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Summary
Currently, the design of wind turbine blades heavily relies on extensive testing and a
very conservative design philosophy namely "Damage resistant" designs when it comes to
the assessment of delamination. Damage resistant designs refer to designing a blade in a
way that it resists damage formation, which means that no new damage will occur, and
the existing damage will not propagate during the service life of a wind turbine. This,
however, does not match observations as wind turbines do show damage formation (both
initiation and propagation), even to the point of collapse. Overly conservative design
philosophies can result in thicker and heavier structures than needed. This is not only
inefficient but it can defeat its very same objective considering that one of the main loads
of large wind turbine blades is the weight of the blade itself. There is an alternative less
conservative approach namely "Damage tolerant" design philosophy, which, contrary to
damage resistant designs, allows the initiation and the slow propagation of damage until
it reaches some critical propagation. It is uncontroversial to say that damage tolerant
design would produce better, more efficient wind turbines by dramatically increasing the
design space. However, to implement damage tolerant designs there need to be tools that
accurately predict the propagation of delamination of structures under realistic loading
conditions. The present thesis aims at developing such tools in the form of a cohesive
zone model that is capable of describing delamination of composites under mixed-mode
loading and accounts for the main toughening mechanism of unidirectional composites
i.e. fibre bridging.

The development of the tool consisted in formulating a new mixed-mode cohesive
law. This cohesive law was formulated using a coupled potential function, which was
determined experimentally using R-curves. In this way, it can be said that the cohesive
law is "measured" for a given material interface. The derived cohesive law was used for
the characterisation of both the crack tip and the bridging fracture of a unidirectional
glass/epoxy composite. The derivation of the cohesive law and the experimental char-
acterisation of the UD glass/epoxy composite are presented in detail in Paper A, and
Paper B (attached in Chapter 9, and 10), respectively. In the papers, a methodology
is proposed and explained in order to derive the specific cohesive law of other material
based on R-curves (expressed in terms of the opening, and the J-integral). As part of the
Ph.D. work, this cohesive law has been implemented into a cohesive zone model (CZM),
which can be used in commercial finite element software (ABAQUS for the present work).
The CZM was implemented via a subroutine that defines the traction separation response
and the constitutive stiffness matrix of a predefined cohesive element (COH2D4, and/or
COH2D6). The subroutine was subject to different 1-element tests to verify its ability to
re-create the defined cohesive law at different stages and conditions. The functionality
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and robustness of the subroutine were corroborated. The implemented subroutine showed
that it is capable to model the crack tip tractions as well as the bridging traction under
mixed-mode loading, unloading, and reloading states.



Resumé
I øjeblikket er design af vindmøllevinger stærkt afhængig af omfattende tests og en
meget konservativ designfilosofi, når det kommer til vurdering af delaminering, nemlig
såkaldt "skadesresistent" design. Skadesresistent design refererer til at designe en vinge
på en sådan måde, at den modstår skadedannelse, hvilket betyder, at der ikke opstår nye
skader, og de eksisterende skader vil ikke vokse yderligere i en vindmølles levetid. Dette
stemmer dog ikke overens med observationerne, idet vindmøller viser skadesdannelse
(både initiering og vækst), selv til et punkt, hvor de kan kollapse. Alt for konservative
designfilosofier kan resultere i tykkere og tungere strukturer end behøvet. Dette er ikke
kun ineffektivt, men det kan besværliggøre målet om lette strukturer idet en af hovedbe-
lastningerne ved store vindmøllevinger er vægten af selve vingen. Der er en alternativ
og mindre konservativ tilgang, nemlig "skadestolerant" designfilosofi, som i modsætning
til skadesresistent design tillader initiering og langsom vækst af skader, indtil de når en
kritisk størrelse. Det er indiskutabelt at sige, at skadestolerant design ville give bedre
mere effektive vindmøller ved dramatisk at øge designrummet. Men for at implementere
et skadetolerant design må der være værktøjer, der nøjagtigt forudsiger væksten af
delaminering i strukturer under realistiske belastningsforhold. Denne afhandling har til
formål at udvikle sådanne værktøjer i form af en kohæsiv zone model, der er i stand til at
beskrive delaminering i kompositmaterialer under mixed-mode belastninger og redegøre
for den vigtigste hærdningsmekanisme for ensrettede kompositter, nemlig brodannelse
af fibre. Udviklingen af værktøjet bestod i at formulere en ny kohæsiv mixed-mode
lov. Denne kohæsive lov blev formuleret ved hjælp af en koblet potentialfunktion, som
blev bestemt eksperimentelt ved hjælp af R-kurver. På den måde kan man sige, at den
kohæsive lov "måles" for en given materialegrænseflade. Den afledte kohæsive lov blev
brugt til karakterisering af både revnespidsen og zonen for brodannelse af fibre af en
ensrettet glas/epoxy-komposit. Udledningen af den kohæsive lov og den eksperimentelle
karakterisering af UD-glas/epoxy-kompositten præsenteres i detaljer i henholdsvis Paper
A og Paper B (vedhæftet i kapitel 9 og 10). I artiklerne foreslås og forklares en metode til
at udlede den specifikke kohæsive lov for andre materialer baseret på R-kurver (udtrykt
i form af åbningen og J-integralet). Som en del af ph.d. arbejdet, er denne kohæsive
lov implementeret i en kohæsiv zonemodel (CZM), som kan bruges i kommerciel finite
element software (ABAQUS for nærværende arbejde). Denne CZM blev implementeret
via en subrutine, der definerer træk-adskillelses responset og den konstitutive stivheds-
matrix på et foruddefineret kohæsivt element (COH2D4 og/eller COH2D6). Subrutinen
var genstand for forskellige et-element forsøg for at verificere dens evne til at genskabe
den definerede kohæsive lov under forskellige stadier og betingelser. Funktionaliteten og
robustheden af subrutinen blev bekræftet. Den implementerede subrutine viste sig at
være i stand til at modellere revnespids trækkraften såvel som brodannelses trækkraften
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under mixed-mode belastning, aflastning og genbelastning.
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CHAPTER 1
Introduction

1.1 Problem statement and motivation
During the Paris Climate Conference (COP21) in December of 2015 [1] it was acknowl-
edged that the key element to combat and to minimise the effects of climate change was
the diversification of energy production. From the multiple power generating sources,
wind energy stands out as the largest source of renewable power generation in Europe
and in the US, and the second-largest in China during 2015 [2]. Optimistic estimates
forecast a reduction of up to 40% of today’s levelised cost of energy (LCOE) by 2030
[3]. However, this success depends, among other things, on the reliability and the cost
competitiveness of wind power production [2] [4] [3]. In turn, these two depend on the
technological improvements for the design of the new generation of wind turbines.

Crucial to the success of wind energy is the ability to assess the structural integrity,
and thus, accurately predict the service life (and range) of wind turbines as a whole
and of each of its major components e.g. blades. The structural failure of wind turbine
blades is a major concern for wind turbine blade manufactures, and for the wind energy
sector in general, both because it means that the blades need to be repaired/replaced,
and because it results in downtime in the energy production of the affected wind turbine.
Moreover, premature failure of wind turbine blades under normal operation conditions
[5] indicates that some of the considerations/principles in their design were not accurate
and/or understood sufficiently.

In the case of the failure of wind turbine blades, it is evident that the failure of
composite blades is not fully understood, this is especially true for the assessment of
fracture of composite blades. As such, design engineers are forced to err on the side
of caution and rely on extensive (and very expensive, and inefficient) testing across all
scales from coupons, through (sub) components, to full-scale. This is a very limiting
condition given the size of modern wind turbine blades (length of up to 110 m), as well
as the number of possible load cases. As such, "virtual testing" is utilised to complement
mechanical tests in order to consider all the possible loading scenarios (e.g. such as
extreme conditions). Currently, virtual testing is carried out using a fail-safe design
philosophy with a damage-resistant and first ply failure approach. This means that the
structure is designed in such a way that initiation/onset of new damages in the blade is not
allowed under any loading scenario. Damage-resistant philosophies are flawed in at least
two ways. On the one hand, composite blades always have defects even before they are in
service. This is due to the complex manufacturing of composite structures. On the other
hand, the damage-resistant approach is very conservative considering that composite
materials are able to dissipate very much energy (in the same order of magnitude as
the energy required for damage to initiate) after damage (e.g. delamination) has been
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initiated. Having such a conservative approach may lead to over-sizing/over-designed
blade structures. This in and of itself may defeat the original purpose of a conservative
design given that the weight of the structure is one of the main load sources of large
wind turbine blades. A less conservative approach is the so-called damage tolerant design
philosophy, which allows for the presence and the growth of damages as long as the
damage is propagating in a slow stable manner. It is uncontroversial to assert that the
application of a damage-resistant approach would yield more efficient (in terms of energy
output per weight) wind turbine blades, not to mention that it would expand the design
space to tailor structures to specific needs (e.g. higher energy output). Despite all these,
the damage tolerant approach has met with much resistance from the industry due to
the lack of accurate, but efficient design tools to predict the propagation of damage.

1.2 Scientific Objectives
The scientific objectives of the present thesis will be described from the very broad to
the more specific. In its broadest way, the current Ph.D. project aims at contributing to
the current understanding of the physical world by improving our understanding of the
failure mechanism of (composite) materials. Such an understanding can be translated
to a more specific situation such as the complex failure (sequence) of composite wind
turbine blade structures.

In a more specific way, the present thesis aims at providing tools that are capable of
accurately predicting the damage onset and propagation of a composite structure such
as a wind turbine blade. In the present work, this objective was broken down into three
smaller objectives namely

1. Derivation of a mixed-mode cohesive law capable of describing realistic loading
states both in the crack tip as well as in the bridging one

2. The characterisation and experimental determination of the cohesive tractions of
a representative composite material (e.g. unidirectional glass/epoxy composite)
exhibiting large-scale fibre bridging

3. Implementation of the derived cohesive law into a cohesive zone model that can be
used in a commercial finite element software

Each of the three objectives listed above was addressed. The first and second objective
are addressed in detail in Paper A, and B respectively. The last objective was addressed
in Chapter 5. Successful completion of these objectives should in turn address the main
objective. The work presented in the thesis aims to link experimental observations of
delamination of composites into cohesive laws that can be numerically implemented to
simulate the delamination crack on a wind turbine blade. A framework that embodies
such and approach can be visualised in the diagram below.

The present work focuses on developing more accurate rather than more efficient
tools to assess delamination. Accurate methods tend to have a very high computational
cost associated with them, however, computer power has constantly increased since the
invention of computers. Such an increment will inevitably allow for the implementation of
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Cohesive Law Fracture mechanics coupon test

Characterisation of material interface

Cohesive Zone Model

Simulation of delamination

Figure 1.1: Schematic overview of the Ph.D. framework

some of these methods. Nonetheless, there are other approaches (not relying on increase
computational power) that can benefit from high fidelity methods. Accurate models
can be used in combination with less accurate more efficient methods (e.g. LEFM), and
with physical tests. For instance, a more efficient LEFM method can be used to find
the critical load case and section within the blade with the higher risk for delamination
(this can be aided from experience and/or empirical observations). A sub-model of this
area can then be generated and simulated using a high fidelity model (e.g. cohesive zone
model). A sub-component test can also be carried out as part of the assessment. With
some iterations, the method can be further improved to the point where eventually the
computational model of the sub-component test is sufficiently reliable to drop (or reduce)
the number of physical tests.

1.3 Thesis overview
The thesis is composed of two parts. Part Icovers the Introduction, with the motivation,
scientific objectives, and the problem statement. In part I, a theoretical background
is presented, as well as an introduction to some of the experimental approaches. The
numerical implementation of the derived mixed-mode cohesive law is covered in Chapter 5
inside part I. Finally, the summary of the papers, the contributions as well as conclusions
and future work are included in Part I. A brief description of the chapters within Part I
is given bellow:

• Chapter 2 In this chapter the problem of delamination is identified and described
in the context of the design and analysis of wind turbine blades. The scope in
terms of the length scales of the present work is defined in chapter 2.

• Chapter 3 In the chapter some fundamental concepts of the fracture of composite
materials are described. Some of the common analytical tools utilised to describe
delamination as a propagating crack are presented here. The two major tools to
describe delamination namely, linear elastic fracture mechanics and the cohesive
zone approach are described.



4 1 Introduction

• Chapter 4 The experimental methods related to fracture delamination and char-
acterisation of unidirectional composites are presented in this chapter. The post-
processing methods related to the experimental determination of cohesive laws are
briefly explained.

• Chapter 5 The implementation of the derived mix-mode cohesive law is presented
in this chapter. The user subroutine implemented in ABAQUS is tested in a single
element model.

• Chapter 6 A brief summary of each of the manuscripts are given in this chapter.
• Chapter 7 In this chapter the contributions of each of the manuscripts to the Ph.D.

research objectives are described. Furthermore, the contribution of the numerical
implementation (which is yet not put into a publication manuscript) is also included.
Finally in the chapter, the contribution of the Ph.D. research work as a whole is
discussed.

• Chapter 8 The outlook of the present work is given in chapter 8. The future work
is presented in for the short, mid, and long term perspective.

• Chapter 9 Paper A: "A coupled mix-mode cohesive law based on a cylindrical
potential function" is attached

• Chapter 10 Paper B: "Characterising mix-mode delamination of unidirectional
composites under large-scale bridging" is attached

• Chapter 11 Paper C: "Effect of maximum load on cyclic crack growth in UD
E-glass/vinyl ester composites with constant and alternating stitching density" is
attached

The second part (Part II) of the thesis contains the three manuscripts that resulted
from the Ph.D. research work.

• Chapter 9 Paper A: "A coupled mix-mode cohesive law based on a cylindrical
potential function" is attached

• Chapter 10 Paper B: "Characterising mix-mode delamination of unidirectional
composites under large-scale bridging" is attached

• Chapter 11 Paper C: "Effect of maximum load on cyclic crack growth in UD
E-glass/vinyl ester composites with constant and alternating stitching density" is
attached



Part I

Background





CHAPTER 2
Delamination in wind turbine

blades

2.1 Introduction

Modern wind turbines blades are built from fibre-reinforced composite materials e.g.
glass/epoxy. These types of materials offer a number of advantages compared to other
traditional engineering materials (e.g. metals) such as higher specific (in-plane) strength
and stiffness to name a few. However, these advantages come with a cost, namely more
complex failure mechanisms due to their anisotropy and heterogeneity. The layered
structure of composites provides very high in-plane strength (especially in the direction
of the fibre alignment), but relatively weak out of plane strength. This makes composite
laminate prone to delamination, which is the separation of initially bonded layers due
to forces pulling them apart. This has led to multiple recorded failures of wind turbine
blades. In fact, most recorded failures of wind turbine blades can be traced back to
interface failure such as progressive delamination. Delamination has gained a great deal
of attention from researchers and engineers and it has even been described as "the most
feared failure mode to attack a structural composite" [6]. A delamination-induced failure
(or failure series) typically shows a progressive nature that leads to conditions such as
excessive vibrations, favourable conditions for buckling, gaps that allow moisture into the
material, and/or stiffness degradation. Any of these conditions can reduce significantly
the service life of a blade. Such an example can be found in the forensic investigation
of a wind turbine blade that failed under normal operation[5]. Cheng X. proposed a
plausible failure sequence for the previously mentioned failed blade. The sequence is
shown below in Figure 2.1.

There are other studies that identify delamination as the main cause or trigger of a
the collapse of a wind turbine blade (e.g. [7] [8] [9] [10] [11] [12]). Lee H. [7] carried out a
static test until failure (after fatigue test) of a 48.3 m long full-scale wind turbine blade
and attributed delamination as the root cause of the blade’s collapse. Jensen F. et al.
[10] investigated a 34m long full-scale blade under flap-wise loading where it was found
that after the outer skin debonding delamination buckling led to the final failure of the
tested blade. In [9] Haselbach P. et al. showed that near-surface delamination of about
30% of the width of the cap can lead to crack growth at normal operation conditions.
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Figure 2.1: Sequence of a catastrophic failure of a wind turbine blade under normal
operation [5]

2.2 Sources of delamination
Delamination of composite structures can arise or be facilitated from multiple structural,
and non-structural sources. Among the non-structural sources manufacturing alone
can provide a number of scenarios that may lead to initial delaminations or sources
of delamination. Examples of these are dry spots, voids, wrinkles, resin-rich zones,
miss-aligned fibres, and residual stresses among others. Also, impact from tools and
the handling/transportation of these structures may also result in delaminations. Due
to the inherent out-of-plane weakness of composite materials delamination can also be
facilitated with certain structural details/characteristics. A (non-exhaustive) list and
classification of structural elements and that many facilitate delamination has been given
by Pagano and Schoeppner [6]. They classified these structural characteristics as a)curved
sections e.g. curved segments, rings, and hollow cylinders among others, and (ii) tapers
and transitions, which are pronounced changes like ply drop-offs, doublers, free edges,
and stiffener terminations among others. These are shown in Figure 2.2.

Note that all of these structural features are heavily utilised on the design of modern
wind turbine blades. For instance ply drop-offs are present at components such as the
spar cap of any wind turbine blade in order to accommodate for the radial variation of
the blade’s cross-section, while the blade root is practically a cylinder. This combined
with the fact that manufacturing defects and transportation/assembling/tooling-induced
defects are practically inevitable for large composite structures (>100m) means that
delaminations are likely to occur during the service life of most wind turbine blades.
However, despite this known fact, current design standards keep relying on damage-
resistant philosophies due to the lack of tools that can accurately predict both initiation
and propagation of delamination.
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Figure 2.2: Classification of structural sources of delamination [6]

2.3 Length scales of delamination modelling
Delamination of composites can be addressed at different scales, namely at full/structural,
macroscopic, and microscopic scales, based on different assumptions. A full understanding
and an adequate assessment of delamination involve working across the length scales. The
focus of the problem and thus the phenomena analysed are different at different scales. At
the structural scale (102 m), the problem seems to be reduced to a crude stiffness/strength
degradation, while at micro-scale the problem concentrates in a representative volume
element or the peeling of a single fibre ( 10−6 m). A macro-scale analysis is in between
these two, yet it seems that high fidelity macroscopic models are still too restrictive
in terms of computational requirements, and still fail to describe important details of
delamination such as fibre bridging. Considering these factors, multi-scale analyses have
been proposed to address delamination in a more robust way. The are multiple multi-
scale models that attempt to simultaneously solve delamination at the different scales,
however, this may be highly in-efficient and likely not needed. A different approach is to
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extract the strengths of each of such scales. For instance, a multi-scale methodology that
works across the scales for the assessment of material failure was proposed by Sørensen
[13], and is shown in Figure 2.3. In this approach, the micro-mechanical models and
experiments are used to predict/define cohesive laws that characterise materials on the
macro-scale. This, combined with macro-scale fracture mechanics experiments is used to
derive the cohesive law of a materials interface, which can be then used in a cohesive
zone model to model the localised damage/delamination. With the definition of the
damage, the stiffness/strength calculation of the wind turbine blade is straightforward.
A brief discussion of delamination at the different scales follows.

Figure 2.3: Multi-scale approach for delamination modelling [13]

2.3.1 Full scale
At a structural scale, delamination is accounted for by locally degrading the stiffness
and/or strength in the structure’s model. In this approach, called damage mechanics the
damage is not really modelled, but rather the overall effect it has on the structure. A
schematic plot showing the degradation of stiffness as a function of the number of cycles
is shown in Figure 2.4. Based on empirical observations some phenomenological models
have been developed to describe the stiffness degradation as a function of elapsed cycles.
However, these models do not take in consideration the physical mechanisms driving
the onset nor the propagation of damage. For this reason, the predictive ability of such
phenomenological models is very limited. In a way, delamination is smeared.

The reason why these types of approaches are used is that current models for damage
propagation have requirements that are limiting for a full-scale structure. For instance,
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Figure 2.4: Stiffness degradation (Nijssen 2006) [14]

some of these models require a pre-existing crack, which nullifies the ability to predict
crack initiation. Another limitation is that many high fidelity models (e.g. a cohesive
zone model) implemented in a finite element code require a minimum amount of elements
within their fracture process zone resulting in element sizes in the order of tenths of a mm.
If we assume a pair of spar-caps of 100 m each having 50 UD layers (i.e. ≈50 interfaces
in a FEM model), then a quick estimate for an element size of 0.1 mm indicates that
about 108 elements would be needed to model only the interfaces at the spar-caps of one
blade. As such, less accurate, but more quick and efficient methods are typically used
for the assessment of delamination in full-scale structures. Note, however, that there
are smarter modelling approaches that enable the use of high fidelity models such as
cohesive elements e.g. [8] [9] and [15].

2.3.2 Micro-mechanics
If delamination is defined as the separation of two layers that were initially bonded,
then it can be perceived as being inherently a macroscopic phenomenon because layers
of composite material are visible with the naked eye. However, before (and during)
delamination one or more failure mechanisms can be observed at the micro-scale leading
to macroscopic delamination. Similar to the failure of a wind turbine blade delamination
generally occurs as a progressive sequence of microscopic defects. Before the onset of
delamination, typically matrix cracks and fibre breakage can be observed. During delam-
ination cross-over fibre bridging can be observed. A non-exhaustive list of microscopic
failure modes is provided in [16]

Micro-mechanical models aim at describing delamination based on the properties of
their constituent materials. This is in a mechanistic way, where the physical damage is
fully described in terms of the microelements of composites. With the dimensions of a
single fibre (diameter of ≈ 5-25 µm for a glass fibre) this method is clearly not suitable for
full-scale (or macro scale) modelling of delamination. However, micro-mechanics models
can provide very useful information on the failure and toughening mechanisms. For
intance, in [17] Sørensen et al. predicted coupled mixed-mode bridging laws based on a
micro-mechanics model from a cross-over bridging mechanism. Moreover, the shape of the
cohesive law derived from the micro-mechanics model was similar to that observed in the



12 2 Delamination in wind turbine blades

Figure 2.5: Common microscopic failure modes [16]

one derived from macro-scale fracture mechanics tests suggesting that for unidirectional
laminates cross-over bridging mechanisms is the main toughening mechanism. The length
of fracture process zone varies significantly for pure mode I and mode II loading’s, which
can be explained in part by the crazing micro cracks ahead of the crack-tip (into the
material).

2.3.3 Macromechanics
The term macro-mechanics is used to refer to the scale in between the micro-scale (in the
order of 10−6m), and the component/full-scale (in the order of 101m). In this length scale
materials are treated as continuum. As such microscopic features are homogenised into a
single ply. In the present context, macro-mechanics scale covers the study of fracture
mechanics tests of coupons where an isolated damage mechanism is reproduced and
measured. An important distinction between the full and the macro-scale is that in the
later specific damage types can be isolated for their rigorous/particular study. A lot of
the macroscopic delamination work is concerned with the experimental characterisation
of materials interfaces under fracture. These tests have typically been designed and
carried out in the framework of linear elastic fracture mechanics using predefined coupon
configurations such as the double cantilever beam (DCB), the mixed-mode bending
(MMB), and the end-notch flexure (ENF) among other. Most fracture mechanics tests
aim at obtaining the fracture toughness of a material’s interface for a several loading
conditions (e.g. mode-mixity). However, these work only for the cases with small fracture
process zones (see Chapter 3). As described in Figure 2.3 fracture mechanics test can
be used to derive cohesive laws which can in turn be implemented to model full-scale
structure. A link between macro and full-scale is the modelling of interfaces of structural
elements/components.

The work carried out in the present thesis deals mostly with macro-scale studies of
delamination. This is, however, with the intention to develop tools capable of accurately
predicting delamination onset and propagation in a full-scale model.
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Figure 2.6: DCB loaded with uneven bending moments [18]
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CHAPTER 3
Theoretical background

In the present chapter, some of the fundamental concepts to understand and describe a
delamination crack are explained.

3.1 Linear Elastic Fracture Mechanics
The understanding of crack propagation in composite materials was largely inherited from
the understanding of fracture in metals for they have been around, thus been studied,
for much longer. In particular, the application of the theory of linear elastic fracture
mechanics (LEFM) has been extremely successful in the modelling of crack propagation
in metals, as such, the first attempts to model a delamination crack were based on linear
elastic fracture mechanics. Linear elastic fracture mechanics approaches can be generally
divided in the following two:

1. Energy approaches
2. Stress approaches
The energy approach is based on an energy balance; when the energy available for

crack growth is larger than the material’s resistance then fracture occurs. Such an idea
was originally proposed by Griffith [19], but it was Irwin later on that formulated it in
terms of the energy release rate, G, as it is currently referred to. The energy release rate
is a measure of the available energy for a given crack extension, and it represents the
crack driving force. When the energy release rate equals the resistance of the material,
G = Gc, then crack starts propagating. The critical energy release rate is defined as

Gc = dWs

dA
= 2wf , (3.1)

where dWs/dA is the work required to create a new surface (per unit area), and wf is
the fracture energy (per surface).

The stress approach uses the theory of elasticity to derive the stress state at the crack
and its surroundings. In the stress approach, stress singularities appear at the crack
tip in the stress solutions invariably. As such, a stress intensity factor, K, is used to
circumvent these stress singularities. The criterion for fracture is then related to the
stress intensity factor. However, before listing the criterion it will be useful to define the
modes of fracture. Any type of loading causing crack growth can be constructed from a
combination of three orthogonal, independent loading modes. These are typically referred
to as mode I or opening mode, mode II or in-plane shear, and mode III or out-of-plane
shear. These modes are depicted in Figure 3.1 below.
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Figure 3.1: Loading modes

The failure criteria for the stress approach can thus be defined as:

KI = lim
x→0

σyy

√
2πx, (3.2)

KII = lim
x→0

σxy

√
2πx, (3.3)

KIII = lim
x→0

σyz

√
2πx. (3.4)

Note that while the energy release rate quantifies energy in a global way, the stress
intensity factors describe the local stress state of the crack. Assuming plane stress these
two parameters, i.e. stress intensity factors, and energy release rate can be related as
follows

G = K2
I

E
+ K2

II

E
+ K2

III

E
(3.5)

There are very many LEFM solutions and relations that can be found in the literature.
moreover, the principles of linear elastic fracture mechanics have been successfully
implemented in finite element codes (e.g. virtual crack extension methods, and virtual
crack closure methods, among others). However, linear elastic fracture mechanics solutions
are only valid for materials with a small fracture process zone. Such a limitation means
that LEFM is not valid for the study of delamination cracks in composite materials for
it is known that the fracture process of composite materials can be very large (up to
several orders of magnitude that of the K-dominated region) so that LEFM is no longer
valid [20]. As mentioned in Section 2.3.2, composite materials can exhibit fibre bridging
in the wake of the crack, which then becomes part of the fracture process zone.

3.2 Elastic-Plastic Fracture Mechanics
When a material cannot be described using LEFM, then it follows that elastic-plastic
fracture mechanics (EPFM) is needed. Elastic-plastic fracture mechanics is applicable to
materials that exhibit time-independent, non-linear behaviour, and it typically uses the
crack-tip opening displacement (CTOD) or the J-integral to characterise the crack-tip
conditions. For delamination of composites, the J-integral has been used over the CTOD
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as it is independent of the details of the fracture process zone and thus can account for
toughening mechanisms such as fibre bridging.

3.2.1 J-integral
The J-integral can be thought of as an extension of LEFM in the way that it aims at
characterising fracture using a single parameter. The J-integral is commonly attributed
to J. Rice [21], however, a similar idea of a path-independent integral was developed
by Cherepanov [22] almost simultaneously (a year earlier actually). The J-integral is
based on the assumption/idealisation of elastic-plastic deformation as nonlinear elastic.
This means that the approach is only valid for a monotonically increasing mechanical
response i.e. no un-loading occurs. The J-integral as a parameter to characterise the
crack-tip stress was later on demonstrated by Hutchinson [23], and Rice and Rosengren
[24] independently.

Physically a unique characteristic of the J-integral is that it can be viewed as an
energy parameter (non-linear energy release rate) and also as a stress intensity parameter.
Similar to LEFM a relation between J , and K, can be expressed as

J = K2
I

E
. (3.6)

The equivalence of the J integral and the stress intensity factor approach was inves-
tigated for large-scale bridging problems [25]. The J-integral is especially valuable in
relation to its experimental extraction for characterising the non-linear fracture of an
interface. This will be further explained in Section 4.1.1.

3.3 Cohesive laws
An alternative approach to understanding fracture is by modelling the fracture process
zone of an interface, as opposed to the use of a parameter that characterises the crack
tip stress state. The idea of assuming an extended crack within the material in order
to model the plastic zone was originally proposed by Dugdale [26] in what he called
the strip yield model. In his model, Dugdale assumed that the closure stress equals the
yielding stress of the material. This was the first traction separation law. In Dugdale’s
approach, the extended crack was 2a+2ρ length, where a was the half of the initial
crack length and ρ was the plastic zone length (from one end of the crack). As such,
the traction-separation law included only the plastic zone. Later one, Barendblatt [27]
proposed a similar approach, however, he modelled the entire fracture process zone in
order to account for the fracture of brittle materials as well. Both of these approaches’
central idea was to define a relationship between the traction and the separation (from
the crack growth). This traction-separation relationship is commonly known as cohesive
law. This approach gets rid of the stress singularity by including it inside the fracture
process zone.

Initially, cohesive laws were used mainly to account for nonlinear fracture behaviour,
but in the subsequent year’s cohesive models turned out to be very successful in describing



18 3 Theoretical background

a number of fracture phenomena in different materials. Some important examples are
interaction between the fracture process zone and plasticity in metals [28] [29], crazing
of polymers [30], mixed-mode fracture of bi-material interfaces [31], modelling of large
nonlinear fracture process zone in quasi-brittle materials (rocks, concrete, and fibre-
reinforce concrete) [30] [32] [33] [34] among others. It was, however, when the method
was first implemented in a finite element framework by Hilleborg in 1976 [32] that it
started to receive more scientific interest as it meant that its applications could be easily
expanded. Another important contribution to the cohesive zone method was establishing
a connection between the cohesive zone and the J-integral [35].

The concept of cohesive laws has been extended not only to a number of material
behaviours, but also to different time and length scales. A number of cohesive laws have
been derived from micro-mechanics analysis [36], and macro-scale fracture mechanics
coupon tests[Erives2021CharacterisingBridging], [37]. Similarly, many cohesive laws
have been adapted to simulate fatigue-induced crack propagation [38]. In that sense,
cohesive laws can be understood as material properties that are able to smear different
failure mechanisms inside a fracture process zone and represent them in terms of a
cohesive law. If this is true, then it follows that it should be possible to extract the
cohesive law of materials (interfaces)

As noted in [39], the choice of computational technique is mostly independent of the
choice of constitutive behaviour from the cohesive law. However, how a cohesive law
is derived and conceptualised makes a difference. Cohesive laws can be derived experi-
mentally, analytically, or numerically using computational techniques. Computational
techniques typically need a cohesive traction a priori and then use reverse engineering
to calibrate the traction separation. Micro-mechanical models can be used to derive
theoretically a cohesive traction separation using

As part of the constitutive behaviour of a material, there are a number of required
characteristics for cohesive constitutive relationships. Park K. and Paulinho G. provided
some of such characteristics [39]

• The traction separation laws are independent of any rigid body motion
• Fracture energy from pure normal and pure shear traction must be different.

Generally, fracture energy from pure shear traction is expected to be larger than
that of pure normal traction

• The integration of the cohesive tractions with respect to the openings, i.e. the work
of separation, must be finite and equal to the fracture energy

• If a potential for the cohesive laws exists then the energy dissipation associated
with the unloading/reloading process is independent of such a potential

In the following section, the details of the mechanics of cohesive laws will be introduced.

3.3.1 Mechanics of cohesive laws
Cohesive laws are typically defined to be a function of the displacement opening (which is
the distance between the separated surfaces) also called separation of displacement jump
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(see Figure 3.2(a)). In general, openings are composed of a normal, δ∗
n, and a tangential,

δt∗, component (for planar crack propagation) as shown in Figure 3.2(b). As such, the
magnitude of the normal and tangential end-openings δ∗ and the phase angle φ between
these two can be defined as,

δ∗ =
√

δ∗
n

2 + δ∗
t

2, (3.7)

φ = tan−1
(

δ∗
t

δ∗
n

)
. (3.8)

In cohesive modelling, the fracture process zone (FPZ) is the region in the vicinity
of the crack tip (or notch) where the material develops damage due to large stresses,
and thus the strength is locally reduced. This FPZ encompasses from the macroscopic
crack-tip to the damage front including the fibre bridging zone as shown in Figure 3.3(a)).
The crack tip region is characterised by large tractions and small openings, while the
bridging region typically exhibits large openings and small tractions.

In the present work, mixed-mode is represented in terms of the phase angle between
the normal and tangential displacements, φ.

3.3.2 Classification and characteristics of cohesive laws
Cohesive tractions can be classified in different ways, however, a very common criterion
to classify them is based on whether they are path-dependent or independent. Such
a dependency, come from whether the cohesive tractions are derived from a path-
independent potential function or not. This is an important distinction because it carries
physical meaning.

Potential-based cohesive laws work on the presumption that a potential function
exists [41] and that it can be used to characterise the fracture behaviour. Potential-based

�

�*

((a))

�t

�n

�

*

*

�*

((b))

Figure 3.2: Schematic of a crack under mix-mode loading and exhibiting large scale
bridging a) Definition of normal, tangential, and combined end-openings, b) Cylindrical
coordinate system
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Figure 3.3: Schematic of a crack under mix-mode loading and exhibiting large scale
bridging [40] a) Definition of normal, tangential, and combined end-openings, b) Cylin-
drical coordinate system

cohesive laws are generally preferred for they guarantee consistency of the constitutive
relationship for arbitrary mixed-mode fracture. The potential function approach uses
the partial derivatives of the potential function to determine the cohesive tractions, and
the second derivatives to determine the constitutive stiffness

σn = ∂Φ
∂δn

, (3.9)

and,

σt = ∂Φ
∂δt

, (3.10)

For path-dependent cohesive laws, the cohesive tractions are dependent on the
trajectory of the normal and tangential displacements. This means that the dissipated
energy, i.e. the combined work of the cohesive tractions, depends on the trajectory of
the normal and tangential opening displacements.

The cohesive tractions can be further classified on the basis of the coupling. In general,
fracture is mix-mode and it is therefore expected that cohesive laws are coupled. In fact
there is evidence supporting the claim that cohesive laws of real materials are coupled
indeed [37] [17] (see also Paper B 10). A classification of the coupling is proposed below

• Coupled cohesive laws, i.e. σn = (δn, δt) and σt = (δn, δt) [37], [17] (see also Paper
B in section 10)

• De-coupled cohesive law. i.e. σn = σn(δn) and σt = σt(δt)
• "Weakly-coupled" laws. Coupled by means of a mix-mode criterion [42] [43], or

interaction criterion for onset and failure [44] [45] [46]
Over the past decades, there have been numerous cohesive laws in the literature,

ranging from the very simple to the more complicated. However, most cohesive zone
models up to date end up using a very simplified bi-linear "weakly-couple" cohesive law.
This is because it is often assumed that the shape of the cohesive law is negligible, which
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is true for some small-scale fracture problems (see for example [31] [47]); however, the
cohesive law shape becomes important for large-scale problems e.g. delamination of fibre
composites structures [48]. Furthermore, by imposing a cohesive law, it is difficult to
characterise real material especially for mixed-mode conditions.

For the reasons listed above a novel, mixed-mode cohesive law is derived as a central
part of the Ph.D. project. The cohesive law is derived based on observations from
R-curves (in terms of the openings and the J-integral), and a methodology for measuring
the parameters of the cohesive law is proposed as well. The derivation of the cohesive
law is presented in Paper A (see section 9). The cohesive law derived has the following
characteristics

• Based on a potential function, Φ, so that σn = ∂Φ/∂δn, and σt = ∂Φ/∂δt

• The potential, and thus the cohesive tractions are coupled, and mixed mode,
σn(δn, δt) and σt(δn, δt)

• The potential function is defined in terms of observations from experimental R-
curves (in terms of the J-integral) as JR = Φ

• The potential function is defined in cylindrical coordinates (natural coordinates of
most fracture mechanics test) using the magnitude of the normal and tangential
end-openings, and the phase angle between them Φ(δ, φ)

• The potential function (shown in Figure 3.4), and cohesive tractions are defined in
a piece-wise fashion using two different equations for the fracture at the crack-tip
and in the bridging region

Φ(δ, φ) =
{

ΦCT (δ, φ) for 0 < δ ≤ δ0
ΦB(δ, φ) for δ0 < δ ≤ δss

(3.11)

where,
ΦCT (δ, φ) = C1(φ)δ3 + C2(φ)δ2 + C3(φ)δ + C4, (3.12)

and,

ΦB (δ, φ) = Φ0 + ∆Φss

(
δ − δ0

δss

)ζ

, (3.13)

with the subscripts 0, and ss referring to the onset and the steady-state points,
and ζ a shape parameter.
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Figure 3.4: Schematic of the potential function [40] in a) 2D (fixed phase angle φ) and
in b) 3D



CHAPTER 4
Experimental approaches

4.1 Fracture mechanics tests
Experimental approaches can be used for the investigation of fracture phenomena at a
wide range of scales ranging from a single fibre pull-out test to a full-scale blade test.
In the present chapter, the focus is on macroscopic fracture mechanics test, i.e. test on
standard (macroscopic) coupon tests. A list of common fracture mechanics tests used
for delamination of composites is provided in Table 4.1. Each of the test configurations
listed in Table 4.1 offers some advantages and disadvantages. A good review of these
fracture mechanics configurations is provided in [49], and [50].

The reason for having many test configurations as opposed to having a single (or a
few) standardised test configurations is that there are concerns with some of these tests.
The main concern is the stability of the crack growth. All of these tests use in one way
or another the crack length, a, as a variable lever arm so that a rapid increase of a may
lead to unstable crack growth. The condition for stable crack growth is the following:

G = R (4.1)

and

dJ

da
≤ dR

da
(4.2)

where R is the fracture energy, and a is the crack length. That means that when

Table 4.1: Common fracture mechanics test configurations for composite delamination

Mode I Mode II Mix-mode
Double cantilever-beam DCB x
3/4 point End-notch flexure 3/4p ENF x
End loaded split ELS x
Asymmetric double cantilever-beam ADCB x
Brazilian - x
Mixed-mode bending MMB x
Cracked lap shear CLS x
Double cantilever-beam with DCB-UBM x
un-even bending moments
Edge delamination tension EDT x
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dJ

da
≥ dR

da
(4.3)

then it follows that unstable crack will be present.

4.1.1 J-integral
As in the other approaches, early studies of delamination in composites inherited and
directly used the experimental approaches already developed for metals. To this day,
this holds true for many of the current approaches to characterise the delamination in
composite materials. The consequence is that most fracture mechanics tests are designed
for LEFM. As explained in the previous chapter, this may not be valid for composites
materials, and it certainly is not valid for the cases of composites exhibiting fibre bridging.
This means that nonlinear fracture mechanics methods such as the J-integral are required
in such instances.

The J-integral approach has now been adopted in some recent work. Sørensen [51]
showed how the J-integral approach can be used in connection with a potential function
to characterise the fracture resistance of a material/interface in such a way that

JR(δn, δt) = Φ(δn, δt) (4.4)

This equation implies that an analytical solution of the J-integral for a given coupon/-
configuration can be used to map a potential function in the δn − δt plane.

The application of the J-integral to a simple, yet relevant fracture mechanics test
specimen namely a double cantilever beam subject to equal but opposite moments is
shown below.

x
2

M

M
�1

Figure 4.1: Double cantilever-beam under Mode I loading

From strength of materials the work is

w = 1
2σijϵij (4.5)

For the integration path Γ1:

σ11 = M

I

(
x2 + H

2

)
(4.6)

n1 = (−1, 0) (4.7)
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Ti = σijnj (4.8)

J =
∫

Γ1
[wdy − (−σ11ϵ11)(−dy)] (4.9)

J1 =
∫ 0

−H

[1
2σ11ϵ11 − σ11ϵ11

]
dy =

∫ 0

−H

[1
2σ11ϵ11

]
dy (4.10)

J1 = 1
2E

∫ 0

−H
σ2

11dy = M2

2E(1/12BH3)

∫ 0

−H
(y + H/2)2dy (4.11)

72M2

EB2H6

[1
3(y + H/2)3

]0

−H
= 6M2

EB2H3 (4.12)

For the integration path Γ2, J2 = 0 since dy = 0, and σijnj = 0. The integration path
Γ3 also yields J3 = 0 since σij = 0. We can use the fact that the structure is symmetric
and simply multiply the final J value by a factor of 2 as use the property of superposition
to obtain the total J value as shown below

J = 2(J1 + J2 + J3) = 2J1 (4.13)

J = 12M2

EB2H3 (4.14)

A more general case where case where M1 ̸= M2 and |M1|≤ M2 is shown below in
Figure 4.2

x
2

M
1

M
2

Figure 4.2: Double cantelever-beam specimen under general mix-mode

The solution for the J-integral is [51]:

J = 21(M2
1 + M2

2 ) − 6M1M2

4B2H3E11
(4.15)

4.1.2 R-curves
The R-curves or resistance curves represent the behaviour of a material under fracture.
In the present work, the R-curves are expressed in terms of the J-integral and the
end-openings as extracted from the DCB tests. As described in the section above, the
fracture resistance has been defined as a piece-wise function with two different equations
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for the crack-tip and the bridging zone. The onset point and the steady-state point are
used to identify parameters from the R-curves as shown schematically in Figure 4.3(a),
and as shown with experimental data in Figure 4.3(b). Figure 4.3(b) shows a surface fit
of the fracture resistance. This is further explained in Paper B (See section 10).
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Figure 4.3: Mixed-mode fracture resistance a) Schematic drawing[40] b) experimental
data [18]

4.2 Double cantilever-beam loaded with un-even
bending moments

Among the various available test configurations, the double cantilever beam loaded with
uneven bending moments (DCB-UBM) was selected to carry out the experimental part of
the present work. Such a test configuration was proposed by Sørensen in 2006 [51], and
has since then it has drawn much interest. A particular feature of the test configuration
is that the solution of the J-integral (Eq. 4.15) is independent of the crack length, as
such the condition in Eq. 4.2 is always met. This means that the DCB-UBM (described
in detail in [51]) provides a stable crack growth. Furthermore, the test is capable to
provide mix-mode fracture from pure mode I to (near) pure mode II, and in principle
could be adapted for pure mode III.

The DCB-UBM test configuration is explained in detail in [51], however, for the sake
of completeness, it will be briefly explained here. The coupons used for the DCB-UBM
configuration are similar to a DCB specimen, however, metallic blocks are attached
(glued) to the top and bottom ends of the specimen to transfer the moment loads. A
schematic of a DCB specimen is shown below in Figure 4.4.
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Figure 4.4: DCB-UBM specimen [18]

The DCB specimen is fixed at the lower end (opposite to the cracked side), and it is
loaded at the upper end. The load is applied to the specimen using the end-blocks shown
in Figure 4.4. The blocks are loaded using a pulley-arm mechanism. Both arms are pulled
with the same average load, P , however, by varying the lever-arms (ℓ1 and ℓ2) different
moments (M1 and M2) are applied in the top and bottom beams. The load pulling the
cables comes from the lower beam that is which has a controlled constant displacement.
This load, P , is measured by two load cells (each corresponding to a lever-arm) and
then averaged. The end-openings were measured by using an extensometer and LDVTs
located near the initial crack tip. Additionally, acoustic emission and high-quality video
of the tested specimens can be used to determine the time of crack onset. A schematic
figure of the test configuration and the measurement equipment is shown in Figure 4.5

4.2.1 Extraction of parameters from R-curves
The mixed-mode cohesive law derived in the present thesis (See Paper A in Part II of the
thesis) requires the extraction of certain parameters for each tested mixed-mode. These
parameters are extracted from the R-curves. The parameters consist of the J-value (and
corresponding end-opening) at the onset of crack and at the steady-state point. A flow
chart diagram with the post-processing method proposed for the extraction of cohesive
law from fracture mechanics test is shown in Figure 4.6.

The definition of these points is non-trivial. First, time at onset and steady-state need
to be defined in a way that they can be systematically obtained from any given R-curve.
In practice, this definition can be rather complicated for both onset and steady-state,
however, for different reasons. The determination of onset can be complicated due to
the very small length scales of the end-openings (in the range of the µm). Accurate
measurement of end-openings at this scale is difficult to obtain. For this reason, acoustic
emission (AE) measurements are used to determine the crack onset point. The AE
sensors measure the events with a very precise time-stamp. The cumulative value of
the events increases very rapidly right after crack onset. This observation was used to
determine the onset time of crack onset, which is later correlated to the corresponding
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Figure 4.5: DCB UBM test configuration [18] a) Schematic drawing b) Specimen and
measurement equipment

JR − δ∗ pair. The cumulative sum of events vs time is shown for 4 different φ values in
Figure 4.7(a). Such a criterion was verified using DIC measurements as shown in Figure
4.7

The other point to define is steady-state. In the present work, the steady-state
point is defined as the maximum attained fracture resistance. Note that this is just a
convention and other definitions can be possible. Some experiments reach a very stable
(flat) steady-state, whereas other cases reach a point when the J-value starts oscillating
with a constant mean value. Once the onset and steady-state points are identified then
the extraction of the required parameters is simply reading the values from the R-curve.
This is exemplified in Figure 4.8.

4.2.2 Cyclic loading
The present work is concerned with the mixed-mode delamination of UD composites
exhibiting fibre bridging under monotonic quasi-static load. However, fatigue-induced
delamination is a topic of a great deal of importance. As such, a logical outlook of
the present work is the extension of the present work to include cyclic loading. There
are multiple ways to extend a static cohesive law to account for cyclic loading, but by
far the most common way is by associating the propagation of damage with the Paris
relationship. This would require the extraction of the so-called Paris constants. In Paper
C (see section 11) a detailed account of the characterisation of delamination of UD
composites exhibiting fibre bridging under pure mode I cyclic loading is presented. A
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Experimental R-curves:
JR−exp = Φ(δ∗, φ = φi)

Read parameters for the given φi:
J0(φi), Jss(φi), J2(φi), ζ(φi)

δ0(φi), δss(φi), δ2(φi)

for i = 1, ..., n

Polynomial fit of bridging parameters:
J0(φ), Jss(φ), J2(φ), ζ(φ)

δ0(φ), δss(φ), δ2(φ)

Polynomial fit of crack-tip coefficients:
C1(φ), C2(φ), C3(φ), C4(φ)

Calculate mixed-mode fracture resistance:
JR = Φ(δ∗, φ)

Compute mixed-mode cohesive tractions:
σn = ∂Φ

∂δn
; σt = ∂Φ

∂δt

Figure 4.6: Diagram for the extraction of cohesive laws fully determined from experiments
[18]
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Figure 4.7: Time of onset of crack growth from AE and DIC measurements [18]
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brief description is provided here.
The DCB-UBM test configuration can be adapted to test DCB components under

cyclic load. A schematic of the adapted test stand is shown below.
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Hydraulic 
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P
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Figure 4.9: Schematic of DCB UBM test stand for cyclic loading [52]

To obtain the Paris equation the crack growth rate needs to be correlated to a fracture
mechanics property. For the present work ∆J = Jmax − Jmin is used. The crack growth
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rate is measured by tracking the crack-tip growth at a different number of cycles. The
tracking can be measured from images if the images can be related to a cycle count. An
example is shown in Figure 4.10(a).

((a)) ((b))

Figure 4.10: Crack-tip growth for DCB under pure mode I cyclic load a) 1 cycle, and b)
22000 cycles [52]

After multiple readings, the crack growth rate can be correlated to the number of
cycles. An example of such readings is shown below in Figure 4.11. The linear-log plot
on the left shows the readings for cases with a maximum load at 500, 400, and 350N.
The same readings are shown in a Log-Log plot in Figure 4.11(b).
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Figure 4.11: Crack growth versus number of cycles a) Log-linear b) Log-Log plot [52]

The fracture property, i.e. ∆J , is calculated from the same closed-form solution as in
the static case (see section 4.1.1). Given the crack growth rate and ∆J for every tested
specimen then this can be used to obtain the Paris coefficients by means of a linear fit of
the log-log plot of the crack growth rate and ∆J . The Paris relationship of a series of
DCB specimens tested under pure mode I cyclic loading is shown below.
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Figure 4.12: Crack growth rate (CGR) as a function of ∆J [52]

A detailed explanation of the materials, the test campaign, and the post-processing
is presented in Paper C (see Chapter 11).



CHAPTER 5
Numerical implementation

Since cohesive laws were first implemented in a finite element code [32], FEM imple-
mentation of cohesive laws has become the norm. The so-called cohesive zone model is
the numerical implementation of a cohesive law in a finite element code. For a cohesive
zone model, it is required to define the traction separation response within the fracture
process zone, which is commonly done by using the nodal displacements solution of an
element. In order to implement the traction separation (or cohesive law) response in a
FEM code two things need to be addressed:

1. Element kinematics
2. Constitutive behaviour

Both of these are discussed below.

5.1 Element kinematics
The element kinematics of a cohesive element refers to the definition of the opening
displacements corresponding to each of the opening modes (normal, in-plane, and out-of-
plane tangential openings). These openings represent the separation between the two
surfaces benign pulled apart. A detailed description of the kinematics of an element
can be found elsewhere [46]. However, such details are not included here because the
present work uses existing cohesive elements meaning that the kinematics of the elements
are already defined. In the present work, the cohesive zone model is carried out using
the FEM software ABAQUS using the cohesive elements COH2D4 and COH2D6. The
elements are 4 and 6 node elements respectively and have 2 integration points (filled
circles and cross symbol in Figure 5.1). A schematic of the element structure is shown in
Figure 5.1

Both elements have 2 degrees of freedom namely directions 1, and 2. The elements
are coded so that the normal and tangential displacements can be defined in terms of
the two degrees of freedom as

δn = ε22 (5.1)

and

δt = ε12 (5.2)
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Figure 5.1: Cohesive elements in ABAQUS a) COH2D4 and b) COH2D6

5.2 Constitutive behaviour
The constitutive behaviour of the element is described in this section. The elements
COH2D4/6 (and cohesive surfaces in ABAQUS) have a predefined bi-linear "weakly-
coupled" mix-mode cohesive law based on [44]. However, this can be overwritten/overruled
by means of a user subroutine known as user material (UMAT/VMAT). The difference
between the UMAT and a VMAT is that these are used depending on the method
employed to solve the partial differential equation i.e. implicit or explicit methods. The
UMAT is used when implicit (or standard) solution methods are selected, while the
VMAT is used for the explicit method. Both of these tools need properly define the
stresses (i.e. cohesive traction) within the element at all times. However, for the UMAT
the Jacobian, also called the constitutive stiffness tensor, Kij = ∂σi/∂δi, needs to be
defined as well. In the case of a cohesive law derived from a potential, the constitutive
stiffness matrix Kij is defined as follows

K =
 ∂σn

∂δn

∂σt

∂δn
∂σn

∂δt

∂σt

∂δt

 , (5.3)

or expressed in terms of the potential function

K =
 ∂2Φ

∂δn
2

∂2Φ
∂δn∂δt

∂2Φ
∂δn∂δt

∂2Φ
∂δt

2

 , (5.4)

with a potential function expressed in cylindrical coordinates (as is the case for the
present work) the terms in Kij become

(5.5)
∂2Φ
∂δn

2 = cos2(φ)∂2Φ
∂δ2 + sin2(φ)

δ2
∂2Φ
∂φ2 − 2cos(φ)sin(φ)

δ

∂2Φ
∂δ∂φ

+ sin2(φ)
δ

∂Φ
∂δ

+ 2cos(φ)sin(φ)
δ2

∂Φ
∂φ

,
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(5.6)
∂2Φ

∂δn∂δt

= cos(φ)sin(φ)∂2Φ
∂δ2 − cos(φ)sin(φ)

δ2
∂2Φ
∂φ2 + cos2(φ) − sin2(φ)

δ

∂2Φ
∂δ∂φ

− cos(φ)sin(φ)
δ

∂Φ
∂δ

− cos2(φ) − sin2(φ)
δ2

∂Φ
∂φ

,

(5.7)
∂2Φ
∂δt

2 = sin2(φ)∂2Φ
∂δ2 + cos2(φ)

δ2
∂2Φ
∂φ2 + 2cos(φ)sin(φ)

δ

∂2Φ
∂δ∂φ

+ cos2(φ)
δ2

∂Φ
∂δ

− 2cos(φ)sin(φ)
δ2

∂Φ
∂φ

.

In the present work, the user subroutine was carried out using a UMAT since the
cohesive law was derived for quasi-static monotonic loading meaning that a standard
solution would be more appropriate.

5.3 ABAQUS implementation
5.3.1 UMAT flowchart
As mentioned above a UMAT requires the definition of the stresses vector (STRESS(i)),
but also of the constitutive stiffness matrix (DDSDDE(i,j)). ABAQUS requires UMATs
to be written using FORTRAN code and they must have the following common header
with the variables that are received and passed on every time step as shown below.

Figure 5.2: Common header of UMAT

The UMAT is called every time step during the solution of the FEM model. The
input of the UMAT is the kinematics (i.e. the nodal displacements that represent the
openings in the cohesive law), and a number of properties that are used to define the
mixed-mode cohesive law. The UMAT starts by initialising variables and computing the
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Figure 5.3: flowchart diagram of User material subroutine UMAT

magnitude of the openings and the phase angle φ. It then proceeds to store the historic
maximum values of the openings, phase angles of openings, and tractions when these
values are larger than all previous values. After that, the input parameters previously
mentioned (see Paper A, and Paper B in Chapter 9, and 10) are read from one file.
The UMAT proceeds to determine the cohesive tractions depending on the particular
condition in terms of the fracture process zone of the integration point i.e. crack tip,
bridging, failed, and penetration. From this point, the UMAT assesses whether the
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element is in loading, unloading/reloading state. If the element is in a loading state then
linear unloading/reloading is imposed, otherwise, the previously calculated tractions are
kept. Then it proceeds to a new step. This process is schematically represented in a
diagram in Figure 5.3

5.3.2 Single Element Test
The implementation of subroutines is typically carried out incrementally. As the very
first step the UMAT is first evaluated with a 1-element test. In the present chapter 3
tests have been carried out

1. Independence of cohesive tractions and rigid body modes (RBM)
2. Loading until failure at different mixed-modes
3. Loading/Unloading/Re-loading until failure at different mixed-modes

Each of these tests is further explained in the subsection below.

5.3.2.1 Rigid body modes
According to Park K. and Paulinho G. cohesive laws ought to be independent of rigid
body motion [39]. This was tested by applying displacements to the element during a
rigid body mode. In principle, the same cohesive laws should be retrieved independently
of the rigid body motion applied to it. The four different cases that were tested are listed
below.

1. Horizontal rigid body mode and mode I enforced displacements
2. Horizontal rigid body mode and mixed-mode (φ = 45◦) enforced displacements
3. Vertical rigid body mode and mode II enforced displacements
4. Vertical rigid body mode and mixed-mode (φ = 45◦) enforced displacements
Each of these tests can be visualised in Figures 5.4 to 5.7. In the figures, the grey

rectangle in the left (shown with a caption letter a) is the initial state i.e. the "undeformed"
element at time t = 0. On the right side of each of the figures the final state i.e. the
"displaced and deformed" element is shown. It can be observed that the element undergoes
rigid body motion, but at the same, it deforms. Visually, it can be observed that each
of the tests follows the specific RBM and displacement imposed. For instance, in 5.4 is
displaced 1 unit to the right and it is deformed in the mode I direction. The same can
be observed in all 4 tested scenarios.

During the rigid body motion, the cohesive tractions were extracted for each of
the tests above and compared to the analytic cohesive law and the same cases (i.e.
displacements and phase angles) but with no rigid body modes. The results are shown
below. In the Figures 5.8 to 5.10, the analytic imposed mixed-mode cohesive law is
plotted in red for the crack tip region, and in blue for the bridging region. The cohesive
tractions extracted from the UMAT with and without RBM are plotted with black and
grey colours respectively. Circle markers are used for the cases with horizontal rigid
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Figure 5.4: Horizontal RBM plus mode I displacements a) initial and b) final position
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Figure 5.5: Horizontal RBM plus mixed-mode (φ = 45◦) displacements a) initial and b)
final position
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Figure 5.6: Vertical RBM plus mode II displacements a) initial abd b) final position
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Figure 5.7: Vertical RBM plus mixed-mode (φ = 45◦) displacements a) initial and b)
final position

body modes, while triangles are used for vertical modes. It can be observed that the
rigid body modes did not affect the cohesive traction as the UMAT gave the exact same
cohesive tractions with and without rigid body modes.
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Figure 5.8: Comparison of cohesive traction for rigid body mode tests 1 a) Normal
traction b) Shear traction
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Figure 5.9: Comparison of cohesive traction for rigid body mode tests 2 and 4 a) Normal
traction b) Shear traction
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Figure 5.10: Comparison of cohesive traction for rigid body mode tests 3 a) Normal
traction b) Shear traction

5.3.2.2 Test loading until failure at different mixed-modes
For the second test, the element is loaded beyond the critical opening. For the present
mixed-mode cohesive law the critical opening is denoted as δss (see Paper A in Chapter
9). This test aims at verifying the cohesive tractions and stiffness values follow the
imposed law until failure and drop to zero (near zero to avoid numerical issues) at the
critical opening. In the present tests, the imposed and obtained fracture resistance
values are also compared for different phase angle values φ. The boundary conditions
are the following; the element is fixed at the bottom and pulled at the top with imposed
displacements in for the phase angles of φ = 0◦ , φ = 30◦ , φ = 45◦ , φ = 60◦ , and φ = 90◦ .
A schematic of the boundary conditions of the test is shown below.
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Figure 5.11: Schematic of Boundary conditions on first single element test

As it can be observed from Figure 5.12 the cohesive tractions extracted from the
UMAT are on practically top of the imposed cohesive law for all tested phase angles φ.
A plot with a y-axis truncated is shown in Figure 5.13 to show the failure of the element
once it reaches the critical opening δss. It can be observed that the cohesive tractions
drop to zero once the critical opening δss is reached (note that δss(φ)). Note that no
failure criteria have been imposed, but it comes naturally from the coupled mixed-mode
cohesive law.
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Figure 5.12: Comparison between analytic and a) Normal traction and b) Shear traction
from the UMAT at a phase angle of φ = 0◦

The fracture resistance JR computed from the UMAT is plotted against the imposed/-
analytic value. The imposed fracture resistance was plotted in Figure 5.14 with the crack
tip zone in red, and the bridging zone in blue. The JR values from the UMAT are on
top of the analytic fracture resistance for all tested phase angle values.
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Figure 5.13: Comparison between analytic and a) Normal traction and b) Shear traction
from the UMAT at a phase angle of φ = 30◦
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Figure 5.14: Fracture resistance plot

5.3.2.3 Test loading-Unloading-Reloading at different
mixed-modes

The third test aims at verifying the ability of the CZM to undergo loading, unloading, and
re-loading. The un-loading and re-loading states are imposed with a linear relationship
until the current opening reaches back to the historic maximum, then the cohesive
tractions are calculated again from the cohesive laws. This is an important feature for the
modelling of complex structures (e.g. wind turbine blade) as loading/unloading/reloading
is commonly observed. In test 3 the element is subject to unloading (to almost zero)
and reloading at δ0/2, and at δss/4 in order to verify both the envelope of the cohesive
tractions is well captured both in the crack tip as well as in the bridging traction. The
test is schematically shown in Figures 5.15 to 5.17 .
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Figure 5.16: Single element test re-loading/unloading
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Figure 5.17: Single element test re-loading until failure

The results for test 3 are shown for each phase angle individually in figures 5.18 to
5.23. The same red-blue colour scheme is used for the crack-tip and bridging region for
the imposed cohesive laws, and the loading/unloading/re-loading sequence is shown with
dashed black lines.
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Figure 5.18: Comparison between envelope cohesive law and loading/un-loading/re-
loading a) Normal traction and b) Shear traction from the UMAT at a phase angle of
φ = 0◦

The normal and shear cohesive tractions follow very well the envelope defined by the
cohesive law imposed. Yet, a small difference can be found at δ0 in Figure 5.20 and 5.20
where a step-like cut is observed. This is an artifact embedded in the UMAT to avoid
very high stresses that may occur if the fracture resistance JR is continuous, but not
exactly differential at δ0. This condition is further elaborated in Paper A (Section 9). The
deviation in the re-loading part of Figure 5.23(b) is more evident because of the scale of
the normal tractions, but mostly because of large time steps during the second reloading.
Due to the different scales between the cohesive tractions in the crack tip and in the
bridging zone, the second unloading/re-loading section (Steps 4 and 5 in Figure 5.16
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Figure 5.19: Comparison between envelope cohesive law and loading/un-loading/re-
loading a) Normal traction and b) Shear traction from the UMAT at a phase angle of
φ = 30◦
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Figure 5.20: Comparison between envelope cohesive law and loading/un-loading/re-
loading a) Normal traction and b) Shear traction from the UMAT at a phase angle of
φ = 45◦

and Figure 5.17) is not visible. As such, a plot of the normal and shear tractions with a
y-axis truncation is shown in Figure 5.23 in order to visualise the unloading/re-loading
section.

The three tests carried out showed satisfactory results. It can be said that the UMAT
has passed the "single element test". From test 1 it was demonstrated that the cohesive
tractions from the UMAT were independent of rigid body motion. Test number 2 showed
that the peak traction and the drop to zero of the cohesive tractions at the critical
opening at different phase angles ε were well captured. Finally, test 3 showed that the
UMAT can deal with loading/unloading/re-loading stress states.
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Figure 5.21: Comparison between envelope cohesive law and loading/un-loading/re-
loading a) Normal traction and b) Shear traction from the UMAT at a phase angle of
φ = 60◦
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Figure 5.22: Comparison between envelope cohesive law and loading/un-loading/re-
loading a) Normal traction and b) Shear traction from the UMAT at a phase angle of
φ = 90◦

It is important to mention that the cohesive zone model does not rely in any onset
and/or failure criteria (e.g. B-K [53], quadratic, and power laws among others) contrary
to "weakly coupled" cohesive zone models. The onset of fracture and total failure is
implicit in the model given the input properties required for the model.

Currently, the status of the implementation is the one presented here. It is evident
that further work is needed to fully implement and validate the UMAT. The next step is
to test the UMAT for larger models with more than one element. A natural step would
be to model some of the DCB-UBM tests carried out during the material characterisation,
and use the experimental data to validate the model. This is further discussed as part of
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Figure 5.23: Comparison between analytic and a) Normal traction and b) Shear traction
from the UMAT at a phase angle of φ = 90◦

the future work in Section 8.
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CHAPTER 6
Summary of papers

The three manuscripts that compose Part II of the Ph.D. thesis are briefly summarised.
Notice that the contribution of the papers in relation to the Ph.D. project will be
addressed in Chapter 7.

6.1 Paper A: A coupled mix-mode cohesive law
based on a cylindrical potential function

The submitted manuscript shows a novel approach to determine mixed-mode cohesive
laws of materials exhibiting large fracture processes, e.g. composites under large-scale
bridging. The method aims to link the cohesive behaviour of a material’s interface to
physical (and measurable) properties. This was achieved by using experimental R-curves
in terms of the J-integral to formulate a potential function that describes the fracture
resistance accurately, which is then used to derive the cohesive laws. The method was
successfully tested using two different synthetic data sets, and it was shown that both
the crack tip and bridging mix-mode tractions can be well captured.

In particular, the paper elaborates on the theoretical derivation of the proposed
method to obtain coupled mix-mode cohesive laws. The original idea was proposed
by Prof. Bent Sørensen, however, major improvements to the original idea and its full
implementation were carried out by the Ph.D. candidate. The cohesive law derived in
the proposed framework has the following characteristics

• Based on a potential function, Φ, so that σn = ∂Φ/∂δn, and σt = ∂Φ/∂δt

• The potential, and thus the cohesive tractions are coupled, and mixed mode,
σn(δn, δt) and σt(δn, δt)

• The potential function is defined in terms of observations from experimental R-
curves (in terms of the J-integral) as JR = Φ

• The potential function is defined in cylindrical coordinates (natural coordinates of
most fracture mechanics test) using the magnitude of the normal and tangential
end-openings, and the phase angle between them Φ(δ, φ)

• The potential function, and cohesive tractions are defined in a piece-wise fashion
using two different equations for the fracture at the crack-tip and in the bridging
region

Φ(δ, φ) =
{

ΦCT (δ, φ) for 0 < δ ≤ δ0
ΦB(δ, φ) for δ0 < δ ≤ δss

(6.1)
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where,
ΦCT (δ, φ) = C1(φ)δ3 + C2(φ)δ2 + C3(φ)δ + C4, (6.2)

and,

ΦB (δ, φ) = Φ0 + ∆Φss

(
δ − δ0

δss

)ζ

, (6.3)

with the subscripts 0, and ss referring to the onset and the steady-state points,
and ζ a shape parameters.

6.2 Paper B: Characterising mix-mode
delamination of unidirectional composites
under large-scale bridging

Paper B deals with the characterisation of the mix-mode delamination of a UD glass/epoxy
composite exhibiting large-scale bridging. The characterisation process is based on the
mix-mode cohesive law derived in paper A.

In Paper B, an experimental campaign of 36 mix mode fracture tests, particularly of
double cantilever beams loaded with un-even bending moments is described in full detail.
In the paper, the data processing and the application of the novel methodology described
in Paper A are tested using R-curves from a real material (UD glass/epoxy composite).
It is demonstrated that cohesive laws can be experimentally determined using common
fracture mechanics tests as long as the tests are capable of providing R-curves in terms
of the J-integral.

An important assumption of the method of proportional openings is verified. Indeed,
the normal and tangential end-openings grow near proportional, thus providing with
fairly constant phase angle between them. The results from the characterisation seem
very much in alignment with existing work. Some of the findings of the paper are listed
below.

• The fracture resistance, and cohesive tractions extracted from the material show a
large variation for pure mode I to pure mode II.

• The parameters used to determine the fracture resistance can be well captured
from R-curves. Furthermore, the polynomial fits of these parameters showed from
good to excellent correlation (R2 0.3 to 0.98)

• The resulting cohesive tractions are coupled indeed in accordance with Sørensen
(2008 & 2009) [17] [37]

• Negative normal tractions for pure mode II are predicted. This is in accordance
with findings from Sørensen and Goutianos [54]

• A non-monotonic variation of the fracture resistance with the phase angle (from
pure mode I to pure mode II) was observed
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6.3 Paper C: Effect of maximum load on cyclic
crack growth in UD E-glass/vinyl ester
composites with constant and alternating stitch
density

In paper C the Mode I fatigue characterisation of a UD E-glass/vinyl ester composite
exhibiting large-scale bridging is presented. The fatigue characteriation is carried out
based on the Paris relationship so that the Paris coefficients were extracted using R-curves
at different cycles. In order to account for the non-linear behaviour of the fracture process
zone the J-integral approach was used, in particular, the ∆J = Jmax − Jmin was used
for the Paris relation. DCB sandwich coupons with UD composites manufactured using
different sizing in terms of the stitching density were analysed. The coupons were tested
using the DCB-UBM configuration with cyclic loading with different maximum loads
but the same R-ratio. Two different stitching densities were tested. The results showed
that contrary to previous findings the stitching density has an effect on the fatigue
properties, namely the crack growth rate of UD composites exhibiting fibre bridging.
More specifically, the stitching density was found to influence the intersection of the crack
growth rate curve, determined by the Paris’ constant C. There was no clear evidence of
the stitching having an influence on the slope of the curve (exponential constant n).



52



CHAPTER 7
Contributions and conclusions

In the previous chapter, a summary of each of the individual papers is presented. Here, the
contributions of each of these papers are presented in relation to the research objectives
of the Ph.D. project.

Paper A: In the context of the Ph.D. project Paper A deals with the analytical
derivation of the mix-mode cohesive law that is later used both for the characterisation of
the UD composite material as well as for the implementation of the cohesive zone model.
The physics of delamination are represented in the cohesive law, in a way it can be said
that the cohesive law is at the heart of a cohesive zone model. The aim of Paper A is to
provide a rather general mixed-mode cohesive law that can describe the most important
features of delamination in composites such as the peak traction related to the onset of
cracking, and the energy dissipation related to the propagation of cracking, as well as
fibre bridging. Realistic loading scenarios can be described given that the cohesive law is
derived for mixed-mode fracture. Furthermore, since the cohesive tractions are solved
from a coupled potential function then no criteria are needed to be imposed for the crack
onset and/or propagation. Rather, these points (onset and complete failure) are a result
of the cohesive law.

Paper B: One of the main objectives of the research conducted in the Ph.D. was to
develop mixed-mode cohesive laws that characterised real materials. In paper B this was
addressed by using the derived mixed-mode cohesive law to characterise delamination
on a macroscale DCB coupon. The characterisation of a material is of course of crucial
importance for the design of a structure. However, in the context of the Ph.D. thesis the
characterisation of the material served two other purposes i) it was useful to test the
proposed framework to obtain cohesive laws from R-curves on a real UD composite with
fibre bridging and ii) the experimental campaign for the characterisation of the material
will be further used to validate the cohesive zone model under development. This will be
elaborated on in the outlook section.

Paper C: This paper deals with the characterisation of UD composites under fatigue
loading. In the Ph.D. thesis, static delamination has been the main focus. However, a
likely outlook is an extension of the method to account for cyclic loading. As such, Paper
C is related to a possible extension of the proposed method. Most cohesive zone models
currently developed use the Paris equation to determine the propagation of a damage
variable. As such, the aim of Paper C was to characterise (in terms of the J-integral) a
UD composite material under cyclic loading and exhibiting fibre bridging.

An important contribution of the work carried out in the Ph.D. project is the cohesive
zone model resulting from the numerical implementation of the novel mixed-mode cohesive
law. The cohesive zone model has only been partially completed, and thus no publication
is presented for this part of the thesis. The implementation of the cohesive law is being
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carried out as a user material subroutine (UMAT) in the FEM software ABAQUS.
The current status and advances of the CZM are presented in Chapter 5. The ability
to implement the CZM is crucial to addressing the research objectives listed at the
beginning of the thesis (Section 1.2). In particular, the implementation of a mixed-mode
cohesive zone model that is capable of describing both the initiation and propagation
of delamination cracks is an important contribution in the search for a tool that can
accurately predict the delamination growth, which as explained in the introduction is a
requirement for the transition towards a damage-resistant design approach. Currently,
the CZM has been implemented and tested on a single element. The results from the
single element test show that the CZM is capable of retrieving the input cohesive law.
Furthermore, linear unloading has been implemented and tested in the element.

A framework has been laid out to study and quantitatively assess delamination in
composite structure using the three common approaches used for research in engineering
namely theoretical, experimental, and numerical/computational approaches. Paper A
relates mostly to the theoretical part, while Paper B, and Paper C are mostly experimental
studies. The development of a novel CZM (not yet in manuscript form) relates to
numerical/computational approaches. It can be noticed how all three publications and
the cohesive zone model under development relate to each other, and what is more, they
all align to research that can potentially impact the design and analysis of wind turbine
blade technology. All three papers from different angles dealt with the delamination of
UD glass fibre composites exhibiting large-scale bridging, which is considered an open
research topic.

The research carried out in the present thesis focuses on wind turbine blade technology.
The common thread to all three papers and the CZM is the topic of fracture of UD
composites exhibiting large-scale fibre bridging, which is a central research area to the
design of wind turbine blades in a number of ways. As described in Chapter 1 there
are multiple components in wind turbine blades that due to their design are prone to
delamination. This is in combination with the non-structural sources of delamination
(impacts, and manufacturing defects among others). A clear example where the proposed
framework could be used is in the assessment of delamination in one of the many ply
drops in the blade e.g. spar-cap. Moreover, since the methodology is rather general it
can also be easily adapted to describe and predict debonding.



CHAPTER 8
Future work

The future work related to the surrounding topics covered in the present work can be
divided into short term, midterm, and long term.

The short-term future work regards the completion of the implementation of the
cohesive law into a cohesive zone model in a large FEM model i.e. more than a single
element. Once the CZM is implemented in a large model, then it should be validated
using the material that has been characterised. This can be done by modelling the
crack initiation and propagation of models resembling the experimental tests from the
characterisation campaign. Once the CZM is validated with experimental data from
well-controlled, well-monitored fracture mechanics tests (e.g. DCB loaded with un-even
bending moments) then the CZM can be used to model a full-scale component such
as a play drop in a spar cap or the evolution of a known/manufactured initial defect
prone to produce delamination. It is important to assess if the model is capable to
model a full-scale component/sub-component structure e.g. a ply drop in a full-scale
blade. There is a number of ongoing projects at DTU Wind Energy in the structural
design and testing (SDT) section dealing with the onset and growth of delamination from
defects in full-scale wind turbine blades. Such experimental data would be ideal for the
validation of the CZM. This would be considered somewhere in between the short and
mid-term range. One of the main challenges for these full-scale validations would be i) a
stable efficient CZM and ii) obtaining sufficiently accurate crack growth measurements
to compare the predicted values from the CZM with the actual results from the test.

In the mid-term range, the improvement of the cohesive law can be addressed to
include a crack tip relationship based on physical parameters in a similar fashion as it
is done for fibre bridging. However, this requires highly sophisticated tests conducted
using a microscope to measure accurately the crack-tip openings. These measurements
can potentially be used to define the fracture toughness of the crack-tip in relation
to a more simple micro-mechanics model or possibly link it to R-curves from macro-
scale fracture mechanics tests. There are many challenges related to this improvement,
however, micro-scale DCB-UBM tests have already been conducted in the past. Another
improvement in the mid-to-long term range is the implementation of mode III (and
possible full mixed-mode I/II/III) in the cohesive law. The challenges attached to this
improvement are greater, as there is very little work in the experimental characterisation
of mode III of composite materials. Furthermore, already defined cohesive elements tend
to lump mode II and mode III displacements into a single shear mode as such a new
element must be created in order to differentiate between mode II and mode III, and
truly account for mode III fracture.

The expansion of the method to account for cyclic loading can also be located in the
mid-to-long term future work. Fatigue is a very complex open-ended topic with a lot of
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ongoing research effort allocated to it. However, it can be put in the mid-to-long range
for there have been numerous advances and there are already methods that have been
implemented for extending CZMs to account for cyclic loading (both low cycle, as well
as high cycle fatigue). Many of the methods that have been extended to account for
high cycle fatigue relay in the Paris relationship and thus require the Paris constants of
a specific material’s interface. This was the primary objective of Paper C. Nonetheless,
these methods still have very restrictive requirements in terms of element sizes and
minimum integration time-steps. Some alternatives have been proposed. For instance,
the approach of Cox [55], and McMeeking and Evans [56] to scale a cyclic crack bridging
problem to a static crack bridging problem holds potential for analyzing cyclic crack
growth under large-scale bridging in an efficient manner. This approach has yet to be
tested in practice but should be investigated in the future. This is yet to be tested.
Another approach would be to use a time depending potential function that represents the
residual strength. This would require either extensive testing to account for mixed-mode,
R-ratios, etc., or finding a relationship for the residual strength. Yet another alternative is
the use of S-N curves to account for the degradation of the cohesive strength as proposed
by Carlos D. [57]. All of the proposed improvements and extensions to the present work
would require validations with well-defined, well-controlled experiments.
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Abstract

A novel mixed mode cohesive law derived from a potential function is pre-
sented. The potential function is formulated using physical parameters that
can be extracted from any fracture mechanics test capable of providing R-
curves in terms of the J-integral as a function of the end-opening and end-
sliding. The proposed cohesive law is able to describe the fracture behaviour
of composites with large fracture process zones, including fibre bridging. As
such, it is capable of describing both the crack tip, as well as the bridging
region. Consequently, both mix mode crack initiation and propagation are
represented. The mixed mode cohesive law was tested using synthetic data
emulating mixed mode fracture mechanics tests. The method was found to be
robust against noise. It was showed that the number of required mixed mode
tests was reduced from an earlier approach.

Keywords: Mix-mode cohesive law; Cylindrical fracture resistance;
Large-scale bridging; Potential based cohesive law

1. Introduction1

Cohesive zone modelling is widely used in modelling of fracture problems2

ranging from micro-scale [1] to structural scale [2] [3]. In cohesive zone3

modelling, the entire fracture process zone (FPZ) is described by a traction-4

separation law [4], also known as cohesive law. A cohesive law includes both5
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the strength (peak traction value) and fracture energy (the combined work6

of the cohesive tractions). Thus, one of the main advantages of cohesive zone7

modelling is that both crack initiation and crack growth can be simulated8

[5]. This has led to the development of a large number of, mainly idealised,9

cohesive laws where the traction-separation laws are formulated as simple10

functions e.g. linear (and bi-linear) softening [6] [7], trapezoidal [8] [9] and11

exponential [10] [11] functions.12

Cohesive laws are typically classified into two large categories namely13

path-dependent, and path-independent, which are derived from a potential14

function. Path-dependent cohesive laws, as suggested by their name, are de-15

pendent on the opening trajectory, meaning that the dissipated energy, i.e.16

the combined work of the cohesive tractions, depends on the path (or history)17

of the normal and tangential opening displacements. These types of cohesive18

laws can be used to model history-dependent mechanisms such as plastic-19

ity and frictional sliding [12] for the cases where the history-dependence is20

known. In addition, as shown by Goutianos and Sørensen [13], for their21

path-dependent cohesive law the obtained fracture energy may be differ-22

ent than that specified for a given phase angle of openings. This means23

that the resulting work of the cohesive tractions can vary significantly at all24

points within a cohesive zone from the specified work. As such, strength25

predictions for which the traction vector follows the direction of the opening26

vector have been shown to give significantly larger uncertainties than those27

obtained from path-independent laws [13]. Unless the path dependency of28

the fracture is known, path-independent laws are preferable [13]. Contrary29

to path-dependent laws, the combined work of cohesive tractions derived30

from a potential function is path-independent to any normal and tangential31

openings. The use of cohesive laws derived from a potential function is par-32

ticularly convenient in connection with the experimental determination of33

cohesive laws since there are infinite combinations of opening displacement34

paths to a certain combination of normal and tangential openings.35

Cohesive laws can be further classified as coupled and uncoupled. For36

uncoupled laws, the normal traction depends only on the normal opening37

displacement, and the shear traction only depends on the tangential open-38

ing displacements also under combined (i.e. mixed) opening. In its more39

general form, fracture develops as a mixed-mode, i.e. a combination of nor-40

mal and tangential openings. As such, one might expect tractions to depend41

on both normal and tangential opening displacements. The coupling of co-42

hesive tractions has been confirmed with a micromechanical model of fibre43
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cross-over bridging which gave coupled mixed-mode cohesive laws that were44

derivable from a potential function [14]. Coupled traction-separation laws45

can be derived from a potential function by partial differentiation with re-46

spect to the normal and tangential openings Φ(δn, δt) [1] [7] [8] [10] [11] [15].47

Alternatively, coupled laws can become ”weakly coupled” by implementing48

a mix-mode failure criterion [3] [16], or interaction criterion for onset and49

failure [17] [18] [19]. Yet, decoupled models are still developed given their50

simplicity, and for they conform to LEFM in the sense that the phase angle51

defined from the square root of the ratio of the work from the shear and52

normal tractions agrees with the phase angle of the stress intensity factors53

[20].54

The shape of a cohesive law may not be important in small-scale fracture55

problems (see for example [8] [21]); however, it becomes important for large-56

scale problems e.g. delamination of fibre composites structures [22]. For large57

scale bridging problems, the fracture resistance rises from an initial value to58

a steady-state/maximum value denoted as R-curve behaviour. Then, the59

crack growth stability (transition between stable and unstable crack growth)60

depends on the shape of the cohesive laws.61

In the case of large-scale fracture problems, the FPZ consists of a) crack62

tip zone, typically characterised by large tractions and small separations and63

b) the remainder fracture process zone in the wake of the crack tip. In this64

zone, the tractions are typically small and the openings large. An example65

of a FPZ with large openings is fibre bridging in composite materials where66

unbroken fibres remain attached to both splitting surfaces. In this case, the67

fracture process zone at the wake of the crack tip is called the fibre-bridging68

zone. The combined work of the bridging tractions can be several times that69

of the crack tip. Thus, a mixed-mode cohesive law should properly embody70

both fracture process zone regimes. Furthermore, the presence of large-scale71

FPZ implies that LEFM is not applicable so that the J-integral approach72

must be used [23].73

Traction separation laws can be obtained based on theoretical, experi-74

mental or computational techniques. While elegant, theoretical approaches75

can be difficult to implement and of course rely on material idealisations.76

Computational techniques use inverse analysis [24], which require a prede-77

fined shape that needs to be calibrated [25]. Experimental approaches on the78

other hand can be expensive and lengthy (especially when dealing with mix-79

mode cracks), however, they yield cohesive laws from real materials. It has80

been shown [26] that for cohesive laws derived from a potential function, Φ,81
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the J-integral evaluated locally around the FPZ equals the potential function82

evaluated at the end-opening, and end-sliding, in the following denoted δ∗n83

and δ∗t [27]. J-integral solutions are available for standardised test configura-84

tions such as the double cantilever beam (DCB), and mixed-mode bending85

(MMB) among others. Sørensen and Jacobsen [28] used the J-integral based86

approach [26] to determine mixed-mode cohesive laws from measurements of87

the fracture resistance as a function of normal and tangential end-openings.88

A potential function based on a sum of products of Chebyshev polynomials89

was fitted to the JR− δ∗n− δ∗t data, and mixed-mode cohesive tractions were90

obtained by partial differentiation. However, while such an approach is gen-91

eral and makes no assumptions with respect to the shape and coupling of the92

cohesive laws, it is not possible to link physical properties to the coefficients93

of a Chebyshev polynomial. Furthermore, the potential function fit was ob-94

served to ”wobble” in areas where there were no experimental data. As a95

result, at least 8 data sets from different opening ratios are required for a96

proper representation of the δ∗n − δ∗t plane [26]. In the present work, we pro-97

pose another potential function to fit the JR−δ∗n−δ∗t data. The new approach98

is more restrictive in the shape of the potential function than the approach99

based on Chebyshev polynomials, but it is designed to mimic experimental100

data. This means that the proposed potential function for the fracture resis-101

tance has a shape common to R-curves. The shape of the potential function102

can be adjusted to fit measured R-curves by proper adjustment/fitting of pa-103

rameters. Moreover, the new potential function links the traction-separation104

law to physical properties that can be measured in the lab. The cohesive law105

hereby presented is derived and tested using synthetic data that emulates a106

series of mix-mode experiments that cover the entire δ∗n and δ∗t plane. The107

framework presented here can be applied using any test configuration as long108

as R curves with J as a function of δ∗n and δ∗t , J(δ∗n, δ
∗
t ), can be extracted for109

a given set of mixed-mode fracture mechanics tests.110

In comparison to previous general coupled mix-mode cohesive laws, the111

present work offers a number of novelties and improvements. One of these112

novelties is that the potential function is expressed in polar coordinates,113

which happens to be the natural coordinates of all standardised test con-114

figurations for the measurement of JR where the normal δ∗n and tangential115

δ∗t end-openings increase in a near-proportional manner i.e. near constant116

phase angle of end-openings. The use of polar coordinates simplifies the rep-117

resentation of the fracture properties, which can be expressed as a function118

depending on the end-openings phase angle only. The dependency of the119
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crack initiation on the end-openings phase angle is well known as it has been120

observed experimentally [28] [29] . The proposed function for the bridging121

regime is different from previous laws for it uses fracture parameters that are122

dependent on the mode mix in order to define the potential function. The123

potential function is defined as a piece-wise function allowing for an expres-124

sion that represents better the different physical mechanisms involved in the125

crack tip and the bridging region. This means that both the fibre bridging126

as well as the crack tip behaviour are described in the model. Experimental127

data from the literature shows that there is about an order of magnitude128

difference between cohesive tractions and bridging tractions supporting the129

argument that indeed two different physical mechanisms are present in the130

FPZ [30]. This suggests that a generalised cohesive law ought to include131

both the crack tip as well as the bridging zone. In this way, a cohesive model132

can be understood as a material model where both the strength, and work133

of separation are considered.134

Based on the above, the aim of the present study is to develop a gener-135

alised coupled mixed-mode cohesive law derived from a potential function,136

which avoids idealisations with respect to the cohesive law shapes and mixed-137

mode fracture criterion and at the same time includes both the crack tip138

fracture process zone and the fibre bridging zone. The parameters describing139

the mixed-mode cohesive law are well-defined material properties, meaning140

that these can be measured experimentally using simple standardised test141

configurations for which J can be calculated under large-scale bridging.142

The paper is organised as follows. First, in Section 2, we develop the143

theory of the mixed-mode cohesive law based on polar coordinates. Next in144

Section 3, we test the accuracy of the method using synthetic data. In Section145

4, the potential function Φ, and cohesive tractions, σn, σt are presented in146

the δn − δt space, as well as contours of the plots for a selected number of147

phase angles ϕ. The results are followed by a discussion in Section 5. Finally,148

in Section 6 the conclusions are presented.149

2. Derivation of mixed-mode Cohesive Laws150

2.1. Problem statement151

Interface fracture of unidirectional composites with fibre bridging (see152

Figure 1a) will be used as an example to build the mixed-mode potential153

function based on polar coordinates, i.e. expressed in terms of the magnitude154

of the end-openings and their corresponding phase angle. Nonetheless, the155
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approach is fairly general and can represent mixed-mode fracture of most in-156

terfaces. The fibres bridging at the wake of the crack lead to a large fracture157

process zone. Under mixed-mode fracture, the crack openings and corre-158

sponding tractions are present in both the normal and tangential directions159

as can be seen in Figure 1b.160

�

�n

�t

*

FPZ

Bridging regime

crack �p 

*

*

end-openings 

(a)

x1

x2

�n �t

��

�� �tip

FPZ

�t

�n

�loc=�1+�2+�tip

*

*

(b)

Figure 1: Schematic of a crack under mix-mode loading and exhibiting large scale bridging
a) Definition of normal, tangential, and combined end-openings, b) Integration paths for
the evaluation of the J-integral

When a crack exhibits a large FPZ, linear elastic fracture mechanics161

(LEFM) fails to describe the fracture process. However, as explained by162

Suo et al. [23] problems under large FPZ can be analysed by the J-integral163

introduced by Rice [31]. The J-integral is defined as a path-independent164

contour integral, which means that it takes the same value irrespective of165

which integration contour is used around a FPZ. Therefore, it can provide166

information about the state of the cohesive zone based on knowledge of the167

loads at the external boundaries.168

Here, we consider a crack with a fibre bridging under mix-mode as de-169

picted in Figure 1a. The J-integral evaluated along a path just outside the170

cohesive zone, Γloc, establishes a connection to the cohesive laws for the given171

interface, and an evaluation of the J integral along the external boundaries172

connected to the applied loads. This is depicted in Figure 1b, where Γloc173

(integration path) includes both the bridging tractions and the crack-tip.174

The magnitude of the normal and tangential end-openings and the phase175

angle between these two are defined as,176

δ∗ =

√
δ∗n

2 + δ∗t
2, (1)
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ϕ = tan−1

(
δ∗t
δ∗n

)
. (2)

Assuming that the cohesive tractions can be derived from an energy po-177

tential178

Φ = Φ(δn, δt), (3)

Φ(0, 0) = 0, (4)

so that,179

σn (δn, δt) =
∂Φ (δn, δt)

∂δn
, (5)

σt (δn, δt) =
∂Φ (δn, δt)

∂δt
. (6)

an application of the J integral around the FPZ during cracking yields [26]:180

Jloc =

∫ δ∗n

0

σn (δn, δt) dδn+

∫ δ∗t

0

σt (δn, δt) dδt, (7)

Inserting Eq. 5, and 6 into Eq. 7 and carrying out integration, we get181

[26],182

Jloc = Φ (δ∗n, δ
∗
t ) , (8)

Equation 7 implies that we can determine the potential function from183

measurements of the J-integral, δ∗n, and δ∗t . Thus, during cracking, Jloc equals184

to the fracture resistance of the material JR. Then, the equation becomes185

[26]186

JR = Jloc = Φ(δ∗n, δ
∗
t ), (9)

Eq. 9 implies that the potential function Φ evaluated using the end-187

openings δ∗n, and δ∗t is identical to the J-integral. It follows that an experiment188

where JR, δ∗n, and δ∗t increase monotonically from zero gives the potential189

function along the opening trace of δ∗n, and δ∗t [26]. Data sets from several190

experiments with different end-opening histories (different ϕ’s) map Φ as a191
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function of δ∗n, δ∗t . From Eq. 9 it can be observed that both the crack-tip192

and the bridging region are determined by the potential Φ (δ∗n, δ
∗
t ).193

The cohesive tractions from Eqs. 5, and 6 can be visualised in a 3D Carte-194

sian space with the normal and tangential openings on the x-y plane and the195

tractions perpendicular to the plane. However, for most standardised fracture196

tests (e.g. double cantilever beam with uneven bending moments DCB-UBM,197

mix-mode bending MMB) the normal and tangential end-openings evolve in198

a near proportional manner, and a polar representation of the fracture resis-199

tance JR is more natural. If the end-openings increase proportionally, then200

the ratio between them remains constant and so does the phase angle be-201

tween them, ϕ given by (2). As such, a polar representation of the fracture202

resistance as a function of δ
∗

with a fixed ϕ makes it much easier to swipe203

through the opening plane δ∗n-δ∗t . This can be visualised in Figure 2, where204

the straight lines represent tests at different phase angles ϕ1−3, and the circles205

represent coordinate pairs (δ∗n, δ
∗
t ) or (δ∗, ϕ). As it follows, it becomes clear206

that for a given fixed opening ratio more lines, i.e. tests, would be needed207

for having sufficient data for a 3D surface interpolation using Cartesian co-208

ordinates (shown Figure 2a), than polar coordinates (shown in Figure 2b).209

It is therefore presumed that a polar representation of the fracture resistance210

would yield a better surface interpolation.211

212
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Figure 2: Mix-mode opening plane at different phase angles a) Cartesian coordinates b)
Polar coordinates
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To proceed, we apply the chain rule on Eqn. 5, and Eqn. 6, and using213

Eqn. 9 we get214

σn (δ, ϕ) = cos (ϕ)
∂Φ

∂δ
− sin(ϕ)

δ

∂Φ

∂ϕ
, (10)

215

σt (δ, ϕ) = sin (ϕ)
∂Φ

∂δ
+

cos(ϕ)

δ

∂Φ

∂ϕ
, (11)

Note, that for this formulation it is not sufficient to determine the varia-216

tion in Φ as a function of δ∗, the variation with respect to the phase angle ϕ217

must also be determined.218

2.2. Definition of Fracture Resistance219

The cohesive tractions as derived above are based on an energy potential220

in a polar form Φ = Φ(δ, ϕ). Figure 3 depicts a schematic of the 3D potential221

function in Figure 3b, and a contour 2D plot for a fixed mixed-mode (fixed222

value of ϕ) in Figure 3a. From Eqn. 9 it follows that such a potential function223

corresponds to the combined work of the cohesive tractions. The potential224

function is defined as a piece-wise continuous function using two different225

functions in order to represent the fracture processes at both the crack tip226

and bridging regime. Nonetheless, the potential function is defined so that it227

is a continuous function from zero opening to the steady-state combined end-228

opening, δss. Continuity of the potential function is physically relevant, given229

that it is formulated from an energy perspective. The potential function is230

then231

Φ(δ, ϕ) =

{
ΦCT (δ, ϕ) for 0 < δ ≤ δ0

ΦB(δ, ϕ) for δ0 < δ ≤ δss
(12)

where subscript CT , and B indicate the crack tip and the bridging region232

respectively.233

In order to ensure that Φ is continuous in the entire end-opening range234

(0 < δ∗ ≤ δss), and it has a smooth transition between the crack tip re-235

gion and the bridging region the fracture resistance at the crack-tip, ΦCT , is236

approximated using a 3rd degree polynomial equation237

ΦCT (δ, ϕ) = C1(ϕ)δ3 + C2(ϕ)δ2 + C3(ϕ)δ + C4, (13)

where the variables C1(ϕ)−C4(ϕ) are continuous and differentiable functions238

of the phase angle ϕ only. Then239
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Figure 3: Schematic of fracture resistance curve or R-curve for a fixed ϕ a) in 2D for a
given fixed mode-mix b) 3D fracture resistance for several phase angles

∂ΦCT

∂δ
= 3C1(ϕ)δ2 + 2C2(ϕ)δ + C3, (14)

and,240

∂ΦCT

∂ϕ
=
∂C1

∂ϕ
δ3 +

∂C2

∂ϕ
δ2 +

∂C3

∂ϕ
δ +

∂C4

∂ϕ
. (15)

The crack-tip potential function, ΦCT , does not explicitly use physical pa-241

rameters. Nonetheless, the fitting process of the computation of polynomial242

coefficients can be defined using physical parameters as fitting data as shown243

in Figure 4 where the points 1-4 are defined from an experimental R-curve.244

In the section below it will be explained how these points are obtained. Note245

that in order to have a differentiable potential function its partial derivative246

with respect to the combined opening ∂Φ/∂δ, should be the same at the tran-247

sition point, i.e. ∂ΦCT/∂δ|δ0 = ∂ΦB/∂δ|δ0 , for all values of ϕ. This ensures248

a continuous transition from the crack tip region to the bridging zone.249

In the bridging region (denoted with a subscript B), a power law equation250

is proposed. The equation is formulated using physical parameters, such as251
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Figure 4: Schematic of a polynomial fit for the potential function as a function of the
magnitude of the openings.

the fracture resistance and opening at the onset of cracking, and at steady-252

state fracture resistance (using subscripts 0, and ss respectively), but also253

a shape parameter, ζ. These parameters are obtained by fitting Φ(δ∗, ϕ)254

to JR(δ, ϕ) data from tests from mixed-mode fracture mechanics and are ex-255

pressed as a function of the phase angle of the end-openings ϕ. The proposed256

equation for the bridging fracture resistance, ΦB, is257

ΦB (δ, ϕ) = Φ0 + ∆Φss

(
δ − δ0
δss

)ζ
, (16)

where the parameters Φ0, ∆Φss, δ0, δss, and ζ all are functions of ϕ only. We258

get259

∂ΦB

∂δ∗
=

∆Φss

δss
ζ

(
δ∗ − δ0
δss

)ζ−1

, (17)

and after derivation and some algebraic re-arrangement,260

∂ΦB

∂ϕ
=
∂Φ0

∂ϕ
+
∂(∆Φss)

∂ϕ
D + ∆Φss

[
A
∂δ0
∂ϕ

+B
∂δss
∂ϕ

+ C
∂ζ

∂ϕ

]
, (18)

where the parameters A, B, C and D are given by261
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A = −Dξ 1

δ − δ0
, (19)

262

B = −D ζ

δss
, (20)

263

C = ln

{
δ − δ0
δss

}
D, (21)

264

D =

(
δ − δ0
δss

)ζ
. (22)

2.3. Constitutive stiffness matrix265

The constitutive stiffness matrix K is provided for direct implementa-266

tion of the cohesive law in a standard finite element code. The constitutive267

stiffness matrix is defined as268

(23)K =



∂σn
∂δn

∂σt
∂δn

∂σn
∂δt

∂σt
∂δt


 ,

or expressed in term of the potential function269

(24)K =




∂2Φ
∂δn

2
∂2Φ
∂δn∂δt

∂2Φ
∂δn∂δt

∂2Φ
∂δt

2


 ,

with (see appendix A)270

(25)

∂2Φ

∂δn
2 = cos2(ϕ)

∂2Φ

∂δ2
+
sin2(ϕ)

δ2
∂2Φ

∂ϕ2
− 2cos(ϕ)

sin(ϕ)

δ

∂2Φ

∂δ∂ϕ

+
sin2(ϕ)

δ

∂Φ

∂δ
+ 2cos(ϕ)

sin(ϕ)

δ2
∂Φ

∂ϕ
,

∂2Φ

∂δn∂δt
= cos(ϕ)sin(ϕ)

∂2Φ

∂δ2
− cos(ϕ)

sin(ϕ)

δ2
∂2Φ

∂ϕ2
+
cos2(ϕ)− sin2(ϕ)

δ

∂2Φ

∂δ∂ϕ

− cos(ϕ)sin(ϕ)

δ

∂Φ

∂δ
− cos2(ϕ)− sin2(ϕ)

δ2
∂Φ

∂ϕ
,

(26)
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(27)

∂2Φ

∂δt
2 = sin2(ϕ)

∂2Φ

∂δ2
+
cos2(ϕ)

δ2
∂2Φ

∂ϕ2
+ 2cos(ϕ)

sin(ϕ)

δ

∂2Φ

∂δ∂ϕ

+
cos2(ϕ)

δ2
∂Φ

∂δ
− 2cos(ϕ)

sin(ϕ)

δ2
∂Φ

∂ϕ
.

The derivation of Eqns 25, 26, and 27 is shown in Appendix A.271

272

The partial derivatives of the crack-tip potential function are273

∂2ΦCT

∂δ2
= 6C1δ + 2C2, (28)

∂2ΦCT

∂ϕ2
=
∂2C1

∂ϕ2
δ∗3 +

∂2C2

∂ϕ2
δ∗2 +

∂2C3

∂ϕ2
δ∗ +

∂2C4

∂ϕ2
, (29)

and,274

∂2ΦCT

∂δ∂ϕ
= 3

∂C1

∂ϕ
δ2 + 2

∂C2

∂ϕ
δ +

∂C3

∂ϕ
. (30)

For the bridging zone the partial derivatives of the potential function are275

∂2ΦB

∂δ2
=

∆Jssζ(ζ − 1)

δ2ss
(
δ − δ0
δss

)ζ−2, (31)

(32)
∂2ΦB

∂δ∂ϕ
=
∂∆Jss
∂ϕ

∂D

∂δ
+ ∆Jss

[
∂δ0
∂ϕ

∂A

∂δ
+
∂δss
∂ϕ

∂B

∂δ
+
∂ζ

∂ϕ

∂C

∂ϕ

]
,

and,276

∂2ΦB

∂ϕ2
=
∂2J0
∂ϕ2

+
∂∆Jss
∂ϕ

∂D

∂δ
+
∂∆Jss
∂ϕ

[
A
∂δ0
∂ϕ

+B
∂δss
∂ϕ

+ C
∂ζ

∂ϕ

]

+ ∆Jss

[
∂A

∂ϕ

∂δ0
∂ϕ

+ A
∂2δ0
∂ϕ2

+
∂B

ϕ

∂δss
∂ϕ

+B
∂2δss
ϕ2

+
∂C

∂ϕ

∂ζ

∂ϕ
+ C

∂2ζ

∂ϕ2

]
.

(33)

The terms ∂A/∂δ, ∂B/∂δ, ∂C/∂δ, ∂D/∂δ, as well as ∂A/∂ϕ, ∂B/∂ϕ, ∂C/∂ϕ,277

∂D/∂ϕ, are all given in Appendix B. The partial derivatives of the fracture278

resistance parameters ∂J0/∂ϕ, ∂∆Jss/∂ϕ, ∂δ0/∂ϕ, ∂δss/∂ϕ, ∂ζ/∂ϕ, as well279

as the partial derivatives of the functions ∂C1−4/∂ϕ, are simple polynomial280

derivatives and are thus not presented.281
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3. Methods282

3.1. Extraction of fracture parameters283

The extraction of the parameters that describe the potential function is284

carried out in two steps 1) determination of fracture and fitting parameters285

for the individual phase angle ϕ, and 2) determination of smooth functions286

that cover the full range of the phase angles (0 ≤ ϕ ≤ 90). In step 1)287

the onset, and steady-state fracture parameters are simply read from the288

R-curves at a given phase angle, i.e., J0(ϕ1), δ0(ϕ1), Jss(ϕ1), δss(ϕ1) (See289

Figure 5). This requires some criteria to define the points of fracture onset290

and steady-state. The determination of these points is a non-trivial process,291

nonetheless, it is out of the scope of the present work, and as such, it is292

assumed that onset and steady-state are known, well-defined points in the293

R-curves. Then the shape parameter, ζ, is identified for each ϕ by fitting294

the experimental data JR − δ∗ in the bridging range (δ0 > δ∗ > δss). A295

non-linear least-squares solver can be used to fit the equation using ζ as296

a fitting variable. Figure 5 shows an example of the process of extracting297

the parameters given a measured R-curve, as well as the fitting variable. In298

Figure 5, the grey markers represent measured values of J as a function of299

the magnitude of the end-opening, δ∗ (for a fixed phase value ϕ), while the300

solid line represents the fitted JR. Step 1 is repeated for each tested specimen301

(covering different ϕ’s), which provides a set of discrete data points for each302

parameter. Then, in step 2, a polynomial is fitted to these parameters (the set303

of measurements listed above) in order to cover the entire fracture resistance304

data. With these parameters represented in a continuous polynomial form305

as a function of ϕ, then the potential function can be represented as a 3D306

continuous function Φ = Φ(δ, ϕ) (or Φ = Φ(δn, δt)). The polynomial fits of307

the parameters produce a set of coefficients representing each of the fitted308

fracture parameters as shown in Table 1.309

Note that the method does not require a differentiable function, however310

using a condition of equal slopes at (δ0, J0) such that ∂JCT/∂δ
∗ = ∂JB/∂δ

∗
311

would result smaller (or no) traction discontinuities. Note that such a con-312

strain is applied on experimental data, and it is possible that due to scatter313

or not sufficiently accurate measurements make it so that by applying such314

a constrain during the fitting process no possible exact solution is found.315

Nonetheless, the best possible fit ought to provide a solution that is closer to316

a differentiable function, and thus minimising discontinuities of the tractions,317

which are obtained from partial differentiation of the potential function. The318
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minimum number of required experiments to describe a potential function319

that represents the fracture resistance in the entire δn − δt plane depends320

on the degree of the highest polynomial for the fracture parameters in the321

ϕ-direction. For instance, if the largest polynomial degree is of 4th order (as322

is the case in both data sets used in the study), then in principle a min-323

imum of 5 tests at different phase angle values would be required to fully324

determine the fracture parameters that are used to calculate the potential325

function, i.e., J0, Jss, δ0, δss, and ζ as a function of ϕ. Once completed the326

process mentioned above, then the potential function will be fully defined as327

a smooth continuous function Φ = Φ(δ∗, ϕ) (which can be easily transformed328

to Φ = Φ(δn, δt)) for the full-field δn − δt plane.329
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Figure 5: Example of extraction of fracture parameters from a given set of experimental
R-curve data, JR as a function of magnitude of end-openings. Experimental data from
[32]

3.2. Example of application330

In order to investigate the feasibility of the method, the proposed mix-331

mode cohesive law is first tested using synthetic JR− δ∗ data. Such data was332

constructed using polynomials of the fracture and fitting parameters needed333

to define the potential function (see Eqns 16, 13 and Figures 3 and 4) for the334

entire opening range. The parameters J0(ϕ), Jss(ϕ), J2(ϕ), δ0(ϕ), δss(ϕ),335

δ2(ϕ), ζ(ϕ) are chosen somewhat arbitrarily but such that the potential func-336

tion mimics JR results from mixed-mode fracture mechanics test. With the337
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Table 1: Fracture and fitting parameter coefficients for Data Set 1 and Data Set 2

f(ϕ) = an × ϕn + an−1 × ϕn−1 + ...+ a0
J0(ϕ) Jss(ϕ) δ0(ϕ) δss(ϕ) J2(ϕ) δ2(ϕ) ζ(ϕ)

1

a4 5.9E-07 0.0E+00 0.0E+00 0.0E+00 0.0E+00 0.0E+00 0.0E+00
a3 -8.1E-05 0.0E+00 0.0E+00 0.0E+00 0.0E+00 0.0E+00 0.0E+00
a2 2.6E-03 -2.22E-04 1.0E-05 -4.62E-05 -3.9E-04 0.0E+00 0.0E+00
a1 4.6E-02 9.82E-02 1.0E-03 -8.36E-03 4.7E-02 7.9E-04 2.16E-03
a0 1.9E-01 7.81E-01 1.2E-02 2.39E+00 4.1E-02 3.4E-03 3.57E-01

2

a4 5.9E-07 8.9E-07 0.0E+00 0.0E+00 0.0E+00 0.0E+00 0.0E+00
a3 -8.1E-05 -1.3E-04 0.0E+00 0.0E+00 0.0E+00 0.0E+00 0.0E+00
a2 2.6E-03 4.7E-03 1.0E-05 0.0E+00 -3.9E-04 0.0E+00 0.0E+00
a1 4.6E-02 4.4E-02 1.0E-03 3.15E-03 4.7E-02 7.9E-04 2.16E-03
a0 1.9E-01 8.8E-01 1.2E-02 2.3E+00 4.1E-02 3.4E-03 3.57E-01

intention of checking how flexible is the method to different inputs, two dif-338

ferent sets of parameters denoted Data Set 1 and Data Set 2 are used to test339

the robustness of the method. The coefficients of the imposed parameter’s340

polynomials are listed in Table 1.341

Each set of data in Table 1 constitutes a complete input data set to imple-342

ment the proposed method. Note that these values were imposed in order to343

test the method; however, in the determination of mixed-mode cohesive laws344

these parameters should be extracted from measured R-curves as described345

in Section 3.1. The parameters listed in Table 1 are plotted in Figure 6 with346

the solid lines representing the Data Set 1, and the dashed lines representing347

Data Set 2. Note that the polynomials in Figure 6a, and 6b are normalised348

with their maximum values corresponding to each data set.349

The functions C1−C4, which define the potential function at the crack tip350

region (see Eqn. 13) are obtained by fitting a 3rd-degree polynomial using 4351

points (already available from step 1) of the JR − δ∗ data at a given phase352

angle as shown in Figure 4. These points are (0, 0), (δ2, J2), (δ0, J0), and353

(δ4, J4). The subscript 2 indicates the fracture resistance and opening corre-354

sponding to the maximum traction (when ∂ΦCT/∂δ = 0), and the subscript355

4 represents the immediate point next to (δ0, J0) (see Figure 4). This helps356

to obtain a smoother transition from the crack tip to the bridging region.357
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Figure 6: Imposed fracture parameters from Table 1, with Data Set 1 plotted in solid
lines and Data Set 2 with the dashed lines a) Fracture resistance b) Openings c) Shape
parameter

4. Results358

In this section the results are presented in terms of the potential func-359

tion, Φ(δn, δt), the fracture resistance, JR(δ, ϕ), and the cohesive tractions,360

σn(δn, δt), σt(δn, δt).361

4.1. Test robustness of synthetic data362

In order to test if the method is capable to handle noisy data that are363

common in experiments, noise was added to the generated smooth fracture364

resistance data, and then reconstructed by fitting (finding ζ from Eqn. 16365
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given the noisy JR − δ∗) the noisy fracture resistance. The noise was added366

to the smooth JR(δ, ϕ) data that was computed using the parameters given367

in Table 1. Such noise was added to each JR value using random numbers368

from 0 to 1, R, and scaling factors, α, as shown below369

JR−n(δ∗) = JR(δ∗) + α

(
R− 1

2

)
J0 (34)
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Figure 7: Recovery of noisy fracture resistance from Data Set 1 for a) ϕ = 0◦ b) ϕ = 45◦

c) ϕ = 90◦. Note that Fit 2 curve is on top of Fit 1 so that the later is not easily observed

Two noise levels were used to generate the noisy fracture resistance JR−n.370

This process is shown in Figure 7 for the fracture resistance values obtained371
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from data set 1. The light grey dashed line represents the largest noise372

level with an α2 = 1.25, and the dark blue line the lower noise level with373

an α1 = 0.75. This data was fitted back to reconstruct a smooth JR − δ∗374

(black solid line). This procedure is shown in Figure 7 for pure normal and375

tangential opening modes and a mixed-mode of ϕ = 45◦. The same approach376

is used for all individual JR−δ∗ data sets (different ϕ’s). The resulting fitted377

JR values (black solid lines in Figure 7) are almost identical to the original378

values (before noise) for both noise levels α1 and α2. Note that noise was379

added to the J value, but in reality, it can also be present in the data of380

the end-openings. This, however, was not investigated in the present study381

given that the proposed method requires monotonic increments of the end-382

openings, and such noise could be reduced during a data reduction process.383

4.2. Potential function and fracture resistance from synthetic data sets384

The resulting surface plot of the 3D fracture resistance computed based385

on the parameters from the data set 1 and 2 (see Table 1) are shown in Figure386

8 and 9 respectively for the entire end-opening range (δ∗n, δ
∗
t ). In both figures,387

the fracture resistance is normalised with their respective maximum values.388

The pure mode I and II, and mix-mode of ϕ = 30◦ and ϕ = 60◦ fracture389

resistance curves are highlighted with a thick black line for pure modes and390

a dashed line for the mixed-modes. The mix-mode onset of fracture and391

steady-state J-integral values, J0(ϕ) and Jss(ϕ), are highlighted with dashed392

black lines as well. Note that the fracture resistance is continuous in the393

entire opening space including the transition point between the crack tip394

and the bridging zone. From the surface plots (Figure 8, and Figure 9), it395

can be observed that for both data sets the maximum JR values are found at396

pure mode II, and the lowest fracture resistance occurs at pure mode I. For a397

better quantitative representation, curves of the same fracture resistance for398

ϕ = 0◦, ϕ = 15◦, ϕ = 30◦, ϕ = 60◦, and ϕ = 90◦ are plotted in Figure 10a399

and Figure 10b for data set 1 and 2 respectively. In both figures, JR values400

corresponding to the crack tip region are shown in red, while the values at401

the bridging region are plotted in blue. The steady-state fracture resistance402

values, beyond which the material is considered as completely failed (and the403

cohesive tractions are zero), for all phase angles is also plotted with a dashed404

black line.405
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Figure 8: 3D fracture resistance, JR(δ∗n, δ
∗
t ), from data set 1

Figure 9: 3D fracture resistance, JR(δ∗n, δ
∗
t ), from data set 2

4.3. Cohesive tractions from synthetic data sets406

The cohesive tractions σn (δn, δt) , σt(δn, δt) calculated using the input407

from data set 1 are plotted in Figure 11a and 11b. The corresponding plots408

from data set 2 are plotted in Figures 12a and 12b. The 3D plots are shown409

with the traction (the z-axis) cut-off at 2 MPa in order to appreciate the shape410

of the bridging tractions, but the peak tractions are one order of magnitude411
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Figure 10: Fracture resistance contour plots of JR as a function of the end-opening, δ∗

with the crack tip region in red, and the bridging region in blue from a) Data Set 1 and
b) Data Set 2

larger than the bridging tractions (see Figure 11 and Figure 12). Note that412

both traction σn and σt depend on both δn and δt; the derived mixed-mode413

cohesive laws are coupled indeed. Note also that for both data sets, σn gives414

negative tractions for small (near) mode II openings, and slowly reaches to415

a near-zero value, while σt sets to a near constant (non-zero) value for large416

δt; similar results have been found in other studies [28]. Contour lines of417

the normal and shear tractions are plotted in Figure 13 for phase angles of418

ϕ = 0◦, ϕ = 30◦, ϕ = 60◦, and ϕ = 90◦. The same red/blue colouring419

convention to identify the crack tip and the bridging region was used. The420

solid lines represent the tractions from Data Set 1, while the dashed lines421

represent the ones from Data Set 2. The thin black line in the transition422

point δ0 are small discontinuities that arise from unequal partial derivatives423

of the bridging and crack tip fracture resistance. Both data sets resulted in424

similar shapes of the cohesive tractions.425

The peak tractions, and maximum bridging tractions from Data Set 1426

are shown in Figure 14a and 14b. It is noted that the peak normal traction427

occurs at at a mix-mode with a phase angle of approximately ϕ = 22◦, while428

the maximum shear traction occurs at pure mode II. The maximum normal429

traction in the bridging region is located near mode I, with a phase angle of430

ϕ = 2◦ as shown in Figure 14b. The maximum shear traction at the bridging431

region is near mode II with a phase angle of ϕ = 71◦.432
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(a) (b)

Figure 11: Cohesive traction field from data set 1 where a) σn is the normal traction, and
b) σt is the shear traction as a function of δn and δt

(a) (b)

Figure 12: Cohesive traction field from data set 2 where a) σn is the normal traction, and
b) σt is the shear traction as a function of δn and δt

5. Discussion433

Both in the fracture resistance as well as in the cohesive traction plots434

it is observed a different behaviour between the crack tip and the bridging435

regime. This can be noted in Figure 10, where JR increases rapidly in the436

crack tip region (shown in red) until J0, and then in the bridging region437

(in blue) JR continues increasing until reaching the steady-state values, Jss.438
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Figure 13: Contours lines of the a) normal traction and b) shear traction. The cohesive
tractions are plotted with the same red/blue convetion for the crack-tip and bridging
region. Solid lines represent data set 1, while dashed lines reprsent data set 2
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Figure 14: Peak cohesive traction at every phase angle value ϕ at the a) Crack-tip region
and b) the bridging regime

However, the increase in the bridging region is much more slowly than in the439

crack tip region. It is particularly helpful that both the peak tractions in440

the crack tip region and in the bridging zone can be easily extracted for all441

mix-mode values. Due to the different length scales involved in the crack tip442

and bridging fracture processes most previous cohesive laws typically describe443

well either the crack tip [30] or the bridging regime [27]. The proposed model444
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has shown to be capable of describing both zones (see Figure 13).445

From Figures 8, 9, and 10 it can be seen that the fracture resistance is446

indeed continuous in the entire opening space including the transition point447

where the crack tip region ends and the bridging zone begins. This is be-448

cause the proposed method is designed to have continuous fracture energy.449

Nonetheless, discontinuities can still arise when computing the cohesive trac-450

tions from partial differentiation. It is important for the implementation of451

the cohesive law that the tractions’ discontinuities are not very large as this452

can make it difficult for FEM codes to converge [33] [34] when the openings453

are close to δ0. The condition of equal slopes of ΦCT and ΦB at δ0, aims to454

minimise such discontinuities, however, as it was mentioned, this condition is455

not a strict requirement of the method, and it is intended only to eliminate456

or reduce discontinuities in the cohesive tractions. It can be observed from457

Figure 13a and Figure 13b that rather small discontinuities occur in the nor-458

mal and shear tractions, except for phase angle values ϕ ≈ 60◦, in Data Set459

2.460

The synthetic data from both data sets represent typical experimental461

data where the mode II behaviour is very different from mode I, and where462

there is a large variation with the phase angle, i.e. mixed-mode. In terms of463

the physics, if two different damage mechanisms are present in the crack tip464

region and the bridging region, then it follows that two different equations465

represent the potential functions of each of their fracture resistance mecha-466

nisms. This gives the flexibility to describe a complicated traction separation467

response as it may be expected for the fracture of a composite material with468

large-scale bridging. Note that although the proposed approach analyses JR469

data for a fixed ϕ, it does not assume that the phase angle of the tractions470

do not follow ϕ; this could lead to path-dependent mixed mode cohesive laws471

[13].472

Another positive aspect is that in principle the minimum number of tests473

is lower than previous experimentally determined cohesive laws. Since the474

largest polynomial degree used to fit the fracture parameters (listed in Table475

1) is of 4th order then, in principle a minimum 5 tests is required for both data476

sets in order to implement the proposed method, whereas a minimum of 8477

tests was recommended in the original approach using Chevishev polynomials478

[28]. Obviously, the more mixed-mode test (different ϕ’s) the more accurately479

the potential function can be characterised, thus resulting in more accurate480

mixed-mode cohesive laws. Furthermore, smooth traction values are obtained481

with the present method, whereas a wobbling effect was observed in [28] in482

24



large intervals without test data. The wobbling is avoided by assuming a483

lower number of polynomials in the ϕ-direction.484

6. Conclusions485

The derivation of a novel mix-mode cohesive law capable of capturing486

both the peak cohesive stress, as well as the bridging stress is presented. The487

approach was tested using synthetic data, where the fracture and fitting pa-488

rameters were represented as polynomial distributions in terms of the phase489

angle of the end-openings. The proposed method is fairly general and makes490

no assumption of the shape of the cohesive tractions, other than the fracture491

resistance increases with a decreasing slope. Although the process of mea-492

suring the input fracture parameters is briefly described in the present work,493

an example is presented in Figure 5 where it is shown that the parameters494

for the potential function can be extracted from measured R-curves. Fur-495

thermore, the provided example shows an excellent fit of the experimental496

data.497

Despite not making many simplifications during the derivation of the co-498

hesive law, the obtained mixed-mode cohesive laws can be easily implemented499

in a finite element framework. The method is flexible and allows for different500

shapes of fits to the measured fracture resistance data. The method is robust501

against noise in the JR data, giving almost identical fitted potential functions502

from two noise levels as shown in Figure 7. After the implementation of the503

proposed methods, a number of conclusions can be drawn:504

• The potential function can have mode-mix dependent crack growth505

initiation values (J0 and peak traction values) as well as mode-mix506

dependent representation of large-scale bridging.507

• The method can be implemented relatively easily as it uses only R-508

curves, i.e. JR − δ∗ at different phase angles of the end-openings as in-509

put. That means that in principle the method can be implemented for510

different mixed-mode fracture mechanics test configurations for which511

the J-integral can be calculated e.g. DCB-UBM, and MMB. Further-512

more, the constitutive stiffness matrix is given, so its implementation513

as a cohesive element in FEM should be straightforward.514

• The proposed potential function is capable of describing cohesive trac-515

tions both in the crack tip and bridging region. The model can rep-516
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resent crack tip peak traction values that are an order of magnitude517

larger than the tractions within the bridging zone.518

• The method can be implemented using a relatively small number of519

mixed-mode fracture mechanics tests (different phase angles of open-520

ing). A minimum of 5 tests would be sufficient to fully describe the521

fracture resistance (and thus cohesive tractions) from both data sets522

used in the present study.523
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8. Appendix A. Cohesive stiffness matrix644

The derivation of Eqns 25, 27, and 26 is provide here. Applying the chain645

rule to the potential function we get646
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then substituting the partial derivatives of the fracture resistance with trigono-648

metric functions derive from the definition of δ and ϕ into 35 and 36 we get649

∂Φ

∂δn
= cos (ϕ)

∂Φ

∂δ
− sin(ϕ)

δ

∂Φ

∂ϕ
(37)

650

∂Φ

∂δt
= sin (ϕ)

∂Φ

∂δ
+

cos(ϕ)

δ

∂Φ

∂ϕ
(38)

then the second partial derivative with respect to delta can be expressed as651

(39)

∂2Φ

∂δ2n
=

∂

∂δn

[
cos(ϕ)

∂Φ

∂δ

]
− ∂

∂δn

[
sin(ϕ)

δ

∂Φ

∂ϕ

]

= cos(ϕ)
∂

∂δ

[
cos(ϕ)

∂Φ

∂δ

]
− sin(ϕ)

δ

∂

∂ϕ

[
cos(ϕ)

∂

∂δ

]

− cos(ϕ)
∂

∂δ

[
sin(ϕ)

δ

∂Φ

∂ϕ

]
+
sin(ϕ)

δ

∂

∂ϕ

[
sin(ϕ)

δ

∂Φ

∂ϕ

]

= cos2(ϕ)
∂2Φ

∂δ2
− sin(ϕ)

δ

[
−sin(ϕ)

∂Φ

∂δ
+ cos(ϕ)

∂2Φ

∂δ∂ϕ

]

− cos(ϕ)

[
−sin(ϕ)

δ2
∂Φ

∂ϕ
+
sin(ϕ)

δ

∂2Φ

∂δ∂ϕ

]

+
sin(ϕ)

δ

[
cos(ϕ)

δ

∂Φ

∂ϕ
+
sin(ϕ)

δ

∂2Φ

∂ϕ

]

30



collecting terms652
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9. Appendix B. Partial derivatives of the Coefficients A,B,C and657

D658

The partial derivatives of the coefficients A, B, C, and D are shown below659
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Abstract

A novel method is proposed for characterising mixed-mode delamination of
composite materials exhibiting fibre bridging. The approach uses a mixed-
mode cohesive law that is derived from R-curves expressed in terms of the
J-integral and the end normal and end sliding openings. The fracture resis-
tance of the material’s interface is expressed in cylindrical coordinates, which
are the natural coordinates of most fracture mechanics tests. Moreover, it
is fitted using parameters extracted from experimental R-curves at different
mixed-modes. The method uses the phase angle between the end normal and
end sliding openings for the fitting of the different tested mixed modes. The
derived cohesive tractions showed that the method is capable of describing
both the crack tip region as well as the bridging region. Furthermore, the
method showed that it can potentially result in a reduction of required tests
for mixed-mode fracture characterisation compared to existing methods.

Keywords: Fracture characterisation; Mixed-mode delamination; Fibre
bridging; Composite delamination

1. Introduction1

For most composite structures such as wind turbines blades, delamina-2

tion has been identified as one of the most concerning damage mechanisms3

due to its effect on both the overall stiffness and load-carrying capacity of a4
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structure [1]. Currently, the design of most primary composite structures re-5

lies on very expensive full-scale test campaigns and on an overly conservative6

damage-resistant design philosophy for the assessment of final failure. This7

approach does not allow for the growth of pre-existing cracks/delaminations,8

nor the creation of new ones. This implies that the energy dissipated during9

crack propagation is not accounted for in the design process meaning that10

the full capacity of the material is not utilised. This is in large due to the11

success and (relatively) straightforward implementation of linear elastic frac-12

ture methods (LEFM) into finite element methods (FEM). However, LEFM13

based methods are limited to small-scale fracture process zones and require14

the existence of pre-existing cracks. Cohesive laws circumvent these limita-15

tions, and they comprise both a strength value that controls the initiation of16

a delamination crack, as well as the energy-related to crack propagation. As17

such, cohesive laws have been recognised as a paradigm shift in the analyses18

of fracture in composites [2]. Most cohesive laws used in the simulation of19

crack growth in structures are not linked to physical properties that can be20

directly or indirectly measured on fracture mechanics test specimens tested21

in the laboratory. In the present work, we aim at characterising the mixed-22

mode delamination of a unidirectional (UD) composite undergoing large-scale23

bridging. A mixed-mode cohesive law that is defined in terms of experimental24

R-curves is used for the characterisation.25

The process of delamination of composites involves fracture between ad-26

jacent layers, and it is typically initiated at the vicinity of an existing crack or27

notch. At such locations, the material develops damage due to the presence28

of high stresses. Such a region is referred to as a fracture process zone (FPZ),29

which encompasses from the macroscopic crack-tip to the damage front (See30

Figure 1a). Unidirectional fibre composite materials typically exhibit very31

large FPZ (several orders of magnitude larger than the K-dominated region),32

thus violating the assumption of a small-scale FPZ inherent to LEFM [3].33

In some instances during fracture, UD composites exhibit unbroken fibres34

that remain attached to both splitting surfaces. This is commonly referred35

to as large-scale fibre bridging, and it is a desirable failure mechanism as it36

increases the fracture resistance of the materials by dissipating energy lead-37

ing to a rising fracture resistance (R-curve behaviour). This is, however,38

not utilised in current design practices due to the lack of simple and ac-39

curate methods to quantify it. Currently, there are available many highly40

complex cohesive zone models that can simulate mixed-mode delamination41

both under monotonic [4] [5] [6] [7] [8] [9], and cyclic loading [10] [11] [12]42
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[13] [14] [15]. However, most of such models rely on very crude/simplified,43

uncoupled (or coupled in a predefined manner) cohesive laws e.g bi-linear44

[4] [5] [8] [15], trapezoidal [8], and exponential [16] [17]. Often the cohesive45

laws are defined a priori instead of being derived or measurements from the46

materials or interfaces. The predictive ability and accuracy of cohesive zone47

models (CZM) largely depend on the accurate determination of the cohesive48

parameters defining the traction-separation law [18]. Furthermore, the use of49

a priori cohesive laws reduces the predictive ability of the models. In order50

to use cohesive zone models to provide accurate predictions of delamination51

growth, their cohesive laws ought to rely on parameters that characterise52

the material irrespective of the test configuration and/or specimen geometry53

(i.e. material properties). In the past, fracture characterisation has been54

a complicated task (especially for composite materials due to their strong55

dependency on mode-mixity) for a number of reasons. One reason is that56

many fracture mechanics tests are based on LEFM, i.e., designed to measure57

the critical value of the energy release rate associated with onset at crack58

growth, not to measure cohesive laws. Instead, it is preferable to use test59

specimens for which a J-integral equation exists, since the J-integral provides60

a connection between the cohesive law and the applied load [3]. A prominent61

class of specimens are double cantilever beams (DCB) loaded by axial forces62

and bending moments [19]. For these specimens, J-integral equations are63

independent of the size of the FPZ and details of the cohesive laws. Fur-64

thermore, these specimens enable stable crack growth such that the entire65

fracture resistance, from the onset of crack growth to steady-state (fully de-66

veloped bridging zone) can be measured. Assuming that the cohesive laws67

are derived from a potential function, mixed-mode cohesive laws can be ob-68

tained, since the J-integral value equals the potential function [20].69

There is not a large amount of published research on the determination70

of cohesive laws. Most of the published results deal with LEFM based frac-71

ture characterisation of mode I, and/or mode II [21] [22] [23] [24] fracture,72

but there are fewer on mixed-mode fracture characterisation [25] [26] [27].73

Sørensen et al. [25] have proposed a test configuration where the J-integral74

equation was independent of the details of the cohesive laws and the crack75

length thus providing stable crack growth. Then, the J-integral approach76

for determining cohesive laws is applicable. For this reason, the same test77

setup is used in the current characterisation campaign. In addition, a novel78

approach for data analysis is used. A central hypothesis is that the proposed79

parameters (and the fitting variables) that describe the fracture resistance de-80

3



pend on the phase angle formed between the normal and tangential openings.81

Such a dependency of the cohesive laws on the phase angle i.e. mixed-mode82

has been shown in the past (see for example [25]), and it corroborated in the83

present work.84

The present study aims to develop a systematic procedure to charac-85

terise the mixed-mode delamination of UD composites exhibiting large-scale86

bridging in terms of cohesive laws. This is to be achieved by introduc-87

ing parameters determined experimentally (using the J-integral) that de-88

scribe/characterise the mixed-mode fracture resistance, (and thus the mixed-89

mode traction-separation laws) of a UD composite undergoing large-scale90

bridging. The proposed procedure is divided into four parts, namely the91

experimental determination of the R-curves, the extraction of fracture pa-92

rameters, determination of a fracture resistance surface, and calculation of93

cohesive tractions.94

The paper is organised as follows. First, in Section 2, we present the95

potential function and the mixed-mode cohesive law used for describing the96

fracture process zone. Next, in Section 3, we provide a description of the97

methods including materials, the test setup as well as data processing. In98

Section 4, the main results are presented followed by a discussion in Section99

5. Finally, in Section 6 the conclusions are presented. Complementary results100

are shown in Appendix A and B.101

2. Cylindrical mixed-mode cohesive law102

The following approach assumes that the mixed-mode cohesive tractions103

are derived from a potential function (to be determined)104

σn =
∂Φ

∂δn
, (1)

and,105

σt =
∂Φ

∂δt
, (2)

Then it can be shown [20] that the J-integral evaluated locally around106

the cohesive zone gives107

J(δ∗n, δ
∗
t ) = Φ(δn

∗, δt
∗), (3)
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where δn
∗, and δt

∗ are the normal and tangential opening displacements at108

the end of the cohesive zone (See Figure 1). Thus, by measuring J , δn
∗, and109

δt
∗ during a series of mixed mode experiments, the potential function Φ can110

be determined experimentally [20].111

The derivation of the novel approach for the determination of the mixed-112

mode cohesive laws is presented in details elsewhere [28]. Therefore, only the113

key characteristics of the cohesive law will be presented here. In the novel114

approach, the cylindrical representation of the fracture resistance corresponds115

to the natural coordinates of most mixed-mode fracture tests configurations,116

which simplifies the extraction and representation of the fracture properties.117

Both the fracture resistance as well as the cohesive tractions are defined in118

terms of the magnitude of the end-openings and the phase angle between the119

normal and tangential end-openings. From here on, the phase angle of the120

end openings will be referred to simply as the phase angle. The magnitude of121

the end-openings, δ∗, and phase angle, ϕ, depicted in 1a and 1b respectively,122

are defined as123

δ∗ =

√
δ∗n

2 + δ∗t
2, (4)

ϕ = tan−1

(
δ∗t
δ∗n

)
. (5)

�

�n

�t

*

FPZ

Bridging regime

crack �p 

*

*

end-openings 

(a)

�t

�n

�

*

*

�*

(b)

Figure 1: Schematic of a crack under mixed-mode loading and exhibiting large scale
bridging a) Definition of normal, tangential, and combined end-openings, b) Cylindrical
coordinate system

The potential function proposed to fit the fracture resistance Φ(δ, ϕ) is124

defined in a piece-wise manner using two continuous functions.125
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Φ(δ, ϕ) =

{
ΦCT (δ, ϕ) for 0 < δ ≤ δ0

ΦB(δ, ϕ) for δ0 < δ ≤ δss.
(6)

The subscripts CT , and B refer to the crack-tip and bridging region,126

respectively. The end-openings subscripts 0, and ss represent the onset and127

steady-state fracture resistance respectively. Given the potential function in128

cylindrical coordinates, and assuming that the cohesive laws can be derived129

from it, then it follows that the traction is still in a Cartesian coordinate130

system, n and t. By combining Eq. 1, 2,3 and using the chain rule for131

differentiation, the cohesive tractions can be expressed as [28]132

σn (δ, ϕ) = cos (ϕ)
∂Φ

∂δ
− sin(ϕ)

δ

∂Φ

∂ϕ
, (7)

σt (δ, ϕ) = sin (ϕ)
∂Φ

∂δ
+

cos(ϕ)

δ

∂Φ

∂ϕ
. (8)

The potential function for the crack-tip fracture resistance is given by a133

polynomial. For the present work a 2nd or 3rd degree polynomial is used:134

ΦCT (δ, ϕ) = C1(ϕ)δ3 + C2(ϕ)δ2 + C3(ϕ)δ + C4(δ, ϕ), (9)

and the potential function for the bridging region is:135

ΦB (δ, ϕ) = Φ0 + ∆Φss

(
δ − δ0

δss

)ζ
. (10)

In Eq. 9, the functions C1 − C4 are the coefficients of the polynomial136

and are a function of the phase angle ϕ only. Likewise, the parameters that137

describe the potential function in the bridging zone (Eq. 10) Φ0, ∆Φss, δ0,138

δss, and ζ are all functions of ϕ only. The meaning of these parameters139

is explained in Section 3.4 The partial derivatives of the potential function140

can be found in [28]. The derived traction-separation law is a fairly general141

path-independent mixed-mode couple law. The potential function Φ is for-142

mulated in the natural coordinates of the measured fracture resistance data143

(cylindrical form), and it is based on physical properties that can be directly144

measured from any fracture test capable of producing R-curves at different145

(but fixed) mode-mix. For a set of fracture resistance data JR − δ∗n − δ∗t ,146

the parameters of the potential function are determined as the best fit of147

Φ(δn
∗, δt

∗) to JR(δn
∗, δt

∗). Details of the analysis will be given below.148
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3. Methods149

3.1. Materials and DCB specimens150

The laminate used for the DCB specimen manufacturing was composed151

of 20 unidirectional (UD) stitched layers (with all the backing facing down-152

wards, which means that the laminate is not strictly symmetrical). The UD153

glass fabrics were E-1182 Saertex with a Hexion RIMR 035c epoxy. The lam-154

inate was processed by vacuum infusion, and afterwards, it was consolidated155

with a cure cycle of 12 hours at 40◦C plus 10 hours at 80◦ C. The overall156

fibre volume fraction of the laminate was approximately 58% [29], and the157

elastic properties are given in 1. DCB specimens were cut from the laminate158

parallel with the fibre direction, and these were randomised after cutting159

and before labelling/grouping in order to minimise effects from local man-160

ufacturing defects. To introduce an initial crack of 70mm a Teflon release161

foil with a thickness of 35+
− 15 µm was placed (see Figure 2) in the mid-162

dle interface. The dimension of the DCB specimens are as follows: Length,163

` = 500mm, width, B = 30mm, height, 2H = 16.9mm, and initial crack164

length, a0 = 70mm. A set of metallic ”end-blocks” were glued to the speci-165

men to facilitate the load introduction. A set of two pins was inserted near166

the initial pre-crack to mount an extensometer and two LDVTs to measure167

the end-opening displacements [25]. A schematic of the DCB specimens is168

shown in Figure 2.169

Table 1: Elastic properties
of UD Epoxy/glass

E1 46.3 GPa
ν12 0.26 -
E ′1 49.7 GPa
E2 12.92 GPa
E ′2 13.9 GPa
G12 4.3 GPa

�

a0

Slip foil

Pins

x
2

1

Figure 2: DCB specimen dimensions

3.2. Test configuration170

In order to accurately measure a cohesive law, it is preferable to have a171

test that can produce a stable crack growth for all opening combinations, such172

that JR−δ∗n−δ∗t data for determination of Φ(δ, ϕ) can be measured. The DCB173
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specimen loaded with uneven bending moments (DCB-UBM) fulfills these174

requirements. Furthermore, for such configuration, the J-integral equation175

is independent of details of the cohesive laws. A detailed description of176

the DCB-UBM test configuration can be found elsewhere [19]; yet, a brief177

description is provided here for completeness. The DCB specimens are fixed178

at the bottom end (opposite side of the artificial crack), and loaded at the179

other end. The specimen is subject to uneven bending moments transmitted180

via the metallic end-blocks attached to it. The moments are established181

by the wire under tension as shown in Figure 3a. The load in the wire is182

transmitted into moments via a wire roller system and transverse arms as183

shown in Figure 3a. The load, P , is equal for both ends, however, by using184

different lever-arms, `1, and `2 different bending moments M1, and M2 are185

applied on each of the beams on the DCB specimen. This setup allows for186

pure mode I loading, (near) mode II, and any mode-mix in between by using187

different arm ratios `1/`2.188

Data were collected by two computers and two cameras. One of the189

computers recorded the acoustic emission (AE) data, while the other recorded190

the extensometer displacement,∆E, the LDVTs displacements, ∆L
1 , and ∆L

2 ,191

time, t, and loads, P1, P2 from two separate load cells with data acquisition192

frequency of 20 Hz. The two cameras recorded high-quality video of the193

tested specimen; one with a zoom in on the crack and the other with a full194

view of the specimen. The extensometer (CATALOGUE 2620-601 range of195

5 mm) measured the linear displacement between the pins, ∆E, while the196

LDVTs (GT 500 RDP 150746) provided the angular displacements ∆L
1 , and197

∆L
2 using the mount as a reference. AE sensors were also mounted on the198

specimens. These were installed using double-sided tape and located about199

110 mm apart. The AE sensors output registered events with a timestamp,200

which were used to determine the time at crack initiation, t0. Finally, the201

specimens were also marked using a hand-drawn randomised speckled pattern202

for digital image correlation measurements. Figure 3b shows a specimen with203

all the measurement equipment.204

The load was applied by displacing the lower beam (see Figure 3a) at205

a constant displacement rate of 10 mm/min.The test was stopped when a206

steady-state growth was reached, which was assumed once the ”real-time”207

load vs normal opening plot either remained “flat” or started oscillating with208

an unchanged mean value.209

8



load cell 

# 2

specimen

PP

P P

extenso-
AE

�

meter
sensors

�2 �1a0

displacement

load cell 

# 1

(a)

10mm

AE sensor

LDVT

AE sensor

Extenso-

meter

10mm

(b)

Figure 3: DCB-UBM test set-up and measurement equipment a) schematic b) picture of
mounted specimen

3.3. Data analysis210

The test campaign consisted of 36 tested specimens in total. The speci-211

mens were divided into 9 different groups with 4 specimens per group. Each212

group was tested at a different fixed moment ratio. The test specimens were213

loaded ranging from pure mode I (M1/M2 = −1) to near pure mode II214

(M1/M2 = 0.99). A list of the tested groups with an average value of the215

opening phase angle ϕ, and the LEFM stress intensity phase angle ψ [30] is216

provided below in Table 2.217

ψ = tan−1

((
E22

E11

)−1/4 √
3

2

(
1 +M1/M2

1−M1/M2

))

|M1| < |M2| ,
(11)

The J-integral evaluated along the external boundaries of a DCB-UBM218

specimen is shown below [25]219
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Table 2: List of tested mode-mixities

Group
M1/M2 ϕa ψb

[-] [Deg.] [Deg.]
1 -1 0.0 0
2 -0.66 2.7 13.6
3 -0.41 4.9 26.8
4 0 8.8 50.0
5 0.12 9.9 56.6
6 0.5 23.5 74.4
7 0.87 51.6 86.7
8 0.96 65.0 89.3
9 0.99 67.9 89.7

a) The values of ϕ are the average from the 4 tests carried out per load group
b) Analytical LEFM solution for an orthotropic DCB-UBM specimen [30]

J =
21(M

2

1 +M
2

2 )− 6M1M2

4B2H3E∗11

|M1| < |M2| ,
(12)

Where M1, and M2 are the applied bending moments, and E∗11 is the220

specific young modulus (E∗11 = E11/((1− ν2) for plane strain and E∗11 = E11221

for plane stress).222

The collected experimental data was post-processed in a series of steps.223

First, the end openings δ∗n, and δ∗t were calculated from the extensometer,224

and LDVT readings using planar trigonometry [25]. A monotonic increase225

of the end-openings, and J-value to a steady-state point is required to have a226

traction-separation law that can be fully determined from the end-openings227

at a given time regardless of the opening’s history. As such, the extracted raw228

data, i.e. openings and loads, were then reduced and corrected to keep only229

monotonic values as follows. The noise (from the high-frequency oscillations)230

of the data from the extensometer and LDVT’s, was cleaned so that only231

monotonically increasing values were kept (see Figure 4a). For a given mode-232

mix value the fracture resistance is only dependent on the end-openings, and233

as such it follows that JR ought to increase monotonically as well. Non-234

monotonic increments of JR can be read from measurements as a result of235

dynamic effects where the crack jumps a short distance, then the system236
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unloads (load drop). This probably occurs because there are some spatial237

variations in the fracture properties along the cracking plane. The crack238

then is arrested and the load increases again until there is sufficient traction239

for the crack to grow again. Although in reality cracks may grow in small240

jumps, virtually all analyses assume continuous crack growth. These loads241

drops are ”corrected” by replacing the lower values of JR with the value242

prior to the load drop, as shown in 4b. The extracted JR − δ∗ data was also243

slightly shifted in order to have JR(0) = 0, while keeping the linearity with244

the moments (or J1/2). This is shown in 4a. All the corrections mentioned245

above are rather small in comparison with the corresponding onset fracture246

resistance values.247

0 0.005 0.01 0.015 0.02 0.025
0

5

10

15

20

25
Raw data

Linear regression

 of M1/2

Cleaned data

Cleaned 

corrected data

correction

(a) Compliance correction

0.2 0.25 0.3 0.35 0.4 0.45

3000

3100

3200
Correction

Load drops

(b) Load drop correction

Figure 4: Data post-processing and corrections

3.4. Extraction of fracture and fitting parameters248

The overall process of measuring the mixed-mode cohesive law parameters249

of a material based on the proposed method is shown schematically in Figure250

5.251

In the present section, the extraction of fracture and fitting parameters252

(processes 2 in Figure 5) is explained. Having obtained the clean, and cor-253

rected fracture resistance data sets of a given test series JR−exp, then param-254

eters listed in process 2, i.e. the onset and steady-state fracture resistance255

(and corresponding end-openings), can be directly extracted/read from the256

experimental R-curve. However, the onset and steady-state points need to be257
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Experimental R-curves:
JR−exp = Φ(δ∗, ϕ = ϕi)

Read parameters for the given ϕi:
J0(ϕi), Jss(ϕi), J2(ϕi), ζ(ϕi)

δ0(ϕi), δss(ϕi), δ2(ϕi)

for i = 1, ..., n

Polynomial fit of bridging parameters:
J0(ϕ), Jss(ϕ), J2(ϕ), ζ(ϕ)

δ0(ϕ), δss(ϕ), δ2(ϕ)

Polynomial fit of crack-tip coefficients:
C1(ϕ), C2(ϕ), C3(ϕ), C4(ϕ)

Calculate mixed-mode fracture resistance:
JR = Φ(δ∗, ϕ)

Compute mixed-mode cohesive tractions:
σn = ∂Φ

∂δn
; σt = ∂Φ

∂δt

Figure 5: Diagram for the extraction of cohesive laws fully determined from experiments

12



identified first. The onset of crack growth is defined as the point where the258

crack is first observed, and the steady-state is considered as the point where259

the fracture resistance has attained a steady (flat or oscillating) value. With260

these definitions then it is then possible to extract the previously mentioned261

parameters in order to fit the experimental JR values to equation 10. This262

will provide the shape parameter, ζ, for each specimen tested at different263

phase angles. This procedure is depicted in figure 6. The loop between pro-264

cess 1 and process 2 is repeated for the number of planned/available tests,265

n.266

0 1 2 3 4
0

200

400

600

800

1000

(
*

0
 ,J

0
)

(
*

ss
,J

ss
)

 J
ss

end of 

loading

Unloading

Figure 6: Example of fracture resistance fit

In practice, delamination onset can be difficult to identify as it commonly267

starts at the centre of the specimen, and is thus not visible from the outside.268

For that reason, in the present study, AE measurements were used to deter-269

mine the time of the onset of crack, t0, which is later correlated to a fracture270

resistance and end-opening pair. In Figure 7a, the cumulative sum of events271

measured from AE are plotted as a function of elapsed time for 4 different272

experiments with different phase angle values. A sudden slope increase can273

be observed at 93s, and 123s respectively for ϕ = 0◦ and ϕ = 21◦. Such an274

inflection point pertains to crack initiation. This was corroborated by com-275

paring the sum of cumulative events to the displacement between the pins276

measured from DIC as shown in Figure 7b. Furthermore, the high-resolution277

video was also used to visually identify the crack initiation. For the cases278

with low phase angle values (blue and yellow lines) the onset fracture occurs279

at very small crack-tip openings (in the orders of a few µm), and thus have280

rather sharp, easily identifiable crack initiation points. The same is not true281
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for large phase angle values (purple and orange), which show an initial slow282

increase with some wobbling before transitioning to a steep slope in the cu-283

mulative sum of events indicating crack initiation. This is most likely due to284

other phenomena such as matrix micro-cracking feeding into the AE sensor285

by emitting noise.286

0 50 100 150 200 250

Time, t [s]

0

1000

2000

3000

4000

5000

C
u

m
u

la
ti
v
e

 e
v
e

n
ts

 [
-]

(a)

0 100 200 300

time [s]

0

0.1

0.2

0.3

0.4

0.5

 *  [
m

m
]

0

2000

4000

6000

8000

10000

12000

C
u

m
u

la
ti
v
e

 e
v
e

n
ts

 [
-]DIC

AE

(b)

Figure 7: Time of onset of crack growth from AE and DIC measurements

4. Results287

4.1. Overview of results288

The validity of the experiments is dependent on the assumptions made289

for the proposed methodology. As such, the assumption of proportional290

increments of the normal and tangential end-openings is verified by plotting291

the end-openings as shown in Figure 8. The normal and tangential end-292

openings calculated from the extensometers and LDVTs are shown in dashed293

red lines, and a linear fit of δn−δt is shown in solid black. The average phase294

angle, ϕ, for each experiment is calculated from the slope of the respective295

linear fits. From the figure it is clear that the openings are indeed increasing296

nearly proportional to each other, giving a fairly constant phase angle of the297

end-openings from the beginning to the steady-state.298

The R-curves for different phase angle values are plotted in Figure 9 . The299

black curves represent the values as calculated from the J-integral (and after300

data correction), while the blue curves represent the fitted values of J . In the301
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Figure 8: Proportional end-openings
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Figure 9: R-curves for different phase angle ϕ

plot, the onset of cracking, and the steady-state point are marked with a red302

circle and triangle respectively. The obtained fracture resistance values are in303

the same order of magnitude as values found in the literature [25] for similar304

materials. Also, the behaviour of the R-curves with a rapid increase of J until305
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J0 corresponding to crack initiation followed by a much slower increase of J306

until Jss becomes constant is observed in similar fibre reinforced composite307

materials. As denoted in Figure 9, some of the measurements with a high308

phase angle, i.e. large mode II content, did not reach steady-state. These309

findings are consistent with earlier results [25]. Plausible reasons for this are310

further discussed in the discussion section. From Figure 9, it can be observed311

that there is a (non-monotonic) large variation of the fracture resistance with312

the phase angle ϕ. It is observed that the lowest fracture resistance is found313

at a phase angle of ϕ = 2◦ (and not for pure mode I). This was the case for314

all 4 tests carried at ϕ = 0◦, and ϕ = 2◦. For a fixed δ∗, JR first decreases315

slightly, then at a value of approximately ϕ ≈ 2◦ starts increasing. Note316

that between a phase angle of ϕ ≈ 10◦ and ϕ ≈ 26◦ the fracture resistance317

increased substantially compared to the other tested intervals. Note also that318

the fracture resistance of the highest phase angel (ϕ = 69◦) is lower than for319

ϕ = 64◦. Similar results were found earlier [25].320

4.2. Fracture and fitting parameter interpolation321

The parameters used to determine the 3D fracture resistance i.e. J0, Jss,322

δ0, δss, and ζ were recorded for all tested specimens (ranging from M1/M2 =323

−1 to M1/M2 = 0.99). These values are used for a polynomial fit of along the324

phase angle of these properties (process 3, and 4 in Figure 5). The values of325

the fracture resistance at the onset of cracking and steady-state are plotted326

in Figure 10a for each tested mixed mode. The triangle markers represent327

the data that did not reach steady-state and are thus not representative for328

the fracture resistance (and end-openings) at steady-state. These triangles329

are thus excluded from the polynomial fitting except for the black triangle,330

which was kept since it was the largest fracture resistance value obtained.331

The fracture resistance at onset of cracking J0 was fitted using a 4th degree332

polynomial, while the fracture at steady-state Jss was fitted using a 2nd degree333

polynomial. Both of the polynomial fittings show excellent correlation with334

the experimental data with R2 values of 0.98 and 0.95 respectively. The335

shape parameter, ζ, was fitted using a 1st degree polynomial as shown in336

Figure 10b. The fitting of the parameter ζ showed a larger scatter with an337

R2 = 0.3. In Figure 11a the magnitude of the end-openings at onset δ0 are338

plotted as a function of the phase angle alongside its 1
st degree polynomial fit.339

A similar plot is shown on the right side (Figure 11b) for the magnitude of the340

end-openings at steady-state δss, however with a second degree polynomial fit341

instead. Similar to the fracture resistance at steady-state, the values that did342
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not reach steady-state are shown in triangles and are not taken into account.343

The black triangle is the one exception since it is used in the polynomial fit344

for it is the largest end-opening obtained experimentally. The R2 values for345

the two polynomial fits are 0.63, and 0.49 respectively.346
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Figure 10: Interpolation of a) Onset of crack growth and steady-state b) fitting parameter
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Figure 11: End opening as a function of the phase angle at a) Onset of crack growth and
b) Steady-state fracture resistance

The fracture resistance and magnitude of the end-openings corresponding347

to the maximum traction (when ∂JCT/∂δ = 0) were recorded and interpo-348

lated as in the previous cases. The value is shown with a suffix of ”2”.349
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The end-opening δ2 was interpolated using a 1
st degree polynomial fit, and350

the fracture resistance J2 using a 2
nd degree polynomial. The fits show a351

good agreement with the experimental data, with R2 values of 0.6 and 0.88352

respectively.353
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Figure 12: End opening as a function of the phase angle at a) Onset of crack growth Onset
and b) Steady-state fracture resistance

These readings, J2, and δ2 are used to obtain the polynomial coefficients354

for the fracture resistance in the crack-tip region. Unlike the equation for355

the bridging fracture resistance, no physical parameters were directly used to356

define the JR at the crack-tip. Nonetheless, the reference points used for the357

polynomial fit are all based on physical parameters namely J0, δ0, and J2,358

δ2. Moreover, J2 provides information about the peak stress of the material.359

4.3. Mixed-mode fracture resistance360

The mixed-mode 3D surface of the fracture resistance computed based361

on the parameters described in the section above is shown in Figure 10a. It362

can be seen that the fracture resistance is a continuous function covering the363

entire opening plane δn − δt. Along with the computed fracture resistance,364

some experimental values of JR are plotted. It can be observed that there365

is an overall good agreement between the computed fracture resistance and366

the experimental values. However, it is clear that for values beyond ϕ = 60◦367

the experiments did not reach the steady-state value. For reference, the pure368

mode I, and II fracture resistance, as well as the mixed-mode JR values at369

ϕ = 30◦, and ϕ = 60◦ are plotted. The pure modes are plotted using solid370
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Figure 13: Polynomial coefficients to define the fracture resistance at the crack tip (see
Eq. 9)

lines while the mixed modes are shown with dashed lines. The value at371

steady-state for all ϕ is shown with a dashed line as well.372

For a more clear, and quantitative comparison, the fracture resistance373

evaluated at several phase angles is compared to experimental data in Figure374

15. The red and blue curves represent the fracture resistance at the crack375

tip and the bridging regions respectively. The grey markers show the ex-376

perimental R-curves, while the dashed line represents the 2D projection of377

the fracture resistance at a steady state for all phase angles. The agreement378

between the experimental and the calculated fracture resistance curves varies379

slightly with different phase angles; however, the values show a good agree-380

ment for all tested cases that reached steady-state. The largest difference381

is found in pure mode I as shown in Figure 16a. The maximum fracture382

resistance observed in the experiments is between 200 and 400 larger than383

the computed value. Nonetheless, as soon as there is any mode II contribu-384

tion (even only 2◦) the predicted value gets very close as it can be seen in385

Figure 16b. This difference observed in pure mode I is further addressed in386

the discussion section.387

4.4. Mixed-mode cohesive tractions388

The mixed-mode 3D surface of the cohesive tractions σn and σt are shown389

in Figure 17, and 18. Figure 17 is a plot so that the shape of the crack tip390

can be observed. The normal cohesive traction plotted in Figure 17a shows391

19



Figure 14: 3D fit of the fracture resistance compared to experimental
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Figure 15: 2D projections of the fracture resistance fit compared to experimental
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Figure 16: Fracture resistance at a) ϕ = 0◦ and b) ϕ = 2◦

a single peak at very small opening values. The shear traction on the other392

hand shows saddle-like cohesive traction. The cohesive tractions are also393

plotted for the full end-opening range, but with a truncation value of 1 MPa394

to appreciate the bridging tractions. It can be observed that the normal395

traction shows a negative value for near mode II values. It can be observed396

that the bridging stresses are larger for the shear traction than those of the397

normal traction.398

(a) (b)

Figure 17: Cohesive tractions based on a 2nd degree polynomial of J0 a) Normal traction
and b) Shear traction
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(a) (b)

Figure 18: Cohesive tractions based on a 2nd degree polynomial of J0 a) Normal traction
and b) Shear traction

For a more descriptive, and easier interpretation of the obtained cohesive399

tractions these are plotted for phase angle values of ϕ = 0◦,ϕ = 30◦, ϕ = 60◦,400

and ϕ = 90◦ in Figure 19. The red curves represent the tractions in the crack-401

tip region, whereas the blue curves indicate the cohesive tractions in the402

bridging region. The thin black line shows the (rather small) discontinuities403

obtained at the transition point. Analogous to the fracture resistance, a very404

large (non-monotonic) variation of the cohesive tractions can be observed at405

different phase angles. From Figure 19c it can be observed that the maximum406

normal traction does not occur at pure mode I, but rather at a phase angle of407

ϕ = 22◦, while the maximum cohesive shear traction is found at pure mode408

II. In Figure 19c the normal peak stress σ̂n, shows a small peak at a phase409

angle of ϕ = 5◦. The reason is that the fracture resistance at the crack tip410

(see Eq. 9) was calculated based on a 2nd degree polynomial for 0◦ < ϕ < 5◦,411

and a 3nd degree for all other ϕ.412

5. Discussion413

Note that although fracture resistance data from a DCB-UBM test con-414

figuration has been used in the present work, the proposed framework for the415

determination of cohesive laws in general and can be used to analyse data416

from any test capable of producing JR − δ∗ curves (with a near fixed ϕ) at417

different mode-mix.418
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Figure 19: Cohesive tractions evaluated on intervals of 15◦ a) Normal traction and b)
Shear traction and c) Peak cohesive traction for all phase angles

Having a constant phase angle ϕ during the entire test is a condition419

for the proposed method. Figure 8 shows that the end-openings are indeed420

proportional thus asserting the validity of the assumption of a constant phase421

angle. It should however be noted that there are small deviations from a422

constant ϕ at very small end-openings. The effect of the local mode-mixity423

was studied in [31], where it was concluded that it was not a source of large424

errors in the calculation of the dissipated energy. This further supports the425

assumption of a constant ϕ.426

Tvegaard and Hutchinson proposed several phenomenological equations427

to describe the effect of the mixed-mode in a potential function describing428
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the fracture resistance at the onset of crack for an interface [32]. One of429

these relationships is plotted (solid black line) in Figure 20, where the circle430

markers are the phase angle of the stress intensity factors KI , and KII and431

the triangles are the phase angle between the normal and tangential openings.432

A 4th degree polynomial is shown in dashed lines for the fracture resistance433

at onset correlated to both phase angles ϕ, and ψ. It can be noticed that434

the fracture resistance as a function of ψ can be correlated very well using435

both a polynomial as well as the phenomenological equation proposed in [32].436

However, direct measurements of the stress intensity factors at the crack-tip437

are not easy to obtain experimentally unlike the direct measurements of end-438

opening, which are readily available. Therefore, ϕ seems more appropriate439

for representing the mixed-mode effect on experimental data.440
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Figure 20: Fracture resistance at crack initiation

The correlation of the parameters used to define the fracture resistance441

(and thus the cohesive tractions) shows good to excellent correlation as shown442

in Figures 10, 11, and 12. More scatter was observed for the correlation of443

the end-opening at steady-state δss and the fitting parameter ζ. One possible444

reason for the larger scatter of the end-openings at steady-state is that the445

R-curve becomes flat close to steady-state so that Jss changes very little over446

a large range of δ
∗
. Another likely reason is that the fracture resistance can447

either reach a flat value or start oscillating with a fixed mean value so that448

it becomes difficult to define what end-opening should be considered as the449
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steady-state. Consequently, a larger scatter of the end-opening translates into450

a larger scatter of the shape parameter. As mentioned earlier, some of the451

experiments did not reach a steady state. This happened for the specimens452

tested at large phase angles ϕ > 50◦. Four specimens tested at a similar453

phase angle (same M1/M2 ratio) are plotted in 21. From the plots, it can be454

seen that all tests are following the same increasing trend. However, due to a455

fast-growing crack (at relatively small end-openings), some of the tests were456

stopped prematurely. In Figure 22 a picture shows the specimen with the457

largest fracture resistance obtained. With the experimental data at hand,458

it can be concluded that either there is no steady-state value for near mode459

II fracture resistance or that it must be larger than the maximum value460

obtained. The author leans towards the latter. Base on that assumption,461

only the maximum value of the fracture resistance is kept. By zooming in462

the picture it can be observed that there are still some fibres bridging at the463

location of the end-opening indicating that there is some fracture resistance464

remaining.465
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Figure 21: R-curves for different phase angle ϕ

In the present work, 9 different mixed modes were tested. The minimum466

number of tests is dictated by the largest degree of the polynomial used467

to fit the parameters required to define the fracture resistance. For the468

present case, since the largest polynomial is of 4th degree then in principle469

only 5 different (well-selected) mixed modes are needed. This is a reduction470
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Figure 22: Large scale fibre bridging for near mode II loading

compared to the approach previously proposed by Sørensen in [25] where a471

minimum of 8 tests were suggested. Notice, however, that it is impossible472

to know for a new material a priori what would be the largest degree of the473

polynomial fit of the parameters. Furthermore, note that so far it has been474

complicated to attain steady-state fracture resistance at large phase angle475

values ϕ using the DCB-UBM method, as such some part of the fracture476

resistance will be extrapolated so that obviously the more experimental data477

the more reliable the fracture resistance will be in the extrapolated region478

i.e. (near) mode II.479

The 3D surface of the fracture resistance generated from the measured480

parameters compares very well to the experimental values (See Figure 14).481

Yet, the sudden drop in JR from pure mode I to ϕ ≈ 2◦ followed by a sudden482

increase at ϕ ≈ 5◦ is not captured. This should be investigated further. One483

plausible explanation to this phenomenon is that at pure mode I the fibres484

at both surfaces have similar angles and are thus loaded equally, and as soon485

as there’s a mode mixity half of the fibres start carrying more load than the486

rest, and thus fail faster. This would imply that shear cohesive tractions487

would be much smaller than normal tractions from 0◦ > ϕ > 5◦, so that the488

mode II influence is not yet contributing. Indeed normal tractions are almost489

an order of magnitude larger than shear tractions during that interval. The490

presence of negative normal tractions (see 18a) for a pure mode II are in491

accordance with the findings of [33]492
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6. Conclusion493

A general procedure to experimentally determine the mixed-mode frac-494

ture resistance based on parameters measured from the fracture mechanics495

test is presented. The derived fracture resistance was used to determine the496

cohesive laws that characterise the mixed-mode delamination of an interface497

with a large fracture process zone. The procedure offers the possibility to498

systematically determine the cohesive laws of an interface from any fracture499

mechanics test capable of producing R-curves based on the J-integral. In500

the present work, the mixed-mode delamination of a UD composite under501

large-scale bridging was characterised.502

• The measured parameters that define the fracture resistance showed503

good to excellent correlation with R2 values ranging from 0.3 to 0.98504

• Fracture resistance varies in a non-monotonic way with the mode-505

mixity. Furthermore, the minimum fracture resistance values were not506

observed in pure modes I, but on mixed-modes slightly larger ϕ ≈ 2◦507

• A non-monotonic variation is observed in the cohesive tractions. Fur-508

thermore, the peak cohesive normal stress is found at a phase angle of509

ϕ ≈ 23◦510

• The proposed method can appropriately characterise both the crack511

tip and the bridging tractions512
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Abstract. DCB specimens, manufactured from composites with constant and alternating
stitching density, are tested under pure mode I for static and cyclic loading. The tests are
carried out for different maximum load values, but keeping the same R-ratio. The crack growth
is recorded from pictures at different cycle intervals, and the energy release rate (ERR) is
computed using an approach based on the J-Integral. Along with the crack-tip, the length of
the fracture process zone (FPZ) is recorded with the number of cycles. A curve relating the
crack growth rate (CGR) and the cyclic fracture resistance, ∆J , which can be directly applied
in the design/repair process of composite structures, is derived.

1. Introduction
Composite materials are widely used in many modern engineering lightweight structures. Their
high specific mechanical properties (e.g. specific strength, and stiffness) coupled with their
good fatigue performance make them preferable to metals for some applications such as aircraft
and wind turbine blades. Currently, damage tolerant designs of composite structures are being
evaluated. However, such designs can only be implemented if accurate damage propagation
prediction tools exist. The separation of initially bonded adjacent layers, which comes from
the inherently weak interfaces (out-of-plane strength) of layered materials, is a common damage
mechanism known as delamination. Such a process can lead to large stiffness and load-carrying
capacity losses, which is why delamination is widely acknowledged as one of the most important
failure mechanisms [1]. Most engineering structures are subject to cyclic loading, and thus cyclic
crack growth is more relevant.

Accurate predictions of fatigue delamination largely depend on the accuracy of the fracture
parameters of the material at hand. Predictions of fatigue delamination in composite structures
are commonly based on numerical simulations either using a linear elastic fracture mechanics
(LEFM) framework or using the cohesive zone model (CZM) concept originally proposed
(independently) by Dugdale [2] and Barenblatt [3]. Cohesive models have become more widely
adopted given that they circumvent some of the inherent limitations of LEFM, such as specific
mesh requirements at the stationary crack tip, while also providing a framework to account for
large scale fracture process zones. Cohesive models require fracture material properties such as
critical fracture toughness, critical opening displacements or tractions as input. These fracture
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properties are commonly derived for each material system typically from experiments like the
double cantilever beam (DCB) [4, 5], end-notched flexure (ENF) [6], and the mix-mode bending
(MMB) specimens [7], among others. The present work lays out a methodology to obtain the
mode I fracture toughness and cyclic crack-growth rate from based on experimental data from
DCB specimens. To demonstrate the approach, several tests with different maximum loads (but
constant R-ratio) are carried out on laminates manufactured from constant and alternating
stitching density. The effects of the maximum load, Pmax and the stitching density of the
composite laminates in the crack growth rate (CGR) and the cyclic fracture resistance ∆J are
discussed.

2. Methods
2.1. Materials and DCB specimens
The laminate used for the DCB specimens is an E-glass/vinyl ester laminate manufactured by
vacuum infusion with a curing cycle of 24 hrs at room temperature followed by 24 hrs at 60 ◦C.
The E-glass fabric consisted of nearly unidirectional bundles, and the laminates had a volume
fraction of approximately 55%. Two laminates were manufactured using the same fibers, and
matrix, but different stitching density. Both configurations use glass yarns as support threads
and a tricot stitching pattern, but one has a constant number of stitch ends per inch equal to
6 (6 gg), and the other has a stitching density alternating between 6 gg and 2 gg. The support
threads are arranged so that they face each other, leaving alternating interfaces free of threads
and thus exclude the effect of support threads in the cyclic crack growth rate. Prior to vacuum
infusion, the middle interface (free of support threads) is used for introducing an artificial crack
initiation through a release foil of 35 ±15 µm (See Fig. 1).

Figure 1. DCB speceimen schematic

The DCB specimen dimensions are; Length, L, equal to 500 mm, width, B, equal to 30 mm,
and height, 2h, of approximately 2 mm. The DCB specimen was glued to steel beams on the
top and bottom of the beams to add flexural rigidity in order to prevent large rotations. The
steel beams have the same length, L, and width, B, but a thickness, H, of 6.67 mm. A schematic
of the sandwich structure is shown in Fig. 1

2.2. Test configuration
Both quasi-static and cyclic tests were carried out by applying equal, but opposite constant
moments at the top and bottom ends of the DCB specimen. The constant moment is applied
through an adjustable lever-arm for both fatigue and static tests as shown in Fig. 2. The load,
P, is measured by two load cells and the average value is used to calculate the applied moment,
M. The approach of applying constant moment instead of constant load was introduced by
Sørensen et al. [8, 9] and it offers the advantage of producing stable crack growth as this no
longer depends on the crack length. More importantly, the approach produces more accurate
measurements in the case of large scale FPZ typically observed in composite materials.

The static and fatigue test are carried out on the same specimen sequentially, starting with
the static test, and then followed by cyclic loading. This allows for more testing per specimen and
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also ensures a sharp crack at the beginning of the cyclic loading. For the static test, the normal
opening is measured with an extensometer mounted on the end top and bottom of the DCB
specimen (See Fig. 2a ). For the cyclic test, instead of the normal opening, the crack growth is
measured using digital pictures taken from the same location at different cyclic intervals. The
post-processing is carried out manually, which means that it is subject to reading errors and
interpretation. The presence of large scale bridging made it so that the definition of the start
and end of the FPZ is not trivial. The start of the FPZ, i.e. the crack-tip, is defined as the first
observable colour discontinuity, whereas the end of the FPZ is defined as the beginning of the
last observable fibre bridge (farthest from crack tip, see Fig. 8). Reading errors are accounted
to an extent by carrying multiple measurements and using mean crack length values.

(a) (b)

Figure 2. Schematic of test configuration: a) Static test-stand, b) Cyclic test-stand

2.3. Calculation of Fracture Resistance
The strain energy release rate of DCB specimens is commonly calculated using principles of
LEFM (see for instance the ASTM D5528-01 [5]), however, LEFM is no longer valid when large
scale bridging is present. For non-negligible FPZ cases, the J-integral method [10] is a powerful
tool to obtain the energy release rate. Due to the relatively high width to height ratio plain
strain condition is assumed. Under such condition, the J-integral for an orthotropic sandwich
DCB specimen loaded with constant end moments is [8, 11]:

J =
1 − ν2s
Es

M2

B2H3η3I
(1)
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I =
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∆ =
1 + 2Ση + Ση2

2η(Ση + 1)
, Σ =

Ec

Es

(
1 − ν2s
1 − ν2c

)
, η =

h

H
(3)

3. Results and discussion
The static fracture resistance, JR, as a function of the end normal opening mode, δn, calculated
using Eq. (1) is shown in Fig. 3. The upper portion of the curve corresponds to the loading
part and the bottom to the unloading. The initiation of delamination corresponds to point 1 in
Fig. 3, whereas point 2 indicates the steady-state delamination growth. It is observed that the
initiation JR value in the static case (point 1, approximately 200 N/m) is larger than any of the
Jmax values from the cyclic tests shown later in Table 1.

1 2 3 4 5 6 7
0

200

400

600

800

Unloading

Loading

1 : Onset

2 : Steady Grow1

2

Figure 3. Static fracture resistance of a DCB specimen from alternating stitching density fabric

For the cyclic test, the cyclic fracture resistance ∆J is calculated instead of JR, where ∆J
is defined simply as the difference of Jmax and Jmin. In Table 1 all of the tested cases are
listed with their corresponding maximum load, R-ratio, moment, and ∆J . It is to be noticed
that given the applied moment remains constant through the cyclic loading, the computed ∆J
corresponds to that of a single cycle.

Table 1: List of tested cases and with their maximum load and corresponding ∆J

Stitching density
[gg]*

P max.
[N]

P min.
[N]

R-ratio
[-]

M max.
[N-m]

M min.
[N-m]

JR max.
[N/m]

JR min.
[N/m]

∆J
[N/m]

6
500 50 0.1 42.5 4.3 109.2 1.1 108.1
400 40 0.1 34.0 3.4 69.9 0.7 69.2
350 35 0.1 29.8 3.0 53.5 0.5 53.0

6-2

400 40 0.1 34.0 3.4 69.9 0.7 69.2
350 35 0.1 29.8 3.0 53.5 0.5 53.0
375 37.5 0.1 31.9 3.2 61.4 0.6 60.8
385 38.5 0.1 32.7 3.3 64.7 0.6 64.1

* Number of stitches per inch

Readings from the first cycle and close to the last one are shown in Fig. 4. By using the
markings in the figure as a reference it can be clearly observed how the crack has propagated from
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cycle 1 to 22000. As previously mentioned several readings were carried out at each acquired
picture to estimate the reading error. For all of the crack-tip measurements, the maximum
standard deviation is 1.74 mm and the mean standard deviation is 0.19 mm.

(a) (b)

Figure 4. Crack-tip growth for DCB under Pmax = 500N and constant 6 gg at, a) 1 cycle, and
b) 22000 cycles

The crack growth as a function of the number of cycles is shown in Fig. 5a for different
maximum loads of the constant stitching specimens. Note that the crack tip growth is tracked
only during the cyclic loading, as such throughout the present paper the term crack growth
refers to the growth due to cyclic loading. From Fig. 5a it is observed that as the load increases
the crack growth rate increases. As the crack grows it can take up to two orders of magnitude
more cycles for the case with a Pmax = 350N to reach the same crack length as the case with
Pmax = 500N . On the right side of Fig. 5, a similar plot shows the comparison of results from
the DCBs made with different stitching density. From Fig. 5b, it can be noticed that for the
same load (400 N, and 350 N) the constant stitching density specimens are more resilient to
fracture than those with alternating stitching density. This observation is somehow expected
as the constant 6 gg is more dense than the alternating 2-6 gg. This dependency on stitching
density, however, contradicts the observations from Mouritz in [12], where it is concluded that
fatigue is not dependent on stitching density.
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Figure 5. Crack length vs number of cycles: a) different maximum load (constant stitching
density), b) constant vs alternating stitching density

A plot of the Paris region (linear in a log-log plot) is shown in Fig. 6. From visual inspection
of the crack growth, it was observed that once the crack reached about 1 mm length its growth
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behave (close to) linear in a log-log plot. This value was used as a threshold for data to be
included in the linear regressions shown in the plot.
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Figure 6. Linear part of the crack growth

The crack growth rate, da/dN , versus ∆J is shown in Fig. 7 for each of the studied cases. 
The crack growth rate is calculated using the 2 and 3-point secant method, and the scatter 
reduction method proposed by Zheng et al. in [13], however, the 3-point method was selected 
because it yielded the least amount of scatter. Historically, secant methods have shown to yield 
large scatter data [13], however, they are easily implemented for any test configuration where the 
crack growth and the number of cycles are monitored. For the case with the constant stitching 
density, the three different loads lie almost in the same line, which is expected given that they 
have the same R-ratio. In the case of the alternating stitching density, one of the data sets 
seems to deviate. With only three points it is hard to make assertions, however, a likely scenario 
is that the CGR from the point with Pmax = 385N is under-estimated as it shows a decrease 
from the previous point, which does not make sense physically. Linear regression is performed to 
fit the data in the Paris’ relation as shown in figure 7. The values of the obtained Paris’ constants 
are given in Table 2. Both configurations, constant and alternating stitching densities, present 
similar slopes (constant n), but the intersection constant C is affected (see Table 2).

Table 2: Paris constants values

Stitching density
[gg]

Log(C)
[ mm
cycle

/(MPa ∗ √m)n]
n
[-]

6 4736.33 6.47
2 - 6 3035.06 6.04

As it is common in DCB tests of composite materials with 0◦interfaces, all of the specimens
showed large scale fibre bridging (LSB). This made the reading of the FPZ more challenging,
which is reflected by the measurements statistics. The maximum standard deviation and mean
standard deviation were 4.25 mm and 0.53 mm respectively, for the measurements of the FPZ.
Fig. 8 shows a measurement of FPZ. It should be mentioned that for some of the cases there
were isolated fibre bridges that originated from the static load but remain virtually unchanged
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Figure 7. Crack growth rate (CGR) as a function of ∆J for constant and alternating stitching
density

during cyclic loading. This can be due to relatively small end openings. Because of the two-
dimensionality of pictures, it is unclear if the observed isolated fibres are indeed isolated or there
are more of these fibre across the width of the DCB. As such they are still considered as part of
the FPZ.

Figure 8. Illustration of large scale fibre bridging (LSB) under cyclic loading

The length of the FPZ as a function of the number of cycles was normalised with the static
FPZ length. As observed from both Fig. 9a and Fig. 9b the length of the FPZ increases in a
similar way as the crack-tip does. For the case of constant stitching density at Pmax = 500N an
increase of up to 50% of the static FPZ is reached.
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Figure 9. Normalised FPZ length a) constant stitching density, b) alternating stitching density

It can be observed that the bridging zone keeps increasing throughout the entire cycle range,
which contradicts the hypothesis that the bridging zone would remain constant after reaching
steady state grow [16]. However, it is important to acknowledge the difficulty of drawing
conclusions from the FPZ readings without a meaningful identification of the fibre bridge zone
that contributes to the cohesive traction force.

4. Conclusion
A series of DCB specimens made from constant and alternating stitching densities (6 gg and 6
gg- 2 gg respectively) were tested for static and cyclic loading with different maximum loads, but
equal R-ratio. The loading was applied via constant end-moments with the same amplitude but
opposite directions, i.e. pure mode I. The crack propagation is measured from pictures taken at
different cycle intervals. A list of observations from the experiments is presented below.

• Contrary to previous findings [12], the stitching density was found to affect the cyclic
(fatigue) fracture properties of the DCBs. More specifically, the tested DCB specimens
with constant stitching density (6 gg) are more fracture-resistant under cyclic loading than
those with alternating stitching density (2 gg- 6 gg).

• The stitching density is found to have an effect on the intersection of the crack growth rate
curve, which is expressed by the Paris’ constant C. Little to no dependency is found on the
slope described by the constant n.

• A curve relating to the crack growth rate and ∆J has been derived. This curve can be
directly applied in the design and/or repair of composite structures subject to cyclic load.

• The length of the FPZ increases with the number of cycles for all of the cases.
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