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Rate-Adaptive Concatenated Multi-Level Coding
with Novel Probabilistic Amplitude Shaping

Toshiki Matsumine, Member, IEEE, Metodi Plamenov Yankov, Member, IEEE,
Tayyab Mehmood, Student Member, IEEE, and Søren Forchhammer Member, IEEE,

Abstract—This paper proposes a new probabilistic amplitude
shaping (PAS) approach for concatenated two-level multi-level
coding (MLC). The proposed system is based on a concatenated
forward error correction (FEC) scheme where outer codes are
serially concatenated with inner two-level MLC. This concate-
nated two-level MLC scheme has recently been shown to have
a potential for achieving better performance-complexity trade-
offs than the conventional bit-interleaved coded modulation
(BICM). Meanwhile, PAS has recently been demonstrated to
offer remarkable performance gains as well as rate adaptivity.
However, the majority of existing works on PAS assume the
use of the binary reflected Gray code as a bit-labeling, and
its application to coded modulation schemes with other bit-
labelings, such as two-level MLC, may not be straightforward.
In this paper, we devise a bit-labeling scheme and propose a
new PAS structure for an efficient integration of PAS with two-
level MLC systems. More specifically, we propose to generate
signed amplitude symbols with the distribution matcher (DM) for
maximizing both coding and shaping gains achieved by two-level
MLC and PAS, respectively, while the conventional PAS generates
unsigned amplitude symbols. It is demonstrated by simulation
results that, with 256QAM and inner polar codes, the proposed
two-level MLC with PAS simultaneously offers 75% reduction in
the number of required inner encoding and soft-decision (SD)
decoding operations for given outer and inner FEC code lengths,
and up to 0.3 dB performance gain over the conventional PAS
scheme.

Index Terms—Multi-level coded modulation, concatenated
codes, polar codes, probabilistic amplitude shaping.

I. INTRODUCTION

Concatenated forward error correction (FEC) combined with
high-order modulation is an efficient approach for communica-
tion systems such as satellite communications [1] and optical
communications [2], where not only a high information rate
but also high reliability are required. In particular, a serial
concatenation of outer and inner codes with hard-decision
(HD) and soft-decision (SD) decodings, respectively, has been
widely adopted in such systems. For such a scheme, design of
inner codes and its combination with high-order modulation
such as quadrature amplitude modulation (QAM) plays a key
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role, since an inner SD decoder is in general more power-
consuming than a outer HD decoder [3]–[5]. Considering the
practical constraint of power-consumption, development of a
capacity-approaching yet low-complexity inner FEC scheme
is of significant importance.

Bit-interleaved coded modulation (BICM) is a popular ap-
proach to coded modulation in practice where a powerful
binary FEC code is combined with QAM in conjunction with
bit-wise interleaving. With capacity-approaching codes such
as low-density parity check (LDPC) codes and polar codes,
BICM systems can approach the constellation constrained
capacity of QAM signaling. On the other hand, two-level
multi-level coding (MLC) has been recently revived as an inner
FEC scheme of a concatenated FEC, and demonstrated to have
a potential to achieve better performance-complexity trade-offs
than the conventional BICM [6]–[10]. Unlike standard MLC
[11], [12], two-level MLC protects only the least reliable bit
(LRB) by an inner FEC code, and thus complexity as well as
latency associated with SD decoding can be greatly reduced
without sacrificing error rate performances.

Constellation shaping is a technique to enhance the achiev-
able information rate (AIR) by imitating the capacity-
achieving signal distribution. In this paper, we focus on
probabilistic shaping (PS) that manipulates the distribution of
equispaced symbols [13], [14], rather than geometric shaping
(GS) that changes the locations of equiprobable symbols [15],
[16]. In particular, among a number of implementations of
PS, we consider the probabilistic amplitude shaping (PAS)
structure [17] in conjunction with a constant composition dis-
tribution matcher (CCDM) [18] that has gained much attention
as it has been shown to be asymptotically optimal in the
sense that the normalized Kullback–Leibler (KL) divergence
between a target and actual signal distributions vanishes as
symbol length increases. In [17], it has been demonstrated
that the PAS structure enables us to practically approach
the channel capacity using off-the-shelf FEC codes, where a
distribution matcher (DM) and the redundancy of a systematic
FEC code generate the amplitudes and the signs of pulse-
amplitude modulation (PAM) symbols, respectively.

Since its invention, PAS has been extensively studied in the
literature not only for additive white Gaussian noise (AWGN)
channels but also nonlinear fiber-optic and wireless fading
channels [19]–[25], where its remarkable performance im-
provement as well as rate adaptability have been demonstrated.
However, the conventional PAS structure in [17] assumes the
use of a binary reflected Gray code (BRGC) [26] as a bit-
labeling scheme which is commonly used for BICM systems.
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On the other hand, the focus of this paper is on a two-
level MLC scheme, for which the use of a BRGC labeling
may result in serious performance degradation. Therefore,
the integration of PAS with a two-level MLC system is
not straightforward, despite its potential ability to achieve
excellent performances.

Recently, two-level MLC schemes combined with PAS have
been studied in [27]–[29]. In [28], it has been demonstrated
that their MLC with PAS (referred to as “partial-MLC” in [28])
achieves approximately 38–39% reduction in the estimated
power consumption compared to the conventional PAS scheme
[17]. However, since the methods presented in [27]–[29] are
based on the conventional PAS structure, their MLC fail to
achieve the target signal distribution (see Fig. 1 in [28]),
and thus degrade a shaping gain. More specifically, in [27]–
[29], a BRGC labeling was newly introduced in addition to
the original bit-labeling designed for two-level MLC [6], [8],
[9], in order to compensate for the shaping performance loss.
However, since the approaches [27]–[29] have not resolved
the design problem of PAS for two-level MLC systems at
a fundamental level, their approaches still suffer from the
shaping performance loss compared to the conventional PAS
[17].

In this paper, we propose a new PAS structure for two-
level MLC that is based solely on a single bit-labeling scheme
and enables for achieving the same signal distribution as that
for the conventional coded modulation with PAS [17]. More
specifically, we devise a bit-labeling scheme and propose a
new approach to combining a DM and a systematic FEC
code for two-level MLC in order to simultaneously maximize
coding and shaping gains achieved by two-level MLC and
PAS, respectively. The proposed system is evaluated in terms
of an AIR, based on which we optimize the balance of coding
and shaping rates of the proposed system. From simulation
results and the discussion of demodulation and inner SD
decoding complexities, we demonstrate that the proposed
MLC with PAS achieves a remarkable decoding complexity
reduction in terms of the number of required SD decodings, as
well as a performance gain over the conventional PAS scheme.
Furthermore, we demonstrate by simulations that the proposed
approach achieves a better error rate performance than the
similar system in [29].

In summary, the main contributions of this paper are as
follows:

• We propose a new PAS structure for concatenated two-
level MLC based on a novel bit-labeling scheme that en-
ables achieving arbitrary symmetric symbol distribution;

• We perform optimization of DM and FEC code rates
based on an approximated AIR;

• We discuss SD decoding complexity in terms of the
number of inner SD decodings where significantly lower
complexity of the proposed system is demonstrated in
comparison with conventional PAS systems;

• We show by simulation results that the proposed two-
level MLC with PAS offers significant reduction in SD
decoding complexity with similar performance compared
to the conventional PAS scheme.

• We also demonstrate the superiority of the proposed
system to the similar two-level MLC system with PAS
[29] in terms of performance-complexity trade-offs.

The rest of this paper is organized as follows: Section II
introduces the background of concatenated two-level MLC.
Subsequently, the proposed system model and the proposed
PAS approach are described in Section III. Section IV focuses
on design of the proposed MLC system in terms of an AIR.
In Section V, inner SD decoding complexity of the proposed
system is evaluated in comparison with the conventional PAS.
Section VI shows the simulation results of the proposed system
in terms of an error rate performance, where a significant gain
of the proposed scheme in terms of performance-complexity
trade-offs is demonstrated. Finally, concluding remarks are
given in Section VII.

II. INTRODUCTION OF CONCATENATED TWO-LEVEL
MULTI-LEVEL CODING (MLC)

In this section, we briefly introduce the background and
the concept of a concatenated two-level MLC scheme that we
consider throughout this paper.

A. Outer Codes with HD Decoding

The role of outer codes in a concatenated FEC scheme is
to ensure that a strict requirement for high reliability in a
communication system is satisfied. The reliability requirement
may depend on the specific system, e.g., the target bit error
rate (BER) is often specified as 10−15 in optical communica-
tions. Algebraic codes in conjunction with low-complexity HD
decoding, e.g., a single Bose-Chaudhuri-Hocquenghem (BCH)
code [30], [31], turbo product codes [32], and staircase codes
[33] with BCH component codes would be especially suitable
for this purpose.

B. Inner Two-Level MLC

Unlike outer codes, the role of inner codes is to reduce the
BER before outer HD decoding such that a HD decoder can
bring it down to the target BER. The required maximum BER
for a HD decoder to achieve the target BER is referred to as
outer threshold. Assuming that the signal-to-noise ratio (SNR)
is the measure of channel quality, the design objective of inner
codes is to achieve this threshold at the smallest possible SNR.
Most of modern communication standards adopt BICM [34],
[35] combined with capacity-approaching LDPC codes.

The concept of MLC has been originally proposed in [11],
and analyzed in [12]. Multi-stage decoding (MSD) is the
optimal decoding strategy for MLC in terms of the AIR where
each bit level is decoded successively from the LRB to the
most reliable bit (MRB) conditioned on a previous decoder
estimate. It is also possible for MLC to decode each bit
level independently to reduce the decoding latency of MSD
[36], [37], at the cost of performance degradation in terms of
the AIR due to the suboptimal decoding based on a bit-wise
metric, similar to BICM.

A two-level MLC is a special instance of MLC that has
been recently studied as an inner code of concatenated FEC,

Authorized licensed use limited to: Danmarks Tekniske Informationscenter. Downloaded on April 01,2022 at 10:08:03 UTC from IEEE Xplore.  Restrictions apply. 



0090-6778 (c) 2021 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TCOMM.2022.3162365, IEEE
Transactions on Communications

3

where only the least reliable level of a modulator input is
protected by an SD FEC [6]–[9]. One of the major advantages
of two-level MLC over standard MLC is flexibility in its rate
design, since the transmission rate of two-level MLC can be
adjusted by changing the rate of a single FEC code, similar
to BICM. Another advantage of two-level MLC over BICM
is that one can reduce the number of SD decodings, or an SD
FEC code length, which results in significantly lower decoding
complexity as we will discuss in Section V. Although two-
level MLC exhibits an error floor since most of modulator
input bits remain uncoded, this would not be problematic as
long as an error floor appears below an outer FEC threshold.
On the other hand, it is difficult to design lower information
rates for two-level MLC that encodes only the LRB. However,
this issue may be overcome by integrating with PAS in the
proposed system.

III. THE PROPOSED SYSTEM

In this section, we introduce the proposed concatenated two-
level MLC scheme and describe how to incorporate PAS with
the proposed system. The proposed PAS approach offers an
additional rate-adaptivity as well as performance gain for a
two-level MLC scheme.

A. Overall System Structure

The transmitter and receiver of the proposed system are
depicted in Fig. 1, where we assume 2m-ary PAM as our
modulation format. Let RDM ≤ m−1 and N denote a DM rate,
i.e., the number of information bits per DM output symbol,
and a transmit symbol length, respectively. At the transmitter,
the DM first transforms a bit sequence of length RDMN into
an amplitude symbol sequence of length N with a desired
PMF. The amplitude symbol sequence is then converted to
(m − 1) × N bits for binary FEC encoding based on the
specific bit-labeling we assume. Note that RDM = m−1 holds
when the amplitude symbols follow uniform distribution. In
this work, we consider a CCDM based on arithmetic coding
[18] as our DM. However, any other DM implementation, e.g.,
[25], [38]–[41], is also applicable to the proposed system.

The outer code takes these (shaped) amplitude bits as its
input and generates βouter parity bits. The outer code has to be
systematic in order to preserve the distribution of amplitude
symbols generated by the DM. The outer codeword is then
input to the interleaver, where symbol-wise (a symbol consists
of (m − 1) bits that form an amplitude symbol) interleaving
is applied to systematic bits corresponding to the amplitude in
order to maintain the amplitude distribution, whereas bit-wise
interleaving is applicable to the parity bits corresponding to the
sign bits. Also, this interleaver should be sufficiently longer
than the symbol length N to average out the BERs of multiple
two-level MLC blocks at the receiver side. Afterwards, only
the LRB is encoded by a systematic inner SD FEC code, and
the other (m− 1)×N bits are directly input to the modulator
block without being fed into the inner code. The βinner parity
bits of the inner FEC code are then allocated to the LRB in

conjunction with βouter parity bits of the outer FEC code1.
The transmission information rate of this system is given by
R = RDM bits per dimension. Note that, for a given target rate
and an outer code rate, the inner code rate of the proposed two-
level MLC is in general lower than that of the conventional
system. Also, for the same symbol length N , the inner code
length is N for the proposed system, whereas that for the
conventional PAS scheme is mN . In other words, for a fixed
inner code length, the symbol length of the proposed system
is m times longer than than of the conventional scheme.

Similar to the conventional PAS [17], it is also possible
to extend the proposed system to an even higher rate, i.e.,
R > (m− 1), by allocating additional information bits to the
LRB as indicated with a dashed line in Fig. 1. Let γ denote
the ratio of these additional information bits to the transmit
symbol length N . The overall information rate is then given
by

R = RDM + γ [bits/dimension]. (1)

As shown in (1), the proposed system provides rate-adaptivity
with two degrees of freedom by adjusting either or both of
RDM and γ. We note that the parameter γ as well as inner
and outer code rates should be chosen such that the following
relationship is satisfied,

γN + βouter + βinner = N. (2)

To give intuition into how outer and inner code rates, i.e.,
Router and Rinner, are related to other parameters m and γ, it
may be useful to express the inner code rate as

Rinner =
γN + βouter

γN + βouter + βinner
=
γN + βouter

N
. (3)

Meanwhile, the parity bit length of the outer code is given by

βouter =
N(m− 1 + γ)(1−Router)

Router
. (4)

From (3) and (4), we see that the parameters Router, Rinner, m
and γ satisfy the following relationship,

(m− 1 + γ)(1−Router) +Routerγ = RouterRinner. (5)

This relationship will be used to design FEC code rates in the
proposed system as mentioned in Section VI.

At the receiver side, MSD is employed for decoding MLC
where we first decode the LRB by an inner SD decoder
and then make a hard-decision on the other bit levels. These
bits are input to the symbol deinterleaver to ensure that the
averaged BER after deinterleaving is always below the outer
threshold. Subsequently, outer HD decoding and an inverse
DM operation are performed to retrieve original information
bits.

1We don’t explicitly use interleaver between an inner code and a symbol
mapper since we assume memoryless AWGN channels in this paper. However,
we may employ symbol interleaver for channels with memory, e.g., wireless
fading channels.
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Fig. 1: The proposed concatenated two-level MLC with PAS.

B. The Conventional PAS Structure

In what follows, we elaborate more on the details of a
PAS structure. We first introduce the conventional coded
modulation scheme combined with PAS [17]. Letting PM =
{±1,±3, . . . ,±(M −1)} denote a set of M(= 2m)-ary PAM
constellation points, a transmit symbol X ∈ PM can be
decomposed into the amplitude and the sign as X = A · S,
where the amplitude A ∈ AConv = {1, 3, . . . ,M − 1} is
chosen from a set of amplitude symbols of PAM AConv whose
cardinality is |AConv| = M/2, and the sign is S ∈ {−1, 1}. In
the conventional PAS [17], the DM generates unsigned am-
plitude symbols with desired distribution, and the subsequent
systematic FEC encoder generates uniform parity bits which
determine the signs of transmit symbols. This PAS structure
assumes the property of a BRGC that the MRB affects only
signs and does not change amplitudes. Also, the target symbol
distribution is assumed to be symmetric with respect to the
origin.

In the framework of PAS, Maxwell-Boltzmann (MB) distri-
bution is often adopted as the target distribution since it is a
good approximation to the capacity-achieving distribution for
AWGN channels [42]. The probability mass function (PMF)
of MB distribution is expressed as

P ?X(x) =
exp(−λx2)∑

x∈PM
exp(−λx2)

, (6)

where λ is a parameter to optimize.
As mentioned above, the conventional PAS assumes the

symmetric property of a BRGC labeling. However, since this
property does not necessarily hold for other bit-labelings, the
direct application of the conventional PAS to an MLC-MSD
scheme [27], [29] may result in suboptimal shaping perfor-
mance as discussed in Section VI-B. In order to compensate

for this performance loss, the time-variant modulation scheme
has been proposed in [27], [29] where two different bit-
labeling schemes are combined. More specifically, in addition
to the conventional bit-labeling for two-level MLC [6]–[9],
BRGC was also introduced for which the conventional PAS
can be directly applicable. However, the approaches in [27],
[29] have not dealt with the fundamental problem of a PAS
design for MLC. On the other hand, we propose a simpler yet
more effective solution to the PAS for two-level MLC that is
based solely on a single, i.e., time-invariant, bit-labeling.

C. The Proposed PAS for Two-Level MLC

In order for the proposed two-level MLC to maximize
both coding and shaping gains simultaneously, the appropriate
design of a PAS structure and a bit-labeling plays a key
role. More specifically, the proposed bit-labeling scheme is
constructed based on the following three design rules;

1) The LRB changes between adjacent symbols,
2) The other levels than the LRB are Gray-labeled,
3) The LRB affects only the signs of PAM symbols.

The first and second conditions are also suggested in [6],
[8], [9] for standard two-level MLC without shaping. The
first condition is necessary for maximizing coding gain of
MLC-MSD schemes. More specifically, this bit-labeling rule
ensures that the minimum Euclidean distance increases after
the decoding of the LRB in MSD, and thus the uncoded
bit levels may be recovered reliably even without FEC. The
second condition is for minimizing the BER of uncoded bits
after hard decision and thus minimizing the BER at the input of
an outer HD decoder. In addition to the above two conditions,
we also put a constraint on the bit-labeling that the LRB affects
only the sign of PAM symbols for maximizing the shaping
gain of PAS. With this proposed bit-labeling, the PAM symbol
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Fig. 3: Construction of the proposed bit labeling for 8PAM.

can be decoupled into amplitude and sign components, and
thus the proposed PAS is capable of achieving the same signal
distribution as [17].

An example of the proposed PAS with 8PAM is illustrated
in Fig 2, where the DM generates amplitudes AProp =
{−7,−3, 1, 5} with desired distribution, instead of AConv =
{1, 3, 5, 7}. These amplitude symbols are labeled with Gray
labeling such that the BER after hard-decision is minimized.
Then the uniform parity bits of an inner FEC code are allocated
to the LRB that only flips the signs of DM output symbols
and does not affect amplitude distribution.

Note that one can systematically construct the proposed bit-
labeling for PAM of any size. More specifically, for M -PAM,
we start from two Gray-labeled M/2-ary PAMs one of which
is reflected, and add the additional bit label of 0 and 1 as
the LRB to these PAMs, respectively. Then we merge the
elements of two M/2-ary PAMs alternately for constructing
the proposed labeling for M -ary PAM. An example with
8PAM is shown in Fig. 3, where the proposed bit labeling for
8PAM is constructed by combining two Gray-labeled 4PAMs
whose bit-labelings are reflected, with the additional LRB of
0 and 1, respectively.

We also note that the proposed system can be extended
to two-dimensional QAM in a straightforward manner by
allocating two consecutive PAM symbols to real and imaginary
components of QAM. Therefore, the resulting PMF of QAM
is the product of one-dimensional PMFs of PAM [19].

IV. SYSTEM OPTIMIZATION BASED ON ACHIEVABLE
INFORMATION RATE

In this section, we perform optimization of the proposed
system in terms of a balance of coding and shaping rates based
on AIR. We note here that our objective in this section is to
find an (approximated) AIR as a performance metric to be used
in system optimization, rather than the exact AIR. We denote
probability density function (PDF) of a continuous random
variable A as fA(a), and probability mass function (PMF)
of a discrete random variable B as PB(b). In this paper, we
consider a discrete AWGN channel. For simplicity of notation,
it is assumed that a channel input symbol X chosen from a
set of one-dimensional PAM points PM , i.e., X ∈ PM , and
its output is expressed as Y = X + Z ∈ R, where Z ∈ R is
a Gaussian random variable with zero-mean and variance σ2.
Letting Pav =

∑
x∈PM

PX(x)x2 denote the average symbol
power, the SNR (in dB) is defined as SNR = 10 log10 Pav/σ

2.
For two-dimensional QAM signaling, the SNR is given by
SNR = 10 log10 Pav/2σ

2, which corresponds to two indepen-
dent PAM signaling.

An achievable transmission rate of PAS is expressed as [43]

RPAS =

[
H(X)− E

[
− log2

q(X,Y )∑
a∈X q(a, Y )

]]+
, (7)

where q(X,Y ) is a decoding metric. The term[
− log2

q(X,Y )∑
a∈X q(a,Y )

]
is called uncertainty in [43] and

plays an important role in achievable rate calculations. Note
that while the term H(X) depends only on a transmitter, the
uncertainty depends on a decoding scheme.

A. Bit-Metric Decoding (BMD)

Let B = (B0, B1, . . . , Bm−1) denote a vector of mapper
inputs that is mapped onto a signal point PM (B0 is the MRB
and Bm−1 is the LRB). In BMD, decoding is performed based
on a bit-wise log likelihood ratio (LLR), which is calculated
as

`(Bk) , log
PBk|Y (Bk = 0|y)

PBk|Y (Bk = 1|y)

= log

∑
x∈P0

M,k
PX(x)fY |X(y|x)∑

x∈P1
M,k

PX(x)fY |X(y|x)
(8)

where PbM,k is the subset of constellation points PM whose
kth bit label is b ∈ {0, 1}.

For PAS with BMD, a DM imposes correlation among
modulator input bits B that are mapped onto a single mod-
ulation symbol, and thus the assumption that elements in B
are independent does not hold anymore. In this case, an AIR
is given by [43],

RBMD =

[
H(B)−

m−1∑
k=0

H(Bk|Y )

]+
, (9)

where [·]+ = max(0, ·). We note that the expression (9) does
not take into account the use of outer codes with HD decoding.
For a concatenated FEC scheme where HD decoding is em-
ployed for the outer code, the overall BER will be minimized
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by minimizing the BER after inner decoding, assuming a
sufficiently long random interleaver relative to a block length
between outer and inner decoders. Since maximization of (9)
will minimize the error rate after inner bit-metric decoding for
the conventional PAS, we use the expression (9) as a metric
for optimization of system parameters.

B. Two-Level MLC with MSD
Let εMRB and εLRB denote the BERs of the MRBs after

hard decision and LRB after inner SD decoding. Regarding
the system blocks inside the outer encoder and the outer
decoder in Fig. 1 as a binary-output channel, the proposed
system can be seen as the PAS system with HD decoding [43],
[44] where the average BER before HD decoding is given by
ε = ((m− 1)εMRB + εLRB) /m. For this system, an AIR is
given as

RTL-MLC = [H(B)−mHb (ε)]
+

= [H(B0, . . . , Bm−2|Bm−1) + H(Bm−1)−mHb (ε)]
+

(10)

where Hb(p) = −p log2 p− (1− p) log2(1− p) is the binary
entropy function.

For the proposed scheme, the rate of the LRB is reduced
by the inner code at the transmitter. Assuming that the input
to the inner coder follows a Bernoulli distribution with pa-
rameter 1/2, each codeword of the inner code appears with
equal probability 1/2k. Also, we assume a random interleaver
after inner encoding (for analytical purpose), such that the
interleaved LRB bits follow an independent and identically
distributed (i.i.d.) distribution. Therefore the entropy of the
LRB is H(Bm−1) = Rinner, and thus we have

RTL-MLC = [H(B0, . . . , Bm−2|Bm−1) +Rinner −mHb (ε)]
+

(11)

The above expression may not be convenient as a performance
metric to be used in system optimization in terms of a balance
of coding and shaping rates since it depends not only on a
shaping parameter (symbol distribution) but also a specific
inner code. Therefore, we consider the ideal case where the
inner code is capacity-achieving as we are interested in the
ideally achievable performance.

Assuming ideal capacity-achieving inner codes, the BER
of the LRB after inner SD decoding is zero at a target
information (code) rate. In this case, the outer decoder only
takes erroneous bits from the MRBs, and the receiver and the
expression in (10) can be separated into two parts depending
on different decoding schemes, i.e., bit-metric decoding for the
LRB, and binary hard-decision decoding for the MRBs based
on the correctly decoded LRB where the decoder input BER is
εMRBs. These two decoding schemes result in different receiver
uncertainties [43]. More specifically, the rate of the LRB can
be expressed by the mutual information, whereas the rate for
the remaining (m − 1) MRBs is given by an AIR for binary
HD decoding. Therefore the rate for this system is given by

R?TL-MLC = H(B)− (m− 1)Hb(εMRBs)︸ ︷︷ ︸
uncertainty of the MRBs

− H(Bm−1|Y )︸ ︷︷ ︸
uncertainty of the LRB

.

(12)

The expression (12) generally serves as an upper bound of
RTL-MLC (11) as (12) assumes the ideal case where the inner
decoder outputs no bit errors. In fact, the existence of the outer
code at the LRB does not increase an AIR due to the data
processing inequality. Unlike (10), the expression (12) does
not depend on performance of a specific inner code, and thus
we may use (12) as a performance metric in the optimization
of the coding and shaping rates.

C. Balancing Coding and Shaping Rates

A target information rate of the proposed system, given by
(1), is determined by a DM rate RDM and an additional infor-
mation rate γ. Note that from the condition (2), the number
of FEC parity bits corresponds one-to-one with an additional
rate γ. In order to achieve good error rate performances, a
proper rate allocation to coding and shaping is essential. In
what follows, we describe how to find the optimal balance of
coding and shaping redundancies.

Assuming the CCDM with infinite symbol length, the gap
between an actual DM rate and an entropy H(A) vanishes, i.e.,
RDM = H(A). Also, assuming that the sign bits are uniformly
distributed, H(X) is given as H(X) = H(A) + 1. Therefore,
once we get the optimal entropy H(X) for a given target
information rate Rtarget, we may find the optimal parameter
γ as,

γ = Rtarget − (H(X)− 1)︸ ︷︷ ︸
=H(A)

. (13)

Let SNRTL-MLC(Rtarget, λ) denote the SNR (in dB) where an
AIR of two-level MLC with a MB parameter λ reaches a target
rate Rtarget. Similarly, we denote a required SNR (in dB) for
the optimal continuous Gaussian signaling to achieve a target
rate Rtarget as SNRcapacity(Rtarget) = 10 log10(22Rtarget − 1). We
then define the gap to capacity (in dB) as follows,

∆SNR(λ) = SNRTL-MLC(Rtarget, λ)− SNRcapacity(Rtarget).
(14)

Our objective here is to find the optimal parameter λ, or
equivalently, the optimal entropy H(X) under the assumption
of MB distribution, that minimizes the gap to capacity by
changing the parameter of the MB distribution λ. The optimal
MB distribution parameter λ? is then expressed as,

λ? = arg min
λ

∆SNR(λ) (15)

The definition of the gap to capacity is the same for the
conventional PAS with BMD where SNRTL-MLC is replaced
by SNRGMI.

In Fig. 4, the performances of two-level MLC and the
conventional coded modulation schemes employing 16PAM
in terms of the gap to capacity (14) are shown. Note that
H(X) = 4 corresponds to uniform 16PAM without shaping.
From this figure, it is observed that there exists an optimal
entropy H(X) for both the proposed two-level MLC and
the conventional scheme, that minimizes the gap to capacity
depending on the target spectral efficiency. More specifically,
for the target spectral efficiency of 3.2 bits per dimension, we
observe that with the optimized PMF, the distances from the
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Fig. 4: The gap to capacity performances of the proposed
two-level MLC and the conventional BMD with 16PAM for
different target rates Rtarget.

Shannon limit of AIRs of the proposed two-level MLC and the
conventional scheme are about 0.33 dB and 0.2 dB, respec-
tively. Also, we observe that the performance gap between
the proposed two-level MLC and the conventional scheme
becomes smaller when the target rate is 3.5 bits per dimension.
We note that when HD decoding is employed for all bit levels,
the gap to capacity is around 2 dB even with the optimized MB
distribution [44]. Therefore, we see that the proposed system
efficiently reduces the gap to capacity by using a power-
consuming SD decoder only at one bit level. In the simulation
results of Section VI, DM and polar code rates are optimized
based on this analysis.

We next verify the impact of the approximation (12) based
on simulations. In Fig. 5, we compare the two AIR expressions
(12) and (10) with inner polar codes for target rates of 3.2
and 3.5 bits per symbol with 16PAM. The parameters of
MB distribution are optimized based on Fig. 4. It is observed
from Fig. 5 that AIR curves with (10) are very close to the
approximated ones (12) at their target information rates. Note
that (10) is lower than (12) at high SNR regions, due to the
redundancy of inner polar codes. Also, we observe a slight
gap between the two curves in the case with 3.5 bits per
symbol, which stem from a performance loss of practical inner
polar codes from the capacity. However, we would like to
emphasize that our objective here is to find a metric for system
optimization rather than the exact AIR, for which (12) is still
useful in the relevant regions.

It should be noted that the AIR represents an upper per-
formance limit of the given system and is achievable with
an ideal, infinitely long FEC code. As such, the results in
Fig. 4 highlights the asymptotic disadvantage of the proposed
concatenated MLC with outer codes with respect to the
conventional scheme [17] without outer codes and is thus a
relevant figure of merit for communication systems. However,
in practice, error performance with outer codes would be of
interest for both the proposed and the conventional systems
to achieve the strict BER requirement of 10−15. As will
be seen in Section VI, when an outer code is employed

 2.6

 2.8

 3

 3.2

 3.4

 3.6

 3.8

 20  21  22  23  24

3.2 bits/symbol

3.5 bits/symbol

A
IR

 (
b
it
s
/s
y
m
b
o
l)
 

E
s
/N0 (dB) 

3.2 bits/symbol
3.5 bits/symbol

(11) with polar codes
(12)

Fig. 5: Comparison of two AIR expressions for the approxi-
mated system (12) and the original system (10) with an inner
polar code of length 1024 bits for 16PAM.

for both schemes, the proposed scheme can outperform the
conventional PAS in terms of an error rate.

We note that another important performance metric in
practice would be error exponents [45]–[49], which allows us
to analyze how the expected block error rate (BLER) decays
for code ensembles such as random code ensembles with its
length. For example, error exponents for BICM [46], [48]
and MLC with MSD [47] have been studied. Furthermore,
error exponents of BICM with probabilistic shaping has been
analyzed in [49]. These analyses could be potentially used
for analyzing how the proposed scheme behaves with respect
to its length. However, we evaluate the performance of the
proposed scheme mainly using Monte-Carlo BER simulations
in Section VI rather than the error exponent analysis that gen-
erally provides the expected BLER of code ensembles instead
of BER, since such an analysis may not be straightforward
for the proposed concatenated MLC where the overall error
probability depends on the BER before outer decoding.

V. DISCUSSION OF RELATIVE DECODING COMPLEXITY

In this section, we discuss the computational complexity
required for the proposed inner two-level MLC in comparison
with the conventional PAS scheme [17]. More specifically,
we focus on relative inner SD decoding complexity, since the
benefit of the proposed scheme in terms of complexity mostly
comes from reduction in SD decoding complexity. While
demodulation complexity may be also reduced by the proposed
two-level MLC, we do not perform an in-depth complexity
analysis that includes both decoding and demodulation com-
plexities as it will highly depend on practical implementations.

Again, the key feature of the proposed two-level MLC is
that only one bit level is protected by an inner code, and this
structure allows us to use the same number of shorter inner
codes, or fewer inner codes of the same length for a given outer
code, compared to the conventional scheme. In this work, we
use the number of required inner SD decoding operations for
fixed outer and inner code lengths as our complexity measure.
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The relative complexity saving by the proposed MLC is
evaluated in terms of reduction in the number of SD decodings
[37] compared to the conventional PAS, assuming that two
codes of the same length have similar decoding complexities
regardless of their rates2. This relative complexity reduction is
general in the sense that it is independent of the specific inner
FEC code.

As mentioned in Section III, for the same inner code
length (while their rates are different), the symbol length
of the proposed two-level MLC is m times longer than
that of the conventional scheme [17]. This means that the
proposed MLC requires m times fewer inner encoding and
decoding operations compared to the conventional scheme
in order to transmit the same number of information bits at
the same information rate. Therefore, we conclude that SD
encoding and decoding complexities of the proposed MLC are
approximately 1/m of those for the conventional scheme. The
effect of this complexity saving becomes more significant for a
higher order modulation. For instance, for 16PAM (256QAM),
the number of required inner SD encodings and decodings
for the proposed MLC scheme is only 25% of that for the
conventional scheme.

VI. SIMULATION RESULTS

In what follows, we evaluate the performance of the pro-
posed MLC with PAS in comparison with the conventional
PAS, and also the similar MLC scheme with PAS [29] over
AWGN channels. We make performance comparisons with the
same inner code length, which results in significant reduction
in terms of inner SD encodings and decodings of the proposed
two-level MLC compared to the conventional schemes, as
discussed in Section V.

As our outer code, without loss of generality, we assume the
staircase code defined in the ITU-T G.709.2 recommendation
with code rate Router = 239/255 ≈ 0.937, and the (30832,
30592) BCH code of rate Router = 30592/30832 ≈ 0.992.
The BER thresholds of the staircase and the BCH codes for
the target BER of 10−15 are 5.0 × 10−3 [2], and 5 × 10−5

[30], respectively3.
For inner codes, we consider polar codes [50] due to their

flexible rate design without changing encoding and decoding
structures, as well as their good performance at medium-to-
short code length. More specifically, we assume systematic
polar codes [51], [52] as they achieve better BER performance
than their non-systematic counterparts. For decoding of polar
codes, we use SCL decoding with list size 16 in conjunction

2We note that SD decoding complexity can vary even with the same length
depending on other code parameters. For example, for LDPC codes, decoding
complexity depends on particular degree distribution. Therefore, in order to
evaluate their encoding and decoding complexities more precisely, an LDPC
code-specific complexity measure should be introduced as in [7], [9], which
is beyond our scope in this paper. On the other hand, our assumption appears
to be true for polar codes.

3We note that since the inverse DM operation increases the BER even
after HD decoding [40], a little smaller BERs than the thresholds may be
required before HD decoding in practice for achieving the target overall BER
of 10−15.

with 8-bit CRC [53] in all cases4. We use existing polar code
designs assuming binary AWGN channels and SC decoding
for both the proposed MLC and the conventional systems.
More specifically, letting SNRBIAWGN(R) denote the minimum
required SNR to achieve a rate R suggested by the AIR of
a binary AWGN channel, we construct polar codes using
the Tal-Vardy’s method [54] with the design SNR given
by SNRdesign = SNRBIAWGN(Rinner). We note that while a
theoretic approach seems to be challenging, there may be room
for performance improvement by designing polar codes for
our system based on heuristics [55], [56], which we leave
as future work. As a DM, we assume CCDM [18] of length
1024 real symbols in all cases. Nevertheless, we would like
to emphasize that any other systematic FEC codes, as well as
DM implementations are applicable to the proposed system.

A. Comparison with the Conventional PAS Scheme

In what follows, we compare the BER performances before
HD decoding, which is often referred to as “pre-FEC BERs”,
of the proposed MLC and the conventional scheme [17]. With
the assumption of the ideal random interleaving between outer
and inner FEC codes, the target BER of 10−15 will be achieved
when a pre-FEC BER is below an outer BER threshold. The
balance of shaping and code rates are optimized based on the
analysis in Section IV-C, and the inner code rate is determined
to satisfy (5) for a given outer code rate. The code rates for
both the proposed two-level MLC and the conventional scheme
used in the following simulations are summarized in Table I.
The code rates of the conventional scheme are also optimized
in terms of the AIR, similar to the proposed system.

1) 16QAM: In Fig 6, we plot the pre-FEC BERs with
16QAM for which the proposed MLC requires 50% fewer SD
decodings compared to the conventional scheme as discussed
in Section V. Figure 6a shows pre-FEC BER performances at a
information rate of 2.8 bits per symbol. Performances with the
outer BCH and the staircase codes, indicated by the solid and
dashed curves, respectively, target different BER thresholds.
The corresponding outer BER thresholds for the staircase code
and the BCH code, i.e., 5.0×10−3 and 5.0×10−5, respectively,
are indicated by horizontal dashed and solid lines, respectively.
Also, the minimum required SNR for the proposed MLC to
achieve the rate 2.8 bits per symbol suggested by the AIR
result in Fig. 4, which we refer to as the “AIR limit”, is
indicated by a vertical solid line. From this figure, we observe
that when the outer code of higher rate, i.e., the BCH code of
rate 0.992, is employed, the proposed MLC exhibits an error
floor above the corresponding threshold of 5.0 × 10−5 due
to uncoded MRBs, while the conventional PAS achieves the
outer threshold at an SNR of around 9.6 dB. The reason for
this error-floor and a ways to mitigate it is presented later in
this Section. On the other hand, when the staircase code of
rate 0.937 is employed as an outer code, both the proposed
MLC and the conventional scheme reach the corresponding

4The use of CRC bits may be not necessary when powerful outer codes
are available, since concatenation with CRC codes improves performance of
SCL decoding at a low BER region, which may be already below an outer
threshold.
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TABLE I: FEC code rates used in the simulation for the proposed MLC and the conventional scheme [17].

Modulation information rate (bits/symbol) Inner code rate (Proposed) Inner code rate (Conventional) Outer code rate

16QAM
2.8 0.71 0.83 0.937

0.58 0.78 0.992

3.2 0.81 0.89 0.937
0.71 0.84 0.992

256QAM
6.4 0.79 0.93 0.937

0.58 0.88 0.992

7.0 0.92 0.98 0.937
0.71 0.93 0.992

threshold of 5.0 × 10−3 at an SNR of 9.6 dB, which is
approximately 1.7 dB away from the AIR limit. Therefore, the
proposed MLC with the outer staircase code achieves similar
performance to that of the conventional scheme with either
the outer BCH code or the staircase code, and the shaping
gain over BICM without shaping in this case is about 0.6 dB.
We note that while the proposed and the conventional PAS
schemes with the outer BCH code achieve similar performance
at the outer threshold, there is a BER region where the
proposed MLC clearly outperforms the conventional scheme,
e.g., around 10−3. This indicates that the proposed scheme
may achieve better performance when an outer threshold is
fixed at a little higher level than the selected BCH code. In
the simplest implementation, this is achieved by choosing an
outer code of lower rate, in which case the penalty is a slight
degradation of the net data rate.

Figure 6b shows the pre-FEC BERs for a information rate of
3.2 bits per symbol with 16QAM. Similar to Fig. 6a, the outer
BER thresholds and the AIR limit of the proposed MLC for
this information rate are indicated in the figure. It is observed
from this figure that the error floor of the proposed MLC
appears at lower BER as the information rate increases, since
the uncoded bits become more reliable for higher information
rates, i.e., higher SNR regions. Also, with the outer BCH code,
the proposed MLC achieves the corresponding BER threshold
at an SNR of 11.2 dB, which is about 1.6 dB away from the
AIR limit, and 0.1 dB better than the conventional scheme,
even with the 50% fewer of SD decodings. On the other hand,
when the outer staircase code is employed, the performance
gains of both the proposed and conventional schemes over
BICM with shaping decrease, since the outer code rate is low
for the information rate.

2) 256QAM: Figure 7 presents the pre-FEC performances
with 256QAM, where the proposed MLC requires 75% fewer
SD decodings compared to the conventional scheme. The outer
thresholds and corresponding AIR limits are also indicated as
in Fig. 6. Figure 7a shows the pre-FEC BERs with 256QAM
at information rates of 6.4 bits per symbol. From this figure, it
is observed that, both the proposed MLC and the conventional
scheme achieve better performance with the outer BCH code
than the case with the outer staircase code. More specifically,
with the outer BCH codes, the proposed MLC achieves the
corresponding threshold 5×10−5 at an SNR of 21.4 dB, sim-
ilar to the conventional scheme. In this case, the performance
gain over BICM without shaping is about 1.0 dB, and the gap
fom the AIR limit is about 1.9 dB. Note that the proposed
scheme with the outer BCH code clearly outperforms the
conventional scheme in a range of 10−4–10−3, while exhibits
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Fig. 6: Pre-FEC BER comparison with the conventional PAS
scheme [17] with 16QAM and polar code length of 1024 bits.

an error floor at around the threshold. The error floor will be
mitigated by choosing a lower outer code rate, similar to the
case in Fig. 6a.

We also plot the pre-FEC BER with 256QAM for a in-
formation rate of 7.0 bits per symbol in Fig. 7b. Similar
to Fig. 7a, concatenation with the outer BCH code results
in better performance for both the proposed MLC and the
conventional scheme compared with the outer staircase code.
More specifically, the proposed MLC achieves the threshold
of the BCH code at an SNR of 21.8 dB which is about 1.6 dB
away from the AIR limit, and 0.3 dB better than the conven-
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Fig. 7: Pre-FEC BER comparison with the conventional PAS
scheme [17] with 256QAM and polar code length of 1024
bits.

tional scheme. Also, we observe that when concatenated with
an outer code of relatively low rate, both the proposed MLC
and the conventional scheme achieve almost no gain over the
system without shaping. This suggests that the outer code rate
should be sufficiently small, considering the different roles of
outer and inner FEC codes. Namely, decreasing the outer code
rate to increase the outer threshold degrades error reducing
performance of the inner code. Note that the inner code rate
of the system with shaping is higher than that for the system
without shaping for given outer and target information rates.

3) Impact of Inner Code Length: So far, we have exclu-
sively focused on inner polar codes of length 1024 bits. In
what follows, we examine the impact of an inner code length
on pre-FEC BER performance. Figure 8 shows pre-FEC BER
performances for the same information rates as Fig. 7, but for
different inner polar code lengths of 256 and 4096 bits. The
outer BCH code of rate Router = 0.992 is assumed as an outer
code. We observe that the error floor of the proposed MLC
becomes prominent for a lower information rate, and a longer
inner code length. In particular, with the polar code length of
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Fig. 8: Pre-FEC BER comparison for different inner code
lengths (256, 4096 bits) with 256QAM and the union bounds
on the BER of the MRBs.

4096 bits, the error floor appears above the BER threshold of
the outer BCH code for 6.8 bits per symbol. This indicates
that for longer inner codes and lower information rates, lower
outer code rates (higher outer thresholds) are required for the
proposed two-level MLC. Nevertheless, the proposed two-level
MLC still benefits from the longer inner code length when
outer threshold is set to be a little higher. Also, for 7.0 bits
per symbol, we see that the performance gains of the proposed
MLC over the conventional scheme at the outer threshold are
about 0.8 dB and 0.6 dB for the inner code lengths of 256
bits and 4096 bits, respectively.

In order to verify these observations from a theoretical
perspective, we plotted the union bound on the BER of the
MRBs in Fig. 8 (see Appendix for the derivation). The union
bound will serve as an upper bound of the pre-FEC BER at
a high SNR region where the pre-FEC BER is dominated by
the BER of the MRBs. We note that, when the inner code
exhibits an error floor, the derived bound will not strictly serve
as an upper bound of the pre-FEC BER. However, as long as
the error floor is lower than the outer threshold, the derived
bound is useful to estimate error floor of the proposed scheme
in a BER region of interest. This is exemplified in Fig. 8 using
inner polar codes, where it is confirmed that the simulated pre-
FEC BER curves agree well with the union bounds around the
region of interest of the decoding threshold of the outer code,
indicating that the error floor is dominated by the BER of the
uncoded MRBs and thus irrespective of the inner code length.
This is further supported by the fact that the BER curves of
the proposed MLC with the two different inner code lengths
converge asymptotically at a high SNR region.

4) Performance with LDPC Codes: As already mentioned,
the proposed system does not assume any specific inner code.
In what follows, we evaluate performances of the proposed
two-level MLC with inner SD LDPC codes, that are widely
adopted in the modern communication standards. Specifically
we assume LDPC codes of length 64800 bits from the DVB-S2
standard [31] in conjunction with sum-product decoding with
a maximum iteration count of 50 for both the proposed and the
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Fig. 9: Pre-FEC BERs with DVB-S2 LDPC codes for a
information rate 6.4 bits per symbol with 256QAM.

conventional schemes. The resulting symbol lengths for two-
level MLC and the conventional scheme are therefore 64800
and 16200 symbols, respectively. The inner code rates are set
to 0.90 and 0.75 for the conventional scheme and the proposed
MLC, respectively5. Figure 9 presents a pre-FEC performance
comparison of the proposed MLC and the conventional scheme
with DVB-S2 LDPC codes for 6.4 bits per symbol. The BCH
code with a BER threshold of 5 × 10−5 is assumed as an
outer code. It is observed from Fig. 9 that, with the outer
BCH code, the proposed two-level MLC achieves better BER
performance than the conventional scheme at the threshold.
More specifically, the performance gain of the proposed two-
level MLC is 0.2 dB. This demonstrates the effectiveness of
the proposed scheme regardless of a specific inner FEC code.

From the AIR result in Fig. 4, we observed that the AIR
curve of the proposed MLC is slightly inferior to that of
the conventional scheme. In order to investigate the opera-
tional meaning of Fig. 4, we also plot pre-FEC BER of the
conventional scheme with the stand-alone LDPC code, i.e.,
without the outer BCH code. We see that, the pre-FEC BER
of the conventional scheme without the outer BCH code begins
to fall at a slightly smaller SNR than the proposed MLC
with concatenated BCH and LDPC codes. This performance
hierarchy agrees with the AIR result in Fig. 4, indicating
that if capacity-achieving codes are available, the conventional
scheme with a single code has a potential to outperform the
proposed two-level MLC. However, in practice, it would be
challenging for a single code to approach the channel capacity
under the strict BER requirement as low as 10−15, since
capacity-approaching codes such as LDPC codes typically
exhibit an error floor. On the other hand, when concatenated
with outer codes, performance of the conventional scheme
degrades due to the rate loss associated with outer codes,
and thus the proposed two-level MLC may achieve better
performance as observed in Fig. 9.

5For the proposed MLC, the optimized inner code rate based on the AIR
analysis is around 0.58, however, we increased it to 0.75 such that the error
floor appears below the threshold.
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Fig. 10: Frame structures of the proposed system, and the
similar approaches proposed by Sugitani et al. [27], [28] and
Yoshida et al. [29] with 16PAM. Corresponding bit-labeling
schemes are shown in Table II. Note that outer parity bits are
included in inner systematic bits for the proposed system.

B. Comparison with Similar MLC-PAS Schemes

Finally, we compare the proposed system with similar
PAS approaches proposed for two-level MLC in [27]–[29].
Figure 10 illustrates the frame structures of the proposed two-
level MLC and the related approaches [27]–[29] employing
16PAM. As shown in Fig. 10, unlike the proposed system,
the approaches proposed in [27]–[29] utilize a time-variant
modulation scheme, where two different bit-labeling schemes
are combined. These bit-labeling schemes are compared in Ta-
ble II with the proposed bit-labeling scheme. The “Labeling1”
is the bit-labeling proposed for two-level MLC without PAS
[6]–[9], and the “Labeling2” is the BRGC labeling which is
commonly used for the conventional PAS. As shown in Ta-
ble II, the “Labeling1” cannot be decoupled into amplitude and
sign components, whereas this is possible for the proposed bit-
labeling as described in Section III. Therefore, the approaches
[27]–[29] may fail to achieve the target MB distribution. Note
that the MRB determines the signs of modulation symbols for
the system [29], while the LRB changes the signs of symbols
in the proposed system.

In [27], [28], it has been proposed to employ both conven-
tional PAS scheme [17] and two-level MLC in a single trans-
mission block. More specifically, the “Labeling1” corresponds
to two-level MLC, and the “Labeling2”, i.e., the BRGC la-
beling, corresponds to the conventional scheme. However, the
use of the conventional scheme increases decoding complexity
and latency for a fixed block length, and thus negates the
advantage of two-level MLC. On the other hand, the approach
in [29] reduces SD decoding complexity by encoding only the
MRB and the LRB with an SD FEC code for the “Labeling2”.
However, the inner FEC code length is still longer than that
of ours for a fixed block length. More specifically, letting N
and NBRGC denote a block length and the number of symbols
with the BRGC labeling (“Labeling2”), respectively, the inner
code lengths of the conventional systems in [27], [28] and in
[29] are N + (m− 1)NBRGC and N +NBRGC, respectively for
2m-ary PAM, whereas that of the proposed system is N . The
ratio of the BRGC labeling (“Labeling2”) to a symbol length
N is determined by a code rate of an inner code. Since parity
bits of an inner code are allocated to the MRB of the BRGC
labeling, a lower code rate of an inner code means a higher
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TABLE II: The proposed bit-labeling and those in the related systems [29] for 16PAM.

X 15 13 11 9 7 5 3 1 -1 -3 -5 -7 -9 -11 -13 -15
Proposed 0000 1001 0010 1011 0110 1111 0100 1101 1100 0101 1110 0111 1010 0011 1000 0001

Labeling1 [29] 0101 0100 0111 0110 0011 0010 0001 0000 1001 1000 1011 1010 1111 1110 1101 1100
Labeling2 [29] 0101 0100 0111 0110 0011 0010 0001 0000 1000 1001 1010 1011 1110 1111 1100 1101

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 3  3.1  3.2  3.3  3.4  3.5  3.6  3.7  3.8  3.9  4

3.5 bits/dim

3.0 bits/dim

0.16dB

0.1dB

G
a
p
 t
o
 C
a
p
a
c
it
y
 (
d
B
)

Entropy H(X) (bits) 

Proposed
Yoshida et al. (Labeling1)

Fig. 11: The gap to capacity performances of the proposed
system and the similar system in [29] with 16PAM.

ratio of the BRGC labeling (“Labeling2”) to the “Labeling1”,
and vice versa.

We next compare shaping performances of the proposed
system and the similar system [29]. In order to evaluate
pure shaping gains, we compare the proposed system with
the first time block of the system [29] (corresponding to the
“Labeling1”) in Fig. 10 for which only the LRB is encoded
by an SD FEC code, similar to our system. Since the only
difference between the compared two systems is the PAS
approach, i.e., the PMF of transmit signals, they result in the
same AIR performance if their PMFs are same. Figure 11
shows the gap to capacity performances of the proposed and
similar two-level MLC schemes for target information rates
3.0 and 3.5 bits per symbol with 16PAM (equivalent to 6.0
and 7.0 bits per complex symbol with 256QAM), where an
AIR is computed based on (12). From Fig. 11, we observe that
the proposed scheme offers about 0.16 dB and 0.1 dB gains for
3.0 and 3.5 bits per symbol, respectively. The corresponding
optimized PMFs for 3.0 bits per dimension (6.0 bits per
complex symbol) are shown in Fig. 12. As mentioned earlier,
since the “Labeling1” cannot be decomposed into amplitude
and sign components, the target MB distribution may not be
achieved. Therefore, the AIR performance gaps in Fig. 11
are interpreted as loss of shaping gain due to the suboptimal
shaping of the system [29] as shown in Fig. 12.

Figure 13 shows pre-FEC BER performance comparisons
of the proposed two-level MLC and the similar system [29].
We assume 256QAM and the information rate is set to 6.0
bits per symbol. The inner polar code rates are chosen as
0.53 and 0.73 for the proposed scheme, and 0.68 and 0.82
for the scheme [29], for outer BCH and staircase codes,
respectively. We assume the same polar length of 1024 bits
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Fig. 12: The PMF of 16PAM with the bit-labeling in Table II
[29] for a target rate 3.0 bits per dimension (6.0 bits per
complex symbol).

for both schemes. Resulting symbol lengths are 1024 for the
proposed system (regardless of outer codes), and 696 and
839 for the scheme [29] with outer BCH and staircase codes,
respectively. From Fig. 13, it is observed that when the outer
BCH code is employed, the error floors of both schemes
are above the corresponding threshold. Also, the performance
advantage of the proposed scheme becomes larger when the
outer code rate is lower (the inner code rate is higher), since the
ratio of the imperfect shaping (“Labeling1”) becomes higher
for the system in [29]. More specifically, when the outer
staircase code is used, the proposed system outperforms the
similar MLC scheme [29] by approximately 0.4 dB at the
corresponding threshold. We note that the performance gap
between the proposed system and the similar scheme [29]
would become smaller as information rate increases since
the optimal symbol distribution get closer to uniform, for
which the impact of the imperfect shaping in [29] becomes
smaller. Regarding complexity, the numbers of SD encodings
and decodings required for the proposed scheme are about
68% and 82% of those for the scheme [29], for the outer BCH
and staircase codes, respectively. Furthermore, the proposed
system would be rather simpler in the sense that only a single
bit-labeling scheme is used, whereas two different bit-labeling
schemes are combined in [27]–[29].

VII. CONCLUSION

In this paper, we have proposed a novel probabilistic ampli-
tude shaping (PAS) approach for concatenated two-level multi-
level coding (MLC). By combining with PAS, the proposed
concatenated two-level MLC scheme enables highly flexible
transmission rate design by adjusting either or both of distri-
bution matcher (DM) and FEC code rates. The proposed PAS
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Fig. 13: Performance comparison with the similar MLC
scheme [29] employing 256QAM at 6.0 bits per symbol.

is based on a new bit-labeling which is designed such that the
coding gain of two-level MLC is maximized while achieving
the target Maxwell-Boltzmann (MB) distribution. We used
an approximated achievable information rate (AIR) of the
proposed two-level MLC system with PAS based on which we
optimized the balance of shaping and coding redundancies. We
have demonstrated that the proposed MLC combined with PAS
achieves a relative complexity reduction, e.g., 75% reduction
in terms of the required number of SD decodings for 256QAM,
while achieving even better performance than the conventional
PAS in the simulations for a high information rate. Unlike
existing PAS approaches for MLC, the proposed PAS scheme
is capable of taking advantage of an excellent coding gain
of two-level MLC without sacrificing shaping performance
compared to the conventional PAS scheme.

In this paper, we have considered a two-level MLC scheme
where only the LRB is encoded by a soft-decision (SD) FEC
code. It is also possible to protect more than one bit level by
an SD FEC code to reduce the error floor of the two-level
MLC. However, in this case, the proposed PAS approach may
not be directly applicable, and thus a new PAS scheme needs
to be devised.

APPENDIX
DERIVATION OF THE UNION BOUND ON THE BER OF THE

MRBS

As shown in Fig. 8, the union bound is a useful technique
for estimating an error rate in the high SNR region. In what
follows, we derive the union bound on the BER of the inner
uncoded MRBs, that dominates the error floor of the proposed
system. In the analysis, it is assumed that the inner decoder
successfully decodes the LRB in the high SNR region, i.e.,
the BER of the LRB is zero.

Let X (Bm−1) denote a subset of X whose (m − 1)th bit
label is Bm−1 ∈ {0, 1} whose cardinality is |X (Bm−1)| =
2m−1, and x, x̂ ∈ X (bm−1) denote the transmitted and
estimated symbols at the receiver side, respectively. Let
BMSB(x) ∈ Fm−12 denote the inverse of the symbol mapping

function that maps a modulation symbol into a corresponding
MRB label. Letting dH(·, ·) denote the Hamming distance
between two bit sequences, we define the coefficient that
represents the ratio of incorrect bits in the estimated MRBs at
the receiver side as

α(x, x̂) ,
dH(BMRB(x),BMRB(x̂))

m− 1
. (16)

This coefficient depends on a bit-labeling scheme. Based on
(16), the union bound on the BER of the inner uncoded MRBs
is expressed as,

PMRBs
UB =

∑
Bm−1∈F2

P (Bm−1)
∑

x∈X (Bm−1)

P (x|Bm−1)

×
∑

x̂∈X (Bm−1)
x6=x̂

α(x, x̂)P (x→ x̂) (17)

where P (x → x̂) is the pairwise error probability that the
transmitted symbol x is detected as x̂ at the receiver side. For
AWGN channels with noise variance σ2, it is expressed as

P (x→ x̂) = Q

(√
|x− x̂|2

4σ2

)
, (18)

where Q(x) = 1
2erfc( x√

2
) = 1√

2π

∫∞
x

exp(−u2

2 )du is the Q-
function. Note that the LRB is uniformly distributed over F2,
i.e., P (Bm−1 = 0) = P (Bm−1 = 1) = 1/2. When a transmit
symbol x ∈ X (Bm−1) has uniform distribution (without PAS),
the conditional probability is P (x|Bm−1) = 1/2m−1. How-
ever, x ∈ X (Bm−1) is generally non-uniformly distributed
for PAS systems. In the proposed MLC, the conditional
probability of x ∈ X (Bm−1) is independent of the LRB, i.e.,
P (x|Bm−1 = 0) = P (x|Bm−1 = 1), since the LRB affects
only the sign of PAM as shown in Fig. 3.
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[18] P. Schulte and G. Böcherer, “Constant composition distribution match-
ing,” IEEE Trans. Inf. Theory, vol. 62, no. 1, pp. 430–434, 2016.

[19] T. Fehenberger, A. Alvarado, G. Böcherer, and N. Hanik, “On prob-
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