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A B S T R A C T

Train timetabling, platforming, and network maintenance scheduling are three highly interde-
pendent problems that are crucial in the planning of railway operations, and each is normally
addressed separately. In this paper, we simultaneously optimize these problems for a high-speed
railway network that is comprised of multiple railway lines and stations. We model the railway
network on a mesoscopic level and formulate a 0–1 binary integer programming model that
minimizes the total train weighted running cost and any deviation from ideal maintenance task
start times. A heuristic procedure, which dynamically updates the available time windows for
each of the trains, is used to control the number of train paths in the mathematical model. The
mathematical model is repeatedly solved, and at each iteration we gradually modify the set of
train paths available. Four different strategies to modify train time windows are used in the
train path modification step and their selection depends on the solution to the mathematical
model. Computational results for three networks of different sizes conclusively demonstrate that
there is not only benefit in integrating these problems, with improvements of as much as 30%,
but also that the proposed solution approach is highly effective. Compared to the commercial
solver CPLEX, the proposed approach is able to more quickly find better quality solutions within
a given time limit.

. Introduction

The ever-growing need for mobility has stimulated the development of high-speed railway transportation. Over the past decade,
n China in particular, the size of the high-speed railway network has grown tremendously, and there has been a steady increase
n the number of high-speed rail passengers (Zhan et al., 2020). Railway networks are complex systems that pose many challenges
rom an infrastructure management perspective. Reliability and safety are of paramount importance, and track maintenance tasks
ust be performed regularly to guarantee a safe operation. As track maintenance renders part of the network inoperable, it is ideally

oordinated with the train schedules to minimize the impact on rail traffic and ultimately the passengers.
A railway network is typically comprised of several interconnected railway lines that share multiple stations. This distinguishes

t from a railway corridor which can be viewed as a string of stations situated along a single railway line. Stations within the
ailway network are typically categorized into two types: hub stations and regular stations. A hub station is defined as a station
hat connects more than one railway line and provides a place for trains to move from one railway line to another. Stations that are
ocated along a single railway line are defined as regular stations. The Train Timetabling Problem (TTP) and the Train Platforming
roblem (TPP) are two key optimization problems that arise in the planning of railway resources. A timetable specifies for each
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Fig. 1. Relationship between train schedule and maintenance plan.

train arrival and departure times at each of the stations along a train’s global route. A global route is a sequence of stations a train
will visit. Train timetabling involves identifying these arrival and departure times. Train platforming, on the other hand, focuses on
a particular station and involves determining the specific platform and conflict-free station route each train in the timetable will
use at the station. A station route is comprised of an inbound route that leads to a platform and an outbound route that leads from a
platform. Sometimes, the TTP includes the TPP. It is then termed the Train Scheduling Problem. In practice, the train timetable is
designed early in the planning process and considers an aggregated network. Complex station layouts are ignored and replaced by
an upper bound on the number of trains that can be simultaneously present in the station. The TPP then attempts to assign, on a
microscopic level, station track resources to the trains while adhering to the times found in the TTP. Due to the growth of high-speed
railway networks, these problems will become even more complicated. Since the usage of track resources within a hub station is
not direction-specific, the TTP and the TPP should be simultaneously optimized, including all trains from different directions and
railway lines.

To ensure that a high-speed railway system is always in good condition, Maintenance Operation Tasks (MOTs) must be regularly
performed. Examples of such tasks include track repairs and the general upkeep of power supply units and the signalling system.
MOTs request the possession of the track resources and therefore compete for the railway capacity with high-speed trains. No train
is allowed to run on track resources that are undergoing maintenance. Associated with each MOT is a time window that specifies
when the task can be performed. In practice, at the Chinese high-speed railway for example, maintenance plans and train schedules
are designed by the infrastructure management department and the train operation department. Generally, MOTs are first scheduled
and then used as input to the TTP, i.e., maintenance planning and train scheduling are performed sequentially, as shown in Fig. 1.
To limit the impact of the MOTs on the capacity of the network, the time windows for the maintenance are typically placed during
the night. Given these time windows, the train operation department can design a yearly, monthly, or weekly train schedule. Just
prior to operation of the train schedule, a daily maintenance plan will be generated. Modifications to the planned train schedule
may be made in order to avoid any conflict between the planned train operations and the daily maintenance plan. During operations
of the schedule, unplanned disruptions may happen. Dispatchers may therefore need to further revise the train schedules. The final
timetable will be the one that is implemented at the operational level. The characteristics of the MOTs at the three stages are
different. The maintenance time windows planned at night are associated with MOTs that possess a track resource for a long time,
e.g., 4–6 h. The start times of such MOTs are relatively fixed. For the daily maintenance plan, some MOTs that cannot be completed
during the night, and any other tasks that need to be done, are often proposed. The duration of these MOTs is relatively short, and
the start time is much more flexible. Both types of MOTs can be dealt with at a tactical planning level (i.e, before operation of the
train schedule). The MOTs that are considered at the first stage are quite comprehensive and almost influence the entire railway
network. At the second stage, however, the MOTs are more spatially and temporally scattered. Effectively coordinating such MOT
with the train schedule can reduce the impact of the maintenance and ensure a satisfactory service for passengers. MOTs that result
during operation are difficult to predict; they may happen at any time with an uncertain duration. In such cases, immediate action
is necessary and a revised train schedule must be found.

Recently, there has been an increased focus on integrating maintenance planning with train timetable design, see e.g., Luan et al.
(2017), D’Ariano et al. (2019), Zhang et al. (2020a) and Zhang et al. (2019b). Similarly, integrating timetabling and platforming
decisions has also received some attention, see e.g., Zhang et al. (2020b) and Zhang et al. (2021). In this paper, we focus on the
daily maintenance plan and simultaneously optimize the train timetable, platform plan, and daily maintenance plan for a high-speed
railway network that is modelled on a mesoscopic level. This work builds on the work of Zhang et al. (2020b) and Zhang et al.
(2021) and makes the following contributions:

(1) We propose to model a high-speed railway network on a mesoscopic level and show that this can facilitate the integration
of the train timetable and platform plan. Unlike Zhang et al. (2020b) and Zhang et al. (2021), we allow the running times
of inbound and outbound routes that connect station boundaries with platforms or mainline tracks within a station to be
211
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different. This is much more practical but does require more careful modelling of the headway requirements. Only simplified
versions of these constraints have been considered in Zhang et al. (2020b) and Zhang et al. (2021).

(2) We present a binary integer programming model that can be used to simultaneously optimize the train schedule and the
maintenance plan. The aim of the model is to determine the start times of MOTs and to adjust the train schedule in such a
way that the total train weighted running cost is minimized. Flexible MOT start times are also not considered in Zhang et al.
(2020b) and this brings algorithmic challenges.

(3) We devise a heuristic algorithm to solve the problem. This heuristic is used to control the size of the mathematical model.
Four strategies are used to dynamically update the allowed time window within which a train’s first departure, or dwell
times en route, can be shifted so that the solution space can be limited to promising solutions. Computational results verify
that this is an effective approach. Although we focus on high-speed railway networks, the methodology is applicable to other
networks.

The remainder of this paper is organized as follows. Section 2 reviews literature on train scheduling and maintenance planning.
ection 3 describes the common layouts for regular and hub stations, illustrates the physical railway network and introduces a space–
ime representation of it, and more formally defines the MOTs that we consider in this paper. Section 4 proposes a binary integer
rogramming model to simultaneously optimize the train schedule and the maintenance plan. The proposed heuristic approach
or solving this model is presented in Section 5. Section 6 provides a detailed overview of the computational performance of the
roposed methodology. Conclusions and future research directions are presented in Section 7.

. Literature review

In this section we review relevant literature on train scheduling and maintenance planning. The section is divided into two parts.
he first, Section 2.1 focuses on train scheduling, while the second, Section 2.2, discusses previous work on integrating maintenance
lanning and train scheduling.

.1. Train scheduling without maintenance planning

A train timetable provides the backbone for all railway operations on the railway network. The TTP is a well known problem in
he Operations Research literature and has been the focus of a number of research papers. The aim of this problem is to determine
lobal routes, train ordering, and arrival and departure times at specific locations on the railway network for a fleet of trains so
s to provide a safe, reliable, and fast service for the passengers, typically at minimum operational cost. Typically, there are two
ariants of this problem, a cyclic version and an aperiodic version. A train path specifies the times associated with the traversal of

a global route. Train paths repeat with a certain periodicity in a cyclic timetable but not in an aperiodic timetable (Zhang et al.,
2019c).

The train scheduling problem can be viewed from three different perspectives: macroscopic, microscopic, and mesoscopic. We
review the related works based on these perspectives. At the macroscopic level, a high-level representation of the railway network
is used. Stations are viewed as nodes of the network, each of which has certain capacity, linked by track. Timetable design and
timetable adjustment at the tactical level mainly take a macroscopic view. The station capacity constraints are generally enforced
by the number of platforms, and the usage of the track resources within a station is ignored. On a macroscopic level, it can be
difficult to enforce the feasibility of platform schedules.

Caprara et al. (2002) proposed a graph theoretic formulation to maximize the profit of the actual timetable on a single, one-way
railway line. It is assumed that a train path is composed of arrival and departure events at intermediate stations. The authors prove
that this variant of the train timetabling problem is NP-hard by reduction to the maximum independent set problem. A Lagrangian
Relaxation-based heuristic method was proposed and obtained near optimal solutions, having an optimality gap of less than 2% in
most instances. Based on this, Cacchiani et al. (2012) developed a multi-objective optimization method to improve the robustness
of aperiodic train timetables for a railway corridor. Several ‘‘Pareto optimal’’ solutions of comparable quality were obtained in a
much shorter computation time than existing approaches. To improve the robustness of the rescheduling problem, Lu et al. (2017)
proposed a two-stage method that first adjusts the train timetable by considering a trade-off between robustness and efficiency, and
then evaluates the timetable’s robustness through simulation. A space–time network based on arrival-departure events of Caprara
et al. (2002) was used to model the problem. Zhou and Zhong (2005) viewed the train timetabling problem for a high-speed,
single railway line as a multi-mode resource constrained project scheduling problem and considered the bi-objective problem of
minimizing waiting times for high-speed trains as well as the total travel time of all trains. A branch-and-bound method was
designed to solve the problem, and a real-life case verified the performance of the proposed approach. A passenger-oriented train
rescheduling problem was the focus of Zhu and Goverde (2020). The authors simultaneously optimized the train timetable and the
passenger assignment to trains. A mixed-integer programming model that minimizes weighted train running times was solved by an
adapted fix-and-optimize heuristic. Bešinović et al. (2016) proposed a macro–micro hierarchical model that considers running times
and headway times on a microscopic level and used them as input to a macroscopic model. Application to an area of the Dutch
railway network highlighted the ability of the method to find feasible and high quality timetables. For the cyclic train scheduling
problem, Zhang et al. (2019c) proposed a multi-commodity network flow model and compared a direct solve of the model with
a Lagrangian Relaxation approach and a method based on the Alternating Direction Method of Multipliers (ADMM). To address
212

train platforming at a macroscopic level, Billionnet (2003) proposed an integer programming formulation based on modelling the



Transportation Research Part B 158 (2022) 210–238Q. Zhang et al.

t
w
w
o
(
p
s
t
t
F
l
a
p
i
t
b
c
m

r
s
e
i

problem as a graph colouring problem. Caprara et al. (2011) generated incompatible patterns, which model train movements, in
a pre-processing phase and then constructed an integer programming model with clique inequalities that restrict pattern choice. A
branch-and-cut-and-price method was used to quickly find a relatively good solution. The running times of trains through station
bottleneck areas were assumed to be constant in Sels et al. (2014), which is impractical given the speed limitation of track switches.
Three commercial solvers CPLEX, Gurobi, and XPRESS were tested. For instances with up to 160 trains to be platformed in a station,
solutions were found within nine minutes.

At the microscopic perspective, the railway network is modelled precisely, considering all of the blocks and track sections (i.e.,
he smallest track unit) (Setyawan and Diah Damayanti, 2018). Train timetabling at this level mainly focuses on train rescheduling
hen various perturbations happen. D’Ariano et al. (2008) modelled the train rescheduling problem with an alternative graph,
hich is a popular way of representing railway networks on a level. A hybrid algorithm based on the branch-and-bound approach
f D’Ariano et al. (2007) and a local search method was designed to iteratively determine train sequences and routes. Corman et al.
2012) proposed a bi-objective model to minimize train delays from an operational perspective and missed connections from a
assenger perspective. A detailed alternative graph representation was used. Two heuristic methods based on a branch-and-bound
trategy were developed in D’Ariano et al. (2007) to generate the Pareto front. Real-world cases were tested and showed that
he algorithms can obtain good results within a limited time. Meng and Zhou (2014) reformulated the ‘‘if-then’’ conditions in
he ‘‘big-M’’ model by using a set of cumulative flow variables to simultaneously optimize rerouting and rescheduling problems.
urthermore, the authors introduced a Lagrangian relaxation approach to solve the model. Meng and Zhou (2019) developed a
inear, integer multi-commodity flow formulation to maximize total profit while considering passenger demand and train service
nd resource capacity. The work was based on Meng and Zhou (2014). Corman et al. (2009) focused on solving the train platforming
roblem at the microscopic level. The authors addressed the train rescheduling problem for a complex station and considered two
nterlocking strategies using the aggregation and disaggregation of track sections. Alternative graph modelling was used to model
rain movements within stations or junctions. Results showed that the disaggregated formulation results in more station capacity
ut it can cause conflicts in station bottleneck areas. Yue et al. (2013) considered station resources, including tracks, switches and
rosses, from a microscopic perspective and formulated an integer programming to assign conflict-free resources to every train. The
odel maximizes total profit, and a Lagrangian-based heuristic was applied to compute the results.

At the mesoscopic level, the railway network is divided into stations and track segments between two stations. The station
esources include not only the platform tracks but also the tracks in the station bottle-neck area. A track segment between two
tations is viewed as a single segment if it contains no switches. Specific constraints regarding platform track utilization must be
nforced. A railway corridor was considered in Lamorgese and Mannino (2015). The train rescheduling problem was decomposed
nto a master problem that identified global routes and slave problems that found local routes. A local route includes inbound and

outbound routes, and the corresponding platform, in a station. Zhou and Teng (2016) defined locations where trains could merge and
separate as nodes and railway lines between two nodes as cells. A path-based model was formulated to minimize total train travel
time. Results showed that the mesoscopic representation can reduce the number of variables and obtain a better solution in a much
shorter solving time compared to the microscopic railway network representation of Meng and Zhou (2014). Zhang et al. (2021)
proposed a binary integer programming model to schedule trains on a high-speed railway network. The running times of station
routes within one station were assumed to be a constant. The commercial solver CPLEX was used to obtain results directly. The
authors also illustrated that a macroscopic network representation can result in infeasible solution for hub stations on a high-speed
railway network.

2.2. Integrated optimization of train scheduling and maintenance planning

Compared to train timetabling, maintenance scheduling has not received as much attention in the literature. Recently, some
work has investigated optimizing train schedules given fixed maintenance plans. Given a set of pre-determined maintenance
activities, Arenas et al. (2018) formulated a mixed-integer programming model that minimizes a weighted sum of station arrival
delays. A maintenance train, which is a special type of train used to perform MOTs, and temporary speed limitations due to
maintenance were considered. When rescheduling trains, it was assumed that the departure times of the trains could not be brought
forward in time, and that train cancellations were not permitted. Van Aken et al. (2017) used an extension of the periodic event
scheduling problem to minimize deviation from the original timetable. The rescheduling strategies included re-timing, re-ordering,
short turning, and cancellation. Zhang et al. (2020b) focused on simultaneously rescheduling a train timetable and platform schedule
for a single high-speed railway line given a set of fixed maintenance tasks. The authors adopted a mesoscopic perspective and
formulated the problem as a large integer program. Solution methods based on the ADMM and Lagrangian relaxation were tested
and compared, with the former proving to be superior. When the timing of any MOTs is not fixed, however, but left as a decision,
ADMM is difficult to apply. This is because one cannot calculate a unique modified cost for every space–time arc if the headway
constraints are dualized as in Zhang et al. (2020b).

Integration of train scheduling and maintenance planning is currently an emerging area of research. These two problems have
typically been treated separately despite their obvious interdependence. Luan et al. (2017) viewed the integrated problem on a
microscopic level and developed a mixed-integer programming model that uses the cumulative flow variables of Meng and Zhou
(2014). Preventive maintenance tasks were modelled as virtual trains. Lagrangian relaxation was used to dualize difficult track
capacity constraints and decompose the original problem into train-based sub-problems. Zhang et al. (2019a) suggested an integrated
optimization model with ‘‘big-M’’ type constraints to minimize the total train travel time and maintenance tardiness cost. A heuristic
213
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Table 1
Summary for publications for addressing scheduling and maintenance problem.

Publication Level Modelling approach MOT issue Coupling Solution method Largest instance Type

Arenas et al. (2018) Micro Big-M Pre-defined Incompatible occupation
constraint

Greedy; MILP solver 10/103/8 h/- Corridor

Van Aken et al. (2017) Macro PESP Pre-defined Pre-process graph of
train events

CPLEX 7/155/1 h/1 s Network

Zhang et al. (2020b) Meso Space–time network Pre-defined Pre-process train
available arcs

ADMM; LR 9/20/380 m/1 m Corridor

Zhang et al. (2020a) Macro Space–time network Integrated Maintenance arc LR 46/20/13 h/1 m Network
Zhang et al. (2019a) Micro Big-M Integrated Incompatible occupation

constraint
Iterative; Gurobi 27/58/270 m*/1 s Network

Luan et al. (2017) Micro Space–time network Integrated Virtual train LR 5/31/400 m/1 m Network
Meng et al. (2017) Micro Big-M Integrated Virtual train CPLEX 6/8/7 h/- Corridor
D’Ariano et al. (2019) Micro Big-M Integrated Virtual train CPLEX 5/20/520 m/1 m Network
This paper Meso Space–time network Integrated Incompatible occupation

constraint
Dynamic time window;
CPLEX

27/38/325 m/30 s Network

solver at each iteration. Meng et al. (2017) proposed an integrated optimization model for a double track railway line and considered
train speed restrictions due to the maintenance tasks. A small-sized case was tested and solved by CPLEX. D’Ariano et al. (2019)
addressed the integrated problem of timetabling and short-term preventive maintenance planning at the tactical level. A bi-objective
mixed-integer programming model was constructed to minimize the timetable deviation and to maximize the number of aggregated
maintenance tasks under several stochastic disturbances. The maintenance tasks were modelled as virtual train. The weighted-sum
method and 𝜖-constraint method were applied and the results were obtained using CPLEX.

Zhang et al. (2019b) formulated a mixed-integer linear programming model to simultaneously optimize, on a macroscopic level,
the train timetable design and maintenance planning on railway corridor with one conventional railway and one high-speed railway.
Zhang et al. (2020a) proposed a binary integer programming model for these two problems. Trains from different running directions
were treated independently. A line-layered space–time network based on the space–time network of Caprara et al. (2002) was
constructed to facilitate transfers between different lines. Station capacity was modelled as the number of trains that a station
can simultaneously accommodate. A Lagrangian Relaxation-based approach with dynamic constraint generation was used to solve
the problem. Unlike previous papers, we propose an integer programming model to jointly optimize, at a mesoscopic level, the
train schedule and maintenance plan with MOTs that can be flexibly placed in time for a railway network comprised of multiple
railway lines. A specific space–time network is constructed to allow us to simultaneously consider trains from different directions
and railway lines. To position our work in the context of related literature we have included Table 1. For each related study this
lists the modelling perspective (Microscopic, Mesoscopic, or Macroscopic), the modelling approach applied (Big-M constructions,
the Periodic Event Scheduling Problem (PESP), or a Space–time network), how MOTs are handled (pre-defined or integrated with
train timetabling), an indication of how the maintenance is coupled with timetabling, the solution approach, an indication of the
size of the largest instance and the type of railway in the largest instance. For the largest instance we list the number of stations, the
number of trains, the time horizon, and the time precision in hours (h), minutes (m), seconds (s) or unknown (-). As an example,
the entry 10/103/8h/- corresponds to 10 stations, 103 trains and an 8 h time horizon with unknown precision. If the time horizon
is estimated by us we indicate this with an asterisk (*). The network considered in Zhang et al. (2020a) consists of two parallel
corridors of one conventional railway line and one high-speed railway line.

Since macroscopic modelling does not consider the detailed track layout of each station, it obviously may lead to infeasibility
for train platform schedules. Modelling on this level assumes stations are just nodes in a network with an available capacity.
Microscopic modelling, on the other hand, considers all details of the railway network but can lead to prohibitively large
mathematical formulations (particularly for space–time representations). Modelling on a mesoscopic level captures aspects from both
the macroscopic and microscopic levels and provides a nice compromise (i.e., maintains necessary details and guarantees feasibility)
at the planning stage. As discussed in Section 2.1, Corman et al. (2009) gives a detailed comparison of the different approaches
for a single railway station. Specifically, the authors compare a disaggregated formulation (a fully microscopic perspective) and
an aggregated formulation with a route-locking and route-release system (a mesoscopic perspective), and quantitatively analyse
the difference between these two perspectives and the route-locking and sectional-release mechanism which sequentially releases
individual track sections within a route and is commonly found in practice. Results showed that disaggregated modelling indeed
fully utilizes the station capacity but may be infeasible and provides a lower bound on the quality of the optimal solution to the
route-locking and sectional-release formulation. The mesoscopic approach was shown to provide near optimal feasible solutions in
a relatively short computing time. Furthermore, several papers dealing with microscopic timetable optimization also model station
track resource on route (mesoscopic) level, see e.g., Corman et al. (2011, 2017) and Zhang et al. (2019a). All of these points motivate
modelling the railway network on a mesoscopic level.

3. Problem description

We now discuss several aspects related to the problem description. In particular, we describe the layout of high-speed railway
stations in Section 3.1, show how we model the physical infrastructure of these stations in Section 3.2, and explain how we observe
the physical network over time using a space–time network in Section 3.3. Finally, in Section 3.4 we formalize the definition of a
214
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Fig. 2. Common layouts for regular and hub stations.

3.1. Layout of stations on the high-speed railway network

Common layouts for regular stations and hub stations on a high-speed railway network are illustrated in Fig. 2. A popular design,
with siding tracks symmetrically distributed on both sides of the main line, is frequently used for high-speed regular stations. There
are two common types of hub station layouts: line-separation and direction-separation. The main difference between these two
common layouts is the way that the two main lines pass through the station. Two different railway main lines are separated, and
the platforms served by different railway lines are relatively independent in the first line-separation layout. In the second direction-
separation layout, the main tracks are adjacent and separated by running direction. The usage of platform tracks for the two railway
lines is more dependent, which causes more conflicts, than the first layout.

Zhang et al. (2020b) compared flexible and fixed station track utilization policies. The flexible policy provides more routing
possibilities for trains within a station and is therefore adopted in this work. Under this policy, a train can use any reachable
platforms regardless of the train’s direction within the station.

3.2. Physical high-speed railway network

To facilitate the integrated modelling of train timetables and platform plans, we adopt the physical railway network represen-
tation as described in Zhang et al. (2020b) and Zhang et al. (2021). This describes the network from a mesoscopic perspective. As
shown in Fig. 3, the physical railway network consists of stations and track segments between stations. The physical railway node
set 𝑁 consists of five distinct subsets. We identify station boundary nodes and distinguish between an arrival boundary node set
𝑁𝑎 and a departure boundary node set 𝑁𝑑 . Nodes 1 and 11 are examples of arrival nodes, while nodes 2 and 12 are examples of
departure nodes. Connection points that lie between two stations and link different railway lines are defined to be segment nodes
and are contained in the segment node set 𝑁𝑠𝑒. Nodes 9 and 10 are examples of the segment nodes. All stations are assumed to
have a set of platform nodes 𝑁𝑠𝑡, where each node within the set identifies the midpoint of the corresponding platform track. We
further classify platform nodes into mainline platform nodes 𝑁𝑠𝑡

𝑚 and siding nodes 𝑁𝑠𝑡
𝑠 , with 𝑁𝑠𝑡 = 𝑁𝑠𝑡

𝑚 ∪𝑁𝑠𝑡
𝑠 .

The physical arc set 𝐸 = {(𝑖, 𝑗)|𝑖 ∈ 𝑁, 𝑗 ∈ 𝑁} is used to model the physical infrastructure. This set is comprised of different
types of arcs, depending on the node types an arc connects. The set of track segment arcs 𝐸𝑠𝑒 ⊂ 𝐸 contains arcs whose start and
end nodes represent the boundaries of two stations or arcs for which one of the two corresponding nodes is a segment node. The
physical arrival and departure arcs represent station inbound and outbound routes. An arrival arc connects an arrival boundary
node with a platform node, while a departure arc connects a platform node with a departure boundary node. We denote the set of
all arrival arcs by 𝐸𝑎 ⊂ 𝐸 and the set of all departure arcs by 𝐸𝑑 ⊂ 𝐸. Station routes that connect one station boundary and one
mainline platform node are defined as station mainline routes, while those that connect one station boundary and one siding node
are termed station siding routes. We introduce the sets 𝐸𝑎𝑚 and 𝐸𝑎𝑠 , where 𝐸𝑎 = 𝐸𝑎𝑚 ∪𝐸𝑎𝑠 , to distinguish inbound routes that connect
the mainline platform nodes from those that connect siding nodes. Sets 𝐸𝑑𝑠 and 𝐸𝑑𝑚 are defined similarly. Given a set of trains 𝐹 ,
every train 𝑓 ∈ 𝐹 has its own node and arc sets 𝑁𝑓 = 𝑁𝑎

𝑓 ∪𝑁
𝑑
𝑓 ∪𝑁𝑠𝑡

𝑓 ∪𝑁𝑠𝑒
𝑓 and 𝐸𝑓 = 𝐸𝑎𝑓 ∪𝐸

𝑑
𝑓 ∪𝐸

𝑠𝑒
𝑓 . We adopt the notation 𝑒 = (𝑖, 𝑗)

with 𝑜𝑒 = 𝑖, 𝑑𝑒 = 𝑗.

3.3. The space–time network

To model train movements over time we use a space–time network that is structurally similar to that of Zhang et al. (2020b)
and Zhang et al. (2021). However, it is larger as we focus on a high-speed railway network that consists of several railway lines.
Furthermore, the more realistic assumption that trains have different running times through a station depending on whether or not
215

a mainline or siding route is used introduces additional modelling challenges. This assumption considers the lost time due to the
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Fig. 3. Physical railway network representation.

Table 2
Description of the space–time arcs.

Arc type From node To node Arc cost

Space–time arrival arc in 𝐴𝑎 (𝑖 ∈ 𝑁𝑎 , 𝑡) (𝑗 ∈ 𝑁𝑠𝑡 , 𝜏) 𝜏 − 𝑡 + 𝛼𝑖𝑗
Space–time departure arc in 𝐴𝑑 (𝑖 ∈ 𝑁𝑠𝑡 , 𝑡) (𝑗 ∈ 𝑁𝑑 , 𝜏) 𝜏 − 𝑡 + 𝛼𝑖𝑗
Space–time siding waiting arc in 𝐴𝑠𝑡 (𝑖 ∈ 𝑁𝑠𝑡

𝑠 , 𝑡) (𝑖, 𝑡 + 1) 1
Space–time segment running arc in 𝐴𝑠𝑒 (𝑖|𝑒 ∈ 𝐸𝑠𝑒 , 𝑡) (𝑗|𝑒 ∈ 𝐸𝑠𝑒 , 𝜏) 𝜏 − 𝑡
Space–time source waiting arc in 𝐴𝑜 (𝑖|𝑖 ∈ 𝑁𝑎 , 𝑡) (𝑖, 𝑡 + 1) 1 + 𝛼𝑜
Space–time sink waiting arc in 𝐴𝑒 (𝑖|𝑖 ∈ 𝑁𝑑 , 𝑡) (𝑖, 𝑡 + 1) 0

deceleration (for switching to siding tracks) and therefore more complicated headway requirements must be defined to accurately
enforce train separation. These constraints are not needed in the simpler model of Zhang et al. (2020b). The space–time network
assumes the planning horizon 𝑇 is discretized into a set 𝑆 of time instants. In this paper, time is discretized into 30-second or
one-minute intervals.

An illustration of the space–time network is given in Fig. 4. The network is comprised of a node set 𝑉 and an arc set 𝐴. Like 𝑁 ,
𝑉 is itself comprised of the five node sets 𝑉 𝑎, 𝑉 𝑑 , 𝑉 𝑠𝑡

𝑚 , 𝑉 𝑠𝑡
𝑠 and 𝑉 𝑠𝑒. Each of these node subsets corresponds to a relevant physical

node subset layered along the time dimension. We refer to a space–time node as the pair (𝑖, 𝑡), where 𝑖 ∈ 𝑁 and 𝑡 ∈ 𝑆. This pair
indicates the copy of the physical node at time 𝑡. A space–time arc (𝑖, 𝑗, 𝑡, 𝜏) ∈ 𝐴 connects node (𝑖, 𝑡) ∈ 𝑉 to node (𝑗, 𝜏) ∈ 𝑉 . Possible
arc types and their attributes are given in Table 2. The parameter 𝛼𝑖𝑗 , where 𝑖 ∈ 𝑁𝑎 and 𝑗 ∈ 𝑁𝑠𝑡, or where 𝑖 ∈ 𝑁𝑠𝑡 and 𝑗 ∈ 𝑁𝑑 , is
used to indicate track preference within a station. The more preferable the track the lower the value of 𝛼𝑖𝑗 . More direct tracks are
more preferable. The parameter 𝛼𝑜 is used to adjust the cost per time interval of waiting at the origin node. Waiting at the origin
node is undesirable (since this reflects a delay outside the considered area), and this is used as a deterrent. All arc costs in Table 2
are train-independent and, to some extent, reflect travel time.

Associated with each train 𝑓 ∈ 𝐹 is an earliest origin departure vertex 𝜎𝑓 and a latest destination arrival vertex 𝛾𝑓 . The
cancellation of train 𝑓 is modelled as a virtual train movement along a virtual arc that connects 𝜎𝑓 with 𝛾𝑓 . All virtual arcs are
contained in the set 𝐴𝑣𝑖. For every train 𝑓 ∈ 𝐹 , its available space–time node set and arc set are denoted 𝑉𝑓 = 𝑉 𝑎

𝑓 ∪ 𝑉 𝑑
𝑓 ∪ 𝑉 𝑠𝑡

𝑓 ∪ 𝑉 𝑠𝑒
𝑓

and 𝐴𝑓 = 𝐴𝑎𝑓 ∪𝐴𝑑𝑓 ∪𝐴𝑠𝑡𝑓 ∪𝐴𝑠𝑒𝑓 ∪𝐴𝑜𝑓 ∪𝐴𝑒𝑓 ∪𝐴𝑣𝑖𝑓 . The cost of the virtual arc 𝑐𝑣𝑖𝑓 for train 𝑓 is 𝛽𝑇 − 𝑐𝑓 where 𝛽 ∈ [1,2] and 𝑐𝑓 is the cost
of the train’s ideal path in the original timetable. For simplicity, in this paper, we use 𝑣 = (𝑖, 𝑡) with 𝑛𝑣 = 𝑖, 𝑡𝑣 = 𝑡 and 𝑔 = (𝑖, 𝑗, 𝑡, 𝜏)
with 𝑜𝑔 = 𝑖, 𝑑𝑔 = 𝑗, �̂�𝑔 = 𝑡, 𝑑𝑔 = 𝜏, 𝑒𝑔 = (𝑖, 𝑗).

3.4. Railway track maintenance

In this paper, we consider daily track maintenance at platform tracks and/or tracks in station bottleneck areas. We use 𝑀 to
denote the set of MOTs. Each maintenance task 𝑚 ∈𝑀 has an associated set of track resources that it takes possession of or blocks
while being performed. The set of corresponding physical railway network arcs is assumed to be 𝐸𝑚. A key difference between this
work and that of Zhang et al. (2020b) is that we assume each MOT 𝑚 ∈ 𝑀 has a flexible start time window [𝑜𝑚, 𝑑𝑚] instead of a
known fixed start time. Each MOT is assumed to have a fixed duration of 𝑇 𝑚𝑑 minutes. The flexible nature of the MOTs complicates
the optimization problem and makes the application of ADMM, as described in Zhang et al. (2020b), impossible. This is because we
cannot determine unique modified costs of the space–time arcs. When scheduling maintenance, the aim is to find a start time for
216

every MOT that minimizes the impact of the maintenance on the train schedule.
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Fig. 4. Space–time railway network representation.

To avoid conflicts between the train schedule and the MOTs, the following strategies can be applied: (1) Re-route trains within
a station; (2) Delay (or Shift) the departure time of any train at its origin node; (3) Increase the dwell time of any train at stations
along the train’s global route; (4) Slow (or Stretch) a train’s running time on a track segment; (5) Adjust the start time of MOTs;
and (6) Cancel trains.

4. Mathematical formulation

In this section we present a mathematical model that can be used to solve the integrated planning problem. All assumptions are
listed in Section 4.1, while Section 4.2 introduces the model.

4.1. Assumptions

We make the following assumptions when modelling this problem:

• All train data is given. This includes planned arrival and departure times and routes for all trains. In addition, the maximum
and minimum dwell times at stations, the maximum time shift at the origin node, and any alternative routing possibilities are
known.

• All infrastructure data is available. This includes the layout of the physical railway network, the running times on every
physical arc, and headway times. The headway time is the minimum time necessary between two train movements that use
the same track resource.

• Trains use a route-locking and route-release interlocking system within stations. Corman et al. (2009) demonstrate that a
route-locking and route-release system is a good approximation of the sectional-release mechanism. Furthermore, only one
basic station route is normally used between one station boundary and a specific platform.

• The running times of all siding routes within a station are assumed to be the same. The running times on the station mainline
routes are also assumed to be given and can be different from the running times on the station siding routes.

• Train length is ignored as in Zhang et al. (2020b).

4.2. Mathematical model

For convenience, we list the sets, parameters, and decision variables that are used throughout this paper in Tables 3–5,
respectively. In addition, we denote the set of stations that train 𝑓 ∈ 𝐹 visits as 𝐾 ⊆ 𝐾. Given the space–time node 𝜎 that
217
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Table 3
Definition of sets.

Notation Definition

𝐹 Set of trains, indexed by 𝑓, 𝑓 ′

𝐾 Set of stations, indexed by 𝑘
𝐾𝑓 ⊆ 𝐾 Set of available stations for train 𝑓
𝑁𝑘
𝑠𝑚 Set of station mainline platform nodes at station 𝑘

𝑉 Set of space–time nodes, indexed by 𝑣, 𝑣′

𝑉 𝑎 , 𝑉 𝑑 Set of space–time nodes associated with station arrival and departure boundaries
𝑉 𝑠𝑒 Set of space–time segment nodes
𝑉𝑓 ⊆ 𝑉 Set of available space–time nodes for train 𝑓
𝑉 𝑎
𝑓 , 𝑉

𝑑
𝑓 ⊂ 𝑉𝑓 Set of available space–time nodes associated with station arrival and departure boundaries for train 𝑓

𝑉 𝑠𝑒
𝑓 ⊂ 𝑉𝑓 Set of available space–time segment nodes for train 𝑓
𝐴 Set of arcs, indexed by 𝑔, 𝑔′

𝐴𝑓 ⊆ 𝐴 Set of available arcs for train 𝑓
𝐴𝑠𝑡𝑓 ⊂ 𝐴𝑓 Set of available siding waiting arcs for train 𝑓
𝐴𝑣𝑖𝑓 ⊂ 𝐴𝑓 Set of virtual arcs for train 𝑓
𝐴𝑜𝑓 , 𝐴

𝑒
𝑓 ⊂ 𝐴𝑓 Set of available source and sink waiting arcs for train 𝑓

𝐴𝑠𝑘 Set of siding waiting arcs at station 𝑘
𝛿+𝑓 (𝑣), 𝛿

−
𝑓 (𝑣) ⊂ 𝐴𝑓 Sets of outgoing arcs from and incoming arcs to space–time node 𝑣 ∈ 𝑉𝑓 for train 𝑓

𝑀 Set of MOTs, indexed by 𝑚
𝐸𝑚 Set of physical arcs that will be impacted by MOT 𝑚

Table 4
Definition of parameters.

Notation Definition

𝑇 Time horizon, indexed by 𝑡, 𝜏
𝑐𝑓𝑔 The cost of arc 𝑔 for train 𝑓
𝜎𝑓 , 𝛾𝑓 Source and sink space–time node for train 𝑓
𝐷𝑓
𝑘 , 𝐷

𝑓
𝑘 The minimum and maximum dwell time at station 𝑘 for train 𝑓

𝑇 𝑠𝑟𝑘 The running time of siding routes within station 𝑘
𝑛𝑙𝑘 The number of railway lines in station 𝑘
𝑇 𝑟 Headway requirement to use station routes with conflict track resources
𝑇 𝑎 , 𝑇 𝑑 Arrival and departure headway requirements on the track segment
𝑇 𝑠 Headway requirement to use the same siding track
𝑇 𝑚 Desired start time for MOT 𝑚
𝑇 𝑚𝑑 Duration for MOT 𝑚
𝑜𝑚 , 𝑑𝑚 Earliest and latest start time for MOT 𝑚
𝑤 Weight of maintenance objective

Table 5
Definition of variables.

Notation Definition

𝑥𝑓𝑔 Binary decision variable, =1 if train 𝑓 uses arc 𝑔 explicitly; =0, otherwise
𝑥𝑓𝑣 Binary decision variable, =1 if node 𝑣 is used by train 𝑓 ; =0, otherwise
𝑦𝑓𝑔 Binary decision variable, =1 if arc 𝑔 is occupied by train 𝑓 implicitly; =0, otherwise
𝑦𝑚𝑡 Binary decision variable, =1 if MOT 𝑚 starts at time 𝑡; =0, otherwise

is associated with the origin node for train 𝑓 ∈ 𝐹 , the associated maximum time shift at the origin, the minimum and maximum
dwell time, 𝐷𝑓

𝑘 and 𝐷
𝑓
𝑘 , for all stations 𝑘 ∈ 𝐾𝑓 of train 𝑓 , and the associated segment running times, it is possible to determine the

set of space–time nodes and arcs that can be used by train 𝑓 . We denote these sets as 𝑉𝑓 ⊆ 𝑉 and 𝐴𝑓 ⊆ 𝐴, respectively.

4.2.1. Objective
The model tries to simultaneously optimize train scheduling and maintenance scheduling. Two objective functions are therefore

considered. The first objective, (1), focuses on the train scheduling aspect and minimizes the total weighted train running cost. The
second objective, (2), considers maintenance and minimizes the total penalty incurred in shifting the desired start time for each
MOT.

𝑚𝑖𝑛 𝑍1 =
∑ ∑

𝑐𝑓𝑔 ⋅ 𝑥𝑓𝑔 (1)
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𝑚𝑖𝑛 𝑍2 =
∑

𝑚∈𝑀

∑

𝑡∈[𝑜𝑚 ,𝑑𝑚]
|𝑡 − 𝑇 𝑚| ⋅ 𝑦𝑚𝑡 (2)

For the integrated problem the first objective is the most important. The second objective is needed to ensure that if multiple
maintenance feasible schedules exist for the best train timetable, then preference should be given to the schedule in which the
MOTs deviate the least from their preferred start times. To ensure this we combine both objectives into a single objective and
weight the maintenance objective by a small amount, say 𝑤=10e−5. Combining them is possible since the two objectives are time
measurements. The role of the weighted component is simply to ensure that we never prefer to improve the maintenance schedule
at the expense of the train timetable. The full model is then defined by (3), (4)–(22), and (24)–(29).

𝑚𝑖𝑛 𝑍 = 𝑍1 +𝑤𝑍2 =
∑

𝑓∈𝐹

∑

𝑔∈𝐴𝑓

𝑐𝑓𝑔 ⋅ 𝑥𝑓𝑔 +𝑤
∑

𝑚∈𝑀

∑

𝑡∈[𝑜𝑚 ,𝑑𝑚]
|𝑡 − 𝑇 𝑚|𝑦𝑚𝑡 (3)

4.2.2. Constraints
A wide variety of constraints must be satisfied to guarantee the solution provided is feasible. These include the following:

∙ Train flow balance
∑

𝑔∈𝛿+𝑓 (𝜎𝑓 )

𝑥𝑓𝑔 = 1 ∀𝑓 ∈ 𝐹 (4)

∑

𝑔∈𝛿−𝑓 (𝑣)
𝑥𝑓𝑔 −

∑

𝑔∈𝛿+𝑓 (𝑣)

𝑥𝑓𝑔 = 0 ∀𝑣 ∈ 𝑉𝑓∖
{

𝜎𝑓 , 𝛾𝑓
}

,∀𝑓 ∈ 𝐹 (5)

Constraints (4) ensure that each train is assigned exactly one path. Constraints (5) make sure that if a train arrives at one of the
stations on its route, then it also departs that station.

∙ Train minimum and maximum dwell time
∑

𝑔∈𝐴𝑠𝑘∩𝐴𝑓

𝑥𝑓𝑔 ≥ (1 −
∑

𝑔∈𝐴𝑣𝑖𝑓

𝑥𝑓𝑔 ) ⋅𝐷
𝑓
𝑘 ∀𝑓 ∈ 𝐹 ,∀𝑘 ∈ 𝐾𝑓 (6)

∑

𝑔∈𝐴𝑠𝑘∩𝐴𝑓

𝑥𝑓𝑔 ≤ (1 −
∑

𝑔∈𝐴𝑣𝑖𝑓

𝑥𝑓𝑔 ) ⋅𝐷
𝑓
𝑘 ∀𝑓 ∈ 𝐹 ,∀𝑘 ∈ 𝐾𝑓 (7)

To allow enough time for passengers to board and alight trains, a minimum dwell time is enforced at every station. Constraints (6)
enforce this. The maximum dwell time requirement provides flexibility for trains to wait longer than necessary but not indefinitely
and is imposed by Constraints (7).

∙ Track segment headway
On the track segments between two stations, a minimum headway requirement must be enforced between any two consecutive

trains. Based on the space–time railway network, arc-based and node-based representations are two possible ways to model the
headway requirements. Under the arc-based representation, for a certain space–time arc, the number of trains assigned to the
arc and its incompatible arcs must be fewer than the predefined capacity (Meng and Zhou, 2014; Luan et al., 2017). Under the
node-based representation, for a certain space–time node, the number of trains visiting this node or its incompatible nodes must be
fewer than the predefined capacity, (Zhang et al., 2020a; Cacchiani et al., 2015; Zhang et al., 2021). In this paper, we apply the
node-based method. The relationship between track occupation on segment running arcs and space–time nodes can be expressed as
in Constraints (8) and (9).

𝑥𝑓𝑣 =
∑

𝑔∈𝛿−𝑓 (𝑣)⧵𝐴
𝑒
𝑓

𝑥𝑓𝑔 ∀𝑣 ∈ 𝑉 𝑑
𝑓 ∪ 𝑉 𝑠𝑒

𝑓 ,∀𝑓 ∈ 𝐹 (8)

𝑥𝑓𝑣 =
∑

𝑔∈𝛿+𝑓 (𝑣)⧵𝐴
𝑜
𝑓

𝑥𝑓𝑔 ∀𝑣 ∈ 𝑉 𝑎
𝑓 ,∀𝑓 ∈ 𝐹 (9)

Fig. 5 graphically illustrates the headway requirement for an arbitrary track segment (𝑖, 𝑗). Assume that the headway requirement
between consecutive arrivals and consecutive departures is three minutes, i.e, 𝑇 𝑎 = 3 and 𝑇 𝑑 = 3. If a train departs node 𝑖 at time
minute 3, then the earliest any following train can depart node 𝑖 is minute 6. Similarly, if a train arrives to node 𝑗 at time minute 4,
then the earliest any following train can arrive to node 𝑗 is minute 7. The red and green arrows indicate the incompatible segment
running arcs according to the departure headway at the beginning of a track segment and the arrival headway at the end of a track
section, respectively. The incompatible departure node set for any node 𝑣 ∈ 𝑉 𝑑

𝑓 ∪ 𝑉 𝑠𝑒
𝑓 can be stated as 𝜓𝑑𝑣 =

{

𝑣′|𝑣′ ∈ [𝑣, 𝑣 + 𝑇 𝑑 )
}

.
Similarly, for every node 𝑣 ∈ 𝑉 𝑎

𝑓 ∪𝑉 𝑠𝑒
𝑓 , its incompatible arrival node set can be stated as 𝜓𝑎𝑣 =

{

𝑣′|𝑣′ ∈ [𝑣, 𝑣 + 𝑇 𝑎)
}

, (Cacchiani et al.,
2015). Enforcing arrival and departure headway on track segments can be achieved by ensuring that at most one node from any
𝜓𝑎𝑣 or 𝜓𝑑𝑣 set can be chosen. Constraints (10) and (11) guarantee this.

∑

𝑎

∑

𝑥𝑓𝑣′ ≤ 1 ∀𝑣 ∈ 𝑉 𝑠𝑒 ∪ 𝑉 𝑎 (10)
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Fig. 5. Illustration of headway on the track segment.

Fig. 6. AA headway for siding routes in the hub station.

∑

𝑣′∈𝜓𝑑𝑣

∑

𝑓∶𝑣′∈𝑉𝑓

𝑥𝑓𝑣′ ≤ 1 ∀𝑣 ∈ 𝑉 𝑑 ∪ 𝑉 𝑠𝑒 (11)

Since we allow the possibility of stretching a train’s running time on a track segment, overtaking constraints, which prevent a
train from overtaking another one, must be included. Train overtaking can only happen within a station, not on the track segments
between two stations. We note here that such requirements can be modelled by introducing a virtual physical node on the track
segment where overtaking may occur and model the overtaking restriction as arrival/departure headway constraints (Kroon and
Peeters, 2003). We give a detailed proof of this in Appendix A.

∙ Arrival-Arrival (AA) and Departure-Departure (DD) headway (hub station)
AA and DD headway constraints within stations that are located on a single railway line can be implicitly ensured by imposing

arrival and departure headway constraints on track segments. As shown in Fig. 6, for a line-separation station, a certain station
mainline route can only be used by nonstop trains on the corresponding railway line. Therefore, there are no AA and DD headway
constraints between train movements on a station mainline route and station siding routes from different railway lines within a
line-separation hub station. However, train movements on some station siding routes from different railway lines can conflict with
each other. These AA (DD) headway constraints are used to ensure that the time difference between the consecutive occupations of
two incompatible arrivals (departures) is at least a required safety margin.

Given the microscopic layout of a certain hub station 𝑘, we define the incompatible AA physical arc pair set 𝜓𝑎𝑎𝑘 . This set
contains all physical arc pairs associated with siding routes from different lines that cannot be used at the same time due to a
resource conflict (Zhang et al., 2020b). The incompatible DD physical arc pair set 𝜓𝑑𝑑𝑘 is defined similarly. For example, in Fig. 6,
in Station 1, the incompatible AA arc pair set and the incompatible DD arc pair set as can be defined as follows:

𝜓𝑎𝑎1 = {{(1,11), (9,6)} , {(1,6), (9,6)} , {(1,11), (9,11)}}
𝜓𝑑𝑑1 = {{(11,7), (6,15)} , {(6,7), (6,15)} , {(11,7), (11,15)}}

The running times of siding routes within station 𝑘 are assumed to be a constant with value 𝑇 𝑠𝑟𝑘 . The headway requirement in
the bottleneck area is 𝑇 𝑟 minutes. For any pair of incompatible physical arcs and a certain time instant 𝑡, all arcs associated with

𝑠𝑟 𝑟
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this pair and which originate within time interval [𝑡, 𝑡 + 𝑇𝑘 + 𝑇 ) are incompatible and can only be occupied by one train. If, for
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Fig. 7. AA headway for mainline and siding routes in the hub station.

example, the running time of each siding route in Station 1 is two minutes, and the headway requirement is one minute, then
for the incompatible arrival route pair (1,11) and (9,6) at minute two the corresponding incompatible space–time arc set would be
{(1,11,2,4), (9,6,2,4), (1,11,3,5), (9,6,3,5), (1,11,4,6), (9,6,4,6)}. If a train uses arc (1,11,2,4), then the train will actually occupy
all track resources of route (1,11) from minute two to minute four. The earliest any following train could then use physical arcs (1,11)
and (9,16) must be at least one minute later, i.e., at minute 5. This is enforced by permitting at most one arc in the incompatible
arc set to be allowed. Therefore, we can express the AA and DD headway constraints on siding routes as Constraint (12).

∑

𝑔∶
{

(𝑜𝑔 ,𝑑𝑔 )∈𝜉,�̂�𝑔∈[𝑡,𝑡+𝑇 𝑠𝑟𝑘 +𝑇 𝑟)
}

∑

𝑓∶𝑔∈𝐴𝑓

𝑥𝑓𝑔 ≤ 1, ∀𝑡,∀𝜉 ∈ 𝜓𝑎𝑎𝑘 ∪ 𝜓𝑑𝑑𝑘 ,∀𝑘|𝑛𝑙𝑘 > 1 (12)

As illustrated in Fig. 7, the arc associated with a station mainline route of Line 2 can conflict with the arc associated with
station siding routes of Line 1 in a direction-separation station. We cannot construct the incompatible arc pair set and represent the
headway requirement between train movements on siding routes and a mainline route as Constraint (12) if the running times of
these two station routes are different. Otherwise, two incompatible arcs will be constructed to be compatible or two compatible arcs
will be pre-processed as two incompatible arcs. The detailed explanation is given in Appendix B. Therefore, for a physical arrival
arc 𝑒 associated with a mainline route in hub station 𝑘, we define the set of incompatible, physical arrival arcs associated with
siding routes connecting other railway lines as 𝜑𝑎𝑎𝑒 . If we assume that the set of mainline platform nodes at station 𝑘 is 𝑁𝑘

𝑠𝑚, given
one specific space–time arrival arc 𝑔 ∈

{

𝑔|𝑑𝑔 ∈ 𝑁𝑘
𝑠𝑚
}

within station 𝑘, its corresponding incompatible space–time arrival arc set
𝛱𝑎𝑎
𝑔 associated with siding routes is given by Constraint (13). As an example, in Fig. 7, the incompatible physical arrival arc set for

physical arc (1,7) is 𝜑𝑎𝑎(1,7) = {(2,5), (2,6)}. In this example, the running times of siding route and mainline route are two minutes and
one minute, respectively. The headway time for two trains in the bottleneck area is assumed to be one minute. Thus, the incompatible
space–time arc set 𝛱𝑎𝑎

(1,7,4,5) for arc (1,7,4,5) is {(2,5,2,4), (2,5,3,5), (2,5,4,6), (2,5,5,7), (2,6,2,4), (2,6,3,5), (2,6,4,6), (2,6,5,7)};
if arc (1,7,4,5) is used by a train, then no arc in the set 𝛱𝑎𝑎

(1,7,4,5) can be used by another train. Similarly, for a specific departure
space–time arc associated with the mainline route, its incompatible space–time departure arc set is given by Constraint (14).

𝛱𝑎𝑎
𝑔 =

{

𝑔′|𝑒𝑔′ ∈ 𝜑𝑎𝑎𝑒𝑔 , �̂�𝑔′ ∈ (�̂�𝑔 − 𝑇 𝑠𝑟𝑘 − 𝑇 𝑟, 𝑑𝑔 + 𝑇 𝑟)
}

,∀𝑔|(𝑑𝑔 ∈ 𝑁𝑘
𝑠𝑚),∀𝑘|𝑛

𝑙
𝑘 > 1 (13)

𝛱𝑑𝑑
𝑔 =

{

𝑔′|𝑒𝑔′ ∈ 𝜑𝑑𝑑𝑒𝑔 , �̂�𝑔′ ∈ (�̂�𝑔 − 𝑇 𝑠𝑟𝑘 − 𝑇 𝑟, 𝑑𝑔 + 𝑇 𝑟)
}

,∀𝑔|(𝑜𝑔 ∈ 𝑁𝑘
𝑠𝑚),∀𝑘|𝑛

𝑙
𝑘 > 1 (14)

Constraint (15) and (16) prevent the simultaneous occupation of an arrival/departure arc 𝑔, associated with mainline route, and
any of its incompatible space–time arrival/departure arcs associated with siding routes in a hub station 𝑘.

1
|𝛱𝑎𝑎

𝑔 |

∑

𝑔′∈𝛱𝑎𝑎
𝑔

∑

𝑓∶𝑔′∈𝐴𝑓

𝑥𝑓𝑔′ +
∑

𝑓∶𝑔∈𝐴𝑓

𝑥𝑓𝑔 ≤ 1,∀𝑔 ∶ (𝑑𝑔 ∈ 𝑁𝑘
𝑠𝑚),∀𝑘 ∶ 𝑛𝑙𝑘 > 1 (15)

1
|𝛱𝑑𝑑

𝑔 |

∑

𝑔′∈𝛱𝑑𝑑
𝑔

∑

𝑓∶𝑔′∈𝐴𝑓

𝑥𝑓𝑔′ +
∑

𝑓∶𝑔∈𝐴𝑓

𝑥𝑓𝑔 ≤ 1,∀𝑔 ∶ (𝑜𝑔 ∈ 𝑁𝑘
𝑠𝑚),∀𝑘 ∶ 𝑛𝑙𝑘 > 1 (16)

∙ Arrival-Departure (AD) headway (all stations)
The AD conflict within a station can be categorized into two types: conflict between train movements on siding routes and

conflict between train movements on one mainline route and one siding route. The AD headway constraint is used to ensure that
the time difference between consecutive occupations of an arrival route for one train and the departure route of another is at
least the minimum safety margin, if the two routes are incompatible. To model the AD headway requirement for the first type of
221
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Fig. 8. AD headway for mainline and siding routes within a station.

these conflicts, we can similarly define an incompatible AD physical arc pair set 𝜓𝑎𝑑𝑘𝑠 associated with siding routes. The headway
requirements can then be stated as:

∑

𝑔∶
{

(𝑜𝑔 ,𝑑𝑔 )∈𝜉,�̂�𝑔∈[𝑡,𝑡+𝑇 𝑠𝑟𝑘 +𝑇 𝑟)
}

∑

𝑓∶𝑔∈𝐴𝑓

𝑥𝑓𝑔 ≤ 1, ∀𝑡,∀𝜉 ∈ 𝜓𝑎𝑑𝑘𝑠 ,∀𝑘 ∈ 𝐾 (17)

Regarding the second conflict type, for every physical arrival/departure arc 𝑒 associated with a mainline route, we can
define a set of incompatible physical departure/arrival arcs associated with siding routes 𝜑𝑎𝑑𝑒 . Furthermore, for every arc 𝑔 ∈
{

(𝑑𝑔 ∈ 𝑁𝑘
𝑠𝑚) ∪ (𝑜𝑔 ∈ 𝑁𝑘

𝑠𝑚)
}

within station 𝑘, we can define the corresponding incompatible arc set 𝛱𝑎𝑑
𝑔 due to the AD headway

requirement as Constraint (18).

𝛱𝑎𝑑
𝑔 =

{

𝑔′|𝑒𝑔′ ∈ 𝜑𝑎𝑑𝑒𝑔 , �̂�𝑔′ ∈ (�̂�𝑔 − 𝑇 𝑠𝑟𝑘 − 𝑇 𝑟, 𝑑𝑔 + 𝑇 𝑟)
}

,∀𝑔|(𝑑𝑔 ∈ 𝑁𝑘
𝑠𝑚) ∪ (𝑜𝑔 ∈ 𝑁𝑘

𝑠𝑚),∀𝑘 ∈ 𝐾 (18)

As shown in Fig. 8, the corresponding incompatible departure siding route set 𝜑𝑎𝑑(1,4) for physical arrival arc (1,4) is {(3,2)}. In
this example, the running times of mainline routes and siding routes are one minute and two minutes, respectively, while the
headway time is one minute. With these parameters, the incompatible departure arc set 𝛱𝑎𝑑

(1,4,4,5) for space–time arc (1,4,4,5) is
{(3,2,2,4), (3,2,3,5), (3,2,4,6), (3,2,5,7)}. In other words, if arc (1,4,4,5) is used by a train, then no arc in the set 𝛱𝑎𝑑

(1,4,4,5) can be
used by another train.

The incompatible AD arc set allows us to eliminate AD conflicts of the second type. Constraint (19) guarantees that the
simultaneous occupation of conflicting arcs is not possible.

1
|𝛱𝑎𝑑

𝑔 |

∑

𝑔′∈𝛱𝑎𝑑
𝑔

∑

𝑓∶𝑔′∈𝐴𝑓

𝑥𝑓𝑔′ +
∑

𝑓∶𝑔∈𝐴𝑓

𝑥𝑓𝑔 ≤ 1,∀𝑔|(𝑑𝑔 ∈ 𝑁𝑘
𝑠𝑚) ∪ (𝑜𝑔 ∈ 𝑁𝑘

𝑠𝑚),∀𝑘 ∈ 𝐾 (19)

∙ Siding track headway
When two trains are assigned to the same siding track within one station, the time interval between any two movements on

the track should satisfy the headway requirement. In this paper, we introduce an auxiliary decision variable 𝑦𝑓𝑔 to represent the
implicit occupation of a siding track, as in Zhang et al. (2020b) and Zhang et al. (2021). The necessary headway between one train
and the next can be modelled as an implicit occupation of the track resource by the first of the two trains. The implicit occupation
of a siding waiting arc starts from the actual occupation of the departure arc and lasts for the duration of the headway time. The
relationship between implicit and explicit occupations of track is given in Constraint (20). As illustrated in Fig. 9, three trains use
the same platform track. The headway requirement is assumed to be one minute. The actual occupation of Track 3 for Train 1
finishes at minute five. Any later train can therefore use Track 3 after minute five, i.e., at minute 6. Therefore, the arcs for Train 1
and Train 2 are feasible. Train 2 leaves Track 3 at minute 9. Train 3, however, arrives at this platform track at exactly the same
time. Thus, Train 3 cannot use Track 3 without postponing its arrival time by at least one minute. Arc (3,3,5,6) is only occupied
implicitly by Train 1; however, arc (3,3,9,10) is used by Train 2 implicitly, while being explicitly occupied by Train 3. Therefore,
the headway requirement at arc (3,3,9,10) is not satisfied. To enforce the headway requirement of a platform track, the implicit
and explicit occupation of any siding waiting arc at any time instant cannot exceed one, as stated by Constraint (21).

∑

𝑔′∈𝐴𝑑𝑓 |𝑜𝑔′=𝑜𝑔 ,�̂�𝑔′∈(�̂�𝑔−𝑇
𝑠 ,�̂�𝑔 ]

𝑥𝑓𝑔′ = 𝑦𝑓𝑔 ∀𝑔 ∈ 𝐴𝑠𝑡𝑓 ,∀𝑓 ∈ 𝐹 (20)

∑

(𝑥𝑓𝑔 + 𝑦𝑓𝑔 ) ≤ 1 ∀𝑔 ∈ 𝐴𝑠𝑡 (21)
222
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Fig. 9. Headway for the usage of the siding track within a station.

∙ Maintenance demand
All MOTs should be scheduled. Every MOT 𝑚 ∈𝑀 must be assigned a start time within its start time window. This is given by

Constraint (22).
∑

𝑡∈[𝑜𝑚 ,𝑑𝑚]
𝑦𝑚𝑡 = 1,∀𝑚 ∈𝑀 (22)

∙ Train schedule and maintenance coupling
𝐸𝑚 denotes the set of physical arcs that are blocked by MOT 𝑚 ∈𝑀 . This set includes a set of artificial physical siding arcs that

are used for modelling purposes. An artificial physical siding arc starts from and ends at the same siding node 𝑖 ∈ 𝑁𝑠𝑡
𝑠 . We let 𝜙𝑚𝑡 be

the set of space–time arcs that would be blocked if MOT 𝑚 starts at time 𝑡 ∈ 𝑇 . Formally, 𝜙𝑚𝑡 =
{

𝑔|𝑒𝑔 ∈ 𝐸𝑚, 𝑜𝑔 ∈ [𝑡, 𝑡 + 𝑇 𝑚𝑑 )
}

,∀𝑚 ∈
𝑀,∀𝑡 ∈ [𝑜𝑚, 𝑑𝑚]. While MOT 𝑚 is being performed, no train can use the space–time arcs in 𝜙𝑚𝑡 . This coupling constraint is stated in
Constraint (23).

𝑥𝑓𝑔 ≤ 1 − 𝑦𝑚𝑡 ,∀𝑓 |𝑔 ∈ 𝐴𝑓 ,∀𝑔 ∈ 𝜙𝑚𝑡 ,∀𝑡 ∈ [𝑜𝑚, 𝑑𝑚],∀𝑚 ∈𝑀 (23)

Since no train can occupy any physical departure, arrival, or segment arc more than once, to reduce the number of constraints of
the form (23), we can sum the left hand side of constraints that correspond to one of these kinds of physical arcs and keep the right
side unchanged. Therefore, Constraints (23) can be split into two parts, as denoted in Constraints (24) and Constraints (25).

∑

𝑔|�̂�𝑔∈[𝑡,𝑡+𝑇𝑚𝑑 ],𝑒𝑔=𝑒

∑

𝑓 |𝑔∈𝐴𝑓

𝑥𝑓𝑔 ≤ 1 − 𝑦𝑚𝑡 ∀𝑓 |𝑒 ∈ 𝐸𝑓 ,∀𝑒 ∈ 𝐸𝑚∖(𝑜𝑒 = 𝑑𝑒),∀𝑡 ∈ [𝑜𝑚, 𝑑𝑚],∀𝑚 ∈𝑀 (24)

𝑥𝑓𝑔 ≤ 1 − 𝑦𝑚𝑡 ∀𝑓 |𝑔 ∈ 𝐴𝑓 ,∀𝑔 ∈ 𝜙𝑚𝑡 ∩ 𝐴𝑠𝑡,∀𝑡 ∈ [𝑜𝑚, 𝑑𝑚],∀𝑚 ∈𝑀 (25)

∙ Variable domains

𝑥𝑓𝑔 ∈ {0,1} ∀𝑓 ∈ 𝐹 ,∀𝑔 ∈ 𝐴𝑓 (26)

𝑦𝑓𝑔 ∈ {0,1} ∀𝑓 ∈ 𝐹 ,∀𝑔 ∈ 𝐴𝑠𝑡𝑓 (27)

𝑦𝑚𝑡 ∈ {0,1} ∀𝑡 ∈ [𝑜𝑚, 𝑑𝑚],∀𝑚 ∈𝑀 (28)

𝑥𝑓𝑣 ∈ {0,1} ∀𝑣 ∈ 𝑉 𝑑
𝑓 ∪ 𝑉 𝑠𝑒

𝑓 ∪ 𝑉 𝑎
𝑓 ,∀𝑓 ∈ 𝐹 (29)

5. Algorithm

How difficult it is to solve the proposed mathematical model that is outlined in Section 4 depends on the number of available
train paths. This is influenced by available time windows for each train at their origin nodes, and the maximum dwell time at
stations. In this section, we develop a heuristic algorithm that dynamically adjusts the time windows to modify the number of route
possibilities while maintaining a tractable model.

5.1. Solution framework

The number of variables and constraints of the proposed model increases rapidly with the number of the available train paths.
The number of available paths is directly linked to the allowable time shifts at the origin node and within a station and the allowable
time stretch between stations. When solving the problem, an allowable deviation is specified for each train in the revised timetable.
This controls the time shifts at the origin node and at every station on the train’s – ideal path – in the original timetable. Determining
223

these time shifts is not trivial. It is difficult to determine the right value of every allowable time shift without unnecessarily increasing
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t

o

p

the set of allowable train paths. Motivated by this, the proposed Dynamic Time Window approach initially limits the time shift of
the trains and then iteratively, gradually introduces additional flexibility at a train’s origin node and at other stations as needed by
modifying the time shift possible.

We assume that every train 𝑓 ∈ 𝐹 has a maximum allowable time shift at its origin node, denoted 𝑇
𝑜
𝑓 , and at any station 𝑘,

denoted 𝑇
𝑘
𝑓 . The parameter 𝑇

𝑘
𝑓 is the difference between the maximum and minimum allowed dwell time for train 𝑓 at station 𝑘, i.e.,

𝑇
𝑘
𝑓 = 𝐷

𝑓
𝑘 −𝐷𝑓

𝑘 . The value of 𝐷𝑓
𝑘 corresponds to the minimum time needed for passengers to board and alight and any time needed

o prepare the train for departure, while the value of 𝐷
𝑓
𝑘 is more subjective. Historical data can guide the choice, but ultimately it is

set by the planner. Furthermore, we have that 𝑇
𝐾
𝑓 = {∪𝑇

𝑘
𝑓 |𝑘 ∈ 𝐾𝑓 } and define 𝑇 𝑓 =

{

𝑇
𝑜
𝑓

}

∪ 𝑇
𝐾
𝑓 to be the maximum shift potential

f train 𝑓 . Based on 𝑇 𝑓 , the set of available space–time train arcs for train 𝑓 is defined as 𝐴𝑓 . The shift potential of train 𝑓 at the
first iteration is denoted as 𝑇 𝑖𝑛𝑖𝑓 , and the corresponding set of available space–time arcs for train 𝑓 is denoted 𝐴𝑖𝑛𝑖𝑓 . In addition, we
denote the allowable time shifts for train 𝑓 at the origin node and at station 𝑘 at iteration 𝑝 as 𝑇 𝑜𝑓𝑝 and 𝑇 𝑘𝑓𝑝. Similarly, the shift
potential of train 𝑓 at iteration step 𝑝 and the set of available space–time arcs are denoted 𝑇𝑓𝑝 and 𝐴𝑓𝑝, respectively.

The mathematical model presented in Section 4 is solved at each iteration with the current time shift possibles. In particular,
the model computes the optimal path for each train 𝑓 at iteration 𝑝 based on 𝑇𝑓𝑝. We denote the weighted running cost for train 𝑓
in the optimal solution as 𝑐𝑝𝑓 . For completeness, we present the mathematical model that is solved at iteration 𝑝:

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

𝑂𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒 (3)
𝑠.𝑡.
𝐶𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠 (4)–(22)
𝐶𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠 (24)–(25)
𝐶𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠 (27)–(29)
𝑥𝑓𝑔 ∈ {0,1} ,∀𝑓 ∈ 𝐹 ,∀𝑔 ∈ 𝐴𝑓 ∩ 𝐴𝑓𝑝
𝑥𝑓𝑔 = 0,∀𝑓 ∈ 𝐹 ,∀𝑔 ∈ 𝐴𝑓∖𝐴𝑓𝑝

(30)

Algorithm 1 gives an overview of the solution framework. Several termination criteria can be used. The first is based on no
improvement in the objective value for a certain number iterations. The second is based on a maximum number of permitted
iterations. Finally, the third is based on a specified time limit.

Algorithm 1 The dynamic time window approach
1: Step 1: Initialization
2: Initialize parameters, current iteration step 𝑝← 0, best upper bound 𝑈𝐵∗ ← +∞ as well as corresponding solution

{

𝑋∗
𝑈𝐵 ← ∞

}

.
3: for 𝑓 ∈ 𝐹 do
4: Initial 𝑇 𝑖𝑛𝑖𝑓 by method in Section 5.2;
5: Generate 𝐴𝑖𝑛𝑖𝑓 based on 𝑇 𝑖𝑛𝑖𝑓 ;
6: 𝑇𝑓𝑝 = 𝑇 𝑖𝑛𝑖𝑓 , 𝐴𝑓𝑝 = 𝐴𝑖𝑛𝑖𝑓 .

7: Step 2: Generate train available arcs based on maximum time window
8: for 𝑓 ∈ 𝐹 do
9: Generate 𝐴𝑓 based on 𝑇 𝑓 .

10: Step 3: Generate current result
11: Set up Model in Eq. (30) in CPLEX and solve;
12: Update 𝑈𝐵∗,

{

𝑋∗
𝑈𝐵

}

and 𝑐𝑝𝑓 at iteration 𝑝.
13: Step 4: Dynamically update train time windows and available arcs
14: for 𝑓 ∈ 𝐹 do
15: Generate 𝑇𝑓𝑝+1 by Algorithm 2;
16: Generate 𝐴𝑓𝑝+1 based on 𝑇𝑓𝑝+1.
17: Step 5: Termination condition test
18: If the termination condition is satisfied, stop; Otherwise, 𝑝 = 𝑝 + 1, return to step 3.

5.2. Train time window initialization

We initialize 𝑇 𝑖𝑛𝑖𝑓 for train 𝑓 based on whether any MOTs can influence its ideal path in the original timetable. We use the binary
arameter 𝛾𝑀𝑓 = 1 to indicate that at least one MOT will compete for the resources that train 𝑓 will use in its original path regardless

of its start time, and 𝛾𝑀𝑓 = 0, otherwise. The parameter 𝛼𝑖𝑛𝑖 denotes the percentage of the maximum shift potential that is allowed to
be used for trains whose paths in the original timetable will be influenced by the MOT at the first iteration. Parameters 𝛿𝑂𝑖𝑛𝑖 and 𝛿𝐾𝑖𝑛𝑖
are the allowed time windows at the origin node and stations for all remaining trains at the first iteration. The value of 𝑛𝐾𝑓 states
224

the total number of stations that train 𝑓 will pass through. As the results in Zhang et al. (2020b) show, trains often shift more at
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Table 6
Algorithmic notations.

Notation Definition

𝑅𝑇 𝑜𝑓𝑝 Shift at the origin node used by train 𝑓 in the result at iteration step 𝑝
𝑅𝑇 𝑘𝑓𝑝 Shift at station 𝑘 used by train 𝑓 in the result at iteration step 𝑝
𝑅𝑇 𝐾𝑓𝑝 Shift at all stations used by train 𝑓 in the result at iteration step 𝑝
𝑂𝑏𝑗𝑝 Objective of Model in Eq. (30) at the iteration step 𝑝
𝑐𝑝𝑓 Weighted running cost for train 𝑓 in the result at iteration step 𝑝
𝑐𝑖𝑑𝑒𝑙𝑓 Weighted running cost for train 𝑓 with ideal path in the original timetable
𝛽𝑜 Predetermined value of increase size of shift at the origin node
𝛽𝐾 Predetermined value of increase size of shift within stations
𝑛𝐹𝑝 Number of trains whose original path is not influenced by maintenance and choose the original path at iteration step 𝑝
𝑛𝑠𝑎𝑚𝑒𝑓 The number of iterations for which the weighted running cost of train 𝑓 remains unchanged

stations on the route that are before the location where the MOT is. We introduce this conclusion to our initial method and give a
much larger time window to the first half of the stations. Therefore, we have 𝛼𝑖𝑛𝑖 ⋅ 𝑇

𝑜
𝑓 ≥ 𝛿𝑂𝑖𝑛𝑖 and 𝛼𝑖𝑛𝑖 ⋅ 𝑇

𝑘
𝑓 ≥ 𝛿𝐾𝑖𝑛𝑖 for every train. For

very train 𝑓 ∈ 𝐹 , its initial allowed shift at the origin node 𝑇 𝑖𝑛𝑖𝑓𝑜 and within a station 𝑇 𝑖𝑛𝑖𝑓𝑘 can be calculated as Constraint (31) and
onstraint (32).

𝑇 𝑖𝑛𝑖𝑓𝑜 =

{

𝛼𝑖𝑛𝑖 ⋅ 𝑇
𝑜
𝑓 , if 𝛾𝑀𝑓 = 1

𝛿𝑂𝑖𝑛𝑖, otherwise
(31)

𝑇 𝑖𝑛𝑖𝑓𝑘 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝛼𝑖𝑛𝑖 ⋅ 𝑇
𝑘
𝑓 , if 𝛾𝑀𝑓 = 1, 𝑘 ∈ [0, ⌈

𝑛𝐾𝑓
2 ⌉]

𝛿𝐾𝑖𝑛𝑖, if 𝛾𝑀𝑓 = 0, 𝑘 ∈ [0, ⌈
𝑛𝐾𝑓
2 ⌉]

0, otherwise

(32)

5.3. The dynamic update of train time windows

We propose four strategies to update the allowed time window for the shift of train 𝑓 at iteration 𝑝 + 1 after observing the
optimal solution at the end of iteration 𝑝. These strategies are considered at Step 4 of Algorithm 1. The choice of what strategy to
use depends on the path in the original timetable, the path assigned to the train in the solution, the results from previous iterations,
and the objective value. To formalize these strategies, some additional notation is given in Table 6. With this information, each of
the strategies can now be described. How to apply each strategy is summarized in Algorithm 2.

∙ Strategy 1
The first strategy is to not adjust the time window for train 𝑓 ∈ 𝐹 , i.e 𝑇𝑓𝑝+1 = 𝑇𝑓𝑝. This strategy is activated at the first iteration

or any train 𝑓 with 𝛾𝑀𝑓 = 0 which has been assigned its original path when 𝑛𝐹0 > 0.

∙ Strategy 2
The second strategy is to update train 𝑓 ’s time window based on 𝑅𝑇 𝑜𝑓𝑝 and 𝑅𝑇𝐾𝑓𝑝 at iteration step 𝑝. We use the sum of 𝛽𝑜 and

𝑅𝑇 𝑜𝑓𝑝 as 𝑇 𝑜𝑓𝑝+1 and the sum of 𝛽𝐾 and 𝑅𝑇 𝑘𝑓𝑝 as 𝑇 𝑘𝑓𝑝+1 for every station while not exceeding the maximums of 𝑇
𝑜
𝑓 and 𝑇

𝑘
𝑓 , respectively.

his update is expressed in Constraint (33).

𝑇 𝑜𝑓𝑝+1 = 𝑚𝑖𝑛{𝑅𝑇 𝑜𝑓𝑝 + 𝛽𝑜, 𝑇
𝑜
𝑓 } ∀𝑓 ∈ 𝐹

𝑇 𝑘𝑓𝑝+1 = 𝑚𝑖𝑛{𝑅𝑇 𝑘𝑓𝑝 + 𝛽𝐾 , 𝑇
𝑘
𝑓 } ∀𝑓 ∈ 𝐹 ,∀𝑘 ∈ 𝐾𝑓 (33)

This strategy is activated under two conditions at the first iteration. It is used if train 𝑓 with 𝛾𝑀𝑓 = 1 is not cancelled. It is also used
if train 𝑓 with 𝛾𝑀𝑓 = 0 is not cancelled and has been assigned a path that has a higher cost than the train’s path in the original
timetable when 𝑛𝐹0 > 0.

∙ Strategy 3
The third strategy extends the current train time window for train 𝑓 at iteration 𝑝 using the values 𝛽𝑜 and 𝛽𝐾 , as shown in

onstraint (34).

𝑇 𝑜𝑓𝑝+1 = 𝑚𝑖𝑛{𝑇 𝑜𝑓𝑝 + 𝛽𝑜, 𝑇
𝑜
𝑓 } ∀𝑓 ∈ 𝐹

𝑇 𝑘𝑓𝑝+1 = 𝑚𝑖𝑛{𝑇 𝑘𝑓𝑝 + 𝛽𝐾 , 𝑇
𝑘
𝑓 } ∀𝑓 ∈ 𝐹 ,∀𝑘 ∈ 𝐾𝑓 (34)

The shift potentials of five kinds of trains are updated by Strategy 3. First, it is used for any train 𝑓 with 𝛾𝑀𝑓 = 1 that has been
cancelled in the solution at the first iteration. Second, it is used for any train 𝑓 with 𝛾𝑀 = 0 that has been cancelled at the first
225
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a

a
w
o

iteration when 𝑛𝐹0 > 0. It is also used at the first iteration for any train 𝑓 with 𝛾𝑀𝑓 = 0 and 𝑛𝐹0 = 0. At any iteration after the first,
it is used on any train that is cancelled in the iteration’s solution or remains cancelled at every iteration.

∙ Strategy 4
This strategy generates a new time window for train 𝑓 based on the results of previous iterations. We define the maximum shift

of train 𝑓 at the origin node in all former results as 𝑅𝑇
𝑜
𝑓 . Similarly, the maximum shift of train 𝑓 at every station 𝑘 is denoted as

𝑅𝑇
𝑘
𝑓 . We update the time window by 𝛽4

𝑜 and 𝛽4
𝐾 respectively, where 𝛽4

𝑜 and 𝛽4
𝐾 are two parameters of time shifts at the origin node

nd within stations. This strategy is expressed in Constraint (35).

𝑇 𝑜𝑓𝑝+1 = 𝑚𝑖𝑛{𝑅𝑇
𝑜
𝑓 + 𝛽4

𝑜 , 𝑇
𝑜
𝑓 } ∀𝑓 ∈ 𝐹

𝑇 𝑘𝑓𝑝+1 = 𝑚𝑖𝑛{𝑅𝑇
𝑘
𝑓 + 𝛽4

𝐾 , 𝑇
𝑘
𝑓 } ∀𝑓 ∈ 𝐹 ,∀𝑘 ∈ 𝐾𝑓 (35)

Strategy 4 is activated for trains that are not cancelled in the current iteration when 𝑝 > 0. If the objective value remains unchanged
for two iterations, i.e., 𝑂𝑏𝑗𝑝 = 𝑂𝑏𝑗𝑝−1, we count the number of iterations 𝑛𝑠𝑎𝑚𝑒𝑓 that the weighted running cost of train 𝑓 stays the
same. If 𝑛𝑠𝑎𝑚𝑒𝑓 = 𝑝, then the shift potential for train 𝑓 will be updated with 𝛽4

𝑜 = 1 and 𝛽4
𝐾 = 1; otherwise, we use 𝛽4

𝑜 = 𝑛𝑠𝑎𝑚𝑒𝑓 ∗ 𝛽𝑜
nd 𝛽4

𝐾 = 𝑛𝑠𝑎𝑚𝑒𝑓 ∗ 𝛽𝐾 . If the current objective value is smaller than the previous iteration and 𝑐𝑝𝑓 > 𝑐
𝑝−1
𝑓 , any train 𝑓 will be updated

ith 𝛽4
𝑜 = 2𝛽𝑜 and 𝛽4

𝐾 = 2𝛽𝐾 ; otherwise, we consider the value of 𝑛𝑠𝑎𝑚𝑒𝑓 . If 𝑛𝑠𝑎𝑚𝑒𝑓 = 𝑝, we apply this strategy with 𝛽4
𝑜 = 0 and 𝛽4

𝐾 = 0;
therwise, we use 𝛽4

𝑜 = 𝛽𝑜 and 𝛽4
𝐾 = 𝛽𝐾 .

Algorithm 2 Update time window method

1: Input: Collect strategies, the values of parameters, including 𝑝, 𝑂𝑏𝑗𝑝, 𝑐𝑝𝑓 , 𝑐𝑖𝑑𝑒𝑙𝑓 , 𝑐𝑣𝑖𝑓 , 𝑇𝑓𝑝 and 𝛾𝑀𝑓 for each train 𝑓 , 𝛽𝑜, 𝛽𝐾 as well
as previous results.

2: Output: 𝑇𝑓𝑝+1 for every train 𝑓 .
3: Generate process:
4: if 𝑝 = 0 then
5: Calculate value of 𝑛𝐹𝑝
6: for 𝑓 ∈ 𝐹 do
7: if 𝛾𝑀𝑓 = 1 and 𝑐𝑝𝑓 = 𝑐𝑣𝑖𝑓 then
8: Strategy 3
9: else if 𝛾𝑀𝑓 = 1 and 𝑐𝑝𝑓 ≠ 𝑐𝑣𝑖𝑓 then

10: Strategy 2
11: else if 𝛾𝑀𝑓 = 0, 𝑛𝐹𝑝 > 0, 𝑐𝑝𝑓 ≠ 𝑐𝑣𝑖𝑓 and 𝑐𝑝𝑓 > 𝑐

𝑖𝑑𝑒𝑙
𝑓 then

12: Strategy 2
13: else if 𝛾𝑀𝑓 = 0, 𝑛𝐹𝑝 > 0 and 𝑐𝑝𝑓 ≤ 𝑐𝑖𝑑𝑒𝑙𝑓 then
14: Strategy 1
15: else if 𝛾𝑀𝑓 = 0 and 𝑛𝐹𝑝 > 0 and 𝑐𝑝𝑓 = 𝑐𝑣𝑖𝑓 then
16: Strategy 3
17: else if 𝛾𝑀𝑓 = 0 and 𝑛𝐹𝑝 = 0 then
18: Strategy 3
19: else
20: for 𝑓 ∈ 𝐹 do
21: if only virtual path for 𝑓 since now then
22: Strategy 3
23: else if 𝑐𝑝𝑓 = 𝑐𝑣𝑖𝑓 then
24: Strategy 3
25: else if 𝑂𝑏𝑗𝑝 = 𝑂𝑏𝑗𝑝−1 then
26: Calculate the value of 𝑛𝑠𝑎𝑚𝑒𝑓
27: if 𝑛𝑠𝑎𝑚𝑒𝑓 = 𝑝 then
28: Strategy 4 with 𝛽4

𝑜 = 1 and 𝛽4
𝐾 = 1

29: else
30: Strategy 4 with 𝛽4

𝑜 = 𝑛𝑠𝑎𝑚𝑒𝑓 ∗ 𝛽𝑜 and 𝛽4
𝐾 = 𝑛𝑠𝑎𝑚𝑒𝑓 ∗ 𝛽𝐾

31: else if 𝑐𝑝𝑓 > 𝑐
𝑝−1
𝑓 then

32: Strategy 4 with 𝛽4
𝑜 = 2𝛽𝑜 and 𝛽4

𝐾 = 2𝛽𝐾
33: else
34: if 𝑛𝑠𝑎𝑚𝑒𝑓 = 𝑝 then
35: Strategy 4 with 𝛽4

𝑜 = 0 and 𝛽4
𝐾 = 0

36: else
37: Strategy 4 with 𝛽4

𝑜 = 𝛽𝑜 and 𝛽4
𝐾 = 𝛽𝐾
226
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Fig. 10. Physical railway network with 9 stations.

6. Computational experiments

In this section we first assess the benefit of integrating the train scheduling and maintenance scheduling problems and then
analyse the performance of the proposed methodology. Three networks of different sizes are used in the computational experiments.
A small data instance is used to show the value of integration, while medium and large sized networks are used when evaluating the
proposed methodology’s performance. To verify the quality of the results obtained with the proposed methodology, comparisons are
made with the commercial solver CPLEX. All the specific data used in the cases can be found at https://github.com/zhangqin635/
IntegratedOptimizationMTData.git.

6.1. Experimental setup

The medium-sized railway network consists of two railway lines and nine stations and is shown in Fig. 10. In the physical railway
network representation, there are 188 arcs and 97 nodes. The small-sized network is based on this network and includes stations
1–3. This network consists of 66 physical arcs, and 37 nodes. The running time for the siding route is set to two minutes, while
the running time for the mainline route is set to 1 min within all stations. The running times for the track segments that connect
two railway lines, i.e., arcs (60,59), (58,61), (36,34) and (35,37), are set as two minutes. The running time for each track segment
between two stations can be three or four minutes for the cases in the medium-sized network. For the small network, however, it
is fixed to four minutes. The planning time horizon is 120 min and is discretized into one-minute intervals in all cases based on the
small and medium-sized railway networks.

The large-sized network is based on the railway network that was used for the INFORMS RAS 2016 Problem Solving Competi-
tion (RAS, 2016). Since the size of the railway network is large, its detailed layout can be found at https://github.com/zhangqin635/
IntegratedOptimizationMTData.git. The motivation for using this network is that it provides a reasonably sized network on which
to test the methodology. To model it from a mesoscopic perspective, we merge track sections that are between two stations or track
sections which are within the bottleneck area of a station. The running time of a track segment is the total running time of the
227
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Table 7
Values of some parameters used in this paper.

Parameter Value Unit

𝑇 𝑟 1 minute
𝑇 𝑎 3 minute
𝑇 𝑑 3 minute
𝑇 𝑠 1 minute

Table 8
Maintenance data for small cases.

MOT Start time window Duration Scheduled start time Detail

1 (20,50) 10 20 Track 5
2 (20,50) 10 20 Track 8
3 (20,50) 10 20 Track 9
4 (20,50) 10 20 Track 10
5 (20,50) 10 20 Track 13
6 (20,50) 10 20 Track 20
7 (20,50) 10 20 Track 31
8 (20,50) 10 20 Line1 East bottleneck
9 (20,50) 10 20 Line2 East bottleneck

Table 9
A comparison of integrated and non-integrated methods.

Case MOTs Direct Insert Sequential Integrated GAP1 GAP2 GAP3

1 1;5 1462.1 941.0 1026.2 933.0 36.19% 0.85% 9.08%
2 6;7 1710.5 1284.2 1051.9 934.1 45.39% 27.26% 11.20%
3 1;2;5 1754.3 1097.7 1199.1 933.4 46.79% 14.97% 22.16%
4 1;5;6;7 2299.7 1537.4 1291.2 1074.9 53.26% 30.08% 16.75%
5 6;8 1899.3 1394.1 1033.9 881.1 53.61% 36.80% 14.78%
6 7;8 1850.5 1102.5 1157.2 939.9 49.21% 14.75% 18.78%
7 1;2;8 1748.3 1216.1 1063.6 903.9 48.30% 25.67% 15.02%
8 4;5;9 1586.9 1217.2 1356.2 1104.1 30.42% 9.29% 18.59%

Average 45.40% 19.96% 15.79%

GAP1 = (Direct−Integrated)
Direct ∗ 100%; GAP2 = (Insert−Integrated)

Insert ∗ 100%; GAP3 = (Sequential−Integrated)
Sequential ∗ 100%.

merged track sections between two station boundary nodes. For siding routes, the running time is set to two minutes for all regular
stations and three minutes for hub stations. For mainline routes, the running time is set to one minute for all stations. Consequently,
we do not use the same train data as stated in the problem (RAS, 2016). The planning time horizon is 325 min, and this is divided
into 30-second intervals. Finally, we apply the same headway requirements for all three networks, and the values of the parameters
associated with these are listed in Table 7.

6.2. Benefits of the integrated optimization model

Eight different cases based on the small-sized network are used to highlight the benefit of an integrated approach when
determining a train schedule and a maintenance plan. In total 41 trains and 9 MOTs are considered. The maintenance data is
shown in Table 8.

A summary of the eight cases is given in Table 9. The first and second columns state the case ID and the MOTs, respectively.
Three different, non-integrated methods are considered: a direct approach, an insertion approach, and a sequential approach. The
direct approach schedules all MOTs at their ideal time and cancels all trains that are directly impacted by the maintenance. The
insertion method fixes all MOTs at their ideal time and then solves a reduced model with CPLEX to schedule the trains. Note that
for this approach we can also use the ADMM method of Zhang et al. (2020b). The instances considered here are, however, quite
small and CPLEX always returned a better solution. We have therefore omitted the ADMM results. The sequential approach first
randomly generates a number of feasible maintenance schedules and then for each computes a train timetable using CPLEX, like
the direct approach. The result is the best of the combined schedules found.

For comparison, we report the results of the integrated optimization problem. This considers the full mathematical model in
Section 4.2 (i.e, no dynamic updates are performed). For each method the best total train weighted running cost found within
one hour of computation time is reported. The three rightmost columns give the percentage improvement of the proposed model
compared to the non-integrated possibilities. The last row states the average improvement over the eight cases.

The integrated approach clearly obtains the best result for every case. Furthermore, the results obtained using the direct approach
are the worst. Our proposed integrated method can reduce the total train weighted running cost by least 30.42% and up to 53.61%
compared with the direct result. The average improvement over the insert result is slightly larger than the improvement of the
sequential result. On an individual case basis, the improvement of the integrated approach over the insert method is between 0.85%
228
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Fig. 11. Number of variables and constraints for the full integrated model.

Table 10
Maintenance data for the medium-sized network.

MOT Start time window Duration Scheduled start time Detail

1 (33,50) 10 33 Track 5
2 (28,45) 10 28 Track 13
3 (33,50) 10 33 Track 10
4 (33,50) 10 33 Track 8
5 (25,42) 10 25 Track 9
6 (30,52) 10 30 Line1 West bottleneck
7 (30,52) 10 30 Line1 East bottleneck
8 (30,52) 10 30 Line2 West bottleneck
9 (30,52) 10 30 Line2 East bottleneck

6.3. Model size

To help emphasize the need for a dynamic approach we analyse how the number of constraints and variables in the model changes
as the allowable time shifts at the origin node and within stations vary. Fig. 11 illustrates this for Case 4 from Section 6.2. As the
allowable time shifts increase, the number of variables increases from 5141 to 23 262 while the number of constraints increases
from 29 088 to 51 475. The growth in the number of variables and constraints is linear with respect to the two different time shifts
indicated. From medium to large-sized networks this growth can be computationally prohibitive. The proposed dynamic approach
gradually modifies the time shifts available and in doing so controls the total number of available train paths.

6.4. Algorithm performance

We compare the performance of the proposed dynamic approach with that of commercial solver CPLEX applied to the full
problem for 25 medium-sized cases. These instances are constructed with two types of MOTs: MOTs in the bottleneck area and
MOTs on siding tracks. An overview of the MOTs is provided in Table 10. Given these MOTs, we construct 25 cases with different
combinations of MOTs. These cases are divided into three scenarios. First, Cases 1–12 involve MOTs that are located on siding tracks.
Second, Cases 13–21 involve MOTs in a bottleneck area. The remaining cases, Cases 22–25, involve siding track MOTs and bottleneck
area MOTs. The total number of trains is 38. We permit a maximum running time of one hour (in total for both approaches) and
a maximum of 20 iterations for the dynamic approach. The dynamic approach will stop if the objective value does not change for
four iterations. The maximum running time for any iteration is set to 300 s. The parameters 𝛽𝑜 and 𝛽𝐾 are both set to two.

Table 11, Figs. 12 and 13 compare the results of the dynamic approach with the upper bound obtained by CPLEX. We compare
to the results obtained by CPLEX with a one hour time limit, and the optimal solution obtained by CPLEX (without a time limit).
In Table 11, the first column states the case ID and the MOTs. The following three columns give the optimal objective value (OV),
the upper bound provided by CPLEX (UB), and the objective value obtained with the proposed Dynamic Time Window approach
(Dyn.). Bold font is used to indicate the best value that is obtained for each case. Note that the OV for Case 23 is not the optimal
objective but is a near optimal objective value. This instance was terminated due to computer memory issues. Columns five to seven
give the running times of the corresponding methods. Finally, the last four columns report different gaps. 𝛥OV gives the difference
between the result of the dynamic approach and the optimal objective value, while 𝛥UB states the difference between the dynamic
approach and the upper bound provided by CPLEX. 𝛥T1 and 𝛥T2 indicate the running time improvements of the dynamic approach
over the optimal method and a one hour solve with CPLEX.

Many of the cases (18 in total) take more than one hour to solve to optimality using CPLEX directly. Some cases, such as Cases
11, 12, 22, and 23, even take more than one day. When limited to one hour of running time, CPLEX solves a total nine cases to
optimality. The dynamic approach on the hand optimally solves 16 cases. For the nine instances that CPLEX solves optimally within
229
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Table 11
Performance comparison for the medium-sized cases.

Scenarios Solution CPU time (s) Gaps (%)

OV UB Dyn. 𝑡𝑂𝑉 𝑡𝑈𝐵 𝑡𝐷𝑦𝑛. 𝛥OV 𝛥UB 𝛥T1 𝛥T2

1-1 1785.9 1785.9 1785.9 2 405 2405 206 0.00 0.00 −91.45 −91.45
2-2 1787.1 1787.1 1787.1 1 976 1976 189 0.00 0.00 −90.45 −90.45
3-3 1807.8 1820.2 1807.8 8 784 3600 2664 0.00 −0.68 −69.67 −26.00
4-4 1776.7 1776.7 1776.7 183 183 22 0.00 0.00 −88.04 −88.04
5-5 1778.7 1778.7 1778.7 472 472 30 0.00 0.00 −93.67 −93.67
6-1,2 1799.3 1800.9 1799.3 11 169 3600 1811 0.00 −0.09 −83.79 −49.70
7-1,4 1787.3 1787.3 1787.3 3 466 3466 765 0.00 0.00 −77.94 −77.94
8-2,3 1825.8 1896.5 1827.8 23 416 3600 3600 0.11 −3.62 −84.63 0.00
9-3,4,5 1815.1 1897.6 1825.5 41 316 3600 2650 0.57 −3.80 −93.59 −26.39
10-1,4,5 1799.7 1802.5 1801.5 48 116 3600 2702 0.10 −0.06 −94.38 −24.94
11-2,3,4,5 1829.8 1956.5 1829.8 117 275 3600 3600 0.00 −6.48 −96.93 0.00
12-1,2,3,4,5 1842.6 2037.7 1916.9 288 978 3600 3600 4.03 −5.93 −98.75 0.00

13-6 1803.4 1803.4 1803.4 7 172 3600 1056 0.00 0.00 −85.28 −70.67
14-7 1802.7 1803.1 1802.7 12 955 3600 2599 0.00 −0.02 −79.94 −27.81
15-8 1772.5 1772.5 1772.5 27 27 14 0.00 0.00 −48.88 −48.88
16-9 1823.1 1823.1 1823.1 1 099 1099 934 0.00 0.00 −15.02 −15.02
17-6,7 1811.3 1821.9 1811.3 18 311 3600 1950 0.00 −0.58 −89.35 −45.83
18-6,8 1803.4 1803.4 1803.4 4 833 3600 1733 0.00 0.00 −64.14 −51.87
19-7,9 1841.1 1950.3 1841.1 9 668 3600 3600 0.00 −5.60 −62.76 0.00
20-6,7,8 1811.3 1815.7 1812.1 16 359 3600 2454 0.04 −0.20 −85.00 −31.83
21-6,7,8,9 1851.2 1858.0 1851.2 12 923 3600 3600 0.00 −0.37 −72.14 0.00

22-1,4,5,6 1830.5 1841.7 1834.2 245 342 3600 3600 0.20 −0.41 −98.53 0.00
23-1,4,5,7 1832.2* 1924.6 1834.1 293 273 3600 3600 0.10 −4.70 −98.77 0.00
24-2,3,5,8 1848.3 1917.5 1852.5 78 437 3600 3600 0.23 −3.39 −95.41 0.00
25-2,3,5,9 1876.9 1934.5 1933.9 39 944 3600 3600 3.04 −0.03 −90.99 0.00

𝛥OV = (Dyn.−OV)
OV ∗ 100; 𝛥UB = (Dyn.−UB)

UB ∗ 100; 𝛥T1 = (𝑡𝐷𝑦𝑛.−𝑡𝑂𝑉 )
𝑡𝑂𝑉

∗ 100; 𝛥T2 = (𝑡𝐷𝑦𝑛.−𝑡𝑈𝐵 )
𝑡𝑈𝐵

∗ 100.

Fig. 12. Results of 25 cases in the medium-sized network.

one hour, the dynamic approach significantly reduces the running time, by up to 93.67%, and still finds the optimal solution. For the

remaining 7 cases the dynamic approach is much faster than applying CPLEX to the full model, with computing time improvements

ranging from 62.76% to 96.93% (𝛥T2).

For the cases that cannot be solved within one hour using either approach, the dynamic approach provides solutions of higher

quality. For example, in Case 9, the dynamic approach obtains a solution that is 0.57% from optimality, and this is 3.80% (𝛥UB)

better than the upper bound provided by CPLEX. The running time of the method is also far superior. For cases where both methods

time out after one hour the results of the dynamic approach are up to 5.93% better.
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Fig. 13. CPU running times of 25 cases in the medium-sized network.

Table 12
Performance comparison given different time limits.

Case ID Limit (s) Dyn. UB GAP (%)

12
3 600 1865.3 2037.7 8.46
7 200 1853.8 2037.7 9.02

10 800 1847.7 2037.7 9.32

22
3 600 1834.2 1841.7 0.41
7 200 1834.2 1841.7 0.41

10 800 1830.5a 1840.5 0.54

GAP= (UB−Dyn.)
UB ∗ 100.

aOptimal, 7600 s.

6.5. Method performance versus allowed computation time

To further emphasize the effectiveness of the proposed approach, Table 12 shows how the performance of CPLEX compares to
that of the dynamic time window approach when more computation time for Cases 12 and 22 in Table 11 is allowed. The dynamic
approach terminates when the objective value does not change for eight iterations. The maximum time limit per iteration is 400 s.
The increase in the number of iterations and iteration time limit is to give the dynamic approach the possibility to run longer. The
columns of the table respectively state the case ID, the time limit, the objective value of the best solution provided by the dynamic
approach (Dyn.), the best upper bound provided by CPLEX (UB), and the percentage gap between the two solution values. As can be
seen, for both problems, a longer running time leads to improved results for the dynamic approach. The same is not, however, true
for CPLEX. With CPLEX, a longer running time yields a slight improvement for Case 22 but no improvement at all for Case 12. As
such, the gap between the objective values of the two approaches actually increases slightly as the time limit increases. Interestingly,
the best solution found by the dynamic approach for Case 12 with a one hour time limit is better than the upper bound provided by
CPLEX after three hours. Furthermore, for Case 22, the dynamic approach stops after 7600 s with the optimal solution, although this
is not guaranteed. Recall from Table 11 that CPLEX takes more than three days to solve this problem to optimality. The proposed
dynamic time window approach provides quality solutions within a much shorter time frame.

6.6. Method performance versus the number of trains

We now assess how the number of trains in the schedule impacts the performance of the proposed methodology. For this we
use the MOTs 1–5 from Table 10 and vary the number of trains available. Fig. 14 compares the performance the dynamic approach
with a direct solve using CPLEX. Both approaches are given one hour of computing time. The number of trains increases from 10 to
37. Trains are randomly added to the initial set of 10 trains. For example, Cases 1 and 2 have 10 and 13 trains, respectively. Case
2 includes the 10 trains from Case 1 and three randomly generated trains from the remaining set of trains.

The objective values of the two methods stay the same as the number of trains increases from 10 to 25. Furthermore, the CPU
time does not vary that much. As the number of trains increases further, up to 28 and 31, the objective values of the two methods
still remain the same; however, the dynamic approach is superior from a computing time perspective. For the two largest cases,
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Fig. 14. A comparison of method performance as the number of trains increases.

Fig. 15. Maintenance tasks within the hub station of the large-sized railway network.

both methods time out; however, the dynamic approach finds solutions of better quality. As the number of trains increases, the
problem size and the interdependencies between trains and MOTs increase. The proposed heuristic controls the number of train
paths available and can therefore reduce the solution time and obtain better solutions if given the same running time.

6.7. Performance on a large-sized railway network

The large-sized railway network is comprised of two railway lines and contains 27 stations. We introduce five MOTs that are
located in the bottleneck area and at siding tracks of the hub station, as shown in Fig. 15. A total 23 trains are considered. The
maximum shifts at the origin node and within every station are set to five minutes and eight minutes, respectively.
232



Transportation Research Part B 158 (2022) 210–238Q. Zhang et al.
Fig. 16. Train timetable for Line 1.

Fig. 17. Train timetable for Line 2.
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Table 13
Shift utilization for train 11 in the large case.

Place Origin node S12 S11 S10 S9 S8 S7 S6 S27 S19 S20 S21 S22 S23 S24 S25 S26

Original dwell 0 6 4 20 11 5 4 6 11 5 4 6 7 5 4 4 4
Revised dwell 0 6 4 20 12 8 7 11 12 5 5 6 7 5 4 4 4
Shift 0 0 0 0 1 3 3 5 1 0 1 0 0 0 0 0 0

Table 14
Comparison between sequential and integrated optimization for the large cases.

Case MOTs Insert Sequential Dyn. GAP1 GAP2

1 2 3 Best

1 1;2 8242.9 7452.3 7868.9 9526.9 7452.3 6557.3 20.45% 12.01%
2 3;4 6529.3 7637.1 7204.1 6890.7 6890.7 6529.3 0.00% 5.24%
3 3;4;5 6529.7 15895.1 6530.3 7518.1 6530.3 6529.3 0.01% 0.02%
4 1;2;3;4 8242.9 9850.5 9899.9 9498.9 9498.9 6559.5 20.42% 30.94%
5 1;2;3;4;5 8180.5 9011.5 11674.9 10317.5 9011.5 6558.3 19.83% 27.22%

GAP1 = (Insert−Integrated)
Insert ∗ 100%; GAP2 = (Best−Integrated)

Best ∗ 100%.

For the proposed dynamic approach, we set 𝛼𝑖𝑛𝑖 = 0.2, 𝛿𝑂𝑖𝑛𝑖 = 1 minute, 𝛿𝐾𝑖𝑛𝑖 = 1 minute and set a time limit of 2 h. We plot
the final track allocation plan in the hub station and the train timetable for the two railway lines, together with the maintenance
plans in Figs. 16 and 17. No trains are cancelled. The dynamic approach can provide a solution to this problem. The objective value
of the solution that is obtained with our dynamic approach is 6558.3, and this is 21.6% better than the best solution found by a
direct CPLEX approach within 2 h. The lower bound, computed by CPLEX is 6538.9. This confirms that the solution obtained by
our proposed method is very close to optimal, with a gap of only 0.39%.

In the solution found by the dynamic time window approach, all trains, except Train 11, have a station shift of at most two
minutes. In Table 13, we report the time shift, in minutes, in the revised schedule for Train 11 at its origin node and all of the
stations it visits. Overall, the shift allocation is somewhat uneven. In this instance, all MOTs must be performed within Station 27
(S27). The solution utilizes time shifts at stations earlier on Train 11’s route to coordinate the scheduling of Train 11 with these
MOTs. This highlights the flexibility of a dynamic time window approach but also clearly demonstrates the need to simultaneously
consider multiple stations when scheduling the maintenance tasks at a station.

To illustrate the benefit of integration we compare the results of dynamic time window approach with the two non-integrated
approaches, namely the insertion and sequential approaches from Section 6.2, for five different MOT scenarios. The different
scenarios consider three types of maintenance combinations: MOTs within the bottleneck area (Case 1), MOTs at platform tracks
(Cases 2–3), and MOTs in both places (Cases 4–5). The results are given in Table 14. Here, the sequential approach randomly
generates three different feasible maintenance schedules, finds a timetable associated with each maintenance schedule using CPLEX,
and chooses the best result (Best) as the sequential solution. One can observe that for Case 2 the solution found by the dynamic
approach is of the same quality as the solution found using the insertion approach. For Cases 3 there is only a very slight
improvement. The main reason for this is that the preferred start timings of MOTs 3 and 4 do not inhibit the train timetable.
This is not the case for other MOTs, and the integrated approach yields substantial improvements for other cases, up to 20.45%.
The random sequential approach was included to give some flexibility when designing the timetable. For most cases, with exception
of Case 1, this provides worse results than the insertion method. We can also see that the impact of MOTs within the bottleneck area
is more severe than those at platform tracks, since the values of the objective function values in Cases 1, 4, and 5 are worse than
those of Cases 2–3. The results of Cases 2 and 3 are the same, and the results of Cases 4 and 5 are very similar; this indicates that
the influence of MOT 5 is almost negligible. One reason is perhaps that the start time of MOT 5 can be chosen so that the influence
of MOT 5 is almost negligible. In general, Table 14 shows that a sequential approach can lead to extremely poor solutions for the
integrated problem.

7. Conclusion and future research

In practice, the daily maintenance plan and the ideal train timetable are prepared separately. It is up to the train dispatchers
to resolve any conflicts between the two schedules and to finally implement conflict-free schedules. While the dispatchers try to
consider the global impact of moving MOTs and/or train services, the challenging nature of the combined problem means that they
usually apply sequential optimization (i.e, MOTs are fixed and then the train timetable is optimized), instead of using a completely
integrated approach. Motivated by this, we consider simultaneously optimizing train timetabling, platforming and track maintenance
planning at the tactical planning level. We propose a 0–1 integer programming model to minimize a weighted sum train running
cost and maintenance start time deviations. In the proposed approach we separate track resources into track segments, tracks within
the bottleneck area, and platform tracks based on a mesoscopic space–time network representation. At the same time, the running
times of mainline routes and siding routes within a station are considered different. A heuristic method that dynamically updates
the time windows available for the planned trains is designed to control the number of train paths and reduce the solving time.
234

Several instances based on physical railway networks of different sizes are used to verify the effectiveness of the methodology.



Transportation Research Part B 158 (2022) 210–238Q. Zhang et al.
Fig. A.1. Overtake range.

Computational results show that the integrated optimization can reduce the weighted running cost by 9.08%–22.16% for small-
sized cases compared to a sequential approach. Given a time limit of one hour, CPLEX can find optimal solutions to some of the
medium-sized instances. For the same instances the proposed approach finds solutions of the same quality much faster. For instances
that CPLEX cannot solve to optimality within the one hour time limit, the proposed approach finds solutions of superior quality, up
to 6.48% better. In general, the proposed approach is much faster at finding solutions, up to 93.67% faster in some cases. The results
for the instance that was based on the INFORMS RAS 2016 Problem Solving Competition also shows that the proposed algorithm
has potential for large-cases found in practice. We demonstrate that mesoscopic modelling is a viable approach and that it performs
well for the instances considered in this paper. We also note, however, that models based on a microscopic view of the railway
network can provide successful alternatives to this. The modelling choice is influenced by the network structure and the needs of
the planners.

The dynamic time window approach is able to obtain an optimal or near-optimal solution for all instances in this paper. However,
without the bound provided by a direct CPLEX solve there is no effective way to obtain a tight lower bounds in order to be able to
evaluate our results. This is therefore an interesting research direction in the future. The proposed approach attempts to dynamically
identify promising train routes. One avenue for future research is to speed up the heuristic by providing better strategies for updating
the available paths of trains. In addition, if the running times of siding routes within a station are not assumed to be the same, the
headway requirements in the bottleneck area must be modelled more carefully. This will increase the complexity of the optimization
model, and more efficient algorithms must be devised. Other practical rules associated with MOTs such as speed limitations on
adjacent tracks to the MOT and speed restrictions for the first two trains that will use the track associated with MOT once the task
has been completed would also be interesting to include.

CRediT authorship contribution statement

Qin Zhang: Conceptualization, Methodology, Software, Writing – original draft, Writing – review & editing. Richard Martin
Lusby: Conceptualization, Methodology, Writing – original draft, Writing – review & editing. Pan Shang: Software. Xiaoning Zhu:
Investigation, Resources.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared
to influence the work reported in this paper.

Acknowledgment

This research was supported by the Joint Funds of the National Natural Science Foundation of China (No. U2034208).

Appendix A. Overtaking constraints

As shown in Fig. A.1, we have two arcs 𝑔1 and 𝑔2 for Train 1 and Train 2, respectively. Train 1 is a lower-speed train and
Train 2 is a high-speed train. Without loss of generalization, the overtake may only occur when �̂�𝑔2 > �̂�𝑔1 . The arrival headway and
departure headway between these two trains are assumed to be satisfied. Therefore, Train 2 overtakes Train 1 if �̂�𝑔2 − �̂�𝑔1 ≥ 𝑇 𝑑 and
𝑑𝑔1 − 𝑑𝑔2 ≥ 𝑇 𝑎. Therefore, we have:

𝑑𝑔1 − 𝑑𝑔2 = (�̂�𝑔1 + 𝑡𝑔1 ) − (�̂�𝑔2 + 𝑡𝑔2 )

= (�̂� − �̂� ) + (𝑡 − 𝑡 )
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c

a

Fig. B.1. Construction of the incompatible arc pair based on the running time of siding route.

≥ 𝑇 𝑎 (A.1)

From Constraint (A.1), we can finally get �̂�𝑔2 − �̂�𝑔1 ≤ 𝑡𝑔1 − 𝑡𝑔2 − 𝑇
𝑎. We already have �̂�𝑔2 − �̂�𝑔1 ≥ 𝑇 𝑑 . Therefore, to ensure possible

values for �̂�𝑔1 and �̂�𝑔2 , the overtaking can only happen under the condition that 𝑡𝑔1 − 𝑡𝑔2 − 𝑇 𝑎 ≥ �̂�𝑔2 − �̂�𝑔1 ≥ 𝑇 𝑑 , i.e.,

𝑡𝑔1 − 𝑡𝑔2 ≥ 𝑇 𝑎 + 𝑇 𝑑 (A.2)

If the speed difference of trains on a certain segment is larger than the sum of arrival and departure headway times, we can
introduce a virtual point in the middle of the segment (𝑖, 𝑗) in Fig. A.1, which splits the original segment into two parts and reduces
the value of the left-hand side in Constraint (A.2). If still not, we can split the segment into more parts until the condition in
Constraint (A.2) is not satisfied.

Appendix B. Incompatible construction

For arrival-arrival, departure-departure and arrival-departure headway requirements between siding routes within a specific
station, we construct incompatible space–time arcs based on incompatible physical arc pairs. For those incompatible space–time
arcs, the occupation of trains cannot exceed the capacity. This conversion can be applied to the headway requirement between
one siding route and one mainline route if the running times of two routes are assumed to be the same, as noticed in Zhang et al.
(2020b) and Zhang et al. (2021).

However, this conversion method cannot be applied to the headway requirement between one siding route and one mainline
route if the running times of the two routes are different. Here, we use the arrival-departure headway to prove this. The running
time of the siding routes and the mainline route within station 𝑘 are defined as 𝑇 𝑠𝑟𝑘 and 𝑇 𝑚𝑟𝑘 . And we have 𝑇 𝑠𝑟𝑘 > 𝑇𝑚𝑟𝑘 .

(1) if we use 𝑇 𝑠𝑟𝑘 as the time criterion to construct the incompatible space–time arc set:
As shown in Fig. B.1, there is physical conflict between arrival arc (1,4) and departure arc (3,2). Given this incompatible arc

pair, we can construct incompatible space–time arcs based on time 𝑡 and the incompatible space–time arc set is expressed as follows:

{

𝑔|𝑒𝑔 ∈ {(1,4), (3,2)} , �̂�𝑔 ∈ [𝑡, 𝑡 + 𝑇 𝑠𝑟𝑘 + 𝑇 𝑟 − 1]
}

(B.1)

Within above arc set, two arrival arcs (1,4, 𝑡, 𝑡+ 𝑇 𝑚𝑟𝑘 ) and (1,4, 𝑡+ 𝑇 𝑠𝑟𝑘 + 𝑇 𝑟 − 1, 𝑡+ 𝑇 𝑠𝑟𝑘 + 𝑇 𝑟 − 1+ 𝑇 𝑚𝑟𝑘 ) are incompatible. Actually,
two arrival arcs (1,4, 𝑡, 𝑡 + 𝑇 𝑚𝑟𝑘 ) and (1,4, 𝑡 + 𝑇 𝑠𝑟𝑘 + 𝑇 𝑟 − 1, 𝑡 + 𝑇 𝑠𝑟𝑘 + 𝑇 𝑟 − 1 + 𝑇 𝑚𝑟𝑘 ) are incompatible if and only if the time interval
𝑇 𝑠𝑟𝑘 + 𝑇 𝑟 − 1 − 𝑇 𝑚𝑟𝑘 < 𝑇 𝑟, i.e., 𝑇 𝑠𝑟𝑘 − 𝑇 𝑚𝑟𝑘 < 1. In practice, it is possible that 𝑇 𝑠𝑟𝑘 − 𝑇 𝑚𝑟𝑘 ≥ 1, i.e., these two arcs are possible to be
ompatible. However, they are always incompatible if we use above conversion approach.

(2) if we use 𝑇 𝑚𝑟𝑘 as the time criterion to construct the incompatible space–time arc set:
As shown in Fig. B.2, still, two physically incompatible arcs (1,4) and (3,2) are given and the incompatible space–time arc set

t time 𝑡 is expressed as Constraint (B.2).
{

𝑔|𝑒𝑔 ∈ {(1,4), (3,2)} , �̂�𝑔 ∈ [𝑡, 𝑡 + 𝑇 𝑚𝑟𝑘 + 𝑇 𝑟)
}

(B.2)

Arcs (3,2, 𝑡, 𝑡 + 𝑇 𝑠𝑟𝑘 ) and (1,4, 𝑡 + 𝑇 𝑚𝑟𝑘 + 𝑇 𝑟, 𝑡 + 𝑇 𝑚𝑟𝑘 + 𝑇 𝑟 + 𝑇 𝑚𝑟𝑘 ) are compatible in Constraint (B.2). Time interval 𝑇 𝑚𝑟𝑘 + 𝑇 𝑟 − 𝑇 𝑠𝑟𝑘
should be equal or larger than 𝑇 𝑟 if these two arcs are compatible. That is 𝑇 𝑚𝑟𝑘 + 𝑇 𝑟 − 𝑇 𝑠𝑟𝑘 ≥ 𝑇 𝑟, i.e., 𝑇 𝑚𝑟𝑘 ≥ 𝑇 𝑠𝑟𝑘 . However, we have
already assumed that 𝑇 𝑚𝑟𝑘 < 𝑇 𝑠𝑟𝑘 due to the speed limitation of switches. Therefore, these two arcs are always incompatible which
cannot be included if we use the above construction method.

In conclusion, we cannot use the conversion way of arrival-arrival, departure-departure and arrival-departure headway require-
ments for two siding routes with the same running time directly to the headway requirements for one siding route and one mainline
236

route with different running times.
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Fig. B.2. Construction of the incompatible arc pair based on the running time of mainline route.
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