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Stiffened plates are widely used in aerospace structures as load-bearing components. In 

order to obtain the novel design of stiffened structures with good performance, a generative 

design method of stiffened plates (GDMSP) based on the homogenization method is proposed 

in this paper. It optimizes the stiffener layout based on the equivalent model. Then the detailed 

model can then be obtained by extracting the stiffener path from the discrete distribution of 

stiffener angles. Moreover, the optimized design can be obtained by size optimization based 

on the detailed model. Two examples are used to illustrate the proposed framework, including 

the stiffness maximization of the rectangle stiffener plate and the buckling load maximization 

of the square stiffener plate. The optimized stiffener configurations are characterized by 

streamlines and uniform lines, respectively. For the first example, the stiffness of the stiffener 

design has an improvement of 17%. For the second example, the optimized design improves 

the buckling load by 35%. Results indicate that the proposed method can effectively provide 

a novel generative design for stiffened plates. Moreover, the obtained results have a clear 

stiffener path and have a noticeable improvement in performance, which can be directly used 

to establish a detailed model.  

Keywords: Generative design; Stiffened plate; Discrete material optimization; Asymptotic 

homogenization; Integrated optimization  

1. Introduction 

Stiffened plates and shells are commonly used as the load-bearing components in aerospace structures due 

to their high stiffness-to-weight ratio and high strength-to-weight ratio. In order to obtain the optimized design 

of stiffened structures with the best performance, design optimizations are generally performed. However, it is 

usually a difficult optimization problem, especially when the number of stiffeners is indeterminate and the 

stiffener layout is complicated. In the past decades, various methods have been investigated and developed from 

different perspectives. These methods can roughly be classified into three categories, namely topology 
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optimization, shape optimization, and size optimization.  

The earlier works of the stiffener design are the thickness optimization of solid or shell elements. 

Specifically, Cheng and Olhoff [1] performed the thickness distribution optimization of rectangular and 

axisymmetric plates to maximize the stiffness, which is the original form of topology optimization. Chung and 

Lee [2] also optimized the shapes and locations of ribs with the objective of maximum stiffness using the 

topology optimization technique. With the development of topology optimization, many methods were 

developed for stiffener optimization, where the stiffener layout design is converted into the distribution 

optimization of material. For example, Zhou et al. [3] introduced the casting constraints to standard topology 

optimization and obtained the stiffener topology design, where the stiffeners are described by ordered pseudo-

densities of the elements along the casting direction. Lam and Santhikumar [4] investigated the optimization of 

rib location under some realistic constraints. Later, Gersborg and Andreasen [5] proposed a smooth heaviside 

parameterization method, and Zhu et al. [6] proposed a simple method to impose the casting constraint, 

respectively. Liu et al. [7] additionally introduced a new set of variables based on a Heaviside-casting constraint 

and obtained stiffener designs with variable heights.  

Moreover, Zhang and Norato [8] proposed a geometry projection topology optimization method for the 

stiffener layout of the plate, which requires a relatively fine mesh to capture the thickness of the plates, but this 

cost can be alleviated by using adaptive mesh refinement strategies [9]. And then they [10] introduced two 

design and manufacturing constraints relevant to the optimal rib layout problem, including the minimum 

separation constraint between any two ribs and the constraint of hole independence. Wang et al. [11] developed 

an implementation of the extrusion constraint based on the helmholtz-type anisotropic filter approach. These 

methods can effectively optimize the innovative stiffened topology design, but they are computationally 

expensive due to a large number of design variables. Especially for the practical engineering problem with 

large-scale, the refined stiffener topology result required that the mesh size should be less than the thickness of 

stiffeners, which would result in an extremely large number of design variables. Specifically, Aage et al. [12] 

obtained a giga-voxel computational morphogenesis design with unprecedented structural detail for the full-

scale wing, which has 1.1 billion elements. Besides, Oberndorfer et al. [13] optimized practical engineering 

stiffened design by the ground structure approach of trusses. Ding et al. [14–16] proposed a growing and 
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branching tree model to perform the stiffener layout design, which is inspired by the branching system in nature. 

Similarly, Liu et al. [17] proposed an adaptive morphogenesis algorithm for the design of stiffened plates in a 

growth manner, which is inspired by the adaptive growth of leaf vein. Zhou et al. [18] developed a two-scale 

stiffener pattern optimization method for periodicity grid-stiffened structures. Sun et al. [19] performed the 

stiffener layout optimization of composite stiffened panels based on the moving morphable components method. 

Moreover, the stiffener designs can be obtained by topology optimization with maximum size constraints [20]. 

These topology optimization methods can fully explore the potential of the design domain can provide an 

innovative configuration design. However, topology optimization results generally require post-processing, and 

the shape and size optimizations based on the feature extraction configuration should be performed to obtain 

the final design. Because the results of topology optimization hardly meet all practical engineering requirements, 

such as continuous stiffeners and that the stiffeners should extend from one side to another side. Especially, it 

is challenging to obtain a clear stiffener path by topology optimization when the volume fraction constraint is 

ultra-small. As a result, most practical optimization stiffeners are limited to shape and size optimization.  

For shape optimization, the mathematical functions with parameters are used to describe the path of 

stiffeners, and the concept of curve stiffeners and non-uniformly distribution are introduced to improve the 

performance of the stiffened structure. For example, Hao et al. [21] proposed a curvilinear stiffener optimization 

framework for the cylindrical shells with cutouts based on the spline curve. Hirschler et al. [22] performed the 

isogeometric shape optimization of complex stiffened multi-patch structures. Wang et al. [23] proposed a 

homogenization-based optimization method with linearly varying stiffener angles for curve stiffened composite 

structures. Kegl [24] performed the truss-stiffened shell optimization with variable thickness using the shape 

optimization method. Zhao and Kapania [25] investigated the buckling response of composite panels with 

curved stiffeners. Wang et al. [26,27] proposed a streamline stiffener path optimization method, where different 

stiffeners are characterized using a streamline function with different constant values. Moreover, Liu et al. [28] 

additionally introduced interpolation functions to describe the non-uniform distribution and variable profile of 

stiffeners. Hao et al. [29] performed nondeterministic optimization for curvilinear stiffened panel with multi-

cutouts. Slemp et al. [30] have proved the advantages of curve stiffener design by experiment. Besides, Liu and 

Shimoda [31] proposed a parameter-free shape optimization method to design the shapes of stiffened thin-
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walled structures for the natural vibration problem. Bojczuk and Szteleblak [32] performed the layout and shape 

optimization for stiffened plates. For size optimization, the structural sizes are set as the variables to determine 

the final design. For example, Jármai et al. [33] performed the minimum cost optimization for welded 

orthogonally stiffened cylindrical shells. Bushnell [34] optimized the stiffened imperfect panels under combined 

loads in the post-buckling regime. Wang and co-authors [35–37] performed the size optimization of stiffened 

shells in launch vehicles with the post-buckling regime and proposed the hierarchical stiffened shell that has 

low imperfection sensitivity. The results of shape and size optimization generally meet the practical 

requirements and can be directly used as the final design model. However, shape and size optimization limits 

the design space. Moreover, the number of design variables would increase sharply with the increase of stiffener 

number, which would bring challenges to the optimization problem. The integrated approach for multiple 

optimization methods can further improve the performance of structures [38]. Therefore, an integrated 

optimization method of stiffened plates that includes topology, shape, and size should be established. 

While providing innovative configuration of stiffened shell with good performance, the design provided 

should also have the characteristics of detailed modeling, analysis and manufacturability, which can be 

called as the generative design. 

Based on this background, a generative design method of stiffened plates (GDMSP) based on the 

homogenization method is proposed in this paper, where the optimization is divided into two steps 

considering stiffener layout topology and structural size optimization. In the stiffener layout topology 

optimization, the typical stiffener cell is equivalent to the orthotropic laminate. Moreover, the multi-

material topology optimization method is used to optimize the stiffener layout. Then the detailed model 

can be restructured according to the topology result, and the structural size optimization is performed to 

determine the final design. This paper is organized as follows. First, the generative design method of 

stiffened plates based on the homogenization method is introduced in section 2. Then, two examples of 

stiffness and buckling load are respectively performed to illustrate the proposed method in section 3 and 

4. Finally, the findings are summarized in section 5.  
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2. Generative design of stiffened plates based on the homogenization method 

The proposed generative design method of stiffened plates (GDMSP) based on the homogenization method 

can be divided into three steps, as shown in Fig. 1. The first step is to establish typical stiffener cells and obtain 

their equivalent material properties by the asymptotic homogenization method. The second step is to optimize 

the stiffener layout topology configuration based on the equivalent model, where the arrangement angles of 

stiffener cells are set as variables. The last step is to extract the stiffener path from the result obtained in step 2, 

establish the detailed model, and optimize the structural size parameters to obtain the final design that meets 

other requirements. In order to further illustrate the framework, each step is explained in detail in subsequent 

sections.  

 

Fig. 1 Flowchart of the generative design method of stiffened plates based on the homogenization method  
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2.1 Asymptotic homogenization for stiffener cell 

In this paper, a typical cross-reinforced stiffener cell is established in the first step, as shown in Fig. 2. The 

stiffener cell can be regarded as a laminate, and the equivalent laminate property can be calculated by the 

asymptotic homogenization (AH) method. In this paper, the AH method improved by Cheng[39] and Cai[40] 

is employed to calculate the equivalent general stiffness coefficients of the stiffener cell, which is briefly 

introduced as follows.  

 

Fig. 2 Schematic diagram of the typical cross-reinforced stiffener cell 

The equivalent general stiffness coefficients of the stiffener unit cell Ω include the extensional stiffness 

coefficients Aij , coupling stiffness coefficients Bij , and bending stiffness coefficients Dij . They can be obtained 

with Eq.(1), 
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where C  is an elasticity matrix, subscripts i and j denote load cases ( , 1, 2,6i j ), Ω is the domain of stiffener 

unit cell. The unit strain fields include three in-plane strain fields 
0
i  and three flexural strain fields 

0
i , and 

the characteristic strain fields include three in-plane strain fields 
*
i  and three flexural strain fields 

*
i . Note 

that the unit strain fields 
0
i  and 

0
i  can be expressed by corresponding nodal displacement fields 

0
iχ  and 

0
iχ  with strain-displacement matrix εB as 
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The finite element analysis is employed to obtain the reaction force vectors if  of in-plane strain fields.  

  0 0 0 0T T T
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Thus, the reaction force vector if  of the flexural strain field is 
0

cell iK χ . The above force vectors are 

applied to each node of the original finite element model, and Eq.(4) under periodic boundary conditions is 
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where cellK  is the stiffness matrix of the stiffener cell under the periodic boundary condition. The 

characteristic strain fields i

ε  and i


ε  can also be expressed by corresponding characteristic displacement 
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a  with strain-displacement matrix εB  as 
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Therefore, the general stiffness coefficients of the stiffener cell can be obtained by Eq.(6), namely  
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In this way, the stiffener cell is equivalent to an orthotropic laminate. Moreover, the stiffener layout design 

is converted into the principal direction optimization of laminates, which is more straightforward than 

conventional topology optimization for stiffener layout. Furthermore, the computational cost of optimization 

can be significantly reduced since the number of elements has been drastically reduced.  

2.2 Topology optimization of stiffener layout 

The stiffener layout design has been converted into the principal direction optimization of laminates. When 

various stiffener cells with different arrangement angles are regarded as different materials, this problem can be 
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solved by multi-material topology optimization methods, such as the discrete material optimization (DMO) 

method [41–43], shape function with penalization (SFP) method [44] and binary coded parameterization (BCP) 

method [45], etc. Particularly, the DMO method is employed in this paper, which is briefly introduced with the 

stiffness objective as follows.  

Firstly, a candidate material set should be assembled, where each candidate material represents one 

arrangement angle of stiffener cell, i.e., corresponding equivalent material property (ABD matrix). For the 

cross-reinforced stiffener cell, a candidate material set with 15 degrees separation is selected. Due to the 

symmetry of the cross-reinforced stiffener cell, there are six candidate materials, as shown in Fig. 3.  

 

Fig. 3 Schematic diagram of six candidate materials of the cross-reinforced stiffener cell 

 

Then, a 3D plate model without stiffeners is established and meshed, where each element represents one 

cross-reinforced stiffener cell with a given candidate angle. Next, the DMO is used to achieve the appropriate 

angle selection of stiffener cells for all elements of the plate. In the optimization process, the constitutive 

properties of each element are calculated by weighted summation of all candidate constitutive matrices. 

Consequently, instead of the arrangement angle of the stiffener cell, the variables are pseudo-densities that are 

used to calculate the weights of the candidate materials for all elements. The number of design variables is the 

product of the number of elements and the number of candidate materials. For an example with m candidate 

materials and n elements, the variables are  11 12 1 21 22 2 1 2, ... ; , , ;...; , ,m m n n nmx x x x x x x x x , where 
nmx  stands for 

the pseudo-density of the mth candidate material for the nth element. The objective of DMO is to make one of 

the variables be 1.0 and the others to be 0.0 for every element, indicating that one distinct candidate material is 
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chosen, thereby achieving discrete material optimized design. The optimization formulation for stiffness 

maximization can be expressed as follow, 

 

T T       min  :  = 
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where U  and F  are the global displacement and force vectors, respectively, K  is the global stiffness 

matrix, 
ijx  is the variable, and i and j are the number of elements and candidate materials. In the process of 

DMO, the geometry and mesh are fixed, and only the material is changed. To obtain a distinct choice of material, 

a penalty interpolation function is used, which is effective in weakening the stiffness of elements with 

intermediate value. The constitutive matrix of the element 
e

iC  can be calculated as 
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where 
jC  is the constitutive matrix of the jth candidate material (i.e., the equivalent ABD matrix of stiffener 

cell with given angle). Each weight function 
ijw  should be valued between 0 and 1 to be physically allowable. 

And the weights are calculated with variables as 

     
1;

 1    1,...,
m

p p

ij ij ik

k k j
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     (9) 

where the generalized solid isotropic material penalization strategy with the penalty term  1 ik k j
x


  is 

adopted, aiming at pushing the variables 
ijx  towards being either 0.0 or 1.0. Besides, it is necessary to make 

the sum of variables of one element equal to 1.0 (i.e. 
1

1.0
m

ij

j

x


 ). Otherwise, physically meaningless results 

containing many intermediate variables may be obtained. It should be noted that a series of linear inequality 

constraints are imposed to ensure that the above equality constraints are approximately satisfied in this paper 

as  
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Moreover, the sensitivities are calculated with Eq.(11), and the optimization problem is solved with the 
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Method of Moving Asymptotes (MMA) proposed by Svanberg [46].  

 Tc
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e ei
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K
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To ensure that all candidate materials are treated equally, the initial values of the design variables are set 

as uniform, i.e., 
1

ijx
m

  for all elements. The optimization iteration loop is stopped when variables show no 

further obvious change or the maximum number of loops is reached. Afterward, the distinct choice of candidate 

material can be obtained by enforcing the variables to 1.0 or 0.0 according to the optimized result. It aims at 

eliminating intermediate values. The intermediate value is a common phenomenon in topology optimization 

[42,43,47]. However, the intermediate values have no physical meaning for DMO. In this paper, the highest 

variable value of each element is put to 1.0 and other variables are forced to 0.0. Finally, a complete 0-1 topology 

optimization solution representing the angle distribution of the stiffener cell is obtained.  

2.3 Stiffener path extraction for detailed modeling 

Because the distribution of stiffener cells does not strictly meet the periodicity assumption in the 

homogenization theory, the equivalent stiffness coefficients cannot accurately represent the performance of the 

real cell. Therefore, the optimized results using the homogenization-based model generally have errors 

compared with the real structures. Moreover, the mass of the structure does not change in the process of 

optimization because the mass of stiffener cells with different angles are the same. However, the mass of the 

detailed 3D model is different because the stiffener length would change during the extraction process, which 

results in a change in stiffener mass. Besides, the optimized result obtained by DMO is a discrete angle 

distribution of stiffener cells. In order to obtain optimized designs with the mass constraint, the stiffener path 

should be extracted based on the discrete distribution of angles, and the structural size optimization based on 

the detailed model should be carried out.  

In this paper, the stiffener path extraction (stiffener cell angle continuity) was performed by the fitting 

function method. At first, the optimized distribution of discrete angles for stiffener cells is split into groups 

where the discrete angles are orthogonal to each other. Then the direction gradients of all elements can be 

calculated for different groups. Next, the stiffener paths can be characterized by the fitting function method. In 
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this paper, the stiffener path is characterized by the streamlines. Specifically, based on seeds uniformly arranged 

on edges, the corresponding streamlines along the direction gradients can be described and obtained according 

to the Eq.(12)-(15).  

 
0 0( , ) ( , ),  ( 1,2,..., )i i i ix y sx sy i k    (12) 

 
1 ( , )i i i i
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where 
isx  and isy  are coordinates of seeds on edges, k is the number of seeds, i

nx  and i

ny  are 

coordinates of the nth nodes on streamline started from the ith seed, 
1

i

ny 
 is the predicted value of i

ny  , f   

is the gradient field of orientations, and h  is the iteration step for calculating the path, 
minx , 

maxx , 
miny  and 

maxy  are the boundaries of coordinates. Then, the extracted stiffener path can be obtained by combing all 

groups. Finally, the detailed 3D finite element model can be established with spline curves and analyzed using 

commercial finite element software. The schematic process is shown in Fig. 4, where ten seeds are arranged on 

the top edge of group 1, five seeds are arranged on the right edge, and ten seeds are arranged on the lower edge 

of group 2. Now, the stiffener path can be extracted, categorized, and features simplified to meet more common 

manufacturing techniques.  
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Fig. 4 The flowchart of stiffener path extraction and detained modeling 

3. Stiffness maximization of rectangle stiffener plate with distributed load 

In this section, a stiffness maximization example for a rectangular stiffener plate under uniform load is 

used to illustrate the proposed method. The length of the rectangular plate a is 300 mm, and the width b is 100 

mm. The material is aluminum alloy, its elasticity modulus is 70000 MPa, its density is 62.7 10  kg/mm3, 

and its Poisson's ratio is 0.3. The mesh is fixed with 850 (50×17) four-node shell finite elements in the discrete 

material optimization process. The left edge is fixed and a 10 N/mm uniform distributed load is applied on the 

top edge, as shown in Fig. 5.  

 

Fig. 5 Schematic diagram of rectangle plate with mesh, boundary and load 
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3.1 Discrete material optimization based on the equivalent material property of stiffener cells 

The typical cross-reinforced stiffener cell with solid elements is established first. The size of the stiffener 

cell is determined as 5 mm, which is a little smaller than the mesh size in DMO. Moreover, the mesh size in the 

stiffener cell is set at 0.125 mm, result in 64000 solid elements in total, as shown in Fig. 6. Then, the periodic 

boundary is applied to its outer surfaces in the in-plane directions, and the equivalent material property (ABD 

matrix) of the stiffener cell can be obtained by the asymptotic homogenization method, wherein the green skin 

region and yellow stiffener region are given solid material, and the gray region is given void material (solid 

material properties scaled by 10e-7). The equivalent general stiffness coefficients are listed in Table 1. It should 

be pointed out that the sizes of the stiffener cell do not have to strictly match the stiffener size and mesh size of 

the real structure because the sizes of stiffeners and skins will change in the detailed optimization stage. When 

the basic configuration of the stiffener cell does not change, the same distribution of angles would be obtained 

even if the cell size is proportionally enlarged or reduced. Moreover, the change of relative size of skin and 

stiffener in the unit cell only slightly influences optimization results. It is recommended that the proper ratio of 

the size for skin and stiffeners be ensured so that the skin and stiffeners significantly contribute to the equivalent 

stiffness.  

 

Fig. 6 The size and mesh of typical cross-reinforced stiffener cell for asymptotic homogenization 
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Table 1 The equivalent general stiffness coefficients of the stiffener cell with 5 mm length 

A11 A12 A13 A21 A22 A23 A31 A32 A33 

1.37e5 2.76e4 1.80e-9 2.76e4 1.37e5 1.59e-9 1.83e-9 1.61e-9 3.04e4 

B11 B12 B13 B21 B22 B23 B31 B32 B33 

-4.00e5 -1.00e5 -4.50e-9 -1.00e5 -4.00e5 -4.07e-9 -4.44e-9 -3.63e-9 -1.16e5 

D11 D12 D13 D21 D22 D23 D31 D32 D33 

1.46e6 3.92e5 1.83e-8 3.92e5 1.46e6 2.36e-8 2.03e-8 1.84e-8 4.61e5 

 

As for stiffener cells with other angles, the equivalent material property can easily be calculated with 

Eq.(16)-(17). In this paper, the candidate material set consists of six candidate material, as shown in Fig. 3.  
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Next, the DMO is performed to optimize the stiffener layout. The objective is to minimize the strain energy, 

and the optimization formula is as given in Eq.(7). For this example, each element has six variables, resulting 

in 5100 variables in total. Moreover, the penalty value is set to 1.0 to reduce the nonlinearity of the optimization 

problem, and the optimization process terminates when the maximum change of variables is less than 0.001 or 

the iteration reaches 100. At last, the optimized discrete angles distribution of stiffener cells can be obtained, as 

shown in Fig. 7, and the DMO iteration history curve is shown in Fig. 8. It can be seen that the stiffeners 

naturally extend from other edges to the fixed edge, and the stiffeners near the loading side are along the 

direction of the distributed load. Most of the stiffener cells in the middle area are oriented by 45 degrees, which 

makes the internal force transmission to surrounding areas as high as possible.  
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Fig. 7 The optimized discrete angle distribution of stiffener cells obtained by DMO for stiffness 

optimization of the rectangle stiffener plate 

 

 

Fig. 8 The DMO iteration history curve of compliance optimization for the rectangle stiffener plate 

 

 
Now the detailed 3D model can be established for comparison. For the optimized stiffener layout 

configuration, the number of the seeds on the top, the right and the lower edges are set as 50, 17, and 50, 

respectively. Then a dense stiffener path can be obtained, as shown in Fig. 9. For the initial orthogonal 

configuration, the number of transverse stiffeners and the number of longitudinal stiffeners are set as 17 and 50. 

Their structural sizes are consistent with the size of the stiffener cell, i.e., the thickness of the skin, the height 

and thickness of stiffeners are set as 1.0 mm, 4.0 mm, and 1.0 mm, respectively. Now the detailed 3D models 

can be established and analyzed in commercial finite element software. Besides, it should be pointed out that 

the seeds are arranged at the center coordinates of elements closest to the edges, not the nodes on the edges in 
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this paper. Therefore, the stiffeners do not extend to actual edges, and there is a gap between stiffeners and 

edges. However, the stiffeners extend to edges can be obtained by interpolating the unit cell angle of the 

elements to the nodes and placing seeds on the edge/margin nodes, which is not difficult. 

 

Fig. 9 The densest stiffener path extracted from the optimized discrete angle distribution of stiffener cells 

 

In this paper, the 3D shell models are reconstructed in ABAQUS. The element type is selected as S3, the 

mesh size is set to 0.5 mm, and a linear static analysis is used to calculate the strain energy of the structures. 

The detailed models and their deformation fields under the distributed load are shown in Fig. 10. It can be seen 

that the structural design is improved by changing the stiffener layout. Specifically, the strain energy of the 

detailed models for the initial design and the optimized design are 939.31 J and 591.12 J, respectively. The 

stiffness of the detailed design has an improvement of 58.90% compared with the initial design, and the mass 

of the detailed initial design (0.21 kg) is 10.53% higher than that of the initial design (0.19 kg). However, it 

should be pointed out that there are errors between the equivalent model and the detailed model. The strain 

energy of the equivalent model of the optimized result by DMO is 1436.40 J. The reason for the error is mainly 

caused by the following aspects, 1) the stiffener cells do not strictly meet the periodic boundary conditions, 

especially in the out-of-plane direction without unit cell repetition. 2) the type of elements used in the equivalent 

model and detailed model is different. Nevertheless, this does not affect the conceptual layout and primary 

stiffener path provided by DMO for the subsequent optimization. In addition, some constraints need to be 

considered based on conceptual design in engineering applications, which may result in the final detailed design 

fail to achieve the significant improvement in performance as in the theoretical and conceptual design stage. 

Therefore, it is necessary to perform detailed modeling and analysis based on the conceptual design in practical 

engineering applications. To alleviate this shortcoming, size optimization based on the detailed model is carried 

out in the next section. Moreover, there would be an inconsistency between the stiffener layout obtained by 
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DMO and the post-process design after structural size optimization due to the change of seed parameters.  

 

Fig. 10 The structure models and deformation fields under the distributed load, (a) the optimized stiffener 

layout design, (b) the traditional orthogonal configuration stiffener design 

 

3.2 Structural size optimization based on the detailed model 

In order to make a fair comparison, size optimization of the initial configuration and the optimized stiffener 

layout is carried out under a mass constraint. In the size optimization process, the design variables contain both 

discrete layout variables and continuous size variables. For the optimized stiffener layout, there are three 

discrete layout variables
ts , 

rs  and 
ls  that denote the number of seeds on the three edges. For the orthogonal 

configuration, there are two discrete layout variables 
tsn  and 

lsn  that denote the number of transverse 

stiffeners and longitudinal stiffeners. Moreover, they all have two continuous size variables 
stiffenerh  and 

stiffenert

that represent the height and thickness of the stiffeners, respectively. In order to investigate the influence of the 

stiffener layout, the thickness of the skin 
skint  is set to a constant of 1.00 mm in this section. The optimization 

formula is as shown in Eq.(18), 

 

T T       min  :  = 
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where the 
dX  is the discrete variables, 

cX  is the continuous variables. M is the total mass of the 

structure and M  is the mass constraint. It should be pointed out that the detailed model is established 

using a 3D shell model in ABAQUS. The element type is selected as S3, mesh size is determined as 0.5 

mm, and a linear static analysis is used. In order to search for the optimum solution, the hybrid optimization 
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strategy is implemented. Specifically, the Multi-island Genetic algorithm [48] is employed at first, wherein 

the sub-population size is set at 200, the number of islands is set at 2, and the number of generations is set 

at 20. Then the gradient-based Sequential Quadratic Programming-NLPQL [49] algorithm is used to find 

the local optimum solution wherein the result of the genetic algorithm is set as the initial solution. In this 

way, the optimized structural design can be obtained. Due to the premature convergence of genetic 

algorithm optimization, the genetic optimization process is manually stopped, and a total of 2141 analyses 

based on detailed finite element models are performed. With the addition of 40 iterations of gradient 

optimization, 2181 analyses are performed for the whole hybrid optimization process, which takes about 

325 hours. It is noted that most of time is spent on modeling and meshing of detailed finite element model. 

Moreover, all analysis and optimization in this paper were carried out using a computer server with Intel(R) 

Xeon(R) CPU E5-2670 v3 @ 2.30GHz and 128GB RAM. For comparison, the upper limits, the lower 

limits, the mass constraint, and the optimized design parameters of variables are listed in Table 2 and Table 

3. In addition, their structural models and deformation fields under a distributed load are shown in Fig. 11.  

 

Table 2 The upper limits, the lower limits, the mass constraint and optimized design parameters of 

variables of the optimized stiffener layout design for minimization strain energy 

 ts  
rs  

ls  
skint [mm] stiffenerh [mm] 

stiffenert [mm] M [kg] Strain energy [J] 

Lower limit of 

variables 
0 0 0 1.00 2.00 0.50 - - 

Upper limit of 

variables 
20 6 20 1.00 10.00 2.00 0.13 - 

Optimized design 

parameters 
20 3 17 1.00 2.00 1.17 0.13 791.24 

 

Table 3 The upper limits, the lower limits, the mass constraint and optimized design parameters of 

variables of the traditional orthogonal configuration for minimization strain energy 

 tsn  
lsn  

skint [mm] stiffenerh [mm] 
stiffenert [mm] M [kg] Strain energy [J] 

Lower limit of 
variables 

2 2 1.00 2.00 0.50 - - 

Upper limit of 

variables 
45 45 1.00 10.00 2.00 0.13 - 

Optimized design 
parameters 

17 2 1.00 2.00 1.75 0.13 925.79 

 

It is found that the stiffness of the optimized stiffener layout design has an improvement of 17.00% 
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compared with the traditional orthogonal configuration with the same mass. Moreover, it can be seen from Fig. 

11 that the optimized stiffener configuration significantly improves the deformation pattern of the structure by 

changing the stiffener layout. Especially, although the maximum displacement of the stiffened plate with 

orthogonal configuration is relatively small, its deformation mode is a local form. In contrast, the deformation 

mode of the innovative stiffened configuration is more global, which obviously has a gradually spreading 

pattern from the fixed left boundary to the right side. Furthermore, for the orthogonal configuration, there is no 

longitudinal stiffener (only two longitudinal stiffeners on the left and right sides, corresponding to the lower 

bound of variable for the number of stiffeners), which indicates that the vertical stiffeners are insignificant for 

the rectangle plate under a distributed load on the top edge. Besides, it is found that the stiffener height of both 

designs is the lower bound of the design variable, which illustrates that the stiffeners have little contribution to 

the stiffness of plates. This is because the stiffeners provide bending stiffness, and the optimum design for 

maximum stiffness under uniform load in the plane should have no stiffeners and only have skin. It is consistent 

with the conclusion that the optimum microstructure is an isotropic solid material when only considering 

stiffness in Ref.[50].  

 

 
Fig. 11 The structure models after the structural size optimization and corresponding deformation fields 

under the distributed load, (a) the optimized stiffener layout design, (b) the traditional orthogonal 

configuration stiffener design 

 

Furthermore, the influence of mesh dependency on the optimized results is investigated. The layout design 

variables and size variables are fixed, as given in Table 2, but the mesh for DMO is changed. The strain energy, 

the mass, and the deformation fields of the detailed model of the optimized result with different meshes are 

listed in Table 4. It is found that all designs have almost the same stiffener configuration and the same mass, 
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but at the same time that their stiffness increases as the mesh is refined. Especially the distance between the 

stiffeners and the edges would increase as the mesh size increase, which mainly leads to the decrease of 

structural stiffness. Because the path of the stiffeners is described based on the center coordinates of mesh. 

Besides, it should be noted that when the mesh size is too large, the obtained detailed stiffener layout design 

may be distorted due to insufficient gradient information describing the stiffener path. Therefore, it is 

recommended that the mesh should be refined enough in the step of stiffener layout topology optimization, 

which could ensure that the extracted stiffener path is closer to the optimized stiffener layout. Besides, it is 

noted that the kind of stiffener configuration produced by the proposed method is complex to manufacture, 

which can be concurrently be manufactured with processes such as additive manufacturing milling and casting. 

The stiffeners path should be further extracted manually or some manufacturing constraints should be 

introduced in the following works from a practical perspective. 

 

Table 4 The strain energy, the mass and the deformation fields of the detailed model of the optimized 

result with different mesh 

Mesh 

size 

Strain 

energy [J] 
M [kg] 

Improvement of 

stiffness compared 

with the traditional 

orthogonal design 

Deformation fields 

75×25 767.18 0.13 20.67% 

 

60×20 778.01 0.13 19.00% 

 

50×17 791.24 0.13 17.00% 

 

43×14 801.59 0.13 15.49% 
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38×13 820.09 0.13 12.89% 

 

33×11 826.71 0.13 11.98% 

 

30×10 833.28 0.13 11.10% 

 

 

Besides, the SIMP (Solid Isotropic Material Penalization) topology optimization method with Demold 

constraint and size control is performed to obtain the stiffener layout design in ABAQUS [42]. A solid finite 

element model is used with element type C3D8R. The mesh size is set at 0.5 mm, which results in 682176 

elements in total. The skin region is set as a frozen area, and the Demold constraint is applied to the normal 

direction of the skin. The thickness of the skin is 1.0 mm, and the design domain of the stiffener is 2.0 mm. 

There are four solid elements in the height direction of the design domain for stiffeners. According to the 

optimized result in Table 2 and Table 3, the mass of stiffeners is 0.049 kg, accounting for 37.70% of the total 

mass. For comparison, the upper limit of volume fraction is set as 30.26%, which would make the ratio of the 

stiffeners is same as that of the optimized designs in Table 2 and Table 3 (
2 30.26%

=37.70%
1 2 30.26%



 
). Moreover, 

the minimum size constraint is set as 2 mm, and the maximum size constraints are set as 5 mm, 10 mm, 15 mm, 

20 mm, 25 mm, and 30 mm, respectively. The strain energy of optimized results and corresponding deformation 

fields with different maximum size control parameters are listed in Table 5.  
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Table 5 The optimized results and corresponding deformation fields by topology optimization with 

Demold constraint and different size controls 

Maximum size control 
parameter [mm] 

Strain energy [J] Deformation fields 

5.00 1158.89 

 

10.00 863.16 

 

15.00 856.35 

 

20.00 844.39 

 

25.00 842.73 

 

30.00 834.66 

 

 
Obviously, the optimized stiffener design by the proposed method is better than the result obtained by 

SIMP topology optimization from the perspective of deformation mode. Moreover, it can be seen that there are 

intermittent stiffeners in the SIMP optimized result. This does not meet the design requirements of continuous 

stiffeners that are common in engineering stiffened thin-walled structures. Besides, the stiffeners do not extend 

from one side to the other side. There are even cases where a clear stiffener path cannot be obtained and the 

size control failed. Especially when the volume fraction is ultra-low, it is more challenging to optimize 

continuous and clear stiffener paths. These are the tough problems that the traditional topology optimization 

faces in the design of stiffener path layouts. In contrast, the GDMSP can efficiently and robustly obtain 
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continuous and clear stiffener paths, which can be directly used for detailed modeling and structural size 

optimization. The GDMSP can change the topology and realize the optimal ratio of stiffness distribution of the 

structure by optimizing the stiffener layout. Furthermore, the concurrent optimization of the layout variable (the 

number of seed points) and size variables can achieve the optimization design with a given mass constraint. In 

addition, it is suggested that the size of the fixed mesh should be small in the step of stiffener layout topology 

optimization. Then, the number of stiffeners can be changed by changing the layout variable in the step of 

structural size design, thereby changing the mass of the structure. In this way, it is not needed to re-execute the 

stiffener layout topology optimization when changing the mass constraint and the mesh size in DMO. Overall, 

the proposed GDMSP can robustly provide a distinct stiffener layout, and the optimized design has a significant 

stiffness improvement compared to the traditional design.  

4. Buckling load maximization of square stiffener plate with the non-uniform sinusoidal load 

In this section, buckling load maximization optimization for a square stiffener plate is carried out. The 

length of the square plate l is 1000 mm. The material is the same as that in section 3, and the mesh is fixed with 

400 (20×20) elements. The left and the right boundaries are fixed in z and 
y , the bottom left vertex fixed in y 

and the bottom right vertex is fixed in x and y. The square plate is subjected to the non-uniform axial load. 

Specifically, 1 N/mm uniform distributed loads are applied on the top edge and lower edge, respectively. Non-

uniform sinusoidal loads are applied on the left edge and right edge, which are expressed in Eq.(19), as shown 

in Fig. 12.  

 

sin(3 ) 1

2sin(2 ) 1
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Fig. 12 Schematic diagram of a square plate with mesh, boundary and the non-uniform sinusoidal load 

 

The sizes of the stiffener cell introduced in section 3 are enlarged ten times, i.e., the length of the stiffener 

cell becomes 50 mm, and the corresponding stiffness coefficients are listed in Table 6. The DMO is then used 

to optimize the stiffener layout. The optimization objective is to maximize the buckling load factor, where the 

optimization parameters are the same as those in section 3, and sensitivities are calculated with the adjoint 

method as Eq.(28) in the appendix. The optimization formula is as Eq.(20). 

 

Table 6 The equivalent general stiffness coefficients of the stiffener cell with 50 mm length 

A11 A12 A13 A21 A22 A23 A31 A32 A33 

1.37e6 2.76e5 -1.43e-8 2.76e5 1.37e6 -1.30e-8 -1.47e-8 -1.30e-8 3.04e5 

B11 B12 B13 B21 B22 B23 B31 B32 B33 

-4.00e7 -1.00e7 3.06e-7 -1.00e7 -4.00e7 -4.27e-7 1.89e-7 4.11e-7 -1.16e7 

D11 D12 D13 D21 D22 D23 D31 D32 D33 

1.46e9 3.92e8 -1.47e-5 3.92e8 1.46e9 -2.84e-5 -1.54e-5 -2.59e-5 4.61e8 
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where P is the buckling load, K
σ

 is the global geometric stiffness matrix, 
dofn  is the number of degrees of 

freedom, 
j  is the jth eigenvalue, and 

jΦ  is the corresponding eigenvector. Then, the optimized discrete 

angles distribution of stiffener cells can be obtained by DMO. It is seen that the distribution of angles can be 

divided into five parts from the horizontal direction, as shown in Fig. 13. The first, third and fifth parts are 

mainly 0 degrees because they bear the main axial load on four edges, respectively. The second and fourth parts 

are mainly 45 degrees because they mainly play the role of force transmission.  

 

Fig. 13 The discrete angle distribution of stiffener cells obtained by DMO for buckling optimization of the 

square stiffener plate  

 

For this example, the manufacturing techniques are considered. In engineering, curved stiffeners are not 

easy to manufacture and straight stiffeners are available. Therefore, the curve path of stiffeners is further 

extracted, categorized, and features simplified to the straight stiffener path, and the uniform stiffener layout is 

adopted, as shown in Fig. 14, where the primary trend of the angle gradient is retained.  
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Fig. 14 The feature-simplified straight stiffener path extracted from the optimized stiffener configuration 

for buckling optimization of the square stiffener plate  

 

Structural size optimizations of the optimized configuration design and the traditional orthogonal 

configuration are performed. For the optimized configuration, the number of units 
un , the number of 

longitudinal stiffeners m

lsn  in the middle area, and the distance between two stiffeners in the unit 
ud  are set as 

the layout variables, the height of stiffeners 
stiffenerh , the thickness of stiffeners 

stiffenert , and the thickness of skin 

skint  are set as size variables during the detailed optimization process. For the design of traditional orthogonal 

stiffener configuration, the types of variables are the same as those in section 3. The formula of the maximization 

buckling load of buckling load with mass constraint is as follows,  
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The structure is modeled with the S3 3D shell element in ABAQUS, the mesh size is 5 mm, and the linear 

buckling load is obtained by the Lanczos algorithm. The hybrid optimization strategy is used, and the 

optimization parameters are the same as that in section 3.2. For the optimized configuration, a total of 8090 

analyses based on detailed finite element models are performed, which takes about 374 hours. After the hybrid 

optimization, the optimized parameters and buckling load factors are shown in Table 7 and Table 8. Moreover, 
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the buckling modes of optimized results are shown in Fig. 15.  

 

Table 7 The upper limits, the lower limits, the mass constraint and optimized design parameters of 

variables of the optimized stiffener layout design for maximization buckling load 

 un  m

lsn  ud [mm] 
skint [mm] stiffenerh [mm] 

stiffenert [mm] M [kg] 
Buckling 

load factor 

Lower limit of 

variables 
1 2 50.00 2.20 11.00 1.30 - - 

Upper limit of 
variables 

30 30 300.00 3.00 16.00 1.90 8.00 - 

Optimized design 

parameters 
10 3 147.00 2.20 16.00 1.69 8.00 21.4 

 

Table 8 The upper limits, the lower limits, the mass constraint and optimized design parameters of 

variables of the traditional orthogonal configuration for maximization buckling load 

 tsn  
lsn  

skint [mm] 
stiffenerh [mm] 

stiffenert [mm] M [kg] 
Buckling 

load factor 

Lower limit of 
variables 

2 2 2.20 11.00 1.30 - - 

Upper limit of 

variables 
50 50 3.00 16.00 1.90 8.00 - 

Optimized design 
parameters 

20 15 2.20 16.00 1.43 8.00 15.8 

 

 
Fig. 15 The structure models after the structural size optimization and corresponding deformation fields 

under the non-uniform sinusoidal load, (a) the optimized stiffener layout design, (b) the traditional 

orthogonal configuration stiffener design 

 
The buckling load factor of the optimized design is 35.44% higher than that of the traditional orthogonal 

design. For the last design, the mass of stiffeners is 2.06 kg, and the mass of the skin is 5.94 kg. If similar 
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solutions tend to be obtained by topology optimization with Demold constraint, the volume constraint should 

be 4.77%. Moreover, it is found that the height of stiffeners all reach the upper limit of bounds. It is demonstrated 

that the stiffener height has a significant effect on the buckling load, which increases the bending stiffness of 

the structure. Besides, it is crucial that the novel design is composed of uniform and straight stiffeners, which 

does not challenge the existing manufacturing technology. Even with the complex non-uniform loads, the 

buckling load of structures can be significantly improved only by optimizing the stiffener topology layout. 

Overall, the GDMSP can also efficiently solve the stiffener layout optimization of buckling load and can provide 

a design that improves the buckling load and satisfies the manufacturing technology at the same time.  

 

5. Conclusions 

In this paper, a generative design method of stiffened plates (GDMSP) based on the homogenization 

method is established. It can optimize the stiffener topology layout based on an equivalent model. A detailed 

model can then be obtained by extracting the stiffener path from the discrete distribution of stiffener angles. 

Moreover, the optimized design can be obtained by structural size optimization based on the detailed model. In 

order to illustrate the GDMSP and verify its effectiveness, two examples are presented. The first one is the 

stiffness maximization of the rectangle stiffener plate with a distributed load. For this example, the stiffener 

path is characterized by streamlines, and the optimized design after the structural size optimization has an 

improvement of 17% compared with the traditional orthogonal configuration design. The second one is the 

buckling load maximization of the square stiffener plate with the non-uniform sinusoidal load. For this example, 

the curve path of stiffeners is further extracted, categorized, and features simplified to the straight path, and the 

non-uniform layout is transformed into the uniform layout. Finally, the design improves the buckling load by 

35% and satisfies the manufacturing technology at the same time. Overall, the proposed GDMSP can effectively 

improve the performance of the structure by changing the stiffener topology layout compared with the 

traditional configuration design and provide a novel and clear stiffener path, which can be directly used to 

establish the detailed numerical model. Besides, it should be noted that there may be some problems in the 

extraction of the stiffener path for the non-convex design domain with cutouts due to the discontinuity of angle 

distribution, which will continue to be investigated in the following work. 
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Appendix: the sensitivity analysis of the linear buckling load  

In this paper, the linear buckling load is calculated with the finite element method by solving the eigenvalue 

equation as follows.  

 { }  j j K K Φ 0
σ

  (22) 

For the DMO, the sensitivities are necessary. The sensitivities are calculated with the adjoint method, 

which is briefly derived as follows. The direct approach to obtain the eigenvalue sensitivity in case of a distinct, 

i.e., the simple eigenvalue 
j  is to differentiate Eq.(22) to the design variable 

ijx  premultiply by T

jΦ  and 

make use of Eq.(22). Then the following expression can be obtained as 
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where it has been assumed that the eigenvectors have been 
σ

K  -orthonormalized, such that 1T

i i σ
Φ K Φ . 

The geometric matrix is an implicit function of the displacement field, i.e.  (σ σK K u x),x , which have to 

be taken into account as 
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Then the static equilibrium equation Ku = F  is differentiated to the design variable 
ijx  as  

 
ij ij ij
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where the load sensitivity / ijx F  is zeros. Then, substituting Eq.(25) into Eq.(24) yields 
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Thus, the adjoint vector Λ  that satisfies the Eq.(27) can be introduced.  
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Finally, substituting the adjoint vector Λ  into Eq.(23), the full-analytically design sensitivities can be 

obtained as follow. 
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