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Squeezed states of harmonic oscillators are a central resource for continuous-variable quantum sensing,
computation, and communication. Here, we propose a method for the generation of very good
approximations to highly squeezed vacuum states with low excess antisqueezing using only a few
oscillator-qubit coupling gates through a Rabi-type interaction Hamiltonian. This interaction can be
implemented with several different methods, which has previously been demonstrated in superconducting
circuit and trapped-ion platforms. The protocol is compatible with other protocols manipulating quantum
harmonic oscillators, thus facilitating scalable continuous-variable fault-tolerant quantum computation.
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Introduction.—Quantum continuous variables have
become an increasingly promising platform for quantum
information processing [1]. In particular, extraordinary
experimental progress has been made over the last few
years in trapped-ion and superconducting circuit platforms
toward fault-tolerant quantum computation [2–4]. One of
the most promising routes toward fault-tolerant continuous-
variable quantum computation is the Gottesman-Kitaev-
Preskill encoding [5], which has gained substantial interest
over the past few years due to experimental and theoretical
developments [4,6,7]. For this encoding, highly squeezed
states are an important resource for constructing high-
quality states [6,8,9]. The current record for squeezed
vacuum is 15 dB [10] in an optical field using a parametric
amplifier. However, non-Gaussian operations are difficult
to realize efficiently in the optical regime, and thus it is
challenging with current technology to further utilize this
highly squeezed state for quantum computation.
On the other hand, qubit-coupled oscillators, such as a

motional state of a trapped ion or a microwave cavity field
coupled to a superconducting qubit can be manipulated
with non-Gaussian operations via the qubit ancilla. In fact,
universal control of the harmonic oscillator is in principle
possible in such systems [11,12], although many protocols,
such as squeezed state preparation, require specialized
methods to be efficient. 12.6 dB squeezing has been
reported in the motional state of a trapped ion [13] using
a reservoir engineering technique [14]. This technique has
the advantage of achieving squeezing in a steady-state
configuration, thus facilitating the experimental implemen-
tation. However, the process utilizes spontaneous relaxa-
tion processes, the rates of which limit the speed at which
the state is created and thus ultimately the achievable
squeezing due to dephasing during the protocol.
In the microwave regime 10 dB squeezing has been

experimentally demonstrated [15]. This was achieved using
a parametric amplifier realized by a metamaterial consisting
of multiple Josephson junctions.
Here, we propose a method for the preparation of an

approximate squeezed vacuum state in an oscillator
strongly coupled to a qubit using only a few unitary
interactions through the Rabi Hamiltonian [16,17]. This
Hamiltonian has been experimentally demonstrated in
trapped ions and superconducting circuits [4,18–20], and
plays a key role in the Gottesman-Kitaev-Preskill encoding
scheme of these platforms [4,6,7]. Thus the protocol
facilitates the generation of highly squeezed states using
a method that is compatible with further manipulation of
the oscillator. Our protocol for the generation of squeezed
vacuum is radically different from the common approach
based on parametric amplification, and represents a funda-
mentally new view on squeezed vacuum generation. The
obtainable amount of squeezing depends on the types and
magnitude of noise in the particular system, but can
generally be improved through faster interactions, e.g.,
through an increased power of the driving fields which
control the interaction. Furthermore, the achievable amount
of Fisher information is particularly robust against qubit
errors during the protocol, making the generated states
useful for sensing applications [21–27]. In particular,
squeezed states can be used to detect displacements in
the considered platforms using either the qubit coupling
[28] or homodyne detection [29]. Finally, squeezed states
serve as a fundamental resource for continuous-variable
communication [1] which could find applications facilitat-
ing short-range connections in microwave circuits [30].
Protocol.—We consider a quantum harmonic oscillator

described by the quadrature operators X̂ and P̂ satisfying
½X̂; P̂� ¼ i. In the vacuum state the oscillator exhibits
equal fluctuations in each quadrature of magnitude
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hX̂2i ¼ hP̂2i ¼ 1
2
. The aim of the protocol is to generate a

state squeezed in the P quadrature by a relative amount
Δ2 < 1 such that hP̂2i ¼ Δ2=2. The protocol can straight-
forwardly be generalized to generate squeezing along an
arbitrary quadrature direction, either by a rotation from the
natural evolution of the squeezed state under a harmonic
potential, or by a suitable change of quadrature operators
during the protocol. It is common to quantify the squeezing
in decibels relative to the vacuum as ΔdB ¼ −10 log10ðΔ2Þ.
A pure squeezed vacuum state, jsqvaciΔ, can be written in
the P-, X- and coherent state bases as

jsqvaciΔ ∝
Z

dp exp

�
−

p2

2Δ2

�
jpi ð1aÞ

∝
Z

dx exp

�
−

x2

2Δ−2

�
jxi ð1bÞ

∝
Z

dα exp

�
−

α2

Δ−2 − 1

�
jαi; ð1cÞ

where the last line is only valid forΔ < 1 and the integral is
over real α. The coherent states with real α are defined
as jαi ¼ e−i

ffiffi
2

p
αP̂jvaci ∝ R

dx exp½−ðx − ffiffiffi
2

p
αÞ2=2�jxi. For

our approach, it is useful to view the squeezed state in the
coherent state basis, as our strategy will be to directly
construct a superposition of coherent states which resem-
bles (1c). Since the coherent states form an overcomplete
basis with large overlap between close-lying states, we can
expect that Eq. (1c) holds to a good approximation even if
we discretize the integral:

jsqvaciΔ∝∼
X
αs∈L

exp

�
−

α2s
Δ−2 − 1

�
jαsi; ð2Þ

where L is a lattice on the real line. While the right hand
side of Eq. (2) is technically a non-Gaussian state, we find
that Eq. (2) is a good approximation for a lattice spacing of
up to ∼1.5, which is on the order of the width of a coherent
state (details are presented in the Supplemental Material
[31]). It is therefore possible to construct a highly squeezed
state, practically indistinguishable from a Gaussian
squeezed state, from a relatively sparse superposition of
coherent states. A probabilistic method based on this
approach was proposed in [32].
We now present a deterministic method to efficiently

construct such a superposition of coherent states using a
qubit ancilla. The circuit diagram of the protocol is shown in
Fig. 1(a). We use two Rabi-type interaction Hamiltonians
P̂σ̂x and X̂σ̂y [16,17], where σ̂x and σ̂y are the Pauli
x and y operators of the qubit. Such Hamiltonians can be
efficiently implemented [4,33–35], e.g., using a two-
tone drive which has been experimentally demonstrated in
trapped ions [18,19] or from a dispersive Jaynes-Cumming

Hamiltonian which has been demonstrated in superconduct-
ing circuits [4,20]. The protocol consists of N pairs of
different interactions. The first type of interaction,
Ûk ¼ expðiukP̂σ̂xÞ, displaces the oscillator in a direction
depending on the state of the qubit, while the following
interaction, V̂k ¼ expðivkX̂σ̂yÞ, approximately disentangles
the qubit and the oscillator. The repeated application of these
interactions creates a superposition of 2N coherent states, and
leaves the qubit back in the ground state. Note that the
interactions used are conceptually similar to the protocol in
Ref. [9] which aims to generate a grid state starting from
squeezed vacuum. However, unlike this previous work, our
target state consists of overlapping coherent states, for which
the approximations used in Ref. [9] do not hold. In this work,
we show that this limitation can be overcome surprisingly
well by numerically optimizing the interaction parameters,
uk and vk, for each step, which enables the generation of
squeezed states using Rabi interactions. Still, to understand
why the protocol works and to have a good initial guess
from which to optimize the interaction parameters, it is
instructive to consider a specific set of interaction parameters
given by

FIG. 1. (a) Circuit diagram for the generation of a P-squeezed
vacuum state. The protocol consists of N steps of interactions
through the Hamiltonians P̂σ̂x and X̂σ̂y. The interaction param-
eters uk and vk vary from step to step and are found numerically
to optimize the protocol. The protocol is deterministic, but the
performance can be slightly improved by measuring the qubit and
postselecting on the outcome 0. (b) Evolution of the quadrature
distributions during each step of the protocol. Dashed lines
correspond to interaction parameters given by Eq. (3) with
L ¼ 0.45 and solid lines correspond to numerically optimized
interaction parameters. Note that the negative squeezing value in
dB here denotes antisqueezing.
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uk ¼
(
2N−1

ffiffiffi
2

p
L; if k ¼ 1;

−2N−k
ffiffiffi
2

p
L if k > 1;

ð3aÞ

vk ¼
(
2−ðN−kÞ π

4
ffiffi
2

p
L
; if k < N;

− π
4
ffiffi
2

p
L

if k ¼ N;
ð3bÞ

where L is a free parameter, which determines the spacing of
the resulting grid of coherent states. Each step aims to double
the number of coherent states in the superposition. The first
interaction Û1 displaces the oscillator and entangles it with
the qubit:

Û1jvacij0i ¼
1ffiffiffi
2

p ðj − 2N−1Lijþi þ j2N−1Lij−iÞ: ð4Þ

Measuring the qubit in the j0i ¼ ðjþi þ j−iÞ= ffiffiffi
2

p
or j1i ¼

ðjþi − j−iÞ= ffiffiffi
2

p
state leaves the oscillator in a superposition

of two coherent states, known as a Schrödinger’s cat state,
which has been experimentally demonstrated using exactly
this type of interaction [20]. In our protocol, however, we do
not require qubit measurements to disentangle the qubit
and the oscillator. Instead, we apply a second interaction V̂1,
which approximately disentangles the qubit and the
oscillator,

V̂1Û1jvacij0i ¼
1ffiffiffi
2

p V̂1ðj − 2N−1Lijþi þ j2N−1Lij−iÞ

¼ e−iπ=4

2

��
e−iπ=8

����−2N−1Lþ i
v1ffiffiffi
2

p
�
þ ieiπ=8

����2N−1Lþ i
v1ffiffiffi
2

p
��

j þ ii

þ
�
ieiπ=8

����−2N−1L − i
v1ffiffiffi
2

p
�
þ e−iπ=8

����2N−1L − i
v1ffiffiffi
2

p
��

j − ii
�

¼ 1ffiffiffi
2

p ðj2N−1Li − j − 2N−1LiÞj1i þOðv1Þ; ð5Þ

where j � ii ¼ ðj0i � ij1iÞ are the σ̂y eigenstates, which
are related to the σ̂x eigenstates as jþi ¼ e−iπ=4ðjii þ ij −
iiÞ= ffiffiffi

2
p

and j−i ¼ e−iπ=4ðijii þ j − iiÞ= ffiffiffi
2

p
. In the last line

we have used the relation hβjαi ¼ eiImðβ�αÞe−jβ−αj2=2 to write
j−2N−1L� iv1=

ffiffiffi
2

p i ¼ e�iπ=8j − 2N−1Li þOðv1Þ, where
Oðv1Þ denotes terms on the order v1, which can be
neglected when the coherent states are well separated,
i.e., when 2NL ≫ 1. Note that due to the complete absence
of a measurement, the method does not rely on either
postselection or active feed forward. Moreover, we circum-
vent accumulated measurement-induced noise such as
measurement errors and bosonic noise. Each subsequent
pair of interactions splits each coherent state into two,
doubling the total number of peaks. Thus after all N steps
we produce the state

YN
k

V̂kÛkjvacij0i ≈
�X2N−1

s¼0

jð2sþ 1 − 2NÞLi
�
j0i; ð6Þ

i.e., the oscillator ends in a superposition of multiple
coherent states, similar to the target state of Eq. (2).
However, there are two main issues with Eq. (6): first,
the result yields an equal superposition of the coherent
states, whereas our target state is convolved with a
Gaussian envelope. Second, the approximation of Eq. (6)
is only valid when the coherent states are sufficiently well
separated, but to obtain a good approximation to a squeezed
state, the coherent states need to be overlapping. It turns out

that one can overcome these issues surprisingly well by
tuning the interaction strengths of the protocol. This is
illustrated in Fig. 1(b), showing the quadrature distributions
of the oscillator for each step of the protocol. The solid lines
represent the distributions using numerically optimized
parameters while the dashed lines show the result for the
parameters given by Eq. (3). Using the parameters of
Eq. (3), the final P-quadrature distribution has side lopes
which effectively reduces hP̂2i to that of vacuum. For the
numerically optimized parameters, however, these lopes
vanish, thus yielding a highly squeezed state. There are
multiple reasons why the protocol is improved by tuning
the interaction parameters. First, by tuning the strengths of
the second interaction vk, the qubit and the oscillator do not
completely disentangle, so the subsequent controlled dis-
placement Ûkþ1 does not split each peak equally, but with a
preferred direction, resulting in an unequal final distribu-
tion. This enables us to obtain an approximately Gaussian
envelope over the resulting superposition as in Eq. (2).
Additionally, as the states start to overlap, the disentangling
interactions V̂k have to be adjusted to optimize the
disentanglement between the oscillator and qubit in the
final step. Furthermore, when the coherent states of unequal
amplitude are overlapping their peaks are effectively
slightly shifted, which can be corrected by tuning the
displacement interactions Ûk.
In Fig. 1(b) we have chosen the interaction parameters to

optimize only the squeezing in the P quadrature, yielding
Δp ¼ 8.5 dB for N ¼ 3. The antisqueezing in the X
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quadrature is slightly in excess, Δx ¼ −9.9 dB, due to the
underlying non-Gaussianity of the state, but still quite close
to the transform limit, showing that the output is a good
approximation to a pure squeezed vacuum state. Still, even
lower antisqueezing is possible without significantly com-
promising the squeezing by choosing the interaction
parameters differently, e.g., one can obtain Δp ¼ 8.0 dB
with Δx ¼ −8.3 dB (see Supplemental Material [31]).
The resulting squeezing for the numerically optimized

parameters is shown by the circles in Fig. 2. Only a few
steps are required to generate a highly squeezed state,
which is expected as the number of coherent states in the
superposition increases exponentially with N. It is possible
to further improve this result by roughly 1 dB by post-
selecting states for which the qubit is measured in the j0i
state after all interactions. The protocol should leave the
qubit in state j0i according to Eq. (6), but since this is an
approximate result, a projection onto j0i helps improving
this approximation. A postselectable result therefore also
occurs with high probability. Note that while the produced
states are fundamentally non-Gaussian, due to the finite and
discrete number of underlying coherent states, the output is
practically indistinguishable from a Gaussian squeezed
stated. We confirm this in the Supplemental Material
[31], showing that the generated states have fidelities of
> 0.99 with respect to pure Gaussian squeezed vacuum
states.
From Fig. 2 we see that increasing the number of

interactions monotonically increases the resulting squeez-
ing. Thus the protocol can fundamentally be scaled to
achieve large amounts of squeezing. However, real physical
systems are affected by noise, such as dephasing and loss,
which will accumulate during the protocol. Assuming the
time for each interaction is proportional to the absolute
interaction parameter, the total protocol duration roughly
doubles each time N is augmented, as the interaction
parameters approximately scale as 2N according to
Eqs. (3). The increased squeezing therefore eventually gets
counteracted by the accumulated noise. To study the effects

of noise, we simulate the protocol using the master
equation,

dρ
dt

¼ −
i
ℏ
½Ĥ; ρ� þ L̂ρL̂† −

1

2
ðL̂†L̂ρþ ρL̂†L̂Þ; ð7Þ

where ρ is the density matrix of the composite boson-qubit
system. The Hamiltonian Ĥ is �ðℏ=TÞP̂σ̂x or �ðℏ=TÞX̂σ̂y
during the two types of interactions, where the sign
depends on the sign of the interaction parameter and T
is a timescale denoting the time required to implement
exp ðiP̂σ̂xÞ or exp ðiX̂σ̂yÞ. Thus the first interaction takes
place in a time Tu1 after which the interaction
Hamiltonian abruptly changes to the next one. L̂ is the
Lindblad noise operator, which determines the type of
noise. We consider five types: (i) boson loss, L̂ ¼ ffiffiffi

γ
p

â;
(ii) boson dephasing, L̂ ¼ ffiffiffi

γ
p ðââ† þ â†âÞ; (iii) boson

heating [36], L̂1 ¼ ffiffiffi
γ

p
â; L̂2 ¼ ffiffiffi

γ
p

â†; (iv) qubit decay,
L̂¼ ffiffiffi

γ
p ðσ̂xþ iσ̂yÞ=2; and (v) qubit dephasing, L̂¼ ffiffiffi

γ
p

σ̂z;

where γ is the noise rate and â ¼ ðX̂ þ iP̂Þ= ffiffiffi
2

p
is the

bosonic annihilation operator. The results are shown in
Fig. 3. For each noise source and noise rate we find that
there exists an optimum number of interactions. Bosonic
noise is seen to have a bigger impact compared to qubit
noise. Especially, boson dephasing can heavily reduce the
obtained squeezing, which is expected as squeezed states
are generally sensitive to dephasing. The dashed lines show
the outcomes which are postselected on measuring the
qubit in state j0i. We observe that the positive effect of
postselection is now slightly larger compared to Fig. 2,
especially for qubit-associated noise. This is because the
noise can result in the qubit ending up in the j1i state, in
which case the presence of noise can be detected and the
event discarded. The postselection strategy can therefore
effectively reduce the effect of noise.
A key property of squeezed states is their ability to detect

displacements [21–23], which is quantified by the Fisher
information [37], IC. While the quadrature squeezing is
affected by all noise types, the Fisher information turns out
to be quite robust against qubit errors, as we show in the
Supplemental Material [31]. For example, for N ¼ 4 with a
qubit decay rate of γT ¼ 7 × 10−1 we calculate IC ¼ 56,
which is equivalent to that of an 11.5 dB squeezed vacuum
state. Thus the generated states can still be useful for
sensing applications, even though they are generated under
noisy conditions.
Finally, we benchmark our approach using noise figures

from two recent experiments which implement exactly the
types of interactions needed for our protocol in trapped ions
[6] and microwave cavities [4]. For the parameters in [6] we
calculate 9.3 dB squeezing and a Fisher information of
IC ¼ 63 (equivalent to a 11.9 dB squeezed state) using
N ¼ 4. While this is slightly lower than the 12.6 dB
reported in the trapped ion experiment in Ref. [13], we

FIG. 2. Resulting squeezing as a function of the number of
steps of the protocol. For each step, the squeezing increases with
∼3–4 dB. The dashed curve corresponds to adding the optional
measurement in Fig. 1(a) and postselecting on the outcome j0i,
which occurs with high probability.
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point out that in their experiment the quadrature squeezing
was not measured directly, but estimated using only the
phonon population distribution. Since the quadrature
squeezing is sensitive to small fluctuations and the coher-
ence of the state, the 12.6 dB is likely overestimating the
actual squeezing of the generated state. For the parameters
in [4] we obtain an optimum squeezing of 7.0 dB at N ¼ 3,
and an optimum Fisher information at of IC ¼ 86 (equiv-
alent to a 13.3 dB squeezed state) atN ¼ 5. The high Fisher
information relative to the quadrature squeezing is due to
the effect of qubit errors. In particular, these errors
translate into non-Gaussian features of the output state
which primarily degrade the quadrature squeezing (see
Supplemental Material [31] for elaborate discussion).
Conclusion.—In conclusion, we have presented a deter-

ministic protocol to produce a squeezed vacuum state via
sequential application of two noncommuting Rabi
Hamiltonians of the form P̂σ̂x and X̂σ̂y. This interaction
can currently be implemented via various methods in
trapped-ion and circuit QED systems, but the protocol is
not fundamentally limited to those systems and could be
relevant for other qubit-oscillator platforms. Unlike pre-
vious methods, the protocol deterministically builds the
squeezed state through a discrete superposition of coherent
states. The protocol does not inherently require qubit
measurements, but the performance can be slightly

improved by postselecting on the state of the qubit. The
possible amount of quadrature squeezing is ultimately
limited by decoherence mechanisms of either the bosonic
or qubit modes, while the achievable Fisher information is
mainly limited by bosonic noise, and both can be improved
by increasing the interaction strength and thus the speed of
the protocol.
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