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Abstract

In modern applications, there are found several operational data storage sys-
tems and large amounts of heterogeneous data that is being collected, both in
business and science contexts. At the same time, the data generation is in gen-
eral error prone, meaning that the data entry process always will produce dirty
data to some extent, either caused by human or system failure. Data integra-
tion comprises the task of cleaning dirty data and reconciling the different data
sources into one homogeneous data set, which is a crucial step on the way to
developing big data applications, such as machine learning models that rely on a
vast amount of data. However, the pace of data creation has by far exceeded the
capability of current data integration approaches, as these often rely on domain
experts. As a consequence, a large fraction of valuable data is not utilized for
analysis and thus leaves unused potential in every business field, which needs
to be addressed. Regarding this, this thesis seeks to develop data integration
methods for big data applications by employing machine learning algorithms to
ease the data integration problem in domain specific contexts, which is covered
by a threefold contribution.

First, this thesis has provided research contributions that investigated algo-
rithms in the area of data fusion and relational machine learning with a focus
on their suitability to solve data integration challenges. A case study of an
enzyme producer in the process industry that involved multiple data sources
evidently showed that before the actual task of developing a machine learning
solution, multiple data sources require careful data integration steps, which are
inherently hard. Many of the data integration challenges are complex, because
they require relational knowledge of the data at hand that often goes beyond
the data source or is not even contained in the data itself, which often leads
to the necessity of involving domain experts, who possess the required knowl-
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edge. To accommodate this requirement of understanding relational knowledge
this thesis has covered three research contributions in the field of relational ma-
chine learning. This includes the Bayesian Cut, which is a specialized model
for community detection in graphs, as well as two contributions that investigate
knowledge graph embedding models in greater detail. In particular, a knowledge
graph embedding model framework was developed that enables composability
and reproducibility and was accompanied by a large-scale benchmarking study,
which made the contribution of individual components transparent, such that
the necessary design decisions are more comprehensible and accessible. Further-
more, a new measure was proposed that alleviates the conceptually flawed way
of measuring the performance of knowledge graph embedding models, which is
vital when relying on knowledge graph embedding models in big data applica-
tions.

Second, as knowledge graph embedding models are suitable knowledge integra-
tors that can be used to predict new knowledge based on relations between
objects, this thesis proposed a data integration framework purely based on ma-
chine learning that allows the combination of other machine learning approaches
with knowledge graph embedding models as an artificial domain expert to solve
the above-mentioned data integration challenges. In the proof-of-concept ex-
periments that were covered in this thesis, this approach has been shown to
be a very suitable approach that has promising merits. These merits include
that it can scale vastly while it can accommodate various existing data profil-
ing approaches and various types of information that are handled through the
knowledge graph embedding model in a relational fashion.

Third, all research contributions as well as the experiments are based on research
software that was created as a part of this thesis, which is openly available, ac-
companied by journal publications and thoroughly documented, and thus fosters
future research in the covered research areas and beyond as well as applications
that build on it, such as the data integration framework proposed in this thesis.



Summary (Danish)

I moderne applikationer findes der adskillige operationelle datalagringssystemer
og der indsamles store mængder heterogene data, både i forretnings- og vi-
denskabelige sammenhænge. Samtidig er datagenerering generelt udsat for fejl,
hvilket betyder, at dataindsamlingsprocessen altid i nogen grad vil producere
fejlbehæftede data, enten forårsaget af menneskelige- eller systemfejl. Datainte-
grering omfatter opgaverne, at rense fejlbehæftet data og forene de forskellige
datakilder i et homogent datasæt, hvilket er et afgørende skridt på vejen til at
udvikle big data-applikationer, såsom maskinlæringsmodeller, der er afhængige
af en enorm mængde af data. Hastigheden af datagenereringen har imidlertid
langt overskredet mulighederne for de nuværende dataintegreringsmetoder, da
disse ofte behøver domæneekspertviden. Som en konsekvens af dette analyseres
en stor del af den værdifulde data ikke, og efterlader dermed et uudnyttet poten-
tiale på alle forretningsområder, som bør adresseres. På denne baggrund søger
denne afhandling at udvikle dataintegreringsmetoder til big data-applikationer
ved at anvende maskinlæringsalgoritmer til at lette dataintegreringsproblemet i
domænespecifikke kontekster, uddybet i de 3 følgende dele.

For det første har denne afhandling givet et forskningsbidrag, der undersøgte
algoritmer inden for datafusion og relationel maskinlæring med fokus på deres
egnethed til at løse udfordringer med dataintegrering. Et casestudie af en en-
zymproducent i procesindustrien, der involverede flere datakilder, viste tydeligt,
at før selve opgaven med at udvikle en maskinlæringsløsning kunne løses, kræ-
vede flere datakilder omhyggelige og komplicerede dataintegreringstrin. Mange
af dataintegreringsudfordringerne er komplekse, fordi de kræver relationskend-
skab til det foreliggende data, der ofte går ud over datakilden eller ikke altid
er indeholdt i selve data, hvilket ofte fører til nødvendigheden af at involvere
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domæneeksperter. For at imødekomme kravet om forståelse af relationel viden
har dette speciale givet tre bidrag inden for relationel maskinlæring. Dette in-
kluderer Bayesian Cut, som er en specialiseret model for samfundsdetektering
i grafer samt to bidrag, der undersøger knowledge graph embedding modeller
mere detaljeret. Især blev der udviklet teoretiske rammer for knowledge graph
embedding modeller, der muliggør sammensætning og reproducerbarhed. Dette
blev ledsaget af en storstilet benchmarking-undersøgelse, som gør individuelle
komponenters bidrag mere synlige, så de nødvendige designbeslutninger er mere
forståelige og tilgængelige. Desuden blev der foreslået en ny metode, der forbed-
rer den konceptuelt mangelfulde måde at måle knowledge graph embedding
modellernes ydeevne på, hvilket er afgørende, når man skal stole på knowledge
graph embedding modeller i big data-applikationer.

For det andet, siden modeller for knowledge graph embedding er egnede videns-
integratorer, der kan bruges til at forudsige ny viden baseret på relationel viden
om forholdet mellem objekter, foreslår denne afhandling en dataintegrerings-
ramme udelukkende baseret på maskinlæring, der tillader kombination af andre
maskinlæringstilgange med knowledge graph embedding modeller som en kun-
stig domæneekspert for at løse de ovennævnte dataintegreringsudfordringer. I
de proof-of-concept-eksperimenter, der blev udført i denne afhandling, har den-
ne fremgangsmåde vist sig at være en meget passende tilgang, der har lovende
fordele. Disse fordele inkluderer, at den er skalerbar, samtidig med at den kan
rumme forskellige eksisterende dataprofileringstilgange og forskellige former for
information, der håndteres gennem knowledge graph embedding modeller på en
relationel måde.

For det tredje er alle forskningsbidrag såvel som eksperimenterne baseret på
forskningssoftware, der blev udarbejdet som en del af denne afhandling. Softwa-
ren er åbent tilgængelig, ledsaget af tidsskriftspublikationer og grundigt doku-
menteret, og bidrager til at fremme fremtidig forskning både inden for de om-
fattede, men også andre, forskningsområder og applikationer, der bygger videre
på det, som f.eks. dataintegreringsrammen foreslået i denne afhandling.
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Chapter 1

Introduction

1.1 Background and motivation

In recent years the term big data has evolved into an ubiquitous and global
phenomenon [47] that by some might be referred to as ’hype’ [136]. Looking
at data in general, a study estimated that from 2005 to 2020 the digital uni-
verse will grow by a factor of 300, from 130,000 million gigabytes to 40,000,000
million gigabytes [49]. Considering these numbers, the term big data certainly
is appropriate. In fact, in 2015 the famous Gartner hype cycle for emerging
technologies completely eradicated big data from their hype cycle, stating that
"big data [...] has become prevalent in our lives" [136].

While it is expected that at least 25% of this data contains valuable information,
if analyzed, as of 2012 only 3% of the data is tagged and only 0.5% is analyzed
[49]. Considering that the prevalence of big data virtually stretches across all
fields of business and science, it is standing to reason that this leads to a con-
siderable extent of lost information. The two main reasons for only analyzing a
fraction of the data available are as follows. First, the problem of dirty data, i.e.
data that contains errors, missing values, mixed formats etc. [68, 30], and sec-
ond, data heterogeneity, i.e. data that is describing the same real world object by
using different names and formats amongst different databases [32, 21, 82, 28],
whose detection and correction often is the most time consuming task in data
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analysis or leads to inaccurate and unreliable analysis results, if not performed.
In addition, this has posed a problem for developing successful Machine Learn-
ing (ML) applications [50], since ML problems can be highly sensitive to dirty
and heterogeneous data [30].

In modern applications there are found several operational database systems and
large amounts of heterogeneous data that is being collected, both in business
and science contexts [113], while "each data warehouse and source can be unique
in its own way" [88]. Furthermore, "data entry and acquisition is inherently
prone to errors, both simple and complex" [86], meaning that the data entry
process always will produce dirty data to some extent, either caused by human
or system failure, and the problem of already existing dirty data always remains.
Correspondingly, the literature states that up to 40% of the data is erroneous
or inaccurate [46, 88].

The above mentioned problems show that heterogeneous and dirty data is an
inherent problem in every business field, which needs to be addressed. In fact,
the case study included in this thesis [10], which is described in more detail in
section 2.1.1.1, shows that basically all of the above named problems occur in
typical industrial settings. The ever growing use of sensors in factories is one of
the main contributors to this. Often the data created and stored is only used
for regulatory documentation purposes while new applications such as process
prediction by ML models first appear after years of storing this data.

The negligible amount of data currently being utilized considering the value left
unused as outlined above shows that humans are overwhelmed with the vast
amount of data and the tools currently available do not provide the help needed
to the extent necessary. Therefore, the interest and research activity to obtain
methods and tools to clean dirty data and homogenize heterogeneous data is
surging, both amongst academia and the industry [21, 94, 30, 3, 88, 27, 26].
Last but not least, driven by the recent development of desired transparency
and traceability of computations and reinforced by the new General Data Pro-
tection Regulation of the EU [53], there is an interest in obtaining transparent
and reproducible results. Likewise, it can be concluded that business and sci-
ence share this interest, since data integration presents the foundation of the
subsequent analysis and usage of the new data created.
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Figure 1.1: Data Integration Context

1.2 Problem definition and research questions

In general, data integration can be described as "...the problem of combining
data residing at different sources, and providing the user with a unified view
of these data." [76]. From an application perspective, data integration contains
the tasks of cleaning dirty data and reconciling the different data sources into
one homogeneous dataset [21, 76].

To better understand where the data integration challenges originate the context
and environment of data integration have to be understood. In Figure 1.1 the
data integration context is shown. In general, the data creation starts with
sensors observing real world objects, which are considered the ground truth
for the purpose of this thesis and are an abstract representation for objects
of interest, e.g., a production process. Whereas in most settings sensors are
electrical devices, humans can be considered as proxy sensors that subsequently
use electrical devices to enter data, which presumably increases the error rate
even further [86]. Accordingly, this process often introduces errors and the
data stored now contradicts in parts the real world object. Furthermore, due
to the heterogeneity of sensor systems, e.g., humans and automatic sensory
systems, data about the same object is stored in different databases and types
of storage systems. Because of the nature of these technical systems and the
errors introduced by the different sensors, it can often be observed that the data
stored not only contradicts the real world object, but that the data stored in
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different storage systems contradict each other. Looking at the illustration, it
could be argued that the data integration process could already follow as next
step directly connecting to the different data storage systems, however, even the
direct extraction from storage systems requires the configuration by humans,
e.g., language settings and time zone settings, as well as the data extraction
protocol often handled over Application Programming Interfaces (API) that
are also configured by humans. In industry settings it can also be the case
that direct access to the storage systems is not possible or restricted due to
organizational reasons, as observed in our case study [10], which requires a
pure human based manual extraction procedure, e.g., writing SQL-queries or
importing production data over spreadsheet application plugins. During this
process of data extraction from different data storage systems the amount of
contradiction is generally increased as the different procedures and technical
systems involved allow for additional errors. It is only now, once all data has
been extracted, the data integration process starts, which should reconcile the
data at hand into one homogeneous dataset [21, 76] that optimally truthfully
represents the real world object. Elaborating this statement, this does not mean
that data integration should be able to create more knowledge about the real
world object than it has received, but that it should optimally only make correct
statements about the real world object and also know what part of the data is
contradicting or seems incorrect and thus has to be dropped or marked as such.

In general, the starting point in data integration is cleansing the dirty data in
each source itself. More specifically, this can be stated as the problem of how
erroneous data can be detected efficiently. Whereas the terminology of errors
in databases has been well defined in the literature [94, 65, 100], the detection
of these remains a problem. The literature has proposed a variety of methods
and algorithms to detect mostly isolated kinds of data errors based on either
rigid rules or statistical measures [86, 3]. However, in general there seems to be
a consensus that well conducted data cleansing cannot be performed without
domain experts [94]. A recent study tested the performance of available tools
and algorithms on real data errors and concluded that their performance is far
from 100% [3]. Even if available current algorithms are enriched with addi-
tional knowledge, they cannot identify errors that humans can [3]. In addition,
data cleansing has focused on detecting and fixing errors, while neglecting the
scalability to huge datasets by using expensive computations [64].

After cleansing, the reconciliation of related data is the remaining data inte-
gration problem due to heterogeneous data. Heterogeneity can in general be
caused by the information itself, i.e. semantic, structural and syntactic, as well
as the system, e.g. using different file types or database systems as shown in
Figure 1.2. Asides the systematic heterogeneity, which is rather a technical as-
pect and not a focus of this thesis, the information heterogeneity means that
even though two data sources themselves are error-free, they may differ from
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Figure 1.2: Heterogeneity of Data based on [101]

each other semantically, syntactically and structurally. As an example a Dan-
ish database stating the constant "frokost" meaning "lunch" in Danish and a
Norwegian database stating "frokost" meaning "breakfast" in Norwegian can
be taken. Whereas they are both syntactically correct and look similar, their
semantics differ.

Since the theory and foundation of data integration itself is well established, this
thesis does not cover it and instead refer to the book "The Principles of Data
Integration" by Doan et al. [7] that covers this topic in great detail. Still, our
knowledge at present only allows us to take care of the problem manually, but
does not provide approaches to solve existing problems in an automated fashion.
This issue is emphasized by the literature through the recurrent emphasis on
the necessity of domain experts and domain knowledge [32, 74]. To alleviate
this problem the literature from early on called for domain specific ontologies,
which describe the data logic of each domain in a formal representation [101, 74],
but as of today the lack of ontologies and data understanding is a remaining
problem [127, 27].

The consent in the literature seems to be that these problems can be addressed
by ontology learning, i.e. constructing the ontology out of existing data also
by the means of ML [32, 22, 75, 27], but at the same time learning ontologies
has turned out to be substantially more difficult than anticipated and it is often
cheaper to build the ontology from scratch rather than learning it from the data
[75, 111]. Summarizing these impediments, one can comprehend why challenges
outlined in 1.1 remain.
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Figure 1.3: Comparison of (a) domain specialist based ML and (b) pure ML.
Figure from [128]

Therefore, this thesis takes a different stance and makes an approach to solve
the data integration from a pure ML perspective. Even though there are ML
approaches to be found in the Ontology Learning community, it can be seen that
the focus remains on using the domain knowledge and structure that are already
established in this community. Drawing a direct comparison to other computer
science domains as shown in Figure 1.3, a good example is the computer vision
domain that for a long time has tried to solve the image recognition problem with
domain expertise, domain techniques also combined with ML techniques, e.g.,
using hand-crafted kernels together with Support Vector Machines, whereas the
ML community with the rise of Neural Networks (NNs) soon achieved superior
results without the use of any domain knowledge and as of today remains the
state-of-the-art (SOTA) technique [102, 128].

Here it could be seen that a pure ML approach is better suited for a domain that
handles vast amounts of data with a high complexity, i.e. big data. Based on
this, the context shown in Figure 1.1, and in order to cope with the challenges
outlined in Section 1.1, this thesis seeks to conceptualize data integration in a
more holistic approach that tries to solve these challenges in a principled manner
by using ML in order to help practitioners and researches integrate their data at
hand without the help of domain experts. This leads to the following to research
questions:

1. Which ML methods are suitable for data integration?

Similar to the computer vision domain that has shifted towards the ML
domain, there are specific algorithms for specific tasks within that domain
itself [102]. Another aspect, especially with regards to big data applica-
tions, is the issue of scalability and explicit interaction of users, i.e. while
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some approaches might deliver good results their poor scalability or com-
plexity can make them less suitable for big data applications. Therefore,
this thesis investigates ML based approaches that either allow to handle
multiple data sources directly or that support the reconciliation of data
sources in big data applications through knowledge integration, while fo-
cusing on the scalability.

2. What is a suitable generic framework of data integration under
the pure ML approach?

Overarching the first part, it can be assumed that a general solution will
consist of multiple methods and algorithms. Since the order of which the
computations are performed has a huge influence on the overall perfor-
mance of such a solution [3], it can be concluded that the overall frame-
work has a computational and sequential optimum. Therefore, the goal is
to develop a general data integration framework that allows for an incor-
poration of different algorithms to cope with data integration challenges as
a whole in order to provide an efficient way of performing data integration
that is suitable for big data applications.
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1.3 Outline and guideline of the thesis

Figure 1.4: Thesis outline

As a guideline and to clearly differentiate the intent of this thesis, it should be
noted that the intent is not to conduct a detailed examination of what data
integration is. Also, the intent is not to establish a form of ontology learning
even though some versed readers might be tempted to draw that conclusion.
For readers interested in ontology learning, this thesis refers to Lehmann et al.
[75]. To put it straight, this thesis intends to cover how the data integration
challenges that arise with the age of big data can be solved by the means of
ML, which the thesis covers with 5 chapters as seen in Figure 1.4 and that are
shortly described in the following:

1. Introduction

In chapter 1, the problem is formulated and the research questions are
raised. From here the reader has to options,

• continue to chapter 2 that will help the reader to understand the
mathematical challenges of ML algorithms with regards to data in-
tegration.

• go straight to chapter 3 for more a more practical view and applica-
tion of data integration as intended by this thesis.

2. Research contributions

In chapter 2, we address the first research question described in section 1.2.
This chapter handles the publications that are part of this thesis and will
investigate data integration challenges from a more theoretical perspective
in order to gain a theoretic understanding to provide the right principled
tools to solve this problem.
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3. Practical application

In chapter 3, the second research question described in section 1.2 is cov-
ered. Therefore, this chapter starts by constructing a theory on how data
integration challenges should be considered in general to provide a straight
forward approach to solve these challenges. Subsequently, the practical
problem understanding of data integration challenges is handled from the
applied perspective and the knowledge drawn from chapter 2 will be ap-
plied to exemplary cases.

4. Discussion

Chapter 4 will put the first three chapters into perspective and cover
remaining challenges with regards to the research questions.

5. Conclusion

Chapter 5 will conclude this thesis by summarizing the main contributions
and outcomes of this thesis.
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Chapter 2

Research contributions

In this chapter the publications of this thesis, which are attached in appendices
A to F, are summarized and put in context to the goal of this thesis. These
publications represent the research topics that were covered during the PhD
program and explore different research directions that allow coping with data
integration challenges and build the underlying foundation. The two directions
examined are described in the following:

1. Data Fusion

handled in section 2.1. Here the focus is on joining multiple data sources
in order to boost the expressiveness of algorithms, which is covered in
the research contribution shown in appendix F that uses the Multi-Block
Partial Least Squares (MBPLS) algorithm in an industry use-case to ex-
plore fermentation data with multiple data sources. Since the only avail-
able implementation of the MBPLS algorithm showed severe scalability
issues, another research contribution was made with appendix E. In this
publication all available MBPLS algorithm versions were investigated and
re-implemented in a unified framework available as open-source Python
package for researchers and practitioners.
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2. Relational Machine Learning

In Relational Machine Learning (RML) the goal is to learn the underlying
relations of relational data that represents objects and the relationships
between them [38]. A sub-field of this is called Statistical Relational Learn-
ing (SRL), the goal is to model data with complex and relational structures
in such a way that their underlying probabilistic nature is represented [67].
As relational data often is represented in graphs representing the relation-
ships between objects, we look at two methods that can be used to learn
these relations.

(a) Stochastic Block Models
handled in section 2.1 One of such methods is the Stochastic Block
Model (SBM) that allows detecting the underlying statistical na-
ture of data represented in graphs, also known as community struc-
tures [62]. A valuable feature of SBM is that it creates a generative
model that mimics the data. Therefore, adaptions have been pro-
posed to enhance the expressiveness of this models by converting it
to a Bayesian model, i.e. parametrizing the model parameters us-
ing Bayesian statistics [110, 57]. As all these models suffer from the
major shortcoming that they do not necessarily represent a reason-
able community structure, a new model named "The Bayesian Cut"
was introduced in the research contribution presented in appendix D.
This model has been shown to overcome the shortcomings of the other
models while preserving the desired properties of full Bayesian mod-
els.

(b) Knowledge Graph Embedding Models
handled in section 2.2.2. In the recent years Knowledge Graphs
(KGs) have become an increasingly popular way to store complex
structural data that describes the relations between real-world ob-
jects as well as abstract concepts in both academia and the industry
[60]. To exploit the knowledge stored in such KGs, Knowledge Graph
Embedding Models (KGEMs) can be used [98, 129]. In the same fash-
ion as in SRL KGEMs learn the relational structure of the data and
thus can be used to predict new facts [98], which is why they also
are widely applied in many tasks, such as relation extraction and
question answering amongst many others [129]. Even though works
such as [98] and [129] have provided great contributions to establish
the theoretic framework of KGEMs in the literature [6] could observe
that actual publications proposing KGEM often do not follow this
framework and thus, the understanding of the impact due to archi-
tectural design choices in the field remained unclear. Therefore, the
research contribution of this thesis shown in appendix A proposes
a unified framework and conducts a large-scale evaluation study of
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existing KGEMs to unify existing research and provide a structured
approach to conduct future research for both academia and indus-
try. Since this effort required a robust and modular software frame-
work, another research contribution is provided by this thesis with
appendix B in which an open-source Python package is developed
that takes a principled approach to KGEMs based on the established
theoretical framework by [6]. Last but not least, in [13] it was ob-
served that ranking measures, which are used to evaluate the perfor-
mance of KGEMs, are fundamentally flawed and can lead to deceiving
results that hide the actual performance of these models. Therefore,
the research contribution of this thesis shown in appendix C analyzes
this issue and proposes a new metric that effectively overcomes this
issue.

2.1 Data Fusion

In combination with data integration one might hear the term "data fusion",
or one of its synonyms such as "data merging", "data consolidation", "entity
resolution", or "finding representations/survivors" [15], which might cause con-
fusion. In general, data fusion is joining a variety of data from multiple sensors
and sources into a single data set to improve the accuracy of algorithms and
analyses [55, 54]. This is different from data integration, which is the general
task of combining data from multiple sources, including the cleaning of dirty
data and reconciliation of entries, to provide a unified view to the user [21, 76].
Accordingly, it can be derived that contrary to data integration, data fusion
does not concern techniques to produce more consistent, accurate or correct
data than the individual data sources provide themselves. In short, data fu-
sion only addresses the question how to merge multiple sources into one in a
principled manner, and therefore should be considered a sub-procedure of data
integration, which is supported by [15].

Nonetheless, the logic of how to merge data is very relevant and has a significant
impact on the overall data integration pipeline. Thereby, data fusion also covers
the necessary considerations as to why data sources are merged in specific ways
as shown e.g. by the Joint Directors of Laboratories (JDL) process model for
data fusion that guides how data should be merged and which techniques should
be used based on process and application considerations [24]. However, for ML
and the goal of this thesis it is less relevant to know how things should be done
based on a framework, as it is to understand how things actually can be done
and what impact that has on the integrity and semantics of the data at hand.
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Therefore, this thesis will follow the "Three Processing Architectures" according
to [55], that define the three ways of joining data as follows

• direct association of all sensor data, i.e. direct aggregation of the
data through averaging or more advanced estimation techniques such as
Kalman filtering. This is often done to reduce the noise of multiple in-
dependent sensors that measure the same physical phenomena. As an
example we can take two different cameras that take a picture of the same
real-world object that subsequently are joined into one file containing the
RGB information as if it was one camera.

• feature extraction of sensors and subsequent association. Different from
the first case we can envision a LIDAR sensor instead of the second camera
to add depth perception to the image. Now the RGB file information from
the camera in the first example is augmented with the LIDAR depth data.

• processing of the data for each sensor and subsequent joining of the
inferred data, which is also called information fusion, since it is a higher
semantic level [24]. As an example we can look at a facial recognition algo-
rithm. Whereas in the first two ways the data is combined and then given
to the inference algorithm that predicts the person, this approach would
predict the person based on the RGB data and LIDAR data separately
first and then join those predictions into one data set.

At this point it should be noted that the literature generally attributes more
tasks to data fusion than the merging logic of multiple sources, such as conflict
resolution or resolving errors, which might be the sole reason causing confusion
of these two terms. The reason for this might be that data fusion has had a long
history in military research and has grown its own field of research that naturally
has evolved in directions that try to cope with the challenges of merging multiple
data sources, as shown in [24] and [54]. However, this thesis argues that these
tasks should be strictly separated from the data fusion principle in order to
allow a principled logic distinction in the view of data integration, which will be
covered in more detail in section 3.2. For the inclined reader, this thesis refers
to [55] and [24] for a detailed examination of the data fusion field as well as [15],
which considers data fusion in the context of data integration.

2.1.1 Multi-Block Partial Least Squares

In 1984 [135] proposed the Partial Least Squares (PLS) algorithm. Contrary to
regression algorithms that try to find the direct relation between the indepen-
dent space represented by the matrix X and dependent space represented by the
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matrix Y, PLS projects each matrix X and Y into a latent space and maximizes
the covariance between the two latent spaces. This results in two desirable prop-
erties, namely that it is inherently good at handling collinearity as well as the
fact that it can handle datasets that have more variables than samples. In ad-
dition to the resulting prediction model it also offers declarative insights about
the latent space in the same fashion as Principal Component Analysis (PCA)
does. Regardless of its age, it can still be found in recent SOTA applications,
such as [81], in fields that deal with high collinearity combined with high di-
mensionality and small sample sizes and thus rely on the properties provided
by the PLS algorithm.

As shown in section 2.1, the object with data fusion is to join multiple data
sources into one with the purpose of improving the prediction of algorithms.
Analogue to having one independent matrixX, having multiple data sources can
be seen as having multiple matrices X1,X2, . . . ,Xn, while still being interested
in the same dependent matrix Y. In order to obtain one common matrix Xtotal

from these multiple matrices one would now have to choose one of the three
processing architectures presented in section 2.1. However, this requires sincere
consideration as the decision can have a severe impact on the resulting data
quality. As an example we can assume that the direct association processing
approach was chosen, since the data consists of two sensors measuring the same
physical phenomenon. Assuming that one of the two sensors is malfunctioning
and thus providing incorrect values, this information would be lost and the
resulting averaged values would lead to a useless dataset.

Fortunately, the MBPLS algorithm was introduced by [132] that allows us to
avoid the delicate decision of choosing the data fusion processing architecture,
since it can handle multiple matrices without further ado. The underlying algo-
rithm of MBPLS is the same as in PLS, but in MBPLS each matrix is projected
in its own latent space. This adds another desirable property to PLS, which
is that it can express the importance of each matrix for the resulting predic-
tion model as a high level indicator. In the just illustrated case of one broken
and one functioning sensor, the matrix representing the broken sensor would
be expected to have a ∼ 0% importance while the other matrix would obtain
∼ 100% importance. Concluding, the MBPLS algorithm not only allows data
fusion without having to make data fusion decisions, but at the same time it can
provide important insights into how separate data sources contributed to the
final prediction model. These properties make it very suitable for exploratory
analyses in industrial settings that usually contain multiple data sources spread
across the organization for the same real-world object while the researcher con-
fronted with the data not necessarily be able to make the right data fusion
decisions, which is bringing us to the first research contribution of this thesis.
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2.1.1.1 Contribution: Unraveling fermentation data – a Novozymes
case study

The case study presented in appendix F had the goal to investigate the fermen-
tation process of an industrial enzyme producer in order to understand which
factors contribute to an improved yield of the process at hand. Industrial fer-
mentation processes often consist of multiple batch production steps that are
equipped with a whole array of sensors and controlled variables that define and
steer the production process, which was also the case in this case study. There-
fore, we were presented with the following data sources:

• Main fermentation sensor values over time for each batch (independent
variables), declared asX1. These are values that are a result of the ongoing
process over time, e.g. the pH value.

• Main fermentation input parameters over time for each batch (controlled
variables), declared as X2. These values are e.g. materials that are added
to the process over time, but also values that are controlled by the equip-
ment as e.g. the airflow.

• Seed fermentation1 sensor values over time for each batch (independent
variables), declared as X3. Analogue to the main fermentation values.

• Seed fermentation input parameters over time for each batch (controlled
variables), declared as X4 Analogue to the main fermentation values.

• Yield data (dependent variable), declared as Y. The resulting yield of
each batch, which should be explained by the model.

As to be seen from the data description, the interest of this study was to ex-
plain the final yield represented by the data block2 Y through the data blocks
X1,X2,X3 & X4. Overall the data consisted of roughly 200 batches/samples,
which each consisted of time-series with more than 1500 time points for about
200 different variables in the data sources X1 and X2 as well as 800 time points
for about 50 different variables in X3 and X4. Doing a quick calculation with
these numbers we can see that the dataset consists of 68 million data points.
An amount that exceeds the human capability to go through and comprehend
in detail and which this thesis considers to be big data. Another challenge was,
and will remain, that the persons that conduct the data analysis and work with

1Seed fermentation is a smaller size fermentation step that precedes the main fermentation.
2Since the data in industrial settings often consists of time-series for each sensor per sample

the original data has to be seen as a three-way tensor, which is considered a data block. As
PLS only handles two-way tensors, these data blocks are unfolded to a two-way tensor, which
is why the data blocks are represented using matrix notations.
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the data extraction are usually not the process specialists, and thus, often do
not carry the knowledge about the meaning nor correctness of the data at hand,
which is a main barrier for data integration as outlined in the introduction. This
challenge is exacerbated by the fact that due to the vast amount of sensors and
processes involved in the industry, there usually is not a single process expert
that is knowledgeable about all involved process parts, which this thesis consid-
ers another dimension of big data increasing the complexity and might lead to
additional errors. In fact, even though the data in this case study was from the
same standardized process, it originated from different plants, in different coun-
tries, and the data was stored in two different systems that again consisted of
multiple databases. As a result, the initial task of creating a unified and correct
view of the data for this study, i.e. data integration, which could be consumed
by an algorithm or used by the researches for the analysis, posed tremendous
challenges, such as:

• variables/column names were misplaced

• missing columns

• different names for the same sensor

• wrong values stored under some variables

• phantom columns created through fields containing commas in a comma
separated file. i.e. the value of one variable is split into two columns

As the analysis of the data integration part is not covered in the research con-
tribution, it will be elaborated on in more detail later in this thesis under sec-
tion 3.1.

After having solved the data integration challenges, the result was a unified view
of the data blocks described above, namely X1,X2,X3,X4 & Y. Instead of
relying on process specialists to cover the remaining data fusion part, the study
relied on the MBPLS algorithm and its ability to use multiple data sources.
For more details the reader is referred to the research contribution itself in
appendix F. In summary, the case study showed that MBPLS was able to use
the multiple data sources provided to detect equipment configurations and their
underlying contributions that led to higher yields, while at the same time being
able to explain the importance of each data source. Having discovered MBPLS
as a helpful tool for such data fusion challenges, it was revealed that the available
open source implementation of MBPLS had severe runtime issues, which resulted
in unfinished runs after more than 24 hours, even when just using 25% of the
available dataset. This leads us to the second research contribution of this thesis,
which is an open source package for MBPLS algorithms.
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2.1.1.2 Contribution: Multiblock PLS: Block dependent prediction
modeling for
Python

Conducting the case study in section 2.1.1.1 it became evident that the at that
time available MBPLS R-package provided by [20], which initially was used
for the case study, suffered from convergence problems on larger datasets and
therefore had severe scalability issues as also shown in [9]. Additionally, there
is a more established machine learning community in the Python programming
language than in R and existing Python packages like scikit-learn[103] provide
excellent additional functionalities like cross-validation pipelines and evalua-
tion metrics with a standardized API that is known to most users through its
widespread usage.

For this reason it was decided to create an open source Python package that opti-
mally does not suffer from scalability issues and should provide a rich, but simple
to use, functionality together with a full compatibility with the scikit-learn API.
This resulted in research contribution in appendix E. Instead of just implement-
ing the MBPLS[132] algorithm in Python, which is based on the original Non-
linear Iterative Partial Least Squares (NIPALS)[134] algorithm, a unified archi-
tecture has been created so the MBPLS algorithm now also can be run based on
the UNiversal PArtial Least Squares (UNIPALS)[51] and KERNEL[79, 106, 107]
algorithm. Also the method to handle missing data proposed by [87] was added
as well as the SIMPLS[37] algorithm, which is the fastest PLS algorithm, but
mathematically cannot be adopted to be used with multiple data blocks. To
allow a straight forward application of the provided package for practitioners
and researchers, the package comes with a full documentation that also shows
the application of this package on former MBPLS based research publications,
such as [11]. The resulting package has already been used for other research
publications, e.g., [81, 23, 80, 43, 59], and provides great runtime improvements
compared to the existing R package. As a comparison, the process that did not
finish after 24 hours when using the MBPLS package for R finished within few
seconds with the Python package provided by this research contribution.

2.1.2 Discussion

As shown in the above described case study handling multiple data sources
has become a normality when analyzing industrial processes that often stretch
across multiple locations, systems and databases. As to be expected, it was
shown that considering all available data sources allows us to obtain better
results when performing analyses or training prediction models and thus shows
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that data fusion is not a mere academic exercise, but a necessity in big data
applications. It was shown that MBPLS can be used to avoid explicit data fusion
decisions as to how the data should be merged that otherwise would require a
domain expert, while at the same time being scalable to "big data" datasets and
having the desirable attribute that it can explain how much each data source
contributed to the result.

However, with regards to the goal of this thesis, we have to note that an algo-
rithm such as MBPLS makes several strong implicit assumptions that have to
be satisfied. It expects e.g. that the provided time series are equidistant. It
also has assumptions about the data quality. The way that MBPLS can detect
that two sensors are the same is through projecting those sensor values into the
latent space and, in the case of perfect collinearity, reducing them to one vari-
able/sensor. The main problem arises when MBPLS also does this when two
variables are substantially different, but coincidentally show high collinearity in
the dataset at hand. This is the well known problem of confounding correlation
with causality. Given the size of "big data" datasets this risks increases sub-
stantially, since the likelihood of confounding correlation with causality grows
combinatorial with the amount of included variables. In addition, looking at the
example with one broken and one functional sensor measuring the same physical
phenomena made in section 2.1.1, we actually would like the method at hand to
tell us that the broken sensor is expected to show measurements that resemble
the other sensor’s values. The reason that MBPLS does not do this is because
it focuses on the low-level data and does not incorporate higher-level data, such
as the knowledge that this sensor measures the same physical phenomena as the
other sensor. It is believed that relating real-world objects to each other and
thus transferring prior knowledge from already learned examples allow humans
to quickly understand new problems[72], such as this sensor problem, which in
the field of data integration usually is solved with the call for domain experts.
Accordingly, we can see that data integration goes beyond data fusion and that
in order to solve these challenges we need to rely on methods that are capable
of incorporating higher-level semantics, such as e.g. the meta data describing
the context of the object at hand, which is addressed in the next section.
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2.2 Relational Machine Learning

Other than low-level features like sensor readings, there is often an interest in
the relations of high-level structures that put these objects into perspective [67].
With regards to data integration the knowledge of how a certain sensor is related
to a specific kind of production is substantially more valuable than the specific
values of the sensor itself. Therefore, it is argued that the rich logical object-
relational structure is crucial for solving the more general and complex problems
[67]. This belief goes back to the very beginning of artificial intelligence research
as pointed out by the following quote

"I am convinced that the crux of the problem of learning
is recognizing relationships and being able to use them."
Christopher Strachey in a letter to Alan Turing, 1954, [98]

In fact, the hypothesis seems to be correct, as current research in cognitive
science shows that a main component of the amazing human learning capability
is to understand the relations and similarities between objects and concepts [72].

Thus, in RML we want to utilize the information of one object to give knowledge
about the other object at hand. Rather than looking at the data of the sensor
itself to derive that it measures the pH, we could also look at its attributes,
often called meta data, to derive important characteristics. When working with
relational data the rich and dynamic structure, defined by a varying amount of
entities and relations, makes a typical fixed-vector based approach less appli-
cable, if at all [38]. Therefore, this data is often represented as a graph that
shows the relations between entities. The goal is to learn similarity based on
proximity in the graph rather than looking at all data produced by the entity
itself. Referring to the example of two sensors measuring the same physical phe-
nomena from the previous discussion in section 2.1.2, knowing that the sensor is
placed on the same tank, is in the same factory, is from the same brand, has the
same model name as well as the same settings will from a semantic perspective
give us a much better indicator that these sensors actually are measuring the
same physical phenomena than looking at the time series values produced by
the sensors themselves.

In addition to the uncertainty that arises from the data at hand, relational
learning also has to deal with the uncertainty of the number of objects and
whether they are related or not [67]. This can be understood as in addition
to being unsure whether data points, contained or missing, are correct, there
is also an inherent probability to the existence of such data point that is not
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equal between all data points. The field focusing on this is SRL, where the
goal is to model data with complex and relational structures, such that their
underlying probabilistic nature is represented [67]. As covering this field in more
detail would go beyond the scope of this thesis, readers looking for a general
introduction to the field of SRL and RML are referred to [67] and [38]. Instead
we focus on the two main fields that this thesis has contributed to in the next
to sections.

2.2.1 Stochastic Block Models

First described in [58], SBMs are generative models for random graphs that
try to reproduce the graph’s underlying structure of connections between all
network members through a statistical model, capable of finding similar items
[1]. In order to make this a bit more tangible we will define a basic notation3

and look at a basic SBM. We start with a graph G that has n nodes4 and N
links5 An example is shown in figure 2.1a with an undirected6 graph that has
n = 9 nodes and N = 9 links. The connections of the graph can be presented
as an adjacency matrix A as shown in 2.1b, where Ai,j = 1, when the nodes
i, j ∈ {1, . . . , n} are said to have a link, i.e. the node i and j are connected in
the graph.7

(a) Graph (b) Adjacency Matrix

Figure 2.1: (a) An exemplary graph showing objects in a factory represented
as nodes and their relations to each other represented as links, and
(b), the same graph shown as adjacency matrix.

3The literature provides many different notations when describing SBMs. This notation
is in line with notation provided in the research contribution appendix D.

4Nodes are also commonly called "vertices" in graph theory applications as well as "enti-
ties", which is the more common term in KG applications

5Links are also commonly called "edges" in graph theory applications and "relations" in
KG applications.

6In undirected graphs the direction of the relations/links are not taken into account.
7It should be noted that in the case of Poisson distribution based SBMs there can be

multiple links as Ai,j ∈ N .
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In order to describe the underlying structure of the graph, the SBM assumes
the graph to be split into C clusters and every node to be assigned to a cluster,
which we denote with the vector z so that zi = c, c ∈ C can be understood
as the node i being assigned to the cluster c. Last but not least, we define
η as the link density parameter where ηr,s describes the expected link density
between the clusters r, s ∈ {1, . . . , C}. With the basic notation covered we can
now define a basic Poisson distribution based SBM as follows:

P (G|η, z) =
∏

i<j

(ηzizj )
Aij

Aij !
exp(−ηzizj )

×
∏

i

( 12ηzizi)
Aii/2

(Aii/2)!
exp(−1

2
ηzizi)

(2.1)

Without analyzing the equation in much detail we can see that the SBM mod-
els the likelihood of the graph G represented through the adjacency matrix A
given the parameters η and z. If we now change the parameter z by changing
the group assignments of some nodes, the model will have a higher likelihood
in cases, where this new assignment fits the underlying structure better, and a
lower likelihood if it does not. Thus, we can use this approach to derive which
nodes should be grouped together, while at the same time modelling the un-
derlying probabilities of observing links between and inside these groups. This
has the advantage that the model, once fitted, can be used to analyze the un-
derlying structure of the clusters and predict missing links. With regards to
data integration we can look at the example of sensors and their meta data in
factories from earlier, which represented as relational data would allow us to
cluster similar sensors in groups to better understand what sensors should be
similar and which not.

Overall, there exists a vast amount of different SBM models and approaches
that all have their specific applications [73, 48, 52]. Compared to the model
described in equation 2.1 there has been one important addition to the model,
which is the "degree correction" [62]. The model above assumes that all nodes
within one cluster have the same connectivity, i.e. they have the same amount
of links, which is called "node degree". This has been shown to be an irrational
assumption, which is why degree correction obtains superior results [62]. An-
other important contribution comes from [57], has defined the model proposed
in [62] as a non-parametric Bayesian model that allows the full inference of the
model parameters.
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One of the main disadvantages of SBMs is that "[...] one has to hope that
the model represents a good fit for real data, which does not mean necessarily a
realistic model but at least an insightful one" [1]. Aside from their expressiveness
SBMs, and also the other models presented so far, often suffer from a tendency
to create highly unrealistic results as shown and analyzed in [118]. One of
these cases can be illustrated using the previously defined notation. Where
ηc describing the inside link density of each cluster c ∈ {1, . . . , C} and ηout
describing the link density between clusters, models often have the tendency to
create solutions that show the behaviour defined as ηc ≤ ηout, i.e. nodes are
less likely to be related to nodes in the same cluster than to nodes in other
clusters. To resolve this issue, [92] introduced a Bayesian SBM that inherently
respects this notion of the "community structure", i.e. ηc ≥ ηout, forcing the
model to only create solutions that exhibit higher inside cluster link density than
outside density. However, this model does not incorporate the degree correction
shown to be useful earlier. This leads us to the third research contribution of
this thesis, which is the development of a fully Bayesian degree corrected SBM,
termed "The Bayesian Cut".

2.2.1.1 Contribution: The Bayesian Cut

The research contribution covered in appendix D proposes a new fully Bayesian
degree corrected SBM with community constraint. The motivation for this was
that the degree correction was shown to be useful, while a Bayesian model
is more expressive, since it can exhibit the posterior distributions of the used
parameters allowing us to derive how certain the model is regarding the solution.
At the same time we want to enforce community structure, i.e. avoiding cases
where ηc ≤ ηout. To relate to the example of finding clusters of similar sensors,
this would mean that the solution creates one cluster with sensors that are
absolutely unrelated to each other, which is diametrical to what we are looking
for. Illustrative cases of this behaviour are given in [118]. To elaborate on the
title of this publication for the readers less privy to graph theory, clustering is
in graph theory often referred to as "graph cutting" derived from the figurative
language of cutting the ties, i.e. links, between the nodes of the graph to create
graph clusters. Hence, our model being Bayesian, it was termed "the Bayesian
Cut".

Since the mathematical background of this research contribution is covered in
great detail in the publication itself in appendix D, we settle for a shorter version
at this point. As a starting point we take the degree corrected SBM proposed
by [62] and [57], but in order to avoid cases where ηc ≤ ηout, we introduce a
community density parameter b, with the range [0, 1], that controls the link
density to be higher inside the cluster than outside the cluster by constraining
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the model to solutions where ηcbc ≥ ηout for each cluster c. However, in order
to remain a fully Bayesian model the newly constrained η parameter has to
be marginalized under the constraint, i.e. solutions that violate the constraint
should have 0 probability. Unfortunately, this quickly becomes computationally
prohibitive, since we, figuratively speaking, have to integrate over the entire
constrained solution space for η to know the probability of a proposed solu-
tion. In our publication a new way of approximating this integral with multiple
incomplete gamma functions was proposed, which is facilitated with a princi-
pled way of controlling the error boundaries of the approximation itself. As a
result the computational efficiency of the model is improved by orders of mag-
nitude and at the same time the model significantly outperforms the originally
proposed degree corrected SBM on typical social network benchmark datasets,
which can be attributed to the community constraint as shown in the research
contribution.



2.2 Relational Machine Learning 25

2.2.2 Knowledge Graph Embedding Models

KGs have a long history in the logic and artificial intelligence domain and have
spread to other domains such as the Semantic Web community in the past
years [98]. One of the main drivers for the success of KGs have been internet-
based companies that use KGs to gather and unify large amounts of knowledge
available on the web. Just to name two examples, we can look at Google that
uses their KG to enhance their search engine "Google Search" with knowledge
and facts as well as Microsoft that uses their KG, named "Satori", for the same
purpose for their "Bing" search engine [104]. Already in 2012 the Google KG
contained 18 billion facts, based on 570 million entities and 35,000 relation types
[112, 41].

In order to make it more comprehensible how KGs can be utilized, we will es-
tablish a notation first. In the KG domain nodes/vertices are usually referred
to as entities, while the different relationship types are simply referred to as
relations. The actual links/edges are called facts or generally and for the re-
mainder of this thesis triples, since they consist of one relation that marks the
connection between two entities. Further characteristics can best be observed
by comparing a KG to the undirected graph in figure 2.1a. Opposed to figure
2.1a in figure 2.2a the links have arrows, i.e. the relations are directed, and the
relations have identifiers, which mark the different kind of relations between the
entities.

(a) KG (b) Adjacency Tensor

Figure 2.2: (a) An exemplary KG showing objects in a factory and their re-
lations to each other. The nodes represent entities and links their
respective relations. Black colored links represent triples that we
know and red links represent triples we would like to learn. (b)
The same KG shown as Adjacency Tensor representation, where
orange cubes represent triples we know, and red cubes triples we
would like to learn.
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The exemplary KG in figure 2.2a contains Ne = 9 entities, Nr = 5 relations and
12 triples. Formally we have a set of entities E and a set of relations R and
define the KG K ⊆ K = E × R × E as a directed, multi-relational graph that
consists of triples (h, r, t) ∈ K where h, t ∈ E represent a triples’ respective head
and tail entities and r ∈ R represents its relationship.8 An exemplary triple
from figure 2.2a would be (Sensor 1, part_of, Production B), where Sensor 1 is
the head and Production B is the tail entity while part_of is the relationship.
Analogue to the adjacency matrix constructed from a graph, as shown in figure
2.1b, we can construct an adjacency tensor A ∈ {0, 1}Ne×Ne×Nr from the KG,
as shown in figure 2.2b, where ah,t,r = 1 (indicated by red and orange cubes)
for all triples (h, r, t) ∈ K and 0 (indicated as grey cubes) otherwise.

Having established the architecture of the KG the remaining question is how to
obtain the necessary triples to construct it. According to [98] we can categorize
these approaches as:

• curated
In this approach a closed group of experts creates the KG manually as for
example in WordNet [90].

• collaborative
Here an open group of volunteers creates the KG manually. Examples are
Freebase [16] and its successor Wikidata [124].

• automated semi-structured
This approach tries to extract data from structured knowledge, e.g. Wikipedia
Infoboxes, via handcrafted or learned rules as well as regular expressions
as for example in YAGO [114].

• automated unstructured - without schema
In order to utilize the vast amount of knowledge that is contained in free
text on the web, this approach uses Open Information Extraction (Open
IE) techniques that often comprise Natural Language Processing (NLP)
approaches to extract facts from text, such as in REVERB [45]. A disad-
vantage of the Open IE system is that due to the missing schema it creates
ambiguous triples, such as ("DTU", "placed in", "Denmark") and ("Dan-
marks Tekniske Universitet", "located in", "Kongens Lyngby") where it
is not clear whether "DTU" and "Danmarks Tekniske Universitet" or
"placed in" and "located in" mean the same thing.

8It should be noted that we follow the World Wide Web Consortium (W3C) Resource
Description Framework (RDF) for representing information on the web. However, other than
originally defined by the W3C we do not follow the (subject, predicate, object)/(s,p,o) nam-
ing convention [126], but instead use the (head, relation, tail)/(h,r,t) notation that is more
common in the KGEM community.
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• automated unstructured - schema based

In order to overcome the problems of the Open IE system this approach
uses an established schema that is used to train a classifier, which subse-
quently is used to disambiguate the triples extracted from free text such
as in DeepDive/Elementary [99] and Knowledge Vault [41].

While manual approaches are very accurate, but labour intensive and limited
in their scalability and in addition often lead to many missing attributes, even
when these are mandatory [98], the more automated approaches based on free
text face similar challenges. First, Wikipedia, the main source of knowledge,
has left the exponential growth phase and is now growing at a steady rate
[115, 133], which can be considered a call for machines to help humans to ac-
celerate the knowledge creation. Second, even more quality controlled sources,
such as Wikipedia, have been shown to be noisy, i.e. they contain triples that
contradict each other at least to some extent, and thus require additional rea-
soning in order to deem which triples are correct [131]. In order to overcome
this [41] proposed the Google Knowledge Vault that trains a model based on the
existing triples to predict whether a newly extracted triple is reasonable, which
resulted in superior extraction performance compared to other techniques. With
regards to data integration and the goal of this thesis there are many similar-
ities, since, every time we observe a new database with new variables and are
confronted with unresolved questions, e.g. is the entity "Temperatur" the same
as "Temperature" in this context, we could revert to a system like this instead
of relying on domain experts. This principle is illustrated in figure 2.2 where
we have existing triples colored as black links/orange cubes, while we would like
to learn the red links/cubes from our "artificial domain expert". In the litera-
ture this task is generally called link prediction, whereas the task of whether an
extracted entity such as "Temperatur" is the same as "Temperature" is called
entity resolution, even though both tasks conceptually are very similar [98].

Since the KG itself is merely a way of storing knowledge, [41] used a Multi
Layer Perceptron (MLP), i.e. a shallow NN, to create this "artificial domain
expert". This model learns to capture the interaction terms between the entities
and relations of the KG by building upon vectors representing these entities and
relations that are learned during training. This kind of model is in the literature,
and also in this thesis, referred to as KGEM. This approach is very similar to
NLP approaches where words with similar meanings are located closely together
in clusters in the latent space [89]. The vectors defining the location of each
entity h, t ∈ E and relation r ∈ R in the latent space are simply referred to as
the embeddings or embedding vectors. This principle is illustrated in figure 2.3a
where a subset of the entities and relations from the KG shown in figure 2.2a
are placed in a two-dimensional latent space. Here it can be seen that e.g. the
sensors are located closely together in the latent space, i.e. they have a similar
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meaning and a shared concept of measuring physical phenomena. Together with
an interaction model, i.e. the underlying mathematical function of a KGEM that
defines how the embeddings are combined, the score of a triple is derived. As
an example we can look at the TransE[18] interaction model9:

f(h, r, t) = −‖h+ r− t‖2 (2.2)

It is easy to spot that the interaction model tries to enforce h + r ≈ t, as this
would result in the highest score. This is illustrated in figure 2.3b where two
entities "Sensor 1" and "Temperature" and the relation "measures" are taken
from the embedding space shown in figure 2.3a. If we now construct the triple
("Sensor 1", "measures", "Temperature") this would result in a very high score10
using the TransE interaction model, as the combined h + r embedding vector
almost perfectly lines up with the t embedding vector, and thus the two have a
small distance in the latent space, which means that the model has understood
that "Sensor 1" measures the "Temperature".

(a) Embeddings created by KGEM (b) Interaction Function TransE

Figure 2.3: (a) Exemplary embedding created by a KGEM from a KG and
(b), a subset of those embeddings combined with the TransE in-
teraction function.

The more intricate question we are left with is how to obtain these embeddings
coming from a KG. As KGs only contain known facts, as specified by [125], KGs
are usually extremely sparse, as can be observed in figure 2.2b even for this small
example. Given the natural tensor structure there have been some approaches
to solve this through straight tensor factorization techniques such as Canonical
Decomposition/PARAFAC [42], but specifically designed KGEMs that contain
additional steps seem to best preserve the structure of KGs [98, 129, 60].

9In the TransE publication the norm of the function is a tunable hyperparameter that also
can be set to 1.

10Please note the negativity of the score, i.e., 0 is the highest possible score.
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Hereby a KGEM should be considered as the entire pipeline that defines how to
get from KG to obtain the embeddings given an interaction model and not just
the interaction model itself. This pipeline can be considered non-trivial since it
is composed of multiple components beyond the interaction model itself. [98]
has established a solid groundwork with their excellent review of this field and
others such as [129] and [60] build on this by analyzing and categorizing the
logic and behaviour of the various interaction models available in the literature.

Nevertheless, in [6] it was observed that many publications in the literature
proposing new KGEMs focus solely on the interaction model and neglect the
performance impact of other KGEM components when stating new SOTA re-
sults. To substantiate this claim, [5] has shown that removing symmetric triples,
i.e. triples where (h, r, t) ∈ K =⇒ (t, r, h) ∈ K from the benchmarking datasets,
which typically are used in the literature, has a significant impact on the result-
ing performance of the KGEMs. [61] showed that a fine-tuned re-implementation
of DistMult[137], which is one of the older interaction models, can match and
even outperform newer SOTA models’ results. Similar observations have been
made by [91] that focused solely on loss functions11 and could observe that the
loss function has a significant impact on all models. The concurrent benchmark-
ing study in [109] with a less comprehensive scope than the research contribution
in appendix A, investigated five different interaction models and has observed
that older models can obtain and beat the SOTA results published by newer
articles based on newly proposed interaction models simply by changing the
KGEM components around the older interaction models. As this incomplete
conception of KGEMs hinders the progress of the development of better models
in academia, and the lack of a holistic framework impedes applied practition-
ers and researches in making the right decision when choosing a KGEM, the
research contribution of this thesis presented in appendix A set out to deliver
this missing contribution to the field of KGEM research.

The following works covering KGEMs were established during an external re-
search stay at the Ludwig-Maximilians-Universität München with the research
group of Prof. Dr. Volker Tresp and took place in tight collaboration with the
research group of Prof. Dr. Jens Lehmann of the Smart Data Analytics Group
at the University of Bonn.

11Loss functions are covered in more detail in section 2.2.2.1
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2.2.2.1 Contribution: Bringing Light Into the Dark: A Large-scale
Evaluation of Knowledge Graph Embedding Models Under
a Unified Framework

A plethora of new KGEMs is being proposed every year often focusing on intro-
ducing new architectures and mathematical principles to the interaction model
while neglecting other components of KGEMs such as the training approach and
loss function, which has led other researchers to

"[...] cast doubt on the claim that the performance improve-
ments of recent models are due to architectural changes as
opposed to hyper-parameter tuning or different training ob-
jectives" Kadlec et al. in [61]

Figure 2.4: The four components of
a KGEM.

As shown in the previous section there
have been many relevant research con-
tributions that substantiate this claim
and show that a KGEM and its per-
formance are contingent on much more
than just the interaction model itself.
Therefore, the research contribution of
this thesis presented in appendix A
sets out to isolate the modular com-
ponents of KGEMs found in the lit-
erature, unify them in one framework,
and perform a large-scale evaluation of
the possible KGEM configuration com-
binations to give insights into how rele-
vant each component actually is as well
as shine light on interactions between
those components.

Leaving the details to the publication itself, we will touch upon the main un-
derlying KGEM framework proposed to give a broad understanding in the light
of this thesis and start with the four main components of KGEMs that the
contribution has identified as shown in figure 2.4, which can be described as
follows:

1. Interaction Model

In [108] it was shown that certain interaction model architectures are more
capable than others to model different relation types. This might be ob-
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vious in cases like the Unstructured Model[19]

f(h, t) = −‖h− t‖22 (2.3)

that, by comparison to the earlier introduced TransE model, does not take
the relation embedding into account and thus is indifferent the impact
of relations. However, for more extensive interaction models this ability
often becomes interdependent on several KGEM components and is thus
less straightforward [108]. The works presented by [129] and [60] analyzed
the available interaction models in detail and categorized them into two
basic categories as shown in figure 2.5.

(a) Translational distance based
scoring function of TransE.

(b) Semantic matching based
scoring function of DistMult.

Figure 2.5: Comparing translational distance and semantic
matching scoring functions based on TransE[18]
and DistMult[137].

Whereas translational distance based models project the vectors into the
latent space and measure the distance between those vectors, semantic
matching models multiply the features of the latent space to derive a
similarity metric.

2. Training Approach
In the RDF semantics description defined by [125] a KG should always
consider the Open World Assumption (OWA) to ensure monotonicity of
the triples entailed. The OWA hereby means that the triples not contained
in our KG, i.e. (h, r, t) /∈ K, should be considered unknown. Contrary to
this is the Closed World Assumption (CWA) where we assume that every
triple not contained in the KG is false. However, this violates the mono-
tonicity principle defined in [125], which means that whenever we attain
new knowledge, and thus new triples, this knowledge should not invali-
date prior available knowledge. This is by definition the case in the CWA
setting where every time a new triple (h, r, t) /∈ K is observed and thus
considered true it must have been false before and thus violate the mono-
tonicity. Unfortunately, the OWA does not allow us to train a KGEM
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since it will encourage the model to overgeneralize by always only pre-
dicting true12 [98], which would defeat the purpose of our undertaking. In
order to obtain so called ’negative triples’ there are two approaches, which
are not always termed correctly in the literature. In this research contri-
bution they are termed as Local Closed World Assumption (LCWA) and
stochastic Local Closed World Assumption (sLCWA), which is descriptive
looking at the following explanation.

Figure 2.6: The considered negative triples for the two differ-
ent training approaches for the relation part_of of
the KG in the figure 2.2a. The red colored triples
are the ones already contained in the KG. The
dark blue triples are considered under the LCWA
approach and the light blue triples are considered
under the sLCWA approach. All other triples are
not considered.

In the figure 2.6 the two approaches are compared similar to [6], but ad-
justed for the example of this thesis. In the LCWA approach we take a
true triple during training, such as (Sensor 2, part_of, Production A) and
exchange the tail t by every other entity e ∈ E and assume those triples to
be false. The name is derived by the fact that this is the CWA, but only
locally under the context of the given (h, r) tuple. As we can see already in
this small example, this approach often produces significantly more nega-

12The intuition behind this is that a KGEM obtains all its knowledge from the KG. If all
that the KGEM ever sees is true, it will be tempted to assume that any possible statement
(h, r, t) will always be true. So in order to learn the actual logic of the KG at hand it also
needs to be presented with knowledge about statements that are false.
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tive triples than the positive ones contained in the KG. Contrary to that
the sLCWA exchanges both the head h and the tail t by any entity e ∈ E ,
but instead of assuming all those samples to be false, it only samples with
a pre-defined distribution13 a certain number of negative triples from this
locally closed world, hence the name sLCWA. Using sLCWA the number
of negative triples can be controlled regardless the size of the KG whereas
with LCWA the number of negative triples is dependent on the number
of entities |E| in the KG.

3. Loss Function

Now that we have covered the interaction model and also found a way to
create negative triples, the question is how to derive a loss function that
enables us to train the KGEM. Defining f as the interaction model, t+i as
a positive triple of our KG as t+i ∈ K with l+i = 1 as the label, and t−i
as a negative triple that was obtained using one of the above mentioned
training approaches with the label l−i = 0, we can consider following loss
functions

• pointwise
In pointwise loss functions the scoring of one triple is compared to
the labels as e.g. in the Square Error Loss [91]

L(ti, li) =
1

2
(f(ti)− li)2 (2.4)

The pointwise loss functions used in the research contribution were
Binary Cross Entropy Loss (BCEL)[40], and Soft Plus Loss (SPL)[91].

• pairwise
Compared to pointwise loss functions the pairwise loss functions are
more natural to the OWA, since they do not assume false triples, but
only less known ones by comparing known/true triples to unknown
triples with the only condition that the score of the true triple has to
be higher than the unknown triple, such as with the Margin Ranking
Loss (MRL)/pairwise hinge loss [91]

L(t+i , t
−
i ) = max(0, λ+ f(t−i )− f(t+i )) (2.5)

Here λ is the margin parameter, defining by which margin the score
for the positive triple t+i has to be higher than for the negative triple
t−i .

13This is usually referred to as negative sampling. A common case is to sample n entities
e ∈ E using a uniform distribution[18], i.e. every entity is sampled with the same probability.
Another common approach is using the Bernoulli distribution[130] to offset the likelihood of
observing more heads than tails for a given relation r ∈ R or vice versa.
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• setwise
The setwise loss functions can be considered an extension of the pair-
wise loss functions in that the true triple is not only compared to one
other triple, but to multiple negative triples as e.g. the Cross Entropy
Loss (CEL) [61, 109]. Here we consider a set of N negative triples
l−i defined as T − where the score of the true triple t+ is normalized
with the softmax as follows

p+ =
exp(f(t+))∑

t∈T −∪t+ exp(f(t))
(2.6)

Afterwards, the loss is simply calculated by taking the log of the
normalize scores p+

L = −log(p+) (2.7)

In addition to the CEL the self-adversarial negative sampling loss
(NSSAL)[116] was used.

4. Explicit Inverse Relations

When using Explicit Inverse Relations that were introduced by [63] and
[71] the set of relations R is extended by a set of inverse relations rinv ∈
Rinv with Rinv ∩ R = ∅. This is achieved by training an inverse triple
(t, rinv, h) for each triple (h, r, t) ∈ K and can be considered a vital com-
ponent of a KGEM. The reason for this is twofold. First, it effectively
doubles the relation space for every model that uses embeddings for the
relations since there now are twice as many relations. Second, in the case
of training with the LCWA presented above, the models are normally only
trained on predicting tail entities t given (h, r). However, using explicit
inverse relations implicitly adds head entity prediction to the training by
changing the task of predicting the head entity h given a tuple (r, t) to
instead predicting h given a tuple (t, rinv), which has been shown to be
an essential component for some KGEMs such as the work in [40].

In order to evaluate the proposed KGEM framework, 21 different interaction
models, the LCWA and sLCWA training approaches, 5 different loss functions,
and the use of explicit inverse triples were evaluated on 4 different commonly
used KGEM benchmarking datasets, i.e., Kinships[39], WN18RR[120], FB15k-
237[120] and YAGO3-10[85]. In total 73,683 experiments were carried out,
which took 24,804 GPU hours in total to compute. The results of the ex-
periments delivered ample information that is analyzed in great detail in the
research contribution itself. In this section we will focus on the main takeaways
with regards to the four components we just introduced.
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• Interaction Model

The initial claim could be confirmed as changing the above mentioned
KGEM components and tuning the hyper-parameters allowed us to achieve
new SOTA results for several interaction models in line with findings of
other publications [61, 109]. This showed that the interaction model has to
be seen as just one component of a KGEM. This means that in the future
publications proposing new interaction models should also test existing
interaction models with their KGEM components to see whether the effect
is attributable to the interaction model itself. It was also observed that a
bigger model size does not imply better model performance, but that the
configuration of the KGEM is much more important. A notable mention is
that RotatE [116] was the only interaction model to be among the top-ten
interaction models across all datasets, whose robust performance also has
been observed by other studies [108]. The model is defined as

f(h, r, t) = −‖h� r− t‖, (2.8)

where h, r, t ∈ Cd, d the latent embedding dimension size, and � being
the Hadamard product. The t = h� r operation is a rotation from head
to tail entities in the complex space, which due to restricting the modulus
of the complex elements of r to 1, i.e. |ri| = 1, can be seen as a rotation
in the complex plane as eiθr,i and is able to model all relational patterns
symmetry, antisymmetry, inversion, and composition [116].

• Training approach

In most cases the LCWA allows to obtain slightly better performance, on
the FB15k-237 dataset significantly better, with at the same time higher
variance. This indicates that it is harder to find a good configuration.
At the same time the choice of interaction model has shown to be an
important factor. Whereas the previously introduced RotatE was able to
achieve good results with both the LCWA and sLCWA, other interaction
models were heavily impacted by one or the other training approach, such
as e.g. ConvE that usually only performs well under the LCWA.

• Loss function

In general the MRL has performed worst over all datasets. Even though
most of the results were still in a reasonable performance range the main
downside of it is that the scores have no natural reference, since positive
triples only have to score higher than another false triple, which does not
imply that all positive triples should have a higher score than other neg-
ative triples. The BCEL, NSSAL and SPL functions were able to achieve
good results across all datasets, while the pointwise loss functions BCEL
and SPL usually could obtain slightly better results under the LCWA.
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However, this again coincides with the LCWA being more sensitive to the
overall configuration, which has shown itself in the higher variance of the
results under this approach.

• Explicit inverse triples

As expected using explicit inverse triples leads in most cases to better
results when training under the LCWA, which does not apply for the
sLCWA.

Overall, there could not be identified a general configuration that works for all
datasets, which emphasizes that finding the right KGEM is not a trivial task,
but requires careful considerations not only with regards to the components,
but also considering the KG at hand. With this in mind the ability of the best
KGEMs created during the experiments to model different kinds of relationships
was investigated according to [116] with the following relation types:

• symmetric relations, i.e. (h, r, t) ∈ K =⇒ (t, r, h) ∈ K

• anti-symmetric relations, i.e. (h, r, t) ∈ K =⇒ (t, r, h) /∈ K

• composite relations, i.e. (h, r1, b) ∈ K ∧ (b, r2, t) ∈ K =⇒ (h, r, t) ∈ K

Here it was observed that symmetric relations in general are the easiest to
model, which is in line with the findings in [5]. Modelling anti-symmetric and
composite relations seems to be much harder, which is plausible given that some
models, e.g., DistMult, cannot model anti-symmetric relations, since it implies
f(h, r, t) = f(t, r, h). However, the degree to which the KGEMs could model
these three types of relations also varied between the datasets, especially for
the latter two relation types, implying that the composition of the KG at hand
has a strong impact on the ability of a KGEM to model anti-symmetric and
composite relations.

Another big motivation of the research contribution in appendix A was to boost
the reproducibility in the KGEM field. Having identified the components of a
KGEM the question was whether the published results of the KGEMs included
in the evaluation study could be reproduced using the exact same settings as
provided by their accompanying publications. Besides the fact that some publi-
cations do not provide the full setup required to conduct the experiment, it was
discovered that most results could not be reproduced given the provided setup of
the accompanying publication. It is important to stress that this doesn’t mean
the results were falsely reported. This became clear during the Hyper Parame-
ter Optimization (HPO) study, where the published results could be obtained,
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albeit using different hyper-parameters. Considering the many custom KGEM
implementations that were only created for the purpose of one publication it
is standing to reason that small deviations in the implementation cause this
deviation. Given that a KGEM is a complex architecture that consists of many
interacting components adds another layer of complexity considering the soft-
ware required to conduct these experiments, which is not trivial. As this study
itself required such a big and comprehensible software package to conduct the
above-mentioned experiments, it was decided to develop PyKEEN 1.0 along
with the newly proposed KGEM framework. PyKEEN 1.0 is an open-source
KGEM library with a focus on usability and composability of KGEMs to foster
reproducibility and research in the KGEM community also outside academia,
which is covered in the next research contribution.

2.2.2.2 Contribution: PyKEEN 1.0: A Python Library for Training
and Evaluating Knowledge Graph Embeddings

As shown in the previous section, and documented by the research contribution
of this thesis in appendix A, there is a reproducibility crisis in the KGEM
community often due to the many custom KGEM software implementations.
This is an apparent issue to researchers in this field, and at the same time it
hampers the advancement of KGEM research, as shown by the comment of one
of our reviewers during the review process of this publication:

"The last two journal reviews that I wrote in this sub-field
were two papers that were in review for 6 to 9 months be-
cause reviewers were unable to trust the results because
the authors did not use a standardized research library."
Reviewer#3 during the review of the research contribution in ap-
pendix B at the Journal of Machine Learning Research

To thwart this ongoing issue the research contribution of this thesis, presented in
appendix B, developed PyKEEN (Python KnowlEdge EmbeddiNgs) 1.0, which
is an entirely configurable KGEM framework that was developed jointly with
the research contribution presented in appendix A. As argued earlier, KGEM
software is non-trivial in the sense that it involves many components that rely
on each other, e.g., the training approach has to integrate with the loss func-
tion that again needs additional considerations when modelling explicit inverse
triples. Even though other KGEM frameworks exist, these are usually not fully
composable, i.e. different KGEM components cannot be freely combined, and
often have a limited scope with regards to the amount of components avail-
able as analyzed in this research contribution. In addition, the large scale of
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the experiments conducted required a seamless integration with optimizers, i.e.
HPO libraries, while at the same time ensuring the full reproducibility and doc-
umentation of experiments as e.g., setting and documenting the random seeds
of each experiment to ensure integrity of the results. Another advancement
of PyKEEN 1.0 is the introduction of Automatic Memory Optimization, which
was born out of necessity conducting the HPO study. With varying latent space
dimensions and training approaches for KGEMs the hardware requirements usu-
ally vary considerably too, which often leads to Out Of Memory situations that
cause the computer running the experiments to crash. To avoid this Automatic
Memory Optimization finds the maximum permissible settings for the hard-
ware at hand and uses sub-batching to guarantee the correctness of the results.

Table 2.1: PyKEEN current statis-
tics (July 2021)

Metric Value

Datasets 27
Interaction Models 31
Training approaches 2
Loss Functions 9
Negative Samplers 3
Optimizers 6
Regularizers 5
Early Stoppers 2
Evaluators 2
Metrics 16
HPO samplers 3

To promote reproducibility even fur-
ther the research contribution is accom-
panied by a rich and detailed documen-
tation that goes beyond the technical-
ity of the proposed software framework
itself to allow new researchers and prac-
titioners to understand design decisions
based on the underlying theory. As
GitHub has shown to be a very suc-
cessful collaboration platform for de-
velopers and researchers [35], the soft-
ware framework is hosted there to al-
low other researchers and practitioners
to contribute. This has been shown
to be very effective as PyKEEN 1.0
has an active community that consists
among others of commercial pharma-
ceutical research departments that use
PyKEEN 1.0 for e.g. drug discovery
research [17]. A big advantage of this
community effort approach has proven to be the continuous transparent develop-
ment where the good ideas and contributions of many are unified. As of writing
this thesis the PyKEEN 1.0 framework has already expanded significantly, as
shown in table 2.1. Lastly, it could be observed that it is crucial for the quality
control that the software framework is used and tested by a diverse group of
researchers and practitioners, as some scarce errors only become apparent in
less common use-cases. This allowed us to detect errors that would otherwise
go unnoticed and avoids other researches and practitioners making the same
mistakes, which is especially relevant for the research contribution presented
below.
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2.2.2.3 Contribution: Interpretable and Fair Comparison of Link
Prediction or Entity Alignment Methods

While working on the practical application of KGEMs for data integration dur-
ing the course of this PhD project it was discovered that the ConvE interaction
model [40] in certain setups can lead to a trained model that gives the exact
same score to many different entities when performing link prediction, especially
with triples (h, r, t) /∈ K. The same effect has been observed by [108] for the
CrossE[138], ConvKB[96] and CapsE[97] models. [117] has evaluated this prob-
lem in more detail and has shown that the ConvKB, CapsE, and ConvE models
often have high ratios of triples that receive the exact same score. At the same
time it was discovered that the evaluation metrics in the field of KGEMs were
fundamentally flawed, which is covered in the research contribution presented
in appendix C.

Figure 2.7: The ranking problem.14

When evaluating KGEMs we usually
split a KG into a training KG Ktrain ⊆
K and a test KG Ktest = K \ Ktrain
that contains n = |Ktest| triples. Now
for every of those n triples (h, r, t) ∈
Ktest we want to see how well the
trained model understood the KG at
hand by computing the score for ev-
ery possible entity {(h, r, e) | e ∈ E}15
and ignore existing triples in the KG
(h, r, e) ∈ (Ktrain∪Ktest), so the scores
do not deteriorate when there are many
triples already included that usually
achieve high scores. Accordingly we
define the set of candidate triples as
C = {(h, r, e) | e ∈ E} \ {(h, r, e) ∈
(Ktrain ∪ Ktest)} and derive the number of candidates as C = |C|. Eval-
uating each of the triples ci ∈ C such that si = fKGEM (ci) we obtain a
list of scores S = [s1, . . . , sC ] and compare these scores to the true triple
with the entity etrue and the score strue = fKGEM (h, r, etrue). In cases
where the KGEM gives the exact same score to many different triples, i.e.
fKGEM (Ci) = · · · = fKGEM (Ci+m) = fKGEM (h, r, etrue), this leads to situa-
tions that can best be explained with figure 2.7.

14Please note that the ’true’ candidate is inserted into the list of C candidates.
15This case describe the so called right side prediction, i.e. predicting the right tail t given

the head and relation tuple (h, r). Analogue to this is the left side prediction where the goal
is to predict the head entity h given the relation and tail tuple (r, t)
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In this example all entities have the score of 0. When our goal would be to use
this KGEM for link prediction, this model can be considered as useless, since
the number of candidates C in real KGs such as YAGO3-10 can be much higher
than 100,000. This means that if we want to find the most likely candidate,
we effectively have to randomly pick one of the possible candidates, which is
not helpful for the link prediction task. The main issue lies in the fact that, in
these kind of situations, the models achieve very good evaluation metrics that
are used to deem the performance of the models. In figure 2.7 we can see that
all candidates get the rank 1, which might look familiar to people often looking
at scoring tables in sports, where teams that have the exact same score get
assigned the same rank. Returning to our notation above, this type of scoring
can be defined as having a candidate score scand and the ’true’ triple score strue
that allows us to derive the rank of the triple (h, r, t) at hand by calculating

r+true = |{scand ∈ S | scand > strue}|+ 1 (2.9)

where r+true is the rank of our true triple, which is 1 in this case. We call this
the optimistic rank, because it assumes the best possible case. As this might
seem fair in sports, during link prediction this poses a big problem, because it
does not reflect the true capability of the model. Contrary to this we have the
pessimistic rank defined as

r−true = |{scand ∈ S | scand ≥ strue}|+ 1 (2.10)

Here we assume the worst possible case, which would in this example result in
the rank C + 1. Considering both the optimistic rank r+true and the pessimistic
rank r−true we can now define the realistic rank.

rtrue =
1

2
(r−true + r+true) (2.11)

which gives a reasonable impression of the KGEMs performance. Assuming
that in the example above we have C = 998 candidates, we would obtain the
realistic rank rtrue = 500. This makes sense from the perspective that if we
randomly have to pick one out of 999 possibilities (strue), which all have the
same likelihood, the rank we obtain in average would be the expected value
of the uniform distribution. As observed in [14] all three types of ranking can
be found in KGEM implementations as well as the non-deterministic ranking
approach, where the true triple is randomly placed in the range of equal scores.

As we have only looked at ranks for single triples we can expand the above-
mentioned notation to multiple triples. We repeat this procedure n = |Ktest|
times, and thus obtain a list of scores lists S, where Si = [s1, . . . , sCi

], i ∈
{1, . . . , n} from which we can derive a list of n ranks r defined as I. This can be
used to calculate the Mean Rank (MR), which is one of the most used metrics
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for KGEMs, as follows:

MR =
1

|I|
∑

r∈I
r (2.12)

The benefit of the MR is that it reflects the overall performance in one single
score while at the same time reflecting any change in performance, i.e. if a
model improves this will be reflected by the MR. Unfortunately, it also has
a main disadvantage, i.e. it does not account for the number of candidates.
Having a MR of 10 is considerably better on a dataset with 1 million entities
than on a dataset with only 20 possible entities. In addition, even on KGs with
the same number of entities, it is easier to achieve a good MR when the KG
is denser than on sparser KGs, since we filter out all triples contained in the
KG during evaluation as defined above and thus reduce the number of possible
candidates C. This means that the MR is not comparable between datasets and
in most cases only makes sense when the dataset is known in detail. This is
a strong limitation especially in the light of data integration, since we usually
are looking into new datasets that have not been analyzed before and thus
are unknown. Therefore, the research contribution in appendix C sets out to
create a fair metric inspired by the Adjusted Rand Index [105], which adjusts
the chance that a random model without predictive performance achieves the
same result. In the following we briefly go through the proposed metric. A
more detailed analysis and reflections upon other metrics can be found in the
research contribution in appendix C. We start with the expected mean rank

E[MR] =
1

2n

n∑

i=1

(|Si|+ 1), (2.13)

which exhibits the expected MR that would be achieved by a fully random
model. This can now be combined with the normal MR from equation 2.12 to
obtain Adjusted Mean Rank (AMR) as follows:

AMR =
MR

E[MR]
=

2
∑n
i=1 ri∑n

i=1(|Si|+ 1)
(2.14)

The AMR is adjusted by the chance per ranked triple. In order to obtain a
range that is easier to interpret the AMR was changed to the Adjusted Mean
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Rank Index (AMRI) as follows:

AMRI = 1− MR− 1

E[MR− 1]
=

2
∑n
i=1(ri − 1)∑n
i=1(|Si|)

, (2.15)

which has a symmetric range [-1,1] with AMRI = 0 expressing a fully random
model, AMRI = 1 depicting a model with perfect prediction performance, and
AMRI < 0 indicating that the model performs worse than random.

The proposed metrics were included in the benchmarking study in appendix A
and are also implemented in PyKEEN 1.0 shown in appendix B. In appendix A
it was shown that the different ranking approaches, i.e. optimistic, pessimistic,
realistic, can lead to significant differences in the achieved scores of a model
and [14] has shown that using the AMRI can have a considerable impact on the
performance for entity alignment tasks, which is another research direction that
involves aligning KGEMs that were trained on different KGs. Overall, we can
conclude that the realistic ranking approach is a considerably more meaningful
approach and should be the only one considered in all cases and that the AMRI is
a much more robust and suitable metric to compare the performance of KGEMs.

2.2.3 Discussion

In this section two diverse ways of modelling relations were covered. The
Bayesian Cut and KGEMs. With the Bayesian Cut a fully Bayesian version of
a SBM that combined degree correction and a community enforcing constraint
was proposed. This model has shown superior performance on the benchmark
community datasets compared to other available SBMs. This achievement can
be attributed to the community constraint together with the sampling charac-
teristics of the Bayesian model. On the downside it is computationally expensive
due to the required Markov Chain Monte Carlo sampling. More efficient versions
that use Maximum Likelihood Estimation (MLE) approach such as [62] exist.
However, the MLE approach does not exhibit information about the certainty of
the found parameters, which is unfortunate given that SBMs without commu-
nity constrains suffer from finding inadequate solutions as shown in the research
contribution. Another drawback is that the number of clusters has to be known
upfront or it has to be inferred through a computationally expensive inference
[48]. Even though multilayer SBMs exist [121], most models are focused on one
relation as is the proposed Bayesian Cut and despite the degree-correction that
has been added to SBMs to model individual node behaviour, the focus of SBMs
is to model clusters/blocks as the name suggests. This makes it a very suitable
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model for more homogeneous relations and nodes where one is interested in the
structure of a network at hand as well as the statistics that describe connection
behaviour of each cluster such as in brain connectivity research [93] and social
network community structures [95], but with regards to the application for data
integration tasks it seems less applicable.

On the contrary we have KGEMs that are especially designed to preserve the
three-dimensional nature of KGs constituting of entity to entity connections
across many relations. With the contribution Bringing Light Into the Dark:
A Large-scale Evaluation of Knowledge Graph Embedding Models Under a
Unified Framework a unified framework is proposed and the large-scale bench-
marking study supplies rich information that allows insights into the impact
of KGEM design choices. Built upon the requirements and experience of this
study the contribution PyKEEN 1.0: A Python Library for Training and Eval-
uating Knowledge Graph Embeddings set out to develop an open source KGEM
software framework. PyKEEN 1.0 has shown that the complexity of KGEMs
can be abstracted to an easy-to-use and composable software framework that
is appealing to both researchers and practitioners, and at the same time fosters
reproducibility in the KGEM community. With Interpretable and Fair Com-
parison of Link Prediction or Entity Alignment Methods another contribution
to this field was made by proposing a new metric that allows a more realistic
and objective way of comparing the performance of KGEMs.

In general, KGEMs have been shown to be a very versatile and capable approach
to model KGs. As the implications of the covered research contributions to the
purpose of data integration was broached throughout this chapter, it can easily
be observed that KGEMs pose a very suitable approach for challenges associated
with data integration. As a matter of fact, the existing applications, such as
the Google Knowledge Vault presented in this chapter, have been shown to be
extremely scalable whilst serving a similar purpose that is namely to integrate
new knowledge with existing knowledge from an ever-evolving data source. How
this approach can be used specifically for the data integration task in big data
applications in industrial settings will be covered in the next chapter.
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Chapter 3

Practical application

In this chapter we will analyze a data integration problem in an industrial set-
ting and construct a data integration framework for industrial big data analytics.
The underlying machine learning understanding of this chapter will build on the
previous chapter where we have looked at the capability and principles behind
MBPLS as a data fusion algorithm and RML to link data from a relational
perspective. Here, especially the KGEMs showed promising characteristics and
we will see how its ability can be used in the following sections. Therefore,
we will start with analyzing the data integration challenges encountered in the
case study introduced section 2.1.1.1. Afterwards, we will formulate a data inte-
gration framework to effectively counteract these challenges, and subsequently
apply this framework on a simulated case study that portrays common chal-
lenges in the industry.

3.1 The case study, continued

In section 2.1.1.1 we have analyzed industrial fermentation process data, and
have touched upon the data integration challenges that were faced before the
actual analysis of the process data could start. To recap, there were about 400
extracted files split into 200 files for the seed fermentation and 200 files for the
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main fermentation. Here we focus on the main fermentation, where each file
represents the production of one batch, consisting of at least 1500 time points
over circa 200 variables, i.e. sensors and settings that are tracked during the
production.

Figure 3.1: Knowledge and techni-
cal barriers in indus-
trial settings. The
red-dashed lines indicate
that the responsibility
for handling the task is
given to different depart-
ments and/or persons,
and that the technical
system is different.

In order to better understand where
these files originate and how they usu-
ally are created, we can look at figure
3.1.1 To start we consider the produc-
tion of interest as the real-world ob-
ject at hand. Even just focusing on
data related parts, the production usu-
ally is a large heterogeneous system
that consists of many sub-systems and
different hardware components com-
bined with various software solutions to
record process data. Although compa-
nies usually try to reduce the amount of
databases and storage systems related
to one production system by combin-
ing the data recorded of several sensor
systems into one database, the result
is usually that at least a few hetero-
geneous storage systems and databases
remain. Going from the production
itself to the storage system we cross
the first knowledge and technical bar-
rier, i.e., the responsibilities go over
to other departments and/or persons
that does not share the same knowledge
and in addition, the technical system is
changed. Considering the technical so-
lutions, a common combination is an
Enterprise Resource Planning System,
which usually is more focused on meta-
data such as when, how much, with which equipment should be produced, and a
more process focused Manufacturing Execution System, which stores the actual
process data and production execution steps in real-time. However, it should
be noted that the covered parts between these two exemplary systems might
change from use-case to use-case even with the same company, since the soft-
ware suppliers usually try to cover both systems’ functionalities to some extent.

1Please note that this is a greatly simplified view of industrial settings, which in reality
have even more knowledge and technical barriers.



3.1 The case study, continued 47

The different systems used to store and manage the data go hand in hand with
the persons and departments knowing those diverse systems. If the business
owner of the production process has the interest to analyze the production
data, other departments and persons will be involved in the data extraction
process, not uncommonly even different departments/persons for the extraction
from each system. These extracted files are then usually given back to process
specialists of the business unit responsible for the production. However, whereas
a chemist or biologist could perform the basic statistical data analysis without
help in the old days, now the extreme amount of data requires the process
specialist to collaborate with data scientists that have a background in machine
learning to utilize the knowledge hidden in the data.

What follows next for the data scientist is termed data profiling, and probably
known to every person that has ever worked with real-world datasets, which
can be described best as "eye-balling" the dataset at hand [4]. The goal of this
activity is to understand the dataset and check for possible peculiarities, which
is described in great detail in [2]. To become familiar with the dataset in this
case study, we can start by analyzing what these 200 main fermentation files
contain and define the set of batches as F and the union of all variables in those
batches as D =

⋃
B∈F B, which we use to define the Jaccard similarity of the

set of variables in one batch B compared to the union of all variables in all files
D as follows

J(B,D) = |B ∩ D||D| . (3.1)

The Jaccard similarity tells us how similar the set of variables in one batch B
is to the union of all sets of variables in all batches, which in this case revealed
that many batches only have 10 − 20% in common with the overall dataset at
hand. This is especially noteworthy, since this is data from a highly standardized
process that has the same hardware and documentation requirements across all
plants and countries within the organization. To make this problem visible, we
can look at figure 3.2. Here, one batch is shown as a pixel column and a "type"
of variable as pixel row. A light colored pixel indicates that the specific variable
is available in the batch and a dark colored pixel that the type of variable
is missing. In figure 3.2a, which shows the situation before all data quality
issues were resolved, we can see that only very few variables are available within
most batches and that there seems to be a peculiar pattern of variables that
are missing for roughly half the available batches. Accordingly, the suspicious
data pattern triggered a lengthy analysis process, which finally led to the data
availability shown in figure 3.2b.
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(a) Data sparsity before (b) Data sparsity after

Figure 3.2: Data sparsity presented by each dark pixel representing that a
particular variable was not found in a file/batch for (a) before
finding data quality issues, and (b), after fixing the query system.

After successfully loading the data a data scientist can create many metrics
about the data at hand, but often lacks the process understanding that allow to
make conclusions, as pointed out by other authors stating that this challenge

"[...] is arguably the most difficult, namely meaningfully
interpreting the data profiling results."
Abedjan et al. in [2]

As an example of this we can take the time series for pH curves in a batch
production as shown in figure 3.3. A popular way to profile real valued data
fields is to calculate the normal distribution for a given variable. However, this
can lead to wrong conclusions as in this case the mean and standard deviation
suggest that (a) and (b) are the same, while actually (a) and (c) are two
variations of a normal fermentation cycle and (b) represents a cleaning cycle.

This is a case that is often found in the process industry, because most values
are a part of time series, i.e., a stream of values that not only for themselves
have a logic, but that also have a hidden logic over time as shown in figure 3.3.
Even though the values in figure 3.3b neither violate the range constraint of pH
values, i.e. pH ∈ [0, 14], nor violate the parametrized domain range, they do not
represent a valid fermentation cycle. At this point it is important to remember
that the time series are not limited to real valued data points, but also can
consist of all kinds of data, e.g., log-entries, which equivalently represent certain
patterns over time. This is an added meta-layer of complexity, contrary to single
values that can be checked by the database management systems with regards to
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(a) µ = 7.1, σ = 1.9 (b) µ = 7.1, σ = 1.9 (c) µ = 5.9, σ = 1.6

Figure 3.3: Three different time series of a pH-curve parametrized by a normal
distribution. According to the normal distribution graph (a) and
(b) are identical, while graph (c) is an outlier.

the range, syntax, the value itself or in combination with other values. Therefore,
the profiling and validation of time series data often requires plotting and the
visual inspection by a domain specialist, since the data scientist profiling the
data usually does not possess this knowledge. Understandably, this is a very
expensive undertaking that does not scale and thus is often omitted or only
performed spot-wise. This can in many cases have detrimental effects on the
ML models, as structural biases and errors harm the model performance [78],
and might lead to viable big data applications being dropped. If we consider the
above-mentioned example of having a cleaning cycle mistaken for a fermentation
cycle, even if the cleaning cycles just represent 10-20% of the overall data, this
has a strong impact on model performance.

An important notion is that we are not interested in completely error free data,
e.g., sensors in the process industry can often produce outlier values or might
lose connection and not transmit values at all for some time. This data should be
considered in domain and should also be considered when designing ML appli-
cations or analyzing the data. Therefore, the pressing issue is to find structural
errors, whose detection usually requires domain experts to perform manual data
inspection while also considering that in big corporations the data consumed by
single ML applications can easily span over the domain expertise of several ex-
perts. To determine how this issue can be solved we will analyze the concomitant
requirements and construct a data integration framework in the next section.
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3.2 Formulation of a Data Integration Framework

Figure 3.4: The different perspec-
tives of a domain ex-
pert and a data scientist
when being confronted
with process data.

To understand why domain experts
seemingly have such supernatural pow-
ers we take a big step back and look
at the context we actually operate in,
which is illustrated in figure 3.4. Here
we see the data integration context pre-
sented earlier in this thesis in figure 1.1
and the therewith related perspectives
of a data scientist and a domain ex-
pert on the overall context. It becomes
obvious that the data scientist is con-
strained by a very limited view, while
the domain expert not only sees the en-
tire data creation context, but in addi-
tion also can relate the real-world ob-
ject to other objects in the company as
well as outside. To elaborate on this, a
data scientist might be aware of the fact
that the value of a pH sensor should not
exceed the range of [0, 14], however, the
knowledge that the lower bound of the pH in this particular case is limited to
2.5, due to the use of vinegar, is only visible to the domain expert. In an-
other case the protein content of barley used for the beer fermentation might
be dependent on the weather conditions of that season, which shows that the
required knowledge expands across the context of the production itself into the
universe that surrounds us, which the domain expert is aware of. It is impor-
tant to notice that we do not argue that the data scientist is not capable of
understanding these relations, we just state that the logical relations of how the
real-world object that created the data is linked to other real-world objects, and
information that would allow the data scientist to establish the required logic,
is not available for the data scientist.

To emphasize the relational nature of building the required knowledge we can
imagine how we would approach this problem ourselves. The domain specialist
certainly does not remember the correlations between the season and the protein
content of barley as actual full data, but rather remembers that there was a
specific relation. Cognitive science shows us that the ability of humans to learn
from very few, or sometimes no examples, is the ability to derive conclusions
based on the similarity of objects [72], and thus not remembering correlations
matrices to derive conclusions. As announced earlier in chapter 2 we would
like to build our own "artificial domain expert". As the excellent ability to
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understand data of the actual domain expert can be attributed to being human
[72], we will have to understand how humans work.

Figure 3.5: The Multi-Store Model proposed by [8].

Figure 3.5 shows a model of how the human memory works as proposed by [8].
According to [8] these three components can be explained as follows:

• Sensory Register
The sensory register handles all environmental input that our senses en-
counter. Thereby it processes the input for each sense separately and holds
it available for the short-term memory for a very short time after which
it decays.

• Short-Term Memory
The short-term memory can only hold a very small amount of data, which
is assumed to be about 7 pieces of information. This is why it uses the at-
tention mechanism illustrated in the figure, i.e. it chooses the information
that was made available from the sensory register. When the short-term
memory encounters information it is believed to automatically transfer this
information to the long-term memory. However, the short-term memory
can also choose to rehearse information, which will increase the amount
of this particular information transferred to the long-term memory. Other
research has proven that this assumption is too simple and that the short-
term memory, also called working memory, is more complex as it contin-
uously relies on information already known and stored in the long-term
memory and uses it combined with the context to steer the attention [34].
In line with this notion we use our own interpretation, which is that the
rehearsal can be considered as a type of reasoning, where the information
presented is compared to the logic available in the long-term memory,
which activate the short-term memory once the presented objects are con-
sidered important. This can be seen as the short-term memory using the
long-term memory to decide where to pay attention. Furthermore, un-
known objects can get attention as well, but require a more elaborate
rehearsal as these objects have to be compared to already known objects
and the currently established logic.



52 Practical application

• Long-Term Memory

The long-term memory serves as an unlimited storage for information in
a more abstract sense such that it does not store the full data presented
to the sensors. The long-term memory saves the information presented
by the short-term memory and allows it to retrieve past information. As
the literature has engaged in a lengthy discussion on how long-term and
short-term memory are different [34], for this thesis we consider the long-
term memory an unlimited storage for objects that were reasoned by the
short-term memory and make the important distinction that the long-term
memory, contrary to the short-term memory, does not engage in reasoning
or rehearsal as described under short-term memory.

Based on these insights we will now formulate a data integration framework that
allows us build a human like artificial domain expert.

Figure 3.6: A data integration framework.

In figure 3.6 the proposed data integration framework based on the multi-store
model by [8] is shown. In the following we will elaborate on the individual
components in more detail:

(1) In the first step the data is classified regarding its type, e.g., textual data,
time series data, image data. This classification can be done based on
the filetype, which is very suitable for image files, but for data stored in
a database it might require further rule based checks, e.g., small auto-
correlation samples to determine whether a column is containing a time
series. In addition, the data classifier is considered to consist of the ac-
companying metadata found in the industry, i.e., database, factory, sensor,
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production unit etc. that identifies where the data is coming from or what
object it is describing, which is different from metadata created through
data profiling as found in the literature [84, 123] that will be covered in
point 3. The intention of data classifiers is to decide how the data should
be analyzed optimally to get a thorough understanding of the data at hand
and therefore, these operations are computationally very inexpensive and
can be based on simple rules as well as just passing the context related
metadata.

(2) The second stage starts with consuming the data classifiers and deciding
how this data should be profiled. The reason that the data is not profiled
directly is to save computational complexity and not compute meaning-
less metrics for all incoming data. This can be thought of as the atten-
tion mechanism of this framework. As shown in the figure this is work
to be carried out by the data scientist and the domain expert in collab-
oration, as the domain expert holds the knowledge about how data can
be profiled in the most meaningful way, which is closely related to the
principle presented in [36] and [29]. The important part is that this knowl-
edge is converted to triples and stored in the KG, e.g., ("dataclass_1",
"requires_profiling", "mean_and_std"), which allows us to remember how
the domain specialist profiled the data. Now these profiling requests, which
we elaborate under point 3, are created and after completion are returned
to the data scientist and the domain expert. Based on the profiling of
the data the domain specialist might agree that the data is representa-
tive, in which case we save this knowledge as triples into the KG. An
important notion is that we follow the mantra that Google introduced
with their KG in [112], which is to store "things, not strings". This
means that we consider one column storing data a "thing". Thus, data
representing one conceptual object, often represented by one column in a
database, is stored as a unique concept and thus the triples are saved in
relation to this. To put it in a more explicit way, this means that we call
the pH data created by a specific sensor a "thing". From this we derive
many factual triples such as ("thing_pH_123", "has_dataclass", "data-
class_1") and ("thing_pH_123", "has_profile", "mean_and_std_123").
Please note that these triples are just storing abstract facts in the KG,
whereas the relating embodiment of the actual numbers is handled by
part (1) and (3). This abstract construction of relational facts allows us
much more. First, this allows us to explicitly state that the same data
might be saved in several databases and storage systems. A domain expert
can for example put knowledgeable facts into the KG, e.g., ("unit_pH",
"has_profile", "pH_range"), which stores the permissible range of the
pH unit. This again allows an indirect linking over the KG by knowing
that our "thing" has the unit pH by storing the triple ("thing_pH_123",
"has_unit", "unit_pH"). Second, this allows us to store required data cu-
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ration, pre-processing and cleaning procedures as facts in the KG. This is
very much in line with the works that have called for and shown that includ-
ing such knowledge about the data at hand can be very beneficial to handle
the data in a more correct way [122, 123]. Also, this aligns with the works
in [84] and [83] that have used a metadata based feature vector to train ML
models to predict how to detect data errors and which cleaning workflows
should be used. However, it should be noted that we in this case use KG
and thus not a feature vector based approach. This allows us to follow the
OWA of KGs, which means that we only look at the facts deemed necessary
by the domain expert, which improves the computational efficiency, since
we do not have to calculate every feature every time.

(3) In the third stage the data is profiled in a bespoke way as requested by
the data scientist in collaboration with the domain expert. The work in [2]
gives a great overview of data profiling tasks and the work [123] has ana-
lyzed the connections between the data profiles, called metadata in their
work, and data quality issues. In general, this task aims at creating struc-
tured information that represents the data at hand in a more meaningful
way that makes it easier to manage the data. As an example we can take
the body height measurement of one million people. This data is much eas-
ier and more meaningful to describe with a mean and standard deviation
than to look at the one million values simultaneously. However, as pro-
moted in the introduction of this thesis we want to opt for a pure machine
learning approach even though we do not excluded hand crafted features, if
meaningful. To elaborate on this statement, the problem with hand crafted
features, such as the mean and std, is that they often are simple and sub-
ject to not covering the entire truth. Especially in the process industry
that works with many time-series this is a known problem. Therefore, we
should use unsupervised non-linear machine learning models. Especially for
time series we can use a combination of a Variational AutoEncoder (VAE)
proposed by [66], and a Convolutional Neural Network (CNN) as shown in
[70] that creates abstractions of patterns similar to how humans perceive vi-
sion. The benefit of such a combination is that the VAE embeds the CNN
in an approximate standard normal distributed space as shown in figure
3.7. Here we can see how these very complex time series are embedded in
the latent space in a principled statistical way by the VAE. Therefore, we
can make use of non-parametric clustering algorithms such as DBSCAN[44]
without the need to tune parameters. This allows us to establish domain
specific clusters as shown in figure 3.7. From this the data scientist can
capture the entire complex domain of a production specific time series with
the profile "embedding_class_123" and save the triple ("thing_pH_123",
"has_profile", "embedding_class_123") to the KG as discussed in point
(2). This shows how powerful unsupervised NN can be to capture complex
data and the good things is that this principle can basically be used for any



3.2 Formulation of a Data Integration Framework 55

Figure 3.7: Latent space embeddings created by a Convolutional Vari-
ational AutoEncoder (CVAE) with 16 latent dimensions,
shown in the two-dimensional space reduced by PCA. The
five shown time series are sampled from the model.

kind of data, as e.g., shown in [31].

(4) The fourth component is a less active part as it is the long-term storage.
In the previous stages we have defined how the data scientist and domain
expert create triples that classify the data at hand, define which data pro-
files should be created for specific classes of data, and how data has to be
curated, cleaned and pre-processed. This information is stored in the KG
representing the relational facts between these concepts and objects. At this
time we already have a system similar to the concept of the Enterprise KG
presented in [25], whose objective was to profile all company data dataset
by dataset in order to create a corporate KG that shows the relations be-
tween datasets and their similarities. This in return allows to query the
KG similar to other databases. In our case we could query the KG for all
variables that share a specific latent embedding as introduced above by ask-
ing for all things as (?, "has_profile", "embedding_class_123"). From this
point the KG can be seen as a natural integrator of knowledge [33], which
combines various data sources and puts them in a global context. However,
contrary to [25], we at this point still rely on the domain specialist instead
of automated data profiling, which is not a very scalable approach, but not
without a reason. The approach so far resembles the curated approach ex-
plained in section 2.2.2, where experts create a KG. Our ambition so far has
been to characterize how a domain expert understands and profiles data,
which is materialized and formulated by the data scientist and stored in
the KG in the form of triples. As indicated in figure 3.6 we can progress to
stage 5 once we reach a certain maturity and have established a baseline of
knowledge in our KG.

(5) As the KG in stage 4 represents the relational abstraction of how a domain
expert sees the data at hand, we can finally start to build our "artificial
domain expert". As elaborated in section 2.2.2, KGEMs are a very suitable
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approach to learn and understand the relational data represented in a KG.
To do this, we can train a KGEM based on the triples retrieved from the KG.
The intriguing part about this is that with this approach we start to learn
to think and reason as the domain experts, i.e. all experts across the entire
organization, since step (1) to (3) can be carried out by multiple domain
experts, which allows us to build a global enterprise domain expert model.
Once the KGEM is trained it can effectively replace the domain expert and
allow a collaboration with the data scientist or even an automation as we
will elaborate in step (6).

(6) Together with the KGEM the data scientist can now resolve most problems
without the help of the domain expert. Please note that the goal is basically
to completely automate this task with the KGEM and only in cases that
the KGEM cannot solve without help, the data scientist can have a closer
look and also contact the domain expert in process (2) to resolve unresolved
questions in an active learning fashion, similar to [83]. Since the KGEM
has learned from the domain expert in an early state which data classes
should be profiled in which way, the KGEM can also without help reason
whether newly presented data is acting as to be expected based on the
metadata, which kind of errors it has or which data pre-processing steps it
should undergo. To automate this, the KGEM can essentially crawl over all
databases in the company, since it has learned to profile the data, store new
insights that align strongly with the prior knowledge already stored in the
KG. Another great functionality of the KGEM is that the data scientist
can now use it as an oracle. In cases where the data scientist wants to
investigate a dataset, all relevant questions about the data at hand can be
answered by the KGEM, while only unresolved requests have to be clarified
with a domain expert, which is the main issue for data scientists when
creating big data applications.

Overall, the here presented network has several nice merits. First of all, it allows
to create an artificial domain expert that learns to interpret and evaluate the
data as the real domain experts, while it still allows the interaction with data
scientists and domain experts subsequently to support lifelong learning of the
model and can be integrated in active learning approaches. Second, especially
the fact that it is based on triples under the OWA makes it superior to fixed
vector based ML approaches, i.e., each "object/thing" we want to describe can
have from zero to thousands of related pieces of information and the KGEM
naturally handles the sparsity and utilizes the underlying logic of the KG. This
is also the reason why this approach is very scalable, both in the number of data
profiles as well as the number of objects it can handle, since it only calculates
the data profiles that are deemed necessary based on the data classification,
which is regardless of the number of available data profiling approaches and
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objects globally stored in the KG. At the same time the data classification and
profiling mechanisms in steps (1) and (3) can be simultaneously utilized by
both the experts in step (2) and the KGEM in step (5). During these steps
new triples might be created and can be added to the KG at runtime. Third,
the computationally expensive task of relating all obtained features between all
objects is only occurring when the KGEM is trained, which might be performed
periodically and can in large-scale settings easily be distributed as shown in [77],
where a distributed training setup was used to train a KGEM on the full Freebase
KG that contains 121,216,723 entities, 25,291 relations and 2,725,070,599 triples.
Having covered the principles behind this framework, we will now look at some
experiments to see how it can be deployed to solving issues as discussed earlier.
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3.3 Experiments

In the following we will conduct a few experiments to show the general concept
of how the data integration framework based on a KGEM can be utilized. We
use synthetic data to focus on the theoretical implications that allow us to
understand the architecture behind this approach.

As a starting point we have a typical use case that can be found in the processing
industry, which is data stored in a data lake containing 400 files exhibiting 400
batches of a production of "Product A" in "Factory A". Each file contains 10
variables displaying the time series of one particular sensor for each batch. In
the following we can see a few samples of the 10 variables

Figure 3.8: 5 randomly sampled time series for each of the 10 variables. The
variables are for simplicity called ( ) "Var 1", ( ) "Var 2", ( ) "Var
3", ( ) "Var 4", ( ) "Var 5", ( ) "Var 6", ( ) "Var 7", ( ) "Var 8",
( ) "Var 9", and ( ) "Var 10".

Considering the time series shown above, it would not make sense to look at
single values in time, but rather at the time series as a whole. In general
it is important to understand how the domain expert characterizes this data.
Domain experts in the process industry can usually quickly tell time series of
different sensors apart and in addition characterize these as e.g. outlier or
incorrect data, even though they cannot recall every exact absolute value at
each point in time for such a time series of a specific sensor. As the goal of the
stages 1-3 is to teach the KGEM how a domain expert perceives and analyzes
data, we have to rely on machine learning models that behave similar to humans
in profiling data without the need to be explicit. One way to mimic this human
ability is to project the time series into a latent space by using a CVAE.
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Figure 3.9: All 4,000 time series from all 400 files embedded in a 16 dimen-
sional latent space by a CVAE, shown in a two-dimensional space
reduced by PCA. The group assignments are based on DBSCAN
clustering on all 16 dimensions with the colors aligned with figure
3.8.

As shown in figure 3.9, the CVAE puts similar looking time series close together
in the latent space. The tricky part is how to construct meaningful triples
out of these points in the latent space. One suitable way is to use a density
based clustering approach, such as DBSCAN[44], to cluster similar time series
into "embedding classes". The derived embedding classes can now be saved as
triples, e.g., ("Var 2", "has_profile", "embedding_class_2"). Given that we
assume this to be a suitable approach, we also have to save the classification
for each variable, e.g., ("Var 2", "is_class", "time_series") as well as the cho-
sen profiling approach, e.g., ("Var 2", "profiled_with", "CVAE_DBSCAN")
and ("time_series", "profiled_with", "CVAE_DBSCAN"). This will later on
allow the KGEM to learn which approach should be taken to profile certain
data classes, e.g., time series, textual data, images etc.. The reason for this ap-
proach of reducing complex signals to concise features is to resemble the human
behaviour of storing knowledge.

If a human sees a red car, it does not save an actual picture including all details
of the car, but rather stores the features of the car in the brain. In reverse, if I
might tell you that I’m thinking of a red Italian race car there is a good chance
that you as a reader can envision a picture of such a car. What is even more
fascinating, is that you very likely also can imagine the sound it makes without
further information. We can assume that the two parts, i.e. the sound and the
visuals of the car, come from two different embedding models, i.e. your eyes and
your ears. It is only that your brain connects these two models in a relational
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fashion that allows you to connect the two distinct signals. For that reason the
proposed data integration framework also uses embedding models to consume
data in a useful way to construct triples out of them that allow the KGEM to
construct meaningful relations between the data at hand.

To come back to the above-mentioned use case, we use this approach to auto-
matically parse the 400 files and create triples. The assumption is that these files
are all homogeneous, with the column names being {"Var 1", . . . , "Var 10"},
resulting in the respective embedding classes {"embedding_class_1", . . . , "em-
bedding_class_10"}. Furthermore, we assume that the variables are created by
the respective sensors {"Sensor 1", . . . , "Sensor 10"} and that each variable is
created during the production of "Product A" in "Factory A". As an example
this results in the following triples for "Var 2" : ("Var 2", "has_profile", "embed-
ding_class_2"), ("Var 2", "created_by", "Sensor 2"), ("Var 2", "for_product",
"Product A"), ("Var 2", "part_of", "Factory A"). In addition we store one
triple ("Factory A", "produces", "Product A"). With these triples saved in our
KG, we can train our KGEM. Based on the KGEM framework presented in sec-
tion 2.2.2.1, we train our KGEM with the following four components, i.e., the
RotatE interaction model shown in equation 2.8, the LCWA training approach,
the SPL loss function and no explicit inverse triples.

(a) 50 epochs (b) 100 epochs (c) 200 epochs

Figure 3.10: The entity embeddings of the KGEM during training. ( ) "Sen-
sors", ( ) "Variables", ( ) "Embedding classes", ( ) "Product A"
and ( ) "Factory A". The embeddings are reduced to the two-
dimensional space based on PCA.

In figure 3.10 the entity embeddings of the above-described KGEM are shown
during training. Here we can observe how the model slowly builds a logic struc-
ture of the entities as it converges. In figure 3.10c we can see how the model
has grouped the sensors, variables and embedding classes as categories for them-
selves. This is fascinating since the triples, as shown above, do not contain these
links directly and thus are reasoned by the model itself.
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This capability is a consequence of the KGEM creating similar embeddings for
entities with similar relations. To see how we can utilize this fact for challeng-
ing data integration tasks we slightly adjust our above-mentioned use case and
consider the following example. The 400 files described above actually come
from two factories, one in Denmark and another one in the United States. Here
it might be the case that the temperature in Denmark is saved in the degree
Celsius unit, while in the United Stated it is saved in degree Fahrenheit. Both
variables measure the same physical phenomena, but their absolute signal is
offset by a factor plus an absolute constant, but both variables have the same
name, i.e., "Var 8" in our case. In figure 3.8 "Var 8" and "Var 10" show such
phenomenon. They look very similar, but there is a structural difference between
the two. With regards to our use case, this means that "Var 8" contains "em-
bedding_class_8" for files from the Danish factory and "embedding_class_10"
for files from the U.S. factory, while the actual column "Var 10" is not contained
in any of the files and we wrongfully assume that all files come from the Danish
factory only.

Figure 3.11: Training the KGEM
with "Var 8" contain-
ing two different sig-
nals under the same
column name. Col-
ors are aligned with fig-
ure 3.10. The em-
beddings are reduced
to the two-dimensional
space based on PCA.

In figure 3.11 the above-mentioned
KGEM that was used for figure 3.10
is trained on the just mentioned data
with "Var 8" that erroneously contains
the data of another variable in 200 of
the 400 files. This ratio emphasizes
that this is no outlier, as half of the
data under "Var 8" actually is wrong.
Nonetheless, the model seems to notice
that "Var 8" is different from the other
variables. As we are still in the unsu-
pervised setting, i.e. the data scientist
is working without the supervision of
the domain expert, this functionality
can be very helpful for the data scien-
tist to direct the right questions to the
domain expert. The remaining prob-
lem is how to identify the variables that
seem to behave abnormal. From a vi-
sual perspective clustering might seem
to be a suitable approach, but since the
embeddings often have hundreds of di-
mensions clustering itself can be a chal-
lenge. To allow us to do this in an ef-
ficient way, we have to follow a design
guideline, which is that any data profiler is only allowed to create one triple
per file inspected, e.g., ("Var 2", "has_profile", "embedding_class_2"), i.e.
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having used ten profiles would result in ten "has_profile" triples. Under this
assumption, the KGEM should only have learned to predict one true triple per
used profiler. The more heterogeneous the inspected datasets are the more true
triples will likely be predicted. Whether a triple is true or not is often defined
by using a threshold value, which aside desired sensitivity is highly dependent
on the chosen interaction model and loss function. In our case, i.e. using the
RotatE interaction function together with the SPL loss function wrapped in the
sigmoid function, we set it to 0.25, which is exactly the middle of the value
range that this particular KGEM can predict. Doing this results in detecting
"Var 8" as an odd variable.

Approaching these problems with the above-described approach is a great way
for the data scientist to make interesting findings that can be presented to the
domain expert. Once the findings are verified by the domain expert, only the
correct triples remain in the KG. With the now corrected knowledge the KGEM
can be retrained and used for immediate verification without the domain expert
when new datasets are investigated and converted into proposed triples. Every
time there is a disagreement between the KGEM and an proposed triple, the
data scientist can go with this particular piece of information to the domain
expert and ask for verification, which will allow for an ever-growing knowledge
base about the entire data available in a company.

3.4 Discussion

In the previous sections we have covered typical data integration problems in
the process industry and have looked at how a data integration framework based
on KGEMs can help us to solve these challenges. As the experiments section
focused on the principles behind this approach and did not perform large-scale
experiments that would be found in the industry, the experiments should be
considered a proof of concept. Hereby, one of the remaining challenges is how
to construct the triples when profiling datasets and saving metadata. From
the research contribution in appendix A we know that symmetric relations are
significantly easier to learn for KGEMs than anti-symmetric and composite re-
lations. Nevertheless, the abstraction of complex relations in a pure machine
learning approach that does not require to pre-define rules or feature engineer-
ing is a very promising approach to build artificial domain experts that can
help companies to solve complex data integration problems that go beyond sin-
gle values or columns alone. Hereby, the KGEM plays the integrator role that
combines relational knowledge from the profiled data in a manner similar to hu-
mans, which allows for a more principled approach than the fixed vector based
machine learning frameworks.
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Discussion

In the previous chapters we have looked at the data integration problem and have
investigated ML approaches that potentially could solve this challenge. As the
discussions in the previous chapters were more related to technical aspects and
the research contributions themselves, we will now reflect upon the overall aspect
of data integration. Overall, this thesis argues in line with the literature that the
hardest problem in data integration is to combine findings about data points
with their respective relations to other pieces of information that eventually
allow a meaningful interpretation of these. Usually, the literature guides towards
the reliance upon domain experts that, contrary to solely data-based approaches,
are able to resolve these complex problems.

In the first research question we set out to investigate "Which ML methods are
suitable for data integration". Section 2.1 investigated data fusion as a sub-part
of data integration. The case study in appendix F showed that the MBPLS
algorithm is a very suitable approach to merge multiple data sources, but at the
same time is very susceptible to many data integration problems. The findings
from the case study confirmed that relational knowledge about the data at hand
is required to resolve the data integration challenges in a meaningful way. To
cover this aspect this thesis has provided multiple research contributions in the
area of RML in section 2.2, where the focus has been on KGEMs that have
been proven to be a very suitable way of modelling relational patterns. The
motivation for using KGEMs for data integration is that they have been proven
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to be a good integrator of a vast amount of knowledge [41]. The KGEMs ability
of predicting new knowledge based on existing facts is a very powerful approach
that allows to build a human-like artificial domain expert to solve the hardest
problem in data integration as outlined above.

One aspect the presented research contributions did not cover is the integration
of literals, i.e., triples that are accompanied by a value, which allow a more
realistic embedding of number ranges [69], e.g., one age entity combined together
with an age value instead of creating one entity per age value. In addition, the
focus of this thesis has been on the transductive setup, i.e., models that only
can predict links between entities and relations that were known during training.
Contrary to this, inductive approaches, such as [56] and [119], can generalize to
unseen entities by deriving similarities to other entities without requiring the
retraining of the KGEM. However, both approaches are rather an add-on to
the existing KGEMs and can be added as desired at the expense of additional
computational requirements and complexity. The downside of not including
these approaches is that the training of the KGEM is required more frequently
especially in the beginning, i.e., we convert the inductive task to a transductive
task. Nevertheless, as the KG is very small in the beginning, the training
will also be computationally very inexpensive. Once the KG contains a large
number of triples, the training will become more expensive, but at the same
time it will become less likely that we encounter unseen relations and entities,
which naturally mitigates the downside of the transductive setup in this case.

Considering KGEMs as the knowledge integrator to replace the domain expert
we look at the second research question "What is a suitable generic framework of
data integration under the pure ML approach". In chapter 3 the data integration
problem from the above-mentioned case study was revived. Here it was shown
that especially in the process industry the main problem is to know what the
data at hand actually means and what exactly it represents. To overcome this
challenge this thesis has proposed a data integration framework that is build
around KGEMs which embody the artificial domain expert. To demonstrate
the pure ML approach, the experiments have shown a proof-of-concept of how
recent advances in unsupervised ML algorithms can be combined with KGEMs
under this framework to build a fully autonomous ML system that can handle
data integration challenges with a focus on the process industry. Regardless, this
approach potentially could be used for any industry and offers great versatility
and extensibility for the following reasons. First, while the KG is likely to be
based on company data, it can continuously be enriched with facts from knowl-
edge sources such as Wikidata [124]. Second, using entity alignment methods
the KGs learned at different subsidiaries of a company can be joined globally
[12], which means that it does not necessarily require a centralized approach.
Third, during the case study presented in appendix F it was noticed that in
large corporations the reconciliation of data integration problems often requires
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multiple domain experts, as the vast amount of big data exceeds the capability
and horizon of individual domain experts, which is another point that shows the
necessity of this approach in the age of big data, as KGEMs can easily exceed
this boundary and thus allows the integration of knowledge that far exceeds the
capabilities of humans.

Overall, it should be noted that this is not a mere error or outlier detection
system. The baseline of this approach is to build an artificial domain expert
that integrates all knowledge about the data in a company, which first and
foremost allows us to resolve data integration challenges by understanding how
to interpret the data at hand. But beyond this, the framework can be used
for data discovery, similar to [25], but instead of explicitly having to query
for similarities we can rely predicting the similarities of datasets with the help
of KGEMs. To illustrate this we can take the triple ("Var 2", "has_profile",
"embedding_class_2") from the previous experiments section. Once the KGEM
learns which variables are similar to "Var 2" it can also predict which variables
most likely will have the profile "embedding_class_2" even though the data of
those variables has not been profiled yet.

Last but not least, it should be noted that this is not a plug & play system at
the current state. As indicated by the proof-of-concept, one of the open issues
is how to create triples that allow for the most efficient learning of the KGEM,
which this thesis leaves for future work.
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Chapter 5

Conclusion

Figure 5.1: Contributions

In this project, we addressed the prob-
lem of data integration for industrial
big data applications by investigating
suitable ML approaches. Overall, this
thesis has a threefold contribution as
shown in figure 5.1.

First, this thesis has provided research
contributions that investigated algo-
rithms in the area of data fusion and
RML with a focus on their suitabil-
ity to solve data integration challenges.
With regards to this, we looked at a
case study of an enzyme producer in
the process industry that involved multiple data sources. In line with the lit-
erature, this case study evidently showed that before the actual task of a big
data project can be performed, such as exploratory data analysis or building a
ML solution, multiple data sources require careful data integration steps which
are inherently hard. The necessity of involving domain experts shows that data
integration requires relational knowledge of the data at hand that often goes
beyond the data source itself or is not even contained in the data itself, which
is the hardest task from a machine learning perspective. Justifiably, the lit-
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erature suggests to rely on humans. These findings confirmed the need for a
more human-like ML approach to alleviate the dependency on domain experts
to solve data integration tasks. This thesis argues that the ability of the domain
experts to solve these data integration tasks relies on the ability to comprehend
and remember the relations between the different data objects as well as their
real-world connections to each other that might not be stored in the data.

To accommodate this requirement of understanding relational data, we looked
at models that fall under the category of RML. Aside the Bayesian Cut, which
is a specialized model for community detection in graphs, this thesis has inves-
tigated KGEMs in greater detail. In particular, we have developed a KGEM
framework that enables composability and reproducibility and was accompanied
by a large-scale benchmarking study, which made the contribution of individ-
ual components transparent, such that the necessary design decisions are more
comprehensible and accessible. Furthermore, we proposed a new measure that
alleviates the conceptually flawed way of measuring the performance of KGEMs,
which is vital when relying on KGEMs in big data applications. The ability of
KGEMs to handle diverse relations and entities that can be used for entity
resolution and link prediction make it a suitable integrator for the relational
knowledge that is required to match the ability of actual domain experts.

Second, to utilize the power of KGEMs, this thesis proposed a data integra-
tion framework purely based on machine learning that combines other ML ap-
proaches with KGEMs as an artificial domain expert. In the proof-of-concept
experiments that were covered in this thesis, this approach has been shown to
be a very suitable approach that has promising merits. These merits include
that it can scale vastly while it can accommodate various existing data pro-
filing approaches and various types of information that are handled through
the KGEM in a relational fashion. Thereby, the KGEM is learning the overall
data structure and logic, similar to a domain expert, which allows it to solve
data integration challenges. In addition, the proposed approach can also be
used for further applications, e.g., finding similar products/process data in the
databases.

Third, all research contributions as well as the experiments are based on research
software that was created as a part of this thesis, which is openly available, ac-
companied by journal publications and thoroughly documented, and thus fosters
future research in the covered research areas and beyond as well as applications
that build on it, such as the data integration framework proposed in this thesis.
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Abstract—The heterogeneity in recently published knowledge graph
embedding models’ implementations, training, and evaluation has made
fair and thorough comparisons difficult. To assess the reproducibility
of previously published results, we re-implemented and evaluated 21
models in the PyKEEN software package. In this paper, we outline which
results could be reproduced with their reported hyper-parameters, which
could only be reproduced with alternate hyper-parameters, and which
could not be reproduced at all, as well as provide insight as to why this
might be the case.

We then performed a large-scale benchmarking on four datasets
with several thousands of experiments and 24,804 GPU hours of com-
putation time. We present insights gained as to best practices, best
configurations for each model, and where improvements could be made
over previously published best configurations. Our results highlight that
the combination of model architecture, training approach, loss function,
and the explicit modeling of inverse relations is crucial for a model’s
performance and is not only determined by its architecture. We provide
evidence that several architectures can obtain results competitive to the
state of the art when configured carefully. We have made all code, exper-
imental configurations, results, and analyses available at https://github.
com/pykeen/pykeen and https://github.com/pykeen/benchmarking.

Index Terms—Knowledge Graph Embeddings, Link Prediction, Repro-
ducibility, Benchmarking

1 INTRODUCTION

A S the usage of knowledge graphs (KGs) becomes more
widespread, their inherent incompleteness can pose

a liability for typical downstream tasks that they support,
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e.g., question answering, dialogue systems, and recommen-
dation systems [1]. Knowledge graph embedding models
(KGEMs) present an avenue for predicting missing links.
However, the following two major challenges remain in
their application.

First, the reproduction of previously reported results
turned out to be a major challenge — there are even exam-
ples of different results reported for the same combinations
of KGEMs and datasets [2]. In some cases, the lack of
availability of source code for KGEMs or the usage of dif-
ferent frameworks and programming languages inevitably
introduces variability. In other cases, the lack of a precise
specification of hyper-parameters introduces variability.

Second, the verification of the novelty of previously
reported results remains difficult. It is often difficult to
attribute the incremental improvements in performance re-
ported with each new state of the art model to the model’s
architecture itself or instead to the training approach, hyper-
parameter values, or specific prepossessing steps, e.g., the
explicit modeling of inverse relations. It has been shown that
baseline models can achieve competitive performance to
more sophisticated ones when optimized appropriately [3],
[2]. Additionally, the variety of implementations and inter-
pretations of common evaluation metrics for link prediction
makes a fair comparison to previous results difficult [4].

This paper makes two major contributions towards ad-
dressing these challenges:

1) We performed a reproducibility study in which we
tried to replicate reported experimental results in
the original papers (when sufficient information
was provided).

2) We performed an extensive benchmark study on
21 KGEMs over four benchmark datasets in which
we evaluated the models based on different hyper-
parameter values, training approaches (i.e. training
under the local closed world assumption and stochastic
local closed world assumption), loss functions, optimiz-
ers, and the explicit modeling of inverse relations.

Previous studies have already investigated important
aspects for a subset of models: Kadlec et al. [3] showed
that a fine-tuned baseline (DistMult [5]) can outperform
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more sophisticated models on FB15K. Akrami et al. [2], [6]
examined the effect of removing faulty triples from KGs
on the model’s performance. Mohamed et al. [7] studied
the influence of loss functions on the models’ performances
for a set of KGEMs. Concurrent to the work on this paper,
Rufinelli et al. [8] performed a benchmarking study in which
they investigated five knowledge graph embedding models.
After describing their benchmarking [8], they called for a
larger study that extends the search space and incorporates
more sophisticated models. Our study answers this call and
realizes a fair benchmarking by completely re-implementing
KGEMs, training pipelines, loss functions, and evaluation
metrics in a unified, open-source framework. Inspired by
their findings, we have also included the cross entropy
loss (CEL) function, which has been previously used by
Kadlec et al. [3]. Our benchmarking can be considered as a
superset of many previous benchmarkings — to the best of
our knowledge, there exists no study of comparable breadth
or depth. A further interesting study with a different focus
is the work of Rossi et al. [9] in which they investigated
the effect of the structural properties of KGs on models’
performances, instead of focusing on the combinations of
different model architectures, training approaches, and loss
functions.

This article is structured as follows: in Section 2, we
introduce our notation of KG and the link prediction task
and introduce an exemplary KG to which we refer in
examples throughout this paper. In Section 3, we present
our definition of a KGEM and review the KGEMs that we
investigated in our studies. In Section 4, we describe and
discuss established evaluation metrics as well as a recently
proposed one [10]. In Section 5, we introduce the bench-
mark datasets on which we conducted our experiments. In
Section 6 and Section 7, we present our respective repro-
ducibility and benchmarking studies. Finally, we provide a
discussion and an outlook for our future work in Section 8.

2 KNOWLEDGE GRAPHS

For a given set of entities E and set of relations R, we con-
sider a knowledge graph K ⊆ K = E ×R× E as a directed,
multi-relational graph that comprises triples (h, r, t) ∈ K
in which h, t ∈ E represent a triples’ respective head and
tail entities and r ∈ R represents its relationship. Figure 1
depicts an exemplary KG. The direction of a relationship
indicates the roles of the entities, i.e., head or tail entity.
For instance, in the triple (Sarah, CEO Of, Deutsche Bank),
Sarah is the head and Deutsche Bank is the tail entity. KGs
usually contain only true triples corresponding to available
knowledge.

In contrast to triples in a KG, there are different philoso-
phies, or assumptions, for the consideration of triples not con-
tained in a KG [11], [12]. Under the closed world assumption
(CWA), all triples that are not part of a KG are considered
as false. Based on the example in Figure 1, the triple (Sarah,
lives in, Germany) is a false fact under the CWA since it is not
part of the KG. Under the open world assumption (OWA),
it is considered unknown as to whether triples that are not
part of the KG are true or false. The construction of KGs
under the principles of the semantic web (and RDF) rely

Fig. 1. Exemplary KG: nodes represent entities and edges their respec-
tive relations.

on the OWA as well as most of the relevant works to this
paper [13], [11].

Because KGs are usually incomplete and noisy, several
approaches have been developed to predict new links. In
particular, the task of link prediction is defined as predicting
the tail/head entities for (h, r)/(r, t) pairs. For instance,
given queries of the form (Sarah, studied at, ?) or (?, CEO of,
Deutsche Bank), the task is the correctly detect the entities
that answer the query, i.e. (Sarah, studied at, University of
Oxford) and (Sarah, CEO of, Deutsche Bank). While classical
approaches have relied on domain-specific rules to derive
missing links, they usually require a large number of user-
defined rules in order to generalize [11]. Alternatively, ma-
chine learning approaches learn to predict new links based
on the set of existing ones. It has been shown that espe-
cially relational-machine learning methods are successful in
predicting missing links and identifying incorrect ones, and
recently knowledge graph embedding models have gained
significant attention [11].

3 KNOWLEDGE GRAPH EMBEDDING MODELS

Knowledge graph embedding models (KGEMs) learn latent
vector representations of the entities e ∈ E and relations
r ∈ R in a KG that best preserve its structural properties [1],
[11], [14]. Besides for link prediction, they have been used
for tasks such as entity disambiguation, and clustering as
well as for downstream tasks such as question answering,
recommendation systems, and relation extraction [1]. Fig-
ure 2 shows an embedding of the entities and relations in
R2 from the KG from Figure 1.

Here, we define a KGEM as four components: an in-
teraction model, a training approach, a loss function, and its
usage of explicit inverse relations. This abstraction enables
investigation of the effect of each component individually
and in combination on each KGEMs’ performance. Each
are described in detail in their following respective sub-
sections 3.1, 3.2, 3.3, and 3.4. We focus on shallow em-
bedding approaches [15] in this work, i.e., matrix lookups
represent the entity and relation encoders. Recently, several
graph neural network (GNN)-based approaches for learn-
ing representations of KGs have been developed. GNNs
encode entities and relations by neighbor aggregation. We
refer interested readers to [14], [15]. Furthermore, learning
representation for temporal KGs has gained increased inter-
est. Because learning representation for temporal KGs is a
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Fig. 2. An example embedding of the entities and relations from the
knowledge graph portrayed by Figure 2.

distinct line of research with its own benchmarking datasets,
we do not discuss temporal KGEMs in this work. Instead,
we refer interested readers to [16].

In this paper, we use a boldface lower-case letter x to
denote a vector, ‖x‖p to represent its lp norm, a boldface
upper-case letter X to denote a matrix, and a fraktur-
font upper-case letter X to represent a three-mode tensor.
Furthermore, we use � to denote the Hadamard product
� : Rd × Rd → Rd:

[a� b]i = ai · bi (1)

Finally, we use x to denote the conjugate of a complex
number x ∈ C.

3.1 Interaction Models

An interaction model f : E × R × E → R computes a
real-valued score representing the plausibility of a triple
(h, r, t) ∈ K given the embeddings for the entities and
relations. In general, a larger score indicates a higher plau-
sibility. The interpretation of the score value is model-
dependent, and usually, it cannot be directly interpreted as
a probability. We follow [1], [14] and categorize interaction
models into translational distance based and semantic match-
ing based interaction models. Translational distance inter-
action models compute the plausibility of triples based on
a distance function, e.g., Euclidean distance between (pro-
jected) entities, and semantic similarity matching models
exploit the similarity of the latent features usually induced
by inner a product formulation.

3.1.1 Translational Distance Interaction Models
Unstructured Model [?] The Unstructured Model (UM) [17]
scores a triple by computing the distance between the head
and tail entity

f(h, t) = −‖h− t‖22 , (2)

where h, t ∈ Rd are the embeddings of head and tail entity,
respectively. A small distance between these embeddings
indicates a plausible triple. In the UM, relations are not
considered, and therefore, it cannot distinguish between
different relationship types. However, the model can be
beneficial for learning embeddings for KGs that contain only
a single relationship type or only equivalent relationship
types, e.g. GrandmotherOf and GrandmaOf. Moreover, it may

serve as a baseline to interpret the performance of relation-
aware models.

Structured Embedding Structured Embedding (SE) [18]
models each relation by two matrices Mh

r ,M
t
r ∈ Rd×d that

perform relation-specific projections of the head and tail
embeddings:

f(h, r, t) = −‖Mh
rh−Mt

rt‖1 . (3)

As before, h, t ∈ Rd are the embeddings of head and tail
entity, respectively. By employing different projections for
the embeddings of the head and tail entities, SE explicitly
distinguishes between the subject- and object-role of an
entity.

TransE TransE [19] models relations as a translation of
head to tail embeddings, i.e. h + r ≈ t. Thus, the interaction
model is defined as:

f(h, r, t) = −‖h + r− t‖p , (4)

with p ∈ {1, 2} is a hyper-parameter. A major advantage of
TransE is its computational efficiency which enables its us-
age for large scale KGs. However, it inherently cannot model
1-N, N-1, and N-M relations: assume (h, r, t1), (h, r, t2) ∈ K,
then the model adapts the embeddings in order to ensure
h + r ≈ t1 and h + r ≈ t2 which results in t1 ≈ t2.

TransH TransH [20] is an extension of TransE that specif-
ically addresses the limitations of TransE in modeling 1-
N, N-1, and N-M relations. In TransH, each relation is
represented by a hyperplane, or more specifically a normal
vector of this hyperplane wr ∈ Rd, and a vector dr ∈ Rd
that lies in the hyperplane. To compute the plausibility of
a triple (h, r, t) ∈ K, the head embedding h ∈ Rd and the
tail embedding t ∈ Rd are first projected onto the relation-
specific hyperplane: hr = h−w>r hwr and tr = t−w>r twr .
Then, the projected embeddings are used to compute the
score for the triple (h, r, t):

f(h, r, t) = −‖hr + dr − tr‖22 . (5)

TransR TransR [21] is an extension of TransH that ex-
plicitly considers entities and relations as different objects
and therefore represents them in different vector spaces. For
a triple (h, r, t) ∈ K, the entity embeddings, h, t ∈ Rd,
are first projected into the relation space by means of a
relation-specific projection matrix Mr ∈ Rk×d: hr = Mrh
and tr = Mrt. Finally, the score of the triple (h, r, t) is
computed:

f(h, r, t) = −‖hr + r− tr‖22 (6)

where r ∈ Rk.
TransD TransD [22] is an extension of TransR that,

like TransR, considers entities and relations as objects liv-
ing in different vector spaces. However, instead of per-
forming the same relation-specific projection for all en-
tity embeddings, entity-relation-specific projection matrices
Mr,h,Mt,h ∈ Rk×d are constructed. To do so, all head
entities, tail entities, and relations are represented by two
vectors, h,hp, t, tp ∈ Rd and r, rp ∈ Rk, respectively. The
first set of embeddings is used for calculating the entity-
relation-specific projection matrices: Mr,h = rphTp + Ĩ and
Mr,t = rptTp + Ĩ, where Ĩ ∈ Rk×d is a k × d matrix with
ones on the diagonal and zeros elsewhere. Next, h and t are
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projected into the relation space by means of the constructed
projection matrices: hr = Mr,hh and tr = Mr,tt. Finally, the
plausibility score for (h, r, t) ∈ K is given by:

f(h, r, t) = −‖hr + r− tr‖22 . (7)

RotatE RotatE [23] models relations as rotations from
head to tail entities in the complex space: t = h � r, where
h, r, t ∈ Cd and |ri| = 1, that is the complex elements of
r are restricted to have a modulus of one. Because of the
latter, ri can be represented as eiθr,i , which corresponds to
a counterclockwise rotation by θr,i radians. The interaction
model is then defined as:

f(h, r, t) = −‖h� r− t‖ , (8)

which allows to model symmetry, antisymmetry, inversion,
and composition [23].

MuRE MuRE [24] is the Euclidean counterpart of MuRP,
a hyperbolic interaction model that is capable of effectively
modeling hierarchies in KG. Its interaction model involves
a distance function:

f(h, r, t) = −‖Rh− t + r‖22 + bh + bt (9)

where the head entity is transformed by the diagonal
matrix R ∈ Rd×d and the tail entity by the relation r. bh

and bt represent scalar offsets.
KG2E KG2E [25] aims to explicitly model (un)certainties

in entities and relations (e.g. influenced by the number
of triples observed for these entities and relations). There-
fore, entities and relations are represented by probability
distributions, in particular by multi-variate Gaussian dis-
tributions N i(µi,Σi) where the mean µi ∈ Rd denotes
the position in the vector space and the diagonal variance
Σi ∈ Rd×d models the uncertainty. Inspired by the TransE
model, relations are modeled as transformations from head
to tail entities: H − T ≈ R where H ∼ N h(µh,Σh),
H ∼ N t(µt,Σt), R ∼ Pr = N r(µr,Σr) and H − T ∼
Pe = Nh−t(µh − µt,Σh + Σt) (since head and tail
entities are considered to be independent with regards to
the relations). The interaction model measures the similarity
between Pe and Pr by means of the Kullback-Leibler (KL)
divergence:

f(h, r, t) = DKL(Pe,Pr)
=

1

2

{
tr(Σ−1

r Σe) + (µr − µe)TΣ−1
r (µr − µe)

−log(
det(Σe)

det(Σr)
)− d

}
.

(10)

Besides the asymmetric KL divergence, the authors propose
a symmetric variant which uses the expected likelihood.

3.1.2 Semantic Matching Interaction Models
RESCAL RESCAL [26] is a bilinear model that models
entities as vectors and relations as matrices. The relation
matrices Wr ∈ Rd×d contain weights wi,j that capture
the amount of interaction between the i-th latent factor of
h ∈ Rd and the j-th latent factor of t ∈ Rd [11], [26]. Thus,
the plausibility score of (h, r, t) ∈ K is given by:

f(h, r, t) = hTWrt =
d∑

i=1

d∑

j=1

w
(r)
ij hitj (11)

DistMult DistMult [5] is a simplification of RESCAL
where the relation matrices Wr ∈ Rd×d are restricted to
diagonal matrices:

f(h, r, t) = hTWrt =
d∑

i=1

hi · diag(Wr)i · ti . (12)

Because of its restriction to diagonal matrices DistMult is
computational more efficient than RESCAL, but at the same
time less expressive. For instance, it is not able to model
anti-symmetric relations, since f(h, r, t) = f(t, r, h).

ComplEx ComplEx [27] is an extension of DistMult that
uses complex valued representations for the entities and
relations. Entities and relations are represented as vectors
h, r, t ∈ Cd, and the plausibility score is computed using the
Hadamard product:

f(h, r, t) =Re(h� r� t) (13)

where Re(x) denotes the real component of the complex
valued vector x. Because the Hadamard product is not
commutative in the complex space, ComplEx can model
anti-symmetric relations in contrast to DistMult.

QuatE QuatE [28] learns hypercomplex valued represen-
tations (quaternion embeddings) for entities and relations,
i.e., ei, rj ∈ Hd. Hypercomplex representations extend com-
plex representations by representing each number with one
real and three imaginary components. In QuatE, relations
are modelled as rotations in the hypercomplex space. More
precisely, the relation is used to rotate the head entity:
hr = h⊗r, where in this context ⊗ represents the Hamilton
product. The final score is obtained by computing the inner
product between the rotated head and the the tail entity:

f(h, r, t) = hr · t (14)

In contrast to ComplEx, QuatE is capable of modeling
composition patterns.

SimplE SimplE [29] is an extension of canonical
polyadic (CP) [29], one of the early tensor factorization
approaches. In CP, each entity e ∈ E is represented by
two vectors he, te ∈ Rd and each relation by a single vector
r ∈ Rd. Depending whether an entity participates in a triple
as the head or tail entity, either he or te is used. Both entity
representations are learned independently, i.e. observing a
triple (e1, r, e2), the method only updates he1 and te2 . In
contrast to CP, SimplE introduces for each relation r the
inverse relation r′, and formulates the interaction model
based on both:

f(h, r, t) =
1

2

(〈
hei , r, tej

〉
+
〈
hej , r

′, tei
〉)

. (15)

Therefore, for each triple (e1, r, e2) ∈ K, both he1 and te2 as
well as he2 and te1 are updated [29].

TuckER TuckER [30] is a linear model that is based
on the tensor factorization method Tucker [31] in which
a three-mode tensor X ∈ RI×J×K is decomposed into
a set of factor matrices A ∈ RI×P , B ∈ RJ×Q, and
C ∈ RK×R and a core tensor Z ∈ RP×Q×R (of lower rank):
X ≈ Z ×1 A ×2 B ×3 C, where ×n is the tensor product,
with n denoting along which mode the tensor product is
computed. In TuckER, a KG is considered as a binary tensor
which is factorized using the Tucker factorization where
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E = A = C ∈ Rne×de denotes the entity embedding matrix,
R = B ∈ Rnr×dr represents the relation embedding matrix,
and W = Z ∈ Rde×dr×de is the core tensor that indicates
the extent of interaction between the different factors. The
interaction model is defined as:

f(h, r, t) = W×1 h×2 r×3 t , (16)

where h, t correspond to rows of E and r to a row of R.
ProjE ProjE [32] is a neural network-based approach

with a combination and a projection layer. The interaction
model first combines h and r by a combination operator [32]:
h⊗ r = Deh + Drr + bc, where De,Dr ∈ Rk×k are diagonal
matrices which are used as shared parameters among all
entities and relations, and bc ∈ Rk represents the candidate
bias vector shared across all entities. Next, the score for the
triple (h, r, t) ∈ K is computed:

f(h, r, t) = g(t z(h⊗ r) + bp) , (17)

where g and z are activation functions, and bp represents
the shared projection bias vector.

HolE Holographic embeddings (HolE) [33] make use
of the circular correlation operator to compute interactions
between latent features of entities and relations:

f(h, r, t) = σ(rT (h ? t)) . (18)

where the circular correlation ? : Rd × Rd → Rd is defined
as [a ?b]i =

∑d−1
k=0 ak ∗b(i+k) mod d. By using the correlation

operator each component [h ? t]i represents a sum over a
fixed partition over pairwise interactions. This enables the
model to put semantic similar interactions into the same
partition and share weights through r. Similarly irrelevant
interactions of features could also be placed into the same
partition which could be assigned a small weight in r.

ERMLP ERMLP [34] is a multi-layer perceptron based
approach that uses a single hidden layer and represents
entities and relations as vectors. In the input-layer, for each
triple the embeddings of head, relation, and tail are con-
catenated and passed to the hidden layer. The output-layer
consists of a single neuron that computes the plausibility
score of the triple:

f(h, r, t) = wT g(W[h; r; t]), (19)

where W ∈ Rk×3d represents the weight matrix of the
hidden layer, w ∈ Rk, the weights of the output layer,
and g denotes an activation function such as the hyperbolic
tangent.

Neural Tensor Network The Neural Tensor Network
(NTN) [35] uses a bilinear tensor layer instead of a standard
linear neural network layer:

f(h, r, t) = uTr · tanh(hWrt + Vr[h; t] + br) , (20)

where Wr ∈ Rd×d×k is the relation specific tensor, and the
weight matrix Vr ∈ Rk×2d, the bias vector br, and the
weight vector ur ∈ Rk are the standard parameters of a
neural network, which are also relation specific. The result
of the tensor product hWrt is a vector x ∈ Rk where each
entry xi is computed based on the slice i of the tensor Wr :
xi = hWi

rt [35]. As indicated by the interaction model, NTN
defines for each relation a separate neural network which

makes the model very expressive, but at the same time
computationally expensive.

ConvKB ConvKB [36] uses a convolutional neural net-
work (CNN) whose feature maps capture global interactions
of the input. Each triple (h, r, t) ∈ K is represented as a
input matrix A = [h; r; t] ∈ Rd×3 in which the columns
represent the embeddings for h, r and t. In the convolution
layer, a set of convolutional filters ωi ∈ R1×3, i = 1, . . . , τ,
are applied on the input in order to compute for each
dimension global interactions of the embedded triple. Each
ωi is applied on every row of A creating a feature map
vi = [vi,1, ..., vi,d] ∈ Rd:

vi = g(ωjA + b) , (21)

where b ∈ R denotes a bias term and g an activation
function which is employed element-wise. Based on the
resulting feature maps v1, . . . , vτ , the plausibility score of
a triple is given by:

f(h, r, t) = [vi; . . . ; vτ ] ·w , (22)

where [vi; . . . ; vτ ] ∈ Rτd×1 and w ∈ Rτd×1 is a shared
weight vector. ConvKB may be seen as a restriction of ER-
MLP with a certain weight sharing pattern in the first layer.

ConvE ConvE [37] is a CNN-based approach. For each
triple (h, r, t), the input to ConvE is a matrix A ∈ R2×d

where the first row of A represents h ∈ Rd and the second
row represents r ∈ Rd. A is reshaped to a matrix B ∈ Rm×n
where the first m/2 half rows represent h and the remaining
m/2 half rows represent r. In the convolution layer, a set of
2-dimensional convolutional filters Ω = {ωi | ωi ∈ Rr×c}
are applied on B that capture interactions between h and r.
The resulting feature maps are reshaped and concatenated
in order to create a feature vector v ∈ R|Ω|rc. In the next
step, v is mapped into the entity space using a linear
transformation W ∈ R|Ω|rc×d, that is eh,r = vTW. The
score for the triple (h, r, t) ∈ K is then given by:

f(h, r, t) = eh,rt . (23)

Since the interaction model can be decomposed into
f(h, r, t) = 〈f ′(h, r), t〉, the model is particularly designed
to 1-N scoring, i.e. efficient computation of scores for (h, r, t)
for fixed h, r and many different t.

3.2 Training Approaches
Because most KGs contain only positive examples, we
require training approaches involving techniques such as
negative sampling to avoid over-generalization to true facts.
Here, we describe two common training approaches found
in the literature: the local closed world assumption (LCWA)
and the stochastic local closed world assumption (sLCWA).
It should be noted that the LCWA and the sLCWA do not
affect the evaluation.

3.2.1 Local closed world assumption
The LCWA was introduced by [34] and used in subsequent
works as an approach to generate negative examples during
training [37], [30]. In this setting, for any triple (h, r, t) ∈ K
that has been observed, a set T −(h, r) of negative exam-
ples is created by considering all triples (h, r, ti) /∈ K as
false. Therefore, for our exemplary KG (Figure 1) for the
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Fig. 3. Visualization of different training approaches for the relation
works_at in the KG in Figure 1. Red color indicates positive examples,
i.e. true triples present in the KG. Dark blue color denotes triples used
as negative examples in LCWA. Light blue color sampling candidates for
negative examples in sLCWA. Yellow color indicates triples that are not
considered.

pair (Peter, works at), the triple (Peter, works at, DHL) is a
false fact since for this pair only the triple (Peter, works at,
Deutsche Bank) is part of the KG. Similarly, we can construct
H−(r, t) based on all triples (hi, r, t) /∈ K, orR−(h, t) based
on the triples (h, ri, t) /∈ K. Constructing R−(h, t) is a
popular choice in visual relation detection domain [38], [39].
However, most of the works in knowledge graph modeling
construct only T −(h, r) as the set of negative examples, and
in the context of this work refer to T −(h, r) as the set of
negatives examples when speaking about LCWA.

3.2.2 Stochastic local closed world assumption
Under the stochastic local closed world assumption
(sLCWA), instead of considering all possible triples
(h, r, ti) /∈ K, (hi, r, t) /∈ K or (h, ri, t) /∈ K as false, we
randomly take samples of these sets.

Two common approaches for generating negative sam-
ples are uniform negative sampling (UNS) [19] and
Bernoulli negative sampling (BNS) [20] in which negative
triples are created by corrupting a positive triple (h, r, t) ∈
K by replacing either h or t. We denote with N the set of all
potential negative triples:

T (h, r) = {(h, r, t′) | t′ ∈ E ∧ t′ 6= t} (24)
H(r, t) = {(h′, r, t) | h′ ∈ E ∧ h′ 6= h} (25)

N =
⋃

(h,r,t)∈K
T (h, r) ∪H(r, t) . (26)

Theoretically, we would need to exclude all positive
triples from this set of candidates for negative triples, i.e.,
N− = N \K. In practice, however, since usually |N | � |K|,
the likelihood of generating a false negative is rather low.
Therefore, the additional filter step is often omitted to lower
computational cost. It should be taken into account that a
corrupted triple that is not part of the KG can represent a
true fact.

UNS and BNS differ in the way they define sample
weights for (h′, r, t) or (h, r, t′):

Uniform negative sampling With uniform negative
sampling (UNS) [19], the first step is to randomly (uni-
formly) determine whether h or t shall be corrupted for a
positive triple (h, r, t) ∈ K. Afterwards, an entity e ∈ E is
uniformly sampled and selected as the corrupted head/tail
entity.

Bernoulli negative sampling With Bernoulli negative
sampling (BNS) [20], the probability of corrupting h or t in
(h, r, t) ∈ K is determined by the property of the relation r:
if the relation is a one-to-many relation (e.g. motherOf ), BNS
assigns a higher probability to replace h, and if it is a many-
to-one relation (e.g. bornIn) it assigns a higher probability
to replace t. More precisely, for each relation r ∈ R the
average number of tails per head (tph) and heads per tail
(hpt) are first computed. These statistics are then used to
define a Bernoulli distribution with parameter tph

tph+hpt . For
a triple (h, r, t) ∈ K the head is corrupted with probability
tph

tph+hpt and the tail with probability hpt
tph+hpt . The described

approach reduces the chance of creating corrupted triples
that represent true facts [20].

3.3 Loss Functions

The loss function can have a significant influence on the
performance of KGEMs [7]. In the following, we describe
pointwise, pairwise, and setwise loss functions that have been
frequently be used within KGEMs. For additional discussion
and a slightly different categorization we refer to the work
of Mohamed et al. [7].

3.3.1 Pointwise Loss Functions
Let f denote the interaction model of a KGEM. With ti,
we denote a triple (i.e. ti ∈ K), and with li ∈ {0, 1} or
l̂i ∈ {−1, 1} its corresponding label, where 1 corresponds
to the label of the positive triples, and 0 / -1 to the label
of the negative triples. Pointwise loss functions compute an
independent loss term for each triple-label pair, i.e. for a
batch B = {(ti, li)}|B|i=1, the loss is given as

L =
1

|B|
∑

(ti,li)∈B
L(ti, li) (27)

In the following, we describe four different pointwise losses:
The square error loss, binary cross entropy loss (BCEL), pointwise
hinge loss, and logistic loss.

Square Error Loss The square error loss function com-
putes the squared difference between the predicted scores
and the labels li ∈ {0, 1} [7]:

L(ti, li) =
1

2
(f(ti)− li)2 (28)

The squared error loss strongly penalizes predictions that
deviate considerably from the labels, and is usually used
for regression problems. For simple models it often permits
more efficient optimization algorithms involving analyti-
cal solutions of sub-problems, e.g. the Alternating Least
Squares algorithm used by [26].

Binary cross entropy loss The binary cross entropy loss
is defined as [37]:

L(ti, li) =− (li · log(σ(f(ti)))

+ (1− li) · log(1− σ(f(ti)))),
(29)
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where li ∈ {0, 1} and σ represents the logistic sigmoid func-
tion. Thus, the problem is framed as a binary classification
problem of triples, where the model’s outputs are regarded
as logits. The loss is not well-suited for translational distance
models because these models produce a negative distance
as score and cannot produce positive model outputs. ConvE
and TuckER were originally trained in a multi-class setting
using the binary cross entropy loss where each (h, r)-pair
has been classified against e ∈ E simultaneously, i.e., if
|E| = n, the label vector for each (h, r)-pair has n entries
indicating whether the triple (h, r, ei) is (not) part of the
KG, and along each dimension of the label vector a binary
classification is performed. It should be noted that there
exist different implementation variants of the binary cross
entropy loss that address numerical stability. ConvE and
TuckER employed a numerically unstable variant, and in the
context of this work, we refer to this variant when referring
to the binary cross entropy loss.

Pointwise Logistic Loss/Softplus loss An alternative,
but equivalent formulation of the binary cross entropy loss
is the pointwise logistic loss (or Softplus loss (SPL)):

L(ti, li) = log(1 + exp(−l̂i · f(ti)) (30)

where l̂i ∈ {−1, 1} [7]. It has been used to train ComplEx,
ConvKB, and SimplE. We consider both variants separately
because both have been used in different model imple-
mentations, and their implementation details might yield
different results (e.g., to numerical stability).

Pointwise Hinge Loss The pointwise hinge loss sets the
score of positive examples larger than a margin parameter
λ while reducing the scores of negative examples to values
below −λ:

L(ti, li) = max(0, λ− l̂i · f(ti)) (31)

where l̂i ∈ {−1, 1}. The loss penalizes scores of positive
examples which are smaller than λ, but does not impose any
restriction on values > λ. Similarly, negative scores larger
than −λ contribute to the loss, whereas all values smaller
than −λ do not have any loss contribution [7]. Thereby, the
model is not encouraged to further optimize triples which
are already predicted well enough (according to the margin
parameter λ).

3.3.2 Pairwise Loss Functions
Next, we describe widely applied pairwise loss functions
that are used within KGEMs, namely the pairwise hinge loss
and the pairwise logistic loss. They both compare the scores
of a positive triple t+ and a negative triple t−. The negative
triple in a pair is usually obtained by corrupting the positive
one. Thus, the pairs often share common head or tail entities
and relations. For a batch of pairs B = {(t+i , t−i )}|B|i=1, the
loss is given as

L =
1

|B|
∑

(t+i ,t
−
i )∈B

L(f(t−i )− f(t+i )) . (32)

Hence, the loss function evaluates the difference in scores
∆ = f(t−i )−f(t+i ) between a positive and a negative triple,
rather than their absolute scores. This is in accordance to
the OWA assumption, where we do not assume to have
negative labels, but just ”less positive” ones.

Pairwise Hinge Loss/Margin ranking loss The pairwise
hinge loss or margin ranking loss (MRL) is given by

L(∆) = max(0, λ+ ∆) . (33)

Pairwise Logistic Loss The pairwise logistic loss is de-
fined as [7]:

L(∆) = log(1 + exp(∆)) . (34)

Thus, it can be seen as a soft-margin formulation of the
pairwise hinge loss with a margin of zero.

3.3.3 Setwise Loss Functions
Setwise loss functions neither compare individual scores,
or pairs of them, but rather more than two triples’ scores.
Here, we describe the self-adversarial negative sampling
loss (NSSAL) and the cross entropy loss (CEL) as exam-
ples of such loss functions that have been applied within
KGEMs [23], [7].

Self-adversarial negative sampling loss The Self-
adversarial negative sampling loss (NSSAL) addresses the
limitation that many negative examples are trivial and
do not provide helpful information. The authors of [23]
propose to overcome this limitation by sampling negative
samples according to the scores predicted by the interaction
model [23]:

p((h′i, r, t
′
i)|(hi, ri, ti)) =

exp(αf(h′i, r, t
′
i))∑n

j=1 exp(αf(h′j , r, t
′
j))

, (35)

where (hi, ri, ti) ∈ K denotes a true triple,
{(h′i, r, t′i)}Ki=1 it’s set of negative samples generated, and
α ∈ R a temperature parameter. Because sampling from
this distribution may be computationally expensive, the
probabilities obtained by Equation 35 are used to weight
the generated negative examples in the loss function [23].

L =− log(σ(γ + f(h, r, t)))

−
K∑

i=1

p((h′, r, t′)) · log(σ(−(γ + f(h′i, r, t
′
i)))) .

(36)

Thus, negative samples for which the model predicts a high
score relative to other samples are weighted stronger.

Cross entropy loss The cross entropy loss (CEL) has
been successfully applied together with 1-N scoring, i.e.,
predicting for each (h, r)-pair simultaneously a score for
each possible tail entity, and framing the problem as a
multi-class classification problem [3], [8]. To apply the CEL,
first, the labels are normalized in order to form a proper
probability distribution. Second, the predicted scores for the
tail entities of (h, r)-pair are normalized by a softmax:

p(t | h, r) =
exp(f(h, r, t))∑

t′∈E
exp(f(h, r, t′))

. (37)

Finally, the cross entropy between the distribution of the
normalized scores and the normalized label distribution is
computed:

L = −
∑

t′∈E
I[(h, r, t′) ∈ K] · log(p(t | h, r)) , (38)
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where I denotes the indicator function. Note that this loss
differs from the multi-class binary cross entropy as it applies
a softmax normalization implying that this is a single-label
multi-class problem.

3.4 Explicitly Modeling Inverse Relations

Inverse relations introduced by [29] and [40] are explicitly
modeled by extending the set of relations R by a set of
inverse relations rinv ∈ Rinv with Rinv ∩ R = ∅. This
is achieved by training an inverse triple (t, rinv, h) for
each triple (h, r, t) ∈ K. Equipping a KGEM with inverse
relations implicitly doubles the relation embedding space of
any model that has relation embeddings. The goal is to alter
the scoring function, such that the task of predicting the
head entities for (r, t) pairs becomes the task of predicting
tail entities for (t, rinv) pairs. The explicit training of the
implicitly known inverse relations can lead to better model
performance [40] and can for some models increase the
computational efficiency [37].

4 EVALUATION METRICS FOR KGEMS

KGEMs are usually evaluated based on link prediction,
which is on KG defined as predicting the tail/head entities
for (h, r)/(r, t) pairs. For instance, given queries of the
form (Sarah, studied at, ?) or (?, CEO of, Deutsche Bank) the
capability of a link predictor to predict the correct entities
that answer the query, i.e. (Sarah, studied at, University of
Oxford) and (Sarah, CEO of, Deutsche Bank) is measured.

However, given the fact that usually true negative ex-
amples are not available, both the training and the test
set contain only true facts. For this reason, the evaluation
procedure is defined as a ranking task in which the capa-
bility of the model to differentiate corrupted triples from
known true triples is assessed [19]. For each test triple
t+ = (h, r, t) ∈ Ktest two sets of corrupted triples are
constructed:

1) H(r, t) = {(h′, r, t) | h′ ∈ E−{h}which contains all
the triples where the head entity has been corrupted,
and

2) T (h, r) = {(h, r, t′) | t′ ∈ E − {t}} that contains all
the triples with corrupted tail entity.

For each t+ and its corresponding corrupted triples, the
scores are computed and the entities sorted accordingly.
Next, the rank of every t+ among its corrupted triples is
determined, i.e. the position in the score-sorted list.

Among the corrupted triples in H(r, t) / T (h, r), there
might be true triples that are part of the KG. If these false
negatives are ranked higher than the current test triple
t+, the results might get distorted. Therefore, the filtered
evaluation setting has been proposed [19], in which the
corrupted triples are filtered to exclude known true facts
from the train and test set. Thus, the rank does not decrease
when ranking another true entity higher.

Moreover, we want to draw attention to the fact that
the metrics can be further be distorted by unknown false
negatives, i.e., true triples that are contained in the set of
corrupted triples but are not part of the KG (and therefore
cannot be filtered out). Therefore, it is essential to investigate

the predicted scores of a KGEM and not solely rely on the
computed metrics.

Based upon these individual ranks, the following mea-
sures are frequently used to summarize the overall perfor-
mance:

Mean rank The mean rank (MR) represents the average
rank of the test triples, i.e.

MR =
1

|Ktest|
∑

t∈Ktest

rank(t) (39)

Smaller values indicate better performance.
Adjusted mean rank Because the interpretation of the

MR depends on the number of available candidate triples,
comparing MRs across different datasets (or inclusion of
inverse triples) is difficult. This is sometimes further ex-
acerbated in the filtered setting because the number of
candidates varies. Therefore, with fewer candidates avail-
able, it becomes easier to achieve low ranks. The adjusted
mean rank (AMR) [10] compensates for this problem by
comparing the mean rank against the expected mean rank
under a model with random scores:

AMR =
MR

1
2

∑
t∈Ktest

(ξ(t) + 1)
(40)

where ξ(t) denotes the number of candidate triples against
which the true triple t ∈ Ktest is ranked. In the unfiltered
setting we have ξ(t) = |E| − 1 for all t ∈ Ktest. Thereby,
the measure also adjusts for chance, as a random scoring
achieves an expected adjusted mean rank of 1. The AMR
has a fixed value range from 0 to 1, where smaller values
(AMR� 1) indicate better performance.

Mean reciprocal rank The mean reciprocal rank (MRR)
is defined as:

MRR =
1

|Ktest|
∑

t∈Ktest

1

rank(t)
(41)

where Ktest is a set of test triples, i.e. the MRR is the
mean over reciprocal individual ranks. However, the MRR
is flawed since the reciprocal rank is an ordinal scale and
not an interval scale, i.e. computing the arithmetic mean is
statistically incorrect [41], [42]. Still, it is often used for early
stopping since it is a smooth measure with stronger weight
on small ranks, and less affected by outlier individual ranks
than the mean rank. The MRR has a fixed value range from
0 to 1, where larger values indicate better performance.

Hits@K Hits@K denotes the ratio of the test triples that
have been ranked among the top k triples, i.e.,

Hits@k =
|{t ∈ Ktest | rank(t) ≤ k}|

|Ktest|
(42)

Larger values indicate better performance.
Additional Metrics Further metrics that might be rele-

vant are the area under the Receiver Operating Characteris-
tic curve (AUC-ROC) and the area under the precision-recall
curve (AUC-PR) [11]. However, these metrics require the
number of true positives, false positives, true negatives, and
false negatives, which in most cases cannot be computed
since the KGs are usually incomplete.



ALI et al. 9

5 EXISTING BENCHMARK DATASETS

In this section, we describe the benchmark datasets that
have been established to evaluate KGEMs. A summary is
also given in Table 1.

FB15K Freebase is a large cross-domain KG consisting of
around 1.2 billion triples and more than 80 million entities.
Bordes et al. [19] extracted a subset of Freebase, which
is used as a benchmark dataset and named it FB15K. It
contains 14,951 entities, 1,345 relations, as well as more than
half a million triples describing facts about movies, actors,
awards, sports, and sports teams [37].

FB15K-237 FB15K has a test-leakage, i.e. a major part of
the test triples (∼81%) are inverses of triples contained in the
training set: for most of the test triples of the form (h, r, t),
there exists a triple (h, r′, t) or (t, r′, h) in the training set.
Therefore, Toutanova and Chen [43] constructed FB15K-237
in which inverse relations were removed [43]. FB15K-237
contains 14,541 entities and 237 relations.

WN18 WordNet1 is a lexical knowledge base in which
entities represent terms and are called synsets. Relations
in WordNet represent conceptual-semantic and lexical rela-
tionships (e.g. hyponym). Bordes et al. [17] extracted a subset
of WordNet named WN18 that is frequently used to evaluate
KGEMs. It contains 40,943 synsets and 18 relations.

WN18RR Similarly to FB15K, WN18 also has a test-
leakage (of approximately 94%) [43]. For instance, for most
of the test triples of the form (h, hyponym, t), there exists a
triple (t, hypernym, o) in the training set. Dettmers et al. [37]
have shown that a simple rule-based system can obtain
results competitive to the state of the art results on WN18.
For this reason, they constructed WN18RR by removing in-
verse relations similarly to the procedure applied to FB15K.
WN18RR contains 40,943 entities and 11 relations.

Kinships The Kinships [44] dataset describes relation-
ships between members of the Australian tribe Alyawarra
and consists of 10,686 triples. It contains 104 entities repre-
senting members of the tribe and 26 relationship types that
represent kinship terms such as Adiadya or Umbaidya [17].

Nations The Nations [45] dataset contains data about
countries and their relationships with other countries. Ex-
emplary relations are economic aid and accusation [17].

Unified Medical Language System [46] The Unified
Medical Language System (UMLS) [46] is an ontology that
describes relationships between high-level concepts in the
biomedical domain. Examples of contained concepts are
Cell, Tissue, and Disease, and exemplary relations are part of
and exhibits [17], [46].

YAGO3-10 Yet Another Great Ontology (YAGO) [47]
is a KG containing facts that have been extracted from
Wikipedia and aligned with WordNet in order to exploit
the large amount of information contained in Wikipedia and
the taxonomic information included in WordNet. It contains
general facts about public figures, geographical entities,
movies, and further entities, and it has a taxonomy for
those concepts. YAGO3-10 is a subset of YAGO3 [48] (which
is an extension of YAGO) that contains entities associated
with at least ten different relations. In total, YAGO3-10 has
123,182 entities and 37 relations, and most of the triples

1. https://wordnet.princeton.edu/

TABLE 1
Existing Benchmark Datasets.

Dataset Triples Entities Relations

FB15K 592,213 14.951 1,345
FB15K-237 272,115 14,541 237
WN18 151,442 40,943 18
WN18RR 93,003 40,943 11
Kinships 10,686 104 26
Nations 11,191 14 56
UMLS 893,025 135 49
YAGO3-10 1,079,40 132,182 37

describe attributes of persons such as citizenship, gender,
and profession [37].

6 REPRODUCIBILITY STUDIES

The goal of the reproducibility studies was to investigate
whether it is possible to replicate experiments based on the
information provided in each model’s accompanying paper.
If specific information was missing, such as the number
of training epochs, we tried to find this information in
the accompanying source code if it was accessible. For our
study, we focused on the two most frequently used bench-
mark datasets, FB15K and WN18, as well as their respective
subsets FB15K-237 and WN18RR. Table 3 (Appendix A1)
illustrates for which models results were reported (in the
accompanying publications) for the considered datasets. A
checkmark denotes that results were reported, and green
background indicates that the entire experimental setup for
the corresponding dataset was described. Results have not
been reported for every model for every dataset because
some of the benchmark datasets were created after the
models were published. Therefore, these models have been
excluded from our reproducibility study.

Experimental Setup For each KGEM, we applied iden-
tical training and evaluation settings as described in their
concomitant papers. We ran each experiment four times
with random seeds to measure the variance in the obtained
results. We evaluated the models based on the ranking
metrics MR, AMR, MRR, and Hits@K. As discussed in [4],
[10], the exact computation of ranks differs across different
codebases, and can lead to significant differences [4]. We
follow the nomenclature of Berrendorf et al. [10], and report
scores based on the optimistic, pessimistic, and realistic rank
definitions.

Tables 8-11 (Appendix A5-A6) represent the results for
FB15K, FB15K-237, WN18, and WN18RR where experi-
ments highlighted in black were reproducible, in blue soft-
reproducible experiments (i.e., could be reproduced by a
margin ≤ 5%), and experiments highlighted in orange
could not be reproduced. In the following, we discuss the
observations that we made during our experiments.

6.1 Reproductions Requiring Alternate Hyper-
Parameters
One of the observations we made is that for some exper-
iments, results could only be reproduced with a different
set of hyper-parameter values. For instance, the results for
TransE could only be reproduced by adapting the batch
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size and the number of training epochs. We trained TransE
on WN18 for 4000 epochs compared to a reported num-
ber of 1000 epochs in order to obtain comparable results.
Furthermore, for RotatE on FB15K and WN18, we received
better results when adapting the learning rate. The reason
for these differences might be explained by the implemen-
tation details of the underlying frameworks which have
been used to train the models. Authors of early KGEMs
often implemented their training algorithms themselves or
used frameworks that were popular at the respective time
but are not used anymore. Therefore, differences between
the former and current frameworks may require an adap-
tion of the hyper-parameter values. Even within the same
framework, bug fixes or optimizations of the framework
can lead to different results based on the used version. Our
benchmarking study highlights that with adapted settings,
results can be reproduced and even improved.

6.2 Unreported Hyper-parameters Impedes Reproduc-
tion
Some experiments did not report the full experimental setup
impeding the reproduction of results. For example, the em-
beddings in the ConvKB experiments have been pre-trained
based on TransE. However, the batch size for training TransE
has not been reported, which can significantly affect the
results, as previously discussed. Furthermore, we obtained
a high deviation for the reported results for HolE on FB15K.
The apparent reason is that we could not find the hyper-
parameter setting for FB15K, such that we used the same
setting as for WN18, which we found in the accompanying
implementation.

6.3 Two Perspectives: Publication versus Implementa-
tion
While preparing our experiments, we observed that for
some experiments, essential aspects, which are part of the
released source code, have not been discussed in the paper.
For instance, in the publication describing ConvE, it is not
mentioned that inverse triples have been added to the KGs
in a pre-processing step. This step seems to be essential
to reproduce the results. A second example is SimplE, for
which the predicted scores have been clamped to the range
of [−20, 20]. This step was not mentioned in the publication,
but it can have a significant effect when the model is
evaluated based on an optimistic ranking approach, which
is the case for SimplE.

6.4 Lack of Official Implementations Impedes Repro-
duction
During our experiments, we observed that for DistMult and
TransD, we were able to reproduce the results on WN18,
but not on FB15K. A reason might be differences in the
implementation details of the frameworks used to train
and evaluate the models. For example, the initialization
of the embeddings or the normalization of the loss values
could have an impact on the performance. Since there exists
no official implementation (see Table 3 in Appendix A1)
for DistMult and TransD, it is not possible to check the
above-mentioned aspects. Furthermore, we were not able to

reproduce the results for TransH for which also no official
implementation is available. There exist reference imple-
mentations2, which slightly differ from the model initially
proposed.

6.5 Reproducibility is Dependent on The Ranking Ap-
proach

As discussed in [4], [10], the ranking metrics have been
implemented differently by various authors. In our experi-
ments, we report results based on three common implemen-
tations of the ranking metrics: i.) realistic, ii.) optimistic and
iii.) pessimistic ranking (Section 4). If a model predicts the
same score for many triples, there will be a large discrepancy
between the three ranking approaches. We could observe
such a discrepancy for SimplE for which the results on
FB15K (Table 8 in Appendix A5) and WN18 (Table 10 in
Appendix A6) were almost 0% based on the realistic ranking
approach, but were much higher based on the optimistic
ranking approach. Similar observations for other KGEM
have been made in [4].

7 BENCHMARKING

In our benchmarking studies, we evaluated a large set
of different combinations of interaction models, training
approaches, loss functions, and the effect of explicitly mod-
eling inverse relations. Additionally, we evaluated how well
the interaction models can model symmetry, anti-symmetry
and composition patterns (Appendix 8). In particular, we
investigated 21 interaction models, two training approaches,
and five loss functions on four datasets. We refer to a spe-
cific combination of interaction model, training approach,
loss function, and whether inverse relations are explicitly
modeled as a configuration, e.g., RotatE + LCWA + SPL + in-
verse relations. We do not refer to different hyper-parameter
values such as batch size or learning rate when we use the
term configuration. For each configuration, we used ran-
dom search to perform the hyper-parameter optimizations
over all other hyper-parameters and applied early stopping
on the validation set. Each hyper-parameter optimization
experiment lasted for a maximum of 24 hours or 100 itera-
tions, in which new hyper-parameters have been sampled
in each iteration. Overall, we performed individual hyper-
parameter optimizations for more than 1,000 configurations.
We retrain the model with the best hyper-parameter setting
and report evaluation results on the test set.

Before presenting our results, we provide an overview of
the experimental setup, comprising the investigated inter-
action models, training approaches, loss functions, negative
samplers, and datasets. We used the sLCWA and LCWA
as training approaches. For the sLCWA we applied a 1:k-
Scoring as usually done throughout the literature [19], [27],
where k denotes the number of negative examples for each
positive. For the LCWA, we applied a 1:N-Scoring, i.e.,
we sample each batch against all negatives examples as
typically done for training with the LCWA [37]. Table 4
(Appendix A1) shows the hyper-parameter ranges for the
sLCWA and the LCWA assumptions.

2. https://github.com/thunlp/OpenKE
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Datasets We performed experiments on the following
four datasets: WN18RR, FB15K-237, Kinships and YAGO3-
10. We selected WN18RR and FB15K-237 since they are
widely applied benchmarking datasets. We chose Kinships
and YAGO3-10 to investigate the performance of KGEMs on
a small and a larger dataset.

Interaction Models We investigated all interaction mod-
els described in Section 3.1. Because of our vast experi-
mental setup and the size of YAGO3-10, we restricted the
number of interaction models on YAGO3-10 as otherwise,
the computational effort would be prohibitive. Based on
their variety of model types as described in Section 3.1,
we selected the following interaction models: ComplEx,
ConvKB, DistMult, ERMLP, HolE, MuRE, QuatE, RESCAL,
RotatE, SE, TransD, and TransE.

Training Approaches We trained the interaction models
based on the sLCWA (Section 3.2.2) and the LCWA (Sec-
tion 3.2.1) training approaches. Due of the extent of our
benchmarking study and the fact that YAGO3-10 contains
more than 132,000 entities, which makes the training based
on the LCWA with 1-n scoring expensive, we restricted the
training approach to the sLCWA for YAGO3-10.

Loss Functions We investigated MRL, BCEL, SPL,
NSSAL, and CEL since they represent the variety of types
described in Section 3.3 and because they have been pre-
viously shown to yield good results. MRL has not been
historically used in the 1-N scoring setting likely due to the
fact that in 1-N scoring, the number of positive and negative
scores in each batch is not known in advance and dynamic.
Thus, the number of possible pairs varies as well ranging
from N − 1 to (N/2)2 for each (h, r) combination. The
accompanying variance in memory requirements for each
batch thus poses practical challenges. Therefore, we did not
use the MRL in combination with the 1-N scoring setting.

Negative Sampler When using the sLCWA, we gener-
ated negative samples with UNS. When training with the
LCWA and 1-N scoring, no explicit negative sampling was
required.

Early Stopping We evaluated each model every 50
epochs and performed early stopping with a patience of
100 epochs on all datasets except for YAGO3-10. There,
considering the larger number of triples seen in each epoch
we evaluated each model every 10 epochs and performed
early stopping with a patience of 50 epochs.

Below, we describe the results of our benchmarking
study. In the four following subsections, we summarize the
results for each dataset (i.e., Kinships, WN18RR, FB15K-
237, YAGO3-10) along with a discussion of the effect of the
models’ individual components (i.e., training approaches,
loss functions, the explicit modeling of inverse relations)
and optimizers on the performance. Finally, we compare the
model complexity versus performance. In the appendix, we
provide further results. In particular, we provide for each
model the results of all tested combinations of interaction
model, training approach, and loss function.

7.1 Results on the Kinships Dataset

Investigating the model performances on Kinhsips is in-
teresting because it is a comparatively small KG and thus
permits for each configuration a large number of HPO

iterations for all interaction models. Figure 4 provides a
general overview of the results, i.e., performance of the
interaction models, loss functions, training approach, the
effect of modeling inverse relations, and the effect of the
optimizers. Overall, it can be observed that for most inter-
action models, several well-performing configurations can
be determined. However, some interaction models heav-
ily depend on specific configurations such as KG2E and
QuatE. Although link prediction on Kinships seems to be
relatively easy, there are several translational distance-based
interaction models that perform relatively poor (i.e., TransD,
TransE, TransH, TransR, and UM). The poor performance of
UM is not surprising considering that it omits the multi-
relational information of the data. Finally, the results illus-
trate that Adam outperforms Adadelta (in many cases with
high margin). Therefore, we decided to progress only with
Adam as optimizer for the remaining datasets in order to
reduce the computational costs.

Impact of the Training approach Figure 5 and Figure 6
depict the effect of the training approaches. The former
summarizes the results over the interaction models, and
the latter differentiates between them. At this point, we
focus only on the BCEL and the SPL (which is equivalent
to BCEL, but numerical more stable, see Section 3.3.1) since
they have been trained with both training approaches. It
can be observed that the training approach has an effect on
the performance. There are more sLCWA-well performing
configurations than LCWA ones.

Impact of the Loss Function Figure 5 highlights that
selecting the appropriate loss function is crucial also for
relatively small dataset such Kinships. Although all five
loss functions achieve high performance, all except the
MRL exhibit high variance. Comparing an interaction model
that has been trained with the MRL with an interaction
model that has been trained with a different loss function
can lead to misleading conclusions since finding a suitable
configuration for the loss functions except for the MRL is
more difficult.

Impact of Explicitly Modeling Inverse Relations Fig-
ures 7-9 present the effect of explicitly modeling inverse
relations. It can be observed that in general, the LCWA
benefits from explicit usage of inverse relations in terms of
robustness. This is to be expected since in the LCWA, the
model only learns to perform tail predictions, and without
explicitly modeling inverse relations, the model might have
difficulties in correctly predicting head entities. However,
when explicitly modeling inverse relations, the head pre-
dictions are obtained by predicting the tail entities of the
corresponding inverse triples (see Section 3.4)

Interestingly, MRL and NSSAL-based configurations,
which are both only trained with the sLCWA (i.e., the model
already learns to perform head and tail predictions) are
more robust when trained with inverse relations. Therefore,
depending on the dataset, it might be helpful to employ
inverse relation for these loss functions even though they
might be trained with sLCWA.

Model Complexity versus Performance Figure 28 (Ap-
pendix A11) plots the model size against the obtained
performance. The results highlight that there is no strong
correlation between model size and performance, i.e., mod-
els with a small number of parameters can perform equally
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Fig. 4. Overall hits@10 results for Kinships where box-plots summarize the best results across different configurations, i.e., combinations of
interaction models, training approaches, loss functions, and the explicit usage of inverse relations.
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Fig. 5. Impact of the training approach on the performance for a fixed
loss function for the Kinships dataset based on Adam.
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Fig. 6. Impact of training approach on the performance for a fixed
interaction model and loss function for the Kinships dataset based on
Adam.

well as large models on the Kinships data set. The skyline
comprises small UM models, some intermediate HolE and
ProjE models, and larger RotatE and TuckER models. A full
list is provided in Table 14 in Appendix A8.

7.2 Results on the WN18RR Dataset
Figure 10 depicts the overall results over WN18RR. A
detailed overview of all configurations can be found in
Figure 31 in Appendix A14. The results highlight that
there are several combinations of interaction models, loss
functions, and training approaches that obtain hits@10 re-
sults that are competitive with state-of-the-art results3. In
particular, ComplEx (53.74%), ConvE (56.33% compared to
52.00% in the original paper [37] ), DistMult (52.62%), MuRE

3. https://paperswithcode.com/sota/link-prediction-on-wn18rr
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Fig. 7. Impact of explicitly modeling inverse relations on the performance
for a fixed training approach for the Kinships dataset based on Adam.
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Fig. 8. Impact of explicitly modeling inverse relations on the loss function
based on Adam for Kinships.

(57.90% compared to 55.50% in the original paper [24]),
KG2E (52.30%), ProjE (51,73%), TransE (56.98%), RESCAL
(53.92%), RotatE (60.09% compared to 56.61% in the original
paper [23]), SimplE (50.89%), and TuckER (56.09% compared
to 52.6% in the original paper [30]) obtained high perfor-
mance. Especially the result obtained by TransE is impres-
sive since with a suitable configuration, it beats most of
the published state-of-the-art results. The results highlight
that determining an appropriate combination of interaction
model, loss function, training approach, and the decision
to explicitly modeling inverse relation is fundamental since
many interaction models such as ConvE and KG2E reveal
a high variance across different configurations. The results
for ComplEx and RESCAL further underpin this observa-
tion. They reveal competitive results with very specialized
configurations that represent outliers. Another interesting
observation is the performance of UM, which does not
model relations, but can still compete with some of the other
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Fig. 9. Impact of explicitly modeling inverse relations on the performance
for a fixed interaction model and loss function for the Kinships dataset
based on Adam.

interaction models on WN18RR. This observation might
indicate that the relational patterns in WN18RR are not too
diverse across relations.

Impact of the Training Approach Figure 11 depicts the
impact of the training approach for a fixed loss function.
Again, we focus only on BCEL and SPL since they have been
trained under both the sLCWA and LCWA. The figure high-
lights that for both realizations of the binary cross entropy
loss, the LCWA achieves higher maximum performance, but
at the same time, it reveals a larger variance on both loss
functions. Consequently, it may be more difficult to find
configurations that obtain high performance. The overall
lower variance of SPL can be explained by the fact that it
is numerically more stable than the BCEL.

Figure 12 shows the impact of the training approaches
for fixed interaction models and used loss functions. The
results indicate that for some combinations of interaction
models and loss functions, the training approach’s choice
has a significant impact on the results. For instance, ConvE,
RotatE, TransE and TuckER reveal stronger performance
when trained with the LCWA whereas TransH suffer under
the LCWA.

Impact of the Loss Function Figures 10 and 11 depict
the performance of the different loss functions. State-of-
the-art results for WN18RR are currently between 50% and

60%, and for each loss function, at least 50% could be
achieved (Figure 31 in Appendix A14). However, the MRL
is comparably less competitive than the other loss functions.
This observation is especially important considering that
early KGEMs have often been trained with the MRL. The
results highlight that there is a trade-off between highest
performance and robustness, i.e., SPL and BCEL achieve
the highest performance (when trained under the LCWA),
but also have high variance across different configurations
(especially BCEL + LCWA).

Figure 35 (Appendix A18) reveals that some interaction
models can obtain a further performance boost when con-
figured with specific loss functions. For instance, the perfor-
mance of ComplEx, ProjE and RESCAL can be increased by
a significant margin when composed together with the CEL.

Impact of Explicitly Modeling Inverse Relations Fig-
ures 13 and 14 depict that overall, it is easier too find
a strong performing sLCWA-configurations when trained
without inverse relations. Surprising is that for LCWA based
configurations, the interaction models are still competitive
when trained without inverse relations. This observation
is surprising because KGEMs that are configured with
the LCWA and without inverse relations are not explicitly
trained to predict the head entities of triples.

Figure 15 highlights that the choice of employing in-
verse relation can have an important impact on the model
performance of an interaction model. For instance, TransE
expresses quite different behaviors on the evaluated loss
functions when inverse relations are explicitly modeled or
not: on BCELs, CELs inverse relations improve the per-
formance of TransE, whereas on SPLs the performance
declines. On MRLs and NSSALs, the performance is very
robust regardless of the choice of modeling inverse relations.

Model Complexity vs. Performance Figure 28 (Ap-
pendix A11) highlights that there is no significant corre-
lation between model size and performance. Instead, the
results show that with an appropriate configuration, the
model complexity can be significantly reduced (Table 15
in Appendix A8). For instance, for RotatE, several high-
performing configurations have been found (Figure 31 in the
Appendix A14), and the second-best configuration achieved
a hits@10 value of 58.33% while trained with an embedding
dimension of 64 (in the complex space). This is especially
interesting considering that RotatE originally obtained a
performance of 57.1% hits@10 [23] with an embedding
dimension of 500 (in the complex space) using the sLCWA
as training approach and the NSSAL as loss function 4. By
changing the training approach and the loss function, the
embedding dimension could be reduced significantly while
getting at the same time an improvement in the hits@10
score.

7.3 Results on the FB15K-237 Dataset

Figure 16 provides an overall overview of the results ob-
tained on FB15K-237. For the results for each individual
configuration, we refer to Figure 32 in Appendix A15. We
can observe that TuckER outperforms the other interaction

4. https://github.com/DeepGraphLearning/
KnowledgeGraphEmbedding
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Fig. 10. Overall hits@10 results for WN18RR where box-plots summarize the results across different combinations of interaction models, training
approaches, loss functions, and the explicit usage of inverse relations.
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Fig. 11. Impact of the training approach on the performance for a fixed
loss function for the WN18RR dataset.
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Fig. 12. Impact of training approach on the performance for a fixed
interaction model and loss function for the WN18RR dataset.

models followed by RotatE. DistMult again obtains surpris-
ingly good results (Table 32 in Appendix A15) considering
that the interaction model enforces symmetric relations. The
results illustrate again that choosing a suitable composition
is essential for the performance of an interaction model.
For instance, TuckER and QuatE perform well only with
dedicated compositions. A further example is DistMult,
which again obtains surprisingly good results (Table 32
in Appendix A15) considering that the interaction model
enforces symmetric relations. DistMult, however, achieves a
strong performance only when composed with the LCWA
and the CEL (Table 17 in Appendix A9), highlighting that
a simple interaction model can obtain strong performance
when composed beneficially.

Impact of the Training Approach Figure 17 shows that
for both BCEL and SPL (we focus here only on these two loss
functions since they have been trained with both training
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Fig. 13. Impact of explicitly modeling inverse relations on the perfor-
mance for a fixed training approach for the WN18RR dataset.
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Fig. 14. Impact of explicitly modeling inverse relations on the perfor-
mance for a fixed loss function for the WN18RR dataset.

approaches), the LCWA obtains significantly higher results,
but they express a high variance at the same time. Figures 18
and 36 (Appendix A19) illustrate that some interaction
models are extremely sensitive to the choice of the training
approaches. For instance, it can be observed that RotatE,
TransE, and TuckER suffer when trained together with the
sLCWA for both loss functions. Table 17 (Appendix A9)
shows that most of the interaction models obtain their best
performance on FB15K-237 when trained together with the
LCWA.

Impact of the Loss Function Figures 16 and 17 illustrate
that the BCEL and SPL outperform the other loss functions,
but they also exhibit higher variance. Figure 36 (Appendix
A19) expresses that some interaction models seem to be
more sensitive to the usage of different loss function. For
instance, ConvE and TuckER suffer from the MRL and the
NSSAL, DistMult together with the CEL outperforms the
other loss functions. However, TransE performs similarly
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Fig. 15. Impact of explicitly modeling inverse relations on the perfor-
mance for a fixed interaction model and loss function for the WN18RR
dataset.

for all loss functions except the NSSAL.
Impact of Explicitly Modeling Inverse Relations Fig-

ure 19 reveals, as for the previous datasets, that in general,
the usage of inverse relations is beneficial for the training
based on the LCWA approach. Different from the results
obtained for WN18RR (Figure 13), the LCWA is not com-
petitive when trained without inverse relations, and that
there are several sLCWA-configurations that benefit from
inverse relations, too. Figure 20 underlines these observa-
tions: loss functions that are trained with the LCWA obtain
more high performing configurations, and the best LCWA-
configurations outperform the best sLCWA-configurations.
The NSSAL obtains its best performance when trained
together with inverse relations, although it has only been
trained together with the sLCWA whereas the MRL suffers
from inverse relations.

Figure 21 depicts the effect of explicitly modeling inverse
relations on the combinations of interaction models and
loss functions. There are specific combinations of interaction
models and loss functions that benefit from the addition of
inverse relations. Among those are, for instance, ERMLP,
RESCAL, and TuckER when trained based on BCEL. A
second example can be seen for models that have been
trained based on SPL for which ComplEx improve when
trained without inverse relations.

Model Complexity vs. Performance Figure 28 (Ap-
pendix A11) illustrates that for FB15K-237, there is no clear
correlation between model size and performance. Tiny mod-
els can already obtain similar performance as larger models.
The skyline comprises an intermediate UM, TransE and
DistMult models, and a larger TuckER model. A full list
is provided in Table 13 (Appendix A8).

7.4 Results on the YAGO3-10 Dataset

YAGO3-10 is the largest benchmark dataset in our study.
Therefore, it is of interest to investigate how the different
interaction models perform on a larger KG. As mentioned
in the introduction of this chapter, we reduced the experi-
mental setup for YAGO3-10 in order to reduce the computa-
tional complexity of our entire study. Figure 22 depicts the
overall results obtained for YAGO3-10. Detailed results for
all configurations are illustrated in Figure 33 in Appendix
A16.

The results highlight the previous observation that the
performance of many KGEMs heavily depends on the
choice of its components and is dataset-specific. For in-
stance, MuRE, the best-performing interaction model, and
especially RotatE, which is among the top-performing inter-
action models, exhibit high variance across their configura-
tions. TransE, which was among the top-performing inter-
action models on WN18RR, performed poorly on YAGO3-
10. One might conclude that TransE performs better on
smaller KGs, but the results obtained on Kinships do not
support this assumption. It should be taken into account
that some interaction models might benefit from being
trained with the LCWA on YAGO3-10 as observed for
TransE on WN18RR. Therefore, TransE might perform much
better when trained with the LCWA approach. Remarkably,
ComplEx and QuatE seem to be robust for all sLCWA
configurations. With regards to the loss functions, all loss
functions except MRL obtain comparable results. Though,
the MRL is more robust than other loss functions.

Impact of the Loss Function Figure 23 depicts the
impact of the loss functions for fixed interaction models. As
observed for the previous datasets, some interaction models
perform better with specific loss functions. For instance,
RotatE and TransE obtain better performance when trained
with MRL and NSSAL, whereas QuaE benefits from the SPL.

Impact of Explicitly Modeling Inverse Relations Fig-
ure 24 shows the effect of explicitly modeling inverse re-
lations for fixed loss functions. Three key aspects can be
observed. First, the BCEL performs better when trained
without inverse relations both in terms of maximum per-
formance and robustness. Second, the NSSAL is the only
loss function for which the addition of inverse relations is
beneficial for both performance and robustness. However,
it should be considered that the median performance is
worse compared to the setting in which inverse relations are
omitted. Third, the MRL benefits from explicitly modeling
inverse relations.

Figure 25 illustrates the effect of the usage of inverse re-
lations on the interaction models. The figure reveals that the
combinations of some interaction models and loss functions
are not impacted by explicitly modeling inverse relations
(e.g., ERMLP for all loss functions except MRL). In contrast,
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Fig. 16. Overall hits@10 results for FB15K-237 where box-plots summarize the results across different combinations of interaction models, training
approaches, loss functions, and the explicit usage of inverse relations.
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Fig. 17. Impact of the training approach on the performance for a fixed
loss function for the FB15K-237 dataset.
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Fig. 18. Impact of training approach on the performance for a fixed
interaction model and loss function for the FB15K-237 dataset.

others have clear preferences, e.g., ConvKB suffers from the
usage of inverse relations for all loss functions except SPL.

Model Complexity vs. Performance Figure 28 (Ap-
pendix A11) expresses that there is a low correlation be-
tween model size and performance for YAGO3-10. How-
ever, the improvement is tiny compared to the differences
in model size. It should be taken into account that for
KGEMs, the model size is usually dependent on the number
of entities and relations. Therefore, dependent on the space
complexity of the interaction model (Table 2 in Appendix
A1), the size can grow fast for large KGs. The skyline
comprises an intermediate TransE, DistMult and ConvKB
model, and a larger MuRE model. A full list is provided in
Table 16 (Appendix A8).
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Fig. 19. Impact of explicitly modeling inverse relations on the perfor-
mance for a fixed training approach for the FB15K-237 dataset.

0.0 0.2 0.4 0.6 0.8 1.0
hits@10

BCEL (LCWA)

BCEL (sLCWA)

CEL

MRL

NSSAL

SPL (LCWA)

SPL (sLCWA)

FB15k237

inverse_relations
False
True

Fig. 20. Impact of explicitly modeling inverse relations on the perfor-
mance for a fixed loss function for the FB15K-237 dataset.

8 DISCUSSION & FUTURE WORK

Table 5 (Appendix A1) illustrates the extent of our studies
and Table 6 (Appendix A2) summarizes the main find-
ings our work. Although the re-implementation of all ma-
chine learning components into a unified, fully configurable
framework was a major effort, we believe it is essential to
analyze reproducibility and obtain fair results on bench-
marking. In particular, we were able to address the issue
of incompatible evaluation procedures and preprocessing
steps in previous publications that are not obvious.

During our reproducibility study, we found that the re-
production of experiments is a major challenge and, in many
cases, not possible with the available information in current
publications. In particular, we observed the following four
main aspects:

• For a set of experiments, the results can sometimes
only be reproduced with a different set of hyper-
parameter values.
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Fig. 21. Impact of explicitly modeling inverse relations on the perfor-
mance for a fixed interaction model and loss function for the FB15K-237
dataset.

• For some experiments, the entire experimental setup
was not provided, impeding the reproduction of
experiments.

• The lack of an official implementation hampers the
reproduction of results.

• Some results are dependent on the utilized rank-
ing approach (average, optimistic, and pessimistic
ranking approach). For example, the optimistic rank
may lead to incorrect conclusions about the model’s
performance.

Our benchmarking study shows that the term KGEM
should be used with caution and should be differentiated
from the actual interaction model since our results highlight
that the specific combination of the interaction model, train-
ing approach, loss function, and the usage of explicit inverse
relations is often fundamental for the performance.

No configuration performs best across all datasets. De-
pending on the dataset, several configurations can be found
that achieve comparable results (Tables 17-20 in Appendix
A9-A10, and Figures 30-33 in Appendix A13-A16). More-
over, with an appropriate configuration, the model size can
significantly be compressed (see Pareto-optimal configura-
tions in Tables 13-16 in Appendix A8) that has especially
a practical relevance when looking for a trade-off between
required memory and performance.

The results also highlight that even interaction models
such as TransE that have been considered as baselines can
outperform state-of-the-art interaction models when trained
with an appropriate training approach and loss function.
This raises the question of the necessity of the vast num-
ber of available interaction models. However, for some
interaction models such as RotatE, MuRE or TuckER, we
can observe a good performance across all datasets (note:
TuckER has not been evaluated on YAGO3-10). For RotatE,
we even obtained the state-of-the-art results on WN18RR
(similar results were obtained by Graph Attenuated Atten-
tion Networks [49]), and for ConvE, MuRE, and TuckER,
we obtained results superior to the originally published
ones. ComplEx proved to be a very robust interaction model
across different configurations. This can, in particular, be ob-
served from the results obtained on YAGO3-10 (Figure 22).

We discovered that no loss function consistently achieves
the best results. Instead it can be seen that with different loss
functions such as the BCEL, NSSAL, and SPL good results
can be obtained across all datasets. Remarkably, the MRL
is overall the worst-performing loss function. However, one
might argue that the MRL is the most compatible loss func-
tion with the sLCWA since it does not assume artificially
generated negative examples to be actually false in contrast
to the other loss functions used. The MRL only learns to
score positive examples higher than corresponding negative
examples, but it does not ensure that a negative example is
scored lower than every other positive example. Thus, the
absolute score values are not interpretable and cannot be
used to compared triples without common head/tail enti-
ties. They can only be interpreted relatively, and only when
comparing scores for triples with the same (hr)/(rt). Al-
though loss functions such as BCEL or SPL treat generated
negative triples as true negatives that actually contain also
unknown positive examples, they obtain good performance.
This might be explained by the fact that usually the set of
unknown triples are dominated by false triples. Therefore, it
is likely that a major part of the generated triples are actually
negative. Consequently, the KGEM learns to distinguish
better positive from negative examples.

Considering the explicit usage of inverse relations, we
found out that the impact of inverse relations can be sig-
nificant, especially when the interaction model is trained
under the LCWA. This might be explained by the fact that
based on the LCWA-training, the KGEM only learns to
perform one-side predictions (i.e., it learns to either predict
head or tail entities), but during the evaluation, it is asked
to perform both-side predictions. Through the inclusion of
inverse relations, the model learns to perform both-side
predictions based on one side, i.e., (∗, r, t) can be predicted
through (t, rinverse, ∗). Overall, our results indicate that
further investigations on FB15K-237 and YAGO3-10 might
lead to results that are competitive to the state-of-the-art.

Looking forward, it would be of great interest to re-
investigate previously performed studies that analyze the
relationship between the performance of KGEMs and the
properties of the underlying KGs to verify that their findings
indeed can be attributed to the interaction model alone, rather
than the exact configuration including the loss function,
the training approach and the explicit modeling of inverse
relations. Further, the effect of explicitly modeling inverse
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based on the stochastic local closed world assumption.
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Fig. 24. Impact of explicitly modeling inverse relations on the perfor-
mance for a fixed loss function for the YAGO3-10 dataset.

relations has not been analyzed in depth, in particular how
the learned representations of a relation and its inverse
are related to each other. Ultimately, we believe our work
provides an empirical foundation for such studies and a
practical tool to execute them.
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TABLE 2
Investigated interaction models [33] and their required number of

parameters. k corresponds to the number of neurons in the hidden
layer, nf to the number of convolutional kernels, kr and kc to the height

and width of the convolutional kernels.

Model Parameters

ComplExa |E|2d+ |R|2d
ConvEb |E|d+ |R|d+ d+ nfkrkc + 2 + 2nf + 2d

+(h− kr + 1)(w − kc + 1)nfd+ |E|
ConvKB |E|d+ |R|d+ nf (d+ 4) + 1
DistMult |E|d+ |R|d
ER-MLP |E|d+ |R|d+ k(3d+ 2) + 1
HolE |E|d+ |R|d
KG2E |E|2d+ 2|R|d
MuRE |E|(d+ 2) + 3|R|d
NTN |E|d+ |R|k(d2 + 2d+ 2)
ProjE |E|d+ |R|d+ 3d+ 1
QuatEc |E|4d+ |R|4d
RESCAL |E|d+ |R|d2
RotatEa |E|2d+ |R|d
SE |E|d+ 2|R|d2
SimplE |E|2d+ 2|R|d
TransE |E|d+ |R|d
TransH |E|d+ 2|R|d
TransR |E|de + |R|dr + dedr
UM |E|d
TuckER |E|de + |R|dr + d2edr + 4de

a 2d, because of complex valued vectors, i.e. imaginary
and real part of a number.

b w and h correspond to the height and weight of the
reshaped input.

c 4d, because of hyper-complex valued (quaternion) vec-
tors, i.e. a real part and three imaginary parts of a
quaternion.

TABLE 3
Denotes for each proposed model whether results have been reported
for FB15K, WN18, or their alterations. Furthermore, it indicates whether

an official implementation exists where P corresponds to a PyTorch
based implementation, T to a TensorFlow based implementation, and O

to other implementations. A green background indicates that the full
experimental setup was available. The models highlighted with * where

included in the reproducibility study.

Model Code FB15K FB15K-237 WN18 WN18RR

ComplEx* O X X
ConvE* P X X X X
ConvKB* T X X
DistMult* - X X
ER-MLP -
HolE* O X X
KG2E* - X X
MuRE* P X X
NTN -
ProjE T X X
QuatE*a P X X X X
UM -
RESCAL O
RotatE* P X X X X
SE O
SimplE* T, P X X
TransD* - X X
TransE* O X X
TransH* - X X
TransR* O X X
TuckER* P X X X X
UM -
a Code is based on the framework OpenKE https://github.com/

thunlp/OpenKE.

TABLE 4
Hyper-Parameter Ranges for Ablation Experiments

Hyper-Parameter Range

Sh
ar

ed

Embedding-Dimension {64,128,256}
Initialization {Xavier}
Optimizersa {Adam, Adadelta}
Learning Rate (log scale) [0.001, 0.1)
Batch Sizeb {128, 256, 512}
Model inverse relations {Yes, No}
Epochs 1,000

sL
C

W
A

Loss {BCEL, MRL, NSSAL, SPL}
Margin for MRL {0.5, 1.5, ... , 9.5}
Margin for NSSAL {1, 3, 5, ... , 29}
ADVT for NSSAL {0.1, 0.2, ... , 1.0}
Number of Negativesc {1, 2, ... , 100}

LC
W

A Loss {BCEL, CEL, SPL}
Label Smoothing (log scale) [0.001, 1.0)

a For Kinships, we evaluated Adam and Adadelta, and for the
remaining datasets we sticked to Adam since it performed
almost in every experiment at least equally good as Adadelta
and in many experiments significantly better.

b For YAGO3-10, the batch-size has been sampled from the set
{1024, 2048, 2096, 8192}.

c For YAGO3-10, the number of negative triples per each each
positive has been sampled from the set {1, 2, ..., 50}.

TABLE 5
Evaluation statistics

Metric Value

Datasets 4
Interaction Models 21
Training approaches 2
Loss Functions 5
Negative Samplers 1
Optimizers 2
Ablation Studies 1,207
Number of Experiments 73,683
Compute Time (hours) 24,804



ALI et al. A2

TABLE 6
Summary of main insights over all datasets. Each component (i.e., interaction model, loss function, and training approach) is considered to be

among the top-ten performing configurations when they occur at least once in the top-ten performing configurations. Note that a single component
is part of several configurations, and therefore, can occur multiple times in the top-ten performing configurations.

Interaction Models

RotatE Among top-ten-performing interaction models across all datasets.
MuRE Among top-ten-performing interaction models on WN18RR, FB15K-237, and YAGO3-10.
ConvE Among top-ten-performing interaction models on Kinships and FB15K-237 (has not been evaluated on YAGO3-10).
ComplEx Among top-ten-performing interaction models on Kinships and YAGO3-10.
TuckER Among top-ten-performing interaction models for Kinships, and FB15K-237 (has not been evaluated on YAGO3-10).
DistMult Among top-ten-performing interaction models on FB15K-237.
QuatE Among top-ten-performing interaction models on YAGO3-10.
TransE Among top-ten-performing interaction models on WN18RR.
SE Among top-ten-performing interaction models on Kinships.

Loss Functions

BCEL Among top-ten-performing loss functions across all datasets.
NSSAL Among top-ten-performing loss functions across all datasets.
SPL Among top-ten-performing loss functions across all datasets.
CEL Among top-ten-performing loss functions on Kinships and FB15K-237 (has not been evaluated on YAGO3-10).
MRL Among top-ten-performing loss functions on Kinships.

Training Approaches

sLCWA Among top-ten-performing training approaches across all datasets.
LCWA Among top-ten-performing training approaches on Kinships, WN18RR and FB15K-237 (has not been evaluated on YAGO3-

10).

Explicit Modeling of Inverse Relations

Is usually beneficial in combination with the local closed world assumption.

Configurations

Performance Appropriate combination of interaction model, training assumption, loss function, choice of explicitly modeling inverse
relations is crucial for the performance, e.g., TransE can compete when with several state-of-the-art interaction models on
WN18RR when appropriate configuration is selected.
There is no single best configuration that works best for all dataset.

Variance Some interaction models exhibit a high variance across different configurations, e.g., RotatE on YAGO3-10 (Figure 22 on
page 18)

Pareto-Optimal
Configurations

Tables 13-16 in Appendix A8 describe Pareto-optimal configurations. It can be seen that there are configurations that require
fewer parameters while obtaining almost the same performance. In some cases, for the same interaction model, the model
can be significantly compressed.

Reproducibility

Results For FB15K, four out of 13, for WN18, five out of 13, for FB15K-237, two out of three, and for WN18RR, three out of five
experiments can be categorized as soft-reproducible.

Code For four out of 15 models, no official implementation was available.
Parameters For six out of 15 papers, source code was available and full experimental setup was precisely described.

General Insights

SOTA For WN18RR, we achieve based on a RotatE-configuration (together with Graph Attenuated Attention Networks [49]) state-
of-the-art results in terms of hits@10 through our study (60.09% Hits@10). Furthermore, we found a TransE configuration
that achieves high performance beating most of the published SOTA results (56.98% Hits@10). Based on our results, we
emphasize to further investigate the hyper-parameters space for the most promising configurations for the remaining
benchmarking datasets.

Improvements For ConvE (56.33% compared to 52.00% [37]), MuRE (57.90% compared to 55.50% [24]) and TuckER (56.09% compared
to 52.6% [30]), we are beating the reported results in the original papers due selecting appropriate configurations and
hyper-parameters on WN18RR.
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TABLE 7
Frequency of detected relation patterns across the benchmark datasets.

pattern anti-symmetry composition symmetry
dataset

fb15k237 205 147 3
wn18rr 7 1 3
yago310 30 3 2

RELATIONAL PATTERN ANALYSIS

Knowledge graphs exhibit relational patterns such as symmetry (e.g., the relation marriedTo), and the performance of
KGEMs depend on how well these patterns can be modeled. Four major relational patterns that have been investigated
in the literature are symmetry, anti-symmetry, inversion, and composition [23], [27], [43]. Here, we provide a large-scale
performance analysis of our investigated KGEMs in modeling symmetry, anti-symmetry, and composition patterns for the
datasets FB15k-237, WN18RR, and YAGO3-10. First, we provide statistics about the support and confidence of the symmetry,
anti-symmetry, inversion, and composition patterns in the FB15k-237, WN18RR and YAGO3-10 datasets. Next, we describe
our experimental setup. Finally, we present the results of our relational pattern analysis.

Relational Patterns and their Detection

Here, we formally define the relational patterns symmetry, anti-symmetry, inversion, and composition patterns according
to [23], the measures support and confidence, and provide an overview of the support and confidence of the these patterns in
the FB15k-237, WN18RR and YAGO3-10 datasets.

Definition 1 (Symmetric Relation). A relation r ∈ R is symmetric, if (h, r, t) ∈ T =⇒ (t, r, h) ∈ T

Definition 2 (Anti-Symmetric Relation). A relation r ∈ R is anti-symmetric, if (h, r, t) ∈ T =⇒ (t, r, h) /∈ T

Definition 3 (Inverse Relation). A relation r ∈ R is inverse to rinv ∈ R, if (h, r, t) ∈ T =⇒ (t, rinv, h) ∈ T . If there exists
a r′ ∈ R with r′ 6= r and r′ is inverse to r, then we call r an inverse relation.

Definition 4 (Composite Relation). A relation r ∈ R is a composition of two relations r1, r2 ∈ R, if (a, r1, b) ∈ T ∧
(b, r2, c) ∈ T =⇒ (a, r, c) ∈ T . We call r a composite relation, if such two relations exist.

Since KGs are known to be incomplete, a false antecedent, i.e., right-hand side of a rule, may not only be caused by the
relation not being of the relation type of interest, but also originate from the KG’s incompleteness. Thus, we detect relation
types using a support and confidence threshold, defined akin to the concepts of association rule mining.

The support of one of the aforementioned patterns p for a relation r indicates the number of different assignments
of entities such that the precedent, i.e., the left-hand side of a rule, of a rule holds. For most of the simple rules this is
equivalent to the relation frequency, but, e.g., for composite relations, we need to consider all pairs of triples with matching
the candidate relations r1, r2 and being linked by the intermediate entity b.

The confidence of a relational pattern is the number of times the right-hand side hold divided by the support. Thus, it
can be interpreted as an estimate of the the conditional probability of the antecedent, given the precedent holds.

Relation Patterns in Benchmark Datasets

Table 7 shows the frequency of the detected pattern types for the three studied benchmark datasets. Similar to related work
we used a confidence threshold of 97% [43]. Note that we did not detect a single inverse relation, since FB15k-237 and
WN18RR have been explicitly preprocessed to remove such.

Experimental Setup

To measure the performance of the investigated KGEMs in modeling symmetry, anti-symmetry, and composition patterns,
we slightly adapted the standard link prediction evaluation procedure (Section 4). Instead of computing the metrics based
on all test triples, we extracted for each relational pattern all test triples that contain the associated relations, aggregated
the single ranks obtained of each triple in the subset, and computed the hits@10 metric for each subset. Therefore, we can
express how well a KGEM can model a specific relational pattern.
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Fig. 26. Performance Distribution of all best models per configuration in H@10.
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Fig. 27. Performance of best models’ for each configuration for each dataset and pattern type, grouped by interaction function.

Results
Figure 26 shows the overall performance on pattern types per dataset. We show the distribution of best models’
performance for each configuration in terms of H@10. We generally observe a tendency that symmetric relations are
easier to model than anti-symmetric and composite relations, which seem to be equally challenging.

Figure 27 shows the performance of best models’ for each configuration for each dataset and pattern type, grouped by
interaction function.

For the most simple pattern, symmetry, almost all interaction functions can obtain strong results on WN18RR, with
NTN, TransD and SE slightly falling behind. For FB15k237, we observe similar results, except that SimplE and KG2E fail to
capture this pattern (while performing still sufficiently good on other patterns). On YAGO3-10, translation-based methods
such as TransE or TransD cannot match the performance of, ComplEx, RotatE and DistMult, with ER-MLP’s performance
in between.

On the more difficult anti-symmetry and composition, the differences are more pronounced. Overall, RotatE and TransE
obtain the best results. UM and NTN cannot obtain good results.
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ADDITIONAL RESULTS FROM REPRODUCIBILITY STUDY

TABLE 8
Reproduction of Studies on FB15K where pub refers to published results, R to results based on the realistic ranking, O to results based on the
optimistic ranking, and P to results based on the pessimistic ranking. For published results, there are two additional rank types, U for undefined

due to missing official implementation and ND for non-deterministic. We only show the results of the optimistic and pessimistic ranking in case they
differ from the realistic ranking.

MRR (%) Hits@1 (%) Hits@3 (%) Hits@5 (%) Hits@10 (%) MR AMR (%)
model

ComplEx pub (O) 69.20 59.90 75.90 84.00
R 21.94 ± 0.71 12.73 ± 0.74 24.18 ± 0.65 30.67 ± 0.60 40.61 ± 0.74 170.56 ± 17.18 2.31 ± 0.23

ConvE pub (ND) 65.70 55.80 72.30 83.10 51.00
R 75.45 ± 0.17 68.26 ± 0.27 80.47 ± 0.08 83.94 ± 0.01 87.68 ± 0.04 43.97 ± 0.60 0.60 ± 0.01

DistMult pub (U) 35.00 57.70
R 28.47 ± 0.23 18.59 ± 0.19 31.77 ± 0.29 38.24 ± 0.38 47.81 ± 0.36 127.16 ± 0.85 1.72 ± 0.01

HolE pub (ND) 52.40 40.20 61.30 73.90
R 39.72 ± 0.32 27.15 ± 0.33 46.13 ± 0.40 54.05 ± 0.36 64.02 ± 0.27 186.22 ± 6.21 2.52 ± 0.08

KG2E pub (U) 71.50 59.00
R 0.63 ± 0.08 0.15 ± 0.04 0.41 ± 0.11 0.66 ± 0.17 1.25 ± 0.21 5784.42 ± 22.26 78.31 ± 0.30

QuatE1 pub (O) 77.00 70.00 82.10 87.80 41.00
R 22.19 ± 0.17 14.65 ± 0.16 23.76 ± 0.26 29.37 ± 0.40 37.42 ± 0.39 229.99 ± 1.57 3.11 ± 0.02

RotatE pub (ND) 79.70 74.60 83.00 88.40 40.00
R 64.94 ± 0.03 53.05 ± 0.05 73.31 ± 0.06 78.74 ± 0.06 84.85 ± 0.03 35.66 ± 0.06 0.48 ± 0.00

SimplE pub (O) 72.70 66.00 77.30 83.80
R 0.04 ± 0.00 0.01 ± 0.00 0.03 ± 0.01 0.03 ± 0.01 0.05 ± 0.00 7386.02 ± 2.11 99.99 ± 0.03
O 23.62 ± 12.90 11.67 ± 8.68 24.65 ± 16.33 34.28 ± 20.19 51.91 ± 24.57 148.27 ± 89.28
P 0.03 ± 0.00 0.01 ± 0.00 0.03 ± 0.01 0.03 ± 0.01 0.05 ± 0.00 14623.77 ± 91.95

TransD pub (U) 77.30 91.00
R 37.30 ± 0.05 24.45 ± 0.08 44.22 ± 0.09 51.78 ± 0.09 61.31 ± 0.07 146.55 ± 3.10 1.98 ± 0.04

TransE pub (U) 47.10 125.00
R 29.11 ± 0.20 17.99 ± 0.27 33.53 ± 0.18 40.76 ± 0.21 50.84 ± 0.28 122.01 ± 1.09 1.65 ± 0.01

TransH pub (U) 64.40 87.00
R 2.59 ± 0.27 1.89 ± 0.35 2.87 ± 0.23 3.16 ± 0.11 3.46 ± 0.15 6318.90 ± 18.86 85.54 ± 0.26

TransR pub (ND) 68.70 77.00
R 1.23 ± 0.04 0.38 ± 0.00 1.34 ± 0.10 1.93 ± 0.12 2.79 ± 0.09 6130.41 ± 9.59 82.99 ± 0.13

TuckER pub (ND) 79.50 74.10 83.30 89.20
R 79.02 ± 0.12 73.10 ± 0.11 83.05 ± 0.13 85.93 ± 0.16 89.10 ± 0.10 40.35 ± 0.83 0.55 ± 0.01

TABLE 9
Reproduction of Studies on FB15K-237 where pub refers to published results, R to results based on the realistic ranking, O to results based on

the optimistic ranking, and P to results based on the pessimistic ranking. For published results, there are two additional rank types, U for undefined
due to missing official implementation and ND for non-deterministic. We only show the results of the optimistic and pessimistic ranking in case they

differ from the realistic ranking.

MRR (%) Hits@1 (%) Hits@3 (%) Hits@5 (%) Hits@10 (%) MR AMR (%)
model

ConvE pub (ND) 32.50 23.70 35.60 50.10 244.00
R 29.69 ± 0.19 21.13 ± 0.21 32.32 ± 0.19 38.57 ± 0.12 47.19 ± 0.08 245.83 ± 4.97 3.45 ± 0.07

ConvKB pub (O) 39.60 51.70 257.00
R 4.22 ± 0.18 2.75 ± 0.27 3.65 ± 0.19 4.44 ± 0.19 7.18 ± 0.71 4314.45 ± 27.24 60.46 ± 0.38

MuRE pub (R) 33.60 24.50 37.00 52.10
R 25.16 ± 0.20 16.12 ± 0.30 27.67 ± 0.21 34.21 ± 0.32 43.78 ± 0.13 190.61 ± 0.58 2.67 ± 0.01

QuatE1 pub (O) 31.10 22.10 34.20 49.50 176.00
R 0.26 ± 0.02 0.18 ± 0.03 0.23 ± 0.02 0.25 ± 0.02 0.30 ± 0.01 7119.76 ± 36.06 99.78 ± 0.51

RotatE pub (ND) 33.80 24.10 37.50 53.30 177.00
R 28.79 ± 0.07 19.74 ± 0.08 31.67 ± 0.05 37.89 ± 0.07 47.13 ± 0.07 176.70 ± 0.48 2.48 ± 0.01

TuckER pub (ND) 35.80 26.60 39.40 54.40
R 35.51 ± 0.08 26.20 ± 0.15 39.05 ± 0.10 45.59 ± 0.12 54.11 ± 0.04 152.46 ± 2.32 2.14 ± 0.03
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TABLE 10
Reproduction of Studies on WN18 where pub refers to published results, R to results based on the realistic ranking, O to results based on the
optimistic ranking, and P to results based on the pessimistic ranking. For published results, there are two additional rank types, U for undefined

due to missing official implementation and ND for non-deterministic. We only show the results of the optimistic and pessimistic ranking in case they
differ from the realistic ranking.

MRR (%) Hits@1 (%) Hits@3 (%) Hits@5 (%) Hits@10 (%) MR AMR (%)
model

ComplEx pub (O) 94.10 93.60 94.50 94.70
R 18.28 ± 2.10 11.65 ± 1.32 19.04 ± 2.44 23.38 ± 3.06 30.70 ± 3.90 442.51 ± 47.32 2.16 ± 0.23

ConvE pub (ND) 94.30 93.50 94.60 95.60 374.00
R 94.23 ± 0.08 93.54 ± 0.16 94.68 ± 0.04 95.03 ± 0.02 95.39 ± 0.09 462.53 ± 32.15 2.26 ± 0.16

DistMult pub (U) 83.00 94.20
R 82.41 ± 0.24 74.74 ± 0.31 89.09 ± 0.19 91.36 ± 0.22 93.44 ± 0.15 454.41 ± 43.08 2.22 ± 0.21

HolE pub (ND) 93.80 93.00 94.50 94.90
R 73.43 ± 0.40 63.22 ± 0.57 81.80 ± 0.40 85.81 ± 0.20 89.30 ± 0.26 786.05 ± 33.16 3.84 ± 0.16

KG2E pub (U) 92.80 331.00
R 3.73 ± 0.22 1.46 ± 0.19 3.27 ± 0.26 4.77 ± 0.32 7.39 ± 0.33 2732.49 ± 57.69 13.35 ± 0.28
O 3.74 ± 0.22 1.46 ± 0.19 3.27 ± 0.26 4.77 ± 0.32 7.39 ± 0.33 2732.49 ± 57.69

QuatE1 pub (O) 94.90 94.10 95.40 96.00 388.00
R 67.28 ± 0.70 58.38 ± 0.88 73.05 ± 0.61 77.86 ± 0.53 83.25 ± 0.38 327.12 ± 12.44 1.60 ± 0.06

RotatE pub (ND) 94.90 94.40 95.20 95.90 309.00
R 93.71 ± 0.03 92.27 ± 0.03 94.87 ± 0.06 95.34 ± 0.04 95.83 ± 0.05 270.22 ± 7.24 1.32 ± 0.04

SimplE pub (O) 94.20 93.90 94.40 94.70
R 0.04 ± 0.02 0.01 ± 0.01 0.03 ± 0.02 0.04 ± 0.03 0.06 ± 0.03 20355.98 ± 19.42 99.48 ± 0.09
O 32.95 ± 8.10 28.19 ± 6.94 33.94 ± 8.84 37.28 ± 9.69 42.40 ± 10.53 469.49 ± 161.36
P 0.03 ± 0.01 0.01 ± 0.01 0.03 ± 0.02 0.04 ± 0.03 0.06 ± 0.03 40242.47 ± 195.66

TransD pub (U) 92.20 212.00
R 37.33 ± 0.52 4.31 ± 0.42 67.90 ± 0.93 81.01 ± 0.30 87.80 ± 0.33 460.00 ± 7.40 2.25 ± 0.04

TransE pub (U) 89.20 251.00
R 37.04 ± 1.37 9.29 ± 1.83 60.28 ± 1.25 72.02 ± 0.75 81.51 ± 0.52 489.84 ± 42.13 2.39 ± 0.21

TransH pub (U) 82.30 388.00
R 0.17 ± 0.17 0.08 ± 0.12 0.17 ± 0.20 0.21 ± 0.24 0.31 ± 0.29 19551.68 ± 166.54 95.55 ± 0.81

TransR pub (ND) 92.00 225.00
R 0.24 ± 0.03 0.00 ± 0.01 0.22 ± 0.05 0.38 ± 0.05 0.63 ± 0.07 18882.20 ± 240.51 92.27 ± 1.18

TuckER pub (ND) 95.30 94.90 95.50 95.80
R 94.89 ± 0.05 94.52 ± 0.05 95.17 ± 0.07 95.30 ± 0.07 95.50 ± 0.06 532.05 ± 45.91 2.60 ± 0.22

TABLE 11
Reproduction of Studies on WN18RR where pub refers to published results, R to results based on the realistic ranking, O to results based on the
optimistic ranking, and P to results based on the pessimistic ranking. For published results, there are two additional rank types, U for undefined

due to missing official implementation and ND for non-deterministic. We only show the results of the optimistic and pessimistic ranking in case they
differ from the realistic ranking.

MRR (%) Hits@1 (%) Hits@3 (%) Hits@5 (%) Hits@10 (%) MR AMR (%)
model

ConvE pub (ND) 43.00 40.00 44.00 52.00 4187.00
R 45.28 ± 0.13 41.93 ± 0.19 46.64 ± 0.25 49.07 ± 0.22 51.98 ± 0.24 5203.77 ± 129.07 25.67 ± 0.64

ConvKB pub (O) 24.80 52.50 2554.00
R 0.34 ± 0.05 0.11 ± 0.04 0.27 ± 0.02 0.43 ± 0.06 0.63 ± 0.08 13905.99 ± 962.71 68.60 ± 4.75

QuatE1 pub (O) 48.10 43.60 50.00 56.40 3472.00
R 0.58 ± 0.05 0.38 ± 0.06 0.56 ± 0.08 0.66 ± 0.06 0.88 ± 0.09 20404.47 ± 196.81 100.65 ± 0.97

RotatE pub (ND) 47.60 42.80 49.20 57.10 3340.00
R 49.39 ± 0.06 45.49 ± 0.12 51.03 ± 0.10 53.36 ± 0.15 57.05 ± 0.14 4046.79 ± 89.15 19.96 ± 0.44

TuckER pub (ND) 47.00 44.30 48.20 52.60
R 47.62 ± 0.58 44.91 ± 0.62 48.81 ± 0.59 50.40 ± 0.58 52.80 ± 0.45 5646.84 ± 146.30 27.85 ± 0.72

a For MuRE, we obtained non-finite loss values while training on WN18RR with the setting defined in [24]. This might be explained by the
fact that the specified learning rate of 50 is comparably large. In our benchmarking study, we show that we can outperform the published
results with a different setting (Section 7.2).
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TABLE 12
Model sizes in bytes for the best reported configurations studied for the the reproducibility study.

Dataset FB15K FB15K-237 WN18 WN18RR
Model

ComplEx 26.1 MB - 49.2 MB -
ConvE 22.5 MB 20.3 MB 41.2 MB 40.9 MB
ConvKB - 5.9 MB - 8.2 MB
DistMult 6.5 MB - 16.4 MB -
HolE 9.8 MB - 24.6 MB -
KG2E 6.5 MB - 16.4 MB -
RotatE 130.4 MB 117.9 MB 163.8 MB 162.3 MB
SimplE 26.1 MB - 65.5 MB -
TransD 6.5 MB - 16.4 MB -
TransE 3.3 MB - 3.3 MB -
TransH 7.1 MB - 8.2 MB -
TransR 16.7 MB - 8.4 MB -
TuckER 46.1 MB - 37.6 MB -
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ADDITIONAL RESULTS FROM BENCHMARKING STUDY

TABLE 13
Pareto-optimal models for FB15k237 regarding Model Bytes and Hits@10

Model Loss Training Approach Inverse Relations Model Bytes Hits@10 (%)

TuckER BCEL LCWA yes 8.0 MiB 52.857
DistMult CEL LCWA yes 3.7 MiB 47.387
TransE SPL LCWA no 3.6 MiB 45.318
UM MRL sLCWA no 3.5 MiB 3.432
UM MRL sLCWA yes 3.5 MiB 3.305

TABLE 14
Pareto-optimal models for Kinships regarding Model Bytes and Hits@10

Model Loss Training Approach Inverse Relations Model Bytes Hits@10 (%)

TuckER SPL LCWA yes 1.0 MiB 98.603
RotatE MRL sLCWA yes 154.0 KiB 98.557
RotatE MRL sLCWA no 129.0 KiB 98.324
SimplE BCEL LCWA yes 77.0 KiB 97.765
ProjE SPL sLCWA yes 39.3 KiB 96.648
ProjE SPL sLCWA no 33.0 KiB 94.600
HolE CEL LCWA no 32.2 KiB 88.873
UM SPL LCWA yes 26.0 KiB 11.313
UM SPL sLCWA yes 26.0 KiB 6.844

TABLE 15
Pareto-optimal models for WN18RR regarding Model Bytes and Hits@10

Model Loss Training Approach Inverse Relations Model Bytes Hits@10 (%)

RotatE BCEL LCWA yes 79.3 MiB 60.089
RotatE SPL LCWA yes 19.8 MiB 58.328
TuckER CEL LCWA yes 11.9 MiB 56.088
MuRE SPL LCWA no 10.2 MiB 55.489
TransH MRL sLCWA no 9.9 MiB 48.170
UM SPL LCWA yes 9.9 MiB 44.682
UM SPL sLCWA yes 9.9 MiB 39.022

TABLE 16
Pareto-optimal models for YAGO310 regarding Model Bytes and Hits@10

Model Loss Training Approach Inverse Relations Model Bytes Hits@10 (%)

MuRE SPL sLCWA yes 61.1 MiB 66.851
ConvKB NSSAL sLCWA no 30.1 MiB 52.921
DistMult SPL sLCWA yes 30.1 MiB 50.562
TransE BCEL sLCWA no 30.1 MiB 14.663
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TABLE 17
Best configuration for each model in FB15k237

Model Loss Training Approach Inverse Relations Hits@10 (%)

ComplEx CEL LCWA True 44.838
ConvE BCEL LCWA True 49.212
ConvKB SPL sLCWA False 32.261
DistMult CEL LCWA True 47.387
ERMLP BCEL LCWA True 45.100
HolE CEL LCWA True 42.225
KG2E SPL LCWA True 45.501
MuRE BCEL LCWA True 47.199
NTN SPL sLCWA False 20.342
ProjE BCEL LCWA True 41.616
QuatE CEL LCWA True 46.166
RESCAL CEL LCWA True 46.460
RotatE NSSAL sLCWA False 49.750
SE NSSAL sLCWA True 39.427
SimplE CEL LCWA True 40.307
TransD MRL sLCWA True 41.856
TransE MRL sLCWA False 46.423
TransH MRL sLCWA False 35.295
TransR CEL LCWA True 39.187
TuckER BCEL LCWA True 52.857
UM CEL LCWA False 8.024

TABLE 18
Best configuration for each model in Kinships

Model Loss Training Approach Inverse Relations Hits@10 (%)

ComplEx CEL LCWA True 98.371
ConvE NSSAL sLCWA True 98.557
ConvKB NSSAL sLCWA True 97.067
DistMult CEL LCWA True 93.529
ERMLP SPL sLCWA True 97.486
HolE CEL LCWA True 93.715
KG2E MRL sLCWA True 91.853
MuRE SPL LCWA True 95.019
NTN BCEL sLCWA True 93.622
ProjE SPL sLCWA True 96.648
QuatE CEL LCWA True 98.184
RESCAL SPL sLCWA True 97.719
RotatE NSSAL sLCWA False 98.557
SE NSSAL sLCWA True 98.324
SimplE BCEL sLCWA False 98.277
TransD CEL LCWA True 45.205
TransE CEL LCWA True 92.877
TransH CEL LCWA True 52.048
TransR MRL sLCWA False 73.324
TuckER SPL LCWA True 98.603
UM SPL LCWA True 11.313
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TABLE 19
Best configuration for each model in WN18RR

Model Loss Training Approach Inverse Relations Hits@10 (%)

ComplEx CEL LCWA False 53.745
ConvE CEL LCWA True 56.327
ConvKB NSSAL sLCWA True 42.083
DistMult CEL LCWA True 52.616
ERMLP SPL sLCWA True 47.657
HolE CEL LCWA False 50.017
KG2E SPL LCWA False 52.035
MuRE SPL LCWA True 57.900
NTN MRL sLCWA False 31.857
ProjE CEL LCWA True 51.727
QuatE CEL LCWA False 55.010
RESCAL CEL LCWA False 53.916
RotatE BCEL LCWA True 60.089
SE SPL sLCWA False 45.486
SimplE CEL LCWA True 50.889
TransD MRL sLCWA False 46.546
TransE SPL LCWA False 56.977
TransH MRL sLCWA False 48.170
TransR MRL sLCWA False 42.510
TuckER CEL LCWA True 56.088
UM SPL LCWA False 44.887

TABLE 20
Best configuration for each model in YAGO310

Model Loss Training Approach Inverse Relations Hits@10 (%)

ComplEx BCEL sLCWA True 62.575
ConvKB SPL sLCWA True 58.149
DistMult BCEL sLCWA False 55.580
ERMLP BCEL sLCWA True 58.531
HolE BCEL sLCWA False 60.177
MuRE SPL sLCWA True 66.851
QuatE SPL sLCWA True 60.709
RESCAL SPL sLCWA True 54.045
RotatE NSSAL sLCWA True 63.077
SE NSSAL sLCWA True 29.757
TransD MRL sLCWA False 35.397
TransE MRL sLCWA True 49.217
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Fig. 28. Scatter plots comparing model size in number of bytes and model performance in terms of Hits@10 for all trained models on each dataset.
The color indicates the model type, and the model size is shown on a logarithmic axis. Pareto-optimal models are highlighted by cross symbols. In
general we only see a low correlation between model size and performance. A more thorough comparison can be found in Figures 4, 10, 16, and
22.
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Fig. 29. Results for all configurations on Kinships based on Adadelta. BCEL refers to the binary cross entropy loss, CEL to the cross entropy loss,
MRL to the margin ranking loss, NSSAL refers to the negative sampling self-adversarial loss, SPL to the softplus loss, LCWA to the local closed
world assumption training approach and sLCWA to the stochastic local closed world assumption training approach.
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Fig. 30. Results for all configurations on Kinships based on Adam. BCEL refers to the binary cross entropy loss, CEL to the cross entropy loss,
MRL to the margin ranking loss, NSSAL refers to the negative sampling self-adversarial loss, SPL to the softplus loss, LCWA to the local closed
world assumption training approach and sLCWA to the stochastic local closed world assumption training approach.



ALI et al. A14

BCEL CEL SPL

ComplEx

ConvE

ConvKB

DistMult

ERMLP

HolE

KG2E

MuRE

NTN

ProjE

QuatE

RESCAL

RotatE

SE

SimplE

TransD

TransE

TransH

TransR

TuckER

UM

45.57% 53.74% 41.23%

50.55% 48.65% 49.52%

42.17% 48.82% 45.78%

15.51% 35.36% 19.27%

47.55% 50.02% 38.87%

0.02% 42.72% 52.03%

54.05% 48.07% 55.49%

1.09%

45.08% 48.20% 39.23%

44.20% 55.01%

39.43% 53.92% 37.84%

59.08% 50.14% 57.99%

9.73%

45.84% 49.42% 38.20%

0.10% 16.16% 0.09%

3.98% 34.30% 56.98%

2.36% 9.75% 0.85%

1.09% 14.36% 0.15%

53.30% 52.84% 52.14%

44.68% 41.14% 44.89%

training_approach = LCWA

BCEL MRL NSSAL SPL

ComplEx

ConvE

ConvKB

DistMult

ERMLP

HolE

KG2E

MuRE

NTN

ProjE

QuatE

RESCAL

RotatE

SE

SimplE

TransD

TransE

TransH

TransR

TuckER

UM

44.27% 42.97% 42.72% 43.72%

14.09% 3.37% 29.34% 36.41%

39.71% 40.22% 38.94% 37.59%

49.38% 50.00% 50.00% 45.43%

26.93% 30.57% 14.35% 24.30%

45.95% 40.83% 43.57% 45.91%

0.02% 45.14% 45.91% 46.60%

56.43% 45.76% 51.13% 56.89%

0.10% 31.86% 0.14%

42.46% 40.70% 41.11% 43.16%

44.68% 51.09% 41.89% 41.72%

39.21% 36.22% 42.58% 40.87%

51.28% 50.79% 58.02% 51.23%

41.81% 45.49%

42.25% 38.65% 40.71% 42.42%

44.66% 46.55% 36.92% 44.25%

43.16% 48.91% 49.64% 42.56%

25.12% 48.17% 7.66% 38.25%

34.97% 42.51% 34.18% 35.41%

34.52% 12.98% 2.21% 35.45%

40.15% 39.60% 42.31% 39.79%

inverse_relations = False

training_approach = sLCWA

BCEL CEL SPL

ComplEx

ConvE

ConvKB

DistMult

ERMLP

HolE

KG2E

MuRE

NTN

ProjE

QuatE

RESCAL

RotatE

SE

SimplE

TransD

TransE

TransH

TransR

TuckER

UM

44.03% 10.70% 38.22%

53.73% 56.33% 53.51%

46.03% 52.62% 44.07%

42.68% 46.27% 41.34%

44.75% 29.62% 34.05%

0.00% 48.02% 50.53%

3.28% 53.25% 57.90%

0.00%

45.33% 51.73% 42.92%

49.38% 52.07% 50.82%

35.48% 52.99% 40.77%

60.09% 56.74% 58.33%

2.58%

43.62% 50.89% 39.91%

0.12% 29.60% 0.02%

56.74% 46.82% 23.63%

1.45% 13.83% 1.80%

0.10% 37.62% 0.09%

56.09% 52.33%

43.95% 42.17% 44.68%

BCEL MRL NSSAL SPL

ComplEx

ConvE

ConvKB

DistMult

ERMLP

HolE

KG2E

MuRE

NTN

ProjE

QuatE

RESCAL

RotatE

SE

SimplE

TransD

TransE

TransH

TransR

TuckER

UM

42.53% 42.53% 40.75% 42.24%

38.17% 1.98% 40.89% 33.67%

40.15% 38.24% 42.08% 37.65%

51.16% 46.48% 47.76% 45.13%

47.35% 41.81% 45.67% 47.66%

45.52% 39.38% 42.77% 45.62%

0.03% 42.65% 43.76% 46.07%

57.83% 46.07% 56.79% 55.63%

24.38% 24.15% 0.02%

42.61% 42.08% 43.67% 41.64%

38.89% 49.57% 38.82% 43.30%

39.28% 37.40% 41.35% 42.17%

49.86% 49.13% 57.40% 49.06%

40.44% 41.69%

40.89% 38.56% 39.43% 41.88%

44.03% 44.56% 33.62% 38.78%

44.39% 48.96% 50.67% 42.37%

33.50% 38.01% 4.67% 3.37%

32.95% 10.89% 28.69% 34.42%

16.89% 41.26% 0.38% 1.59%

39.88% 39.84% 41.76% 39.02%

inverse_relations = True

Fig. 31. Results for all configurations on WN18RR based on Adam. BCEL refers to the binary cross entropy loss, CEL to the cross entropy loss,
MRL to the margin ranking loss, NSSAL refers to the negative sampling self-adversarial loss, SPL to the softplus loss, LCWA to the local closed
world assumption training approach and sLCWA to the stochastic local closed world assumption training approach.
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Fig. 32. Results for all configurations on FB15K-237 based on Adam. BCEL refers to the binary cross entropy loss, CEL to the cross entropy loss,
MRL to the margin ranking loss, NSSAL refers to the negative sampling self-adversarial loss, SPL to the softplus loss, LCWA to the local closed
world assumption training approach and sLCWA to the stochastic local closed world assumption training approach.
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Fig. 33. Results for all configurations on YAGO3-10 based on Adam. BCEL refers to the binary cross entropy loss, CEL to the cross entropy loss,
MRL to the margin ranking loss, NSSAL refers to the negative sampling self-adversarial loss, SPL to the softplus loss, LCWA to the local closed
world assumption training approach and sLCWA to the stochastic local closed world assumption training approach.
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Fig. 34. Impact of the training approach on the performance for a fixed interaction model and loss function for the Kinships dataset (results represent
for each setting the best-performing configuration). BCEL refers to the binary cross entropy loss, CEL to the cross entropy loss, MRL to the margin
ranking loss, NSSAL refers to the negative sampling self-adversarial loss, SPL to the softplus loss, LCWA to the local closed world assumption
training approach and sLCWA to the stochastic local closed world assumption training approach.
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Fig. 35. Impact of the training approach on the performance for a fixed interaction model and loss function for the WN18RR dataset (results represent
for each setting the best-performing configuration). BCEL refers to the binary cross entropy loss, CEL to the cross entropy loss, MRL to the margin
ranking loss, NSSAL refers to the negative sampling self-adversarial loss, SPL to the softplus loss, LCWA to the local closed world assumption
training approach and sLCWA to the stochastic local closed world assumption training approach.
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Fig. 36. Impact of the training approach on the performance for a fixed interaction model and loss function for the FB15K-237 dataset (results
represent for each setting the best-performing configuration). BCEL refers to the binary cross entropy loss, CEL to the cross entropy loss, MRL
to the margin ranking loss, NSSAL refers to the negative sampling self-adversarial loss, SPL to the softplus loss, LCWA to the local closed world
assumption training approach and sLCWA to the stochastic local closed world assumption training approach.
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Abstract

Recently, knowledge graph embeddings (KGEs) have received significant attention,
and several software libraries have been developed for training and evaluation. While
each of them addresses specific needs, we report on a community effort to a re-design
and re-implementation of PyKEEN, one of the early KGE libraries. PyKEEN 1.0 enables
users to compose knowledge graph embedding models based on a wide range of interaction
models, training approaches, loss functions, and permits the explicit modeling of inverse
relations. It allows users to measure each component’s influence individually on the model’s
performance. Besides, an automatic memory optimization has been realized in order to
optimally exploit the provided hardware. Through the integration of Optuna, extensive
hyper-parameter optimization (HPO) functionalities are provided.

Keywords: Knowledge Graphs, Knowledge Graph Embeddings, Relational Learning

1. Introduction

Knowledge graphs (KGs) encode knowledge as a set of triples K ⊆ E×R×E where E denotes
the set of entities and R the set of relations. Knowledge graph embedding models (KGEMs)
learn representations for entities and relations of KGs in vector spaces while preserving the
graph structure. The learned embeddings can support machine learning tasks such as
entity clustering, link prediction, entity disambiguation, as well as downstream tasks such

∗Equal contribution.

c©2021 Mehdi Ali, Max Berrendorf, Charles Tapley Hoyt, Laurent Vermue, Sahand Sharifzadeh, Volker Tresp, and
Jens Lehmann.

License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/. Attribution requirements are provided
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as question answering and item recommendation (Nickel et al., 2015; Wang et al., 2017;
Ruffinelli et al., 2020; Kazemi et al., 2020).

Most publications of KGEMs are accompanied by reference implementations, but they
are seldomly written for reusability or maintained. Existing software packages that provide
implementations for different KGEMs usually lack composability: model architectures (or
interaction models), training approaches, loss functions, and the usage of explicit inverse
relations cannot arbitrarily be combined. The full composability of KGEMs is fundamental
for assessing their performance because it allows the assessment of individual components
and not solely the sum of differences in published approaches (Ruffinelli et al., 2020). In
most previous libraries, only limited functionalities are provided, e.g., a small number of
KGEMs are supported, or functionalities such as hyper-parameter optimization (HPO) are
missing. For instance, in PyKEEN (Ali et al., 2019a,b), one of the early software packages
for KGEMs, models can only be trained under the stochastic local closed-world approach,
the evaluation procedure was too slow for larger KGs, and it was designed to be mainly
used through a command-line interface rather than programmatically, in order to facilitate
its usage for non-experts. This motivated the development of a reusable software package
comprising several KGEMs and related methodologies that is entirely configurable.

Here, we present PyKEEN (Python KnowlEdge EmbeddiNgs) 1.0, a community effort
in which PyKEEN has been re-designed and re-implemented from scratch to overcome the
mentioned limitations, to make models entirely configurable, and to extend it with more
interaction models and other components.

2. System Description

In PyKEEN 1.0, a KGEM is considered as a composition of four components that can flex-
ibly be combined: an interaction model (or model architecture), a loss function, a training
approach, and the usage of inverse relations. PyKEEN 1.0 currently supports 23 interaction
models, seven loss functions, four regularizers, two training approaches, HPO, six evaluation
metrics, and 21 built-in benchmarking datasets. It can readily import additional datasets
that have been pre-stratified into train/test/evaluation and generate appropriate splits for
unstratified datasets. Additionally, we implemented an automatic memory optimization
that ensures that the available memory is best utilized.

Composable KGEMs To ensure the composability of KGEMs, the interaction mod-
els, loss functions, and training approaches are separated from each other and imple-
mented as independent submodules, whereas the modeling of inverse relations is han-
dled by the interaction models. Our modules can be arbitrarily replaced because we
ensured through inheritance that all interaction models, loss functions, and training ap-
proaches follow unified APIs, which are defined by pykeen.model.Model, pykeen.loss.Loss,
and pykeen.training.TrainingLoop. Currently, we provide implementations of 23 interac-
tion models, the most common loss functions used for training KGEMs including the
binary-cross entropy, cross entropy, mean square error, negative-sampling self-adversarial
loss, and the softplus loss, as well as the local closed-world assumption (also referred as
KvsAll) and the stochastic local closed-world assumption training approach (also refereed
as NegSamp) (Ruffinelli et al., 2020). In PyKEEN, each interaction model can be trained
based on both approaches. To enable users to investigate the effect of explicitly modeling
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inverse relations (Lacroix et al., 2018; Kazemi and Poole, 2018) on the model’s performance,
each model can be trained with explicit inverse relations in PyKEEN 1.0, i.e., for each rela-
tion r ∈ R an inverse relation rinv is introduced, and the task of predicting the head entity
of a (r, t)-pair becomes the task of predicting the tail entity of the corresponding inverse
pair (t, rinv).

To facilitate the composition of KGE models for non-experts, we provide the pykeen.pipe-
line.pipeline() functions, which provides a high-level entry point into the functionalities of
PyKEEN. Users define the components to be used, and the pipeline ensures the correct com-
position of the KGEM and the correct composition of the training and evaluation workflow.

Evaluation KGEMs are usually evaluated on the task of link prediction. Given (h, r) (or
(r, t)), all possible entities E are considered as tail (or head) and ranked according to the
KGEMs interaction model. The individual ranks are commonly aggregated to mean rank,
mean reciprocal rank, and hits@k. However, these metrics have been realized differently
throughout the literature based on different definitions of the rank, leading to difficulties
in reproducibility and comparability (Sun et al., 2019). The three most common rank
definitions are the average rank, optimistic rank, and pessimistic rank. In PyKEEN 1.0,
we explicitly compute the aggregation metrics for all common rank definitions, average,
optimistic, and pessimistic, allowing inspection of differences between them. This can help
to reveal cases where the model predicts exactly equal scores for many different triples,
which is usually an undesired behavior. In addition, we support the recently proposed
adjusted mean rank (Berrendorf et al., 2020), which allows the comparison of results across
differently sized datasets, as well as offering an interface to use all metrics implemented in
scikit-learn (Pedregosa et al., 2011), including AUC-PR and AUC-ROC.

Automatic Memory Optimization Allowing high computational throughput, while
ensuring that the available hardware memory is not exceeded during training and evaluation,
requires the knowledge of the maximum possible training and evaluation batch size for the
current model configuration. However, determining the training and evaluation batch sizes
is a tedious process, and not feasible when a large set of heterogeneous experiments are run.
Therefore, we implemented an automatic memory optimization step that computes the
maximum possible training and evaluation batch sizes for the current model configuration
and available hardware before the actual experiment starts. If the user-provided batch
size is too large for the used hardware, the automatic memory optimization determines the
maximum sub-batch size for the training.

Extensibility Because we defined a uniform API for each interaction model, any new
model can be integrated by following the API of the existing models (pykeen.models). Sim-
ilarly, the remaining components, e.g., regularizers, and negative samplers follow a unified
API, so that new modules can be smoothly integrated.

Community Standards PyKEEN 1.0 relies on several community-oriented tools to en-
sure it is accessible, reusable, reproducible, and maintainable. It is implemented for Python
3.7+ using the PyTorch package. It comes with a suite of thorough unit tests that are au-
tomated with PyTest, Tox, run in a continuous integration setting on GitHub Actions, and
are tracked over time using codecov.io. Code quality is ensured with flake8 and careful
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Library AMO Models HPO ES
Evaluation
Metrics

Set
TA

Set
Inv.
Rels.

Set
Loss
Fct.

MGS DTR

AmpliGraph
(Costabello et al., 2019)

- 6 X X 3 - X X - -

DGL-KE
(Zheng et al., 2020)

- 6 - - 3 - - X X X
GraphVite
(Zhu et al., 2019)

- 6 - - 4 - - - X -

LibKGE
(Broscheit et al., 2020)

- 10 X X 3* X X X - -

OpenKE
(Han et al., 2018)

- 11 - - 3 - - X - -

PyTorch-BigGraph
(Lerer et al., 2019)

- 4 - - 4 - - X X X
Pykg2vec
(Yu et al., 2019)

- 18 X X 2 - - - - -

PyKEEN
(Ali et al., 2019b)

- 10 X - 2 - - - - -

PyKEEN 1.0 X 23 X X 6* X X X - -

Table 1: An overview of the functionalities (determined July 2020) of PyKEEN 1.0 and
similar libraries. AMO refers to automatic memory optimization, ES to early
stopping, * indicates that ranking metrics are computed for different definitions of
the rank, Set TA refers to interchanging the training approach, Set Inv. Rels.
to the explicit modeling of inverse relations, MGS to multi-GPU support, i.e.,
training a single model across several GPUs, and DTR to distributed training.

application of the GitHub Flow development workflow. Documentation is quality checked
by doc8, built with Sphinx, and hosted on ReadTheDocs.org.

3. Comparison to Related Software

Table 1 depicts the most popular KGE frameworks and their features. It shows that Py-
KEEN 1.0, in comparison with related software packages, emphasizes on both, full compos-
ability of KGEMs and extensive functionalities, i.e., a large number of supported interaction
models, and extensive evaluation (several metrics are supported) and HPO functionalities.
Concerning the evaluation metrics, PyKEEN and LibKGE are the only libraries that com-
pute the ranking metrics (i.e., mean rank and hits@k) for different definitions of the rank,
which ensures that undesired cases are detected in which the model predicts equal scores for
many triples. Finally, PyKEEN 1.0 is the only library that performs an automatic memory
optimization that ensures that the memory is not exceeded during training and evaluation.
GraphVite, DGL-KE, and PyTorch-BibGraph focus on scalability, i.e., they provide support
for multi-GPU/CPU or/and distributed training, but focus less on compositionality and ex-
tensibility. For instance, PyTorch-BigGraph supports only a small number of interaction
models that follow specific computation blocks.

4. Availability and Maintenance

PyKEEN 1.0 is publicly available under the MIT License at https://github.com/pykeen/
pykeen, and is distributed through the Python Package Index. It will be maintained by
the core developer team that is supported by the Smart Data Analytics research group
(University of Bonn), Fraunhofer IAIS, Munich Center for Machine Learning (MCML),

4



PyKEEN 1.0

Siemens, and the Technical University of Denmark (section for Cognitive Systems and
section for Statistics and Data Analysis). The project is funded by the German Federal
Ministry of Education and Research (BMBF) under Grant No. 01IS18036A and Grant No.
01IS18050D (project MLWin) as well as the Innovation Fund Denmark with the Danish
Center for Big Data Analytics driven Innovation (DABAI) which ensures the maintenance
of the project in the next years.
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Abstract—In this work, we take a closer look at the evaluation
of two families of methods for enriching information from
knowledge graphs: Link Prediction and Entity Alignment. In
the current experimental setting, multiple different scores are
employed to assess different aspects of model performance. We
analyze the informativeness of these evaluation measures and
identify several shortcomings. In particular, we demonstrate that
all existing scores can hardly be used to compare results across
different datasets. Therefore, we propose adjustments to the
evaluation and demonstrate empirically how this supports a fair,
comparable, and interpretable assessment of model performance.

I. INTRODUCTION

Information retrieval systems often require information or-
ganized in an easily accessible and interpretable structure.
Frequently, Knowledge Graphs (KGs) are used as an infor-
mation source [9]. Consequently, the successful application
of new information retrieval algorithms often depends on
the completeness and quality of the information in KGs.
Link Prediction (LP) [18] and Entity Alignment (EA) [4]
are two disciplines with the goal to enrich information in
KGs. LP makes use of existing information in a single KG
by materializing latent links. The goal of EA is to align
entities in different KGs, which facilitates the transfer of
information between both or a fusion of multiple KGs to
a single knowledgebase. Both disciplines work by assigning
scores to potential candidates: LP methods compute scores for
the facts in question at inference time and EA methods assign
scores to candidate alignment pairs. Simple thresholding, or
also more advanced assignment methods [15] for EA, can
make use of these scores to predict new links or alignments.

During the evaluation, both, LP and EA, evaluate how the
”true” entity is ranked relative to other candidate entities.
Given a rank for each test instance, various metrics exist to
obtain a single number quantifying the overall performance of
an approach. In this paper, we analyze the whole evaluation
procedure and make the following contributions:

1) We describe the intuition behind current aggregation
scores and argue that they do not always provide a com-
plete picture of the model performance. We show that
this is an actual problem in the current evaluation setting,
which sometimes may lead to wrong conclusions.

Entities
a b c d

(b, r, a)

(a, s, b)

(a, s, c)

(a, s, d)

ground truth entity

candidate entity

filtered entity

Fig. 1: Visualization of candidate sets for the filtered evalua-
tion setting for link prediction (right side / tail prediction) on a
toy example with triples {(b, r, a), (a, s, b), (a, s, c), (a, s, d)}.
Depending on the presence of other triples with shared head-
relation pairs, the number of considered candidate entities
varies, and consequently the maximum possible rank. In this
example, there are three triples starting with (a, s). When, e.g.,
triple (a, s, b) is evaluated c and d are ignored. Since only two
entities remain, the rank cannot be larger than two.

2) We propose a new (adapted) evaluation score overcom-
ing the problems of existing metrics.

3) We empirically demonstrate its usefulness for comparing
Link Prediction results across datasets.

The remainder of the paper is structured as follows: In Sec-
tion II, we discuss the rank definition and aggregation metrics
summarizing individual ranks. In Section III, we point out the
problems of current evaluation and introduce an adapted aggre-
gation metric, which circumvents the shortcomings of existing
aggregations. Afterwards, in Section IV, we discuss related
work. Finally, in Section V, we demonstrate empirically the
effects of our adaptations and conclude in Section VI.

II. EVALUATION FRAMEWORK

A. Rank for Link Prediction and Entity Alignment

a) Link Prediction: Let a single knowledge graph be
represented as G = (E ,R, T ), where E is a set of entities,
R is a set of relations, and T ⊆ E ×R×E is a set of triples.
For the task of LP a set of given triples is usually divided in
Ttrain ⊆ T and Ttest = T \ Ttrain, where Ttest is used to
assess the model performance. A common evaluation protocol
is to use every triple (h, r, t) ∈ Ttest, and perform left-side
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and right-side prediction. For the right-side prediction, the
score for every triple {(h, r, e) | e ∈ E} is computed and
the entities e are sorted in decreasing order by the predicted
scores. The rank of the ”true” entity t is computed as the
index in the resulting sorted list. The left-side prediction
follows analogously. The final rank of the triple is computed
as an average over both ranks, left-side and right-side. To
account for the possibility of multiple existing links for a
given head-relation / relation-tail pair, the filtered evaluation
setting was introduced [5]: When scoring tail entities for a
triple (h, r, t), all other entities t �= t′ ∈ E with triples
(h, r, t′) ∈ (Ttrain∪Ttest) are ignored, cf. Figure 1. Therefore,
the performance does not decrease when other entities are
scored higher than the currently considered one, as long as
they are also true. The filtered evaluation protocol is the
quasi-standard for link prediction on knowledge graphs, and
unfiltered scores are rarely reported.

b) Entity Alignment: For this task, there are two knowl-
edge graphs GL = (EL,RL, TL) and GR = (ER,RR, TR),
and a set of aligned entities A ⊆ EL × ER. Analogous to the
previous evaluation setting, the set of alignments is divided
into Atrain ⊆ A and Atest = A \ Atrain. The common
evaluation scheme [6], [7], [11], [21], [26]–[28], [30], [33],
[35], [37], [38] now computes scores for every candidate pair
{(aL, eR) | eR ∈ ER, ∃a′L ∈ EL : (a′L, eR) ∈ Atest}, and
determines the rank of the ”true” score of (aL, aR). The right-
side prediction is defined correspondingly. Notice, that only
those entities are considered for which there exists an aligned
entity from the other graph in the test part of the alignment.

B. Overall metrics

Given the set of individual rank scores I, the following
scores are commonly used as aggregation.

1) Hits @ k: The Hits @ k (H@k) score describes the
fraction of hits, or fraction of instances, for which the ”true”
entity appears under the first k entities in the sorted list:

H@k :=
|{r ∈ I | r ≤ k}|

|I| . (1)

In the context of information retrieval, this metric is also
known as Precision@k. One of the advantages of this metric is
that it is easily interpretable. Since for many applications only
the first outputs are taken into account, it can help to directly
assess the method’s applicability to the use-case. However, this
metric does not distinguish the cases, where the rank is larger
than k. Thus, the ranks k + 1 and k + d, where d � 1, have
the same effect on the final score. Therefore, it is less suitable
for the comparison of different models.

2) Mean Rank: The mean rank (MR) computes the mean
over all individual ranks:

MR :=
1

|I|
∑

r∈I
r. (2)

The advantage of the MR score is that it is sensitive to any
model performance changes. If the rank on the same evaluation
set becomes better on average, the improvement is always

reflected by the MR score. While the MR is still interpretable,
it is necessary to keep the size of the candidate set in mind to
assess the model performance and interpret its value: A MR of
10 might indicate strong performance for a candidate set size
of 1,000,000, but for a candidate set of only 20 candidates it
equal to the expected performance of a model with random
scorings.

3) MRR: The mean reciprocal rank is still often reported
along with other scores. It is defined as

MRR :=
1

|I|
∑

r∈I

1

r
. (3)

While the MRR is less sensitive to outliers and has the
property to be bounded in the range (0, 1], it was shown
that this metric has serious flaws and therefore should not
be relied upon [10]. However, especially in LP codebases,
the MRR is often used for early stopping. Presumably, the
main reason for that is the behavior of the reciprocal function:
While the Hits@k score ignores change among high rank
values completely, MR values changes uniformly among the
full value range. The MRR score, in contrast, is more affected
by changes of low rank values than high ones, but it does not
completely disregard them. Therefore, it can be considered as
soft a version of Hits@k.

III. OUR EVALUATION APPROACH

A. Adjusted Mean Rank

While the H@k score enables assessments of the model’s
suitability for a use-case, the MR allows a more fine-grained
comparison between different models. Both metrics are neces-
sary to get the entire picture of the model performance, e.g. the
evaluation in [31] demonstrates, that an excellent H@k score
does not necessarily coincide with a good MR. However, since
the MR score denotes the absolute position, it is not easily
interpretable. Therefore, the comparison between experiments
with different sizes of candidate sets is not easily possible with
implications for the evaluation of both tasks.

a) Link Prediction: The results on datasets with a dif-
ferent number of entities are not directly comparable. How-
ever, comparability of performance on different datasets is
important, for example, to assess the task complexity, choose
benchmarks, or investigate model generalization. For instance,
surprisingly good test scores can be an indication for test
leakage, see e.g. [29]. Intuitively, the number of candidates
is an important factor directly affecting the task complexity,
while it is not the only factor.

b) Entity Alignment: While the comparison of the per-
formance on different datasets is also difficult for EA, there is
the additional problem that only those entities are considered
as candidates, which occur in at least one test alignment.
Therefore, the number of candidates depends on the size of
the evaluation alignment set. Thus, results on the same dataset
are not comparable for different train/test splits or between
train and test sets. This can lead to various misinterpretations
of results. For instance, in [17], [33], the authors show an
experiment where they increase the training size step-wise
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and evaluate the model on the rest of the data. Based on
the score improvement, they conclude that the model benefits
from additional training data. While this claim can still be
true, we argue that another evaluation is necessary to support
it. The necessary condition for such an evaluation is either
independence on candidate set size or the same candidate
set for all experiments. One possible solution would be to
use all entities in the KG as candidates analogous to LP.
However, this still would leave us with the unresolved problem
of performance comparison across datasets. Therefore, we
propose an adjustment to the MR score that assesses the model
performance independently of the candidate set size.

c) Adjusted Mean Rank Index: Since we are interested in
evaluating model performance, we start with the mean rank as
our starting point. To compute a rank in LP and EA evaluation,
we are given a list of scores S = [β1, . . . , βC ] for each test
instance with |C| = C, where C is a set of candidates. We
denote the score of the ”true” entity as α, and its position
in the decreasingly sorted list as rank(S, α). If α, β1, . . . , βC

are i.i.d and drawn at random, and therefore the element can
appear at any position with the same probability, the expected
rank is also the middle of the sorted array:

E[rank(S, α)] = 1

n

|S|∑

i=1

i =
1

2
(|S|+ 1) (4)

Inspired by the Adjusted Rand Index (ARI) [22], we aim to
adjust it for chance. Therefore, we compute the expected mean
rank following the assumption that the individual ranks are
independent:

E [MR]
(2)
= E

[
1

n

n∑

i=1

rank(Si, α)

]
=

1

n

n∑

i=1

E [rank(Si, α)]

(4)
=

1

n

n∑

i=1

|Si|+ 1

2
=

1

2n

n∑

i=1

(|Si|+ 1)

Now, we define the adjusted mean rank as the MR divided by
its expected value:

AMR =
MR

E [MR]
=

2
∑n

i=1 ri∑n
i=1(|Si|+ 1)

Finally, to obtain a measure where 1 corresponds to optimal
performance, we transform the adjusted mean rank to adjusted
mean rank index (AMRI) as follows:

AMRI = 1− MR− 1

E [MR− 1]
=

2
∑n

i=1(ri − 1)∑n
i=1(|Si|)

(5)

Since ri − 1 ≤ |S| − 1 the AMR has a bounded value range
of [−1, 1]. A value of 1 corresponds to optimal performance
where each individual rank is 1. A value of 0 indicates model
performance similar to a model assigning random scores, or
equal score to every candidate. The value is negative if the
model performs worse than the constant-score model.

IV. RELATED WORK

A special property of the ranking evaluation is that the
candidate scores for each test instance are only required to
be comparable within a single candidate set. The scores of
candidates for another test instance may have a different value
range, but since they are not compared with the candidates of
other test instances, this does not affect the results. Therefore,
ranking evaluation is appropriate for a setting where a human
can evaluate model proposals. If, on the other hand, the
decision has to be made automatically, e.g. using a fixed
threshold, the classification setting is more appropriate. In the
following, we review related approaches and demonstrate that
classification and ranking evaluations are used interchange-
ably.

A. Triple Classification

In the LP task, we are given a pair of a head/tail entity
e ∈ E and relation r ∈ R, and rank a set of possible tail/head
entities e′ ∈ E according to the plausibility of the triple
(e, r, e′) / (e′, r, e). In contrast, for triple classification, we
aim at classifying whether a triple is true or false irrespective
of the plausibility of other triples [12], [16], [25], [32], [34].
Consequently, a global threshold for the score of triples is
required for the classification decision. If the threshold is
chosen manually, classification metrics such as accuracy or F1-
measure can be used. Otherwise, the area under the precision-
recall curve (PR-AUC), or receiver-operator curve (ROC-
AUC) are used to summarize the performance over all possible
decision thresholds. Link prediction and triple classification
are sometimes evaluated alongside to demonstrate the effec-
tiveness of novel knowledge graph embedding models across
different tasks [14], [19], [25].

B. Ontology Matching

Ontology matching or instance matching is closely related
to EA. Here we seek correspondences between instances
of different ontologies based on different data properties
of the instances. In contrast to EA, the vast majority of
ontology matching approaches are unsupervised, i.e. there
are no training alignments, but the instance features that are
used for matching [3], [13], [20], [24]. The similarity is
often fixed, e.g. to TF-IDF, and the methods optimize the
matching process by pruning the candidate match space and
selecting subsets of properties used for matching. Ontology
matching approaches are evaluated in a classification setting
with precision/recall/F1-measure as evaluation score [1].

V. EXPERIMENTS

In Table I, we compare the results of the LP evaluation in the
filtered setting on two datasets, for which we used evaluation
results from [31], and also computed results for MuRP [2]
using their published code1. Given the AMRI score we can
clearly conclude that all methods perform better than random.
We also can compare the performance of the methods across

1https://github.com/ibalazevic/multirelational-poincare
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TABLE I: Link prediction results

dataset WN18RR FB15k-237
metric MR AMRI (%) MR AMRI (%)

DistMult [36] 7,000 65.8 500 93.0
ConvE [8] 4,412 78.4 241 96.6
TransE [5] 2,289 88.8 317 95.6
TransH [32] 2,126 89.6 219 97.0
R-GCN [23] 6,254 69.4 540 92.5
MuRP [2] 2,448 88.0 167 97.7

datasets and observe consistently worse performance on the
WN18RR dataset. This difference is not only due to the larger
number of entities in WN18RR (≈ 45k) compared to FB15k-
237 (≈ 15k), but has to be caused by a different mechanism,
e.g. the higher sparsity of WN18RR, or the richer relational
patterns in FB15k-237. We leave the detailed analysis of
dataset complexity for the future work.

VI. CONCLUSION

In this work, we address problems in the evaluation of
LP and EA models for knowledge graphs. We thoroughly
analyzed the current evaluation framework and identified sev-
eral vulnerabilities. We demonstrated their causes and effects
and showed how the problems can be mitigated by a simple
adjustment for chance.
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The Bayesian Cut
Petr Taborsky, Laurent Vermue, Maciej Korzepa, and Morten Mørup

Abstract—An important task in the analysis of graphs is separating nodes into densely connected groups with little interaction between
each other. Prominent methods here include flow based graph cutting procedures as well as statistical network modeling approaches.
However, adequately accounting for the holistic community structure in complex networks remains a major challenge. We present a
novel generic Bayesian probabilistic model for graph cutting in which we derive an analytical solution to the marginalization of nuisance
parameters under constraints enforcing community structure. As a part of the solution a large scale approximation for integrals
involving multiple incomplete gamma functions is derived. Our multiple cluster solution presents a generic tool for Bayesian inference
on Poisson weighted graphs across different domains. Applied on three real world social networks as well as three image segmentation
problems our approach shows on par or better performance to existing spectral graph cutting and community detection methods, while
learning the underlying parameter space. The developed procedure provides a principled statistical framework for graph cutting and the
Bayesian Cut source code provided enables easy adoption of the procedure as an alternative to existing graph cutting methods.

Index Terms—normalized cut, ratio cut, graph cut, modularity, degree-corrected stochastic block modeling, Bayesian inference,
incomplete gamma function, image segmentation.

F

1 INTRODUCTION

IN the analysis of graphs, partitioning nodes into groups
that are highly intra-connected with few inter-group con-

nections has become important in disparate scientific fields
- from network science for the identification of communities
[1], [2], computer vision for image segmentation [3], [4]
and the extraction of superpixel representations [5], scene
reconstruction from large community photo collections [6],
video decomposition [7], to physics for the splitting of
materials [8]. In fact, many problems can be rephrased
as a graph partitioning problem. This includes clustering
problems based on pair-wise similarity in which graph
partitioning approaches have found to have merits over tra-
ditional k-means and agglomerative hierarchical clustering
procedures [9], and semi-supervised learning problems in
which a popular solution procedure is to use graph cuts
constrained according to the labelled observations [10], [11].

A variety of computational tools have been developed
for graph partitioning. As such, methods based on minimiz-
ing flow between the separated entities have been devised
based on various quality measures of cutting graphs. Two
prominent procedures are the ratio cut [12] and normal-
ized cut [3], for a review see also [4], [9]. On the other
end, flexible in objective function, are methods minimizing
certain classes of submodular energies in pairwise Markov
Random Fields with applications in computer vision [13]
and extended to certain nonsubmodular functions in [14].
Recently, inference in sparse graphs recovering true parti-
tions using side information was introduced in [15]. While
providing general optimisation frameworks these methods
face scaling issues. Within network science a prominent
procedure to identify communities is based on optimizing
the modularity measure proposed in [1], which contrasts
intra-group connectivity structure relative to the connectiv-
ity structure as would be expected according to the nodes’

• Department of Applied Mathematics and Computer Science, Technical
University of Denmark, Kgs. Lyngby, Denmark.
E-mail: {ptab, lauve, mjko, mmor}@dtu.dk

degree distribution. Within the social sciences identifying
subgroups in graphs has been addressed using stochastic
block-models (SBM) [16], [17] that identify homogeneous
groups with similar connectivity profiles. This framework
has been advanced to community detection by constrain-
ing parameters specifying intra-connectivity to be higher
than inter-connectivity based on an information theoretic
compression imposing intra and inter link constraints [18]
or through Bayesian modeling constraining the parameters
specifying intra and inter group link densities [19]. When
partitioning networks a limitation of the SBM is that it
is driven by grouping nodes according to their degree
distribution. This issue has been alleviated by the degree-
corrected stochastic block model (dc-SBM) proposed in [20]
and its non-parametric Bayesian counterpart defined in [21].
Recently, it has been proven that modularity is a special
case of maximum-likelihood estimation in the dc-SBM [22]
assuming a planted l-partition model [23] in which link
densities within l groups are specified only by two pa-
rameters; a within community ηin and between community
strength ηout and further assuming the network is com-
munity structured, i.e. ηin > ηout. This then corresponds
to the generalized modularity quality function proposed
in [24] in which modularity is perfectly recovered when

ηin−ηout
log(ηin)−log(ηout)

= 1 [22].

In this paper, we propose a novel computational frame-
work for cutting graphs into communities or groups that ac-
counts for parameter uncertainty through Bayesian model-
ing. Our starting point is the dc-SBM in which we explicitly
impose community structure requiring the parameters spec-
ifying intra-connectivity to be strictly larger than the cor-
responding inter-connectivity. Although less flexible than
the dc-SBM, our model is more realistic than the planted
l-partition model as we endow each community separate
link-densities. We derive a Bayesian inference procedure
and provide an analytical solution to the corresponding con-
strained integral representation. On three social networks
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TABLE 1: Summary of the notation used.

Notation Meaning Definition
A Adjacency Matrix
Aij Link strength between node i and j

bc
Hyperparameter link density gap between
the inter clusters expected link density and expected link density in community c

C Number of communities/clusters
G Undirected Graph
di Degree of node i Aii/2 +

∑
j 6=i Aij

Dc Sum of node degrees in cluster c.
∑

i:zi=c di
n Total number of nodes in graph G
nc Number of nodes in cluster c

∑
i:zi=c 1

nout Number of nodes between the clusters
√
n2 −∑C

c=1 n
2
c

N Total number of links in the graph G
∑

i Aii/2 +
∑

i<j Aij

Nc Number of links in cluster c
∑

i:zi=c Aii/2

+
∑

i:zi=c,j<i:zj=c Aij

Nout Number of links between the clusters N −∑C
c=1Nc

zi Cluster assignment of node i
z Set of node assignments zi for all nodes n {z1, z2, . . . , zn}
ZG Normalizing constant of the graph G

∏
i<j Aij !

∏
i
Aii
2

!2
Aii
2 .

ZBC
Normalizing constant of the
constrained distribution see (5)

αc A priori assumed link counts within community c, αc ∈ R+

αout A priori assumed link counts between communities, αout ∈ R+

βc A priori assumed number of network entries within community, βc ∈ R+

βout A priori assumed number of network entries between communities, βout ∈ R+

η Set of all η parameters {η1, . . . , ηC , ηout}
γ Degree correction hyperparameter
ηc Parameter controlling expected density of links within cluster c
ηout Parameter controlling expected density of links between clusters
φi Weight of node i
φ Set of node weights φi for all nodes n {φ1, φ2, . . . , φn}
θi Node degree control weight for node i nziφi

B(x) Multivariate Beta function
∏
k Γ(xk)

Γ(
∑
k xk)

we demonstrate the importance of correctly accounting for
community-structure when clustering nodes in graphs and
that our Bayesian approach to cutting graphs have mer-
its in contrast to the prominent graph cutting procedures
outlined above. This includes better recovery of the true
underlying partitioning structure of nodes into groups and
more reliable inference. We further highlight the utility of
the procedure for image segmentation considering both the
Fast Marching Method (FMM) of [25] and the mean color
regional adjacency graph (RAG) of [26] where normalized
cut is typically applied. Notably, our results are for il-
lustrative purposes demonstrated in the context of social
network modeling in which the true partitioning structure
is known, and image segmentation in which results can
easily be visually inspected. However, we note that the com-
putational framework developed has application beyond
social network modeling and computer vision to the many
domains in which graph cuts are currently used.

2 METHOD

Let G be an undirected graph with adjacency matrix A (i.e.,
Aij = Aji) whose elements Aij are equal to the number of
links between nodes i and j for i 6= j and for computational

reasons [20] twice that number for i = j. Let further n define
the total number of nodes in the graph.

Following the dc-SBM [20] we assume that G is par-
titioned into a fixed number of C communities and the
number of links between nodes i and j follow a Poisson
distribution:

Aij =

{
Poisson(θiθjηzizj ) for i 6= j

Poisson( 1
2θ

2
i ηzizi) for i = j

, (1)

in which the parameter ηce controls the probability of links
between communities c and e, θi regulates the probability
of links connected to the node i based on the degree of that
node, and zi defines the community assignment of node i.
The factor of 1

2 for i = j results from the factor of two in
the definition of diagonal elements of the adjacency matrix.
In particular in all presented application in this paper self-
links Aii are constant. For the social networks presented
they are zeros given by data, while in image applications
with well defined similarities (following a common sense
that node/pixel is similar to itself) they obtain maximal
similarity.

As noted in [20] typically in large scale applications (i.e.
images) self-links do not play a role as their effect diminish
with scale (∼ 1/n). If necessary they can be marginalized as
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suggested in [21]. Although it may be undesired to account
for self-links they add to generality of the model that makes
computations and (approximate) optimisation easier, i.e.
[27].

In order to keep analytic tractability of the constrained
model that will be introduced later we assume all links
between different communities are generated using the
same value, i.e. ηce = ηout for c 6= e. We will also refer
to ηcc simply as ηc and η as the set of all {η1, . . . , ηC , ηout}
parameters. Accordingly, the probability of graph G can be
written as:

P (G|θ,η, z) =
∏

i<j

(θiθjηzizj )
Aij

Aij !
exp(−θiθjηzizj )

×
∏

i

( 1
2θ

2
i ηzizi)

Aii/2

(Aii/2)!
exp(−1

2
θ2
i ηzizi)

=
1

ZG
ηNoutout exp(−n

2
out

2
ηout)

×
[∏

c

ηNcc exp(−n
2
c

2
ηc)

] [∏

i

θdii

]
.

(2)

We have here used that di = Aii/2 +
∑
j 6=iAij is the

degree of node i; nc =
∑
i:zi=c

1, Nc =
∑
i:zi=c

Aii/2 +∑
i:zi=c,j<i:zj=c

Aij are respectively the number of nodes
and links in community c; n2

out = n2 − ∑C
c=1 n

2
c and

Nout = N − ∑C
c=1Nc with N =

∑
iAii/2 +

∑
i<j Aij ,

whereas ZG =
∏
i<j Aij !

∏
i
Aii
2 !2

Aii
2 . Following [21], given

partition z, we define a constraint
∑
i:zi=c

θi = nc and
parametrize θi = nziφi such that parameters (φi)zi=c for
each community c lie on a simplex. We endow all param-
eters with priors thereby accounting for uncertainty using
Bayesian modeling. Thus, for given partition z, we assign
Dirichlet priors for the (φi)zi=c parameters of each commu-
nity c. Further we impose Gamma priors for the elements of
η and we obtain:

p(φ|z) =
∏

c

1

B (γ1nc)

∏

i:zi=c

φγ−1
i ,

p(η) =
βαoutout

Γ(αout)
ηαout−1
out exp(−βoutηout)

×
∏

c

βαinc

Γ(αc)
ηαc−1
c exp(−βcηc),

(3)

where B(x) =
∏
k Γ(xk)

Γ(
∑
k xk) denotes the multivariate Beta

function, and γ is a hyperparameter that allows to infer the
optimal strength of degree correction for a given graph such
that if γ → ∞, then φi → 1

nc
and θi → 1 and the model

reduces to the corresponding SBM [21]. On the other hand,
if γ → 0, then φi∗ → 1 and θi∗ → nc for some node i∗ in
each community c and thus a network generated according
to this prior becomes dominated by a few greedy nodes.
αc and αout denotes the a priori assumed number of links
within community c and between communities (i.e., the
prior shape parameter of the Gamma distribution) whereas
βc and βout denotes the corresponding a priori imposed
number of network entries (i.e., the prior rate parameter of
the Gamma distribution) within community c and between

communities. Assuming further an uniform prior on z,
P (z) = C−n, we obtain:

P (G,z) =

∫
P (G|φ,η, z)p(φ)p(η)P (z)dηdφ

=
C−n

ZG

Γ(Nout+αout)β
αout
out(

n2
out

2 +βout
)Nout+αout

Γ(αout)

×
∏

c

Γ(Nc+αc)β
αc
c(

n2
c

2 +βc
)Nc+αc

Γ(αc)

B (γ1nc+(di)i:zi=c)

B(γ1nc)
nDcc ,

(4)

where Dc =
∑
i:zi=c

di is the sum of node degrees
in community c. The marginalized parameters η =
{η1, . . . , ηC , ηout} can be interpreted as the densities of
links within each community and between the communities
respectively.

To ensure community structure in the graph, we
presently restrict the model such that the within-community
densities are larger than the between-community density.
This has previously been considered in the context of the
SBM [18], [19] but not in the context of the dc-SBM and
without fully analytical tractable solutions to the constraints
as presently derived. We constrain η parameters such that
ηcbc ≥ ηout for each community c where each bc is a
hyperparameter within range [0, 1] specifying a density gap
between the inter and intra community densities as consid-
ered in the context of the standard SBM in [19]. We introduce
this constraint by defining the following constrained prior
on the η parameters

pBC(η) =
1

ZBC
ηαout−1
out exp(−βoutηout)

×
(

C∏

c=1

ηαc−1
c exp(−βcηc)

)
I(η),

(5)

where I(η) =
∏
c χ[0;∞[(ηc−bcηout) is an indicator function

evaluating to 1 if the constraints are satisfied and zero
otherwise (χ[a;b](x) is the standard step function evaluating
to one if x ∈ [a; b] and 0 otherwise). ZBC is the normalizing
constant of this constrained distribution. For a summary of
the notation used see table 1.

Combining priors with the likelihood function and
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marginalizing the φ and η parameters gives:

p(G, z) =

∫
p(G|φ,η, z)p(φ|z)pBC(η)p(z)dηdφ

=

∫
ηNout+αout−1
out exp

(
−ηout(

n2
out

2
+βout)

)

×
[∏

c

ηNc+αc−1
c exp

(
−ηc(

n2
c

2
+βc)

)
I(η)

×B (γ1nc+(di)i:zi=c)

B(γ1nc)
nDcc

]
d(η)× C−n

ZGZBC

=

∫ ∞

0
e−ηout(

n2
out
2 +βout)ηNout+αout−1

out

×
C∏

c=1

Γ


Nc + αc, ηout ×




n2
c

2 + βc

bc




 dηout

×
[
C∏

c=1

(
n2
c

2
+βc

)−(Nc+αc)

×B (γ1nc+(di)i:zi=c)

B(γ1nc)
nDcc

]
× C−n

ZGZBC
,

(6)

where in the second step we used change of variables s =

ηc(
n2
c

2 +βc) to obtain each of c integrals in the form of an
upper incomplete gamma function (in the following simply
referred to as incomplete gamma function) given by [28]:

Γ (α, x) =

∞∫

x

sα−1e−sds (7)

A major challenge that remains and we presently solve
is to analytically marginalize ηout in the above expression
thereby solving analytically for the constraints specified by
I(η).

2.1 Marginalization of constrained η parameters

According to eq. (6) marginalizing under the constraint
imposed by I(η) requires the solution to an integral of the
following form:

∫ ∞

0
e−B0xxµ0−1

(
C∏

c=1

Γ(µc, Bcx)

)
dx, (8)

(Marginalizing integral)

Where we have used the following substitutions, x = ηout,
µc := Nc + αc, µ0 := Nout + αout, Bc :=

n2
c

2 + βc,

B0 :=
n2
out

2 + βout, and ignored all terms independent
on ηout. As a result, the µc and Bc elements in (8) relate
respectively to scale and rate parameters of the involved
incomplete gamma functions.

We outline what is to the best of our knowledge a
novel approach solving integrals of the form presented in
Eq.(8). We exploit the following known recurrence property
of incomplete gamma functions (see Theorem 1 in [29]):
Γ(a + 1, x) = aΓ(a, x) + xae−x for a ∈ R, a > 0. This can
be considered a generalization of Γ(n + 1) = nΓ(n) to the

incomplete Gamma function. By a simple recursion of this
property we obtain

Γ(a, x) =
Γ(a+K,x)

(a)K̇
− xae−x

K−1∑

i=0

xi

(a) ˙i+1

(K-recurrence of Γ′s)

where (a)ṅ is the Pochhammer symbol (a.k.a. ”rising fac-
torial”) defined as (a)ṅ = Γ(a + n)/Γ(a). This recursion
formalizes idea of ”shifting” of shape parameters of gamma
distribution as shown in figure 1.

The following theorem presents application of the “shift-
ing” method described above to solve the multidimensional
incomplete gamma integral in equation (8) up to an arbi-
trary precision.

Theorem 2.1. For every C ∈ N+, µi, Bi ∈ R, µi > 0, Bi > 0
for i ∈ {1, ..., C} and K ∈ N+ following equality holds:

∫ ∞

0
e−xB0xµ0−1

C∏

c=1

Γ(µc, Bcx)dx (9)

=
C∑

m1=1

C∑

m2=1,
m2 6=m1

. . .
C∑

mC=1,
mC 6=m1,...,mC−1

K−1∑

i1=0

. . .
K−1∑

iC=0

C∏

w=1

B
µmw
mw (B0 +

w−1∑
j=1

Bmj )
iw

(
µ0 +

w−1∑
j=1

(µmj + ij)

) ˙iw+1

×
Γ

(
µ0 +

C∑
j=1

(µmj + ij)

)

(B0 +
C∑
j=1

Bmj )
(µ0+

C∑
j=1

(µmj+ij))

(10)

+ E(K),

(11)

where the error term E(K) satisfies limK−→∞E(K) = 0.

Proof. Detailed proof altogether with additional two proven
lemmas is to be found in appendix. (6.3)

To evaluate the joint distribution p(G, z) the integral (8)
is to be evaluated twice. First to compute prior normaliza-
tion factor of hyperparameters (α’s being gamma priors),
denoted ZBC , and second to evaluate the integral (6) with
shape parameters µ’s that are result of α’s added together
with link counts from the respective clusters.

While the former can be efficiently solved by theorem
2.1 as the prior values are typically small requiring a small
value of K, the latter imposes substantial computational
challenges especially for large and dense graphs where the
use of theorem 2.1 becomes computationally heavy as the
required K has to be in orders of magnitudes of the number
of links in the largest cluster.

Rather than resorting to analytical integration one could
opt for the use of point estimates in the large setting where
the posterior distribution can be expected to be peaked and
thereby point estimates to provide reasonable accuracy or
apply simple normal approximations through the Laplace
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Fig. 1: Decomposition of integrand of Part A in lemma 6.1
into elements and shift of original gamma pdf (dotted red)
using (K-recurrence of Γ′s) to the inadequately shifted (gray
curve K=19.5) and adequately shifted (red curve K=73.5)
with close to zero-mass area of all the considered incomplete
gamma functions (blue, green, and black curves) whereby
the product in Part A becomes close to zero. As a result, the
size of the shift controls the closeness to zero of Part A.

procedure also potentially accounting for the constraints
using the result of the work of Hartman at al. [30] from 2017.
Notably, a simple point estimate would be the maximum
a posteriori of η under the required constraint and as the
posterior is convex with convex constraints on η the MAP
estimation of the constrained η is convex. Alternatively,
ηout could be sampled and conditioned on the sampled
value of ηout, ηc could be analytically marginalized using
the incomplete Gamma function. While these approaches
are scalable they are approximate and for the large scale
setting we therefore opt for the following analytic procedure
accounting explicitly for the uncertainty of η while keeping
complexity at O(C) for evaluating (8) which is the same as
can be achieved by use of point estimates.

2.2 Large Scale Settings

Up until now there were no limitations set on values of
η and in particular of hyperparameters µ and B, besides
being real and positive. In large scale applications however,
we are often facing large values of µc,c∈{1,...,C}. In such
case, it is convenient to consider evaluation of the integral
for integer values of the µ’s. As we present in the following
theorem, for integer µ’s the integral is proportional to the
CDF of the Negative Multinomial distribution with easy
to evaluate limiting distribution. Notably, it is shown in
section 3.1 that resorting to the integer setting imposes no
significant constraints for most large scale applications.

Next we present main result of this section: exact evalu-
ation of the integral (8) in case of integer shape parameters
of involved gamma densities:

Theorem 2.2. For C ∈ N+, µi ∈ N+ and Bi ∈ R+,
i ∈ {0, ..., C} integral (8) is proportional to the cumulative distri-

bution function of the Negative Multinomial (NMn) distribution
and the following equality holds:
∫ ∞

0
e−xB0xµ0−1

∏

i∈{1,...,C}
Γ(µi, Bix)dx

=

C∏
c=0

Γ(µc)

Bµ0

0

× (12)

×
µ1−1∑

i1=0

· · ·
µc−1∑

ic=0

Γ(µ0+i1+. . .+ ic)

Γ(µ0)i1!. . . ,ic!

(
B0

B

)µ0 C∏

c=1

(
Bc
B

)ic
,

(13)

where B :=
∑C
i=0Bi

Proof. To be found in Appendix (6.4). For Negative Multino-
mial distribution definition and properties refer to [31].

The connection to Negative Multinomial distribution
shown in theorem 2.2 also allows for an interpretation of
the marginalized posterior (8) probability. If we consider
sequence of independent multinomial trials in each of which

event Ei occurs with probability pi,i∈{0,...,C} ,
C∑
i=0

pi = 1

and let Xi be the frequency of Ei,i∈{1,...,C} ”successes”
before predefined number µ0 of X0 ”failures” appears, then
(X0, X1, ..., XC) follows the Negative Multinomial distribu-
tion NMn [31].

Hence integral (8) is proportional to the likelihood of
observing µi ”successes” (links within clusters) before num-
ber of ”failures” (links between clusters) reaches at most µ0,
given that number of links in graph follows multinomial
distribution with probability of links appearing in cluster c
being Bc

B , which is positively related to the relative size of a
cluster (proportion of nodes in cluster) c.

In the following section we make use of favourable
asymptotics of the Negative Multinomial distribution to
derive a fast evaluation of the integral for the large scale
setting.

3 INFERENCE

We presently show how to efficiently evaluate Theorem 2.1
for C = 2 clusters. In this case, the formula (omitting the
error term) can be written as:

Bµ1

1 Bµ2

2 Γ(µ0)
2∑

m=1

K−1∑

i1=0

K−1∑

i2=0

(1 +Bm)i2

(1 +B1 +B2)µT+i1+i2

× (µ0 + i1 + 1)(µm−1)Γ(µT + i1 + i2)

Γ(µ0 + µm + i1 + i2 + 1)
,

where µT = µ0+µ1+µ2. If we apply substitution v = i1+i2,
we can rewrite the above expression as:

Bµ1

1 Bµ2

2 Γ(µ0)
2∑

m=1

2(K−1)∑

v=0

(1 +Bm)vΓ(µT + v)

(1 +B1 +B2)µT+v

×
min(v,K−1)∑

i1=0

(µ0 + i1 + 1)(µm−1)

(1 +Bm)i1
.

We notice that the sums dependent on v or i1 can be
evaluated independently in O(K) time which allows for
efficient evaluation compared to the original O(K2) time.

Authorized licensed use limited to: Danmarks Tekniske Informationscenter. Downloaded on June 15,2021 at 15:40:33 UTC from IEEE Xplore.  Restrictions apply. 



0162-8828 (c) 2020 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TPAMI.2020.2994396, IEEE
Transactions on Pattern Analysis and Machine Intelligence

6

With regards to control of the approximation error The-
orem 2.1 gives for arbitrary error thresholds ε the existence
of K that evaluates this integral up to ε precision. However,
the Theorem is not explicit about the choice of a sufficient
value of K. One simple approach for finding K to control
approximation error we used to produce the results pre-
sented in section 2.1 is to set K such that the mode of
inter cluster link density µ0+K−1

B0
is equal or greater than

the q-quantile of all gamma distributions controlling intra
clusters link densities. An accuracy is then controlled by
setting values of q. Results of this application on karate
network are shown in figure 2. There are many alternative
choices for K, however, we found this approach to be easy
and efficient in practice. For the purpose of error evaluation
we compared results of Theorem 2.1 with results of the
scipy.integrate.quad function from the scipy 1.2.0 python
package. From the figure we can observe how increasing
K, corresponding to increasing the q-quantile according to
the method described above, controls the absolute error on
the evaluation of the integral. For the results obtained in the
following we used q = 0.9999, given that this guarantees
an absolute error close to 10−5, but in most cases will range
around 10−9.

Fig. 2: Maximum and median absolute approximation error
and corresponding number of added observations T for
karate network based on 100 chains with 100 samples each.

Typically, a graph cut is obtained by optimizing a given
cost function. In case of Bayesian Cut, the cost function is
defined by the posterior distribution p(z|G) which specifies
probability of every possible partition of graph G. While
the full posterior would provide lots of insight into different
ways of cutting the graph, due to its high complexity, it is
not possible to determine it fully. Instead, the most reason-
able approach is to search for the maximum of the posterior
(MAP) zMAP = argmaxzp(z|G). While one could opt for
optimization of the posterior distribution of z possibly
making use of wide arsenal of approximation methods i.e.
[14], [13], [32] or other discrete optimisation methods [33] to
this NP hard problem, we advocate using MCMC sampling
(for reference see [34], Chapter 11) before performing opti-
mization for a few reasons. First of all, optimization might
get stuck in local maxima while sampling given enough
time will find the global maximum. In practice, within the
sampling budget, the sampler will likely focus on some high
density region of the posterior, but it will still explore mul-
tiple modes within that region. A comparison of only using
optimization compared to using the sampler can be found in
the appendix, see section 6.3. Secondly, by using sampling
we are able to infer values of specific hyperparameters to
create a more plausible model that explains the observed
data better and thus learn about the underlying structure

of the problem. Finally, sampling produces not only a point
estimate but an approximation of the true posterior (more
or less accurate depending on its complexity and sampling
budget) that can be used to answer more complex questions
than what the most probable cut is. To perform MCMC
sampling, we use Gibbs sampling and sample each element
zi of z independently:

p(zi|G) =
p(G, z)

p(G, z−i)
∝ p(G, z).

We treat the hyperparameter γ as a random variable while
fixing other parameters to a constant value. We use the non-
informative prior p(γ) = γ−1 and after each Gibbs sweep
over all nodes in the graph, we perform 20 Metropolis-
Hastings (MH) updates using the proposal distribution
γ∗ = γ exp(ε), ε ∼ N(0, σ = 0.1). Alternatively, if one is not
interested in inferring γ, it can be set to 1 which assumes
any configuration of node-specific parameters (φi)zi=c of
community c is equally probable (i.e., corresponding to the
uniform distribution over the (nc−1)-simplex). Furthermore,
we fix all α and β parameters to a non-informative value
0.01 and set b to 1 unless specified otherwise. After running
out of the sampling budget, we apply deterministic opti-
mization by switching node assignments only when it leads
to higher likelihood and we stop when in a full sweep over
all nodes we do not observe any further improvement.

3.1 Inference for large graphs
Posterior distribution of η (expected density of links) in BC
model has the same form as prior (due to the conjugacy
between Poisson and Gamma) where ‘shape’ µc and ‘rate’
Bc, in general positive real parameters of the involved
gamma densities, are by definition priors αc ∈ R+ and
βc ∈ R+ updated by the added number of links and nodes in
cluster c respectively. This often results in large, in general
real, values when dealing with large graphs. In order to
find a fast evaluation algorithm first let us note that for
the cutting of large graphs limiting ourselves to integer
shape hyperparameters of both prior and posterior gamma
densities while updating real ‘rate’ impose any relevant
constraints in most applications as the prior is overwhelmed
by the observed data. Technicaly speaking transformation
from µ′ = dµe, B′ = dµe

µ B keeps mean of posterior gamma

distribution unchanged ( µ
′

B′ ) while increases its variance (or
uncertainty) ( µ

′

B′2 ) by factor diminishing with scale. There-
fore and especially with uninformative priors resorting to
integer ‘shape’ should have an insignificant and asymptoti-
cally zero effect on posterior for large values of µ and if not
the general Theorem (2.1) should be applied.

Secondly, as shown in [31], a limiting distribution of the
negative multinomial decomposes into a product of Poisson
distributions as µ0 →∞. Making use of this limiting distri-
bution we obtain a large scale (asymptotic) solution of our
integral. In the following we make use of the fact that the
cummulative density function (cdf) of a Poisson distributed
variable FPois(λ)(µi − 1) can be written as Γ(µi − 1;λ). Let
m denote the threshold beyond which the asymptotic is ap-
plied. To determine m we analyze in Figure 3 how well the
asymptotic approximation of the marginalized integral (8)
behaves. The figure shows that absolute error of log integral
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is close to zero but for the bipartite setting, correspond-
ing to a graph in which all links/similarities are between
clusters while there is zero density of link/similarity within
clusters. In such setting it is still possible to evaluate the
integral exactly using Theorem (2.2) with complexity O(N).
However, if the observed graph G has bipartite structure
(can be detected prior to application of the method) then
the proposed asymptotic becomes expensive. This does not
impose any issues for most applications, in particular, for
image segmentation where bipartite structures are unlikely.
Formally, proposed method to evaluate the marginalized
integral (8) in large scale settings depends on sum of weights
(in our case number of links) between clusters, µ0:

Fig. 3: Error of logarithm of integral (8) evaluated by
“shifted” method of theorem (2.1) with bounded error of
10−5 and logarithm of same integral evaluated by asymp-
totic method of section (3.1). For experiments we fixed
B0 = 60 and B1 = B2 = 70 while ranging µout ∈ (51, 103)
and µ1 = µ2 = µin ∈ (0, 103).

Large µ0 > m: If µ0 is sufficiently large, then (41) resolves
asymptotically into:

C∏

i=1

Γ(µi − 1;µ0Bi/B0) (14)

Small µ0 ≤ m: In this case there are 2 options:

• In case the smallest of µc’s, c∈{1,...,C}, is sufficiently
large min

c
(µc) > m we apply ‘per-partes’ on (41) to

rotate elements of integral and asymptotic decompo-
sition on each of C summands resulting in:

B−µ0

0

C∏

i=0

Γ(µi)−
C∑

j=1

C∏

i=0,
i6=j

Γ(µi−1;αjBi/B0) (15)

• Else, when one or more µc’s, c∈{1,...,C}, are small
(min
c

(µc) < m), asymptotic properties of NMn are of
no use. This corresponds to a degenerated case when
nodes within one or more clusters are dissimilar
or respective clusters contain few nodes. In either
case this does not correspond to a preferable cut.
Let’s note that it is unlikely that the Metropolis -

Hastings/ Gibbs MCMC sampler appears to be sam-
pling from an assignment corresponding to this case
unless observed graph has aforementioned bipartite
structure. In degenerate case sampler would need to
accept low probability proposals against the imposed
constraints on the link densities. So unless initial
assignments of sampler are degenerate or number
of clusters C is extremely large compared to nodes
in the considered graph, it is unlikely to end up in
such case during sampling. Anyway, in such case we
evaluate the integral of theorem 2.2 directly at cost of
higher complexity O(N) instead of O(C).

In the procedure above m represents a threshold above
which asymptotic apply. In our image experiments (non
bipartite structure) we applied m = 50 given results of fig.
3, striking balance between accuracy and runtimes. More
elaborate and/or conservative choices may be better suited,
depending on use.

3.2 Reference methods

We contrast the proposed BC to the corresponding dc-
SBM without community constraints given by (4) as well
as to modularity optimization (Mod), ratio-cut (RC) and
normalized cut (NC). The solutions obtained by RC and
NC were derived using the spectral clustering procedure
described in [9] whereas the modularity objective was opti-
mized using the spectral approach described in [1]. We note
that the spectral optimization procedure may be suboptimal
to other inference approaches, however, we presently use
these solutions for illustrative purposes to characterize the
methods and contrast favourable configurations by these
approaches to the favorable configurations using the pro-
posed BC procedure.

To evaluate the modularity score of a given partition we
use the modularity objective function described in [1], given
by

Q(z) =
1

4m

C∑

c=1


 ∑

i:zi=c


 ∑

j:zj=c

(Aij −
kikj
2m

)

−
∑

j:zj 6=c
(Aij −

kikj
2m

)




 , m =

1

2

n∑

i=1

ki

(16)

To evaluate solutions in the domain of NC and RC we use
their respective cost functions as defined in [9]

RC(z) =
1

2

C∑

c=1

1

nc

∑

i:zi=c

∑

j:zj 6=c
Aij , (17)

NC(z) =
1

2

C∑

c=1

1

Kc

∑

i:zi=c

∑

j:zj 6=c
Aij . (18)

3.3 Visualization technique for solution landscape

To show the solutions supported by each procedure we
plot the solution landscapes similar to the method proposed
in [35]. These landscapes were created by obtaining a set
of V z vectors for the models under scrutiny. This set of
vectors is expanded by 50% to cover the in between solution
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space through pseudo-random vectors, i.e. a new vector is
generated by randomly taking two distinct z vectors and
combining half of the elements of each vector. The score
or likelihood for each vector is subsequently obtained by
running the specified model with each unique z vector. As
measure of distance between partition vectors we use the
Variation of Information [36] between all V vectors. The
resulting V × V dimensional distance matrix is reduced
to two dimensions using Multidimensional Scaling [37].
Discrete Sibson Interpolation [38] is subsequently used to
obtain a meshgrid of the remaining two dimensions.

4 RESULTS AND DISCUSSION

In the following we analyze the properties of the proposed
Bayesian Cut (BC) model for community detection in social
networks and image segmentation for computer vision.

We first present results on a set of simple synthetic net-
works (Section 4.1) followed by results for community de-
tection in social networks (Section 4.2) that have an advan-
tage of available “ground truth” as well as unified definition
of an adjacency matrix across methods we compare with.
Hence presented comparison provides insights on graph
cutting performance more clearly than in the subsequent
image applications where cuts are used in connection with
disparate similarity matrices. In Section 4.3 two often used
similarity matrices are presented to demonstrate utility of
BC model as a generic tool for graph cuts. We further apply
multiple cluster solutions on the images.

The Bayesian Cut source code used for these experiments
is provided through a public source code repository, hosted
on Github (https://github.com
/DTUComputeCognitiveSystems
/bayesian cut), and through the Python Package In-
dex (https://pypi.org/project/bayesian-cut/) to allow a
straightforward installation of the package. To ensure ac-
cessibility and reproducibility of the results, the repository
includes image of “bears” used in experiments (original
downloaded from: https://images.app.goo.gl
/Mvdra73AwjfRfp629) and the software, that is accompa-
nied by instructions on how to use the package and Jupyter
Notebooks that show how the results were obtained.

4.1 Synthetic networks
We test the proposed algorithm on synthetic networks to
demonstrate the effect of imposed connectivity constraint
on the inference. In this experiment, we fix the total num-
ber of nodes to n = 100 and links to N = 1000. We
assume networks are partitioned into two communities
having equal number of nodes (n1 = n2 = n

2 ) and links
(N1 = N2 = Nin). For different values of intra- to inter-
community link density ratio (ηin/ηout= 2Nin

Nout
), we generate

network to match these predefined properties. We fix γ to
106 (to remove effects of degree correction), αout to 10−6

(to remove the difference coming from marginalizing the
constrained vs. unconstrained prior) while keeping values
of the other hyperparameters as specified in Section 3. In
Figure 4, we show the posterior densities (up to a constant)
of the partition for a wide range of ηin/ηout density ratios
for a constrained (Bayesian Cut) and corresponding uncon-
strained (dc-SBM) model to demonstrate the effect of the

constraint. Condition ηin/ηout < 1 represents an extent of
constraint violation - the closer it is to 0, the stronger the
violation. At extreme of 0, the partition represents a bipartite
network which is a structure exactly opposite to a commu-
nity structure. As it can be seen in the figure, unconstrained
dc-SBM assigns very high probability to partitions where
there is very distinct difference between intra- and inter-
community densities, even if inter-community density is
higher. On the other hand, the constrained model penalizes
partitions that violate the constraint and assigns them even
lower probability than to partitions with the density of links
uniformly distributed over the whole graph.

Fig. 4: Experiment on synthetic networks confirms that con-
strained BC model “Bayesian cut” strongly penalizes parti-
tions that violate graph connectivity constraint, ηin ≥ ηout,
compared to unconstrained “dc-SBM” model that assigns
very high probability to partitions where there is very
distinct difference between intra- and inter-community den-
sities, even if inter-community density is higher.

4.2 Community detection in social networks

For community detection the properties of the proposed
Bayesian Cut (BC) model are analyzed based on three
real world social networks and contrasted to ratio-cut,
normalised cut, modularity and the unconstrained dc-SBM.
The networks considered are:
Karate: A social undirected network studied by Zachary
[39] of ties in a Karate club that turned out to split in two.
The network consists of 34 nodes and 78 edges and was
partitioned using modularity in [1].
Polblogs: The political blogosphere (Polblogs) network
on US politics assembled by [40]. We consider the largest
connected component of the network in the undirected
form used in the dc-SBM analysis of [20] which contains
1222 nodes and 16714 edges.
HIV-1: Sexual partnership network extracted from the first
study (Colorado Springs Project 90) in HIV Transmission
Network Metastudy Project [41]. We consider the largest
connected component of the network consisting of 1888
nodes and 2096 edges.

In all analyses we used C = 2 corresponding to the
ground-truth structure of the split in Karate club and po-
litical blogs along party line. Notably, when C = 2 there
is only one ηout parameter in the dc-SBM and our analyses
correspond to the dc-SBM parametrization with and with-
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Fig. 5: Comparison of the dc-SBM (left column) and BC (right column) solution landscapes based on p(z|G) as well as
the resulting cuts performed on the three networks. The outer right column shows the trace plots obtained running each
model with 15 chains and 1000 samples. The dc-SBM model exhibits for all three networks modes and thus resulting cuts
that violate the constraint ηin ≥ ηout. In the corresponding adjacency matrices it can be seen that whenever the constraint
is violated (lower adjacency matrix/network for each example), the off-diagonal blocks have a higher density than at least
one of the diagonal blocks. In contrast, the proposed BC model gives those regions of the solution landscape that violate
the constraint lower likelihoods, which leads only to modes and thus resulting cuts that do not violate the constraint.

out the community constraint. For model inference in the
dc-SBM and BC we use Gibbs sampling to infer z.

4.2.1 Comparison of dc-SBM and BC
Figure 5 shows the results of the unconstrained dc-SBM
and our Bayesian Cut (BC) procedure for b1 = b2 = 1,
i.e. imposing the constraint η1 ≥ ηout and η2 ≥ ηout.
Furthermore, a non-informative prior is used, i.e. αin =
αout = βin = βout = 0.01. For the Karate network (top
panel) we observe that the conventional Bayesian dc-SBM
(given by the likelihood in (4)) creates a substantially differ-
ent solution from our proposed BC. While our BC peaks
around the true split of the Karate network, we observe
that the samples of the conventional dc-SBM concentrate
around two modes of the distribution in which the other
mode represents a configuration that does not comply with

the notion of community structure, but has a significantly
higher likelihood.

For the larger Polblogs network we again observe that
the dc-SBM exhibits one mode that does not comply with
the community structure and creates a split leading to one
community with high link density and one community
with a bipartite structure, while the mode shared with our
proposed model corresponds well to a separation along
political orientation (i.e., democrat vs. republican). In the
bottom panel for the HIV-1 network we observe a substan-
tial difference between the dc-SBM and our proposed BC
procedure with no shared modes. Here the unconstrained
model identifies a bipartite structure in which one com-
munity has very low link density as compared to the inter
community link density, whereas the constrained model by
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Fig. 6: Gamma inference and resulting node degree correction (theta) of the dc-SBM and BC for all three networks. The
dc-SBM and BC models show substantial differences, since the parameter inference resulting from the BC model is more
reliable, because it contrary to the dc-SBM does not get stuck in local optima that violate the constraint.

only giving community structure support strives to separate
the network according to identifying separate communities.

Overall it can be seen that the BC with its constraints
is more in line with the natural splits in the Karate and
Polblogs networks and suggests a more sensible split for
the HIV-1 network. The sub-optimal congruity of the un-
constrained model can be attributed to the local modes of
the posterior observed in Figure 5 that are unsupported by
the BC procedure.

On the outer right side in Figure 5 the convergence of
the dc-SBM and BC is illustrated for 15 chains and 1000
samples. Notably, we observe that for the Karate and politi-
cal blogosphere networks the unconstrained model explores
the mode not complying with community structure. For the
political blogosphere the inference for most of the chains
is stuck in the local sub-optimal mode of the posterior
distribution, incapable of escaping this mode by the Gibbs
sampler and recovering the underlying correct structure
leading to the lower cut shown in the middle panel of
figure 5. In contrast all chains of the BC model converge
to the underlying partitioning structure for both networks.
When considering the HIV-1 network it can be observed
that the solution space supporting community structure
is consisting of a vast number of local optima, contrary
to the non-community supporting structure, which has a
strong global mode. This is causing the community structure
inferred to be less reliable and the chains to end in local
modes of the community constrained posterior.

The influence of BC and dc-SBM on inferring the param-
eter controlling for degree (γ) is shown in figure 6. Here
the gamma inference as well as the node degree correction
distribution of each chain of both the dc-SBM and BC
model is shown for the three networks. Focusing on the
left column, a substantial difference within the inference of
the γ parameter, i.e. controlling the degree correction, is
observable. Subsequently, the derived θ parameters differ
based on the modes preferred by the models. As previously
shown, the dc-SBM model often gets stuck in local modes
or exhibits globally preferred modes that do not support the

community structure. Accordingly, the parameter inference
is biased by the modes in the non-community structure
region in those cases. In the above analysis we used non-
informative priors on η, however, we could also impose
an informed prior favoring community structure in the dc-
SBM. This and role of constraint parameter b is further ad-
dressed exemplary on the karate network in the appendix,
section 6.4.

TABLE 2: Comparison of Cuts running 100 chains with 1000
samples without and with (in parenthesis) deterministic
optimization in terms of their modularity value (Mod.) and
correspondence to ground truth partition structure (avaible
for Karate and Polblogs) as quantified using normalized
mutual information (NMI). 〈·〉 denotes average value and
d·e maximum value.

Score RC NC MOD dc-SBM BC

K
ar

at
e 〈NMI〉 0.415 0.732 - 0 (0) 0.837 (0.837)
dNMIe 0.578 0.732 0.837 0 (0) 0.837 (0.837)
〈Mod.〉 0.236 0.356 - -0.267 (-0.258) 0.371 (0.371)
dMod.e 0.313 0.356 0.371 -0.267 (-0.258) 0.371 (0.371)

Po
lb

lo
gs 〈NMI〉 0.017 0.017 - 0.143 (0.146) 0.717 (0.718)

dNMIe 0.017 0.017 0.693 0.727 (0.737) 0.739 (0.739)
〈Mod.〉 0.001 0.001 - -0.057 (-0.062) 0.426 (0.426)
dMod.e 0.001 0.001 0.424 0.426 (0.426) 0.426 (0.426)

H
IV 〈Mod.〉 0.045 0.045 - -0.363 (-0.365) 0.185 (0.411)

dMod.e 0.045 0.045 0.190 -0.357 (-0.359) 0.385 (0.463)

4.2.2 Comparison of dc-SBM and BC to Modularity, NC and
RC
In Table 2 we quantify the correspondence as measured by
normalized mutual information (NMI) between the inferred
partitions and the partition defined by the underlying split
with highest support for each of the considered methods
in the Karate network and separation according to party
line in Polblogs. Furthermore, we measure the adherence
to community structures of each model by calculating the
modularity for the inferred partitions using the formula
defined in eq. 16. For each calculated metric and network
we point out the average and maximum score achieved by
that particular method.
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Fig. 7: Solution landscape comparison of BC, dc-SBM, Modularity, NormCut, RatioCut on the three networks. To explore the
space, 100 samples from 15 chains were taken for the Bayesian methods, while for the spectral cuts 200 different solutions
were generated for each method by randomly alternating 1% of the links within the networks. The costs of Normcut and
Ratiocut are inverted to allow for direct landscape comparisons.
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We observe here that the BC achieves superior or on
par performance on all three networks. In these results we
again observe that the BC differs substantially from the
dc-SBM, which is explained by the underlying supported
configurations of the model likelihood P (z|G) shown in
figure 5. In figure 7 we explore the solution space also of the
ratio-cut (RC), normalized cut (NC) and modularity (Q) and
how these solutions are supported by their corresponding
objective functions.

We notice that the solutions supported (and thus the in-
ference landscape) by the proposed BC is more in agreement
with these existing community detection/graph partition-
ing procedures than the dc-SBM. However, we also observe
notable differences of the proposed Bayesian Cut (BC) and
these alternative partitioning procedures. In particular, nei-
ther RC nor NC provide as balanced solutions as the BC
and they provide higher support for solutions further away
from the underlying community structure. Here we pay
particular attention to the cuts proposed for the Polblogs
and HIV-1 network as these appear unsubstantiated due to
the fact that they exclude a very small group of persons from
the overall population.

For Polblogs both RC and NC exhibit very extreme and
local optima in their solution landscape, which lead to a cut
that excludes 4 persons from the other 1218 persons in both
cases. In the case of RC, defined in eq 17, the dominance
of the cost by the flow, i.e. links between two groups, is
obvious. Since these two group are only connected by 1
inter-link the cost for performing this is cut is extremely
low. In contrast, the true cut along party lines leads to one
group with 662 nodes and one with 560, which share 1217
inter-links. To obtain lower costs, no-more than 76 inter-
links would be allowed.

One way of alleviating this strong influence of the cut
flow is to use NC, defined in eq. 18, which does not divide
the cut flow by the number of nodes, but according to the
degree of the cluster. However, even though this subtle dif-
ference changes the solution landscape in non-community
supporting regions as shown in figure 7, the preference for
cuts that separate unbalanced groups having very low flow
remains. In this case the extreme cut leaves the small group
with a degree of 5 and the bigger group with a degree of
16710, which results in very low costs. The above mentioned
cut of our model results in a degree of 9464 and 8467 for the
group with 662 nodes and 560 nodes respectively. In this
case 894 inter-links would already give lower costs for our
cut, which shows the improvement over RC, but still is not
sufficient.

The highest congruence can be found between the BC
and the Modularity method, confirming the community
detection support of our proposed BC. Here we observe that
both methods exhibit almost identical solution landscapes,
which is reflected in the identical or very similar solution
landscapes obtained by the methods. Interestingly, for the
HIV-1 network the BC obtains a solution with a significantly
higher modularity than the spectral modularity method
itself identifies. In addition, this solution seems to be more
balanced, since it achieves almost equally sized groups,
while the proposed solution of the spectral modularity
method partitions the network into a small and a large
group. This highlights that BC strives for balanced modular

structures.

4.3 Image Segmentation
In following we present results of image segmentation suit-
able for foreground-background or scene recognition. We
compare BC model to NC and dc-SBM (with shared density
of links out ηout in case of more than two segments C > 2).

NC implementations are often in practice combined
with specific similarity matrices and we make use of the
following two widely used procedures:

Mean color RAG: Mean color Regional Adjacency Graph is
used to compute similarity matrices on super pixel graphs
(RAG) [26] that serves as an input for NC in popular python
package for image processing skimage https://scikit-
image.org/docs/dev/api/skimage.future.graph.html. To
compare with the BC method “cameraman” image and
“coffee”available in the skimage package was used.
Fast Marching Method (FMM): This method
(a.k.a. geodesical distance) is besides many used
in the Graclus software presented in [25]. We
used the MATLAB implementation of Jianbo Shi
from https://www.cis.upenn.edu/j̃shi/software/
to generate the FMM similarity matrix. Graclus
software optimizes normcut objective in a hier-
archical manner [25] with results presented at
https://www.cis.upenn.edu/j̃shi/software/demo2.html.
For comparison purposes we use the public image of
“baby” from the same site.

These methods produce similarity matrices S with ele-
ments in [0; 1]. To convert them into graphs with countable
links required by the BC model we follow similar proce-
dure as aforementioned Graclus software [25]. Graclus runs
A = d100 ∗ Se while BC implements A = b100 ∗ Sc, both
element wise.

Results of the BC model applied on images of “cam-
eraman” and “bears” using RAG can be found in figure
(8), “coffee” is presented in Appendix (13) and the results
on “baby” using FMM can be found in figure (9). Notably
BC model was applied on similarity matrices produced by
respective implementations of RAG and FMM described
above without further adjustments. In case of RAG and
“bears” we adjust sigma for the Gaussian similarity kernel
1 in case of “cameraman” we leave it on default setting.
“Cameraman” and “bears” experiments with Mean Color
RAG have been ran with no degree correction (corresponds
to hyper parameter γ set extremely large 107).

In all applications mentioned BC performs on par or
superior to the compared methods (not necessarily state of
the art though). In two partitions version considered for
the “cameraman” the BC method separates objects from
sky. In case of the four partition scenario used on “bears”
BC recognizes foreground objects (cub and surrounding),
background and adult bear while the other methods only
partially succeed. For the “coffee cup” in appendix the BC

1. future.graph.rag mean color(img, labels1, mode=’similarity’,
sigma=70**2, segmentation.slic(img, compactness=0.3,
n segments=100)
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Fig. 8: Top panel, Cameraman: Resulting cut of BC model for C=2 (e) segments compared with unconstrained dc-SBM
with shared ηout as well as spectral Norm cut. Fig (b) shows for reference RAG super pixel graph that is used to compute
similarity matrix. Results demonstrate on par or better results of BC against referenced methods. Also it shows effect of
constraint included in the model (we emphasized the effect of constraint by setting b=10 corresponding to 10x times higher
within segment links density compared to links density among segments): (e) vs (d) a constraint model improves the
results. Resulting cuts were obtained from 50 MCMC chains, 1000 samples each.
Bottom panel, Bears: Resulting cut of BC model for C=4 segments (j) compared with unconstrained dc-SBM with shared
ηout (i) as well as spectral Norm cut (h) applied on mean color RAG similarity matrix. Similar to previous results figures
BC demonstrates on par or better results against referenced methods. Resulting cuts were obtained from 50 MCMC chains,
1000 samples each with hyperparameters set on b = 103 and without degree correction

(a) (b) (c)

Fig. 9: Bayesian cut (BC) applied on similarity matrix ob-
tained by fast marching method implemented by Jianbo
Shi from https://www.cis.upenn.edu/j̃shi/software/. Re-
sulting cut is sampled MAP obtained from 20 MCMC
chains, 1000 samples each. (a) original, (b) C = 2, b = 10,
with degree correction hyper parameter γ being inferred.
Maximum of its posterior obtained at: γMAP = 4.07, (c)
C = 2, b = 10, γ = 0.0001.

removes more of the background than the unconstrained
dc-SBM and captures more of the coffee cup object than NC.
In case of the “baby” image see figure 9 the effect of degree
correction parameter γ controlling “greediness” of clusters
is showed. In the more greedy settings, (c) as opposed to
gamma being inferred in option (b), fixing it to “greedy”
mode recognizes focal object’s boundary more complete yet
produces artifacts.

In summary, the presented image segmentation results

by BC are on-par or superior to NC and the unconstrained
version. However, we noted during experiments that the
multiple MCMC runs produced slightly different cuts con-
firming that the inference is prone to sub optimal solutions
and multiple restarts are therefore recommended.

5 CONCLUSION

We have proposed the Bayesian Cut (BC) advancing the
degree-corrected stochastic block-model (dc-SBM) to explic-
itly account for community structure. In contrast to the dc-
SBM only one parameter specified inter-group connectivity
strength (ηout), however, in contrast to the generalized mod-
ularity as conforming to an l-partition model with shared
link density across communities the proposed BC include
more flexible community specific link-densities. We derived
a fully Bayesian procedure and demonstrated that the im-
posed community constraints are analytically tractable even
for large graphs by deriving a novel general solution to in-
tegrals involving multiple incomplete gamma functions. We
expect the presented small and large scale solutions to the
integral will have applications beyond community detec-
tion in social networks and image segmentation considered
in this paper. For instance, for collapsed inference in the
performance analysis of cognitive radio networks [42]. We
observed that the constraints had significant impact on the
inference providing more reliable results in compliance with
ground truth for network exhibiting community structure
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and it was also empirically confirmed that the constraint
had merits for image segmentation in computer vision. We
also observed that strictly enforcing community structure
enabled to identify configurations where traditional block-
modeling would identify bipartite structure. Notably, our
Bayesian Cut provides favorable partitions when compared
to traditional graph cutting procedures such as the ratio
and normalized cut. In particular, we empirically observed
that our BC procedure has meritorious properties balancing
the partitions more favorable than these existing graph
partitioning procedures. We have also derived fast large
scale multiple cluster solution that presents generic tool for
Bayesian inference.

We presently considered a uniform prior on the partition
P (z) = C−n to highlight the influence of the specification
of the likelihood p(G|z) in identifying partitions. However,
we note that within the Bayesian modeling framework other
(non-uniform) priors could be applied including the Pólya-
urn (i.e., marginalized Dirichlet-Categorical) representation
and its infinite limit given by the non-parametric Chinese
restaurant process (CRP) also used in stochastic block-
modeling [43].

Overall this work presents generic graph based cluster-
ing method that can be applied on wide range of similarity
matrices. For illustrative purposes we presently applied
our BC approach in the context of identifying communi-
ties in social networks and image segmentation, however,
the approach extends to the many applications in which
graph cuts are used. Flexibility with regards to similarity
matrix allows for possible applications in areas such as
scene reconstruction from large set of community photos
[6], where the image set is partitioned into groups of related
images, based on the visual structure represented in the
image connectivity graph for the collection. Connectivity
graph and corresponding similarity matrix is based on scale
invariant feature transform, SIFT [44], that extracts image
representative features that are used to find matches and
define similarity between each image pair. Another possible
area of application is Video summarization and scene de-
tection [7], where similarity used for graph partitioning are
based on color similarity and temporal frame distance.

In the outlook, although MCMC sampling are suitable
for network structure inference, in order to find optimal
cuts, future work should investigate alternatives while
keeping the properties of the proposed framework. Further
concerning image segmentation, this work made use of
two popular similarities, Fast Marching Method and Mean
Color, that rather relate pixels based on color intensities as
opposed to spatial features. As suggested above we leave
as future work to explore possibilities of BC applied on
other existing or new similarities as well as extension of
hereby presented bayesian generative hierarchical BC model
to allow for contextual spatial or other features [34].
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166 SUPPLEMENTARY MATERIAL/APPENDIX

6.1 Theoretical results and proofs
Due to incomplete gamma recurrence (K-recurrence of Γ′s)
it is possible to rewrite the integral (8) according to the
following lemma (6.1):

Lemma 6.1. For C ∈ N and all real µi > 0, Bi > 0, i ∈
{0, ..., C} the following equalities hold
∫ ∞

0
e−xB0xµ0−1

C∏

c=1

Γ(µc, Bcx)dx (19)

=
Γ(µ0)

Bµ0

0

C∏

c=1

Γ(µc)−
C∑

m=1

Bµmm
Bµ0

0

∫ ∞

0
Γ(µ0, B0x)e−Bmxxµm−1

C∏

c=1
c6=m

Γ(µc, Bcx)dx (20)

=

∫ ∞

0

e−xB0xµ0+K−1

(µ0)K̇

C∏

c=1

Γ(µc, Bcx)dx

︸ ︷︷ ︸
Part A

+
C∑

m=1

K−1∑

i=0

(21)

Bi0B
µm
m

(µ0) ˙i+1

∫ ∞

0
e−x(B0+Bm)xµ0+µm+i−1

C∏

c=1
c 6=m

Γ(µc, Bcx)dx

︸ ︷︷ ︸
Part B

(22)

Proof. The first equality follows directly by applying
integration by parts using u′ = e−xB0xµ0−1 and

v =
C∏
c=1

Γ(µc, Bcx) and the second by the use of

(K-recurrence of Γ′s).

Using the above lemma, the aim is to select the number
of recurrences K such that Part A is made arbitrarily small
as illustrated by the underlying terms given in Figure 1. The
following lemma proofs that Part A can indeed be made
arbitrarily small.

Lemma 6.2. For all real µi, Bi ∈ R, µi > 0, Bi > 0, i ∈
{0, ..., C} and constant Q,Q ∈ R, Q ≥ 0 following limit exists
and holds:

lim
K−→∞K

Q ×
∫ ∞

0

e−xB0xµ0+K−1

(µ0)K̇

C∏

c=1

Γ(µc, Bcx)dx = 0

(23)

Proof. We proof the lemma by showing that for every K
there exists q such that integral over (q,∞) is below thresh-
old ε/2 and consequently there exists K large enough such
that the integral over (0, q] is also below ε/2.

Without loss of generality we assume B0 = 1. (If B0 6= 1,
we apply a transformation of variables y = B0x on (23) and
take ε×Bµ0

0 as a new epsilon and Bc
B0

as new Bc’s).

Denote f(x,K) = e−xxµ0+K−1

Γ(µ0+K) , which is a density func-
tion of the gamma distribution with shape parameter µ0+K
and rate 1 such that f(0) = 0. For every K,K ≥ 1 f(x,K)
is positive and increasing on (0,m(K)), where m(K) is the
mode µ0+K−1, controlled byK which follows well known
characteristics of the gamma distribution.

Upper bound on (0, q]: Denote the regularized upper
incomplete gamma function Γ(α,bx)

Γ(α) which can be written as
1 - the cumulative distribution function [29] of the gamma

distribution and is therefore positive, decreasing on R+, and
bounded from the top by 1.

For every q ∈ R, q > 0 and for every K ∈ N+ large
enough to ensure that q is below the mode of the gamma
distribution with density f(x,K), that meansK > q−µ0+1,
the following inequality holds:

KQ ×
∫ q

0

e−xxµ0+K−1

(µ0)K̇

C∏

c=1

Γ(µc, Bcx)dx

≤ qKQf(q,K)
C∏

c=0

Γ(µc) (24)

We make use of Stirling’s formula [45]:

Γ(x) ∼ (2π)
1
2xx−

1
2 e−x as x −→∞, (25)

where notation g(x) ∼ h(x) means that g(x)
h(x) −→ 1 as x −→

∞. Taking K −→ ∞ and using Stirling’s formula above on
f(q,K) gives us existence of the following limit:

lim
K−→∞ qK

Qf(q,K) ∗
C∏

c=0

Γ(µc) = 0 (26)

From (ε, δ)-limit definition of (26) we get that for every
q ∈ R, q > 0 and every ε′ > 0, ε ∈ R+ there exists K ′ ∈
N,K ′ > 0 such that for every K ≥ max(K ′, q−µ0 +1),K ∈
N equation (24) ≤ ε′.

Upper bound on [q,∞): For every q > 0 we have from
definition that all upper incomplete gamma functions are
smooth and decreasing on [q,∞) and can be bounded
from top by its value at q. We thereby get the following
upper bound by taking the integral over region from q to
∞, recognizing the upper incomplete gamma function and
using Γ(a,x)

Γ(a) ≤ 1 (which trivially follows from the definition
of Γ(a, x)):

KQ

∫ ∞

q

e−xxµ0+K−1

(µ0)K̇

C∏

c=1

Γ(µc, Bcx)dx (27)

≤ KQ

Γ(µ0)
C∏
c=1

Γ(µc, Bcq)

Γ(µ0 +K))

∫ ∞

q
e−xxµ0+K−1dx

= KQ

Γ(µ0 +K, q)
C∏
c=1

Γ(µc, Bcq)

Γ(µ0 +K)
Γ(µ0)

≤ KQ
C∏

c=1

Γ(µc, Bcq)Γ(µ0) (28)

Following limit exists and follows directly from defini-
tion of incomplete gamma function (7):

lim
q−→∞

C∏

c=1

Γ(µc, Bcq)Γ(µ0) = 0 (29)

From the above limit we can now select q such that the error
is below ε/2 and for this q we select K such that (26) is also
below ε/2.
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Theorem 6.3. For every C ∈ N+, µi, Bi ∈ R, µi > 0, Bi > 0
for i ∈ {1, ..., C} and K ∈ N+ following equality holds:

∫ ∞

0
e−xB0xµ0−1

C∏

c=1

Γ(µc, Bcx)dx (30)

=
C∑

m1=1

C∑

m2=1,
m2 6=m1

. . .
C∑

mC=1,
mC 6=m1,...,mC−1

K−1∑

i1=0

. . .
K−1∑

iC=0

C∏

w=1

B
µmw
mw (B0 +

w−1∑
j=1

Bmj )
iw

(
µ0 +

w−1∑
j=1

(µmj + ij)

) ˙iw+1

×
Γ

(
µ0 +

C∑
j=1

(µmj + ij)

)

(B0 +
C∑
j=1

Bmj )
(µ0+

C∑
j=1

(µmj+ij))

(31)

+ E(K),

(32)

where E(K) satisfies limK−→∞E(K) = 0.

Proof. We proof this by induction on C .

Case C=1: According to lemma 6.2 (for Q=0) we can for
every given ε > 0 find K’ such that Part A in lemma 6.1
will be below ε for all K > K ′ whereas the infinite integral
in Part B reduces to the Gamma function and we thereby
obtain:

∫ ∞

0
e−xB0xµ0−1Γ(µ1, B1x)dx

= ε+
K−1∑

i=0

Bi0B
µ1

1

(µ0) ˙i+1

Γ(µ0 + µ1 + i)

(B0 +B1)(µ0+µ1+i)
. (33)

Induction step from C to C + 1: We again apply lemma 6.1
(for Q=0) on C + 1, and thereby obtain:

∫ ∞

0
e−xB0xµ0−1

C+1∏

c=1

Γ(µc, Bcx)dx (34)

=

∫ ∞

0

e−xB0xµ0+K−1

(µ0)K̇

C+1∏

c=1

Γ(µc, Bcx)dx

︸ ︷︷ ︸
Part C+1

(35)

+
C+1∑

m=1

K−1∑

i=0

Bi0B
µm
m

(µ0) ˙i+1
(36)

∫ ∞

0
e−x(B0+Bm)xµ0+µm+i−1 ×

C+1∏

c=1
c 6=m

Γ(µc, Bcx)dx

︸ ︷︷ ︸
Part C

(37)

Part C+1 in the above captures the error EC+1(K) intro-
duced reducing the integral involving C+1 to the integral
involving C incomplete gamma functions (due to the c 6= m
in the sum) given in Part C in the above, and according to
the induction we can assume the theorem holds for Part C
up to the error term EC(K):

EC+1(K) +
C+1∑

m=1

K−1∑

i=0

Bi0B
µm
m

(µ0) ˙i+1
× EC(K)

≤ EC+1(K) +K(C + 1) max
i∈{1,...,K−1}

Bi0B
µm
m

(µ0) ˙i+1
× EC(K).

(38)

Next we show that elements

Q(K) := (C + 1) max
i∈{1,...,K−1}

Bi0B
µm
m

(µ0) ˙i+1
(39)

are bounded from the top when K −→ ∞. To see this we
note that it can be split into maxi≤L(. . . ) that is maximum
over a finite set of integers lower than some L ∈ N (that
always has finite upper bound) and maximum over {i ≥ L}
such that maximum over this region is reached by the first
index L (that follows from limit lim

i−→∞(C + 1)
Bi0B

µm
m

(µ0) ˙i+1
= 0

which we get from Stirling formula (25) applied on Γ(µ0

Γ(µ0+i)
in Pochhammer symbol in (39)). So for all sufficiently large
K such that K ≥ L we can bound Q(K) by a constant we
denote Q(1).

Notably, steps from (34) to (37) using lemma 6.1 together
with formula for sum of geometric finite sum reveal that
total error term of (38) including integral EC+1(K) and
sums ofEC(K) comprises not more than 1−(K(C+1))(C+1)

1−K(C+1) =

1 +K(C + 1) + (K(C + 1))2 + · · ·+ (K(C + 1))C integrals
of the same form as (23) multiplied by fractions of the
same structure as (39). Using same logic as for Q(1) earlier
that maximized fractions from 1 induction step and again
leveraging Stirling formula (25), [45], we get that there exists
L such that for all sufficiently large K ≥ L we can bound
all these fractions from the top. We take their maximum,
denoted Q(2).
Since Q(1) is now maximized withing Q(2) we can bound
the total approximation error of (34) by:

≤ Q(2) ×K
(

1− (K(C + 1))(C+1)

1−K(C + 1)

)
×

max
i∈{0,...,I}

(∫ ∞

0

e−xB
′
0(i)xµ

′
0(i)+K−1

(µ′0(i))K̇

∏

c

Γ(µ′c(i), B
′
cx(i))dx

)

where we omitted exact expression for the sake of simplicity
and rather used symbolic notation instead for all combina-
tions of parameters µ′(i), B′(i) and finite number of indexes
(simplified as i).

Application of lemma 6.2 for the choice of Q such that
K( 1−(K(C+1))(C+1)

1−K(C+1) ) ≤ KQ with each integral in max and
taking K −→ ∞ brings the limit of this upper bound to 0.
That concludes the proof.
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6.2 Large Scale settings

Assuming hyperparameter priors can be chosen to be inte-
ger values following theorem presents exact evaluation of
the integral (8):

Theorem 6.4. For C ∈ N+, µi ∈ N+ and Bi ∈ R+,
i ∈ {0, ..., C} (8) is proportional to the cumulative distribution
function of the Negative Multinomial (NMn) distribution and the
following equality holds:
∫ ∞

0
e−xB0xµ0−1

∏

i∈{1,...,C}
Γ(µi, Bix)dx

=

C∏
c=0

Γ(µc)

Bµ0

0

× (40)

×
µ1−1∑

i1=0

· · ·
µc−1∑

ic=0

Γ(µ0+i1+. . .+ ic)

Γ(µ0)i1!. . . ,ic!

(
B0

B

)µ0 C∏

c=1

(
Bc
B

)ic
,

(41)

where B :=
∑C
i=0Bi

Proof. Equality follows from applying (K-recurrence of Γ′s)
from section K-recurrence of Γ′s on Γ(µ, x) = Γ(1 + (µ −
1), x) setting K = µi − 1 and a = 1 and further simplifying
as follows:

Γ(1 + (µ− 1), x)

Γ(µ)
= Γ(1, x) + xe−x

µ−2∑

i=0

xi

Γ(i+ 2)

= e−x + e−x
µ−1∑

i=1

xi

Γ(i+ 1)
= e−x

µ−1∑

i=0

xi

Γ(i+ 1)

(’Euler and inc. gamma’)
(42)

where aṅ is the Pochhammer symbol (a.k.a. ”rising facto-
rial”) defined as aṅ = Γ(a+ n)/Γ(a). We used the fact that
Γ(1, x) = e−x (trivially from definition of upper incomplete
gamma Γ(a, x)).

Result follows from changing the order of integration
and integrating out x. That leads to gamma functions (by
definition) and gives formula to be proven. Alternatively
one can recognize inner integral over x as a Laplace trans-
form of xµ0+i1+...+ic.

Note: A similar but infinite sum formula of theorem (6.4)
also holds for real parameters µ. It can be shown by use of
binomial series expansion (1 + x)α, α ∈ R+ and Laplace
transform. However, in a result we obtain infinite series.

6.3 Comparison of sampling vs. optimization

To show the advantage of using the inference method
described in section 3 over an optimization heuristic as
proposed in [20], we compare these two methods on the
HIV-1 network (ref. 4.2). Figure 10 shows the Box-Whisker-
Plots for the best obtained cut of each run/chain for each
method based on the log-likelihood p(z|G). The two left
Box-Whisker-Plots show the results of the optimization
heuristic, whereas the third Box-Whisker-Plot shows the
results for pure sampling without any optimization. In this
direct comparison the optimization obtains better results.

However, if the sampling method is followed by the op-
timization heuristic as proposed in this paper, we achieve
much better results compared to pure optimization. As
argued in Section 3, the optimization heuristic seems to get
stuck in local maxima. This can be observed in the two left
Box-Whisker-Plots. Running more optimization initiations
does not help to improve the results, since each run appar-
ently gets stuck in the same local maxima, which would
explain the marginal difference of obtained best cuts in log-
likelihood between 100 runs and 1000 runs. In contrary, the
sampler will likely focus on some high density region of
the posterior, but it will still explore multiple modes within
that region, which can be seen on the wide range covered
by its Box-Whisker-Plot. When these obtained best samples
are subsequently used with the optimization heuristic, the
obtained best cuts are significantly better than the cuts
obtained using the optimization heuristic only, as to be
seen in the fourth Box-Whisker-Plot. Interestingly, when
using the optimization heuristic before sampling to obtain
a starting point, we observe that sampling with or without
a final optimization obtains the same best cuts as the pure
optimization. This is most likely due to the optimization
finding an extreme local maximum, as mentioned above,
which even the sampler cannot escape.

Fig. 10: Comparison of sampling and pure optimization ac-
cording to [20] on the HIV-1 network through Box-Whisker-
Plots of the best obtained cut of each chain/run for each
method based on the log-likelihood p(z|G). The sampling
results are based on 100 chains and 1000 samples per chain.
Sampling followed by optimization shows superior perfor-
mance compared to only using the optimization or using the
optimization before sampling.

6.4 Influence of priors and constraints

In figure 11 the influence of the prior on both models
considering also a weak and strongly informative prior on
community structure is investigated. The non-informative
prior allows the models to find their preferred modes. In
this case the dc-SBM clearly exhibits the strongest support in
the non-community structure region as discussed in section
4.2.1 . Even though the medium community enforcing prior
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(a) Non-informative prior (αin =
αout = βin = βout = 0.01)

(b) Medium community enforcing
prior (αin = 19.5, αout = 39, βin =
144.5, βout = 289)

(c) Strong community enforcing prior
(αin = 39, αout = 0.01, βin =
144.5, βout = 289)

Fig. 11: Comparison of different priors for α and β on the solution landscape of the Karate network (b = 1 for the BC
model). The solution landscape was created using all posterior samples generated by running both models with 15 chains
and 100 posterior samples for each configuration.

(a) Weak community constraint b=1 (b) Medium community constraint b=0.1 (c) Strong community constraint b=0.01

Fig. 12: Comparison of different constraints (b) on the solution landscape of the Karate network with non-informative prior
(αin = αout = βin = βout = 0.01). The solution space is based on the samples generated in figure 11

lowers the support for the non-community structure region
of the solution space, it still maintains a mode in the non-
desired region. Only the strong community enforcing prior
forces the dc-SBM to abandon these regions. However, im-
puting such a strong prior belief effectively makes the prior
the posterior distribution, which is the reason that in this
case the solution landscapes for both models look identical.
In conclusion, the constraint imposed by BC distinguishes
itself by allowing to explore the posterior with a non-
informative prior while still enforcing community-structure.

The role of the b parameter, i.e. the strength of the
constraint can be seen in figure 12. The lower b, the more
the model enforces community structure the more it drops

those regions of the solution space not supporting the com-
munity structure. Accordingly, b sets the boundaries of the
constraints that can also be learned as part of the model
inference.

6.5 Additional Experiment
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Fig. 13: Coffee: Resulting cut of BC model for C=2 (d) segments compared with unconstrained dc-SBM with shared ηout as
well as spectral Norm cut. As experiments in the main body also these results demonstrate on par or better results of BC
against referenced methods. Resulting cuts were obtained from 50 MCMC chains, 1000 samples each.
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Introduction

Partial Least Squares (PLS) regression is a statistical method for supervised multivariate
analysis. It relates two data blocks X and Y to each other with the aim of establishing
a prediction model. When deployed in production, this model can be used to predict an
outcome y from a newly measured feature vector x. PLS is popular in chemometrics,
process control and other analytic fields, due to its striking advantages, namely the abil-
ity to analyze small sample sizes and the ability to handle high-dimensional data with
cross-correlated features (where Ordinary Least Squares regression typically fails). In
addition, and in contrast to many other machine learning approaches, PLS models can
be interpreted using its latent variable structure just like principal components can be
interpreted for a PCA analysis.

Multivariate data is often structured in blocks, e.g. X1, X2, … , Xi. This could mean
that one has obtained data from two different analytic methodologies for a similar set of
samples, which may indicate two totally independent feature spaces. In such cases it is
often important to understand how each data block contributes to the prediction of Y.
Examples for data measured in blocks could be the following.

1. It can be of interest to relate patient clinical records to data obtained through differ-
ent high-throughput omics measurements. These data could typically be structured
in blocks referring to genomics, transciptomics, proteomics, metabolomics etc.

2. Spectroscopic methods are useful to predict and assure food quality parameters.
When measuring food samples by several different spectroscopic methods, e.g. by
applying near infrared and UV-vis spectroscopy, it is meaningful to combine the
data blocks to obtain reliable prediction models.

3. A process utilizing fermentation technology is typically carried out in several se-
quential production phases, i.e. seed and main fermentation phase. If sensor data
is available for all production phases it is meaningful to include these as individ-
ual data blocks when establishing prediction models for quality control parameters,
such as product yield.

Several Data Fusion approaches were proposed to establish combined prediction models
from such multiblock data (Li, Wu, & Ngom, 2016). One of the proposed methods
is Multiblock-PLS (MB-PLS) (Westerhuis, Kourti, & MacGregor, 1998). It is closely
related to PLS regression, but instead of obtaining an interpretative model for the entire
(concatenated) data matrix X one obtains model parameters for each individual data
block Xi. Furthermore, it provides a relative importance measure, i.e. expressing how
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much each block Xi contributes to the prediction of Y. Subsequently, this information
can be used to recognize block specific patterns in the data.

At the current stage software packages for MB-PLS exist for Matlab (http://www.models.
life.ku.dk/MBToolbox) and R (Bougeard & Dray, 2018). In the following sections we
give a brief introduction to the statistical method and its implementation. The pack-
age is distributed under the BSD-3-Clause license and made available at https://github.
com/DTUComputeStatisticsAndDataAnalysis/MBPLS together with several introduc-
tory Jupyter notebook examples. It is also available as pip installable Python pack-
age (https://pypi.org/project/mbpls/) and comes with a Read-the-Docs documentation
(https://mbpls.readthedocs.io).

Methods

The MB-PLS package can be utilized for PLS and MB-PLS regression. The statistical
background is briefly introduced in the following. More detailed information is given in the
mbpls help of the Python package (https://mbpls.readthedocs.io/en/latest/mbpls.html).

PLS

PLS was introduced by S. Wold, Ruhe, Wold, & III (1984) and aims at finding a suitable
subspace projection w which maximizes co-variance between a so called score vector t
and a response vector y that will yield a least squares solution. The formal PLS criterion
for univariate responses y is given in eq. 1.

argmax
w


cov(t,y)

∣∣∣∣∣∣
min




I∑

i=1

J∑

j=1

(xij − tiwj)
2


 ∧ ∥w∥ = 1


 (1)

This procedure is typically repeated to find K latent variables (LV). In each latent variable
step, the score vector tk is subsequently projected onto its respective matrix Xk to find
the loading vector pk (eq. 2). Once found, Xk is deflated by the explained variance (eq.
3) and the next latent variable k + 1 can be calculated using Xk+1.

pk = Xktk (2)

Xk+1 = Xk − tkpkT (3)

Algorithms to perform PLS regression include the Nonlinear Iterative PArtial Least
Squares (NIPALS) (S. Wold et al., 1984), UNIversal PArtial Least Squares (UNIPALS)
(Dunn III, Scott, & Glen, 1989), Kernel UNIPALS (Lindgren, Geladi, & Wold, 1993;
Rännar, Geladi, Lindgren, & Wold, 1995; Rännar, Lindgren, Geladi, & Wold, 1994) and
SIMPLS algorithm (de Jong, 1993). While NIPALS represents an iterative approach,
the other algorithms are based on Singular Value Decomposition (SVD). All the above
mentioned algorithms are implemented in the MB-PLS package. Benchmark results and
comparisons to other Software packages are provided below.

MB-PLS

MB-PLS can be understood as an extension of PLS to incorporate several data blocks
X1, ...,Xi, which all share a common sample dimension. The prediction accuracy does not
deviate from normal PLS, if all data blocks were concatenated into a single block, but the
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t1,k
MB-PLS

Y

vk
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p2,k

t2,k

BIP = 43% BIP = 57% 67% expl. var.

k = 1

Figure 1: The figure illustrates the extraction of a single LV (k = 1). MB-PLS offers extra exploratory
features for each block, i.e. block scores, block loadings and block importances (BIP).

advantage of MB-PLS is to gain extra model interpretability concerning the underlying
block structure of the data. For each LV one obtains extra block scores, block loadings
and block importances (BIP). The extraction of a single LV using MB-PLS is illustrated
in figure 1. The results are read in a fashion that 67% variance in Y are explained by the
first LV. The two blocks X1 and X2 contribute to the prediction of the 67% with their
relative BIPs, 43% and 57%, respectively. More important blocks result in more influential
block loadings and contribute stronger to the prediction of Y. Hence, interpretation of
patterns among block scores with high importance are recommended.

To assert that the BIP is a meaningful indicator it is necessary to standardize the data
prior to MB-PLS analysis. When standardization is employed all features in all blocks
have a variance of 1. For post-hoc interpretation of the loadings an inverse transformation
is carried out to ensure straight forward interpretation of the results.

Software and Implementation

The package is written in pure Python 3. In its core it builds on Numpy and Scipy for
efficient data handling and fast mathematical operations of big data-sets. To achieve
a fast implementation all algorithms using SVD employ Scipy’s partial SVD capability,
i.e. by only calculating the first singular value at each PLS iteration. Multiple matrix
multiplications use the optimized Numpy multi-array multiplication. In addition, the
MB-PLS implementation can handle missing data without prior imputation based on the
sparse NIPALS algorithm by H. Martens & Martens (2001). The overall code design
follows the structure and philosophy of Scikit-learn (Pedregosa et al., 2011). Therefore,
objects are instantiated in a Scikit-learn manner and can be accessed with the same
methods, i.e. fit, predict, transform and score. Furthermore, Scikit-learn’s base classes
and validation methods are incorporated. As a result, all objects are fully compatible
to Scikit-learn and, thus, allow the use of model selection functions, e.g. cross validation
and grid search, as well as a processing pipeline. For exploratory analysis, each fitted
model contains a custom plot method that the fitted model attributes in a meaningful
manner using Matplotlib, which allows a straight forward evaluation of the MBPLS results
without requiring any additional coding.

Benchmark

To compare the four algorithms, the run-times are analyzed for different data-set sizes with
two basic shapes, i.e. non-symmetric shapes with more samples than variables (N > P )
or vice versa (N < P ) and symmetric shapes (N = P ). To simulate the multiblock and
multivariate behaviour, each data-set is split into two X-blocks with the size N × P

2 and
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Figure 2: Comparison of run-times based on different data-set sizes

accompanied by a Y-block of size N × 10. The data is randomly generated for each run,
so that the obtained times exhibit worst-case behaviour, since there are no actual latent
structures. All algorithms are set to find the first 20 LVs and are run three times for each
data-set size on a machine with two Intel ® Xeon ® X5650 @ 2.67 GHz processors and
48 GB RAM.

As to be seen in both both plots of figure 2 all algorithms implemented in the Python
mbpls package substantially outperform the above mentioned R-package Ade4-MBPLS by
Bougeard & Dray (2018), which was run on the same machine. In general NIPALS is the
fastest multiblock algorithm that is only outperformed by the SIMPLS algorithm, which
only supports single block PLS. However, figure 2a shows how the KERNEL algorithm
performs progressively better in cases where N >> P or N << P . As to be seen in
this plot, the runtime of this algorithm is a combination of an exponential part given
by the right plot and dependent on min(N,P ) and a linear part defined by diff(N,P ).
Due to the exponential part, min(N,P ) has to be considered carefully when choosing the
KERNEL algorithm over NIPALS.

An important feature of this Python mbpls package is its invariance to shape rotations,
i.e. it obtains the same run-times for both N > P and N < P given the same ratio N

P
and its respective inverse, which e.g. is not the case for the R-package.
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Red      – tank group 1
Blue     – tank group 2
Green  – tank group 3
Purple – tank group 4 

Abstract

The Data

The Model

Results

Unraveling fermentation process data – a Novozymes case study

Industrial fermentation processes are monitored using a variety of sensors.
Typically, measurements are taken through-out the entire production process.
Production may be carried out under supervision of different operators (operator
variation), on different sites (global variation), in different buildings and/or in
different tanks (local variation). However, up to now processes are mainly
controlled according to traditional recipes and experience.
The massive amount of available process data combined with multivariate
statistics enable new “Big Data” approaches to identify and extract significant
patterns in the process control which may lead to considerable improvements
with respect to process efficiency and yield maximization.
In our case study we propose a three-step approach to unravel the data.

Data Integration

Modelling
(MBPLS)

Interpretable
visualization

Process
optimization

We use open source data 
analysis packages available 
for Python and R.

1

2

3

Production fermentations typically undergo several process steps, e.g. seed
fermentation and main fermentation phases etc. Each process step is monitored
by a number of sensors (performance). In addition, input parameters can be set
to control the process phases.
Hence, fermentation process data can be understood as to be organized in
distinct blocks.
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Each data block can be understood as a three-way array. For 
bilinear modeling purposes the data “cube” can be unfolded 
across its sensor dimension 

X1 main fermentation – performance
X2 main fermentation – input
X3 seed fermentation – performance
X4 seed fermentation – input

To enhance model interpretability we propose the use of Multiblock Partial Least
Squares regression (MBPLS). Although no improvement of prediction is expected
(when comparing to PLS), the model can be interpreted in a more intuitive fashion.
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MBPLS activity prediction model; 5-fold Cross 
Validation indicated 2 LVs
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LV1 
60% explained var. 
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LV2 
14% explained var. 
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Taking the score and loading plots into account the following major findings
could be concluded:

1. The major activity difference (60% variance) could be described as
difference between tank configurations 1 and 2.

2. The most important blocks to describe this discrepancy were X1 (89%)
and X3 (9%)

3. Within tank group variations of the final activity could be explained by
loading plots from LV2

LV1 
60% explained var. 

in y 

LV2 
14% explained var. 

in y 

Conclusion

PLS offers a straight forward strategy to predict process yield, i.e. enzyme
activity. Using Multiblock PLS the interpretability of the latent variable
structure enables potential process optimization on a single parameter level.
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