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4 Calculating Turbulence Intensity from mesoscale modeled Turbulence Kinetic Energy 

Summary 

This note documents the derivation of the relationship between turbulence kinetic energy (TKE) 
and turbulence intensity (TI). TI is an important input for e.g. engineering wake modelling, but it 
is not a parameter that is provided by mesoscale modelling. With the algorithms derived here, 
we can use the mesoscale model output information on wind speed, height and TKE to obtain 
TI.  
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1. Introduction 

This note documents the derivation of the relationship between the turbulence kinetic energy 
(TKE) and the turbulence intensity (TI).  
 
Here we use one of the standard outputs, TKE, from the Weather Research and Forecasting 
(WRF) model, to derive TI, with 

𝑇𝑇𝑇𝑇 = 𝜎𝜎𝑢𝑢
𝑈𝑈�

     (1) 

where 𝜎𝜎𝑢𝑢is the standard deviation of the along wind component and 𝑈𝑈� is the mean wind speed 
over the same period that 𝜎𝜎𝑢𝑢 is corresponding to.  
 
The purpose is to use TI, together with mean wind statistics, as input information to drive wake 
models such as PyWake. 
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2. Method 

The derivation is based on the definition of TKE: 
𝑇𝑇𝑇𝑇𝑇𝑇 = 1

2
(𝜎𝜎𝑢𝑢2 + 𝜎𝜎𝑣𝑣2 + 𝜎𝜎𝑤𝑤2)   (2) 

where 𝜎𝜎𝑣𝑣 and 𝜎𝜎𝑤𝑤 are the standard deviations of the cross- and vertical wind components. 
 
WRF is a mesoscale model, while 𝜎𝜎𝑢𝑢, 𝜎𝜎𝑣𝑣 and 𝜎𝜎𝑤𝑤 are sub-grid variables. Usually 𝜎𝜎𝑢𝑢, 𝜎𝜎𝑣𝑣 and 𝜎𝜎𝑤𝑤  
are calculated from high-frequency time series over a window length of 10 min to 1 hour. Not 
only WRF outputs usually have a temporal spacing of 10 min or 1 hour, but also the algorithms 
in WRF are not capable of resolving higher frequency wind variabilities.  
 
Here we use typical boundary-layer turbulence model, the Kaimal model, to calculate 𝜎𝜎𝑢𝑢, 𝜎𝜎𝑣𝑣 and 
𝜎𝜎𝑤𝑤, from 10 m to 150 m. Note that the uncertainty becomes higher as we apply the Kaimal 
model to higher elevation, here particularly above 100 m.  
 
The intention here is to obtain simple algorithms to describe the relation between 𝜎𝜎𝑢𝑢, 𝜎𝜎𝑣𝑣 and 𝜎𝜎𝑤𝑤, 
thus we can simplify Eq. (2) to TKE = function(𝜎𝜎𝑢𝑢). 
 
The Kaimal models for u, v and w read: 
 

𝑆𝑆𝑢𝑢(𝑓𝑓) = 102 (𝑧𝑧/𝑈𝑈)(0.4 𝑈𝑈/𝑙𝑙𝑙𝑙(𝑧𝑧/𝑧𝑧0))2

(1+33𝑓𝑓𝑧𝑧/𝑈𝑈)5/3   (3) 

𝑆𝑆𝑣𝑣(𝑓𝑓) = 17 (𝑧𝑧/𝑈𝑈)(0.4 𝑈𝑈/𝑙𝑙𝑙𝑙(𝑧𝑧/𝑧𝑧0))2

(1+9.5𝑓𝑓𝑧𝑧/𝑈𝑈)5/3   (4) 

𝑆𝑆𝑤𝑤(𝑓𝑓) = 2.1 (𝑧𝑧/𝑈𝑈)(0.4 𝑈𝑈/𝑙𝑙𝑙𝑙(𝑧𝑧/𝑧𝑧0))2

(1+(5.3𝑓𝑓𝑓𝑓
𝑈𝑈 )5/3)

  (5) 

And 𝜎𝜎𝑢𝑢, 𝜎𝜎𝑣𝑣 and 𝜎𝜎𝑤𝑤 can be calculated as 

𝜎𝜎𝑢𝑢 = �∫ 𝑆𝑆𝑢𝑢(𝑓𝑓)𝑑𝑑𝑓𝑓𝑓𝑓2
𝑓𝑓1    (6) 

𝜎𝜎𝑣𝑣 = �∫ 𝑆𝑆𝑣𝑣(𝑓𝑓)𝑑𝑑𝑓𝑓𝑓𝑓2
𝑓𝑓1    (7) 

𝜎𝜎𝑤𝑤 = �∫ 𝑆𝑆𝑤𝑤(𝑓𝑓)𝑑𝑑𝑓𝑓𝑓𝑓2
𝑓𝑓1    (8) 

Where f1 and f2 are the low and upper frequencies for the integration of the turbulence spectrum 
for the three wind components. Typically one can use f1 = 1 h-1 and f2=10 Hz, although the 
choice of f1 may need to be adjusted with height, with smaller values at higher altitudes. 
 
In order to build the relation database, the calculation using Eqs. (2) to (8) is done to wind 
speed ranging from 1 to 50 ms-1 and roughness ranging from 0.0001 to 1.5 m, at heights z = 
10m, 50m, 100m and 150m.  
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Thus the ratios 𝛼𝛼 = 𝜎𝜎𝑢𝑢2/𝜎𝜎𝑣𝑣2 and 𝛽𝛽 = 𝜎𝜎𝑢𝑢2/𝜎𝜎𝑤𝑤2  can be derived based on the data using the Kaimal 
model. Note that the derivation is for neutral conditions. However, we expect the effect is not 
important since TKE from the WRF simulation includes the stability effect, which will be included 
in the conversion to TI from TKE. 
 
The results are shown in Fig. 1, namely the ratios 𝜎𝜎𝑢𝑢2/𝜎𝜎𝑣𝑣2 and 𝜎𝜎𝑢𝑢2/𝜎𝜎𝑤𝑤2  are independent of 
roughness length, but depend on wind speed and height. 
 

   
Fig. 1. ratios 𝜎𝜎𝑢𝑢2/𝜎𝜎𝑣𝑣2 and 𝜎𝜎𝑢𝑢2/𝜎𝜎𝑤𝑤2  as a function of wind speed and height 10 m (blue), 50 m (red), 
100 m (black) and 150 m (cyan). 
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3. The derived algorithms 

First we derive the dependence of the ratios 𝛼𝛼 = 𝜎𝜎𝑢𝑢2/𝜎𝜎𝑣𝑣2 and 𝛽𝛽 = 𝜎𝜎𝑢𝑢2/𝜎𝜎𝑤𝑤2  on wind speed. Fig. 2 
shows such an example, where the red curves are the algorithms derived from the data 
generated using the Kaimal model. 
 
The fitting algorithms (the red curves in Fig 2) can be expressed in the form 

𝑟𝑟 = 𝑎𝑎 + 𝑏𝑏
√𝑥𝑥

+ 𝑐𝑐𝑐𝑐   (9) 

with r as α or β. 
 

 

 

 

 
Fig. 2. The distribution of ratios 𝜎𝜎𝑢𝑢2/𝜎𝜎𝑣𝑣2 and 𝜎𝜎𝑢𝑢2/𝜎𝜎𝑤𝑤2  with wind speed, as an example at 100 m, 
where blue is the data from the Kaimal simulation and red is the fitting equation. 
 
 

z 𝛼𝛼 = 𝜎𝜎𝑢𝑢2/𝜎𝜎𝑣𝑣2 𝛽𝛽 = 𝜎𝜎𝑢𝑢2/𝜎𝜎𝑤𝑤2  
10 m 

  
50 m 

  
100 m 

  
150 m 

  

Table 1. Ratios 𝜎𝜎𝑢𝑢2/𝜎𝜎𝑣𝑣2 and 𝜎𝜎𝑢𝑢2/𝜎𝜎𝑤𝑤2  as a function of wind speed (x), following equation (9). 
 
Thus with input (x=U and z), we obtain  

𝜎𝜎𝑢𝑢2 = 𝛼𝛼𝜎𝜎𝑣𝑣2  
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𝜎𝜎𝑢𝑢2 = 𝛽𝛽𝜎𝜎𝑣𝑣2 

Thus  

𝑇𝑇𝑇𝑇𝑇𝑇 =
(1 + 𝛼𝛼 + 𝛽𝛽)

2
𝜎𝜎𝑢𝑢2 

Which is the same as 
𝜎𝜎𝑢𝑢
𝑈𝑈�

=
2 ∙ 𝑇𝑇𝑇𝑇𝑇𝑇

𝑈𝑈�(1 + 𝛼𝛼 + 𝛽𝛽)
 

One may have noticed that the effect of height z is resolved through the information from the 
four heights (10m, 50m, 100m and 150m). When we use the expressions in Table 1 to obtain 𝛼𝛼 
and 𝛽𝛽 at the four heights, the value at a give z is obtained through an interpolation between two 
neighbouring heights (cf. Fig. 1).  
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4. Appendix: Codes 

The codes are prepared in mathematica notebook where the inputs are TKE and wind speed at 
a height z: {TKE, U, z} and the output is TI (see function below ‘fromTKE2TI[tke_,u_,z_]’). 
 
The codes used one-order linear interpolation between two neighbouring heights to obtain 
obtain 𝛼𝛼 and 𝛽𝛽 at given z. One can also try other order interpolation. 
 
The following is a screen shot of the coefficients and functions: 

 
 
This last line is an example, suggesting if the input TKE is 0.5 m2s-2, wind speed is 10 ms-1 at a 
height of 30 m, the corresponding TI is 0.041.  
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