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Abstract

Wavefront modulation has found use in many applications including optical manipulation in the

micro-regime, optical communications, photolithography and imaging, among others. Tradition-

ally, wavefront engineering is implemented by conventional optical components that are based on

refraction or diffraction, as light propagates through these components. With the advent of com-

puting, and micro and nanofabrication technologies, a new class of optical components has started

to emerge. Metasurface optics rely on nanoscale light-matter interactions to control the wave-

front of an incident light, promising new capabilities that could only be achieved previously with

a combination of bulky conventional optics.

This thesis explores imaging applications of engineered wavefronts, modulated using both conven-

tional and metasurface optics. For the first application, a refractive element is employed to con-

struct a common-path interferometer for use in determining the topological charge of beams with

orbital angular momentum. Secondly, a commercial optical vortex produced using birefringent liq-

uid crystals is utilized for high-contrast non-linear imaging. Finally, a multifunctional metasurface

device is exploited to facilitate single-shot quantitative phase imaging and is applied for wavefront

sensing.

iii



Resumé

Modulation af bølgefronter anvendes i flere applikationer, blandt andet optisk manipulation af

mikrobølger, optisk kommunikation, fotolitografi og billeddannelse, blandt andre. Traditionelt

bliver bølgefronterne formet af konventionelle optiske elementer, ved brydning eller diffraktion af

lyset, der passerer gennem elementerne. På baggrund af den teknologiske udvikling, i databehan-

dling og micro- og nanoteknologi, er der dukket en ny type af optiske komponenter op. Metaover-

flade optik er baseret på lysstof vekselvirkning i nanoskala, til at kontrollere bølgefronterne af det

indfaldende lys. Dette muliggør lysmanipulation, der traditionelt set, ville kræve flere konven-

tionelle voluminøse komponenter.

Denne afhandling udforsker billeddannelsens applikationer af konstruerede bølgefronter, mod-

uleret af konventionel- og metaoverflade optik. I den første applikation, bruges et brydningsele-

ment til at konstruere et fællesinterferometer, som bruges til at bestemme den topologiske ladning

af lysstråler med orbitalt impulsmoment. I den anden applikation, bruges en kommerciel optisk

vortex, frembragt af dobbeltbrydning af flydende krystaller, til at danne højkontrast ikke-lineære

billeder. Afslutningsvist bruges en multifunktionel metaoverflade til at muliggøre et enkelt skud

kvantitativ fase rekonstruktion, hvilket bruges til måling af bølgefronter.
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1 Introduction

Throughout history, light-based technologies have been at the forefront of advancing our knowl-

edge about nature. From Janssen’s first invention of the compound microscope to Galileo’s tele-

scope, innovations in optics have assisted us in our quest to understand the smallest specimens on

Earth as well as the largest structures in the universe. In the past decade or two, optical technolo-

gies have become ever more relevant and ingrained in our mundane activities. At the same time,

our fundamental understanding of light has also significantly advanced.

Tremendous progress in computing and micro and nanofabrication technologies has ushered the

realization of tools to control different properties of light with unprecedented precision. One of

such properties is the wavefront or the phase of light. Traditionally, the most direct method to

modulate the phase is by letting light pass through a refractive element. This is the mechanism

behind most of today’s commercial lenses, if not all. Diffractive optics have also been employed

to flatten the thickness profile of the modulating element, but the mechanism is still based on light

refraction. Spatial light modulators (SLM) based on liquid crystals have become a standard choice

for wavefront engineering due to their real-time configurability, allowing for dynamic shaping of

the wavefront. In the past decade, metasurface optics started to emerge, and have now gained

significant attention due to the scale at which they modulate the wavefront. At the same time, the

overall size of this new class of optical components is conducive for compact integrated setups that

previously could not be attained with conventional optics. Additionally, metasurfaces have been

demonstrated to achieve multiple functions simultaneously that can be realized traditionally only

by a combination of bulky optical components.

Regardless of the mechanism of implementation, wavefront modulation has far-reaching applica-

tions. Imaging is one application that has greatly benefited from modulated wavefronts: by res-

olution and/or contrast enhancement. Placed in the illumination path, wavefront modulators can

achieve structured or shaped illumination that can increase the resolution of the system. Placed in

the imaging path, a wavefront modulator can influence the image resolution and/or contrast. Such

is the case of the Nobel winning Zernike phase contrast technique. By introducing a phase-shift

between the scattered and unscattered components of an incident field, the phase information was
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directly mapped into a detectable amplitude variation [1]. Since then, a wide variety of optical fil-

tering techniques based on wavefront modulation has popped out, the applications of which have

gone beyond optical microscopy.

This thesis explores imaging applications of modulated wavefronts. Three applications are pre-

sented, each employing a different phase mask placed at the Fourier plane of a 4f optical architec-

ture. The thesis is structured as follows:

InChapter 2, the mathematics (Fourier optics) and some technical terms that are consistently used

in all chapters are presented, after which wavefront modulation techniques are briefly surveyed.

In Chapter 3, a refractive element is employed to construct a common-path interferometer to de-

termine the topological charge of helico-conical beams, which are a class of optical beams that

carry orbital angular momentum. The phase-shifting element introduces a π-phase shift onto the

unscattered component of the beam at the Fourier plane to synthesize a reference wave that inter-

feres with scattered component. Similar to the Zernike phase contrast, this maps the phase of the

helico-conical beams into a detectable intensity that allows for the topological charge determina-

tion.

In Chapter 4, an optical vortex, introduced by a liquid crystals-based element, is utilized in a

nonlinear imaging setup to suppress bright sources and allow for the imaging of accompanying

dim sources. This is an established technique called optical vortex coronagraphy or high-contrast

imaging that is used to directly image exoplanets. The use of a nonlinear imaging system could

potentially benefit the conventional optical vortex coronagraphy in terms of the system’s wave-

length tunability and broadband operation, even with the use of a vortex mask that operates for

single-wavelength.

In Chapter 5, a metasurface-based optical element is exploited to facilitate the simultaneous

recording of two images for noninterferometric quantitative phase imaging. The metasurface de-

vice splits the two orthogonal polarization components of an incident beam, and axially displaces

one from the other. These two operations can be achieved traditionally with the use of multiple

bulky optical components (e.g. an SLM, beam splitters and mirrors). The two images are used

as constraints in an iterative algorithm to retrieve the phase profile of technical samples. In this

chapter, we also present two other polarization-dependent wavefront modulators based on meta-

surfaces.
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Chapters 3-5 start with an introduction on the specific work, followed by a mathematical de-

scription of the optical design and finally the results from numerical simulations and experiments.

Utmost effort has been dedicated to the consistent use of variables in all chapters. However, a little

mix-up was inevitable. It is therefore important to note that variables are defined in each chapter

and in some cases, the same notation used in different chapters are not in any way related to each

other.
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2 Optical wave diffraction: definitions and

some mathematical preliminaries

Diffraction can be loosely defined as the deviation of an optical wave from rectilinear propagation.

It is commonly encountered when the extent of the wave is confined, for example, by an aperture.

The development of the diffraction theory centuries ago led to a fundamental description of wave

propagation, and still plays a vital role in describing many optical applications such as imaging.

The utilization of analytic Fourier theory has made optical diffraction analyses easier to implement

and visualize, thanks to efficient computational approaches of solving Fourier transforms combined

with the inherent linearity of diffraction problems. In this chapter, a brief overview of optical wave

propagation is presented, specifically, the reduction of Maxwell’s equations to the so-called scalar

diffraction formula. The basic definition and some theorems of Fourier transforms that are relevant

for the succeeding chapters are also presented. The chapter ends with a brief review of wavefront

engineering techniques which include the use of conventional and metasurface optics.

2.1 From Maxwell’s equations to scalar wave equation

The propagation of optical waves can be described by Maxwell’s equations, which in general,

couple the electric field ~E component of the wave to its magnetic field ~H component. In the

absence of free charges, the equations are given by

∇× ~E = −µ
∂ ~H

∂t
(2.1a)

∇× ~H = ε
∂ ~E

∂t
(2.1b)

∇ · ε ~E = 0 (2.1c)

∇ · µ ~H = 0, (2.1d)

where ~E and ~H have components (Ex, Ey, Ez) and (Hx,Hy,Hz), respectively, while ε and µ

are the corresponding electric permittivity and magnetic permeability of the medium in which the
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wave is propagating. In the case where the medium is a dielectric, i.e. ε > 0, that is considered

linear (field from multiple sources can be summed), isotropic (polarization-independent permit-

tivity), homogeneous (position-independent permittivity), nondispersive (wavelength-independent

permittivity) and non-magnetic (magnetic permeability is equal to the vacuum permeability), the

field components in Maxwell’s equations become decoupled and follow the wave equation:

∇2 ~E − n2

c2
∂2 ~E

∂t2
= 0 and ∇2 ~H − n2

c2
∂2 ~H

∂t2
= 0 (2.2)

where n =
√

ε
ε0

is the refractive index of the medium and c = 1√
µ0ε0

is the speed of light in

vacuum. Since each of the three components of the electric field and magnetic field follows the

wave equation, their behaviour can be summarized into one scalar wave equation given by

∇2u(r, t)− n2

c2
∂u2(r, t)

∂t2
= 0. (2.3)

Here, the field components are represented by u(r, t), which also shows their explicit dependence

on the position r = (x, y, z) and time t. Equation 2.3 simplifies the analysis of how a wave

propagates or behaves under the specific conditions described above. While the premise of having

the wave propagation happen in an ideal (fulfilling the aforementioned conditions of being linear,

homogenous, nondispersive and non-magnetic) medium seems rather restrictive, this mathematical

simplification is valid for a large number of situations. For example, free-space propagation, which

is frequently used in optical imaging and communications systems analysis, the assumptions are

clearly satisfied, but the validity of the scalar wave theory extends even to situations where light

diffracts around objects or structures, as long as the feature sizes and observation distance are much

larger than the wavelength of the incident light. In cases where the assumptions fail, for example

when light propagates in subwavelength structures, the vectorial nature of light (i.e. Maxwell’s

equations) should be considered. Our work onmetasurfaces as discussed later in Chapter 5 presents

one such example where the full-wave calculation needs to be implemented. For now, supposing

that these assumptions hold, consider the following function that is a solution to the scalar wave

equation,

u(r, t) = A(r) cos [φ(r)− 2πνt] = Re {A(r) exp [iφ(r)− i2πνt]} (2.4)
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u(r, t) describes a monochromatic wave with temporal frequency ν and having position-dependent

real amplitudeA(r) and phaseφ(r). Direct substitution of Equation 2.4 to 2.3 leads to theHelmholtz

wave equation given by

(
∇2 + k2

)
u = 0. (2.5)

Propagation in a linear mediummeans that the temporal frequency remains constant and can there-

fore be omitted to simplify notation. For further simplification, consider the case of a paraxial wave

propagating along the z direction; Equation 2.4 can be written as

u(r) = A(x, y) exp [iφ(x, y)] exp(−ikz) (2.6)

where k = 2π
λ is the wave number and λ is the vacuum wavelength. The explicit z-dependence

can again be omitted to define the transverse complex field profile

u(x, y) = A(x, y) exp [iφ(x, y)] . (2.7)

In the thesis, u(x, y) will also be referred to as the complex field amplitude of a beam at a defined

z-position in the optical axis.

2.2 Fourier optics

At this point, it is worthwhile to introduce the basic definition and theorems of Fourier transforms,

which will also provide context to later discussions in this and the succeeding chapters.

2.2.1 Analytic Fourier theory

Definition

Given a function g of two variables x and y in the spatial domain, its Fourier transform (or frequency

spectrum) is

F {g(x, y)} = G(fx, fy) =

∫∫ ∞

−∞
g(x, y) exp [−i2π (fxx+ fyy)] dxdy, (2.8)
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where F denotes the Fourier transform operation, G(fx, fy) is the transform result, fx and fy

are independent spatial frequency variables associated with the x and y directons, respectively.

Meanwhile, the inverse Fourier transform, denoted by F−1{G(fx, fy)}, is given by

F−1{G(fx, fy)} = g(x, y) =

∫∫ ∞

−∞
G(fx, fy) exp [i2π (fxx+ fyy)] dfxdfy (2.9)

Fourier transform theorems

Table 2.1 summarizes some basic mathematical properties of Fourier transforms, which will also

find useful in later chapters and have the following implications:

• Linearity theorem: The transform of the sum of two weighted functions is the weighted sum

of their individual transforms.

• Shift theorem: The transform of a transversely shifted function corresponds to the transform

of the function gaining a linear phase shift in the Fourier domain.

• Convolution theorem: The transform of the convolution of two functions is the product of

the individual transforms of the two functions.

Table 2.1: Fourier transform theorems

Theorem Expression

Linearity F {Ag(x, y) +Bh(x, y)} = AF {g(x, y)}+BF {h(x, y)}
Shift F {g(x− a, y − b)} = G(fx, fy) exp [−i2π (fxa+ fyb)]
Convolution F

{∫∫
g(η, ν)h(x− η, y − ν)dηdν

}
= G(fx, fy)H(fx, fy)

Central ordinate (zero-frequency) F {g(x, y)} |fx=0,fy=0 = G(0, 0) =
∫∫

g(x, y)dxdy

Given an input function g1(x1, y1) that can be decomposed into several weighted elementary func-

tions, a system with a known operation S is linear if the output g2(x2, y2) is just the weighted sum

of the results of S operating on the individual functions. Additionally, it is considered space-

invariant if the operation only depends on the relative positions between two points in the input

and the output. For systems that satisfy both these properties, i.e. space-invariant linear systems,

the output is specified by

g2(x2, y2) =

∫∫ ∞

−∞
g1(x1, y1)h(x2 − x1, y2 − y1)dx1dy1. (2.10)
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Here, h(x2 − x1, y2 − y1) is the so-called impulse response, which is also known as the point-

spread function (PSF) in imaging systems. Equation 2.10 implies that the output is the convolution

between the input and the system’s impulse response. In shorthand notation,

g2(x, y) = g(x, y)⊗ h(x, y) (2.11)

where⊗ denotes the convolution operator and the subscripts are unnecessary and dropped. Calcu-

lation of the convolution integral can become tedious especially when implemented numerically.

In most cases, it can be simplified using the convolution theorem of Fourier transforms (see Table

2.1). From Equation 2.10,

g2(x, y) = F−1 {G(fx, fy)H(fx, fy)} (2.12)

Here, H(fx, fy) is known as the transfer function of the space-invariant linear system which is

regularly used to describe spatial frequency-filtering methods in imaging systems.

2.2.2 Rayleigh-Sommerfeld diffraction formula

Classical scalar diffraction theory aims to model optical wave propagation through free-space or

similar media. Such a theory deterministically predicts the evolution u2(x, y) of a transverse field

profile u1(x
′, y′) at an observation plane that is separate from and parallel to the source plane, as

schematically shown in Figure 2.1.

Figure 2.1: Scalar wave propagation. Schematic diagram of complex field

profile at a source plane being observed at a parallel observation plane, a dis-

tance z away.

Describing wave propagation through diffraction has been tackled by finding solutions to the
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Helmholtz equation with appropriate application of boundary conditions; a detailed derivation

of which can be found in reference [2]. In this thesis, it suffices to say that the final solution,

u2(x, y), at an observation plane with a distance z from the source plane is given by the Rayleigh-

Sommerfeld (RS) diffraction integral,

u2(x, y) =
z

jλ

∫∫
∑

u1(x
′, y′)

exp(ikr12)

r212
dx′dy′ (2.13)

where r12 =
√

(x− x′)2 + (y − y′)2 + z2 is the distance between two points at the source and

the observation planes, and
∑

corresponds to the area of the source that serves as the limits of inte-

gration for x′ and y′. Equation 2.13 is reminiscent of a superposition integral, and is an expression

of the Huygens-Fresnel principle, which supposes that the source is composed of infinite number

of point sources, each emitting a spherical wave. These waves then travel and interfere with each

other, and the superposition of which at a particular position (x, y) in the observation plane speci-

fies the complex field value at that point. In short-hand notation, the RS diffraction integral can be

written as the convolution of the source field and the RS impulse response, hRS(x, y) =
z
iλ

exp(ikr)
r2

,

u2(x, y) = u1(x, y)⊗ hRS(x, y) (2.14)

In the aforementioned context, wave propagation is inherently linear and space-invariant; thus,

analytic Fourier theory holds and greatly simplifies analysis of optical diffraction. This branch of

optical science is known today as Fourier optics. From the convolution theorem, Equation 2.14

can be written as

u2(x, y) = F−1 {F {u1(x, y)}H(fx, fy))} (2.15)

HRS(fx, fy) = exp

(
ikz

√
1− (λfx)2 − (λfy)2

)
(2.16)

H(fx, fy) is the RS transfer function. Equation 2.16 is usually derived using the angular spectrum

method where the incident field is decomposed into its plane wave (Fourier) components. The

output at a parallel plane is the superposition of these Fourier components accounting for the phase
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shifts that each undergoes as it propagates from the source to the observation plane. The spatial

frequencies (fx, fy) are related to the transverse components of the wavevector by fx = kx
2π and

fy =
ky
2π [2, 3]. Importantly, other propagation integrals (i.e. Fresnel and Fraunhofer) can be

derived from the RS diffraction integral by application of different approximations.

Imaging with a 4f optical setup

It can be shown that a lens physically performs Fourier transformation of an input field at its back-

focal plane [2, 3]. Such a physical realization has paved the way for different spatial frequency-

space manipulation of an incident field, and is the basis of the presented works in this thesis. The

optical architecture shown in Figure 2.2 is commonly known as a 4f setup since the input and the

output are separated by four separate distances, each has length f. In a typical 4f imaging con-

figuration, a plane-wave illuminates a two-dimensional object that can be represented by u1(x, y)

located at the input plane P1 of the setup. A first transforming lens, L1, is placed a distance f away

from the input. At the back-focal plane P2 of L1, the spatial Fourier decomposition of the input

U1(fx, fy) = F {u1(x, y)} is obtained. Here, an optical filter, which can be described by a com-

plex transmittance function t(η, ν), can be inserted to achieve different desired operations on the

spatial frequencies of the input field. Another f -distance from P2, a second lens L2 is employed

to perform a second Fourier transformation, yielding the 4f output u2(x, y) at P3, the back-focal

plane of L2. In terms of the input field, the output can be expressed as

u2(x, y) = F−1
{
U1(fx, fy)t(η, ν)|η=λffx,ν=λffy

}
(2.17)

Figure 2.2: A 4f optical configuration. P1, input plane; P2, Fourier plane;

P3, output plane; L1-L2, lenses; f , focal length.
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Note that in the absence of a filter, the output field appears an inverted input due to the imaging

configuration.

2.3 A review of beam engineering techniques

Beam engineering lends itself into many optical applications such as imaging [4], communications

[5], optical micromanipulation [6, 7] and microfabrication [8, 9], among others. While beam en-

gineering may refer to the modulation of different properties of an incident light, in this section

we will only focus on amplitude and phase modulations. The latter is also known as wavefront en-

gineering. Engineered wavefronts have found use in more efficient shaping of a beam’s intensity

profile for the aforementioned applications. In this thesis, wavefront engineering encompasses any

practice that modulates the phase of a beam regardless of the intended application or the method

of implementation. For example, in imaging, wavefront engineering can refer to either modulat-

ing the phase of the illumination before the sample, or that of the wave that has already passed

through the sample. Both these techniques aim to enhance the performance of the imaging system

in terms of resolution and/or contrast, but are implemented differently. Wavefront engineering is

typically performed by letting the incident light pass through an optical element that imprints a

phase profile, which may depend on the optical architecture being employed, to achieve whatever

the desired output is. In contrast to amplitude modulation, phase modulation naturally leads to

higher efficiency as it does not involve any beam truncation, but rather it just redirects or redis-

tributes light to attain the output beam. In the following, two different mechanisms on how to

modulate a beam’s wavefront are introduced: conventional optics and metasurface optics.

2.3.1 Conventional optics

Refractive optical elements

Perhaps the simplest way to imprint a specific phase profile on an incident optical wave is by the

use of a refractive element (i.e. glass) with a spatially varying thickness profile. The phase is

accumulated as the light propagates through the element, and in the end produces a beam with the

desired properties. For example, refractive axicons are now commercially available to convert an

incident Gaussian beam into Bessel beams [10]. By controlled manipulation of the phase profile of

an incident Gaussian beam, output beams with uniform profiles (i.e. flat intensity and wavefront)

have been demonstrated [11–13]. Probably the most commonly used refractive optical element is

12



the traditional spherical lens, whose radially-dependent thickness induces phase shift that results

in the convergence (or divergence) of the optical beam at the back-focal plane. While refractive

elements have an advantage of high efficiency and broadband operation, fabricating tall structures

can be quite challenging, which is a primary reason why a lens with high numerical aperture is

difficult to achieve from a single optical element [11, 14].

Conventional diffraction-based optics

In principle, the surface profile of refractive phase masks can be flattened by introducing amaximal

phase value that the optical element imprints, which is usually 2π. The phase is therefore wrapped

from 0 to 2π, introducing discontinuities in an otherwise continuous profile. For conventional

diffractive elements, the phase induced still depends on the optical path length that light travels

within the material, which is similar to the mechanism behind refractive elements. For diffractive

lenses, the thickness profile is divided into concentric rings that impart appropriate phase values.

Focusing is achieved by constructive interference of the transmitted waves through the rings. One

problem in diffractive optics is the strong chromatic dependence, which for the case of diffractive

lenses, leads to different focusing planes for different wavelengths. One suggestion to tackle such

a challenge is by the use of a multilevel design [15].

Liquid-crystals spatial light modulators

Phase-only spatial light modulators (SLM) have become ubiquitous in any research that deals with

beam shaping. One of the primary reasons is the tunability afforded by SLMs, which allows for dy-

namic beam shaping that can be tailored for specific applications. Phase-only SLMs usually consist

of a layer of liquid crystals (LC), whose inherent birefringence induces the phase shift in the inci-

dent light as it passes through. In an LC molecule, the birefringence is defined as ∆n = ne − no,

where no is the ordinary refractive index of the polarization component of the incident light that

is perpendicular to the LC director (long axis) and ne is the refractive index for the parallel com-

ponent. By changing the voltage across a layer of LCs, the molecules re-orientate around an axis

orthogonal to both the incident polarization and the propagation direction. This changes the effec-

tive refractive index, resulting in the phase modulation of the incident wave that can be adjusted

by proper setting of the applied voltage. The induced phase shift is then given by δ = 2π∆nd/λ,

where d is the thickness of the LC layer and λ is the incident wavelength [16]. SLMs have been

extensively used in optical micromanipulation applications [6, 13], optical communications [5] and
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performance enhancement in optical imaging [4]. To this end, we have employed SLMs for beam

shaping [17, 18], and for optical manipulation and actuation of microstructures in a fluid [19].

2.3.2 Metasurface optics

Metasurfaces are composed of subwavelength unit structures, called meta-atoms, that are capable

of locally modifying the properties of an incident light, including its phase. In comparison with

conventional refractive and diffractive optics, the mechanism behind the induced phase shift on the

input beam is fundamentally different. Metasurfaces exploit nanoscale light-matter interactions

that can be tuned to achieve the desired phase response in the transmitted/reflected wave. In such a

regime, the field components inMaxwell’s equations are coupled, rendering the scalar wave theory

not applicable in this case. In most cases, it is also futile to find analytic solutions to the Maxwell’s

equations due to the complicated geometries involved. As such, numerical approaches are utilized

to investigate the response of an optical wave due to such structures. Figure 2.3 shows a schematic

that compares a metasurface with conventional refractive and diffractive elements. Depending on

the constituent material, metasurfaces can either be plasmonic or dielectric.

Figure 2.3: Wavefront engineeringmechanisms. Wavefront shaping using (a) refractive element,

(b) diffractive element and (c) a metasurface. Image is adapted from [20].

Plasmonic metasurfaces

Plasmonicmetasurfaces are comprised of metallic components (nanostructure/nanoparticle) whose

optical responses arise from the plasmon resonances they support. The collective oscillation of the

conducting electrons under an external time-varying electromagnetic field can be described by the

Drude’s free electron model [21, 22]. Localized surface plasmons (LSP) are a fundamental plas-

monic excitation that constitute non-propagating oscillations of the conducting electrons. Resonant
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excitation leads to huge field enhancements as well as strong scattering, determined by the polar-

izability, which is dependent on the geometry and material properties of the metallic nanoparticle.

The strong interaction between LSPs and the incident electromagnetic field facilitates the phase

tuning of the scattered field. For example, resonant excitation can be attained by properly setting

the length of an elongated nanoparticle (i.e. a nanoantenna); under such condition, the excited

current, a result of charge oscillations along the axis of the nanoantenna, is in phase with the

incident electromagnetic field. Consequently, since the scattered light originates from the oscil-

lating antenna current, its phase can be tuned by appropriate choice of the antenna length [23].

With a single nanoantenna, up to π-phase shift tuning can be achieved. The response can be ex-

tended to cover the 2π phase modulation, for example, by utilizing the so-called geometric phase

or Pancharatnam-Berry (PB) phase[24–28]. The PB phase is the acquired phase due to polariza-

tion change of the optical wave transmitted through or reflected from anisotropic, subwavelength

scatterers. The mechanism can be readily understood with a circularly polarized light incident

on the scatterer. The scattered field consists of a linear combination of co-polarized and cross-

polarized components, with the cross-polarized field gaining additional phase that is dictated by

the rotation angle of the scatterer. In a plasmonic meta-atom, the amplitude of the cross-polarized

outgoing wave is influenced by the resonance, while the phase shift is determined from a purely

geometric origin, being twice the angular orientation of the meta-atom. Even before the advent

of plasmonic metasurfaces in the past decade, the PB phase has already been demonstrated using

subwavelength gratings [25, 26] and birefringent crystals [29]. Metasurfaces are good alterna-

tives because properly designed meta-atoms can exhibit strong birefringence, allowing therefore

for subwavelength phase tuning. Since the modulation has also a weak wavelength dependence,

broadband operation is possible while sustaining uniform amplitude regardless of the phase-shift

introduced. Spatial distribution and proper arrangement of the meta-atoms in a 2D periodic lattice

facilitates the realization of any phase motif for 2D wavefront shaping. Additionally, the subwave-

length spacing between the meta-atoms eliminates higher diffraction orders, which is a persistent

problem in conventional diffractive wavefront shapers. While such functionalities can be very ap-

pealing in wavefront engineering, the material losses incurred from plasmonic metasurfaces limit

their range of applications. Several studies have delved into improving the overall efficiencies

in plasmonic metasurfaces [30–32]; however, the demand for efficiencies that can compete with

conventional optical components has paved the way for the use of all-dielectric platforms as con-
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stituent materials for metasurfaces.

All-dielectric metasurfaces

All-dielectric metasurfaces are composed of low-loss dielectric materials, promising highly effi-

cient wavefront engineering and at the same, inheriting the benefits of subwavelength tuning sim-

ilar to their plasmonic counterparts. Dielectric materials with high refractive index are employed

as constituting materials for this type of metasurfaces, in which wavefront tuning is commonly

based on: 1) Mie resonances [33, 34], 2) geometric phase [35, 36] and 3) dynamic or propagation

phase [37, 38]. High-index dielectric nanoparticles can exhibit electric and magnetic dipole, and

higher order Mie resonances that can lead to strong magnetic response, which in turn can be ex-

ploited to enhance light manipulation in the sub-diffraction regime. By engineering the geometries

of the nanoparticles, multipolar modes can be generated and made to interfere, enabling the tai-

lored control of the scattered light. In nanodisks, for example, a strong magnetic resonance occurs

when the diameter becomes comparable to λ/n, where n is the refractive index of the material.

By spectrally overlapping the electric and magnetic resonances, forward scattering is enhanced

while backward scattering is suppressed. This is the mechanism behind the Huygen’s metasurfaces

[39–41]. Within the overlapped spectra, high transmittance is attained, and around the resonance

wavelength, the total electric field undergoes a 2π-phase change. By varying the lattice period or

meta-atom dimensions, the resonance can be spectrally shifted to tune the phase modulation locally

introduced to the incident wave [40, 41]. In contrast to the first mechanism, the geometric phase

is polarization-dependent relying on the same mechanism as in the PB phase in plasmonic meta-

surfaces [35]. Here, the birefringence is introduced by structurally anisotropic meta-atoms that are

also composed of high-index dielectric material. Spatially dependent phase tuning is achieved by

meta-atoms with identical structural parameters but varying orientation. Finally, the propagation

or dynamic phase allows the independent shaping of two orthogonal polarization components, ow-

ing to the large contrast between the refractive indices of the dielectric meta-atom and the medium

[37, 38, 42]. The nanostructures are thicker (about 0.5λ to λ) than those employed in Huygen’s

metasurfaces and can be considered as truncated waveguides, inside which, multiple Fabry-Pérot

modes are excited. Light is mainly confined in the dielectric medium, and coupling between neigh-

boring meta-atoms is insignificant [37, 43, 44]. As such, the local properties of the scattered wave

are primarily determined by the geometrical properties of a meta-atom and have negligible de-

pendence on the neighboring meta-atoms. This means that each meta-atom can be regarded as a
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pixel that locally modulates the phase of the incident wave. Additionally, structural anisotropy, for

example with the use of elliptical nanopillars as meta-atoms, leads to different effective refractive

indices of the polarized components directed along the two ellipse diameters. Thus, by careful

arrangement of the elliptical pillars, the wavefronts of two orthogonal polarization components of

an incident light can be manipulated simultaneously.

2.4 Summary

To summarize the chapter, the scalar wave propagation formula was presented starting from the

Maxwell’s equations. Beam shaping techniques were also discussed. While metasurfaces may

provide clear advantage over the others in terms of the resolution and overall size of the wavefront-

shaping optical element, some situations or applications that do not really rely on such a high-

precision wavefront engineering may benefit from the other techniques. We present an example in

the next chapter, where a simple etched glass is employed in a typical imaging setup to determine

the characteristic properties of beams that have orbital angular momentum.
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3 Topological charge measurement using a

common-path interferometer

3.1 Introduction

Optical beams with orbital angular momentum (OAM), also known as optical vortex beams, have a

plethora of applications that have gained footing in the fields of optical communications [5], high-

resolution imaging [4], optical manipulation [45] and photolithography [46]. Among the OAM-

carrying beams, Laguerre-Gaussian (LG) beams are perhaps the most common and simplest case.

Mathematically, their complex field can be described by exp(ilφ), where φ is the azimuthal angle

[47]. Such a φ-dependent profile results in the spiraling of the wavefront about the optical axis

as the beam propagates, and at the center of which, phase is undefined. The OAM properties of

an LG beam are specified by the topological charge l, whose magnitude and sign determine the

number of twists the beam experiences in one wavelength of propagation and the direction of the

rotation, respectively. The magnitude determines “how fast” the beam is rotating about the axis

and, in quantum optics, it is related to the extrinsic angular momentum of a photon, lh̄, while the

sign is also known as the helicity of the beam. In the far-field, one striking feature of such beams

is the doughnut-shaped intensity profile consisting of a dark central core surrounded by a bright

ring. This is a result of the phase singularity at the beam’s center.

Studies on OAM-carrying beams are geared towards how to generate or detect them, or investigat-

ing how they interact with matter. There are numerous ways to generate LG beams, which will be

further introduced in Chapter 4; the most intuitive way is the use of phase plates to introduce the he-

lical profile [47]. This, perhaps, is also the prevalent method being used in the literature. Detection

of the OAM properties of LG beams is of equal importance, especially with the emergence of their

application in optical communications in the past decade [5]. The topological charge magnitude

and sign of LG beams can be ascertained commonly by looking at their diffraction through aper-

tures and optical elements, or by interfering them with a reference wave. Most often than not, both

the magnitude and sign manifest in the output intensity. Current methods for charge determina-

tion include but are not limited to the use of amplitude diffractive apertures [48–50], interferometry
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[51–53], and spatial mode projection [54]. The use of phase-only elements has also been employed

due to their higher efficiency compared to their amplitude-only counterparts [55, 56].

In this chapter, we introduce an in-line interferometric technique that is based on a simple refractive

element to determine the topological charge of a class of OAM-carrying beams, called helico-

conical beams. The common-path interferometer (CPI) employed in this work is based on the

generalized phase contrast (GPC), which is an extension of the Zernike phase-contrast technique [1]

to accommodate large phase variations [13]. The rest of this chapter is structured as follows: first

an introduction of helico-conical beams, followed by the mathematical model and experimental

demonstration of the CPI-based topological charge detection, and in the end, a summary of the

chapter.

3.2 Helico-conical beams

Helico-conical beams (HCB) are a different class of OAM-carrying beams that are characterized

by their helical intensity and phase profiles. The phase distribution of HCBs has a non-separable

radial and azimuthal components, being the product of helical and conical phase fronts given by

[57]

ϕHCB(r, φ) = lφ

(
K − r

r0

)
, (3.1)

where (r, φ) are the radial and azimuthal coordinates with r =
√
x2 + y2 and φ = tan−1

( y
x

)
, K

is a constant between 0 and 1, l is the topological charge, and r0 normalizes the radial coordinate,

which is usually set to be the same as the beam radius. Figure 3.1 shows the phase distributions

of HCB for K = 0, 1 and l = 0, 1. In LG beams, the phase increases along the azimuth and

remains constant radially, while for HCBs, it also linearly scales with the radial coordinate. As

a result, HCB intensity profiles in the far-field are strikingly different from those of LG beams,

and are characterized by having spiral distributions, as opposed to the doughnut-shaped intensity

profiles of LG beams [57]. Figure 3.2 shows the spiral intensities at the focused plane of HCBs

for different topological charges.

The far-field evolution of HCBs and their propagation dynamics have been reported in [57] and

specifically forK = 0 in [58]. In both studies, it was shown that the spiral intensities scale linearly
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Figure 3.1: Helico-conical beams phase profiles. Wrapped phase profiles of helico-conical beams

forK = 0, 1 and l = 1, 2, showing the radial and azimuthal dependence of the phase.

Figure 3.2: Helico-conical beams far-field intensity profiles. Spiral far-field intensities of helico-

conical beams withK = 0 and l = 1, 3, 5, 7 and 9.

with the topological charge of the incident beam. For HCBs with K = 0, not only do the phase and

amplitude of the beam twists about the optical axis, but they also maintain high photon density even

for larger l’s [58]. This is in contrast with LG beams where, as the charge increases, the photons

are also known to spread in a wider area. As such, optical twisters have been envisioned to benefit

applications where large l’s and high concentration of photons at the focus are needed. Similar to

other OAM-carrying beams, it is also important for some applications to deduce the topological

charge of an incoming HCB. Here, we show that a phase-contrast image can be generated from

the HCB, specifically the case of K = 0, that allows for the determination of both the magnitude

and sign of the topological charge. In far-field intensity measurements, a lens is usually employed

to visualize the helical intensity profile at the lens’ back-focal plane. Instead, a CPI is proposed

for charge detection, where a second lens is added to form a 4f optical setup and a phase-shifting

element is placed at the center of the Fourier plane. In the next section, the optical design of the

common CPI is discussed.
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3.3 Common-path interferometer

Figure 3.3 illustrates the schematic diagram of the 4f -based CPI. A phase object truncated by a

circular aperture is located at the front focal plane of the first lens, which implements an optical

Fourier transformation of the input field. This spatially separates the zero-order or on-axis (low-

frequency components) and off-axis scattered light (high-frequency components) at the back-focal

plane of L1. The focused light corresponds to light directly propagated through the object, while

the scattered light is a result of the spatially varying object information. A phase-shifting element

called phase-contrast filter (PCF) is placed at the center of the Fourier plane. The PCF modulates

the amplitude and phase components of the focused and scattered light. Specific in this work,

a θ phase-shift is applied onto the focused light within a circular region of radius R1 while the

amplitude for both focused and scattered light remains almost unperturbed. The phase-shifted

low-frequency components serve as the synthetic reference wave (SRW) which interferes with the

scattered light to facilitate the formation of the phase-contrast image after the second lens.

Figure 3.3: Common path interferometer for topological charge detection. Schematic diagram

of the common-path interferometer built from a 4f optical setup. The phase-contrast filter (PCF)

introduces θ-phase shift to the low-frequency components of the incident HCB that serve as the

synthetic reference wave.

In the following derivation, it is shown that the coherent superposition of the SRW with the scat-

tered light results in the direct mapping of the HCB phase into the CPI interferogram. From an ap-

proximate description for the intensity distribution, the parameters for the CPI output optimization

are discussed to produce sufficient visibility and irradiance for topological charge determination
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of HCBs.

Figure 3.4: Schematic of the PCF relative to the Airy profile incident on it at the Fourier

plane. A,B are transmittance used to adjust the relative strength of the SRW relative to

the scattered field. θ is the amount of phase shift introduced to the zero-order, R1 is the

PCF radius and R2 is the Airy radius. The Airy profile is generated at the Fourier plane

by the input circular aperture with R2 = 0.61λf/r0.

The PCF’s transmittance function defines the amplitude transfer functionH(fx, fy) of the 4f -based

CPI and can be expressed as

H(fx, fy) = A

(
1 +

(
BA−1eiθ − 1

)
circ

(
fr
ρ0

))
, (3.2)

where θ ∈ [0, 2π] by the PCF, (fx, fy) are the spatial frequency coordinates, ρ0 = R1/λf , and A

and B ∈ [0, 1] are the transmittance factors outside and inside the region of the PCF, respectively,

f and λ denote the focal length of the lenses and the illumination wavelength of the setup. The

function circ
(
fr
ρ0

)
denotes a value of 1 within the circular region of radius ρ0 and 0 otherwise.

This means that all spatial frequencies with magnitude
√
f2
x + f2

y ≤ ρ0 are θ-phase shifted by the

PCF. These parameters are depicted in Figure 3.4. In practice, the PCF is made of glass and so as

mentioned earlier, the amplitude of both the focused and scattered light is unperturbed; hence, from

here on, the transmittance factorsA andB are set to 1. From the transfer function, the corresponding

point-spread function (PSF) of the system is

h(x′, y′) = F {H (fx, fy)} = δ(x′, y′) +
(
eiθ − 1

)
ρ0J1(2πρ0r

′)/r′ (3.3)

where F represents the Fourier transform operator, (x, y) and (x′, y′) are the spatial coordinates at

the input and output planes of the CPI, and J1 is the Bessel function of the first kind of order one.

For an input field u(x, y) = a(x, y)eiϕ(x,y), the CPI intensity output is given by
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I(x′, y′) =
∣∣u(x′, y′)⊗ h(x′, y′)

∣∣2 (3.4)

I(x′, y′) =
∣∣∣u(x′, y′) + (

eiθ − 1
) [

u(x′, y′)⊗ ρ0J1(2πρ0r
′)/r′

]∣∣∣2 . (3.5)

Here, ⊗ denotes the convolution operator. The second term in Equation 3.5 comprises the SRW

of the CPI, whose interference with the imaged input field u(x′, y′) produces the CPI intensity

output. The SRW is not only dependent on the PCF parameters (i.e. phase shift θ and size ρ0),

but also on the object. This indicates that the SRW does not always have a flat profile over the

system output aperture, which has been assumed so in previous phase-contrast imaging techniques.

For this reason, the CPI just presented has been termed generalized phase contrast (GPC) method

[13, 59]. We follow the approximation in [59, 60]: for a PCF that is well within the main lobe of

the Airy function produced by the circular input aperture, R1 < R2 (see Figure 3.4) in the Fourier

plane, the field within the PCF central region can be approximated as having an Airy profile that

is scaled by the complex zero-frequency value. Mathematically, this reduces the intensity profile

into

I(x′, y′) ≈
∣∣∣u(x′, y′) + ᾱ

(
eiθ − 1

)
g(x′, y′)

∣∣∣2 , (3.6)

where ᾱ is the normalized zero-order (complex zero-frequency value) given by [2]

ᾱ = |ᾱ|eiϕᾱ =

∫∫
u(x, y)dxdy∫∫
a(x, y)dxdy

(3.7)

while

g(r′) = 2πr0

∫ ρ0

0
J1(2πr0fr)J0(2πfrr

′)dfr. (3.8)

Note that with the assumption above, the SRW no longer strictly depends on u(x′, y′), which is

valid for phase objects. To examine the effect of the PCF size relative to the Airy profile radius,

the dimensionless variable η is introduced:

24



η =
R1

R2
=

r0R1

0.61λf
. (3.9)

For a fixed PCF radius R1 = 9.8 µm, λ = 532 nm and f = 100 mm, the SRW profile was

plotted using Equation 3.8 for η = 0.2, 0.4 and 0.627 over the output aperture. Figure 3.5 shows

the normalized SRW amplitude as a function of the radial distance normalized to the input aperture

radius. As shown in the plots, the SRW starts to deviate from a flat profile for larger η values, i.e.

the PCF is larger than the main lobe of the Airy profile. For phase imaging, it is necessary to

have a neglible curvature of the SRW profile over the imaged apeture to avoid distortions in the

output interferogram. This can be achieved by using small η values (i.e. η = 0.2), but it comes

at the expense of the fringe visibility. A good trade-off between the flatness and the magnitude

of the SRW can be achieved using η ≤ 0.627. It should be noted, however, that the curvature is

negligble only in the central region, which limits the effective field-of-view of the system where

phase imaging or measurement is accurate. For η ≤ 0.627,

g(r′) = 1− J0(1.22πη) (3.10)

Figure 3.5: SRW spatial profile over the output aperture normalized to the input

aperture radius for η = 0.2, 0.4 and 0.627.

25



3.4 OAM characterization of optical twisters

Up to this point, we have not yet considered an incoming HCB. For the purpose of showing that

the CPI output in fact contains information about the beam’s topological charge, we will focus on

the case of optical twisters (K = 0):

u(r, φ) = circ

(
r

r0

)
e
−ilφ r

r0 . (3.11)

From Equation 3.7, the normalized zero-order is given by

α =
1

πr20

∫ 2π

0

∫ r0

0
e
−ilφ r

r0 rdrdφ

α =
1− e−2πil − 2πil

2π2l2

α = − i

πl
for l ∈ Z (3.12)

Equation 3.12 implies that a significant amount of light is deflected towards the center in the Fourier

plane for small values of l, which is what we exploited for charge determination. It further shows

that that the magnitude of the focused light |α| decreases as the topological charge increases con-

sistent with the results presented in [58]. Since the reference wave is synthesized based on phase-

shifting the central region around the zero-order, Equation 3.12 indicates that the magnitude of the

SRW tend to decrease with l. The relationship specified in Equation 3.12 was verified numerically

by Fourier transformation of a simulated HCB complex field profile, and Figure 3.6 shows exact

fitting between the analytic and the numerical |α|.

In the experiments, the input aperture radius can be adjusted to achieve η = 0.627 for a fixed

PCF radius, which matches the PCF to the main lobe of the Airy profile, which reduces the SRW

magnitude to g(r′ ∈ central region) ≈ 1. Using Equations 3.6, 3.8 and 3.12, the CPI output

intensity can then be expressed for θ = π,

I(r′) = 1 +
4

π2l2
+

4

πl
cos

(
lφ

r′

r0

)
(3.13)

Equation 3.13 describes the presence of interference fringes that modulate with both the radial and
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Figure 3.6: Normalized zero-order of HCBs (K = 0) for different topological
charges obtained from Equation 3.12 and from numerical simulations.

azimuthal positions, and that I(r′) contains information about both the sign and the magnitude of l.

The appearance of the phase term of optical twisters in the intensity distribution indicates the direct

conversion of the HCB’s phase into the CPI output intensity. Figures 3.7 and 3.8 show the intensity

distributions described by Equation 3.13 for increasing l and for positive and negative helicity. As

shown in both figures, the topological charge can be determined by counting the number of inter-

ference fringes. However, as the charge increses, the fringe contrast degrades making it difficult

to employ this method. This can be traced back to the decreasing strength of the zero-order that

is available to synthesize the reference wave. With higher l, the imaged object field in Equation

3.13 overpowers the SRW resulting in the reduced fringe contrast. From the intensity equation,

the quality of the interference fringes can be quantified by the visibility defined as

Visibility =
Imax + Imin
Imax − Imin

(3.14)

=
4πl

4 + π2l2
(3.15)

Figure 3.9 shows the plot of Equation 3.15 and the measured contrast in the numerically obtained

CPI outputs, where close matching between the graphs is observed.

It should be noted that in the previous discussions, the far-field intensity distribution of HCBs

deviate from an Airy profile, which was an assumption made to approximate the SRW. However,
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Figure 3.7: Analytic CPI intensity output for HCBs (K = 0) with positive topological charges.

Figure 3.8: Analytic CPI intensity output for HCBs (K = 0) with negative topological charges.

to gain a simplistic model of the intensity output of the CPI, it was necessary to impose such

assumption. In a real system, the problem is posed as an incoming HCB with a priori information

about the system parameters, but not the beam’s charge or helicity. Optical experiments were

performed to demonstrate the interferometry-based charge detection of HCBs.

Optical experiments

Figure 3.10 shows the optical setup to detect HCB. To test our proposed scheme, HCBs were

generated using the expanded Gaussian output of a 532-nm diode laser impinging on an SLM

(Hamamatsu, 12.5 µm pixel pitch), where the HCB phase function is displayed. The reflected

beam carries the HCB phase profile and passes through the CPI configuration. The focal length

of the lenses used to construct the CPI is 100 mm, and the output is detected by a CMOS camera

(Basler, 5.86 µm pixel size). The PCF introduces a π phase-shift and its radius is 9.8 µm. The

alignment process of the PCF was carried out by observing the intensity pattern on the camera in
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Figure 3.9: Fringe contrast. Visibility of the interference fringes from the CPI output as the

topological charge is increased obtained by calculating the contrast of the CPI output (dashed line)

and by plotting the analytic expression (solid line).

the absence of an encoded phase on the SLM. It was shown previously that a dark central core

surrounded by a halo of intensity that decreases radially outwards can be produced for η = 0.4

[61]. This was exploited to ascertain that the PCF is correctly positioned, and was achieved by

setting the input aperture radius to r0 = 1.3mm. With the optimally aligned PCF, the aperture size

was then adjusted to r0 = 2.1 mm to set η = 0.627, and the CPI was ready to use for HCB charge

detection.

Figure 3.10: Experimental setup for HCB detection. The Gaussian output of a 532-nm diode

laser is first expanded and then imprinted with the HCB phase profile using an LCOS-SLM (Hama-

matsu). The outgoing beam carries the helico-conical phase and is then incident on the CPI for

topological charge detection. The output of the CPI is imaged using a CCD camera. The focal

length of the lenses is 100 mm.

29



Figure 3.11 shows the phase-imaged HCBs forK = 0 and for increasing l′s. Visual inspection of

the boxed region reveals that the number of fringes matches the HCB topological charge. Given

the good output visibility, a simple image post-processing can be implemented to count the fringes.

As shown in Figure 3.12 for l = 10, 15 and 20, scans of the relevant region shows that the count

is consistent with the charge for up to l = 20. For higher l’s, the fringe visibility degrades and it

becomes difficult to determine the charge based on this method.

Figure 3.11: CPI experimental intensity output. Interference fringes obtained from the CPI for

HCBs (K=0) with increasing topological charge.

Figure 3.12: Intensity line profiles. CPI intensity line scans for l = +10, +15 and +20.

We also examined the output when the helicity of the beam is reversed. Figure 3.13 shows the

images obtained from the CPI for HCBs with l = ±1, ±2, ±4, ±10 and ±15. As described by

third term of Equation 3.13, the sign of the charge manifests in the output. This is also observed

experimentally. From the analytic description, the intensity in the φ = 0 region is maximum when

l is positive and minimum when l is negative. This is supported by the experiments as shown in

the top and bottom rows of Figure 3.13 for positive and negative l’s, respectively. By observing,
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therefore, the intensity along the φ = 0 region, we can determine both the charge magnitude and

helicity of the incoming HCB.

Figure 3.13: Helicity dependence of the CPI output. (Top row) Positively and (bottom row)

negatively charged HCBs (K=0) acquired experimentally. The sign manifests in the outputs as

maximum and minimum when the charge is positive and negative, respectively.

Finally, the same CPI setup was employed to image HCBs with K = 1 and K = 1
2 . Figure

3.14 shows the CPI intensity outputs for select topological charges, revealing that it is also possi-

ble to phase-image these types of HCBs, albeit a much stricter condition to determine the actual

magnitude and helicity of the beam.

Figure 3.14: Analytic CPI intensity output for HCBs (K = 0) with positive topological charges.

For the optical twisters, several parameters in the CPI setup can be tweaked. The visibility can be

enhanced by increasing the magnitude of the SRW. This can be implemented, for example, with the
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use of a dynamic PCF (i.e. by using an SLM [62]),A can be adjusted to obtain matched amplitude.

However, this presents a drawback in terms of losses incurred in the system.

3.5 Summary

To summarize this chapter, a common-path interferometer was constructed to determine the topo-

logical charge (both magnitude and helicity) of helico-conical beams, specifically the so-called

optical twisters. Here, a π phase-shifting refractive element is placed at the Fourier plane of the 4f

setup comprising the CPI to synthesize a reference wave that interferes with the scattered object

wave. An analytic model was presented showing that the phase distribution of the HCB (K = 0)

converts into the CPI intensity output, allowing the determination of the HCB topological charge

magnitude and sign.

In the next chapter, a similar 4f configuration but with a different phase filter at the Fourier plane is

shown to enhance the perfomance of a nonlinear imaging system. Such a system becomes highly

beneficial when directly imaging mid-infrared sources that are dwarfed by a close and more intense

source.
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4 High-contrast nonlinear imaging using an

optical vortex

4.1 Introduction

The use of optical vortices is an established approach that is known to enhance the performance of

imaging systems. Inmicroscopy, for example, an optical vortex can facilitate contrast enhancement

of weakly absorbing or scattering samples by highlighting their edges isotropically [63, 64]. The

vortex in this case is employed as an optical Fourier filter that introduces spatially-dependent phase

shifts onto the Fourier components of an incoming field. In such a setup, the complex field at the

4f output is the far-field of the optical vortex convoluted with every image point. The azimuthally

dependent phase profile of the optical vortex results in the destructive interference of the fields

in adjacent points over a uniform area. Meanwhile, in nonuniform regions (i.e. amplitude or

phase edges of the image), the fields in adjacent points do not completely interfere destructively,

resulting in intensity maxima at these points. Edge-enhancement of a macroscopic object (i.e.

circular aperture) was first demonstrated by K. Crabtree et al in 2004 [63], and thereafter, applied

in microscopy by the group of Ritsch-Marte [64]. Since then, the technique has become known as

spiral phase contrast (SPC), an alternative modality to dark-field and phase-contrast microscopy.

Optical vortex coronagraphy (OVC), while not entirely different, is a separate field that employs

the same concept and was proposed in the same year that SPC was first reported [65, 66]. While

SPC deals with small objects, an optical vortex coronagraph aims to directly image large ones -

exoplanets. In general, the challenge is posed as detecting a dim scatterer that is illuminated or

overwhelmed by a much brighter light source. Such is the case in the direct imaging of exoplanets

orbiting their parent stars. Owing to the ability to image dim objects under these situations, the

technique has also been termed as high-contrast imaging. In exoplanet imaging, the challenge

comes from the large flux ratio between the planet and its parent star, which is further complicated

by their close angular proximity to each other. In this type of situation, using physical stops, such as

those used in amplitude-type coronagraphs, is disadvantageous because of the possibility to block

light coming from the stellar companion. Along with other types of phase-based techniques, OVC
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provides an advantage over amplitude-type coronagraphs as it allows starlight attenuation while

having minimal effect on the weaker source even for small angular separations.

One crucial part in OVC is the fabrication of the employed vortex mask (VM). In general, a VM

can be grouped into either a scalar [66–68] or a vector VM [65]. Probably the most direct way

of generating an optical vortex is by the use of a scalar VM (i.e. a spiral phase plate), which

imprints the helical phase onto the beam by azimuthal variation in its optical thickness. On the other

hand, a vector VM relies on polarization manipulation and has been fabricated with the use of, for

example, liquid crystal polymer (LCP) half-wave plates or with masks based on form birefringence

[65, 69, 70]. Achromatic masks for both scalar and vector VMs can be fabricated by multilayer

or tailored designs, but even with the technological advancements in terms of fabrication, such

structures can still be difficult to achieve [70–72].

In the optical region, a contrast requirement of 109 is needed to identify a Jupiter-like planet lo-

cated 1 AU from its star, where 1 AU is the distance between the earth and the sun. Compounded

by atmospheric turbulence, such a contrast ratio can be challenging to achieve for Earth-based

telescopes. In the infrared region, there is more favorable star-planet flux ratio and the contrast

requirement is relaxed to 106, owing to the heating and re-radiation of longer wavelengths by the

planet [73, 74]. Additionally, the near-infrared (NIR) and mid-infrared (MIR) domains are also two

of the key spectral regions of interest as they allow for the determination of a planet’s atmosphere

composition. While imaging in the infrared region may have more favorable conditions, there is

still a need for achromatic VMs and MIR cameras with sophisticated cooling systems.

In the following work, a nonlinear optical vortex coronagraph (n-OVC) is proposed. By exploiting

angular momentum conservation in a sum-frequency generation (SFG) process, the proposed n-

OVC has the following valuable properties: (1) spectral translation, which enables the VM to

operate only at one fixed (pump) wavelength, (2) tunability to signal center wavelength, and (3)

achromatic operation without the need for an achromatic VM.While our laboratory demonstration

focuses on the NIR, an n-OVC extended toMIR will circumvent the need for both achromatic MIR

VM and MIR camera (e.g. MCT array).
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4.2 Mathematical model

Figure 4.1 shows the phase profiles of two optical vortices corresponding to LG beams with topo-

logical charges l = 1 and l = 2. In the orignal paper of Foo et. al, they compared optical vortices

with different topological charges (l = 1, 2, 3) and found that l = 2 had the superior perfomance

[66]. In this work, we also employed the same optical vortex.

Figure 4.1: Phase distribution of LG beams for l = 1 and l = 2.

The optical setup for the nonlinear optical vortex coronagraph (nOVC) is shown in Figure 4.2

along with the conventional OVC. The linear OVC in Figure 4.2(a) consists of a circular entrance

aperture of radius r0, which forms anAiry profile at the back-focal plane of the lensL1. The optical

vortex placed a the Fourier plane has a transmission function given by

H(ρ, φ) = exp(ilφ) (4.1)

where l is the topological charge of the optical vortex, (ρ, φ) are the polar coordinates in the Fourier

plane and lφ is the helical phase profile introduced by the vortex. The output field of the OVC

system at the pupil plane can then be expressed as

EOVC(r, θ) = F−1

{
F

{
circ

(
r′

r0

)}
· exp (ilφ)

}
. (4.2)

Here, (r, θ) are the polar coordinates at the pupil plane and circ
(

r′

r0

)
represents the circular input

aperture defined as unity for radius r′ < r0 and null otherwise. For l = 2, the resulting field

reduces to [65, 66]
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E(r, θ)OVC =


0 r < R′

E1 exp(i2θ) ·
(
R′

r

)2
r > R′

(4.3)

whereR′ = f2
f1
r0 is the radius of the pupil plane image of the input aperture. Equation (4.3) means

that for an on-axis source, the optical vortex acts to diffract all light outside the imaged aperture.

The corresponding intensity profile would appear as a dark central core surrounded by a bright

ring of radius R′, after which, the irradiance decreases radially outwards. Figure 4.2(c) shows

the simulated intensity profile at the pupil of a linear OVC for l = 2. By adding a truncating

aperture (called Lyot stop) with radius RLyot < R′ at the pupil plane, the bright halo intensity

can be attenuated. The lens L3 finally produces an image of the dimmed, if not annihilated, on-

axis source. An incoherent off-axis point source eludes the center of the optical vortex; hence it is

transmitted with less effect from the vortex, resulting in negligible attenuation at the coronagraphic

image plane.

The proposed nonlinear optical vortex coronagraph (n-OVC) in Figure 4.2(b) employs the SFG

process of two beams facilitated by a nonlinear crystal. The n-OVC architecture is comprised

of a signal beam through a 4f setup (L1 and L2), and a top-hat illuminated optical vortex (l =

2) pump beam that interact nonlinearly in a periodically poled lithium niobate (PPLN) crystal.

Similar to OVC, the path of the signal beam (red rays in Figure 4.2) consists of an entrance aperture

characterized by its radius r0 and can be represented as

Es(r, θ) = circ

(
r

r0

)
(4.4)

The lens L1 focusesEs onto the center of the PPLN crystal, where it interacts with the pump beam

Ep, which is an imaged l = 2 optical vortex through L4 and L5 and is given by

Ep(ρ, φ, z = 0) = circ

(
ρ

ρ0

)
exp(i2φ) (4.5)

with z = 0 defined at the center of the PPLN crystal. The lens L2 collimates (through a band-pass

filter) the upconverted beamEup which has a spatial profile that closely resembles that of its linear

counterpart. The Lyot stop and lens L3 facilitate the formation of the final n-OVC output. By
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Figure 4.2: Nonlinear optical vortex coronagraph. Schematic diagram of (a) a linear OVC and

(b) the proposed n-OVC. In the n-OVC, the signal beam (red lines) is mixed with a vortex-shaped

pump beam (green lines) in the nonlinear PPLN crystal. With such a process, the coronagraphic

and off-axis images are produced at the SFGwavelength (blue lines). The two insets in (b) illustrate

the phase match (∆k) dependence on the angular direction φs of the input signal k-vector. (c, d)

Calculated intensity distributions at the respective pupil planes of the two coronagraphs. L1 - L5,

lenses; DM, dichroic mirror; F, spectral filters that only allows SFG beam.

conservation of energy, the angular frequency of the upconverted field should be the sum of the

angular frequencies of the two input fields. Equivalently, the upconverted field will have a wave-

length that follows 1/λup = 1/λp + 1/λs, where λp and λs are the pump and signal wavelengths,

respectively. The mathematical model of the n-OVC follows the theory of upconversion imaging,

which can be treated similar to scalar diffraction theory as discussed by A. Barh et al. in [75].

In this mathematical treatment, the overall transfer function of the system is proportional to the

spatial profile of the shaped pump beam at the center of the PPLN crystal. Borrowing the tools in

Fourier optics (scalar diffraction theory), the upconverted field of the n-OVC for arbitrary l can be

expressed as
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En−OVC(r, θ) ∝
[
F−1

{
F

{
circ

(
r

r0

)
· exp(ilφ)

}}
⊗ F (r, θ)

]
· sinc

(
∆kz(φs)L

2

)
(4.6)

where ⊗ denotes the convolution operator. Here, F (r, θ) is the Fourier transform of an apodizing

filter that defines the truncating effects the finite width of the PPLN crystal or the pump radius.

F (r, θ) can be approximated as a delta-function when the Airy profile formed by Es is contained

well within the crystal cross-section. The sinc(∆kz(φs)L/2) arises from the phase matching of

the upconversion process, where ∆kz(φs,Λ, T ) = kup − kp − ks − 2π/Λ + ks(1 − ks/kup)φ
2
s ,

kj = kj(T ) (subscript j = s, p or up denotes signal, pump and upconverted field, respectively and

T is the PPLN temperature) are the collinear k-vector magnitudes inside the PPLN crystal with

poling period Λ. The internal angle φs refers to the angular direction of the input signal k-vector

relative to the z axis [see insets in Figure 4.2(b)]. By proper combination of the PPLN crystal’s

poling period and temperature, the phase match condition can be achieved for normal ks vectors,

i.e. ∆kz(φ = 0) = 0 that corresponds to maximum conversion efficiency, η = η0. For φs 6= 0, η

deviates from themaximumvalue due to the phasemismatch (∆kz(φs 6= 0) 6= 0) and the efficiency

follows the sinc(∆kz(φs)L/2) distribution. Equation 4.6 implies that in the SFG process, the total

angular momentum is conserved between the input and the output fields, with the upconverted

field inheriting the OAM of the pump beam. This phenomenon has been demonstrated before in

[76, 77] and exploited for edge enhancement in nonlinear imaging [78, 79].

For l = 2, Equation 4.6 simplifies to En−OVC = 0 inside a circle with radius r < Rup. For

r > Rup,

En−OVC(r, θ) ∝ exp(i2θ) ·
(
Rup

r

)2

· sinc
(
∆kz(φs)L

2

)
(4.7)

where Rup = r0
f2
f1

λup
λs

is the radius of the upconverted image of the signal entrance aperture.

The term f2
f1

comes from the standard magnification factor in a 4f setup, while
λup
λs

is due to the

upconversion process. Comparing Equations 4.3 and 4.7, the output of a nonlinear OVC is similar

to that of the linear OVC apart from an added magnification factor and a masking function brought

by the upconversion process. Note that the effect of F (r, θ) can be included but has been dropped

with the assumption that the relative size of the Airy profile is smaller than the crystal aperture.
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Unsurprisingly from this model, the n-OVC therefore also has a halo intensity output as shown

in Figure 4.2(d). Importantly, it should be pointed out that the sinc-squared modulation should

have an envelope whose main lobe is larger than the halo ring. Otherwise, such a modulation will

behave as a smaller Lyot stop, which then reduces the overall efficiency and increasing the inner

working angle (IWA) of the n-OVC.

4.3 Laboratory demonstration of a nonlinear optical vortex

coronagraph

4.3.1 Optical setup

The n-OVC is experimentally demonstrated using the setup in Figure 4.2(b). The pump and signal

wavelengths are λp = 1064 nm and λs = 1575 nm, respectively. The signal beam, which has a

collimated Gaussian profile with beam waist ws = 1mm, is incident on the entrance aperture with

diameterD = 1mm. The pump beam, on the other hand, is first expanded (not shown in the figure)

then demagnified by L4 and L5 so that its waist is w0 = 1 mm in the PPLN crystal. The PPLN

crystal’s length is L = 10 mm, its cross-section is 1× 1 mm2 and poling period is Λ = 11.8 µm.

To achieve collinear phase matching, that is ∆kz(φs = 0) = 0, the PPLN temperature is set to

T = 130◦C. The focal lengths of the lenses used are f1 = f5 = 60 mm, f2 = 200 mm, f3 = 250

mm and f4 = 300 mm. The optical vortex (OV) is sandwiched betwen two quarter-wave plates

- the first to generate a circularly polarized illumination on the OV and the second to transform

back to linear polarization. The OV is made of spatially varying half-wave plate (SVHWP) that is

based on LCP. For this vortex mask, a central defect arises from the failure of the LCP molecules

to follow the right orientation at the central region [80–82]. As such, the vortex mask fails to

perfectly imprint the helical phase into the pump and consequently the SFG beam. This central

disorientation, along with other aberrations in the optical system, results in the imperfect nulling

of light inside the halo intensity for the SFG beam. To minimize this, the relative size of the defect

should be made smaller than the central lobe of the Airy disk [80, 82]. A silicon-based camera is

used to record the n-OVC output.
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4.3.2 Numerical simulation and experimental verification

Numerical simulations were implemented using fast Fourier transform (FFT)-based calculations

in Matlab. The finite extent of the nonlinear crystal was taken into account, and all other param-

eters matched those in the experiments. For λs = 1575 nm, the intensities obtained numerically

and experimentally at the pupil plane are illustrated in Figure 4.3, showing good qualitative agree-

ment. The blurring of the halo images for both simulation and experiment comes mainly from the

truncating width of the nonlinear crystal. For the latter, other factors such as slight misalignment

or the presence of impurities (i.e. dust) in the setup contribute to both blurring and incomplete

nulling of the inner region of the halo. Aside from utilizing a larger nonlinear crystal, the blurring

can be alleviated by adjusting the size of the Airy profile to increase the number of rings that fit

into the PPLN aperture. However, to minimize the relative size of the vortex central defect, which

is usually in the micrometer range [82], the main lobe of the Airy profile was kept large, i.e. 115

µm.

4.3.3 Wavelength tunability and broadband operation

To demonstrate wavelength tunability of the n-OVC, we simulated a λs = 1550 nm signal beam

for the same λp andΛ. The PPLN temperature was adjusted to satisfy phase match conditions, with

T = 40◦C. The simulated output intensity is shown in Figure 4.3(c) which was also experimentally

verified as shown in Figure 4.3(d). This demonstration indicates that the operational wavelength of

the n-OVC can be actively tuned even with the use of a single monochromatic vortex mask. The

implication of which is that, one can fabricate a monochromatic VM (i.e. for λp) with superior

quality and can then extend its functionality to several signal wavelengths, albeit indirectly, using

the n-OVC, provided the phase match condition can be achieved. Figure 4.4 shows a possible

combination of parameters to achieve phase match condition for different signal wavelengths. In

Figure 4.4(a), the temperature or PPLN period can be adjusted for a fixed pump wavelength λp =

1064 nm to achieve collinear phase match. The tuning effect by the pump wavelength is seen to

be more pronounced in Figure 4.4(b) for a fixed PPLN period with T = 180 ◦C. Additionally,

the bandwidth of the n-OVC for either λs = 1575 nm or λs = 1550 nm was measured to be about

1 nm, which is consistent with the acceptance bandwidth of the PPLN crystal. The bandwidth

is determined by the full-width at half maximum of the main lobe of the sinc2(∆kzL/2) as a

function of the signal wavelength λs. Figure 4.5(a) shows the dependence of the upconversion
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Figure 4.3: Halo intensity outputs. (a, c) Numerical and (b, d) experimental irradiance outputs of

the n-OVC at the pupil plane for two signal wavelengths (a, b) λs = 1575 nm and (c, d) λ = 1550

nm. The blurred images are caused by the finite extent of the PPLN crystal aperture.

efficiency to Λ and λs. Figure 4.5(b, c) plot the normalized η for fixed PPLN periods Λ = 11.8

µm and Λ = 23.0 µm, respectively, showing the 1-nm bandwidth for the parameters using in our

experiments. Meanwhile, by using a PPLN crystal with Λ = 23.0 µm the central wavelength

can be tuned to the MIR region and at the same time achieve broadband operation with a FWHM

of approximately 600 nm. By appropriate combination, therefore of Λ, T, λp and the nonlinear

material comprising the crystal, both the central wavelength and bandwidth operation of the n-

OVC can be adjusted.
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Figure 4.4: Tunability of the signal central wavelength. Phase-match curves showing the Λ−λs
combinations for which ∆kz = 0 can be achieved for (a) λp = 1064 nm and varying T , and for
(b) T = 180 ◦C.

Figure 4.5: Tunability of the n-OVC bandwidth. Normalized upconversion efficiency as a func-

tion (a) of both the PPLN period and the signal wavelength, and (b, c) of only the signal wave-

length for fixed PPLN periods (b) Λ = 11.8 µm and (c) Λ = 23.0 µm. For all plots, λp = 1064

nm, T = 180 ◦C and L = 2.5 mm are used.

4.3.4 n-OVC performance

To assess the performance of the proposed n-OVC, two commonly used metrics were employed:

1) peak-to-peak (PTP) attenuation and 2) intensity contrast. As the name suggests, PTP attenu-

ation serves as a measure of the n-OVC’s capability to attenuate on-axis sources. As the vortex

is translated from the optimally aligned position, coronagraphic images are recorded. The PTP

attenuation is defined as the ratio of the peak irradiance of such coronagraphic images to the peak

of an off-axis image obtained with sufficient displacement of the vortex from the center. On the

other hand, the intensity contrast measures the attenuation in the full coronagraphic image. It is
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calculated by azimuthally averaging the intensity values from the center and normalizing it with

respect to the peak of an off-axis coronagraphic image. Here, it should be noted that the increasing

displacement of the vortex from the center is equivalent to an increasing angular displacement of

the source. Therefore, in the measurements and in the presented data, vortex displacement is ex-

pressed in terms of the angular seperation λs/D, where D = 2r0 is the diameter of the entrance

aperture.

To obtain the coronagraphic image, the upconverted field transmitted through a Lyot stop with

RLyot = 0.8Rup was focused through lens L3. Using a 14-bit camera, a series of images was

recorded for three different exposure times to capture the intense and weak lobes in the output irra-

diance. To remove the electronic noise, a dark-median background was obtained for each exposure

time while the upconverted light is blocked. A similar procedure was implemented for the off-axis

images. The final coronagraphic (on-axis) and off-axis images were rendered after subtracting

the dark-median background from the raw images and accounting for the exposure times used to

record the images. These were then used for the PTP attenuation and intensity contrast analyses.

Figure 4.6 shows the rendered coronagraphic and off-axis images from the n-OVC.

Figure 4.6: Rendered experimental on-axis and off-axis coronaraphic images from the n-OVC.

The PTP attenuation plots from both experiment and simulations are shown in Figure 4.7. From

the experiments, a 6 × 10−3 attenuation is achieved with an optimally aligned optical vortex.

The deviation between the experimental and numerical plots can be attributed to several factors

including optical aberrations, tiny misalignments and the VM central defect. The effect of the

central disorientation has been minimized in other studies using an amplitude stop. [80, 82] In our

case, the relative size of the vortex defect was made to shrink by demagnfication using lenses L4

andL5. Nonetheless, withminimal aberrations in the setup and using a nonlinear crystal with larger
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aperture, our simulations show that two orders of magnitude better attenuation can be realized with

an n-OVC. The inner working angle (IWA) is another metric used in characterizing coronagraphs,

which is arbitrarily defined as the 50% throughput angle. From the PTP plots, the current IWA of

our n-OVC is sub-λ/D, similar to other coronagraphs that utilize vortex or phase-only masks.

Figure 4.7: Peak-to-peak attenuation plots of the n-OVC obtained from numerical simulations and

experiments.

The normalized irradiance profiles are plotted in Figure 4.8 for an optimally aligned VM (α = 0)

and a displaced VM with angular offset α = 3.2λs/D. The subscripts “ex” and “si” correspond

to the experimentally and numerically obtained coronagraphic images. The on-axis radial profile

shows 10−3 contrast at 1.5λs/D and 10−4 at 3λs/D. Comparing the experimental on-axis and off-

axis plots (squared lines), the on-axis (i.e. starlight) is extinguished by four orders of magnitude

compared to the off-axis at 3.1λs/D. In other words, an off-axis source (i.e an exoplanet) appearing

at the same angle will experience 10−4 less attenuation compared to the on-axis source (i.e. the

parent star). A much higher intensity contrast can be achieved with a tophat signal pupil plane

profile, 5 × 5 mm2 PPLN crystal aperture and a defect-free VM, which is the case numerically

simulated in Figure 4.8.
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Figure 4.8: Azimuthally averaged radial profiles of the output PSF.

nOVC Sensitivity

The sensitivity of the n-OVC can be assessed using the conversion efficiency of the SFG process.

For both pump and signal wavelengths, the Rayleigh range πω2
0/s/λp/s is much longer than the

length of the PPLN crystal. Under this condition, paraxial approximation can be employed to

calculate the conversion efficiency, which is given by [75, 83]

η =
Pupλup
Psλs

=
8π2d2effL

2Ip
ε0cnsnpnupλupλs

. (4.8)

Here, Pup and Ps are the upconverted and signal power, deff = 14× 10−12 m/volt for MgO-doped

PPLN crystal, Ip is the pump intensity, nj is the refractive index of lithium niobate at wavelength

λj , and ε0 is the vacuum permittivity. In the n-OVC demonstration, a conversion efficiency of

2 × 10−5 was experimentally measured, which is in fair agreement with the theoretical value,

η = 3 × 10−5 for Pp = 1 W. In principle, the conversion efficiency can be significantly im-

proved by three approaches. The first strategy is straightforward , where the pump power can be

increased to 10-100 W to significantly enhance η. Secondly, for modest pump powers, a smaller

pump beam radius ω0 can be employed to increase the pump power density. However, as modeled

in Equation 4.6, smaller pump radius can serve as a truncating aperture that could further result in
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halo blur and hence, reduce the n-OVC discovery space or the ability to image planets with larger

angular separation from their parent star. Thirdly, the efficiency scales with L2. Using, therefore,

a longer crystal will increase the upconversion efficiency. However, this could present penalties

in both the signal acceptance bandwidth and signal acceptance angle. The former drawback has

an obvious effect of degrading the broadband operation of the n-OVC. The latter has the potential

consequence of broadening the image plane PSF, thereby increasing the IWA of the coronagraph.

Using a combination of these approaches, an estimate of 0.2% upconversion efficiency can be

achieved. With this, we estimate that an n-OVC for MIR operation that utilizes a low-noise silicon

camera can readily compete with a conventional MIR OVC using state-of-the-art cryogenic cam-

eras e.g., based on MCT detectors. In [84], it was found that even at 6% upconversion efficiency,

a PPLN-based frequency converter combined with a silicon detector can achieve a sensitivity 50

times that of a cooled MCT detector.

4.4 Summary

In summary, a nonlinear optical vortex coronagraph was presented as an alternative to the conven-

tional optical vortex coronagraph. Through the use of an optical vortex as a Fourier filter, high

contrast nonlinear imaging was demonstrated. We claim that a vortex mask made for narrowband

operation can be tuned to work for other wavelengths and even achieve a broadband operation.

46



5 Quantitative phase imaging using a

polarization-dependent all-dielectric

metasurface

5.1 Introduction

Quantitative phase imaging

Quantitative phase imaging (QPI) has emerged as a powerful tool for non-invasive inspection in

optical metrology [85, 86], materials science [87] and microscopy [88, 89]. QPI is a collection

of techniques that aims to recover the phase shifts that an incident light undergoes when it passes

through a sample. Such phase shifts provide information about the light’s optical path length that

can be related to the structural components of the sample under observation. Due to the inherent

insensitivity of current detectors to fast oscillations in the optical regime, direct phase measure-

ment remains a challenge. QPI techniques therefore aim to convert the phase information of the

sample into detectable intensity variations. In microscopy, QPI eliminates the need for chemical

staining of weakly scattering or absorbing specimens, thus it enables the imaging of biological

samples without risking to alter their natural behavior [89]. In optical metrology, QPI has been

applied in wavefront aberration correction [90], defect detection in semiconductors [91] and ma-

terials characterization [87, 92, 93]. QPI can be generally grouped into 1) interferometric, and 2)

non-interferometry-based or phase retrieval techniques.

Interferometric techniques remain the benchmark for phase measurement schemes, relying on the

superposition of the object wave with a known reference wave. Included in this category are digital

holographic microscopy [94], phase-shifting differential interference contrast microscopy [95, 96],

and quadriwave lateral shearing interferometry [92, 97].

Alternatively, non-interferometric techniques enable phase reconstruction from recorded images

of the diffracted object field without the need for a reference beam. As such, unlike two-beam

interference strategies, non-interferometric approaches do not necessitate highly coherent source
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and are less affected by optical aberrations and instability in the setup. In the phase reconstruc-

tion, the multiple intensity recordings are used in a constrained calculation based on, for example,

different diffraction integrals [98, 99] or the transport-of-intensity equation (TIE) [100]. Non-

interferometric techniques exploit phase-induced variation in the intensities such as, when light

propagates, it gains additional phase shift that manifests in a change in the intensity. TIE-based

phase reconstructions rely on this mechanism, with the TIE relating the axial intensity gradient to

the phase of a complex field [100]. Experimentally, the axial intensity gradient can be estimated

by finite-difference of two axially displaced images of the sample. The measurement scheme tra-

ditionally involves displacing the camera or the sample [101], which has restricted the application

of TIE-based phase reconstruction to static objects. To extend the applicability of the technique to

dynamic objects, a single-shot configuration was proposed in [102] by utilizing multiple optical

components (i.e. an SLM, mirrors, lenses and a beam splitter). Two images were simultaneously

captured by splitting the object wave into two and using an SLM to introduce the free-space prop-

agation transfer function onto one of the beams. Such an architecture was implemented for the

dynamic QPI of biological cells [102].

In this chapter, we exploit the multifunctional capability of metasurfaces targeted to facilitate the

single-shot recording of two images for TIE-based phase reconstruction.

Metasurfaces

As the demand for compact, lightweight and efficient systems continues to rise, increasing focus

has been put in searching and developing new alternative devices that do not only embody the afore-

mentioned attributes but also exceed current standards, for example, in terms of multifunctionality.

Like in many other disciplines, this has also been the trend in optics. The past two decades saw

rapid advancements in miniaturized optical systems driven by demand from various fields ranging

from medicine for accurate and rapid diagnostics to commercial technologies for integration in

electronic gadgets. In the quest for such development, it has also pushed our understanding of fun-

damental phenomena that are being exploited to achieve the desired optical functionalities. While

the theoretical foundations may have long existed, it is only recently that they start to be realized,

thanks to the enormous progress in computation and nanofabrication technologies.

One of such advancements are metamaterials - artificial structures engineered in such a way to

elicit responses that may not be found in nature. Metasurfaces are the planar counterparts of meta-
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materials and are composed of subwavelength unit structures called meta-atoms [103]. By proper

adjustment of the geometry of the meta-atoms, different properties of an incident optical wave can

be tuned. Wavefront engineering has particularly benefited frommetasurfaces due to the subwave-

length arrangement of the meta-atoms, resulting in the suppression of higher diffraction orders - a

persistent problem in traditional diffractive optical elements [44]. Additionally, the substantially

reduced overall size of metasurfaces make them favorable for integration in compact optical se-

tups. Perhaps one the most exciting new capabilities of these ultra-thin components is the ability

of a single metasurface to achieve complex functionalities that would otherwise require a combi-

nation of bulky optical components [37, 38, 44]. As such, metasurfaces have found applications

in beam focusing [104–106], beam deflection [107–110], and holography [111, 112]. Multifunc-

tional optical devices based on metasurfaces have been reported including independent wavefront

control of orthogonal polarization components of an incident wave [37, 42, 113]. Tailored design

of metasurfaces have also been recently shown to improve imaging performance [114] facilitating

resolution [115, 116] and contrast enhancements [96, 117–121].

5.2 All-dielectric metasurfaces

Having more favorable optical properties over their metallic counterparts, all-dielectric materials

have gained traction as constituting materials for metasurfaces. All-dielectric materials can lead

to more efficient metasurfaces due to the lower absorption losses that an optical wave incurs as

it passes through the material. To achieve 0-2π phase modulation, several mechanisms can be

employed. Among these is the use of high-index dielectric nanopillars as meta-atoms to impart

the propagation or dynamic phase, as introduced in Section 2.3.2. The substantial difference be-

tween the refractive indices of the dielectric and the medium results in field confinement within the

high-index dielectric [42, 43, 108]. Each nanopillar acts as a truncated waveguide that can support

several modes. Few studies have dug into describing the exact physical mechanism behind this.

In [108], Yang et al used Bloch mode analysis to elucidate the propagation dynamics of light in-

side periodic nanowaveguides. They found that the optical properties of designed systems can be

accurately described by accounting for contributions from propagating modes inside the dielectric

as well as from the mode that is mostly distributed in the medium between the nanowaveguides.

The latter is often neglected in typical design methodologies for dielectric metasurfaces, although

its effect only becomes more relevant for applications that require beam deflection at large angles.
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To cover the full 2π phase modulation, the geometry of the metaatoms can be adjusted. The strong

birefringence afforded by the use of high-index constituting material, and introduced via structural

anisotropy (i.e. with the use of elliptical nanopillars) has facilitated the independent phase modu-

lation of orthogonal linear polarizations directed along the main axes of the meta-atoms. Such a

response can be summarized by the Jones matrix [37, 38, 42]

J = R(−θ)

eiφx 0

0 eiφy

R(θ) (5.1)

where φx and φy are the imposed phase shifts on the wave components polarized along the meta-

atom’s fast and slow axes, R(θ) is a rotation matrix with θ defining the angular orientation of the

axes. For meta-atoms whose principal axes are directed in the x and y - directions, the Jones matrix

reduces to J =
[
eiφx 0
0 eiφy

]
. In terms of the input field, the output’s linearly polarized components

are then given by Eout,x = Ein,xe
iφx and Eout,y = Ein,ye

iφy . We capitalize on this capability of

metasurfaces to fabricate different polarization-dependent optical devices.

The rest of this chapter discusses our work on all-dielectric metasurfaces. Three functional meta-

surfaces were designed and fabricated, with the ultimate objective of achieving a metasurface that

can be used for single-shot QPI.

As discussed in Chapter 2, determining the evolution of an optical wave in subwavelength struc-

tures requires the treatment of the full Maxwell’s equations. While analytic solutions exist for some

geometries, it can be difficult to find closed solutions for others. Thus, numerical calculations are

implemented to determine the changes in the wave properties, e.g. its amplitude and phase, after it

has propagated through the structure. In our case, we used finite-difference time domain (FDTD)

modeling to calculate the transmission coefficients and phase shifts of a beam after passing through

a uniformly arranged meta-atoms.

Figure 5.1(a) shows the unit structure of the metasurface that we used in all optical devices that

we fabricated. The unit cell consists of elliptical nanopillars made of amorphous silicon (a-Si) on

a fused silica (SiO2) substrate. The height of the nanopillar is 411 nm. The electric permittivity,

which was deduced experimentally from a deposited bare layer of silicon, is ε = 16.55 + 0.16i.

In the calculations, a single nanopillar is periodically arranged in a square lattice with a = 350

nm by applying periodic boundary conditions on the sides of the unit cell in both transverse direc-
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Figure 5.1: Schematic of the metasurface. (a) Unit cell of the metasurface consisting of amor-

phous silicon (a-Si) on SiO2 substrate. The height of the nanopillars is 411 nm. (b) Schematic of

FDTD calculation for the transmission coefficient and phase shift incurred by a beam after passing

through a uniform set of pillar periodically arranged in a square lattice with a = 350 nm.

tions. Under plane-wave illumination, the transmission coefficients (|tTE|, |tTM|) and phase shifts

(φTE, φTM)were calculated for different elliptical nanopillars by sweeping the diameters from 70 -

270 nm in both x and y directions for both TE and TM incident waves, as shown in Figure 5.1(b).

Figure 5.2 shows the magnetic energy density from both (a, b) top-view and (c, d) side-view per-

spectives for nanopillars with elliptical diametersDx = 168 nm andDy = 270 nm. In (a) and (b),

the monitors are placed at the end and inside the nanopillars, respectively. As mentioned earlier,

substantial difference between the nanopillars’ refractive index and that of the medium results in

the field confinement inside the pillar. This is also exemplified in the a-Si pillars that comprise

our metasurface. Additionally, the magnetic energy density plots show that there is weak coupling

between the meta-atoms, indicating that each site can be regarded as a pixel element that locally

modifies the wavefront of the incoming beam. Figure 5.3 shows the calculated transmission coef-

ficients and phase shifts for combinations of elliptical pillar geometries.
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Figure 5.2: Field confinement in high-index dielectric nanopillar. Magnetic energy density

inside a-Si nanopillars from the (a, b) top-view and (c, d) side-view. For the top-view, the monitors

are placed at the end (a) and inside (b) the nanopillars. The elliptical diameters are Dx = 168
nm and Dy = 270 nm under TE-polarized plane-wave illumination. The dotted lines mark the

boundaries of the nanopillars.

Figure 5.3: Transmission coefficients and phase shifts of the beam after passing through pe-

riodically arranged nanopillars for different diameters, Dx and Dy, under TE and TM-polarized

plane-wave illumination.
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From the transmission coefficients and phase shifts obtained using FDTD computations, the opti-

mal geometries of nanopillars to introduce the desired phase shifts are compiled in a library. These

were determined by calculating the mean-squared error given by

E =
∣∣∣eiφTE,desired − tTEe

iφTE
∣∣∣2 + ∣∣∣eiφTM,desired − tTMe

iφTM
∣∣∣2 . (5.2)

where φTE(TM),desired are the desired phase shifts. The geometry that minimizes Equation (5.2)

is added to the library. Such a minimization ensures that high transmission is achieved while

providing the phase shift that is close to the desired one. Figure 5.6 shows the results of this step,

depicting the look-up map to convert the desired phase shift into the geometry of the pillars.

Figure 5.4: Phase-to-diameter conversionmap. Look-up table to convert a combination of φTE−
φTM phase shifts into the elliptical diameters of the nanopillars in (a) x and (c) y directions. (b, d)

Transmission coefficients of the nanopillars as a function of the elliptical diameters.

5.2.1 Metasurface design and fabrication process

To determine the metasurface design, the phase profiles φTE(x, y) and φTM(x, y) to be imparted

on the incident beam have first to be determined. Note that the variables x and y now denote the

2D spatial position. φTE(x, y) and φTM(x, y) are then wrapped from 0-2π, and the positions are
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discretized with step distance equal to the lattice constant of the metasurface. After which, the

pillar geometries are determined in each discretized location using the look-up map.

The fabrication was done by RaduMalureanu and is based on a standard electron beam lithography

technique. A layer of amorphous Si is deposited using low pressure chemical vapor deposition

(LPCVD) techniques onto a fused silica substrate. Then, a 145nm thick layer of AR-P6200 CSAR

resist is spun on top and a thin, 20nm layer of aluminum (Al) is thermally evaporated to help with

the discharge of electrons. The desired structure is then exposed and the Al layer is subsequently

wet etched in a H3PO4:H2O solution. After developing, a new Al layer is deposited and lifted

off. This new layer is then used as a mask to etch the Si beneath using a BOSCH process. The

remaining Al is then wet etched, finally resulting in the desired structure.

5.2.2 Wavefront engineering using metasurfaces

For the first two applications described below, the goal was to verify the capability of our metasur-

faces to introduce spatially-dependent phase shifts into the TE and TM components of an incident

beam simultaneously. To this end, metaholograms and polarization beam splitters are two func-

tionalities that easily depict independent shaping of two polarizations.

5.3 Metaholograms

Ametahologram was designed to have different phase responses to the TE and TM components of

an incident beam leading to the shaping of the beam’s intensity profile that depends on its polar-

ization state. To achieve such shaping, a 2f optical configuration is employed, with the incident

beam assumed to have a top-hat intensity profile and a planar wavefront. Experimentally, this can

be implemented by truncation of the central region of a magnified and collimated beam using an

aperture. By placing the metasurface at the front focal plane of the lens, the phase profile of the

hologram is imprinted on the impinging beam resulting in the intensity shaping at the back-focal

plane of the lens. Figure 5.5 shows the schematic of a metahologram that transforms a top-hat

intensity profile into “DTU” or “META” depending on the polarization of the incident beam.

Design of a metahologram using the Gerchberg-Saxton algorithm

To determine the metahologram’s phase profiles, the Gerchberg-Saxton (GS) algorithm is imple-

mented. GS is an iterative calculation to retrieve the phase of an input complex field with a priori
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Figure 5.5: Schematic diagram of a polarization-dependent metahologram.

information about the field intensities at two planes, traditionally, the spatial and Fourier domains

or the front focal plane and back focal plane of a lens, respectively [98]. GS can be viewed as a

linear system problem where information about the input is sought, knowing the response of the

system (i.e. Fourier transform for 2f architecture) and imposing a desired output. The algorithm

starts with a complex input field u(x, y) =
√

I(x, y) at the spatial domain, which is then Fourier

transformed to obtain the complex amplitude û(η, ν) = |û(η, ν)| exp(iφ̂(η, ν)). At this point, the

constraint at the Fourier is implemented by setting |û(η, ν)| =
√

Î(η, ν)where Î is the desired out-

put intensity profile of the beam. The resulting field is then inverse Fourier transformed followed

by imposing the known profile of the beam |u′(x, y)| =
√
I(x, y). This constitutes one iteration,

and the calculation continues until the calculated and the desired intensities at the 2f output have

negligible difference.

Experimental demonstration of a polarization-dependent metahologram

The GS algorithm was implemented to generate two different output intensities for TE and TM-

polarized components of the incident beam. For FDTD calculations, a metahologram consisting of

32 × 32 nanopillars was first rendered. From the GS-calculated phase profiles, the elliptical pillar

parameters were obtained using the look-up table presented in Figure 5.6. These were then used

to generate the metasurface in the FDTD solver Lumerical with perfectly matched layer (PML)

boundary conditions on all sides of the metasurface. Figure 5.7 shows the far-field intensity distri-

butions from the FDTD calculations under (a) TE and (b) TM polarized plane-wave illumination.
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Figure 5.6: Metahologram design calculations. (a) Schematic of the Gerchberg-Saxton algo-

rithm. (b) Sample intensity constraints. In the spatial domain, I(x, y) has a top-hat profile, while
in the Fourier domain, Î(η, ν) contains the desired beam intensity shape.

Even from the limited number of pillars, successful independent shaping of the incident beam can

be achieved. Moreover, the insets show the far-field amplitude distributions, revealing that the

metasurface has weak phase response, if none, to the cross-polarized incident beam. The horizon-

tal and vertical arrows indicate TE and TM polarized illuminations, respectively.

Figure 5.7: Simulated metahologram output. Far-field intensity distributions obtained from

FDTD calculations of the designed metahologram under (a) TE and (b) TM-polarized illumination.

The insets show the far-field amplitude distributions, revealing no polarization cross-talk.

A larger metahologram consisting of 1000× 1000 pillars with an equivalent area of 350× 350 µm2

was subsequently designed and fabricated. The optical setup is similar to the schematic diagram

shown in Figure 5.5. Not shown in the figure, the beam was first prepared by expansion and then

truncation to produce a top-hat profile with a uniform intensity distribution. A bandpass filter was

employed to achieve an 850± 40 nm illumination wavelength. A half-wave plate and a polarizer

were used to set the polarization of the beam before impinging on the metasurface. The lens in the

setup has a focal length of f = 250 mm. Note that the exact focal length for this demonstration

is not crucial since we were only interested in the general distribution of the output beam, which
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was captured afterwards by a CCD camera. Figure 5.8 shows the output beams shaped by the

metasurface under (a) TE and (b) TM polarizations. While an evident zero-order is present, suc-

cessful shaping of the beam manifests. This indicates effective imprinting of the spatially varying

phase shifts onto the incident beam. Furthermore, by rotating the incident polarization and em-

ploying an analyzer before the camera, it was observed that cross-polarized light was not shaped

by the metasurface. That is, a TE-polarized incident beam produced unshaped intensity profile

with values that are within the noise level of the image when the analyzer is cross-polarized. This

implies polarization-dependent response of the metasurface. Overall, in this section, we validated

the design and fabrication process for a polarization-sensitive metasurface using a metahologram.

Figure 5.8: Experimental metahologram output. Far-field intensity distributions obtained by (a)

TE and (b) TM illumination of a fabricated metahologram.

5.4 Polarization beam splitters

To facilitate quantification of the efficiency of the metasurface as a wavefront shaper, polarization-

beam splitters were fabricated.

Design of polarization beam splitters

An incident wave can be steered from the optical axis by introducing the continuous phase profile

of a blazed grating or a tilt to the beam wavefront. Given a desired deflection along the x-axis, the

phase function can be expressed as

φ(x, y) =
2π

λ
x tanα (5.3)

where α is the steering angle and − tanα represents the slope of the tilted wavefront in the x− z
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plane. To split therefore the TE and TM polarizations, different angles αTE and αTM are introduced

using the tilt function. In our case, we introduced the same angular displacement magnitude, but

with the two traveling in opposite x-directions after the metasurface. Four metasurface designs

were fabricated, all working as polarization splitters but with different angular magnitudes: α =

0.044, 0.088, 0.132 and 0.176. Eachmetasurfacewas comprised of 1000×1000 nanopillars. FDTD

simulations were implemented on the corresponding metasurfaces with smaller cross-sections and

comprised of 56 × 56 pillars to calculate the overall efficiency and the deflection angles (via far-

field projection).

Experimental demonstration of polarization beam splitters

To characterize the fabricated polarization splitters, the optical setup shown in Figure 5.9 was

constructed. The beamwas prepared in a similar fashion as that in the setup for the metaholograms.

Here, the metasurface is first imaged through a 10× magnifying optics followed by the detection

of its output in the k-space (Fourier plane) by the camera C1, through lens L3. A 4f system, L4

and L5, with unit magnification was also employed to monitor the position of the metasurface.

Importantly, it should be noted that the illumination spot was smaller than the cross-section of

the metasurface. From these measurements, two quantities were derived: the deflection angles of

the beams and the diffraction efficiency. For the deflection angle, the position of the peak in the

expected location of the first-order was converted into the corresponding angular position using

x = f tanα, where x is the peak position and f = 50 mm. For the diffraction efficiency, the

optical power distribution to the different orders were obtained from the images recorded by the

camera. From this, the diffraction efficiency was calculated from the ratio of the power in the

first order to the total power in all diffraction orders. To obtain an accurate measurement of the

power distribution, a series of images was recorded with different exposure times to capture both

strong and weak diffraction orders. Figure 5.11 shows a rendered k-space image of the polarization

splitter that introduces α = 0.044 rad.

The measured deflection angles are summarized in Table 5.1 along with the designed and FDTD-

calculated values. For all four metasurfaces, the discrepancy from the designed is very minimal,

with a maximum nominal value of∆α =0.003 rad (or 0.17◦) corresponding to a relative deviation

of |∆α|/α = 2.3% for α = 0.132 rad. Notably, the precision of the measurement is down to the

camera pixel level, equivalent to an angular resolution of 9 × 10−5 rad. Furthermore, the optical
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Figure 5.9: Optical setup for k-space measurements. Schematic of the optical setup used to

characterize the diffraction efficiency of the polarization splitters. Col, collimator; P1, polarizer;

BP, bandpass filter; A, aperture, L1 - L5, lenses; O1-O2, objectives; BS, beams splitter; C1-C2,

cameras.

Figure 5.10: Fabricated metasurface-based polarization splitters. Scanning electron mi-

croscopy (SEM) images of the fabricated polarization splitter for α = 0.088.

paths of the two components were separated indicating successful beam splitting capability.

Table 5.1: Designed, simulated and measured deflection angles of the TE and

TM beams after passing through the metasurface-based polarization splitter.

Designed (rad) FDTD results (rad) Measured (rad)

TE / TM TE / TM TE / TM

Grating 1 -0.044 / 0.044 -0.041 / 0.041 -0.045 / 0.045

Grating 2 -0.088 / 0.088 -0.087 / 0.088 -0.090 / 0.090

Grating 3 -0.132 / 0.132 -0.131 / 0.130 -0.134 / 0.135

Grating 4 -0.176 / 0.176 -0.173 / 0.173 -0.178 / 0.178

For all four metasurfaces, an overall simulated efficiency of approximately 80% for both TE and

TM components was obtained from FDTD calculations. The actual transmission efficiency of

the polarization-dependent gratings, obtained by measurement of the relative power transmitted

through the metasurfaces, varied from 68-72% as shown in Figure 5.12. The measurements’ devi-
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Figure 5.11: Metasuface-based polarization splitter diffraction orders. Far-field intensity dis-

tributions obtained by (a) TE and (b) TM illumination of the polarization spitter.

ation from the calculated can be due to factors that were not incorporated in the simulations, which

include possible fabrication errors. Finally, the experimental diffraction efficiencies are plotted in

Figure 5.13, showing that more than 75% of the transmitted optical power is distributed to the right

diffraction order. Additionally, the efficiencies for the TE and TM incidence for each metasurface

are within 3% of each other, which implies that a 45◦-polarized illumination will be split with

almost equal intensity.

Figure 5.12: Overall transmission efficiency of the metasurface-based polarization splitters.

Simulated and experimental transmission efficiencies under TE and TM illumination.
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Figure 5.13: Experimental diffraction efficiencies. Measured diffraction efficiencies of the

metasurface-based polarization splitters.
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5.5 Quantitative phase measurement using a

polarization-dependent metasurface

5.5.1 The transport-of-intensity equation

The transport-of-intensity equation (TIE) was derived inMichael Teague’s original paper as a solu-

tion to the parabolic wave equation after imposing paraxial approximation to the Helmholtz wave

equation [100]. Although it has been almost 40 years since the seminal paper, TIE-based approach

for quantitative phase measurement remains to capture interest because of the simplicity of the

technique over other phase reconstruction methods. TIE inherits the advantage of phase retrieval

techniques in being non-interferometric, relying only on intensity diversity along the propagation

axis. In contrast to other non-interferometry based methods, TIE in principle only requires two

intensities for phase restoration. Mathematically, TIE relates the phase to the intensity derivative

by [100, 101]

− k
∂I(x, y)

∂z
= ∇⊥ · [I(x, y)∇⊥ϕ(x, y)] . (5.4)

Here,∇⊥ is gradient of the (x, y) directions, I(x, y) is the intensity of the complex field andϕ(x, y)

is the phase to be restored. The axial intensity derivative on the left-hand side of Equation (5.4)

can be estimated using the finite difference (FD) of two axially separated intensity distributions:

∂I

∂z
=

I2 − I1
∆z

(5.5)

where ∆z is the separation distance also called the defocus distance. Traditionally, for forward

or backward difference scheme, the two images are recorded with one being a focused image (I1)

and the other defocused (I2) by translating the camera or the sample. This limits the application

of TIE-based phase retrieval to static objects. The mechanical translation also presents a possible

source of instability in the setup.

Iterative calculation of TIE

Different numerical approaches can be implemented to recover the phase profile from two intensity

measurements using TIE. Each of these methods entails satisfying boundary conditions, specific
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shapes of the aperture bounding the region of interest, and uniformity in the focused intensity dis-

tribution [101]. For the boundary conditions, the phase (or its normal derivative) values at the

boundary are assumed to be known. For the aperture requirements, specific settings are needed

such as in the shape of the aperture, or it being hard-edged or soft-edged. Thirdly, some solvers

assume that the focused image has a uniform value, which then reduces the TIE into a simpler Pois-

son equation that is easier to solve numerically. In practice, these requirements are rather difficult

to achieve or establish a priori, and they eventually determine the accuracy of the phase calculation

[101]. In our work, the iterative approach of Zhang et al. is implemented [122]. This approach

was recently reported and shown to be applicable to a wide variety of phase objects, relaxing the

requirements mentioned above. The main assumption in this work is that the focused image has

a uniform intensity, Imax which is the maximum recorded intensity. While this assumption has

no physical grounds, it first simplifies the TIE and is afterwards corrected by iterations until the

calculated intensity is negligibly different from the experimental recording.

The algorithm initially assumes a phase solution ϕ0 = 0 and starts by calculating the observed

intensity gradient from the focused and defocused images: ∆J0 = ∂I
∂z = I2−I1

∆z . Afterwhich, a

phase estimate is calculated from the observed gradients and imposed I(x, y) = Imax assumption:

φ0 = − k
Imax

∇−2
⊥ {∆J0}. Then, φ0 is used to obtain the calculated intensity gradient: J1 = − 1

k∇⊥ ·

[I(x, y)∇⊥φ0(x, y)], which comes from the right side of the TIE and now utilizes the measured

I(x, y). The use of Imax renders the initial calculated intensity gradient J1 usually different from

the observed gradient ∆J0. The difference of the two, ∆J1 = ∆J0 − J1, is used as the input for

the next round of calculation. The phase solution is also updated by ϕ1 = ϕ0 + φ0. This ends one

iteration, and the calculation continues until the observed and measured gradients have negligible

discrepancy. Figure 5.14 summarizes the iterative calculation of the TIE.

5.5.2 Optical design of the metasurface-based TIE

The optical design of our proposed QPI configuration is shown in Figure 5.15. A 4f optical ar-

chitecture is employed with a 45◦-polarized illumination. The sample is placed at the input plane

IP and detected at the 4f output plane OP by a camera. The polarization-dependent metasurface

(MS)-based optical filter is placed at the Fourier plane. It acts to split the TE and TM components

of the incident field, and additionally introduces a propagation phase shift onto the TM component.

Note that the lenses employed in the setup have the same focal lengths, but the following mathe-
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Figure 5.14: Iterative calculation of the TIE.

matical formulation can easily be adopted for different ones. Since the eventual target of the setup

is microscopy, QPI can be implemented using this technique by relaying the microscope output

to the input of the 4f setup. Similar to the imaging systems presented in the previous chapters,

MS-based TIE can be treated using a paraxial propagation model. The object complex field profile

at the input plane is represented as

Uin(x, y) = A(x, y) exp [iϕ (x, y)] (5.6)

where A(x, y) and ϕ(x, y) are the amplitude and phase distributions, and (x, y) are the spatial

coordinates. The metasurface response for the TE and TM components can be described separately

by their individual transmittance functions

tTE(η, ν) = exp (iφTE (η, ν)) (5.7a)

tTM(η, ν) = exp (iφTM (η, ν)) . (5.7b)
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Figure 5.15: Quantitative phase imaging configuration. (a) Schematic diagram of the metasur-

face (MS)-based quantitative phase imaging setup (MS-TIE). L1 and L2 form a 4f optical setup.

The object located at input plane (IP) is illuminated with a 45◦-plane polarized illumination. Note
that IP can also coincide with the output or intermediate image plane of a conventional microscope.

The metasurface is placed at the Fourier plane and acts as a polarization-dependent optical filter

that splits two orthogonal polarization components into two different directions and axially shifts

one polarization from the other. (b) Introducing an angular displacement θ at the Fourier plane

corresponds to a transverse shift f tanα at the output of the 4f setup. (c) Phase profiles of the

metasurface to perform polarization splitting and axial translation.

Here, (η, ν) are the spatial coordinates associated with the x and y directions at the Fourier plane,

respectively, related to the spatial frequency coordinates by η = λffx and ν = λffy, λ is the

illumination wavelength and f is the focal length of the lenses. In Equation 5.7, φTE(η, ν) and

φTE(η, ν) are the phase profiles of the metasurface given by

φTE(η, ν) =
2π

λ
η tanα (5.8a)

φTM(η, ν) =
2π

λ

(
−η tanα+∆z

√
1− 1

f2
(η2 + ν2)

)
(5.8b)
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As described in Equation 5.8a, the metasurface phase profile for TE illumination operates similar

to a blazed grating that deflects the beam by an angle α. The first term in Equation 5.8b is of

the same form but with the deflection introduced in the opposite direction for the TM component.

The metasurface essentially splits the two components, introducing an angular separation of 2α

between the beams. Additionally, the second term in Equation 5.8b is the Rayleigh-Sommerfeld

free-space propagation transfer function, as discussed in Chapter 2, simulating the translation of

the observation plane by a distance ∆z for the TM component. After the second lens, the angular

separation transforms into a lateral separation ∆d = 2f tanα between the beams while the RS

transfer function results in the axial translation of the TM component relative to the TE-polarized

wave. Figure 5.15(b) shows the action of the metasurface. Invoking the mathematical concepts

discussed in Chapter 2, the PSFs of the system for the two polarizations are

PSFTE(x, y) = F {tTE(η, ν)} = δ(x− x0)⊗ f(x, y) (5.9a)

PSFTM(x, y) = F {tTM(η, ν)} = δ(x+ x0)⊗ F

{
exp

[
ik∆z

√
1− 1

f2
(η2 + ν2)

]}
⊗ f(x, y)

(5.9b)

where δ is the Dirac delta function. f(x, y) is the Fourier transform of a function in the Fourier

space that defines the cross section of the optical filter, which can also include the limited exit

aperture of the 4f setup itself. For sample feature sizes that are much larger than the resolution

limit of the system and for metasurfaces with large cross-sections, f(x, y) also approximates the

delta function; for simplicity, this factor is dropped for the rest of the formulation. From Equations

5.6 and 5.9, the corresponding complex field profiles at OP are

Uout,TE(x, y) = U(x+ x0, y) (5.10a)

Uout,TM(x, y) = U(x− x0, y)⊗ F

{
exp

[
ik∆z

√
1− 1

f2
(η2 + ν2)

]}
(5.10b)

66



From these equations, the TE-polarized output field of the system is an imaged input field that is

centered at (x = x0, y = 0), while the TM component is an axially displaced copy of the input

field centered at (x = −x0, y = 0). From these mutually orthogonal fields, the intensity recorded

by the camera is the sum of the individual intensities: I(x, y) = ITE(x, y) + ITM(x, y), where

Iout,TE(x, y) = |U(x+ x0, y)|2 (5.11a)

Iout,TM(x, y) =

∣∣∣∣U(x− x0, y)⊗ F

{
exp

[
ik∆z

√
1− 1

f2
(η2 + ν2)

]}∣∣∣∣2 (5.11b)

By adjusting the aperture at the IP , the size of the beams can be controlled so that they fit within

the camera and to avoid their overlap.

Numerical simulations

Numerical simulations were implemented using FFT-based calculations for phase objects that are

common test objects in QPI. Figure 5.16 (a, b) shows the metasurface analytic phase profiles for

TE and TM illuminations corresponding to Equation 5.8, which assumes that the metasurface has

unit real amplitude. These were transformed into the metasurface design, giving the structural

parameters of the nanopillars in each pixel site. Consequently, the nanopillars introduce amplitude

and phase shifts on their own as calculated from FDTD simulations that may be different from

the unit amplitude and the phase values assigned by Equation 5.8. Both phase distributions, i.e.

analytic and converted, were implemented in the simulations. From here on, the former is termed

analytic MS-TIE (a-MS-TIE), while the latter is MS-TIE. The converted MS phase profiles are

illustrated in Figure 5.16 (c, d) for TE and TM, respectively. As depicted in the zoomed-in versions,

some regions of the converted phase profiles deviate from the central part of the analytic. This is

due to the fact that not all of the desired (φx, φy) combinations can be exactly introduced by the

set of nanopillars employed in this work. The yellow box in Figure 5.16 demarcates the extent of

the fabricated metasurface.

For the test objects, two types of macroscopic lenses comprising of a convex and a concave designs

were employed, whose complex field profile can be expressed as [2, 123]
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Figure 5.16: Metasurface phase profiles. (a, b) Analytic and (c, d) designed phase profiles of

the metasurface imparted to the (a, c) TE and (b, d) TM components of an incident wave. Yellow

square depicts the size of the fabricated metasurface, 350×350 µm2.

Ulens(x, y) = A(x, y) exp

[
(∓)i

2π

λ

(√
f2 + x2 + y2

)]
(5.12)

where the − and + signs are associated with the convex and concave lenses, respectively, f is

the focal length and A(x, y) is the real amplitude that describes the aperture bounding the lens,

which in our case is a square aperture. Figure 5.17 shows the wrapped results from the numerical

simulations, which include the analytic phase profile of the lens, and the reconstructions from

conventional TIE (C-TIE), a-MS-TIE and MS-TIE for both convex and concave samples. Note

that for the TIE reconstructions, an irrelevant constant phase difference was added to obtain the

depicted phase maps. Moreover, TIE calculations have continuous phase profiles (i.e. unwrapped

phase distributions) but for further comparison with a known robust phase retrieval technique in

the experiments, the reconstructions fromTIEwere wrapped from−π to π. By visual inspection of

Figure 5.17, a-MS-TIE andMS-TIE both approximate the C-TIE reconstruction, indicating that the

limited size and the introduced defocus distance are sufficient for a proof-of-concept demonstration

using both the convex and concave lens samples. Furthermore, as mentioned earlier, some regions

in the converted MS phase profile deviate from the analytic. The restored phase maps from MS-

TIE in Figure 5.17 indicate a robust reconstruction aided by the iterative calculation of the TIE.
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Figure 5.18 shows the line profiles of the reconstructed phase maps from numerical simulations of

the TIE techniques.

Figure 5.17: Numerical simulation of MS-based TIE. Reconstructed phase profiles of (top row)

convex and (bottom row) concave lenses with f = 250 mm using the conventional TIE and MS-

TIE with the analytic (a-MS-TIE) and converted (MS-TIE) phase profiles.

Figure 5.18: Line profiles of the phase reconstructions. Phase line scans of the restored phase

maps from the simulations for (a) convex and (b) concave lenses.

5.5.3 Experimental demonstration of metasurface-based QPI

For the experimental demonstration, the metasurface is comprised of 2000×2000 pillars and was

fabricated using the same procedure specified in Section 5.2.1. A deflection angle magnitude of

α = 0.07 rad was designed. For f = 50 mm, this corresponds to a lateral beam shift of 3.5 mm

from the center at the 4f output. Figure 5.19 shows SEM images of the fabricated metasurface.

The overall efficiency was measured to be 68% and 65% for TE and TM incidence, respectively.

This slightly deviates from the obtained efficiency of the metasurface-based polarization splitters
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due to the current metasurface being the composite of a blazed grating and the phase component

of the RS transfer function.

Figure 5.19: Fabricated metasurface for QPI. SEM images of the fabricated multifunctional

metasurface employed for TIE-based QPI.

Experiments

As proof-of-concept of MS-TIE, its application in wavefront sensing is demonstrated. The optical

setup for this experiment is schematically shown in Figure 5.15(a), with a 45◦-polarized illumina-

tion having a wavelength of 850± 40 nm, prepared in the same way as in the previous experiments.

A convex lens (f = 250mm) was used as a technical sample by placing it behind the iris, which is

a square aperture (width: 1.6 mm) in this case. Figure 5.20(a) shows the image obtained without

the metasurface. Figures 5.20(b, c) are the cropped focused and defocused images corresponding

to the TE and TM beams, respectively, with the aligned metasurface in the setup. These were then

used for phase reconstruction of the lens sample using the iterative TIE. In principle, Figure 5.20(b)

should be a focused image of the aperture. The observed blurring can be attributed to the limited

size of the metasurface which effectively acts as an apodizing filter in the system. This was also

observed in the simulations, but as discussed in Section 5.5.2, the numerical results indicate that

good phase reconstruction is possible even with the limited size.

To assess our proposed technique, the restored phase from MS-TIE was compared with that of the

conventional implementation of TIE (C-TIE). Figure 5.21 shows the analytic and reconstructed

profiles of the lens from FFT-based simulation and the experiments. Here, the profiles are wrapped

from−π to π because theMS-TIE reconstruction was further benchmarked against a known robust

phase retrieval technique called multiple-plane phase retrieval (MPPR). As shown in the restored

phase maps, the reconstructions are in good qualitative agreement with each other, even to the
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Figure 5.20: Experimentally obtained images from MS-based phase reconstruction of a con-

vex lens. (a) Bright-field image (false color) of the object without the metasurface in the setup.

Cropped images from the split (b) TE and (c) TM beams, respectively, from the MS-TIE. Scale

bar: 0.5 mm

analytic profile, apart from obvious artifacts in the phase restored through MS-TIE.

Figure 5.21: Reconstructed phase profiles of the convex lens. (a) Phase profile of the convex

lens with focal length f= 250 mm using the analytic equation. (b) Reconstructed phase profile from

FFT-based simulations of MS-TIE. Experimentally retrieved phase profiles from (c) MS-TIE, (d)

convetional TIE (C-TIE) and (e) multiple-plane phase retrieval.

Quantitatively, the root-mean-squared error (RMSE) values between the analytic and experiments

were calculated by

RMSE =

√√√√ 1

N

N∑
i=1

(ϕan − ϕex)
2, (5.13)

where RMSEMS−TIE = 0.7804, RMSEC−TIE = 0.6632, and RMSEMPPR = 0.7772. The sem-

blance of the MS-TIE reconstruction with the other results show the potential of the proposed
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MS-TIE technique as an alternative to existing methods for non-interferometric QPI. The quanti-

titative nature of the technique, unlike phase-contrast or “qualitative” phase imaging, allows the

conversion of the restored phase into the optical thickness profile of the object as shown in Figure

5.22(a). Further comparing the two TIE methods, the line profiles at the center of the unwrapped

maps are shown in Figure 5.22(b) for the (left) horizontal and (right) vertical direction. Since the

FFT simulations for this sample do not show any of the artifacts observed, further characterization

of the metasurface is deemed necessary to assess possible discrepancy of the fabricated metasur-

face to the designed, but at this point was beyond the present timeline and could not be included

in this thesis. We further used the same metasurface to image other phase objects.

Figure 5.22: Converted optical thickness of the lens. (a) Horizontal (left) and vertical (right)

line profiles of the optical thickness of the lens converted from MS-TIE and C-TIE. (b) Optical

thickness profile from the MS-TIE reconstruction.

A concave lens (f = 100 mm) was used as a second technical sample. The same configuration as

in the convex lens experiments was implemented. Figure 5.23 show the two intensities obtained

from MS-TIE for use in the phase restoration. Figure 5.24 show the reconstruction results from

MS-TIE and C-TIE, illustrating similar reconstructions between the two techniques. This implies
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that regardless of the direction of the phase curvature, the MS-TIE could potentially work well as

the C-TIE.

Figure 5.23: Experimentally obtained images fromMS-basedTIE configuration for a concave

lens technical sample. Cropped images from the split (a) TE and (b) TM beams, respectively, from

the MS-TIE. Scale bar: 0.2 mm

Figure 5.24: Reconstructed phase profiles of a concave lens. Phase profile of the concave lens

reconstructed experimentally using (a) MS-TIE and (b) C-TIE. (c) Horizontal line profiles at the

center of the phase maps and (d) continuous phase distribution of theMS-TIE reconstruction. Scale

bar: 0.2 mm.

To further test the proposed technique, MS-TIE was used to image micro bars from a phase-only

USAF resolution target. The optical setup is schematically shown in Figure 5.25, which consists of

a conventional brightfield microscope whose intermediate image plane coincides with the entrance

aperture of the 4f setup where the MS is integrated in. The illumination setup is prepared as in

the previous demonstrations. The sample plane is imaged using a 10× objective (Leica) and a 200

mm lens. The 4f has unit magnification, with f = 50 mm.
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Figure 5.25: Schematic of the optical setup for the MS-TIE experiments. L1-L4, lenses;

O1-O2, objectives; CCD, camera.

Figure 5.26 shows the raw images of three vertical bars obtained fromMS-TIE.After implementing

the iterative calculation, Figure 5.27 shows the reconstructed phasemaps. As depicted in the figure,

MS-TIE is able to discriminate the phase steps from the background, but not as uniform as the

reconstruction from C-TIE. The line profile at the center of the retrieved phase profile reveals

large variation in the phase values for the three bars: 0.37 rad, 0.69 rad and 1.04 rad. This is in

contrast to the C-TIE: 0.76 rad,0.76 rad and 0.86 rad. An x-dependent phase discrepancy is obvious

from theMS-TIE reconstructions. After performing FFT-based simulations, the discrepancy comes

mainly from the finite extent of the metasurface that is further compounded by the deviation of the

metasurface phase profile from the analytic as specified in Equation 5.8. This effect is more evident

for phase profiles with abrupt phase changes as in the case of the bars considered here. With our

current metasurface, such an inaccuracy or nonuniformity in the reconstructed phase maps can be

bypassed by placing the more relevant features along the y-direction.

Figure 5.26: Experimentally obtained raw images of phase-only vertical bars from MS-TIE

setup. Cropped images from the split (a) TE and (b) TM components using the MS-TIE setup.

Scale bar: 20 µm

Three horizontal phase-only bars from the sameUSAF target were imaged using theMS-TIE setup.

Figure 5.28 shows the brightfield image and the croppedMS-TIE raw intensities. Figure 5.29 com-

pares the reconstructions from MS-TIE and C-TIE. Here, the reconstructed phase step values of

the three horizontal bars have decreased variation for the MS-TIE, albeit still deviating from the
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Figure 5.27: Reconstructed phase maps of phase-only vertical bars using (a) MS-TIE and (b)

C-TIE. (c) Central line scan of the phase maps. (d) Continuous phase distribution of the MS-TIE

reconstruction. Scale bar: 40 µm.

values obtained using C-TIE. This indicates a limitation of the current MS optical device in not

being able to retrieve abrupt phase steps and suggests a need for further optimization, for example,

in terms of the introduced defocus distance and the size of the metasurface. As a first demonstra-

tion, nevertheless, these results show a promising single polarization-dependent metasurface in

facilitating quantitative phase measurement.

Figure 5.28: Experimentally obtained raw images of phase-only horizontal bars from MS-

TIE setup. Cropped images from the split (a) TE and (b) TM components using the MS-TIE

setup. Scale bar: 20 µm.

As mentioned above, the size of the metasurface (700× 700 µm2) serves as one of the main limita-

tions of the current MS-TIE setup, and accounts for the observed “asymmetry” in the reconstructed

phase maps. The effect of which becomes more evident for objects with abrupt phase variations.

Eventually, the limited size also dictates the lateral resolution achievable in the setup. This, in
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Figure 5.29: Reconstructed phasemaps of phase-only horizontal bars using (a)MS-TIE and (b)

C-TIE. (c) Central line scan of the phase maps. (d) Continuous phase distribution of the MS-TIE

reconstruction. Scale bar: 40 µm.

addition to the large defocus distance introduced, contributes to phase deblurring in the recon-

structions. The defocus distance directly affects the estimation of the axial intensity derivative,

which in turn determines the accuracy of the phase reconstruction. The work of Paganin et al. in

[124] provides a criterion on how to set the defocus distance based on the object’s phase variation,

spatial frequency and amount of noise in the recorded image. In our case, simulations were first

performed, from which, it was deemed that as an initial demonstration, the size and the defocus

distance were adequate to obtain good phase reconstructions for samples that have low phase gra-

dients (i.e. lenses). Secondly, the simultaneous recording of two images comes with the penalty in

the system’s effective field-of-view (FOV). The sensor area to record an image is reduced for the

case of MS-TIE. While the FOV is sacrificed, the ability to simultaneously capture the intensities

will allow for quantitative phase imaging of dynamic events. Lastly, an advantage of conventional

setups is the tunability of the defocus distance, which is known to be object-dependent. Tradition-

ally, changing the displacement magnitude can be easily implemented by mechanical translation

of the camera. For single-shot methods, an SLM in conjunction with other bulky components (i.e.

mirrors and beam splitter) can also provide such adjustment [102]. Currently, distance tuning is not

available in our metasurface. Nonetheless, this does not preclude the use of fixed and optimized

metasurfaces to work for diverse types of phase objects. In addition, the flourishing research on

tunable metasurfaces indicates the viability of active displacement setting in the future [125–128].
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5.6 Summary

In this chapter, metasurface-based optical devices were designed and fabricated to simultaneously

modulate the wavefronts of incident beams with orthogonal polarizations. Independent wave-

front control was achieved using structurally anisotropic meta-atoms with high refractive index.

The fabricated devices include a metahologram, polarization splitters, and a multifunctional de-

vicee employed for imaging. For the metahologram, successful phase imprinting manifested in

the shaped intensities of the output beam. For the polarization splitters, diffraction efficiencies

between 75-80% were achieved experimentally for four different angular displacements. For a

45◦-polarized incidence, 50-50 splitting of the linear orthogonal components of the incident beam

is expected. The overall transmission efficiencies ranged from 68% to 75%. Finally, the multifunc-

tional device acts to split the TE and TM components of the incident beam and add a propagation

phase shift onto the TM component relative to the TE polarized wave. Such a device was used

to facilitate the simultaneous recording of two images for use in quantitative phase imaging via

iterative calculation of the transport-of-intensity equation. Using the proposed approach, QPI of

objects with continuous phase profiles was successfully demonstrated, whereas imaging of objects

with abrupt phase changes also seems promising, but requires further optimization. This technique

has the potential to facilitate simple, compact and rapid QPI, ideal for optical metrology and live

label-free microscopy applications.
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6 Conclusions

Wavefront engineering is the tailored modulation of the phase profile of an incident beam. Em-

ployed as an optical filter in a 4f optical configuration, wavefront-modulating elements can fa-

cilitate contrast enhancement in an imaging system, allowing access to previously inaccessible

information about the incident field.

In this thesis, wavefront modulating elements based on conventional and metasurface optics were

employed in standard imaging configurations to facilitate different applications: topological charge

determination of orbital angular momentum-carrying beams, nonlinear optical vortex coronagra-

phy, and quantitative phase imaging of technical samples.

The common-path interferometer was constructed with the aid of a refractive phase element. Topo-

logical charges (both magnitude and sign) of helico-conical beams were successfully determined

using the constructed interferometer. The performance of the proposed detection system, how-

ever, was limited to charge magnitudes that are less than 20 due to the increased spread in the

helico-conical beam intensity, which is inherent to all beams that carry orbital angular momentum

The nonlinear optical vortex coronagraph was facilitated by a commercial optical vortex mask

based on liquid crystal polymers. Suppression of a bright source by four orders of magnitude

while having minimal effect to an off-axis source was experimentally demonstrated using the pro-

posed setup. From simulations, it is expected that an even better performance can be achieved

by employing defect-free vortex masks and larger non-linear crystals. The technique provides a

promising extension of masks made for single-wavelength and narrowband operation to work for

other wavelengths and for broadband operation. From calculations, a more favorable sensitivity

can be achieved with the proposed configuration compared with its linear counterpart.

Finally, a single-shot quantitative phase imaging setup was proposed using an all-dielectric meta-

surface. Three different optical devices were fabricated to demonstrate the polarization-dependent

wavefront control capability of the metasurfaces. Initial experiments of the quantitative phase

reconstruction successfully restored phase maps of technical samples with slowly varying phase

profile. Promising results were also obtained for objects with abrupt phase jumps, but for accurate

reconstructions, further optimization of the metasurface optical device is necessary. The design
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proposed in this work allows for the integration of the metasurface in commercial microscopes

without the need for additional optical components, which could be beneficial for dynamic quan-

titative phase imaging in optical microscopy.
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A Appendix A: Multiple-plane phase retrieval

A.1 Multiple-plane phase retrieval

The use of multiple data (i.e. several intensity measurements) has been shown to be a robust

technique for phase measurement since more data are available for reconstruction. Multiple-plane

phase retrieval utilizes multiple intensity measurements as constraints in an iterative algorithm

based on the (RS) diffraction formula Section 2.2.2 [99]. FigureA.1 shows the optical setup for

the (a) multiple-plane phase retrieval (MPR) technique in comparison with the (b) conventional

TIE and (c) MS-based TIE. The axial propagation of the beam is sampled by displacing the camera

along the propagation direction multiple times.

Figure A.1: Schematic of the optical setup to obtain multiple in-

tensities using noninterferometric methods. (a) Multiple-plane

phase retrieval, (b) conventional TIE and (C) metasurface-based TIE.

For the calculation, the algorithm starts with a guess phase ϕ1 at the first measurement plane. The

complex field is written as u1 =
√
I1e

iϕ1 , where I1 is the recorded image at the first recording

plane. Using the RS formula, u1 is numerically propagated to the next measurement plane to calcu-

late u2, whose phase is retained while its amplitude is updated with
√
I2. These steps are repeated
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until the last measurement plane and comprise the forward process. The second half of the iteration

is implemented by doing the same steps but in the backward direction and starting from the last

measurement plane. The iterative calculation terminates when the current phase estimate approxi-

mates the previous one, as shown in Figure A.2. In our implementation, 25 intensity measurements

were recorded. The first intensity measurement was taken at the image plane, while the succeeding

intensities were obtained by displacing the camera by 10 mm.

Figure A.2: Iterative phase retrieval using multiple intensity constraints.
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A nonlinear optical vortex coronagraph (n-OVC) based on 
sum-frequency generation (SFG) in a periodically poled 
lithium niobate (PPLN) crystal is presented. We 
demonstrate an n-OVC by mixing the image of an on-axis 
point source ( = 1.6 µm) inside the PPLN crystal with a 
pump beam ( =	1064 nm) imprinted with a helical 
phase profile from a vector vortex mask (topological 
charge = ). Due to quasi-phase matching and orbital 
angular momentum conservation, a coronagraphic image 
is produced at the SFG wavelength ( ~	630 nm). We 
validate that n-OVC is tunable to signal wavelength but 
only requires a vortex mask operating at the pump 
wavelength. The acceptance bandwidth of the SFG 
process provides the n-OVC a degree of achromaticity 
even with a monochromatic vortex mask. The n-OVC 
exhibits an inner working angle of ∼ /D and an 
experimental contrast of 10-4 at 3 /D. 

© 2020 Optical Society of America 
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Optical	 vortex	 coronagraphy	 (OVC)	 is	 a	 high-contrast	 imaging	technique	 that	 allows	 for	 the	 direct	 detection	 of	 faint	 stellar	companions		[1,2].	OVC	utilizes	a	helical	phase	(vortex)	mask	in	a	4f	 imaging	 setup	 to	 address	 two	 of	 the	 main	 challenges	 in	exoplanet	 detection,	 namely:	 the	 large	 flux	 ratio	 between	 the	planet	and	its	parent	star,	and	their	close	angular	proximity	to	each	other.	 Along	 with	 other	 phase-based	 coronagraphic	 techniques,	OVC	 inherently	 provides	 an	 advantage	 over	 amplitude-type	coronagraphs	 as	 it	 allows	 for	 starlight	 attenuation	while	 having	minimal	 effect	 on	 the	 planetary	 signal	 even	 for	 small	 angular	separation	between	the	star	and	the	planet.		The	vortex	masks	(VM)	used	in	OVC	can	either	be	(1)	a	scalar	VM	[2–4]	 or	 (2)	 a	 vector	 VM	[1].	 A	 scalar	 VM	 applies	 the	appropriate	 phase	 profile	 by	 azimuthal	 variation	 in	 its	 optical	thickness.	On	 the	other	hand,	a	vector	VM	relies	on	polarization	manipulation,	which	has	been	implemented	either	with	spatially	varying	 liquid-crystal	 polymer	 (LCP)	 half-wave	 plates	 	[5–8]	 or	with	 masks	 based	 on	 form	 birefringence	 	[1,9].	 However,	 even	with	 the	 technological	 developments	 in	 fabrication,	 broadband	operation	 remains	 to	be	one	of	 the	 challenges	 in	manufacturing	vortex	 masks.	 To	 produce	 achromatic	 masks,	 serial	 stacking	 of	

scalar	VMs	has	been	 reported	 	[10,11].	 Such	 a	multilayer	design	can	 be	 achieved	 more	 easily	 with	 vector	 VMs	 using	 advanced	fabrication	techniques		[12].		The	key	spectral	 regions	of	 interest	 in	planetary	observations	are	 the	 near-infrared	 (NIR)	 and	mid-infrared	 (MIR)	 domains	 as	they	allow	for	the	determination	of	the	composition	of	a	planet’s	atmosphere.	Additionally,	the	more	favorable	star-planet	flux	ratio	[13]	and	the	better	performance	of	available	adaptive	optics	in	the	NIR	 and	 MIR	 than	 in	 the	 visible	 range	 permit	 the	 actual	implementation	 of	 OVC	 in	 ground-based	 and	 space-based	telescopes.	Present	OVCs	operating	in	the	MIR,	however,	employ	VMs	 requiring	 specialized	 fabrication	 process	 and	MIR	 cameras	with	sophisticated	cooling	systems	[9].		 In	 this	 Letter,	 we	 propose	 a	 nonlinear	 optical	 vortex	coronagraph	 (n-OVC)	 that	has	 the	 following	valuable	properties:		(1)	spectral	translation,	which	enables	the	VM	to	operate	only	at	one	 fixed	 (pump)	 wavelength,	 (2)	 tunability	 to	 signal	 center	wavelength,	and	(3)	achromatic	operation	without	the	need	for	an	achromatic	 VM.	 Furthermore,	 an	 n-OVC	 extended	 to	 MIR	operation	has	the	advantages	of	circumventing	the	need	for	both	a	MIR	VM	and	a	MIR	camera	(e.g.,	MCT	or	microbolometer	array).		 The	schematic	diagram	of	our	proposed	n-OVC	is	compared	to	that	 of	 its	 linear	 counterpart	 in	 Fig.	 1.	 In	 the	 conventional	 OVC	shown	 in	Fig.	 1(a),	 a	VM	acts	 as	 a	 Fourier	 filter	 and	 imparts	 an	azimuthal	phase	ramp,	exp( ),	onto	the	Airy	pattern	formed	at	the	back	focal	plane	of	 lens	L1,	where	 	 is	the	integer	topological	charge	of	 the	VM.	For	an	on	axis	point	 source	 (e.g.,	parent	 star)	filtered	through	a	narrow	bandpass,	the	resulting	field	distribution	in	the	pupil	plane	(using	Fourier	optics	[14])	is	given	by	( , ) ∝ ℑ ℑ circ	(2 ⁄ ) ⋅ exp( ) ,        (1) where	  is	 the	entrance	pupil	diameter	and	( , )	are	the	polar	coordinates.	ℑ	is	the	Fourier	transform	operator	while	ℑ 	is	its	inverse.	 For	 a	 VM	with	 = 2,	 light	 inside	 the	 geometrical	 pupil	area,	 < ′	,	is	nulled	and	the	field	profile	outside	is	[1,2]			 ( , ) = exp	( 2 )( ′⁄ ) ,						 > ′          (2)	where	 	is	a	constant	and	 ′ = ( /2)( / )	is	the	radius	of	the	pupil	plane	image	of	the	entrance	aperture.	The	pupil	plane	profile	is	a	dark	disk	of	radius	 surrounded	by	a	bright	halo	of	light	that	decreases	in	irradiance	radially	outwards.	 In	combination	with	a	slightly	undersized	Lyot	stop	of	radius	 Lyot < ′,	 the	VM	can	in	principle	perfectly	eliminate	the	on-axis	starlight.	Additional	
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g. 1.	 	 (Color	oronagraphs:	 (a)	mplemented	with	mages	 are	 produstead	of	the	signperates	 at	 the	 pdashed	 and	 dolationships	insidput	signal.	Considalculated	irradianVC	are	shown	in	irror;	F,	spectral	f
mutually	 incohermages	elude	the	Vnd	deflection.	Heint	companionsthe	focal	plane	oOur	 proposedSFG)	process	andheory	 of	 upcopconversion	imathium	 niobate	 (eparated	by	the	sing	paraxial	anutput	field	 	g/ =here	 	and	 	the	 angular	 frffective	nonlinea	 is	 the	 longitu( , Λ, ) =here	 = (nd	 upconvertemperature)	 arePLN	crystal	withhe	angular	directxis	–	see	insets	inuch	 that	phase	monversion	efficie

 has	a	known	p0,	 	 deviatmismatch	(Δadius	in	which	a	It	has	been	shrbital	angular	mo

online)	 Schemaconventional	 Oa	PPLN	crystal.	Inuced	 at	 the	 SFG	al	wavelength	(rpump	 wavelengthotted	 boxes)	 ie	the	PPLN	crystdering	on-axis	ponce	profiles	in	the(c)	and	(d),	respfilters	that	block	l
rent	 off-axis	 pVM	center,	only	ence,	an	OVC	enobserved	in	thof	lens	L3	as	showd	 n-OVC	 relies	d	its	working	pnversion	 imagaging	system	is	(PPLN)	 crystal	sum	of	their	fond	slowly	varyinenerated	in	the	P= 2are	the	signal	anrequency	 of	 thear	coefficient,	andudinal	phase	mup)	(subscript	 j	=d	 field,	 respee	 the	 collinear	h	poling	period	Λtion	of	the	inputn	Fig.	1	(b).	A	comatch	 is	achievency			is	maximprofile	given	by	tes	 from	 the	 m0),	and	this	setsignal	can	achievhown	in	previouomentum	(OAM

atic	 diagram	 coOVC	 and	 (b)	 ourn	n-OVC,	coronagwavelength	 (drared	rays)	but	the	h	 (green	 rays).	llustrate	 two	tal	for	the	case	ofoint	sources	and	Ve	pupil	plane	of	tpectively.	L1-L5,	lelight	except	for	th
oint	 sources,	 wexperience	neglnables	high-cone	coronagraphicwn	in	Fig.	1(a).	on	 a	 sum-freqprinciples	are	deging	 [15].	 In	formed	by	the	pand	 the	 two	 local	lengths	f1	anng	amplitude	apPPLN	crystal	is	gexp	( Δ )nd	pump	fields	ie	 field	 ,	d	c	is	the	speed	omismatch	of	 the	2 /Λ 1=	s,	p	or	up	denectively	 and	
k-vector	 magnΛ.	The	internal	t	signal	k-vectorombination	of	Λved	 for	 = 0	(mized	at	the	cen
 sinc (Δ (maximum	 value	ts	an	upper	limitve		high	conversus	studies	that,	iM)	is	conserved	b

omparison	 of	 twr	 proposed	 n-OVgraphic	and	off-axawn	 as	 blue	 rayvortex	mask	(VMIn	 (b),	 two	 insepossible	 k-vectf	a	monochromaVM	of	charge	 =the	OVC	and	the	enses;	DM,	dichrohe	SFG	beam.	
whose	 respectiligible	attenuationtrast	detection	c	image	plane,	iuency	 generatioescribed	using	thFig.	 1(b),	 a	periodically	pollenses	 L1	 and	nd	f2,	respectivepproximations,	thgiven	by	[16,17])/( ),							(in	the	crystal,		 is	 the	 crystaof	light	in	vacuuSFG	process	[15/ ,otes	signal,	pum

 is	 the	 PPLnitudes	 inside	 thangle	 	refers	r	relative	to	the	Λ	and	 	is	select(i.e.,	Δ = 0	annter	of	the	imag) /2)	[15].	F
 	 due	 to	 phat	to	the	pupil	plasion	efficiency.	in	an	SFG	procebetween	the	inp

 wo	VC	xis	ys)	M)	ets	tor	atic	2,	n-oic	
ive	on	of	.e.,	on	the	4f	ed	L2,	ely.	the		
3)		al’s	m.	5]:	mp	LN	the	to	
z-ted	nd	e).	For	ase	ne	ss,	put	

and	outlonger	tupconvis	 zero)upconvnarrowvortex	p
where	linearlyFourierwhose	approxsufficie

up =image	(de)mathe	 upproporsimilar	demagnsinc-squEq.	(5)	crystal’theoretThe	phcheck	tsinc-squalignedgeneratefficienenvelopthe	Lyoefficien	 To	shown	=	 10Λ = 11nm	 an= 13The	focmm,	VM	( =wave	pwave	pencounVM	 to	results	the	pumSFG	beathe	VMof	the	fo

utput	fields	for	pthan	L		[18,19].	verted	field	inhe).	 Taking	 into	 averted	 outputwband	point	soupump	in	the	PPL( , ) ∝ ℑ⋅ sin⨂	 is	 the	 convy	with	 	throughr	 transform	 of	finite	extent	canximated	 as	 a	ently	 contained	= 0		inside	a	ci( , )
( /2)( / )(of	 the	 entranceagnification	of	apconversion	 prortional	 to	 the	 sr to	that	of	a	connification	due	toquared	envelopemay	be	convolv’s	 finite	 apertutical	halo	imageshase	mismatch	that	the	upconvquared	 enveloped	with	the	phasete	 SFG	 imagesncy	and	narrow	ppe	function	wouot	stop	in	the	puncy	and	increasinexperimentallyin	Fig.	1(b)	wa0	 mm,	 its	 cros1.8	µm.	The	pumnd	 = 1575	30	∘C	to	satisfy	ccal	lengths	of	the= 200	mm,	= 2)	for	1064	nplate	(SVHWP)	tplates).	In	this	vontered	due	 to	 faform	 the	 correin	an	inaccuratemp	and	consequam	occurs	in	theM	defect	size	imagocused	signal	be

pump	and	signalThis	is	also	the	erits	the	OAM	ofaccount	 all	 of	 thfield	 in	 the	 purce	whose	 imaLN	crystal	is	giveℑ circ	(2 ⁄nc(Δ ( ) 2⁄volution	 operath	simple	refractia	 function	 desn	also	serve	as	adelta-function	within	 the	crysircle	of	radius	) = ( ) exp(⋅ sinc(Δ (
up/ )	 is	 the	e	 pupil.	 The	 faca	4f	 imaging	setuocess.	 Thus,	 thsquared	 modulunventional	OVC	bo	the	( up/ )	fe	that	depends	onved	with	 ( ,ure.	 Figures	 1(s	of	the	linear	OΔ ( ( ))	 prverted	halo	is	we.	 In	 this	 way,	e	singularity	at	ts	 in	 the	 coronpoint-spread	funuld	effectively	beupil	plane	–	redung	the	IWA	of	thy	demonstrate	 tas	constructed.	Ts-section	 is	 1	 ×mp	and	signal	wnm.	 The	 crystacollinear	phase	me	lenses	used	in= 250	mm	annm	operation	mthat	are	based	onortex	VM,	a	centrailure	of	 the	LCect	 orientation	e	imprinting	of	tuently	the	SFG	be	PPLN	but	can	aged	in	the	PPLNeam	[5].	Fast	Fou

l	fields	with	Raycase	in	our	n-OVf	the	pump	fieldhese	physical	 ppupil	 plane	 forage	 is	mixed	wien	by	) ⋅ exp( )2),                 tor	 and	 =ion	rules.	Here,	scribing	 the	 PPan	apodizing	filtwhen	 the	 Airstal	 cross-sectio= up.	Outside	( 2 ) ( up⁄ )) 2⁄ ),			 >radius	 of	 the	ctor	 ( / )	 is	 ttup	while	( up/he	 halo	 irradiaus	 of	 	 ibut	with	an	addfactor	and	a	modn	L and Δ ( ))	to	include	the(c)	 and	 1(d)	 cOVC	and	the	proprovides	 a	 designwithin	the	centraoff-axis	 point	the	center	of	thenagraphic	 planenctions	(PSF).	Oehave	as	a	mask	ucing	the	overahe	n-OVC.		the	 n-OVC,	 the	The	PPLN	cryst
×	 1	 mm2	 and	wavelengths	areal	 temperaturematching,	Δ (n	the	setup	are	nd	 = 300	mmmade	of	spatially	n	LCP	(betweenral	disorientatioP	molecules	 conear	 the	 centethe	vortex	phaseeam.	A	central	lebe	reduced	by	eN	is	well	within	turier	Transform

yleigh	lengths	VC	where	the	d	(signal	OAM	rocesses,	 the	r	 an	 on-axis	ith	a	charge-l 
) ⨂ ( , ) 	
              (4)	( )	 scales	( , )	is	the	PLN	 aperture	ter.	 ( , )	is	ry	 profile	 is	n.	 For	 = 2,	the	circle,									
up.								(5)	upconverted	the	 standard	)	is	due	to	ance	 pattern,	n	 Eq.	 (5),	 is	ditional	image	dulation	by	a	).	The	field	in	e	effect	of	the	compare	 the	posed	n-OVC.	n	 criterion	 to	al	 lobe	of	the	sources	 not	e	pump	beam	e	 with	 high	Otherwise,	the	k	smaller	than	all	conversion	optical	 setup	tal’s	 length	is	its	 period	 is	e	 = 1064	e	 was	 set	 to	= 0) = 0.		= = 60	m.		We	used	a	varying	half-n	two	quarter	on	or	defect	is	mprising	 the	er	 	[5,8].	 This	e	profile	onto	eakage	in	the	ensuring	that	the	main	lobe	m	based	simu-	
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g. 2.		Blurring	effalo	 intensity	pattavelengths.	 Num= 1575	nm	and
tions	were	implnite	1	×	1	mm2	Pfferent	signal	wr	the	pump	wavthe	 experimen=	1	mm	incideaussian	 pump	 r= 1575	nm,	thmages	are	shownhe	 numerical	 anurring	effect	duelow-pass	filteriny	increasing	the	PLN	aperture.	Inefect,	 however,	rofile	 relatively	gures	2	(c)-(d)	sfferent	 signal	ondition	is	satisfgnal	wavelengthhe	crystal	temperhe	upconverted	AM	 from	 the	 prystal	with	a	diff-OVC	to	work	forf the	n-OVC	allowndirectly)	to	othf about	1	nm	at	VC.	This	matchey	the	full-width-)	 as	 a	 function	horter	 .	Both	cedjusted	by	appro20].	Intriguingly,	roadband	 operanewidth	pump	wThe	 performommon	metricsontrast.	PTP	attehe	coronagraphiufficient	 translatontrast	was	calcf the	 rendered	 ceak	 intensity	 ofotted	as	a	functihe	 coronagraphhrough	a	Lyot	stoseries	of	image

fect	of	the	finite	ctern	and	 tunabilimerical	 and	 exped	(c)-(d)	 = 15
emented	in	MATPPLN	aperture	awavelengths	evenvelength.	Parament.	 A	 collimated	ent	on	a	pupil	ofradius	 is	 =he	numerically	an	in	Figs.	2	(a)-(bnd	 experimentae	to	the	finite	sizng	element.	The	bnumber	of	ringsn	the	interest	of	mwe	 chose	 to	 kelarge	 (i.e.,	 Airyshow	that	the	n-wavelength	 prfied.	For	the	samh	 = 1550	nmrature	to	 = 4irradiance	validpump	 onto	 the	ferent	period	Λ	r	a	different	 .	Tws	for	extendinher	wavelengthseither	1575	nmes	the	PPLN	crys-half-maximum	of	 .	The	bandenter	wavelengthopriate	choice	oan	n-OVC	can	efation	 even	 withwavelength.	ance	 of	 the	 n-:	 peak-to-peak	enuation	is	the	rc	image	to	that	tion	 of	 the	 VMulated	by	azimucoronagraphic	 if	 the	 off-axis	 imion	of	angular	sehic	 image,	 the	op	of	radius	es	was	recorded

crystal	aperture	oity	of	 the	n-OVC	erimental	 halo	 i550	nm.	T,	PPLN	
TLAB	to	illustraand	the	tunabilitn	though	the	VMeters	were	chosGaussian	 signaf	diameter	 =	1	 mm	 in	 the	 Pand	experimentb).	In	good	qualial	 irradiance	 prze	of	the	crystal	ablurring	can	thes	of	the	Airy	profminimizing	the	reep	 the	 centraly	 main	 lobe	 rad-OVC	can	be	adarovided	 that	 thme	 	and	Λ	bum,	this	condition0	∘C.	The	halo	imdate	the	successSFG	 field.	 Altercan	also	be	empThis	spectral	trag	the	use	of	mos.	We	measuredm	or	1550	nm	ostal’s	acceptanceof	the	main	lobdwidth	 can	be	 ih	 	and	n-OVC	bof	Λ,	 ,	 	and	nffectively	facilitah	 a	 VM	 operat-OVC	 was	 eval(PTP)	 attenuatratio	of	the	PSF	iof	the	off-axis	imM.	 On	 the	 otheuthally	averaginimage	 or	 PSF	 nmage.	 The	 inteneparation	in	 /upconverted	= 0.8 	is	fd	using	a	14-bit	

on	the	upconvertto	different	 signimages	 for	 (a)-(temperature	use
ate	the	effect	of	thty	of	the	n-OVC	M	is	designed	onsen	to	match	thoal	 beam	 of	 radi1	mm	is	used.	ThPPLN	 crystal.	 Ftally	obtained	haitative	agreemenrofiles	 exhibit	 thaperture,	acting	erefore	be	reducfile	that	fit	into	threlative	size	of	thl	 lobe	 of	 the	 Aidius	 of	 115	 µmpted	to	work	forhe	 phase	 matut	with	a	differen	is	met	by	settinmages	observed	ful	transfer	of	thrnatively,	 a	 PPLployed	to	tune	thanslation	properonochromatic	VMd	an	achromaticiperation	of	the	e	bandwidth	give	of	sinc (Δincreased	usingbandwidth	can	bnonlinear	materate	tunable	and/ting	 at	 a	 narrowluated	 using	 twtion	 and	 intensiirradiance	peakmage	obtained	ber	 hand,	 intensing	the	pixel	valunormalized	 to	 thnsity	 contrast	 w/D	units.	To	obtafield	 transmittfocused	by	lens	camera	for	thr

	ted	nal	(b)	ed.	
the	to	nly	ose	ius	he	For	alo	nt,	the	as	ed	he	the	iry	m).	r	a	tch	ent	ng	in	the	LN	the	rty	Ms	ity	n-en	/g	 a	be	rial	/or	w-wo	ity	of	by	ity	ues	the	was	ain	ted	L3.	ree	

differenremovebackgrocapturiwas	theoff-axisthe	VMoff-axisimages	 Theshown	the	optseen	becan	be	ain	 the	and	 thebeen	imcoverinadvantafreedomdefect’simplemangle	 (angle	 iprovidegiving	should		 Figurenderealignedoffset,	F1.5 /Similar	evident4(a).	A	plane	pdefect-f	 To	based	processpump	aestimat=where	respectcrystal,	niobate	

Fig. 3.attenuaA	Gauss

nt	exposure	time	 electronic	ound	 (DMB)	 wing	images	whileen	subtracted	frs	images	were	aM	 from	 its	optims	 images	 were	s	accounting	for	te	 simulated	 andin	Fig.	3	where	timal	position	of	etween	the	numattributed	to	facsimulation	 suche	VM	central	demplemented	to	cng	the	central	detages	therefore	om	to	choose	s	image	in	the	Pmented	 in	 the	 s(IWA)	which	 isis	 determined	 tes	one	of	the	mean	 indication	 obe	such	that	it	cure	 4(a)	 showsed	 coronagraphd	VM,	Fig.	4(b),	Fig.	4(c).	A	cont;	 10-4	 at	 3 /r	to	the	PTP	attet	 in	 the	numeriA much	higher	cprofile	(i.e.,	starlifree	VM,	which	iassess	 the	 sencamera,	 the	 ins	must	 be	 consand	signal	fields	te	 	using	plane
up up/( )
up	 and	 s	 atively,	 	 = 1,	 	is	the	pump	e	at	wavelength	

	 (Color	 online)ation	as	a	functionsian	signal	profile

mes	to	capture	thnoise,	 a	 corrwas	 obtained	 fe	the	upconvertrom	the	raw	imalso	obtained	formal	position.	Finrendered	 by	the	camera	expod	 experimentala	6	×	10-3	level	if the	vortex	maskmerical	PTP	andctors	present	in	th	 as	 optical	 abeefect	 [5].	 Severacompensate	for	efect	with	a	veryof	the	proposedand	 	that	alloPPLN.		In	our	casetup.	 From	 thearbitrarily	definto	 be	 within	 theasures	of	the	cof	 how	 close	 to	can	still	be	detects	 the	 azimuthahic	 and	 off-axiand	a	translatedtrast	of	10-3	wa/ ;	 as	 shown	 btenuation	plots	 iical	 and	experimcontrast	 is	possiight),	5	×	5	mm2	is	the	case	numensitivity	 of	 the	nternal	 conversisidered.	 Since	 thin	the	PPLN	cry-wave	approxim= 8 effare	 the	 upcon14	 	10  mintensity,	 	is	th,	and	 	is	the	

)	 Measured	 andn	of	the	VM	angule	truncated	by	the

the	side	lobes	ofresponding	 dafor	 each	 exposuted	light	is	blockmages.		For	the	sar	incremental	trnally,	 the	coronaadding	 all	 DMosure	time	usedl	 PTP	 attenuatiis	achieved	expek.	A	considerabld	 the	experimenthe	experiment	errations,	 tiny	mal	 adaptive	 techr such	defect,	fory	small	stop	[5,8d	n-OVC	configuows	for	size	redse,	a	5×	demagnese	 plots,	 the	 inned	as	 the	50%he	 desired	 /coronagraph’s	dea	 parent	 star	 ated	by	the	systemally	 averaged	 pris	 images	 for	 ad	VM	with	3.1as	experimentallby	 dotted	 lines	in	Fig.	3,	deviatmental	 radial	prible	with	tophat	PPLN	crystal	aperically	simulaten-OVC	 employion	 efficiency	he	 Rayleigh	 lenystal	are	larger	thmation	[15,21]:/( unverted	 and	 sim/volt	 for	 MgO-he	refractive	indpermittivity.	In	

d	 numerically	 silar	displacement	e	entrance	pupil	i

f	 the	PSF.	To	ark	 median	ure	 time	 by	ked.	The	DMB	ame	settings,	ranslations	of	agraphic	and	MB-subtracted	d.	ion	 plots	 are	erimentally	at	e	deviation	is	ntal	plot	 that	but	excluded	misalignment	hniques	have	r	example,	by	8].	One	of	the	uration	is	the	duction	of	the	nification	was	nner	working	%	 throughput		 level.	 IWA	etection	limit	a	 companion	m.		rofiles	 of	 the	an	 optimally	/ 	angular	ly	reached	at	in	 Fig.	 4(a).	tions	are	also	rofiles	 in	Fig.	t	signal	pupil	perture	and	a	ed	in	Fig.	4(a).		ying	 a	 silicon		 of	 the	 SFG	ngths	 of	 both	han	L,	we	can	
up up ), (6) ignal	 power,	doped	 PPLN	dex	of	lithium	our	n-OVC	

	imulated	 PTP	t in	 /D	units.	is	assumed.			
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g. 4.		(Color	onlinoronagraphic	 imumerically	(red	cr	a	1575	nm	poinExperimental	(b)
emonstration	us= 2 10 	 du= 1	W.	 This	 iased	on	Eq.	(6),	an	 be	 significancluding:	 (1)	 incump	beam	radiu3)	using	a	longer	ue	 to	 high	 transnti-reflection	coaf 10-100	W	couan	be	used,	espeowever,	reductioPLN	 crystal	 is	nvelope.	This	canpace	or	the	abilitom	their	parentnce	 ∝ ,	 buorresponding	 pandwidth	and	sin	obvious	effect	VC,	and	the	latthe	 image	 planeoronagraph.	Usinhat	a	conversionhis	 efficiency,	 anlicon	camera	is	ompete	with	thart	 cryogenically	hich	 are	 hampoise	[22].	 In	[22]fficiency,	 a	 PPLNlicon	detector	caCT	 detector.	 Onbility	to	utilize	a	pump)	wavelengcircumvented,	eflection	 coatingameras	with	sopIn	 conclusionmodel	 and	 the	ptical	vortex	cor-OVC	is	10-4	at	3

ne)	(a)	Azimuthamage	 plane	 expcurves;	tophat	signt	source	with	VM)	on-axis	and	(c)	o
sing	MgO:PPLN	ue	 to	 the	 use	 ois	 in	 fair	 agreei.e.,	 = 3 10ntly	 increased	creasing	 the	pumus	 	to	increacrystal.	The	firssparency	 of	 theatings	on	end	fauld	 significantly	ecially	for	modeon	in	 	means	going	 to	 be	 limn	cause	halo	bluty	to	image	planet	star.	The	third,	ut	 the	 increasepenalties	 of	 regnal	acceptanceof	degrading	thter	has	the	potee	 PSF,	 therebyng	a	combination	efficiency	of	0.2n	 n-OVC	 for	MIalready	estimatat	of	a	conventiocooled	 camerapered	 by	 the	 in],	 it	 was	 found	N-based	 frequean	achieve	a	senne	 of	 the	majorhigh-quality	VMgth	–	and,	becaushigh	 phase	 prog	 quality	 are	 ehisticated	coolinn,	 we	 presentedfirst	 laboratoryonagraph.	The	p/ .	Simulation

ally	averaged	PSFperimentally	 (bgnal	profile)	obtaM	angular	offset	off-axis	PSFs	in	lo
crystal,	we	achiof	 a	 relatively	 lment	 with	 the	0 .	Internal	conby	 a	 combinatmp	power	 ,	 (ase	the	pump	pot	approach	is	stre	 PPLN	 crystal	acets),	pump	poincrease	 .	 Theest	pump	powerthat	efficient	upmited	 in	 a	 smar	and	reduce	theets	with	larger	aapproach	is	alse	 in	 conversioducing	 both	 se	angle.	The	formhe	broadband	oential	consequeny	 increasing	 ton	of	these	strate2%	is	readily	acR	 operation	 bated	to	reach	a	seonal	MIR	OVC	ua,	 e.g.,	 based	 onnherently	 high	that,	 even	 at	 6ncy	 converter	nsitivity	50	timer	 benefits	 of	 theM	operating	at	a	se	the	need	for	aofile	 accuracy	 aeasily	 achievedng	requirementsd	 a	 theoreticaly	 demonstrationpresently	achievns	suggest	that	c

Fs	at	635	nm	in	tblue	 curves)	 anained	by	our	n-OV	=	3.1 /D	and	ogarithmic	scale.
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A B S T R A C T

Helico-conical beams (HCBs) are a class of orbital angular momentum (OAM)-carrying beams with spiral phase
and intensity profiles. In this communication, we demonstrate the use of a common path interferometer (CPI)
to phase-image incoming HCBs and directly detect their OAM-associated properties. The output intensity of the
CPI is a direct mapping of the HCB’s phase, hence both the topological charge value and sign manifest in the
output intensity distribution. The topological charge value is calculated by fringe counting, while the helicity is
determined by observing the intensity along the 𝜑 = 0 region. With our current CPI setup, we can firmly detect
up to l = ±20. Higher values of l lead to a decrease in the fringe visibility, but this can in principle be improved by
tailoring the parameters of the phase contrast filter (PCF) employed in the CPI. We present analytical expressions
to optimize the CPI for HCB charge detection.

Beams with orbital angular momentum (OAM) have attracted much
attention in recent years due to their potential applications in optical
communications [1], high-resolution imaging [2] and optical trap-
ping [3]. OAM arises from helical phased light beams with azimuthal
phase dependence exp (𝑖𝑙𝜑) [4], where the sign and value of 𝑙 define the
helicity and topological charge (TC) of the beam and 𝜑 is the azimuthal
angle. Such beams include Laguerre–Gaussian (LG) and higher-order
Bessel beams that carry an OAM equal to 𝑙ℏ per photon. A striking
feature of these OAM-carrying beams is the doughnut-shaped far-field
intensity profile, which in a classical perspective results from the
interference of the azimuthal component of the Poynting vectors.

Numerous methods have been proposed to introduce the helical
phase to an incident fundamental Gaussian beam. These include em-
ploying fixed phase masks, spatial light modulators (SLMs) and meta-
surfaces, amongst others. Of equal importance for most applications
is the detection of both the topological charge magnitude and sign
of incoming unknown beams. The OAM manifests in the intensity
distribution when the beam diffracts through slits and apertures [5,6],
or when it is made to interfere with another beam [7]. Hence, from the
diffraction or interference pattern, the OAM-content of the beam can
be ascertained. Current methods for l-determination include employing
amplitude diffractive apertures [8–11], interferometers [12–14] and
spatial mode projections [15]. There has been a recent interest in em-
ploying phase-modulating elements because of their efficient detection
of the topological charge. Pure-phase gratings have been reported to
improve charge detection [16,17].

∗ Corresponding author.
E-mail address: jesper.gluckstad@fotonik.dtu.dk (J. Glückstad).

Helico-conical beams are a class of OAM-carrying beams whose
phase function has a non-separable azimuthal and radial dependence
[18,19],

𝜓 (𝑟, 𝜑) = 𝑙𝜑
(

𝐾 − 𝑟
𝑟0

)

(1)

where 𝐾 is between 0 and 1, and 𝑟0 normalizes the radial coordinate
r. HCBs have both twisted phase and intensity profiles in the far-field
and maintain high photon concentration while still allowing higher
topological charge values. By maintaining high photon densities even
at higher values of 𝑙, HCBs may be suitable for applications that require
large 𝑙’s [20]. Particularly, optical communication applications that
could directly utilize the detected 𝑙 values are candidates where using a
HCB can be beneficial.

The generation of HCBs has already been demonstrated using
SLMs [18,21], printed fork-type holograms [22] and plasmonic meta-
surfaces [23]. Far-field intensity observations have been conducted in
the past using a 2𝑓 lens-configuration where the input HCB phase is
encoded on a SLM placed behind a focusing lens. The spiral profile of
the HCB-intensity can be detected by a camera positioned at the focal
plane of the Fourier lens. Fig. 1 shows examples of HCB intensity profiles
for 𝐾 = 0 and for different topological charge values.

The propagation dynamics of HCBs have also been investigated
using far-field intensity measurements [24,25]. Although it has been
shown that the intensity-profiles laterally scale with 𝑙/𝑟0 [18], the
reverse process of determining an unknown topological charge of the
HCB from the spiral intensities can be a challenging task. This is
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Fig. 1. Spiral far-field intensity profiles of simulated Helico-conical beams (HCBs) for 𝐾 = 0, 𝑙 = +1,+3,+5,+7 and +9. The lateral spiral profile scales linearly with the topological
charge.

Fig. 2. (a) Schematic diagram of a 4𝑓 common path interferometer (CPI) with a phase contrast filter (PCF) in the optical Fourier plane. (b) PCF parameters overlaid on an Airy function,
the Fourier transform of a circular input aperture. 𝐴 and 𝐵 are transmittance factors, 𝜃 is the phase shift introduced by the PCF, 𝑅1 and 𝑅2 are the radii of the PCF and Airy main lobe.

commonly encountered in optical communications, where from one
end a transmitter sends out optical beams for data transmission to a
receiver on the other end for detection and subsequent decoding with
no prior information on the incoming beam. HCB topological charge
detection from far-field intensity measurements would require all other
initial parameters to be known, which is not the case in most OAM-
experiments.

In this study, we employ a well-established common path interfer-
ometer (CPI) to image the phase of incoming HCBs and extract their
OAM-associated properties that are otherwise difficult to obtain when
observing only their far-field intensity distributions via a 2𝑓 lens-setup.
We take advantage of the HCB’s localized spatial far field intensity
distribution when 𝐾 = 0. A filtering phase element can therefore be
reliably aimed at the center of the beam. The higher photon density
also ensures that the effective CPI-reference wave has a comparable
amplitude compared to the spatial frequency distribution of the HCB
being imaged. Had we instead chosen to encode LG beams, the filtering
element would coincide with the null region of their ring-shaped profile,
resulting in poor contrast, especially at higher 𝑙 values. As the CPI
provides direct mapping of the HCB phase, the intensity output embod-
ies the topological charge value and the helicity of the beam. Another
advantage of the CPI is its relatively small footprint compared with other
interferometry configurations such as the Mach–Zehnder or Michelson
interferometers. To optimize HCB charge detection performance, we
also analytically examine several parameters that affect the CPI’s output
contrast.

The CPI employed in this study is constructed around a 4𝑓 optical
setup as shown in Fig. 2(a) [26,27]. A first Fourier transforming lens
is used to separate the incoming beam into a focused light (zero-order)
and an off-axis scattered light. A phase contrast filter (PCF) placed at the
center of the optical Fourier plane is used to impart a 𝜃-phase shift to
the focused light, which serves as a so-called synthetic reference wave
(SRW) for the interferometer. The output of the CPI is then the coherent
superposition of the SRW and the scattered input field that results in
the direct mapping of the HCB-phase into the CPI intensity output. The
PCF’s transmittance function is given by

𝐻
(

𝑓𝑥, 𝑓𝑦
)

= 𝐴
(

1 +
(

𝐵𝐴−1 exp 𝑖𝜃 − 1
)

circ
(

𝑓𝑟
𝛥𝑓𝑟

))

(2)

where 𝐵 and 𝐴 ∈ [0, 1] are transmittance factors associated with the
focused and scattered light, respectively, 𝜃 ∈ [0, 2𝜋] is the applied
phase shift to the focused light within a circular region of radius 𝛥𝑓𝑟,

(𝑓𝑥, 𝑓𝑦) are the spatial frequency coordinates at the Fourier plane and
𝑓𝑟 =

√

𝑓 2
𝑥 + 𝑓 2

𝑦 [16,17]. The filter factors 𝐴,𝐵 and 𝜃, as depicted in

Fig. 2(b) can be adjusted accordingly to improve the visibility of the
CPI and for maximum irradiance of the output. With an input HCB-phase
described by the iris-truncated field U(x, y) = U(r) = circ(𝑟/𝑟0)e−𝑖𝑙𝜑𝑟∕𝑟0,
the intensity at the CPI output becomes

𝑰
(

𝑟′
)

= 𝐴2 |
|

|

𝑈
(

𝑟′
)

+ |

|

𝛼|
|

(

𝐵𝐴−1 (exp 𝑖𝜃) − 1
)

𝑔(0)||
|

2
(3)

where |

|

𝛼|
|

is the normalized Fourier zero-order of the input beam,
defined as

𝛼 = |

|

𝛼|
|

exp 𝑖𝜙𝛼 =
∫ 2𝜋
0 ∫ 𝑟00 𝑈 (𝑟, 𝜑) 𝑟𝑑𝑟𝑑𝜑

∫ 2𝜋
0 ∫ 𝑟00 circ

(

𝑟
𝑟0

)

𝑟𝑑𝑟𝑑𝜑
(4)

for integer values of 𝑙. The magnitude of 𝛼 determines the component
of the beam that is filtered by the PCF. This parameter vanishes for
an LG beam because of its dark center, and thus the CPI would fail to
phase-image such a beam. The term describing the 4𝑓 -imaged object
wave, 𝑈 (𝑟′), in Eq. (3) for 𝐾 = 0 is given by

𝑈
(

𝑟′
)

= circ
(

𝑟′

𝑟0

)

exp
(

−𝑖
(

𝑙𝜑 𝑟
𝑟0

+ 𝜙𝛼

))

(5)

while the central value of the SRW-profile 𝑔(0) is [26]

𝑔 (0) = 𝑔
(

𝑟′ = 0
)

≈ 1 − 𝐽0 (1.22𝜋𝜂) (6)

The CPI can also be optimized by tailoring the SRW using the 𝜂
parameter which is the ratio of the radius of the filtering region 𝑅1 to
the radius of the mainlobe of the Airy disc 𝑅2,

𝜂 =
𝑅1
𝑅2

=
r0𝑅1

0.61𝜆𝑓
(7)

where 𝑅2 is written in terms of the input aperture radius 𝑟0, illumination
wavelength 𝜆 and focal length 𝑓 . Normally, for a circular input aperture,
the PCF is fabricated to match the radius of the corresponding Airy
disc of the Fourier transform distribution. However, it is much more
convenient and practical to use a high quality static filter and, if the
application imposes, a specific size on the beam to be detected.

Fig. 3 shows the experimental setup for the CPI. The HCB is generated
using the collimated Gaussian output of a 532-nm diode laser impinging
on an SLM (Hamamatsu, 12.5 μm pixel pitch) which contains the
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Fig. 3. Experimental setup for HCB detection. An HCB is generated using a 532-nm Gaussian beam impinging on a LCOS-SLM. The detector or receiver is composed of a CPI interferometer
constructed using a 4𝑓 optical setup. The PCF radius is 9.8 μm.

Fig. 4. Simulated CPI output for (a), (b) 𝜂 = 0.4 and (c), (d) 𝜂 = 0.627. The dark output
in (a) is obtained when the PCF is axially aligned for a circular input aperture. 𝜂 = 0.627
is chosen to achieve matched amplitude for maximum visibility. (c) is the CPI output for
an input circular aperture with 𝜂 = 0.627.

Fig. 5. Experimental HCB (𝐾 = 0) images from the CPI with increasing topological
charge.

HCB’s helical phase distribution. In actuality, the topological charge
of the incoming HCB is completely unknown from the receiver. In
our experiments, however, we generated HCBs with initially known
topological charge to test our proposed detection scheme. The CPI is
constructed using lenses with 𝑓 = 100 mm, and its output is detected
with a CMOS camera (Basler, 5.86 μm pixel size). Fig. 4 shows the CPI
output for different values of 𝜂 and input aperture. In the absence of
an encoded phase, the axial alignment of the PCF can be calibrated
so that the expected CPI-output is a dark area as shown in Fig. 4(a)
[28]. With a 𝜋-phase shifting filter, this is achieved when 𝐾 = 0.5 in
Eq. (3) that corresponds to 𝜂 = 0.4 and 𝑟0 = 1.3 mm for a PCF radius
𝑅1 = 9.8 μm. After the PCF is aligned, the input aperture radius that
corresponds to optimally contrasted HCBs is 𝑟0 = 2.1 mm, corresponding
to 𝜂 = 0.627. With this value, the Bessel function in Eq. (6) is zero, the
SRW and input amplitudes are matched to consequently lead to higher
maximum irradiance 𝐼𝑚𝑎𝑥 and visibility 𝑉 = (𝐼𝑚𝑎𝑥 − 𝐼𝑚𝑖𝑛)/(𝐼𝑚𝑎𝑥 + 𝐼𝑚𝑖𝑛)
within the relevant region of the output intensity distribution. With the
𝜂 = 0.627 condition, Fig. 4(c) shows the CPI output intensity. In theory,
the central intensity value of the output when 𝜂 = 0.627 is four times the
input’s central intensity for a 25% 𝜋-phase fill factor. Fig. 4(b) and (d)
are the CPI-outputs for a checkerboard input phase pattern for 𝜂 = 0.4
and 𝜂 = 0.627, respectively, showing that higher maximum intensity and
visibility is obtained for the latter.

Fig. 5 shows the phase-imaged HCBs for 𝐾 = 0 and for different
𝑙′s. Visual inspection of the boxed region in the images reveals that the
number of fringes directly matches the topological charge of the HCB.
Given the good output visibility, it would be possible to count these
fringes using image processing techniques. Scans of each interference
pattern such as that in Fig. 6(a) show that the number of fringes is
consistent with the charge for up to 𝑙 = 20. It becomes a challenge,
however, to determine higher 𝑙′s due to the decreased fringe visibility.
This highlights the importance of the 𝛼 parameter in Eq. (4).

We numerically calculated the normalized zero-order of simulated
HCBs and plotted it in Fig. 6(b) as a function of 𝑙. The inverse relation
is verified analytically by evaluating Eq. (4) for 𝐾 = 0, 𝑙 ≠ 0, leading to

𝛼𝐾=0 = − 𝑖
𝜋𝑙

(8)

Thus, from the |

|

𝛼|
|

in Eq. (8), the available amount of zero-order for
generating a phase-shifted SRW decreases as 𝑙 increases. In our current
setup, the PCF is based on glass, and hence the filter parameters 𝐴 and
𝐵 were both ∼1 for a near lossless phase imaging system, allowing us to
simplify the expression for the intensity distribution at the output from
Eq. (3) into the short form

𝐼𝐾=0 = 1 + 4
𝜋2𝑙2

+ 4
𝜋𝑙

cos 𝑙𝜑 𝑟
𝑟0

(9)

which then leads to the following fringe visibility dependence on 𝑙:

𝑉 = 4𝜋𝑙
4 + 𝜋2𝑙2

(10)

The expression in Eq. (9) shows the direct conversion of the HCB’s
phase 𝑙𝜑𝑟∕𝑟0 into the CPI output intensity apart from factors that depend
on l. However, as described in Eq. (10), the off-axis scattered light
overpowers the SRW for higher 𝑙’s, resulting in a low fringe visibility.
The simple analytic expression in Eq. (8) can lead to possible further
optimization of the CPI, although this is beyond the scope of this
Communication. With the use of a dynamic PCF, by using a SLM for
example [29], 𝐴 can be adjusted so that matched amplitude is still
achieved. However, this presents a drawback in possible losses in the
system and a more complex implementation. The presence of moiré
fringes due to the limited resolution of the SLM and camera in this
demonstration also limits the detection of HCBs with large 𝑙’s that are
not addressable with the CPI parameters.

We also examined the output’s dependence on the beam’s helicity.
Fig. 7 shows the images obtained from the CPI with 𝑙 = ±1, ±2, ±4,
±10 and ±15. As described by Eq. (9), the intensity distribution of
negatively charged HCB’s should exhibit fringe shifting with respect to
those of positively charged ones. This is indeed observed in the images
acquired in our experiments. The topological charge information is also
preserved in the number of fringes for negative 𝑙. Moreover, the intensity
along the 𝜑 = 0 region is maximum for positive 𝑙 (Fig. 7, top row)
and minimum for negative 𝑙 (Fig. 7, bottom row). This is expected, as
described by the intensity distribution in Eq. (9), where we achieve
the maximum and minimum conditions when 𝜑 = 0 for positive and
negative l, respectively, independent of 𝑙 and 𝑟. Hence, by observing the
intensity along the 𝜑 = 0 region, we can determine the helicity of the
incoming HCB.
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Fig. 6. (a) Intensity line scans for 𝑙 = +15 (top), +20 (bottom) and (b) normalized zero-order of the HCB with increasing topological charges.

Fig. 7. (Top row) Positive and (bottom row) negatively charged HCBs (𝐾 = 0) acquired
experimentally. A change in helicity manifests itself as a fringe shift at the output of
the CPI, with maximum and minimum intensities at 𝜑 = 0 for positive and negative 𝑙,
respectively.

Fig. 8. Experimental CPI output for (top row) 𝐾 = 1 and (bottom row) 𝐾 = 1
2
.

Finally, using the same CPI-setup, we imaged HCBs with 𝐾 = 1 and
𝐾 = 1

2 . Fig. 8 shows the intensity distributions for select topological
charges. As with the case of 𝐾 = 0, the fringe visibility also decreases as
𝑙 increases that in turn leads to the same difficulty of properly identifying
the topological charge of the beam for higher orders.

In conclusion, we have demonstrated the phase imaging of OAM-
carrying HCBs using a common-path interferometer that enables de-
termination of the beam’s topological charge value and its sign. The
sufficient photon density around the center in the far-field intensity
of HCBs facilitates the formation of a SRW that is phase-shifted by
a PCF and can subsequently interfere with the scattered light of the
input beam. This enables the direct mapping of the HCB-phase at the

interferometer’s output intensity embodying both the charge magnitude
and sign in the number and behavior of the generated interferometric
fringes. Using this technique, up to 𝑙 = |20| can be firmly detected
with our current CPI-embodiment. The limitation for higher topological
charges is mainly due to the weaker fringe visibility associated with
a decreasing SRW-strength for larger topological charges. This could
be offset by changing the phase contrast filter parameters to achieve
matched interferometric amplitudes and hence optimal interference.
The phase imaging of HCBs with the use of a CPI provides a direct and
robust determination of its properties. HCB properties have previously
been assessed only indirectly, through the analysis of their far field
intensities.
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