow heat exchanger is a good example of the applica-

tion of the DL approximation since flow distribution in several
channels would be needed for the modeling of such a heat
exchanger. Here, a unit of the heat exchanger with symmetry

boundary conditions on the top and bottom surfaces, shown
in Fig. 8, is considered. However, all the units have to be con-
sidered if the edge effects for the outer units need to be cap-

tured. Nonetheless, flow distribution in 20 channels is needed
for the simulation of the heat exchanger considered here.
Hot and cold airs flow through the top and bottom channels,
respectively. The model is based on a developed model from

COMSOL Application Gallery, [42], with updated dimensions
and model parameters listed in Table 2.

5.1. Heat transfer

Conjugated heat transfer model is used to simulate the heat
transfer by conduction and convection:

qCpu � rTþr � �krTð Þ ¼ 0 ð25Þ
where T is the temperature, q and Cp are the density and heat

capacity of the fluid, respectively, and k is the thermal conduc-
tivity of the solid parts, which are stainless steel here. This heat
transfer model is coupled to the laminar flow (NS) model and

its equivalent DL separately through the velocity u. Boundary
conditions are set as pressures and temperatures at the inlets,
values are listed in Table 2, and zero pressures and outflows
boundary conditions at the outlets.



Fig. 7 (a) Schematic of the arbitrary cross-section channel with section A-A along the x-axis in the middle of the channel. Comparisons

of the vertical velocities, (b), and pressures, (c), from the k-x turbulence model and its equivalent Darcy’s Law (DL) along the section A-

A. * represents the average of the vertical velocity from the k-x turbulence model over the middle cross-section of the channel, where

section A-A passes through the channel.

Fig. 8 Geometry of the modeling domain for a unit of the

crossflow heat exchanger. Hot air flows through the top channels

from the front to the back, and cold air flows through the bottom

channels from the left to the right.

Table 2 Geometric and model parameters for the cross-flow

heat exchanger.

Parameter Value Description

L 10 cm Length of the heat exchanger

W 10 cm Width of the heat exchanger

H 8.4 mm Height of the heat exchanger

R 3 mm Radius of the channels

pin 3 Pa Inlet pressure

Tin,h 350 K Inlet temperature for the hot flow

Tin,c 300 K Inlet temperature for the cold flow

q 1.2 kg m�3 Density of air

Cp 1010 J kg�1

K�1
Heat capacity at constant pressure

for air

k 15 W m�1 K�1 Thermal conductivity of the stainless

steel
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5.2. Computational efficiency

The runtimes are 10 min and 28 s and 1 min and 39 s for the
models with NS and DL, respectively. Hence, the model with
DL approximation is more than 6 times faster than the model

with NS equations. Whereas, it predicts the temperature distri-
bution in the heat exchanger very accurately, as shown in
Fig. 9, with errors of 0.1% and 0.11% for the average temper-
ature over the outlets of the top and bottom channels, respec-

tively. Therefore, a great deal of time could be saved by using
DL approximation for the investigation and optimization of
the heat exchangers, where flow distribution in several chan-

nels and many runs of the model are required.
If we consider a heat exchanger with 20 units, a typical
number of units [42], and a thousand runs of the model for
the optimization of dimensions and operation conditions of

the heat exchanger, a direct scaling of the runtime of the mod-
els results in 9.7 and 1.6 months of runtime for the models with
NS and DL, respectively. Therefore, DL approximation

reduces the runtime for more than 8 months. It should be
noted that the runtime of a model scales exponentially with
its DOF. Therefore, a higher runtime difference should be

expected, i.e. more time will be saved for the model with DL
for the whole heat exchanger and so its optimization.



Fig. 9 Temperature distributions in the heat exchanger resulted

from the models with (a) laminar flow (NS) and (b) DL

approximation for the flow distribution in the channels.
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6. Conclusion

The laminar and turbulent flows in channels with circular and

arbitrary cross-sections are approximated by Darcy’s Law
(DL). The varying velocity in the channel is described by deter-
mining an artificial permeability, which is calculated based on

the analogy of the DL and Darcy–Weisbach equation (DW),
as they both relate the pressure drop to the average velocity
of the fluid flow. It is shown that the DL approximations

reduce the runtimes of the laminar and turbulent flows models
up to 32 and 41 times, respectively. Moreover, it is indicated
that the DL approximations improve the convergence of the

flow models, especially for the turbulence models.
Results show very good matches between the velocities and

pressures distributions from the DL approximations and the
laminar and turbulent flows for the channels with circular

and arbitrary cross-sections. However, the DL approximation
for the turbulent flow in the arbitrary cross-section channel
only predicts the average velocity, which is due to the lack of

information on the velocity profile of the turbulent flow over
an arbitrary cross-section.

Finally, a cross-flow heat exchanger is considered as an

application of the DL approximations. It is shown that this
approach could reduce the time needed for the optimization
of the heat exchanger for months. This study could be
improved by generalizing the permeability for the turbulent

flow in an arbitrary cross-section channel so that it resolves
the velocity profile over the channel cross-section, and extend-
ing the approach to include the channel flows with a flux over

the peripheral boundaries of the channel, e.g. the channels
used as inlet and outlet manifolds to distribute flow in the sys-
tems such as a stack of cells.
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