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FORORD

| den foreliggende rapport, Materialemekanik, gennemgas principperne i de mest
grundlaggende fagdiscipliner, der er ngdvendige til forklaring/beskrivelse af byg-
ningsmaterialers reelle mekaniske og fysiske adfaad. Det vil sige, Kompositteori,
Rheologi og Brudmekanik - samt disse disciplinersintegrering (Materialemekanik).

Rapporten er tilrettelagt som et undervisningsnotat med en raskke forelaesnings-
ovelser, samt regnegvelser. Materialet til disse aktiviteter er inkluderet som spe-
cielle afsnit sidst i notatet. Som en udfordring til laeseren er regnegvel serne bevidst
beskrevet meget lgst - naamest kun ved stikord.

Rapportens skiftende anvendel se af sprogene dansk og engelsk afspejler, at teksten
er hentet fra diverse af forfatterens nationale og internationale publikationer.

Som titlen angiver omhandler rapporten en introduktion til de betragtede emneom-
rader. Videregéende analyser med anvendelser kan studeres i (1,2) og software,
der kan downloades fra http://www.byg.dtu.dk/publicering/software_d.htm.

INDLEDNING

Naesten ale bygningsmaterialer har tidsafhaangige egenskaber. Man siger, at de
kryber. For eksempel har en betonbjadke efter 10 & en udbgjning, der er 2 - 4
gange starre end efter 5 minutter. En tradojadke kan under gunstige omstaandighe-
der ngjes med en faktor pa 2. Nogle materialer som for eksempel plastbaserede har
starre faktorer. Andre som for eksempel natursten har mindre.

Sa godt som ale bygningsmaterialer er defekte. Darlig vedhadtning mellem
tildagsmateriale og cementpasta i beton er et hyppigt forekommende eksempel
herpd. Ikke ale steder er mursten og gasbeton afhaadet pa en sddan méade, at
revner er undgdet. Tree har uundgaeligt faet revner under nedterring fra den
grenne, nyfaddede tilstand, 0.S.v.

Nassten alle bygningsmaterialer er sammensatte materialer - sakaldte komposit-
materialer. Beton bestar for eksempel af cement, vand, sand og sten. Mursten og
gasbeton er porgse materialer, d.v.s. at en vassentlig komponent er |uft. Spanplader
er tree plus lim. Konstruktionstree er knastfrit trae plus knaster, o.s.v.

Sa godt som ale bygningsmaterialer er altsa defekte og sammensatte med tid-
safhaangige egenskaber. Materialemekanik er den disciplin i bygningsmateriallaeren,
der behandler disse afvigelser fra den klassiske, homogene ideal el astiske (Hooke)
material eopfattel se.



Felgende 3 fagdiscipliner kan hver for sig beskrive de nsevnte elementer i byg-
ningsmaterialers mekaniske adfaard:

- Rheologi (graesk: laaren om det, som flyder) beskriver materialers tidsafhaangige

egenskaber.
- Brudmekanik beskriver de styrke- og deformationsmaessige konsekvenser af fejl
i materialer.

- Kompositteori beskriver, hvilke mekaniske egenskaber, der kan forventes opnaet
ved at blande forskelligartede materiaer.

M aterialemekanik

| amindelighed kan materialers adfaad ikke forklares alene ved hjadp af en enkelt
fagdisciplin. Med hensyn til byggebranhens materialer, for eksempel, kan en
tilfredsstillende beskrivelse ofte kun opnas gennem en kombineret anvendelse af
rheologi, revnemekanik og kompositteori. Fagomradet, der behandler denne
kombination kaldes Materialemekanik.
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1. KOMPOSITMATERIALER

Stivheden (elasticiteten) for et kompositmateriale afhaanger ikke blot af fasernes
stivheder og volumenmasssige andele - men i meget vaesentlig grad ogsa af fasege-
ometrien. For eksempel ville en teglstens stivhed vaae 0 safremt porerne var
fordelt lagvist vinkelret pad belastningsretningen. Der er en uendelighed af
muligheder for forskellige fasegeometrier: | et tofasesystem kan den ene fase vaare
kontinuert (sammenhaangende), mens den anden fase bestar af diskrete (isolerede)
partikler, der kan have en geometri som for eksempel fibre, plader, lange band
eller kompakte korn. Det kan ogsa veae modsat. Det vil sige at faserne bytter
geometri. | det generelle tilfadde forekommer begge faser i et kompositmateriale
med bade kontinuert og diskret geometri.

Kun i fa tilfaedde kan man ad analytisk vej bestemme den eksakte lasning for et
kompositmateriales stivhed. Det gadder materialer med simpel fasegeometri som
nogle fiberarmerede materialer, lagdelte materialer samt visse typer af materialer,
hvor den ene fase forekommer som kugleformede partikler.

Det er imidlertid muligt gennem nogle enkle gennemsnitsbetragtninger over spam-
dinger, tgininger og geometrier at opstille gvre og nedre gramser for den sggte
stivhed. | nogle tilfadde ligger disse gramser sated, at en middelvaadi vil veae et
tilstraskkeligt godt praktisk sken. | andre tilfad de ligger greenserne sa langt fra hin-
anden, at andre metoder til stivhedsbestemmelse ma tages i anvendelse.

Dette afsnit omhandler forskellige metoder til udvikling af en raskke gode tilnaa-
mede (og i nogle tilfadde eksakte) stivhedslgsninger for isotrope kompositmateria-
ler, der alle tilgodeser kompositgeometriens afgarende indflydelse. De udviklede
| gsningerne udspaander rummet mellem de farnaevnte graenser saledes at alle taan-
kelige isotrope geometrier kan "behandles’.
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1.1 Classification of composites

1.1.1 Volume concentration and stiffness ratio

To classify a composite we must, as a minimum, know about volume concentra-
tions and stiffness of the constituent phases. We will use the definitions and nota-
tions introduced in Equation 1.1. The composite is made of phase P and phase S.
The volumes of phase P and phase S are V, and V respectively. Corresponding
stiffness are E; and E; respectively. The composite stiffness is denoted by E. The
volume concentration of phase P is c as defined by the first expression in Equation
1. Automatically the volume concentration of phase Sthen becomes1 - c. Relative
composite stiffness and relative phase stiffness (stiffness ratio) are defined by the
latter two expressions in Equation 1.1.

C = Ve (phase P) ; 1 -c = Vs (phase S
vov P ! vev
P s £ p s (1_]_)
e = fE (composite stiffness) ; n = EP ; (stiffness ratio)

1.1.2 Composite geometry

As shall be seen subsequently, only simple upper and lower bounds for composite
properties can be obtained from these basic composite information (c and n). To
get accurate prediction of composite properties we must know about composite
geometry. For this purpose we will classify geometries according the schemes
presented in this section.

Composites can be classified according to their internal geometry as shown by the
matrix in Figure 1.1. A phase with continuous geometry (C) is a phase in which
the total composite can be traversed without crossing the other phase. Thisis not
possible in a phase with discrete geometry (D). A mixed geometry (m) is a con-
tinuous geometry with some discrete elements. For practice the scheme of
geometries may be simplified as shown in Figure 1.2.

Fixed concentration

We introduce the following terminology for the composite geometry at a fixed
volume concentration,

- DC means that phase P appears as discrete elements in a continuous phase S.

- MM isacommon descriptor for geometries mC, CC, mm, and Cm defined in Figure
1.2. Both phases have mixed geometries and/or continuous geometries. Discrete
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elements may dominate in MM geometries. Continuous elements, however, are
always present.

CD means that phase P appears as a continuous phase mixed up with discrete phase
S elements.

PHASE P
D | m=C+D C

°l jn N
H I
Rl = I
iy =
ofn
108

Figure 1.1. Phase geometries in two-phase materials.
C,Dand m (= C + D) denotes continuous-, discrete-,
and mixed geometries respectively.

COMPOSITE GEOMETRIES CONSIDERED
| MM
DC ‘ mC CC&mm cm CD
" I
! i
. [ |
Il PHASE P (first letter) [ ] PHASE S (second letter)

Figure 1.2. Smplified scheme of geometry classification.

Variable concentrations

To classify a composite, geometrically, with variable volume concentrations ¢ we
introduce the following concept outlined in Equation 1.2: A four letter clas
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sification symbol UV-XY is used. The composite considered has the UV type of
geometry at ¢ = 0 and the XY type of geometry at ¢ = 1.

DC-DC (ex CA)
DC-MM
DC-CD

MM-MM ~ 1.2
MM-cD  CD-CD (ex CsA) (1.2)

The way geometries change with respect to volume concentrations is demonstrated
in Figures 1.3 and 1.4. The CSA-composites referred to in Equation 1.2 are out-
lined in subsequent Figures 1.9 and 1.10.

S-COMPACTS IN

SIMPLIFIED COMPOSITE GEOMETRY onese SrERES I
Phase Ptrend: D ~ C S busP CONTINUQUS P
|
PHASEP 3 FIBRES & FRAME
Ty WORK OF 8 IN
PHASE S CONTINUOUS P CONTINUGUS P
MIXED PLATE- MIXED FRAME

me &) cm WORK WORKS

DISKS & PLATE- FIBRES & FRAME
= >, MM > = WORK OF P IN WORK OF P IN
Vol-concentration - ¢ CONTINUOUS S CONTINUOUS §
:

o] g Cp
P-DISCS IN
DISCRETE PHASE CONTINUOUS PHASE CONTINUOUS S
GEOMETRY GEAMETRY 4= PATHSOF GEOCHANGE ~ P-COMPACTSIN

CONTINUOUS S

P-FIBRES IN
CONTINUOUS s

Figure 1.3. Composite geometry when Figure 1.4. Examples of geometry trans-
phase P goes from D to C. formation from compact to anti-compact
(shell).

Critical concentrations - type of composite

The critical "concentrations’ ¢, and cs (<c;) introduced in Figure 1.3 indicate geo-
metrical transitions. The geometry of phase S changes from being mixed (as in
MM) to being discrete in a fully continuous phase P (as in CD) a c.. The
geometry of phase P changes from being mixed (as in MM) to being discrete in
a fully continuous phase S (as in DC) at c..

An alternative definition of critical concentrations is. ¢, is that concentration at
which discrete phase P particles in a DC-composite start growing together (inte-
rfering). ¢ is that concentration at which phase S becomes dissolved as discrete
particles in a fully grown together phase P.

Depending on technol ogies used to produce composites, critical concentrations can
berea (in c = 0-1) or un-rea (outside ¢ = 0-1). From Figure 1.5 can be seen that
type of composite can be classified by their critical concentrations. Both critical
concentrations are un-real (>1) for DC-DC composites (particulate composites)
such as the CSA .-composite outlined in Figure 1.9. The critical concentrations are
also un-real for MM-MM composites (lamella composites), with ¢, > 1 and ¢, <
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CS‘

\

CLASSIFICATION OF COMPQSITES

CD-CD
(CSAS)

DC-DC
(CSAP)
DC-MM
DC-CD
» p
MM-CD MM-MM

Figure 1.5. Types of composite geometries
as related to critical concentrations, (see

Figures 1.9 and 1.10 for CSA, and CSA).

0, however. DC-CD composites such
as materials made of compacted
powders have both critical con-
centrations real.

Obvioudly the classification of com-
posite geometries presented in this
chapter is closely related to the
concepts of percolation and connec-
tivity briefly discussed in the subse-
guent section.

1.1.3 Percolation, per meability, impregnability

Percolation theory considers the connectivity of a phase across a microstructure
(3,4). Connectivity was related to the geometrical classification of composites
by the author in (5) to explain properties (others than elastic) of composite mate-
rials such as permeability and impregnability of porous materials.

1.0

PERCOLATION GRAPHS

HEAVY: PHASE P
THIN:  PHASE S

FRACTION OF PHASE VOLUME
BEING CONTINUOUS
o

Cs

Cp

0.0
Q.0

PHASE P

PHASE S

0.5 1
VOL—CONCENTRATION (P) — ¢

0

PERCOLATION GRAPHS

1.0
Lo
o
&4
E<
<T
go_
[%2)
8305
zZ5
8z
mg HEAVY: PHASE P
us THIN: ~ PHASE S
S0
o
>
c
0.0 CS P
0.5 1.0
VOL—CONCENTRATION (P) - c
PHASE P
PHASE S

Figure 1.6. Percolation graphsfor phaseP  Figure 1.7. Concentration of continuous

and phase S respectively.

parts of phase P and phase S respectively.

The relation between geometrical classification and connectivity is as outlined in
Figures 1.6 and 1.7. A porous material (P-pores) is not impregnableinc =0 - ¢,
itis partly impregnableinc =cs- ¢ (with cs<c'<c,), and it isfully impregnable

9
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inc=c -1 Inc=c.- 1, however, the porous material is without any coherence.
The concept of connectivity has recently been used by Bentz in (6) to relate the
microstructure of cement paste to the amount of cement hydrated.

1.2 Siffness

Hill (7) has shown that the remarkably simple relations presented in Equations
1.3 exist between averages (by volume) of stresses, strains, and stiffness of homo-
geneous (not necessarily isotropic) composite material s consisting of homogeneous
and isotropically elastic components.

[
0=(1—c)cys+coFHS _ % . _ 5% (1.3)
s=(1—C)sS+CsDP E ' 5 E

P P S

The expressions in Equation 1.3 form the basis of the stiffness analysis of com-
posites made in this note. They can (8) be organized as follows which can be
used to predict composite stiffness from a known average stress (or strain) in
phase P.

Cl

(L4)

O
- no
e=£=@+c1 n_PD=1+C(n—1)E
E 0 n o] €

S

It is emphasized that this expression is exact, meaning that accurate composite stif-
fnessis predicted by Equation 1.4 if the exact phase P average stress (or average
strain) is known.

1.2.1 Layered materials

Equation 1.4 can be used to determine the stiffness of the very special anisotropic
composites shown in Figure 1.8. We only have to introduce homogeneous stress
and homogeneous strain states respectively. The results are shown in Equation 1.5.

O'P n
O-layerss = =1 0O e=__

o n+c(l-n) (1.5)
| -layers: Fe 1 0O e=1+chn-12

€

10
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?0 £ ?0

1 Layer | Layer

Figure 1.8. Extreme anisotropic composites.

Anisotropic stiffness bounds

These solutions are exact because the estimates on stress and strain are exact. As
no geometries can be thought to be more anisotropic than the layered materials
just considered, it is obvious that lower and upper bounds for anisotropic com-
posite materials are as follows,

n

< es<1l+cn -1 (anisotropic bounds) (1.6)
n+cl-n)

These bounds, graphically presented in Figure 1.11, are the so-called P/H-bounds
named after their first "inventors': Paul (9) and Hansen (10).

1.2.2 Composite spheres assemblage (CSA)

COMPOSITE SPHERES ASSEMBLAGE (CSA) COMPOSITE SPHERES ASSEMBLAGE (CSAs)

COMPOSITE SPHERE COMPOSITE SPHERE

i s Q
PHASEP. PHASE S PHASEP PHASES
'Py3 concentration 1-c
c= [pr] concentration 1-¢
S

Figure 1.9. Composite spherical as- Figure 1.10. Composite Spheres As
semblage with phase P particles, CSA.. semblage with phase S particles of con-
centration 1-c (CSAy).

The phase P stress in a CSA.-material can easily be derived from Hashin (11)
or from Timoshenko and Goodier (12) for example. The result is presented in
Equation 1.7 together with the phase S stress derived from the Equation 1.3. The
phase P stress and phase S stress in a CSAg material (with the same phase P

11
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concentration) are derived from Equation 1.7 by replacing (c,n) with (1-c,1/n). The
results are presented in Equation 1.8.

CSA, geometry:

o, _ 2n Os n-+1 a.7)
0 n+l-(n-LOc ' © n-+1-(n-1Ic

CSA, geometry:

o, _ 1+n . 05 2 (1.8)
o 2+-(n-Dc ' @ 2-(-1Ic

The stiffness of CSA composites are now determined introducing the phase P
stresses into Equation 1.4. We get

Ein+l+C(n_l) (CA)
e E_On+1-cn-1 (1.9)
E, 2+c¢cn-1 (CSA)
02n - cn - 1)
10
DOTTED: P/H BOUNDS i\NISOTROPY)
DASHED: H/S BOUNOS (ISOTROPY)
/EJ\ SOLID: BUDIANSKY (I$OTROPY)
o
&
Ll
| .
5
w
w
Ll
s
L
L
=
w
Q

0.0 1.0

0.5
VOLUME CONCENTRATION — ¢
Figure 1.11. P/H bounds, H/S bounds, and

Budiansky's expression.
| sotropic stiffness bounds

These solutions are the exact stiffness bounds for isotropic composite materials.
The geometries of CSA, and CSA are each others extreme opposite i sotropic geo-
metries. Any other isotropic composite has a stiffness between these bounds. This
means,

12
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n+1+cn-1) _ E _ 2 +c(n-1

<_—_<n ;o n=>1
n+1-ch-1 " E 2n - c(n - 1) (1.10)
reverse signs when n < 1 (Isotrope stivhedsgramser)

These bounds, shown in Figure 1.11, are the the so-called H/S-bounds named after
their first "inventors': Hashin and Shtrikman (13).

1.2.3 Powder material (SCS-analysis)

The phase P stress in a particulate composite can be approximated from its dilute
suspension solution (single P particle in infinite S matrix) by replacing the matrix
property in that solution with its unknown composite property. This method (SCS
= Sef Consistency Scheme) works as demonstrated in Equation 1.11 to estimate
phase P stress in a powder material.

o, 2n E, o . .
_° = n=_ (o, in dilute suspension, Goodier)
o 1+n <
= [

O < A yihm- > -"0 | (112)
o 1+n e E SCS-edtimate of o,
. O, _ 2n [0 in general composite

0 e-+n %

With this stress estimate the composite stiffness can now be determined as follows
from Equation 1.4,

e= % (1 - m - 20 + /L - L - 207 - 4n (112)

which is the so-called Budiansky’s expression illustrated in Figure 1.11. This
expression was first developed (in another way, however) by Budiansky in (14).

1.2.4 | sotropic composites in general

The following way of developing stress and stiffness of composites with arbitrary
geometry is a very brief and adapted summary of the authors composite analysis
in (8):

It is noticed that the stress expressions presented in Equations 1.7 and 1.8 can be
given a common description as shown in Table 1.2 where the parameter 6 = 1
when the composite geometry is a CSA, geometry, and where 8 = n when the
composite geometry is a CSA geometry.

13
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3 In between, when composite
SHADED AREA: 5 geometry changes from phase
SPRERES AND SHELLS % P being spheres to phase P
being spherical shells, com-
B P posite stresses can still be
expressed as shown in Table
5 1 SPrERES 1.2 - the parameter 6, howe-
ver, must now be considered
as a geo-function which vari-
2 es with n as shown in Figure
STIFFNESS RATIO — n .
Figure 1.12. Influence of phase P geometry on 1'12'. Obvicusly the geo-
geometry function 6. function must also consider
composite geometry as previ-
oudly classified Section 1.1. The 8-expression presented in Table 1.1 has been
shown in (8) to consider both n and geometry successfully. It is noticed that the
influence of geometry is considered by separate, so-called shape functions (l4(C),
ks(c)) outlined in Figure 1.14 and quantified by Table 1.1 and Figure 1.13.

N

_SPHERES

GEOMETRY FUNCTION — ©
o)

=)
Qo %\)\%\’»
4

The quantification, just described, of shape functions to consider specific compo-
site geometries is the result of the author’s ongoing research on composite proper-
ties versus geometry. Figure 1.13, for example, is a further development of ideas
aready reported in (5,15,16).

We notice that geometries changing from compacts (= CSA,) to shells (= CSA))
through "flat" geometries are considered to the left of Figure 1.13. Geometries
changing from compacts to shells through "long" geometries are considered to the
right. Geometries changing from compacts to shells through a mixture of "flat"
and "long" geometries are considered in the "middle".

The terms "flat" and "long" geometries used above refer to the aspect ratio, A =
length of element/diameter of element, often used to describe the shapes of fibres.
Flat shapes have A < 1, long shapes have A > 1. Compact shapes have A = 1.
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1.2.5 Analysis of isotropic composites

The stiffness for isotropic composites in genera is now obtained from Equa-
tion 1.4 introducing the phase P stress presented in Table 1.2. The stiffess result
such obtained is also presented in Table 1.2.

GEO-FUNCTION

9=%[up+nus+¢(wnus)2+4n(1-up-us)

SHAPE FUNCTIONS

D
o c D 1 predicted then = 1
K = ”P% Cp|—| - “sgr Fg f% -1 predicted then = -1
Shape factors S (VIS
Critical concentration Co Cs = M /o

Table 1.1. Geo-function and shape functions based on estimates (shaded area) of shape

factors 1.’ | estimated from Figure 1.13 and critical concentration estimated from Figu-
re 1.14.

ISOTROPIC COMPOSITES

STRESS
Op _ n(l + 0) . Os _ n-+0
0 n+O[l+ch-1] ° o n=+0[1+ch-1)
or&= le-1 : E: Un - 1/e
o c(Un - 1) o Q-0o@n-12
STIFFNESS

E _n=+0[1-ch-1)
E, n+0-ch-1)

Table 1.2. Composite stresses and stiffness. Geo-function (6) from Table 1.1.
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Figure 1.13. Shape factors. Aspect ratio of phase elementsis A =
length/thickness. Fibres have A > 1. Discs have A < 1. Compacts
have A = 1.
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Percolation
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Figure 1.14. Comp-typesversus critical concentrations. Former and
latter two letters denote comp-geometry at c = O and at ¢ = 1
respectively. Shadings indicate phase P percolation.
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Remark: The arrow shown in Figure 1.13 is the so-called geo-path which indica-
tes geometries passed when volume concentration ¢ proceeds from O to 1.

It is obvious how Tables 1.1 and 1.2 can be used in an algorithm for computer
analysis of composite materials. 1) Look at Figure 1.14 to define type of com-
posite and critical concentration ¢, from technology (and/or experience) used to
produce the material considered. 2) Look at Figure 1.13 to decide shape factors
(W) from knowing about composite geometry at low concentrations. 3) Then,
go to Table 1.1 to calculate the geofunction - and then 4) go to Table 1.2 for the
final stresg/stiffness analysis.

4 2.
DOTTED LINES
ARE HIS BOUNDS
/N
) ]
N ~
~

> o —
93 ® o _ -
= - -7
> o 47
L hs IMPREGNATED SYSTEM \ - -

2 < 1o =
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0 _—

%) %) L
N L ——
L o P
Z 1 = — -
0 Q\ o
L EMPTY SYSTEM
— SOLID: PHASE P
N DASHED: PHASE S

0 0

0.

) 1.0

0 0.5 1.0
POROSITY - VOL-CONCENTRATION voLchNC%BNTRAT\ON - c

Figure 1.15. Young's moduli of porousand Figure 1.16. Stresses in sulphur impreg-
sulphur impregnated autoclaved Portland nated autoclaved Portland cement/silicate

cement/silicate systems. systems.
1
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N
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7 ~ _ T N
< %) N
- ~ N
— N
//”/ N
7 DC AN
0.0 == —1
0.0 0.5 1.0 -1 0
VOL—CONCENTRATION — ¢ SHAPE FUNCTION e

Figure 1.17. Shape functions for analysis Figure 1.18. Shape functions for analysis
presented in Figures 1.15 and 1.16. (l4°, presented in Figures 1.15 and 1.16. (|,
L) = (0.45,0) and ¢, = 1. L) = (0.45,0) and ¢, = 1.
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Example

The experimental data presented in Figure 1.15 are from tests reported in (17)
on porous and sulphur impregnated autoclaved Portland cement/silicate systems.
The theoretical stiffness results shown by solid linesin Figure 1.15 are calculated
by the present theory. Stress predictions are shown in Figure 1.16. Shape functions
applied are as indicated in Figures 1.17 and 1.18.

1.2.6 Porous materials

Porous materials are composites where one phase is an empty pore system. In the
present context we consider phase P to be pores. Porosity and stiffness ratio are
then given by ¢ and n = 0 respectively from which the following stiffness expres-
sion is easily obtained from Table 1.2 with geo-function 6 = ., from Table 1.1.
Stiffness is identical 0 whenever negative values are predicted.

1-c 4 CE
= with =wd - =
- o, i p"% ¢
[ [l
eql—%+io as ¢ -0 (1.13)
0 “;D
= 1-9 when c, =1
1+ (UL - 1)c

Examples of stiffness predictions by Equation 1.13 are presented graphically in
Figures 1.19 and 1.20. An easy approximation of Equation 1.13 is presented in
Equation 1.14 with e = 0 when ¢ > c..

o .0 o ;0O
exfd-Z2H with D-cHd--0; (=1 (1.14)
C (o]
N P O M0

Theory versus empirical expressions

A variety of empirical stiffness-porosity expressions, critically revieved by Fager-
lund in (18), are presented in the literature on porous materias. It is of some
interest to discuss briefly Equations 1.13 and 1.14 in relation to the two expres-
sions presented in Equation 1.15 which are (still to day) among the most fre-
quently used to fit data obtained from tests on porous media, the former in
(19,20) and the latter in (21,22) for example. F and H are constants to
be determined experimentally.
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Excellent fits are often observed by these expressions at low and moderately low
porosities. At higher porosities, however, difficulties may be encountered. The for-
mer expression cannot be used when DC-CD and MM-CD composites are conside-
red with ¢, < 1. The latter expression always predicts a finite stiffness at ¢ = 1.
Non of these disadvantages apply to Equations 1.13 and 1.14.

1.0 1.0

FROM TOP: wp® = FROM TOP: up° =
1, 1/3, 1/5 /7 1, 1/3, 1/5 ,1/7

2
&

o
3]

STIFFNESS — E/Eg
STIFFNESS — E/Eg

N
. N

0.5 0.5
POROSITY — ¢ POROSITY — ¢
Figure 1.19. Porous material with shape  Figure 1.20. Porous material with shape
factors as indicated, and ¢, = 1. factors as indicated, and ¢, = 0.75.

0.0

0.0
1.0 0.0

0.0 1.0

Deduction of shape parameters from experiments

At low porosities both fit expressions in Equation 1.15 and the results obtained by
the present method in Equations 1.13 and 1.14 approach identical stiffnesses when
Equation 1.16 applies.

1 1 1 0O
F - H = + 1 _e_’ ° = = 116
0 @ S R e (1.18)

Obvioudly this observation can be used to deduce shape factors from experimental
data - or it can be used to give some geometrical explanation to the empirical fac-
tors F and H used in the literature.

More general information, however, on the geometry and stiffness of porous mate-
rials can be retrieved from experimental data. We linearize Equation 1.13 (with
e = E/Ey) as shown in Equation 1.17. Then |°, ¢, and Eg are easily deduced by
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linear regression of the manipulated experimental data (X,Y), optimizing the fit
quality with respect to c..

C 1-c
-~  and Y = O
1 - clc E (1.17)

P

E.= VY ; W =Y/a from intersection Y and slope a

Y=Y +oaX with X =

Remark: It is noticed that no other information on pore geometry than |, and ¢,
can be obtained directly from mechanical tests. To get information on s and ¢
the pore system considered has to be impregnated - or supplementary studies on
percolation (Section 1.1.3) and diffusivity (Section 1.5) have to be made.

Examples

The following data (plotted in Figure 1.22) on stiffness versus capillary porosity
are from tests on HCP reported by Helmuth & Turk in (20):

(c,E(GPa) = (0.0175,29.3), (0.0351,28.78), (0.123,20.93), (0.123,20.756), (0.281, 11.686),
(0.281,11.512), (0.3947,6.977), (0.4035,6.977).

The solid line in Figure 1.22 are results calculated by the present theory with solid
stiffness (Es) and geo-parameters (U, and ¢;) deduced from experimental data as
described in Equation 1.17, see Figure 1.21.

0.12 40
0.10
O
030
L 2 o %
“~0.08 \
/~ \
) |
i / v L}
_0.06 ) 20
L \
H -
5 0.04 e L
% AN
10
\\
0.02 L
0.00 0
0.0 0.2 0.4 1.0 0.0 1.0

0.2 0.4 0.6 O.éh
CAPILLARY POROSITY — ¢
Figure 1.22. Results of regression: Es =
32.0 GPa, |1,° = 041, and ¢, = 0.90. Fit
quality r* = 0.998.

X = C/(ffC/CSf

Figure 1.21. Linear regression of manipu-
lated experimental data. HCP stiffness ver-
sus capillary pores.

The data in Figure 1.23, reproduced from (23), illustrates the influence of poro-
sity (evaporable water measurement) on elasticity of nearly fully hydrated harde-
ned portland cement paste (HCP). The experimental data shown by dots in the
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figure are from (20) cement 15366). They are related to two pore systems defined
in (8). System I: Solid phase (S) is made of cement gel solids, the pore phase is
the total of cement gel pores and capillary pores. System 11: Solid phase is cement
gel, the pore phase is capillary pores. The theoretical data (solid lines in Figure
1.23) are based on the following information.

Composite: System |: up cpg =(0.33, =1)
System II: = (0.4, ~1)
Phase S: System I: Eg = 80000 MPa

System I1: E = 32000 MPaP

40

20 \
PHASE S: CEMENT GEL
PHASE P: CAP PORES

. Figure 1.23. Young's modulus of har-

TOTAL OR CAP\LLARY POROSITY dened Portland cement paste.

SYSTEM I
PHASE S: CEMENT GEL SOLID
PHASE P: GEL PORES + CAP PORES

STIFFNESS — E (10°MPa)

1.3 Eigenstrain-stress

It can be shown (24,15) that an analysis of eigenstrain/stress problems in com-
posite of arbitrary geometry can be made in a similar way as stiffness has been
determined in this note. The results from (24,15) are reproduced in Table 1.3.

EIGENSTRAIN
N Ny L STy S W

Un -

H forn=20
A_In-e g ¢ forn=1; (fr =0
A, Un -1 e for n = oo

EIGENSTRESS (K = 0.6E,)
c(Un-1) - Te-1) . C
= _3K )\ ’ = -
P £ c(Un - 1)° SR e

Table 1.3. Eigenstrain/stress of composite material. (A,,A9 and (p.,py) are eigenstrain
(linear) and eigenstress (hydrostatic) of phase P and phase S respectively. A is linear
composite eigenstrain. K is bulk modulus of phase S.
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1.3.1 Analysis

Numericaly there are no problems in solving the eigenstrain/stress problem for
composites of arbitrary geometry. We only have to use Table 1.3 with the compo-
site stiffness previously determined in Section 1.2.5. Examples of the analysis of
eigenstrain/stress problems are presented in Section 1.4.1.

1.3.2 Pore pressure

It also comes from (24,15) that the linear expansion of a porous material (arbitrary
pore shapes) subjected to hydrostatic pore pressure can be predicted by the former
expression in the following Equation 1.18.

% is linear strain

_op@m .0 is hydrostatic pore pressure
TS 1%where [é is relative E-modulus of porous mat  (1.18)

< Is bulk modulus of solid material

e = _P if pis acting all over (not only in pores)

3K

S

The latter expression in Equation 1.18 is linear expansion if the hydrostatic pres-
sure acts all over, meaning that the material considered is submerged in water, for
example, with hydrostatic pressure p.

Equation 1.18 has been used in (25,15) to study the frost resistancy of porous
materials. The expressions are usefull also when the phenomenon of drying
shrinkage of porous materials is studied (26,27).

1.4 Complete analysis of particulate composites (CSA)

The composite analysis of stiffness and eigenstrain/stress can be considerably
simplified when CSA.-composites are considered. As previously mentioned, the
geo-function for such compositesis 8 = 1 by which the results hitherto devel oped
are reduced as shown in Table 1.4.

1.4.1 Numerical analysis (CSA)

It is obvious how Table 1.4 can be used as an agorithm for a general computer
analysis of CSA-composites. A program based on Table 1.4 works very fast. As
an extra it calculates the matrix stresses close to the aggregates.
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Composite Materials

Example

Some results of a complete analysis of a CSA.-composite are presented in Figures
1.24 - 1.27. Composite stiffness and composite thermal behavior are considered
together with internal stresses associated. Phase stiffness are (E,,Es) = (15,1)* 10°
MPa. Thermal eigenstrains are (A, As) = (2*10°,0)/°C.

PROBLEM CSA.-SOLUTIONS

Young's modulus e AN CE - A+n in A= L-C
1+ An °*1 + An +C

Internal stress caused (1 + An o - co,
by external stress o % = 0 —&— I
Eigenstrain/stresscau-|| A - A_ + amhad - A LA\ = A, - A,
sed by particle eigen- AA+ n
strain A, and matrix|| 5 - _3K A\ p.--_% p
eigenstrain A i A A+n s 1-c¢°"

. 3-A
Matrix-stress at sphe-|| o, = P, : Oy = ——P,
res 4A

Table 1.4. Composite analysis of CSA.-material. In eigenstrain/stress analysis. (A.,Ag) and
(pepy) are eigenstrain (linear) and eigenstress (hydrostatic) of phase P and phase Sres-
pectively. Ogryp IS radial phase S stress at sphere, og.,, IS tangential phase S stress at

sphere.

1500

jo)
(@)
o

Young's modulus — MPa

Q
0.0 1.0

0.5
Aggregate concentration — ¢

Figure 1.24. Stiffness of CSA.-composite.
(E-E9 = (15,1)*10° MPa
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Figure 1.25. Internal stressesin composite
defined in Figure 1.24.
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Dashed: osg
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Aggregate oomogemtmtiom — C
Figure 1.26. Thermal eigenstreses°C in
composite defined in Figure 1.24. (A,
A = (2¥10°,0)/°C.

2E-005+
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OE+000-]
0.0

0.5 1.0
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Figure 1.27. Thermal eigenstrain/°C in
composite defined in Figure 1.24. (A;,Ay) =
(2¥10°,0)/°C.

1.5 Other physical properties

Many physical properties are proportionality constants between fluxes and potenti-
a gradients (just as Young's modulus is proportionality constant between stress
and strain), e.g. thermal and electrical conductivities, and diffusion coefficients.
Other physical properties are proportionality constants between inductions and for-
ce field strengths, e.g. dielectric constants and magnetic permeabilities. A compo-
site materials analysis with respect to any of these properties will, by analogy, fol-
low the same pattern and produce similar solutions. For example, expressions de-
veloped to predict the stiffness of composites can also be used to predict thermal
conductivity of composites. Of course appropriate substitutions of notations have
to be introduced (including proper transformation of vector field phenomenons
(stiffness) to scalar field phenomenons (like thermal conductivity). The efficiency
of the analogy can be observed comparing the works on dielectric properties by
Hashin (28) and Hashin and Shtrikman (29) on CSA materials with the same
authors analysis (13,11) previoudly referred to on stiffness of such materials.

The stiffness expressions presented in this paper for composites of arbitrary geo-
metry are generalized by the author in (8) to include other physical properties only
by doubling the geometry function 8. For example, when Q is the physical scalar
field property considered we use Table 1.1 + Table 1.2 with symbols E replaced
by symbols Q, and 0 replaced with 268. The analogy is demonstrated in the fol-
lowing Equation 1.19 which reduces as shown in Equation 1.20 when porous
materials are considered
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U O
_Q _n+6l-+c(n-1)] . _ Qg .
q Q. n+0-chn-1 ’ @ 65% W (1.19)
0 = 1+ < (W W - An(L -, - )
Q __1-¢ : porous materials (1.20)
Q, 1+ cl(2u)

Conductivity bounds corresponding to the H/S stiffness bounds previously referred
to are obtained introducing 8 = 2 and 6 = 2n respectively into the stiffness
expression in Table 1.2. We get

n+2[1l+c(nh-1)] _ _ 3+2(n-1)

<g<n

n+2-cn-12 a 3n - ¢(n - 1) (1.21)
valid for n> 1 ; reverse signswhenn <1

o
o

SOLID: PRESENT WORK

DOTTED:H/S BOUNDS

DASHED: LANDAUER/
BOETTCHER
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RELATIVE CONDUCTIVITY — ¢

CONDUCTIVITY — Q (kcal/mh°C)

o
S}

0

1.0 0.0

(o]
(@]
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Figure 1.28. Thermal conductivity of fire- Figure 1.29. Electrical conductivity of
brick. Geometry: (" 1S,c) = (1, 0,0.82)  M@Pb-Pb. (1, ps’,co) = (-1,1,1/2).

1.5.1 Numerical analysis
The above analogy can easily be programmed. The algorithms hitherto developed
can be re-used with only small modifications.

Examples (a.o. Cloride diffusion in HCP)

Some results of an analysis are presented in Figures 1.28 and 1.29 with ex-
perimental data from (30) and (31) respectively.
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The experimental data shown in Figure 1.30 are from studies on chloride diffusion
in hardened cement paste made by Mejlhede in (32). The diffusion coefficient
ingel (c=0) and in free water (c = 1) has been estimated by Megjlhede to be Qs =
10" m?/sec and Q, = 10° m?/sec respectively.

The theoretical date shown in Figure 1.30 are the results of an analysis made,
assuming a MM-MM composite with shape functions defined by (°, K’,Co) =
(1.e-10,1.e-10,>1). From Figures 1.13 and 1.14 is concluded that such shape
functions define a platework geometry (crumbled foils). For these special shape
functions the following analytical solution can be derived (with W, = s = 0).

g-2-"- 2‘5[_1 s - 9= 2m) (1.22)
Qs n-+2/mn-cnh-1

©

|
-
o

SOLID: PREDICTED III
DOTTED: H/S BOUNDS /

\\':

LOGo(dif—coef, m?/s)

|
N
—

—-13

0.0 1.0

0.5
CAPILLARY WATER — ¢
Figure 1.30. Chloride diffusion in hardened cement paste as a
function of capillary water content.

Remark: The simple analytical expression presented in Equation 1.22 compares
positively with a numerical diffusivity analysis reported in (33,34) which is
based on a computer simulated HCP-microstructure. The basic geometrical con-
cepts of the composite analysis presented in this note are justified considerably by
this observation.
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2. VISCOELASTIC MATERIALS

In principles any relation previously developed on composite geometry influencing
stiffness, stress, strain, and eigenstress/strain of composites made of elastic com-
ponents apply aso when viscoel astic composite materials are considered. Powerful
analogies exist in the theory of viscoelasticity by which elastic composite solutions
can be generalized to include solutions to composites made of viscoelastic com-
ponents. In the present context this means, for example, that creep of aviscoelastic
composite can be deduced from the elastic flexibility (reciprocal Young's
modulus) solution of the elastic composite (same geometry same phase contents).
These comments indicate the topics dealt with in Chapter 3.

The present Chapter 2 is meant for readers who are not too familiar with vis-
coelastic materials and the theory of viscoelasticity.

Lagen om viskoelastiske materialer betegnes ofte som rheologi. Dette udtryk er
graesk og betyder laen om det, som flyder. Som sadan rummer begrebet enhver
taankelig materialerelation mellem kraft (spaanding) og deformation (tgjning) samt
tid. Rheologisk set er mange bygningsmaterialer som for eksempel tree vist at
kunne klassificeres som sdkaldte linesa viskoelastiske materialer, sdfremt
belastningen er lavere end cirka 50 % af den, der fremkalder brud. Det vil sige,
at de fleste brugstilstande er tilgodeset i denne relativt simple material eopfattel se,
der skal forklares naamere i de felgende afsnit.

2.1 Linesax viskoelasticitet

Et viscoelastic materiale er et materiale, hvis spandings-tgjningsrelation kan
beskrives ved en ligning af typen

~ _d'o ~d%e
a9 _ (2.2)
g’ pk dt, kz;’ AT

hvor p, og g, er materialekonstanter. Spaanding og tgjning er betegnet ved o
henholdsvis €.

Benaavnelsen, "lineaa viskoelastisk”, anvendes fordi 1) sammenhaagen mellem
spanding og tgjning er linesar (ligning 2.1 er en lineaa differentialligning), fordi
2) tiden er indblandet (flydning, viskositet) og fordi 3) aimindelig elasticitet ogsa
er involveret. Det sidste indses ved at lade alle p, og q,, undtagen p, og q,, blive
0. Herved reduceres Ligning 2.1 til Hooke's lov, o = Eg, hvor E = qg4/p, e Young
modulen.
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400ge€ Krybningsfunktion pocEe SUPERPOSITION

€ =c(t) Aoyc(t-t),
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0 td, t

Figure 2.1. Krybningsfunktionen er tg- Figure 2.2. Superpositionslovens anven-

ningen under spaandingen 1. delse i forbindelse med stepformet spaan-
dingsvariation.

Et vigtigt kendetegn for viskoelastiske materiadler er den sdkaldte krybnings-

funktionen, C(t), der angiver den tgining, der fremkaldes, n&r materialet belastes

til tidspunkt t = 0 med den konstante spamding, o = 1. Krybningsfunktionen

forlgber typisk som vist i Figur 2.1. Begyndelsesvaadien er C(0) = 1/E.

Krybningsforlgbet kan ved superposition, som vist i Figur 2.2, anvendestil opbyg-
ning af tgjningsl@sningen for et stepvarierende spaandingsforlab. Vi far

e() = Ao C(t - t) + AOC(t - t) + ... = XN:AGnC(t - 1) (2.2)

hvor Acg, = Ao(t,) betyder en springvis spaandingsforegelse til tidspunkt t.. Ved
overgang til et vilkarligt, kontinuert spaandingsforlab erstattesi Ligning 2.2 t, med
0, spandingsspringene med Aco(6) = (do/dB)d6 og summationstegnet med et
integral. Vi far herefter

t

e(t) = JC(t - e)%de (2.3)

Losning af Ligning 2.1 kan ogsd ske under anvendelse af den sdkaldte
relaxationsfunktion, R(t). Denne funktion er defineret som den spaanding, der
induceres i materialet, nar dette pavirkes med en konstant tgjning, € = 1 virkende
frat = 0. En relaxationsfunktion forlgber typisk som vist i Figur 2.3.

P4 ganske tilsvarende made, som krybningsfunktionen farer frem til tgjnings @s-
ningen i Ligning 2.3, farer relaxationsfunktionen frem til spaandingsl gsningen

t

a(t) - JR(t - e)%de (2.4)
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400g¢€ Relaxationsfunktion
1(t) = o(t
B )=o)
e=1
R Figur 2.3. Relaxationsfunktionen er
0 tid. t spandingen fremkaldt af en kon-

stant tgjning.

Det er vigtigt at gere sig klart, at spaandings-tgjnings-relationerne som udtrykt ved
Ligningerne, 2.1, 2.3 og 2.4, er ensbetydende. Et af udtrykkene definerer entydigt
et materiales viskoelastiske opfarsel.

Med hensyn til anvendelser kan der imidlertidig veare meget store forskelle i den
matematiske kompleksitet. Normalt vil det vaare sl edes, at integral representationen
udtrykt ved Ligning 2.3 vil veze at foretrakke ved lgsning af problemer med
foreskreven last, mens Ligning 2.4 er mere hensigtsmaessig at anvende, nar defor-
mationen er givet.

2.2 Viscoelastic models

A complete analogy exist between viscoelastic stress-strain relations and force-de-
flection relations for mechanical systems composed of springs (Hooke elements
with € = o/E) and dash pots (Newton elements with de/dt = o/n) where E and n
denote spring constant and viscosity respectively. Examples are presented in
Equations 2.5 - 2.7 demonstrating how mechanica models can be developed to
represent viscoelastic materials. An infinite number of viscoelastic materials
(models) can be defined in this way. In this note, however, we will limit our
interest to the so-called simple models of viscoelastic materials considered in
Section 2.2.1 and the specia models considered in Section 2.2.2.

M Ev 5 0 =0,=0, (Equilibrium)
——"\A\— & =8, 8 (Geometry)
NEWTON ~ HOOKE o de, © _
(Cy.0n g (EaOn) o e, = — N= Y (Physics) (2.5)
E dt n
MAXWELL (0.€) y v
E
MAXWELL: 99 . Zvg - g %
d n, dt

29



Lauge Fuglsang Nielsen

Viscoelastic materials

El _ .
HOOKE (€.,01) o =0, + 0, (Equilibrium)
s [ AVam o € =g, =& (Geometry)
E— — o d o
= e, = " —M = % (Physice) (26)
L7— NEWTON (€ o) E dt .
« BN foe] ) KELVIN: o = n, % + Ee
dt
‘. 0 =0, =0, , Equilibrium
W/ o R € =g, + &, ; Geometry
- W do, E, de, O @
Inl_K — " _OM = b E
KELVIN (€00 | MAXWELL (€, dt 2’\" dt OPhysics
) T o e 0
< BURGER (0] O_K - r] KTtK " EKS . E
g U g
2 E E EE 2 E
BURGER: df+%K+_M+_M%"'£+ g - g H0 . oD
d f, N, n.gd nn, Jot nd-

2.2.1 Simple models
The procedure just demonstrated

in Equations 2.5 - 2.7 to develop stress-strain

relations has been made on a number of simple viscoelastic materials. Closed
analytical expressions for stress-strain relations, analogy Young's moduli, creep-
and relaxation functions are summarized in Tables 2.1 and 2.2 reproduced from
(35). Very convenient abbreviations of groups of material parameters are

defined in Table 2.1.

MODELS MATERIAL PARAMETERS
JH;)/O\KE A t=-1 T, = Relaxation times
i[ L THOMSON EE EK 1
}7
NEWTON a - __— m=1+a m -
= n E 1 +n/
E — K K
e il O 0
MASWELL LETHERSICH 0 5
m, :LIj T H T % T E
Ex Ex n— E 1o~ o+ _f+ o+ K[ -4-X
* ® = m, 2H B H rA Tl T o
BURGER DT g O O
e m,m, = — m, +m, =1+oa+ =

Table 2.1. Smple models of viscoelastic materials. Hooke and Newton are the basic

models. Reproduced from (35).
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MODEL STRESS-STRAIN RELATION
Hooke o = Ee
Newton 0 =-n¢
Maxwell || 6 + o/t = Ee
Kelvin 0 = E(t + ¢)
Thomson 1.0 + mo = E(T ¢ + ¢)
Lethersich '[K(')' + rqo' = n’\_n(TKS + S)
Burger |l tig + (m, + mYT,0 + mymo = E(TiE + T,é)

Table 2.2. Sress-strain relations of simple viscoelastic models.

MODEL CREEP FUNCTION RELAXATION FUNCTION
Hooke 1E E
Newton || t/n no(t) Dirac’s delta function d(t)
Maxwell || 2H + tH E exp 1]
EOQ 10 oto
. 0 O .
Kelvin 1 t M
?@ - exp} — 1 El + T3())
«[J 0 @
Thomson 1D H - t% - a J J t%
s rag-epgm_pgn  |Ed - — 4 - epin_y
0 0 O T« 0 +ag 0 D
- 0 0 m
. 0 0, @ 1 t
Lethersich || t | 15 gpf t mn B « - epim L
n  Eg ahPls O K 0 '«
13 Lt 0 O O
= — E O t
E T _ - Dexperm,—q -
Burger - 0 0, mm m, - mszgm H T.H
0O tom O m
od - expr— t
% 5T (my, - Dexpam,—in
0 @

Table 2.3. Creep functions and relaxation functions of simple viscoelastic models.

2.2.2 Special materials

Time modified Maxwell material
Some viscoelastic materials like Portland cement paste and concrete are so-called

aging viscoelastic materials (36) with time dependent material properties
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meaning that the creep functions, relaxation functions, and the material parameters
p and g in Equation 1 become dependent of time.

Some aging materials, however, can be considered by the theory of non-aging ma-
terials hitherto considered if we assume that the "spring constants’ (E) in the
mechanical models are constants (in practice almost constants) and that viscosities
(n) change in the same way with time. Then the aging phenomenon can be remo-
ved by introducing a modified time as subsequently demonstrated in Equation 2.8
on a Maxwell material with time dependent viscosity (n(t) or time dependent
relaxation time 1(t) = n(t)/E). The modified time concept was suggested by the
author in (36,37) and subsequently further developed in a number of papers
(38,39) on the rheology of hardened portland cement paste and Portland
cement based materials like hardened concrete older than 2-3 weeks.

Aging Maxwell: E £ 9 - EE 0
dt T(t) dt
differentiation through ¢: E% + 9 - E% O
do dt T(t) do dt 2.8)
do o de '
— 4+ = E U
dp  T(t)do/dt do
Non-aging Maxwell with [ do de
= . 0 — +0=E==
T = 1 and modified time @ do do

The modified time is related to real time by t(t)d@/dt = T = 1, meaning

t-t,

P = o) = J%dt (time t is measured from age of reference t) (2:9)
T

Conclusion: Thus, a Maxwell material with aging viscosity can be considered as
a non-aging Maxwell material when time't is replaced with modified time ¢ (also
named "creep parameter)”, and relaxation time t(t) is replaced with modified
relaxation time T = 1. Then from Table 2.3 creep functions and relaxation func-
tions become,

Clg) - é(l - @) : R@) = Eexp(-9)) (2.10)

Remark: In general the relaxation time 1 is sensitive to climate such that it
becomes lower with increasing levels of temperature and humidity. This means
that climates different from a certain reference climate (where 1 is replaced with
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1) can in principle be considered replacing T with a quantity different from 1
which will influence modified time as expressed by Equation 2.9.

MAXWELL CREEP WITH AGING VISCOSITY
Ao
Clt,0]
o) Cl[t,6]
? |
1 L CORIOIE
E . :
TR 5 >, Figure 2.4. Real creep funct'|(_)ns
L0 1 o) Bl e 1 ) o6 C[t,0] as related to modified
0]=1E(1+ 1= VE(1+4(t) - o ;
time @ (creep parameter).
3
>
il
L
o
3 CREEP FUNC
a2 —
& —
& /
a
Lt
~ 1 . .
2 k Figure 2.5. Normalized Power law
§ RELAX FUNC creep function EC(t), and nor-
malized relax function R(t)/E (b =
0 " " o 0.25, T = 600 days).

400 600
TIME — DAYS

2.2.3 Hardened cement paste (HCP)

When HCP especially is considered Young's modulus and creep parameter (modi-
fied time) can be introduced as presented in Equation 2.11 approximated from
(38). Time at first load application is t, (> 2-3 weeks). Water/Cement ratio is
W/C = 0.4. A,, is a compactness factor which depends on water-cement ratio.

i
lo oLl
1 Oe |jt—|:|
Coce®) = =—(1 + @) with ¢ = o U o 0. @™ =5g)
e H1000 -+t H (2.12)
IOgEEItiD
g o~ O
E_ = 32:10A, MPa with A, - DO}‘(‘:E‘
0
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The basic ideas of considering aging cement based materials as time modified vis-
coelastic materials have been used in international code considerations (40).
They have been generalized by the author in (41) such that also younger concre-
tes (with some stiffness aging) can be considered by this ssmple method.

2.2.4 Power Law creep (Wood, polymers, ceramics)

The Power Law model (42) explained in Table 2.4 is of special interest in this
note. The principal rheological properties predicted by this model "cover" a wide
range of materials only by changing afew parameters, the relaxation time t (creep
doubling time, C(1) = 2C(0)), and the dimensionless creep power b. It has often
been demonstrated in the literature on creep of materials (ex. 43) that many
materials (such as wood, polymers, and ceramic materials) behave viscoel astically
with creep functions which can be fitted very well by power law type of expres-
sions. An example of associated creep and relaxation is presented graphically in
Figure 2.4. As for HCP the relaxation time is very sensitive to climate. It is
lowered at increasing levels of temperature and humidity.

| POWER LAW MODEL |
CREEP FUNCTION C(t) RELAX FUNCTION R(t)

0 0 . k
%T ey _C20F o 1 gpcl

1
- +
ED

S TA + ko) €O 3

min/m
|

Table 2.4. Power law cr
function of b.

. Z(X) = T'(1+b)(x/1)* where I'(1+b) = b! (faculty b) is gamma

8

For tree er relaxationstiden T og dens afhaangighed af orthotropi og ligevaagtsfugt
angivet i nedenstadende Ligninger 2.12 og 2.13. En krybningseksponent pab = 0.25
kan fastholdes under alle omstaandigheder. Elasticitetsmodulen, E, er den fugt-
korrigerede modul med E,|| = 12000 MPa, E.,[= 1000 MPa. Under ikke-stabile
klimaforhold bliver relaxationstiden formindsket. En faktor pa 0.1 eller mindre er
ikke ualmindelig.

t-107 ; E=Ed - 2" YH: u>30-20 (212)
0 150 O
0 - .
010*-10° tragk, tryk, bgining | med fibre (1) (2.13)
T,(degn) = H130-300 forskydning | med fibre (1<) '
03-30 trak O pa fibre (t0)
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Bestemmel se af krybningsparametre

Udfra en rakke malte krybningsdata er det ret enkelt at bestemme krybnings-
parametrene T og b. Vi benytter, at krybningsfunktionen i Tabel 2.4 kan
lineariseres ved logaritmisering, hvorefter

Y=Y +aX med Y-=log Ect) - 1) ; X = logt)

|:| b =Q = _i . T = 1O*Yu/0‘ - 10)(0 (214)
X )

[¢]

Figur 2.6. Bestemmelse

¥ ! af trees rheol ogiske para-
e metre udfra experimentelt
2 bestemte krybningsdata,

A se Ligning 2.14.

2.3 Spandings-tgjnings-analyse

2.3.1 Viskoelastiske oper atorer

Deto ligevaardige integraludtryk i Ligningerne 2.3 og 2.4 kan skrives pa operator-
formen vist i Ligning 2.15. Operatorerne kaldes ofte analogioperatorer pa grund
af den sldende lighed til elasticitetsmodulen E i de tilsvarende elasticitetsudtryk
(¢ = 0o/E og 0 = Eg).

R Dot e ndl]
E'lo] : ET] LC(t 6) -0 o1

o-Fe o EJ - JR(t - 8)%%

2.3.2 Elastisk-viskoelastisk analogi

Det kan vises, at lasningen til et linesar-viskoelastisk problem kan opnés ved at
erstatte elasticitetskoefficienten i lgsningen for det tilsvarende lineaa-elastiske
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problem med den tilsvarende viskoel astiske operator defineret i Ligning 2.15. E-v-
analogien er den forkortede betegnelse for denne analogi.

E-v-analogien medferer at viskoelastiske lagsninger til problemer, hvis elastiske
lasninger er € = o(t)/E eler o = g(t)E, kan udtrykkes som anfert i Ligning 2.16.
Spaanding og tgjning kan her opfattes i generaliseret betydning. Spaandingen kan
vage kraften pa en konstruktion, mens tgjningen er konstruktionens udbgjning.

t d(E ‘ d(o_/E
wo = -0 e dler o, - [Re- 92w (219

E-v-analogien er et meget nyttigt matematisk vaarktgj, ndr ngjagtige analyser skal
foretages - issr ndr den anvendes i forbindelse med Laplace transformation
(44,45,46,36,35). Men den involverede matematik kan i mange tilfadde antage
et omfang, der ikke rigtigt star i forhold til den ngjagtighed, hvormed materiale-
egenskaber kendes i praksis - og den ngjagtighed, hvormed analyseresultatet
egentlig anskes.

2.3.3 Approximate e-v-analogy (Effective Young's modulus)

| det foreliggende notat er det valgt at gennemfare viskoelastiske analyser pa
grundlag af nedenstdende starkt forenklede udgave af analogien. Intet principielt
gar tabt herved. | nogle tilfadde er analyseresultaterne tegt ved at veare ngjagtige.
Oftest ligger ngjagtighed imidlertid pa niveauet "gode estimater”.

The following very simple approximation of the e-v-analogy exist (47) when
stress or strain varies monotonically in materials which have creep functions and
relaxations functions which are approximately each others reciprocals such as for
many materials exhibiting Power Law creep (b < 1/3).

Approximate e-v-analogy:
A, () = F[E®", P(t)] Viscelastis solution comes from
A (N) = F[E, P(1)] Elastic solution with E replaced with

ELAST

E¥F = R(t) = LUC(t) Effecttive Young’'s modulus

(2.17)

Example: Udterring af trae

Lad os som et eksempel pa en viskoelastisk spaandingsanalyse beregne den svind-
fremkaldte spaending i et stykke ligevaggtsfugtigt treg hvis laangde fastholdes fra
tiden, t = O, hvorefter fugtindholdet i treeet aandres homogent over tvaasnittet.
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Det svind, der fremkaldes i traeet, safremt det ikke er indspamndt, er det sdkaldte
frie svind, der kan udtrykkes ved

e, =S+ -u®] ; (=T RL) (2.18)

Sv,l

hvor s er svindkoefficienten og fugtindholdet, u (i rent tal, 0.1 kg/kg fex), er vaagt
af indeholdt vand i forhold til tervasgten af det betragtede traeemne. Fugtaandringen
u(0)-u(t) giver positivt svind ved udterring. Index | pa &, og svindkoefficienten,
s, angiver retning sdledes, at T, R, og L refererer til traeets tangentielle (T), radiagre
(R) henholdsvis axiale retning (L). Disse symboler er almindeligt anvendte som
retningsgivende i trageknologien; f.eks. betegner E; traeets elasticitetkoefficient i
radiag retning o.s.v. Svindkoefficientens sterrelsesorden er givet i Ligning 2.19.

s, =04, s =02 s =001 (2.19)

Den elastiske spaanding i vort eksempel kan beregnes som anfert i Ligning 2.20
(se Figur 2.7). Den ngjagtige viskoelastisk spanding fas herefter ved hjadp af e-v-
analogien (Ligning 2.15) som angivet i Ligning 2.21.

o, = Exs<[u(0) - u(t)] (2.20)

t

Og = S*lR(t - 0) du©) dé u®N 4o (accurate solution) (2.21)

Udterring fra u = 0.25 til 0.15 TOEL
[ —] [ —
N - ol
] — €y |1 —_—
€ = () - u®*sy OEL™ €5 bR
Figur 2.7. Udterring af
Vedu = 0.2: Ep=800 MPa, tg =1degn, sp=02 fastholdt brad. Elastisk
u) =0.25 ; u(w) =0.15 ; Au=0.10; ¢ = 60 dogn Spamdlng

Vi forudsadter nu i eksemplet at udterringen sker exponentielt som angivet i
Ligning 2.22, hvor "relaxationstiden™ for udterring a kontrollerer udterringshas-
tigheden (mindre a, hurtigere udtarring). Ligning 2.21 reduceres nu til 1@sningen
i Ligning 2.23, hvor relaxationsfunktionen er introduceret fra Tabel 2.4.
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uO) - u@® = Aud - EXPH LH 5 (AU = u(0) - u(e) (2.22)
U 0O am
Oyge = ESAUI eXp(-8/9) 49 accurate solution (2.23)
a )1 - ey

En tilnaamet |gsning pa problemet kan fas ved at anvende den forenklede e-v-
analogi i afsnit 2.3.3 pa det elastiske spandingsudtryk i Ligning 2.20: E erstattes
med R(t) = /C(t). Resultatet er givet i Ligning 2.24.

o = Eq\ul - exp(-t/a)
s 1+ ()P

(approximate solution) (2.24)

Tilneamelsen kan forventes at vaare nogenlunde god, idet dens forudssgning
vedrgrende monotont varierende spaanding eller tgining er overholdt. Det bemaa-
kes, at udtarringsspaandingen som udtrykt i bade Ligning 2.23 og Ligning 2.24
forgges med aftagende a (hurtigere udterring).

Taleksempel: De ovenfor anfarte resultater er behandlet numerisk for det i Figur
2.7 viste radiaat indspaandte brag med udterring fra u = 0.25 til 0.15. De for
beregningerne ngdvendige parametre er angivet i figuren. Young's modul E; og
rel axationstiden 1, er skennede ved en "gennemsnitsfugtighed" pa u = 0.2. Kryb-
ningsexponenten er b = 0.25.

Resultaterne er vist i Figur 2.8 sammen med den elastiske lgsning fra Ligning
2.20. Bemagk, at trasets krybning i betydelig grad reducerer risikoen for skadelige
udterringsrevners opstaen. Y derligere bemaakes, at svindspaandingerne er stadigt
aftagende frat = 120 dage. Til belysning af udterringshastighedens betydning viser
Figur 2.9 supplerende resultater fra en analyse med o = 10 dggn (hurtigere udter-

ring).

o
o

SOLID: EXACT
DASHED: APPROX
DOTS: ELASTIC

SOLID: EXACT
DASHED: APPROX
DOTS: ELASTIC

N
N

N

SVINDSPAENDING - MPea
[
SVINDSPAENDING - MPe
N

@ Ty o ode e = T o
Figure 2.8. Svindspaanding ved udter- Figure 2.9. Svindspaanding ved udter-
ring af fastholdt brag. a = 60 degn. ring af fastholdt brag. a = 10 degn.
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3. VISCOELASTIC COMPOSITES

The elastic-viscoelastic analogy explained in Chapter 2 is now utilized to gene-
ralize the elastic results presented in Chapter 1 on composite materials such that
viscoelastic composites can also be considered. This means that creep functions,
relaxation functions, internal stresses, and eigenstress/strain phenomenons of com-
posite materials with various geometrical configurations can be predicted from
known viscoelastic properties of the constituent phases.

3.1 Accurate analysis

Den tidligere naevnte e-v-analogi for homogene viskoel astiske materialer kan ogsa
anvendes i analyser af viskoelastiske kompositmaterialers adfserd. Omfanget af
matematik er mere end fordoblet, idet der nu er to fasers E-moduler, der skal
erstattes med tilsvarende viskoel astiske operatorer (46,35) - ogsai geo-funktionen
(6), der med shape functions (l.,|k) tilgodeser geometrien i det betragtede kompo-
Sitmateriale.

Vi vadger at gennemfare kompositanalyserne pa grundlag af den simple e-v-ana-
logi beskrevet i Afsnit 2.3.3. Som fer tabes der ikke noget principelt herved.
Resultaternes ngjagtighed skal vurderes som for den simple e-v-analogis anven-
delse pa homogene materialer: "Gode estimater”.

3.2 Approximate analysis

An approximate stress/strain analysis of viscoelastic materials can be made by the
well-known EF"-method (47) previously considered which tells that a solution to
a viscoelastic problem can be obtained from the corresponding elastic solution
only by replacing Young's modulus with an effective Young's modulus expressed
by the reciprocal creep function, E*" = 1/C(t). It has been discussed that the E=*-
method is best if 1/C(t) = R(t) applies for the material considered (as for "Power
Law materials' with creep powers b < 1/3) - and if stress increases monotonically
like the creep function or decreases monotonically like the relaxation function. In
composite analysis similar conditions must be required. Then

3.2.1 Creep and relaxation of composite

1 o
Ct)y = — = [E c,GEFFEEFF,EEFF} with
E = E(c8,E,E) (Tables 1.1 and 1.2)
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Important: It is important to remember that the Young’'s moduli in the geo-
function must also be replaced by their effective quantities, such that 6 becomes
eEFF.

3.2.2 Internal stresses from external load

Miscodlastic o, = 0,(c,6%,l0adEFFES) (I = P,9 with (32)
elagtic o, = o,(c,6,load,E,,E) (Tables 1.1 and 1.2)

3.2.3 Eigenstress/strain

Viscolastic A = Ac65° A\ AEFFES)  with (33)
dasic A = A(COA A EE) (Tables 1.1, 1.2, and 1.3)

Miscodlastic p, = p[c,8FANEFES) (I = P9 with (3.4)
elagtic p, = p(cOAMNELE) (Tables 1.1, 1.2, and 1.3)

3.2.4 Examples

Some applications are presented in this section which demonstrate the analysis of
viscoelastic composites by means of the approximate e-v-analogy.

Hardened cement concrete

A mature concrete (W/C = 0.4, c = 0.7, E; = 32000 MPa, E, = 55000 MPa) is
considered. How does this material creep, and how does it shrink when it is sub-
jected to drying which causes the HCP to shrink according to the following
expression with AJ°® = -2.6 o/oo.

A, = 2 shrinkage of HCP (35)

¢

We assume that the aggregate phase does not creep or shrink. HCP creeps accor-
ding to Equation 2.11 with @*° = 5. The problems are solved as indicated in
Equations 3.1-3.4 using the elastic solutions from Table 1.4 with the following
effective Young's modulus and effective stiffness ratio.

E
ESEFF ~ S ’ nEFF — n(l + (p) (36)
1+0
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The results of the analysis are shown in Figures 3.1 - 3.3.
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Figure 3.1. Creep of HCP and concrete
loaded at t, = 28 days.
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Figure 3.3. Stresses in concrete caused by
shrinkage from the age of t, = 28 days.
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Figure 3.2. Shrinkage of HCP and con-
crete from the age of t, = 28 days.

Shrinkage of concrete versus stress
In aggregates were studied experi-
mentaly in (48). The concrete
used and the test conditions applied
were similar to those considered in
this example. The experimental
results obtained are shown by dots
in Figures 3.2 and 3.3. A very satis-
factory agreement is observed bet-
ween theoretically and experimental-
ly obtained data.

It is of special interest to notice
from Figure 3.3 that atangential ten-

sile stress of = 16 MPa developes in the HCP close to the aggregates. Whether or
not this stress will cause cracking of the HCP calls for a specia strength analysis,

see Section 5.5.

Remark: It is recalled from Section 2.2.3(HCP) that the underlying viscoelastic
model for cement pastes considered in this section is valid for ages > 2-3 weeks.
Thistime limit of validity applies of course aso for the concrete results presented.
Quite recently a complete composite computer-analysis of aging concretes at any
composition, at any age of loading > 10 hours, and at any degree of hydration is

presented in (49,50).
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Rheology of polymer composites versus geometry

Two viscoelastic composites are considered. They are identical except for geome-
try. One composite (A) is a particulate (TROC) composite made of discrete,
almost spherical phase P particles in a continuous phase S, see Figure 3.4. The
other composite (B) is a so-called CROSS-material made of a continuous regular
phase P frame work in a continuous phase S, see Figure 3.5.

The geometries are quantified as follows,

Composite A: DC-DC (TROC) with (°,1’,Cs) = (1,-1,00), ¢ = 0.5
Composite B: CC-CC (CROSS) with (u’,1s,¢) = (0.75,0.25,1.5), c = 0.5

Both phases are Power Law viscoelastic with the following parameters,

Phase S E5 = 30000 MPa, 1 = 15 days, bs = 0.3
Phase P: E, = 70000 MPa, 1, = 10° days, b, = 0.3

The questions are, how does composite geometry influence creep, relaxation, and
internal stresses of composites made of polymer P mixed with polymer S.

Figure 3.4. TROC-composite. Stacked

TROC composite elements with centrally

placed particles of similar shapes. Figure 3.5. CROSS-composite.
3D-grids of continuous P and S
phases. As illustrated, ¢ = 0.5.

We notice that both phases P and S exibit Power law creep with bs and b, < 1/3.
This means that the approximate e-v-analogy is fully justified to be used to solve
the problems. The solid and dashed line solutions in Figure 3.6 show creep and
relaxation functions obtained in this way. It is noticed that the results are very
close to the exact solutions (otherwise calculated) indicated by dots.

We may now proceed determining the internal stress state of the composite by the
simple analogy. The results presented in Figure 3.7 are internal stresses caused by
a constant external load o.
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Viscoelastic composites

doubling

halving

LOG;,(NORM CREEP AND RELAX)
T

SOLID: CSAe
DASH: CROSS

accurate analysis.

0
TIME — LOG;o(t — days)
Figure 3.6. Influence of phase geometry on
creep and relaxation for composites defined
in text. Open and closed circles indicate

PHASE P

STRESS — 0ps/0

PHASE S

SOLID: CSAs
DASH: CROSS

500 1000
DAYS

Figure 3.7. Influence of phase geometry on
internal creep stresses in composites de-

scribed in text.

Important: It is noticed that the viscoelastic behavior of compositesis very much
influenced by composite geometry. In round figures the following consequences
are observed of changing the geometry of phase P from being spherical to become
a continuous network:

- normalized creep function (E*C(t)) decreases with 60%

- normalized relaxation function (R(T)/E) increases with 150%
- phase P stress increases with 30%
- phase S stress reduces with 60%
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4. STYRKE

Perfekte, homogene materiaer, d.v.s. materialer, der er ensartet og fejlfrit opbyg-
gede ned i den mindste mikrostrukturelle detalje, har meget store styrker. Disse
sdkaldte teoretiske styrker kan ofte beregnes udfra kendskab til struktur og
interatomare kragfter i materialet. Et simpelt eksempel pa, hvordan den teoretiske
styrke af krystallinske materialer kan forudsiges, vil blive givet i afsnit 4.1.

Det er vigtigt at understrege, at den teoretiske styrke kun kan opnads i meget
perfekte (ideale) materialer, der er homogene helt nede fra det atomare niveau. Re-
produktionen af egenskaber til mere realistiske materialer, som f.eks. treg ma
bestemmes ad anden ve. Det vil sige, under anvendelse af kontinuum-fysiske
metoder, der kan kvantificere den - ofte betydelige egenskabsmodifikation, der
skyldes tilstedevagelse af medfadte defekter eller tilferte fejl som for eksempel
knaster henholdsvis svindrevner i trae Det visesi afsnit 4.2, hvordan relativt enkle
energibetragtninger kan give vexdifulde oplysninger om styrkereduktionen i
revnede materialer. Knaster i tree kan analogiseres til revner med en laangde lig
knastens diameter.

I Afsnit 4.3 diskuteres nogle styrkebestemmende materialekonstanter. | Afsnit 4.4
behandles styrken af porgse materialer i relation til stivheden af sadanne
materialer.

o
ALG
g 1711
o
----- N ‘% eo0o0o0o0
l 0000
I 00 000 Figur 4.1. Relation mellem
| i )
\ \ spanding og deformation
| ~, 0900006 . qide a naboa
0 Fy) B2 B tomplaner i krystallinsk
Y / l l % l l materialer.

4.1 Teoretisk Syrke

Figur 4.1 viser relationen mellem spaanding og deformation af atomafstanden, a,
I et perfekt krystallinsk materiale. Anaytisk kan den viste sammenhamng gives
falgende tilnaamede beskrivelse,
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o=a0, sinézg_a§= O, siné!?sg (4.1)

hvor tginingen € = &/aog B er en "bglgelaangde”, der bestemmes ved at udtrykke,
at den energi, der medgér til at skabe to nye overflader ved brud er lig 2 gange
overfladeenergien, Q, og lig arealet under arbgjddinien. Vi far

pi2
20 - Iow sn2M%Has op - 219 (4.2)
OB D O

Et udtryk for den maximale spamding, den teoretiske brudspaanding, kan opstilles
ved at udnytte, at arbejdsliniens begyndel sestangent definerer materialets elastici-
tetskoefficient, E (Young's modul); det vil sige,

do 2mna EB
E=_"Je=0 =0 0Oco = 4.3)
A B T w T o

Ligningerne 4.2 og 4.3 medfarer falgende udtryk for material ets teoretiske styrke,

(E (4.4

(0) =
: a

MAX

Starrelsesordenen af den teoretiske styrke, o0, 09 overfladeenergien, Q, kan
udledes af ovenstdende udtryk ved at nyttiggere (andres teoretiske undersggel ser),
at max spamnding forekommer ved d = 3, = 0.25a. Det vil sige, a B = a Vi far
herefter

o :E:E . Q:Ea:Ea (45)

MAC 2T 10 42 50

Den teoretiske styrke som udtrykt ved Ligning 4.5 anvendes normalt som et farste
skan af materialers (ogsa ikke-krystallinske materialers) assymptotiske styrke, der
kun kan opnas pa meget tynde materialeenheder, fabrikerede og anvendte under
ekstremt velkontrollerede forhold. | Tabel 4.1 er givet nogle eksempler pa mak-
simale styrker, der i dag er opnaet pa "rene" materialer. Ofte er det sdledes, at jo
naamere et materiales styrke kan drives til den teoretiske vaadi, desto skerere er
det. Det vil sige, a brud indtraader med aftagende, vardende plastiske defor-
mationer. Der er dog undtagelser herfra, bl.a. en del plastmaterialer.

| reelle materialer (sterre enheder, grovere produktion, ikke sa veldefinerede pro-
duktionsomstamndigheder) bliver styrken ofte reduceret med en faktor 5 - 100 i
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forhold til den teoretiske styrke. En forklaring herfor gives gennem brudmekanik-
ken i det fglgende afsnit.

E/Oyax o Y o Revnelengde
Stél (pianotrad) 70 T -
Jernwiskers 25 P T TTTlT TT T L=a
Kulfibre 100
Glasfibre 30
Mineraluld 100 ] X
Asbestfibre 70 @ I2L T
Sisal 40
Bomuld 10 —
Polypropylenfibre 10 L
Silicafibre 4 IR ||v T4 v
NaCl-whiskers 40 a Y

Tabel 4.1 Eksempler pa Figure 4.2. Tunnelrevne i midten af en uendelig stor
. skive, belastet i det fjerne med en jeant fordelt spaan-

Young's modul i forhold til ) X o X X
ding vinkelret pa den plan, hvori revnen ligger.

styrke

4.2 Reel styrke - brudmekanik

Vi gnsker at bestemme styrken af et revnet materiale. Til dette formal betragter
vi farst den i Figur 4.2 beskrevne model af et elastisk materiale forsynet med en
centralt placeret enkeltrevne. | afsnit 4.2.2 vises, hvordan styrkelgsningen til
enkeltrevnesystemet lader sig generalisere til ogsa at gadde multi-revnede mate-
riaer.

Energitagheden w (tginingsenergi per volumenenhed) i materialemodellen i Figur
4.2 kan fer revnen placeres udtrykkes som anfert i felgende ligning.

2
W = %EE (4.6)

Ved skaging af en revnei skiven frigeres en tgjningsenergi, svarende til det areal
revnen afskygger. Vi skanner gennem "stramlinie" betragtninger, at dette areal vil
vage ellipseformet som vist skraveret i Figur 4.2. Den frigjorte tgjningsenergi er
aredet gange den lige angivne energitaghed

2 2 2 2
w-1om g W _no 5 o (47)
2E 2 = E
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hvor L = 2| er revnens totallaangde. Det sidste led giver tillagg af frigjort tgj-
ningsenergi, dW, ved en udvidelse, dL, af revnen - med andre ord, frigjort energi
per fladeenhedsudvidelse af revnen (skiven har tykkelsen 1). Denne starrelse, I',
kaldes tgjningsenergihastighed (eng. strain energy release rate). Ligning 4.7 kan
omskrives som vist i Ligning 4.8, der samtidigt definerer den aternative rev-
neparameter K kaldet spamdingsintensitetsfaktoren (eng. stress intensity factor).
Spandingsintensitetsfaktoren kan vises at bestemme material espaandingen vinkelret
pa revneplanen ved o, = KA (1r) gaddende for sma afstande r fra revnespidsen.

K = JET = o Jml (4.8)

4.2.1 Griffith-styrken (enkelt revne)

Brud indtraader (revnen bliver ustabil), nér tgjningsenergihastigheden (under vores
udvidelse af revnen) opnar en vaadi, der lige netop svarer til 2 gange materiaets
overfladeenergi Q, svarende til en kritisk tgjningsenergihastighed pa I, = 2Q.
Denne energi er nemlig den der skal forbrugestil at adskille to atomplaner, saledes
at to nye overfladeenheder kan dannes, se afsnittet om teoretisk styrke. Med andre
ord, brud indtraeder ndr frigjort tgjningsenergi netop overskrider den energi, der
kan forbruges til dannelsen af de nye overflader. Dette brudkriterium og Ligning
4.8 giver nu den reelle brudstyrke o, som falger

K A
GCR - CR : (KCR - \/EI—CR ) (49)

Jrl

hvor K, er den sakaldte kritiske spaandingsintensitetsfaktor, der ligesom Q og I
er en materialekonstant. Eksempler paKkritiske spaandingsintensitetsfaktorer er givet
i Tabel 4.2.

Efter sin farste "opfinder”, Griffith (51)(1920), bensevnes udtrykket i Ligning
4.9 ofte Griffith-relationen. Udtrykket forudsiger o, — o nar | - 0. Dette kan
naturligvis ikke vaae korrekt. Den reelle styrke kan ikke overskride den teoretiske
styrke, o,,.x. Det kan imidlertid vises, a Ligning 4.9 er den korrekte graansevaa di
for oz — 0, og at udtrykket allerede for 0.:/0y.x < 0.4 er en meget fin tilneamelse
til den sdkaldte Dugdale-styrke, Dugdale (52)(1960), der bygger pa en ret
virkelighedstro model opfattel se af revnede materialer. Dugdale’s model forudsiger,
at revnespidsspaandingen er endelig og lig den teoretiske styrke o,.,. Et neamere
studium af Dugdale lagsningen (53) viser, at denne som en meget fin tilneamelse
kan formuleres ved det farste udtryk i Ligning 4.10, der danner grundlaget for den
I Figur 4.3 illustrerede relation mellem de to baaeevner.
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K [kPa/m] for revnedbning Bemagk at Ligning 4.10 i Figur 4.3 er
Tree (0 fibre) 350 reprassenteret ved det sdkaldte styrkeni-
Stal (alm. bledt) 100000 veal FL = 0./0,. der er et ma for
Stél (hejvaadigt) 200000 materialekvaliteten. Den introducerede
Granit 3000 parameter d er en sdkaldt karakteristisk
Nylon 3000 mikrostrukturel  dimension  (54,55).
:\gmd 0g beton igg For treeer er d i (55) skeannet ved den
Epoxy 400 logaritmiske middel af en fibers dimen-
Glas 800 sioner: d = (3*0.03)0'5 = 0.3 mm.
Porcelean 1100

Table 4.2. Eksempler pa kritiske spaan-
dingsintensitetsfaktorer (sterrel sesord-
ner).

CR L
Y (4.10)

characteristic micro—% g- 1 CFE

structural dimension - EDDG E

L
1.0
HEAVY LINE: DUGDALE
-, THIN LINE: GRIFFITH Flgur 43 Syrkenlveau

(eller materialekvalitet) FL
= 0 /0us SOM funktion af
den halve revnelamgde | og
den karakteristiske mik-
rostrukturelle dimension d.
S For tree er d = 0.3 mm.
———  Knastfrit trae og konstruk-
Structural tionstree ligger i de mar-
= kerede omrader.

<
o

STRENGTH LEVEL — FL = o0cr/Ouax
T
|

o
o
I

20

5 10 1‘5
CRACK LENGTH — 1/d

Som tidligere naevnt gadder Griffith baaeevnen egentlig kun for linesat elastiske,
skare materialer. Det kan imidlertid vises, at den meget simple styrkeformel kan
anvendes med god tilnaamelse ogsa for mange sgje materialer (materialer med
flydning). Her skal den kritiske energihastighed, I ., blot inkludere den plastiske
energidissipation, der sker omkring revnespidsen ved dannelsen af nye overflader.
Samtidig skal o, opfattes som en flydespaanding. Vi kan forestille os en effektiv
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kritisk energihastighed e = 2Q + OyaxOcrs hvor 8, e materialets brud-
forlaangelse ved revnefronten.

Eksempel: Udtarring af trae (fortsat)

Lad os vende tilbage til trassksemplet i afsnit 2.3.3, hvor vi betragtede et tradorad
indspaendt pa tvea's af fibrene udsat for udterring fra u = 0.25 til 0.15. Fer udter-
ringen har vi konstateret enkelte revner af laangden 3 mm (I = 1.5 mm = 0.0015
m) i bradtet.

Med Ligning 4.9 og K, = 350 kPavm fra Tabel 4.2 bestemmes styrken til = 5000
kPa = 5 MPa, hvilket, jaavnfer Figur 2.9, netop er tilstraskkeligt til at bradtet kan
tale at blive udterret med en hastighed svarende il a = 10 dagn (se Ligning 2.22).
Traeet kan altsa overleve udterringsprocessen med sin oprindelige struktur i behold
- takket vaae krybning.

Ved en hurtigere udterring vil revnen udvide sig, og i vaaste fald adel asgge traest.
En mulighed for overlevelse kan dog findes i det forhold, at revnen, sammen med
andre revner, udvider sig til en laangde, der reducerer traeets stivhed og dermed
svindspaadingerne til et holdbart niveau. Men overlevelsen sker da pa bekostning
af stivhed og styrke. Eksemplet belyser problematikken omkring udterring af tree
Har vi tid (rad) til at udterre langsomt kan vi fa hgjveadigt trae | modsat fald ma
vi affinde os med lavere kvaliteter.

4.2.2 Reel styrke versus teoretisk styrke

| forhold til den teoretiske styrke (Ligning 4.4) kan den reele styrke (Ligning 4.9
med Iz = 2Q) skrives som anfart i Ligning 4.11. Igen er aog L = 2| atomafstand
henholdsvis total revnelaangde.

o, o2 la (4.11)

2a _ | a
o N NT

Eksempel: Et materiale har en, for det nagne gje, usynlig revne af lasgden 2| =
5*10* cm. Atomafstanden er a = 510° cm. Hvad er styrken af det revnede
materiale i forhold til den maksimalt opnaelige styrke. Ligning 4.11 giver svaret:
Den reelle styrke er reduceret til en hundrededel af den teoretiske.

R —_—
MAX

4.2.3 Multi- og kantrevner

Spaandingsintensitetsfaktoren fraLigning 4.8 for et enkeltrevnesystem under simpel
belastning kan i mange tilfadde generaliseres til multirevnesystemer som vist i
Ligning 4.12. Intensitetsfaktoren modificeres under anvendelse af en sdkaldt
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interaktionsfaktor F, der tager hensyn til revners indbyrdes placering, afstand til
material ekanter samt andre belastningsformer. Brud indtrasder ved ¢ = 0, nar den
modificerede intensitetsfaktor har opndet den kritiske vaardi, der gadder for det
betragtede materiale.

CR —_—

_ K
K=o/l +F Oog _=_ *é (4.12)

For de simple revnesystemer vist i Figur 4.4 kan faktoren i Ligning 4.13 anvendes
med god tilnsamelse. Den resulterende styrke er angivet i samme ligning. Det
bemagrkes specidlt, at en kantrevne af laangden | svaekker en skive ligesd meget
som en central revne af laangden 21.

1/2

U U
598 o -S| qgp (4.13)

IRH T T B

ot t 171 1 171 ¢

+
94
Figure 4.4. Multirevne- og
badtemodeller. Der kan vee
ol N R A A re flere "revnelag” - blot af-
b ° N standen mellem dem er >

2b.

4.2.4 Andre revnesystemer - og prevning

Der findes en mamngde tabelvaaker (56,57,58,59), hvor spandingsitensi-
tetsfaktorer er bestemt for andre og mere komplicerede revnekonfigurationer end
de simple systemer, vi hidtil har betragtet. Et par eksempler pa revnekon-
figurationer, der ofte anvendes i forbindelse med eksperimentel K-bestemmelse,
er vist i Figur 4.5. De tilhgrende intensitetsfaktorer er anfaert i Ligningerne 4.14-
4.16.
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K = 1.120/ml  f(I/H) Bjad kebgjning @10
— ]JS 0
o-M . qumy~1-010H
H? [1 - (I/H)7*
P — .
K = _/a f(a/b) ASTM -prevning
b
A 4 . (4.15)
f(alb) =~ 29.6-18552 - 655.7%5— 1017.0%@ 638.9%5
b O O 0
Eh :
K = Kiledannet revne (4.16)
J/2ma
Ml EiH S v  Bjelkebejning
! Tykkelse = 1
P b
——
o W ASTM-prove
o h=06b; h,=0275b
fo D=em023b tkielse = b72 Figur 4.5. Nogle udvalgte
cl a revnekonfigurationer  for
P hvilke spendingsintensitets-
B E— — i n  Kiledannet revne faktorerne er givet i Lignin-
e = gerne 4.14 - 4.16.

Compliance calibration equation

En mulighed for eksperimentel bestemmelse af tgjningsenergihastighed og spaan-
dingsintensitetsfaktor for revnesystemer i amindelighed findes i den sdkaldte
"Compliance calibration equation’ (CCE) (ex. 58) vist i Ligning 4.17: Med
konstant kraft er energiforskellen mellem et revnet system og det tilsvarende
urevnede system den, der skyldes at revnen dannes. Figurerne 4.6 illustrer dette
forhold. Figur 4.7 illustrerer hvilke forseg, der skal udferes forud for CCE's
anvendelsen til bestemmelse af spaandingsintensistetsfaktorer.

Metoden er noget vanskelig at anvende i reelle (praktiske) eksperimenter, da den
kresver meget ngjagtige malinger. Den er til gengedd meget brugbar i com-
putereksperimenter.
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1P? 1P . ; ; ;
- = 1rdA (Compliance calibration equation)
2S 2 SS ’7 (7 (4.17)
E
0 or =1pd¥9 o wop 5 449
2 dA N 2 dA
P P
4 P P
@“’ S us- o
+ &/ ;t §=P/S
P 8 _
UNCRACKEI!DMATERIAL CRACKED MATERIAL Ej I/SSI 0 A;
STIFFNESS - Ss STIFFNESS - S

Figure 4.6. lllustration til belysning af Figure 4.7. Eksperimentelt underlag til

"forseg", der ferer til 'Compliance calibra-  bestemmelse af ' og K ved hjadp af ' Com-

tion equation’ i Ligning 4.17. pliance calibration equation’ som beskrevet
i Ligning 4.17.

4.3 Syrkeparametrene som materialekonstanter

Styrkeparametre er en fadlesbetegnel se for de to alternative parametre, den kritiske
spandingsintensitetsfaktor, K, 0g den kritiske tgjningsenergihastighed, I ., der
bestemmer et materiales revnefalsomhed. Styrkeparametrene er material ekonstanter
pa lige fod med for eksempel Young's modul E. De to parametre er relaterede
gennem, Ko, = ¥ (Elg). Brud indtresder, ndr tilstanden, spaendingsintensitet K
(eller tginingsenergihastighed IM), nar sin kritiske vaardi gennem forgget belastning.

K kan bestemmes ved forsag pa store emner med kendt langde af en centralt
placeret enkelt-revne. Den malte styrke og revnel aangden samt Griffith’s baareevne-
formel bestemmer den sggte parameter. Denne metode er meget material eforbru-
gene (da revnen skal vaae lille i forhold til forsagsemnets dimensioner). Alter-
nativt kan bestemmelsen K, og Iz ske med ASTM’s standardopstilling vist i
Figur 4.5. K, angives mest hensigtsmaessigt i dimensionen kPa/'m eller MPa/ m.
Den alternative parameter, I, angives normalt i N/m = Jm? eller kKN/m = kJ/m?’.
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4.4 Srength of cracked (and porous) material

The "pore-cracked" material defined in Figures 4.8 and 4.9 has been considered
by the author in (60,61). It was found that stiffness and strength of such
materials are practicaly independent of void ratio. The analysis of a porous
material with spherical pore-cracks proceeds as follows. We consider a material
containing a number of penny cracks of diameters 2| oriented with crack planes
perpendicular to load. The cracks are distributed in space such that their centres
form a ssimple cubic lattice with an edge length of 2b.

Pore-crack Pore-crack system

2b

LIL <08

, 2b

N ﬂ
Figure 4.8. Pore-cracks are spherical or  Figure 4.9. Cubic porous material with
cylindrical voids with concentric cracks pore-cracks. Load isperpendicular to crack
crossing at 90°. plane.

The stiffness of the pore-crack system can be determined by the following expres-
sion developed in (60) from the well-known "compliance calibration equation”
explained in Section 4.2.4, and reformulated as shown in Figure 4.10. The abbre-
viations B, g, and K mean the total crack area per unit volume, the stress, and the
stress intensity factor (not bulk modulus), respectively.

2 2 2
10 10 _frga with T - X O
2°E ) E,
(4.18)
E - (KA H
= =%+ ZlB—DdBD
S ] OO0 O

When penny cracks especially are considered of density p (number of cracks per
vol-unit) we have the following crack area and stress intensity factor. The interac-
tion factor F is estimated by the author from information given in (56,57,58) on
a central penny crack in an cylindrical bar.

53



Lauge Fuglsang Nielsen Styrke

L [
K = Eo\/nl *F with F = ;7%
T 3
V1 - 85' 0 Penny cracks (4.19)
B = prtl? with crack density p = E
8b° [

A A

1 1
1 1 A

Eg E

v v

o (0)
Y%02/E -202/Es = ]L'\I‘dA and T=K2/Es =

K -1
dEs/E) . o [é]z or % - [ +2jA[F]2dA]

Figure 4.10. "Compliance calibration equation": Revnet
materiales Young's modul som funktion af spaandingsin-
tensitetsfaktor K og samlet revneareal A.

Equation 4.18 can be reduced as shown in Equation 4.20 (former expression) when
stress intensity factor is introduced from Equation 4.19. Thus, a relation is es-
tablished between stiffness of a pore-cracked material and interaction between
crack-pores. The strength relation in Equation 4.20 which also involves interaction
between crack-pores is obtained as follows: General strength S = (TV2)K o/ (FV(T)
comes from Equation 4.12 (latter expression). Reference strength S, =
(TV2)K V(1) is defined for widely distributed cracks (F = 1) of diameters 2I, at
vanishing porosity.

E 1 .Syl (4.20)

E, 1+ @3)logF) '~ S F

S

It is emphasized that strength S, at O porosity is strength of solid with initial
cracks. It is not the strength of a completely clean solid, free of defects.

4.4.1 MOE-MOR

The MOE-MOR relation (modulus of elasticity - modulus of rupture) of the pore-
cracked material is obtained by eliminating the interaction factor between stiffness
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and strength in Equation 4.20. The result is presented in Equation 4.21 and illu-
strated in Figure 4.11.

. LB B .
— = 2 BEXPEE - 1m ; (MOE-MOR) :
) Ny O040E @
" —  Itisemphasized that this equation does
Foln Crucien 51~ include porous systems although it has

STEM WITH | = |, S/

been developed by crack mechanics.
The reason, why has been explained in
the introductory remarksto this Section
4.1.

S/Se (MOR)

0.0 =

0.0 0.5 1.0
E/Es (MOE)

Figure 4.11. MOE-MOR for system with

pore-cracks with | = [,.

4.4.2 Strength versus porosity

Equation 4.21 is open to use as the basis for relating strength and stiffness of
porous materials (61). Approximate strength-porosity relations can be developed
by introducing stiffness as predicted in Chapter 1 of this note, meaning

m
E = j ° EXPDEEll 1% or
S | 4361 -¢ (4.22)
s Ha( -+ Ve |
— = ax EXP%_—HPE with o = a(c) = |2
S 04 1-c [ \

It has been shown in (60,61) that this equation is closely related to

O I
S - 4 - EE (4.23)
S O Co
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which, formally, is the same expression which predicts stiffness of porous
materials, Equation 1.14. It is stated in (61) that Equation 4.23 can be used inde-
pendently of loading mode (tension, compression, bending). Asin Equation 1.14
C- is critical pore concentration and D is a geometry dependent factor. The influ-
ence of geometry on the D factor for stiffness (Equation 1.14) is well documented.
It is not that well documented for the strength expression, although serious efforts
have been made in (60,61) to do so. For practice the author’s guess is that the two
D* have the same orders of magnitudes.

It is very satisfying that Equation 4.23 agrees very positively with the wellknow
empirical expressions presented in Equation 4.24 which are based on a huge
amount of experimental data compiled in the literature on porous materials (ex.
18). The expressions are suggested by Balshin (62), Hasselman (63), and
Ryshkewitch (64,65) with constant parameters A, c,, and B.

¢ -0 Balshin
— =« - clc, Hasselman (strength lost at ¢ = ¢)
S %XP(—BC) = 1 - Bc Ryskewitch (moderate porosities)

(4.24)

200 100

100 50

STRENGTH — MPa
STRENGTH — MPa

OO.O 0.5 - 1.0 8 0.25

POROSITY — ¢ POROSITY — ¢
Figure 4.12. Compressive strength of Figure 4.13. Compression strength of
autoclaved calcium silicate system compacted HCP (68). Smple pore sys-
(66,67). Smple pore syssemwithc, = 1 temwithc, =10 §= 99 MPaand D
0 § =175 MPa and D = 3.03. = 4.74.

.00 0.50

Equation 4.23 is very easy to handle in practice. The parameters D and the critical
concentration ¢, can be determined by linear regression of manipulated experimen-
tal data as shown in Equation 4.25, optimizing the fit-quality with respect to the
critical porosity ¢, (which, incidentally, must be close to the same critical porosity
as obtained by parallel regression of stiffness data).
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O O
Y=log(® : X=logd - SHO S=EXP(Y) ;: D=0a (425
O %0

where Y and a are Y-intersection and slope of regression line

Examples

In Figures 4.12 amd 4.13 Equation 4.23 is successfully tested against a number of
experimentally obtained strength data reported in (66,67,68). The zero-
porosity strengt S, the critical concentration ¢, and the strength power D have
been determined by the linear regression technique explained in Equation 4.25.
Another example of establishing strength-porosity descriptions is shown in Figure
4.14. The underlying experimental data presented in Table 4.3 are from tests on
tile reported in (69).

ERNST
100
0x(MPa) a0l :
0.432 245 .
0.436 22.8 T s
0.435 21.4 =
0.415 20.1 ©
0.414 255 = 0 N
0.418 274 © N
0.409 24.9 . i
0.375 26.2
0.381 35.7
0.365 35.6 %o 05 10
poroesitet

|

Figure 4.14. Strength of tile. Regression of
Tf‘l_?iLE 4.3 Srength the data presented in Table 4.3 gave: ¢, =
of tile. 0.6, S = 94 MPa, D = 1.12, r* = 0.585.
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5. MATERIALEMEKANIK - EKSEMPLER

Vi gentager fra indledningen: | almindelighed kan materialers adfsard ikke for-
klares alene ved hjadp af en enkelt fagdisciplin. Med hensyn til byggebranhens
materialer, for eksempel, kan en tilfredsstillende beskrivelse ofte kun opnas gen-
nem en kombineret anvendel se af rheologi, revnemekanik og kompositteori. | dette
kapitel gennemgas et par eksempler pd, hvordan denne kombination af fagdis-
cipliner (Materille Mekanik) kan vaae nyttig til belysning/beskrivelse af
materialers mekanisk/fysiske adfaad.

5.1 Frost | haardnet cement pasta (HCP)

Vi betragter den sasmme HCP (Figur 1.15: Empty autoclaved Portland cement/sili-
cate system), som vi anvendte som eksempel i Afsnit 1.2.5. Vi antager, at kapillar-
porerne er delvist fyldt med vand, der fryser til is. Vi har sdledes et system, hvor
fase S er HCP-faststof (gel) og hvor fase P er pores is.

Geometrien af HCPen er af typen MM-MM som beskrevet ved formfunktionerne
M = 0.45(1-c) og | = 0.45¢, se Figur 1.17, hvormed kompositstivheden er bestemt
ved Tabellerne 1.1 og 1.2. Far anvendelse af disse tabeller skal vi imidlertid
modificere fase P egenskaberne under hensyntagen til, at kapillarporerene ikke er
vandfyldte. Vi modificerer efter Ligning 5.1, hvis informationer er hentet fra (15).
(Hgjre-sidens materialeegenskaber i udtrykkene er faststofegenskaber).

Impregneringsgraden 3 er volumen af impregnering i forhold til

det volumen, der maximalt kan vage i poresystemet.
Porgsiteten i impregneringen, betragtet som udfyldende hele
porefasen, bliver ¢ = 1 - B. Det vil sige, at imptegneringen
stivhedsmaessigt kan regnes at virke med

l1-c

E~__°“g-_P g modificeret stivhed

1-+c 2-pB
Egentgjningen i "porgse”’, impregnerende materialer vil ogsa
afhaange af B, sdledes at

(5.1)

A= L)\ modificeret egentgjnin

Vi vil undersgge, hvordan den betragtede HCP opfarer sig, ndr den udsadtes for
frost med falgende tidsforlagb for isens eigenstrain

N E in days since frost initiation at age t_ (5.2)
o(f) = PtTtF % represents rate of frost action
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Den mekaniske opfersel af HCPen beregnes efter Tabel 1.3 og Afsnit 3.2.3 under
hensyntagen til, at materialet kryber efter Ligning 2.11.

Resultaterne, illustreret i Figurerne 5.1 og 5.2, forudsadter: HCP har E;= 32000
MPa og krybning ¢ = 3. Kapillarporgsiteten er ¢ = 0.2. Impregneringsgraden er
3= 0.5. Fast is har E, = 10000 MPa og lineaa egentgjning A, = 0.03. Frostbegyn-
delse er t, = 28 dagn. Frysehastighed er t- = 10 dage.

0.0008 5
1T o hcp
0.0006 / =
< / | ’
o
= o
(%)) [69)
C ©
@© 0.0004 .
ey -
()
o 5 \
L 0.0002 2 \
o ‘
= O -19 |
=l ‘\\ ice
2z N [ — L
0.0000
200 400 600 800 1000 4
days since frost initiation 200 400 600 800 1000
Figure 5.1. Udvidelse under isdannelse af days since frost initiation
den betragtede HCP. Figure 5.2. Indre spaendinger i den betrag-

tede, frostpavirkede HCP.

5.2 Materialers levetid - ssimpel analyse

En analyse af den mekaniske levetid for et viskoelastisk materiale kraever en
kombination af rheologi og brudmekanik. Materialemodellen, der anvendes i
nedenstdende beregninger svarer til den i Figur 4.2 viste, hvor revnen L = 2|, er
en typisk dominerende fejl i materialet. Viskoelastisk regnes materialet at krybe
som treg polymerer og keramiske materialer (Power law creep). Levetiden er
naturligt opdelt i to faser. Den farste fase omhandler tiden t; (start) til begyndende
revneudvidelse (materialet begynder at knage). Revnelaangden i denne fase, og
dermed styrken, er konstant mens revnefronten pa grund af krybning bner sig
mod en kritisk vaadi. Den anden fase omhandler tiden fra t; til t.,;, hvor det
endelige (katastrofale) brud indtraeder. Revnen ekspanderer med fastholdt (kritisk)
revnefront mod en kritisk laagde, der netop nas til t = t.,;.

Det vises efterfal gende hvordan den farste fase kan analyseres pa simpel méde ved
hadp af resultater tidligere fremfart i rapporten. Beregningerne i forbindelse med
den anden fase er for komplicerede til at de kan retfaadiggeres inden for dette
kursus malsatninger. Der henvises til (70).
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Vi anvender den simple e-v-analogi som den er fremfart i Afsnit 2.3.3. Det vil
sige, opskriv ferst den elastiske |@sning pa det betragtede problem. Det vil her sige
styrken som bestemt i Afsnit 4.2.1,

o - R _ (Erm (5.3)

CR \/F J T

Erstat Young-modulen (E) i denne Igsning med den effektive Young’'s modul
E*" = R(t). Herved fas

EFF
0(t)=Ji= _E T« (5.4)
o N J 1+ (tr)y

der efter normering med hensyn til korttidsstyrken (Ligning 5.4 med t = 0) kan
udtrykkes ved

Ol _ 1
Ox /1 -+ (th)

(5.5)

Tiden i dette udtryk er tiden til begyndende revneudbredelse t;, under den
konstante belastning o«(ts), kaldet langtidsstyrken. Den sagte "levetid" til begyn-
dende nedbrydning af materialet er nu bestemt ved

t b o_(t
s.gt o 1%1 hvor 9 = (Y er lastniveauet (5.6)
T &g

o

CR

For trae skal relaxationstiden i ovenstaende udtryk indsadtes svarende til at revne-
udvidelse sker som en kombination af forskydning og dbning mellem fibre. Den
relevante relaxationstid bliver af starrelsesordenen 1= 1/1000 af veardien gadden-
de for bjadkebgjning.

Et eksempel pa en levetidsanalyse af et viskoelastisk bygningsmateriale (ikke tree
er vist i Figur 5.3. Materialet kryber efter eksponentialudtrykket i Tabel 2.4 med
krybningseksponenten b = 1/6. Den analyserelevante relaxationstid er 100 degn i
ter tilstand og 3 dagn i vad tilstand. Resultater vist med stiplede linier er tiden til
begyndende brud (Ligning 5.6). Resultater vist med fuldt optrukne linier er tiden
til endeligt brud som beregnet efter (70).
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Resultaterne fra en fuldstaendig levetidsanalyse (til katastrofebrud) efter (70) af
knastfrit treeer vist i Figur 5.4. De viste eksperimentelle resultater er fra Madison
(71) og fra Krebs (72).

-
(=}

Ll
X [
& \\i\\\\
Eo.s —— — —
™~ B S I TOER
% h \\\\
0.6 RS =
I wo ™I
Dos Figur 5.3 Levetidsanalyse
Y af et bygnlngsmaterlalel tor
Z on og vad tilstand. Den
% LEVETID stiplede linie er t; efter dette
SHIRLER NEDBRYD-START afsnit. Den totale levetid t,;
*0 5 22 A 0 : 3 4+ e bestemt som angivet i
LEVETID — LOGyo(tcar | DOEGN) (70).
1.0
— 0
—O|_
0.8 —— =
=
_ ® \ w | DRY
< WET a2 . .
4‘06 = Figur 5.4. Knastfrit tree -
< Eksperimentelle levetidsdata
0 s oy froa Krebs: ter (12_ %) og
§ . VGEE\BSSO:NV/VI\EATADSEN vad (> 30 %). Madison: (=
02 LINES: Present theory 10 %) . Theoreti Sk
beskrivelse som angivet i
0.0 (70).
-3 -2 2 3 4

—1 0
LIFETIME — LOG1o(tear, days)

5.3 Siffness and thermal conductivity of tile

The following data are from stiffness experiments on bricks (50x50x50 mm),

reported in (69),

a) Deduce stiffness (E;) at 0 porosity, and the geo-parameters (c.,4°) from these data.
Present graphically, composite stiffness versus porosity.

b)  The therma conductivity of solid tile (at O porosity) is Qs = 0.8 kcal/mh°C. We
assume that the voids have Q. = 0. Present graphically, composite thermal conduc-
tivity versus porosity.

The answers to these questions are presented in Figures 5.5 and 5.6a with data

predicted by Sections 1.2.6 and 1.5. There are no experimental conductivity results

determined in (69). We may, however, compare the theory with such results
presented in Figure 5.6b as reported in (73) with Qs = 0.825 kcal/mh°C. When
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the uncertainty on c.-determination is considered a reasonable agreement is ob-

served between theory and practice.

Porosity (c) E (GPa)

0.432
0.436
0.435
0.415
0.414
0.418
0.409
0.375
0.381
0.362
0.365

6.5
6.5
4.9
6.3
7.5
6.0
9.5
11.6
9.2
8.5
114

|
TABLE 5.1. Siffness of tile.

ledningsevne — kcal/mh°C

0.0
0.0

Figure 5.6a. Thermal conductivity of the
tile considered in this example with geome-

05
poroesitet

try (1°,,) = (0.9, 0.53),

1.0

ERNST
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\
— \
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Figure 5.5. Siffness of tile. E; = 38 GPa,
(4°,c.) = (0.9, 0.53), r* = 0.600.

o

(kcal/mh°C)

0.5

CONDUCTIVITY — Q

0.0

0.0 1.0

0.5
POROSITY — ¢

Figure 5.6b. Thermal conductivity of fire-
brick. Geometry: (p°,c,) = (1,0.82)

5.4 Thermal expansion of salt infected tile

The above exercise proceeds as follows

c)  Thetile becomes salt infected. Salt has a stiffness of E, = 2220 MPa and a specific
thermal expansion coefficient of A, = 38e-6/°C. Tile has a solid phase stiffness (Ey)
as previously deduced. The critical concentration (c,) previously deduced is supple-
mented with acritical concentration of ¢s = 0, estimated from Figure 1.14, assuming
that pore connectivity (percolation of phase P) starts just at 0-porosity. Its solid
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phase specific thermal expansion coefficient is A = 6e-6/°C. Present graphically,
specific composite expansion, stress in tile, and stress in salt.

Remark: The symbol 3 in Figures 5.7 and 5.8 means degree of impregnation
(volume solid salt/pore volume). According to (15) an analysis of impregnated
materials can be made introducing an effective phase P stiffness which is E; =
stiffness of solid impregnant multiplied by (¥(2-3). The experiments referred to in
Figures 5.7 and 5.8 are from tests reported in (74) with 3 = 0.15-0.25. The stif-
fness of solid rock salt is 20000 M Pa which produces the average E, = 2220 MPa
previously presented as the phase P stiffness. The theoretical data in Figures 5.7
and 5.8 are predicted as explained in Section 1.3.

12E-06 — 01

FROM TOP: g= [T L
0.25,0.20,0.15 LYy

o
(=)

10E-06

8E-06 v

//4 e

|
o

EIGENSTRAIN (linear)

SALT

EIGENSTRESS (hydrostatic) - MPa

g = 0.25

BE-06 {="
0.00

-0.2

Q.50 0.00 a.50

POROSITY — ¢ POROSITY — ¢
Figure 5.7. Predicted thermal expansi- Figure 5.8. Predicted thermal eigenstres-
on/C° of salt infected tile. Dots are expe- ses (/°C) in salt infected brick.

rimental data.

5.5 Siffness of concrete and HCP, and strength of HCP
as related to degree of hydration

Composition of HCP and concrete

The volume concentrations presented in Equation 5.7 are of relevance in com-
posite studies of concrete. They are calculated, see (75,76), according to the
principles developed by Powers and Brownyard in (77,78). Aggregate,
cement, and water are denoted by A, C, and W respectively. W/C is water/cement
ratio by weight and A/C is aggregate/cement ratio by weight. The amount of ce-
ment hydrated at a certain age (t) relative to the total amount of cement is denoted
by the degree of hydration g(t). The description of g(t) presented in Equation 5.7
Is suggested by Freiesleben in (79) with characteristic hydration parameters t
and 3.
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38A/IC

C = aggregate concentration in concrete
100W/C + 38A/IC + 32
o = 1%%?@6 1?2(0 total porosity of HCP E
y Uwic 2 038 (57)

_ 100W/C - 38g(1 capillary porosity of HCP[]

e 100W/C + 32 0
%D{ m%

a(t) = eXpEE-00 degree of hydration
Ootao

Concrete stiffness versus degree of hydration

The stiffness of concrete with W/C > 0.38 can be calculated by Table 1.4 as-
suming that concrete is a CSA . composite with an aggregate concentration (phase
P) as calculated in Equation 5.7. Young's modulus of HCP (phase S) is age
dependent and must be introduced from Equation 5.8 which is based on the
author’s work in (75) on stiffness and creep of concrete.

E.. = 0.85x3.2ed4+g(t) MPa static stiffness of basic paste
W/C - 0.38 . .
Copy = —— vol -con of voids in basic paste
o WIC - 0.32 P (58)
l1-c ..
E.=E,—— static tiffness of HCP
1 * CVOID
1.0 50000
N /l _
£ a
Oﬁovg / %40000 }{;_};/
| | H e
- // \ /:
/ /e 8
Eo,a () 30000 st
O =
o 3
= 3
0.4 < 20000 7
© B y
o o
8 0.2 % 10000
gj ,// Q .
00 i 0 -
=1 1 2 -1 0 2
logio(t, days) logro(t, days)
Figure 5.9. Degree of hydration, g(t), Figure 5.10. Concrete with (W/C, P/C) =
defined by (1,3) = (0.625 days,0.95). (0.45,5.21), E, = 50000 MPa, and degree of

hydration from Figure 5.9.

Basic paste (BAS) is defined in (75) as that part of the water-cement system which
will hydrate completely. The void concentration, ¢, in Equation 5.8 is c.,, from
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Equation 5.7 with g(t) = 1. Theoretically predicted Young's moduli and experi-
mentally determined moduli from (80) are compared in Figure 5.10. The degree
of hydration shown in Figure 5.9 is fitted by Equation 5.7 from experimental data
presented in (80).

HCP strength versus degree of hydration

For the sake of curiosity: Based on a number of experimental data it has been
shown in (76) that the compressive strength (S) of HCP with W/C > 0.38 can be
predicted by the following expression

S . %50(1 -¢c,) MPaatc <078 with B - 2.35 (5.9
at CTOT > 0.78 [g(t) _ 0_19]0.45
200 with total porosity and degree of hydra-

tion introduced from Equation 5.7. An
example of predicted compressive
| strength is presented in Figure 5.11. It is
interesting to note that the S-expression
in Equation 5.9 is exactly as suggested
empirically by Balshin in his work (62)
on porous materias in general. In Bal-
shin’'swork, however, thereis no restric-
tions on c,,;, and the exponent B is a
0 2 constant which has to be determined by
logqp(t, days) .
Figure 5.11. Compressive strength of a  €XPeriments. In the present note the
HCP with WIC = 0.45 and degree of exponent B depends on the degree of
hydration from Figure C1. hydration as indicated in Equation 5.9.
This depency can be read as the result of a changing pore geometry. It is noticed
that the "Balshin" strength expression in Equation 4.24 is truncated at c,,; = 0.78
which tells that the HCP microstructure is unable to carry afinite load at greater
porosities. This means that the critical concentration ¢, of HCP is close to 0.78.

w
o

a
a

Compressive itremgth — MPa

o

-1

Remarks. We re-call that ordinary (naturally grown) HCP have implicitly been
considered in this section with W/C > 0.38. Stiffness and strength expressions,
however, are also presented in (75) and (76) respectively which apply for W/C <
0.38. Densified (compacted) HCP systems have been studied by the author in (61).
Tensile strength of HCP can be estimated to be = 1/10 of the compressive
strength. Ordinary HCP has aso been studied by Bentz in (6) using a special com-
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puter simulation technique. Concrete is studied by Lokhorst & Breugel (81)
using a layered composite model.

Note: Some interesting exercises can be made from this Section 5.5. Examples:
Stiffness of concrete and mortar as a function of composition, time, and degree of
hydration. Is the assumption acceptable (made by many authors) that stiffness
develops proportional to degree of hydration ?. The following rewriting of the
former expression in Equation 5.7 might be useful in such analysis.

c(100W/C + 32)
38(1 - 0

ortar has ¢c = 0.5

(5.10)
oncrete has ¢ = 0.75

AC =

5.6 On swelling and drying of porous material

The feature of interest in this example is: Which orders of magnitudes can be
expected for deformation of porous materials subjected to condensation of water
from an ambient vapor pressure . In another formulation: What shrinkage can be
expected of the material changing its ambient vapor pressure from @ to O.

It is emphasized that only the aspects of material mechanics are demonstrated. A
full shrinkage analysis requires a number of additional information the acchievent
of which lays outside the scopes of this note. For example: Amount and distribtion
of pore water and pore size distributions. For a complete shrinkage analysis the
reader is referred to (26) from which the following "mini analysis' is adapted.

0.4
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o
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o

o
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o
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RELATIVE VAPOR PRESSURE — ¢

Figure 5.12. Film pressure on surfaces due

to adsorbed water.
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Figure 5.13. Tension due to capillary

condensed water.
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A specific porous material is considered. The material is stored in an ambient
vapor pressure of @. Water is condensed as a thin adsorbed film layer on the pore
surface and as capillary water in the pore volume. The film pressure shown in
Figure 5.12 and the capillary tension shown in Figure 5.13 are the results of a
sorption analysis by (26).

The question of interest can be solved by the following expresions adapted from
Equation 1.18 in Section 1.3.2. The stiffness expression added is from Equation
1.14 with a constant stiffness power D.

e = _P E& - 1% (shrinkage due to cap-water with pore tension p)
K O
e = BLK (swelling due to adsorbed water with pressure p(5'11)
transformed from film pressure y)
e=(1-¢° relative stiffness of porous material

Calculationally a film pressure, vy, acting on the pore surface of a porous material
can be "transformed” to a hydrostatic pore pressure, p, by the following expression
developed from Flood (82).

p = 2y with R, = hydraulic radius of solid in porous material (5.12)

YD

In principle this conversion of loading mode is quite familiar with the following
well-known phenomenon: Look at a bar with a streched rubber band around it. If
the bar has a circular cross section of radius r and the rubber band tension is S,
then a pressure of o = S/r will act on the bar - see Figures 5.14 and 5.15.

The solid phase hydraulic radius can be calculated by the following expression
looking at 1 m® of the porous material. The solid density is ds. The pore surface
is S;er Which is the so-called BET-surface (m?/kg) experimentally determined.

R, = Voo 1 because
" Ss dSSBET (5.13)
=1-c¢ = solid volume/m?®

VS
S =1 -0dS,, = solid surface/m’®
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Tension S in rubber membrane produ-
ces pressure on cylinder: 0 = S/r

Compression vy in moisture layer produces
tension on cylinder.a = y/r

POROUS MATERIAL
with film pressure y
E Hydraulic tension on solid
o=(2/3)y/Rw
\where hydraulic radius: R,

1= solid volume/ solid surface
|

Figure 5.14. Analogy between pressure on
cylinder, caused by stressed rubber
membrane and tension on cylinder, caused
by film pressure in adsorbed moisture.

Figure 5.15. Expansion of porous material
due to film pressure on solid surface. Noti-
ce that R,y is hydraulic radius of solid.

Now the following easy expression will convert a known film pressure to a pore
pressure in the porous system considered.

2
p = EdeSBEl'

(5.14)

Example: At a vapor pressure of ¢ =

0.5 a linear swelling of =0.2 %o is the

result of afilm pressure of y = 0.17 N/m. A linear shrinkage of .1 %o is the result
of a capillary tension of p = 0.1e6 Pa (a very small amount of capillary water is
present at a vapor pressure around 0.5). The material properties applied to obtain
these gantities are the following: ¢ = 0.8, D = 2, S;.; = 34000 m’/kg, ds = 2650

kg/m?®, E = 32€9 Pa.
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o
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o

Figure 5.16. Data from sorption tests on a
cellular concrete.
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Remark: We re-call that the analysis just made only demonstrates the principles
of a complete drying shrinkage analysis such as the one presented in (26). The
results presented in Figure 5.17 are from a complete (26)-analysis of a cellular
concrete with experimental sorption data as shown in Figure 5.16.
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6. NOTATIONS

The notations most frequently used in this note are listed below. A few symbols
have been allowed to have two meanings - only, however, where the proper mea-
ning is obvious from the text associated. The list does not include local symbols
used only in intermediate results.

Sub/supscripts
P,S Phase P and phase S respectively
no sub/supscript ~ Composite material

Volume
V  Phase volumes
c=VJ(Vs+V,)  Volume concentration of phase P
1-c Volume concentration of phase S
A = (1-¢)/(1+¢c)  Volume parameter

Geometry
C.,Cs  Critical concentrations
H=pc)  Shape function
W =p0), i = (1)  Shape factors
0 =0(nn)  Geometry function (n = stiffness ratio, see 'stiffness’)
A Fiber aspect ratio (length/diameter)

Stresg/strain
Stress
€ Strain

Eigenstrain/stress
A Linear eigenstrain
p  Stress (hydrostatic)

Stiffness - Conductivity
E Young's modulus
Q  Physical property such as conductivity
n=EJE, Stiffnessratio
n=QJ/Qs Conductivity ratio (f.ex)
e=E/E, Relative stiffness of composite
g=Q/Q; Relative conductivity (f.ex)

Viscoelasticity
t time
C(t)  Creep function
R() Relaxation function
T Relaxation time (doubling time)

b  Creep power
EFF = EFF(t)  Effective Young's modulus (= R(t) = 1/C(t))
Fracture

| Half length of crack
l,x  Critica haf length of crack
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Notations

Ker

r

M

(TMAXl (IL

Ocr

d = (K/o)im
S=5(c)

S, = (0)

t

tCAT

HCP
g=9(
CTOT

CCAP

W/C

AIC

®=qt)

EEF = EEFF(t)
@™ = (1000)
A = A(D)

AP = A\(1000)

CSA

H/S

P/H
MOE-MOR

Interaction factor

Stress intensity factor

Critical stress intensity factor

Strain energy release rate

Critical strain energy release rate
Theoretical strength in general

Real strength in general

Characteristic microstructural dimension
Strength of porous material (Porosity c)
Strength of porous material at O-porosity
Lifetime (to failure initiation)

Lifetime (to catastrophic failure)

Concrete

Hardened Cement Paste

Degree of hydration

Total porosity of HCP

Capillary porosity of HCP
Water/cement ratio (by weight)
Aggregate(Cement ratio (by weight)
Creep parameter

Effective Young's modulus (E/(1+q))
Creep parameter at t = 1000 days
Shrinkage

Shrinkage at t = 1000 days

Abbreviations

Composites spheres assemblage
Hashin-Shtrikman’'s stiffness bounds
Paul-Hansen's stiffness bounds

Modulus of elasticity - modulus of rupture
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REGNEGVELSER - OPLAEG

| dette afsnit laagges der op til en ragkke regnegvelser i Materialemekanik. Formu-
leringerner er bevidst holdt meget 1gse, naamest stikordsagtige - og nogle steder
ret ufuldstaandige. Det er meningen, at indholdet af de endelige gvel ser aftales med
de studerende. Muligheden foreligger, a en gvelse kan "forfremmes’ til at vage
grundlaget i den afl@sningsopgave, der kraeves udfert i forbindelse med kursets
afslutning.

1. Composite stiffness and elgenstrain/stress

- Beton bestar af HCP og sten (inkl. sand). HCP har E; = 25000 MPa. Stenene
har E, = 60000 MPa. Bestem gramserne for betons stivhed (E) som funktion af
stenindhold, og bestem Budiansky’s tilnsamede stivhedsl@sning. Lgsningerne
agnskesi grafisk form. Kommenter specielt stivhederne for normal beton (c = 0.75)
og for mertel (c = 0.5).

- Betragt en beton med ¢ = 0.75 under termisk pavirkning. Bestem betonens
varmeudvidelse (A) samt spaandinger i sten og HCP. Anvend Budiansky’s udtryk
for betonstivhed. Leg med forskellige varmeudvidel seskoefficienter (A.,Ag).

- Programmer en graf, der giver den vandrette simple middelvaadi af P/H-
gramserne. Der er en spamndende sammenhaang mellem denne graf og Budiansky’s
lasning. De to grafer tegnes i det samme koordinatsystem.

- Nar du har gjort det, s vis matematisk at de to grafer er exact sammenfal-
dende.

Vink til sidste spergsmal:

Fra P/H-gramserne fas

e-1 . n(l - 1/e)
C = , C = 61
° n-1 : n-1 D
bestem ¢ = %(c, + ¢) og afbild e = f(c)

Relevante formler:
HASHIN-SHTRIKMAN's stivhedsgramser

n2+cn-1) _E_n+1l+cn-1) . %:Ep
2n-¢n-1) E n+1-c¢nh-1) " H E

[}
I |

(6.2)

BUDIANSKY'’s tilneamelse af akkurat stivhed

e=EE=%[b+\/b2+4n] med b= (1 - n - 2)

S
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le -1
A=A+ A . (DN =N, - A (6.3)
In-1
c(Un-1) - (e-1 c
o, = KM ) - ( ) . o= - o, (6.4)
c(/n - 1y l1-c
10.0 7 2.0E-005 =
1 DOTTED LINE: P/H BOUNDS | | e
1 DASHED: H/S BOUNOS p L L
— 1 SOLID: BUDIANSKY A
@] 7 A -
o 8o 7T - -
9 R S ~
[ // / /, { é
6.0 - 7 =
\ . / // / 1.0e-005
U s 7 // Ve / ' E //’
ﬂ 4.0 e . =
E /,f’ // // /// @)
L - - - A L
— . ~ - - /
» 20 1 L =T | SOLID: PREDICTED
L LT / DOTTED: H/S
0.0E+000
] 0.0 0.5 1.0
s e LA VOL—CONCENTRATION — ¢
VOLUME CONCENTRATION — ¢ Figure 6.2. Thermal eigenstrain/°C of
Figure 6.1. Siffness bounds and Budi- spherical powder composite. (E.E) =
ansky's approximation. (15,1)*10> MPa. (A\;,A) = (2*10°, 0)/°C.

2. Revnet system (kritisk spaandingsintensitetsfaktor)

- Genkald "galgeavelsen”. Opstil program til beregning af spaandingsintensitets
faktorer.

- Antag, | har en plade af konstant tykkelse med en revnedensitet pap = 1 pr
2b*2b = 0.25/b?, hvor 2b er revnernes centerafstand. Revnerne har ale en
halvlaangde |. Bestem pladens styrke som funktion af revnedensitten. Materialet
vadger | salv.

Relevante formler

Lagen: tykkelse t, bredde: 2b, revnelaangde: 2|
Brudlast: P, o_, = P_/(2th)

K, = Fo_/ml  with F =

. (6.5)

/1 - (I/b)?

K , -
O = R with % =yl - p(2) ;P T 1 (6.6)

F/m 4l
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501 16.0
|
o | Dots: experiments I GLASS:
~ | Solid: predicted o L Keri=B800kPaxm'/?
401 o ~_ 1=0.001m
‘ \ =120 —
|
() | a4
| Q N
g | o N
& 30 ‘
= 8.0 -
-
-+ — \\
gzo o 4 MORTAR: e \
o Z Kcr=200kPaxm
o . L 1=0.001m
< E 4.0
S
010 . -
a B
T
S 0.0 rrrrrrrrrrrrrTE b e e
0 ~ 100000 200000 , 300000
0.00 0.05 0.10 0.15 0.20 CRACK DENSITY — p/m
halv revnelaengde — m

) . Figure 6.4. Multi-cracked mortar and glass
Figure 6.3. Den pahamgte masses afhaan-

gighed af revnelamngde.
3. Krybning i tree

- Et bgjningsforsag med tree har givet felgende krybningdresultater. Bestem
trasets krybningsfunktion beskrevet ved det eksponentielle krybningsudtryk.

t(degn)  E*c(T) t(dagn) E*C(t)
5 11 1000 16

20 12 5000 1.8

50 13 8000 19
100 13 12000 21
700 15

TABLE 6.1. Malte krybningsdata.

- Med praktisk relevans kan | lege med programmet. Masser af andre
materialer (Polymerer b = 0.45, keramer b = 0.3, gasbeton b = 0.2) opfarer sig
formelt efter den samme krybningsfunktion som gadder for tree Fugt nedadter t
dramatisk. Hvordan indvirker dette pa kybningen af trae og andre matrialer.

Relevante formler (Afsnit 2.2.4)

[l Il
_ 1 Ot )0 b er krybningseksponent (6.7)
c=c - & Er " BP0 ¢ er refaxationstid (ol fordoblingstic)
Y=Y +oaX med Y-=log,/(Ect) -1 ; X-=log,t)

Y 6.8
[ b=a=—Y°; T =10" = 10° (6.8)

[¢]
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0.4 2.5

~
o

@

o
b

o)

NORMALIZED CREEP

o
w»

t IN|DAYS
1.0 0.0

5000 00 15000

X = L0Gi(t) | _ TIME — DAYS
Figure 6.5. Manipulerede krybningsdata, Figure 6.6. Bedste eksponentielle kryb-
Lineaa regression giver b = 0.248 og T = ningsbeskrivelse af de givne eksperimen-
10198 degn med fit koefficienten r2= 0.087  telle data.

4. Tegls stivhed og styrke - MOE-MOR

Ernst (69) (her frabkm) har udfart stivheds- og styrkeforsag pa 50x50x50 mm ter-
ninger af teglmursten. Hans data (og deres beskrivelse) har tidligere vaget vist i
dette notats Sectioner 5.3 (stivhed) henholdsvis 4.4.2 (styrke).

Bestem og optegn MOE-MOR relationen for den undersggte tegl. Progammeér hele
proceduren, sdledes, at | kan foretage denne bestemmelse direkte med de
eksperimentelle data som in-put.

100

(o)
o

o)
o

>
o

STYRKE — MOR (MPa)

N
o

20 40

STIVHED — MOE (GPa)
Figure 6.7. MOE-MOR for den betragtede
tegl. Ec = 38 GPa, S = 94 MPa.
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Demo 1. Rheologi og Levetid: Tree

Hensigt

1) At vise tidsafhaangig deformation af materiale under konstant last.
2) At illustrere et materiales levetid (under 3 konstante lastniveauer).

Emner og materialer

Der fremstilles 30 sma bjadker af knastfrit trae (gran eller fyr). Dimensioner og
udskagingsretning (tangentiel-radiag) er vist i Figur 1.1.

tommestok SM(Ese %or malestok
malebro H/

\ |
7 =y |

L~
bjeelke belastningsbrik

10 25 25 10

cm

1
( ( 1cm bord stalgrus

malicm

Figur 1.1. Bjadkedimensioner og udskee  Figur 1.2 Forsggsopstilling.
ringsretning.

Hjadpegrej

Mindst 20 10* 10*2 mm aluminiumbrikker (uden skarpe kanter). Kraftigt sgjlgarn.
9 kraftige poser (evt. udfert af tilbundne stykker fra endel@se slanger): 3 med 10
kg, 3 med 7 kg og 3 med 4 kg stélgrus. De angivne kg-tal er eksempelvise
svarende til cirka 30, 50 og 70 % af bjadkernes brudlast. 2 borde. 1 tommestok
(med cm). 1 maebro af 15* 15 mm firkant-aluminiumrer, 50 cm lang, eftet 1 cm
i hver ende med pdlimet aluminiumplade, 15* 15* 25 mm, se Figur 1.2; pa midten
skal der vage en 4 cm lang dlidse, hvor tommestokken kan stikkes igennem for
maling, se Figur 1.2. 1 tube kontaktlim.

Opstilling og for sgsgang

En bjadke oplasgges fra bord til bord som vist i Figur 1.2. Husk at arringene skal
sta lodret. En belastningsbrik er pa forhand limet pa bjadkemidten med et tyndt
lag kontaktlim. - Der foretages en O-punktsaflaesning af bjadkens (ubelastede)
nedbgjning med malebro og tommestok. Der males til belastningsbrik. - En let
pose ophamnges forsigtigt med segjlgarn og lgkke omkring bjadken (og under-
lagsbrik). - Der foretages en aflaesning af bjadkens nedbgjning med méalebro og
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tommestok. Igen males til brik. - Og sadan fortszdtes der, farst tre arrangementer
med de lette poser, sa tre med de mellemtunge, og sidst, tre med de tunge poser. -
Forud for ovenstdende er bjadkernes brudlast bestemt udfra forsgg pa mindst 9
bjadker. Som eksempel antager vi, at disse forsgg giver P, = 144 N + 11 % (c.v.)

M alinger
Nedbgjninger og tidspunkter, noteres i en frekvens, der aftales med lageren. "0-

aflaesningen" er naturligvis vigtige - savelsom tidspunkter (sa tad, disse kan
skegnnes) for sammenbrud af bjadker (levetid).

Resultater og diskussion
Elasticitetsmodul, E, (Ligning 1.2 nedenfor), krybningsfunktion, C(t), og levetid.

Pa grund af den relativt grove malemetode kan de fundne data kun forventes at
give fingerpeg til belysning af de betragtede faanomener. Forsggsresultaterne skal
diskuteres i forelaesningerne i sasmmenhaang med forelaeserens erfaringer fra mere
omfattende, "videnskabelige" forsgg - og sa teori naturligvis. Bl.a skal belast-
ningsniveauets (30, 50, 70 %) indflydelse drages ind i diskussionen.

Forhandsinformation

De opgivne belastninger svarer til ca. 30, 50 og 70 % af korttidsbrudkraften pa fex
P, =144 N + 11 % (c.v.) svarende til en max traskspaanding, o, i bjadkeunderside

o

pa

P L
- 3 " . 108 MPa + 11% (1.2)

Ocx 2 BH?

hvor spandvidden, L = 0.5 m, bjadkebredde, B, og -hgjde, H, begge er 1 cm.
"Nedbgjningen" ved brud (100 % belastning) bestemmes ved

3
u_ = 1P 4 cm (1.2)
4 EBH?

hvor elasticitetskoefficienten er skgnnet til E = 12000 MPa. Ved 70, 50 og 30 %
belastning er u = 3, 2 henholdsvis 1 cm. Formel 1.2 anvendes ellers til bestemmel-
se af E udfra P og u for de anvendte belastningsniveauer.
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Demo 2: Revnemekanik: Glas

— :Eﬂmm

8cm

Figur 2.1 Dimensioner af glashjadker.

Hensigt

At demonstrere meget simpelt, hvordan et materiales styrke reduceres betydeligt
blot ved at tilfgje en ganske svag revne.

Emner og materialer

Der fremstilles 6 "bjadker" (+ 2 reserver) af 3mm vinduesglas som vist i Figur 2.1.

mal i cm plast spand
med stalgrus

glasplade belastningslister

4 13 6 13

Figur 2.2 Belastningsarrangement

Hjadpegre)

2 understetningsklodser, 4*4*8 cm. 2 belastningdlister, 1*1*8 cm. 1 tom plas-
ticspand, ca. 3 liter. 15 kg stélgrus i en beholder med en kulskovl. nogle amin-
delige glarmester diamantskazrerer. En 15 kg vaat.

Opstilling og for sgsgang

De to "bjadker" anvendes til at gve glarmesterens teknik i at brakke glas. Avis
nadvendig og en bordkant. Det bemaakes, at snitdybden er af sterrelsesordenen
0.05 mm; d.v.s. knap 2 % af glastykkelsen. - Herefter styrkeproves 2 (uridsede)
bjadker som vist i Figur 2.2. Den tomme plastspand placeres omhyggeligt pa be-
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lastningslisterne og stalgrus drysses forsigtigt i spanden med kulskovlen. Efter
brud noteres vaagten af spand + stalgrus.

De to sidste bjadker forsynes med en "glarmesterridse” pa midten og pa tvea's af
bjedken. Ridsen ma ikke fares helt ud til kanten (men taet pd), idet der for en
ugvet da nemt vil ske dette, at bjadken brakker alerede inden belastningspafarsel.
(Skegingen skal ske pa avis). Bjadkerne afpreves pa samme made som de
foregdende. Ridsen skal ligge i treksiden (undersiden). Vaggt af spand + stélgrus
noteres.

Resultater og diskussion

Forsggene viser, at brudkraften pa de uridsede glashjadker er P, = 90 N, svarende
til et brudmoment pa

M_ =P 0'_213 = 59 Nm (2.1)

CR CR

0g en max trakbrudspaanding

6M
0, =_—_==50MPa (2.2)
BH?

hvor B = 8 cm og H = 3 mm er bjadkebredde henholdvis —hgjde. (En styrke pa
50 MPaer 1/50 af glasfibres traskstyrke. Dette skyldes, at fibrene er langt tyndere
(mindre) og renere end vinduesglas).

De ridsede bjadker har en brudkraft pa P, = 28 N, svarende til en max
trakspaending pa o,, = (28/90)*50 = 16 MPa. Ridsen har altsa reduceret styrken
til lidt under en 1/3.

Resultaterne belyses i sammenhaang med praesentation af kritiske spaandingskon-
centrationsfaktorer, K. Vinduesglassets K, kan skennes ved

K, = L1xo_yml = 220 kPa/m (23)

hvor o, = 16 MPa og | (ridsedybden) = 0.05 mm. K -vaadien er af samme ster-
relse, som gadder for langsgaende revner i trae (klgvning).
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Demo 3: Revnemekanik: Folier

Hensigt

At belyse, lidt mere detdjeret end i DEMO |II, hvordan revner reducerer
materialestyrker. Yderligere, at vise forskellen mellem brud i sge og skere
materialer.

Emner og materialer

Der fremstilles 3 duge (+ 2 i reserve), 35*50 cm, af tegne-kalkepapir - og tre duge
(+ 3 i reserve), 3550 cm, af plast (som det LBM bruger i levetidsforsag pa trae
som fugtforsegling).

Hjedpegre)

1 s, specielt fremstillet gribegre (incl. |@s last-ophaangningskrog til udspaanding
af duge. En ca. 2 m hgj ophaagningsramme. 5 plast eller stof-poser a 10 kg (stal-
grus) tilbundet med sgjlgarn afsluttet med lgkke til ophaagning. 1 tommestok
(cm). 1 skalpel. 1 speedmarker. 1 kuglepen. En rulle tape.

Opstilling og for sgsgang

P4 en plastdugs korte sider anbringes gribesadtet. Vaa omhyggelig med at dugene
gribes med hele den flade, der kan opnas i gribesadtet - og at dettes to dele er pa-
rallelle. Flgimatrikkerne strammes maximalt (med handen).

Dug:
/ 35 cm bred

) S50 cm lang
gribegre] < - tilfert

\ centralrevne

| g5 S-krog

L — 10 kg veegtposer

-

l=— forsggsramme

Figur 3.1 Belastningsarrangement

Dugen forsynes pa midten (diagonalkrydset) med en svag "vandret" og "lodret"
speedmarkermarkering og ophaanges som vist i Figur 3.1 med 20 kg masse (2
poser) forsigtigt anbragt pa belastningskrogen. - To studerende placerer sig pahver
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sin side af dugen - den ene forsynet med en skalpel, den anden med en tommes-
tok. - Der prikkes en lille vandret revne i midten af dugen. Derefter skeaes 5 mm
af gangen skiftevis til den ene og satil den anden side (stadig vandret). Revnens
laengde falges hele tiden med tommestokken. - P4 et tidspunkt er revnen kritisk,
dugen gar midtover (pas pataserne). Den kritiske revnelaangde og last noteres ned.

De to sidste plastduge af preves pa samme made, blot nu med 30 henholdsvis 40
kg last. (Hvis der er tid og lyst kan en reservedug afpreves ved 50 kg).

Herefter gentages de beskrevne forsag pa papirduge. Markering af revne sker dog
med kuglepen. Saalig omhu skal iagttages ved montering. Papiret gar let i stykker
ved kanterne; (skulle der komme en mindre revne, kan den repareres med tape).

Resultater og diskussion

Det bemagkes, at der ved revnespidserne i plastdugene foregar en tragkhaadning
af materialet. Dette kan bade ses og meakes af den, der fgrer kniven. Det
bemaakes ogsd, at man i god tid far en fornemmelse af, at nu bliver situationen
farlig, idet der optraeder store krybningsdeformationer ved revnespidserne. Det
anvendte plast er et sdkaldt sgjit materiale; (der ved traskhagrdning bliver staarkere,
men mere skert. Dette kan faktisk fgles med fingrene pa den brudte rand af dugen.
Trakhaardning bruges ved fremstilling af fibre til kompositmaterialer).

Papirdugene gar fuldstaandig uvarsiet midt over. Der observeres ingen plastiske
deformationer som i plasten. Papir er et sakaldt skart materiale.

Den kritiske spaandingsintensitetsfaktor, K, for plast og papir kan bestemmes ved

0
— é ] 4 (3.)
5 fbo

hvor |, og b er den halve revnelaagde ved brud henholdsvis den halve dugbredde.
Brudspamndingen er den pahangte kraft (nederste griber incl.) divideret med
dugtvaasnittet.

Plast: | et forsgg har vi malt den pahaangte kraft til P, = 300 N ved en kritisk
revnelaangde pa 2l, = 16 cm. Vi féar

s . 300
*  0.35+0.0002

10° = 4.3 MPa (3.2
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hvilket efter Ligning 3.1 giver

K, = 4.3+10°%/m=0.08 «[1 - (0.08/0.175)7** = 2400 kPa/m (3.3)

P4 lignende made gav et forseg med P, = 200 N og 2|, = 27 cm, K, = 2900
kPa/ m.

Papir: | et forsgg har ve malt den pahamngte kraft til P, = 200 N ved en kritisk
revnelaangde pa 2l, = 16 cm. Vi féar

__ 20 10°- 82 MPa (34)

0.35x7+10°

0—CR

hvilket med Ligning 3.1 giver

K., = 8.2+10°/T1+0.08 =[1 - (0.08/0.175)7 ** = 4600 kPa/m (3.5

En anden papirdug gav 2l, = 13 cm ved P, = 400 N, svarende til K, = 8000
kPa/ m. Middelvaardien af disse to malinger er K, = 6300 kPa/'m. Spredningen er
for stor, hvilket sandsynligvis skyldes fejl pa revnelaangdemdlingen. Vi skal vaare
omhyggelige (og hurtige) med denne méaling. Plastrevnerne har en tendens ogsa
a "labe", selvom vi ikke skaxer.
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