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Abstract A new fictitious domain model for topol-

ogy optimization of time-harmonic problems based

on a wave to diffusion equation transition is pro-

posed. By employing negative values of appropriate

material coefficients, a tuneable exponential decay

of the field amplitude in the fictitious domains can

be obtained, whereas for the conventional model a

finite field amplitude is always present. To demon-

strate the applicability of the model we consider

two topology optimization problems; a volume min-

imization problem for acoustic topology optimiza-

tion for which intuitive meaningful designs are ob-

tained with the proposed model unlike the case

with a conventional contrast model. For a struc-

tural topology optimization example the proposed

model is shown to remove problematic issues with

structural artifacts found for a certain dynamic

compliance minimization problem.

1 Introduction

The method of topology optimization was intro-

duced in the late eighties [2] to design high stiff-

ness and low weight structural components. One

of the most popular and widely used approaches is

the gradient-based SIMP method using a pixelized

(voxelized in 3D) design description based on rel-

ative element densities [3]. A basic description of

methods and applications can be found in [4] and

later in a vast number of research papers.
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A key factor for the popularity of the SIMP

approach is the material interpolation model that

employs a penalized dependence of the element

stiffness on the relative density of the form Ee ∼
xpe, where xe is the relative element density and

p is a penalization parameter. With limited avail-

ability of material, specified in a mass or volume

constraint, the penalization of intermediate densi-

ties can ensure that relative element densities are

pushed to either 0 and 1 in the optimization pro-

cess, which allows for a direct interpretation of the

optimized designs. The fact that the penalization

property of SIMP relies on a volume constraint

makes it less effective in a general setting, where

such a constraint may not be relevant. Thus signif-

icant efforts have been made in developing meth-

ods that can push designs to 0-l regardless of addi-

tional constraints. Methods include image process-

ing, threshold projections, etc. [11, 24, 30]. How-

ever, due to the extra implementation work needed

for these alternative models we often see volume

constraints employed although not relevant for the

specific problem.

The second part of the SIMP model is the spec-

ification of a minimum element stiffness. In the

original SIMP formulation the minimum stiffness

is indirectly given by a minimum allowable value

of the design variable xe, but is more explicitly

stated in the reformulated expression used e.g. in

[1]:

Ee = Emin + xpe(E0 − Emin), 0 < xe < 1 (1)

that assigns a small stiffness Emin to elements that

are to be interpreted as free of material (void). A

minimum stiffness is required to avoid a singular-

ity in the solution of the associated equilibrium

equation and thereby being able to keep void ele-
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ments present in the analysis. In this way they can

re-appear as structural elements at a later stage

in the optimization process - a key feature of the

design freedom associated with topology optimiza-

tion. For static structural problems the choice of

Emin is relatively trivial - the only requirement typ-

ically being that it should not significantly affect

the accuracy of the static solution [5]. Typically

values of 10−3 − 10−9 are used for Emin.

The extension of topology optimization to dy-

namic problems introduces the mass distribution

in addition to stiffness distribution. The extension

thus requires a choice of a minimum mass density

(in void regions) and a suitable interpolation func-

tion. The non-triviality of this problem was first

pointed out in [21] who considered optimization

of structural eigenvalues and it was demonstrated

that the use of a mass density interpolation of the

form:

ρe = ρmin + xqe(ρ0 − ρmin) (2)

using q = 1 (linear interpolation) in combination

with the SIMP stiffness interpolation (with the nor-

mal choice of p = 3) could lead to artificial low-

frequency modes in the void and near void regions.

To remedy the problem an alternative stiffness in-

terpolation model was suggested that effectively

bounded the eigenvalues in the lower density re-

gions. It should be mentioned that a similar issue

was identified earlier in [18] for the eigenvalue op-

timization related to buckling problems. Other ap-

proaches used to avoid the problem with spurious

low-frequency modes include the RAMP stiffness

interpolation scheme [27] which has gained popu-

larity in many application fields.

Apart from eigenvalue analysis a major focus

area for dynamic problems is time-harmonic vibra-

tions and wave propagation. Here, the considera-

tions have mainly focused on penalization issues

in order to push design variables to 0 and 1. To

aid the creation of 0-1 designs, interpolation of the

mass density with q-values different from unity has

been suggested e.g. in [9], although it can be argued

that linear interpolation is the most physical choice

since the rules of mixture naturally must apply to

mass densities. However, for the sake of creating

0-1 designs introducing artificial properties of the

intermediate steps can easily be justified. Interest-

ingly, studies of wave propagation problems have

shown that in certain cases 0-1 design are obtained

without the use of penalization parameters or pro-

jection techniques. Due to the benefit of a high

material contrast for wave reflection, a natural pe-

nalization takes place, see e.g. [25, 22]. Alternative

penalization methods such as using artificial damp-

ing for intermediate densities has been suggested as

well [12].

One of the more recent application areas for

topology optimization is acoustic systems where

the typical problem is to find an optimal distribu-

tion of rigid scatterers in the acoustic domain in or-

der to maximize performance. The governing equa-

tion for time-harmonic pressure fluctuation ampli-

tudes p is:

∇T(
1

ρa
∇p) + ω2 1

κa
p = 0 (3)

where ω is the angular frequency, ρa is the acous-

tic density and κa the acoustic bulk modulus. The

appearance of the material parameters in their in-

verse form motivated the choice of interpolation

functions as [10]:

1

ρe
=

1

ρa
+ xe(

1

ρa
− 1

ρrigid
) (4)

1

κe
=

1

κa
+ xe(

1

κa
− 1

κrigid
) (5)

and the material parameters corresponding to the

rigid inclusion would be arbitrarily chosen as values

for a solid material e.g. aluminum, thus providing a

sufficiently large contrast of parameters for perfect

scattering properties. The model has been used in

a number of papers with good results for problems

involving reflection and redirection of waves [29,

17, 15, 8] and has also been extended to include

penalization factors to promote the generation of

0-1 designs [23].

In a recent paper a problem for acoustic sys-

tems with artificial modes appearing inside the rigid
inclusions was pointed out and a technique was de-

vised to remedy the problem by moving the artifi-

cial modes to higher frequencies [14]. Basically, the

method used a smaller (relative) value of the min-

imum density than the minimum stiffness thus in-

creasing the wave speed and the resulting artificial

resonance frequencies. However, as will be demon-

strated in this paper, the issue with artificial modes

is not the only problem appearing inside void (for

structural problems) or rigid (for acoustic prob-

lems) regions. Also important is the limited con-

trol of the fictitious field existing inside these do-

mains. A similar consideration was recently made

for topology optimization of static problems with

pressure loads where a so-called drainage term was

included to effectively control the pressure level in

the solid regions [16].

In this paper a new fictitious domain model is

proposed based on a wave to diffusion equation
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transition. This is facilitated by identifying a suit-

able set of parameter values, one of them negative,

for the material parameters inside the fictitious do-

main. The model is combined with appropriate ma-

terial parameter interpolation models and used in

a topology optimization procedure. The paper is

structured as follows. In the forthcoming section

the problems with the existing models are outlined

and the new model is examined using a 1D wave

propagation scenario. In section 3 the method is

applied to an acoustic topology optimization prob-

lem and in section 4 to a structural topology opti-

mization problem. In section 5 the conclusions are

presented.

2 A 1D wave propagation problem

We consider a wave propagation problem in a 1D

domain consisting of three different regions as illus-

trated in Fig. 1. In domain 1 we have an incoming

wave, denoted I, of which a part, R, is reflected

from the inclusion in domain 2 having different

material properties. In domain 2 a field pattern is

formed and a part of the wave, denoted T , is trans-

mitted into the third domain. Domains 1 and 3 are

assumed to have identical material parameters and

be open domains so that reflected and transmitted

waves are allowed to propagate freely toward left

and right, respectively. The length of domain two

is set to be L.

In domains 1 and 3 the wave motion is assumed

to be governed by the linear 1D scalar wave equa-

tion:

(Au′)′ + ω2Bu = 0 (6)

where ω is the wave frequency and A and B are

two material parameters (identical in domains 1

and 3). The corresponding wave field is denoted

u and could e.g. be pressure fluctuation ampli-

tudes or elastic displacement amplitudes. The spa-

tial derivative is ()′. The corresponding wave speed

in the two regions is given as:

c =

√
A

B
(7)

With the stated assumptions and definitions

the wave motion in the two domains can be de-

scribed as

u1(x) = e−i
ω
c x + rei

ω
c x (8)

u3(x) = te−i
ω
c x (9)

i.e. in domain 1 as the sum of an incoming wave of

unit magnitude and a reflected wave with the (com-

plex) reflection coefficient r. In domain 3 we have

only a transmitted wave with (complex) transmis-

sion coefficient t. Here, x is chosen so that x = 0

at the first interface and x = L at the second in-

terface.

The task will now be to choose the model and

material parameters of domain 2 so that it acts as

the perfect void for structural problems or as the

perfect scatterer for acoustic problems. In other

words the choice should be made so to emulate

the natural Neumann boundary condition at the

interfaces. This implies e.g. that the conditions r =

1 and t = 0 should be approximated as closely as

possible.

2.1 Conventional contrast model

With the conventional model as suggested in [10]

and used e.g. in [8], the wave field in the inclu-

sion is assumed to be governed by the same wave

equation:

(Aincu
′)′ + ω2Bincu = 0 (10)

where Ainc and Binc are the material coefficients in

the inclusion leading to the inclusion wave speed:

cinc =

√
Ainc

Binc
(11)

and a wave motion that can be written in the fol-

lowing form:

u2(x) = ae
−i ωcinc x + be

i
ω
cinc

x
(12)

i.e. as the sum of a forward propagating wave with

complex coefficient a and a backward propagating

wave with complex coefficient b.

The four unknown coefficients r, t, a and b can

be found by imposing the continuity conditions at

the interfaces namely u1(x = 0) = u2(x = 0) and

u2(x = L) = u3(x = L), as well as Au′1(x = 0) =

Aincu
′
2(x = 0) and Aincu

′
2(x = L) = Au′3(x = L).

In this way the transmission coefficient τ can be

found analytically as:

τ = |t|2 =
4σ2

(σ2 + 1)2 − (σ2 − 1)2 cos2(2πγ)
(13)

representing the fraction of the incoming wave en-

ergy that is transmitted through the inclusion. In

(13) the two factors appearing are defined as:

σ =

√
AincBinc√
AB

(14)

representing the contrast in wave impedance be-

tween the inclusion and the background domain.
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L

I

R
T

1 3

2

Fig. 1 A 1D wave propagation example. I is an incoming (plane) wave, R is the wave reflected at the interface to
the inclusion and T is the wave transmitted through the inclusion.

The second parameter is a scaled frequency pa-

rameter defined as:

γ =
ωL

2πcinc
=

1

( λL )

c

cinc
=

1

( λL )

√
ABinc√
AincB

(15)

where λ = 2πc/ω is the wavelength in the back-

ground material corresponding to frequency ω .

In Fig. 2 the transmission and reflection prop-

erties are plotted vs. the frequency parameter γ

for different values of the impedance contrast σ.

With σ 6= 1 frequency dependent reflection will in

general occur. It should be mentioned that specific

values σ∗ and 1/σ∗ result in identical transmission

values and that choosing either a larger value of

σ (for σ > 1) or a smaller value of σ (for σ < 1)

will in both cases lead to decreased transmission.

Fig. 2b and Fig. 2c show the real and imaginary

part of the complex reflection factor r. Full re-

flection from a Neumann boundary corresponds to

r = 1 which is obtained for values of σ approach-

ing 0. For σ −→ ∞ the real part of the reflec-

tion coefficient approaches −1 corresponding to a

Dirichlet boundary condition. Hence in these and

subsequent plots only results for σ < 1 are consid-

ered.

As a major issue it is seen that (for σ 6= 1)

full transmission is obtained at discrete frequen-

cies which corresponds to natural frequencies in

the inclusion. Apart from the rigid-body motion at

zero frequency, the fundamental frequency appears

for γ = 1
2 and then the forthcoming frequencies

at multiples hereof. As shown in [14] the inconve-

nience of the appearance of these resonances can

be effectively eliminated by choosing Ainc and Binc

so that the corresponding natural frequencies ap-

pear outside the frequency range of interest. Specif-

ically by examining (15) we see that choosing a

high value of cinc moves the corresponding natural

frequency to a high value. In many publications on

acoustic topology optimization aluminum has been

chosen as the rigid acoustic material which would

typically result in natural frequencies far above the

frequency of interest (which would often be the au-

dible range). For structural problems the issue was

previously tackled in a similar fashion by explicitly

limiting the ratio between the mass density and the

stiffness in near-void regions [21].

However, another problematic issue is revealed

when we plot the corresponding wave amplitude in-

side the inclusion. Fig. 3 shows the wave amplitude

|u| for two different values of the contrast parame-

ter corresponding to a relatively small impedance

contrast (σ = 0.1) and a fairly large contrast (σ =

0.00001). The left column of figures are computed

with a low frequency wave corresponding to λ̃ =

λ/L = 25 and the right column of figures corre-

spond to a higher frequency wave (λ̃ = 0.25). In

the two top row figures, the material parameters

have been chosen so that γ = 0.05 which ensures

that we are well below resonance (cf. Fig. 2) but

also results in a larger transmission through the

inclusion, as is evident for σ = 0.1. The second

row figures correspond to γ = 0.25, which ensures

a minimum transmission for a given choice of σ as

can be seen from Fig. 2. Finally the two figures in

the bottom row are computed with γ = 0.45 which

is close to the resonance point, which is reflected in

the high wave amplitude seen inside the inclusion.

As a common feature it is noted that when the

contrast is sufficiently large to yield approximately

zero transmission (by eyeball measure), then in-

creasing the impedance contrast further does not

affect the wave field inside the inclusion. The am-

plitude within the inclusion will decrease approx-

imately linearly for lower values of γ and crank-

ing up the contrast does not affect this implying

that a finite amplitude fictitious wave field will al-

ways be present in the inclusion. Naturally, if only

the transmission is of interest then this does not

necessarily pose a problem but as will be demon-

strated later for certain optimization problems the

fictitious wave field may be problematic due to the

associated non-vanishing design sensitivities.

2.2 Proposed new contrast model

In order to be able to control, and effectively elim-

inate the fictitious wave field within the inclusion,

we here suggest a new contrast model. We propose
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Fig. 2 a) The wave transmission as a function of the frequency parameter γ for different impedance contrasts σ, b)
The real part of the reflection factor r and c) The imaginary part of the reflection factor.

to model the behavior in the inclusion domain us-

ing a diffusion equation rather than a wave equa-

tion:

(Aincu
′)′ − ω2Bincu = 0 (16)

where Ainc > 0 and Binc > 0. By introducing a

negative sign in front of the second term we enforce

a solution that can be written in the following form:

u2(x) = ae
− ω
cinc

x
+ be

ω
cinc

x
(17)

i.e. not in the form of propagation waves but as

the sum of an exponentially decaying (evanescent)

and an exponentially growing contribution. It is

here chosen to retain the symbol cinc defined as

the wave speed in (17), but which here does not

refer to a wave speed as such.

With this model the transmission of the wave

through the inclusion can be computed as:

τ = |t|2 =
16σ2e2γ

(σ2 + 1)2(e4γ + 1)− (2σ4 − 12σ2 + 2)e2γ

(18)

in which σ and γ are defined as previously.

In Fig. 4a we show the new transmission and

reflection properties for the proposed model vs.

the frequency parameter γ for different values of

the impedance contrast σ. From Fig. 4a it is clear

that no resonance effects occur which is a natu-

ral consequence since the field inside the inclusion

is no longer associated with a wave motion. As in

the traditional model a stronger contrast implies

a reduced wave transmission. Also the symmetry

properties wrt. specific values σ∗ and 1/σ∗ as was

seen for the original contrast model are preserved.

Fig. 4b,c show the real and imaginary part of the

reflection factor r. Traction free boundaries require

r = 1 and as with the original model only σ < 1

can be used to emulate the appropriate Neumann

boundary condition.

As an interesting and useful property, we can

see from Fig. 4c that =(r) appears to be constant

for larger values of γ. Thus, the requirement =(r) ≈
0 can be used to fix an appropriate value of σ

that models the Neumann boundary accurately.

The asymptotic value is here found to be =(r) ≈ 2σ
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Fig. 3 The wave amplitude in the computational domain shown for two different values of the contrast parameter σ.
The inclusion covers the axis from 0.2 to 0.8. Left column is for a low frequency wave corresponding to λ̃ = λ/L = 25

and right column for a high frequency wave λ̃ = 0.25. First row is for γ = 0.05, second row is for γ = 0.25 and third
row is for γ = 0.45.

so that choosing e.g. σ = 0.0005 leads to a value of

=(r) of less than 0.1% - thus resulting in a minimal

phase error of the reflected wave.

Apart from the inherent lack of potential spuri-

ous resonances, the fictitious field properties within

the inclusion now display significantly different char-

acteristics compared to the standard contrast model.

In Fig. 5 we see the exponentially decaying ampli-

tude associated with the proposed model. As for

Fig. 3 the left and right columns of figures corre-

spond to a low and high frequency wave and the

value of γ is increasing for rows of figures from the

top towards the bottom. As the most important

characteristic the decay rate is now directly tune-

able by the choice of the parameter γ.

The observed properties lead to a simple proce-

dure for the choice of the parameters σ and γ and

hence the suitable contrast parameters Ainc and

Binc which is outlined in the following.

2.2.1 Choosing σ and γ

Based on the results illustrated in Fig. 4 a value

of σ can be chosen directly to obtain a low trans-

mission through the inclusion and obtain a wave

reflection with a correct amplitude and phase in

order to emulate a Neumann boundary condition.

Choosing

σ = σ∗ = 0.0005 (19)

leads to =(r) ≈ 0.001 and a correspondingly low

value of τ , which will in most cases be a proper

value ensuring a negligible error in the solution.

The choice of γ is then based on the desired rate of

the exponentially decaying amplitude. A practical

choice is to prescribe a specific decay over a specific

distance. Thus, if the amplitude is to be reduced

by a factor of M over a distance of L∗ then we

obtain:

1

M
= e
− ω
cinc

L∗

⇒ γ =
ω

cinc

L

2π
= (

L

L∗
)
ln(M)

2π
(20)

which provides the specified decay.

2.2.2 Choosing Ainc and Binc

Of more practical relevance is to construct a pro-

cedure for choosing the parameters Ainc and Binc.
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Fig. 4 a) The wave transmission as a function of the frequency parameter γ for the newly proposed model for
different impedance contrasts σ, b) The real part of the reflection factor r and c) The imaginary part of the reflection
factor.

As a starting point we base the considerations on

the chosen value of the contrast parameter σ = σ∗:

σ∗ =

√
AincBinc

AB
⇒ AincBinc = ABσ∗2 (21)

and then use (20):

ω

cinc
L∗ = ln(M)⇒

√
AincBinc =

ωL∗

ln(M)

⇒ Ainc = Binc(
ωL∗

ln(M)
)2

(22)

Eqs. (21) and (22) can now be combined to

yield:

Ainc =
√
AB

ωL∗

ln(M)
σ∗ (23)

Binc =
√
AB

ln(M)

ωL∗
σ∗ (24)

2.2.3 Acoustic example

The material coefficients in the acoustic domains

are found as:

A =
1

ρa
=

1

1.2
= 0.83333

B =
1

κ
=

1

ρac2
=

1

1.2(342)2
= 7.125 · 10−6

where SI units are omitted for simplicity.

We now compute the appropriate values of Ainc

and Binc for the case of a wave of frequency f =

1000Hz, inclusion length of L = 60cm with the

specific requirement to reduce the amplitude by

factors M = 2 or M = 10 within a quarter length

of the inclusion (L∗ = L/4 = 15cm). Using also

σ∗ = 0.0005 we obtain for the two values of M :

M = 2 : Ainc = 0.0017, Binc = 8.96 · 10−10

M = 10 : Ainc = 4.99 · 10−4, Binc = 2.98 · 10−9

In Fig. 6a we see the corresponding response, il-

lustrating the desired decaying properties of the

fictitious field inside the inclusion.

2.2.4 Elastic wave example

For the elastic case we choose an aluminum mate-

rial having the following material properties:

A = E = 70 · 109
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Fig. 5 The wave amplitude in the computational domain shown for two different values of the contrast parameter
σ = 0.01, 0.5. The inclusion covers the axis from 0.2 to 0.8. Left column is for a low frequency wave corresponding
to λ̃ = λ/L = 25 and right column for a high frequency wave λ̃ = λ/L = 0.25. First row is for γ = 0.25, second row
is for γ = 1 and third row is for γ = 5.

B = ρs = 2643

where E is Young’s modulus and ρs structural mass

density (SI units omitted). We choose the inclu-

sion length L = 60cm with the specific require-

ment to reduce the amplitude by factors M = 2

or M = 10 within a quarter length of the inclu-

sion (L∗ = L/4 = 15cm) and use σ∗ = 0.0005. We

choose here a wave frequency of f = 50kHz and

obtain:

M = 2 : Ainc = 4.624 · 108, Binc = 0.100

M = 10 : Ainc = 1.392 · 108, Binc = 0.332

and in Fig. 6b we see the corresponding response

again demonstrating the desired decay of the ficti-

tious field inside the inclusion.

3 An acoustic topology optimization

example

We will now demonstrate the use of the proposed

fictitious domain model on an acoustic topology

optimization example that is difficult to solve using

Fig. 6 a) Acoustic example. Wave amplitude for two
values of the decay parameter M . b) Elastic wave exam-
ple for two values of M .

the conventional approach. The optimization setup

is illustrated in Fig. 7. A square computational do-

main is discretized using ne = 200 × 200 square

bi-linear elements. In the square central design do-

main, discretized by ndes = 120 × 120 elements,

we define for each element the relative density as
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Fig. 7 a) Setup for the acoustic topology optimiza-
tion problem with design domain ΩD for the volume
minimization problem, b) Reference wave field with a
centrally placed square rigid scatterer with an incoming
wave from the left boundary and absorbing conditions
on all four boundaries.

a continuous variable 0 < xe < 1, where xe = 0

represents background material (air) and xe = 1

represents a rigid inclusion.

The finite element equation used for computing

the nodal values of the pressure fluctuation ampli-

tudes p is given as:(
Ka + iωCa − ω2Ma

)
p = fa (25)

where ω is the angular frequency and Ka and Ma

are standard ”stiffness” and ”mass” finite element

matrices for the acoustic problem found as:

Ka =

ne∑
e=1

A(xe)

∫
Ωe

(∇Na)T(∇Na)dΩe (26)

Ma =

ne∑
e=1

B(xe)

∫
Ωe

NT
aNadΩe (27)

with Na and ∇Na being the element shape func-

tions and their spatial derivatives. The element in-

tegrals in Eqs. (26)–(27) can be identified as ele-

ment matrices Ke
a and Me

a, respectively. The two

material coefficients are given as A(xe) = 1
ρa(xe)

and B(xe) = 1
κ(xe)

. The remaining terms Ca and

fa are damping matrix and acoustic load vector

stemming from the absorbing boundary condition

and incident plane wave load. These are indepen-

dent of the material properties in the design do-

main are not given here. More details on the finite

element model can be found in e.g. [10].

We define a simple objective function Φ of the

following form:

Φ =
1

ndes

ndes∑
e=1

xe (28)

thus simply considering the volume fraction of the

rigid scatterer in the design domain. The goal of

the optimization problem is now to minimize Φ

while keeping the wave field in the computational

domain (excluding ΩD) unchanged compared to

the case of a perfect scatterer. Thus, we define con-

straint functions as:

gj =
1

nn

nn∑
n=1

(
((pR)nj − (p∗R)nj )2 + ((pI)

n
j − (p∗I)

n
j )2
)

(29)

simply measuring the average deviation of the com-

puted pressure field, considering both the real ()R
and imaginary ()I parts, in the considered domain

when compared to a reference solution p∗j obtained

with a perfect scatterer in the design domain. In

Eq. 29, nn represents the total number of nodes in

the considered domain. We will employ four differ-

ent loading scenarios, j = 1, . . . , 4 of which one is

illustrated in Fig. 7. The other three loading con-

ditions correspond to an incoming wave from one

of the other three boundaries. In this way we aim

to create a symmetric problem and also design.

The optimization problem is solved using a gradient-

based strategy employing the method of Moving

Asymptotes (MMA) [28]. MMA solves the opti-

mization problem in the following form:

min
x

: Φ(x) + z +
∑4
i=1 1000yi

subject to : gj(x)− ε− yi ≤ 0, j = 1, . . . , 4

: z ≥ 0, yi ≥ 0, j = 1, . . . , 4

: 0 ≤ xe ≤ 1, e = 1, . . . , ndes

(30)

where z and yj are extra internal optimization vari-

ables and ε = 10−6 is a small tolerance parameter

that allows for an extra slack when comparing the

computed and reference fields. It should be em-

phasized that a similar effect could be obtained by

adjusting the standard penalization factor of 1000

used for weighting the internal y variables in the
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objective function. A movelimit of 0.1 is used for

MMA specifying the maximum allowable change

of each design variable in each iteration. A density

filter is applied with a filtering radius of 1.5 times

the element length [7, 6].

The gradients dΦ/dxe are trivially found as:

dΦ

dxe
=

1

ndes
(31)

and dgj/dxe can be found using the adjoint ap-

proach as:

dgj
dxe

= <(λT
j

d(Ka − ω2Ma)

dxe
pj)

= <
(
(λej)

T(A′Ke
a − ω2B′Me

a)pej
) (32)

where superscript ()e refer to element properties

and where it has been used that the damping ma-

trix and the load vector are independent of the

design and also that each design element only af-

fects the corresponding element matrices so that

the expression can be formulated on element level.

The derivatives of the material parameters A′ and

B′ depend on the chosen interpolation model de-

scribed in the following section. The λj ’s are the

solutions to four adjoint problems found as:

(
Ka + iωCa − ω2Ma

)
λj = −(

∂gj
∂(pR)Tj

− i
∂gj

∂(pI)Tj
)

=
−2

nn
L(((pR)j − (p∗R)j − i((pI)j − (p∗I)j))

(33)

where the diagonal matrix L contains unit entries

corresponding to the degrees of freedom for which

gj is evaluated.

3.1 Interpolation model

The material parameters that appropriately repre-

sent inclusions with the desired decay of the ficti-

tious field are computed based on Eqs. (23)–(24).

We now need to define corresponding interpola-

tion functions that link material properties to the

intermediate-valued relative element density. For

this purpose we define two interpolation functions

A(x) and B(x) that fulfill the following conditions:

A(0) = A, A(1) = Ainc (34)

B(0) = B, B(1) = −Binc (35)

Note, that by defining B(1) < 0 we can use the

same finite element assembly procedure for the en-

tire computational domain as well as the same fi-

nite element solver.

Fig. 8 Example of the bi-linear functionB(x)/B and its
continuous approximation Eq. (38) for α = 10, α = 25
and α = 75.

The standard choice of interpolation scheme

shown in Eqs. (4)-(5), which corresponds to a lin-

ear interpolation, can be applied as usual. How-

ever, typically, |Binc| << B which implies that the

transition from the propagating to the evanescent

regime occurs for values of the relative density very

close to unity. This can partly be circumvented by

introducing a penalization parameter in the inter-

polation for the B-coefficient. Instead we propose

to use a bi-linear form for B(x) with an explicit

control on the value x = x∗ that represents the

transition from the propagation regime B > 0 to

the evanescent regime B < 0. A natural choice is to

choose x∗ = 1/2, however other choices can easily

be made. The bi-linear function is:

B(x) = (1− x

x∗
)B, x < x∗ (36)

B(x) = −x− x
∗

1− x∗
Binc, x > x∗ (37)

that we can conveniently replace by the differen-

tiable function (for x∗ = 1/2) [13]:

B(x) = (1− 2x)B +
2

α
(B −Binc) ln(1 + eα(x−

1
2 ))

(38)

where α is a parameter that controls the accuracy

of the continuous approximation. As seen in Fig. 8

for higher values of the α parameter, the approxi-

mation is practically indistinguishable from the bi-

linear function and allows us to use it in a gradient-

based scheme. In all examples a value of α = 128

has been used.

We choose to retain the linear interpolation for

A(x) to keep the setting as close to standard as

possible:

A(x) = A+ x(Ainc −A) (39)
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Fig. 9 Results of the volume minimization problem for
two different frequencies with the conventional contrast
model and linear interpolation in A and B.

From Eqs. (38)–(39) the derivatives A′ and B′

can be found easily for use in the sensitivity calcu-

lations in Eq. (32).

3.2 Optimization results

The optimization problem is now solved using both

the standard contrast model and the proposed model.

The specific parameters used are listed in Tab. 1.

The optimization procedure is in both cases ini-

tialised with the entire design domain filled with

the scattering material so that the constraints are

initially fulfilled. From the results we expect that

if the material contrast is sufficiently large then

material can safely be removed from the interior

part of the design domain without violating the

constraints.

Fig. 9 shows the results of the volume minimiza-

tion problem when applying the standard contrast

model using aluminum as the material representing

the solid scatterer with the corresponding material

coefficients listed in Tab. 2. A standard linear inter-

polation model is here used for both for the A and

B-coefficient. The problem has been solved for two

different frequencies corresponding to an acoustic

wavelength 1/3 and 1/6 times the size of the de-

sign domain, respectively. We note that the two ob-

tained structures are far from the expected with a

lot of solid material present also in the interior part

along with a scattered appearance. By a close ex-

amination of the optimization process it is evident

that the non-vanishing pressure field and result-

ing non-vanishing sensitivities within the scatterer

does not enable the optimizer to efficiently carve

away solid material in the interior part as desired.

Fig. 10 shows the result of the volume mini-

mization problem when applying the new proposed

contrast model along with the outlined interpo-

lation model. The A and B-coefficients are com-

puted based on Eqs. 23–24 using values of L∗ de-

scribed below and fixed parameters σ = 0.0005 and

M = 2. The left column of structures is obtained

Fig. 10 Results of the volume minimization problem for
two different frequencies and two specified decay rates
with the proposed contrast model with linear interpola-
tion in A and a continuous approximated bi-linear inter-
polation in B.

with a lower frequency wave corresponding to a

wavelength 1/3 of the length of the design domain

and the right column with a frequency twice as

high. Furthermore we specify two different decay

rates (corresponding to two values of L∗), where

the top row rate is 5 times that of the bottom row

decay rate, corresponding to L∗ being 5 and 25

times the element lengths, respectively. It is seen

that for all parameters the anticipated thin shell

structures are obtained, i.e. the optimization pro-

cess has successfully removed solid material in the

interior part of the scatterer where there is no need

for it. Furthermore, we can also see that the shell

structure thickness to some extend can be con-

trolled by specifying the field decay rate. Finally,

by comparing left and right column structures it is

apparent that the design is also fairly independent

of the frequency of the wave.

4 A structural topology optimization

example

In this example the application of the proposed

contrast model to a standard structural topology

optimization problem will be demonstrated. Fig. 11

shows the structural optimization setup. A square

structural domain is considered with a time-harmonic

load acting as a (near-) point load centrally on the

right boundary. The left boundary is fully clamped.

The domain is discretized using ne = 120 × 120

square bi-linear elements and the entire domain is

considered as the design domain so that ndes = ne.

The load is distributed equally on 9 nodes near
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nelx nely L LD x∗ α ε σ M A = 1/ρa B = 1/κa

200 200 1.0 0.6 1/2 128 10−6 0.0005 2 0.8306 7.1010·10−6

Table 1 Constant parameters of the computational model and optimization problem.

Ainc ±Binc ω

Fig. 9a 3.78·10−4 1.46·10−11 6.45·103

Fig. 9b 3.78·10−4 1.46·10−11 1.29·104

Fig. 10a 2.82·10−4 -5.22·10−9 6.45·103

Fig. 10b 0.0014 -1.04·10−9 6.45·103

Fig. 10c 5.65·10−4 -2.61·10−9 1.29·104

Fig. 10d 0.0028 -5.22·10−10 1.29·104

Table 2 Case dependent parameters. Fig. 9a–b corre-
spond to the conventional contrast model and Fig. 10a–d
to the proposed model.

the specified point. The finite element equation for

computing the nodal values of the undamped time-

harmonic vibration amplitudes u is given as:

(
Ks − ω2Ms

)
u = fs (40)

where Ks and Ms are standard stiffness and mass

finite element matrices for the structural problem

defined as

Ks =

ne∑
e=1

A(xe)

∫
Ωe

BTCBdΩe (41)

Ms =

ne∑
e=1

B(xe)

∫
Ωe

NTNdΩe (42)

and fs is a vector of nodal loads. In Eqs. (41)–

(42) N and B is the shape function matrix and

strain-displacement matrix, respectively, and C is

the constitutive matrix for a plane stress condition

with a constant Poisson’s ratio ν = 0.3. The two

material coefficients are given as A(xe) = E(xe)

and B(xe) = ρs(xe). In the example unit values are

used for both coefficients in the physical material

which does not impose any loss of generality since

the angular frequency can be scaled accordingly.

As objective for the optimization problem we

consider the dynamic compliance of the structure.

Unlike static compliance, the concept of dynamic

compliance for a time-harmonic problem is non-

unique. Thus, several variants of the correspond-

ing objective function have been suggested in liter-

ature, see e.g. [19, 26] for recent results and thor-

ough discussions. Here, we choose to consider the

minimization of two different variants of the dy-

Fig. 11 Structural topology optimization setup. A
square structural domain is considered. The structure
has a clamped boundary to the left and is subjected to
a (near-) point time-harmonic load centrally placed at
the right boundary.

namic compliance measure:

min
x

: Φ1 = |fTu| Φ2 = uTu

subject to : V (x) ≤ V ∗

: 0 ≤ xe ≤ 1, e = 1, . . . , ndes

(43)

subjected to a volume constraint specifying the

maximum allowable fraction of the design domain

given as V ∗. Objective Φ1 is the most classical dy-

namic compliance measure and is a local measure

that does not necessarily imply that the global

structural response is minimized. Conversely, Φ2

measures the global response of the structure.

However, as formulated the global measure also

includes deformations of the void elements and we

can foresee that this specific choice of optimiza-

tion objective might pose a challenge with the con-

ventional contrast model. Concretely, it will affect

the objective value since void elements also deform,

however, more importantly, it might bias the out-

come of the optimization procedure leading to sub-

optimal results.

The optimization problem is again solved us-

ing a gradient-based strategy using the method of

Moving Asymptotes (MMA) [28]. Note also that

in Eq. (43) the full formulation including the in-

ternal optimization variables as treated by MMA

has been omitted for brevity. A movelimit of 0.1

is used and a density filter is applied with a filter-

ing radius of 2.5 times the element length [7, 6].

The gradients dΦi/dxe are found using the adjoint
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approach as:

dΦi
dxe

= <(λT
i

d(Ks − ω2Ms)

dxe
u) (44)

= <
(
(λei )

T(A′Ke
s − ω2B′Me

s)u
e
j

)
(45)

where the coefficient derivatives A′ and B′ again

depend on the chosen interpolation model outlined

in the forthcoming section. The λi’s are the solu-

tions to the adjoint problems found for each objec-

tive function as:(
Ks − ω2Ms

)
λi = −(

∂Φi
duR

− i
∂Φi
dpI

) (46)

where the partial derivatives on the rhs. are easily

evaluated from the objective functions.

4.1 Interpolation model

In this case we use the simple standard interpo-

lation model for structural topology optimization.

The SIMP model for stiffness interpolation with

penalization parameter p = 3 is used:

A(x) = A+ x3(Avoid −A) (47)

and a linear interpolation for the corresponding

mass density interpolation is applied:

B(x) = B + x(Bvoid −B) (48)

thus, as was also discussed for the acoustic opti-

mization example, this causes the transition from

the propagating to the evanescent regime to occur

for relative element densities very close to unity.

However, for this case this does not pose a prob-

lem and by keeping the linear interpolation we can

reuse the standard setup for structural optimiza-

tion and thus provide for a fair comparison with

the conventional model.

4.2 Optimization results

Results in this section are presented for excitation

frequency ω = 0.2 and volume constraint V ∗ = 0.3.

The initial design is a homogeneous distribution

with xe = V ∗ implying that the volume constraint

is exactly fulfilled.

For the first example, we consider minimiza-

tion of Φ1 using both the conventional and the new

model. As is seen from Fig. 12 the two structures

are visually indistinguishable, thus is appears trou-

ble free to apply the new model to this well studied

problem.

Although the two structures obtained show no

visible differences the resulting displacement plot,

Fig. 12 Minimization of the dynamic compliance Φ1 =
|fTu|. a) Proposed contrast model and b) conventional
contrast model.

Fig. 13 Vibration amplitudes of the optimized struc-
tures. a) Proposed contrast model, b) Conventional con-
trast model.

shown in Fig. 13 clearly shows the difference in

the model wrt. void displacements. In Fig. 13a) it

is seen how only the void elements in the vicinity

of the structural boundary have non-vanishing vi-

bration amplitudes due to the decaying field in the

void (fictitious) domain. Fig. 13b) shows the results

for the conventional model where non-vanishing

amplitudes in the entire void area create a more

smoothly looking plot where the void element de-

formations follow the structural deformations.

Fig. 14 shows the results for minimizing Φ2.

Generally it can be seen that the structures ob-
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nelx nely L V ∗ σ M L∗ A = E B = ρs
120 120 1.0 0.3 0.0001 2 1/120 1.0 1.0

Table 3 Constant parameters in the computational model and optimization problem.

Avoid Bvoid ω

Fig. 12b 10−3 10−6 0.2
Fig. 14b 10−3 10−6 0.2
Fig. 12a 2.4·10−7 -4.2·10−2 0.2
Fig. 14a 2.4·10−7 -4.2·10−2 0.2

Table 4 Case dependent parameters.

Fig. 14 Minimization of the dynamic compliance Φ2 =
uTu. a) Proposed contrast model and b) conventional
contrast model.

tained are different than the structures obtained

for the objective function Φ1. Furthermore, it is

seen that the two contrast models produce differ-

ent results. The new proposed model leads to a

well defined structural topology whereas the tradi-

tional model leads to a structure with some strange

artifacts near the point of the external load.

The plots of the vibration amplitudes shown in

Fig. 15 shed light on the cause of the structural

artifacts seen in Fig. 14b). In this plot the opti-

mized structure from Fig. 14a) is modelled with

the two contrast models. Due to the thin struc-
tural members connecting the external load to the

remaining part of the structural body a significant

motion of the void elements near the load is seen.

Since the void element displacements are included

in Φ2 a reduction of the compliance measure can

be obtained if structural material acts to reduce

this (artificial) void deformation and hence the ap-

pearance of extra stiffening parts in this area. It

should here be emphasized that reformulating Φ2

to include the element densities objective either di-

rectly or by considering the elastic energy uTKsu

or kinetic energy uTMsu would also remedy the

artifact problem. However, for the sake of illustra-

tion the simple formulation has been chosen.

In order to illustrate the performance of the two

qualitatively different designs obtained in Fig. 12a,b)

and Fig. 14a) the frequency responses for Φ1 and

Φ2 are shown for both structures in Fig. 16. The

structures have here been thresholded at xe = 0.5

Fig. 15 Vibration amplitudes of the optimized struc-
ture from Fig. 14a). Proposed contrast model, b) Con-
ventional contrast model.

to contain only 0-1 values of the design variables

and they have been analyzed by excluding void el-

ements in the analysis, i.e. circumventing the need

for fictitious material parameters. The figure con-

firms that the structures indeed minimize the re-

sponse for which they were optimized (at the fre-

quency ω = 0.2), thus supporting the conclusions

presented.

For the results in this section, the choice of ω

is made so that the fundamental natural frequen-

cies of the structures increase during the optimiza-

tion procedure. If the excitation frequency is cho-

sen higher, the optimized structures degenerate by

removal of material from the supports, resulting in

rigid body motion with vanishing fundamental fre-

quencies. For further discussion of this problem see

e.g. [20].
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Fig. 16 Frequency response for optimized structures
shown in Fig. 12a) (dashed lines) and Fig. 14a) (solid
lines). a) Local dynamic compliance Φ1 and b) global
dynamic compliance Φ2.

5 Conclusions

A new fictitious domain model has been suggested

for topology optimization of time-harmonic dynamic

problems. The proposed model is based on a nega-

tive material parameter, effectively leading to the

transition from a Helmholtz to a diffusion equation

in the fictitious domain.

The basic properties of the proposed model were

thoroughly investigated for a one-dimensional uni-

fied wave propagation model and it was demon-

strated how the model enables control of an ex-

ponential decaying field amplitude within the fic-

titious domain as well as absence of spurious reso-

nances.

The use of the model in topology optimiza-

tion was demonstrated using examples in acoustic

topology optimization and structural topology op-

timization. The acoustic topology optimization ex-

ample considered a volume minimization problem

that resulted in poor design when using a conven-

tional model. With the use of the proposed model

nice intuitively meaningful designs were obtained.

The structural example considered minimization

of two variants of a dynamic compliance measure.

The example demonstrated the applicability of the

model for structural topology optimization leading

also to increased flexibility by enabling the use of a

global measure of the dynamic compliance. A case

that leads to the appearance of structural design

artifacts when using the conventional model.

The presented model is usable for general time-

harmonic problems and the procedure for finding

the suitable minimum values of the material pa-

rameters is generic. However, the quest for a uni-

form interpolation model continues. In the shown

examples, best results were found by tailoring the

interpolation functions to the given application and

a proper generic interpolation form was not iden-

tified in this work.

Replication of results

The author has to his best ability included all in-

formation necessary for replication of the results

both in the text and in dedicated tables. The cor-

responding Matlab code could be made available

on request by emailing the author.

The author declares that there is no conflict of in-

terest.
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