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a b s t r a c t
The Debye-Hückel theory is probably the most widely used option for counting the electrostatic forces
in thermodynamic models. This work investigates the effects of the two most important parameters of
the Debye-Hückel theory – the size parameters of ions and the relative static permittivity of the solution.
Three different activity coeﬃcient models are analyzed and compared for 14 salt systems in order to have
a more complete picture of the capabilities and limitations of the Debye-Hückel theory. The three models
are based on different assumptions for the two important parameters, but all with a self-potential term
for the ion-solvent interactions. For the full version of the original Debye-Hückel theory, further analyses
are made on the ﬂexibilities of readjusting size parameters of ions and relative static permittivity.
© 2022 The Author(s). Published by Elsevier B.V.
This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/)

1. Introduction
Electrolyte solutions play an important role in many areas of
research and in industry [1–6]. There are many models available
in describing various aspects of the thermodynamics of electrolyte
solutions [6–25]. A speciﬁc term, e.g. originating either from the
Debye-Hückel theory [26] or from the mean spherical approximation theory [27,28], is usually needed within these models to describe the electrostatic interactions. The Debye-Hückel theory is
probably the most widely used choice for interactions between
charged particles existing in systems found in chemistry, geology,
life science, medicine, biochemistry, pharmacy, material science,
physiology, and the corresponding engineering ﬁelds. Numerous
studies, focusing on different aspects of the Debye-Hückel theory,
have been presented during the past century [7,8,29–46].
Due to the fact that an electrolyte solution behaves very differently from a non-electrolyte system, the Debye-Hückel theory
was developed to describe the large non-ideality of the electrolyte
solutions already at very low concentrations [26,47]. The application of the theory, however, had been limited to its simpliﬁed
versions, namely the extended Debye-Hückel theory [48] or the
limiting law [2,26]. With the contributions of Mollerup and colleagues [49,50], the original full version of the Debye-Hückel theory has been growingly used in various models [12–16,18,24,25,51].
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As shown by Mollerup and colleagues [50] as well as Shilov and
Lyashchenko [39], the Debye-Hückel theory shall naturally contain a term called self-potential or self-energy, which is essentially
equivalent to a contribution from the Born equation used in many
thermodynamic models [46,50,52].
As pointed out in a recent review by Kontogeorgis et al. [4],
there are many unanswered questions regarding the Debye-Hückel
theory, particularly when it is applied in the framework of an
equation of state. Some of these questions have been considered
in a recent study [14]. In order to answer some of the questions
asked in the review [4], it is worth analyzing the parameters in the
theory, in particular the size parameters used for describing both
ion-ion and ion-solvent interactions. The feasibility of this analysis
has been shown in previous studies [18,39–42,46], as the DebyeHückel theory can be used to predict mean ionic and individual ion
activity coeﬃcients. However, an extensive and systematic analysis
of the inﬂuence of the parameters used in the Debye-Hückel theory has not been presented in literature. Moreover, it would also
be interesting to investigate the ﬂexibility of the theory with respect to parameterization.
It is important to emphasize from the beginning that it is not
the purpose of this work to propose a new complete model. Instead, this is a parametric analysis of the Debye-Hückel theory in
various forms, with the purpose to investigate the capabilities and
limitations of the theory under some well-deﬁned conditions and
a number of speciﬁc boundary conditions, such as all calculations
are made at 25°C and only for mean ionic and individual ion activity coeﬃcients.
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The remaining sections of this work are organized as following:
ﬁrst, three different activity coeﬃcient models corresponding to
different assumptions will be presented. Second, the Debye-Hückel
theory will be evaluated using different combinations of size parameters of ions from literature together with correlations of experimental relative static permittivity. Next, the applicability of the
theory will be investigated when adjusting either correlations of
relative static permittivity or size parameters of ions over the entire range of available experimental data. Finally, the performance
of the theory will be evaluated in the range of relatively low concentrations in order to see the possibility of using individual ion
size parameters. We end with our conclusions.

most signiﬁcant inﬂuence on the relative static permittivity, followed by the salts that consist of 3 ions (Na2 SO4 , CaCl2 ), which
show a stronger effect on the relative static permittivity than the
1:1 salts. This is mainly because of the number of ions at the same
molality. In the meanwhile, it can also be found that the order of
the effects of the 1:1 Chloride salts on the relative static permittivity follows: LiCl > NaCl > CsCl. It is worth noticing that the size
of the three cations is reversed: Cs+ > Na+ > Li+ (as graphically
shown in Fig. 3). This indicates, in the case of the same Chloride
anion (Cl− ), that the smaller the size of the cation, the greater the
inﬂuence on the relative static permittivity. Similarly, for the ion
size Li+ < K+ , LiBr has a more signiﬁcant effect on the relative
static permittivity than KBr. In the case of the same cation (LiCl,
LiBr), the larger anion (Br− ) has a slightly more signiﬁcant effect
than the smaller anion (Cl− ), presumably due to larger solvation of
the larger anion. However, it could be pointed out that more experimental relative static permittivity data are still needed, if the
variety of the salt types as well as the system conditions are to be
more systematically investigated.
Besides relative static permittivity, two size parameters are
needed, one for the ion-ion interaction in the DH term, which is
usually called the distance of closest approach, and a second one
for the ion-solvent interaction in the self-potential term, sometimes called the Born radius. Following previous studies [18,46,57],
the Pauling radii and the Born radii are used in the DH term and
the self-potential term, respectively, for prediction calculations. The
size parameters are shown graphically in Fig. 3, from which it can
be known that anions usually have larger size parameters than
cations, with one exception, the Fluoride ion (F− ). It is also readily
seen that the Pauling radius and the Born radius follow the same
trend, except for the Lanthanium ion (La3+ ) and Fluoride ions (F− ).
Worth noticing also that the Fluoride ions (F− ) has the lowest Pauling and Born radii among all anions studied in this work. Moreover, the Born radius is larger than the Pauling radius in all cases
(cations and anions). All of the ion size parameters are taken from
Boda and co-workers [57,59] except SO4 2− , which is from MariboMogensen et al. [16]

2. Theory
By assuming the linearized Poisson-Boltzmann equation applicable to electrolyte solutions, Debye and Hückel derived the activity coeﬃcient model without distinguishing Gibbs or Helmholtz
energy functions [26,47]. The derivation logic of the three models which will be analyzed in this work is illustrated in Fig. 1,
while the detailed derivation and equations of these models can
be found in our previous study [46]. The model DHFULL represents
the full version of the original Debye-Hückel theory including the
self-potential term, describing the interaction of an ion with its
environment, which Debye and Hückel did not consider in their
original paper [26]. The model EDH has the same mathematical
expression of the equation derived by Debye [48] plus the selfpotential term. As shown in Fig. 1, the difference between DHFULL
and EDH in terms of equations is whether the derivative of relative static permittivity with respect to the number of moles of ions
is included or not. EDH may be physically more consistent with
the theory since a constant relative static permittivity is assumed
when deriving the Helmholtz energy model. The model EDH2015
was developed by Shilov and Lyashchenko in 2015 [39] with a
concentration dependent relative static permittivity already in the
path to the Helmholtz energy model, an aspect which makes this
model physically more consistent than the approaches followed in
DHFULL. It shall be emphasized, however, that DHFULL still represents a thermodynamically consistent approach. In order to analyze the similarities and differences of these models, concentration dependent relative static permittivity is used in all calculations. The parameters of all three models are the same – a model
of relative static permittivity, where correlations of experimental
data are used in this work, and the size parameters of ions respectively in the ion-ion interaction term (denoted by DH ) and the
ion-solvent interaction term (denoted by self ). These parameters are
highlighted with (blue) underlines in Fig. 1.

3.2. Different choices for size parameters of ions in the theory
Table 1 lists four choices of how to use size parameters of ions
in the Debye-Hückel theory, which are investigated in this work.
For the ﬁrst three choices, the same average value is used for both
cation and anion for the distance of closest approach in the DH
term, and it is an addition of the Pauling radii of cation and anion.
In the ﬁrst choice (ISP-1), half of the distance of closest approach
is used for both ions in the self-potential term, which means that
essentially the same size parameter is used in both the DH and
self-potential terms, while the average Born radii and individual
Born radius are respectively used in the self-potential term in the
second (ISP-2) and third (ISP-3) choices. Individual size parameters
are used for both terms in the fourth choice (ISP-4).
The performance is evaluated by the average relative absolute
deviation (AAD), deﬁned by

3. Results and discussion
3.1. Relative static permittivity and size parameters of ions from
literature
As seen from the Theory section, the information of relative
static permittivity is needed in the models to predict the activity coeﬃcients. In this work, correlations of experimental relative
static permittivity versus concentration are used for the prediction calculations. Some examples are given in Fig. 2 and the detailed correlations are listed in Table S1 in Supporting Information.
It is worth mentioning that the density correlations from Novotny
and Sohnel [53] are used for the conversion between molarity and
molality. It can be seen from Fig. 2 that the experimental relative static permittivity decreases as the concentration of salt increases, and obvious differences can be observed among different
salts at the same molality. For instance, LaCl3 (with 4 ions) has the

AAD% =


N 
1   xi

− 1 × 100%

N
yi

(1)

i=1

where xi could be calculated (cation, anion or mean ionic) activity
coeﬃcients and yi could be the corresponding experimental data.
yi could also be calculated values, for which it is explained in the
text where it is used.
The average AAD is simply given by



average AAD% =
2

AAD%
Number of AAD% (= number of salts )

(2)
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Fig. 1. Illustration of the derivations of activity coeﬃcient models DHFULL, EDH and EDH2015. DHFULL represents the full version of the original Debye-Hückel theory
including the self-potential (Born) term, EDH has the same mathematical expression as the one derived by Debye [48] plus the self-potential (Born) term, and EDH2015
represents the same theory derived by Shilov and Lyashchenko in 2015 [39]. ‘A’ and ‘γ ’ represent Helmholtz energy and activity coeﬃcient, respectively. The detailed
derivation procedures could be found in literature [39,46,50].
Table 1
Different choices of ion size parameters in the Debye-Hückel theory

Name

Equation for d j in
the DH term

ISP-1

dj =

d+ +d−
2

Rj =

dj
2

ISP-2

dj =

d+ +d−
2

Rj =

R+ +R−
2

ISP-3

dj =

d+ +d−
2

ISP-4

d j = d+
d j = d−

Rj
Rj
Rj
Rj

Equation of R j in the
self-potential term

= R+
= R−
= R+
= R−

Comments
Addition of Pauling radii for both ions in the DH term, and average Pauling radii for both ions in the
self-potential term
Addition of Pauling radii for both ions in the DH term, and average Born radii for both ions in the
self-potential term
Addition of Pauling radii for both ions in the DH term, and individual Born radii in the self-potential term
Individual Pauling radii in the DH term and individual Born radii in the self-potential term

3
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Table 2
Average AAD of mean ionic and individual ion activity coeﬃcients from the three models with different choices of ion size parameters
Type

Cation
Anion
Salt

EDH2015

∗

EDH

DHFULL

ISP-1

ISP-2

ISP-3

ISP-4

ISP-1

ISP-2

ISP-3

ISP-4

ISP-1

ISP-2

ISP-3

ISP-4

4e6
178
225

32.7
33.4
19.6

75.7
24.2
16.5

22.5
44.9
21.8

4e6
178
225

32.7
33.4
19.6

126
19.7
16.5

22.3
39.7
21.8

1e30
1e4
4e9

8e11
285
4e3

8e13
162
1e4

3e8
300
493

Average AAD without LaCl3

Cation
Anion
Salt
∗

ISP-1

ISP-2

ISP-3

ISP-4

ISP-1

ISP-2

ISP-3

ISP-4

ISP-1

ISP-2

ISP-3

ISP-4

55.1
182
171

17.1
34.5
19.3

14.2
24.6
15.6

17.7
47.0
21.8

55.1
182
171

17.1
34.5
19.3

15.6
20.3
15.6

17.4
41.0
21.8

3e8
1e4
1e6

117
272
125

4e4
137
811

25.2
296
72.0

Values in Bold are the lowest average AAD for each model (among different size parameter choices)

It can be readily seen from these tables that EDH and EDH2015
have the same AAD for individual ion activity coeﬃcients with
choices ISP-1 and ISP-2, and the same AAD for mean ionic activity coeﬃcients with all choices. This has been shown numerically
in our previous work [46], and it has also been proved mathematically by Shilov and Lyashchenko [70]. However, these two models
show somewhat different results for individual ion activity coefﬁcients with ISP-3 and ISP-4, while the differences are practically
small, also depending on the size parameters of cation and anion.
With the ﬁrst choice ISP-1, all models give much larger overall average deviations compared with the other choices as seen in
Table 2, but EDH or EDH2015 with ISP-1 can still have a reasonably satisfactory performance for about 20-30% systems, as shown
in Table S2 in Supporting Information.
It is found that the experimental mean ionic activity coeﬃcients
of LaCl3 and the individual ion activity coeﬃcients of La3+ in LaCl3
are very small, close to zero, so that this system signiﬁcantly affects the average deviations, as shown in Table 2. If this system is
excluded from the evaluation, EDH and EDH2015 present surprisingly good performances with ISP-2, ISP-3, and ISP-4. This might
be because the experimental relative static permittivity reﬂects the
short-range interactions to some extent, and it could also be because some contributions from short-range interactions are cancelled out. Moreover, the use of Born radius in the self-potential
term, mainly counting for the ion-water interactions and the solvation of the ions, may have extended the predicative ability of the
theory [46], because it was ﬁtted to the experimental Gibbs energy
of solvation [16,57,59]. It can be concluded that, to some extent,
with the third choice ISP-3 EDH and EDH2015 present overall the
best results, while with both ISP-2 and ISP-4 they can give quite
reasonable performance. It is also interesting to note that EDH and
EDH2015 predict the activity coeﬃcients of cations and salts more
accurately than those of anions if LaCl3 is not considered. With
respect to DHFULL, with ISP-4, it presents the best performance
for the mean ionic and cation activity coeﬃcients, and with ISP3 for anion activity coeﬃcients. Overall, however, the performance
of DHFULL is much worse with all choices compared to EDH and
EDH2015.
Fig. 4 presents examples of predicting mean ionic activity coeﬃcients from EDH2015 and DHFULL with choices ISP-3 and ISP-4
for NaBr, NaF, Na2 SO4 and MgCl2 , covering various types of salt
systems. It is worth mentioning that the plotted mean ionic activity coeﬃcients are molality based, which has the following relationship with the rational ‘unsymmetrical’ activity coeﬃcients
[2]

Fig. 2. Correlated relative static permittivity for selected solutions versus concentration [18,52,54–59]. The detailed correlations are listed in Table S1 in Supporting
Information.

Fig. 3. Size parameters from literature [16,57,59] of relevant ions in this work,
where cations are denoted by (red) solid cycles, and anions are represented by
(blue) dash cycles.

The AAD results of mean ionic and individual ion activity coeﬃcients from the three models with different choices of ion size parameters are listed in Table S2 in Supporting Information, together
with the range of molality, and the average AAD values are summarized in Table 2. The experimental data are taken from literature [60–69] and details on which reference for which data could
be found in Table S2 in Supporting Information.

lnγi,m = lnγi + lnxw



=
4

1
RT



∂ Ael
∂ ni


T,V,n j

1
|m −
RT



∂ Ael
∂ ni




|0 + lnxw

T,V,n j

(3)
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Table 3
The relative importance of different terms of the DHFULL model
AAD of the difference between
EDH and DHFULL
Type
Cation
Anion
Salt

ISP-1

ISP-2

ISP-3

ISP-4

31.8
33.4
36.5

24.5
24.0
27.8

25.3
25.1
29.0

24.9
24.2
28.1

AAD of the
lnZ/Z0 term
1.48
1.89
2.85

where γi,m and γi are molality and rational ‘unsymmetrical’ activity coeﬃcients, respectively, and xw is the mole fraction of water.
Different performances can be seen for both EDH2105 and DHFULL with choices ISP-3 and ISP-4 for different systems. On one
hand, it is hard to tell whether ISP-3 or ISP-4 gives larger or
smaller predictions than the other choice. The biggest difference
of these two choices is found for the system MgCl2 in Fig. 4 (d),
while it is interesting to notice that the difference of size parameters of the cation (Mg2+ ) and the anion (Cl− ) is not that different
from those of NaBr and Na2 SO4 , as known from Fig. 3. It could
be concluded that, on the other hand, the difference of ISP-3 and
ISP-4 is generally smaller than the difference of DHFULL and EDH
(EDH2015).
As known from Fig. 1, the difference of DHFULL and EDH is
from the second term of the right-hand side in the following equation [46],



∂ Ael
∂ ni





=
T,V,n j

∂ Ael
∂ ni





T,V,n j ,εr

∂ Ael
+
∂ εr



∂ εr
∂ ni



(4)
T,V,n j

Fig. 4 shows that DHFULL predicts larger mean ionic activity coeﬃcients than EDH2015, and the differences are not small, which
means that the contribution from the derivative of relative static
permittivity with respect to concentration in DHFULL is positive
and signiﬁcant. The signiﬁcance of this term is evaluated by calculating the AAD between EDH and DHFULL, that is, xi and yi in
equation (1) for the calculated values from EDH and DHFULL, respectively. These “difference AAD” values are listed in Table S3 in
Supporting Information and the average AAD values are summarized in Table 3. It can be seen that the contribution from the explicit derivatives of relative static permittivity in DHFULL is about
25-35% on average, while it could vary from 6% to 70% from system
to system (seen from Table S3 in Supporting Information).
Figs. 5-8 present examples of predicting individual ion activity coeﬃcients from EDH2015 and DHFULL with ISP-3 and ISP-4.
EDH2015 gives a better prediction than DHFULL for all individual
ion activity coeﬃcients in these examples except the cation activity coeﬃcient in NaCl (Na+ ). Moreover, in general EDH2015 predicts the anion activity coeﬃcients more accurately. These results
are also reﬂected by the average AAD values from Table 2. At a
closer look, it can be seen from Fig. 5 that both EDH2015 and
DHFULL with ISP-4 predict the individual ion activity coeﬃcients
of the NaCl aqueous solution qualitatively wrong, that is, the predicted anion activity coeﬃcients are larger than the cation activity
coeﬃcients, which is opposite from the experimental data. However, both models with ISP-3 present the same qualitatively wrong
behavior for the KCl aqueous solution, as shown in Fig. 6. The
same behavior has also been more or less observed with these two
choices for other 1:1 salts containing Na+ and K+ , as listed in Table
S4 in Supporting Information, which collects the qualitative behavior of predictions from both EDH2015 and DHFULL for all salts. The
comparison of ‘higher’ and ‘lower’ goes up to the cross point if the
individual ion activity coeﬃcients cross each other. This gives difﬁculty in determining which choice shall be the most correct one
from the qualitative point of view. As shown in Fig. 7, Fig. 8 and
Table S4 in Supporting Information, both models with both choices

Fig. 4. Mean ionic activity coeﬃcients of (a) NaBr, (b) NaF, (c) Na2 SO4 and (d)
MgCl2 from EDH2015 and DHFULL with ISP-3 and ISP-4. Experimental data are from
literature [65–68].
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Fig. 5. Individual ion activity coeﬃcients of NaCl from (a) EDH2015 and (b) DHFULL
with ISP-3 and ISP-4. Experimental data are from Wilczek-Vera et al. [60]

Fig. 6. Individual ion activity coeﬃcients of KCl from (a) EDH2015 and (b) DHFULL
with ISP-3 and ISP-4. Experimental data are from Wilczek-Vera et al. [60]

where γi is the rational ‘unsymmetric’ activity coeﬃcient of ion i
at molality m mol/kg H2 O under different conditions, and Z is the
compressibility factor.
With the density known, for example from the correlations
from Novotny and Sohnel [53] used in this work, the compressibility factors can be calculated for a given molality. We assume
that the system of m mol/kg H2 O contains m moles of salt and 1
kg of water. The AAD of the contribution from (lnZm − lnZ0 ) is calculated using equation (1) with xi and yi for the predicted values
from equation (5) and DHFULL, respectively. The ‘difference AAD’
values are listed in Table S3 in Supporting Information and the average values are summarized in Table 3. The overall average AAD
is around 2-3%, while the contribution for individual systems could
vary from 0% to 13% depending on the type of activity coeﬃcients
and systems. This is to some extent consistent with what was reported by Shilov and Lyashchenko [39] and Myers et al. [71], and
it also indicates that it could be reasonably correct not to take
compressibility (density/pressure change) into account when the
Debye-Hückel theory is used for calculating activity coeﬃcients.

of ion size parameters are able to predict the individual ion activity coeﬃcients qualitatively correct for non 1:1 salt systems, while
EDH2015 presents a quantitatively more correct picture.

3.3. (T, V, n) versus (T, P, n)
In the evaluations presented above, the difference between (T,
V, n) and (T, P, n) has not been considered, that is, the fact that
the activity coeﬃcients are predicted at constant temperature and
volume, while the data are typically measured at constant temperature and pressure. If we assume that the electrostatic Helmholtz
energy represents the total deviation from an ideal gas, we have
from the basic thermodynamic relationship (activity coeﬃcients
and fugacity coeﬃcients),





∂ Ael
lnγi (T , P, n ) =
− lnZ |m
∂ ni T,V,n
j
 


1 ∂ Ael
−
− lnZ |0
RT ∂ ni
T,V,n
1
RT



3.4. Possibility with parameters readjusted in DHFULL
The results and discussion presented so far are regarding direct predictions, that is, the model parameters are taken from lit-

j

= lnγi (T , V, n ) − (lnZm − lnZ0 )

(5)
6

L. Sun, Q. Lei, B. Peng et al.

Fluid Phase Equilibria 556 (2022) 113398

Fig. 7. Individual ion activity coeﬃcients of K2 SO4 from (a) EDH2015 and (b) DHFULL with ISP-3 and ISP-4. Experimental data are from Wilczek-Vera et al. [61]

Fig. 8. Individual ion activity coeﬃcients of CaCl2 from (a) EDH2015 and (b) DHFULL with ISP-3 and ISP-4. Experimental data are from literature [61,62].

erature. As shown in Table S2 of Supporting Information, none of
the AAD of mean ionic activity coeﬃcients from DHFULL with ISP4 is lower than 10%. It was investigated how this approach (DHFULL + ISP-4) performs by adjusting the distance of closest approach for individual ions, while the Born radius and the correlation of relative static permittivity are kept the same. As reported
in Table S5 of Supporting Information, on one hand, it is possible to bring the individual AAD to be lower than 10% for 10 out
14 systems and the average AAD being 10%. On the other hand,
the values of the distance of closest approach are in the region
between 1.38 Å and 1.98 Å, thus quite different from the Pauling
radii shown in Fig. 3 and they are also compared in Table S5 of
Supporting Information.
Next, the effects of adjusting relative static permittivity while
keeping the size parameters unchanged have been investigated.
The correlations ﬁtted to mean ionic activity coeﬃcients from DHFULL with ISP-4 are presented in Table S6 in Supporting Information together with the corresponding AAD. It can be seen that a
two-parameter correlation can render the AAD lower than 10% for
almost all systems except for MgCl2 and LaCl3 , for which a threeparameter correlation can result to the AAD lower than 5%. The
ﬁtted correlations and the differences between literature and ﬁtted correlations are respectively plotted in Fig. 9 (a) and Fig. 9 (b).

It can be concluded that, for DHFULL with ISP-4, a much weaker
concentration dependence is required in order to have a better
prediction of mean ionic activity coeﬃcient, which is consistent
with the analysis given in Section 3.2. For some systems (such as
CsCl and Na2 SO4 ), the relative static permittivity which would reproduce the experimental mean ionic activity coeﬃcients could be
close to that of pure water.
An example is given in Fig. 10 in order to demonstrate that the
contributions of both DH and self-potential terms are reduced with
the ﬁtted correlations. It can be seen from Fig. 9 (b) that the difference of literature and ﬁtted relative static permittivity is less
than 5, while the AAD of the mean ionic activity coeﬃcients can
be reduced from 21% to 1%. Moreover, the reduction is more signiﬁcant for the self-potential term than for the DH term. This investigation might contribute to the discussion whether the experimental relative static permittivity or only a part of it shall be used
in the Debye-Hückel theory [4,16]. It is interesting to notice from
Fig. 10 that the magnitude of the DH term and the self-potential
term appear to be comparable (similar order of magnitude) and in
opposite directions (negative for the DH term and positive for the
self-potential term for the mean ionic activity coeﬃcients), which
behavior has been extensively discussed in literature [18,72,73].
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3.5. The theory in low concentration region
Investigations on many aspects of the Debye-Hückel theory
in modelling activity coeﬃcients have been presented over wide
range of concentrations in the previous sections. As emphasized
above and in literature [46,50], however, the Debye-Hückel theory
represents only the electrostatic contribution to the total ‘excess’
(or ‘residual’ depending on the reference state) Helmholtz energy.
When the solution gets concentrated, terms that describe other
type of molecular interactions should also be taken into account,
such as volume exclusion (e.g. hard sphere), dispersion, association,
etc. It is believed that, however, the Debye-Hückel theory could be
successfully applied for predicting activity coeﬃcients of low concentration electrolyte solutions for most systems, where the electrostatic forces dominate the excess Helmholtz energy. In this section we consider the concentration region with m ≤ 0.2 mol/kg
H2 O for all systems. While this is not extremely dilute, we believe that an investigation of the models at this region will illustrate the capabilities and limitations of the Debye-Hückel theory,
as it is slightly higher than the region often considered as its typical application range (0.1 mol/kg H2 O) [2].
The AAD values from the three models with all choices of ion
size parameters are listed in Table S7 of Supporting Information
and the average AAD values are summarized in Table 4. In general
terms, all models perform very satisfactorily as seen from the deviations, judging from the overall low deviations seen, especially for
the mean ionic activity coeﬃcients.
It is moreover known that EDH2015 and EDH perform very similarly with all four choices and identical for the mean ionic activity coeﬃcients. DHFULL with ISP-1 has a worse performance, but
it still gives acceptable description for mean ionic activity coefﬁcients though with twice as high error, compared to the other
three choices. The results from this investigation imply, on one
hand, that ISP-1 could be used for EDH and EDH2015 when they
are integrated with other terms to form a more complete thermodynamic model, if a minimum number of ion size parameters is
aimed. On the other hand, it is possible to use individual ion size
parameters for DHFULL when it is integrated into a more complete
thermodynamic model, such as an equation of state. Such a complete model may be able to yield an overall correct balance among
different terms from different inter-particle interactions [18,72,73],
even though the individual ion activity coeﬃcients of some systems might not be necessarily getting described qualitatively correct, as discussed above.
Fig. 11 presents examples of the predictions of mean ionic activity coeﬃcients from EDH2015 and DHFULL with ISP-3 and ISP-4
for the systems (a) CsCl, (b) Na2 SO4 , (c) CaCl2 and (d) LaCl3 in the
low concentration region (m ≤ 0.2 mol/kg H2 O). It can be readily
observed that EDH2015 or DHFULL could perform better in some
cases, while worse in some other cases, but the results from both
models are quite satisfactory if we take it into account that these
are pure predictions.

Fig. 9. (a) Relative static permittivity ﬁtted to mean ionic activity coeﬃcients from
DHFULL with ISP-4; (b) the difference between ﬁtted relative static permittivity
from that of literature (Fig. 1).

3.6. Some ﬁnal comments
All the forms of the Debye-Hückel theory presented here contain a self-potential (Born-type) term but no additional terms for
physical and association interactions. Thus, none of the models
presented here should be considered as “complete” electrolyte
thermodynamic models. The models evaluated here contain only
size parameters, but no explicit energy parameters. Thus, all ionion interactions are obtained directly from the Debye-Hückel theory without use of any energy interactions for ion-ion and ionsolvent interactions, which are “must” parameters in more complete electrolyte models including both equations of state and activity coeﬃcient models. Deviations at higher concentrations may

Fig. 10. Mean ionic activity coeﬃcients of LiBr, together with the separate contribution of the DH and self-potential terms, from DHFULL with ISP-4 using literature
and ﬁtted correlations of relative static permittivity. Experimental data are from
CERE DTU Electrolyte Database [65].
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Table 4
Average AAD of mean and individual ion activity coeﬃcients from the three models with different choices of ion size parameters for the data m ≤ 0.2 mol/kg H2 O
Type

Cation
Anion
Salt

EDH2015

EDH

∗

DHFULL

ISP-1

ISP-2

ISP-3

ISP-4

ISP-1

ISP-2

ISP-3

ISP-4

ISP-1

ISP-2

ISP-3

ISP-4

4.91
6.31
2.54

8.00
4.31
3.40

7.48
3.94
3.15

9.82
5.88
4.06

4.91
6.31
2.54

8.00
4.31
3.40

7.32
3.76
3.15

9.71
5.60
4.06

32.3
16.4
6.03

4.97
8.60
2.89

5.62
7.54
3.09

6.75
10.5
3.34

Average AAD without LaCl3

Cation
Anion
Salt
∗

ISP-1

ISP-2

ISP-3

ISP-4

ISP-1

ISP-2

ISP-3

ISP-4

ISP-1

ISP-2

ISP-3

ISP-4

3.59
6.60
2.02

4.02
4.20
2.57

3.71
3.79
2.34

4.58
6.03
3.01

3.59
6.60
2.02

4.02
4.20
2.57

3.62
3.53
2.34

4.49
5.71
3.01

4.91
16.0
5.69

3.72
8.92
2.50

3.57
7.80
2.74

3.90
10.9
2.78

Values in Bold are the lowest average AAD for each model (among different size parameter choices)

very well be due to lack of these physical terms or even the presence of ion-pairing rather than anything else.
With a single exception (Section 3.4), all other results are predictive in the sense that all parameters of the models (ion size parameters in all terms and relative static permittivity) are obtained
from literature. There are many literature values for the ion size
parameters and one speciﬁc reference line is followed here. Calculations have been done for individual ion activity coeﬃcients, but
they may be associated with uncertainties and are not yet widely
accepted in literature. The interpretation of these results should
therefore be done with care. No other properties e.g., salt solubilities, and no other temperatures have been considered and no
interpretation can be made about the performance of these models for other properties and conditions. However, it would be nice
to investigate the performance of these models at different temperatures and/or pressure if accurate models of relative static permittivity become available for the conditions of interest.
The effect of the choice of ion size parameters can be significant. In one of the rare early studies where such effects were
brieﬂy mentioned, Khomutov [74] used EDH with constant diameter for the ion-ion interactions and a linear concentration dependency of the relative static permittivity. Interesting results were
presented for ﬁve chloride electrolytes (halides) which depend
strongly on the value used for the “mean ion diameter”, with best
results obtained with values close to the internuclear distances in
molecules of the gaseous halides (rather than using the sum of the
hydrate radii). Although the original full DH theory was derived
without considering the average ion size assumption, it seems that
a mean ionic diameter value (choices ISP-2 and ISP-3) performs
“better”, both for the mean ionic and individual ion activity coeﬃcients. This is valid for these models which only consider ionion and self-potential effects and for the speciﬁc choices of relative static permittivity. We should state that these conclusions
might change for other choices of parameters and/or when additional physical terms are included.
All models and results are presented using salt concentration
dependent relative static permittivity, which are empirical ones
and good representations of experimental data. They are obtained
from literature and used in almost all the investigations, again with
a single exception (Section 3.4). That means the total reduction
of the relative permittivity with respect to salt concentration are
used. This is convenient but not necessarily correct as it has been
mentioned [75,76] that the relative static permittivity concentration dependency may consist of a thermodynamic and a kinetic depolarization contributions. It is unclear whether the latter should
be included in thermodynamic models.
Based on the fact that the DHFULL results are so different and
worse from the other two models with the currently chosen parameters, a speculation could be made that EDH2015, the approach
of Shilov and Lyaschenko [39] to include the compositional depen-

dency of the relative static permittivity prior to the integration for
obtaining the Helmholtz energy model, is more correct (both theoretically and practically) compared to the approach of Michelsen
and Mollerup [50] (where the compositional dependency is added
after). While this is still a speculation, there is much indication
that it is correct. This study demonstrates the possibility to quantify the difference.

4. Conclusion
In this work, we analyzed and compared three activity coeﬃcient models originated from the Debye-Hückel theory, with the
main purpose to study the effects and possibilities of different
choices for size parameters of ions and relative static permittivity. The derivations of all these three activity coeﬃcient models
start from the linearized Poisson-Boltzmann equation. Shilov and
Lyashchenko [39] in 2015 developed an extension of the DebyeHückel theory with a concentration dependent relative static permittivity implemented from the start in deriving the Helmholtz
energy model, and it is denoted as EDH2015 in this work. Following Michelsen and Mollerup [50], the full version of the original Debye-Hückel theory also contains a self-potential term, and
it is called DHFULL in this study. This model assumes a constant
relative static permittivity when deriving the Helmholtz energy
model but a temperature and density (salt concentration) dependent relative static permittivity when obtaining the activity coefﬁcient model. The third model we consider is denoted as EDH,
because it has the same mathematical expression as the original
extension of the Debye-Hückel limiting law, and it is derived assuming a constant relative static permittivity when obtaining both
the Helmholtz energy and activity coeﬃcient models. EDH2015
may be considered the physically most sound model, while DHFULL still presents a thermodynamically consistent model. EDH
may be physically consistent with the theory from the derivation, but thermodynamic inconsistency might be introduced when
salt concentration dependent relative static permittivity is used
and other properties beyond activity coeﬃcients are concerned. All
these models consist of an ion-ion interaction term, called as the
DH term, and an ion-solvent term, denoted as the self-potential
term, the latter is essentially the Born term.
Four different choices are investigated for using size parameters
of ions in the theory: (ISP-1) the same size parameters (average
Pauling diameters or radii) for both ions in both the DH and selfpotential terms; (ISP-2) the same size parameter (average Pauling
diameters) for both ions in the DH term and the same size parameter (average Born radii) for both ions in the self-potential term;
(ISP-3) the same size parameter (average Pauling diameters) for
both ions in the DH term and individual size parameters (Born
radii) in the self-potential term; and (ISP-4) individual size pa9
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rameters in both the DH term (Pauling diameters) and the selfpotential term (Born radii).
It is found that EDH and EDH2015 always give the same mean
ionic activity coeﬃcients no matter which choice is used for the
size parameters, and they may predict different individual ion activity coeﬃcients when ion-speciﬁc individual size parameters are
used. DHFULL always predicts larger mean ionic and individual
ion activity coeﬃcients than EDH and EDH2015, and the difference
very much depends on systems considered, while the overall difference is about 25-35% for 14 salts over wide ranges of concentration. It has also been shown that the effect from compressibility,
that is, the difference between (T, V, n) and (T, P, n), is relatively
small. The effect varies for different systems, but the overall effect
is less than 3% for these 14 salt systems.
With ISP-2, ISP-3, and ISP-4, EDH2015 can, perhaps a bit surprisingly, give very reasonable predictions for mean and cation activity coeﬃcients with an average deviation of 15-20%, and with
ISP-3 it also yields an acceptable deviation (25%) for anion activity
coeﬃcients. ISP-4 is the best parameter choice for DHFULL (lowest
average deviation), but it is still not accurate enough for mean and
cation activity coeﬃcients, while the model has the best overall
prediction for anion activity coeﬃcients with ISP-3. On one hand,
however, it is shown that it is possible to readjust the ion-speciﬁc
size parameters in the DH term to improve the performance of DHFULL with ISP-4 to an average deviation 10% for mean ionic activity
coeﬃcients. On the other hand, with the size parameters from literature unchanged, the average deviation of mean ionic activity coeﬃcients can be reduced to 3% if the correlations of relative static
permittivity are ﬁtted with 2 adjustable parameters for each salt.
This implies that a weaker dependence on concentration of relative static permittivity than the experimental data might be able
to improve the performance of DHFULL.
No matter the choice of ion size parameters, exact form of
the models and expression for the relative static permittivity, it
is still very diﬃcult from these parametric studies to conclude up
to which concentration range we could use the Debye-Hückel theory alone for accurate engineering calculations. At higher concentrations, short-range interactions and other electrolyte effects like
ion-pairing may play an important role. In a relatively low concentration region, it is found that these models present similar performance with different choices of size parameters for ions. That indicates that it could be possible to use ion-speciﬁc individual size
parameters for ions.
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