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a b s t r a c t

A dyadic algorithm for diagonalizing an arbitrary positive definite band matrix, referred
to as a band Gramian, is obtained to efficiently orthogonalize the B-splines. The
algorithm can be also used as a fast inversion method for a band Gramian characterized
by remarkable sparsity of the diagonalizing matrix. There are two versions of the
algorithm: the first one is more efficient and is applicable to a Toeplitz band Gramian
while the second one is more general, works with any Gramian matrix, but is more
computationally intensive. In the context of the B-splines, these two cases result in
new symmetric orthogonalization procedures and correspond to equally and arbitrarily
spaced knots, respectively. In the algorithm, the sparsity of a band Gramian is utilized
to produce a natural dyadic net of orthogonal splines, rather than a sequence of
them. Such a net is thus naturally referred to as a splinet. The splinets exploit ‘‘near-
orthogonalization’’ of the B-splines and feature locality expressed through a small
size of the total support set and computational efficiency that is a result of a small
number of inner product evaluations needed for their construction. These and other
efficiencies are formally quantified by upper bounds and asymptotic rates with respect
to the number of splines in a splinet. An additional assessment is provided through
numerical experiments. They suggest that the theoretical bounds are rather conservative
and the method is even more efficient than the bounds indicate. The dyadic net-like
structures and the locality bear some resemblance to wavelets but in fact, the splinets
are fundamentally different because they do not aim at capturing the resolution scales.
The orthogonalization method together with efficient spline algebra and calculus has
been implemented in R-package Splinets available on CRAN.
© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC

BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Efficient diagonalization of a positive definite matrix, i.e. a Gramian, is an important computational problem that
rises in applied mathematics and statistics. For example, if one diagonalizes a Gramian by a diagonalization matrix,
he symmetrization of the latter becomes the inverse of the Gramian. Computing such an inverse is useful, for example,
n the optimization algorithms involving the Gaussian likelihoods with the inverse of covariance matrix, also known as
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Table 1
Comparison of the total support sizes for different spline bases with equally spaced knots. A symmetric ON
(orthonormal) basis is obtained through two-sided orthogonalization of Section 4, a PO splinet is obtained by stopping
the main orthogonalization algorithm when the error becomes negligible.
Spline basis type B-splines Gram–Schmidt Symmetric ON Splinet PO splinet

Relative support size 2 n/2 n/4 log n/ log 2 const
Orthogonalization No Yes Yes Yes Approx.

the precision matrix, as a parameter. In certain contexts, for example moving average models, compact/final support
convolutions, or Markovian spatial models, the covariance matrix is zero outside a relatively narrow band around the
diagonal. Such band matrices arise also in numerical solutions of spatial stochastic differential equations, see [1], where
the local dependence of a Markovian type is often explored, see [2]. For these reasons, it is of interest to investigate the
band structure to improve the efficiency of the diagonalization, spectral decomposition, and inversion of the Gramians,
see [3]. The special case of the band-Gramians are the Toeplitz band-matrices and diagonalization (factorization) of such
matrices has been tackled in the past, see [4]. It is shown that the algorithm proposed in this work is particularly efficient
for the Toeplitz band-matrices, we even hypothesize that the algorithm is optimal although a formal proof is not available.
This hypothesis extends to a general non-negative definite band-matrix although the complexity of it is of a significantly
higher order than the one in the Toeplitz case.

The diagonalization of a Gramian is equivalent to the orthogonalization of a finite sequence of vectors in a unitary
pace. Various orthogonal spline bases have been proposed in the past. However, they have been considered from a purely
heoretical perspective, mostly aiming at approximating various mathematically constructed polynomial bases. In [5], an
rthogonal basis has been considered through the Gram–Schmidt method to approximate the Legendre polynomials. The
ame polynomials basis is approximated by a different orthogonal basis in [6] that are obtained as eigenfunctions of
certain self-adjoint operator. The construction can be reformulated by using the singular value decomposition of the
ram matrix for B-splines. The theme of the Lagrange-like orthogonal bases are continued to be popular also in more
ecent contributions, see [7,8]. The Gram–Schmidt method applied for the B-splines was proposed in [9,10] and most
ecently [11]. An orthonormal basis for a space of uniform periodic splines is given in [12] as a linear combination of B-
plines with complex exponential weights. These basis functions converge to orthonormal Fourier functions. While these
ases are of interest for obvious mathematical reasons, they are not convenient in applications and, for this reason, another
uasi-orthogonal basis based on B-splines have been proposed in [13] targeting the least-squares fit of digital images. All

these approaches to building orthogonality from the B-splines have been losing the most characteristic features of the
B-splines, namely, the small sizes of their support sets, which, for example in the equidistant case, are inverse proportional
to the size of the basis.

If one considers a linear space of splines for which the B-splines constitute the most popular basis, the matrix made of
heir inner products is a band-Gramian. Aiming at efficient orthogonalization of the B-splines, given their knots, a dyadic
lgorithm is defined that diagonalizes an arbitrary band-Gramian. Although the obtained algorithm is independent of
he spline orthogonalization problem, the geometric interpretation of B-splines helps to devise the method and then
o intuitively explain the main ideas behind it. One of the main advantages of the B-splines is their locality, i.e. their
upports are small and compact, [14,15]. However, the B-splines bases are not orthogonal, which adds a computational
urden when they are used to decompose a function. This may be not a problem if a single or a small number of functions
s considered but in the context of massive functional data, when one wishes for efficient decomposition of hundreds or,
erhaps, thousands of functions, the efficiency of the orthogonal bases becomes highly desirable. The orthogonalization
an be performed in different ways leading to different orthogonal spline (O-splines) bases, see [9–11]. We propose a new
rthogonalization method which is argued to be the most appropriate for the purpose. The method treats one-sided and
wo-sided orthogonalization discussed in [9] as a basic building block but applies it locally, in the ‘self-similar manner’.
he resulting orthogonal basis is naturally presented in the form of a dyadic structure, which spreads a net of splines
ather than a sequence of them and we coin the term splinet to emphasize the network-like structure.

It should be emphasized that although the increasing support over different layers in the dyadic structure of a splinet,
esembles a similar feature in the wavelets, the construction does not aim at capturing the resolution effect that is
undamental for wavelets, see [16,17]. It should be mentioned that orthogonalizing splines, the B-splines in particular,
o obtain scaling and refinement has a long tradition in signal processing, see [18]. The splinets, however, target only the
ocality and thus differ from those constructions aiming at the wavelets-like resolution features, see [19].

A splinet preserves most from the original structure of the B-splines, in particular, the locality of elements of the basis
s only slightly increased compared with the underlying B-splines. Namely, it is shown that if the number of knots is
, then the total support size of the B-splines is of the order O(1) with respect to n, while the corresponding splinet
as the total support size of the order of O(log n) which is only slightly bigger. In contrast, the previously discussed
rthogonal bases have the total support size of the order O(n). Moreover, by allowing some practically negligible errors
n the orthonormalization, one can even achieve the rate O(1) and thus match the locality rate of the original B-splines.
e summarize these findings in Table 1. The locality properties have been effectively used in the developed R-package

plinets, where the support of the splines is taken into account in the implementation of the spline algebra, see [20].
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We conclude by pointing out two applications in which the orthogonality and the locality properties make the splinets
convenient and efficient tool. Functional data analysis is arguably the area in which the benefits of an orthogonal basis
re most evident. Here, one deals with the decomposition of a large number of functional data into vectors of coefficients
hich can be computationally demanding and thus orthogonality of the basis simplifies the task significantly. In [21,22], a
ew method of the spline basis selection was proposed that used a data-driven knot selection for increasing the efficiency
f a basis in representing the data at hand. Approximating solutions to a differential equation is another area of potential
pplication. For example, in the orthogonal spline collocation method, see [23], the B-splines have led to a linear equation
hat is computationally attractive due to a convenient block-diagonal structure of the coefficient matrix, see [11,24].
nvestigating the performance of the splinets in this context is an interesting research topic given that the orthogonality
ould result in efficiency gains when decomposing an input to the considered differential equation.
The organization of the material in this work is as follows. We start in Section 2 by showing the structure of the matrix

hat diagonalizes efficiently a band matrix and which is the main output of the proposed method. Then, in Section 3, a
rief account of the B-spline bases establishes notation and two rather standard B-spline orthogonalizations are presented,
ased on the Gram–Schmidt method. In Section 4, we introduce symmetric orthogonalization that is used in our approach
nd for which we could not find any suitable reference in the existing work. This is followed by the construction of
he splinets, presented in Section 5, which we deem the central contribution of this work. There we also formulate our
pproach in an arbitrary linear space equipped with an inner-product, discuss generic algorithms in this setting and relate
hem to the problem of sparse diagonalization and inversion of the band matrices. In Section 6, we demonstrate efficiencies
f the new method and show an upper bound for the non-zero entries outside the diagonal of the diagonalization matrix.
echnical results and details on the main dyadic algorithm in the inner product space formulation are placed in the
Appendix.

. Orthogonalization and inversion of band matrices

One of the benefits of considering B-spline orthogonalization in parallel with the diagonalization of a Gramian is the
ossibility to geometrically visualize the problem and devise its solution by geometric arguments. For this reason, we
eep spline orthogonalization and Gramian diagonalization ‘entangled’ throughout the paper. In what follows, we present
ow orthogonalization leads to diagonalization and even inversion of a Gramian. The orthogonalization problem can be
ormulated as a search for a d × d matrix P such that for the B-splines Bj, j = 1, . . . , d the following equations

OBi =

d∑
j=1

PjiBj, i = 1, . . . , d

defines elements of an orthogonal and normalized basis. The Gramian H for the B-splines has non-zero terms only on
he 2k − 1-diagonals symmetrically placed above and below the main diagonal, i.e. it is a band matrix. For such H, our
lgorithm defines, as does any orthogonalization procedure, a matrix P such that

I = P⊤HP. (1)

The sparsity of P is one of the benefits of the method. To illustrate this feature, a representative example of P is shown
n Fig. 1. In the example, we consider the equidistant knots case, which yields a symmetric Toeplitz (diagonal-constant)
atrix H with the bandwidth equal to seven. In Fig. 1 (left) one observes that most of the matrix entries are zeros.
dditionally to the strict sparsity, most of the non-zero entries that lie further from the (anti-)diagonal are negligible. It
s clearly seen in Fig. 1 (right), where the actual values are represented by colors with the white color marking the values
ero or ‘near’ zero.
It follows from (1) that

P⊤H = P−1, H−1
= PP⊤.

Since P is sparse (as seen in Fig. 1), in the algorithm only non-zero or even non-negligible terms need to be evaluated.
Moreover, due to a fractal-like structure of non-zero entries in the diagonalization matrix, the matrix product PP⊤

omputes efficiently even for high dimensions. Thus the proposed method can be used for fast, possibly optimal, inversion
f a band Gramian.

. Basics on the B-splines

In this work, we consider splines of the smoothness order K that at both the endpoints of the domain have all
erivatives of the order smaller than K equal to zero. The knots are represented by an n+2 dimensional vector of ordered
alues ξ = (ξ0, . . . , ξn+1), where n ≥ K . We note the dimension of the splines with the imposed boundary conditions is
n+1)(K +1)−2K −nK = n+1−K and the counts are made as follows: there are n+1 intervals with polynomials having
+ 1 coefficients, from which one subtracts 2K due to initial conditions and nK accounting for continuity conditions at

he n internal knots.
3
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Fig. 1. The diagonalization matrix for the case of a symmetric Toeplitz 1533 × 1533 matrix with 7 non-zero diagonals, left: the full matrix P, the
entries are raised to power 0.001 to show clearly all non-zero entries; right: most of the off-diagonal terms are negligible as seen in the central
50 × 50 submatrix of P, where the colors represent the actual values of the entries.

The B-splines are defined through recurrence on the smoothness order. Namely, once the B-splines of a certain order
are defined, then the B-splines of the next order are easily expressed by their ‘less one’ order counterparts. In the process,
the number of the splines decreases by one and the number of the initial conditions increases by one at each endpoint.
We keep the notation Bξ

l,k, for the lth B-spline of the order k, l = 0, . . . , n−k. For the zero order splines, the B-spline basis
is made of indicator functions Bξ

l,0 = I(ξl,ξl+1], l = 0, . . . n, for the total of n + 1-elements and zero initial conditions.
Suppose now that we have defined Bξ

l,k−1, l = 0, . . . , n − k + 1. The B-splines of order k are defined, for l = 0, . . . , n − k,
by

Bξ

l,k(x) =
x − ξl

ξl+k − ξl
Bξ

l,k−1(x) +
ξl+1+k − x

ξl+1+k − ξl+1
Bξ

l+1,k−1(x).

The recurrent structure of the support sets is as follows. For zero order splines, the support of Bξ

l,0 is clearly [ξl, ξl+1],
l = 0, . . . , n. If the supports of Bξ

l,k−1’s are [ξl, ξl+k], l = 0, . . . , n − k − 1, then the support of Bξ

l,k is the joint support of
Bξ

l,k−1 and Bξ

l+1,k−1, which is [ξl, ξl+1+k], l = 0, . . . , n−k. Thus the B-splines sport small sizes of the support sets, which are
also disjoint except for the ‘nearest’ neighbors. Any first-order B-spline is built over two neighboring intervals defined
by knots and its support is not disjoint only to one neighbor on the right and one on the left. This extends to any order,
i.e. the kth order splines have the support sets over k+ 3 subsequent knots that overlap with the k predecessors and the
k successors.

In the analysis of massive functional data such as images or genetics data, it is convenient and efficient to work with
orthonormal bases. Fourier, wavelets, or other mathematically convenient bases have been used for the purpose. The
B-splines, despite being local, are not orthogonal, while, due to the freedom of the knot selection, they are more flexible
than other functional bases. In the past, certain orthogonalizations of the B-splines have been discussed in the literature,
ee [9,10], and an R-package for the purpose has been developed, [25]. In [26], the orthogonalization of periodic splines
as been solved in an analytical form, while another orthonormalization was discussed in [10]. A method of constructing
rthogonal splines that has a slightly smaller total support has been proposed through the so-called symmetric O-splines

in [9].

One-sided orthogonalization

This method is simply the Gram–Schmidt (GS) orthogonalization applied to the ordered B-splines. One starts with
either the furthest left or the furthest right B-spline and then recursively orthogonalizes the subsequent B-splines toward
the opposite end. The two versions of this orthogonalization can be referred to as the right-to-left GS and the left-to-right
GS, respectively, and they are implemented in [25]. A computationally efficient approach to one-sided orthogonalization
is proposed in [27] and applied in [10]. In the context of Gramian diagonalization, the matrix P in (1) is triangular. In
4
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order to invert the Gramian, one needs to evaluate the matrix product PP⊥ and the triangular structure can be utilized
o reduce the number of multiplications and additions needed for the process.

wo-sided orthogonalization

The one-sided (Gram–Schmidt) method has some clear disadvantages. Firstly, the total support of the basis elements is
ncreasing at each step of the orthogonalization. Secondly, the natural symmetry of B-splines is lost. Indeed, the O-splines
on the two opposite sides of the interval [ξ0, ξn+1] have different sizes of their supports, the ones from the side where
the orthogonalization started have small support while the ones on the side where the orthogonalization concludes have
their supports stretching over the entire interval. In [10], the method was modified to obtain the so-called two-sided
O-splines. They are obtained by using the one-sided orthogonalizations on each of the two halves of the knots, the one
made of those starting from the left-hand-side (LHS) and the other one made of those starting from the right-hand-side
(RHS). There are also several splines at the center that have the support sets on both sides of the central point which
also need to be orthogonalized. The result has two advantages, firstly, it produces a smaller total support of the obtained
O-splines, secondly, it has the natural symmetry around the center. The actual details of the approach have not been
presented in the literature. Since we use this method in certain steps of our construction, we give a detailed account of
it in the next section. Here we just describe the key steps:

Step 1: Choose a central point inside the interval.

Step 2: Perform the left-to-right GS orthogonalization over the LHS knots and the right-to-left GS orthogonalization over
the RHS knots. We do not orthogonalize yet those B-spline at the central knots which have the supports overlapping
with both the LHS ones and the RHS ones.

Step 3: The central group of unorthogonalized yet B-splines has the supports including the central point and their number
depends on the considered order of the splines. These are orthogonalized using a modification of the GS method
that preserves the natural symmetry around the central point.

If the knots are not equidistant, it is not obvious how to choose the central point in Step 1 resulting in the minimal
support size. However, it can be formally argued that the best is to take the central point around the midpoint of the total
range. Alternatively, if one measures the size of the support by the number of the knots it contains, the median value
determined by the knots is the optimal choice for the central point. Once the central point, say ξ , is determined one can
consider two one-sided orthogonalization. The left-to-right orthogonalization for all B-splines with the support contained
in [ξ0, ξ ] and the right-to-left orthogonalization for those that have the support contained in [ξ, ξn+1]. The resulting two
sets of O-splines are also jointly orthogonal. In Fig. 2 (bottom), they are seen as the first two O-splines at each end. The
orthogonalization of the remaining splines at the center (in Fig. 2, these are the three splines at the center) is discussed
in the next section.

We would like to point out that for the diagonalization problem, the two-sided orthogonalization leads to a matrix
P that is made of two (nearly) triangular blocks. Consequently, comparing to the one-sided orthogonalization, there are
further computational ‘savings’ in evaluating the Gramian inverse through PP⊤.

4. Symmetric orthogonalization

In this section, we propose a novel general method of symmetric orthogonalization that applies to vectors in an
arbitrary space with an inner product. It is based on the following geometric result that is also used to perform Step 3
of the two-sided approach. Implementation of this proposition is shown in Algorithm 1 and its geometric interpretation
is shown in Fig. 3.

Proposition 1. Let S be a symmetry operator (S2 = I) on a linear space and let x be linearly independent of y = Sx. If

x̃ =
1

√
2

(
x + y

∥x + y∥
+

x − y
∥x − y∥

)
, ỹ =

1
√
2

(
x + y

∥x + y∥
−

x − y
∥x − y∥

)
,

hen x̃ and ỹ are orthonormal and symmetric, i.e. ⟨x̃, ỹ⟩ = 0 and Sx̃ = ỹ.

The proof of this proposition is presented in the Appendix together with the proofs of other results of this section.

emark 1. The above method is equivalent to the two-vector version of the Löwdin symmetric orthogonalization,
ee [28].
5
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(

Algorithm 1: Symmetrized orthonormalization (in R-language)

1 #INPUT: vectors as two columns in ‘x ’ , the vectors are assumed to be NORMALIZED , the i r inner product
i s in ‘h ’ ;

2 #OUTPUT: symmetrically orthonormalized column vectors in ‘ res ’ ;
3 symo=function (x , h) {
4 # x : 2 columns matrix contains coe f f i c i en t s w. r . t . a cer ta in bas is
5 # h: the inner product of the two vectors
6 a1=(1 / sqrt (1+h)+1 / sqrt (1−h) ) / 2; a2=(1 / sqrt (1+h)−1/ sqrt (1−h) ) /2
7 res=x
8 res [ , 1 ] = a1∗x [ ,1 ]+ a2∗x [ , 2 ] ; res [ , 2 ] = a2∗x [ ,1 ]+ a1∗x [ , 2 ]
9 return ( res )
0 }

Fig. 2. The third order O-splines. Top: one-sided left-to-right, ten knots; Bottom: two-sided, eleven knots; in the left column, equally spaced knots;
in the right column, irregularly spaced knots.

The central splines in the two-sided orthogonalization, say si, i = 1, . . . , r , are now handled as follows. The first pair
s1, sr ) is first orthogonalized with respect to the LHS and RHS ones obtained in Step 2, leading to, say, (x1, xr ). This pair,
in turn, is orthogonalized using the above symmetric orthogonalization and then added to the LHS and RHS O-splines.
This is repeated with every (si, sr−i+1) until either no B-spline is left (r is even) or there is one central B-spline left (r is
odd). In the latter case, we simply orthogonalize it with respect to all the previous O-splines. In Fig. 2 (bottom), we see
the resulting central O-splines with their support extending over the entire [ξ0, ξm+1]. The procedure is referred to as the
symmetrized Gram–Schmidt orthogonalization, is mathematically justified in what follows, and is presented in Algorithm 2.

Remark 2. The mirror reflection with respect to the midpoint of the interval, say S, is a natural symmetry for splines
spanned over equally spaced knots. We note that S2 = I and S∗

= S.
6
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Fig. 3. Geometric interpretation of Proposition 1. The symmetric orthogonalization with respect to the reflection to the axis marked by the dotted
ine.

The input is a sequence of pairs (xi, yi)ni=1 that are symmetric with respect to a symmetry operator S, i.e. Sxi = yi.
or the construction to preserve the symmetry, additionally to S2 = I , it is required that S is self-adjoint, i.e. S∗

= S.
his additional condition, self-adjointness, is only satisfied for equidistant knots thus the following orthogonalization
esults in symmetric pairs of splines only in that case. However, the orthonormalization procedure itself can be still
erformed leading to visually balanced O-splines as seen in Fig. 2 (bottom-right). However, the symmetry property does

not seem strictly interpretable when the knots are not spaced symmetrically around the midpoint. Similarly to the regular
GS method and the symmetric orthogonalization presented above, the construction is generic, in the sense that it does
not require vectors to be splines. The outcome of the procedure is a set of pairs (x̃i, ỹi), i = 1, . . . , n for which, in the case
of self-adjoint S, ỹi = Sx̃i. For k = 1, . . . , n, Pk stands for the orthogonal projection to the linear span of {(xi, yi)}ki=1.

To implement this orthogonalization we utilize the GS method, i.e. for any sequence z = (zi)ni=1 of linearly independent
vectors let y = gs(z) be a sequence of the orthonormal vectors obtained by application of the GS method to z. The next
result combines GS orthogonalization with the pairwise symmetrization discussed above to produce the symmetrized GS
orthogonalization. It is formulated so that gs and Algorithm 1 can be directly utilized in numerical implementations given
in Algorithm 2.

Proposition 2. Consider x = (xi)2ki=1 and define xR and xL through

(xL1, x
L
2k, x

L
2, x

L
2k−1, . . . , x

L
k, x

L
k+1) = gs(x1, x2k, x2, x2k−1, . . . , xk, xk+1),

(xR2k, x
R
1, x

R
2k−1, x

R
2, . . . , x

R
k+1, x

R
k) = gs(x2k, x1, x2k−1, x2, . . . , xk+1, xk).

Define y = (yi)2ki=1 so that (yi, y2k−i+1) is obtained from (xLi , x
R
2k−i+1) by the orthonormalization described in Proposition 1. Then

(1) y has orthogonal terms,
(2) (yi, y2k−i+1) are orthogonal to {xj, x2k−j+1, j < i},
(3) {xj, xn−j+1, j ≤ i} is spanned by {yj, y2k−j+1, j ≤ i},
(4) if Sxi = x2k−i+1, i = 1, . . . , k, for a certain self-adjoint symmetry operator S, then also Syi = y2k−i+1.

Corollary 1. Consider x = (xi)2k+1
i=1 . Define xR and xL through

(xL1, x
L
2k+1, . . . , x

L
k, x

L
k+2, x

L
k+1) = gs(x1, x2k+1 . . . , xk, xk+2, xk+1),

(xR2k+1, x
R
1, x

R
2k, x

R
2, . . . , x

R
k+2, x

R
k) = gs(x2k+1, x1, x2k, x2, . . . , xk+2, xk).
7
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Further, let (yi)2k+1
i=1,i̸=k+1 be defined using Proposition 2 for (xi)2k+1

i=1,i̸=k+1 and let yi+1 = xLk+1. Then y = (yi)2k+1
i=1 satisfies

(1) orthogonal terms (yi, y2k−i+2) are also orthogonal to {xj, x2k−j+2, j < i},
(2) {xj, xn−j+2, j ≤ i} are spanned by {yj, y2k−j+2, j ≤ i},
(3) if Sxi = x2k−i+2, i = 1, . . . , k, and Sxk+1 = xk+1, for a self-adjoint symmetry operator S, then Syi = y2k−i+2, i = 1, . . . , k,

and Syk+1 = yk+1.

Algorithm 2: Symmetrized Gram–Schmidt orthonormalization (in R-language)

1 #INPUT: ‘A ’ − columnwise matrix representation of the input vectors ; ‘H’ − Gram matrix of the inner
products of these vectors ;

2 #OUTPUT: ‘B ’ − columnwise matrix representation of the symmetric GS orthonormalization of the vectors
represented by ‘A ’ ;

3
4 sgs= function (A ,H) {
5 n=dim(H) [1 ] ; p= f loor (n/ 2) # the numbers of vectors and pairs
6 B=A; BR=matrix (0 , ncol=2∗p , nrow=n) ; HR=rb (0 , ncol=2∗p , nrow=2∗p)
7 J =c (2∗ (1 :p)−1,2∗ (1 :p) ) ; K=c (n : ( n−p+1) ,1 :p)
8 BR [ , J ]=A[ ,K ] ; HR[ J , J ]=H[K , K]
9
0 BL=matrix (0 , ncol=n , nrow=n) ; HL=matrix (0 , ncol=n , nrow=n)
1 J =c ( J , n) ; K=c (1:p , n : ( n−p+1) ,p+1)
2 BL [ , J ]=A[ ,K ] ; HL[ J , J ]=H[K , K]
3
4 BL=gs (BL , HL) ; BR=gs (BR ,HR) # the Gram−−Schmidt method
5
6 B [ , p+1]=BL [ , n] # the center for the odd case
7
8 for ( i in 1:p) { # symmetrization
9 X=cbind (BL [ ,2∗ i −1] , BR[ ,2∗ i −1])
0 h=(X[ , 1 ]%∗% H %∗%X[ ,2 , drop=F ] ) [1 ,1 ]
1 B [ , c ( i , n−i +1) ]=symo(X , h)
2 }
3 return (B)
4 }

Although it was not emphasized in our discussion, all the orthogonalized outputs have been also normalized. This is
spelled out explicitly in the algorithms by using the term ‘orthonormalization’ in their descriptions.

The following definition proves useful in reducing the notational burden.

Definition 1. Let x = (x1, . . . , xm) have linearly independent components belonging to an inner product space and
= (y1, . . . , ym) have orthonormalized components obtained from x by orthogonalization described in Proposition 2 and
orollary 1, augmented by the normalization of the orthogonal outcome. This transformation

y = G (x) (2)

an be also interpreted as a mapping P :
∑m

i=1 αixi ↦→
∑m

i=1 αiyi, i.e. a change of basis transformation.

Remark 3. Let A =
[
aij
]
be such that xi =

∑p
j=1 aijej, for a certain basis E = {ei, i = 1, . . . p}. Then the transformation P

connects with the output B in Algorithm 2 through

yi =

p∑
j=1

bijej = Pxi =

p∑
j=1

aijPej =

p∑
j=1

p∑
r=1

airprjej,

i.e. the matrix representation of P in the basis E satisfies B = AP.

5. The splinets — structured orthogonalization

Our novel B-spline orthogonalization approach has advantages over the existing methods by giving overall small
support of the basis and sporting an elegant symmetry. The term O-spline has been used loosely in the past to any
orthogonal family of splines. In what follows, we will use the term splinet specifically to the set of O-splines obtained
by our method. To emphasize that our starting point is the B-splines, the orthogonal splines of a splinet are referred to
as the OB-splines.
8
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In some aspects, splinets resemble wavelets. In particular, we have a parallel concept to resolution scales that is
etermined by the number of in-between knots intervals holding the support of an individual spline. However, we refer
o them as the support levels since they do not represent different resolution scales, as clearly seen in all the graphs of
plinets presented in this work. This makes the splinets fundamentally different from the wavelets.
The symmetric GS orthogonalization aimed at reduction of the size of the total support for the elements of the basis

hile at the same time preserving symmetry features. The symmetry is shared by the splinets but, additionally, they also
ignificantly reduce the support size. The construction benefits from rearranging the knots, the in-between knots intervals,
nd then the B-splines into a dyadic structure as described next.

yadic structures

For the B-splines of order k, the case of the number of the internal knots equal to n = k2N
− 1 is referred to as the full

yadic case.
First, we bind every k adjacent B-Splines into a group called a k-tuplet

Bi = (Bξ

ik,k, . . . , B
ξ

(i+1)k−1,k), i = 0, . . . , 2N
− 2. (3)

he total number of k-tuplets is 2N
− 1. Fig. 4 shows an example of the dyadic structure for splines of order three.

emark 4. Binding k adjacent B-splines together is not the only option to build a dyadic structure. Other approaches, for
xample considering only singleton B-splines instead of tuplets, are possible as well. They would also lead to efficiency

in the orthogonalization as long as dyadic orthogonalization is performed. However, we found that our choice leads to an
elegant structure reflecting naturally the order of splines.

The lowest support level is l = 0 and consists of 2N−1 neighboring tuplets that are not intersecting. These smallest
support intervals are denoted by Ir,0, r = 1, . . . , 2N−1, i.e. we consider Ir,0 = (ξ2k(r−1), ξ2kr ], with the central knot ξ2kr−k
in each Ir,0.

For larger support levels, denote the support interval l ≤ N − 1 by Ir,l = (ξ L
r,l, ξ

R
r,l], r = 1, . . . , 2N−l−1, where ξ L

r,l is
the LHS knot of the r th support interval at the level l and ξ R

r,l is the RHS knot of this interval. We have ξ L
r,0 = ξ2k(r−1),

ξ C
r,0 = ξ2kr−k, ξ R

r,0 = ξ2kr . The support interval at the level l + 1 is obtained by merging the two neighboring intervals
Ir,l, i.e. Ir,l+1 = (ξ L

2r−1,l, ξ
R
2r,l], r = 1, . . . , 2N−l−2 with the central point ξ C

r,l+1 = ξ R
2r−1,l = ξ L

2r,l so that ξ L
r,l = ξ2k(r−1)2l ,

ξ C
r,l = ξ(2kr−k)2l , and ξ R

r,l = ξ(2kr)2l . We proceed like this until we obtain the single interval I1,N−1 = (ξ0, ξk2N ] of the support
level l = N − 1 (top) with ξ C

1,N−1 = ξk2N−1 .
We place the original sequence of B-splines in the dyadic structure of the k-tuplets over the so defined dyadic structure

of supports. The dyadic net (pyramid-like) of k-tuplets having N rows is given by

B =
{
Bi,l, i = 1, . . . , 2N−l−1, l = 0, . . . ,N − 1

}
.

The dyadic algorithm

Orthogonalization of B-splines is performed using recursion implemented in Algorithm 3. In the recursion step, we
consider a dyadic structure of splines B̄, with N̄ levels and start with defining the GS symmetric orthonormalization of
the k-tuplets in the bottom row in this structure, i.e. OBi,0 = G

(
B̄i,0
)
, i = 1, . . . 2N̄−1, where G is defined in (2). The bottom

row output becomes

R
(
B
) def

=
(
OBi,0

)2N̄−1

i=1 .

Further, we orthogonalize a k-tuplet at level l with respect to the pairs of the orthonormalized k-tuplets at the level
zero (bottom) according to

D
(
B̄i,l
)

=

=

(
B̄s
i,l −

k∑
m=1

(⟨̄
Bs
i,l,OB

m
ril,0

⟩
OBm

ril,0+
⟨̄
Bs
i,l,OB

m
ril+1,0

⟩
OBm

ril+1,0

))k

s=1

, (4)

where ril = 2l(2i − 1) and i = 1, . . . , 2N̄−l−1, l = 1, . . . , N̄ − 1, and the superscript in Bs (OBs) refers to the B-spline
OB-spline) number s in a single k-tuplet, s = 1, . . . , k. We define an operation that orthogonalizes, with respect to R(B̄ ),
ll the rows of the dyadic structure that are above the bottom row

D
(
B̄
)

=

(
D
(
B̄i,l
)
, i = 1, . . . , 2N̄−l−1, l = 1, . . . , N̄ − 1

)
. (5)

For a given B̄, Algorithm 3 returns the pair(
D
(
B̄
)
,R

(
B̄
))

.

9
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d

T

Fig. 4. The dyadic structure of the support sets and cubic B-splines, the case of N = 3, i.e. n = 23. On the horizontal axis, by alternating solid and
ashed lines, the support sets structure for the three support levels are marked.

he dyadic structure D(B̄) has one row less than B̄ while R(B̄) is made of the orthogonalized splines located at the bottom
row of B̄.

This recursion is applied in Algorithm 4 to a decreasing sequence of the dyadic structures Bl, l = 0, . . . ,N − 1 until
only one support level is left in the final structure. Namely, we start by defining PO0 = (B0,OB0) = (D (B) ,R (B)). We
treat OB0 as the bottom row of a dyadic structure PO0 with N-rows that is partially orthogonalized. Assume that we
have defined OBl and Bl, and thus POl, for l, 0 ≤ l < N − 1. We then define POl+1 = (Bl+1,OBl+1) through

OBl+1 = (R (Bl) ,OBl) ,

Bl+1 = D (Bl) ,
(6)

so that OBl+1 contains l + 2 bottom rows of an orthogonalized dyadic structure, while Bl+1 is a dyadic structure with
N − l − 2 rows with splines not yet orthogonalized within themselves but orthogonal to OBl+1.

The recurrence stops at the moment when

OS = OB = R B ,OB
N−1 ( ( N−2) N−2)

10
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Algorithm 3: Recursive step B̄ ↦→ (D(B̄ ),R(B̄ )) = (B̃,OB).

Input: Dyadic structure of the k-tuplets,

B̄ =

{
B̄i,l, l = 0, . . . , N̄ − 1, i = 1, . . . , 2N̄−l−1

}
.

Output:
1. Dyadic structure of the k-tuplets

B̃ =

{̃
Bi,l, l = 0, . . . , N̄ − 2, i = 1, . . . , 2N̄−l−1

}
that is orthogonalization of

{
B̄i,l, l = 1, . . . , N̄ − 1, i = 1, . . . , 2N̄−l−1

}
with respect to B̄i,0, i = 1, . . . , 2N̄−1;

2. Symmetric orthonormalization
OB =

(
OBi,0, i = 1, . . . , 2N̄−1

)
of the k-tuplets in the bottom row of B̄.

Step 1. Using symmetric orthonormalization (2) obtain

OBi,0 = G
(
B̄i,0
)
, i = 1, . . . , 2N̄−1

;

Step 2. For each k-tuplet B̄i,l, l = 1, . . . , N̄ − 1, i = 1, . . . , 2N̄−l−1, orthogonalize its entries with respect to
OBi,0, i = 1, . . . , 2N̄−1 using (4) to obtain for l = 0, . . . , N̄ − 2 and i = 1, . . . , 2N̄−l−2:

B̃i,l = D(B̄i,l−1).

Algorithm 4: Dyadic algorithm.

Input: ξ = (ξ0, ξ1, . . . , ξn, ξn+1) – knots, k – the order of B-splines.

Output: Splinet with the dyadic structure of the k-tuplets OS = {OBi,l, l = 0, ...,N − 1, i = 1, ..., 2N−l−1
},

where l is a support level and i is the index of tuplets at level l.

Step 1. Generate the B-splines spread over ξ and group them into the k-tuplets Bi, i = 0, . . . , 2N
− 2 as in (3);

Step 2. Rearrange the k-tuplets to a dyadic net B made of the k-tuples Bi,l, where l = 0, . . . ,N − 1 is a support
level and i = 1, . . . , 2N−l−1;

Step 3.
for l = 0, . . . ,N − 1 do

(B,OB) := (D(B),R(B))
Add OB as the lth row in OS ;

end for

is defined. In this step D (BN−2) is not performed since BN−2 is made of one row with one k-tuple in it. The outcome from
he algorithm becomes the splinet OS. In Fig. 5, we see the splinet obtained by an application of the dyadic algorithms
o the B-splines presented in Fig. 4.

emark 5. The recursion on the decreasing sequence of dyadic structures does not need to be continued all the way
ntil the top-level final structure is reached. If the algorithm is stopped earlier and we end up with OBl and Bl, then
he following is true

• OBl is made of l + 1 levels counted from the bottom of orthogonalized splines;
• Bl is orthogonal to OBl and constitutes a dyadic but not yet orthogonalized structure made of N − l − 1-levels;
• The k-tuplets within each level are orthogonal one to another.

he k-tuplets at different levels in Bl are not yet normalized and the splines within a k-tuplets are not orthogonalized
etween themselves. It turns out, that after few iterations the splines residing at different levels in Bl are nearly
rthogonal, see the next section, Proposition 4 and Table 2. Consequently, the algorithm can stop after several iterations,
11
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Fig. 5. The construction of a splinet of the 3rd order for the dyadic, equispaced knots, and N = 3 case. The hierarchical with respect to support
range orthogonalization was performed on the B-splines shown in Fig. 4 and presented here by dashed lines.

say l. After normalization within each k-tuplet of Bl, the obtained structure OBl+1,Bl constitutes an approximation to the
splinet.

The inner product space setting

Before generalizing the dyadic algorithm to a non-dyadic case, we recast it in a generic setting. The Gram matrix of a
set of B-splines has the structure of a band matrix, i.e. a sparse matrix in which the nonzero elements are located in a band
about the main diagonal with the bandwidth m = 2k − 1. Thus orthogonalization of B-splines can be re-branded as the
diagonalization of a band Gram matrix as discussed in Section 1. In this setting, we consider a set of linearly independent
vectors X = {xr , r = 1, . . . , d} that are represented in a certain basis E as columns of a matrix A. The actual nature of
this basis is irrelevant but to simplify settings let X = E and thus A = Id. Let H = [⟨xr , xs⟩]

d,d
r=1,s=1 and assume that it is

a band matrix with the bandwidth equal to 2k − 1 and d = k(2N
− 1), N ≥ 1. Our target is the transformation X ↦→ Y

such that Y coincides with the splinet obtained in the previous section. We define an algorithm that transforms (A,H)
into the matrix B that is the representation of Y in E . Assuming that A = I , the matrix B is the change of basis in X that
d

12
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Table 2
Comparison between the norm of the error in a splinet for one, two, three
iterations of Step 3 in Algorithm 4. The norm of the error for just three
iterations is by any count negligible.

Number of iterations ∥ϵ
j
1,·∥

2
∥ϵ

j
2,·∥

2
∥ϵ

j
3,·∥

2

j = 1 2.90e−06 1.43e−05 6.60e−06
j = 2 1.71e−09 7.21e−09 3.50e−09
j = 3 1.78e−16 5.29e−16 1.94e−16

Algorithm 5: Generic Hilbert space dyadic algorithm for band Gram matrices

Input: A band Gram matrix H, with bandwidth 2k − 1

Output: B, d × d matrix such that Id = BHB⊤

Ã := Id; H̃ := H; I := (1, . . . , d);

for l from 0 to N − 1 do

(Ā, H̄) := D(H̃I,I,N − l);

Ã·,I := Ã·,I Ā; , H̃I,I := H̄;

I := (Ir)r /∈{2l(2i−1)k−k+j,j=1,....k,i=1,...,2N−l−1};

end for

B = Ã;

diagonalize H, i.e.

yr =

d∑
s=1

Bsrxs

nd Id = B⊤HB. An example of the matrix B for the 1533 × 1533 Gram matrix for the third-order B-splines with equally
paced knots (the case of N = 9 and k = 3) was shown in Fig. 1.
Following the recursion presented in the previous section, our algorithm is utilizing the following scheme

(A = Id,H) ↦→ (A0,H0) ↦→ . . . (AN−1,HN−1) = (B, Id). (7)

The key recursion step is

(Ā, H̄) = D(H̃, Ñ),

where H̃ is a band d̃× d̃ matrix with d̃ = k(2Ñ
− 1) and the band width 2k− 1. This function represents Algorithm 3 and

is explained next, while all technical details are given in the Appendix.
Let B̄i be the k × k output from Algorithm 2 with the input Ik and H̃i:

H̃i = H̃k,k
(2i−2)k,(2i−2)k,

where H̃t.u
r,s = [hr+i,s+j]

t,u
i=1,j=1.

We define the columns of Ā with indexes in J = ((2i − 1)k − k + j)j=1,....k,i=1,...,2Ñ−1 through

Āk,k
(2i−2)k,(2i−2)k = B̄i,

and zero everywhere else. We set columns and rows of H̄ with indexes in J :

H̄k,k
(2i−2)k,(2i−2)k = Ik

and zero everywhere else. This step corresponds to the symmetric GS orthonormalization of the ‘lowest’ level in the dyadic
structure.

The remaining columns of Ā and corresponding entries of H̄ are obtained through the orthogonalization with respect
to the vectors from the ‘lowest’ level. If we delete from the matrix Ā the columns with indices in J , the resulting matrix
Ā0 has the dimension d̄ × d̄, where d̄ = k(2Ñ−1

− 1). The corresponding d̄ × d̄ submatrix of H̄ (obtained by removing
columns and rows with indices in J ) say H̄0, is the Gram matrix for the vectors represented in Ā0. It is again a band
matrix. The scheme (7) is explicitly presented in Algorithm 5.
13
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Algorithm 6: General splinet algorithm.

Input: ξ = (ξ0, ξ1, . . . , ξn, ξn+1) – knots, k – order.

Output: Splinet OS of the kth-order built over ξ.

Step 1. Given the input knots ξ and order k, generate B-splines Bi, i = 1, 2, ..., n − k + 1, and calculate the Gram
matrix H;
Step 2. Extend H to the augmented Gram matrix, H̃ through (8), and by Proposition 3 obtain P =

[
Pji
]n−k+1
j,i=1 ;

Step 3. Obtain the splinet, OS , by orthogonalizing the B-splines {Bi}
n−k+1
i=1 through

OBi =

n−k+1∑
j=1

PjiBj, i = 1, . . . , n − k + 1.

A general splinet algorithm

We close this section with an extension of the algorithm to an arbitrary, not necessary dyadic, number of knots.
non-dyadic case differs from a dyadic one in that it does not have a sufficient number of knots to feel completely a
yadic structure. Our approach is to cleverly complete the original Gramian H to one that does have the dyadic structure
nd then to run the fundamental dyadic algorithm as before. Then extract from the output the ones corresponding to the
rthogonalization of the original splinet. The details follow.
For an order k and a number of knots n, let N = ⌈log ((n + 1)/k) / log 2⌉ so that k2N−1

−1 < n ≤ k2N
−1. The main idea

f a general algorithm is simply embedding them×m Grammatrix H,m = n+1−k of the B-splines into a dyadic d×d band
atrix H̃, d = k(2N

−1) and the bandwidth 2k−1. Further, let nU =

⌊
(d−m)/2

⌋
=

⌊
(k2N

−n−1)/2
⌋
, nD = k2N

−n−1−nU ,

nd define a band matrix H̃ =
[
H̃ij
]d
i,j=1 through

H̃ij =

⎧⎨⎩
1 : i = j, i ≤ nU or i > d − nD,

Hi′j′ : i = nU + i′, j = nU + j′, i′, j′ = 1, . . . , n + 1 − k,
0 : otherwise.

(8)

roposition 3. Let an n dimensional band matrix, H, with bandwidth k be embedded into H̃ as defined in (8) and P̃ be the
output from Algorithm 5 applied to H̃. Then for P = P̃d−nD,d−nD

nU+1,nU+1:

Im = P⊤HP.

Proof. The vectors corresponding to the first nU and last nD columns of the augmented Gram matrix H̃ are referred to as
the superfluous vectors and the remaining ones as the regular vectors. The augmented Gram matrix H̃ is a block diagonal
matrix, with the blocks corresponding to the part of superfluous vectors being the identity matrices. Consequently, all the
superfluous vectors are orthogonal to each other as well as to all original vectors. Let i ∈ {nU + 1, . . . , nD}. We show that
the column vector P̃·i has zeros for the coordinates below nU + 1 and above nD.

Let j ≤ nU or j > nD. All vectors are grouped into the k-tuplets. Let us consider first those in Ã·,J at the lowest support
evel l = 0 and apply Algorithm 5 to those k-tuplets. The index j corresponds to a vector from a k-tuplet and there are two
ossible situations: either k-tuplet is entirely made of regular vectors or it contains both types of vectors. In the first case,
ji = 0 since all superfluous vectors are already orthogonal to the regular vectors. In the second case, given Proposition 1,
lgorithm 1, Proposition 2 and Corollary 1, the symmetric GS orthogonalization leaves the superfluous vectors unchanged
nd thus again P̃ji = 0.
Let us now consider i that corresponds to a column in Ã·,J at the level l > 0. If j corresponds to a superfluous vector

ocated at the level lower than the lth one, then P̃ji = 0 since the recurrent procedure in Algorithm 5 makes vectors at
he given level orthogonal to the ones below. Moreover, if i indexes a vector that belongs to a k-tuple made entirely of
he regular vectors, then these vectors are still orthogonal to all superfluous vectors implying Pji = 0. Thus the only case
ot yet considered is when i indexes a vector in an k-tuple that is made of both superfluous and transformed regular
ectors. However, the transformed regular vectors remain orthogonal to all superfluous vectors and the symmetric GS
rthogonalization does not change it, so again Pji = 0.

Algorithm 6 shows the structure of the approach and in Fig. 6, an orthonormal splinet of the order k = 3, with n = 90
on-equidistant knots (88 basis functions) is shown.
14
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6

Fig. 6. A non-dyadic splinet of the 3rd order for 90 knots and with 88 basis functions. The vertical lines are set at the knot locations.

. Efficiency of the splinets

The near orthogonality of the B-splines stands behind the computational efficiencies of the splinets. The dyadic net,
by its telescoping structure, allows for containment of the growth of the support in the process of orthogonalization. For
clarity of the presentation, we restrict ourselves to discussing the fully dyadic case.

Locality

It is easy to notice that the first-order B-splines have the total support approximately twice the size of the knot range
and thus is knot-location independent. On the other hand, the size of the total support of the constructed first-order
splinets is always equal to N −1 multiplied by the knot range and also does not depend on locations of the knots. Indeed,
on each support level, the total support of constructed splinets covers the whole range of knots and the conclusion follows
from the fact that there are N−1 support levels. The ratio of the total support size of a basis over the range of the domain
is referred to as the relative support of this basis. We conclude that the relative support of the splinet is on the order of
log n.

For the one and two-sided symmetric orthogonalizations, the total relative support depends on the location of the
knots. For the equally spaced one-sided case, it is equal to 2N−1

(
1 + 2−N

(
1 − 21−N

))
. This follows from the fact that,

in the one-sided orthogonalization, the relative supports of subsequent elements in the basis are 2/(n + 1), 3/(n +

1), . . . , n/(n + 1), 1, where n = 2N
− 1. For the two-sided symmetric orthogonalization and the equal spaced knots
15
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case, the relative support is 2N−2
(
1 − 21−N

(
1 + 21−N

))
, since if one applies one-sided orthogonalization from both sides

until the midpoint of the interval, then it yields two sets of the splines with the individual relative support sequence
2/(n+1), 3/(n+1), . . . , (n−1)/2/(n+1) and one needs also to account for the final spline in the center with the relative
support equal to one.

Thus while the two-sided orthogonalization is asymptotically 50% more efficient than the one-sided one, both are on
the order of n = 2N

− 1 while the splinet’s support is on the order of log(n + 1) − 1 = N − 1. We conclude the splinets
are substantially more efficient in the terms of the support size and only slightly worse than the non-orthogonalized
B-splines which have the total relative support 2/(1 + n−1) = 2(1 − 2−N ). The above results for the first-order splinets
can be generalized to an arbitrary order. Indeed, there are N = (log(n+1)− log k)/ log 2 levels and at each level, the total
upport of the splinet is always equal to k times the range of knots.
If the orthogonalization recurrent step (Step 3 of Algorithm 4) is stopped at some sufficiently large l = 0, . . . ,N − 1,

then the resulting partially orthonormal basis is obtained as

OS l =
(
B̃l,OBl

)
, (9)

where OBl consists of the first l rows of a complete orthogonalization of the B-splines as described in (6). This part has the
total support size lk times the range of knots. Moreover, B̃l is obtained from D(Bl−1) given through (6) by normalization
nd by having N − l − 1 rows symmetrically orthonormalized through G applied to each k-tuplet in D(Bl−1). It is easy to
otice that B̃l has the total support not bigger than the top row of OBl, i.e. k times the range of knots. Thus we have the
ollowing result.

roposition 4. The splinet defined over a dyadic set of knots (ξ0, . . . , ξn+1), where n = k2N
− 1 for N ≥ 0 has the relative

otal support size k log n+1
k /log 2. Moreover, the partially orthonormalized splinet OS l given in (9) has the relative total support

size no bigger than k(l + 1).

In Algorithm 4, after few iterations of Step 3, the change in the form of splines is negligible — they become, for all
practical reasons, orthogonal. In the Appendix, we give an analytical result that formally bounds the rate of error that
is rapidly decreasing, see Proposition 6. The result is obtained for the first-order and equally spaced splinet. Ideally,
to determine the stopping value l in a general case, some stronger analytical results of these sorts would be desirable.
However, the technicality of arguments increases with the smoothness order and with not equally spaced knots. Currently,
no such results are known.

Instead, we performed numerical studies which indicate that the errors diminish at least as fast as in the first-order
case of Proposition 6, thus this result could serve to provide a crude but still practical stopping rule. In the studies, we
consider a fully dyadic splinet of order k = 3 and with N = 5 that leads to (25

− 1)3 = 93 elements in the splinet. The
location of knots is generated at random.

Table 2 displays the norm of the error after the initial three iterations. The norm of the error measures the difference
between each spline OBi,· in splinet (full iterations) and with its corresponding spline B̃j

i,· resulting from a specific number
j of iterations of Step 3 in Algorithm 4, i.e. ∥ϵ

j
i,·∥

2
= ∥OBi,· − B̃j

i,·∥
2. We see that the third-order case produces an even

smaller error than the first-order case, thus Remark 6 in the Appendix can serve as a conservative and practical stopping
rule.

Computational efficiency

One can measure computational efficiency by counting the inner products one has to evaluate in the orthonormaliza-
tion process. For the generic GS orthogonalization of n vectors, one has to evaluate n(n − 1)/2 inner products. However,
in the case of the B-splines of the first-order, the GS-based one-sided orthogonalization has the number of evaluated
inner products reduced. This is because each next spline is orthogonalized only with respect to the previous one since all
the preceding ones are already orthogonalized due to the disjoint supports. Thus the total number of the evaluated inner
products is n − 1.

For a dyadic splinet of the first-order, the 2N−1 B-splines at the smallest support level are already orthogonalized. The
remaining 2N−1

− 1 splines over N − 1 rows have to be orthogonalized, each one of them with respect to two splines
from the bottom Nth row as in the first run of the loop in Step 4 of Algorithm 4. Thus one has to evaluate 2N

− 2 inner
products in the first run of the loop, then 2N−1

− 2 in the second and so on for each row in the dyadic structure until the
top row is reached. The total number of inner product evaluations is

∑N−1
j=1 2(2j

−1) = 2N
−2−2N, which is on the order

of n = 2N
− 1, i.e. asymptotically the same as in the GS for the B-splines although it is slightly better as it is reduced by

2 log(n+ 1)/ log 2. These linear asymptotic efficiencies are preserved for any order of the splines as presented in the next
result.

Proposition 5. Consider the dyadic structure case for the B-splines of order k. Then the one-sided orthogonalization requires
evaluation of

J1 = nk − 3k2
n /2 + k/2
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inner products, while the corresponding number for the splinet is

J2n =
5k − 1

4
n −

2k2

log 2
log(n + 1) +

9
4
k − 3k2 + 2k2

log k
log 2

.

Proof. For the GS based one-sided orthogonalization, say left-to-right, the first k + 1 splines require 0, 1, . . . , k inner
products, respectively. The remaining n− 2k requires k of inner products due to disjointness of the supports of B-splines.
The total count is thus (n − 2k)k + 1 + · · · + k = nk − 3k2/2 + k/2.

For a splinet, orthogonalization of each k-tuplet requires k(k−1)/2 inner products. Thus the bottom row in the dyadic
structure with N rows needs 2N−1k(k− 1)/2 inner products. There are 2N−1

− 1 k-tuplets above the bottom row that are
orthogonalized in the first run of the recurrence in Step 3 of Algorithm 4. Each of them needs to be orthogonalized only
with respect to two neighboring k-tuplets taken from the top row of the already orthogonalized portion of the dyadic
net of splines. Thus each of these not orthogonalized k-tuplets requires 2k2 inner products for the total 2k2(2N−1

− 1).
The total number of the inner products that is required at this step of the recurrence is

2N−1k(k − 1)/2 + 2k2(2N−1
− 1) = 2N−2 (5k2 − k

)
− 2k2.

In each run of the loop, the size of the dyadic structure is reduced by one, thus
N−1∑
j=1

(
2N−j−1 (5k2 − k

)
− 2k2

)
=

5k2 − k
2

N−1∑
j=1

2j
− 2(N − 1)k2

=
5k2 − k

2

(
2N−1

− 2
)
− 2(N − 1)k2 =

5k − 1
2

k2N−1
−
(
3k2 − k + 2Nk2

)
.

The final result follows from the relations k2N
= n + 1 and N = (log(n + 1) − log k)/ log 2. □

Appendix

Proofs

Proof (of Proposition 1). The symmetry is obvious and the orthogonality follows from

2⟨x̃, ỹ⟩ = 1 −
⟨x + y, x − y⟩

∥x + y∥∥x − y∥
+

⟨x + y, x − y⟩
∥x + y∥∥x − y∥

− 1 = 0.

The normalization follows from

∥x̃∥2
=

1
2

(
1

∥x + y∥2 +
1

∥x − y∥2 +
2

∥x + y∥∥x − y∥

)
∥x∥2

+
1
2

(
1

∥x + y∥2 +
1

∥x − y∥2 −
2

∥x + y∥∥x − y∥

)
∥y∥2

+

(
1

∥x + y∥2 −
1

∥x − y∥2

)
⟨x, y⟩

=
1 + ⟨x, y⟩
∥x + y∥2 +

1 − ⟨x, y⟩
∥x − y∥2 =

1
2

+
1
2

= 1. □

Proof (of Proposition 2). It follows from Proposition 1 that y1, y2k are orthogonal and span the same space as x1, x2k.
Moreover, Sy1 = y2k if Sx1 = x2k. We proceed using the mathematical induction.

Assume that for i < k all the claims about yj, yn−j+1, j ≤ i are true. It follows from the GS method that vectors in
the pair (xLi+1, x

R
2k−i) are orthogonal to xj, xn−j+1, j ≤ i, and thus the same holds for (yi+1, y2k−i). Since, by the induction

tep, xj, xn−j+1, j ≤ i are spanned by yj, yn−j+1, j ≤ i, we conclude that yi+1 and y2k−i are orthogonal to yj, yn−j+1, j ≤ i.
roposition 1 guarantees that they are also orthogonal to each other and normalized. It follows also that yi+1 and y2k−i
pan xi+1 and x2k−i and thus xj, xn−j+1, j ≤ i + 1 are spanned by yj, yn−j+1, j ≤ i + 1.
If Sxj = x2k−j+1, j ≤ 2k, then SxLi+1 = xR2k−i. Indeed, x

L
i+1 is orthogonalized with respect to vectors in {xj, xn−j+1, j ≤ i} =

{Sxn−j+1, Sxj, j ≤ i} and thus with respect to vectors in {yj, yn−j+1, j ≤ i} = {Syn−j+1, Syj, j ≤ i} by the induction assumption.
Since ⟨Sx, Sy⟩ = ⟨x, y⟩ for each x and y, SxLi+1 is orthonormalization of xn−i = Sxi+1, with respect to {xj, xn−j+1, j ≤ i}. The
GS orthonormalization uniquely defines xR2k−i through these conditions so that we have SxLi+1 = xR2k−i. Consequently, by
Proposition 1, Sy = y . □
i+1 2k−i
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Proof (of Corollary 1). All except Syk+1 = yk+1 follows from Proposition 2. We can assume that (yi)2k+1
i=1,i̸=k+1 is normalized.

Let P project to these vectors. It is enough to show that for each x such that Sx = x we have SPx = PSx = Px. This follows
from

SPx =

k∑
i=1

(⟨yi, x⟩Syi + ⟨y2k−i+2, x⟩Sy2k−i+2) =

k∑
i=1

(⟨yi, Sx⟩y2k−i+2 + ⟨y2k−i+2, Sx⟩yi)

=

k∑
i=1

(
⟨S∗yi, x⟩y2k−i+2 + ⟨S∗y2k−i+2, x⟩yi

)
=

k∑
i=1

(⟨y2k−i+2, x⟩y2k−i+2 + ⟨yi, x⟩yi) = Px. □

Details of the dyadic algorithm

Here, we elaborate on the details of Algorithm 5. The only missing part is a full explanation of the output (Ā, H̄)
from D(H̃, Ñ). Since the part corresponding to the orthonormalization of the lowest level in the dyadic structure, i.e. the
columns in Ā·,J and submatrix H̄J ,J have been already defined, it remains to define the rest of the entries of Ā and H̄.

Let us define a vector of indices I made of all these in (1, . . . , d̃) that are not in J . The undefined entries of Ā
are the columns in Ā·,I . Consider a set of linearly independent vectors X̃ =

{
x̃r , r = 1, . . . , d̃

}
with a band Gram

matrix H̃ and x̃i,Ñ−1 =
{
x̃(2i−1)k−k+1, . . . , x̃(2i−1)k

}
, i = 1, . . . , 2Ñ−1. The columns Ā·,J represent the orthonormal vectors

yi,Ñ−1 = G(x̃i,Ñ−1), i = 1, . . . , 2Ñ−1 in the basis given by X̃ . Let Bi,Ñ−1 be the output from Algorithm 2 with the input Ik
and H̃i,Ñ−1, which is the Gram matrix for x̃i,Ñ−1, i.e.

H̃i,Ñ−1 = H̃k,k
(2i−2)k,(2i−2)k,

where H̃t.u
r,s = [h̃r+i,s+j]

t,u
i=1,j=1. Then Bi,N−1 represents yi,Ñ−1 in the basis x̃i,Ñ−1, i.e. for i = 1, . . . , 2Ñ−1, m = 1, . . . , k:

ym
i,Ñ−1

=

k∑
j=1

Bj,m
i,Ñ−1

x̃ji,N−1 =

k∑
j=1

Bj,m
i,Ñ−1

x̃(2i−2)k+j.

Next, we orthogonalize the vectors in {x̃i, i = 1, . . . , d}\
⋃2Ñ−1

i=1 x̃i,Ñ−1 with respect to the space spanned on the ‘lowest’

level vectors
⋃2Ñ−1

i=1 yi,Ñ−1. Namely, for i = 1, . . . , 2Ñ−1
− 1, l = 1, . . . , k:

x̄(2i−1)k+l = x̃(2i−1)k+l − (Pi + Pi+1) x̃(2i−1)k+l,

where Pi is projection to the space spanned by the k-tuplet yi,Ñ−1. We have

Pix̃(2i−1)k+l =

k∑
m=1

⟨ym
i,Ñ−1

, x̃(2i−1)k+l⟩ymi,Ñ−1

=

k∑
m=1

⎛⎝ k∑
j=1

Bj,m
i,Ñ−1

h̃(2i−2)k+j,(2i−1)k+l

⎞⎠ ym
i,Ñ−1

=

k∑
m=1

(
B⊤

i,Ñ−1
H̃k,k

(2i−2)k,(2i−1)k

)
m,l

k∑
j=1

Bj,m
i,Ñ−1

x̃(2i−2)k+j

=

k∑
j=1

k∑
m=1

(
B⊤

i,Ñ−1
H̃k,k

(2i−2)k,(2i−1)k

)
m,l

Bj,m
i,Ñ−1

x̃(2i−2)k+j

=

k∑
j=1

(
Bi,Ñ−1B

⊤

i,Ñ−1
H̃k,k

(2i−2)k,(2i−1)k

)
j,l
x̃(2i−2)k+j,

Pi+1x̃(2i−1)k+l =

k∑
m=1

⟨ym
i+1,Ñ−1

, x̃(2i−1)k+l⟩ymi+1,Ñ−1

=

k∑
m=1

⎛⎝ k∑
j=1

Bj,m
i+1,Ñ−1

h2ik+j,(2i−1)k+l

⎞⎠ k∑
j=1

Bj,m
i+1,Ñ−1

x̃2ik+j

=

k∑(
Bi+1,Ñ−1B

⊤

i+1,Ñ−1
H̃k,k

2ik,(2i−1)k

)
j,l
x̃2ik+j.
j=1
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w

T

Thus,

x̄(2i−1)k+l = −

k∑
j=1

(
Bi,Ñ−1B

⊤

i,Ñ−1
H̃k,k

(2i−2)k,(2i−1)k

)
j,l
x̃(2i−2)k+j

+ x̃(2i−1)k+l −

k∑
j=1

(
Bi+1,Ñ−1B

⊤

i+1,Ñ−1
H̃k,k

2ik,(2i−1)k

)
j,l
x̃2ik+j.

To express the matrix representation of x̄(2i−1)k+l’s in the basis X̃ , we define columns in Ā·,k
·,(2i−1)k through

Āk,k
(2i−2)k,(2i−1)k = −Bi,Ñ−1B

⊤

i,Ñ−1
H̃k,k

(2i−2)k,(2i−1)k,

Ā,k
2ik−1,(2i−1)k = Ik,

Āk,k
2ik,(2i−1)k = −Bi+1,Ñ−1B

⊤

i+1,Ñ−1
H̃k,k

2ik,(2i−1)k,

and zero everywhere else. This defines Ā·,I and thus also Ā.
It remains to define H̄I,I , which is done through

H̄I,I =
(
Ā·,I

)⊤ H̃Ā·,I .

A bound for the orthonormalization error

The following results for the first-order splinet is an example of an analytical result that justifies stopping iterations
in Algorithm 4 before reaching the full orthogonality.

Proposition 6. Let B be a dyadic splinet of the first-order and OB be the corresponding splinet. Let OBl = {OBi,l, i =

1, . . . , 2N−l−1
}, l = 0, . . . ,N −1 and Bl = {B̃j,r , j = 1, . . . , 2N−r−1, r > l}, be the normalized B-splines at support levels above

l orthogonalized with respect to OBl obtained in the lth iteration of Step 3 of Algorithm 4. Then the splines OBi,l+1 and B̃i,l+1
satisfy

∥OBi,l+1 − B̃i,l+1∥
2
2 =

4h2
l

1 +

√
1 − 2h2

l

≤
8(4 −

√
14)

a2

( a
4

)2l+1

,

here h0 = 1/4, hl+1 = −(22/2
− 2−1)h2

l /(1 − h2
l ), l ≥ 0, a = 8(2

√
2 − 1)/15 ≈ 0.9751611. For r > l, we have

∥OBi,r − B̃i,r∥2 ≤
2
√
2(4 −

√
14)

a

( a
4

)2l r−l−1∑
s=0

( a
4

)2s
.

The proof of the result turns out to be quite technical and requires some auxiliary lemmas. In what follows, a first-
order spline G with its knots at (0, . . . ,m + 1) is identified by the corresponding values (g0, . . . , gm+1) and G̃ is the
symmetric reflection of G over the same knots represented by (gm+1, . . . , g0). Further, S(G) and I0(G) are splines over
(−(m + 1), . . . , 0, . . . ,m + 1) represented by the values (gm+1, . . . , g1, g0, g1, . . . , gm+1) and (g0, g1, . . . , gm+1, 0, . . . , 0),
respectively.

Lemma 1. Let G0 have two knots, at zero and at one with corresponding values
√
3/2 and 0. With the above definitions of

S and I0 define recurrently a sequence of splines

Gl+1 =
I0(Gl) −

√
2
2 ⟨Gl, G̃l⟩S(Gl)√

1 − ⟨Gl, G̃l⟩
2

. (10)

hen, for a = 8(2
√
2 − 1)/15 and l ≥ 0, we have ∥S(Gl)∥ = 1 and

⟨Gl+1, G̃l+1⟩ = −
2
√
2 − 1
2

⟨Gl, G̃l⟩
2

1 − ⟨Gl, G̃l⟩
2

≤
1
a

( a
4

)2l+1

. (11)

Proof. It follows directly from the definitions that

∥I (G )∥2
= ∥G ∥

2
= ∥S(G )∥2/2, ⟨I (G ), S(G )⟩ = ⟨G , G̃ ⟩.
0 l 2 l 2 l 0 l l l l
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The inner product of (a−d)x+d and (c−b)x+b, x ∈ [0, 1] is (db+ac)/3+(dc+ab)/6, thus ∥S(G0)∥2
= 2∥G0∥

2
= 2×

1
3
3
2 = 1.

Assume that ∥S(Gk)∥2
= 1 for k ≤ l, then we have the following orthogonal decomposition of I0(Gl):

I0(Gl) =

√
2
2

⟨Gl, G̃l⟩S(Gl) + I0(Gl) −

√
2
2

⟨Gl, G̃l⟩S(Gl),

o thatI0(Gl) −

√
2
2

⟨Gl, G̃l⟩S(Gl)


2

2

=
1
2

(
1 − ⟨Gl, G̃l⟩

2
)

,

nd thus using (10), we obtain ∥S(Gl+1)∥2
2 = 2∥Gl+1∥

2
2 = 2 ×

1
2 = 1.

To show (11), we note

⟨Gl+1, G̃l+1⟩ =
⟨I0(Gl), Ĩ0(Gl)⟩ −

√
2⟨Gl, G̃l⟩⟨S(Gl), Ĩ0(Gl)⟩ +

1
2 ⟨Gl, G̃l⟩

2
∥S(Gl)∥2

1 − ⟨Gl, G̃l⟩
2

=
−

√
2⟨Gl, G̃l⟩

2
+

1
2 ⟨Gl, G̃l⟩

2

1 − ⟨Gl, G̃l⟩
2

= (−
√
2 + 1/2)

⟨Gl, G̃l⟩
2

1 − ⟨Gl, G̃l⟩
2

and ⟨G0, G̃0⟩ = 1/4. The sequence |⟨Gl, G̃l⟩| is thus decreasing since

|⟨G1, G̃1⟩| =
2
√
2 − 1
2

1
15

< 1/4.

Because x/(1 − x) is increasing, if |⟨Gl−1, G̃l−1⟩| ≤ |⟨Gl, G̃l⟩|, then

|⟨Gl+1, G̃l+1⟩| =
2
√
2 − 1
2

⟨Gl, G̃l⟩
2

1 − ⟨Gl, G̃l⟩
2

≤
2
√
2 − 1
2

⟨Gl−1, G̃l−1⟩
2

1 − ⟨Gl−1, G̃l−1⟩
2

= |⟨Gl, G̃l⟩|.

Thus for all l ≥ 0:

|⟨Gl+1, G̃l+1⟩| =
2
√
2 − 1
2

⟨Gl, G̃l⟩
2

1 − ⟨Gl, G̃l⟩
2

≤ 8
2
√
2 − 1
15

⟨Gl, G̃l⟩
2. (12)

The bound in (11), for l = 1, comes from

⟨G1, G̃1⟩ = −
2
√
2 − 1
2

⟨G0, G̃0⟩
2

1 − ⟨G0, G̃0⟩
2

= −
2
√
2 − 1
2

1
15

= −
a
16

.

Let us assume that (11) holds for l < k. Then, by (12),

|⟨Gk, G̃k⟩| ≤ a⟨Gk−1, G̃k−1⟩
2

≤ a
(
1
a

( a
4

)2k−1)2

=
1
a

( a
4

)2k
.

emma 2. Under the notation of Proposition 6 and the previous lemma:

OBi,l(t) = 2lS(Gl)
(
22l (t − 2l−N (2i − 1)

))
,

B̃j,r (t) = 2lS(Gl)
(
22l (t − 2r−N (2j − 1)

))
,

⟨OBi,l, B̃j,r⟩ =

{
⟨Gl, G̃l⟩; |2r (2j − 1) − 2l(2i − 1)| = 2l,

0; otherwise.

roof. From the discussion in Section 5, it is clear that OBi,l(t) is non-zero only over [ξ L
i,l, ξ

R
i,l] with the center point ξ C

i,l.
The change of variables u = 22l

(
t − 2l−N (2i − 1)

)
leads∫ ξRi,l

ξ Li,l

OB2
i,l(t) dt =

∫ 2l

−2l
S(Gl)2(u) du = ∥S(Gl)∥2

2 = 1.

The formula for the inner product follows by the same change of variables. □

Proof (Proposition 6). Let us note that

˜ 2 ˜
∥OBi,l+1 − Bi,l+1∥2 = 2(1 − ⟨OBi,l+1, Bi,l+1⟩).
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Further, the orthogonal decomposition in (5) yields

B̃i,l+1 =

(
B̃i,l+1 − ⟨B̃ri,l+1,OBri,l⟩OBri,l − ⟨B̃j

i,l+1,OBri+1,l⟩OBri+1,l

)
+ ⟨B̃i,l+1,OBri,l⟩OBri,l + ⟨B̃i,l+1,OBri+1,l⟩OBri+1,l,

where ri = 2(2i − 1). ThusB̃i,l+1 − ⟨B̃i,l+1,OBri,l⟩OBri,l − ⟨B̃i,l+1,OBri+1,l⟩OBri+1,l

2
2

= 1 − 2⟨B̃i,l+1,OBri,l⟩
2,

OBi,l+1 =
B̃i,l+1 − ⟨B̃i,l+1,OBri,l⟩OBri,l − ⟨B̃i,l+1,OBri+1,l⟩OBri+1,l√

1 − 2⟨B̃i,l+1,OBri,l⟩
2

.

This leads to

⟨OBi,l+1, B̃i,l+1⟩ =
1 − ⟨B̃i,l+1,OBri,l⟩

2
− ⟨B̃i,l+1,OBri+1,l⟩

2√
1 − 2⟨B̃i,l+1,OBri,l⟩

2

=

√
1 − 2⟨B̃i,l+1,OBri,l⟩

2.

Using Lemma 2 and Lemma 1, we obtain

⟨OBi,l+1, B̃i,l+1⟩ =

√
1 − 2⟨B̃j

i,l+1,OB
j
ri,l

⟩2 =

√
1 − 2⟨Gl, G̃l⟩

2,

∥OBi,l+1 − B̃i,l+1∥
2
2 = 2

(
1 −

√
1 − 2⟨Gl, G̃l⟩

2

)
=

4⟨Gl, G̃l⟩
2

1 +

√
1 − 2⟨Gl, G̃l⟩

2
.

Then the upper bound follows from (11).
For the case of arbitrary r > l, we have, by the triangle inequality,

∥OBi,r − B̃i,r∥2 ≤ ∥OBi,r − B̃r−1
i,r ∥2 + ∥B̃r−1

i,r − B̃r−2
i,r ∥2 + · · ·+

+ ∥B̃l+2
i,r − B̃l+1

i,r ∥2 + ∥Bl+1
i,r − B̃i,r∥2,

where B̃l+s
i,r , s = 1, . . . r − l − 1 denote the B-splines having the same shape as the orthonormalized splines OBi,l+s but

centered at the same knot as OBi,r and B̃i,r . By applying the first part of the result but to the level r , each term has the
bound for the level l + s instead for l yielding

∥OBi,r − B̃i,r∥2 ≤
2
√
2(4 −

√
14)

a

(( a
4

)2l
+

( a
4

)2l+1

+ · · · +

( a
4

)2r−1)
.

Remark 6. One can note that the approximation is improving rapidly with an increase of l due to the term (a/4)2
l
in

Proposition 6. Thus, it is natural to stop the iterations after a few steps, i.e. if we stop after the 3rd iteration, then this
term is 1.25e − 05 while after the 5th iteration it is 2.42e − 20. However, the total error of using the approximately
orthogonalized basis not only depends on the error due to each non-orthogonalized basis spline but also on the total
number of elements of the basis, i.e. on n. Thus, one should pre-determine the number of iterations through a uniform
level of accuracy. For this we note the following boundy −

l∑
r=0

2N−r−1∑
i=1

⟨y,OBi,r⟩OBi,r −

N−1∑
j=l+1

2N−j−1∑
i=1

⟨y, B̃i,j⟩B̃i,j


2

≤

≤

N−1∑
r=l+1

2N−r−1∑
i=1

(⏐⏐⟨y,OBi,r⟩
⏐⏐ OBi,r − B̃i,r


2
+

⏐⏐⏐⟨y,OBi,r − B̃i,r⟩

⏐⏐⏐) ≤

≤ 2∥y∥2

N−1∑
r=l+1

2N−r−1∑
i=1

OBi,r − B̃i,r


2

≤

≤
2N+1

√
2(4 −

√
14)

a

( a
4

)2l N−1∑ ∑r−l−1
s=0

( a
4

)2s
2r+1 ∥y∥2.
r=l+1
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