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Weierstrass semigroups on the Skabelund maximal curve

Peter Beelen, Leonardo Landi, and Maria Montanucci

Abstract

In [14], D. Skabelund constructed a maximal curve over F 4 as a cyclic cover of the Suzuki curve.
In this paper we explicitly determine the structure of the Weierstrass semigroup at any point P of the
Skabelund curve. We show that its Weierstrass points are precisely the F 4-rational points. Also we show
that among the Weierstrass points, two types of Weierstrass semigroup occur: one for the Fq-rational
points, one for the remaining F s-rational points. For each of these two types its Apéry set is computed
as well as a set of generators.

AMS: 11G20, 14H05, 14H55
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1 Introduction

Let X be a nonsingular, projective algebraic curve of genus g defined over a field K. Let P be a rational
point of X'. The Weierstrass semigroup H(P) is defined as the set of natural numbers n for which there
exists a function f on X having pole divisor (f)s, = nP. In general, the semigroup H(P) can be defined for
any point P € X by seeing X as an algebraic curve over the algebraic closure of K.

According to the Weierstrass gap Theorem, see [15, Theorem 1.6.8], the set G(P) := N\ H(P) contains
exactly g elements called gaps. The structure of H(P) in general varies as P € X varies. However, it is
known that generically the semigroup H(P) is the same, but that there can exist finitely many points of X,
called Weierstrass points, with a different set of gaps. These points are of intrinsic theoretical interest, for
example in Stohr-Voloch theory [16] to obtain characterizing properties of the curve, but when K is a finite
field, they also occur in the study of algebraic-geometry (AG) codes [17].

In this direction, an intensively studied class of curves is the class of maximal curves, that is, algebraic
curves defined over a finite field IF, having as many rational points as possible according to the Hasse—-Weil
bound. More precisely, an algebraic curve X" of genus g(X) defined over F, is F,-maximal if it has exactly
q+ 1+ 2g(X),/q F,-rational points. Clearly, this can only be the case if the cardinality ¢ of the finite field
is a square or g(X) = 0.

Important examples of maximal curves over suitable finite fields are the so-called Deligne-Lusztig curves;
namely the I 2-maximal Hermitian curve

Moyt =29 4 o,

the Fj4-maximal Suzuki curve
S:yl+y=z?x!+1x), (1)



where g = 2%, s > 1 and ¢ = 2¢3; and the F,s-maximal Ree curve

R {zq — z = 2% (27 — 1),

y? —y =a®(z? - x),

where o = 3%, s > 1 and ¢ = 3¢3.

For a fixed g, the curve H has the largest possible genus g(H) = ¢q(q — 1)/2 that an F 2-maximal curve
can have. Also H and S are two of the four only curves of genus g > 2 having at least 8g> automorphisms,
see [11, Theorem 11.127] and [10]. The Weierstrass points of H and S as well as the precise structure of the
Weierstrass semigroups at every point of these curves are known; see [6] and [1]. On the other hand nothing
is known on the curve R and the computation of Weierstrass semigroups seems to be a challenging task, see
[4].

By a result commonly attributed to Serre, see [13, Proposition 6], any F2-rational curve which is covered
by an [Fj2-maximal curve is also Fj2-maximal. Apart from the Deligne-Lusztig curves, most of the known
maximal curves are subcovers of the Hermitian curve.

Since 2009, examples of maximal curves that are not subcovers of the Hermitian curve have been con-
structed as Kummer extenstions of the Deligne-Lusztig curves. The first known example # of a maximal
curve which is not a subcover of the Hermitian curve was constructed by Giulietti and Korchmaros as

_ [yttt =2+ 1,
H: a”+

341 2
gt =yt -y
see [7]. This curve is Fge-maximal and commonly called the Giulietti-Korchmaros (GK) curve. Other two
families of maximal curves as generalizations of the GK curve and Kummer extensions of the Hermitian
curve were constructed in [2] and [5].
Analogously, Skabelund [14] constructed Kummer extensions of the Suzuki and Ree curves as follows.
Let o = 2° with s > 1 and ¢ = 2¢3. The curve

g {yq+ywq°(fﬂq+fﬂ), @)

q2+1
tat2a0+1 = g9 4 x,
is Fja-maximal. Now let g = 3° with s > 1 and ¢ = 3q2. The curve

Yl —y =9 (27 — ),
R:{ 21—z =20z — 1),
q3+1

tatsaorT = g9 — g,
is Fge-maximal. The Weierstrass points as well as the precise structure of the Weierstrass semigroups at
every point of H was determined in [3]. Hence it is natural to ask whether the same can be done for the
curve S. In this paper, a complete answer to the aforementioned question is given. More precisely, we show
the following theorem.

Theorem 1.1. Let g9 = 2° with s > 1 and q¢ = 2g¢. Let S be the curve defined in Equation (2) and
P e S(F,). As usual denote by H(P) the Weierstrass semigroup of P. Then the following hold:

If P € S(F,), then H(P) = (¢*> — 2q0q + ¢,4*> — q0q + 40, ¢* — ¢ + 2q0, 4%, ¢> + 1).



If P € S(Fu)\ S(F,), then
H(P) = <q2_q+17q2_2qo+17q2_q0+17q27q2+17fi7hj ‘7;:07“"2(]0_21.7.:01"'7q0_2>a
where f; := (i+1)qo(¢> —q+1) —i(¢* + 1) — 1 and hy := (2j + 1)qo(¢* — ¢+ 1) — j(¢* + 1) — qo.

For integers a1, az, a3, ayq, f, we write 0 := a1 +az +az + as + f and v := a1 + azqo + a32qo + asq + fo?. If
P & S(Fg), then H(P) =N\ (Fy UF, U F3UFyU F5 U Fg), where

Fir={v+1]|0<a1<q—-10<a<1;0<a3<q—1;a4 >0;f>0;0 <q—2},

Fo={vr+(n+1)gpq+1]1<n<2g—-20<a;1<q—10<a2 <1;0<a3<q —1;
0<as<q—qo—1—nqo;f>0;0=q—q —2—nqg +n},

Fs={v+2n+1)goqg+n+2[0<n<q—-20<a1 <q—-2-n0<0a2 <1;0<a3 <q—1;
0<as<q—1;f>0,0=q—qo—2—2nqo +n},

Fy={v+@2n+2)qoq+n+3[0<n<q—-3;0<a1 <q—-3-m0<a;<1;0<a3<qo—1;
0<as<qo—1;f>0;0=q—2q —2—2nq +n},

Fs={v+ecqplg+1)+d2qq +290+1)+1]a1=0;0<¢c<10<as<1—-¢l—c<d<qg—1;
0<az3<q—-1-d;0<as<q—1;f>0;0=q—2—2dg — cqo},

Fs={v+q+2n+2)gpq+n+2]a1 =0;a2=0,0<n<qo—2;0<a3<n;0<ay <qo—1;
f>0;0=q—2g —2—2ngo +n}.

As a result, we will also obtain the set of Weierstrass points of S.

Corollary 1.2. The set of Weierstrass points ofS 1s equal to S(qu;).

The paper is organized as follows: In the next section we give the necessary background on the curve
S as well as some results on Weierstrass semigroups and their gaps that we will need later. In Section
3, we compute H(P) for P € S(F,). Here it should be mentioned that to a large extent this case was
already treated in [14]. Our results complement those in [14] by proving a claim on the generators of the
semigroup that was stated in [14] without proof. For P ¢ S (F,), the corresponding Weierstrass semigroups
are currently unknown. Our main results are the determination of these semigroups. More precisely, in
Section 4 we compute the Weierstrass semigroup for P € S(F,4)\ S(F,), while in Section 5 we deal with the
generic case P ¢ S(F ).

2 The curve S

Let go = 2° with s € N and let ¢ = 2¢3. The curve S defined in Equation (2) was constructed by Skabelund
in [14]. This curve has genus ¢(S) = ‘13_22@, ¢® — ¢* + ¢® + 1 Fa-rational points, and a unique point at
infinity P, which is singular and F4-rational. The curve S has been introduced in [14], where it was proved
that S is maximal over F i. As is clear from Equations (1) and (2), the curve S is a cyclic Galois cover of
the Suzuki curve of degree ¢ — 2go + 1 by projecting (x,y,t) on (z,y). In the remainder of this paper, we will
denote this cover by pr : S — 8. The cover pr gives in the usual way rise to a map pr* : Div(S) — Div(S’).
If Q € S, then for any Q of S, the divisor pr*(Q) is equal to the orbit of any point P € pr~!(Q) under the
cyclic group Cy—_2q,+1 multiplied with the order of the stabilizer of P in Cy_4,+1. For an algebraic function



fon S (resp. S), we will write (f)s (resp. (f)g) for its divisor. It is well known that for any function
[ €Fy(S), it holds that (f)s = pr*((f)s)-

The automorphism group Aut(S) of S is defined over F,+ and has size ¢*(¢—1)(¢*+1)(¢—2q0 +1). It has
a normal subgroup H isomorphic to the Suzuki group Sz(q) and Aut(S) = H X Cy_249+1, Where Cq_2q,41
is the Galois group of the cyclic Galois-covering pr : S — S. The set S (Fga) of the Fja-rational points of
S splits into two orbits under the action of Aut(S): one orbit has size ¢> + 1 and equals O; = S(F,). The
other orbit is Oy = S(]P‘qz;) \ S(F,) and has size ¢° — ¢* + ¢ — ¢%; see [§] for these and other details on S.
In particular, we can conclude that any point P € O; = S (F,) has the same Weierstrass semigroup and
similarly for P € Oy = S(Fy1) \ S(F,).

Let x,y,2,t € Fga (5’) be the coordinate functions of the function field of S, which satisfy y? +y =
29 (29 + x) and t9729Ft = 39 + . These functions have a pole at P, only. The same is true for the
functions z = y?% 4 220+ and w = xy?% + 229, Now let P # P, be the point of S with (z,v,t)-
coordinates (a, b, ¢). Further let @ := pr(P). Then @ has (x,y)-coordinates (a,b). With ®(P) (resp. ®(Q))
we denote the point ®(P) = (a?,b?,¢?) (resp. ®(Q) = (a?,b?)). In the sequel we will frequently use the
following functions and information on their divisors:

Tgi=x+a; (Iq)s =Q+ Er — ¢Qu, (3)
where E, > 0 and Supp(E,) N {Q, Qus} = 0,
Jo=y+b+a®(@+a) (Jo)s =@+ P(Q)+ Ey— (¢+ )R, (4)
where B, > 0 and Supp(E,) N {Q, 3(Q), Qoo } = 0,
Zgi=a"x+ 2+ 0™ (3g)s =2¢0Q + P(Q) + E. — (¢ + 2¢0) Qs (5)
where E. > 0 and Supp(E.) N {Q, ®(Q), Qs } = 0, and
W = aZq + 0°Tx +w + b + a2 (dg)s = ¢Q +2¢0®(Q) + P*(Q) — (¢ +2¢0 + Qoo (6)

Over Fy, the Suzuki curve has L-polynomial (1 + 2¢oT + qT?)9(5) . By the Fundamental Equation [11,
Proposition 10.6 (I)], the operator gid + 2¢o® + ®? therefore acts trivially on linear equivalence classes of
divisors of degree zero, for example on () — Q). This means that the existence of a function w¢g with divisor
(qid + 2go® + ®?)(Q — Qo) is guaranteed. Similarly applying the Fundamental Equation to the maximal
curve S (over [Fy4), we see that there exists a function 7p on S with divisor:

(mp)s =P+ 9*(P)— (¢* +1)Px. (7)
In particular (mp)g = (¢? +1)(P — Px) if P is Fya-rational. It is not hard to find the function 7p explicitly:
Tp = Wg + AlZg + AT 54 + r (t + ¢), where A :=a?+ a.

Note that if P is F,-rational, then A = 0 and 7p = wW¢. This observation is consistent with the divisors
given above. Indeed, if ®(P) = P, then also ®(Q) = Q and since @ and Q« are totally ramified in the cover
pr:S§—S:

(mp)s = pr*((Q)s) = (¢ +2¢0 +1)(¢ — 2q0 + 1)(P — Px) = (¢° + 1)(P — Px).



As we already announced, our aim is to determine the structure of the Weierstrass semigroup at every
point P of the curve S. First of all we observe that the orbit structure of Aut(S) tells us already that
the Weierstrass semigroup at P € S(IF,) will be the same as H(Ps,), and H(R) = H(Q) for all R,Q €
S(Fqa) \ S(Fy). ~

Clearly, as we will do for P & S(Fy4), computing H(P) is equivalent to completely determine the gap
structure at P, that is, the complement G(P) = N\ H(P). Hence to finish this section we state some facts
that we will use to achieve this. We start with the following well-known proposition connecting regular
differentials (i.e., differential forms having no poles anywhere on S) and gaps of H(P).

Proposition 2.1. [18, Corollary 14.2.5] Let X be an algebraic curve of genus g defined over a field K. Let
P be a point of X and w be a reqular differential on X. Then vp(w) + 1 is a gap at P.

This proposition has the following, for us very useful, consequence.

Corollary 2.2. For any point P on the curve S distinct from Ps,, and for any f € L((29(S) — 2)Px),we
have vp(f) +1 € G(P).

Proof. First note that (dx)s = (29(S) — 2)Qoo = (290(¢ — 1) — 2)Qs. The set of points that branch in the
cover pr: S — S is exactly S (Fy), the set of F4-rational points of the Suzuki curve, all with ramification
index g —2qo + 1. Moreover, the points of S above S (F,) are precisely the F,-rational points of S. Therefore,
we immediately obtain that

(do)s = (¢—2g0+1)(2a0(¢—1) —2)Pu+ (g —2q0) > P
PeS(F,)

= (290¢” — 2¢° + ¢ — 2)Poc + (q — 240) > P.
PeS(F,), P#P~

Thus, from #9201 = 29 4 2 and ()5 = Y pesqa,). ppr. P~ 1 Pro we get,

dx
(dt)g = (tngo> =’ - 24" +¢-2)Px.
5

In particular a differential fdt is regular if and only if f € L((¢* — 2¢®> + ¢ — 2)Px) = L((29(S) — 2)Px).
The claim now follows by applying Proposition 2.1. O

3 The Weierstrass semigroup for P € S (F,)

From Equations (3)-(6) and (t)g = ZPeS(Fq), pep. P — q* Py, it is clear that the Weierstrass semigroup
H(P,,) contains the integers ¢*> — 2q0q + ¢, ¢> — q0q + qo, ¢*> — ¢ + 2qo, ¢°, and ¢*> + 1. This was already
observed in [14], where in fact it was written that H(Py) is generated by these five numbers. To complete
the results in [14], we give a formal proof of this claim in this section. Note that the fact that S(IF,) forms
one orbit under the action of the automorphism group of S, directly implies that H(P) = H(Py) for any
point P € S(F,).

We will use the following standard terminology for numerical semigroups:



Definition. Let Z C N be a numerical semigroup. The set G(Z) := N\ Z is called the set of gaps of Z.
The genus g(Z), resp. multiplicity mz, resp. conductor cz of Z is defined to be

9(Z) =N\ Z|, resp. mgz:=min{z € Z|z>0}, resp. cz:=1+max{z e N\ Z}.
Further, the Apéry set Ap(Z) of Z is defined to be
Ap(Z2):={z€Z|z—mz & Z}.

The Apéry set Ap(Z) has cardinality mz and its elements form a complete set of representatives for the
congruence classes of Z modulo myz. Moreover, by definition of Ap(Z), each representative is minimal among
those lying in Z. As a consequence, the semigroup Z can conveniently be described as Z = {a +tmyz | a €
Ap(Z),t > 0}. This also implies that the genus and conductor of Z can be deduced directly from my and
Ap(Z):

9Z)= Y {“J and cz =1+ max{z € Ap(Z)} —mz.
acap(z) -2

This implies that if A C Z consists of mz elements that form a complete set of representatives for the
{ a J . It is well known

a€A | my
that ¢z < 2¢(Z). A numerical semigroup for which ¢z = 2¢(Z) is called a symmetric semigroup.

Now we return to the study of the semigroup H(Px). It will be convenient to introduce a notation for
the five integers contained in it that we mentioned previously:

congruence classes of Z modulo myz, then A = Ap(Z) if and only if g(Z) = >_

g0 =¢>—2q0q+¢q, o1 :=¢"—qq+q, 82:=0¢ —q+2q, g3:=¢°, and gs:=¢>+1.

Moreover, we write H = {go, 91, 02, 83, g4) for the numerical semigroup generated by them. Since gg < g1 <

g2 < g3 < g4, we see that my = go. Moreover, since H C H(P,), we have g(H) > ¢g(S). Using Apéry sets,

we will actually show that g(H) < g(S), which then immediate will imply that H = H(Px).

Lemma 3.1. Let A:={hg1 +iga+ g3+ kgsa |0<h<1,0<i<qp—1,0<7<qg—29,0<k<qy—1}.
Then A is a complete set of representatives for the congruence classes of Z modulo g.

Proof. By definition of A, there are 2¢3(q — 2qo + 1) = go different four-tuples of parameters (h, i, 7, k)
describing the elements of A, so |A| < gg. The lemma follows once we show that elements of the form
hg1 +igs + jgs + kgs are pairwise distinct modulo go for distinct four-tuples (h, 1, j, k) satisfying

Now let a = hgy + igs + jg3 + kgs and @’ = h/gy +4'go + j'g3 + k'gs be elements of A and suppose that
a=a’ (mod go). Recall that ¢ = 2¢2 and that ¢ divides go. Hence the congruence a = a’ (mod go) implies
that @ = @’ (mod ¢p). This in turn is equivalent to the congruence k = k' (mod ¢p). Since 0 < k < ¢
and 0 < k' < qo, we see that k = k’. Now working modulo 2qg, implies that goh = goh’ (mod 2¢y). Since
0<h<1land0<h <1, weobtain h = h’. Similarly working modulo ¢, implies that 7 = #’. At this point,
we know that jgz = j'gs (mod gg). Dividing by ¢, we obtain that jq = j'¢ (mod q—2go + 1), whence j = j’
(mod g — 2gp + 1) and therefore j = j’. O

Theorem 3.2. For any P € S(Fq), we have H(P) = (¢*> — 2qoq + ¢,¢* — qoq + q0, 9> — q¢ + 2q0,¢%,¢*> + 1).



Proof. As before, let H denote the semigroup (¢> — 2qoq + ¢,¢* — qoq + 70,9° — ¢ + 2q0,¢%,¢*> + 1). As
observed before, we know that H(P) contains H and hence g(H) > ¢(S). From Lemma 3.1, we see that
g(H) <3 e alys]- Note that equality holds if and only if A = Ap(H).

For simplicity let us denote m = 2¢2 — 2qo + 1, so that go = 2¢3m. Then:

go—1
1

ZVJ‘ZHHMQO_lza .

aed 9o ey do 9o ey 9o =
go—1m—1go—1

1
giz Zzhgl+292+393+kg4)—7 go(go—1)

2
h=0 t=0 j=0 k=0

1 —1 m(m — 1 —1 —1
— | gomer + QQOmqu(qO )92 + 243 mim ~ 1) )93 + 2qomiqo(qo )94 Sl
90 2 2 2 2
=9(S).
Hence g(H) < g(S). Combining all the above, we see g(H) = ¢(S), which implies that H(P) = H. O

Corollary 3.3. Let P € S(Fq) and as before, let A :={hg1 +igo+7jo3+kga |0<h<1,0<i<q—-1,0<
J<q—2q0,0<k<gqo—1}. Then Ap(H(P)) = A. Further, H(P) is a symmetric semigroup.

Proof. The statement Ap(H (P)) = A follows from the proof of Theorem 3.2. In particular, the largest gap
of H(Py) is

max{z € A} — go = g1 + (q0 — 1)z + (¢ — 240)83 + (40 — 1)ga — 90 = 29(S) — L.
This means that the conductor of H(P) is 29(3) and hence that the semigroup is symmetric. O

We will later see that any P € S(F (F,) is a Weierstrass point by computing the Weierstrass semigroups for

all points on S. However, using the symmetry of H(P,,) that we just proved and [12, Proposition 50], w
can already conclude this now.

4 The Weierstrass semigroup for P € S(F,)\ S(F,)

Let P be a point in S(Fy:) \ S(F,) with (z,y,t)-coordinates (a,b,c). The aim of this section is to prove the
following theorem.

Theorem 4.1. The Weierstrass semigroup H(P) is generated by the following 3go + 3 elements:

g =q¢"—q+1,

g11=¢"—2q +1,

g =q¢ —q+1,

g3::q2,

g1=q¢"+1,

fi:=0G+1)gogo—igs—1 i=0,...,2q0 — 2,
hj = (2j +1)qg0 —jga—q0 j=0,...,q0 — 2.



The strategy of the proof will be to first show that the 3¢y + 3 elements mentioned in Theorem 4.1 are in

H(P), then showing that the semigroup generated by them has g(S) gaps. As before we write Q = pr(P),
the point of S lying under P in the cover pr: § — S.

Lemma 4.2. There exists a divisor D >0 on S satisfying ®(Q) & Supp(D) fori=0,...,3 such that:
a) The divisor qg Z?:o ®H(Q)+ D — (q+ 2q0 + 1)Qu is principal.

b) The divisor ((2i+1)qgo +qo)Q + (ig+qo) ®(Q) + (g0 — 1 =) @*(Q) + D — ((2i + 1)go — ) (¢ +2¢0 + 1) Qoo
is principal for all 1 > 0.

Proof. a) Using the transitivity of the automorphism group of & on S(Fg4) \ S(IF,), we may assume without
loss of generality that a € Fp2 \ Fy. Define a := (a? + a)% € F, and let

Fy:=a(a®r +y+a® +b) + 2(x + a)?® + (y + b)*. (8)
Observe that Fy is defined over F,, since Equation (8) can also be expressed as
Fy = alatDoy 4 oy + 4290 + 220+ 4 (a(a% T 4 b) 4 b2P),
where (a(a®t! +b) + b%%) lies in F, because
(a(a®t! 4 b) + b20) 4 (a(a®t! +b) + b*0) = a(a' TV 4 0 4 (b 4 b) + (b7 + b)2® =
a(a(q°+1)q +a®t™) + aa® (a? + a) + (a® (a? + a))*® = o?a? + ala® = 0.

Recalling Equation (4), we have

va(Fy) = min{ug(a®s +y + ™ + 1), vg(a(@ + a)),vg((y + V) = vo(i) = a0 (9)

Inequality (9) is in fact an equality, since z(z + a)?% and (y + b)29%° have valuation at @ larger than or equal
to 2go. The valuation of Fy at ®°(Q), for i =0, ..., 3 can be obtained from Inequality (9) and from the fact
that Fp is defined over F, as

vai(Q) (Fo) = vg(®7"(Fo)) = vo(Fo) = go-
Finally, observe that @, is the only pole of Fj and that
Q.. (Fo) = vq. (z°07 + %) = vg_(2) = —(q + 2q0)-

Therefore there exists an effective divisor D with support not containing ®(Q) for i = 0,...,3 such that
3 ~
(Fo)s =40 ) 2'(Q) + D — (¢ +240) Q.
i=0

The conclusion follows after setting D := D + Q.
b) Let us write
D; = ((2i + 1)qqo0 + 90)Q + (ig + q0)®(Q) + (g0 — 1 — i)®*(Q) + D — ((2i + 1)g0 — i)(q + 290 + 1) Qoo

Using part a) and Equation (6), we observe that D; = (Fy)s + (@g”l)qo)g - (w}‘;(g))s. O



Proposition 4.3. The integers go, g1, 82, 83, 84, {0, - - - , fago—2, ho, . . . , higy—2 are elements of H(P).
Proof. The first five values go, g1, g2, g3, 84 can be obtained as pole orders at P of the functions vy = wg -7r}§17
Y1 = W3 (Q) ~7r;1, Yo=Y Tp ,V3=2TQ Tp , V4= 7r1§1 respectively. It can be easily seen from Equations
(4), (6), and (7) that such functions are regular outside P.

Let us prove now that f; is in H(P) for i =0,...,2¢gp — 2. For each i = 0,...,2q9 — 2 define:

~ (141 ~
g )
Q; = G
Yo ()

By Equation (6), the divisor of cv; in S is

(i)s = ((1+ 1)gqo + 1DQ + (g — (i + 1)q0)®*(Q) + (2q0 — (i + 1))®*(Q) — ((i + 1)qo — 1) (q + 240 + 1) Qo

Note that the assumption i < 2qo — 2 implies that (¢ — (i +1)qo) > go > 0 and (2¢o — (i + 1)) > 1. Since P
is unramified and P, is totally ramified in the cover pr: S — S, we have:

vp(ai) = vg(a;) = (i +1)gqo + 1,
vp., () = vo.. (i) - (¢ —2q0 + 1) = —((i + 1)go — i) (¢* + 1),
vr(a;) >0 for R # P, P.

Therefore the function B; := ai/ﬂ'gﬂ)qTi satisfies

vp(Bi) = ((i +1)gqo + 1) — ((i + L)go — i)(¢* + 1) = —1;,

vp (Bi) = =((i + 1o — i)(¢* + 1) + (i + 1)qo — 1) (¢* + 1) = 0,

vr(Bi) = vr(as) 20 for R # P, P.
Hence, (3; is a function having a unique pole in P of order f;.

Let us finally prove that h; is in H(P) for i = 0,...,go—2. By Lemma 4.2 part b), there exists a function
d; € Fga(S) and some effective divisor D such that

(0i)s = Di := ((2i+ 1)qq0 + q0)Q + (ig + ¢0)P(Q) + (g0 — 1 —1)@*(Q) + D — ((2i + 1)go — i) (¢ + 2q0 + 1) Q-
The assumption i < gg — 2 guarantees that J; is regular outside Q. Recalling Equation (7), the function
0 = 514/7r§)2H_1)q°_z satisfies

vp(ni) = ((20 + 1)gqo0 + o) — (20 + 1)go — i)(¢* + 1) = —hy,

vp () = —((2i + 1)go — 1)(¢* + 1) + ((2i + 1)go — i) (¢> +1) = 0,

vr(n:) = vg(d;) >0 for R # P, Pw.
Hence, n; is a function having a unique pole in P of order h;. O

A consequence of Proposition 4.3 is that the numerical semigroup
H = <g0aglag27g3vg4>fiahj ‘ 1= Oa-~~72q0 — 2 and .7 = 07"'3(10 - 2>

is contained in H(P). To show that equality H = H(P) holds, from which Theorem 4.1 follows, it suffices
to prove that H has the same genus of H(P), namely that g(H) = g(H(P)) = $q(q — 1)2.

Observe that gy is the smallest generator of H; in particular gy is the multiplicity of H and the Apéry
set Ap(H) consists of gy distinct elements. We now want to find a map ¢ : {0,...,g0 — 1} — N such that
any a € Ap(H) can be expressed as a = ¢(i)gg + ¢ for some i € {0,...,g0 — 1}.



Lemma 4.4. LetiG{O,...,@} and write i =lq+kqo+7 with 7 € {0,...,q0 — 1}, k € {0,...,2q0 — 1}
and 1l > 0. Define:
l if =0 and k=0,
v1(1) = S 1+ 1+ max{q — qo(k + 20 + 2),0} if =0 andk #0,
I+1+max{qg—qo([§]+j+1+1),0}  ifj#0.

Then ¢1(i)go + ¢ belongs to H.

Proof. Clearly, if j = 0 and k = 0, then ¢4 (i)go + ¢ = lgo + lg = lg4 belongs to H.
We now consider the case of j = 0,k # 0 and max{q—qo(k+2{+2),0} > 0. Note that this last condition
implies that 2qp — k — 2l — 2 > 0. Then:
p1(i)go+i= (I +1+4q—qo(k+2l+2))go + g+ kqo
=+ 1)gr+ (1 +1)(2q0 — @) + (g — qo(k + 21 + 2))go + lq + kqo
= (1+1)g + (2q0 — k — 21 — 2)hy.
Hence ¢1(4)go + ¢ belongs to H.

Let us consider now the case of j = 0,k # 0 and max{q — qo(k + 2] + 2),0} = 0. This last condition can
be expressed equivalently as k > 2qg — 2l — 2. Define ¢ := 2qp — k, so that 1 < ¢ < 2]+ 2. Then

o1()go +1i= (1 +1)go +lg+ kqgo = (I + 1)g4 — cqo. (10)
We can distinguish three cases.
o If ¢ <1+ 1, then Equation (10) can be written as (I + 1 — ¢)gs + cg2.
e If ¢ >1+1 and c is even, then Equation (10) can be written as (l +1- %) g4+ 581

eIf ¢ > 141 and ¢ is odd (and in particular ¢ < 2/ 4 1), then Equation (10) can be written as
(1— 1) ga+ S + g

In all the three cases @1(i)go + @ belongs to H.
Let us now assume j # 0 and max{q — qo([4] +j+1+1),0} > 0; this last condition implies 2gy — [£7] —
j—1—1>0. Also,

k
o1(i)go +1i = (HHq_quJ +j+l+1)>go+lq+kqo+j

k .
= fogo51—j—1—2 + 200¢> + 20 — {J (¢®+1) —jai* —q— ¢ + kqo. (11)
If k is even, then Equation (11) is equal to
k .
fogo——j1—2a+ (g0 —1— 5 )8 + (g0 —1—7)gs + 2.
If k is odd, then Equation (11) is equal to

kE+1 )
fogo—tgt 12T (CJO - 2) g1+ (g —1—j)gs.
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In both cases ¢1(i)go + ¢ belongs to H.
Let us finally consider the case of j # 0 and max{q — qo([4] + j +  + 1),0} = 0; this last condition
implies k > 4qg — 2j — 21 — 3. Define ¢ :=2gg — 1 — k, so that 0 < ¢ <2(I+ 1+ j — qp). Then

e1(i)go +i=(+1)go+1lg+ kg +j=(+1+]j—qo)gs+ (e — Jj)gs — cqo- (12)
Let us distinguish three cases.
e If c<l+ 1+ j— qo, then Equation (12) can be written as ({+ 1+ j — qo — ¢)ga + (g0 — J)g3 + cg2.

e Ifc>1+1+4j—qo and c is even, then Equation (12) can be written as
. c ) c
(l+1+] —qo — §)g4+(QO*J)g3+§g1-

o Ifc>1+1+4j—qoand cis odd (and in particular 1 < ¢ <14 2(l + j — qo)), then Equation (12) can

be written as
c—1

2

) c—1 .
I+j—q—— )8+ (q0—jgs+ g1 + 2.

2
In all the three cases ¢1(i)go + ¢ belongs to H. O

Lemma 4.5. Let i € {‘1((17;2) +1,...,80 — 1}. Denote i/ = gy — 1 —1i and write i’ = lq + kqo + j with
je{0,...,90— 1}, k€ {0,...,290 — 1} and 1 > 0. Define:

o) qg—1—1—max{q—qo(k+2l+1),0} if 7 =qo— 1,
2(2) = , .
q—l—l—max{q—qo(fg]—|—]—|—l—|—1),0} if j #qo— 1.

Then @a(i)go + ¢ belongs to H.
Proof. We first prove that if po(i) = ¢ — 1 — 1, then ¢5(i)ggo + ¢ belongs to H.
pa(i)go +i=(q—1—1)go+go—1—17'
=(¢—1—1)ga+1qg— (lg+kgo + j)
=(q—1—k—j—1)gs+ kg + jgs.

By assumption on i, the condition I < 4 — 1 holds, so

. q
q—l—k—J—lzq—(5—1)—(2%—1)—(610—1)—1

= 2 =30 +2= (g0 — (a0 —2) > 0.

Therefore po(i)go + ¢ is in H.

We now consider the case of j = go — 1 and max{q — go(k + 2] + 1),0} > 0. Note that this last condition
implies [ < go. Define hyy—1 := (290 — 1)gogo — (g0 — 1)ga — qo, coherently with the definition of h; for
j=0,...,90 — 2, and observe that hg,_1 = fgo—1 + -2 + (g0 — 2)gs € H. Then:

@a(i)go +1 = (qo(k +20+1) =1 —1)go +go — 1 =7’
= (qo(k +2l+1) = 1)go — 1 — (lg + kqo + j)
= h; + kho.
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Hence ¢5(i)go + ¢ belongs to H.

We finally prove that if j # go — 1 and max{q — qo([4] 4+ j + 1+ 1),0} > 0, then ¢ (i)go + i belongs to

H. Note that the condition on the maximum implies f% +j+4+1<2q)— 1. Then:

<P2(i)go+i=<%({ -“f‘]—‘rl‘i‘ )-l-l)go—f—go—l—il

=<qoql+3+l+1) >go—1—(lq+kqo+j)
=t 1+J+z+<[2wﬂ)q kq0+[ﬂ (13)

If k is even, then Equation (13) is equal to fgﬂ-ﬂ + %gl + jgs. If k is odd (and in particular k > 1), then
Equation (13) is equal to frsa, ;) + %& + jes + g2. In both cases ¢5(i)go + ¢ belongs to H. O
2

Define the map ¢ : {0,...,g0 — 1} = N by

(i) = p1(6)  ifie{o,..., 92y
4 p2(i)  ifie {9 41 g — 1)

Combining Lemma 4.4 and Lemma 4.5, it follows that ¢(i)go + ¢ belongs to H for all i € {0,...,go — 1}.
Lemma 4.6. The Apéry set of H(P) is Ap(H(P)) = {p(i)go +i]|i=0,...,80 — 1}.

Proof. 1t is sufficient to show that % 01 ©(i) = g(S). Indeed, the number of gaps of H is then shown to be
at most g(S), which implies that H = H(P), since we already know that H C H(P). But in that case, the

mentioned set is the Apéry set of H(P), since otherwise g(H (P)) would be strictly less than Zf“ol (7).
First, let us prove that

(i) +¢((g—1)?—i)=q—1 forie{0,...,(g— 1)} (14)

Observe that 7 is in range 0, . . Q(q 2) if and only if (¢g—1)% —i is in range (q 241, ., (¢—1)%. Therefore

it is enough to prove Equation (14) for ie{0,..., w} only; the case i € {q(q2 2) 4 1, oo, (g=1)2} follows
by symmetry.

For i € {0,..., 422 21 we have ¢(i) = ¢1(i) where ¢, is defined as in Lemma 4.4 and o((q — 1)2 — ) =
0a((q — 1)% —9) where o is defined as in Lemma 4.5. Write ¢ = lg 4+ kqgo + j with j € {0,...,q0 — 1},
ke€{0,...,2¢0 — 1} and | > 0. Then:

go—1-((¢g—1)2—i)=q—-1+i=0Uq+kq+j

with
U!'=0LK =2¢—1,j =qy—1 if j=0and k=0,
U'=I+1,kK=k-1,j=qo—1 if j=0and k # 0,
V=l+ 1,k =k =j—1 if j 0,
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satisfying j' € {0,...,q0 — 1}, ¥’ € {0,...,2qp — 1} and I’ > 0. Consequently:

g—1—p((g—1)°—i)=q—1—pa((g—1)> =)

) U+ max{q — qo(K' +2I' +1),0} if ' =qo — 1,
U max{g —qo([§]+J +1'+1),0}  if i # g~ 1.
I + max{—2qol, 0} if j=0and k=0,
=1+ 1+ max{q— qo(k + 20 +2),0} if j =0and k #0,
[+ 1+max{g—q([5] +7+1+1),0}  ifj#0.
= ¢1(i) = ().

Equation (14) implies that

(g—1)2 Q<q2*2)
N _(alg—2)
Yool =) (¢-1=("5"+1)@-D), (15)
i=0 i=0
Now let us assume i € {(¢q —1)2+1,...,g0 — 1}. Since i’ = gg — 1 — i ranges between 0 and ¢ — 2, we can

express i’ as i’ = kqo + j with j € {0,...,q90 — 1} and k € {0,...,2¢gp — 1}. In particular:

@(i)ztpz(i)Z{QO(k+1)_1 if j =qo — 1,

w([E]+j+1) -1  ifj#q-1
Then:
go—1 ' 2q0—2 2go—1 go—2 & ‘ q2 5
i:(q;)mso(z) = kZ:O (go(k+1) —1) + ;;) ; <qo (M +3+1) 1) =L -Zg+1 (o)

Combining Equations (15) and (16) we obtain:

go—1 . 2 ~
> wli) = <(;,((]22)+1> (¢—1)+ (égcﬁl) = %Q(qfl)zzg(‘s)-

i=0
O

Note that from the proof of the above lemma, we immediately conclude that H = H(P), proving Theorem
4.1.

Corollary 4.7. Let P € S(F1) \ S(F,). Then the Weierstrass semigroup H(P) is symmetric.

Proof. For i = (¢ — 1)> we have a := ¢(i)go +i = ¢*(q — 1) = 29(S) — 1 + go. Since a is an element of

Ap(H(P)), it follows that a — gg = 2¢g(S) — 1 is a gap of H. By the Weierstrass gap theorem 2¢(S) — 1 is

the largest possible gap of H(P), hence H(P) has conductor 2¢(S). O

As for P € S(F,), we can now conclude from [12, Proposition 50] that any P € S(F,) \ S(F,) is a
Weierstrass point of S. In the next section, we will show that any P ¢ S(Fg4) has the same Weierstrass
semigroup. This will imply that the set of Weierstrass points of S is equal to S(Fg4).
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5 The Weierstrass semigroup for P ¢ S (Fp)

Let now P € S(F,) \S(Fq4). Let a,b, c € F, be the affine coordinates of P and as before denote with @, the
point of § with affine coordinates a and b. It will also be convenient to use the expression A := a? + a.

From Corollary 2.2, the gap sequence G(P) at P can be computed by constructing g = ¢(S) functions
fi,..., fy having pairwise distinct valuations at P and such that f; € L((29(S) — 2)Py) foralli =1,...,g.

To this aim note first that Zg := « — a is a local parameter at P and 2q, 7, 2, Wq € L((¢®* —2¢*> +q—
2)P,,) by Equations (3)-(6). Also, recall from Equation (7), that there exists a function mp € F,(S) such
that (7p)s = ¢*P + ®*(P) — (¢* + 1) Px.

In the following, the local power series expansions of §g,Zo and wg at P (with respect to the local
parameter Zg) is computed. First of all note that from @ € S and y? + y = 2% (29 + ) we have

(y +0)7+ (y +b) = a®(a? + a) + 2% (27 + 2) = aTq + (a? + a)TE + xng +a®zf + xq+q°
so that
(y +b) = a®iq + AFE + FOT! 4 ADGFL 4 L0 4 ATFHT 4 GU0OTT 4 A©T 4 51 OFL Y. (17)
Hence, from g = (y + b) + a?®°Z¢g and Equation (17) we get
gQ _ A.i‘%j + .,z,g)"'l + Aq()ij q+qo + A% ‘ZDq + qulo"!‘q + Ad04 + ‘/I’.Q + O( q +1). (18)

Since A # 0 from P ¢ S (F,), while Z¢, seen as a function on &, is also a local parameter at @, we get that
vp(Jg) = vo(Yg) = qo as anticipated in Equation (4).

Now, Zg = a*®(Zg +a) + (Zg +a)?© ! 4 (y 4 b)?® = a:z:QqO + x2q°+1 + (y + b)?%, which combined with
Equation (17) gives

Ax2qoJr ~2qo+1 +A2q0xq +xq+2qo + A% 2qoq+i2qoq+q+A2qoqx +O( q +1)_ (19)

The computation above yields that vp(Zg) = vg(Zg) = 2¢o, which is again consistent with Equation (5).
Finally, from z = Zg + a®®z + %, b? + b = a%(a? + a), Equations (17) and (19), we have
ILDQ — aqéQ + b2q0 (jQ + CL) + (EQ + QQ‘IOI + b2q0)2q0 + nyQO + b2 + GZCIO+2

= a%%q + 25" + a®E5° + gy + b)*™ + aly + b)*®

— aq(Ai?qO _,’_$2q0+1 +A2q°$c + q+2q0+Aq 2q0q+ 2110Q+Q+A2qoq ‘IQ)

(Aqu 729 4 2q+2qo +A2qx240q+ ~2qoq+2q)
+a2q:v2q° +1.Q(aq 2qo0 +A2q0xQ+qu+2q0 + A% 2qoq+ ~22¢JOQ+Q)
2
+a ( a5 2qo +A2q°1‘q +:Eq+2q°+Aq 2qoq+ ~2qoq+q+A2qoq tIQ)+O(ij—H)7
which yields,
g = AQQO+1'%QQ+A2(IO£(CIQ+1 —&—Ai’gﬂq" +iq+2qo+1 + A2 ~2q+ ~2q+2qo +Aq(Aq+A)5%zoq
_i_quéqotHl +A:i,gzoq+q_’_jgloq+q+l +x2qoq+2q+A2qoq+1 'S —l—O( q +1). (20)

Hence vp(q) = vg(Wg) = ¢ as in Equation (6).
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Remark 5.1. Fizing i > 1 and replacing P with ®(P), one can obtain the power series expansions of
Tai(Q), Joi(Q), Zoi(Q) and Wai(qy. Clearly, they will be given as in Equations (18)-(20) simply replacing Zq
with Teiq) and A with AT

The following lemmas show that the computations carried out in Equations (18)-(20) for P (and for
®*(P) with i > 1 as in Remark 5.1), as well as the divisor in Equation (6) allow us to construct other

functions in L((2¢(S) — 2) Py,) that we can use to obtain families of gaps according to Corollary 2.2.

Lemma 5.2. Letn=1,...,2q9 — 2. Then there exists a function h, on S that is reqular outside QQ» and
such that

(hn)s = (n+1)qogQ + qo(2g0 — n — 1)®*(Q) + (290 —n — 1)@*(Q) + 2*(Q) — [(n+ 1)g0 — 1] (¢ + 290 + 1) Qs

In particular vp(hy) = (n + 1)qoq, ve. (hn) = —[(n + 1)q0 — n](¢> + 1) and h,, € L((29(S) — 2)Px).

~ @220 n+1
fn =0 \Gagy)

Proof. Tt is sufficient to define

Indeed from Equation (6) we get
(hn)s = (n+1)a0gQ +o(2g0 — n — 1)2*(Q) + (200 — 1 — 1)@*(Q) + 2*(Q) — [(n + 1)g0 — n](q + 20 +1) Qo
The claim follows by observing that 2gp —n — 1 > 0 since n < 2qg — 2. O

Lemma 5.3. There exists a function fi on S that is reqular outside Qo and such that
vQ(f1) = qq+qo, and vq(f1) = —qo(q+2g0 +1).

In particular vp(f1) = qoq + qo, vp. (f1) > —qo(q> + 1) and f1 € L((29(S) — 2)Px.).

Proof. We have the following linear equivalence of divisors on S,

(909 +90)Q — qo(q +290 + 1)Qc = (q0q + 0)Q — q0(q + 290 + 1)Qoo — (08)s + (Va())s
= qQ+ qP*(Q) + *(Q) — (¢4 20 + 1)Qoe-

Hence if we find a function f; such that vo(f1) = qo, vq,z(Q)(fl) > qo, vq,s(Q)(fl) > 1 and vg_ (f1) >
a0

U)Q B
N Da(Q)
To construct f; we first observe that if f, s, denotes a linear combination f, g := aWas Q) + BYs2(Q) +

—(q + 2qo + 1) then we can simply define f; = fi- , to complete the proof.

Y2 (q)y With a, B,v € Eﬂ, then

V92(Q) (fa,8,v) = Min{ve2(@) (Ja2(Q)), Va2(Q) (Wa2(Q)), Vo2 (@) (Wa(@))} = min{qo, ¢,2q0} = qo

and similarly,

ve3(Q) (fa,8,7) = min{vas (@) (Ja2(q)), var (@) (Wa2(Q) ), vas (@) (We(@)) } = min{l,2q, 1} = 1.

Also, from Equations (4) and (6), fa,s3,4 is regular outside Qs and vg_ (fa,3,y) > —(q+2go + 1). Hence we
give a local description of the functions g2, We2(@) and We () at @ (equivalently P) and check whether
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we can find a linear combination f, 5.5 such that vo(fs F; %) = qo. Doing so, it will be enough to define
fi:= fa.55- From Equation (17) we have that

Jar) = yHb Ha® (e 4a”) = (y+b)+ (07 +b) +a® (Fg +ata”)
= (a®Fq + AFY + OEFE™)) + (b7 +b) + (b7 + b)? + a®7 (Zg + a +al)
T(A) + (A7 + A)Pig + AFE + O(FE™), (21)

where using a?° A = b + b,
T(A) = (b7 +b) + (b7 + b)? + a®7 (A7 + A) = a® A + a®TA9 + q99" (A7 + A) = AT 4 A90+1 4 gadot+a,
From Equation (5), z = Zg + a*®(Zg + a) + b*% and this combined with Equation (19) gives

Zp2Q) = a?®1 (Fg+a)+ 2+ p2a0d”
= a7 (ig + a) + a®® (Zg + a) + b + BPPT 4 3,

(A7 + A) A0 4 A2 4 (AT 4 A)? Dz, + O(i:Qqu). (22)
Combining Equation (22) with Equations (6) and (20) one gets

We2(Q) = a?’ Zo2(Q) + p2a0a ;. +w 4+ p2a’ + q?’ (2a0+2)
= aq3g¢2(Q) + [)2(qu2 (i‘Q + a) + ('J}Q + anQ + p240 (fQ + a) + b2 + a2q0+2) n b2q2 n aq2(2q0+2)
= aq3((Aq + A)A2qu 4 A2a0+1 (A9 + A)2q0:EQ) n p2a0d® (3o +a)
+b2qo(jQ +a)+ b2 4 q20+2 4 b2q2 4 aq2(2qo+2) + O(izgﬂ))
= P(A) + T(A)*iq + 0(Eg"), (23)

where, P(A) = AT +200a+a 4 AP +200a+1 4 AP +200+1 | ga+200+] — 4. T(A)240 + A +2000+4_ Finally,

ZpQ) = a2qoq(jQ +a) + z + b2 = aquq(jQ +a) + a9 (Fo +a) + b200 4 2004 4 %0
A2a0+1 +A2q0.fQ +O(i’go),

and hence

V@) = a? Zo(Q) T p2909y 4 qp + 29 4 q4(290+2)
— g9’ A200+1 + aq2A2q05;Q + b2qo‘1(5CQ +a)+ (b2q0 (Tg +a)+ v2 4 a2qo+2) 4 b2 4 qa(200+2) 4 O(szqU)
= Aq+2qo+1 + Aq+2qon + O(i’éqo) (24)

Equations (21), (23) and (24) show that finding &, B and 7 such that UQ(f~757,~Y) = qo is equivalent to

«
find a solution to the following system of linear equations (corresponding to the coefficients of iOQ, Z¢g and
oEg; in the power series expansion of f, g, respectively),

QATH20+L 4 BT(A) 4 y[A - T(A)20 + Aq2+2q0q+Q] =0,
aATT290 4 (AT + A)P + 4T (A)%90 =0, (25)
BA 0.
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Since A # 0 and (A9 + A)% = (T(A) + A9%9) /A System (25) can be rewritten as

B = AT+~

a?+q q,
e (20
B#0.

To conclude the proof it is now sufficient to define fi = f ;2144 TP ags
A7 T TAEPA) pg®+aog 1

Ad+2q0+1

Lemma 5.4. There exists a function fo on S that is reqular outside Qo and such that
vo(f2) =2q0g+2q0 +1, and vq_(f2) > —2qo(q+2¢0 +1).

In particular ve(fa) = 2qoq + 2q0 + 1, ve_ (f2) > —2qo(q> + 1) and fy € L((29(S) — 2) Ps).

Proof. We have the following linear equivalence of divisors on S,

(2909 + 290 + 1)Q — 2q0(¢ + 290 + 1)Qo = (290q + 290 + 1)Q — 2q0(q + 20 + 1) Qoo — (05"°)s + (W3 ()
= (200 + DQ +290®*(Q) +29%(Q) — 2(q + 2q0 + 1) Qe

Hence if we find a function fg such that vQ(fg) =2q0 + 1, va2(q (fg) > 2qo0, V93(Q (fg) > 2 and va(fg) >

..2q0

—2(q + 2gp + 1) then we can simply define fo = fo - , to complete the proof.

To construct fg, we first observe that

(Wa2(q) - 2@)s = 2q0Q + ¢2*(Q) + 2¢o®*(Q) + (E + @*(Q)) — [2(¢ + 2q0 + 1) — 1] Qoo

where E is effective and not containing @, ®2(Q) and ®3(Q). Also, from the proof of Lemma 5.3 we have

~ a®+a0a
a function f; = A qugflfp(mw Q) + AT TG4 gy + We2(q), such that (fl) = 2q0Q + 2qo®%(Q) +

2903(Q) + E1 — 2(q + 2qo + 1)Qoo, where Ej is effective and not containing Q. B
Hence if hq g denotes a linear combination ha g := ae2(q) - Zq + B with a, 8 € Fy, then

v92(Q) (ha,s) > min{vez(q) (We2(q) - @), va2(g)(f1)} = min{g, 2q0} = 2o
and similarly,

093(Q) (ha,p) > min{ves Q) (Va2 (@) - 2@)7v¢3(Q)(f1)} = min{2qp, 2} = 2.
Also, from Equations (4)-(6), hq,g is regular outsigle Qoo and vg_, (ha,g) > —2(¢+2qo +1). Hence using the
local description of the functions wg2(q), Zg and fi, we find a linear combination h 5 such that vg (h&ﬂ) =
2¢o + 1 and doing so, it will be enough to define fo := hg j to complete the proof.

Systems (25) and (26) yield, f2 = A2( +q0q+1)z2q° +0(z 2q°+2) while from Equations (19) and (23) one
has,

U~)<1>2(Q) “Zg = (P(A) + T(A)qu.rQ +0(i 2(10)) . (A~2q0 +F ~2q0+1 4 O(fé))
A-P(A)z 22‘1"4-[ (A)+A-T(A )2qo]~2qo+1+0( 2q0+2)
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So it is enough to define
fz = hl,AP(A)/A2(42+q0‘I+1) = A-. P(A) 22‘10 + [P(A) + A- T(A)2q0]~2q0+1 +A- P(A) 5290 + O( 2q0+2>
= [P(A) + A T(APRJE L O@E?),

Recalling that P(A) + AT(A)20 = A7 +200+4 £ ), we sce that vo(f2) = 2qo + 1 as desired. O
Lemma 5.5. For alli=0,...,q9 — 2 there exists a function g; on S that is regular outside Q) and such
that

vQ(g:) = (2i + 1)gog +i+1, and wvq.(g:) > —((2i +1)go — i)(q + 290 + 1).

In particular vp(g;) = (2i 4+ 1)qog + i+ 1, vp_(g:) > —((2i + 1)go —i)(¢> + 1) and g; € L((29(S) — 2)Px)
foralli=0,...,q0 — 2.

Proof. Let D; := ((2i + 1)goqg+i+1)Q — ((2i + 1)go — 1)(¢ + 290 + 1)@ Then,

Di = ((2i+1)qoq+i+1)Q— (2 +1)go —)(q+ 200 + 1)Quo — (05 V)5 + (035}
= (i+1)Q+ (2i+ 1)go@*(Q) + (20 + )@*(Q) = (i + 1)(4 + 240 + 1) Q.

Hence if we find a function g; such that vg(g;) = i + 1, va2(@)(9:) > (20 + 1)qo, ves(0)(:) > 20 + 1 and
a0 N 2iH1

v (i) > (26 +1)go — 1)(g + 2¢go + 1) then we simply define g; = g, - (wqf@ to complete the proof.

To this end we first compute some local power series expansions at ®3(P) (equivalently ®3(Q)) using the
local parameter Zg3(g) = z+a? = zZqQ +a+a? = To+A+ Al + AT, Clearly, we can use the expressions we
already obtained in Equations (17)-(20) to describe the local power series expansion of y+be U3(Q)s 205(Q)s
Wes(q) at ®3(P) simply replacing a with a?’ and hence A with A9". From Equation (17) and a®® A = b7+,
one has y + b¢° = (y + b’ )+ (bq + b7 )= a®?* AT 4 07’ Tgs(q) + A7 x¢)3(Q) +z @3(@) + O(:U@(Q)) Hence

Jorg) = (Y+)+a™ (x+a”) = (y+b) +a® (Fas(q) + A7)
= AN Zgaq) + AT B8 ) + FTY) + O(Fhag)- (27)
Similarly using Equation (19) and z = Zg3(g) + a0’ g 4 p20¢° ope gets,
Zp2Q) = 209" (Taps(q) + a?’) + z 4 b0
- 204’ (Fos(0) + aqa) + Zas(0) + q2000° 1 4 2900 4 2400°
AT g g) + Zas(g) = AP Gaa(g) + O(T58 o)) (28)

We define Hy := Zgp2(q) + AQUng]q,z(Q). Then using Equations (27) and (28),

2 -
H, = A® (Aqoq Fgs(g) + Al 9%3(@) —|—xg)34('é)) + A2 Fgs () + O(xi%O(Q))
= ATTOCgE b AR 4 O35 )-

Since A # 0 this shows that vgs(g)(H1) = go. Also note that

ve2(0)(H1) = min{ve2 (@) (Z02(Q)), va2(0) (Jo2 (@)} = min{2¢o, o} = qo.
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To compute the valuation of H; at P we see that from Equations (21) and (22),
Hy = Zg2(q) + A% flan(q) = Po(A) + (A7 + A + AT (A7 + A)|"iq + O(&E),

where Pj(A) = (A9 + A)A%%04 4 A290+1 Aqoq2T(A). Note that the coefficient of ¢ in H; is not zero as
both A7+ A =0 and A7 + A7+ A =0 imply P € S(F,4).

If P1(A) =0 then vg(Hy) =1 and we define Ny := H;. Otherwise recalling that from Equation (23) we
have We2(qy = P(A) + T(A)*Pig + O(:i:Qqu), we define Ny := Pi(A)we2(g) + P(A)H:. Doing so,

N1 = Pi(A)(P(A) + T(A)*®iq + O(Fg°)) + P(A)(Pi(A) + [(A7 + A)? + AT (A7 4 A)|“5q + O(TE))
= Py(A)iq + OFD).

Using P(A) = AT(A)2% + AT+2a0a+a (A7 4 A)® = (T(A) + A09+9)/A and P ¢ S(F,:), one obtains
Py(A) = PL(A)T(A)0 4+ P(A)[(A? + A)2 + AT (A7 + A)]%0 = A%a+a+do P(A)Do £ ()

Since Ny is a linear combination of we2(g) and Hi, both the valuations of Ny at ®2(Q) and ®3(Q) are
at least go. This shows that, in both cases P;(A) = 0 and P;(A) # 0, one has

(M)s = Q + q0®*(Q) + q®*(Q) + En, — (¢ + 290 + 1)Quo, (29)

where Ey, is effective and with support not containing (). Finally, we show that there exists a function Ny
on S such that

(No)s = Q +2qo®*(Q) + 2*(Q) + En, — (¢+ 2q0 + 1) Qs (30)

where Ey, is effective and with support not containing ). Indeed since we already obtained in Equations
(22) and (23) that Zga(q) = (A7 + A)A%09 + A200+1 4 (A7 4 A)205, + O(35°), and dige2(q) = P(A) +
T(A)*®0zq + O(iéq"), we can define Ny := P(A)Zp2(q) + [(A7 + A)A299 + A2 g2 . Doing so,

No = (PLA)(AT + AP0 + [(AT 4+ A)A*07 4 4201 T(A)0)30 + O@E°),

where by direct checking P(A)(A? + A)29%0 + [(A? + A)A%909 4 A20HLT(A)20 = A200+29+240 £ () and
hence vg(Ny) = 1. Also, U¢.2(Q)(N0) = min{v@z(Q)(Z@(Q)),v(pz(Q)(ﬁ)@z(Q))} = min{2qo,q} = 2qo, and
ve3(Q) (No) = min{ves ) (202(Q)), Vs Q) (Wa2(@)) } = min{l,2qo} = 1, as desired. Using Equations (29) and

(30) it is now enough to define f; = N} - N7. Indeed one has,
(fi)s = (i+1)Q + (2 + 1)qo®*(Q) + (g0 +1)2*(Q) + (iEn, + En,) — (i + 1)(q + 240 + 1)Qcc,
where qo +¢ > 21+ 1asi < gy — 2. O

To construct gaps using Corollary 2.2 we will look at functions of the form

2qo—2 qo—2
a1 ~ax | zas o b d "
w2y T we s g8 I1 oot (31)
n=1 n=0
for suitable choices of exponents a1, az,as, as,b1,...,baq,—2,¢,d, €q,...,eq—2, f.
The six families of natural numbers Fy, Fs, F3, Fy, F5, Fg defined in Theorem 1.1 correspond to sets of

valuations of functions as in Equation (31). Indeed our aim is to show that G(P) = F := U%_| F;. To this

end we proceed with the following two steps: first, we prove that F' contains exactly g(S) elements. Then we
prove that the functions as in Equation (31) whose valuations are contained in F, are in L((2¢(S) — 2)Px).
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Proposition 5.6. The set ' consists of g(S) distinct natural numbers.

Proof. If s = 1,2 the claim can be checked directly using a computer. Table 1 collects the cardinalities of
the families Fs in these two cases.

Table 1: The cases s =1 and s = 2. -
s | |[Faf | [Fo| | [Fs[ | [Faf | [F5| | [Fel | [F] | ¢(S)
146 31 8 0 9 2 196 196
2 | 12584 | 2393 | 192 | 96 87 24 | 15376 | 15376

—_

So in the following, we assume s > 2. We first show that for all i = 1, ..., 6 different choices of coefficients
within the same family F; give rise to distinct natural numbers.

e For ¢ = 1, assume by contradiction that there exists element v € F} having two different expressions,
namely
a1 + asqo + 2a3qo + asq + fq* + 1 = a + ahqo + 2a%q0 + alq + fg® + 1. (32)

Considering Equation (32) modulo gy we obtain a; = o} mod gg and therefore a; = af, since 0 <
a1,a) < go—1. So, Equation (32) can be simplified as as+2a3+2a4q0+2fqq0 = a5+2a5+2a)q0+2f' qqo.
Repeating the same procedure, firstly considering the equality modulo 2, then modulo gy again and
finally modulo ¢, we obtain as = a}, a3 = a%,aq = aj respectively. As a consequence, f = f’. This
yields a contradiction.

e As before, for i = 2 let
a1 + azqo + 2a3qo + asq + f¢* + (n+ 1)qqo + 1 = @} + abqo + 2a%q0 + a4q + f'¢* + (' + 1)gqo + 1.

With a similar argument used for ¢ = 1, we can reduce the above equality modulo ¢, then modulo 2,
then modulo gy again and finally modulo g to obtain a; = a}, as = ah, a3 = a4 and a4 +ngo = aj +n'qo
respectively. As a consequence f = f’. The conditions a; +as +as+as+ f=q—qo—2—1nqgy+n
and o} +ab+ab+ay+ f'=q— qo— 2 —n'qo +n' now imply that n = n' and ay = aj.

e The argument used for i = 3,...,6 is exactly the same as for i = 1,2 and hence it is omitted.

Next, one needs to prove that F; N F; =0, for all i,j =1,...,6,i # j. To this end, one can use exactly the
same method used in the first part of this proof. For this reason just the first two cases are proven here in
full details. Let 0 = a1 +as + a3 +aq + f.

e Iy N Fy = (): suppose by contradiction that there exists v € Fy N Fy. Then:

v =ay + azqo + 2a3qo + asq + (0 — a1 —az —az — as)q® + 1

! /

= a} + abqo + 2ahq0 + alg + (n+ 1)qoq + (¢ — qo — 2 — ngo +n — a} — ah — ay — a})q® + 1.

Considering the equality above modulo qg, then modulo 2 and finally modulo gy we get a3 = a},as =
ah, a3 = a%. This yields

as+ (0 —ag)g=ay+(n+1)q + (¢ —qo — 2 — ngo + n — aly)q.
Since ag < g—2and aj + (n+1)g0 < q¢—qo — 1 — ngo + ngo + g0 = ¢ — 1, the equality above modulo

q gives ag = aj + (n+1)go and ¢ = ¢ — 2 + n, a contradiction to 0 < g —2 asn > 1.

20



e [y N F3 = (): suppose by contradiction that there exists v € F} N F3. Then we can write

v = a1 + axqo + 2a3qo + asq + (0 — a1 — az — az — as)q> + 1
= a) + ahqo + 2a%q0 +alqg + 2n 4+ 1)gog +n+ 1+ (g —qo — 2 — 2ngo +n —a} —al — al — a})g® + 1.
Arguing as in the previous case one gets a; = aj +n + 1,a2 = @}, and a3 = af, so that

as+ (0 —n—ag)g=ay+ (2n+1)go + (¢ — o — 1 — 2ngo + n — a})q.

Note that ay + (2n+ 1)g0 < go — 1 4+ (290 — 3)go < ¢ so that considering the equality modulo ¢ one
gets ag = alj + (2n + 1)go. Hence 0 = ¢ — 1+ 2n > g — 1, a contradiction.
Finally, we need to prove that F' consists of g(S’) distinct elements. From the previous step it is enough
to check that there are exactly g(S) possible distinct choices of such coefficients.
For a given o € N, we denote the number of combinations of five natural numbers a1, as, a3, aq, f such

that a; + as + as + as + f = o with B(o) = (“1*). Observe that from [9, Equation 5.10] for any n € N it

holds: "
n n , 1
Y Blo)y=Y (Z) - (n;5> = ”(%;)(m 1402 + Tln + 154) + 1.
o=0

o'=4
It is also useful to denote the number of combinations of four natural numbers as, as, aq, f such that as +
as + ag + f = o with B'(o) = (‘7;3) and, similarly, the number of combinations of three natural number
as, ay, f such that a3 + ag + f = o with B (o) = (”;'2).

e Let us count the number of elements in F}. By the inclusion-exclusion principle, this is given by:

ZB(U)( > Blo)+ > Bloa)+ Y B(a::,))

o=0 o1=0 02=0 03=0
q—2—qo—2 q—2—2—qo g—2—go—qo g—2—go—2—qo
+ B(oi2)+ >, Bloag)+ Y. Blows) |- Y.  Bloias)
01,2=0 02,3=0 01,3=0 01,2,3=0
3
€ e, T2 1
= TRty Rt

e Let us now count the number of elements in F5. In this case 0 = ¢ — qp — 2 — 2ngp +n in Fs. Observe
that: o — qo,0 — 2 are always non-negative, while o — (¢ — go — nqo) is non-negative only for n > 1;
o —2qp,0 — 2 — qo are non-negative as s > 1; 0 — (¢ — qo — ngo) — 2 and 0 — (¢ — qo — ngo) — qo are
non-negative only for n > 3 and n > ¢o + 1, respectively. Both conditions can hold true as s > 1;
o — 2qo — 2 is non-negative since s > 1; 0 — (¢ — qo — nqo) — 2 — qo is non-negative only for n > gy + 3,
which can hold true as s > 2; 0 — (¢— g0 —nqo) — 2¢o is always negative; and o — (¢ — go —ngo) — 2 — 2qq
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is always negative. Hence, the number of elements in F5 is given by:

2q0—2 2q0—2 2q0—2 2q0—2 2q0—2
Z B(o) - <Z B(o —2)+ Z 2B(0 — qo) + Z B(U—(Q—QO—WJO))> + < Z B(o — 2qo)

n=1 n=2

2q0—2 2q0—2 2q0—2
+ Y 2B(o—2—q)+ > Blo—(¢—q—ngp)—2)+ > 25(0—@—(10—”(]0)—(10)>

n=1 n=4 n=qo+2

—<i B(o —2—2qo) + i 23(0—@—(]0—”(10)—2—(10))
n=1

n=qo+4

— Pho— S + g0+ =g+ 1
=4 9o 24‘] 490 12(] .
e For counting the elements of F3, observe that o — gg,0 — 2,0 — (g0 — 1 — n),0 — 2 — g9, 0 — 2qg, 0 —
(go—1—n)—2,0 — (g0 — 1 —n) — g are always non-negative, and also o —2 — 2¢gp,0 —2 —qo — (g0 —
1-n),0—2q0— (@0 —1—n),0 —2—2¢gp — (g0 — 1 — n) are non-negative as s > 1.

Taking into consideration the aforementioned observations we get that the cardinality of F3 is equal to

q0—2 qo—2
> Blo) =Y (B(o—2)+2B(0 — qo) + Blo — (g0 — 1 — n)))
n=0 n=0
qo—2
+ Z (B(oc —2qo) +2B(c —2—qo) +Blo—(go —1—n) —2)+2B(c — (g0 — 1 —n) — qov))
n=0
qo—2
— ) (Blo—2—2q0) +2B(c —2—qo — (g0 — 1 —n)) + B(o — 2q0 — (q0 — 1 — n)))
n=0
w2 1 1
i — i i — . 2 -
+ RZ:O B(o =2 =24 — (@0 —1=n)) = 74" — 540
e The number of elements of F} is given by:
q0—3 qo—3
> Blo) =Y (B(o —2)+2B(0 — q0) + Blo — (g0 — 2 — n)))
n=0 n=0
qo—3

+ > (Blo—2q0) +2B(0 — 2 — o) + B(o — (g0 — 2 —n) — 2) + 2B(c — (q0 — 2 — 1) — qo))
n=0

q0—3
- Z(6(0—2—2q0)+23(0—2—q0—(qo—2—n))—|—B(U—2q0—(q0—2—n)))

Go 3 1 3
_ -2 _ %
+§B(U—2—2qo—(qo—2—n))—4q 54490 + 4.

e For studying the number of elements of Fy, let us consider the cases ¢ = 0 and ¢ = 1 separately,
starting from the case ¢ = 0.
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The number of elements in Fy for ¢ = 0 can be computed as follows

> Bo)= > (B(o—2)+B(0c—q)+8(c—(q—d))

d:ql()71 d=1

+ > (Bo—2—q)+B(c—2- (g0 —d) +B(c— g0 — (g0 — d)))
d=1

X B2t =) = oo 5o

Let us consider now the case ¢ = 1. Observe that o — gop and o0 — g — (g0 — d) are negative only for
d = qo — 1, while the quantity o — (g9 — d) is always non-negative as s > 2. Hence the number of
elements in F5 with ¢ =1 is given by

S B o) = [ S B o (- )+ S Bo—a0) | + S B (0 — a0 (0 — d)) = Saao+ g 1.
> > > > 1990 +
d=0

d=0 d=0 d=0

e For counting the number of elements of Fg, observe that o — go — (n + 1) is non-negative as s > 1. So,
|Fs| coincides with

qo—2 Ggo—2 qo—2
Y Bo)= Y (B'(c—q)+B'(c—(n+1)+ > B'(c—q—(n+1)= iqqo - iq,

n=0 n=0 n=0

The conclusion follows after adding up the quantities obtained for each of the six families separately. For all
s > 2 the computation yields [F| = 1¢(q — 1)? = ¢(S). O

A consequence of Proposition 5.6 is that we can assign to each v € F' a unique function f, on S of the
form as in Equation (31) that is regular outside P, and has valuation v — 1 at P in the following way: if v
is expressed as

2q0—2 qo—2
v = a1+a290+203G0+a1q+4d0 Y, ba(nt+1)+ego(q+1)+d(2q90+2g0+1)+ Y | en((2n+1)gog+n+1)+f¢*+1,
n=1 n=0
then we define
2q0—2 qo—2

o ;:5;an ~z}222-52f .@54. H hf{”’ Cfe g H gen .7711;_
n=1 n=0
Proposition 5.6 guarantees that there are exactly g(S) such functions having pairwise distinct valuations
at P. The following proposition, together with Proposition 5.6 and Corollary 2.2, completes the proof of
Theorem 1.1.

Proposition 5.7. f, belongs to L((29(S) — 2)Px) for allv € F.

Proof. It has been already shown that f, is regular outside Py,. It remains to show that —vp_ (f,) < 2¢(S)—2.
As before, let 0 = a1 + as + az + a4 + f.
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e If v € I, then —vp_(fy) is equal to o(¢* +1) —a1(2qq0 — ¢+ 1) —a2(qq0 — qo +1) —as(qg—2qo +1) <
(¢ —2)(¢* + 1) =2¢(S) — 2.

e If v € Fy, then —vp_(f,) is equal to (¢—2)(¢*+1) —a1(2qg0 —q+1) —az(qqo —qo+1) —as(¢g—2¢o+1) <
(—=2)(¢* +1) = 29(S) — 2.

e If v € F3, then —vp_(f,) is at most (¢—2)(¢*>+1) —a1(2qg0 —q+1) —a2(qq0—qo+1) —as(g—2qo+1) <
(@ —2)(¢* +1) =29(S) — 2.

o Ifv € Fy, then —vp_(f,) is at most (¢—2)(¢*+1) —a1(2qq0 —q+1) —az(qq0 —qo+1) —as(¢g—2qo+1) <
(a—2)(¢* +1) = 29(S) — 2.

e Ifv € Fs, then —vp_(f,) is at most (¢—2)(¢®+1) —az2(qq0 —qo+1) —az(qg—2q0+1) < (¢—2)(¢*>+1) =

29(S) — 2.
o If v € Fs, then —vp_(f,) is at most (¢ —2)(¢*> + 1) —az(q —2q0 + 1) < (¢ — 2)(¢*> + 1) = 29(S) — 2.
O

It is possible, though a bit technical, to determine the Apéry set and a set of generators of H(P) for
P ¢ S(Fg4). It turns out that for s = 1, one needs 19 generators, while for s > 2, H(P) has 3¢ — 2qo
generators. More details will appear in the upcoming PhD thesis of the second author.
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