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Abstract Metamaterial mechanisms are 
structures composed of periodic cells that 
possess special mechanism responses. This 
paper proposes a topology optimization 
method based on a variable linking scheme 
for the design of metamaterial mechanisms. 
A robust formulation is included to improve 
the manufacturing reliability of the designs 
and prevent de-facto hinges. The proposed 
method is applied to the designs of a force 
inverter and some other interesting 
mechanisms. Numerical examples illustrate 
that metamaterial structures with desired 
mechanism performances can be obtained by 
the presented method. Studies are performed 
to compare the responses and robustness 
between conventional compliant mechanisms 
and metamaterial mechanisms. Furthermore, 
multiple subdomains are adopted to introduce 
more flexibility in the design. The work 
highlights the pros and cons of metamaterial 
mechanisms compared to conventional 
compliant mechanisms. 
 
Keywords Metamaterial mechanisms; 
Variable linking scheme; Topology 
optimization; Robust design. 
 

1 Introduction 

Topology optimization is now one of the 
most important methods for structural 
optimization and has a wide range of 
applications in different areas (Eschenauer 
and Olhoff 2001; Xu and Cheng 2010). 

Mechanical metamaterials are artificial 
structures with mechanical properties that are 
defined by their repetitive cell patterns rather 
than the base material they are made of. 
There have been many studies on 
metamaterials, such as negative Poisson’s 
ratio structures (Lakes 1987; Milton 1992), 
metamaterials with negative stiffness (Lakes 
et al. 2001), metamaterials with negative 
compressibility (Nicolaou and Motter 2012), 
metamaterials with programmable 
mechanical properties (Florijn et al. 2014), 
high strength metamaterials (Bauer et al. 
2016) and metamaterials with coupling 
effects between tension/compression 
(Frenzel et al. 2017).  

Topology optimization can be an efficient 
tool for the design of mechanical 
metamaterials. Sigmund (1994) obtained 
negative Poisson’s ratio metamaterials by 
inverse homogenization method. Clausen et 
al. (2015) fabricated a new class of 



 
 

architected materials with programmable 
Poisson’s ratio over large deformations. 
Wang (2018) designed 3D auxetic lattice 
materials which exhibit constant negative 
Poisson’s ratios over large strain intervals. 
Chen and Huang (2019) designed chiral 
metamaterial with coupling effects between 
torsion and compression.  

Aside from mechanical metamaterials, 
topology optimization can also be used to 
design acoustic, thermal, optical or multi-
physics metamaterials, e.g. metamaterials 
with negative thermal expansion coefficient 
(Sigmund and Torquato 1996), metamaterials 
with negative permeability (Diaz and 
Sigmund 2009), acoustic metamaterials with 
negative bulk modulus (Lu et al. 2013), 
acoustic metamaterials exhibiting negative 
refraction with tunable high transmission 
(Christiansen and Sigmund 2016a; 
Christiansen and Sigmund 2016b) and 
acoustic topological insulators (Christiansen 
et al. 2019).  

Another important field for the application 
of structural topology optimization is the 
synthesis of compliant mechanisms, which 
are devices that can transform input forces 
and motion into a desired set of output forces 
and motion, e.g. force inverters or gripping 
structures (Sigmund 1997). 

Since the first paper by Ananthasuresh et 
al. (1994), topology optimization has become 
an important design tool for compliant 
mechanisms (Zhu et al. 2020). A common 
issue in the design of compliant mechanisms 
is to eliminate one-node connected hinges, 
which takes advantage of flaws in finite 
element modeling to create de-facto hinges. 
There are several ways to resolve this, for 
example, introducing stress constraints (da 
Silva et al. 2019; De Leon et al. 2015), 
multiscale wavelet based topology 
optimization (Yoon et al. 2004), strain-based 
multi-objective formulation (Lee and Gea 
2014) or robust design formulation (Sigmund 
2009). 

Metamaterial mechanisms are the 
combination of the above two concepts, 
referring to structures with special 

mechanism responses, which are partly or 
wholly composed of rationally designed 
periodic cells. The concept has been 
proposed by Ion et al. (2016), who created 
some newfangled macroscopic mechanisms 
from periodic unit cells. In their paper, 
metamaterial mechanisms are understood as 
‘machines’ combined of finite macroscopic 
periodic cells to achieve desired mechanical 
performances, which is quite different from 
metamaterial design using inverse 
homogenization. For example, Fig. 1 shows a 
plier and a door latch implemented as 
metamaterial mechanisms from the paper by 
Ion et al. (2016). 

 

 

 
Fig. 1 Typical metamaterial mechanisms designed 

by Ion et al. (2016). 
 However, in Ion’s paper, they did not 

propose any universal systematic method for 
designing metamaterial mechanisms. On this 
basis, the present paper aims at proposing a 
robust topology optimization approach based 
on a variable linking scheme for the design of 
metamaterial mechanisms, and further 
analyze their pros and cons compared to 
conventional compliant mechanisms. 

This paper is organized as follows: Section 
2 defines the basic problem of metamaterial 
mechanism design based on topology 
optimization. In Section 3, the mathematical 
model of topology optimization based on a 
variable linking scheme, including the 



 
 

sensitivity analysis and the three-field robust 
formulation, is presented and discussed in 
detail. Numerical examples are given in 
Section 4 to validate the proposed method. 
Some interesting features are revealed and 
discussed as well. Structural robustness and 
stress analyses are performed in Section 5 to 
make further comparisons between 
metamaterial mechanisms and conventional 
compliant mechanisms. Finally, some 
conclusions are given in Section 6. 

2 Problem Definition 

The design domain for metamaterial 
mechanisms is similar to that of conventional 
compliant mechanisms. As can be seen in Fig. 
2, the domain is subjected to an input force 

inf  and an input spring ink  at the input point, 

modelling a strain-based actuator with 
blocking force inF . The actuator causes an 

output displacement outu  or force outf  on the 

workpiece at the output, which is simplified 
as an output spring outk . The whole design 

domain is discretized by finite elements. 
 

 
Fig. 2 Design domain and boundary conditions for 
metamaterial mechanism design using a variable 

linking scheme. 
In the design of conventional compliant 

mechanisms, a relative density   will be 
assigned to each element as design variable 
(see e.g. Bendsoe and Sigmund 2004). In the 
design of metamaterial mechanisms using a 
variable linking scheme, the domain is 
further divided into periodic cells, and the 
design variables are defined only on one of 
these cells (e.g. the shaded one) and then 
copied to the others. 

It should be noted that the scale of those 
periodic cells is comparable to that of the 
macro domain. The proposed variable linking 
topology optimization is hence in practice a 
single scale method executed on the 
structural level. 

3 Topology Optimization Based on 
Variable linking scheme 

3.1 Optimization model 

A simple way to do variable linking on 
structured grids is by defining a sparse 
mapping matrix G . The design variable i  is 

defined on each finite element in the design 
cell, and the linked variables ρ of elements in 
other cells can be obtained by ρ Gκ ,  
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eN  is the total number of finite elements in 

the whole design domain and en  is the 

number of finite elements in the single design 
cell, that is the number of design variables. If 
the density of element j , i.e.  j  is linked to 

the i-th design variable i , then  , 1j i G . 

The typical objective of the mechanism 
design is to maximize the displacements at 
some specified output points in specific 
directions. The general formulation can be 
written as: 
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where U  and P  represent the vectors of the 
nodal displacements and loads, respectively. 
L  is a selection vector selecting the specified 
output degrees of freedom. V  denotes the 
element volume vector and the upper limit of 
the material usage is given as 0 V V , 

where   is the material volume fraction and 

0V  is the total volume of the domain. K is the 

global stiffness matrix, which is assembled 
from individual element stiffness matrices as 

0K Kj jE , where 0K  is the element 

stiffness matrix for unit stiffness and 
jE  is 

the material stiffness obtained by the Solid 
Isotropic Material Interpolation with 
Penalization (SIMP) (Bendsøe and Sigmund 
1999) given as: 

 min 0 min  p
j jE E E E                         (3) 

where 0E  is the stiffness of the solid phase, 

3p  is the penalization power. 
Using the variable linking scheme, the 

sensitivity of the objective and constraint 
functions with respect to the design variables 
should be calculated as: 
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1 1





 


 
 


 

f f

f f

G
κ ρ

G
κ ρ

                                             (4) 

The sensitivity analysis is then conducted 
using the adjoint method as discussed later. 
The optimization algorithm used in this 
article is the Method of Moving Asymptotes 
(MMA) (Svanberg 1987). Analysis here is 
restricted to linear elasticity. 

3.2 Projection and filtering 

In order to solve discretization issues such as 
mesh dependence and checkerboards, the 
topology optimization model should be 

regularized. 
In this paper, projection techniques are 

used to project the design variables to near 0-
1 solution. In particular, smoothed threshold 
projection scheme based on the tanh function 
(Wang et al. 2011) is adopted: 
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where  k  is the physical density and k  is 

the filtered density as defined below.   is a 
projection parameter which controls the 
sharpness of the smoothed projection 
function,   refers to the threshold value. The 
derivative of the projected physical density 

k  with respect to the filtered density k  is 

calculated as follows: 
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The filtered density k  is calculated as:  
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where 
e,k  is the neighbourhood set of 

elements within the filter radius R  of 
element k ,  w x  is the weight function 

defined as: 

 j j kw R  x x x                                 (8) 

where ,j kx x  refer to the central coordinates 

of elements ,j k .  
It should be noted that in the variable 

linking scheme, the filtering is still applied on 
the whole domain, instead of on single cell. 
The derivative of the filtered density k  with 

respect to j  is calculated as: 
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where H  is a e eN N  sparse matrix, if 



 
 

element j  is not in the neighbourhood set of 
element k ,  , 0k j H . 

Considering filtering and projection, as 
well as standard adjoint method, the 
sensitivity of objective and constraint 
functions can be calculated as: 
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where kV  is the volume of element k  and λ  

is the adjoint vector determined by Kλ = L . 
,k kλ U  are the parts of ,λ U  corresponding to 

the nodal degrees of freedom of element k , 
 0 min 0 0 0k E E E  K K K .    represents 

e 1N   vectors whose elements obtained with 

k  ranging from 1 to eN .    k k  can be 

obtained from Eq. (6). 

3.3 Robust formulation 

In order to take different kinds of 
uncertainties into account, robust topology 
optimization methods have been developed 
(Beyer and Sendhoff 2007; Du and Sun 2017; 
Guo and Cheng 2010). For example, Kogiso 
et al. (2008) designed compliant mechanisms 
considering the uncertainty of the driving 
force direction. Chen et al. (2010) proposed a 
level-set based robust method considering the 
uncertainties of applied loads and material 
properties by a quadrature technique. 

A simple formulation with dilated, 
intermediate and eroded designs was first 
proposed by Sigmund (2009) as a solution to 
improve structural robustness to uniform 
boundary variations in topology optimization. 
This idea was further improved and 
elaborated by Wang et al. (2011), revealing 
that this robust formulation can be an 
effective way to ensure local length scale to 
avoid one-node connected hinges and hence 
ensure distributed compliant hinges in the 
design of compliant mechanisms. On this 
basis, Schevenels et al. (2011) developed a 

probabilistic approach accounting for 
spatially varying manufacturing errors.  

In this paper, following Wang et al. (2011), 
dilated, intermediate and eroded designs are 
formulated by utilizing the threshold 
projection with different parameters, e.g. 

0.3  , 0.5   and 0.7  . Then the 

original design problem (2) is reformulated 
into a min-max problem: 
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Here, the volume fraction constraint is 
imposed on the dilated design and updated 
every 20 iterations to ensure the invariance of 
the volume of the intermediate design: 

*
*

d d
i

V
V

V
V                                               (12) 

where V   is the prescribed value of the 
volume of intermediate design and i d,V V  are 

the current volume of the intermediate design 
and the dilated design. 

3.4 Flow chart of the design process 

The flow chart of the variable linking based 
robust topology optimization process can be 
seen in Fig. 3. The filtering and projection are 
applied on the whole domain instead of the 
single design cell. 
 



 
 

 

Fig. 3 Flow chart of topology optimization based 
on a variable linking scheme 

4 Numerical Examples 

4.1 Example 1 – force inverter 

The force inverter is one of the most 
important benchmarks of compliant 
mechanisms (Sigmund 2007). A typical 
inverter design problem is shown in Fig. 4a. 
Due to symmetry, only the bottom half part 
of the structure is designed for faster 
computation as shown in Fig. 4b, which is 
supported at the bottom of the left edge with 
symmetry constraint on the upper boundary.  
 

 
(a) 

 
(b) 

 
(c) 

Fig. 4 a Design domain and boundary conditions 
for the force inverter. b Bottom half part with 
symmetry boundary condition. c Metamaterial 
force inverter design problem using a variable 

linking scheme. 
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A regular rectangular discretization is 
employed in the FE model. Design variables 
are defined only on a single cell (Fig. 4c). The 
objective is to maximize the horizontal 
displacement outu  of output point at the right 

side in the negative direction, for applied 
force in 1f  at the left side and spring 

stiffnesses in 1k  and out 0.001k , 

respectively. 
To ensure that the input loads can be 

transferred to the periodic structure, passive 
domains, i.e. black areas, are added at the 
input and output points. The length of the 
passive domains is set as four-fifths the 
length of one cell. 

The volume fraction is 0.3  , and the 
non-dimensional Young’s modulus for the 
solid and the void phases are 0 1.0E  and 

9
min 10E , respectively. The maximum 

iteration number is 400. A continuation 
method is adopted for the projection 
parameter  , i.e. starting from  =1, and the 
value of   is doubled every 100 iterations. 

The grey level of the obtained designs can 
be measured by an indicator proposed by 
Sigmund (2007): 

e

1
nd

e

4 (1 )

 = 100%

 





  
N
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The value of ndM  may vary between 0% and 
100%, where “0%” implies that the design 
has converged to absolute 0-1, and “100%” 
implies that all the elements have the same 
material volume density, i.e. =0.5 j . 

Results with the robust formulation for 
different numbers of cells are shown in Fig. 
5. The element resolution is 800×400 
(320,000 elements) and the corresponding 
filter radius is set to be 3.1 times the element 
size. Parameters of MMA may need some 
slight adjustments to get more stable 
solutions in different cases. 

It should be emphasized that our purpose 
is to find feasible metamaterial designs, 
rather than making continuous division of 

cells. Actually, further dividing the domain 
into more cells while keeping the element 
resolution unchanged, the design resolution 
in one cell may become too small to get a 
stable or physical solution. 

The single cell design (see Fig. 5a) 
corresponds to the conventional compliant 
force inverter problem. As the number of 
cells increases, the displacement of the output 
point decreases (Tab. 1). Some preliminary 
explanations can be made as follows: 

1. Compared to the conventional force 
inverter (i.e. the single cell case), 
metamaterial force inverters have lower 
transmission efficiency. Extra energy is 
dissipated as it is transferred between cells. 

2. Due to computing limitations, the scale 
of the finite element mesh has an upper limit. 
For the metamaterial design, design freedom 
is reduced due to smaller number of design 
variables in each cell, which is a natural 
outcome of the variable linking scheme. 

3. Structural redundancies can be observed 
on some of the metamaterial inverters. These 
redundancies are used to connect the periodic 
parts with the passive domains, but they 
become isolated parts inside the structure, 
which causes a waste of the base material. 
This issue occurs due to the need for 
satisfying boundary conditions, which is a 
natural drawback of the variable linking 
scheme. 

4. Multi-cell designs can be seen as subsets 
of single cell design. The multi-cell 
configurations are also possible solutions of 
the single cell design problem, but not the 
opposite. 

However, compared to conventional force 
inverters, metamaterial force inverters may 
provide better structural robustness, which 
will be discussed in Section 5. Besides, it can 
be noticed that the cellular configurations 
may vary slightly from each other since the 
variable linking scheme is applied using the 
design variables instead of the projected 
physical densities. 

The structural deformations are shown in 
Fig. 6 to display more details on how the 
structures respond to the input force. 



 
 

In addition, as can be seen in Fig. 7, the 
three design realizations in the robust 
formulation have the same topology, but vary 
in feature size, representing over-, correctly, 
and under-etched structures respectively. 
There are no one-node connected hinges in 
the intermediate design, which indicates that 
the robust formulation also plays an 
important role in metamaterial mechanisms 
design. 

It should be noted that the same length 
scale control (i.e. parameters of filtering, 
projection and robust formulation) is 
imposed independent of cell numbers, which 
inevitably results in rather localized hinges 
for cases with few cells (e.g. 2×1, 4×2) and 
simpler cellular geometries with more 
distributed flexibilities for cases with more 
cells (e.g. 10×5, 16×8). 

 

         
(a) 1×1 cell                                          (a) 1×1 cell                                           (a) 1×1 cell 

Eroded design                        Intermediate design                        Dilated design 

0 12.400, 0.291f f                     0 12.423, 0.300f f                     0 12.399, 0.311f f    

         
(b) 2×1 cells                                         (b) 2×1 cells                                          (b) 2×1 cells 

Eroded design                        Intermediate design                        Dilated design 

0 11.124, 0.282f f                     0 11.177, 0.300f f                     0 11.122, 0.318f f    

         
(c) 4×2 cells                                         (c) 4×2 cells                                          (c) 4×2 cells 

Eroded design                        Intermediate design                        Dilated design 
0 10.246, 0.262f f                     0 10.302, 0.300f f                     0 10.249 0.336f f    

         
(d) 8×4 cells                                         (d) 8×4 cells                                          (d) 8×4 cells 

Eroded design                        Intermediate design                        Dilated design 

0 10.214, 0.236f f                     0 10.267, 0.300f f                     0 10.215, 0.359f f    

         



 
 

(e) 10×5 cells                                      (e) 10×5 cells                                         (e) 10×5 cells 
Eroded design                        Intermediate design                        Dilated design 

0 10.130, 0.234f f                     0 10.242, 0.300f f                     0 10.131, 0.361f f    

         
(f) 16×8 cells                                      (f) 16×8 cells                                         (f) 16×8 cells 

Eroded design                        Intermediate design                        Dilated design 

0 10.001, 0.191f f                     0 10.024, 0.299f f                     0 10.001, 0.407f f    

Fig. 5 Robust design of metamaterial force inverters with various cell numbers 
 

      
(a) 1×1 cell                                           (b) 2×1 cells                                         (c) 4×2 cells 

         
(d) 8×4 cells                                         (e) 10×5 cells                                       (f) 16×8 cells 

Fig. 6 Deformation of force inverters with various cell numbers 
 

         
(a) Eroded design                             (b) Intermediate design                           (c) Dilated design 

Fig. 7 Cellular comparison between erode, intermediated, dilated designs (4×2 cells) 
 

Table 1 Comparisons of the intermediate designs for different cell numbers 
 

Element 
resolution 

Number of 
cells 

   Design space   
0f
   

1f
      

ndM  

800×400 
1×1 800×400 -2.423 0.300 1.13% 

2×1 400×400 -1.177 0.300 2.04% 



 
 

4×2 200×200 -0.302 0.300 4.29% 

8×4 100×100 -0.267 0.300 7.20% 

10×5 80×80 -0.242 0.300 7.40% 

16×8 50×50 -0.024 0.299 13.49% 

 

4.2 Inverters with multiple microstructures 

To introduce more flexibility in the design of 
metamaterial mechanisms, the design domain 
of Fig. 4 can be divided into multiple 
subdomains to be optimized separately with 
different cellular microstructures. 

For example, as can be seen in Fig. 8, the 
variable linking scheme is now applied on the 
left and right part separately. Thus the 
amount of design variables is twice that of 
Fig. 4c. Otherwise, all the parameters remain 
the same as before. 

 
Fig. 8 Design domain for the force inverter with 

two subdomains 
 

Results are shown in Fig. 9. The left part 
and the right part now converge to different 
cellular microstructures. Compared to results 
shown in Fig. 5, it is found that under the 
same cell division, results with two cellular 

microstructures have better mechanism 
performance than results with a single 
microstructure. 

If we have more, e.g. four or eight 
subdomains to be optimized simultaneously, 
results with even better mechanism 
performance can be obtained. As can be seen 
in Fig. 10 and Fig. 11, allowing material to be 
taken away from some subdomains and 
concentrated to more rewarding areas, the 
design freedom is extended and the material 
utilization efficiency is thus improved a lot. 
Structural redundancies can still be observed 
in these cases. Obviously, when the number 
of subdomains go to infinity, the design will 
converge to the original single cell solution. 

Fig. 12 displays the curves of objective 
values with respect to the total number of 
cells, different colors represent different 
amounts of cellular microstructures. In 
conclusion, the transmission efficiency (i.e. 
output displacement) decreases as the 
number of cell divisions increases. However, 
under the same number of cell division, 
structures with more kinds of cellular 
microstructures always have better 
mechanism performance than those with 
fewer microstructures. 

 

         
(a) 2×1 cells                                         (b) 4×2 cells                                           (c) 8×4 cells 

0 13.135, 0.300f f                     0 12.963, 0.300f f                     0 11.192, 0.301f f    

Lx=100

Ly=50

kin

fin
uout

kout



 
 

         
(d) 10×5 cells                                         (e) 16×8 cells 

0 10.779, 0.299f f                     0 10.471, 0.299f f    

Fig. 9 Intermediate designs with various cell numbers (two subdomains) 
 

         
(a) 4×2 cells                                         (b) 8×4 cells                                         (c) 16×8 cells 

0 13.135, 0.300f f                     0 12.963, 0.300f f                     0 11.192, 0.301f f    

Fig. 10 Intermediate designs with various cell numbers (four subdomains) 
 

             
(a) 8×4 cells                                               (b) 16×8 cells 

0 13.135, 0.300f f                          0 12.963, 0.300f f    

Fig. 11 Intermediate designs with various cell numbers (eight subdomains) 
 

 
Fig. 12 Objective values of intermediate designs with respect to cell numbers 

 

4.3 Example 2 – asymmetric model 

The variable linking scheme is applicable to 
arbitrary shapes of design domains. For 
example, Fig. 13 sketches an irregular 
asymmetric design problem. Slip boundary 
conditions are imposed on the lower and right 
edges. Output displacement is defined 

orthogonal to the applied force.  
The whole domain is divided into 240,000 

elements. The length of the passive domains 
attached to the input and output region is set 
to two-fifths the length of one cell. The 
maximum iteration number is 300. Other 
parameters remain the same as Example 1. 



 
 

 
Fig. 13 Asymmetry design domain 

 
Results are shown in Fig. 14, 15 and 16, 

and Tab. 2. The multi-cell designs still have 
smaller output displacement than the single-
cell design. What those designs have in 
common are ribs penetrating cells from top 
left to bottom right, which indicates how the 
input force is transmitted to the output point 
physically. 

For metamaterial mechanisms, the 
imposed periodicity naturally results in 
boundaries having similar response as the 
output point. 

 

         
(a) 1×1 cell                                            (b) 4×2 cells                                            (c) 8×4 cells 

0 12.980, 0.300  f f                     0 11.504, 0.300  f f                   0 11.047, 0.299  f f  

         
(d) 16×8 cells                                         (e) 20×10 cells                                      (f) 40×20 cells 

0 10.771, 0.299  f f                     0 10.682, 0.291  f f                   0 10.294, 0.247  f f  

Fig. 14 Intermediate designs with various cell numbers (Maximize output in the negative direction) 
 

        
(a) 1×1 cell                                            (b) 4×2 cells                                         (c) 8×4 cells 

        
(d) 16×8 cells                                         (e) 20×10 cells                                     (f) 40×20 cells 

Fig. 15 Deformation of intermediate designs with various cell numbers (negative direction) 
 

Table 2 Comparisons of the intermediate designs for different cell numbers 
 

Type 
Number of 

cells 
   Design space   

0f
   

1f
      

ndM  

Uniform design -- -- -0.066 0.300 84% 



 
 

Metamaterial 
designs 

1×1 240000 -2.980 0.300 0.79% 

4×2 200×200 -1.504 0.300 1.84% 

8×4 100×100 -1.047 0.299 4.23% 

16×8 50×50 -0.771 0.299 5.16% 

20×10 40×40 -0.682 0.291 7.65% 

40×20 20×20 -0.294 0.247 11.90% 

 

 
Fig. 16 Objective values of intermediate designs with respect to cell numbers 

 

5 Structural Robustness Analysis 

5.1 Local damage tolerance 

Conventional compliant mechanisms 
obtained through the robust formulation are 
robust to manufacturing uncertainties, but 
when it comes to local defects, metamaterial 
mechanisms are expected to have better 
structural robustness since the failure of some 
cells may not lead to the failure of the whole 
structure.  

To verify this, a simplified local damage 
evaluation (Jansen et al. 2014; Wu et al. 
2018) is employed to examine structural 
robustness when local failure happens due to 
e.g. collision, explosion or manufacturing 
error. 

It is assumed that a quadrilateral region 
with fixed size is damaged and it may appear 
arbitrarily. The force inverters obtained in 
Section 4.1 are used as test cases. As can be 
seen in Fig. 17, materials in the red squares 
are removed to simulate damage. The 

dimension of the square is 0.1 yL . 

Here we first fix the horizontal coordinates 
of the damaged region (i.e. the lower-left 
corner is at four fifths of the long side) and 
change its vertical position gradually. As can 
be seen in Fig. 18, the single cell design 
totally fails when defects occur on its key 
hinges, while metamaterial inverters exhibit 
smaller variations of the output 
displacements, which implies that they are 
less sensitive to the prescribed damage 
appearing in the specific domain and hence 
have better structural robustness. 

Next we change the horizontal and vertical 
position of the damaged region 
simultaneously. For each case, the horizontal 
position changes from 0 to 0.9 xL , with 

increments of 0.1 xL , and the vertical position 

changes from 0 to 0.9 yL , with increments of 

0.05 yL , the total number of tests with 

different positions of damage is 190 for each 
case. 



 
 

Comparison of structural robustness 
among different designs is shown in Tab. 3. 
The conventional force inverter, i.e. the 
single cell case has the highest possibility of 
transmission efficiency loss over 10% and 
50%. Additionally, standard deviation and 
root mean square error (RMSE) is also used 
to evaluate the data dispersion. Statistically, 
it proves that metamaterial inverters have 
better local damage tolerance than the 
conventional force inverter. 

Now we expand the local damage area, e.g. 
quadruple the damaged area by setting the 
dimension of the square to 0.2 yL . Again, 

changing the horizontal position of the 
damaged region from 0 to 0.8 xL , with 

increments of 0.1 xL , vertical position from 0 

to 0.8 yL , with increments of 0.05 yL . 

Comparison of robustness among different 
designs are shown in Tab. 4. The advantage 
of metamaterial mechanism designs is even 
more pronounced in this case. 

5.2 Stress analysis 

To make further comparisons between 
conventional compliant inverters and 
metamaterial inverters, stress analysis is 
performed in ANSYS. 

Fig. 19 displays the von Mises stress 

distributions on the design domain of the 
three typical designs: 1×1, 8×4, 10×5. The 
material elastic modulus, input force and 
spring stiffness are all magnified by a factor 
of 52.06 10 , this kind of scaling is feasible 
since the analysis is limited to linear 
elasticity. The maximum value of the stress 
colorbar is set to 6000 in order to facilitate 
comparison. 

For the single cell design, the maximum 
stress appears on the fixed constraint 
boundary at the lower left corner, and there 
are obvious stress concentration on these 
localized hinges. But for multi-cell designs, 
there are no obvious stress concentrations 
over the whole structure. 

Tab. 5 lists the value of extreme stresses 
for the three cases. The maximum stress for 
the single cell case is much bigger than the 
others. 

In conclusion, compared to conventional 
compliant mechanisms, metamaterial 
mechanisms have more uniform stress 
distribution, with rare stress concentrations. 
One reason for this is that due to the same 
length scale control imposed, designs with 
many cells obtained are distributed 
mechanisms, while single-cell design still 
have more localized hinges. 

 

        
(a) 1×1 cell                                           (b) 2×1 cells                                         (c) 4×2 cells 

        
(d) 8×4 cells                                         (e) 10×5 cells                 

Fig. 17 Illustration of local damage 
 

Table 3 Comparisons of structural robustness for different cell numbers 
 

Number of 
cells 

Probability of 
efficiency loss 

over 10% 

Probability of 
efficiency loss 

over 50% 

Standard 
Deviation 

Root Mean 
Square Error* 



 
 

1×1 17.89% 5.79% 0.5194 0.5533 

2×1 5.26% 4.21% 0.3587 0.4126 

4×2 4.21% 4.21% 0.1051 0.1185 

8×4 4.21% 4.21% 0.0738 0.0999 

10×5 4.21% 4.21% 0.0609 0.1315 

16×8 3.68% 3.68% 0.0138 0.0152 

* The reference value of RMSE for each design is its corresponding optimal value. 
 

 
Fig. 18 Output displacements of force inverters with respect to a constantly vertically relocated damage 

region 
Table 4 Comparisons of structural robustness for different cell numbers (damage area expanded) 

 

Number of 
cells 

Probability of 
efficiency loss 

over 10% 

Probability of 
efficiency loss 

over 50% 

Standard 
Deviation 

Root Mean 
Square Error 

1×1 54.25% 27.45% 0.8689 1.1152 

2×1 22.22% 16.34% 0.4486 0.6543 

4×2 12.42% 12.42% 0.1427 0.1937 

8×4 12.42% 12.42% 0.0925 0.1707 

10×5 12.42% 12.42% 0.0655 0.0940 

16×8 12.42% 12.42% 0.0224 0.0263 

 



 
 

 
(a) 1×1                                                                           (b) 8×4 

 

 
(c) 10×5 

Fig. 19 Stress distributions over the three cases of force inverters 
 

Table 5 Extreme stresses for the three cases 
 

Number of cells Maximum stress 

1×1 16789.2 

8×4 5878.8 

10×5 8218.2 

 



 
 
 
 

 

6 Conclusions 

This paper proposes a variable linking 
method for the topological design of 
metamaterial mechanism, which is a 
relatively new concept. Metamaterial 
mechanisms are composed of macroscopic 
cells, thus there is no need or use to introduce 
homogenization method that require 
separation of scales. 

Metamaterial mechanisms have both pros 
and cons. Compared to conventional 
compliant mechanisms, metamaterial 
mechanisms have lower force transmission 
efficiency (i.e. output displacement). Some 
possible reasons for this, including structural 
redundancies, have been discussed in detail.  

An advantage of metamaterial 
mechanisms is that when considering 
possible local physical defects or damage, the 
single cell design will have a high probability 
of systematic functional failure, while the 
robustness of multi-cell design is much better. 

The best design and use of metamaterial 
mechanisms with suitable number of cell 
divisions should be decided by a trade-off 
between the transmission efficiency and 
structural robustness, while considering the 
manufacturing accuracy. 

On the other hand, metamaterial 
mechanisms may generate the output or 
impose the input on the whole boundary of 
the structural domain, which will bring great 
flexibility to assembly and to adapt to the 
multi input/output and even multi-functional 
requirements. 

Multiple subdomains can be adopted to 
introduce more flexibility in the design of 
metamaterial mechanisms. Compared to 
designs with a single cellular microstructure, 
designs with multiple cellular 
microstructures always display better 
mechanism performances. 

Another possible way to further improve 
the behaviour of metamaterial mechanism is 
to do bi-level topology optimization by 
optimizing the base cell’s topological 
configuration and the cell distribution over 

the whole design domain simultaneously. 
Besides, nonlinear theory can also be 
considered in future research. 
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