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Aggregate Feasible Region of DERs:
Exact Formulation and Approximate Models

Yilin Wen, Student Member, IEEE, Zechun Hu, Senior Member, IEEE,
Shi You, Senior Member, IEEE, and Xiaoyu Duan, Student Member, IEEE

Abstract—The aggregation of distributed energy resources
(DERs) draws much attention since their penetration increases
continuously. We derive the mathematical formulation of the
exact aggregated feasible region (AFR) of multiple DERs. The
derivation is based on analyzing the redundancy of all possible
constraints in the Fourier-Motzkin Elimination (FME) process.
In the exact AFR model, the number of constraints is linear with
the number of DERs and exponential with the number of time
intervals, respectively. Although the computational complexity
of the exact AFR is dramatically simplified compared with the
original FME, there are still too many constraints for the exact
AFR model to be applied in practice. Hence, we propose the
kth-order approximate models and two types of multi-timescale
approximate models. Illustrative cases show the necessity of each
constraint in the proposed models compared with the aggregated
power and energy boundary model. Numerical simulations verify
the accuracy of the exact AFR model. Besides, the second-
order approximate model performs best considering the balance
between accuracy, economics, and computational complexity.

Index Terms—Distributed energy resource, demand response,
load aggregator, flexible load, aggregate feasible region, Fourier-
Motzkin Elimination.

NOMENCLATURE

Indices and sets:

i/N Index/Set of DERs, |N | = N .
t/T Index/Number of time intervals.
q T − t+ 1.
l/L Index/Set of paths in the binary tree.
sl/rl Index of the first/last non-zero element on path l.
s̃l/r̃l T − sl + 1/T − rl + 1.

Parameters:

∆T Length of one time interval.
pi(t)/pi(t) Lower/Upper power boundary of DER i of

interval t.
pi/pi [pi(T ), pi(T −1), · · · , pi(1)]> / [pi(T ), pi(T −

1), · · · , pi(1)]>.
ei(t)/ei(t) Lower/Upper energy boundary of DER i of

interval t.
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vl,ul T -dimensional coefficient column vectors cor-
responding to path l.

1/0 T -dimensional column vector of all 1/0.

Variables:

ei(t) Energy variable of DER i of interval t, ei(0) = 0.
E(t) Total energy of all DERs of interval t, E(t) =∑

i∈N ei(t), E(0) = 0.
P (t) Total power of all DERs of interval t, P (t) =

(E(t)− E(t− 1))/∆T .
E [E(T ), E(T − 1), · · · , E(1)]>.
P [P (T ), P (T − 1), · · · , P (1)]>.

Notations:

(·)> Vector transposition.
(·)[a:b] Selects the a-th to b-th components of a vector.
〈x,y〉[a:b] Inner product of vectors indexing from a to b,

〈x,y〉[a:b] = x>[a:b] · y[a:b].
∩/∪ Intersection/Union of two sets.
(·)X Set of items of DERs in X , i.e. {(·)i|i ∈ X},

e.g., eX (t) = {ei(t)|i ∈ X}.

I. INTRODUCTION

THE high penetration of intermittent renewable energy
sources such as wind power and photovoltaic has in-

creased the difficulty of balancing power supply and load
demand. In this context, the regulation of the power systems
can no longer rely solely on the traditional units, and the
distributed energy resources (DERs) have the potential to play
an essential role [1], [2]. Typical DERs include distributed
photovoltaic (PV), electric vehicle (EV), distributed energy
storage system (ESS), thermostatically controlled load (TCL),
etc. Although the capacity of individual DER is small, the
amount is enormous, so that DERs can provide a considerable
regulation capacity for the power systems.

In the published papers, there are several types of methods
for DER scheduling. The first type is the centralized optimiza-
tion method [3]–[7], which can theoretically find the global
optimal solution by solving one optimization problem but
has scalability and privacy protection problems. The second
type is distributed optimization method [8]–[11], which can be
implemented with limited data exchange. Although distributed
optimization has the advantage of scalability, it requires each
DER to have decision-making and communicating capabilities.
Typical distributed optimization algorithms converge after tens
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or even hundreds of iterations, making them unsuitable for
real-time applications.

Another type of DER scheduling method is hierarchical
dispatch [12]–[15], in which aggregators act as coordinators
between the small-scale DERs and the power system oper-
ator. In this way, aggregators are responsible for calculating
and submitting their feasible power boundaries or desirable
power profiles to the power system operator. Then the system
operator determines the total power profile of each aggregator,
considering the states of the whole power system. After that,
the aggregator allocates the total power profile to each DER for
execution. Both [12] and [13] design a two-level hierarchical
structure to dispatch various DERs. In [14], a hierarchical
framework is proposed to dispatch EVs to hedge against wind
power uncertainty. Moreover, reference [15] deals with the
hierarchical control of TCLs. Most of the current market-
clearing or scheduling approaches considering DERs belong
to this hierarchical structure.

A vital issue for the aggregators lies in formulating the
flexibility of multiple DERs: the feasible region of aggregated
power, namely aggregated feasible region (AFR). The AFR
should be precisely formed to ensure the aggregated power
can be successfully allocated to each DER. However, the AFR
model is usually determined by experience in current practical
applications. For example, the North China Power Grid divides
DERs into two types: the first type includes ESSs, vehicle-to-
grid (V2G) EVs, etc., that should report the power and energy
capacity, and the second type includes smart charging EVs,
TCLs, etc., that only need to report the power capacity [16].
Aggregators in the North China Power Grid need to consider
the types of DERs to form an accurate AFR to safeguard their
interests in the market.

Many literature have pointed out that calculating the aggre-
gate flexibility is mathematically calculating the Minkowski
sum of multiple high-dimensional polytopes, of which there
is no highly efficient general solution method [17]–[21].
Therefore, existing research mainly focuses on approximating
this aggregate feasible region using a concise and compact
model, including outer and inner approximations. Many basic
geometries have been tried for inner approximation, such
as box [17], ellipse [18], and zonotope [19]. A generalized
electricity storage model is proposed for both inner and outer
approximation of the AFR of TCLs [20]. In [12], a unified
flexibility model of multiple types DERs is proposed, where
the flexibility of each DER is described by its power and
energy boundaries. The AFR is directly calculated by summing
up all the individual boundaries, which is, in fact, an outer
approximation. Inner approximate models are usually too
conservative because they preset the shape of the feasible
region, while outer approximate models often lead to the
problem that the total power can not be allocated to each DER.

As far as the authors know, there is no published research
working on the derivation of the exact AFR, so this paper
fills this gap. Since the computational complexity of the exact
AFR is high, we further propose a series of approximate
models for practical applications. The illustrative cases and
numerical simulations verify the correctness and effectiveness
of the models in this paper.

The rest of this paper is organized as follows. Section
II briefly discusses the derivation process of the exact AFR
model and gives its mathematical formulation, with the de-
tailed derivation provided in the Appendix. Section III intro-
duces the proposed approximate models. Sections IV gives
the illustrative cases. Sections V and VI carry out the results
of small-scale and large-scale numerical simulations, respec-
tively. Section VII concludes the paper.

II. EXACT AGGREGATE FEASIBLE REGION OF DERS

A. Unified Feasible Region of Individual DER

Reference [12] proposes a unified discrete-time individual
feasible region model for typical DERs, e.g., PV, ESS, EV,
and TCL, which contains both power and energy constraints
as formulated by

∆Tpi(t) ≤ ei(t)− ei(t− 1) ≤ ∆Tpi(t),∀t ∈ [1, T ], (1)

ei(t) ≤ ei(t) ≤ ei(t),∀t ∈ [1, T ]. (2)

Denote by Cpi (t) the power constraints (1) of DER i in interval
t and denote by Cei (t) the energy constraints (2) respectively.
It is obvious that Cpi (t) and Cei (t) are temporally coupled.
Denote {Cpi (t),Cei (t)} by Ci(t). The boundaries pi(t) ,pi(t),
ei(t), and ei(t) satisfy the following hypotheses:

Hypo 1:
{
pi(t) ≤ pi(t)
ei(t) ≤ ei(t)

,∀t.

Hypo 2:
{

∆Tpi(t) ≤ ei(t)− ei(t− 1) ≤ ∆Tpi(t)
∆Tpi(t) ≤ ei(t)− ei(t− 1) ≤ ∆Tpi(t)

,∀t.

Hypo 3:
{
ei(t− 1) + ∆Tpi(t) ≤ ei(t)
ei(t− 1) + ∆Tpi(t) ≥ ei(t)

,∀t.
Apparently, Hypo 1 should hold to ensure that the individual

feasible region is not empty. Hypos 2 and 3 come from the
construction principle of energy boundaries: the upper and
lower energy boundaries correspond to the fastest and slowest
energy change trajectories, respectively. Hypos 2 and 3 ensure
no strong redundant constraints in the individual feasible
region model, i.e., all the constraints might be active. All
these hypotheses hold if pi(t), pi(t), ei(t), ei(t) is constructed
according to the method proposed in [12]. Although these
hypotheses are not clearly claimed in [12], they are crucial
for deriving the exact AFR.

B. Overview of the Exact AFR Derivation

This section briefly introduces the derivation process of the
exact AFR, with the detailed derivation given in the Appendix.

First, it is recognized that the exact AFR is the feasible
region of E(t) =

∑
i∈N ei(t), which is indeed the Minkowski

sum of the individual feasible regions of all N DERs. Calculat-
ing the Minkowski sum can be transformed into the feasible
region projection problem: individual feasible regions of N
DERs constitute a polytope in the NT -dimensional Euclidean
space, and the task is to calculate its projection on the T -
dimensional E space. The projection can be computed using
the Fourier-Motzkin Elimination (FME) method [22], which
is briefly introduced in the Appendix.

The complexity of the original FME is too high to compute,
which is O((2NT )2NT

) for this feasible region aggregation
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problem. The main reason is that the redundant constraints
accumulate during the FME process. Nevertheless, since the
process of eliminating one variable through FME is straightfor-
ward, it is used for derivation. The derivation in the Appendix
analyzes all the constraints generated in the FME process and
figures out redundant constraints so that only non-redundant
constraints remain.

The derivation process can be briefly summarized in the
following stages:

1) Define the steps in which FME eliminates each variable
to obtain a preliminary general expression of constraints
in the elimination process. Refer to Appendix A.B.

2) Do one step of FME on these general constraints, divide
the obtained constraints into three categories, discuss
the redundancy separately, and remove the redundant
constraints. Refer to Appendix A.C to A.E.

3) Reform the remaining constraints to get the final exact
AFR expression. Refer to Appendix A.F.

In the derivation process, the inequalities in Hypos 1-3
are used many times to judge the redundancy of constraints,
indicating that the derivation fully utilizes the properties of
the individual feasible region model. Therefore, the result is
much more concise than the original FME.

C. Mathematical Formulation of the Exact AFR

As the main result of this paper, the mathematical formula-
tion of the exact AFR can be summarized as

φl ≤ v>l E ≤ φl,∀l ∈ L, (3)

where, L is the set of all paths in a complete binary tree of
height T + 1, vl is a T -dimensional column vector composed
by the data in the nodes on path l (do not include the root).
The data in the binary tree is specified as follows.

• The datum in the root is 0.
• The datum in each node’s right child is 1 or -1, and the

datum in the left child is 0.
• If a node is the right child of its father and the data in

its ancestors are all 0, its datum is 1.
• If a node is the right child of its father and the data in

its ancestors are not all 0, its datum is opposite in sign
with its nearest non-zero ancestor.

The vl of all l are illustrated in Fig. 1. For example, if T = 4,
the vector vl corresponding to the rightmost path in the tree
is [1,−1, 1,−1]>. Parameters φl and φl are calculated by (4)
and (5) respectively.

φl ,



The number of non-zero nodes on l is odd :∑
i∈N

min
{
ei(s̃l)−∆T

〈
1− ul,pi

〉
[sl:rl−1]

,∆T 〈ul,pi〉[sl:rl−1] + ei(r̃l + 1)
}
,

The number of non-zero nodes on l is even :∑
i∈N

min
{
ei(s̃l)− ei(r̃l + 1)−∆T

〈
1− ul,pi

〉
[sl:rl−1]

,∆T 〈ul,pi〉[sl:rl]
}
,

(4)

0 1

-1010

0 1 0 -1 0 -1 0 1

0

0 1 0 -1

E(T)

E(T-1)

E(T-2)

E(T-3)
… …

0vl(0)

vl(1)

vl(2)

vl(3)

vl(4)
…

0 0 10 -1 0 10 1 0 -1 -1

Fig. 1: The development of the coefficient vector vl.

φl ,



The number of non-zero nodes on l is odd :∑
i∈N

max
{
ei(s̃l)−∆T 〈1− ul,pi〉[sl:rl−1]

,∆T
〈
ul,pi

〉
[sl:rl−1]

+ ei(r̃l + 1)
}
,

The number of non-zero nodes on l is even :∑
i∈N

max
{
ei(s̃l)− ei(r̃l + 1)−∆T 〈1− ul,pi〉[sl:rl−1]

,∆T
〈
ul,pi

〉
[sl:rl]

}
,

(5)
where, ul is generated by vl according to

ul(q) ,
q∑
θ=1

vl(θ),∀q ∈ [1, T ]. (6)

We have by the definition of ul that u>l P∆T = v>l E, so the
exact AFR model (3) can be equivalently described as

φl ≤ u>l P∆T ≤ φl,∀l ∈ L (7)

It is easy to verify that each component of ul can be either 1
or 0, so u>l P∆T is the aggregator’s total energy consumption
(generation is negative consumption) in those intervals when
ul(t) = 1. Except for the invalid case where ul = 0, exact
AFR expressed by formula (7) means that the energy con-
sumption of the DER aggregator on any non-empty collection
of all time intervals should be constrained by the upper and
lower limits. For one collection of time intervals, the upper and
lower limits defined by (4) and (5) correspond to the sum of
the fastest and slowest energy-consuming trajectories of each
DER under this collection, respectively.

D. Complexity Analysis

1) Numbers of Constraints and Parameters: Except for the
invalid leftmost path1, the exact AFR formulation contains
2T −1 valid pairs of constraints in total. Correspondingly, the
number of parameters is 2(2T −1). The number of constraints
and parameters are both regardless of N , so the derived model
is conducive to dealing with large-scale DERs.

2) Computation of Parameters: Parameters φl and φl can
be directly calculated by (4) and (5), respectively. Taking φl
as an example, in the outer layer of (4)—

∑
and min, only

N times of two-number comparisons and one time of N -
number summation are needed. In the inner layer, the number

1The constraints corresponding to the leftmost path is invalid because the
coefficient vector vl of it is 0.
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of necessary calculations is related to the number of non-
zero components on ul. Thus, the overall time complexity of

computing φl(∀l ∈ L) is O
(∑T

q=1 2N

(
T
q

))
= O(N2T ),

which is significantly lower than the original FME method.

III. APPROXIMATE MODELS OF THE AGGREGATE
FEASIBLE REGION

As pointed out in the previous section, the exact AFR model
contains 2(2T − 1) constraints, which is too complex for
practical applications where T is usually 24 or 96. Therefore,
this section puts forward several outer approximate models
according to different paths selected in the binary tree. In the
following text, the exact AFR model is denoted by AFR-e. It is
emphasized that in all approximate models, including AFR-e
itself, the computational complexity of the parameters has a
linear relationship with N .

A. Kth-Order Approximation

It is natural to choose different paths according to the num-
ber of non-zero nodes. The kth-order approximation is defined
by selecting the path set as Lk , {l ∈ L|

∑q
θ=1 |vl(θ)| ≤ k}.

The constraints in the kth-order approximate model are

φl ≤ v>l E ≤ φl,∀l ∈ Lk. (8)

The kth-order approximation, denoted by AFR-k, contains

2
∑k
κ=1

(
T
κ

)
constraints. In particular, if k = T , AFR-T

is equivalent to AFR-e, which is the highest-order approxima-
tion. Although high-order approximations are more accurate,
they lead to high computational complexity. Hence, low-
order approximations are usually more suitable for practical
applications. The specific expressions of AFR-1 and AFR-2
are given below.

1) First-Order Approximation (AFR-1):
AFR-1 corresponds to the paths with only one non-zero

node, so it only contains the energy boundary of each interval,
which is ∑

i∈N
ei(t) ≤ E(t) ≤

∑
i∈N

ei(t),∀t ∈ [1, T ]. (9)

The number of constraints is 2T . It is noticed that AFR-1 does
not even constrain the power, i.e., E(t)−E(t−1), so it is very
inaccurate. However, the AFR-1 model specifies the upper and
lower bounds of each decision variable, so the solution of the
optimization model can be limited to a specific range. In the
rest of the paper, AFR-1 is used as a benchmark to compare
the performance of other AFR models.

2) Second-Order Approximation (AFR-2):
The constraints of which l satisfy

∑q
θ=1 |vl(θ)| ≤ 2 consti-

tute AFR-2. The mathematical expression of AFR-2 is
∀t1 ∈ [1, T ],∀t2 ∈ [0, t1 − 1]:∑

i∈N
max

(
ei(t1)− ei(t2),

t1∑
τ=t2+1

p(τ)∆T

)
≤

E(t1)− E(t2) ≤∑
i∈N

min

(
ei(t1)− ei(t2),

t1∑
τ=t2+1

pi(τ)∆T

)
.

(10)

This constraint can be intuitively interpreted as limiting energy
change between any two time points. For example, the right
part of the inequality means: the energy change of each DER
from t2 to t1 does not exceed the energy change from the
energy lower bound of t2 to the upper bound of t1 or keeps
consuming energy from t2 to t1 with the maximum power.
The left part can be explained similarly. AFR-2 contains all
the constraints of AFR-1 (let t2 = 0 in (10)) and the number of
constraints in AFR-2 is T (T + 1). Compared with AFR-e that
considers the coupling relationship between arbitrary intervals,
AFR-2, which considers the coupling of any two intervals,
is significantly simplified. Even though many constraints that
exist in AFR-e are not in AFR-2, AFR-2 will be shown to
perform well in the numerical simulations.

B. Aggregated Power and Energy Boundary (AFR-1′)

The aggregated power and energy boundary model proposed
in [12] can be formulated as
∀t ∈ [1, T ]:

∑
i∈N

pi(t)∆T ≤ E(t)− E(t− 1) ≤
∑
i∈N

pi(t)∆T ,∑
i∈N

ei(t) ≤ E(t) ≤
∑
i∈N

ei(t).
(11)

This model is intuitive because it just sums the power
and energy boundaries of each DER. In fact, it is corre-
sponding to the path set L1′ , {l ∈ L|

∑q
θ=1 ul(θ) =

1 or
∑q
θ=1 |vl(θ)| = 1}, containing a total of 4T inequality

constraints. It is obvious that this model is an approximation
between AFR-1 and AFR-2, so it is called AFR-1′. The AFR-
1′ model only contains a very small number of paths, which
is far from the exact AFR. Since the number of constraints is
only 4T , AFR-1′ can be conveniently used in practice, but the
errors are seldom considered in the published research.

In the following text, all AFR-k, including AFR-1′ are
called basic models.

C. Multi-Timescale Approximation

The factor hindering the practical application of the exact
AFR model is its exponential relationship with T . In practical
applications such as economic dispatch problems and unit
commitment problems, the value of T is usually set to 96
or 24, making the number of constraints too enormous to
compute. However, if T is relatively small, AFR-e or high-
order approximate models can be used, which is the basic idea
of multi-timescale approximate models. Here, we propose two
types of multi-timescale approximate models.

1) Intervals with Different Lengths:
Divide the total time window with different lengths of time

intervals, and let the shortest time intervals match the actual
control requirements. On this basis, medium intervals, long
intervals, etc., can also be added. When the total time window
is fixed, the longer the interval length, the fewer the intervals
are divided, so the more accurate AFR models can be used.
For instance, 24 hours can be divided into 96 intervals so
that each interval represents 15 minutes, then AFR-1′ can
be used to constrain the variables of all these intervals. If
the interval length is set to two hours, then the variables of
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the corresponding 12 intervals can be constrained by AFR-e.
Combining the constraints obtained by the two time divisions
constitutes a new AFR, that is, the first type of multi-timescale
approximate model.

A nomenclature is defined for this approximate model:
M{AFR1(T1),AFR2(T2), ...,AFRn(Tn)} means to divide the
total time into T1 intervals and then use AFR1 to establish con-
straints, divide into T2 intervals and then use AFR2 to establish
constraints, ..., and divide into Tn intervals and then use AFRn
to establish constraints. Under this nomenclature, the above
example can be represented by M{AFR-1′(96),AFR-e(12)}.

2) Interval Grouping:
This approximate model categorizes the intervals into sev-

eral groups, and each group contains a few intervals, so a
more precise AFR model can be used within the groups.
For example, the 96 intervals divided from 24 hours are
categorized into 12 groups: 1-8, 8-16, ..., 88-96, then each
group can be constrained by the AFR-e model, and the number
of constraints is not too large. It should be noted that the last
interval of the former group should be the same as the first
interval of the latter group in order to ensure the coupling
between two adjacent groups. More layers can also be added
on this basis, e.g., categorize the 96 intervals into six groups,
use AFR-2 to constrain each group’s variables, divide the 24
hours into 12 intervals, categorize into one group, and use
AFR-e to establish constraints.

Also, a nomenclature is defined for this type:
W{AFR1(T1, g1),AFR2(T2, g2), ...,AFRn(Tn, gn)}, where
AFRi(Ti, gi) means to divide the total time into Ti
intervals, categorize into gi groups, and then use the
AFRi model to establish constraints of each group.
By this way, the above example can be represented by
W{AFR-e(96, 12),AFR-2(96, 6),AFR-e(12, 1)}. Besides,
it should be pointed out that type 1 can be regarded as a
special case of type 2 because (12) holds. However, due to
the different emphases, they are still regarded as two types.

M{AFR1(T1),AFR2(T2), ...,AFRn(Tn)} =
W{AFR1(T1, 1),AFR2(T2, 1), ...,AFRn(Tn, 1)} (12)

In both types of multi-timescale approximate models, a low-
order basic model is required to cover all T intervals, and this
basic model is called the bottom model in the following text.

IV. ILLUSTRATIVE CASES

In this section, some illustrative cases are used to compare
the feasibility of different basic models. Considering the aggre-
gation of only two smart charging (V1G) EVs, the role of each
constraint in the AFR models can be reflected. Fig. 2 illustrates
the power and energy boundaries of an individual EV [12].
Fig. 3 illustrates the aggregated boundaries (AFR-1′) of two
EVs with different arrival and departure times. Apparently,
the energy and power profiles in Fig. 3 can be successfully
allocated to each EV. Some unsuccessful allocation cases are
as follows, where x and y are used to represent the two EVs.
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Fig. 2: Power and energy boundaries of an individual EV, where ta

is the arrival time, td is the departure time, pmax is the maximum
power of the charger, ed is the expected energy to charge, and emax

is the maximum energy for charging [12].

e

O t
tdta T

( )e t ( )e t
emax

ed

p

O t
tdta T

( )p t ( )p t
pmax

P

T

( ) ( )x yp t p t+

( ) ( )x yp t p t+

( )P t

tO

max
xp

max max
x yp p+

max
yp

a
xt

d
xt

d
yt

a
yt

E

T

x

y
( )E t

tO

max
xe

d d
x ye e+

max max
x ye e+

d
xe

a
xt

a
yt d

xt
d
yt

( ) ( )x ye t e t+
( ) ( )x ye t e t+

(a) Power boundaries

e

O t
tdta T

( )e t ( )e t
emax

ed

p

O t
tdta T

( )p t ( )p t
pmax

P

T

( ) ( )x yp t p t+

( ) ( )x yp t p t+

( )P t

tO

max
xp

max max
x yp p+

max
yp

a
xt

d
xt

d
yt

a
yt

E

T

x

y
( )E t

tO

max
xe

d d
x ye e+

max max
x ye e+

d
xe

a
xt

a
yt d

xt
d
yt

( ) ( )x ye t e t+
( ) ( )x ye t e t+

(b) Energy boundaries

Fig. 3: Aggregated power and energy boundaries of two EVs
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Fig. 4: Cases for AFR-1′ feasible but AFR-2 infeasible

A. AFR-1′ Feasible but AFR-2 Infeasible

Fig. 4(a) shows the first case of unsuccessful allocation. The
energy profile E(t) shown in this figure is feasible for AFR-1′.
However, since x has left at t1, it is charged up to ex(t1), and
all the power from t1 to t2 is charged to y, making the total
charged energy of y exceed its battery capacity. Therefore, this
energy profile cannot be successfully allocated. In fact, it does
not satisfy constraint (13) in AFR-2,

E(t2)− E(t1) ≤ ey(t2)− ey(t1) + ∆T

t2∑
τ=t1+1

px(τ) (13)
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Fig. 5: Cases for AFR-2 feasible but high-order models infeasible

because
E(t2)− E(t1) = ey(t2) + ex(t2)− ex(t1)

= ey(t2)− ey(t1) + ex(t1)− ex(t1)

> ey(t2)− ey(t1)

= ey(t2)− ey(t1) + ∆T

t2∑
τ=t1+1

px(τ).

Fig. 4(b) shows a symmetrical case of Fig. 4(a), where x
is fully charged, but y is not charged to its expected energy.
It is also feasible for AFR-1′ but does not satisfy constraint
(14) of AFR-2,

E(t2)− E(t1) ≥ ey(t2)− ey(t1) + ∆T

t2∑
τ=t1+1

px(τ) (14)

because

E(t2)− E(t1) = ey(t2) + ex(t2)− ex(t1)

= ey(t2)− ey(t1) + ex(t2)− ex(t2)

< ey(t2)− ey(t1)

= ey(t2)− ey(t1) + ∆T

t2∑
τ=t1+1

px(τ).

The above two cases are like one EV ”steals” the energy
from another EV: while the overall energy profile is within the
total boundaries, in case 0-1, y steals the battery capacity of x
and thus charges more than its capacity; in case 0-2, x steals
y’s energy so that y’s charging demand is not met. Both cases
escape the supervision of AFR-1′.

B. AFR-2 Feasible but High-Order AFRs Infeasible

This subsection assumes that the ed, emax, pmax of the
two EVs are all the same, and only ta and td are different.
The energy profile given in Fig. 5(a) is feasible for AFR-2
because the energy change between any two time points does
not violate the two EVs’ energy constraints. However, since
the total energy during t1 and t2 increases with 2pmax, the
energy charged during this period must be allocated half to x
and half to y. Because x has left at t3, it has not been charged
to the expected energy, indicating the energy profile, in this
case, will also fail to allocate. In fact, E(t) in this case does
not satisfy the constraint (15) of AFR-3,

E(t3)− E(t2) + E(t1) ≥

ex(t3) + ∆T
t3∑
τ=t2

py(τ)−∆T
t2∑

τ=t1+1

px(τ) + ey(t1)
(15)

because E(t3)− E(t2) + E(t1) = 0, but

ex(t3) + ∆T
t3∑
τ=t2

py(τ)−∆T
t2∑

τ=t1+1

px(τ) + ey(t1)

= ex(t3)−∆T
t2∑

τ=t1+1

px(τ)

= ∆T
t3∑

τ=t2+1

px(τ) > 0.

The case in Fig. 5(b) is similar to Fig. 5(a), where y is not
charged to the expected energy. In fact, the energy profile E(t)
does not satisfy the constraint (16) of AFR-5,

E(t5)− E(t4) + E(t3)− E(t2) + E(t1) ≥

ey(t5) + ∆T
t5∑

τ=t4+1

px(τ)−∆T
t4∑

τ=t3+1

py(τ)

+∆T
t3∑

τ=t2+1

px(τ)−∆T
t2∑

τ=t1+1

py(τ)+ex(t1)

(16)

because E(t5)− E(t4) + E(t3)− E(t2) + E(t1) = 0, but

ey(t5) + ∆T
t5∑

τ=t4+1

px(τ)−∆T
t4∑

τ=t3+1

py(τ)

+∆T
t3∑

τ=t2+1

px(τ)−∆T
t2∑

τ=t1+1

py(τ)+ex(t1)

= ey(t5)−∆T
t4∑

τ=t3+1

py(τ)

= 1
2
ey(t5) > 0.

These two cases are like the two EVs are ”lending” power
to each other: in case 0-3, y lends power to x from t1 to t2,
so it looks like all the charge from t1 to t2 should go to x, but
this is impossible because of the power range of each EV; in
case 0-4, x lends power to y from t3 to t4, and it seems that
the charge from t3 to t4 is all for y, which is also impossible.
The two cases fool the detection of AFR-2, but can not escape
from higher-order AFRs.

V. SMALL SCALE NUMERICAL SIMULATIONS

In this section, some small-scale numerical simulations
verify the correctness of the basic models. Small scale here
means that the number of time intervals T is small (T ≤ 12),
so the highest-order model—AFR-e can be used. Two cases
are discussed by different simulation methods: 1) T and N
are both very small; 2) T is small with various N . The
former is designed to traverse the feasible region to compare
the feasibility of different AFR models, and the latter is for
analyzing the efficiency of each model when N changes. The
cases in this section will only include V1G EVs because the
main goal is to verify the correctness of our derivation. Other
typical types of DERs, such as Vehicle-to-Grid (V2G) EVs
and energy storage systems (ESS), will be discussed in the
next section. The numerical simulations in this section and
the next section are both implemented on a PC with a 16-
core Intel i7-10700 processor and 32GB RAM, programmed
by MATLAB [23], and solved by CPLEX [24].
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A. Case 1: T and N are both very small

In this case, one of N or T is fixed respectively, and
the other is changing but is no more than 10. The charging
demands of these EVs are generated by Monte Carlo (MC)
simulation, and the parameters are in Table I. The battery
capacity of each EV is 4 p.u., and the rated charging power is
1 p.u. Because the main goal here is to verify the correctness
of our model, these parameters are set arbitrarily.

TABLE I
PARAMTERS FOR SIMULATING CHARGING DEMANDS IN CASE 1

Arrival time (h) Departure time (h) Initial SoC1 Expected SoC

U(0, 4)2 U(7, 10) U(0.25, 0.5) U(0.75, 1)
1 SoC: State of Charge;
2 U(a, b): Uniform distribution between a and b.

The divergence of different AFR models can be analyzed
by comparing the volumes. However, the actual volume of
an AFR is difficult to calculate, so we calculate the average
relative volume (ARV) instead. For a given AFR model, de-
noted by AFR∗, its ARV can be roughly calculated as follows.
Consider the AFR-1 model that provides the upper and lower
boundaries of E(t) in each time interval t, take m points
equidistantly between the upper and lower boundaries in each
interval, the combinations of these points construct feasible
energy profiles in AFR-1, and the set of all the feasible energy
profiles in AFR-1 is denoted by SAFR-1(m). For each energy
profile in SAFR-1(m), by determining whether it meets the
constraints of AFR∗, the set of all the feasible energy profiles
in AFR∗, denoted by SAFR∗(m), is constructed. Obviously,
SAFR-1(m), SAFR∗(m) and the volume of AFR-1 and AFR∗

has the relationship in (17), where the operator |(·)| calculates
the cardinality of a set.

lim
m→+∞

|SAFR∗(m)|
|SAFR−1(m)|

=
the volume of AFR∗

the volume of AFR-1
(17)

The ratio in (17) is called the relative volume of AFR∗.
Considering the computational complexity of the simulation,
m is set to 4 to approximately calculate the relative volume2.
Using the above method to calculate the relative volume under
all the generated EV charging demands, then the average value
of these relative volumes is the ARV of AFR∗.

In addition, for a given energy profile E(t), a feasible
solution of (18) determines a scheme for allocating E(t) to
each EV. E(t) can be successfully allocated to each EV if
and only if (18) has a feasible solution. For all E(t) in AFR∗,
the probability that (18) is infeasible, namely probability of
allocation failure (PoAF), is counted to reflect the accuracy of
AFR∗. ∑

i∈N
ei(t) = E(t),∀t ∈ [1, T ], (18a)

∀t ∈ [1, T ],∀i ∈ N :

ei(t) ≤ ei(t) ≤ ei(t),
pi(t)∆T ≤ ei(t)− ei(t− 1) ≤ pi(t)∆T

(18b)

2Although m is small here, it does not affect analyzing the performance
of different AFRs. If there are more computing resources, m can also be 5
or 6, and the conclusions obtained are the same.
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Fig. 6: Comparison of the PoAFs of different AFR models when
T = 5 and N ∈ [2, 10]. AFR-1′ has 20 constraints, AFR-2 has 30
constraints, AFR-3 has 50 constraints, AFR-4 has 60 constraints, and
AFR-5 (AFR-e) has 62 constraints.

1) N = 2, T ∈ [3, 10]:
This situation considers the aggregation of two EVs, and

the number of time intervals is from 3 to 10. One hundred
groups of EV charging demands are generated using the MC
simulation method. The aggregated power energy boundary
model [12], i.e., AFR-1′, the inner-box approximate model
[17], namely AFR-box, the AFR-e model derived in this paper,
and the model obtained by the original FME algorithm [25],
namely AFR-o are compared here.

Table II lists the number of constraints (NoC), ARV, and
PoAF of the AFR models with different T . The growth of
NoC in the AFR-o model is faster than exponential, leading
to memory outflow when T ≥ 7, so it is almost impossible
for practical application. The correctness of AFR-e is verified
from three aspects. First, the PoAF of AFR-e is always zero.
Second, when AFR-o is available, the ARVs of AFR-e and
AFR-o are the same, and all the feasible energy profiles in
the two AFR models are entirely the same. Third, the PoAF
and ARV of AFR-1′ satisfy (19), where ARV0 is the ARV
of AFR-e, which indicates that the allocation failure part of
AFR-1′ is indeed where the volume of AFR-1′ exceeds that
of AFR-e.

PoAF =
ARV− ARV0

ARV
(19)

As T increases, the ARV of each model gradually decreases
because the ARV growth rate of the benchmark AFR-1 is
faster than that of any other AFR model. Among the models
for comparison, the PoAF of AFR-1′ is the largest. Although
the NoC of AFR-box is the least and its PoAF is always
0, its ARV is much smaller than AFR-e, which means it is
too conservative. Conservativeness will lower the flexibility
of the aggregator and affect its economic benefits, which will
be further analyzed in the next section.

2) T = 5, N ∈ [2, 10]:
This situation is tested to compare the accuracy of AFR

models in different order. Since T = 5, the AFR models with
the order below 5 are available. The PoAFs of AFR-1′, AFR-
2, AFR-3, AFR-4, and AFR-5 (AFR-e) are illustrated in Fig.
6. As shown in the figure, the higher-order the model is, the
lower the PoAF is, meaning that the higher the accuracy is.
It should be noticed that AFR-5 reduces PoAF to 0, meaning
that the accuracy of the exact AFR model reaches 100%.
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TABLE II
THE NOC, ARV, AND POAF OF DIFFERENT MODELS WHEN N = 2 AND T ∈ [3, 10].

Model AFR-1′ AFR-box AFR-e AFR-o

T NoC ARV PoAF (%) NoC ARV PoAF(%) NoC ARV PoAF(%) NoC ARV PoAF(%)
3 12 0.49710 3.60 6 0.01932 0 14 0.47923 0 42 0.47923 0
4 16 0.26331 9.57 8 0.01318 0 30 0.23812 0 390 0.23812 0
5 20 0.13016 12.14 10 0.00240 0 62 0.11436 0 6750 0.11436 0
6 24 0.05299 14.55 12 0.00077 0 126 0.04528 0 224878 0.04528 0
7 28 0.02202 17.80 14 0.00017 0 254 0.01810 0
8 32 0.00875 16.07 16 0.00005 0 510 0.00734 0 Out of memory
9 36 0.00295 15.38 18 0.00001 0 1022 0.00250 0

10 40 0.00098 15.24 20 0.00000 0 2046 0.00083 0

TABLE III
PARAMTERS FOR SIMULATING CHARGING DEMANDS IN CASE 2

Prob. Arrival
time (h)

Departure
time (h)

Initial
SOC

Expected
SOC

0.4 N(8, 0.5)1 U(6, 9) after arive N(0.5, 0.1) U(0.8, 0.9)
0.6 N(19, 1) Next day N(8, 1) N(0.4, 0.1) 0.9

1 N(u, σ): Normal distribution with mean u and variance σ.

B. Case 2: T is small, but N is changing

In this section, the MC simulation method is used again
to generate a total of N ∈ [2, 1000] charging demands in 24
hours. The parameters for simulating charging demands are
set according to [26], listed in Table III. The battery capacity
of each EV is 40 kWh, and the rated charging power is 7
kW. Set T = 12, i.e., every two hours as a time interval. This
division is rough, but since the purpose here is only to test
the performance of each order approximation, T should be
small enough to keep the AFR-e model usable. In this case,
it becomes tough to traverse the feasible region. However,
considering the actual scenario, the power or energy profiles
of the aggregator are usually guided by time-of-use (TOU)
prices. Specifically, given the AFR model and the TOU price
profile ρ(t), the optimal energy profile E∗(t) and power profile
P ∗(t) of an aggregator is calculated by

E∗(t) = arg min
E(t)∈AFR

{
T∑
t=1

ρ(t)(E(t)− E(t− 1))

}
P ∗(t) = (E∗(t)− E∗(t− 1))/∆T .

(20)

Different prices result in different E∗(t) and P ∗(t), and
each P ∗(t) is used to allocate to each EV to test the accuracy
of the AFR model. After repeated experiments, we found
that the PoAF quickly approaches 100% with N increases.
Hence, a relaxed model (21) is used for allocation, where
u+(t) and u−(t) are the mismatched power, and the objective
is to minimize the total mismatched energy. The allocation
succeeds if and only if the optimal objective is 0.

min
T∑
t=1

∆T (u+(t) + u−(t))

over ei(t), pi(t), u+(t), u−(t)
s.t.∑
i∈N

pi(t) + u+(t)− u−(t) = P ∗(t),∀t ∈ [1, T ]

u+(t), u−(t) ≥ 0, ∀t ∈ [1, T ]

pi(t) = ei(t)−ei(t−1)
∆T ,∀i ∈ N ,∀t ∈ [1, T ]

(18b),∀i ∈ N ,∀t ∈ [1, T ]

(21)
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Fig. 7: The average relative error of different AFR models when
T = 12 and N ∈ [2, 1000].

The TOU prices ρ(t) are set in two ways:
1) The price at interval t is a random number on [−1, 1].
2) Take the hourly price data of the Nord Pool Market in

the Denmark DK1 area from January 1 to April 10, 2021
(100 days) [27].

Under a specific P ∗(t), when the calculation of the allo-
cation model (21) is completed, the absolute error (AE) or
relative error (RE), defined by (22), can be used to evaluate the
performance of the allocation. For multiple P ∗(t) generated
by multiple ρ(t), the average value of AE and RE, namely
AAE and ARE respectively, can be calculated to evaluate the
accuracy of different AFR models. The smaller the AAE or
ARE is, the more accurate the AFR model is.

AE ,
T∑
t=1

∆T (u+(t) + u−(t)),

RE , AE
T∑

t=1
∆T |P∗(t)|

(22)

Fig. 7 shows the ARE for the two kinds of TOU prices.
When N increases, the change of ARE gradually decreases
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and tends to a constant, which shows that AAE has an
approximately linear relationship with N . Under both kinds
of TOU prices, the ARE decreases with the increase of the
AFR order. These facts are in line with our expectations.
However, in the random prices and Nord Pool prices scenario,
the ARE drops to 0 when the order is higher than 6 and 4,
respectively, far from the highest order 12. This phenomenon
can be explained as follows: the parking time of each EV is
set at most about 13 hours in Table III, and the constraint of
order 6 can cover at least 12 hours, so AFR-6 can roughly
cover the parking time of each EV. Since EV energy can only
change during the parking time, the 6th-order constraints can
roughly cover the feasible region of each EV. Hence, the ARE
under a limited number of tests can reach 0. In the Nord
Pool prices scenario, ARE drops to 0 after the AFR order
is higher than 3 because ρ(t) is almost all positive with some
regularity, making E∗(t) cover a smaller range of the actual
AFR. Therefore, the AFR-4 model is accurate enough in this
scenario.

VI. LARGE SCALE NUMERICAL SIMULATIONS

A. Settings

In this section, T is set to 96 to meet the real application
scenarios. Under this situation, the number of constraints in the
AFR-e model will be astronomical, and even AFR-3 contains
295072 constraints, which are hard for computation. Only
AFR-1′, AFR-2, or the multi-timescale approximate models
are computable, and these models are tested in the following
three cases:

3-1) 1000 V1G EVs;
3-2) 500 V1G EVs and 500 V2G EVs;
3-3) 497 V1G EVs, 497 V2G EVs and 6 ESSs;

The parameters of the EV charging demands are the same
as that of Subsection V-B, and the rated discharging power
of V2G EV is 7 kW. Three of the ESSs have a rated
charge/discharge power of 40 kW and a capacity of 200 kWh,
and the other three have a charge and discharge power of 100
kW and a capacity of 100 kWh. For simplicity, the charging
and discharging efficiency of EV and ESS is not considered
here. Nevertheless, since this factor can be considered in the
individual model proposed in [12], the AFR model derived
in this paper can also include it. The price guiding method
introduced in Subsection V-B is still used here based on the
Nord Pool TOU price data.

The AFR models for comparison and the corresponding
number of constraints are given in Table IV. AFR-1, AFR-
2, AFR-box, and the multi-timescale approximate models are
tested. These models are divided into three categories accord-
ing to different bottom models. The first category contains (a)-
(e) with AFR-1′ as the bottom model (W{AFR-e(96, 12)} =
W{AFR-1′(96, 1),AFR-e(96, 12)}), the second category con-
tains (f)-(h) with AFR-2 as the bottom model, and the third
category contains only AFR-box.

B. Modeling Time and Solution Time

Fig. 8 shows the average modeling time (the time for
calculating all φl and φl in (3)) and solution time for (20) in the

TABLE IV
THE TESTED AFR MODELS AND THEIR NOC

No. Model NoC

(a) AFR-1′ 384
(b) M{AFR-1′(96),AFR-e(8)} 876
(c) M{AFR-1′(96),AFR-e(12)} 8548
(d) W{AFR-e(96, 12)} 11730
(e) W{AFR-e(96, 12),AFR-e(12, 1)} 19874

(f) AFR-2 9312
(g) M{AFR-2(96),AFR-e(12)} 17346
(h) W{AFR-2(96, 1),AFR-e(96, 12)} 20002

(i) AFR-box 192
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Fig. 8: Average modeling time and solution time.

three cases. Among model (a)-(h), the modeling time is not
strictly positively correlated with the number of constraints.
For example, the number of constraints in AFR-2 is more
than that in M{AFR-1′(96),AFR-e(12)}, but the former’s
modeling time is shorter than that of the latter. The reason
lies in the programming strategy. When programming AFR-
e, the constraints are added one by one according to each
path of the binary tree. The position of the first and last
non-zero elements of vl should be determined in each loop,
resulting in computational inefficiency. However, AFR-2 can
be directly computed according to (10) using a two-layer loop,
avoiding those determinations. The reason why the modeling
time of W{AFR-e(96, 12),AFR-2(96, 1)} is shorter than that
of W{AFR-e(96, 12),AFR-e(12, 1)} is same. Therefore, in
practical applications, it is suggested to model AFR-2 and
AFR-1′ according to (10) and (11), respectively, instead of
picking paths from the binary tree.

The number of constraints in AFR-box is the smallest
among all the tested models, but the modeling time is close
to AFR-2, which has almost ten thousand constraints. This is
because the parameters in AFR-box are calculated by solving
an optimization problem [17] while the parameters in all the
other AFR models are calculated by elementary arithmetics.

The average solution time of each model is roughly posi-
tively correlated with the number of constraints. Besides, all
the solution time is below 0.1 s, indicating that the proposed
approximate models have the capabilities for application.

C. Power Profiles

Fig. 9 illustrates the optimal total power profiles of AFR-
1′, AFR-2 and AFR-box under the three cases. The power
profiles of the other models are omitted because the results
of models (b)-(e) are very similar to AFR-1′, and the results
of models (g)-(h) are very similar to AFR-2. It is observed
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Fig. 9: Average optimal power profiles of the aggregator by different AFR models in the three cases.

taht from case 3-1 to case 3-3, the flexibility of the aggregator
gradually increases, so the fluctuation of the total power profile
also increases.

The power profiles of AFR-1′ and AFR-2 are similar, but
there is one notable difference: around 16:00, the power profile
of AFR-1′ drops steeper than that of AFR-2. The reason for
this phenomenon lies in the activeness of those additional
constraints that AFR-2 has more than AFR-1′. The power
profile of the AFR-box fluctuates more dramatically than that
of both AFR-1′ and AFR-2. Further observation found that this
is because the upper and lower power trajectories [17] of the
AFR-box fluctuate. This fluctuation, combined with the fact
that AFR-box contains only a tiny part of AFR-e (as shown
in TABLE II), can cause serious problems. For example, if
AFR-box is used for the power system economic dispatch,
this fluctuation may cause violation of the generator ramp rate
constraints, which is much more severe than the aggregator
allocation failure problem.

D. Errors and Costs

The AAEs, AREs and average operation costs (AOCs), i.e.,
the average optimal objective of (20), of each model under
the three cases are shown in Fig. 10. In Fig. 10(a) and Fig.
10(b), it is seen that the AAEs of the three cases increase as
the flexibility does, but the AREs are not consistent with that.
Although there are six ESSs in case 3-3 with more flexibility,
its ARE is smaller than case 3-2. This phenomenon indicates
that the error caused by ESS is smaller than the increase in
capacity it brings, reflecting the different aggregation perfor-
mance of ESS and EV as different kinds of DER. In Fig.
10(c), the AOC decreases from case 3-1 to case 3-3 among
all the tested AFR models except for AFR-box, meaning that
greater flexibility can reduce AOC, which is consistent with
the intuition. The AOC difference of AFR models (a)-(h) is
not negligible, but the AOC of AFR-box is much larger than
that of other models. A more peculiar phenomenon is that
AOC even increases instead of decreasing with the growth of
flexibility when using AFR-box. These phenomena show that
AFR-box is too conservative and unstable.

Moreover, the gap of AAEs or AREs within the same cate-
gory, i.e., (a)-(e) or (f)-(h), is small. Considering the increase
in modeling time and memory usage, the error reduced by
using multi-timescales models is not worthwhile. Besides, the
average error of models (f)-(h) is much lower than that of
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Fig. 10: The average absolute error, relative error and operation cost
of different AFR models in the three cases.

models (a)-(e), revealing that the choice of the bottom model
is the most critical.

Considering the participation of electricity market competi-
tion, the existence of errors means that the aggregator will lose
some revenues and even pay some penalties. A more accurate
AFR model will reduce this cost, enabling aggregators to
reduce the conservative degree of bidding strategies. AFR-2
is more accurate than AFR-1′ and is not as conservative and
fluctuating as AFR-box, and its computation time and memory
usage are acceptable, so it is desirable for real applications.
Higher-order AFR models can also be considered in scenarios
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with fewer intervals or sufficient computation capability.

VII. CONCLUSION

This paper uses the FME method to derive the exact AFR
of multiple DERs. The original FME method will produce
O((2NT )2NT

) constraints where N is the number of resources
and T is the number of time intervals, and many of the
constraints are redundant. The redundancy of all possible
constraints generated by FME is analyzed, and the non-
redundant constraints are found through rigorous theoretical
derivations and proofs. The mathematical expression and cal-
culation method of the exact AFR is given. Compared with the
original FME, the computational complexity is significantly
reduced to O(N2T ). The number of constraints for the exact
AFR is 2(2T − 1), which has nothing to do with N , enabling
the model conducive to dealing with large-scale DERs.

However, if T is large, e.g., T ≥ 20, the number of
constraints is still huge because it is exponential with T .
Therefore, several outer approximate models are proposed
to meet the needs of practical applications. The kth-order
approximate model is formulated according to different paths
selected on the binary tree, which is easy for programming.
The aggregated power and energy boundary model in [12] is an
approximate model whose accuracy is between the first-order
and second-order approximate models. Two types of multi-
timescale approximate models are proposed by combining
AFR models in different orders on different timescales.

Illustrative cases show the feasibility of the proposed models
compared with the aggregated power and energy boundary
model. Numerical cases show that the error of the exact
AFR is zero, verifying the correctness of the derivations.
Among all the compared approximate models, AFR-2 has
high accuracy, low conservatism, acceptable computation time
and memory usage, so it is our most recommended model
for practical applications. Future works may focus on dealing
with the uncertainty of DER and considering the power system
constraints.

APPENDIX A
DERIVATION OF THE EXACT AFR MODEL

A. Brief Introduction to Fourier-Motzkin Elimination

FME is a classic method for calculating the projections of
polytopes. Let x = [x1, x2, ..., xn]> be a vector of variables in
the n-dimensional Euclidean space, then P = {x|Ax ≤ b}
is a polytope. The set of row indices of A is dentoed by
M . The projection P ′ = {x′|A′x′ ≤ b′} of P on x′ =
[x1, x2, ..., xn−1]> means A′x′ ≤ b′ and Ax ≤ b have the
same solution on x′. To eliminate xn, FME first classifies
all constraints according to the signs of coefficients of xn by
(A.1). Those inequalities correspond to Z are kept unchange,
and other inequalities are rearranged to (A.2), so the variable
xn can be eliminated to get (A.3).

N = {i ∈M |ain < 0},
Z = {i ∈M |ain = 0},
P = {i ∈M |ain > 0}

(A.1)


xn ≥ bi

ain
−
∑
k 6=n

aik
ain

xk, i ∈ N

xn ≤ bi
ain
−
∑
k 6=n

aik
ain

xk, i ∈ P
(A.2)

bi
ain
−
∑
k 6=n

aik
ain

xk ≤ bj
ajn
−
∑
l 6=n

ajl
ajn

xj ,∀i ∈ N, ∀j ∈ P

(A.3)
The core of FME is to combine and rearrange all the

constraints about the variable to be eliminated.

B. Define the Steps of FME

According to the above introduction, FME can only elimi-
nate variables one by one. Each variable ei(t) is eliminated by
combining with ei(t) of other DERs to construct E(t) or com-
bining constraints that contain ei(t). For a given time interval
t, the order in which ei(t) of each DER is eliminated does
not affect the result obtained after all eN (t) are eliminated.
Hence, the steps of FME are defined as follows:

Definition 1: The FME starts from the last interval T , and
eliminates eN (T ), eN (T − 1), ..., eN (1) in turn. Eliminating
all ei(t), i ∈ N is called a step of FME.

Each step includes eliminating N variables. After T steps,
all the NT variables ei(t)(∀i ∈ N ,∀t ∈ [1, T ]) are eliminated,
leaving only T variables, i.e., E(t)(∀t ∈ [1, t]). According to
this definition, when eN (t+1) are eliminated, all the obtained
expressions about variables are linear combinations of E(T ),
E(T − 1),..., E(t + 1) and eX (t)(X ⊆ N ). Let q = T −
t+ 1, and eX (t) be the column vector composed of all eX (t),
then the preliminary general expression of the constraints after
eliminating eN (t+ 1) can be written as

γv,k,X ≤ 〈v,E〉[1:q]+k>eX (t) ≤ γv,k,X ,∀v,∀k,∀X , (A.4)

where, v and k are coefficient vectors, and γv,k,X and γv,k,X
are scalars generated during the FME process, which are
related to v, k, and X .

Denote the constraints in (A.4) by F(t). So far, F(t) and
CN (t) are all constraints containing ei(t). Next, it is time
to eliminate ei(t), which can be done by the following three
methods:

i) Eliminate through the combination of constraints in
CN (t).

ii) Eliminate by combining constraints in CN (t) and con-
straints in F(t).

iii) Eliminate through the combination of constraints in F(t).
A complete FME process should consider all the three

methods. The following three subsections will discuss these
three methods separately. In the rest of the Appendix, for the
sake of brevity, ∆T is set to 1 so that ∆T will no longer
appear in the fomulas. In practical applications, just multiply
all the power variables and parameters by ∆T .

C. The First Method of Elimination

In the first step of FME, ei(T ) can only be eliminated by
this method because ei(T ) only exists in CN (T ). In each
subsequent step, combining constraints in CN (t) is also one
of the methods to eliminate ei(t). This method can be further
divided into the following two cases.
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1) Combine Cpi (t) and Cei (t):
The result of this combination is (A.5). However, due to

Hypo 2, inequalities (A.5) are implied by Cei (t − 1), which
will be used in the next step. Hence, this case is redundant.

ei(t)− pi(t) ≤ ei(t− 1) ≤ ei(t)− pi(t) (A.5)

2) Combine Ci(t) and CN−{i}(t) to construct E(t):
In this case, there is no need to concern the specific i, but

only need to pay attention to using Cp(t) for which group of
DERs and using Ce(t) for which group of DERs to participate
in the combination. Let X be the DER set that uses Cp(t),
then N −X is the set that uses Ce(t). Combining CpX (t) and
CeN−X (t) gives∑

i∈N−X
ei(t) +

∑
i∈X

pi(t)

≤
∑

i∈N−X
ei(t) +

∑
i∈X

ei(t)−
∑
i∈X

ei(t− 1)

≤
∑

i∈N−X
ei(t) +

∑
i∈X

pi(t), ∀X ⊆ N ,

which is equivalent to∑
i∈N−X

ei(t) +
∑
i∈X

pi(t)

≤ E(t)−
∑
i∈X

ei(t− 1)

≤
∑

i∈N−X
ei(t) +

∑
i∈X

pi(t), ∀X ⊆ N .
(A.6)

Hence, all eN (t) are eliminated in (A.6).
If X 6= ∅ or N , constraint (A.6) should participate in

the following elimination steps because there is ei(t − 1).
In particular, when X = ∅, formula (A.6) is

∑
i∈N ei(t) ≤

E(t) ≤
∑
i∈N ei(t), and when X = N , formula (A.6) is∑

i∈N pi(t) ≤ E(t)−E(t− 1) ≤
∑
i∈N pi(t), which are the

aggregated power and energy constraints [12].

D. The Second Method of Elimination

In the previous section, set t = T to get the result of
the first step of elimination. Except for X = ∅ or N , all
other inequalities will be used in the next step. Note that
the coefficients of eX (t) in (A.6) are either all 1 or all −1,
meaning that the coefficient vector k in F(T ) is 1 or −1.
This regularity is used as an induction hypothesis in this
subsection, which will be proved to hold for all t ∈ [1, T ] by
the second method of elimination.

1) Operation Definition and Analysis:
In this subsection, the part of eX (t) in the F(t) expression is

mainly discussed, so b ≤
∑
i∈X ei(t) ≤ a is used to represent

F(t), where the E(t) part is included in a and b. For the
convenience of discussion, we define and categorize all the
operations of combining b ≤

∑
i∈X ei(t) ≤ a and CN (t) to

eliminate ei(t) as follows.
Definition 2: Combining CN−X (t) and b ≤

∑
i∈X ei(t) ≤

a to construct
∑
i∈N

ei(t) = E(t) and to construct
∑
i∈Y

ei(t)(Y )

X ) are called supplement all (SA) and supplement part (SP),
respectively.

Definition 3: Combining CX (t) and b ≤
∑
i∈X ei(t) ≤ a

to erase
∑
i∈X ei(t) is called remove all (RA), and to remove

part of elements in eX (t) to get
∑
i∈Y ei(t)(Y ( X ) is called

remove part (RP).

Once the SA or RA operation is done for a constraint, eN (t)
is no longer included in the resulting inequality, then this step
of elimination is completed. It is not difficult to verify that
the coefficients of ei(t) in the resulting inequalities obtained
by SA or RA are still either all 1 or all −1. Nevertheless, in
addition to doing SA and RA directly, there are some other
methods to conduct the elimination: do SP first and then do
RA, namely SP-RA, or do RP first and then do SA, namely
RP-SA, or loop SP and RP several times and finish by SA or
RA, e.g., SP-RP-SP-RA, namely SR-series.

Theorem 1 indicates that the inequalities obtained by SP-
RA and RP-SA are implied by RA and SA, respectively. For
SR-series, this theorem can be used several times to prove
the implication relationship sequentially. For example, SP-RP-
SP-RA is implied by SP-RP-RA, which is equal to SP-RA,
implied by RA. In other words, since the chain of SR-series
must end with SA or RA, a single SA or RA implies the chain
no matter how many switches of SP and RP are included in
it. Therefore, all the above operations except doing SA or RA
directly are redundant.

Theorem 1: For b ≤
∑
i∈X ei(t) ≤ a, do SP first to get∑

i∈Y ei(t), and then do RA, the result is implied by doing
RA directly for b ≤

∑
i∈X ei(t) ≤ a. Similarly, do RP for b ≤∑

i∈X ei(t) ≤ a first to get
∑
i∈Z ei(t), and then do SA, the

result is implied by doing SA directly for b ≤
∑
i∈X ei(t) ≤ a.

Proof of Theorem 1:
This theorem contains four cases which are very similar

(two types of operations and both sides of the inequality), so
only the proof of the right-hand inequality

∑
i∈X ei(t) ≤ a

for the first half is given here. The proof of other parts of this
theorem is entirely symmetric.

The SP operation completes eX (t) to eY(t) (X ( Y). Let
Wp and We be the DER sets of which Cp(t) and Ce(t)
are used in SP, respectively, and Vp and Ve be the DER
sets of which Cp(t) and Ce(t) are used in RA, respectively.
Apparently, the sets satisfy

X ⊆ Y,
Wp ∪We = Y − X ,Vp ∪ Ve = Y,
Wp ∪We = ∅,Vp ∪ Ve = ∅,

Wp − Vp =Wp ∩ Ve,We − Vp =We ∩ Ve.
(A.7)

Doing SP-RA for
∑
i∈X ei(t) ≤ a gives that∑

i∈Vp
ei(t− 1)−

∑
i∈Wp

ei(t− 1)

≤ a+
∑
i∈Wp

pi(t) +
∑
i∈We

ei(t)−
∑
i∈Vp

pi(t)−
∑
i∈Ve

ei(t),

which is equivalent to∑
i∈Vp−Wp

ei(t− 1)−
∑

i∈Wp−Vp
ei(t− 1)

≤ a+
∑
i∈Wp

pi(t) +
∑
i∈We

ei(t)−
∑
i∈Vp

pi(t)−
∑
i∈Ve

ei(t).
(A.8)

Consider doing RA directly to the original inequality∑
i∈X ei(t) ≤ a, using Cp(t) for the set Vp − (Wp ∪We),

and using Ce(t) for the set Ve − (Wp ∪We), we have

∑
i∈Vp−(Wp∪We)

ei(t− 1)

≤ a−
∑

i∈Vp−(Wp∪We)
pi(t)−

∑
i∈Ve−(Wp∪We)

ei(t).
(A.9)
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According to (A.7), the following equalities hold:{
Vp − (Wp ∪We) = (Vp −Wp)− (Vp ∩We)
Ve − (Wp ∪We) = (Ve −Wp)− (Ve ∩We) .

Therefore, inequality (A.9) is equivalent to∑
i∈Vp−Wp

ei(t− 1)−
∑

i∈Vp∩We

ei(t− 1)

≤ a−
∑

i∈Vp−Wp

pi(t) +
∑

i∈Vp∩We

pi(t)

−
∑

i∈Ve−Wp

ei(t) +
∑

i∈Ve∩We

ei(t).

(A.10)

To prove that (A.10) implies (A.8), just prove

∑
i∈Vp∩We

ei(t− 1)−
∑

i∈Vp−Wp

pi(t) +
∑

i∈Vp∩We

pi(t)

−
∑

i∈Ve−Wp

ei(t) +
∑

i∈Ve∩We

ei(t)

≤
∑

i∈Wp−Vp
ei(t− 1) +

∑
i∈Wp

pi(t) +
∑
i∈We

ei(t)

−
∑
i∈Vp

pi(t)−
∑
i∈Ve

ei(t).

(A.11)

According to (A.7), the following equations hold:
Vp − (Vp −Wp) = Vp ∩Wp,
Ve − (Ve −Wp) = Ve ∩Wp,
Wp = (Wp ∩ Vp) ∪ (Wp ∩ Ve) ,
We = (We ∩ Vp) ∪ (We ∩ Ve) .

Therefore, inequality (A.11) is equivalent to∑
i∈Vp∩We

ei(t− 1) +
∑

i∈Vp∩Wp

pi(t) +
∑

i∈Vp∩We

pi(t)

+
∑

i∈Ve∩Wp

ei(t) +
∑

i∈Ve∩We

ei(t)

≤
∑

i∈Wp−Vp
ei(t− 1) +

∑
i∈Vp∩Wp

pi(t) +
∑

i∈Ve∩Wp

pi(t)

+
∑

i∈Vp∩We

ei(t) +
∑

i∈Ve∩We

ei(t).

(A.12)

According to Hypo 1, if the following inequality holds, then
(A.12) holds.∑

i∈Vp∩We

ei(t− 1) +
∑

i∈Vp∩We

pi(t) +
∑

i∈Ve∩Wp

ei(t)

≤
∑

i∈Wp−Vp
ei(t− 1) +

∑
i∈Ve∩Wp

pi(t) +
∑

i∈Vp∩We

ei(t)

Since Cei (t − 1) : ei(t − 1) ≤ ei(t − 1) ≤ ei(t − 1) will be
used in the subsequent elimination, it can be used as a known
condition here. Hence, we only need to prove

∑
i∈Vp∩We

ei(t− 1) +
∑

i∈Vp∩We

pi(t) +
∑

i∈Ve∩Wp

ei(t)

≤
∑

i∈Wp−Vp
ei(t− 1) +

∑
i∈Ve∩Wp

pi(t) +
∑

i∈Vp∩We

ei(t).

(A.13)
Due to Wp − Vp = Ve ∩ Wp and Hypo 2, if the following
inequality holds, then (A.13) holds.∑

i∈Vp∩We

ei(t) +
∑

i∈Ve∩Wp

ei(t)

≤
∑

i∈Ve∩Wp

ei(t) +
∑

i∈Vp∩We

ei(t)
(A.14)

Inequality (A.14) is equivalent to the constant inequality 0 ≤
0, so this completes the proof of Theorem 1.

2) Regularity of the results of SA and RA:
When doing SA or RA, the constraints obtained are different

depending on the selection of the DER sets that use Cp(t)
and Ce(t). The specific formulations of the results obtained
by doing SA and RA for γ ≤ 〈v,E〉[1:q] ±

∑
i∈X ei(t) ≤ γ

are as folows.
• Doing SA for γ ≤ 〈v,E〉[1:q] +

∑
i∈X ei(t) ≤ γ, all the

inequalities to get are
∀Y ⊆ N −X :

γ +
∑
i∈Y

pi(t) +
∑

i∈(N−X )−Y
ei(t)

≤ 〈v,E〉[1:q] + E(t)−
∑
i∈Y

ei(t− 1)

≤ γ +
∑
i∈Y

pi(t) +
∑

i∈(N−X )−Y
ei(t),

• Doing SA for γ ≤ 〈v,E〉[1:q] −
∑
i∈X ei(t) ≤ γ, all the

inequalities to get are
∀Y ⊆ N −X :

γ −
∑
i∈Y

pi(t)−
∑

i∈(N−X )−Y
ei(t)

≤ 〈v,E〉[1:q] − E(t) +
∑
i∈Y

ei(t− 1)

≤ γ −
∑
i∈Y

pi(t)−
∑

i∈(N−X )−Y
ei(t),

• Doing RA for γ ≤ 〈v,E〉[1:q] +
∑
i∈X ei(t) ≤ γ, all the

inequalities to get are
∀Y ⊆ X :

γ −
∑
i∈Y

pi(t)−
∑

i∈(N−X )−Y
ei(t)

≤ 〈v,E〉[1:q] +
∑
i∈Y

ei(t− 1)

≤ γ −
∑
i∈Y

pi(t)−
∑

i∈(N−X )−Y
ei(t),

• Doing RA for γ ≤ 〈v,E〉[1:q] −
∑
i∈X ei(t) ≤ γ, all the

inequalities to get are
∀Y ⊆ X :

γ +
∑
i∈Y

pi(t) +
∑

i∈(N−X )+Y
ei(t)

≤ 〈v,E〉[1:q] −
∑
i∈Y

ei(t− 1)

≤ γ +
∑
i∈Y

pi(t) +
∑

i∈(N−X )+Y
ei(t).

The following remark summarizes the properties of the
results of SA and RA.

Remark 1: The SA operation produces E(t) with the same
sign as eX (t), and eY(t− 1)(Y ⊆ N −X ) with the opposite
sign to eX (t), and the RA operation does not produce E(t)
but eY(t− 1)(Y ⊆ X ) with the same sign as eX (t), where Y
is the DER set that uses Cp(t) in the SA or RA operation.

3) Implication Relationship of SA and RA:
According to Remark 1, it is easy to get the regularity

of the coefficient of E(t) in the second method, which is
essential for summarizing the mathematical expression of
the AFR. However, the SA and RA operations need to be
further simplified because one step of elimination will produce
many constraints since the set Y is selected in all subsets
of N − X (for SA) or X (for RA), and X is selected in
all non-trivial subsets of N . Thus, there are many redundant
constraints because Y may be generated from different X .
Fortunately, these redundant constraints can be found out
without computation. To this end, the following definitions
are made.
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Definition 4: Among all the SA operations on b ≤∑
i∈X ei(t) ≤ a, the operation that uses Cp(t) for the set

Y(Y ⊆ N −X ) and Ce(t) for the set (N −X )−Y is called
SAX ,Y(t).

Definition 5: Among all the RA operations on b ≤∑
i∈X ei(t) ≤ a, the operation that uses Cp(t) for the set

Y(Y ⊆ X ) and Ce(t) for the set X − Y is called RAX ,Y(t).
Remark 2: SA∅,Y(t), SAN ,Y(t), RA∅,Y(t) and RAN ,Y(t)

mean to do nothing.
The following theorem reveals the implication relationship

of the operations RA and SA.
Theorem 2: For b ≤

∑
i∈X ei(t) ≤ a and Y 6= ∅, the

following propositions hold:
a) Doing SAX ,Y(t) and then doing SAY,Z(t−1) is implied

by doing SAX ,N−(X∪Z)(t) first, combining the result
with CeX−Z(t− 1), and finally doing SAN−Z,Z(t− 1).

b) Doing SAX ,Y(t) and then doing RAY,Z(t−1) is implied
by doing SAX ,Z(t) first and then doing RAZ,Z(t− 1).

c) Doing RAX ,Y(t) and then doing SAY,Z(t−1) is implied
by doing RAX ,X∩(N−Z)(t) first, combing the result with
Ce(N−X )−Z(t− 1), and finally doing SAN−Z,Z(t− 1).

d) Doing RAX ,Y(t) and then doing RAY,Z(t−1) is implied
by doing RAX ,Z(t) first and then doing RAZ,Z(t− 1).

Proof of Theorem 2:
For the sake of brevity, only the proofs of propositions a)

and b) about the right side inequality
∑
i∈X ei(t) ≤ a are

provided here, and the proofs of the left side and propositions
c) and d) are omitted because they are very similar.

Proof of Proposition a):
Doing SAX ,Y(t)(Y 6= ∅,Y ⊆ N −X ) and SAY,Z(t −

1)(Z ⊆ N − Y) gives that

E(t)− E(t− 1) +
∑
i∈Z

ei(t− 2) ≤ a+
∑
i∈Y

pi(t)

+
∑

i∈(N−X )−Y
ei(t)−

∑
i∈Z

pi(t− 1)−
∑

i∈(N−Y)−Z
ei(t− 1).

(A.15)
Consider doing SAX ,N−(X∪Z)(t), the result is

E(t)−
∑

i∈N−(X∪Z)

ei(t− 1)

≤ a+
∑

i∈N−(X∪Z)

pi(t) +
∑

i∈Z−X
ei(t).

(A.16)

Combine the above inequality with CeX−Z(t− 1), we get

E(t)−
∑

i∈N−Z
ei(t− 1) ≤ a+

∑
i∈N−(X∪Z)

pi(t)

+
∑

i∈Z−X )

ei(t)−
∑

i∈X∪Z
ei(t− 1).

(A.17)

Doing SAN−Z,Z(t− 1) for the above inequality gives that

E(t)− E(t− 1) +
∑
i∈Z

ei(t− 2) ≤ a+
∑

i∈N−(X∪Z)

pi(t)

+
∑

i∈Z−X
ei(t)−

∑
i∈X∪Z

ei(t− 1)−
∑
i∈Z

pi(t− 1).

(A.18)
To prove that (A.18) implies (A.15), just prove

a+
∑

i∈N−(X∪Z)

pi(t) +
∑

i∈Z−X
ei(t)

−
∑

i∈X∪Z
ei(t− 1)−

∑
i∈Z

pi(t− 1)

≤ a+
∑
i∈Y

pi(t) +
∑

i∈(N−X )−Y
ei(t)

−
∑
i∈Z

pi(t− 1)−
∑

i∈(N−Y)−Z
ei(t− 1),

(A.19)

which is equivalent to∑
i∈(N−Y)−(X∪Z)

(
pi(t) + ei(t− 1)

)
≤

∑
i∈(N−Y)−(X∪Z)

ei(t).

(A.20)
According to Hypo 3, the above inequality holds. This com-
plete the proof of proposition a).

Proof of Proposition b):
Doing SAX ,Y(t)(Y 6= ∅,Y ⊆ N −X ) and RAY,Z(t −

1)(Z ⊆ Y) gives that

E(t)−
∑
i∈Z

ei(t− 2) ≤ a+
∑
i∈Y

pi(t) +
∑

i∈(N−X )−Y
ei(t)

+
∑
i∈Z

pi(t− 1) +
∑

i∈Y−Z
ei(t− 1).

(A.21)
Consider doing SAX ,Z(t) first and then doing RAZ,Z(t− 1),
we get

E(t)−
∑
i∈Z

ei(t− 2) ≤ a+
∑
i∈Z

pi(t)

+
∑

i∈(N−X )−Z
ei(t) +

∑
i∈Z

pi(t− 1). (A.22)

Comparing the right term of (A.21) and (A.22), if the follow-
ing inequality holds, then (A.22) implies (A.21).∑

i∈Y−Z

ei(t) ≤
∑

i∈Y−Z

(pi(t) + ei(t− 1)). (A.23)

Inequality (A.23) holds due to Hypo 2, so this complete the
proof of proposition b).

The implication relationship in Theorem 2 is illustrated in
Fig. A1. This theorem reveals that a few specific inequalities
imply all the inequalities that RA and SA may generate.
Specifically, the intermediate set Y is avoided to be selected
in all subsets of N − X (for SA) or X (for RA). Thus, a
lot of redundant calculations can be avoided. For Z 6= ∅,
among all the inequalities about

∑
i∈Z ei(t− 2) generated by

SA or RA, only the inequalities with the previous operation
SAN−Z,Z(t − 1) or RAZ,Z(t − 1) are not redundant. For
Z = ∅, in proposition a), it is equivalent to the case of
Z = X ; in proposition c), it is equivalent to the case of
Z = N − X ; in propositions b) and d), it means that the
operation RAZ,Z(t − 1) does nothing. Hence, the following
corollary can be easily put forward without proof.

Corollary 1: Among all the operations for b ≤∑
i∈X ei(t) ≤ a, only SAX ,N−X (t), RAX ,X (t) and SAX ,∅(t)

are not redundant.
The inequalities produced by SAX ,N−X (t) and RAX ,X (t)

will participate in the next step of elimination, and the result
of SAX ,∅(t) are only about E(q + 1), which are retained as
members of the final constraints set of AFR.

4) General Formula of the Second Elimination Method:
Based on Corollary 1, the general formula of constraints

produced in the second method of elimination can be derived
using the mathematical induction method. In step q, the new
coefficient v(q) of E(t) satisfies the regularity in Remark
1. Therefore, the development of coefficient v(q) can be
described by a complete binary tree, as illustrated in Fig. 1.
In this binary tree, the right branch of a node represents the
SAX ,N−X (t) or SAX ,∅(t) operation, the left branch (except
for the leftmost path) represents the RAX ,X (t) operation.
The branches on the leftmost path do not correspond to the
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Fig. A1: The implication relationship explained by Theorem 2: all
the inequalities that RA and SA may generate are implied by a few
specific inequalities.

RAX ,X (t) operation but to the combination of Ce(t) because
of the redundant situation described in Subsection A-C1.
The paths from the root to the leaves have a one-to-one
correspondence with the coefficient vector v.

Denote by L(q) the set of paths when the elimination
reaches the q-th step, then l ∈ L(q) is q in length. The vector
v is denoted as vl to indicate the corresponding relationship
between v and l. Let Φl(q) , 〈vl,E〉[1:q], and ul is generated
by vl according to

ul(θ) =
θ∑

ϑ=1

vl(ϑ),∀θ ∈ [1, q].

Finally, let Ψl,X (q) , Φl(q) + Il
∑
i∈X

ei(t), where Il is the

indicator function of path l, defined as

Il ,

{
1, the number of non-zero nodes on l is even,
−1, the number of non-zero nodes on l is odd.

Remark 3: Il = 1⇔ ul(q) = 1, Il = −1⇔ ul(q) = 0.
The general formula of the constraints generated by the

second method is divided into two parts. The first part is
(A.24), corresponding to doing SAX ,N−X and RAX ,X in all
the previous elimination steps (from T to t + 1), which will
keep participating in the subsequent steps of elimination.
∀q ∈ [1, T ],∀l ∈ L(q),∀X ( N ,X 6= ∅:

ψX ,l(q) ≤ Ψl,X (q) ≤ ψX ,l(q), (A.24)

where

ψX ,l(q) =



Il = 1 :∑
i∈N−X

(
ei(s̃l)− 〈1− ul,pi〉[sl:q−1]

)
+
∑
i∈X
〈ul,pi〉[sl:q−1],

Il = −1 :∑
i∈X

(
ei(s̃l)− 〈1− ul,pi〉[sl:q−1]

)
+

∑
i∈N−X

〈ul,pi〉[sl:q−1],

(A.25)

ψX ,l(q) =



Il = 1 :∑
i∈N−X

(
ei(s̃l)− 〈1− ul,pi〉[sl:q−1]

)
+
∑
i∈X
〈ul,pi〉[sl:q−1],

Il = −1 :∑
i∈X

(
ei(s̃l)− 〈1− ul,pi〉[sl:q−1]

)
+

∑
i∈N−X

〈ul,pi〉[sl:q−1].

(A.26)

When q = T , the inequalities (A.24) contain the variable ei(0).
By specify ei(0) = 0(∀i ∈ N ) and E(0) = 0, the FME will
end at q = T .

The second part is (A.27), corresponding to the operation
SAX ,∅(t+ 1), where the coefficient of E(q) must not be 0.
∀q ∈ [1, T ],∀l ∈ L(q), vl(q) 6= 0,∀X ( N ,X 6= ∅:

φX ,l(q) ≤ Φl(q) ≤ φX ,l(q), (A.27)

where
φX ,l(q) =

Il = −1 :∑
i∈N−X

(
ei(s̃l)− 〈1− ul,pi〉[sl:q−1]

)
+
∑
i∈X

(
〈ul,pi〉[sl:q−1] + ei(t+ 1)

)
,

Il = 1 :∑
i∈X

(
ei(s̃l)− ei(t+ 1)− 〈1− ul,pi〉[sl:q−1]

)
+

∑
i∈N−X

〈ul,pi〉[sl:q],

(A.28)

The definition of φX ,l(q) is symmetrical to φX ,l(q) with
flipped upper and lower bounds, so it is omitted here. Con-
straint (A.27) has no variable to be eliminated and should be
an element in the constraint set of the final AFR.

E. The Third Method of Elimination

In the previous section, the general formula of the con-
straints produced in the second method is derived. The con-
straints in (A.24) with different l or X can also be combined
to eliminate e(t), and this is the third method. The existence of
this method becomes the fundamental reason why the overall
computational complexity is double exponential. However, the
following theorem indicates that the general formula that we
proposed in Section A-D4 represents all the valid inequalities
in the FME process. Hence, the third method is unnecessary
for computation.

Theorem 3: If Xa ∩ Xb 6= ∅ and j ∈ Xa ∩ Xb, all the
constraints obtained by combining ψXa,la(q) ≤ Ψla,Xa

(q) ≤
ψXa,la(q), ∀la ∈ L(q) and ψXb,lb(q) ≤ Ψlb,Xb

(q) ≤
ψXb,lb(q),∀lb ∈ L(q) to eliminate ej(t) are redundant.

Proof of Theorem 3:
Here we give the detailed proof when the numbers of non-

zero nodes on la and lb are both odd, that is, Ila = Ilb = 1.
The other situations are similar, so only the key steps are given.

When Ila = Ilb = 1, ej(t) can be eliminated by com-
bining Ψla,Xa(q) ≤ ψXa,la(q) and Ψlb,Xb

(q) ≥ ψXb,lb(q),
or Ψlb,Xb

(q) ≤ ψXb,lb(q) and Ψla,Xa
(q) ≥ ψXa,la(q). The

two cases are entirely symmetrical, therefore, without loss of
generality, we prove the first one. In this case, the process of
eliminating ej(t) is
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〈ula ,P〉[1:q] −
∑

i∈Xa\{j}
ei(t)− ψXa,la(q)

≤ ej(t)
≤ 〈ulb ,P〉[1:q] −

∑
i∈Xb\{j}

ei(t)− ψXb,lb(q)
(A.29)

Eliminate ej(t) and rearrange to obtain

〈ula − ulb ,P〉[1:q] −

( ∑
i∈Xa−{j}

ei(t)−
∑

i∈Xb−{j}
ei(t)

)
≤ ψXa,la(q)− ψXb,lb(q).

(A.30)
It is noticed that in addition to the elimination of ej(t), all
other variables of elements overlapping Xa and Xb are also
eliminated. Let X be the set of all overlapping elements, X =
Xa ∩ Xb. Define Y = Xa − X , Z = Xb − X , and W =
N −Xa ∪ Xb. It is obvious that the sets X , Y , Z and W do
not intersect each other (the intersection is empty set). By this
way, the inequality (A.30) can be rewritten as (A.31).

〈ula − ulb ,P〉[1:q] −
(∑
i∈Y

ei(t)−
∑
i∈Z

ei(t)

)
≤ ψX∪Y,la(q)− ψX∪Z,lb(q)

(A.31)

According to (A.25) and (A.26), ψX∪Y,la(q) and ψX∪Z,lb(q)
can be written as

ψX∪Y,la(q) =
∑

i∈Z∪W

{
ei(s̃la)− 〈1− ula ,pi〉[sla :q−1]

}
+

∑
i∈X∪Y

〈ula ,pi〉[sla :q−1],

ψX∪Z,lb(q) =
∑

i∈Y∪W

{
ei(s̃lb)− 〈1− ulb ,pi〉[slb :q−1]

}
+

∑
i∈X∪Z

〈ulb ,pi〉[slb :q−1].

So the right-hand side of inequality (A.31) is

ϕX∪Y,la(q)− ϕX∪Z,lb(q) =∑
i∈X

(
〈ula ,pi〉[sla :q−1] −

〈
ulb ,pi

〉
[slb

:q−1]

)
+
∑
i∈Y

(
〈ula ,pi〉[sla :q−1] − ei(t0b) +〈1− ulb ,pi〉[slb :q−1]

)
+
∑
i∈Z

(
ei(s̃la)−

〈
1− ula ,pi

〉
[sla :q−1]

−
〈
ulb ,pi

〉
[slb

:q−1]

)
+
∑
i∈W

(
ei(s̃la)− ei(s̃lb) + 〈1− ulb ,pi〉[slb :q−1]

−
〈
1− ula ,pi

〉
[sla :q−1]

)
(A.32)

To complete the proof, we make the following definitions.
Definition 6: ula and ulb overlap at θ, if ula(θ) = ulb(θ) =

1.
Definition 7: ula and ulb do not overlap, if ula +ulb ≤ 1.
According to the above definitions, a new vector can be

constructed in the following way: its θ-th component is 1, if
and only if ula and ulb overlap at θ, otherwise the component
is 0. Denoted by ul0 , this vector corresponds to a new path l0.
Similarly, another vector can be constructed in the following
way: its θ-th component is 1, if and only if ula(θ) = 1 or
ulb(θ) = 1, otherwise the component is 0. Denoted by ulΣ ,
this vector also corresponds to a new path lΣ. Another two

vectors ul′a and ul′b , corresponding paths l′a and l′b respectively,
are defined by (A.33).{

ul′a , ula − ul0 ,

ul′
b
, ulb − ul0 .

(A.33)

It is obvious that the above vectors satisfy

{
ul′a + ul′b ≤ 1(ul′a and ul′b do not overlap),

ulΣ = ul′a + ulb = ul′b + ula .
(A.34)

Assume that sla ≤ slb without loss of generality, so ula and
ulb must not overlap in [sla : slb − 1]. Hence, the equalities
in (A.35) hold.



sl′a = sla ,
ul0 [sla :slb

−1] = 0,

ul0 [sla :q−1] = ul0 [slb
:q−1]

= ula [sla :q−1] − ul′a [sla :q−1]

= ulb [slb :q−1] − ul′b [slb :q−1]
.

(A.35)

Because the number of non-zero nodes on la and lb are both
odd, ula(q) and ulb(q) must be 1. Therefore, la and lb must
overlap at q. The number of non-zero nodes on l′a and l′b are
both even because ul′a(q) = ul′b(q) = 0. Hence, the left-hand
side of inequality (A.31) is equivalent to

〈ul′a ,P〉[1:q] +
∑
i∈Z

ei(t)−

(〈
ul′b ,P

〉
[1:q]

+
∑
i∈Y

ei(t)

)
.

There exist

〈ul′a ,P〉[1:q] +
∑
i∈Z

ei(t) ≤ ψZ,l′a(q), (A.36)

〈
ul′b ,P

〉
[1:q]

+
∑
i∈Y

ei(t) ≥ ψY,l′b(q), (A.37)

where the left-hand sides are

ϕZ,l′a(q) =
∑
i∈Z

(
ei(s̃l′a)−

〈
1− ul′a ,pi

〉
[sl′a :q−1]

)
+

∑
i∈Y∪W∪X

〈ul′a ,pi〉[sl′a :q−1]

ϕY,l′b(q) =
∑
i∈Y

(
ei(s̃l′b)−

〈
1− ul′b ,pi

〉
[sl′b

:q−1]

)
+

∑
i∈Z∪W∪X

〈
ul′b ,pi

〉
[sl′b

:q−1]

Therefore,

ϕY,l′a(q)− ϕZ,l′b(q) =∑
i∈X

(
〈ul′a ,pi〉[sl′a :q−1] −

〈
ul′b ,pi

〉
[sl′b

:q−1]

)
+
∑
i∈Z

(
ei(s̃l′a)−

〈
1− ul′a ,pi

〉
[sl′a :q−1]

−
〈
ul′b ,pi

〉
[sl′b

:q−1]

)
+
∑
i∈Y

(
〈ul′a ,pi〉[sl′a :q−1] − ei(s̃l′b) +

〈
1− ul′b ,pi

〉
[sl′b

:q−1]

)
+
∑
i∈W

(
〈ul′a ,pi〉[sl′a :q−1] −

〈
ul′b ,pi

〉
[sl′b

:q−1]

)
(A.38)

To prove that the inequality obtained after elimination (A.31)
is implied by (A.36) and (A.37), just prove

ψX∪Y,la(q)− ψX∪Z,lb(q) ≥ ψY,l′a(q)− ψZ,l′b(q). (A.39)
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And this inequality is proved by comparing (A.32) and (A.38)
item by item. Using (A.33)-(A.35), for the summation of X ,
we have

〈ula ,pi〉[sla :q−1] −
〈
ulb ,pi

〉
[slb

:q−1]

−
(
〈ul′a ,pi〉[sl′a :q−1] −

〈
ul′b ,pi

〉
[sl′b

:q−1]

)
= 〈ul0 ,pi〉[sla :q−1] −

〈
ul0 ,pi

〉
[slb

:q−1]

=
〈
ul0 ,pi − pi

〉
[slb

:q−1]

≥ 0 (Hypo 1);

for the summation of Y , we have
〈ula ,pi〉[sla :q−1] − ei(s̃lb) + 〈1− ulb ,pi〉[slb :q−1]

−〈ul′a ,pi〉[sl′a :q−1] + ei(s̃l′b)−
〈
1− ul′b ,pi

〉
[sl′b

:q−1]

= 〈ul0 ,pi〉[sla :q−1] − 〈ul0 ,pi〉[slb :q−1]

−
(
ei(s̃lb)− ei(s̃l′b)− 〈1,pi〉[slb :sl′b−1]

)
= ei(s̃l′b)− ei(s̃lb) +

s̃lb∑
t=s̃l′b

+1

pi(t)

≥ 0 (Hypo 2);

for Z , we have

ei(s̃la)−
〈
1− ulapi

〉
[sla :q−1]

−
〈
ulb ,pi

〉
[slb

:q−1]

−
(
ei(s̃l′a)−

〈
1− ul′a ,pi

〉
[sl′a :q−1]

−
〈
ul′b ,pi

〉
[sl′b

:q−1]

)
=
〈
ul0 ,pi

〉
[sl′a :q−1]

−
〈
ul0 ,pi

〉
[sl′b

:q−1]

= 0;

and for W , we have

ei(sla)− ei(slb) + 〈1− ulb ,pi〉[slb :q−1] −
〈
1− ula ,pi

〉
[sla :q−1]

−
(
〈ul′a ,pi〉[sl′a :q−1] −

〈
ul′b ,pi

〉
[sl′b

:q−1]

)
= ei(s̃la)− ei(s̃lb) +

〈
1− ulb − ul′a ,pi − pi

〉
[slb

:q−1]

−〈ul′a ,pi〉[sla :slb
−1] −

〈
1− ula ,pi

〉
[sla :slb

−1]

= ei(s̃la)− ei(s̃lb) +
〈
1,pi

〉
[gla :glb

−1]

+
〈
1− ulΣ ,pi − pi

〉
[sla :q−1]

≥ 0 (Hypo1, Hypo2);

Therefore, the inequality (A.39) holds, and this completes the
proof of the situation where Ila = Ilb = 1.

For the situation where Ila = 1 and Ilb = 0, the elimination
process will produce

〈ula + ulb ,P〉[1:q] +

(
−
∑
i∈Y

ei(t) +
∑
i∈Z

ei(t)

)
≤ γX∪Y,la(q) + γX∪Z,lb(q)

(A.40)

According to the definition of lΣ and l0, the above inequality
is equivalent to

〈ulΣ + ul0 ,P〉[1:q] +

(
−
∑
i∈Y

ei(t) +
∑
i∈Z

ei(t)

)
≤ γX∪Y,la(q) + γX∪Z,lb(q)

(A.41)

where the number of non-zero nodes on lΣ is odd, and the
number of non-zero nodes on l0 is even. Afterwards, the
redundancy of inequality (A.41) can be proved by adding the
following two inequalities.

〈ulΣ ,P〉[1:q] −
∑
i∈Y

ei(t) ≤ ϕY,lΣ(q),

〈ul0 ,P〉[1:q] +
∑
i∈Z

ei(t) ≤ ϕZ,l0(q).
(A.42)

For the situation where Ila = 0 and Ilb = 1, the redundancy
can be proved by adding the following inequalities.

〈ulΣ ,P〉[1:q] +
∑
i∈Z

ei(t) ≤ ϕZ,lΣ(q),

〈ul0 ,P〉[1:q] +
∑
i∈Y

ei(t) ≤ ϕY,l0(q).
(A.43)

For the situation where Ila = Ilb = 0, the number of non-
zero elements of l′a and l′b are also both even. Therefore,
the redundancy can be proved by subtracting the following
inequalities.

〈ul′a ,P〉[1:q] +
∑
i∈Y

ei(t) ≤ ϕY,l′a(q),〈
ul′b ,P

〉
[1:q]

+
∑
i∈Z

ei(t) ≥ ϕZ,l′b(q).
(A.44)

This completes the proof of Theorem 3.

F. Reform the Remaining Constraints to Get the Exact AFR
Expression

The above derivations indicate that all the non-redundant
constraints of the exact AFR are (A.27), equivalent to
∀q ∈ [1, T ],∀l ∈ L(q), vl(q) 6= 0:

φl(q) ≤ Φl(q) ≤ φl(q), (A.45)

where,  φl(q) = min
X(N ,X 6=∅

φX ,l(q),

φl(q) = max
X(N ,X 6=∅

φY,l(q).
(A.46)

For a given l ∈ L(q), 2N − 2 combinations need to be
considered theoretically since X can be chosen arbitrarily from
all the non-trivial subsets of N . However, there is no need for
so many calculations. Notice that the calculation methods of
φX ,l(q) and φX ,l(q) can be regarded as the summation of
expressions on two sets—X and N − X . A DER i can be
either in X or in N − X , making the calculation of max
and min can be decomposed to each DER. Specifically, φl(q)
and φl(q) can be calculated by equation (A.47) and (A.48),
respectively.

φl(q) = min
X(N ,X 6=∅

φX ,l(q) = min
X⊆N

φX ,l(q) =

Il = −1 :∑
i∈N

min
{
ei(s̃l)−

〈
1− ul,pi

〉
[sl:q−1]

, 〈ul,pi〉[sl:q−1] + ei(t+ 1)
}
,

Il = 1 :∑
i∈N

min
{
ei(s̃l)− ei(t+ 1)−

〈
1− ul,pi

〉
[sl:q−1]

,〈ul,pi〉[sl:q]
}
.

(A.47)
φl(q) = max

X(N ,X 6=∅
φX ,l(q) = max

X⊆N
φX ,l(q) =

Il = −1 :∑
i∈N

min
{
ei(s̃l)− 〈1− ul,pi〉[sl:q−1]

,
〈
ul,pi

〉
[sl:q−1]

+ ei(t+ 1)
}
,

Il = 1 :∑
i∈N

min
{
ei(s̃l)− ei(t+ 1)− 〈1− ul,pi〉[sl:q−1]

,
〈
ul,pi

〉
[sl:q]

}
.

(A.48)
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In (A.47) and (A.48), the minimum and maximum opera-
tions can be expanded to all subsets of N because there is
no way that φX ,l(q) take the minimum value or φX ,l(q) take
the maximum value when X = N or ∅. The reason is that
X = N or ∅ corresponds to the combination of inequalities
(A.27) with different q, which are obviously redundant.

In constraint (A.45), when q ranges from 1 to T , the height
of L(q) ranges from 2 to T + 1, and vl(q) = 0 always holds.
Hence, if let L = L(q), l ∈ L, then q is the index of the last
non-zero node on l, i.e., rl defined in the main text. Therefore,
by omitting q in (A.45), the expression (3) in the main text is
obtained. By replacing q with rl and t with r̃l in (A.47) and
(A.48), equations (4) and (5) in the main text are obtained.
This completes the derivation of the exact AFR.
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