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Abstract Homogenization-based topology optimiza-

tion has been shown to be effective but does not directly

create mechanical structures. Instead, the method gives

a multi-scale description of the optimized design e.g.

lamination thicknesses and directions. To obtain a real-

izable single-scale design one can perform a subsequent

de-homogenization step. This is done by converting the

lamination directions to integrable vector fields from

which it is possible to compute a parameterization of

the domain. Unfortunately, however, singularities often

make it impossible to find integrable vector fields that

align with lamination directions. We present a short in-

troduction to homogenization-based topology optimiza-

tion followed by an overview of different types of singu-

larities and how they impinge on the problem. Based on

this, we propose a singularity aware de-homogenization
pipeline, where we use a method for vector field comb-

ing which produces consistent labeling of the lamina-

tion directions but also introduces necessary seams in

the domain. We demonstrate how methods from com-

puter graphics can subsequently be used to compute

the final parameterization from which the mechanical

structure can easily be extracted. We demonstrate the

method on several test cases.
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1 Introduction

Topology optimization, a numerical tool for determin-

ing optimal mechanical layouts, has a broad spec-

trum of possible industrial applications. Over the last

decades, the development and accessibility of computa-

tional power have made it an interesting design tool for

the industry. However, further developments are still

needed before large-scale, real-time topology optimiza-

tion is possible on desktop computers.

Homogenization-based topology optimization, as

proposed by Bendsøe and Kikuchi (1988), allows for

composite material properties, which contain much

more information compared to the isotropic material

used in the SIMP (Solid Isotropic Material with Penal-

isation) approach (Bendsøe, 1989). Hence, performing
homogenization-based topology optimization allows us

to solve the problem on a coarse grid while still enabling

near-optimal, high-resolution results as shown in Groen

and Sigmund (2018). In homogenization-based topology

optimization, we can describe the composite material

as infinitesimally small periodic unit cells on a micro-

scopic level. On a macroscopic level, we can assume the

material properties to be homogeneous. Hence, we can

analyze the performance of a design where these com-

posite properties are spatially varying in a multi-scale

sense.

A subset of problems of interest in topology op-

timization is the compliance minimization of a plane

structure subject to a single load case, which is con-

sidered in this paper. For these types of problems, it

is known that hierarchical rank-2 laminates are the

optimal material parameterization (Allaire and Kohn,

1993). Nevertheless, we use the square unit-cell with a

rectangular hole as proposed by Bendsøe and Kikuchi

(1988) since these microstructures consist of a single
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length-scale and have only a small difference in perfor-

mance (Bendsøe and Sigmund, 1999; Träff et al., 2019).

The output from the single load homogenization-

based optimization method can be interpreted as a

cross-field: at each point of the optimized domain (in

2D), we have a pair of directions (as well as lamination

thicknesses). Ultimately, our goal is to create a mechan-

ical design whose structural members are well aligned

with these frame directions. A particular approach to

this problem involves creating a parametrization of the

domain such that the gradients of the coordinate func-

tions in the parametric domain are aligned with the

cross-field obtained from the optimization procedure.

If we are able to do that, it is possible to create a reg-

ular structure in the parametric domain and map it

via the inverse parametrization back into the domain

of the optimization. This procedure is known as the

de-homogenization method (Pantz and Trabelsi, 2008;

Groen and Sigmund, 2018; Donders, 2018; Groen et al.,

2020).

There are different ways to optimize the unit-cell

orientation of spatially varying designs. For instance,

it is well-known that for 2- and 3-dimensional single

load case examples a unit-cell is optimally aligned us-

ing the principal stress directions (Pedersen, 1989; Nor-

ris, 2005). However, the principal stress directions are

not consistently labeled. Only in 2D can the stress di-

rections be sorted to be smooth up to 180 degrees,

see e.g. Groen and Sigmund (2018). Similarly, when

the unit-cell orientations are optimized using gradient-

based optimization, jumps of 90 degrees can occur. In

other words, the first lamination direction at one point

might correspond to the second lamination direction at

a nearby point.

Recently, Groen and Sigmund (2018) simplified and

further developed the projection approach by Pantz and

Trabelsi (2008). However, this approach relied on two

smooth vector fields (see Definition 2; 1-vector fields).

They showed that these can be obtained by using orien-

tations based on the principal stress direction. Similar

to these directions the orientation of the microstruc-

ture is rotationally symmetric by 180 degrees, i.e. the

1-vector fields often contain jumps of angle π. Groen

and Sigmund (2018) showed that this problem can be

solved by using connected component labeling in case

there is no singularity present.

1.1 Contributions

In this paper, we would like to investigate how inte-

gration approaches can be extended for the usage in

fields containing singularities. This has been researched

in Pantz and Trabelsi (2010) and Donders (2018). The

main contribution of this paper is a pipeline for the

de-homogenization of structures containing singulari-

ties as they occur for example due to loads inside the

domain, but also due to numerically unstable results in

low-density areas and regularization. Here, we use the

word de-homogenization for the process of extracting a

mechanically well-performing structure from the solu-

tion of the homogenization method. The pipeline allows

us to investigate the location and type of singularities

that appear in fields arising from the homogenization-

based topology optimization method, and their rela-

tion to the density distribution. We compare different

starting guesses for the homogenization-based topology

optimization and their influence on the resulting struc-

ture. Furthermore, we will investigate how to extract

two as smooth as possible vector fields in the presence

of singularities. This extraction of two vectors per el-

ement is called combing in computer graphics and is

normally done by using a breadth-first search: Start-

ing from a root element all elements in the domain are

visited in order of growing distance to the root element

(see further in Section 5.2, Skiena (2008)). We will use a

density-based approach, which allows for simpler seams

(see Definition 5, seams) than in the case of using a

breadth-first search. We then relate the parametriza-

tion step to a computer graphics method for quadri-

lateral meshing (Bommes et al. (2009)), by introducing

seams in the parameterization domain in order to allow

for mismatches caused by the singularities, while still

getting smooth de-homogenized designs.

In general, we specify parameters, running times

and compliance values in order to allow the reader to

observe the influence of these parameters to the de-

homogenized structure and motivate further research

areas. It is not our primary goal in this work to tune

the parameters of the pipeline for mechanical perfor-

mance.

2 Related work

Pantz and Trabelsi (2008) proposed a method to project

the unit square microstructure macroscopically. Their

de-homogenization approach minimizes an alignment

energy to find a parametrization aligned with the ori-

entation of the microstructure. The approach assumes

two separate vector fields, whose orientation is not of

importance. Groen and Sigmund (2018) simplified the

approach by Pantz and Trabelsi, still using two sepa-

rate vector fields, however, with the challenge of having

consistently aligned vector fields as the approach is not

invariant to angle jumps of angle π. This was solved

by using a connected component analysis on the vec-

tor fields. Both approaches do not explicitly deal with
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jumps of angle π/2. Pantz and Trabelsi (2010) inves-

tigated the challenge of singularities for the first time.

The singularities, located in void regions, are nucleated,

i.e. the areas containing singularities are excluded from

the parametrization step and onwards. Donders (2018)

proposed a method of spotting singularities of index

±1/2 using a technique explained in more detail in Hotz

et al. (2010). This only allows for jumps of angle π. In

order to deal with the singularities, correction functions

are computed to prevent mismatches at seams.

The work of Kälberer et al. (2007) proposed the

”Quad-Cover” algorithm for field-guided quad mesh-

ing using multiple coverings. Multiple coverings in the

sense that the parametrization domain is duplicated

multiple times. This means, that the rotationally sym-

metric field simplifies to vector fields on every single

covering and thus becomes integrable. In practice only

a single parametrization domain is used and operators

to account for the different coverings are introduced.

Bommes et al. (2009) proposed a refinement of Quad-

Cover, solving the resulting system in an iterative ap-

proach yielding better results.

3 Homogenization-based topology optimization

The methodology to perform homogenization-based

topology optimization used here is very similar to the

method in Groen and Sigmund (2018), and therefore

this section will be kept brief, with an emphasis on the

differences.

3.1 Microstructure parameterization

y1

y2

1-ã1

1-ã2

y1

y2

x1

x2

θ

Fig. 1: Layout of the unit-cell with a rectangular hole,

in local (y1,y2), and global (x1,x2) coordinate system.

As a microstructure parameterization, we use the

square unit-cell with a rectangular hole proposed by

Bendsøe and Kikuchi (1988) and shown in Figure 1.

The constitutive properties of this microstructure, con-

sisting of void and isotropic material using E = 1 and

ν = 0.3, can be obtained using numerical homogeniza-

tion on a conformal mesh. A database of the constitu-

tive properties in the local frame can be pre-computed

for various physical heights ¯̃a1 and physical widths ¯̃a2
of the hole. Afterwards, we can interpolate the effective

properties EH and corresponding sensitivities for any

combination of ¯̃a1 and ¯̃a2. The elasticity tensor in the

global frame of reference E can then be obtained as,

E(θ, ¯̃a1, ¯̃a2) = R(θ)EH(¯̃a1, ¯̃a2)R(θ)T, (1)

with R being the rotation matrix. The volume fraction

of the microstructure ρ is given as,

ρ = 1− ¯̃a1¯̃a2. (2)

3.2 Optimization and regularization of the

microstructure orientation

Contrary to the approach presented in (Groen and Sig-

mund, 2018) we update the angles based on their gradi-

ents instead of the principal stress directions. There are

two reasons for this. First, updating the angles based

on the gradients is slightly more stable than updat-

ing the orientation based on the principal stress di-

rections (Pedersen, 1989), since first-order finite ele-

ments are used. Second, and more importantly, we can

introduce a regularization energy, similar to the one

in (Groen et al., 2020) such that the 4-direction field is

slowly varying over the domain.

To perform the regularization we loop over all ne
edges, each connecting two elements. We introduce a

penalization function Pe ∈ [0, 1]. This penalization

function is based on the orientation angles of the mi-

crostructure in the two adjacent elements f1 and f2
connected by edge e. We denote these two angles with

θf1 and θf2 and calculate

Pe =
1

2
− 1

2
cos(4θf1 − 4θf2). (3)

It can be seen that Pe has minimum values at angle

differences of 0 or kπ/2 with k an integer and returns

a small penalty value for small angle differences. By

looping over all edges e we obtain a single regularization

objective Fθ,

Fθ =

ne∑
f=1

Pe, (4)

which is normalized in the optimization problem using

the regularization objective F (1)
θ for the starting guess

of the layer-normals.
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3.3 Problem formulation

We focus on minimizing the objective functional F ,

which is a combination of the compliance J and reg-

ularization objective Fθ. The domain is discretized us-

ing bi-linear finite elements and the material properties

are assumed to be element-wise constant. We want to

avoid checkerboard-like instabilities that can occur due

to the use of bi-linear finite elements (Dı́az and Sig-

mund, 1995). Therefore, we use a standard density fil-

ter to obtain the filtered hole height ã1 and width ã2

from design vectors a1 and a2 (Bourdin, 2001; Bruns

and Tortorelli, 2001).

Furthermore, we want the microstructure widths to

be either void, completely solid or in the interval [η, 1−
η], with η = 0.05 used in this study. To do so, we use the

same interpolation scheme as in (Groen and Sigmund,

2018; Groen et al., 2020), which modifies the variables

ã1 and ã2 into the physical hole height ¯̃a1 and width
¯̃a2. The optimization problem is solved in nested form,

which means that for each design iteration we solve

the state equation after which the design vectors are

updated. Hence, the discretized optimization problem

can be written as,

min
a1,a2,θ

: F(a1,a2,θ,U) =

J (a1,a2,θ,U)

J (1)
+ γθ

Fθ(θ)

F (1)
θ

,

s.t. : K(a1,a2,θ)U = F,

: vTρ(a1,a2)− V maxf A ≤ 0,

: 0 ≤ a1,a2 ≤ 1,

: -4π ≤ θ ≤ 4π,

(5)

where v is the vector containing the element areas and

V maxf is the maximum allowed fraction of the material

in Ω, with A the area of Ω. K is the stiffness matrix

and vector F describes the loads acting on the domain.

J (1) is the compliance of the first analysis step and

F (1)
θ the regularization objective for the starting guess.

For the design update we use the MATLAB implemen-

tation of the Method of Moving Asymptotes (MMA)

introduced by Svanberg (1987). Finally, it should be

mentioned that the compliance minimization problem

is self-adjoint, meaning that we only require the solu-

tion of one linear system to obtain both compliance and

corresponding sensitivities.

As a starting guess for the microstructure we use

a1 = a2, such that the volume constraint is exactly

satisfied. The starting guess for the orientation is based

on a pre-analysis using isotropic microstructures, the

corresponding principal stress directions are used to de-

termine θ unless otherwise noted. Finally, it should be

mentioned that the scaling parameter γθ has a large in-

fluence on the optimization procedure and is in general

chosen to be γθ = 1/20.

4 Singularities

In order to study the vector fields generated by the ho-

mogenization method, it is important to have a general

understanding of vector fields, direction fields and the

eigenvectors and eigenvalues of the stress tensors. This

allows us to precisely define singularities and their in-

dices and use this knowledge to study stress-tensor and

layer-normal fields. Vaxman et al. (2016) introduced a

notation that is tailored for this purpose. We will in the

following section describe relevant definitions from Vax-

man et al. (2016) related to the homogenization method

and introduce their notation. We start with the defini-

tion of a directional field and N -directional fields.

Definition 1 (Directional field, vector field and

direction field) A directional field denotes a func-

tion v that assigns directional information to almost

every point in a given domain. If a directional field v

provides a magnitude of importance for every point p,

for which v is defined, then v is called a vector field

(see Figure 2a). If the directional field does not provide

any magnitude (e.g. all assigned vectors are normalized)

it is called a direction field (see Figure 2b).

Definition 2 (N-directional field) A directional

field can assign multiple directions to the same point

in a domain Ω. Let us assign N vectors to almost ev-

ery point in Ω. Then the use-cases of N = 1, 2, 4 are
of importance to the application of the homogenization

method. We write N-vector or N-direction field to

indicate the number of directional information given at

every point.

Figure 3 shows direction fields and vector fields im-

portant to the homogenization method, where we indi-

cate a given magnitude with arrows. The 1-vector fields

are what we usually refer to when talking about vector

fields. If N = 2 the vector is invariant under a rota-

tion of angle π and we call such a field a 2-vector field.

For N = 4 follows the 4-vector field with a rotational

symmetry of π/2.

4.1 Index of a singularity

Singularities often arise in the presence of internal

loads, multiple loads or a designated passive domain.

The following definitions describe singularities and their

indices.
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(a) 1-vector field

(b) 1-direction field

Fig. 2: Comparison of 1-vector and 1-direction field.

Definition 3 (Singular point, singularity) A point

p in a 1-vector field v for which v is not defined or zero

is called a singular point or singularity (see Figure

4).

Definition 4 (Index of a singularity) A singular

point p can be assigned an index by the following pro-

cedure. We consider the vector field v on a closed, sim-

ple curve c(t), t ∈ [0, 1], around p, which does not con-

tain a second singular point. We obtain v limited to

c(t), by

v(c(t)) = ‖v(c(t))‖
(

cos(α(t))

sin(α(t))

)
.

Here c : [0, 1] → R2 denotes the counterclockwise

parametrization of the curve and α : [0, 1]→ R the en-

closed angle between the x-axis and v(c(t)). The index

of p is then defined as idxp = 1
2π (α(1)− α(0)) measur-

ing the rotation of the vector field around the singular

point.

In Figure 4 we consider a singularity in (0, 0) and

depict the curve c with c(0) = c(1) = (1, 0) as a red cir-

Fig. 3: Vector and direction fields for N ∈ {1, 2, 4}. A

given magnitude is indicated by arrows.

-1 -0.5 0 0.5 1

-1

-0.5

0

0.5

1

Fig. 4: Vector field containing a singularity of index 1

(in green), showing the tracked curve (in red) and the

angle arcs (in black).

cle. Further, we see that the enclosed angles α, depicted

as black circle arcs, grow from α(0) = 0 to α(1) = 2π.

Thus we have a singularity (depicted in green) with in-

dex idxp = 1
2π (2π−0) = 1. Note that singularities exist

for all types of N -directional fields, where the index

must always be a multiple of 1/N. In order to identify

the index of a singularity in a N -directional field, one

proceeds similar to singularities in 1-directional fields.

Following a closed curve around the singular point, one

measures the change of the angle of the N -directional

field. In a discrete example, as in Figure 7d for exam-

ple, one chooses one of the directions and follows that

one along the curve.
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Fig. 5: Sketch of a singularity with index 1/4.

4.2 Singularities in smooth tensor fields

The singularities of smooth tensor fields have been stud-

ied exhaustively in order to visualize tensor fields. Del-

marcelle and Hesselink (1994) show that singularities

in tensor fields can only have indices that are multiples

of ±1/2. We try to present a descriptive version in the

following theorem.

Theorem 1 A smooth tensor field can only encorpo-

rate singularities of index ±1/2 or multiples thereof.

Proof (Sketch) If we follow a closed, simple curve

around a singularity p, not containing a second sin-

gularity, with index ±1/4 as depicted in Figure 5, we

see that red and blue vectors trade places. That would

not be a problem for a 4-direction field where all four

directions are equivalent, but if we have a tensor, we

can distinguish the red and blue direction from each

other by the magnitude of the eigenvalue. So, say blue

is the direction of maximum eigenvalue that we follow,

but coming back to the initial point it then must be

red. The tensor has changed smoothly along the black

curve, so there must have been a point along the black

curve at which the eigenvalues were the same. However,

if the eigenvalues are the same, any plane vector is an

eigenvector, and we have a singular point. This contra-

dicts the way the black curve was chosen and concludes

the proof.

In homogenization-based topology optimization the

layer normals are aligned with the stress tensors either

by demanding it through the implementation or in a

gradient descent algorithm since layers aligned to the

load-path are optimal (Pedersen, 1989). Therefore, the

following singularity types are found regularly in the

output fields of the homogenization method.

For example, if all corners of a triangle are pulled

apart (see Figure 6a) a singularity of index −1/2 occurs

(see Figure 7a). Figure 7b shows a singularity of type

−1. This can be seen as two singularities of type −1/2

pushed together. This type of singularity occurs in a

corner loaded square (see Figure 6b). Figure 7c shows a

singularity of index 1/2 as occurs for example in a center

loaded clamped beam (see Figure 6c).

4.3 Singularities in 4-direction fields

It is important to differentiate between the 4-vector

field described by a stress tensor field and the 4-

direction field described by the layer normals output

by the homogenization method. The latter can also in-

corporate singularities of index ±1/4 due to numerical

errors, regularization of the layer-normals or simply due

to the optimizer being stuck in a local minimum.

Figures 7d and 7e show 4-direction fields incorporat-

ing each a singularity of index ±1/4. It is not possible

to separate these 4-direction fields into two 1-direction

fields, which is shown in Figure 7f. Especially regular-

ization seems to result in singularities of index ±1/4. In-

creasing the regularization value γθ limits the angular

changes. In Figures 8a - 8f we depict how a singularity

of index ±1/2 is spatially ripped apart more and more

with increasing regularization. In this example the sin-

gularity of index ±1/2 is split into two singularities of

index ±1/4, that are located in the center of the domain

at the end of the red lines. The red lines indicate where

the vector fields jump by 90 or 180 degrees.

4.4 Occurrence of singularities in the homogenization

results

For the de-homogenization, it is of importance to have

an understanding of where singularities occur in the

layer-fields output by the homogenization method. We

are not aware of a theoretical solution to this, but we

observe that, in general, singularities occur in regions

with very high or very low density.

Let us assume, that in the output of the homog-

enization method, the layer-normals are well aligned

with the stress directions everywhere, such that singu-

larities in the stress field correspond to singularities in

the layer-field. We investigate a singularity p, where

the stress field is non-zero. At such a singular point the

stress field rotates with an index idxp 6= 0. Thus, in the

immediate surrounding we see all directions in the inter-

val I = [0, 2πidxp]. If we measure the angular velocity

on several curves around p, we realize that the shorter

the curve, i.e. the closer to p, the higher the angular

velocity becomes, as the field always needs to rotate by

2πidxp. Or in other words, at p the stress field rotates

infinitely fast. The homogenization method outputs two
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?
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 4L
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F ?

(a) Corner-loaded triangle

?

 L

 L

 L

? ?

 4L

L
F ?

(b) Corner-loaded square

?

 L

 L

 L

? ?

 4L

L
F ?

(c) Center-loaded clamped beam

Fig. 6: Examples of load cases leading to singularities.

(a) 1-vector field index −1/2 (b) 1-vector field index -1 (c) 1-vector field index 1/2

(d) 4-direction field index 1/4 (e) 4-direction field index −1/4 (f) 1-direction field index −1/4

Fig. 7: Vector and direction fields for different singularities.

layer-normals n1,2 and widths w1,2 and thus a density

ρ = w1 +w2−w1w2 for the element containing p. Now,

if 0 ≤ ρ < 1 only the directions n1,2 in I are well

aligned with the unit cell. Thus for all other directions

in I a shearing force will arise. The optimizer can im-

prove the compliance by making the element containing

p isotropic, which means that we can observe a density

peak ρ → 1 in the vicinity of the singularity p. The

same effect can be seen in Figure 8, where the mate-

rial is distributed differently due to the layer directions

differing from the stress direction due to smoothing. It

is important to note that singularities also may occur

in void regions. Following the above thought of using

material to create isotropic elements, it is intuitively

understandable that the optimizer mostly tries to stay

clear of regions with fast turning stress fields and hence

creates singularities in elements with ρ = 0 aswell.

The above observation does not allow a prediction

of where singularities occur in the layer-field. It does

however allow to reason, why regions containing sin-

gularities can often be filled completely with material

in the post processing without an excessive amount of
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(a) Vector fields for γθ = 0.0 (b) Density for γθ = 0.0

(c) Vector fields for γθ = 0.1 (d) Density for γθ = 0.1

(e) Vector fields for γθ = 0.5 (f) Density for γθ = 0.5

Fig. 8: Vector fields and densities for different degrees of regularization.

additional material needed as we already see a density

peak. One needs to be careful as the above observation

assumes layer-fields that are well aligned to the princi-

pal stress directions.

5 De-homogenization for singularity containing

4-direction fields

With the knowledge accrued about singularities in the

last section, we are now able to study examples that

contain singularities. In this section we revisit ap-

proaches for the de-homogenization in singularity free

problems (see Subsection 5.1), propagate consistent la-

beling of the direction fields in the case of singularities

(see Subsection 5.2) and show the connection to quad-

meshing (see Subsection 5.3).

5.1 De-homogenization for smooth, continuous and

singularity free 4-direction fields

Similar to Pantz and Trabelsi (2008); Groen and Sig-

mund (2018); Allaire et al. (2018) we de-homogenize

the square unit-cell with a rectangular hole using two

periodic layers superimposed onto each other. Provided

that vector fields are smooth we can use the procedure

as presented in Groen et al. (2019) which will be re-

peated here for convenience.

Based on the two smooth 1-direction fields ni, i ∈
{1, 2} we create two mapping functions φ1 and φ2 that

preserve the orientation of the microstructures. Never-

theless, it should be noted that the map is not strictly

conformal. The values of φi do not need to be accurate

when there is no material in the layer (i.e. wi < 0.01)

or when the domain is completely solid (i.e. ρ > 0.99).

Hence, the problem only needs to be solved accurately

in the intermediate material part of the domain of the

i − th layer Ω̃i. This leads to the following spatially
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weighted partial differential equations (PDE),

αi1(x)∇φi(x) = αi1(x)ni(x), x ∈ Ω
s.t. αi2(x)∇φi(x) · ti(x) = 0, x ∈ Ω

(6)

where ti denotes the orthogonal vector to ni. The do-

main is split up into three parts, which dictate the

weights on the objective αi1 and the weights on the con-

straints αi2,

αi1(x) =


0.01 if wi(x) < 0.01,

0.1 if ρ(x) > 0.99,

1 if x ∈ Ω̃i.

αi2(x) =


0 if wi(x) < 0.01,

0 if ρ(x) > 0.99,

1 if x ∈ Ω̃i.

(7)

Numerically, we solve the above-mentioned problem as

a linear system using the finite element approach, where

the constraint is enforced in an augmented setting us-

ing penalty parameter γφ, called the alignment weight.

With both mapping fields known we can create an im-

plicit geometry description ρ̃i for each of the layers:

ρ̃i(x) = H

((1

2
+

1

2
S {Piφi(x)}

)
− w̃i(x)

)
. (8)

Here H is the Heaviside function and S ∈ [−1, 1] corre-

sponds to a triangle wave. Furthermore, Pi is a period-

icity scaling. Hence, the design can be de-homogenized

by an implicit geometry function ρ̃ as,

ρ̃(x) = min

{
1,

2∑
i=1

ρ̃i(x)

}
. (9)

Finally, we can impose an average layer spacing ε, which

can be interpreted as the unit-cell size. To do so, we

define the periodicity scaling parameter Pi based on

the average lattice spacing in the domain of interest

Ω̃i,

Pi =
2π

ε

∫
Ω̃i

dΩ̃i∫
Ω̃i
||∇φi(x)||dΩ̃i

, (10)

where the average layer spacing ε allows to steer the

average spacing between the structural members.

We depict the main steps in Figure 9. From a 4-

direction field (Figure 9a) two 1-direction fields are ex-

tracted (Figure 9b) for a standard cantilever beam. The

corresponding parametrization φi is depicted in Fig-

ure 9c, where contour lines have been added for a bet-

ter understanding. Figure 9d shows the cosine of the

parametrization indicating all isocontours and the pe-

riodic structure. Figure 9e shows ρ̃i and ultimately ρ̃

is depicted in Figure 9f. For further examples of de-

homogenization using smooth 1-direction fields in 2-

and 3D, the reader is referred to Groen and Sigmund

(2018); Groen et al. (2020, 2019).

5.2 De-homogenization in the presence of singularities

In the presence of singularities the above described

methods can fail for several reasons. Depending on the

index of the singularity different issues can arise:

– If a singularity of index ±1 is contained in the 4-

direction layer-normal field, the separation into two

integrable 1-direction fields is still possible (see Fig-

ure 7b). As locally neighboring vectors need to be

pointing in the same direction the extraction of

vector-fields does not arise trivially. This extraction

is called combing. In practice, a breadth-first search

has shown to fail with this task as depicted in Fig-

ure 10b because the singular point is hit. More ro-

bust results can be reached by expanding the search

through intermediate densities first, before expand-

ing into void and solid. This algorithm has been

used in 3D in Groen et al. (2020) and is explained

in Subsection 5.2.1 and depicted in Figure 11 and

the result for the corner loaded square in 10c.

– In the case of a singularity of index ±1/2 the 4-

direction field can still be combed, such that two

separate 1-direction fields arise (see Figure 7a, 7c).

However, the combing of these 1-direction fields

cannot be done consistently anymore. Any comb-

ing strategy will inevitably create mismatches, i.e.

some neighboring elements will contain vectors that

are rotated by π (see further Subsection 5.2.2).

A promising approach to extract a high-resolution

structure for such fields has been proposed in Don-

ders (2018).

– In case of a singularity with index ±1/4 the whole

procedure gets even more challenging. Recall that

following a curve c around a singularity of index
1/4 in a 4-direction field means that we return to

the start of our curve misaligned by π/2 (see Fig-

ure 7d-7f). Therefore, we cannot find two 1-direction

fields to which we can assign the directions of our

4-direction field. Instead one needs to cut open the

field in such a way, that one can integrate the 1-

direction fields using multiple coverings as intro-

duced in Kälberer et al. (2007). We will discuss this

topic extensively in Subsection 5.3.

5.2.1 Combing the 4-direction field

As a first step, we have to comb our 4-direction field.

This means we want to choose two orthogonal 1-
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(a) 4-direction field (b) 1-direction field

(c) Parametrization with some isocurves (d) Cosine wave

(e) Projection using ω (f) Combining two layer projections

Fig. 9: Projection pipeline – from a 4-direction field to de-homogenized mechanical structure.

directions for every element. In quad meshing, this is

normally done with a breadth-first search as shown in

Kälberer et al. (2007). As the homogenization method

results are noisy and unreliable in normals of layers with

very low or very high width, it makes sense to prioritize

combing in medium-density regions. This has recently

been proposed in Groen et al. (2020) and we depict an

example of our implementation in Figure 11, where the

chosen directions are given as black arrows and seam

edges are depicted in bright red. We color the elements

according to the time where they are visited by the

combing algorithm. For readability we bundle 50 ele-

ments to one step and color them with the same color.

Unlike Groen et al. (2020) we only use the direction of

a single neighboring element to compute the direction

to be fixed in element f . This allows for a much faster

algorithm and is possible due to the angular informa-

tion being more robust in 2D. The density priority is

obtained by ρpriority = |ρstart − ρf |, where normally

ρstart = 0.5 is chosen. We therefore comb the field first

in areas with a density close to 0.5 and then spread

out into the remaining domain. The numerical imple-

mentation of the combing only selects one direction per

element. The second direction is implicitly given as the

rotation of the extracted 1-direction field by π/2.

5.2.2 Finding the seams

For every 4-direction field containing a singularity with

index 1/4 or 1/2, we receive a combed 1-direction field

that has jumps of angle π/2 and/or π. Such fields are not

integrable and to be able to parameterize our domain,

we need to cut open our mesh as done in Kälberer et al.

(2007).
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Definition 5 (Seams, mismatch, seam edge) Two

directions whose enclosed angle exceeds π/4 are said to

mismatch by π/2. Accordingly, two directions whose

enclosed angle exceeds 3π/4 are said to mismatch by π.

An edge e is called seam edge if the directions in the

two adjacent elements f1, f2 mismatch. A seam is any

series of connected seam edges.

5.3 Constrained mixed integer solver

In Quad-meshing, multiple coverings and thus resulting

seams were introduced in Kälberer et al. (2007). An

expansion introducing an iterative scheme to enforce

integers is given in Bommes et al. (2009). We want to

exploit the underlying mechanisms to create a topology

on which we can integrate the combed fields, combining

them with the integration scheme introduced in Groen

and Sigmund (2018). Therefore, we give a short simpli-

fied introduction to Bommes et al. (2009) in Subsections

5.3.1-5.3.3.

5.3.1 Cutting the mesh open

As a first step, one cuts open the mesh along the

seams created in Subsection 5.2.2. Let e = (v1, v2) be

a seam edge, connecting the vertices v1 and v2 as in

Figure 12. The edge e separates the two elements f1
and f2. Auxiliary vertices ṽ1 and ṽ2 are introduced and

the connectivity of f2 is changed from [v1, v2, vt, vs] to

[ṽ1, ṽ2, vt, vs].

5.3.2 Gluing the mesh together

If one would solve the resulting linear system in Equa-

tion 6 on this cut open mesh, disconnected structural

members would arise at the seam locations, since the

integer isolines on the left and the right side of the seam

would not meet up. Therefore, one needs to make sure

that the parametrizations φ1 and φ2 in vertex v differ

by integers i, j from the parametrizations in ṽ. This en-

sures connected bars and also the same spacing between

bars on both sides of the seam. In case of a singularity

of 1/4 the parametrization φ1 can corresponds to the

parametrization φ2 on the other side. These rotations

Rote90 are given implicitly by the combed field. Kälberer

et al. (2007) formulate the rotational and integer con-

dition with the following equations

(φ1(ṽ1), φ2(ṽ1)) = Rote90((φ1(v1), φ2(v1))) + (i, j),

(φ1(ṽ2), φ2(ṽ2)) = Rote90((φ1(v2), φ2(v2))) + (i, j),
(11)

where i, j ∈ Z enforces that the integer isolines meet

up. The operator Rote90 accounts for the mismatch of

the rotations on both sides of the seam. It can be seen

as a multiplication with the imaginary number i in the

complex plane, where we regard the parameterizations

(φ1(v1), φ2(v1)) as a complex number. Maybe most in-

tuitively is the rotation with angle π. When we look at

Figure 12 and think of the vectors as gradients of the

parameterizations φ1 and φ2, we see, that if the value

of a parameterizations φ increases on one element, then

it must be decreasing on the other element. Thus the

signs of the parameterizations need to change, which

corresponds to a multiplication with i2. For rotations

of angle π/2 or 3π/2 the two parameterizations φ1 and φ2
need to switch position, since the ”blue” field becomes

the ”red” field. This corresponds to a multiplication

with i or i3 in the complex plane. If we define the angle

as the rotation in counterclockwise direction, we get:

Rote90((φ1(v1), φ2(v1))) = il(e)(φ1(v1), φ2(v1)),

where l(e) ∈ {1, 2, 3} is given by the mismatch of the

angles at edge e.

Further details about the operator Rote90 and this

procedure can be found in Kälberer et al. (2007);

Bommes et al. (2009).

5.3.3 Solving for the parametrization

Once the system is assembled, it is solved in the con-

tinuous case, i.e. no integer restrictions are applied at

first. This yields an approximation to the desired solu-

tion solving the problem up to disconnected bars at the

seams. The mismatch variables (i, j) can now be seen

as slack variables j ∈ J , where J is the set of all slack

variables. For every iteration the slack variable closest

to an integer

k = arg min
j∈J

| j − round(j) |,

is enforced to round(k) and the new system is solved.

In an iterative fashion, this procedure is continued until

no more slack variables are left.

6 Parameter choice for homogenization and

de-homogenization

The homogenization and the de-homogenization are

both influenced by some key parameters. The pipeline

introduced in Section 5 allows us to study different ex-

amples of start orientations for the layer normal and

regularization values (see Subsection 6.1). Further we

also outline the important de-homogenization parame-

ters (see Subsection 6.2).
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(a) 4-direction field before combing (b) Breadth-first combing (c) Density-based combing

Fig. 10: Example of two different combing strategies for a given 4-direction field resulting in different seams.

The breadth-first combing only uses information about the neighborhood of elements, whereas the density-based

combing uses density values to prioritize the combing of elements.

Step 1

Step 2

Step 3

Step 4

Step 5

Step 6

Step 7

Step 8

Fig. 11: Extraction of a 1-direction field using a density-based combing strategy. The combing is started at a root

element and follows intermediate densities first. The colors show steps of 50 elements at a time, whose 1-direction

has been fixed. The colors show steps of 50 elements at a time, whose 1-direction has been fixed.

Fig. 12: Sketch of cutting a grid open between two neighboring elements at a seam edge.

6.1 Influence of the start point choice and the

regularization of the homogenization method

It is known for the corner loaded square (see Figures

6b, 13 - 16) that there does not exist a unique opti-

mal solution. The shown examples were all achieved

using a resolution of 120 x 120 elements for the topol-

ogy optimization as well as for the parametrization step.

To visualize the resulting structures, we choose for the

de-homogenization an average layer spacing ε = 5hf ,

where hf = 15 is the number of fine scale elements used,

and an alignment weight γφ = 50. For the examples in

Figures 14 and 16 the value γθ = 1
5 is applied. In this

example we see that the start guess dictates the result-

ing structure. If the start point for the homogenization

method consists of a grid aligned 4-direction field we re-

ceive the structures depicted in Figures 15 and 16 that

are fairly grid aligned. However, if we solve one finite

element step, assuming that in all elements we have a

density ρ = 1, we receive a stress tensor field, whose

eigenvectors can be used as a start guess for the ho-

mogenization method, as shown in Groen et al. (2020).
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(a) Structure (b) Enlargement of the centre of the combed vector fields

Fig. 13: Example of a corner loaded square using principal stresses as a start guess for the layer-orientation, no

regularization applied.

(a) Structure (b) Enlargement of the centre of the combed vector fields

Fig. 14: Example of a corner loaded square using principal stresses as a start guess for the layer-orientation,

regularization γθ = 1
5 applied.

The results differ from the grid aligned start guess and

are shown in Figures 13 and 14. Note that even if we

impose regularization, the start guess still dictates the

outcoming structure as shown in the Figures 14 and 16.

With the principal stress directions as starting guess we

receive spatially ripped apart singularities, when impos-

ing regularization. With the uniform grid as starting

guess we stay completely clear of getting a singular-

ity in the center of the domain. Note that despite the

large geometric variations in these solutions, compli-

ance values Ch for obtained homogenization results are

extremely close demonstrating the non-uniqueness of

this problem.
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(a) Structure (b) Enlargement of the centre of the combed vector fields

Fig. 15: Example of a corner loaded square using grid aligned directions as a start guess for the layer-orientation,

no regularization applied.

(a) Structure (b) Enlargement of the centre of the combed vector fields

Fig. 16: Example of a corner loaded square using grid aligned directions as a start guess for the layer-orientation,

regularization γθ = 1
5 applied.

6.2 Alignment weight γφ and structural member

thickness ε

There are two main parameter choices influencing the

result during the de-homogenization: The alignment

weight γφ and the average layer spacing ε. We refer

to Groen and Sigmund (2018) for the choice of the

layer spacing ε. For comparison reasons, we use in this

subsection an ε = 10/L, where L is the resolution in

vertical direction. Further, topology optimization and

de-homogenization are done on the same resolution. If

no singularity is present, then the alignment weight γφ
should be chosen in a range of 100-1000 as shown in

Groen et al. (2019). It holds, that the lower the max-

imal absolute divergence of a vector field, the bigger ε

can be chosen, as it simply enforces a very strict align-

ment to the second vector field. However, in case of

a singular point, the field spins with a certain index
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around that point. If we now enforce a big alignment

weight on a low-resolution (80 x 20 elements) exam-

ple we receive stretched isocontours as shown in Fig-

ure 17a. The gradient of the parametrization becomes

almost zero in a large region. The constraint of Equa-

tion 6 is implemented as a penalization term multiplied

with the alignment weight γφ. Note that this term can

be minimized by the gradient becoming zero due to the

usage of the dot product. However, this leads to an in-

crease in the first term of Equation 6 and an unwanted

stretching of the isocontours. For a low-resolution ex-

ample, the space of bi-linear basis-functions is limited

and thus the parametrization is limited in adapting to

the rotation around a singularity. This leads to smear-

ing out of the rotational influence from the singularity

to neighboring elements. If the element size is large, this

influences a higher relative area of the optimization do-

main. Thus if the alignment weight is chosen very high

the gradient becomes zero in these elements due to the

first term of Equation 6 being suboptimal already. This

often results in a violation of the volume constraint as

can be extracted from Table 1. In order to allow for

a better comparison we provide the value VsCs, which

should however not be considered as a sole objective,

since the compliance does not depend linearly on the

volume. By using a higher resolution (160 x 40, 320 x

80, 640 x 160) (see Figures 17b, 17c and Table 1) most

of this problem is resolved. We can see that a trade off

in the alignment weight is still desirable for these high-

resolutions. On the one hand, a low alignment weight

can lead to non-load bearing bars, as isocurves might

lead into an area with zero layer width due to bad align-

ment. On the other hand, a too large alignment weight

can lead to an overvaluing of the constraint and thus to

stretched isocontours. For the examples in Table 1, we

observe that the optimal alignment weight can depend

on the resolution γφ between 50 and 5000 dependent on

the de-homogenization grid.

6.3 Island removal via connected component

To get rid of elements that are neither connected to

the boundary condition nor to the load, we do a simple

connected component analysis, where we only retain the

largest component. This immediately leads to the de-

sired removal of islands. However this still leaves some

unloaded bars, these can be removed by a couple of FE

analysis and removal of unloaded elements as proposed

in Groen and Sigmund (2018).

(a) Isocontours with resolution 80× 20 and alignment weight
γφ = 500

(b) Structure with resolution 320 × 80 and alignment weight
γφ = 5000

(c) Structure with resolution 640×160 and alignment weight
γφ = 5000

Fig. 17: Examples of center loaded clamped beam for

different resolutions and alignment weights.

Table 1: Performance for different alignment weights γφ
and resolutions res. We use the following abbreviations:
Ch = compliance of homogenization method, Vs, Cs = vol-
ume and compliance of de-homogenized structure, th, ts, t =
time for homogenization-based topology optimization, the de-
homogenization and the overall time in seconds. Since the
compliance does not depend linearly on the volume VsCs
should not be considered as the sole objective.

res γφ Ch Vs Cs VsCs th ts t

8
0

x
2
0 0 21.89 0.298 61.79 18.42 44.8 5.4 50.2
50 21.89 0.316 32.60 10.30 44.8 6.2 51.0

500 21.89 0.349 24.26 8.45 44.8 5.2 50.0
5000 21.89 0.351 24.50 8.60 44.8 4.0 48.7

1
6
0

x
4
0 0 21.82 0.295 337.74 99.52 135.4 11.2 146.6

50 21.82 0.334 24.69 8.25 135.4 10.2 145.6
500 21.82 0.343 22.76 7.81 135.4 10.2 145.7

5000 21.82 0.338 23.46 7.93 135.4 10.8 146.2

3
2
0

x
8
0 0 21.84 0.297 71.95 21.39 402.9 34.3 437.2

50 21.84 0.313 22.52 7.05 402.9 30.8 433.8
500 21.84 0.300 24.89 7.48 402.9 30.7 433.7

5000 21.84 0.285 26.75 7.63 402.9 30.8 433.7

6
4
0

x
1
6
0 0 22.02 0.298 73.51 21.90 1824.5 112.8 1937.3

50 22.02 0.293 25.57 7.48 1824.5 109.9 1934.3
500 22.02 0.288 25.91 7.46 1824.5 147.1 1971.6

5000 22.02 0.313 22.07 6.91 1824.5 111.5 1936.0

7 Conclusion and future work

We have identified the singularities occurring most of-

ten in 4-direction fields arising from homogenization

based topology optimization. Further, we investigated

the location and reasons for singularities to occur. We

have shown the influence of the start guess of the layer-

orientations on the outcome of the optimization. The
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proposed parametrization approach using Quad-Cover

allows parametrizing fields containing singularities of

index ±1/4. The proposed parametrization approach

also allows us to cut out areas completely filled with

void or solid material from the parametrization step.

These contributions increase the number of designs

for which the de-homogenization method can generate

high-resolution near-optimal structures at a low com-

putational cost. In order for the aforementioned points

to come to carry the next step for further research is

the adaptation of the projection step outlined in Groen

and Sigmund (2018) to allow for singularities with in-

dex 1/4. As an alternative, it might be of interest to

extract an explicit quad mesh from the parametriza-

tions produced in this paper. Such an explicit structure

would allow the use of graph-based algorithms, which

in turn enable the investigation of several challenges,

like disconnected or badly aligned structural members,

but also stretched iso-contours. Finally, we identify the

expansion of the presented approach to 3D as another,

highly interesting research area. Besides an increase in

computational cost, most of the ideas introduced in this

paper can be reused, but we envision challenges such as

non-uniqueness of 6-direction field when only 1 layer

has a finite width and challenges with the smoothness

of the layer-fields as has been discussed in Groen et al.

(2020).

8 Replication of results

Our work relies on several programming languages

(Python, Matlab, C++) and also several other codes.

Specifically, we use the described homogenization-based

topology optimization based on the 88 line MATLAB

code by Andreassen et al. (2011). The resulting 4-

direction fields are combed using the described density-

based search method, and in order to compute the final

structures, we use the QuadCover implementation in

libigl.

Rather than providing a source code package which

would only work under very strict platform require-

ments, we instead opt to aid the reader in reproducing

our results by providing three types of materials:

- An example 4-direction field with associated densi-

ties of the type produced for example by the code from

Groen and Sigmund (2018)

- A Python script that demonstrates the density-based

combing.

- A document outlining the necessary changes that have

to be made to the libigl library to make QuadCover

work on our type of problems. In particular, this sup-

plementary document explains the implementation of

the constraint in Equation 6.
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