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Preface

This thesis is submitted in partial fulfilment of the requirements for the Danish Ph.D. de-
gree. The research was undertaken at the former Department of Civil Engineering (the De-
partment of Civil andMechanical Engineering as of the 1st ofMarch 2022) at the Technical
University of Denmark (DTU) and the engineering consultancy Ramboll Denmark A/S,
Structures & Facade Engineering, Buildings, Specialised Engineering (place of employ-
ment), between January 2019 and March 2022. The COVID-19 pandemic and the result-
ing lockdown of the society, including the Danish universities, caused a project extension
of three months. The project was supervised at DTU by Associate Professor Jens Henrik
Nielsen. Chief Specialist Søren Peter Kristensen and Senior Chief Consultant Hans Exner
were the supervisors from Ramboll Denmark A/S, together with Rasmus N. W. Eriksen
from the engineering consultancy IDTCE ApS. Part of the work was carried out during
an external research stay, from February to April 2021, at the Technical University of
Darmstadt in Germany, Institute of Structural Mechanics and Design (ISM+D), under the
supervision of Professor Dr.-Ing. Jens Schneider.

The industrial Ph.D. project was jointly funded by the Innovation Fund Denmark (IFD)
[grant No. 8053-00088B], Rambøll Fonden [grant No. 2018-51], and Ramboll Denmark
A/S. For the construction of the experimental setup employed in the project, additional
funding was given by Rambøll Fonden [grant No. 2019-090], the laboratories at DTU
Civil Engineering, and the manufacturer of the setup AVOS A/S by Anders Vølund.

The thesis by publication at hand is divided into two parts. The first part introduces the
research field, highlights the significant findings, and provides an overview of the work
along with a discussion. The second part is a collection of three scientific papers, which
constitute the basis of this work and present the research in greater detail.

Kgs. Lyngby, 31 March 2022 Martin Jensen Meyland
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Abstract

Glass has been known to humanity for thousands of years and is considered one of themost
important materials that have enabled the development of modern society. Widely used
in construction, it often constitutes a significant part of buildings’ facade, where it allows
for daylight and views while protecting the occupants against the weather. In extreme
events, such as blast loading, the exterior glazing can also offer the first line of defence
if the design is accordingly, e.g. using a laminated glass design. Although bombings
in urban areas are rare, it has been shown that the consequences can be disastrous if the
glazing design is not resistant to blast loading. However, it is challenging for engineers to
quantify this resistance at such high loading rates. An essential parameter to assess in this
regard is glass strength.

Glass is a linear elastic, brittle material that fails suddenly and rapidly once its resistance
is exceeded. The glass strength depends on the load duration and rate of loading due to
sub-critical crack growth. The present thesis investigates the tensile strength and stiffness
(Young’s modulus) of glass at loading rates relevant to blast loading. Furthermore, and ap-
plication of these mechanical material properties in the simulation of glass fracture under
blast loading using the explicit Finite Element Method (FEM) is presented.

State-of-the-art knowledge about the dynamic fatigue behaviour of soda-lime-silica glass
has been obtained through a comprehensive literature review. The review revealed that
the tensile strength significantly increases with increasing strain rate, while a very lim-
ited amount of data characterise the glass at the extremes of strain rates. Furthermore, a
good agreement between the experimental data and most load duration factors defined by
various national and international Standards for glass was observed.

To investigate glass at high strain rates, a novel experimental setup was designed and built,
which is a modification of the well-known Split-Hopkinson Pressure Bar (SHPB). The
modifications enabled high-speed cameras for fracture assessment and non-contact opti-
cal full-field deflection measurements using the Stereo Digital Image Correlation (Stereo-
DIC) technique in a ring-on-ring bend test configuration. The high strain ratematerial char-
acterisation at 48 s−1 (∝ 4.3 ·106MPa s−1) included annealed float glass and also thermally
tempered glass to study the effect of residual stresses. A significant strength enhancement
was ascertained compared to a quasi-static strain rate, while the residual stresses did not af-
fect the glass’ strain rate sensitivity. Also, the glass strength showed an expected increase
with increasing residual compressive surface stress. The performed Stereo-DIC deflection
measurements did not find a strain rate sensitivity in the glass’ Young’s modulus.

The gained mechanical properties of the glass at high strain rates formed the basis to de-
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Abstract

velop a rate-dependent progressive material damage model for explicit FEM. The focus
was on a simple implementation, practicable for general engineering practice, using the
element deletion technique to simulate the dynamic fracture of large-sized, thin-walled
monolithic glass panes under blast loading. Global quantities such as a glass pane’s load-
bearing capacity and post-fracture response were predicted and compared to results from
blast tests found in the literature.

Keywords Structural glass, Material characterisation, Dynamic fatigue, High strain rates,
Split-Hopkinson Pressure Bar, Blast loading, Numerical modelling
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Resumé

Glas har været kendt af menneskeheden i tusindvis af år og anses for at være et af de vig-
tigste materialer, der har muliggjort udviklingen af det moderne samfund. Det bruges i vid
udstrækning i byggeriet og udgør oftest en væsentlig del af bygningers facader, hvor det
muliggør indtrængen af dagslys og udsigt til omgivelserne, samtidig med at det beskytter
brugerne mod vejret. Ved ekstreme hændelser, såsom eksplosionsbelastninger, kan udven-
dige ruder også udgøre den første forsvarslinje, hvis designet er tilsvarende, f.eks. ved brug
af en lamineret glasopbygning. Selvom bombeangreb i byområder er sjældne, har det vist
sig, at konsekvenserne kan være katastrofale, hvis glasdesignet ikke er modstandsdygtigt
over for eksplosionsbelastningen. Det er dog en udfordring for ingeniører at kvantifice-
re denne modstandsdygtighed ved så høj en belastningshastighed. En vigtig parameter at
vurdere i denne sammenhæng er glassets styrke.

Glas er et lineært elastisk og sprødt materiale, der svigter pludseligt og hurtigt, når dets
styrke er overskredet. Glassets styrke afhænger af belastningens varighed og belastnings-
hastigheden på grund af subkritisk revnevækst. I denne afhandling undersøges glassets
trækstyrke og stivhed (elasticitetsmodul) ved belastningshastigheder, der er relevante for
eksplosionsbelastninger. Ydermere præsenteres anvendelsen af disse mekaniske materi-
aleegenskaber til simulering af glasbrud ved eksplosionsbelastning under anvendelse af
den eksplicitte elementmetode (FEM).

State-of-the-art viden om glassets dynamiske udmattelsesadfærd er blevet opnået ved hjæ-
lp af en omfattende litteraturgennemgang. Gennemgangen viste, at trækstyrken stiger be-
tydeligt med stigende tøjningshastighed, mens meget begrænsede mængder data er tilgæn-
gelige ved de ekstreme tøjningshastigheder. Desuden er der vist en god overensstemmelse
mellem de eksperimentelle data og de fleste koefficienter for belastningsvarigheden, der
er defineret i forskellige nationale og internationale glasnormer.

Til undersøgelse af glas ved høje tøjningshastigheder blev der designet og bygget en
ny eksperimentel opstilling, der er en modificering af den velkendte Split-Hopkinson-
Pressure-Bar (SHPB). Modifikationerne muliggjorde anvendelsen af højhastighedskame-
raer til vurdering af brud og kontaktfri optiske deformationsmålinger ved hjælp af Stereo-
Digital-Image-Correlation (Stereo-DIC) teknikken i en dobbeltring-testkonfiguration.Ma-
terialekarakteriseringen med høj tøjningshastighed ved 48 s−1 (∝ 4.3 ·106MPa s−1) omfat-
tede både udglødet floatglas og termisk hærdet glas for også at undersøge virkningen af
egenspændinger. Der blev konstateret en betydelig styrkeforøgelse sammenlignet med en
kvasi-statisk tøjningshastighed, mens egenspændingerne ikke påvirkede glassets følsom-
hed overfor tøjningshastigheden. Glasstyrken viste også en forventet stigning som følge af
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stigende trykegenspændinger i overfladen. De gennemførte Stereo-DIC-deformationsmålinger
fandt ikke en sensitivitet over for tøjningshastighed i glassets elasticitetsmodul.

De opnåede mekaniske egenskaber af glasset ved høje tøjningshastigheder dannede grund-
lag for udviklingen af en hastighedsafhængig progressiv materialeskademodel til eksplicit
FEM. Fokusset var på en simpel, i almindelig ingeniørpraksis gennemførlig implemente-
ring ved hjælp af “element deletion” teknikken til simulering af dynamisk brud af store,
tyndvæggede monolitiske glasruder udsat for eksplosionsbelastning. Globale størrelser
såsom glasrudens bæreevne og respons efter brud blev forudsagt og sammenlignet med
resultater fra eksplosionsforsøg fundet i litteraturen.

Nøgleord Strukturel glas,Materialekarakterisering, Dynamisk udmattelse, Høje tøjnings-
hastigheder, Split-Hopkinson Pressure Bar, Eksplosionsbelastning, Numerisk modellering
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Kurzfassung

Glas ist der Menschheit seit Tausenden von Jahren bekannt und gilt als eines der wich-
tigsten Materialien, die die Entwicklung der modernen Gesellschaft ermöglicht haben.
Im Bauwesen weit verbreitet, stellt es oft einen wesentlichen Teil der Gebäudefassade
dar, wo es Tageslicht und Ausblicke ermöglicht und gleichzeitig die Nutzer vor Witte-
rungseinflüssen schützt. Bei extremen Ereignissen, wie einer Explosionsbelastung, kann
die Außenverglasung auch die erste Verteidigungslinie bilden, sofern die Konstruktion
entsprechend ausgelegt ist, z. B. durch Verwendung eines Verbundglasaufbaus. Obwohl
Bombenanschläge in städtischen Gebieten selten sind, hat sich gezeigt, dass die Folgen
verheerend sein können, wenn die Verglasung nicht beständig gegen Explosionsbelastun-
gen ist. Für Ingenieure ist es jedoch eine Herausforderung, diese Widerstandsfähigkeit bei
derart hohen Belastungsraten zu quantifizieren. Ein wesentlicher Parameter, der in dieser
Hinsicht zu bewerten ist, ist die Glasfestigkeit.

Glas ist ein linear elastisches, sprödes Material, das plötzlich und schnell versagt, sobald
seine Festigkeit überschritten wird. Die Glasfestigkeit ist aufgrund des unterkritischen
Risswachstums von der Belastungsdauer und der Belastungsgeschwindigkeit abhängig.
In der vorliegenden Arbeit werden die Zugfestigkeit und die Steifigkeit (Elastizitätsmo-
dul) von Glas bei den für die Explosionsbeanspruchung relevanten Belastungsraten un-
tersucht. Darüber hinaus wird die Anwendung dieser mechanischen Materialeigenschaf-
ten bei der Simulation von Glasbruch unter Explosionsbeanspruchung mit der expliziten
Finite-Elemente-Methode (FEM) vorgestellt.

Der aktuelle Stand des Wissens über das dynamische Ermüdungsverhalten von Kalk-Na-
tron-Silikatglas (KNS) wurde durch eine umfassende Literaturrecherche zusammengetra-
gen. Die Recherche ergab, dass die Zugfestigkeit mit zunehmender Dehnungsrate deut-
lich ansteigt, während nur sehr wenige Daten das Glas bei den extremen Dehnungsraten
charakterisieren. Darüber hinaus wurde eine gute Übereinstimmung zwischen den experi-
mentellen Daten und den meisten in verschiedenen nationalen und internationalen Bemes-
sungsnormen für Glas festgelegten Belastungsdauerfaktoren festgestellt.

Um Glas bei hohen Dehnungsraten zu untersuchen, wurde ein neuartiger Versuchsaufbau
entworfen und gebaut, der eine Abwandlung des bekannten Split-Hopkinson-Pressure-
Bar (SHPB) ist. Die Modifikationen ermöglichten Hochgeschwindigkeitskameras für die
Bruchbeurteilung und berührungslose optischeVollfeld-Durchbiegungsmessungenmit der
Stereo-Digital-Image-Correlation (Stereo-DIC) Technik in einer Ring-auf-Ring-Biegever-
suchsanordnung. Die Materialcharakterisierung mit hoher Dehnungsrate bei 48 s−1 (∝
4.3 ·106MPa s−1) umfasste sowohl entspanntes Floatglas als auch thermisch vorgespann-
tes Glas, um die Auswirkungen von Eigenspannungen zu untersuchen. Im Vergleich zu ei-
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ner quasistatischen Dehnrate wurde eine wesentliche Erhöhung der Festigkeit festgestellt,
während die Eigenspannungen die Dehnratenempfindlichkeit des Glases nicht beeinfluss-
ten. Außerdem zeigte die Festigkeit des Glases einen erwarteten Anstieg mit zunehmender
Druckeigenspannung an der Oberfläche. Die durchgeführten Stereo-DIC-Durchbiegungs-
messungen ergaben keine Dehnratenempfindlichkeit des Elastizitätsmoduls des Glases.

Die gewonnenen mechanischen Eigenschaften des Glases bei hohen Dehnungsraten bilde-
ten dieGrundlage für die Entwicklung eines ratenabhängigen progressivenMaterialschädi-
gungsmodells für die explizite FEM.Der Schwerpunkt lag auf einermöglichst simplen, für
die allgemeine Ingenieurpraxis praktikablen Implementierung unter der Verwendung der
Elementlöschtechnik zur Simulation des dynamischen Bruchs von großformatigen, dünn-
wandigen monolithischen Glasscheiben unter Explosionsbeanspruchung. Globale Größen
wie die Tragfähigkeit einer Glasscheibe und das Verhalten nach dem Bruch wurden vor-
hergesagt und mit Ergebnissen aus Explosionsversuchen aus der Literatur verglichen.

Schlagwörter Konstruktiver Glasbau,Materialcharakterisierung, Dynamische Ermüdung,
Hohe Dehnungsraten, Split-Hopkinson Pressure Bar, Explosionsbeanspruchung, Numeri-
sche Modellierung
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1
Introduction

Glass as an independent material has been known to humanity for thousands of years.
The earliest developments in glass production can be dated back to ∼2500 BCE, having
originated in Mesopotamia and Syria (R 2012). The discovery of the glassblow-
ing pipe around 200 BCE in Syria revolutionised glass production and was the first step
to making flat glass out of blown cylindrical glass bodies that were cut up and ’ironed’
flat (P 1996). Further significant developments in the flat glass production were
made by the Roman glass-makers in the first half of the 1st century CE, who cast molten
glass on a flat slab of stone and spread it as much as possible (C 2019). Flat glass
production has undergone a long process of development ever since, leading to the float
process, which was commercially introduced by the Pilkington Brothers in 1959 and is
the most popular primary manufacturing process today (H et al. 2008). Every
year in Europe, 10 million tonnes of flat glass are produced, of which 80% are used in the
building industry (G E 2022).

Glass has proven to be one of themost important materials that enabled the development of
modern society. Therefore, in 2022, the material is internationally celebrated through the
UnitedNationsYear of Glass to face the challenges of building a sustainable society (IY G
2022). Due to glass’ manifold applications, it is a significant contributor, and within the
building industry, three of the seventeen Sustainable Development Goals (SDG) of the
United Nations can be addressed substantially (see Fig. 1.1).

Fig. 1.1 The three UN
Sustainable Development
Goals that are addressed
substantially by glass
applications in the building
industry.

Towards sustainable cities and communities (SDG 11), the flat glass industry is actively
developing new energy efficiency technologies for buildings, such as glass and glazing
units that can significantly reduce the need for heating and cooling, thereby reducing en-
ergy consumption and emission of carbon dioxide (IY G 2022). Also, glass is one of the
few materials that can be recycled infinitely, thus contributing to responsible consump-
tion and production (SDG 12). Throughout its life-cycle, it carries a minimal impact on
the environment because the manufacturing process uses a low quantity of water and pro-
duces little waste or other pollutants (G E 2022). However, glass requires
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energy to be produced but helps save a vast amount of energy in its main application, i.e.
in windows and buildings, again addressing the SDG 11. Lastly, glass plays a major role
in combating climate change due to its energy saving functions in buildings, therefore
further contributing to climate action (SDG 13).

Widely used in architecture for its practical application and appealing aesthetics, glass is
often included in the outer building envelope (the facade), bringing daylight into homes
and offices while at the same time protecting the occupants from weather, such as heat,
cold, snow, ice, wind and rain. In the future, climate change can cause weather events to
become more extreme (IPCC 2022). Apart from extreme weather events such as tornados
and hurricanes, other loads of an even more extreme character, such as blast loading, acci-
dental or man-made, can also be a hazard to buildings. In either case, the glass is subjected
to loads beyond the usual static load assumptions.

Unfortunately, during the last two decades, society worldwide has been faced increasingly
with terror-related bombings (START 2019). In Europe and nationally in Denmark, the
terrorist threat has recently been classified as significant (E 2021; CTA 2021). Al-
though explosion events in urban areas are rare, they can have disastrous consequences
when the load scenario is not accounted for in the glass design, e.g. typical for urban
houses where monolithic annealed glass constitutes a significant part of the installed win-
dows. Usually, the blast loading shatters the annealed glass into angular, jagged, irregular
fragments, resulting in a sudden and immediately high hazard to building occupants (see
Fig. 1.2). Historically, it has been shown that up to 80% of injuries from bomb explosions
were caused by flying glass shards (S 2001). Therefore, mitigating an explosion’s
effect is crucial, which demands detailed knowledge about the material response at the
rapid loading. Every window comes with some degree of resistance to blast loading, even
though it may be relatively small. The challenge for engineers lies in quantifying that
resistance and the loading that might be applied.

A fundamental parameter to assess in the prediction of glass failure is strength. The thesis
aims to provide an understanding of the mechanical properties of glass at loading rates
relevant to blast loading and give insights into the experimental high strain rate material
characterisation that has been developed and carried out to expand on the current level of
knowledge. In extension, to support computer-aided engineering, the further application
of the material characteristics to simulate glass fracture under blast loading is addressed.
The following three sections introduce the material glass and its application in buildings
(Sec. 1.1), deliver an understanding of extreme loading and blast effects on buildings
(Sec. 1.2), and summarise current research on blast resilient glazing and its importance
(Sec. 1.3). With a state-of-the-art understanding of the research challenges addressed, the
main research objectives of the thesis are defined (Sec. 1.4), and finally, the structure of
the thesis is outlined to provide a guide for the reader (Sec. 1.5).

1.1 Glass and its Application in Buildings
Glass has a widespread application in buildings. Usually considered an architectural fea-
ture included in building facades, it now also attracts increased attention from structural
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1.1. Glass and its Application in Buildings

Photo: William Van Hecke/Corbis News via Getty Images

(a) Brussels Airport, 22 March 2016.

Photo: Jens Dresling/Ritzau Scanpix

(b) Danish Tax Agency in Copenhagen, 6 August 2019.

Fig. 1.2 Examples of recent bombings in Europe where fractured annealed float glass in the fa-
cades constituted a significant part of the damage seen to the attacked buildings.
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engineers to use it for the load-bearing elements, such as beams and columns (see e.g.
S 2004; S et al. 2007; S et al. 2019).

In everyday language, the word ‘glass’ has various meanings depending on its use: thus,
the term can refer to beverage containers or characterise the component of a window. How-
ever, considering the glass as a material, it may be characterised as an inorganic product
of fusion that has solidified without crystallisation. Most of the glass used for buildings is
soda-lime-silica glass (SLSG)1, whose main components are quartz sand, lime and soda
(see Table 1.1). In production, the raw materials are melted in a furnace, poured on to a
shallow pool of molten tin (the float process), and further on to rollers into an annealing
lehr, securing slow cooling of the glass to prevent the formation of residual stresses. The
thickness of the glass is controlled by the speed of the rollers. The end product is termed
annealed float glass.

Table 1.1 The chemical elemental composi-
tion (in oxide wt%) of soda-lime-silica glass
according to the European Standard EN 572-
1:2012.

Silicon dioxide (quartz) SiO2 69-74%
Calcium oxide (lime) CaO 5-14%
Sodium oxide (soda) Na2O 10-16%
Magnesium oxide MgO 0-6%
Aluminium oxide Al2O3 0-3%
Others 0-5%

During the transition from the melt to the solid, there is no specific solidification point
but a glass transition region, which for SLSG is about 530 ◦C (H et al. 2008).
As a solid, glass is characterised as a perfectly isotropic linear elastic material, where the
relationship between stresses (σ ) and deformations (ε), i.e. the stiffness (E), up to failure,
may entirely be described by Hooke’s law (σ = ε ·E). In structural applications, the stiff-
ness is usually not associated with a time and temperature dependency (S et al.
2016), and also, at increased loading rates, Young’s modulus seems not to be significantly
affected, as evident from the few studies reviewed in M et al. (2021a). A summary
of the physical properties of soda-lime-silica glass, as defined by the European Standard
EN 572-1:2012, is provided in Table 1.2. Compared to other materials used in construc-
tion, glass has a stiffness and density similar to aluminium and is around three times less
stiff than steel.

Glass cannot redistribute stresses (yielding), as is the case for, e.g. steel, causing sensi-
tivity to stress concentrations. Therefore it is characterised as a brittle material that fails
suddenly and rapidly once its resistance is exceeded. Theoretically, the tensile strength
of glass can reach values as high as 14GPa based on molecular forces (P and
D 1974). However, it is irrelevant for structural applications. Due to its brittle-
ness, the tensile strength is governed by surface flaws (or surface cracks), causing much
lower strength. A glass element will fail when the stress intensity at the tip of one surface
flaw, due to tensile stresses, reaches its critical value. When the glass is loaded below its
momentary strength, it has the unique characteristic where flaws grow with time, causing

1Throughout the thesis, the term glass is primarily used, thus referring to soda-lime-silica glass.
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1.1. Glass and its Application in Buildings

Table 1.2 Physical properties of soda-lime-silica glass according to the European Standard EN
572-1:2012.

Characteristic Symbol Value and unit

Density ρ 2500 kgm−3

Knoop hardness HK0,1/20 6GPa
Young’s modulus E 70GPa
Poisson’s ratio ν 0.23*
Coefficient of thermal expansion† αT 9 ·10−6 K−1

Specific thermal capacity cp 720 J kg−1 K−1

Thermal conductivity λ 1Wm−1 K−1

Mean refractive index to visible radiation (at 589.3 nm) n 1.50
Emissivity (corrected) ε 0.837
* EN 572-1:2012 gives 0.2. In research and application, values between 0.22 and 0.24 are commonly used
(H et al. 2008), and in the European glass code CEN/TS 19100-1:2021 the value 0.23 is given.

† Mean between 20 ◦C and 300 ◦C.

the strength to degrade. Contrary, higher strengths can be determined for short-duration
loads. These phenomena are discussed in detail in Chapter 2. Because of the typical char-
acteristic differences in surface flaws, the tensile strength of glass cannot be considered a
material constant, therefore often treated statistically (see e.g. O et al. 2007a). A
rough overview of short-term strengths that can be expected for different flaw depths is
given in Fig. 1.3. Additionally, the size of the glass element, the load history (intensity
and duration), the residual stress, and the environmental conditions significantly alter the
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Fig. 1.3 Typical short-term tensile strengths as a function of the effective flaw depth. (adapted
from P et al. 1990)
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tensile strength.

For structural applications, short-term tensile strengths between 30MPa and 80MPa can
be expected for glass (P et al. 1990), and in the European glass code CEN/TS
19100-1:2021, a characteristic value of 45MPa is given. As surface flaws are not affected
by compression loading, the compressive strength is much higher, around 400MPa to
900MPa (P et al. 1990). However, it rarely becomes relevant for structural design
because the glass’ tensile strength is typically exceeded first due to, e.g. stability prob-
lems (buckling) or locally arising tensile stresses. Therefore, the tensile strength is only
addressed from now on.

1.1.1 Glass Products
The glass industry commands a large portfolio of glass products for buildings. Depending
on the particular needs in shape, performance and appearance, the monolithic annealed
float glass is often processed further. After cutting, edge working, possible hole drilling
and coating applications, the prevailing post-processing procedures include thermal tem-
pering, lamination and the insulating glass unit assembly.

The thermal tempering, which is a process of heating and subsequently quenching, streng-
thens the annealed float glass by introducing a residual stress field with compressive
stresses near the surface, balanced by tensile stresses in the core. Far from the edges,
the stress distribution can be approximated by a symmetric parabolic function, as shown
in Fig. 1.4. The depth of the compressive zone is both analytically and experimentally
found to be reasonably approximated by 21% of the glass thickness (N et al. 2021).

Fig. 1.4 Symmetric parabolic dis-
tribution of residual stresses across
the thickness of thermally tempered
glass (σc is the surface stress; σm is
the mid-plane stress; h is the glass
thickness). (from Paper III)
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The growth of surface flaws is prevented as long as compressive surface stresses are
present. However, once these are overcome by tensile stresses, e.g. due to bending
loading, flaws will start to grow until the equilibrated residual stress state is disturbed
sufficiently, causing catastrophic failure of the glass. By varying the cooling rate in the
thermal tempering process, glass with different levels of residual stresses can be achieved
(P and S 2019). In the glass industry, two are common: heat-
strengthened glass (HSG) and fully tempered glass (FTG). These can be distinguished
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1.1. Glass and its Application in Buildings

(a) (b) (c)

Fig. 1.5 Fracture pattern (not in scale) of (a) annealed glass, (b) heat-strengthened glass, and (c)
fully tempered glass. (after S et al. 2007)

by the way they fracture, as illustrated in Fig. 1.5. The fracture pattern is a function of
stored energy in the glass (residual stress and stress from loading). Usually, it is seen that
fragments decrease in size with increasing energy levels (see e.g. N and B
2017; P et al. 2018). Because fully tempered glass has the highest resid-
ual stress level, it breaks into small dice, therefore sometimes referred to as ’safety glass’.
While having the highest resistance to external loads with a characteristic bending strength
of 120MPa (EN12150-1:2015), its post-failure performance is poor due to the tiny frag-
ments. The heat-strengthened glass with less residual stresses and a characteristic bending
strength of 70MPa (EN 1863-1:2012) shows a larger fragmentation, providing improved
post-failure performance. The largest fragments are typically seen when annealed glass
breaks. Although thermally tempered glass has an enhanced resistance to external loading,
when used as monolithic glazing, it poses a high hazard to building occupants independent
of the residual stress level if it breaks under a blast load (C et al. 2019).

Improved post-failure performance can be achieved by lamination, where two or more
monolithic glass panes are bonded together by some transparent plastic interlayer (usually
polyvinyl butyral – PVB). The glass panes may be annealed, thermally tempered or a com-
bination of both with equal or unequal thicknesses, depending on the required structural
performance. While glass alone is brittle, the plastic film between the panes adds ductility
to the sandwich structure. In a blast event, glass fragments will adhere to the film after
breakage, reducing glass-related injuries. Also, the plastic interlayer can deform further
in the fractured state of the laminated glass, thereby absorbing additional blast energy in
membrane action if the framing is sufficiently designed (see Fig. 1.6). This makes the
laminated glass the preferred choice in the design of blast resilient glazing.

To comply with the energy performance requirements of buildings, all types of monolithic
and laminated glass (or a combination of them) can be assembled to an insulating glass
unit (IGU) to reduce thermal losses. The structure consists of two or more panes connected
by spacers enclosing a hermetically sealed air space filled with air or a noble gas, such as
argon. Also, a vacuum can be introduced into the air space, making it a vacuum insulated
glazing (VIG), which, compared to IGUs, can have an improved, reduced heat transfer
coefficient (U-value) (see e.g. M S 2014; R et al. 2022). When utilising
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Fig. 1.6 Example of the
post-failure deformation
of laminated glass due to
blast loading.

Blast loading

Fractured glass panes PVB interlayer

Frame
+ silicone

IGUs in a blast resilient glazing design, the inner pane, i.e. the pane facing the build-
ing’s interior, should be laminated and the outer pane heat-strengthened or fully tempered
monolithic glass (see e.g. D A 2016; C et al. 2019).

1.2 Extreme Loading
Loading conditions may be considered extreme when an event is unforeseen, the loading
by far exceeds its original design, or the requirements become very demanding such that
standard approaches do not cover them anymore. In general, the more extreme the load,
the rarer it is to occur. However, if a risk is known, protective measures are crucial and
should be taken to reduce or even prevent the loss of human life and property.

In buildings, glass often constitutes a significant part of the outer envelope, thus being the
first part of a structure loaded by externally imposed loads. At extreme loading events,
it also can offer the first line of defence, protecting the building’s occupants if designed
accordingly. Weather-related loads such as moderate wind and snow are reasonably pre-
dictable, therefore not considered extreme and thus generally covered by normative de-
sign guidelines. The more unforeseen events, and therefore more demanding to design
for, may include accidental loads, earthquakes (seismic loads), tornados and hurricanes
with resulting debris impacts, ballistic (hail and bullets) impacts and blast loading – all
considerably shorter in load duration than the usual static load assumptions. Inherently,
the impact and impulse loading events cause the glass material to deform more rapidly,
significantly altering its mechanical properties (M et al. 2021a). Other materials
used in civil engineering structures, like steel, concrete, rock, and wood, also show a sensi-
tivity to the rate-of-loading (see e.g. A and W 2008; B and P
1991; Z and Z 2014; P et al. 2017).

The scientific understanding of a material’s deformation and failure at impact and impulse
loading is usually associated with a strain rate (ε̇) or stress rate (σ̇ ) (see e.g. S et
al. 2010), which is the change in strain or stress with respect to time, i.e. ε̇ = dε/dt or
σ̇ = dσ/dt. To accurately design structures against extreme loading events and mitigate
their effects, it is essential that detailed knowledge of a material’s behaviour has been
discovered over a wide range of strain rates. Fig. 1.7 provides an overview of strain rates
associated with different laboratory experiments and structural loads. One of the harshest
loading events (in terms of strain rate) building components can be exposed to is blast
loading, which furthermore shows a broad range of associated strain rates. This is because
several factors determine an explosion’s effect: the type, the size of the explosive and
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Fig. 1.7 Ranges of strain rates associatedwith different laboratory experiments and structural loads
(compiled from N -N (2000) and H et al. (2004)).

the location of the attack. Undoubtedly, any combination is conceivable, so defining a
typical explosion scenario for a design is difficult. In the literature for instance, mean
strain rates ranging from 7.6 s−1 to 17.5 s−1 were recorded by M (2007), and from
10 s−1 to 40 s−1 by H et al. (2012), both during full-scale high-explosive blast tests
on laminated glass panes.

Many reported extreme loading events have a terrorist background. Looking at data reg-
istered in the Global Terrorism Database (GTD) for Europe dating back to 1970 (START
2019), half relate to bombings and explosions, as evident from Fig. 1.8, which also shows
a distribution of the attacked targets. Fig. 1.9(a) is a map of Europe marking the loca-
tions of the bombings and explosions together with a histogram in Fig. 1.9(b) of the an-
nual registered numbers of incidents worldwide and in Europe. Although the numbers of
bombings/explosions in Europe are relatively small compared to the ones registered world-
wide, a significant terrorist threat remains in Europe (E 2021) and historically seen,
there is a 50/50 chance that a bomb/explosion will be used again, leaving a possible hazard
against buildings. Thus, in Norway, after the Oslo bombing in 2011, and now also in Den-
mark, there exist guidelines on how to consider counter-terrorism measures for buildings
and urban spaces (F 2016; DBI 2021).

1.2.1 Blast Effects on Buildings
Blast waves and their effect on buildings are introduced in the following based on C
et al. (2019), to better understand the load case addressed in the thesis. Sources of blast
waves are typically explosions that are categorised as physical (e.g. volcanic eruptions or
bursts of pressure vessels), nuclear or chemical events. However, most man-made explo-
sions are chemical and therefore the focus of the following.

At the reaction of an explosive compound, such as trinitrotoluene (TNT), heat evolves
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Fig. 1.8 Types of terror-related attacks in Europe from 1970 to 2019 (a), and the distribution of
targets attacked by bombings/explosions (b). The data were retrieved from START (2019) (data for
1993 are missing).
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Fig. 1.9 Registered incidents of terror-related bombings/explosions between 1970 and 2019 (data
for 1993 are missing): (a) a map of Europe marking the locations of incidents, and (b) a plot of
the annual registered number of bombings worldwide and in Europe. The data were retrieved from
START (2019).
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(around 3000-4000 ◦C), and gas expands rapidly at a pressure of 10-30GPa (C et al.
2019). The rapid expansion of the gas in the air produces the so-called blast wave, which
is a layer of compressed air surrounding the gaseous product. Due to a disequilibrium
between the highly compressed air in the blast wave front and the undisturbed air in front
of it, the blast wave travels spherically outwards from the centre of the explosion. The
gas also over-expands due to its momentum, leading to a negative phase where the pres-
sure at the blast wave’s tail falls below normal atmospheric pressure, resulting in suction.
Typically, the peak pressure of the negative phase is smaller than the peak pressure of the
positive phase.

The energy in a blast wave is transferred to a structure through pressure energy. If the en-
countered object is infinitely small, the blast wave will pass it undisturbed with a pressure-
time history as shown in Fig. 1.10, referred to as the incident pressure, where the peaks
of the positive and negative phases are denoted pso and p−so, respectively. Contrary, if a
blast wave encounters a solid surface (or other media denser than air), it will reflect and
diffract around it depending on its geometry and size. For instance, a simple case is a
facade of an infinitely large building exposed to a surface explosion on which the blast
wave encounters normally. When the incident blast wave reflects from the building, a
region of further air compression is produced locally to the structure. Consequently, an
increased pressure arises compared to the incident pressure, called the reflected pressure

pr

p−so

Ambient, po

Positive
phase

duration, to

Arrival
time,

ta

Time after explosion, t

Pr
es

su
re

,p

Pos. specific impulse, is =
∫ t1

t0 p(t)dt

pso

Negative phase duration, t−o

p−r

Incident pressure

Reflected pressure

Neg. specific impulse, i−s =
∫ t2

t1 p(t)dt

t2 = ta + to + t−ot1 = ta + tot0 = ta

Idealised positive phase

Fig. 1.10 A typical pressure-time profile for a blast wave shown as the incident pressure and re-
flected pressure curve. (adapted from UFC 3-340-02 (2008))
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with pr and p−r defining the peaks of the positive and negative phase, respectively. Thus,
the reflected pressure is to be used in the design of building components exposed to blast
loading. The pressure-time history of a blast wave relative to the atmospheric pressure,
po, and its arrival time, ta, may be analytically approximated by the exponential modified
Friedlander equation (see e.g. D 2018):

p(t) = po+ pmax

(
1− t

to

)
exp
{
−αt

to

}
(1.1)

where pmax is the peak pressure in the positive phase that can be taken as pso or pr, de-
pending on the pressure curve to be described, and α is a wave form parameter (or a decay
coefficient) that can take values between 0 and 4 according to the European Standard EN
13123-1:2001.

When an explosive is ignited in the air, it produces a spherical blast wave. However, this
ignition place is not the most obvious choice, and therefore a placement on or close to the
ground is more frequently seen in attacks. The interaction with the ground significantly
impacts the propagating blast wave that changes to a hemispherical development. Assum-
ing the ground is a perfect reflector, i.e. no energy dissipates in producing a crater, the
produced blast wave will be enhanced by a factor of 2 compared to a free air blast. As this
usually is not the case, a factor of 1.8 is more reasonable (B et al. 1983). Blast wave
parameters, as in Fig. 1.10, for hemispherical TNT surface explosions are made graphi-
cally available by UFC 3-340-02 (2008) and are shown in Fig. 1.11. The data curves were
determined using a scaled distance, Z, which stems from the Hopkinson-Cranz scaling
approach and is defined as follows (C et al. 2019):

Z =
R

W 1/3
(1.2)

where R denotes the distance in metres to the explosive’s centre andW is the mass of the
explosive expressed in kilograms of TNT. Using such scale enables the direct comparison
of blast waves originating from different combinations of R andW .

Using the mass of TNT as a reference has become standard practice. However, if the blast
wave source is other than TNT, then the actual mass of the charge can be converted into
a TNT equivalent mass by means of a conversion factor taking into account its specific
mass energy and that of TNT. Conversion factors for a number of explosives are given in
Table 1.3. For example, from the table, it is seen that 100 kg of ANFO is equivalent to
87 kg of TNT.

The determination of blast wave properties is not always a straightforward task, as it could
appear here. Often explosions happen in urban areas where multiple buildings with vari-
ous geometries and shapes account for complex interactions with blast waves. Therefore,
at times, more advanced numerical tools are needed such as Computational Fluid Dynam-
ics (CFD) (see e.g. S and R 2006). Suppose the blast scenario is less complex,
but computer tools are still essential for the design, then also within the Finite Element
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Fig. 1.11 Incident and reflected positive phase blast wave parameters for a hemispherical TNT
explosion on the surface at sea level. (adapted from UFC 3-340-02 (2008))

Table 1.3 TNT equivalents for a number of explosive compounds. (after C et al. 2019)

Explosive Mass specific energy TNT equivalent
Qx [kJ kg−1] (Qx/QTNT)

Nitroglycerine (liquid) 6700 1.481
C4 (91% RDX) – 1.19-1.37
HMX 5680 1.256
Semtex 5660 1.250
RDX (cyclonite) 5360 1.185
Compound B (60% RDX, 40% TNT) 5190 1.148
TNT 4520 1.000
Blasting gelatin 4520 1.000
ANFO (94% ammonium nitrate, 6% fuel oil) 3932 0.870
60% nitroglycerine dynamite 2710 0.600
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Method (FEM) framework, several options exist to simulate structures under blast loading
more simply without the need to model the fluid medium (B et al. 2009). Finally, if
blast wave characteristics are already known, the design of building components can be
based on dynamic calculations, e.g. using Single Degree Of Freedom (SDOF) systems or
the explicit Finite Element Method. A typically used simplification in this regard is the
linearisation of the Friedlander equation maintaining the positive specific impulse (indi-
cated by the dashed line in Fig. 1.10 for the reflected pressure), which is tantamount to
setting α = 0 in Eq. (1.1). In the present thesis (see Chapter 5), the shock load formulation
implemented in the FEM software A /Explicit 2021 is employed together with the
CONWEP2 air/surface blast model.

1.3 Current Research on Blast Resilient Glazing
The importance of considering blast resilience in the glazing design becomes evident from
a number of cases. A study of the bombing of the Alfred P. Murrah Federal Building in
Oklahoma City in 1995 (USA) revealed that 39% (200/508) of injured persons within
a radius of 970m (excluding persons inside the attacked building) suffered glass-related
injuries (N et al. 1999; R and N 2000). In 2011, a car bomb attacked
an official government building in Oslo (Norway), generating a shock wave that blew out
windows in the targeted building as well as the neighbouring buildings (W 2022).
On August 4, 2020, a devastating accidental explosion happened in the port of Beirut
(Lebanon) where approximately 2750 tonnes of ammonium nitrate stored in a warehouse
detonated, causing windows to be blown out as far away as 3.2 km from the port with
hundreds of glass-related injuries (K et al. 2020; S et al. 2021).

The primary purpose of blast resilient glazing is thus to minimise the number of injuries
caused by sharp-edged glass fragments detached and propelled from glazed building open-
ings due to blast loading. The secondary is to protect property and minimise damage to it.
As discussed in Sec. 1.1.1, a blast resilient performance can be achieved with laminated
glass panels. Hence, numerous experimental, numerical and analytical studies on the blast
performance of laminated glass can be found in the scientific literature. An overview of
some of the current research is given here.

The experimental characterisation of laminated glass to blast loading is necessary to un-
derstand the complex panel response. Reported experiments relate to different size scales
and load application methods. Blast tests on full-sized panels with explosives and shock
tubes (Z et al. 2015b; B et al. 2016), as well as tests in controlled laboratory
environments on smaller specimens with pre-defined crack configurations to study high
strain rate effects on the process of delamination and the post-fracture capacity (K
2015; D L et al. 2017; A et al. 2021; A et al. 2022), can be found
in the literature. Several other studies also report on the response of laminated glass panes
to blast loading, both before and after fracture, and additionally compare to numerical
simulations using the Finite Element Method (H et al. 2012; D L et al. 2015;

2A collection of conventional weapons effects calculations including an assortment of air blast routines, frag-
ment and projectile penetrations, breach, cratering, and ground shock (H 1991).
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K 2015; Z and H 2015; P 2016; P et al. 2016; O et
al. 2019). Some publications are exclusively dedicated to numerical investigations, study-
ing the replication of experiments conducted by other researchers (L et al. 2012;
Z et al. 2013; H -G et al. 2014). Analytical solutions have also been
derived to describe the response of laminated glass panes to high strain rates both during
the elastic deformation of the pane and in the post-fracture state (D L et al. 2016;
Y et al. 2017; A et al. 2019). Different analysis methods to support the de-
sign of laminated glass panels exposed to blast loading are discussed in a review paper by
A and T (2021). These are essential to reduce the need for expensive test-
ing, often required to develop a design that complies with Standards for explosion-resistant
windows (e.g. EN 13541:2001; EN 13123-1:2001; EN 13123-2:2004; EN 13124-1:2001;
EN 13124-2:2004; ISO 16933:2007; ISO 16934:2007).

However, much of the effort to better understand the response of laminated glass to blast
loading focuses on the interlayer material (the PVB) and the composite interactions in the
post-fracture state. Less considered are the glass’ mechanical properties at these extreme
loading conditions, such as failure criteria. Thesemust be considered necessary to estimate
a glass pane’s resistance. This highlights that glass remains a relatively under-researched
material at high strain rates, as some recent review papers also emphasise (L et al.
2016; Z and H 2016; Z and B 2017; F 2017).

1.4 Research Objectives of the Thesis
Throughout the previous sections, an overview of the research field has been given by
introducing the material glass as a construction material, its application in buildings and
facades, the understanding of extreme loading, and glass’ performance to it, specifically
blast loading, in the context of the threats facing our society, among others, terror. Bomb-
ings in the past have revealed that the ability to design blast resilient glazing is crucial. In
this regard, the research community has already put forward extensive effort. Still, some
gaps for further investigations remain, including the understanding of the glass’ mechan-
ical properties at high strain rates, which must be considered essential in the blast design
of facade glazing. The research objectives of the present thesis are thus:

↪→ to pursue a comprehensive, state-of-the-art understanding of the mechanical prop-
erties of glass, focusing on tensile strength and stiffness over a broad range of strain
rates,

↪→ to develop an experimental framework for the high strain rate material characterisa-
tion, as this is not a standard laboratory discipline at DTU,

↪→ to investigate and characterise the tensile strength and stiffness of glass at high strain
rates relevant to blast loading, thereby expanding on the existing knowledge, and

↪→ to develop and validate a rate-dependent material damage model for the numerical
simulation of monolithic glass panes subjected to blast loading by adopting simple
approaches that are practicable in general engineering practice.
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To achieve the research objectives, the project was divided into three phases, which in-
creased in scale and set the project’s milestones: (1) material characterisation, (2) devel-
opment of a material model, and (3) validation and application of the material model.

1.5 Thesis Structure
The thesis is divided into two parts. Part I is an introduction to the research field and
a summary of the conducted research with a discussion of the main findings, organised
into six chapters and four appendices, and Part II is a collection of three scientific papers
that present the research output in greater detail. An overview of the thesis structure is
provided in Fig. 1.12 as a flowchart of the main chapters and the related publications,
covering the research objectives stated in Sec. 1.4.

Chapter 2
Fracture Strength of Glass 

and the Significance of 
Load Duration

Publication:
Paper I (review paper)

Chapter 3
Experimental Methodology 

for High Strain Rate 
Testing

Publication:
Paper II

Chapter 4
High Strain Rate 

Characterisation of Glass 
Mechanical Properties

Publication:
Paper III

Chapter 5
Simulation of Monolithic 

Glass Fracture Under 
Blast Loading

Publication:
Unpublished

1Phas
e

2Phas
e

3Phas
e

Fig. 1.12 Based on the project’s three phases, a flowchart of the thesis structure with the main
chapters in Part I and the related publications appended in Part II.
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Chapter 2 provides the fundamental theory essential to determine glass failure and em-
phasises the time-dependency of the glass strength, a vital parameter to consider in the
blast design of facade glazing. The theoretical framework is substantiated by a compre-
hensive literature review (Paper I, M et al. 2021a) on experimental studies on the
dynamic fatigue behaviour of glass, and the normative glass strength design is discussed.

Chapter 3 presents the experimental methodology reported in Paper II, developed to
characterise glass at high strain rates, which was considered necessary based on the find-
ing of Paper I. First, an introduction to the material testing at high strain rates is given,
followed by a presentation and discussion of a modified design of the well-known Split-
Hopkinson Pressure Bar (SHPB), which enables high-speed cameras for fracture assess-
ment and Stereo Digital Image Correlation (Stereo-DIC) deflection measurements in a
ring-on-ring bend test configuration. The related experimental procedures and techniques
are also outlined.

Chapter 4 investigates the mechanical properties, such as tensile strength and stiffness
(Young’s modulus), of glass at high strain rates, as reported in Paper III, using the ex-
perimental methodology from Chapter 3. Both annealed float glass and also thermally
tempered glass was studied to include the effect of residual stresses.

Chapter 5 introduces the numerical modelling and related failure formulations practicable
for brittle materials. With a state-of-the-art understanding of the mechanical properties of
glass at high strain rates gained through Chapter 2 and Chapter 4, a rate-dependent material
damage model for the simulation of monolithic glass panes subjected to blast loading is
presented. The focus is on a simple formulation that is feasible for general engineering
practice. Experimental data from two full-scale blast tests found in the scientific literature
are used to validate the developed material model through full-scale simulations.

Chapter 6 concludes the conducted research and gives recommendations for future work.

Appendix A includes additional experimental details that relate to Chapter 3, such as
technical drawings and different calibration data.

Appendix B provides additional results for Chapter 4 from the deflection measurements
performed with high-speed cameras and the Stereo-DIC technique.

Appendix C contains details for the developed rate-dependent progressive damage model
for dynamic glass fracture in Chapter 5. That is, additional information for the use of shell
elements, a flow chart of the material model (implemented as an A VUMAT user
subroutine) and the associated source code written in FORTRAN.

Appendix D provides mesh convergence analyses related to the performed full-scale sim-
ulations of monolithic glazing under blast loading reported in Chapter 5.
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2
Fracture Strength of Glass and the
Significance of Load Duration

This chapter addresses

the findings reported in

Paper I on page 171.

The aim of this chapter is to provide an understanding of the
fracture strength of glass and highlight the significance of the
load duration and loading rate. First, the fundamental theory
of the unique mechanisms of glass fracture is presented, out-
lining why a dependency on the load duration and rate-of-loading exists (Sec. 2.1). With a
focus on the loading rate, the theoretical framework is further substantiated by a summary
and discussion of a comprehensive literature review on experimental studies that report
on the glass strength’s time-dependency (Sec. 2.2), which can be found detailed in Paper
I (M et al. 2021a). In closing, this chapter addresses the normative glass strength
design according to current Standards, and discusses their definition of the load duration
dependency compared to the data collected in the literature review (Sec. 2.3).

2.1 Fundamental Theory of Glass Fracture
When designing structural glass members, it has become general engineering practice to
use a deterministic approach, often given by the Rankine criterion (or sometimes known
as the maximum normal stress theory). It states that failure due to fracture occurs in a
multi-axial stress state when the maximum principal stress, σ1, at any point exceeds the
apparent1 tensile strength, σ f (S and W 1999):

σ1 ≥ σ f (2.1)

Thus, in a design case, maximum principal stresses occurring under a design load are com-
pared to a bending strength resistance, which is either defined normative (e.g. CEN/TS
19100-1:2021) or determined experimentally (e.g. EN 1288-1:2001; EN 1288-2:2001; EN
1288-3:2001; EN 1288-5:2001). However, this is a very practical approach. In fact, the
fracture strength of glass is determined by stress concentrations in surface defects, which
are well-described by the theory of Linear Elastic Fracture Mechanics (LEFM). To un-
derstand the mechanisms that govern glass fracture, a closer look into stress corrosion, a
phenomenon that causes existing surface flaws to grow slowly in size under tensile loading
before failure, often referred to as ’sub-critical crack growth’, is required. The following
subsections introduce the fundamental theory necessary to determine glass fracture.

1The term ‘apparent’ refers to the strength that originates from the intrinsic glass strength and eventual su-
perimposed residual stresses, i.e. the strength measured directly by testing.
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2.1.1 Sub-critical Crack Growth
The strength of glass is time-dependent; however, in a vacuum, the dependency is almost
negated (G and P 1949). Under normal environmental conditions where a
level of humidity is present, water molecules react with the glass’ atomic structure, causing
flaws to grow slowly when exposed to a crack opening stress. This chemical reaction is
termed stress corrosion and an illustration of it is given in Fig. 2.1. The consequence of the
stress corrosion, i.e. the growth of surface flaws, is known as sub-critical crack growth.
For a glass element that is loaded below its momentary strength, the stress corrosion will
cause it to fail after the time necessary for the most critical flaw to grow to its critical size
at that particular load level. Therefore, the momentary strength of a loaded glass element
will decrease with time, even if the load is applied statically. First observations to this
phenomenon were made by the French scientist G in 1899, who also explained the
unexpected fracture of filled champagne bottles by the delayed failure of glass.

Fig. 2.1 The chemical reac-
tion at the crack tip defin-
ing the stress corrosion: (1)
adsorption of water to Si-
O bond, (2) concerted reac-
tion involving simultaneous
proton and electron transfer,
and (3) formation of sur-
face hydroxyl groups. (af-
ter M and F
1983)
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In the theory of stress corrosion initiated by C and H (1962) and further de-
veloped by M and F (1983), the crack velocity modifies with the kinetics
of the chemical reaction, in which the activation energy depends on the local stress and
the radius of curvature at the crack tip. Therefore, a relationship exists between the crack
velocity, v, and the stress intensity factor, KI, at the crack tip (cf. Sec. 2.1.2). A schematic
of this relationship is shown in Fig. 2.2 with four essential regions highlighted:

0: Below the crack growth threshold, Kth, no measurable sub-critical crack growth
occurs. For soda-lime-silica glass this value can range from 0.14 to 0.28MPam1/2

in water (W and B 1970; S and F 1981; G et al.
1990; W et al. 1990; S andG 1996; K and C 2001; S
and B 2006; G et al. 2010) and from 0.37 to 0.39MPam1/2 in air (50%
RH) (W et al. 1990; K and C 2001), at crack velocities as low as
10−14ms−1. For most applications Kth = 0.25MPam1/2 may be representative (see
e.g. O and Z 2012).
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Fig. 2.2 Schematic representation
of a typical v(KI)-curve seen for
soda-lime-silica glass. (from Paper
I, M et al. 2021a)

I: This is the actual region that relates to the sub-critical crack growth. Here, the crack
velocity is essentially governed by the stress corrosion’s molecular mechanisms at
the crack tip. Thus, there is a dependence on the applied stress intensity and the rel-
ative humidity in the environment. A good approximation of the v(KI)-relationship
in this region is given by the following empirical power law originally proposed by
E and W (1974):

v = A ·Kn
I (2.2)

which, by using A = v0 ·K−n
Ic , may also be expressed as (M and F 1999):

v = v0

(
KI

KIc

)n

for KI ≤ KIc (2.3)

Here, v0, on a logarithmic scale, represents the ordinate of the critical stress inten-
sity factor (see description of region III), KIc, and the exponent n defines the slope
of the curve, which is a measure of how reactive water molecules are within the
glass lattice. When the value of the sub-critical crack growth parameter n is high,
it indicates that the chemical reactivity at the crack tip is reduced due to a lower
level of humidity, implying a slow crack growth. The opposite is true when n is
low. For the design of structural glass, a constant value of n = 16 is a reasonable
assumption together with v0 = 6mm s−1 being a conservative choice for general ap-
plications, while v0 = 30mm s−1 is more representative for glass immersed in water
(H et al. 2008).
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II: A plateau is formed as the crack velocity is restricted by a reduced supply rate of
water to the crack tip. Hence, the crack velocity in this region is essentially indepen-
dent of KI but depends on the amount of humidity in the environment. The range of
constant crack velocity narrows as relative humidity increases, which emerges from
the findings of W (1967).

III: In region III, the stress corrosion mechanisms can no longer follow the crack tip. At
this point v increase rapidly, between 10−3ms−1 and 1m s−1, approaching the limit
for an inert environment. After reaching the critical stress intensity factor,KIc, crack
growth becomes unstable reaching speeds of 1500m s−1 to 2500m s−1 (O et
al. 2007b). KIc is considered a material constant and for soda-lime-silica glass it is
found to range from 0.72 to 0.82MPam1/2 at room temperature (M 1992). A
value of KIc = 0.75MPam1/2 is suitable for most practical purposes (H
et al. 2008).

In addition to humidity, the sub-critical crack growth may also be affected by the temper-
ature, the pH value of the surrounding medium, the chemical composition of the glass,
and the loading rate (G 2003; H et al. 2008). Typically, it is sufficient only to
consider region I when predicting a glass element’s design lifetime. The contributions of
regions II and III are only minor because of the high crack velocities that emerge. Thus,
a conservative estimate is provided when neglecting them.

2.1.2 Stress Intensity Factor
The concept of the stress intensity factor is anchored in the theory of Linear Elastic Frac-
ture Mechanics, which provides a quantitative description of the mechanical behaviour of
bodies containing one or multiple cracks. The following is a short introduction to the for-
mulation of stress concentrations at a crack tip, which for the later lifetime prediction of a
glass element is combined with the previously discussed sub-critical crack growth effects.
In general, a crack or flaw in a piece of material can be subjected to complex stress fields,
whichmay be decomposed into three crack openingmodes as illustrated in Fig. 2.3: tensile
opening (Mode I), in-plane shear (Mode II), and out-of-plane shear (Mode III). However,
as surface flaws in structural glass members are predominantly loaded with normal tensile
stresses due to, e.g. bending, a description based entirely on Mode I is sufficient. De-
pending on the crack opening stress, σ , the stress intensity factor, KI, as introduced by

Fig. 2.3 The three modes of
loading that can be applied to
a crack.

Mode I
(opening)

Mode II
(in-plane shear)

Mode III
(out-of-plane shear)

a
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I (1957), at the crack tip for Mode I opening may be expressed as follows (see e.g.
A 2017):

KI = σY
√

πa (2.4)

where a is the crack (or flaw) depth or half the crack’s length depending on the configura-
tion, and Y is a dimensionless geometry (correction) factor, which equals 0.637 (= 2/π)
for half penny shaped cracks and 1.12 for edge cracks in semi-infinite plates. Instanta-
neous failure of a glass element will occur when KI for one crack equals or exceeds the
critical stress intensity factor (or fracture toughness), KIc:

KI ≥ KIc (2.5)

This criterion is known as Irwin’s fracture criterion for pure Mode I fracture of a crack.

2.1.3 Energy Release Rate
There are other concepts in Linear Elastic Fracture Mechanics, which can describe glass
fracture analytically. One of these concepts is formulated considering an energy approach.

2a

σ

σ

Fig. 2.4 A through-thickness crack
in an infinitely wide plate subjected to
remote tensile stresses. (after A -

2017)

In 1956, I defined the energy release rate, G,
which is essentially equivalent to the Griffith energy
balance (G 1920). It is a measure of the in-
stantaneous loss of total potential energy, Π, per unit
crack growth area, s:

G ≡−dΠ
ds

[
Jm−2] (2.6)

In the simple case of a wide plate in plane stress with
a stationary crack of length 2a perpendicular to the
load, i.e. the Griffith crack shown in Fig. 2.4, the en-
ergy release rate is given by the following expression
(A 2017):

G =
πσ 2a

E
(2.7)

Similar to the critical stress intensity factor, there is
a critical energy release rate (or fracture energy), Gc.
Since during crack extension two crack surfaces are created, Gc is by definition equal to
2γ , where γ denotes the specific surface energy. Thus, unstable crack extension occurs
when the energy release rate exceeds Gc:

G ≥ Gc = 2γ (2.8)

This criterion is known as the Griffith’s fracture criterion. There also exists a direct rela-
tionship between GIc (the fracture energy for a Mode I crack) and KIc, because the stress
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Table 2.1 The Mode I fracture energy for soda-lime-silica glass determined experimentally in air,
at room temperature, by different authors.

Reference Test method GIc [Jm−2]

C (1957) Cone crack 7.4-8.6
W (1966) Double-cantilever cleavage 5.2-5.3
L and H (1968) Double-cantilever cleavage 6.6-7.8
W (1969) Double-cantilever cleavage 7.6-7.8
M et al. (1974) Double-cantilever cleavage 7.0
I et al. (1985) Chevron notch test 8.8
S et al. (2009) Chevron notch test 7.0

intensity factor for the crack shown in Fig. 2.4 is given by Eq. (2.4) for Y = 1. Combining
Eqs. (2.4) and (2.7), and considering the fracture criteria given by Eqs. (2.5) and (2.8),
the following relationship between GIc and KIc for plane stress can be derived:

GIc =
K2
Ic

E
(2.9)

For plane strain conditions, E must be replaced by E/
(
1−ν2

)
. I (1957) performed

a crack closure analysis, which proved that Eq. (2.9) is a general relationship valid for all
Mode I crack configurations and not only for the one given in Fig. 2.4. For glass, GIc is
considered a material constant, which different standard tests can measure. A selection
of experimentally determined values for soda-lime-silica glass tested in air, at room tem-
perature, is provided in Table 2.1. With KIc = 0.75MPam1/2 and E = 70GPa, Eq. (2.9)
determines GIc = 8.0Jm−2 for plane stress conditions, which complies with the values in
Table 2.1. Higher values for fracture energy are also found in the literature. For example,
S and F (1999) measured values between 30 and 40 Jm−2 by a notched
sheet tensile test. However, the measurements were performed on a dynamically propa-
gating crack. The fracture energies in Table 2.1 relate to a stationary crack.

2.1.4 Resistance of a Single Crack (or Flaw)
The lifetime or resistance of a single crack (or flaw) on a glass surface is determined by
combining the sub-critical crack growth (c.f. Sec. 2.1.1) with the theory of stress concen-
trations at a crack tip (c.f. Sec. 2.1.2). The following outlines the derivation of equations
to predict a crack’s resistance to two commonly assumed load cases, constant stress and
constant stress rate, which is an approximation to the load induced by explosion blast
waves (see e.g. K 2015).

For the prediction of a single crack’s resistance to a given tensile stress history normal to
the crack, σ (t), only the course of region I (cf. Fig. 2.2) is considered, meaning that the
extension of the crack growth into regions II and III is approximated by Eq. (2.3) as well.
This simplification can be found in M (1992), M and F (1999), and W -

et al. (2009) for lifetime predictions of ceramics, and H (2006) applied
it to predict the lifetime of structural glass. O and Z (2012) extended the
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simplified crack growth to also account for strength limits governed by the crack growth
threshold, Kth, for very long duration and the fracture toughness, KIc, for very short dura-
tion. Based on Eq. (2.4) these limits may be expressed as:

Kth
Y
√

πath
≤ σ f ≤

KIc
Y
√πa f

(2.10)

where ath and a f are the threshold crack depth and the critical crack depth, respectively.
The limits are also known as the threshold strength and the inert strength. Their formula-
tion was further elaborated by A et al. (2017) to account for loading rate. Neglecting
the actual contributions from regions II and III results in a slight underestimation of the
time-to-failure, therefore providing a conservative estimate. For instance, at a constant
stress rate of 104MPa s−1, K (2015) showed in his pendulum impact tests that
this simplification reduced the predicted resistance with 6%, as a direct consequence of
an underestimated failure time.

The simplified sub-critical crack growth can be described by the following ordinary dif-
ferential equation, which is obtained by substituting Eq. (2.4) into Eq. (2.3), and defining
the crack velocity, v, as a change in crack depth with time, i.e. v = da/dt:

da
dt

= v = v0

(
σ (t)Y

√
πa

KIc

)n

(2.11)

Assuming that Eq. (2.11) is valid for KI ≤ KIc (i.e. neglecting the crack growth threshold)
and that n is constant over the full range of KI, the method of variable separation yields:∫ a f

ai

a−n/2 da = v0
(
Y
√

π
)n K−n

Ic

∫ t f

0
σn (t) dt (2.12)

where ai is the initial crack depth (at time t = 0) and a f is the critical crack depth at t f ,
defining the time to failure or lifetime of the crack in question. By integrating the left-hand
side of Eq. (2.12) and rearranging, the following fundamental relationship between stress,
time and crack depth is obtained:

∫ t f

0
σn (t) dt =

2Kn
Ic

(n−2) a
(n−2)/2
i · v0

(
Y
√

π
)n

[
1−
(

ai

a f

)(n−2)/2
]

(2.13)

For ai ≪ a f ,
(
ai/a f

)(n−2)/2 → 0, therefore Eq. (2.13) can be simplified to:∫ t f

0
σn (t) dt =

2Kn
Ic

(n−2) a
(n−2)/2
i · v0

(
Y
√

π
)n (2.14)

With a given stress history, σ (t), Eq. (2.14) enables the calculation of a crack’s lifetime
or its resistance after a given load duration; both provided that the initial crack depth, ai,
is known.
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Fig. 2.5 Stress-time history for constant applied stress in (a) and constant stress rate loading in
(b). (t f ,s and t f ,d are the time to failure or load duration; σ f ,s is a statically applied stress; σ f ,d is a
dynamic fracture strength; σ̇ is a stress rate)

A Crack’s Resistance to Constant Stress
For a constant applied stress (static loading), i.e. σ (t) = σ f ,s, as shown in Fig. 2.5(a) and
typically applied when static fatigue testing glass, a crack’s resistance after a given load
duration, t f ,s, can be determined by inserting the stress history into the left-hand side of
Eq. (2.14). Performing the integration and isolating σ f ,s yields the following expression:

σ f ,s = α · t−1/n
f ,s (2.15)

where

α =

[
(n−2)a

(n−2)/2
i · v0

(
Y
√

π
)n

2Kn
Ic

]−1/n

(2.16)

It follows from Eq. (2.15) that when α is identical for two cracks found on two glass
elements, index 1 and 2, the interrelationship between the constant applied stresses and
the related times-to-failure can be expressed as:

σ f ,s,2
σ f ,s,1

=

(
t f ,s,1
t f ,s,2

)1/n

or
t f ,s,1
t f ,s,2

=

(
σ f ,s,2
σ f ,s,1

)n

(2.17)

Since Eq. (2.17) is independent of v0 it can be used to determine n from experiments, given
that the strength limits determined by Kth and KIc are not reached.

A Crack’s Resistance to Constant Stress Rate
For a constant stress rate (dynamic loading), σ̇ , which is commonly used for strength
testing glass or dynamic fatigue tests, the applied stress increases linearly with time as
shown in Fig. 2.5(b), providing the following stress history:

σ̇ =
dσ
dt

= const. ⇒ σ (t) = σ̇ · t (2.18)
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stress rate dependency of the glass
strength, predicted from the 4-region
sub-critical crack growth curve in
Fig. 2.2. (adapted from Paper I,
M et al. 2021a; after E
1974, E and J 1975 and
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A crack’s resistance to a given stress rate, i.e. σ̇ = σ f ,d/t f ,d, is thus found by introducing
Eq. (2.18) into the integral on the left-hand side of Eq. (2.14). Performing the integration
and isolating σ f ,d gives:

σ f ,d = β · σ̇ 1/(n+1) (2.19)

where

β =

[
2 (n+1) Kn

Ic

(n−2) a
(n−2)/2
i · v0

(
Y
√

π
)n

]1/(n+1)

= [αn · (n+1)]1/(n+1) (2.20)

The constant α (cf. Eq. (2.16)) is retrieved in β , such that β is also formulated with a
dependence on α . This enables the description of crack growth at constant stress rate
loading using data from tests with constant applied stress. The reverse approach is also
possible when data from constant stress rate tests are available. However, both approaches
imply that crack sizes and conditions (ai, Y , v0, n, KIc) can be assumed identical between
the two testing conditions to be able to perform the conversion.

The double-logarithmic linear relationship between stress and stress rate given byEq. (2.19)
was first suggested by C (1958) based on an exponential Arrhenius approach. In
the 1970s, this relationship was revisited by E (1974), E and J (1975),
and C et al. (1978), who furthermore expanded on the v(KI)-curve (cf. Fig. 2.2)
by suggesting to integrate over the 4-regions of sub-critical crack growth, thereby obtain-
ing a new curve where fracture strength is a function of stress rate. With four regions now
denoted A, B, B’ and C, the new curve is depicted in Fig. 2.6. At low stress rates, region
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A, strength begins to increase slowly from a minimum value, σ0. For further increasing
stress rates, traversing region B, there exists a simple logarithmic relationship between σ̇
and σ f ,d given by Eq. (2.19). At still higher stress rates, region B’, strength varies in a non-
trivial manner, and in region C, the strength levels out due to the absence of sub-critical
crack growth effects. From Fig. 2.6 it is evident that the simplification to only consider
the course of region I (here region B), conservatively predicts a crack’s resistance to high
stress rates that fall within region B’ and C (the dashed-line extension). The strength data
reported by E and J (1975) and C et al. (1978) for soda-lime-silica
glass tested at stress rates up to 2 ·106MPa s−1, however, did not provide any conclusive
evidence of distinctly different regions.

Again, it follows from Eq. (2.19) that when β (cf. Eq. (2.20)) is identical for two cracks
found on two glass elements, index 1 and 2, the interrelationship between the failure
stresses and the related constant applied stress rates can be expressed as follows:

σ f ,d,2

σ f ,d,1
=

(
σ̇2

σ̇1

)1/(n+1)

(2.21)

Since Eq. (2.21) is also independent of v0, it is commonly used to determine n from con-
stant stress rate experiments by plotting the failure stress as a function of the stress rate
on a logarithmic scale, resulting in a slope of 1/(n+1). However, it has to be ensured
that the limits of the strength given by Eq. (2.10) are not reached, while at the same time,
caution should be given as v0 may show some rate dependency according to H
et al. (2008).

2.2 Literature Review on Experimental Strength Data
A comprehensive literature review on experimental strength data for soda-lime-silica glass
emphasises the analytical discussion regarding the load duration and loading rate depen-
dency. In total, 92 publications dating back to 1899 were reviewed in detail to com-
pile a summary of the current state-of-the-art understanding of the time-dependent tensile
strength of glass. All details can be found in Paper I (M et al. 2021a), which also
includes an Appendix A with additional experimental information to each publication re-
viewed. In the following, the glass strength’s dependence on the loading rate, also termed
the dynamic fatigue behaviour, is exclusively addressed based on 57 publications because
of the relevance for the later Chapters 3, 4, and 5.

Glass’ tensile strength is governed by surface defects and their characteristics, as it emerges
from the fundamentals of fracture mechanics outlined previously. Because of the charac-
teristic differences in surface flaws, the tensile strength cannot be considered a material
constant. Therefore, different strength data are found in the literature that characterise
glass and its dependence on various factors (also in combination) such as loading rate,
temperature, humidity, surface quality, and the surrounding medium. Since the strength
of glass also relates to the size of the stressed area, commonly referred to as the size effect
(see e.g. H et al. 2008), additional variations are caused by the different inves-
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tigated specimen sizes and employed test configurations, typically seen as a three-point
and four-point bend test, or axisymmetric bending (coaxial double ring test or ring-on-ring
test).

In the literature, the dynamic fatigue behaviour of the glass was studied using different ex-
perimental techniques that applied loads at various constant strain rates, typically expected
in practice (see Fig. 1.7). With techniques ranging from the universal testing machine
to more advanced setups (in terms of execution), such as the Split-Hopkinson Pressure
Bar (SHPB), strain rates between 3.5 ·10−11 s−1 (J 1982) and 9.9 ·102 s−1 (Z
et al. 2012) are reported. A detailed summary of the range of strain rates achieved in the
reviewed literature is given in Fig. 2.7. Most investigations before 2010 are located at
quasi-static strain rates between 10−7 s−1 and 10−3 s−1, which highlights the fact that most
of the published data rely on experiments with universal testing machines. Only recently,
increased interest is seen, where experiments on glass have been designed to approach
strain rates above 1 s−1 (≈ 7 ·104MPa s−1), which are relevant to extreme events, such as
blast loading. This identified trend is believed to be a direct consequence of an increased
terrorist threat in society (cf. Sec. 1.2), demanding this kind of knowledge. These ex-
periments were performed by P et al. (2011), K (2012), Z et al. (2012),
and M et al. (2019), employing high-speed servo-hydraulic testing machines and
SHPB setups.

All the reviewed dynamic fatigue data2 for soda-lime-silica glass, normalised as outlined
in Paper I, are presented in Fig. 2.8 as a plot of the relative failure stress as a function of
strain rate. Through the normalisation, crack properties (as defined by β , cf. Eq. (2.20))
and specimen size effects were made dimensionless, which means that only the rate de-
pendency of the glass strength dominates and other effects were removed. It is clearly
seen that strength increases with increasing strain rate, and that the majority of data are in
good agreement within the range of quasi-static loading, i.e. from 10−7 s−1 to 10−3 s−1. At
the outermost values, a strength reduction of about 60% and an increase of about 175%
with respect to σ f ,d/σ0 = 1.0 can be read. When looking at the extremes of strain rates
(low and high), there are fewer data points because the experimental execution is more
involved. Also, these data points exhibit a strong divergence from the general trend of the
dynamic fatigue curve. However, most of them should not be treated as a scatter. Since
no distinction has been made between tests conducted under different conditions, such
as varying temperature and humidity, the shown deviations can be explained by the sub-
critical crack growth, which is sensitive to changes in the surrounding environment (cf.
Sec. 2.1.1). This sensitivity results in a variation of the log-log linear slope. However,
some of the divergences in the data may also be attributed to the fact that strength limits
as given in Eq. (2.10) possibly were approached. Also, the complexity in the execution
and analysis of high strain rate experiments may explain some of the seen deviations.

The results relevant to high strain rate loading by blast waves from explosions are now con-
sidered in more detail. For the other data shown in Fig. 2.8, the reader is referred to Paper

2The datasets are openly available (cz licensed under CC0 1.0, https://creativecommons.org/publicdoma
in/zero/1.0/) in the data repository DTU Data, a figshare platform, at https://doi.org/10.11583/DTU.13655525.
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Fig. 2.7 Range of experimental strain rates reported in the published dynamic fatigue tests on
soda-lime-silica glass. (from Paper I, M et al. 2021a)
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Fig. 2.8 A re-plot of the reviewed dynamic fatigue data of soda-lime-silica glass, as the relative
failure stress as a function of strain rate. (from Paper I, M et al. 2021a) (Continued on the
next page with the figure legend)
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Fig. 2.8 A re-plot of the reviewed dynamic fatigue data of soda-lime-silica glass, as the relative
failure stress as a function of strain rate. (from Paper I, M et al. 2021a)

I (M et al. 2021a). Only a few high strain rate publications investigating soda-
lime-silica glass above 1 s−1 were found. The data published by C et al. (1978),
Z et al. (1986), and K (2012) all show an almost linear dynamic fatigue be-
haviour, which continue the trend of the other data at the lower strain rates. The other
studies in the high strain rate regime (P et al. 2011; Z et al. 2012; M et
al. 2019), tend to deflect from the general trend. From all publications reviewed, Z et
al. reached the highest strain rates in the investigation of cylindrical glass samples loaded
in diametral compression using a Split-Hopkinson Pressure Bar setup. They propose two
linear dynamic increase functions (DIF) within the ranges (1) 10−5 s−1 ≤ ε̇ ≤ 3.5 ·102 s−1
and (2) 3.5 ·102 s−1 < ε̇ , which were fitted to individual measurements (not mean values).
It is the only study found where a sudden increase in strength is seen. However, the related
strain rates are also higher than what was reported by other researchers. Similar experi-
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ments were performed by P et al. at two strain rates, 3.8 ·10−5 s−1 and 5.5 ·101 s−1,
also confirming a strain rate sensitivity, but with a lower slope, i.e. a higher value for n
(cf. Appendix A, Table A.4 in Paper I), compared to the other data, which might indicate
an approaching limit. This trend can be seen again for the dynamic fatigue data provided
by M et al. (2019), who investigated circular flat glass samples with two surface
treatments, as-received and pre-damaged, in axisymmetric bending at 6-7 different strain
rates. Furthermore, the data for the as-received glass samples are found to comply with the
investigations conducted by N et al. (2010) on as-polished borosilicate3 glass samples,
as can be seen in M and N (2020). A general explanation for the observed
strength enhancement with increasing strain rate is the decrease (or even absence) of the
sub-critical crack growth effect. Since it takes time for water molecules to reach a crack
tip, which is significantly reduced or not given by the rapid loading, the occurrence of
crack growth is delayed or inhibited, causing higher crack resistance.

No special attention is given to the test environment for the data shown in Fig. 2.8. While
an evident strain rate sensitivity is seen for the tensile strength of the glass, the effect of
water in the surroundingmedium, which is a controlling parameter in the sub-critical crack
growth, is less prevailing. To highlight these environmental effects, Fig. 2.9 are two plots,
which divide the relevant data from Fig. 2.8 into test environments that can be assumed
decisive for the construction industry (around room temperature): (a) air (25-67% RH)
and (b) water (liquid or 100% RH). In the estimation of the sub-critical crack growth pa-
rameter, n, the extreme data points were excluded by only considering values within the
interval from the 2.5th to the 97.5th percentile, i.e. the interval of values containing the
central 95% of the data. Since the majority of these data points are mean values that are
based on different sample sizes, the method of Weighted Least Squares (WLS) was used
for the linear regression with

√
N as the weight factor, where N is the sample size that

relates to each data point (provided in M et al. 2021b). For instance, a single mea-
surement is represented byN = 1. The resulting slopes of the linear regressions in Fig. 2.9,
i.e. 1/(n+1), determine n = 18.1 for the glass tested in air and a slightly lower value of
n = 16.5 for the glass tested in water, which is due to an increase in the chemical reactivity
(increased water content). These values are in accordance with the recommended conser-
vative estimate n = 16, typically applied for the design of glass members for building (see
e.g. H et al. 2008).

According to Eq. (2.10), it is unlikely to think of the glass strength decreasing or increas-
ing continuously for strain rates approaching zero or infinity, respectively. A lower limit
could be shown by G et al. (1987), whereas an upper limit, as suggested by E
(1974), E and J (1975), and C et al. (1978) (see Fig. 2.6), has not
been well validated, although a small indication of it seems to be present in Fig. 2.9(a).
Based on the aforementioned percentiles, estimates for these limits are given in Fig. 2.9.
Both test environments result in identical lower limits with a value of σ f ,d/σ0 = 0.65. The

3Borosilicate glass (BSG) has a different chemical composition than soda-lime-silica glass, offering very high
resistance to temperature changes as well as very high acid resistance. Thus, it is used for special applications
such as fire protection glazing and heat-resistant glazing or laboratory equipment.
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Fig. 2.9 Cubic function
fitted to the dynamic fa-
tigue data from Fig. 2.8,
divided into the test envi-
ronments (a) air (25-67%
RH) and (b) water (liquid
or 100% RH). Due to an
observed lack of data at
high strain rates in (b), the
arrow and dotted line indi-
cate that a limit possibly is
not reached. (from Paper
I, M et al. 2021a)

10 11 10 7 10 3 101 105 109

Strain rate,  [s 1]

0.5

1.0

1.5

2.0

2.5
3.0

Re
lat

iv
e f

ail
ur

e s
tre

ss
, 

f,d
/

0 [
]

(a)

0.65

2.30

95
 %

Air (25-67 % RH)
Polynomial fit
n = 18.1

10 11 10 7 10 3 101 105 109

Strain rate,  [s 1]

0.5

1.0

1.5

2.0

2.5
3.0

Re
lat

iv
e f

ail
ur

e s
tre

ss
, 

f,d
/

0 [
]

(b)

0.65

1.65
95

 %

Water (liquid or 100 % RH)
Polynomial fit
n = 16.5

upper limit for the glass tested in air is 2.30, meaning that the strength increases by up to
130% for ε̇ → 2.1 ·102 s−1 (following the linear regression), as compared to the reference
tensile strength, σ0. In comparison, the value of 1.65 for the glass tested in water seems
relatively low. However, there is also no indication of asymptotic dynamic fatigue be-
haviour, therefore showing the dotted line in Fig. 2.9(b) together with an arrow indicating
a possible further strength increase at higher strain rates. The data needed to determine the
upper limit are lacking because it can be difficult to execute high strain rate experiments
in a controlled water environment.
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It is obvious from the reviewed dynamic fatigue data for soda-lime-silica glass that for
both test environments highlighted, more tests are needed in the high strain rate regime;
first, in air to rule out the disagreement in the dynamic fatigue curves, and then, in water
to measure well-defined data. The low strain rate range needs further attention to obtain
a more conclusive threshold strength limit. However, the focus of this work is high strain
rate loading, as thus it is covered exclusively in the following chapters.

2.3 Normative Glass Strength Design
Structural engineers are usually bound by normative design guidelines (Standards), which
maintain the required safety in the design of building structures. For the design of load-
bearing glass members, there are numerous Standards, both embedded national and in-
ternational. They all define the interrelationship between the load duration and the glass
strength differently. A review of these different definitions is provided in this section for
the most current Standards available. First, the concept of normative glass strength design
is shortly introduced.

The analytical glass strength determination considering a single crack is not suitable for
Standards because of the characteristic differences in surface flaws on glass products.
Therefore, a characteristic bending strength is typically defined based on a determinis-
tic approach, for example, as given by Eq. (2.1). In the framework of the Eurocode, the
characteristic strength usually relates to a 5% probability of failure at the lower limit of
the 95% confidence interval. For soda-lime-silica glass (annealed float glass), this value
equals 45MPa according to EN 572-1:2012. The characteristic strength is then modified
based upon usage, load duration and other factors that relate to modifications to the ba-
sic glass product, e.g. edge/hole finish, surface profile, and pre-stress, to obtain a design
bending strength. An example of a design formula for the bending strength of glass is
given on the basis of the new European glass code, currently available as the Technical
Specification CEN/TS 19100-1:2021:

fg,d = ke · ksp ·λA ·λ1 · kmod ·
fg,k
γM︸ ︷︷ ︸

Intrinsic glass strength

+kp · ke,p ·
fb,k− fg,k

γp︸ ︷︷ ︸
Surface pre-stress

(2.22)

Here, the total design bending strength is a sum of the intrinsic glass strength and eventual
pre-stress (a compressive surface stress) from thermal or chemical strengthening. The
characteristic bending strengths are denoted fg,k and fb,k for the basic glass product and the
pre-stressed glass, respectively, and the related partial factors are γM and γp, respectively.
The factors, ke, ksp, kp, and ke,p, account for the variations in strength due to modifications
to the basic glass product, while λA and λ1 are factors related to size effects in strength
(only applicable if a glass pane exceeds 18m2). These strength modifying factors may
be defined differently in other Standards. However, one they all have in common is a
factor accounting for the load duration dependence. This strength reducing/enhancing load
duration factor, denoted kmod, is the normative representation of sub-critical crack growth
effects in annealed float glass. It is expressed as the glass strength relative to a strength
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at a given reference load duration t0, i.e. kmod (t) = σ f (t)/σt0 (equals one when t = t0), a
relationship that is compliant with Eq. (2.17). For pre-stressed glass, kmod typically takes
the value one because, at long-term quasi-static loads, no sub-critical crack growth occurs
due to the presence of compressive surface stresses, which prevent cracks from opening.
However, in case of extreme loads with very short duration, e.g. blast loading, where
the compressive surface stress probably is exceeded, it would be appropriate to take into
account a kmod that is larger than one, as will be shown in Chapter 4.

A summary of the load duration factors for annealed float glass, as defined by the various
Standards reviewed, is given in Fig. 2.10, where kmod is plotted as a function of load dura-
tion in hours. For comparison, the static and dynamic fatigue data from Figs. 11 and 14 in
Paper I (M et al. 2021a) are included as well, which are supported additionally by
an analytical relationship given by Eq. (2.17) with n = 16. The strain rates in the dynamic
fatigue data are converted to load duration by assuming a constant loading rate as depicted
in Fig. 2.5(b). Both experimental data and the analytical solution are normalised with a
‘60-second’ strength, which is shown to be a less conservative normalisation compared to
the Standards.

The experimental data show to be well represented by Eq. (2.17), again confirming that
n = 16 is a reasonable choice for the design of structural glass members. When further
examining the normative definitions of the glass strength’s load duration dependency, two
approaches become evident:

(1) A continuous function or a set of values that relate to such a function, which is
based on the interrelationship between crack growth and stress intensity as derived
by the empirical power law in Eq. (2.3) (EN 16612:2019; NEN 2608:2014; CEN/TS
19100-1:2021; ASTM E1300-16; AS 1288-2006; CNR-DT 210/2013), and

(2) A more conservative approach (especially at the very short load duration, < 1s),
where fixed values for given types of load configurations (e.g. long-term, medium-
term, and short-term load duration) are defined, resulting in a step function (AS
1288-2006; DIN 18008-1:2010; DIN 18008-4:2013; ÖNORM B 3716-1:2016).

The Standards using the continuous function approach agree on the sub-critical crack
growth parameter n = 16, while the choice of t0 is different, causing the seen deviations.
The smaller the reference load duration is, the more conservative the estimate of the glass
strength. In CNR-DT 210, t0 = 0.67s is the reference, whereas AS 1288 and ASTM
E1300-16 use 3 s. The longest reference load duration of 5 s is found in EN 16612 and
NEN 2608. Overall, the Standards’ definition of the load duration dependency agrees
with the experimental data (better matches can be obtained using a different reference
load duration for the experimental data). However, no data are found to support the ex-
trapolations provided for long-term lifetime predictions (> 1yr), often seen up to 50 years.
In the dynamic range of load duration (20ms ≤ t < 1s), EN 16612 and CEN/TS 19100-
1 define an upper limit for kmod, although the experimental data support an extrapolation
into even shorter load duration. This could become relevant for the design of blast resilient
glazing against small to large charges, e.g. person-borne or vehicle-borne explosives (D -
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Fig. 2.10 The load duration factor, kmod, as defined by different Standards for annealed float glass
compared to static and dynamic fatigue data from Paper I (M et al. 2021a) as well as an
analytical solution based on the relationship in Eq. (2.17).
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et al. 2018). The possibility of using higher values for kmod for dynamic loading is
provided in CEN/TS 19100-1, requiring that these are taken from a transparent and re-
producible assessment that complies with the requirements of EN 1990:2002. Within the
ASTM Standards, short-duration loads relevant for blast loading are covered by ASTM
F2248-19, which defines an equivalent 3-second duration (the shortest duration in ASTM
E1300-16, resulting in kmod = 1) design load; however, only valid for laminated glass.

The step function approach used by some of the Standards to express the glass strength’s
load duration dependency is much more conservative. While the points of step-changes
coincide with both the experimental data and the continuous functions, the steps (the
plateaus) are located conservatively apart from these. Themost significant deviation to the
values obtained from experiments is seen in the range of load duration below 1 s, meaning
that the glass strength is determined with greater certainty there. For longer load duration,
the step functions provide a better description of the glass strength. The impact of the
presented variations in the load duration factor, kmod, on the design of glass members is
further emphasised in Paper I (M et al. 2021a) in the example of a load duration
of 100ms.
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3
Experimental Methodology for
High Strain Rate Testing

This chapter addresses

the findings reported in

Paper II on page 201.

A literature review, subject of the previous Chapter 2, on
experimentally obtained tensile strength data for soda-lime-
silica glass showed a significant lack of data in the high strain
rate regime, relevant to blast loading, and some disagree-
ments among the studies reviewed. This chapter addresses Paper II, which covers the
experimental methodology for high strain rate testing developed in this project to accom-
modate the identified needs. That is, to obtain a reliable understanding of the glass’ me-
chanical properties, such as strength and stiffness, when subjected to high strain rate load-
ing. First, some background on the high strain rate characterisation of materials is given
with a focus on glass (Sec. 3.1). With an identified need for a new experimental test rig,
the design of a modified version of the traditional Split-Hopkinson Pressure Bar (SHPB)
setup and the related testing conditions are presented and discussed (Sec. 3.2). Finally, all
experimental procedures and techniques established for the SHPB experiments on glass
are outlined (Sec. 3.3) and the application of high-speed cameras is presented (Sec. 3.4).

3.1 Background
The characterisation of engineeringmaterials for structural applications usually takes place
at quasi-static strain rates below 10−1 s−1 using conventional testingmachines (see Fig. 1.7).
If the load to design for is more extreme, higher strain rates up to 102 s−1 can be achieved
using fast valves and gas reservoirs to pressurise an oil reservoir (a pneumatic-hydraulic
system). Such a design often differs from the conventional by not having a closed-loop
feedback control system of the loading conditions, which is difficult to include for short-
duration loading. Thus, inherently making the strain rate more dependable on the rela-
tionship between machine and specimen stiffness (B and P 1991). However,
since the importance of inertia forces increases with the speed of loading, these special
hydraulic testing machines reach a limit at some point, which is not directly related to the
machine design but the sensors measuring the load application. Typically, conventional
load cells are included, which start to vibrate severely when the load application is too
rapid, making reliable measurements difficult. For instance, this is reported by K
(2012) and M et al. (2019) in their dynamic glass strength investigations at strain
rates up to 101 s−1. Going higher in strain rate, these challenges can be overcome using
a Split-Hopkinson Pressure Bar (SHPB), which is well-known and frequently applied for
high strain rate testing of materials between 50 s−1 and 104 s−1, depending on the sample
size (N -N 2000; C and S 2011).
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Gas gun Striker bar Sample
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Gas gun Striker bar
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Loading device Bar system

Transmission tube
Incident bar Sample
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vst Strain gauge

Strain gauge Strain gauge

Load ring Support ringPulse shaper

Pulse shaper

Free view

Fig. 3.1 The traditional Split-Hopkinson Pressure Bar design in (a) compared to a modified design
in (b), developed and employed in the present study.

The first steps into such material testing technique were pioneered by J H
(1872) and his son, B H (1914), the inventor of the pressure-bar method.
Further important contributions were made by R (1921), L and Q
(1923), and D (1948), leading to the design of today’s known Split-Hopkinson Pres-
sure Bar, devised originally by K (1949); therefore, also named ’Kolsky bar’. The
basic concept involves a material sample that is placed between two elastic bars, denoted
incident bar and transmission bar, as schematically shown in Fig. 3.1(a). An external load
is then exerted on the incident bar, typically with a gas gun that launches a striker bar.
The impact generates a compressive stress wave that travels towards the sample, loading
it at high strain rates. Part of the wave reflects at the interface between the incident bar
and the sample, whereas the rest transmits through the sample into the transmission bar. A
measurement of the material’s stress/strain response is provided by analysing the recorded
strains in the bars. For different strain rates, the impact velocity and the specimen size may
be varied.

The Split-Hopkinson Pressure Bar also does not have a closed-loop feedback control sys-
tem, making real-time adjustments of the loading conditions applied to the sample impos-
sible. Usually, the stiffness ratio between the used bars and the sample is low, making the
sample stiffness critical to consider in the experiment design. Due to the missing feedback
control, the desired testing conditions can only be achieved iteratively. However, the ma-
terial sample response is initially unknown. Therefore, the design of an SHPB experiment
can become rather complex.

Several techniques have been employedwithin the glass and ceramics research community
using the Split-Hopkinson Pressure Bar to investigate the material’s strain rate sensitivity
to tensile stresses. P et al. (2011) and Z et al. (2012) tested cylindrical soda-
lime-silica glass samples in diametral compression (split tensile test or Brazilian test) with
the original SHPB design, similar to what is shown in Fig. 3.1(a). However, a different
stress state is expected in thin-walled glass panes subjected to transient loading from ex-
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plosion shock waves that instead relate to bending induced stresses. A convenient setup
introducing such a stress state was developed by C et al. (2002), who employed a
modified piston-on-three-ball test configuration to study thin ceramic substrates dynam-
ically in flexure. Borosilicate glass became the subject of a series of investigations, in
which rectangular samples were tested in a four-point bending fixture and circular sam-
ples in a ring-on-ring test configuration (N et al. 2009; N et al. 2010; N and C
2012). Based on the findings reported, the ring-on-ring test configuration showed to be
the preferred choice. This is because the axisymmetric bending minimises stressing of a
sample’s edge (see stress distribution in Fig. 3.2) where typically more severe defects are
located due to cutting, causing an unwanted strength reduction. With maximum constant
stresses in the sample centre within the load ring, edge failures are thus less likely to occur,
providing a more reliable measure of the surface strength.

Testing materials at high strain rates typically happens in the range of microseconds. In
such a short time frame, many processes become impossible to assess with standard labo-
ratory equipment. Therefore, the application of high-speed cameras and the Digital Image
Correlation (DIC) technique for non-contact optical measurements have been established
as a general practice within the field of dynamic material characterisation (T 2018).
These techniques enable the study of failure/fracture processes and displacement/strain
fields in length scales ranging frommicrons tometers (S et al. 2009), thereby adding
information to the material other than strength, e.g. determined from SHPB experiments.
However, their application to a bend test configuration arranged in a traditional SHPB
design is challenging because the sample surfaces are hidden by the bars, making them
not visible for cameras.

Load ring

Sample

Support ring

Stress path

r

1

Fig. 3.2 The equibiaxial stress
state for small deflections in a
circular sample loaded in a ring-on-
ring test configuration (σθ is the
tangential stress; σr is the radial
stress; σ1 is the first principal
stress).
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The present study intends to investigate the flexural behaviour of flat, circular soda-lime-
silica glass samples at high strain rates (> 101 s−1); see more in Chapter 4. Therefore, the
following sections introduces a novel design of an experimental setup, as illustrated in
Fig. 3.1(b), that encompasses the aforementioned needs and challenges by a modification
of the well-known SHPB design.

3.2 A Modified Split-Hopkinson Pressure Bar
In an SHPB setup, three main parts are crucial to the design: (i) a loading device, (ii)
a bar system, and (iii) a data acquisition system. Very little has changed in this regard
in the modified version, as evident in the comparison provided in Fig. 3.1. Since the
new experimental setup requirement is to enable the application of high-speed cameras to
detail the glass’ behaviour in an axisymmetric bending fixture, only a reinvention of the
bar system is performed. An unobstructed view of the sample’s centre is established by
replacing the traditional transmission bar with a tube having the incident bar going through.
The interchangeable ring-on-ring test configuration is placed at the end furthest away from
the loading device with the smaller load ring mounted to the 1.99m-long incident bar and
the larger support ring to the 1.35m-long transmission tube, as shown in Fig. 3.3 together
with bar and tube diameters. The highlighted ring dimensions are determined according
to ASTM C1499-15 for a sample with dimensions �45mm× 3mm± 1mm. A conical
through-going hole in the support ring exposes approximately 54% of the sample’s tensile
surface, which corresponds to an area of 855mm2. All setup parts making up the complete
bar/tube system are fabricated from a high-strength aluminium alloy (Alumec 89® – a
7000 series alloy) with a stiffness similar to glass. The striker bars, in lengths 250mm and
500mm, have the same cross-section as the incident bar. The whole setup is constructed
on top of a 4m-long HEB steel beam, as shown in Fig. 3.4. Further details to the setup
construction can be found in Paper II and a selection of technical drawings is provided in
Appendix A, Sec. A.1.

Fig. 3.3 Detailed view,
section through the centre,
of the ring-on-ring test
configuration located at the
furthest end of the setup
away from the loading
device and mounted to the
bar/tube system. (adapted
from Paper II)

Incident bar

Transmission tube

Load ring
(⌀18 mm)

30 mm
48 mm

Glass sample
(⌀45 mm) Support ring

(⌀38 mm)

R2.5

R2.5

55 mm

Free view
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HEB 220 steel beam

Supporting steel frame

Ring-on-ring test config. Gas gun

Transmission tube Incident bar Impact end

Springs Rigid mass Air release control

Barrel

Air compressor

4.0 m
1.99 m

1.35 m

Fig. 3.4 A photo of the modified SHPB setup with the main parts highlighted. (from Paper II)

3.2.1 Testing Conditions
In an experiment with the modified SHPB, a fast opening gas gun pressurised with air
(details to the valve mechanism can be seen in Appendix A, Sec. A.1) launches a 500mm-
long striker bar on the incident bar with a pulse shaper placed on its impact end (elaborated
in Sec. 3.3.3). The impact generates a shaped compressive stress wave1, the incident pulse,
that travels towards the ring-on-ring test configurationwith a loading duration proportional
to the striker bar length and a speed corresponding to the elastic wave speed of the bar/tube
material,C0. Assuming one-dimensional elastic wave propagation,C0 is determined from
the Young’s modulus, Eb, and density, ρb, of the bar/tube material (see e.g. M 1994):

C0 =

√
Eb
ρb

(3.1)

When the incident pulse encounters the glass sample, part of the wave reflects at the load
ring/sample interface due to a wave impedance mismatch. The rest transmits through
the glass, on the support ring and into the transmission tube until the sample fails. Con-
sequently, three pulses in the propagating strains/stresses in the bar/tube system can be
identified as highlighted in Fig. 3.5, showing a typical record by strain gauges on the bar
and tube surface (see Sec. 3.3.1):

1. the incident pulse, εi or σi,

1Without a pulse shaper, the stress wave generated by the impact is analytically predictable. However, due
to the limited application in the present experiments, it will not be discussed further here; for details, the reader
is referred to, e.g. C and S (2011).
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Fig. 3.5 A representative example of recorded strain signals in the incident bar and the transmis-
sion tube from an experiment on an annealed float glass sample with the 500mm-long striker bar
launched at vst ≈ 6m s−1. The experiment used a pulse shaper as described in Sec. 3.3.3. The times
indicated are the arrival times of the stress waves at the strain gauges.

2. the reflected pulse, εr or σr, and

3. the transmitted pulse, εt or σt .

These three pulses determine the material response to high strain rate loading. However,
they were recorded before and after the sample deformation took place, due to the strain
gauges distance to the sample, as illustrated in Fig. 3.1(b). Therefore, proper time syn-
chronisation is necessary for the data post-processing, which turns out to be a critical part
of SHPB experiments, as it more or less relies on the experimenter’s judgement of the
incident pulse’s starting point (C and S 2011). Since the complex geometry of the
ring-on-ring test configuration makes the determination of the time difference between the
starting points of the incident and transmitted pulse difficult, both have to be estimated.
These are denoted t0,IB and t0,TT, respectively, as shown in Fig. 3.5. Based on the starting
point of the incident pulse, the corresponding starting point of the reflected pulse, t1,IB,
can be estimated by:

t1,IB = t0,IB+
2
(
LIB− xsg,IB

)
C0

(3.2)

where LIB is the total length of the incident bar measured from the impact end to the tip
of the load ring, and xsg,IB is the position of the strain gauge (detailes in Sec. 3.3.1) also
measured from the impact end. However, in the time synchronisation of the experiments,
it has become apparent that Eq. (3.2) causes a slight overestimation of up to 10 µs, which
is taken into account in the post-processing. This can be related to the fact that the incident
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bar is not purely cylindrical, as assumed in Eq. (3.2). Furthermore, due to the relatively
short incident bar chosen for the setup (LIB = 1.99m), a signal overlap in the rear portion
of the reflected pulse might become critical, depending on the pulse duration. Therefore,
an additional assessment of the incident pulse after its second reflection at the impact end
is vital in these experiments. Based on the starting point of the reflected pulse, the time
for its third arrival at the strain gauge, t2,IB, can be estimated by the following expression:

t2,IB = t1,IB+
2xsg,IB

C0
(3.3)

From the example shown in Fig. 3.5, which is representative for the experiments conducted
in this study, the starting point of the signal overlap in the reflected pulse is located slightly
after glass fracture took place, i.e. the duration t2,IB− t1,IB is longer than the duration of
the transmitted pulse. An overlap could have been prevented by using a longer incident
bar. However, in its current application, the identified signal overlap is shown not to be
critical in the determination of the glass’ response to high strain rate loading.

Once proper time synchronisation is established between the three pulses, the resulting
forces at the loading and supporting side of the glass sample, FLR and FSR, can be deter-
mined as follows:

FLR = EbAIB (εi + εr) (3.4)
FSR = EbATTεt (3.5)

where AIB and ATT are the cross-sectional areas of the incident bar and the transmission
tube, respectively. The determination of a glass sample’s failure load using Eqs. (3.4) and
(3.5) requires that a dynamic force equilibrium has been established across the sample, i.e.
FLR ∼= FSR. However, since the sample is initially at rest, it takes time to build up nearly
equilibrated forces, which is not directly given at the rapid loading. A typical dynamic
force equilibrium check is exemplified in Fig. 3.6(a), where the shown force histories are
determined from the signals in Fig. 3.5 using Eqs. (3.4) and (3.5).

An overall good agreement is seen between the two force histories during the entire loading
period. However, some oscillations are present on the load ring side, which do not appear
on the support ring side. They were most likely caused by stress wave reflections in the
load ring section, modifying the reflected pulse on the way back to the impact end, not
affecting the loading of the glass sample. Looking further at the signal amplitudes of
the incident and reflected pulse in Fig. 3.5, only a minor difference can be noticed. This
indicates a sample with a low force amplitude relative to the incident pulse, making it
a “weak” sample. Since the force history on the load ring side is determined by adding
together the incident and reflected pulse (with opposite signs), possible noise in the signal
caused by the geometrical modifications in the incident bar may have been amplified due
to the weak sample response, further explaining the emerging oscillations.

In a quantitative manner, the dynamic force equilibrium can be checked using the follow-
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Fig. 3.6 Example of a dynamic force equilibrium check based on the signals shown in Fig. 3.5:
(a) comparison of the force histories FLR and FSR, and (b) the equilibrium check using Eq. (3.6).

ing equation (R and S 1994):

R(t) =
∣∣∣∣∆F (t)

Fm (t)

∣∣∣∣= 2
∣∣∣∣FLR−FSR
FLR+FSR

∣∣∣∣ (3.6)

which determines the ratio of the force difference between the sample’s surfaces, ∆F , to
the mean force within the sample, Fm. The forces can be considered equilibrated when
R(t) ≤ 5% (R and S 1994). This check is performed in Fig. 3.6(b)
for the force histories in Fig. 3.6(a). The limit of 5% cannot be met around the observed
oscillations in FLR, which is also not considered critical because it is believed that the
loading of the glass sample is not affected by the fluctuations, as shown later in Sec. 3.4.
However, considering the time range±10µs around the force peaks (highlighted in grey),
the equilibrium check yields satisfactory results. This leaves the conclusion that the forces
acting on the glass sample are in equilibrium at failure, allowing the calculation of a sam-
ple’s failure load with Eqs. (3.4) and (3.5).

When the dynamic force equilibrium in the sample is achieved, the further characterisation
of the glass is, however, entirely based on the force history from the support ring side, i.e.
Eq. (3.5). This is straightforward and more accurate than the load ring side, where signals
need to be added and contain oscillations.

3.2.2 Alignment of the Bar/Tube System
Reliable and precise measurements with the modified SHPB require a good bar/tube sys-
tem alignment. Along the steel beam on which the entire setup is built, the incident bar
and the transmission tube are held in place by supports, as shown in Appendix A, Sec. A.1.
Linear bearings are included for the bar and 3D-printed brackets with ball bearing for the
tube, both securing minimal friction in horizontal movements. To make the necessary
adjustments, each support holds the bar/tube with three bolts that can modify its posi-
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(a) (b)

Fig. 3.7 Photos of the alignment procedure used for the bar/tube system: (a) a side view showing
the cord passing two bar/tube supports, and (b) a close-up of one of the 3D-printed crosshairs.

tion. Inside the tube, the incident bar is supported by in-house fabricated, low friction
PTFE (polytetrafluoroethylene) bearings, also shown in Appendix A, Sec. A.1. Before
the placement of the bar/tube system, the alignment of the supports was performed using
a cord, which was tensioned from the gas gun, through the barrel and each support, to the
last support furthest away. At each support, a 3D-printed crosshairs with the same outer
geometry as the actual bearings/brackets was placed, helping to align the supports centred
around the cord. Some photos detailing the procedure are given in Fig. 3.7. Paper II con-
cludes that this procedure resulted in a good alignment, which was checked through an
unshaped incident pulse and a FEM simulation being a measure for the perfect alignment.

3.3 Experimental Procedures and Techniques
Several experimental procedures and techniques are necessary to consider for the high
strain rate characterisation of the soda-lime-silica glass using the modified SHPB. These
are outlined in the following; some in more detail than the others as Paper II does not
provide all details.

3.3.1 Data Acquisition System
All the data measured in the experiments were acquired with a multifunction I/O device
(National Instruments USB-6356 (BNC)) controlled via LabVIEW NXG 5.0. That is, the
exit velocity of the striker bar and the strains in the incident bar and the transmission tube.

Striker Bar Exit Velocity Measurement
An in-house fabricated velocity measurer with two photogates was mounted to the barrel’s
muzzle. The striker bar’s exit velocity was determined by the time it took to pass the two
photogates with a mutual distance of 50mm. A high-speed camera placed perpendicular
to the barrel’s muzzle verified the velocity measurer. The exit velocity was controlled
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by changing the striker bar’s position inside the barrel and/or the gas gun’s air pressure.
In the present study, the 500mm-long striker bar was placed 10 cm inside the barrel, and
the pressure was set between 3 bar and 3.5 bar to measure a striker bar velocity, vst, of
approximately 6m s−1. Also, the photogates of the velocity measurer triggered the data
acquisition system.

Strain Measurements
The core measurements in the experiments with the modified SHPB are the strains in the
incident bar and the transmission tube because they provide the necessary information to
characterise the glass strength at high strain rates. However, the geometrical complexities
introduced, as presented in Sec. 3.2, can influence their propagation and thus the decision
of where to place the strain gauges used to measure them. Therefore, Paper II presents a
FEM model of the experiment with a 500mm-long striker bar, which simulates the char-
acteristics of the propagating strains. Based on the numerically determined peak strains
in the incident, reflected, and transmitted pulse, no significant changes in the strains are
reported between 0.4m and 1.3m on the incident bar (measured from the impact end), and
between 0.2m and 0.75m on the transmission tube (measured from the sample’s tensile
surface). Within these ranges, the strain gauges can be positioned reliably.

Diagonal Wheatstone half-bridge circuits were chosen for the strain measurements, with
two 120Ω strain gauges each on the rod and the tube attached on the surface towards
each other; see Fig. 3.1(b). On the bar they were placed at xsg,IB = 60.0cm and on the
tube at xsg,TT = 62.3cm. The off-centred position on the incident bar was chosen to max-
imise the time between the incident and reflected pulse. Since the voltage output from
the Wheatstone bridges is of small amplitude, a high-speed transducer amplifier (FYLDE
FE-H379-TA) was used to condition the signals for accurate data acquisition. Before the
execution of the experiments, the amplifier was shunt calibrated2 following the procedure
outlined in Appendix A, Sec. A.2. The experiments used a sampling rate of 1.25MHz,
which was the limit of the multifunction I/O device.

3.3.2 Setup Calibration
The post-processing of the strains acquired from the experiments with the modified SHPB
depends on the material properties of the bar/tube system. That is, the Young’s modulus
(Eb), the density (ρb), and the elastic wave speed (C0), whose relationship is given by
Eq. (3.1). These quantities need to be calibrated carefully from experiments, as any error
that might evolve is directly found in the determined stress/strain response of the tested
material sample (see e.g. L and L 1994). The calibration is reported in Paper
II and the resulting material properties are given in Table 3.1. A summary of data related
to the experimental determination ofC0 can be found in Appendix A, Sec. A.3. Compared
to the datasheet values provided for the high-strength aluminium alloy (Alumec 89®), the
calibrated values of the density and the Young’s modulus deviate with −0.2% and 2.2%,
respectively.

2Simulation of a bridge output signal by shunting one arm of a bridge by a resistor of known size.
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ρb C0 Eb

2823.6 kgm−3 5086.4m s−1 73.051GPa

Table 3.1 Calibrated material properties
of the high-strength aluminium alloy used
for the modified SHPB.

3.3.3 Pulse Shaping
In an SHPB experiment, when the striker bar directly impacts the incident bar, a trapezoidal-
shaped incident pulse with high-frequency oscillations in the plateau is created (shown
later in Fig. 3.14(a)). Depending on the material response, such loading can become inap-
propriate for achieving stress equilibrium and constant strain rate deformation in the sam-
ple. For example, brittle materials such as glass fracture at small elastic strains (without
subsequent plastic deformation), resulting in very short loading times, in which dynamic
stress equilibrium is difficult to achieve. The desired equilibrium and constant loading
rate in the characterisation of the glass can thus be facilitated by having an incident pulse
with increased rising time (a ramp history), preferably matching the material response
(S and R 2000; F et al. 2001; F et al. 2002; C and S
2011; N et al. 2012).

The research community has developed several pulse shaping techniques, summarised in
detail by C and S (2011). However, one that became dominant over the years is the
use of a thin, ductile metal disc, named pulse shaper, which is placed on the impact end of
the incident bar, as shown in Fig. 3.1. Such disc can be varied in thickness, diameter, and
material to obtain the desired pulse shape. First developments in the analytical description
of the deformation process of the pulse shaper were made by N -N et al. (1991),
and that work was later on extended and improved by F et al. (2001) and F et al.
(2002). The use of copper for the pulse shaper is a commonly seen practice (F et al.
2001; F et al. 2002; N et al. 2007; N et al. 2009; N et al. 2010; N and C
2012; Z et al. 2012; N and C 2013; E 2014). Since the material has been
shown to perform well, it is also employed in the present work to shape the incident pulse.
The following presents the application of this pulse shaping technique.

Pulse Shaper Model
Themodel described is based on the work fromN -N et al. (1991) and F et al.
(2002). Fig. 3.8(a) is a schematic illustration of the loading end of an SHPB setup with a
pulse shaper attached to the incident bar. The initial geometry of the pulse shaper is defined
by the cross-sectional area, a0, and the thickness, h0. The striker bar (ρst,C0,st, A) impacts
the pulse shaper with the velocity vst, and compressive forces are gradually transferred to
the incident bar (ρb,C0, A, Eb). While the pulse shaper deforms, its load-carrying capacity
increases due to the increasing cross-sectional area and the strain hardening of the material.
The increase in load-carrying capacity extends the duration of the incident pulse.

In the plastic deformation of the pulse shaper, the resulting axial engineering strain, εp(t),
is given by:

εp(t) =
h0 −h(t)

h0
= 1− h(t)

h0
(3.7)
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Pulse shaper

ρst, C0,st, A

Strain gauge

Strain gauge

vps,2

(a)

(b)

(a0, h0)

vst

vps,1

Incident bar

Incident bar

Pulse shaper

Striker bar

Striker bar

ρb, C0, A, Eb

(a(t), h(t))

Fig. 3.8 A schematic of the loading end of an SHPB setup with a pulse shaper: (a) before loading
the pulse shaper, and (b) during loading of the pulse shaper. (after F et al. 2002)

with h(t) being the current thickness of the pulse shaper. Further, the related true axial
stress, σp, is assumed to follow a one-dimensional stress-strain relationship of the form:

σp = σ∗ ·g(εp) = σ∗ ·
εn

p

1− εm
p

(3.8)

where σ∗ is a stress constant and g(εp) is a function of the pulse shaper axial engineering
strain. The impact on the pulse shaper generates a reverse-travelling compressive wave
in the striker bar. Based on the first wave reflection in the striker bar, the loading strain in
the pulse shaper, εp(t), can be calculated from:

t =
h0

vst

∫ εp

0

[
1−K

(
1

ρbC0
+

1
ρstC0,st

)
g(x)
1− x

]−1

dx,

for 0 ≤ t < τ

(3.9a)

with

K =
σ∗ a0

Avst
and τ =

2Lst

C0,st
(3.9b)

where A is the cross-sectional area of both the striker bar and the incident bar, τ is the time
for two wave transits in the striker bar, Lst is the length of the striker bar, and C0,st is the
elastic wave speed of the striker bar material. Eq. (3.9a) is only valid as long as the pulse
shaper does not deform plastically beyond the bar surfaces, i.e. a(t)≤ A.

The deformation of the pulse shaper may continue for multiple wave transits in the striker
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bar. Therefore, the total strain as a function of time is defined as follows:

t = nτ +
h0

vst

∫ εp

εn
p

[
1−K

(
1

ρbC0
+

1
ρstC0,st

)
g(x)
1− x

− 2K
ρstC0,st

n

∑
k=1

g(εp (t − kτ))
1− εp (t − kτ)

]−1

dx, for nτ ≤ t < (n+1)τ

(3.10)

where εn
p is the strain in the pulse shaper at t = nτ , and n is the number of wave transits

in the striker bar (back and forth counts as one). Again, the pulse shaper is not allowed
to expand beyond the bar surfaces. In addition, Eq. (3.10) is only applicable as long as
the pulse shaper deforms in compression. In terms of the particle velocities at the pulse
shaper/bar interfaces shown in Fig. 3.8(b) (defined by Eqs. (24a) and (24b) in F et al.
(2002)), this means (vps,1− vps,2) ≥ 0. When vps,1 < vps,2, the pulse shaper is assumed
to unload elastically, and thus another set of equations is to be applied. Since only the
compressive deformation of the pulse shaper is focused on in the following, further details
to the unloading model can be found in F et al. (2002).

Eqs. (3.9a) and (3.10) require that the pulse shaper material response defined by Eq. (3.8)
is known. For that, a series of pulse shaping experiments using different combinations of
pulse shaper dimensions, striker bar lengths, and striking velocities, must be conducted.
Using an end-point method3, the final axial engineering strain in the tested pulse shaper
is determined from Eq. (3.7). The peak strain or stress from the measured incident pulse,
max(εi) ormax(σi), is then extracted to determine the true axial stress,σp, using Eq. (3.11):

σp =
EbA
a0

(1− εp) max(εi) =
A
a0

(1− εp) max(σi) (3.11)

Once data points are obtained over a broad range of εp, Eq. (3.8) is fitted with the least
squares method to obtain the parameters σ∗, n, and m.

Since the pulse shaper model aims to predict a stress-time curve in the incident bar, the
true axial strain in the pulse shaper, εp(t), calculated from Eqs. (3.9a) and (3.10) needs to
be converted into axial stresses in the bar as follows:

σi (t) = σst (t) =
σ∗ a0

A
g(εp)

1− εp
(3.12)

By knowing the response of the material chosen for shaping the incident pulse, one can
now design a pulse shaper that meets the desired experimental conditions by varying the
disc dimensions, the striker bar length and the striking velocity.

3A method that determines the pulse shaper response from its final deformed state after test.
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Pulse Shaper Material Response
The following determines the response of annealed Cu-DHP (CW024A – R240, cf. EN
1652:1998) copper, the material chosen for the pulse shapers employed in the high strain
rate material characterisation of flat glass samples outlined in Chapter 4.

Pulse shapers in diameter, d0, from 2mm to 15mm were punched and laser cut from
copper sheets of thicknesses 1, 2, 3, 4, and 5mm, resulting in thickness-to-diameter ratios
from 0.07 to 1.00. The as-received copper discs were heated for approx. 2 h at 500 ◦C to
obtain the annealed condition. In total, 44 tests were conducted to calibrate the resistance
function given by Eq. (3.8). The various pulse shaper geometries were tested with varying
striker bar lengths and striking velocities to obtain data over a broad range of εp. The final
pulse shaper data are plotted in Fig. 3.9 together with the fitted resistance function with
σ∗ = 553.0MPa, n = 0.3008, and m = 4.815. A detailed summary of the pulse shaper
experiments can be found in Appendix A, Table A.2.

The applicability of the pulse shaper model using the calibrated resistance function of
the annealed Cu-DHP copper is examined by comparison with experimentally obtained
incident pulses. In Fig. 3.10, results from two different pulse shaper experiments are
shown together with the model predictions. Since it is vital to properly shape the rise
of the incident pulse when testing brittle materials, only the compressive loading of the
pulse shaper is considered in the predictions.

Overall, the shown data agree satisfactory with the model, verifying the applicability of
the fitted resistance function to design a pulse shaper of the annealed Cu-DHP copper.
However, the very beginning in both incident stress-time predictions does not follow the
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Fig. 3.9 Pulse shaper data and resistance function for the annealed Cu-DHP (CW024A – R240, cf.
EN 1652:1998) copper. See also Appendix A, Table A.2.
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Fig. 3.10 Incident bar stress data and model predictions (unloading excluded) using the resistance
function for the annealed Cu-DHP copper: (a) h0 = 2.06mm, d0 = 10.07mm, Lst = 250mm, vst =
38.95m/s, and (b) h0 = 1.00mm, d0 = 3.60mm, Lst = 500mm, vst = 6.02m/s.

incident pulse’s actual rise because the model determines a sudden steep stress build-up.
Similar can be seen in the curves provided by F et al. (2002), but no explanation is
given in the reference for this model behaviour.

Final Pulse Shaper Dimensions
The pulse shaper model with the resistance function for the annealed Cu-DHP copper was
applied to determine the final pulse shaper dimensions. The aim was to sufficiently ex-
tend the rise time of the incident pulse to facilitate dynamic force equilibrium and constant
strain rate loading in the SHPB experiments on the flat glass samples. Four essential pa-
rameters can be varied to modify the shape of the incident pulse: the pulse shaper diameter
(d0) and thickness (h0), the striking velocity (vst), and the striker bar length (Lst). A para-
metric study of their impact on the pulse shape using the pulse shaper model is shown
in Fig. 3.11, in which the basic parameters were chosen as d0 = 3.0mm, h0 = 1.0mm,
vst = 6.0m s−1, and Lst = 500mm. Each parameter was varied individually, while the
remaining three were kept constant with the primary value.

Starting with the diameter (Fig. 3.11(a)), it is seen that the increase causes the initial elas-
tic response to increase because the pulse shaper exerts higher forces on the incident bar
before the pulse shaper starts yielding. Also, increasing the diameter helps to reduce the
amount of plastic strain in the pulse shaper, increasing the incident bar response. Increas-
ing the thickness (Fig. 3.11(b)) lowers the incident pulse amplitude while extending the
pulse duration. The increase in striking velocity (Fig. 3.11(c)) causes an increase in the in-
cident pulse amplitude while the loading duration decreases. Lastly, elongating the striker
bar (Fig. 3.11(d)) causes an increase in both the incident pulse amplitude and the loading
duration.

Since the shape of the incident pulse is a function of the four parameters, various combina-
tions exist that can fulfil the experimental needs. Therefore, the final pulse shaper design
was not entirely based on the parametric study presented. With a good starting point in
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Fig. 3.11 Parametric study with the pulse shaper model varying the four essential parameters: (a)
pulse shaper diameter, (b) pulse shaper thickness, (c) striking velocity, and (d) striker bar length.

Fig. 3.11 and some additional experiments, a pulse shaper made of the annealed Cu-DHP
copper with the dimensions�3.6mm×1.0mmwas found applicable for the 500mm-long
striker bar with a striking velocity of around 6m s−1. This design extended the rise time of
the incident pulse sufficiently while ensuring that its amplitude did not entirely drown out
the comparatively low force amplitude of the glass samples tested in bending. An example
of the resulting incident pulse is already given in Fig. 3.10(b) where it is compared to the
model prediction.

3.3.4 Wave Dispersion Analysis
The material characterisation with a Split-Hopkinson Pressure Bar assumes one-dimen-
sional elastic wave propagation in the bars by Eq. (3.1). Since the bar material is free to
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move in the radial direction, the actual wave propagation is of two-dimensional nature
governed by the lateral material motion, Poisson’s effects and resulting inertia-induced
stresses. Combined, these effects result in wave dispersion, accumulating when propagat-
ing along the bars. For increasing bar diameter, the effects of wave dispersion become
more significant and need to be corrected for in the recorded bar signals (see e.g. T and
W 2001). However, if the bar is slender enough, wave dispersion is negligible, and
thus, wave propagation may be considered to be approximately one-dimensional for the
determination of axial quantities.

P (1876) and C (1889) independently solved the equation of motion for a
sinusoidal wave propagating in an infinitely long, homogeneous, isotropic cylinder of uni-
form cross-section. The Pochhammer-Chree equation can be solved for different vibration
modes. For the Split-Hopkinson Pressure Bar, the first mode governs the determination of
wave dispersion in the bars (D 1948). Its solution is graphically shown in Fig. 3.12.
Here, the wave dispersion is plotted as the phase velocity, Cp, as a function of the ratio
between the cylindrical bar radius, r, and the wavelength, Λ (inversely proportional to
the frequency by Cp = Λ f ), for material with ν = 0.29. In comparison, the longitudinal,
the one-dimensional (Eq. (3.1)), the shear and the Rayleigh wave velocities are shown.
It is seen that the phase velocity of a propagating stress wave decreases with decreasing
wavelength (or increasing frequency), approaching the Rayleigh wave velocity. The same
holds for an increasing bar radius if the wavelength is fixed. However, one-dimensional
wave propagation theory applies if all the energy of a stress wave signal contains frequency
components of long wavelength in the range r/Λ ≤ 0.05-0.10 (T and W 2001).
An upper limit for the frequency content in a stress wave signal can thus be found for
which a wave dispersion correction is negligible.
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Fig. 3.12 The phase velocity,
Cp, of the first vibration mode
of a bar as calculated by D
(1948) from the Pochhammer-
Chree equation for ν = 0.29
plotted as a function of the ratio
r/Λ. The other velocities shown
for comparison are the longitu-
dinal, the one-dimensional, the
shear, and the Rayleigh (or sur-
face) wave (see e.g. M
1994).
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An estimate of the maximum allowable frequency content in a propagating stress wave
as a function of the cylindrical bar diameter (= 2r) is given in Fig. 3.13, determined for
the limit r/Λ = 0.1, which is the grey highlighted range in Fig. 3.12. Assuming that the
curve represents the high-strength aluminium alloy with a Poisson’s ratio of 0.33 (slightly
larger than the 0.29) used for the modified SHPB, an upper frequency limit of 33.6 kHz
is found for the incident bar with a diameter of 30mm. The frequencies contained in a
shaped incident pulse from an experiment with the �3.6mm× 1.0mm pulse shaper are
determined in Fig. 3.14. The pulse exhibits no significant frequencies above 20 kHz, thus
confirming that the assumption of one-dimensional wave propagation in the incident bar is
reasonable. Furthermore, Fig. 3.14 demonstrates that the applied pulse shaping technique
minimises wave dispersion effects, as higher frequencies seen in the unshaped pulse are
filtered out.

3.4 High-speed Cameras and Stereo Digital Image
Correlation

The modifications in the SHPB design presented in Sec. 3.2 enable the application of
high-speed cameras due to an unobstructed view of the flat glass sample. Two high-speed
cameras (Phantom v2512) with a maximum frame rate of 1,000,000 fps at the lowest res-
olution are accessible at the Villum Center for Advanced Structural and Material Testing
(CASMaT), a laboratory facility at DTU. These, equipped with 100mm macro lenses,
were placed in a stereo setup using a master-slave configuration with two different views
of the glass sample, as shown in Fig. 3.15. The resultingmutual angle between the cameras
was approximately 20°, and the distance to the sample was 70 cm. The experiments used
an image resolution of 256× 256pixels2 with a 35× 35mm2 field-of-view, with which
sufficient details could be captured at 200,000 fps.

The application of the high-speed cameras served two purposes:

(1) to assess the fracture and its origin, as the fractured glass samples could not be
retained after the dynamic loading, and

(2) to conduct non-contact optical full-field deflectionmeasurements with the technique
of Stereo Digital Image Correlation (Stereo-DIC) (see e.g. S et al. 2009),
which provided an investigation of the material stiffness.

Time synchronisation between the two cameras was not necessary for the fracture assess-
ment, therefore the frame rate was doubled using an alternating image acquisition, as de-
scribed and exemplified by a recorded image series in Paper II. However, series of image
pairs needed to be captured for the Stereo-DIC measurements, which require a proper
time synchronisation of the exposure. This was ensured using an oscilloscope to which
the strobe signals of the cameras were connected. Thereby, the exposure signals from the
master and slave cameras could be read andmatched. The Stereo-DIC further requires that
the surface to measure is provided with a random pattern of dark and light features, which
allows finding the best match between corresponding points in the two images. Such a sur-
face was created using chalk spray paint in white for the ground and black for the speckles,
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Fig. 3.14 An unshaped and a shaped incident pulse from an experiment with the �3.6mm× 1.0
mm annealed copper pulse shaper in (a), and the associated frequency content from a Fourier trans-
formation in (b).
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Fig. 3.15 The two Phan-
tom v2512 high-speed cam-
eras in a stereo setup fac-
ing the ring-on-ring test con-
figuration in the modified
SHPB setup. (from Paper
III)

LED lamp

2×High-speed cameras 
Screen

Ring-on-ring test config.

~70 cm

resulting in a pattern feature size of approximately 3 to 4 pixels. An example of a speckle-
patterned glass sample placed in the ring-on-ring test configuration is given in Fig. 3.16(a).
The photo also shows that the support ring was spray-painted black, which was done to re-
move light reflections from the LED lamp shown in Fig. 3.15. However, before an image
series could be captured for a Stereo-DIC measurement, a camera setup calibration was
required to ensure a dimensional consistency of the measuring system. Since the image
correlation was performed with the software GOM Correlate Professional 2019, an asso-
ciated coded calibration cube (GOM / CP 20 / MV 30×24mm2) was used following the
software manual. This resulted in a measuring volume of 35×35×20mm3, enclosing the
visible sample surface. Additional Stereo-DIC analysis parameters are given along with
the results presented in Chapter 4.

(a) (b)

Fig. 3.16 Photos showing the measuring techniques directly applied to a glass sample’s tensile
surface in the ring-on-ring test configuration: (a) a spray-painted speckle pattern for non-contact
optical full-field deflectionmeasurements with Stereo-DIC, and (b) a strain gauge glued to the centre
of the tensile surface.
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Fig. 3.17 Recorded strain signals from an experiment in which a glass sample was equipped with
a strain gauge to determine the time difference between the camera recordings and the incident and
transmitted pulse, respectively.

A reliable relation between the dynamically applied load and the measured deflections was
established by synchronising the image acquisition with the acquisition of strain signals
using the master camera’s built-in clock. However, a time difference was present between
the resulting force histories and the acquired image series because strains in the bar/tube
system were measured before and after the sample has deformed (the SHPB design prin-
ciple). Therefore, an experiment was conducted in which a glass sample was equipped
with a centrally placed strain gauge, as shown in Fig. 3.16(b). This could determine when
the glass was loaded relative to the starting points of the incident and transmitted pulse
with high precision. The three recorded strain gauge signals are provided in Fig. 3.17 as
a plot of the normalised voltage output as a function of time. The starting point of each
pulse is marked with a vertical dashed line. As specified, a time difference to the glass
sample response of 305 µs is found for the incident pulse and 150 µs for the transmitted
pulse. Since in the experimental execution, a tiny gap might be present between a sample
and the rings of the load configuration, the time between the incident pulse and the glass
response modifies with the time it takes to establish full contact during loading. Thus, the
most correct measure is the time difference between the glass response and the transmitted
pulse, which is owed to the fact that the sample needs to contact the rings to transmit forces.
Therefore, the post-processed Stereo-DIC measurements, further discussed in Chapter 4,
relate to the force history on the support ring side, cf. Eq. (3.5). Additionally, Fig. 3.17
reveals that the loading of the glass sample corresponds to the transmitted pulse, confirm-
ing that the oscillations observed in Fig. 3.6 for the load ring forces did not interact with
the sample.
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4
High Strain Rate Characterisation
of Glass Mechanical Properties

This chapter addresses

the findings reported in

Paper III on page 217.

The need for a more detailed level of knowledge of glass’
mechanical properties at high strain rates was identified in
Chapter 2. The experimental methodology to obtain such
was discussed in Chapter 3. This chapter addresses Paper III,
which covers the experimental investigation of flat, circular soda-lime-silica glass samples
subjected to high strain rate loading using the modified SHPB setup. First, an introduction
to the material testing is given (Sec. 4.1), followed by a description and analysis of the
glass samples under investigation (Sec. 4.2). Finally, results1 related to the glass’ flexural
strength (Sec. 4.3), the samples measured deflections (Sec. 4.4), and the glass’ stiffness
(Sec. 4.5) are presented and discussed.

4.1 Introduction to the Material Testing
The material testing aimed to characterise the strain rate sensitivity of the flexural me-
chanical properties of annealed float glass, such as surface tensile strength and stiffness
(Young’s modulus), at rates above 101 s−1. A range that can be expected for facade glass
panels exposed to blast loading (cf. Sec. 1.2) but is sparingly covered in the literature (cf.
Sec. 2.2). Also, data is limited to show how the residual stress state in thermally tempered
glass (see Sec. 1.1.1) affects the tensile strength at high strain rates. From the publications
reviewed in Sec. 2.2, only a few included such investigations for strain rates up to 1 s−1
(K 2012; K 2015; F 2019). For this reason, thermally tempered glass
with different residual compressive surface stresses was also included in the investigation
covered by this chapter.

The equibiaxial flexural tests were performed at two different strain rates to enable the
determination of a strength enhancement: a quasi-static in average at 2.2 ·10−5 s−1 (∝
2.0MPa s−1), which is a loading rate as prescribed in the European Standards for the deter-
mination of the bending strength of glass (EN 1288-1:2001; EN 1288-2:2001; EN 1288-
3:2001; EN 1288-5:2001), and a dynamic in average at 48 s−1 (∝ 4.3 ·106MPa s−1). A
universal testing machine (Instron 8872, ±25kN; see e.g. EIS (2022)) was used for the
quasi-static tests with a fixture that could hold the same ring-on-ring test configuration
as used in the modified SHPB setup for the dynamic tests (see Fig. 4.1). Furthermore, in
the quasi-static tests, all samples were equipped with an adhesive foil on the compressive

1The datasets are openly available (cba licensed under CCBY-SA4.0, https://creativecommons.org/licens
es/by-sa/4.0/) in the data repository DTU Data, a figshare platform, at https://doi.org/10.11583/DTU.17694692.
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Fig. 4.1 A photo of the loading
fixture in the universal testing ma-
chine holding the same ring-on-
ring test configuration as included
in the modified SHPB.

surface (the surface the load ring contacts) not modifying the tensile strength, to retain
the fractured glass for later assessment. In the dynamic tests, the assessment was done
with recordings from the high-speed cameras, as described in Sec. 3.4. The experiments
were performed in an environment with an average temperature of 23.4 ◦C (±0.4 ◦C) and
an average relative humidity of 43.4% (±5.2%).

4.2 Glass Samples
For the investigations, circular glass samples with a diameter of 45mm±0.5mm were cut
out of annealed soda-lime-silica glass sheets with a nominal thickness of 3mm±0.2mm.
The actual thicknesses were measured with a digital vernier calliper, ranging from 3.08
mm to 3.14mm with a mean of 3.11mm (±0.01mm). Afterwards, edges were seamed
to remove sharp burrs, securing safe handling. The surfaces remained unmachined not
to modify the actual glass strength, therefore termed as-received in the following. How-
ever, due to the float glass production process, the glass came with two surface condi-
tions: an air-side and a tin-side that contacted the transport rollers in the cooling area
of the production line. Typically, they have different strengths, with the tin-side being
weaker, as surface flaws are larger than on the air-side due to roller contact (K et
al. 2004; H et al. 2008; S et al. 2014). Therefore, a UV-light was used to
identify and mark the samples air-side to secure that the strength tests relate to identical
surface conditions, i.e. the air-side. Furthermore, the chemical elemental composition of
the glass samples was measured using a Scanning Electron Microscope (SEM) together
with Energy-dispersive X-ray Spectroscopy (EDS), which confirmed conformity to the
European Standard EN 572-1:2012 (cf. Table 1 in Paper III). Some of the glass sam-
ples were further post-processed with a thermal tempering to include the effect of residual
stresses in the high strain rate characterisation. In this process, the tin-sides were in contact
with the transport rollers again, ensuring less damage to the air-side. P
and S (2019) conducted a study that determined a linear relationship between
the mid-plane tensile stress of the tempered glass and the cooling rate in the quenching
(engine power in %). Therefore, the glass samples were ordered in four different quench
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levels, evenly spaced, to increase the variability in the study: 25%, 50%, 75% and 100%.

4.2.1 Measurement of the Compressive Surface Stress
The residual compressive surface stresses, σc, in the thermally tempered glass samples
were measured using a SCALP-05, a Scattered Light Polariscope from GlasStress Ltd.,
Tallinn, Estonia. For the measurement of the surface stress, a photoelastic constant C =
3.01T Pa−1 was used as found by N et al. (2010). Details of this measuring tech-
nique are given in Paper III. For additional references, the reader is referred to A and
G (1993) and A (2015). Since it was presumed that the thermal tempering
process did not result in a perfect equibiaxial stress state, measurements were performed
in two orthogonal directions on each sample’s air-side, originating from the sample centre.
The orientation of the samples was chosen arbitrarily due to the circular geometry. Each
measurement was repeated five times to determine a mean for both directions. A mathe-
matical correction of the measured stresses was performed using a so-called stress separa-
tion as outlined in Paper III, resulting in the two residual compressive surface stresses σx
and σy. The results of the measurements on 720 samples in total are shown as box-plots
in Fig. 4.2, together with the data distribution.

Overall, the residual compressive surface stresses across the quench levels range from
30MPa to 60MPa. This range is lower than what is typically expected for fully tempered
glass, which according to ISO 20657:2017, should be a minimum of 80MPa to obtain a
bending strength of 120MPa. Considering heat-strengthened glass, the surface pre-stress
should according to ISO 22509:2020 be between 25MPa and 52MPa, a range that covers
most of the measured residual compressive surface stresses. Furthermore, the results for

25 50 75 100
Quench level [%]

30

35

40

45

50

55

60

Co
m

pr
es

siv
e s

ur
fa

ce
 st

re
ss

, 
c [

M
Pa

]

RS2

RS3

RS4

RS5

x

y

Outliers

Fig. 4.2 Themeasured residual compressive surface stresses after stress separation of the thermally
tempered glass samples in the four quench levels shown as box-plot together with the distribution
of the data. Additionally, the chosen grouping (RS2 to RS5) of the samples is grey highlighted.
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each quench level show a large scatter. However, the reason is difficult to outline because
details of the thermal tempering process are unknown. Looking at the quench levels, the
samples were ordered with a linear variation, which expectedly should have resulted in a
linear variation in the residual compressive surface stresses. Although some increase was
measured, this linear variation is not evident in Fig. 4.2, presumably caused by the small
sample geometry, challenging a uniform thermal tempering. Also, themeasurements show
that the variation within a sample, i.e. between σx and σy, is minor, indicating that shear
stresses in the residual stresses are negligible.

The large scatter observed in the measurements demanded another grouping than the
quench levels to more reliably investigate the effect of residual stresses on the glass stre-
ngth’s strain rate sensitivity. Therefore, the thermally tempered glass samples were di-
vided into four residual stress (RS) groups, RS2 to RS5, with a span of σc±1.7MPa across
the four quench levels, which allowed for smaller variations. The group intervals were
evenly spaced (a linear variation), as highlighted with grey in Fig. 4.2, and the sample se-
lection was based on the minimum measured compressive surface stress, i.e. min(σx,σy).
The annealed float glass samples were placed in the residual stress group RS1. A statistical
evaluation of the residual compressive surface stresses contained in each residual stress
group is tabulated in Paper III, Table 2. The maximum determined standard deviation
equals ±1.0MPa, which demonstrates that the grouping resulted in a smaller variation
suitable for the characterisation of the glass.

4.2.2 Edge Quality Enhancement by Etching
A partial aim of the glass characterisation was to determine a surface strength. However,
the high strain rate tests challenged the determination, as a more significant number of
samples failed at the edge (a cause for rejection, as will be discussed in Sec. 4.3), where
more severe flaws were present compared to the surface. This observed behaviour may be
explained by the rate-induced strength enhancement, which resulted in higher loads. At
the increased load level, the failure mechanisms began to compete between surface and
edge flaws, with edge flaws increasingly being the governing ones. Shifting the failure
towards the sample surface thus required an enhanced edge quality, i.e. a reduction of
sharp-edged flaws being a cause for stress concentrations. This was achieved by etching
using a 15-wt% NH4HF2 aqueous acid solution (ammonium hydrogen fluoride). A tech-
nique, which was developed to modify the edge only while maintaining the as-received
surface condition, is presented in Paper III. As a result, the rate of edge failures could be
reduced from 57% to 26%. Since the challenge of edge failure was observed during the
experimental execution, not all samples included in the glass characterisation campaign
were subjected to the etching. This could presumably have been avoided if the glass sam-
ples had a polished edge instead of a seamed edge.

4.3 Equibiaxial Flexural Strength
In Paper III, 315 glass samples, divided into the five residual stress groups, were subjected
to equibiaxial flexural strength tests at a quasi-static and a dynamic loading rate using the
ring-on-ring test configuration presented in Chapter 3. Representative examples of force
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Fig. 4.3 Examples of force histories from strength tests on annealed float glass samples (RS1) and
the loading rate estimation: (a) quasi-static loading and (b) dynamic loading.

histories acquired from tests on as-received annealed float glass samples (RS1) are given
in Fig. 4.3. Here, the quasi-static load was measured with a load cell using a sampling
rate of 25Hz, and the dynamic load was determined from the transmitted pulse, i.e. the
support ring side, in the modified SHPB (cf. Sec. 3.2.1). From the force histories, F (t),
the achieved loading rates were determined from a linear regression using the method of
least squares for data between 0.4 ·max(F) and max(F) to exclude the slow loading at the
beginning. In the quasi-static tests it was caused by the adhesive foil and in the dynamic
by the shape of the incident pulse. The slope of the regression then directly provides the
loading rate Ḟ , as shown in Fig. 4.3. The R-squared values of both regressions in Fig. 4.3
reveal that the data arewell-represented by a straight line, indicating that a constant loading
rate could be established in a significant part of the loading up to fracture.

Once a sample’s failure load was found from the peak in the force history, Fmax, the maxi-
mum normal stress theory, as defined by Eq. (2.1), was used to predict the surface tensile
strength from maximum principal stresses. For small sample deflections, i.e. approxi-
mately less than half the glass thickness (EN 1288-1:2001), the stress state within the load
ring can be considered rotationally symmetrical, resulting in constant maximum princi-
pal stresses (see Fig. 3.2). These can be determined analytically from linear elastic plate
bending theory (T and W -K 1959):

σ1 =
3F

2πh2

[
(1−ν)

D2
S−D2

L
2D2 +(1+ν) ln

DS
DL

]
(4.1)

where h is the sample thickness, D is the sample diameter, DL is the load ring diameter,
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and DS is the support ring diameter. Inserting Fmax for F gives the glass’ apparent tensile
strength, σ f , according to the failure criterion in Eq. (2.1), and by inserting Ḟ , Eq. (4.1)
determines a stress rate, σ̇ . Furthermore, maximum principal strains, ε1, within the load
ring can be determined from the following relationship, which also relates to a rotationally
symmetrical stress distribution:

ε1 =
σ1

E
(1−ν) (4.2)

Eq. (4.2) also determines a strain rate, ε̇ , for σ̇ instead of σ1.

4.3.1 Fracture Assessment
Eqs. (4.1) and (4.2) imply that failure must originate within the load ring. Since surface
defects govern glass failure, the failure origin can usually be traced back to a single point,
which relates to the critical flaw. This eased the assessment of the fractured glass samples,
performed either by looking at the quasi-statically tested samples or at the high-speed
recordings taken in the dynamic tests (cf. Sec. 3.4). From the experiments, three locations
of failure origin could be observed categorised as follows:

(1) within the loading ring

(2) outside the load ring on the surface, and

(3) edge.

Examples of the three locations are shown in Fig. 4.4(a)-(c) on samples tested quasi-
statically and in Fig. 4.4(d)-(f) on samples tested dynamically. From (a)+(d), a radial
fracture pattern is clearly seen that originates within the load ring. The black dot/shadow
in (d) around the point of failure origin, may be referred to as caustics (see e.g. R -

1982; K 2000). In (b)+(e), a similar radial fracture pattern is observed,
however, originating outside the load ring, and in (c)+(f), the fracture develops into a non-
radial pattern starting from an edge flaw, which is outside the visible glass area in (f). The
high-speed recordings, especially (d) and (e), indicate that pure bending induced failures
were achieved in the SHPB experiments (more details in Sec. 4.4), which can rule out the
concern of punching failure raised by K (2015) for the results reported by N
et al. (2010), who investigated a similar sample geometry in a similar ring-on-ring test
configuration.

Usually, Standards for the equibiaxial flexural glass strength determination, such asASTM
C1499-15 or EN 1288-5:2001, require that failure occur within the diameter of the load
ring and to exclude samples from the evaluation, which do not comply. However, in
the present study, it was decided to include the samples that failed between the load and
support ring, as they could determine the aimed surface strength by knowing the exact
point of failure origin, thereby extending the sample size. The location of failure origin
could be measured with a precision of roughly ±0.5mm.
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Fig. 4.4 Examples of the observed locations of failure origin (FO) achieved in the quasi-static
(upper row) and dynamic tests (lower row): (a)+(d) within the load ring, (b)+(e) outside the load
ring on the surface, and (c)+(f) edge (outside the visible glass area in (f)).

4.3.2 Strength Evaluation
The strength evaluation was initially based on 30 samples for each loading rate within
each residual stress group. A minimum of 15 valid samples, i.e. no edge failure, was the
aim to estimate a mean flexural surface strength (e.g. ASTM C1499-15 defines a mini-
mum of 10 valid samples). Another two samples were added to each residual stress group
tested dynamically, which relate to the performed Stereo-DIC measurements reported in
Sec. 4.5. Furthermore, five extra samples were included in RS4 for the dynamic tests, as
the minimum number of valid samples was not reached during the experiments. Each sam-
ple’s apparent tensile strength, σ f , was determined from Eq. (4.1) using the applied peak
force, and the associated strain rate was found from Eq. (4.2), assuming a rate-independent
Young’s modulus of 70GPa (see Sec. 4.5). For the samples that failed outside the load
ring, σ f and ε̇ were reduced according to the rotationally symmetric maximum princi-
pal stress/strain distribution shown in Fig. 4.5 using the exact location of the failure ori-
gin. The distributions were determined numerically from an axisymmetric FEM model in
A /Standard 2021 using 3-node quadratic shell elements (SAX2 in A ) for the
discretisation of the glass sample. The observed difference between the maximum prin-
cipal stress and strain is due to the glass’ Poisson’s ratio. With the previously mentioned
precision in measuring the failure origin location, the reduced tensile strengths and strain
rates were determined with a precision of ±2-3% of their maximum, directly given by
Eqs. (4.1) and (4.2).
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Fig. 4.5 Numerically determined rotationally symmetric distribution of the maximum principal
stress and strain (normalised with Eqs. (4.1) and (4.2)) in a glass sample loaded in the ring-on-ring
test configuration.

Overall, the individual strength measurements (cf. Paper III) show that samples with edge
failures had remarkable lower tensile strengths compared to samples with surface failures,
as was expected. The samples that failed outside the load ring resulted in strengths compa-
rable to those that failed within, thus being a sound supplement. Furthermore, the samples
with enhanced edges by etching (cf. Sec. 4.2.2) did not show altered surface strengths, as
they spread across the existing scatter in the results without significant jumps. Thus, it is
concluded that the etching procedure successfully modified only the edges of the samples,
which increased the likelihood of surface failure in the ring-on-ring test.

A summary of the equibiaxial flexural surface strength characterisation of the soda-lime-
silica glass is provided in Table 4.1 on the basis of the valid categorised samples, i.e. edge
failures have been excluded. The experimental results show a significant scatter in the
measured surface strengths, which is usual for glass due to the characteristic differences
in surface flaws (see e.g. S et al. 2014; M et al. 2019). At the quasi-static
loading rate the standard deviation is between 18% and 34% of the means, and between
25% and 35% at the dynamic loading rate. Since the glass surfaces were kept as-received,
the observed variations reflect the characteristic differences in the critical surface flaws.
Furthermore, nearly identical averaged strain rates were achieved between the residual
stress groups, enabling a direct comparison within the tested rates. The two dependencies,
residual stress and strain rate, are further discussed below.

Residual Stress Dependency
The bending strength of thermally tempered glass can be determined as the sum of the
intrinsic glass strength, σi, governed by the nature of surface flaws and the residual com-
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Table 4.1 Summary of the equibiaxial flexural surface strength characterisation of the soda-lime-
silica glass tested at two loading rates, a quasi-static and a dynamic. Results for the five residual
stress groups RS1 to RS5 include the number of samples (N, valid/total tested), and the mean of
the strain rate (ε̇) and the failure stress (σ f ). In parentheses, the standard deviation to each value is
given.

Quasi-static loading Dynamic loading
N ε̇ σ f N ε̇ σ f
[–] [s−1] [MPa] [–] [s−1] [MPa]

RS1 16/30 2.2 ·10−5
(
±0.1 ·10−5

)
173 (±30.7) 16/32 45 (±8.7) 324 (±109)

RS2 19/30 2.2 ·10−5
(
±0.3 ·10−5

)
210 (±67.7) 17/32 47 (±5.3) 364 (± 91)

RS3 22/30 2.2 ·10−5
(
±0.2 ·10−5

)
240 (±81.2) 19/32 49 (±7.9) 387 (±113)

RS4 24/30 2.3 ·10−5
(
±0.2 ·10−5

)
232 (±57.0) 16/37 47 (±9.5) 381 (±133)

RS5 15/30 2.3 ·10−5
(
±0.2 ·10−5

)
240 (±49.0) 16/32 51 (±3.8) 433 (±115)

pressive surface stress, σc, a definition similar to what is found in the European glass code
CEN/TS 19100-1:2021 (cf. Eq. (2.22)). Thus, a simplified linear relationship exists be-
tween the measured apparent tensile strengths, σ f , and the residual compressive surface
stresses, expressed as (R et al. 2007):

σ f = σi+ kσc (4.3)

where k is an empirical constant that determines the strength increase with increasing resid-
ual stresses, i.e. the slope ∆σ f /∆σc. Ideally, it should take the value one. The measured
mean failure stress of each residual stress group is shown in Fig. 4.6 as a function of the
mean residual compressive surface stress. The error bars are the standard deviations, and
the shadowed blue boxes represent a 95% confidence interval. Although the standard
deviations are too large to prove a statistically significant difference between all group
means and the range of compressive surface stresses investigated is relatively narrow, a
trend is noticeable at both loading rates.

Lines of best fit through the means determine slopes of 1.4 and 1.7 for the quasi-statically
and dynamically tested glass, respectively, which are larger than the expected 1.0, for
comparison also drawn in Fig. 4.6. Both the fitted and the expected lines cross the 95%
confidence intervals. The observed deviations to one can be explained by the narrow range
of tested residual compressive surface stresses between 40MPa and 53MPa, in which
minor variations in the mean strengths more significantly impacted the slope, i.e. the
strength increase. For comparison, strength data reported by S et al. (2005)
also resulted in an increased slope as high as k = 1.21. However, the deviation to the
expected slope of 1.0 is believed to be less pronounced because the investigated glass
had compressive surface stresses spanning from 40MPa to 140MPa, a range 7.7 times
larger than the present one. Nevertheless, it is shown that strength increases with residual
compressive surface stress at both loading rates.
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Fig. 4.6 The measured
failure stress, σ f , of the
soda-lime-silica glass as
a function of the residual
compressive surface
stress, σc, for the five
residual stress groups RS1
to RS5: (a) quasi-static
loading and (b) dynamic
loading.
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Strain Rate Dependency
The analytical derivation applicable to describe the loading rate dependence of the glass
sample’s flexural surface strength is given in Sec. 2.1.4 by Eq. (2.19) for a constant loading
rate. The double-logarithmic linear relationship is used to compare the measured strengths
for the five residual stress groups. The strengths are normalised as in Fig. 2.8 according
to Paper I (M et al. 2021a), and plotted in Fig. 4.7 as a function of strain rate.

A significant strain rate dependency is evident for all five residual stress groups inves-
tigated. With respect to σ f /σ0 = 1, increases in strength between 60% and 86% were
measured for an average strain rate of 48 s−1. However, there is no significant indication
that the different residual stress levels affected the loading rate dependency of the glass

72 Blast Loading on Glass in Facades



4.3. Equibiaxial Flexural Strength

10 9 10 7 10 5 10 3 10 1 101 103

Strain rate,  [s 1]

0.5

1.0

1.5

2.0

2.5

Re
lat

iv
e f

ail
ur

e s
tre

ss
, 

f/
0 [

]

RS1
RS2
RS3
RS4
RS5

Peroni et al. (2011)
König (2012)
Zhang et al. (2012)
Meyland et al. (2019)
Other data

5% and 95%-quantile reg.
50%-quantile reg.
n = 18.1 from Fig. 2.9(a)

Fig. 4.7 The relative
failure stress, σ f /σ0, of
the soda-lime-silica glass
in the five residual stress
groups as a function of
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Fig. 2.9(a). The quantile
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data shown. (adapted
from Paper III)

strength. RS1 display the highest strength enhancement and RS3 the lowest, while the
remaining three residual stress groups are in between. A dependency was not expected by
the relationship given by Eq. (4.3). Once compressive surface stresses are cancelled out by
bending tensile stresses, glass failure is essentially governed by the intrinsic glass strength
controlled by the presence of surface flaws. Since the surface conditions of all samples
were comparable due to identical handling, similar strain rate sensitivities were observed.
The difference between the residual stress groups is thus more likely to be considered as
scatter rather than a cause of changing residual stresses. As concluded by the other studies
reviewed in Sec. 2.2, the observed glass strength’s sensitivity to loading rate is explained
by the decrease or even absence of sub-critical crack growth effects (cf. Sec. 2.1.1).

Also, Fig. 4.7 includes data from the most recent research related to the high strain rate
characterisation of soda-lime-silica glass (P et al. 2011; K 2012; Z et al.
2012; M et al. 2019) and remaining ‘other data’ from Fig. 2.9(a), which enable a
direct comparison with the present study due to similar test environments. Furthermore,
5%-, 50%-, and 95%-quantile regression lines have been plotted based on all data shown.
Overall, a good agreement with the previous studies is seen at the high strain rate. While
the range defined by RS2, RS4, and RS5 is consistent with tensile strengths reported by
P et al. and M et al., the data from K and Z et al. show higher and
lower strengths, respectively, with the lower coinciding with the 5%-quantile regression.
The sudden increase in strengthmeasured by Z et al. at higher strain rates is debatable
because the plotted data are individual measurements and not mean values as for the other
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Fig. 4.8 A schematic of the inter-
pretation of obtained strength data.
The shown limit is the inert strength
according to Eq. (2.10). log ε̇
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Looking at the general trend of all data in Fig. 4.7, represented by the shown dynamic
fatigue regression line for the crack growth parameter n = 18.1 after Fig. 2.9(a), the mea-
sured mean surface strengths of the residual stress groups RS1 to RS5 tend to deflect. This
might indicate a beginning plateauing in the observed strength increase, which aligns with
the assertion that glass strength approaches an upper limit, the inert strength, for very short
load duration, i.e. for ε̇ → ∞.

The interpretation of the obtained strengths is schematically shown in Fig. 4.8. The black
curve represents the glass’ dynamic fatigue behaviour, including the inert strength limit,
and the red dashed line demonstrates a linear fit through the two data points obtained
for each of the five residual stress groups, with a lower slope. The lower slopes of each
residual stress group result in n-values 22% to 66% higher than the 18.1 used in Fig. 4.7.
Assuming that n = 18.1 represents the investigated glass in the low to intermediate range
of strain rates, i.e. the linear dynamic fatigue behaviour, the increases of n according to
Fig. 4.8 suggest that a limit is approaching at the high strain rate tested due to inhibited
sub-critical crack growth. The investigation conducted by N et al. (2010) on borosilicate
glass shows similar behaviour at a stress rate of 5 ·106MPa s−1 (∼ 60s−1), comparable to
the present study. However, additional tests at intermediate and higher strain rates are
necessary to map the transition into the inert strength limit more significantly. These have
not been achieved due to limited time in the project.

4.4 Deflection Measurements with Stereo-DIC
The performed deflection measurements on the glass samples tested dynamically with the
modified SHPB is detailed in the following. A non-contact optical measuring technique
was employed by the use of high-speed cameras and Stereo Digital Image Correlation
(Stereo-DIC), as described in Sec. 3.4. In the SHPB experiments, time-synchronised im-
age pairs with two different views of a speckled glass sample (cf. Fig. 3.16(a)) were cap-
tured at 200,000 fps and an exposure time of 0.6 µs. The ensuing image correlation was
performed in the commercial software GOM Correlate Professional 2019 with analysis
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DIC software GOM Correlate Professional 2019
Facet size 15×15pixels2
Point distance 10 pixels
Intersection deviation 0.3 pixels
Interpolation Bi-cubic
Calibration deviation 0.018 pixels
Scale deviation 0.0006mm
Camera angle 20.2°
Measuring volume 35×35×20mm3

Image scale 7.3 pixels/mm

Table 4.2 Stereo-DIC analysis
parameters.

parameters as listed in Table 4.2.

From the correlated images, meshed surfaces of about 480 points could be constructed
at which the deflections of the dynamically tested glass samples were evaluated. Exam-
ples can be found in both Paper II and Paper III. Since the data acquisition system was
configured to acquire strains measured in the bar/tube system synchronised with images
captured by the high-speed cameras, the measured sample deflections could be related to
the applied force determined from the support ring side. However, the distance from the
glass sample to the strain gauge on the transmission tube required a time shift of 150 µs
(determined in Sec. 3.4), corresponding to a shift of 30 images, to match the series of
image pairs with the related force history.

A representative force history from an experiment on a glass sample in RS4 and the dif-
ferent load stages for which matching image pairs were captured is shown in Fig. 4.9.
Depending on the peak force, 60-70 image pairs could be used for the deflection measure-
ments, with a sufficient number of images defining the unloaded state of the glass sample
and a high temporal resolution up to fracture. Based on the force history in Fig. 4.9, a
corresponding full-field deflection measurement, ∆δ , is exemplified in Fig. 4.10 for load
stage 56 (F = 6.69kN), which has been determined relative to load stage 1 at which the
deflection was set to 0.0mm. The contour plot shows a deflection state that is nearly ro-
tationally symmetrical with the maximum deflection in the sample centre, which implies
pure bending loading of the glass in the experiments with the modified SHPB. This obser-
vation supports the conclusion drawn from the images in Fig. 4.4.

Additional measurements have been extracted along the section shown in Fig. 4.10 for the
load stages 40, 44, 48 and 52 to quantify the undergone deflection of the sample further. In
Fig. 4.11, these are compared to an analytical plate bending solution of the ring-on-ring test
derived from a standard solution given by T and W -K (1959)
for a concentrically loaded, simply supported circular plate (see derivation in Paper II, Ap-
pendix A). The shown analytical plate bending is estimated with E = 70GPa, ν = 0.23,
h = 3.11mm, and D = 45mm. First of all, it is to be noted that the Stereo-DIC measure-
ment with the high-speed cameras remarkably captured the glass sample deflection in the
magnitude of 100 microns and shows an increase with increasing load. Furthermore, the
measured deflection curves are in good agreement with the analytical plate bending so-
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Fig. 4.9 A force history from an experiment on a glass sample in RS4 determined for the support
ring side (FSR, cf. Eq. (3.5)), and the load stages at which matching image pairs were extracted for
Stereo-DIC.

lution, indicating that the material stiffness (Young’s modulus) seems not to be affected
by the rapid loading. The minor noise in the measurements is likely due to image noise,
which is usually caused by the camera sensors, the interpolation algorithm employed in the
digital image correlation, and the structure of the speckle pattern (G et al. 2016). Also,
the deflection curves demonstrate that a major part of the sample surface could be mea-
sured in the modified SHPB, providing sufficient details to characterise the glass’ bending
behaviour at the rapid loading. However, because glass is a linear elastic, brittle material,

Fig. 4.10 A full-field deflec-
tion measurement with Stereo-
DIC on the glass sample that
relates to the force history in
Fig. 4.9 at load stage 56.
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Fig. 4.11 Glass sample deflections measured with Stereo-DIC along the section in Fig. 4.10 for
five load stages, which relate to the force history in Fig. 4.9, compared to the analytical plate bending
solution for a linear elastic material.

not capable of redistributing stresses, details about crack formations cannot be measured
optically with Stereo-DIC, as it can be done for, e.g. quasi-brittle materials like concrete
showing a softening-phase after maximum stress (see e.g. G et al. 2020). Once cracks
have grown, discontinuities are present in the digital image correlation, challenging the
analysis of the glass’ post-fracture behaviour.

4.5 Material Stiffness (Young’s Modulus)
The sample deflection in the employed ring-on-ring test configuration is well-captured by
an analytical plate bending solution, as discovered in the previous section. Hence, the
non-contact optical Stereo-DIC measurements provide details about the glass’ Young’s
modulus. Following the plate bending solution derived in Paper II, Appendix A, the ma-
terial stiffness, E, relates to the plate bending by the following expression:

E =
F
δ

3
(
1−ν2

)
8πh3

(
D2
L+4r2)[ln

D2
L

D2
S
+

D2
S−D2

L
D2
L+4r2(

1+

(
D2
S−4r2

)
(1−ν)

2(1+ν)D2

)]
for 0 ≤ r ≤ DL

2

(4.4)

where δ is the measured deflection at a distance r from the common central axis of the
ring-on-ring test configuration, occurring from the applied force, F . From Eq. (4.4) it is
evident that the ratio F /δ , which is measured experimentally, is proportional to E.

In Paper III, the investigation of the glass’ Young’s modulus was conducted on two sam-
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ples per residual stress group, resulting in ten measurements. For each of the tested sam-
ples, force-deflection curves were determined at ten arbitrary chosen points within the
load ring diameter from the Stereo-DIC full-field measurement, to estimate a well-defined
mean of the material stiffness. The ten resulting force-deflection curves up to the peak
force are exemplified in Fig. 4.12 for a glass sample of group RS4. Expectedly, the glass
shows a linear material response. Therefore, the slope of each curve, ∆F/∆δ , was deter-
mined from a linear regression using the least squares method. With the slope and the
exact distance, r, to the point in the full-field deflection measurement, an estimate for E
was determined from Eq. (4.4). The ten measurements’ mean per tested sample in each
residual stress group is plotted in Fig. 4.13. The error bars are the standard deviation.

The stiffness investigation of the glass at an average strain rate of 46 s−1 (±8.5s−1) shows
minor variations in the estimated Young’s modulus across residual stress groups, with no
indication of being significantly affected by the residual stresses themselves. The standard
deviationwithin and the variation between the samples aremost likely caused by the image
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Fig. 4.12 Force-deflection curves (up to the peak force) for the ten points extracted from a Stereo-
DIC full-field deflection measurement on a glass sample of group RS4. The slope of each curve is
proportional to Young’s modulus, E, determined with Eq. (4.4).
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Fig. 4.13 Young’s modulus, E, of the glass in the five residual stress groups (RS1 to RS5) deter-
mined from the high strain rate experiments (ε̇ = 46s−1± 8.5s−1) with the modified SHPB using
Stereo-DIC deflection measurements. The rate-independent value given in CEN/TS 19100-1:2021
is shown for comparison. (from Paper III)

noise in the Stereo-DIC measurements, as mentioned in Sec. 4.4. However, calculating
the overall mean results in E = 70.7GPa (±2.7GPa), which agrees well with the 70GPa in
the European glass code CEN/TS 19100-1:2021; also plotted in Fig. 4.13. No deflection
measurements were performed on the samples tested quasi-statically. Therefore, Young’s
modulus in the European Standard serves as the only reference for quasi-static loading.
With that in mind, the glass’ Young’s modulus seems insensitive to loading rate, which
aligns with the findings reported in Paper I (M et al. 2021a). Additional Stereo-
DIC results, similar to Figs. 4.9, 4.10 and 4.11, which relate to the investigation of the
glass’ Young’s modulus, are provided in Appendix B.
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5
Simulation of Monolithic Glass
Fracture Under Blast Loading

This chapter includes the project’s numerical phases, which have not been devised into a
scientific publication yet. Therefore, a detailed presentation and discussions of the con-
ducted work are given here. The numerical modelling of the monolithic glass fracture un-
der blast loading is divided into three parts. First, a brief introduction is given to numerical
modelling and failure formulations applicable to brittle materials (Sec. 5.1). Then, the de-
velopment of a material damage model based on the element deletion technique within the
explicit FEM framework is presented (Sec. 5.2), which includes a rate-dependent strength
formulation based on theory discussed in Chapter 2. Lastly, the application of the model
is validated against experimental data from full-scale blast tests found in the literature,
which also demonstrates the application of the damage model on larger scale (Sec. 5.3).

5.1 Numerical Modelling
The following briefly introduces the numerical modelling. The first part provides basics
about the explicit Finite Element Method (FEM) used for the simulations presented in this
chapter, and the second looks into different developed modelling techniques to simulate
failure of brittle materials.

5.1.1 Explicit Finite Element Method
Computational modelling has become a significant practice for engineers enabling the
analysis of complex structures spanning from the micro to the macro scale. For problems
in civil engineering, the implicit Finite Element Method has proven to be a versatile tool
with a broad range of applications. However, considering non-linear problems such as
high-speed dynamic events like short-duration blast waves, the analysis with the implicit
method can become rather time-consuming due to its more comprehensive formulation,
at times also with non-converging solutions. In such cases, an explicit time integration is
often better suited and therefore shown to be widely used to analyse extreme loading prob-
lems. The present work used the commercial software A /Explicit 2021 to perform
the simulations. To understand better the advantages of the used explicit procedure above
the implicit in A , a brief comparison is provided hereinafter based on the software
manual (D S 2021).

For both time integration methods, equilibrium is determined from Newton’s second law
where the system inertia given as the mass matrix, M, times the nodal accelerations, ü,
equals the net nodal forces, i.e. the difference between the externally applied forces, P,
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and the internal element forces, I:

Mü = P− I (5.1)

In both procedures, the equations of motion by Eq. (5.1) are solved for the given state of
the nodes, i.e. displacements, velocities and accelerations. The difference between the two
procedures is found in the integration method. The implicit procedure uses an automated
incrementation based on the full Newton iterative solution method, where at each iteration
and time increment, a set of linear equations is solved by a direct solution method to obtain
the given state. In contrast, the explicit procedure in A uses a diagonal (or lumped)
mass matrix that allows for a central difference rule to integrate the equations of motion
explicitly through time, where the given state of each node is obtained directly by its mass
and the net force acting on it. Since highly dynamic events need to be evaluated by very
small time increments to capture the dynamic response accurately, the implicit procedure
by its formulation becomes computational costly and even more if the system of linear
equations is large. Typically, the explicit procedure requires many increments in the order
of 10,000 to 1,000,000. Fortunately, the computational cost per increment is smaller by
far compared to the implicit procedure as there are no simultaneous equations to solve,
which explains its preferred choice regarding dynamic simulations.

While the implicit scheme in A is unconditionally stable, the explicit comes with a
conditional stability. A conservative simple estimate of the stability limit, ∆tstable, which
a time increment may not exceed to secure a stable explicit time integration, can be deter-
mined element-wise as follows:

∆tstable ≈
Lmin

C`
(5.2)

where Lmin is the size of the smallest element in a mesh, and C` is the longitudinal wave
speed of the material represented by the element (see e.g. M 1994). However, in
A , the time incrementation is automated with no required user intervention. An
elaborate description of time-dependent integration methods can be found in W
(2008, pp. 205-254).

Furthermore, the explicit procedure not only allows for inexpensive time integration but
also, due to the decoupling of the individual equations, enables a partition of the prob-
lem into smaller parts that can be computed simultaneously using, for instance, high-
performance computing. Also, it comes with a great advantage in modelling material
degradation and failure, where the implicit method often leads to severe convergence dif-
ficulties.

5.1.2 Modelling Techniques for Brittle Failure
Modelling the failure of solid materials has been a research interest for decades. Several
approaches have been developed to simulate crack initiation and formation in brittle ma-
terials numerically. In general, the modelling challenges lie within the combination of
the material behaviour both prior and after the fractured stage, where a transition from
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Cohesive zone

Cohesive traction

Crack face separation

Fig. 5.1 The cohesive zone interpretation
close to a crack tip.

continuity to discontinuity happens. The commonly used numerical techniques can be
classified into continuum and discontinuum based methods, depending on the underlying
theory adopted.

To the continuum-based methods count, e.g. the Finite Element Method (FEM) and the
Extended Finite Element Method (XFEM), which is an extension to FEM allowing dy-
namic crack growth problems to be solved with no or very little re-meshing (B
et al. 2007; N et al. 2008). However, in XFEM, cracks typically have to be distant
from each other because an enriched element can capture only a single crack. This hin-
ders the simulation of multiple crack branches and intersections, which is typically seen
in the dynamic fracture of glass (P and C 2012). More promising are the cohesive
zone elements developed within the FEM framework where cracks are allowed to form
and propagate along element boundaries following a cohesive Traction-Separation Law
(see e.g. X and N 1994; C and O 1996). The basic idea of the
cohesive zone approach is to describe fracture as a gradual process of separation that is
resisted by traction in a small region of material close to a tip of a growing crack (see
Fig. 5.1), thereby seeking to model accumulated damage as an effective behaviour of the
fracture process zone only. A detailed overview of advances in the cohesive zone mod-
elling of dynamic fracture can be found in S and R (2009). Another
approach that has been adopted using FEM, is node splitting, in which a crack, after hav-
ing reached a failure criteria, is formed by new nodes and free element faces (N
et al. 2012; O et al. 2019). A less comprehensive approach to the simulation of crack
formations is the element deletion technique (or killing elements), where an element is
removed from the model upon reaching a criterion. The implementation is shown to be
rather simple, whilst any fracture criterion or damage model can be coupled with it as
demonstrated in M and N (2020). Examples of such models are the Hiller-
borg model (H et al. 1976) or the Johnson-Holmquist (JH-2) ceramic model
intended for brittle materials subjected to large strains, high strain rates and high pressure,
e.g. ballistic impact (J and H 1994; H et al. 1995). Due to its
flexible and straightforward implementation, numerous studies have adopted the element
deletion technique for the dynamic fracture simulation of large-sized, thin-walled glass
panes (Z et al. 2013; Z et al. 2015a; P et al. 2016; A et al. 2017;
C et al. 2019; Z et al. 2019). However, a significant drawback is the method’s in-
herent mesh dependency. Due to a fixed mesh, crack formations are determined solely by
the discretisation. This also holds for the cohesive zone modelling and the node splitting
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technique. Furthermore, the mesh dependency is also shown to be significant in predicting
the state at a crack tip, where a too coarse mesh (the case in many engineering problems)
cannot capture gradients near the tip leading to an overestimation of the fracture energy
(U et al. 2006).

To the discontinuum-based methods belong among others the Discrete Element Method
(DEM) and the hybrid Combined Finite-Discrete Element Method (FEM/DEM) (W
et al. 2017). In the DEM, a continuum is represented by particles in which discontinuities
from crack formations are formulated by simple block contact and bond laws making the
implementation of empirical constitutive laws unnecessary. In FEM/DEM the advantages
of FEM and DEM are combined (see e.g. M et al. 1995). For instance, fracture of
laminated glass could be simulated using DEM to represent the brittle behaviour of glass,
while FEM is better suited to model the hyper-elastic behaviour of the PVB interlayer
(see e.g. X and Z 2014). In W et al. (2017), a comparative study is reported on
the modelling of the dynamic fracture of a glass beam subjected to low-velocity hard body
impact. The study compared the application of FEM, XFEM, DEM, and FEM/DEM, with
the latter approach yielding the most satisfactory performance.

Despite the numerous approaches presented to model dynamic glass fracture, many of
them are still challenging to apply in general engineering practice. This is owed to their
complexity in the adopted theories, the input parameters being difficult to determine for
glass, or their exorbitantly high computational efforts to solve the numerical problem. Al-
though the element deletion technique is not optimal for the simulation of the detailed state
around a crack tip, it is at present one of the fewmethods practically applicable to simulate
multiple cracks in large-sized, thin-walled glass structures (P et al. 2016). Fur-
thermore, taking its simplicity into account, the technique is capable of predicting global
quantities such as displacements and loads reliably (P 2016).

The present work aims at simulating the dynamic fracture and the fragmentation process
of thin-walled monolithic glass panes, as typically installed in buildings, subjected to blast
loading by adopting simple approaches that are practicable in general engineering practice.
Therefore, the implementation of an element deletion technique with a rate-dependent
strength evaluation will be outlined and discussed in the next section.

5.2 Rate-dependent Progressive Damage Model for Dynamic
Glass Fracture

Several aspects need to be considered in designing a damage model for dynamic glass
fracture using the element deletion technique. In this regard, P (2016) performed
a comprehensive investigation of different model formulations, which included the Hiller-
borg model directly available in A , and two self-implemented models, with and
without a damage phase. In common for all three models is a smeared crack definition
(see Fig. 5.2) introduced by H et al. (1976) for concrete using the cohesive zone
concept, in which cracks are not modelled explicitly, but their effect is ‘smeared’ over an
element in terms of an elastic stiffness reduction until a complete loss is reached and the
element gets deleted.
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Crack
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elements

Fig. 5.2 FE-representation of
the smeared crack definition.

A strong mesh dependency was found for the Hillerborg model in predicting fracture en-
ergy and crack formations. The model without a damage phase resulted in a faster crack
growth with severe stress oscillations in neighbouring intact elements due to the missing
softening, which caused an elastic spring back. Such stress wave reflections may cause
spurious element failure away from original crack paths as reported by S et al. (2008).
These shortcomings were successfully bypassed by the third model investigated, which
has a linear varying damage phase together with a maximum damage rate to simulate
crack velocities more realistically. Also, the formulation was designed to be more inde-
pendent of element size. However, none of the three models accounted for a loading rate
dependency in the glass strength, as discussed in Chapter 2 and experimentally discov-
ered in Chapter 4. Only a fixed strength value could be given as an input parameter. A
rate dependency in the glass strength was accounted for in the damage model developed
by A et al. (2017), which was designed for the simulation of head impact tests on
windscreens, showing promising results.

The objective of the hereinafter presented damage model for the dynamic fracture sim-
ulation of large-sized, thin-walled glass panes is to predict global quantities such as the
load-bearing capacity and the post-fracture response for, e.g. hazard evaluations accord-
ing to the International Standard ISO 16933. The following requirements were specified
for the model using the element deletion technique:

• The loading rate may vary in large-sized glass structures subjected to blast loading.
Therefore, the brittle fracture should be evaluated upon a criterion considering a
loading rate dependency of the glass strength.

• The crack growth should happen fast. However, the instabilities mentioned above
in terms of stress oscillations should be reduced with a damage phase of specific
duration after crack initiation using a monotonously decreasing element stiffness.

• The constitutive behaviour of the glass after crack initiation should be independent
of the element size as much as possible.

Since such material failure model is not readily available in A /Explicit, a VUMAT
user subroutine was written in FORTRAN, which allows the definition of customised me-
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chanical constitutive material behaviours for the explicit time integration. In a simulation,
it is called for blocks of material calculation points for which the user subroutine defines
the material behaviour.

5.2.1 User Subroutine Implementation
The intended material model for the simulation of dynamic glass fracture can be divided
into three parts: (1) the linear elastic material response prior to crack initiation, (2) the
crack initiation itself (a strength model) and (3) the progressive damage phase after crack
initiation. However, in the implementation, it is necessary to consider the convention of
stresses/strains used in the VUMAT user subroutine. An overview of the stress components
stored as vectors is provided in Table 5.1 for both shell and plane stress elements (2D case)
and 3D solid elements (3D case). Important to note here is that the shear strain is stored
as tensor shear strain, i.e. ε12 =

1
2 γ12. Since the simulation is aimed at large-sized glass

panes, the meshing with 3D solid elements would require a large number of elements both
in thickness and surface to capture bending stresses sufficiently. Hence, the formulation
of the material damage model is made for shell elements, i.e. the 2D case in Table 5.1, to
reduce the computational time. In the following, the underlying theories and assumptions
for the three parts defining the damage model are outlined. The FORTRAN code of the
VUMAT implementation can be found in Appendix C, Sec. C.3.

Table 5.1 Order of direct and shear stress components
used in the VUMAT user subroutine (D S
2021).

Component 2D Case 3D Case

1 σ11 σ11
2 σ22 σ22
3 σ33 σ33
4 σ12 σ12
5 σ23
6 σ31

Linear Elastic Material Response
Glass is generally known as an isotropic linear elastic material. Therefore, Hooke’s law
for isotropic materials is used to describe its response until crack initiation. On tensor
notation, the interrelationship between stresses and strains can be written as follows:

σσσ = 2µεεε +λ tr(εεε)I (5.3)

where σσσ and εεε are symmetric stress and strain tensors, I is a second-order identity tensor,
and ’tr’ is a trace operator. The appertaining Lamé parameters, λ and µ , are given as:

λ =
Eν

(1+ν)(1−2ν)
, µ =

E
2(1+ν)

(5.4)

Here, E and ν are the glass’ Young’s modulus and Poisson’s ratio, respectively. Further,
Eq. (5.3) can be rewritten on incremental form using index notation to suit the explicit
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time integration scheme in A , in which a new strain increment, ∆εi j, is passed to the
VUMAT for each time increment, ∆t:

σ̃i j|(t+∆t) = σ̃i j|(t)+2µ∆εi j +λδi j

(
3

∑
k=1

∆εkk

)
︸ ︷︷ ︸

∆σi j |(∆t)

(5.5)

where σ̃i j denotes the stress tensor in the undamaged state, εi j the strain tensor, and δi j the
Kronecker delta. However, in the case of shell elements, the thickness strain increment,
i.e. ∆ε33, must be defined explicitly in the user subroutine. Within the formulation of
an isotropic linear elastic material, ∆ε33 can be directly computed from the state of plane
stress in which σ33 = 0 (a reasonable assumption for thin plates), yielding the following
expression (see e.g. K and Z -C 1996):

∆ε33 =− ν
1−ν

2

∑
k=1

∆εkk (5.6)

Additionally, a transverse shear stiffness must be defined for shell elements when the ma-
terial response is defined by a VUMAT. Details are provided in Appendix C, Sec. C.1.
Crack Initiation (A Strength Model)
Glass failure is, due to the material’s brittle nature, often predicted by the the maximum
normal stress theory, according to the inequality given by Eq. (2.1). This criterion is
adopted in the progressive damage model to determine crack initiation (the onset of the
damage phase), using a rate-dependent tensile strength, as discussed in Chapter 2 and
Chapter 4.

In the VUMAT, the applied strain rate, ε̇ , used for the strength evaluation is determined
incremental-wise by dividing the change in maximum principal strain, ∆ε1, with the ap-
pertaining time increment, ∆t:

ε̇ =
∆ε1

∆t
(5.7)

The rate-induced enhancement of the tensile strength is then based on the normalised dy-
namic fatigue curve shown in Fig. 2.9(a), which is found by curve fitting data reviewed
in Paper I (M et al. 2021a) for the test environment air (25 to 67% RH); an envi-
ronment that might well be expected for glass installed in buildings. Since it is unrealistic
to think of the glass strength decreasing or increasing continuously for loading rates ap-
proaching zero and infinity (cf. Sec. 2.1.4), the proposed limits in Fig. 2.9(a) are inherited
in the strength model. However, within strain rates typically associated with blast loading
(see Fig. 1.7), only the upper limit becomes crucial in the dynamic glass fracture simula-
tion. In between these limits, the strength varies with strain rate using the normalisation
relationship given by Eq. (2.21), in which, due to the assumption of identical cracks that
are loaded in identical conditions, only the rate dependency of the glass strength dominates.
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Hence, no considerations regarding crack sizes and their distribution must be made in the
proposed model. As a piece-wise function, the implemented strength model is defined as
follows:

σ f

σ0
=


0.65 for ε̇ < ε̇th(

ε̇
ε̇0

)1/(n+1)

for ε̇th ≤ ε̇ ≤ ε̇in

2.30 for ε̇ > ε̇in

(5.8)

Here, the apparent tensile strength, σ f , is determined relative to a quasi-static reference
tensile strength, σ0, representative for a strain rate ε̇0 = 2.86 ·10−5 s−1 (equivalent to σ̇ =
2.0MPa s−1 for E = 70GPa), which conveniently is chosen to match the normalisation
performed in Fig. 2.9(a). Also, the choice of ε̇0 fits well with the quasi-static loading rate
prescribed by the European Standards for strength testing glass (EN 1288-2:2001; EN
1288-3:2001; EN 1288-5:2001). In a double-logarithmic plot, the strength between the
set limits varies linearly with a slope equal to 1/(n+1), where n is the sub-critical crack
growth parameter. Conservatively, it can be taken as 16, which is reasonable for structural
glass design (see e.g. H et al. 2008), or any other relevant value can be chosen
as for example 18.1 from Fig. 2.9(a). Furthermore, the strain rates defining the transition
into the threshold and inert strength limits, ε̇th and ε̇in, correspond to:

ε̇th = ε̇0 ·0.65n+1 , ε̇in = ε̇0 ·2.30n+1 (5.9)

A schematic representation of the strength model is shown in Fig. 5.3. In a simulation, the
model requires σ0 and n as input parameters; the other are preset.
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Fig. 5.3 The implemented glass strength model shown as a relative tensile strength as a function
of strain rate (ε̇0 = 2.86 ·10−5 s−1).
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Progressive Damage Phase
After crack initiation is detected, the progressive damage phase is entered. The degrada-
tion in stiffness and thereby stresses is described by a cohesive Traction-Separation Law
(TSL) in a smeared crack formulation. The chosen TSL follows a linear relationship be-
tween the crack opening stress normal to the crack (Mode I crack opening), σ⊥, which
according to Eq. (2.1) equates to σ1, and the relative crack opening displacement1, ∆wc.
This is an often assumed behaviour in brittle cracking simulations (see e.g. H
et al. 1976; C and O 1996). Delaying the damage in that way helps control
the damage rate whilst securing that the evolution of damage is not instantaneous at possi-
ble stress variations, thereby providing the demanded stability in the simulation of crack
growth.

As described in Sec. 2.1.3, glass fracture may be determined by a fracture energy, GIc,
which defines the energy required to create two new surfaces by cracking. The frac-
ture energy can be directly related to the fracture toughness of glass, KIc (cf. Eq. (2.9)
for a stationary crack). Both are constants that are well-defined for glass. Once crack
growth is initiated according to Eq. (2.1), the elastic element stiffness reduces gradually
with increasing crack opening, ∆wc, as shown in Fig. 5.4, until the work performed on
the element matches GIc, i.e. until a complete loss in stiffness is reached. At that point,
A /Explicit deletes the element from the visualisation, and passes zero stresses and
strain increments to the material point for the subsequent time increments in the analysis.
However, if a crack is not fully developed, compressive stresses can still be carried by the
element. The damage phase is then halted until tensile stresses, now following the dashed
line with reduced stiffness in Fig. 5.4, cause the crack to grow again.

In the model, GIc is defined as the difference between the total work performed on the
element and the elastic strain energy prior to crack initiation. Mathematically, the fracture
energy can be expressed as the area of the triangle shown in Fig. 5.4:

GIc =
∫ ∆uf

∆u0

σ⊥ d∆u =
1
2

σ f (∆uf−∆u0) =
1
2

σ f ∆wcf (5.10)

where, in function of the relative nodal displacement, ∆u, ∆u0 defines the relative displace-
ment at which crack growth is initiated, and ∆uf the point where a crack is considered fully
developed, i.e. complete loss in stiffness. Furthermore, in function of the relative crack
opening width, ∆wc, a fully developed crack is determined at ∆wcf. Due to the included
loading rate dependency in the tensile strength determination, these values may vary as
the strain rate varies, as illustrated in Fig. 5.4. In other words, for a fixed element size
and a constant GIc, ∆wc decreases with increasing strain rate. Since the strain rate may
also change in the damage phase, jumps can arise in the stiffness reduction. To avoid this,
the tensile strength, σ f , is fixed once it is exceeded by the maximum principal stress, σ1,
which is considered a reasonable assumption as long as crack growth happens fast.

In a smeared crack formulation where cracks are not modelled explicitly, it is more con-
1In fracture mechanics also known as Crack Mouth Opening Displacement (CMOD).
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Fig. 5.4 Crack opening stress as a function of relative nodal displacement, ∆u, and relative crack
opening displacement, ∆wc. The shown damage phase is governed by the rate-dependent strength
model in Eq. (5.8).

venient in the VUMAT to characterise the crack opening by strains since no discontinuities
are present until elements are removed. Fig. 5.4 defines an initial stiffness, K, which is
expressed as:

K =
E ′

Le
=

σ f

∆u0
(5.11)

whereE ′ is the element stiffness in principal direction (normal to the crack), i.e. σ1/ε1, and
Le is the characteristic element length. Utilising Eq. (5.11) in combination with Eq. (5.10),
∆u0 and ∆uf can be translated into strains as follows:

ε0 =
∆u0

Le
=

σ f

E ′ , εf =
∆uf
Le

= ε0 +
2GIc
σ f Le

(5.12)

Eq. (5.12) directly implies that the inequality (εf− ε0) > 0 is satisfied for any choice of
Le > 0. Hence, no element size dependency is embodied in the damage model concerning
the correct prediction of the fracture energy, GIc.

After the principal strain, ε1, exceeds ε0, the element starts to accumulate damage ac-
cording to the damage evolution law given by Eq. (5.13), until εf is reached at which
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the damage scalar, D, takes the value one and the material point is flagged zero, telling
A /Explicit to delete the element from the simulation:

D(ε1) =


0 for ε1 < ε0
εf (ε1 − ε0)

ε1 (εf− ε0)
for ε0 ≤ ε1 ≤ εf

1 for ε1 > εf

(5.13)

Here, a non-linear damage evolution is chosen to provide a linear degradation of the stiff-
ness and the resulting stresses, thereby permitting the determination of GIc using the area
of a triangle. In addition, the damage is defined as irreversible, i.e. the damage scalar
is not allowed to decrease for again decreasing crack opening displacements. Lastly, the
undamaged stresses, σ̃i j, determined by Eq. (5.5) are subjected to the damage scalar to
degrade them accordingly as shown in Fig. 5.4:

σi j|(t+∆t) = (1−D)
〈
σ̃i j|(t+∆t)

〉
+
−
〈
σ̃i j|(t+∆t)

〉
− (5.14)

All stress components are reduced equally. Thus, a directional dependency of the crack in
the damage phase is not considered, leaving the crack growth to be driven solely by the
maximum principal stress/strain. To distinguish between tension and compression loading,
Macaulay brackets, ⟨·⟩, are used in Eq. (5.14).

A flowchart of the VUMAT implementation is provided in Appendix C, Sec. C.2. Summing
up, the material damage model requires the following five input parameters to define the
dynamic glass fracture:

1. the Young’s modulus, E,

2. the Poisson’s ratio, ν ,

3. a reference tensile strength, σ0, representative for quasi-static loading, i.e. ε̇0 =
2.86 ·10−5 s−1,

4. the sub-critical crack growth parameter, n, to define the glass’ dynamic fatigue be-
haviour, and

5. the fracture energy, GIc.

These are physical material properties that are well-defined for glass, independent of the
element size. Hereinafter, the damage model is demonstrated and evaluated for a unit shell
element.

5.2.2 Unit Element Test
The characteristics of the developed rate-dependentmaterial damagemodel for A /Ex-
plicit are evaluated for a unit shell element with dimensions as shown in Fig. 5.5. First, a
single element is tested (Fig. 5.5(b)), followed by a three-element test (Fig. 5.5(c)) to in-
vestigate the effect of the damage phase on the elastic spring back of surrounding elements
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Fig. 5.5 A unit shell element with the chosen dimensions (not in scale) and the applied boundary
conditions: (a) the shell thickness, (b) the single unit element, and (c) three unit elements assembled
in a row where the damage model is assigned to the central element.

that have not undergone damage. Both tests simulate the effect of a crack growing normal
to the applied uniaxial tensile loading. To emphasise the included rate-dependency in the
damage model, simulations were performed at four different constant strain rates: 1, 101,
102 and 103 s−1. For that, a 4-node general-purpose shell element with reduced integration
(S4R in A ) was chosen, having material properties assigned according to Table 5.2,
which are typical values for glass.

The results for the single unit shell element strained uni-axially at four different rates are
shown in Fig. 5.6 as the evolution of tensile stress as a function of the relative nodal dis-
placement. It is demonstrated that the tensile strength increases expectedly with strain
rate following the relationship given in Eq. (5.8). Data for the two highest rates simulated
coincides with identical damage phases because the applied strain rates caused the tensile

Table 5.2 Material properties as-
signed to the unit shell element.

Property, Symbol Value and unit

Young’s modulus, E 70.0GPa
Poisson’s ratio, ν 0.23
Reference tensile strength, σ0 45.0MPa
Sub-critical crack growth parameter, n 16.0
Fracture energy, GIc 8.0 Jm−2

Density, ρ 2500 kgm−3
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Fig. 5.6 Crack opening stress as a function of relative nodal displacement for the unit shell element.

strength to reach the limit at σ f /σ0 = 2.30, which according to Eq. (5.9) with properties
listed in Table 5.2 is expected to happen at rates above 4 ·101 s−1. Also, the damage model
show to perform well regarding the prediction of the fracture energy. The triangular ar-
eas beneath the damage phases amount to the set value of GIc. Moreover, it is seen that
the slope of the damage becomes steeper with increasing tensile strength as a direct con-
sequence of a constant chosen fracture energy (also sketched in Fig. 5.4), meaning that
damage occurs faster at higher loading rates. Whilst being independent of element size
in calculating GIc, the damage model in its current implementation is dependent on the
element size when predicting crack velocities. This dependency is evident from the fol-
lowing expression derived to estimate a crack velocity, v, defined as the time, ∆t, it takes
a crack to develop fully through an element of length Le, assuming a constant strain rate
throughout the damage phase:

v =
Le

∆t
=

Leε̇
εf− ε0

=
L2

eσ f ε̇
2GIc

(5.15)

Here, Le enters into the equation with a power of two, thus being a dominant factor in
the prediction of v. For example, achieving crack velocities correctly between 1500 and
2500m s−1 (a range typically expected for dynamic glass fracture (O et al. 2007b))
at a strain rate of 101 s−1 with properties given in Table 5.2, an element size of 5 to 6.5mm
would be needed, which seems feasible. However, as strain rate may vary in a blast loaded
glass structure, Le can scale quickly when aiming a constant crack velocity. Therefore, the
damage model should be used with caution in this regard.

The delayed damage is further investigated on three unit shell elements assembled in a row
that are subjected to uniaxial loading with the central element having assigned the damage
model; see Fig. 5.5(c). The outer elements only determine the elastic response. This
setup enables the evaluation of the earlier discussed elastic spring back of neighbouring
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Fig. 5.7 Stress normal to the crack growth direction as a function of time for the first shell element
(damage model not applied) in the three-element test, uni-axially strained at ε̇ = 101 s−1.

elements that have not undergone damage. Although the boundary conditions are not
entirely equivalent to what is found in a larger discretisation of a structure, where more
than one element surrounds a developed crack, this three-element test can still showcase
the effect of the delayed damage on the elastic spring back.

The rate at which damage evolves in the model can be directly linked to the applied strain
rate. Hence, the duration of the damage phase can be determined from Eq. (5.12), as in
Eq. (5.15), which at constant strain rate varies with GIc and Le. Therefore, the spring back
is simulated for three different fracture energies, 10, 100 and 150 Jm−2, while the element
length and the applied strain rate are kept constant with 1mm and 101 s−1, respectively. All
other required model input parameters are defined according to Table 5.2. The effect of
the delayed cracking, i.e. the progressive damage phase in Fig. 5.4, on the spring back of
surrounding elements, is shown in Fig. 5.7. For the first shell element, having no damage
model assigned, the stress normal to the crack growth direction is plotted as a function of
time for the three fracture energies.

From Fig. 5.7 it is evident that the magnitude of GIc has a significant effect on the elastic
spring back of the neighbouring elements. The lowest fracture energy of 10 Jm−2 with the
shortest damage phase results in the most severe oscillations after a complete loss in stiff-
ness is reached in the central element. An improvement is observed for a fracture energy in-
creased with a factor of ten. However, it still causes oscillations of significant amplitudes.
Another increase to 150 Jm−2, having the longest damage phase of the three investigated,
show the most significant damping effect on the spring back as oscillations are negligibly
small upon failure of the central element. When considering glass, its fracture energy for a
stationary crack typically ranges in the order of magnitude around 10 Jm−2 (see Table 2.1),
which for most engineering problems with the present damage model would result in an
abrupt damage evolution due to the often coarser mesh used. To improve stability in terms
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of damping out eventual aroused crack-induced stress oscillations, one can reduce the ele-
ment size according to Eq. (5.12), thereby favourably extending the damage phase without
the need to modify the fracture energy. However, this comes with the cost of increased
computational efforts.

5.3 Damage Model Validation on Full-scale Blast Test Data
The developed rate-dependent progressive damage model for dynamic glass fracture is
validated in simulations of full-scale blast tests on monolithic window glass found in the
literature. Typically, such test setups consist of a test window (a glass pane mounted into
a frame) that is installed in a (concrete) test cubicle, as illustrated in Fig. 5.8(a). A certain
distance apart from the window, the stand-off distance, an explosive is placed on or close
to the ground, thereby at detonation producing a hemispherical pressure wave loading the
window destructively with a pressure-time history as schematically shown in Fig. 1.10.
Similar arrangement was used by S et al. (2016) and J and C (2015),
both reporting on the blast performance of monolithic glazing. The main parameters of
these experiments that are considered in the validating simulations are summarised in Ta-
ble 5.3. That is, the glass plate dimensions, and parameters characterising the blast tests
such as stand-off distance, R, charge weight (TNT-equivalent),W , and scaled distance (see
also Eq. (1.2)), Z.

From the numbers in Table 5.3 it should be noted that both the surface area of the tested
glass panes as well as the blast wave characteristics based on the values for Z are almost
identical. However, the reported research objectives of these blast tests are different; there-
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Fig. 5.8 A sketch of the considered blast test setups in (a), and the boundary conditions (BC) of
the glass pane applied to the A /Explicit simulations of the blast tests in (b).
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Table 5.3 The blast test parameters from the literature.

Glass plate dimensions‡ Blast test data

tnom [mm] w×h [mm2] R [m] W [kg] Z [m kg−1/3]

Test A∗ 12 894×894 20.00 51.25 5.38
Test B-1† 4 870×870 19.50 41.00 5.66
Test B-2† 8 870×870 19.50 41.00 5.66
∗ Data from S et al. (2016).
† Data from J and C (2015).
‡ The exposed glass area of the window.

fore, named Test A and Test B in the following. While S et al. (2016) investigated
the response of 12mm-thick annealed window glass up to fracture (Test A), J and
C (2015) made detailed investigations on the post-fracture response of 4mm- and
8mm-thick monolithic glazing panels (Test B-1 and B-2), measuring displacement and ve-
locity of flying glass shards. Thus, various glass performance measures for blast loading
are provided, against which the damage model can be validated.

As with any other problem to model with the Finite Element Method (FEM), it is vital
to consider boundary conditions and material properties that reflect any given case as
closely as possible. Beginning with the boundary conditions, the blast tests to simulate
are reduced to the exposed area of the glass panes, i.e. the direct interaction with a window
frame and the underlying supporting structure is disregarded as only glass performance is
of interest. As the clamping stiffness of the test window frames is unknown, two types
of supports can be taken into consideration for the glass pane: (i) a pinned support, being
the least stiff solution, allowing for rotations of the glass pane’s edges, and (ii) a clamped
support preventing the edges from rotating (see Fig. 5.8(b)). However, typically, a frame
only sustains a small fraction of a glass pane’s edge, making it difficult to think of a fully
clamped support. Therefore, the pinned solution is expected to model the problem most
precisely. Both boundary conditions will be looked at in the validation of the damage
model as they can be considered a lower and upper bound.

In the definition of the glass’ physical and mechanical material properties, values accord-
ing to the European Standard CEN/TS 19100-1:2021 are chosen: E = 70.0GPa, ν = 0.23,
and ρ = 2500kgm−3. The other parameters governing the cracking in the material model
are σ0, n, and GIc. Since glass strength is not a material constant, the reference tensile
strength, σ0, is varied in the simulations of the blast tests. The sub-critical crack growth
parameter is chosen according to Fig. 2.9(a), i.e. n = 18.1. Further, the fracture energy
of the glass is assumed not to vary with strain rate. Hence, a constant value is determined
from Eq. (2.9) (for plane stress) using KIc = 0.75MPam1/2, resulting in GIc = 8.0Jm−2

for a stationary crack.

The models of the three glass panes in Table 5.3 consider the full pane size. The discretisa-
tion is performed using 4-node general-purpose shell elements (S4 in A ) with seven
integration points through the thickness. As some mesh dependency in the damage phase
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of the model was identified in Sec. 5.2.2, a structured mesh with homogeneous element
sizes is chosen, resulting in identical cracking behaviour throughout the mesh. In A ,
the blast pressure loading is modelled as an incident wave interaction using the built-in
CONWEP model, which takes the TNT-equivalent charge mass and the type of blast load-
ing, i.e. surface or air blast, as input. These properties are then assigned to a reference
point defining the location of the explosive. For Test A, no height is reported in which
the explosive was placed, while for Test B, the glass panes were oriented normal to the
explosive. Therefore, in the simulations, the blast source is placed 0.5m below the pane
centre for Test A, which was estimated from the images reported, and in the height of the
centre of the panes for Test B, both with the stand-off distance and charge weight given
in Table 5.3. Fig. 5.9 compares the simulated time histories of the reflected pressure act-
ing on the glass panes resulting from a hemispherical blast wave definition (surface blast)
with the measurements reported in S et al. (2016) and J and C (2015).
Overall, a good agreement is seen between experiment and simulation, indicating that the
CONWEP model in A /Explicit reliably predicts blast wave characteristics, both the
positive and the negative phase of the pressure-time profile, and the peak positive reflected
pressure, pr. The discrepancy between the predicted and the measured impulse values are
in S et al. (2016) explained by a sudden venting into the test cubicle allowed by the
fracture of the window glass. It is assumed that this was also the case for Test B-1 and
B-2, although nothing is reported about it. Since the fluid medium (in this case air) is not
captured by the FEM formulation, such changes cannot be simulated.

5.3.1 Pre-fracture Response (Test A)
The prediction of the pre-fracture response of monolithic glazing to blast loads, i.e. the de-
flection up to fracture and the resulting load-bearing capacity, using the developed damage
model, is validated on blast test data reported by S et al. (2016). For the simulations,
the squared glass pane with dimensions as in Table 5.3 is discretised using 150×150 el-
ements, resulting in a uniform element size of approx. 6mm and converged deflection
results (see Appendix D). The thickness of the shell elements is set according to the re-
ported nominal thickness of 12mm. In addition to the blast tests, S et al. (2016) also
investigated the quasi-static strength of small-scale samples of the same glass as the win-
dows without reporting the exact loading rate, determining a mean strength of 80.3MPa
(±13MPa). To reflect the scatter in the strength data, the simulations are performed for
reference tensile strengths σ0 = [70,80,90]MPa, assuming that the loading rate of the re-
ported strength tests matches the model’s reference of ε̇ = 2.86 ·10−5 s−1 (∝ 2.0MPa s−1).

The first task in the prediction is to identify when the glass pane fractured. This point
is assumed to be reached when the glass can no longer carry loads. Therefore, from the
simulations, the total lateral reaction forces (ΣRz, normal to the glass pane) were extracted
as a function of time for the three values of σ0 and both boundary conditions shown in
Fig. 5.8(b). The results are given in Fig. 5.10(a) and (b) for the pinned and clamped
edge support, respectively. The pane with the pinned edge shows a significant drop in the
reaction force after a maximum is reached at different times depending on the reference
tensile strength used in the simulation (marked by red dots in the figure), determining the
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Fig. 5.9 In the literature reported measurements on the reflected pressure and impulse from blast
tests onmonolithic window glass compared to the CONWEP surface blast in A /Explicit. Blast
test data in (a) from S et al. (2016) (Test A), and in (b) from J and C (2015) (Test
B-1 and B-2).
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Fig. 5.10 The sum of the lateral reaction forces (ΣRz) of the glass pane as a function of time for
the three reference tensile strengths simulated, and the estimated points of pane failure: (a) pinned
edge support and (b) clamped edge support.
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Fig. 5.11 The numerically determined central displacement of the glass pane as a function of time
for the two boundary conditions, i.e. pinned and clamped, compared to measurements from S
et al. (2016) (Test A), and the estimated points of pane failure for the three reference tensile strengths.
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point at which the glass has lost its load-carrying capacity. Almost similar behaviour can
be observed for the pane simulated with the clamped edge. However, after the indicated
initial sudden partial loss in load-carrying capacity caused by some cracks that developed
along the pane’s edge due to the clamping, further load is carried by the corners until the
pane centre fractures completely. This is seen as the second drop that reaches zero. In the
further analysis, the initial loss in load-bearing capacity defines the point of pane failure.
The oscillations after the identified pane failure seen in Fig. 5.10(a) are caused by some
elements that, after fracture, still adhere to the pane support and vibrate. A note to add here
is that the time at which the reaction forces reaches zero, at around 37ms, matches the time
at which the predicted impulse values in Fig. 5.9(a) start to deviate from the measurements,
supporting the explanation of venting given by S et al. (2016). Furthermore, the
data in Fig. 5.10(a) demonstrate that the material damage model can predict an increase
in a glass structure’s load-carrying capacity with increasing tensile strength, which by its
formulation also was expected.

With the identified points of pane failure, the pane central displacement is plotted in
Fig. 5.11 as a function of time relative to the arrival time of the blast wave front, ta, for both
support conditions, and further compared to measurements from S et al. (2016). It
is seen that the simulations for both supports over-predict the displacements up to 30%
compared to the measured values, while still having similar courses. An overprediction is
also observed in some of the simulations reported by S et al. (2016) with no further
explanations given. The clamped edge support results in a too early pane failure, which
can be attributed to the increased stiffness introduced by the clamping. For the pane with
the pinned edge support, the damage model show to perform well in determining both the
peak central displacement and time at failure, as the results for σ0 between 80 and 90MPa
are close to the measurements from the blast test in which the glass had similar quasi-static
strengths. This good agreement further indicates that the glass strengths determined by the
damage model at the high loading rate induced by the blast wave must have been similar
to those present in the experiments. Hence, it is demonstrated that the chosen input pa-
rameters sufficiently define the rate-dependency in the developed material damage model.
However, a parameter to vary could be the sub-critical crack growth parameter, n. For in-
stance, changing it to 16, typically used in the design of load-bearing glass members, will
cause the strength to enhance faster with increasing strain rate following Eq. (5.8). This
results in a slight extension of the time-to-failure, delaying the initiation of the damage
phase according to Fig. 5.4.

5.3.2 Post-fracture Response (Test B)
The damage model’s capability to predict the post-fracture response of monolithic glazing
subjected to blast loading is validated on blast test data reported by J and C
(2015). The squared glass panes with dimensions as in Table 5.3, cf. Test B-1 and B-2, are
discretised with a structured mesh, again securing homogeneous element sizes. However,
since the post-fracture response is more a matter of fragment sizes and their acceleration
than the material’s constitutive behaviour in the deformation of the glass pane up to frac-
ture, the mesh is assumed to have a significant impact due to the inherent mesh depen-
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dency in the element deletion technique. Therefore, three different mesh configurations
are investigated with the size in number of elements along the edges of Nel = 100×100,
150×150, and 200×200, resulting in element sizes of 8.7, 5.8 and 4.4mm, respectively,
with converged deformations/stresses up to fracture (see Appendix D). No detailed quasi-
static strength data for the glass is reported by J and C (2015). Thus, σ0 is
determined iteratively until the best fit to measurements is obtained for each of the three
mesh configurations. In terms of the pane’s edge support, only the pinned boundary con-
dition is applied, as it previously for Test A was shown to fit better the experimental data.

The simulated post-fracture responses of the 4mm and 8mmmonolithic glazing, subjected
to the pressure-time profile given in Fig. 5.9(b), are shown in Figs. 5.12 and 5.13, respec-
tively. The results are the peak leading fragment displacement and velocity as a function
of time. Furthermore, these values are compared to measurements reported in J and
C (2015). From the figure legends, it is evident that there exist some mesh size de-
pendency in the iterative process of determining σ0. For the 4mm glazing, strength values
between 175MPa and 200MPa result in the best fit, while values between 117.5MPa and
125MPa are found for the 8mm glazing. These are strength values that are representative
for glass (see e.g. S et al. 2014), although they seem somewhat high compared to what
is reported in S et al. (2016) for Test A. With a properly chosen value for σ0, only
minor differences are seen between the three mesh configurations investigated. Further-
more, simulations and experiments are seen to be in good agreement with a maximum
difference of 20% over the majority of time investigated. However, no resistance from
air nor gravity was included in the simulations, which, if it would have been, would cause
a deceleration of the flying fragments. In that case, a better match between simulations
and measurements from the blast tests could be presumed where most considerable devi-
ations are seen, i.e. at the sudden drops in measurements. That is, after 20ms in Fig. 5.12
and after 30ms in Fig. 5.13. At pane failure, where the blast wave is still acting on the
glass, it seems reasonable to disregard these counteracting forces. In a longer simulation,
where the blast wave at some point is less dominant, these physical properties need to be
included to better capture the glass’ post-fracture response.

Potential sources of error include the crack formation through the element deletion tech-
nique and resulting fragment sizes. A comparison of the different obtained fracture pat-
terns from the simulations with the three mesh configurations is provided in Fig. 5.14 for
both glazing thicknesses. It is seen that the fractured panes mainly consist of horizontally
and vertically growing cracks with some symmetry, which directly stems from the choice
of using a structured mesh. Apart from that, some physically valid characteristics can still
be identified, which is that cracks tend to seek direction towards the pane corners as a
direct consequence of plate bending. Comparing the three mesh configurations reveals no
significant difference in fracture patterns. Furthermore, they have in common that large-
sized glass pieces are produced by fragmenting, which could explain some of the observed
differences between simulations and experiments. Of course, this is not expected crack-
ing behaviour for glass under such load conditions. However, the focus of the developed
material damage model was not to capture realistically looking fracture patterns, which
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Fig. 5.12 Simulated post-fracture response, shown as the peak leading fragment displacement in
(a) and velocity in (b) as a function of time, for the 4mmmonolithic glazing (Test B-1) compared to
measurements from J and C (2015). Results are provided for different mesh sizes and
reference tensile strengths that resulted in the best fit.
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Fig. 5.13 Simulated post-fracture response, shown as the peak leading fragment displacement in
(a) and velocity in (b) as a function of time, for the 8mmmonolithic glazing (Test B-2) compared to
measurements from J and C (2015). Results are provided for different mesh sizes and
reference tensile strengths that resulted in the best fit.
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Fig. 5.14 Fracture patterns for the three mesh configurations obtained from the simulations of Test
B-1 and B-2 in the final time step.

definitely would require more advanced techniques and increased computational efforts,
but rather to predict global quantities, such as load-bearing capacity and the glass response
after fracture by adopting simple approaches that are practicable in general engineering
practice. An improvement for future investigations, however, could be to apply an unstruc-
tured mesh with uniform element sizes as suggested by P et al. (2016) to obtain
more natural crack paths.

Lastly, the post-fracture response prediction using the damage model is further validated
by comparing linear approximations of 2D deflected panel shapes with high-speed images
by J and C (2015). The comparison is performed for the 8mm monolithic
glazing panel with Nel = 200× 200 at different times relative to the arrival time of the
blast wave front, ta. The images to compare are shown in Fig. 5.15 together with the
linear approximations of the panel shape. Overall, the dynamic glass fracture simulation
captures similar characteristics as the experiment where the angle of the upper and lower
pane, α , increases with time. However, it becomes visible once more that the simulated
fragmentation deviates from reality. The damage model results in too large fragment sizes,
disturbing the continuity in the displacement shape. Because the glass pane in the blast test
fragmented into smaller glass shards, the shapes captured by the high-speed images show
more continuity. A direct comparison of the different approximated angles is provided
in Table 5.4. Here, only α3, α5, and α7 compare well with the experimental data. The
remaining angles show deviations between 35% and 63%.
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Fig. 5.15 The 8mmmonolithic glazing panel post-fracture displacement shape for different times,
captured with high-speed cameras in the blast test (upper row) and obtained from a simulation with
the material damage model using Nel = 200× 200 (lower row). (Upper row images are reused
from J and C (2015) with permission of ICE Publishing; permission conveyed through
Copyright Clearance Center, Inc.)
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Table 5.4 Comparison of upper and lower panel angle, α , for the 8mm monolithic glazing (Test
B-2) shown in Fig. 5.15.

α1 α2 α3 α4 α5 α6 α7 α8

Experiment∗ 24° 25° 34° 29° 48° 40° 54° 44°
Simulation 12° 9° 32° 15° 42° 18° 53° 29°
Difference 49% 63% 6% 49% 12% 55% 1% 35%
∗ Data from J and C (2015).

5.3.3 Concluding Remarks
The rate-dependent progressive damage model in Sec. 5.2 has been validated in simula-
tions of full-scale blast experiments found in the literature. These reports on two types of
glass performance investigations: (1) the response to blast loading up to fracture (S
et al. 2016), and (2) the post-fracture response (J and C 2015). Given the
simple approaches adopted for the crack simulation, both cases were predicted well using
the damage model, although with minor differences to the reported measurements from
the blast tests. While the simulated crack growth and resulting fracture patterns cannot be
compared to the physical cracking behaviour of glass, the prediction of global quantities
such as load-bearing capacity and displacement/velocity histories of flying glass prove to
be sufficiently captured by the model. However, a parameter that should be chosen care-
fully is the tensile strength defined by σ0, which, due to the nature of glass, cannot be
considered a material constant (cf. Sec. 2.1).

Blast Loading on Glass in Facades 105



5. Simulation of Monolithic Glass Fracture Under Blast Loading

106 Blast Loading on Glass in Facades



6
Conclusions and Future Work

Structural Engineering is “the art of moulding materials we do
not really understand into shapes we cannot really analyze, so as
to withstand forces we cannot really assess, in such a way that the
public does not really suspect.”

– Dr. E. H. B (1967)

6.1 Conclusions
This thesis contributes to an improved understanding of the mechanical properties of glass
used in construction, focusing on tensile strength and stiffness at loading rates relevant for
blast loading. In the context of the threats, such as terror, faced by our society, this is a
load scenario buildings are increasingly exposed to. Furthermore, the work presented con-
tributes to the computer-aided engineering, supporting the design of blast resilient glazing.

A comprehensive literature review based on 57 publications that report on the dynamic
fatigue behaviour of soda-lime-silica glass was conducted, revealing a significant strain
rate dependency of the glass’ tensile strength, which increases with increasing strain rate
(linearly on a log-log scale). The lowest and highest rates reported determine a strength
reduction of about 60% and an increase of about 175%, respectively, relative to a strength
(σ0) interpolated at a strain rate of 2.86 ·10−5 s−1 (∝ 2.0MPa s−1 for E = 70GPa). From
the reviewed dynamic fatigue tests, which were divided into the test environments air (25-
67% RH) and water (liquid or 100% RH), the sub-critical crack growth parameter n was
determined to be 18.1 and 16.5, respectively, confirming a decrease in n for increasing
water content. Most of the data were measured at moderate strain rates, and only a lim-
ited amount of data were found to characterise glass at high strain rates relevant to blast
loading. Nevertheless, possible strength limits were suggested because the data exhibited
a beginning asymptotic behaviour at the very low and very high rates. For ε̇ → 0, a limit
at σ f ,d/σ0 = 0.65, and for ε̇ → ∞, a limit at σ f ,d/σ0 = 2.30 were estimated for the glass
tested in air. Only a lower limit at 0.65 could be estimated from the data that characterise
glass in water. However, much more testing is needed to determine well-defined limits
and rule out the disagreements observed at the high strain rates relevant to blast loading.
Lastly, from the reviewed glass strengths, it could be concluded that these agree with most
of the load duration factors specified by several national and international Standards and
that they support extrapolations into shorter load duration than currently provided by the
Standards. Engineers routinely use these Standards for structural glass design.
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To expand on the limited knowledge about the glass’ behaviour at high strain rates, a novel
and successful design of a modified Split-Hopkinson Pressure Bar (SHPB) was developed
to test flat glass samples dynamically in a ring-on-ring bend test configuration. The modi-
fications to the standard SHPB design enabled high-speed cameras for fracture assessment
and non-contact optical deflection measurements with Stereo Digital Image Correlation
(Stereo-DIC) by transforming the transmission bar into a tube having the incident bar go-
ing through. With the load ring mounted to the incident bar and the support ring, with a
conical trough-going hole, to the transmission tube, a significant part of a sample’s tensile
surface (around 54%) were made visible. However, two challenges important to consider
in future designs were identified: (1) the modifications caused some noise in the measured
incident bar signal, and (2) signals began to overlap in the rear part of the reflected pulse,
which did not disturb the reported strengths but could have been prevented by using a
longer incident bar.

Using the modified SHPB and a universal testing machine, 315 soda-lime-silica glass sam-
ples, annealed and thermally tempered with as-received surfaces, were tested at two strain
rates: a quasi-static in average at 2.2 ·10−5 s−1 (∝ 2.0MPa s−1) and a dynamic in average
at 48 s−1 (∝ 4.3 ·106MPa s−1). As expected, the glass’ surface strength increased with
increasing compressive surface stress at both strain rates tested. For the quasi-statically
tested glass, a slope of 1.4, and for the dynamically tested glass, a slope of 1.7 was found.
Also, the residual stresses did not show to significantly influence the strain rate depen-
dency of the glass strength. Each tested state of residual compressive surface stress (includ-
ing the almost zero-state in the annealed float glass) significantly enhancedwith increasing
strain rate at similar trends. Thus, strength increases between 60% and 86% were found,
which agree with comparable data found in the literature. From the performed Stereo-DIC
deflection measurements with high-speed cameras, the glass’ Young’s modulus was found
not to be dependent on strain rate, therefore concluding that the 70GPa as provided by the
European glass code CEN/TS 19100-1:2021 also applies to high strain rate loading.

Based on the glass characteristics at high strain rates obtained through the literature re-
view and the conducted experimental characterisation, a rate-dependent progressive dam-
age model was developed to simulate monolithic glass fracture under blast loading with
shell elements in the commercial FEM software A /Explicit. The focus was on a
simple implementation, the element deletion technique, which is considered practicable
for general engineering practice. The damage model was successfully tested on a unit
shell element and further validated on full-scale blast experiments on monolithic glazing
found in the literature. The validation showed that the damage model could reliably pre-
dict global quantities such as a glass pane’s resistance to blast loading and its post-fracture
response. However, realistic crack growth and fracture patterns were not achieved due to
the inherent mesh dependency in the element deletion technique and the use of a struc-
tured mesh. A model input parameter that should be chosen carefully is the glass’ tensile
strength, which is not a material constant due to the nature of glass.
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6.2 Future Work
Recommendations for future work within the areas of research covered by the thesis are
given below:

• In the present investigation of the effect of residual stresses on the glass strength’s
strain rate dependency, only a narrow range of residual compressive surface stresses
(40MPa to 53MPa) were included because the small sample geometry made it dif-
ficult to reach higher stresses with the commercial thermal tempering. Thus, an al-
ternative way of tempering small glass samples to introduce higher residual stresses
would be required to extend the investigation to include fully tempered glass.

• The measured glass strengths show a typical large scatter due to the as-received
surface condition. This was not changed to capture the actual characteristic differ-
ences in surface flaws. Conducting a thorough investigation of the effect of different
surface qualities on the loading rate sensitivity at high strain rates could provide nec-
essary data to determine the resistance to blast loading of, e.g. aged and weathered
glass (see e.g. D and O 2017). Also, well-controlled surface condi-
tions can reduce the scatter significantly (see e.g. N et al. 2010; M et al.
2019).

• To a large extent, laminated glass is used for blast mitigating glazing designs. In the
present thesis, only the high strain rate properties of monolithic glass were investi-
gated because the properties of interlayer materials, such as PVB, are well-described
in the literature (see e.g. P 2016). Conducting dynamic tests on small lami-
nated glass samples in the modified SHPB could probably determine the high strain
rate characteristics of the sandwich-structure, i.e. the interaction between the glass
and the interlayer material in bending. However, this would require changes in the
design of the modified SHPB, as the samples become much stiffer than the single
monolithic glass samples investigated in this thesis.

• The glass strengths reported are determined at two strain rates. More tests at inter-
mediate and even higher strain rates could provide data to determine the sub-critical
crack growth parameter n and more accurately show when a possible strength limit
is reached.

• A rate-dependent progressive damage model for glass was developed and validated
against data from full-scale blast experiments on monolithic glazing found in the
literature. Further research interests could be directed towards the simulation of
laminated glass by applying the developed damage model for glass with models
validated for the PVB-interlayer from the literature.

• In the sense of computer-aided engineering, the developed rate-dependent damage
model for glass could be applied in a design case. Such a case could include pre-
dicting a glass pane’s resistance to blast loading and the dimensioning of, e.g. the
underlying load-bearing structure and possible energy-absorbing brackets, typically
applied to further mitigate the effect of an explosion.
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Appendices





A
Additional Experimental Details

This appendix contains additional experimental details related to Chapter 3 and Paper II.
In Sec. A.1, a selection of technical drawings of the modified Split-Hopkinson Pressure
Bar (SHPB) are provided. The procedure used to shunt-calibrate the Wheatstone bridges
for the strain measurements is outlined in Sec. A.2. An overview of the individual mea-
surements related to the elastic wave speed of the bar/tube material reported in Sec. 3.3.2
is provided in Sec. A.3. Lastly, in Sec. A.4, results from the pulse shaper experiments are
summarised.

A.1 Technical Drawings of the Modified SHPB Setup
Go to the next page −→
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A.2 Shunt Calibration of a Wheatstone Bridge
The signals measured with strain gauges as described in Chapter 3 are pre-amplified us-
ing a high-speed transducer amplifier from FYLDE (FE-H379-TA). The amplification is
controlled with a coarse gain switch having three gain values, i.e. 10 (1V), 100 (100mV),
and 1000 (10mV), that is set together with a fine gain control (a dial) to develop full scale
(±10V) at the direct output. Since the fine gain control cannot be set precisely, a shunt
calibration is performed for each Wheatstone bridge using a factory-fitted calibration re-
sistance Rcal = 350kΩ to get a more exact value of the dialled gain. The procedure is
outlined with an example below.

Assume a maximum strain of εmax = 950 ·10−6 that is expected to be measured in an
experiment, then the expected maximum output voltage (unconditioned),UA,max, is found
from the following relationship:

UA,max =
1
4
· εmax · k ·B ·UE = 6.0mV (A.1)

where k is a dimensionless gauge factor provided by the manufacturer of the strain gauges
(= 2.11 ±1.0%), B is a bridge factor that is dependent on the Wheatstone bridge config-
uration and in this setup equals 2 (a half-bridge compensating for superimposed bending
forces), andUE is the bridge excitation voltage that was set to 6.0V.

Following the handbook of the pre-amplifier device,UA,max = 6.0mVwill require a coarse
gain of GV,coarse = 10mV and a fine gain of GV,fine = 600/1000 to scale the signal to full
output (10V). With these settings, a bridge output signal, ∂v, is simulated by a shunt
calibration, and the magnitude is determined as follows:

∂v =
Rd/2

Rcal+Rd/2
· UE

2
= 0.5142mV (A.2)

where Rd is the resistance of the applied strain gauges (= 120Ω ± 0.35%). Further, this
signal gets amplified, and the resulting target output, ÛA,target, for the above gain settings
is found from the ratio between the bridge output signal and the expected unconditioned
maximum output voltage:

ÛA,target = 10V · ∂v
UA,max

= 0.8570V (A.3)

This value is compared to the actual output, ÛA,actual, which is determined as the average
of a performed measurement of a shunt calibrated output signal (amplified), ÛA:

ÛA,actual =
∑n

i=1 ÛA,i

n
(A.4)

In Fig. A.1, a performed shunt calibration for the gain settings reported here is exemplified.
A minor deviation is seen between the target and the actual output signal, meaning that the
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A.3. Elastic Wave Speed Data of the Bar/Tube Material

0 2 4 6 8
Time [ms]

0.775

0.800

0.825

0.850

0.875

0.900

0.925

Ou
tp

ut
 si

gn
al,

 U
A
 [V

]

Target Actual

Fig. A.1 Example measurement of a performed shunt calibration.

actual fine gain setting slightly deviates from the set 600/1000. Hence, a corrected fine
gain is determined from the following expression using ÛA,actual = 0.8558V found from
the data shown in Fig. A.1:

GV,fine,cor =
∂v

ÛA,actual ·GV,coarse
·104 /1000= 600.87/1000 (A.5)

Each time a bridge needed a shunt calibration, e.g. when the gain was adjusted, the above
procedure was repeated five times and the average determined the corrected fine gain
value.

A.3 Elastic Wave Speed Data of the Bar/Tube Material
The elastic wave speed of the high-strength aluminium allow used for the bar/tube system
in the modified SHPB is reported in Sec. 3.3.2. The value is determined from ten calibra-
tion experiments with the 500mm-long striker bar, which directly impacted the incident
bar, i.e. no pulse shaping. For the determination of C0, a method utilising the longitudi-
nal resonance phenomena of the incident bar was employed (G 1975). Considering a
cylindrical bar of length `, allowed to move freely at both ends, the natural frequencies in
units Hertz, fn, is found from the following relationship:

fn =
nC0

2`
(n = 0,1,2, . . .) (A.6)

Since the incident bar is not purely cylindrical, an effective bar length of 2.0857m is re-
ported in Paper II, which is determined from a FEM model. This is the length of a pure
cylindrical bar that approximately matches the natural frequencies of the actual incident
bar geometry. Each of the ten measured incident bar signals was converted into the fre-
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quency domain using a Fourier transformation from which the first natural frequency, f1,
was extracted; exemplified in Paper II. Finally, Eq. (A.6) allowed the calculation of C0.
The ten measurements are summarised in Table A.1.

Table A.1 Summary of the individualmeasurements conducted to determine the elastic wave speed
of the high-strength aluminium alloy used for the bar/tube system in the modified SHPB.

Test No. First natural frequency Elastic wave speed
f1 [Hz] C0 [m s−1]

1 1219.3 5086.1
2 1220.7 5092.1
3 1220.0 5089.1
4 1218.6 5083.1
5 1218.6 5083.1
6 1220.7 5092.1
7 1219.3 5086.1
8 1219.3 5086.1
9 1218.6 5083.1
10 1218.6 5083.1

x̄ 1219.4 5086.4
sx 0.8113 3.3841

95% CI (1218.7, 1220.0) (5083.9, 5089.0)
x̄ = sample mean; sx = sample standard deviation; CI = Confidence Interval

A.4 Pulse Shaper Data
Pulse shaper data provided in Fig. 3.9 are listed in Table A.2. The initial thickness, h0,
and the initial cross-sectional area, a0, of the pulse shaper were measured using a digital
vernier calliper before each test. After testing, the final thickness, h(tend), was measured
and the final cross-sectional area, a(tend), was determined considering mass conservation,
i.e. h0a0 = h(t)a(t).

Table A.2 Post-test pulse shaper data for annealed Cu-DHP (CW024A – R240, cf. EN 1652:1998)
copper.

Before testing After testing

Test No. vst Lst h0 a0 h(tend) a(tend) εp σp
[ms−1] [mm] [mm] [mm2] [mm] [mm2] [−] [MPa]

1 40.67 250 1.01 178.60 0.43 419.51 0.574 496.4
2 39.46 250 1.04 125.28 0.35 372.27 0.663 551.3
3 39.47 250 1.04 80.12 0.26 320.47 0.750 639.4
4 39.36 250 2.08 178.37 0.94 394.69 0.548 486.4
5 39.38 250 2.04 123.90 0.73 346.24 0.642 567.9

Continued on next page…

140 Blast Loading on Glass in Facades



A.4. Pulse Shaper Data

Table A.2 Post-test pulse shaper data for annealed Cu-DHP (CW024A – R240, cf. EN 1652:1998)
copper. (Continued)

Before testing After testing

Test No. vst Lst h0 a0 h(tend) a(tend) εp σp
[ms−1] [mm] [mm] [mm2] [mm] [mm2] [−] [MPa]

6 38.95 250 2.06 79.64 0.51 321.70 0.748 614.4
7 40.93 250 2.04 45.48 0.39 237.92 0.809 864.0
8 40.11 250 3.10 179.55 1.47 378.65 0.526 435.6
9 40.87 250 3.10 125.68 1.14 341.77 0.632 508.2
10 38.92 250 3.10 81.07 0.95 264.55 0.694 633.9
11 39.22 250 3.10 46.32 0.65 220.93 0.790 807.1
12 39.00 250 4.09 179.55 2.23 329.32 0.455 453.0
13 40.31 250 4.09 126.08 1.69 305.13 0.587 489.3
14 39.22 250 4.08 80.75 1.24 265.71 0.696 556.8
15 40.46 250 4.08 46.32 0.81 233.34 0.801 736.8
16 39.23 250 5.08 179.55 2.74 332.89 0.461 411.8
17 39.21 250 5.08 125.88 2.24 285.48 0.559 459.4
18 40.51 250 5.06 80.44 1.64 248.17 0.676 578.0
19 40.65 250 5.07 45.96 1.02 228.47 0.799 715.2
20 23.77 500 5.07 179.55 3.38 269.33 0.333 407.1
21 22.85 500 5.07 179.55 3.45 263.87 0.320 392.9
22 21.75 500 4.04 179.55 2.81 258.15 0.304 403.7
23 22.19 500 4.04 179.55 2.73 265.71 0.324 406.6
24 21.37 500 5.07 125.68 3.02 210.99 0.404 412.0
25 21.64 500 5.06 125.48 2.97 213.79 0.413 410.8
26 20.77 500 5.07 125.68 3.10 205.55 0.389 407.8
27 16.67 500 5.06 179.55 3.93 231.18 0.233 329.7
28 38.54 250 2.05 79.33 0.55 295.67 0.732 646.4
29 38.56 250 2.05 79.33 0.56 290.39 0.727 658.3
30 6.41 500 1.02 45.60 0.67 69.43 0.343 444.0
31 6.75 500 1.00 45.60 0.64 71.26 0.360 422.8
32 3.82 500 1.00 20.43 0.62 32.95 0.380 462.9
33 6.30 500 1.01 20.43 0.42 49.12 0.584 557.4
34 6.32 500 1.00 80.12 0.81 98.91 0.190 325.7
35 6.05 500 1.01 10.18 0.27 38.08 0.733 727.0
36 6.01 500 1.01 13.20 0.33 40.41 0.673 659.3
37 6.04 500 1.01 7.50 0.22 34.43 0.782 801.9
38 6.20 500 1.00 10.18 0.24 42.41 0.760 658.0
39 7.81 500 1.01 20.43 0.32 64.48 0.683 587.7
40 7.87 500 1.00 13.20 0.24 55.01 0.760 698.8
41 7.17 500 1.00 13.20 0.25 52.81 0.750 636.4
42 6.80 500 1.00 13.14 0.27 48.66 0.730 681.4
43 6.30 500 1.00 10.18 0.24 42.41 0.760 680.1
44 6.02 500 1.00 10.18 0.25 40.72 0.750 678.4
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B
Stereo-DIC Results

This appendix contains additional results related to the non-contact optical full-field de-
flection measurements with Stereo-DIC, which constitute the basis for the determination
of the glass’ Young’s modulus, as reported in Chapter 4, Sec. 4.5. For each of the two
samples in the five residual stress groups (see Table B.1), the following pages include
a load history and the load stages for which Stereo-DIC deflection measurements were
performed, a full-field deflection measurements for a chosen load stage, and additional
measured deflections along a section for five load stages. Results for sample RS4/B465
are excluded here because they already are included in Chapter 4 (Figs. 4.9, 4.10 and
4.11). Table B.1 is a summary of the conducted experiments, which include the residual
compressive surface stress of the samples, the applied strain rate, the failure stress and the
measured Young’s modulus.

Table B.1 Additional results related to deflection measurements with Stereo-DIC, which are re-
ported in Chapter 4. The table include the residual compressive surface stress (σc), the applied
strain rate (ε̇), the obtained failure stress (σ f ), and the measured Young’s modulus (E) (mean and
standard deviation) for each of the two samples in the five residual stress groups.

Group Sample ID σc ε̇ σ f E Remarks[MPa] [s−1] [MPa] [GPa]

RS1 A096 2.9 49.3 456.4 72.4 (±1.7)
A097 2.9 44.3 282.4 68.7 (±3.5)

RS2 B317 40.1 46.6 359.1 72.0 (±2.6)
B318 39.8 40.5 260.0 72.8 (±4.5)

RS3 B151 44.6 53.4 387.6 70.4 (±2.0)
B153 44.4 25.0 122.0 66.3 (±2.1)

RS4 B465 47.9 50.4 421.1 71.0 (±1.4) Figs. included in Ch. 4
B466 49.2 40.0 201.3 66.6 (±3.2)

RS5 B602 52.0 55.8 394.1 74.3 (±2.2)
B605 54.6 52.2 525.5 72.1 (±2.3)
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Sample RS1/A096
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Fig. B.1 RS1/A096: Force history +
load stages.
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Fig. B.2 RS1/A096: Full-field de-
flection at load stage 53 (F = 7.46kN).
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Fig. B.3 RS1/A096: Glass sample deflection along the section in Fig. B.2 for five load stages
related to Fig. B.1, compared to analytical plate bending.
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Sample RS1/A097
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Fig. B.4 RS1/A097: Force history +
load stages.
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Fig. B.5 RS1/A097: Full-field de-
flection at load stage 48 (F = 3.95kN).
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Fig. B.6 RS1/A097: Glass sample deflection along the section in Fig. B.5 for five load stages
related to Fig. B.4, compared to analytical plate bending.
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Sample RS2/B317
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Fig. B.7 RS2/B317: Force history +
load stages.
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Fig. B.8 RS2/B317: Full-field de-
flection at load stage 56 (F = 5.22kN).
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Fig. B.9 RS2/B317: Glass sample deflection along the section in Fig. B.8 for five load stages
related to Fig. B.7, compared to analytical plate bending.
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Sample RS2/B318
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Fig. B.10 RS2/B318: Force history +
load stages.
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Fig. B.11 RS2/B318: Full-field de-
flection at load stage 54 (F = 4.21kN).
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Fig. B.12 RS2/B318: Glass sample deflection along the section in Fig. B.11 for five load stages
related to Fig. B.10, compared to analytical plate bending.
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Sample RS3/B151
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Fig. B.13 RS3/B151: Force history +
load stages.
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Fig. B.14 RS3/B151: Full-field de-
flection at load stage 56 (F = 6.22kN).
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Fig. B.15 RS3/B151: Glass sample deflection along the section in Fig. B.14 for five load stages
related to Fig. B.13, compared to analytical plate bending.
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Sample RS3/B153
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Fig. B.16 RS3/B153: Force history +
load stages.
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Fig. B.17 RS3/B153: Full-field de-
flection at load stage 50 (F = 5.00kN).
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Fig. B.18 RS3/B153: Glass sample deflection along the section in Fig. B.17 for five load stages
related to Fig. B.16, compared to analytical plate bending.
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Sample RS4/B466
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Fig. B.19 RS4/B466: Force history +
load stages.
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Fig. B.20 RS4/B466: Full-field de-
flection at load stage 52 (F = 4.62kN).
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Fig. B.21 RS4/B466: Glass sample deflection along the section in Fig. B.20 for five load stages
related to Fig. B.19, compared to analytical plate bending.
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Sample RS5/B602
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Fig. B.22 RS5/B602: Force history +
load stages.
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Fig. B.23 RS5/B602: Full-field de-
flection at load stage 56 (F = 6.56kN).
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Fig. B.24 RS5/B602: Glass sample deflection along the section in Fig. B.23 for five load stages
related to Fig. B.22, compared to analytical plate bending.
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Sample RS5/B605
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Fig. B.25 RS5/B605: Force history +
load stages.
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Fig. B.26 RS5/B605: Full-field de-
flection at load stage 58 (F = 8.43kN).
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Fig. B.27 RS5/B605: Glass sample deflection along the section in Fig. B.26 for five load stages
related to Fig. B.25, compared to analytical plate bending.
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C
User Subroutine for
A /Explicit

This appendix contains additional information on the developed rate-dependent progres-
sive damage model for dynamic glass fracture implemented as a VUMAT user subroutine
for A /Explicit, as presented in Chapter 5. Sec. C.1 describes two options in A
to define the transverse shear stiffness of a shell element for which the damage model is
defined. A flowchart of the VUMAT implementation of the damage model is provided in
Sec. C.2 and the related source code written in FORTRAN is given in Sec. C.3.

C.1 Shell Elements
When the VUMAT is used to define the material response of shell elements, A /Explicit
is not capable of calculating a default value for the transverse shear stiffness of the element.
Therefore, one must define explicitly either the material transverse shear modulus or the
element’s transverse shear stiffness in accordance with D S (2021).

Option 1: Defining the Elastic Transverse Shear Modulus
A allows the specification of the initial elastic transverse shear modulus for comput-
ing the transverse shear stiffness of shells. It can be defined either isotropic, orthotropic,
or anisotropic. A direct input in A /CAE is not supported. Therefore, the following
lines need to be added to the input file (*.inp) after *Material:

• Isotropic:

{
σ13
σ23

}
=

[
G 0
0 G

]{
γ13
γ23

}
(C.1)

1 *Transverse shear, type=isotropic
2 G,

• Orthotropic:

{
σ13
σ23

}
=

[
G13 0

0 G23

]{
γ13
γ23

}
(C.2)
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1 *Transverse shear, type=orthotropic
2 G12, G13, G23,

• Anisotropic:

{
σ13
σ23

}
=

[
D1313 D1323
D1323 D2323

]{
γ13
γ23

}
(C.3)

1 *Transverse shear, type=anisotropic
2 D1212, D1313, D2323, D1323,

Option 2: Defining the Transverse Shear Stiffness
A shell element’s transverse shear stiffness can be directly defined in A /CAE at: Sec-
tions→Shell→Advanced→Transverse Shear Stiffness. In A , the transverse shear
stiffness of the section of a shear flexible shell element is defined as follows (D
S 2021):

Kts
αβ = fp Kts

αβ (C.4)

where Kts
αβ are the components of the section shear stiffness, fp is a dimensionless factor

controlling that the shear stiffness is not becoming too large in thin shells, and Kts
αβ is the

actual shear stiffness of the section (a required user-defined input when a VUMAT defines
the material behaviour of the section).

The transverse shear stiffness is to be specified as an initial, linear elastic stiffness of the
shell in response to pure transverse shear strains. For a homogeneous shell representing
an isotropic linear elastic material, the transverse shear stiffness can be computed by the
following expressions:

Kts
11 =

5
6

Gt , Kts
22 = Kts

11 , Kts
12 = 0 (C.5)

where G is the material’s shear modulus, and t is the thickness of the shell. Is the shell
representing an orthotropic linear elastic material, where the strong material direction
aligns with the element’s local 1-direction, then the transverse shear stiffness can take the
following values:

Kts
11 =

5
6

G13t , Kts
22 =

5
6

G23t , Kts
12 = 0 (C.6)
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C.2. VUMAT Flowchart

In both transverse shear stiffness definitions, the number 5/6 is a shear correction coeffi-
cient that results from matching the transverse shear energy to that for a 3D structure in
pure bending.

C.2 VUMAT Flowchart

Start of analysis
A /Explicit, t = 0

Apply strain increment, ∆εi j

Start of VUMAT

Compute undamaged stresses
σ̃i, j|(t+∆t) = σ̃i, j|(t)+

(
2µ∆εi j +λδi j∆εkk

)
Compute strain components

εi j|(t+∆t) = εi j|(t)+∆εi j

Compute max. princ. strain
ε1|(t+∆t)

Compute strain rate
ε̇ =

ε1 |(t+∆t)−ε1 |(t)
∆t

Compute material strength

σ f = σ0

(
ε̇
ε̇0

)1/(n+1)

(for ε̇th ≤ ε̇ ≤ ε̇in)

Check failure criteria
σ1 ≥ σ f

Crack growth?

Update damage scalar
D|(t+∆t) = D|(t)+∆D

Unaltered damage scalar
D|(t+∆t) = D|(t)

Update stress components
σi j|(t+∆t) =

(
1−D|(t+∆t)

)〈
σ̃i j|(t+∆t)

〉
+

+
〈
σ̃i j|(t+∆t)

〉
−

Compute internal energy and
damage dissipation energy

End of VUMAT

A /Explicit solver

Yes

No

Next time increment (∆t) until end of analysis

For each integration point

Fig. C.1 Flowchart of the VUMAT implementation of the rate-dependent progressive damage model
for dynamic glass fracture, as presented in Chapter 5.
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C.3 VUMAT Code
1 C %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
2 C VUMAT for ABAQUS/Explicit:
3 C Isotropic isothermal elastic material behaviour combined with a
4 C progressive damage model that is based on a rate-dependent material
5 C strength , SIGF, and a fracture energy, GIc.
6 C ----------------------------------------------------------------------
7 C Tested element type: S4R, S4
8 C ----------------------------------------------------------------------
9 C Copyright (C) 2021 by Martin J. Meyland. All rights reserved.

10 C DTU Civil Engineering , Kgs. Lyngby | Ramboll Denmark A/S, Copenhagen
11 C E-Mail: majeme@byg.dtu.dk / MJME@ramboll.dk
12 C %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
13 C
14 C ----------------------------------------------------------------------
15 C >> START OF VUMAT <<
16 C ----------------------------------------------------------------------
17 SUBROUTINE VUMAT(
18 C **********************************************************************
19 C *** Read only (unmodifiable)variables ***
20 C **********************************************************************
21 1 NBLOCK, NDIR, NSHR, NSTATEV, NFIELDV, NPROPS, LANNEAL,
22 2 STEPTIME , TOTALTIME , DT, CMNAME, COORDMP, CHARLENGTH ,
23 3 PROPS, DENSITY, STRAININC , RELSPININC ,
24 4 TEMPOLD, STRETCHOLD , DEFGRADOLD , FIELDOLD ,
25 5 STRESSOLD , STATEOLD , ENERINTERNOLD , ENERINELASOLD ,
26 6 TEMPNEW, STRETCHNEW , DEFGRADNEW , FIELDNEW ,
27 C **********************************************************************
28 C *** Write only (modifiable) variables ***
29 C **********************************************************************
30 7 STRESSNEW , STATENEW , ENERINTERNNEW , ENERINELASNEW )
31 C
32 INCLUDE 'VABA_PARAM.INC'
33 C
34 DIMENSION PROPS(NPROPS), DENSITY(NBLOCK), COORDMP(NBLOCK),
35 1 CHARLENGTH(NBLOCK), STRAININC(NBLOCK, NDIR+NSHR),
36 2 RELSPININC(NBLOCK, NSHR), TEMPOLD(NBLOCK),
37 3 STRETCHOLD(NBLOCK, NDIR+NSHR),DEFGRADOLD(NBLOCK, NDIR+NSHR+NSHR),
38 4 FIELDOLD(NBLOCK, NFIELDV), STRESSOLD(NBLOCK, NDIR+NSHR),
39 5 STATEOLD(NBLOCK, NSTATEV), ENERINTERNOLD(NBLOCK),
40 6 ENERINELASOLD(NBLOCK), TEMPNEW(NBLOCK),
41 7 STRETCHNEW(NBLOCK, NDIR+NSHR),DEFGRADNEW(NBLOCK, NDIR+NSHR+NSHR),
42 8 FIELDNEW(NBLOCK, NFIELDV), STRESSNEW(NBLOCK, NDIR+NSHR),
43 9 STATENEW(NBLOCK, NSTATEV), ENERINTERNNEW(NBLOCK),
44 1 ENERINELASNEW(NBLOCK), EIGVAL(NBLOCK, 3)
45 C
46 CHARACTER*80 CMNAME
47 C
48 PARAMETER( ZERO = 0.D0, ONE = 1.D0, TWO = 2.D0, THREE = 3.D0,
49 1 THIRD = 1.D0/3.D0, HALF = .5D0, TWO_THIRDS = 2.D0/3.D0,
50 2 THREE_HALFS = 1.5D0, FOUR_THIRDS = 4.D0/3.D0,
51 3 PI = 4.D0*DATAN(1.D0) )
52 C
53 C **********************************************************************
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54 C *** Description of used VUMAT variables ***
55 C **********************************************************************
56 C NPROPS - user-specified number of user-defined
57 C material properties
58 C NBLOCK - number of material points to be processed in this
59 C call to VUMAT
60 C NDIR - number of direct components in a symmetric tensor
61 C (direct stress)
62 C NSHR - number of indirect components in a symmetric
63 C tensor (shear stress)
64 C STRAININC - strain increment tensor at each material point
65 C STRESSOLD - stress tensor at each material point
66 C STRETCHOLD - stretch tensor, U, at each material point at the
67 C beginning of the increment
68 C ENERINTERNOLD - Internal energy per unit mass
69 C ENERINELASOLD - Dissipated inelastic energy unit mass
70 C
71 C **********************************************************************
72 C *** Used state variables are stored as ***
73 C **********************************************************************
74 C STATE(*, 1) = material point status
75 C STATE(*, 2) = max princ. strain
76 C STATE(*, 3) = max princ. strain rate
77 C STATE(*, 4) = rate dependent material strength (SIGF)
78 C STATE(*, 5) = element stiffness in max. principal direction
79 C STATE(*, 6) = 'flag' to identify first time EPS0 is reached
80 C STATE(*, 7) = damage scalar (D)
81 C STATE(*, 8) = strain at highest obtained damage scalar
82 C
83 C Undamaged stress components:
84 C STATE(*, 9) = SIG11
85 C STATE(*,10) = SIG22
86 C STATE(*,11) = SIG33
87 C STATE(*,12) = SIG12
88 C
89 C Strain components:
90 C STATE(*,13) = EPS11
91 C STATE(*,14) = EPS22
92 C STATE(*,15) = EPS33
93 C STATE(*,16) = EPS12
94 C
95 C **********************************************************************
96 C *** Declare precision of real variables ***
97 C **********************************************************************
98 DOUBLE PRECISION E0, XNU, SIG0, EPSDOT0, N, GIC,
99 1 TWOMU, ALAMBDA,TRACE, STRESSPOWER , ENERSTRAIN ,

100 2 EPS11, EPS22, EPS33, EPS12, EPS23, EPS31,
101 3 I1, I2, I3, PHI, PHICONST ,
102 4 EPS1, EPS2, EPS3, MAXPRINCSTRAIN , MINPRINCSTRAIN ,
103 5 MAXPRINCSTRESSOLD , E,
104 6 EPSOLD, EPSNEW, EPSDOT, EPS0, LELEM, EPSF, SIGF,
105 7 FSCALE, DELTAD, D, VC
106 C
107 C **********************************************************************
108 C *** Mechanical Constants (User Material) ***
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109 C **********************************************************************
110 E0 = PROPS(1) ! Young's modulus
111 XNU = PROPS(2) ! Poisson's ratio
112 SIG0 = PROPS(3) ! Reference material strength
113 N = PROPS(4) ! Sub-critical crack growth parameter
114 GIC = PROPS(5) ! Fracture energy (Mode I)
115 C
116 C Lame material parameters:
117 TWOMU = E0 / ( ONE + XNU )
118 ALAMBDA = E0 * XNU / ( ( ONE - TWO * XNU ) * ( ONE + XNU ) )
119 C
120 C ----------------------------------------------------------------------
121 C Call utility routine for calculating principal stress values
122 C using the stresses from the previous time increment:
123 CALL VSPRINC(NBLOCK, STRESSOLD , EIGVAL, NDIR, NSHR)
124 C
125 C ----------------------------------------------------------------------
126 DO K = 1, NBLOCK ! Iteration through block of material points
127 C
128 C **********************************************************************
129 C *** Definition of the thickness strain increment , ***
130 C *** i.e. STRAININC(*,3) ***
131 C **********************************************************************
132 STRAININC(K,3) = - ( XNU / ( 1 - XNU ) )
133 1 * ( STRAININC(K,1) + STRAININC(K,2) )
134
135 C **********************************************************************
136 C *** Undamaged stress components ***
137 C *** (isotropic linear elastic material) ***
138 C **********************************************************************
139 TRACE = STRAININC(K,1) + STRAININC(K,2) + STRAININC(K,3)
140 C
141 STATENEW(K, 9) = STATEOLD(K, 9) + ALAMBDA * TRACE
142 1 + TWOMU * STRAININC(K,1)
143 STATENEW(K,10) = STATEOLD(K,10) + ALAMBDA * TRACE
144 1 + TWOMU * STRAININC(K,2)
145 STATENEW(K,11) = STATEOLD(K,11) + ALAMBDA * TRACE
146 1 + TWOMU * STRAININC(K,3)
147 STATENEW(K,12) = STATEOLD(K,12)
148 1 + TWOMU * STRAININC(K,4)
149 C
150 C **********************************************************************
151 C *** Strain and strain-rate - EPS, EPSDOT ***
152 C **********************************************************************
153 C Obtain total strains:
154 STATENEW(K,13) = STATEOLD(K,13) + STRAININC(K,1) ! EPS11
155 STATENEW(K,14) = STATEOLD(K,14) + STRAININC(K,2) ! EPS22
156 STATENEW(K,15) = STATEOLD(K,15) + STRAININC(K,3) ! EPS33
157 STATENEW(K,16) = STATEOLD(K,16) + STRAININC(K,4) ! EPS12
158 C
159 EPS11 = STATENEW(K,13)
160 EPS22 = STATENEW(K,14)
161 EPS33 = STATENEW(K,15)
162 EPS12 = STATENEW(K,16)
163 EPS23 = ZERO
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164 EPS31 = ZERO
165 C
166 C Determine strain invariants - I1, I2, I3:
167 I1 = EPS11 + EPS22 + EPS33
168 C
169 I2 = EPS11 * EPS22 + EPS22 * EPS33 + EPS33 * EPS11
170 1 - EPS12**TWO
171 2 - EPS23**TWO
172 3 - EPS31**TWO
173 C
174 I3 = EPS11 * EPS22 * EPS33
175 1 - EPS11 * EPS23**TWO
176 2 - EPS22 * EPS31**TWO
177 3 - EPS33 * EPS12**TWO
178 4 + TWO * EPS12 * EPS23 * EPS31
179 C
180 PHICONST = ( TWO * I1**THREE - 9.D0 * I1 * I2 + 27.D0 * I3 ) /
181 1 ( TWO * ( I1**TWO - THREE * I2 )**( THREE_HALFS ) )
182 C
183 C --> check if PHICONST is within the range [-1, 1]:
184 IF ( PHICONST .GT. ONE ) THEN
185 PHICONST = ONE
186 ELSE IF ( PHICONST .LT. -ONE ) THEN
187 PHICONST = - ONE
188 END IF
189 C
190 PHI = THIRD * ACOS( PHICONST )
191 C
192 C Calculate principal strains:
193 EPS1 = THIRD * I1
194 1 + TWO_THIRDS * ( SQRT( I1**TWO - THREE * I2 ) )
195 2 * COS( PHI )
196 C
197 EPS2 = THIRD * I1
198 1 + TWO_THIRDS * ( SQRT( I1**TWO - THREE * I2 ) )
199 2 * COS( PHI - TWO_THIRDS * PI )
200 C
201 EPS3 = THIRD * I1
202 1 + TWO_THIRDS * ( SQRT( I1**TWO - THREE * I2 ) )
203 2 * COS( PHI - FOUR_THIRDS * PI )
204 C
205 C Obtain max and min princ. strain:
206 MAXPRINCSTRAIN = MAX( EPS1, EPS2, EPS3 )
207 MINPRINCSTRAIN = MIN( EPS1, EPS2, EPS3 )
208 C
209 C Strains used for crack evaluation:
210 STATENEW(K,2) = MAXPRINCSTRAIN
211 EPSNEW = STATENEW(K,2)
212 EPSOLD = STATEOLD(K,2)
213 C
214 C Strain rate for the material strength:
215 STATENEW(K,3) = ( EPSNEW - EPSOLD ) / DT
216 C
217 EPSDOT = STATENEW(K,3)
218 C
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219 C **********************************************************************
220 C *** Rate-dependent material strength - SIGF ***
221 C **********************************************************************
222 C Normalisation according to Meyland et al. (2021):
223 EPSDOT0 = 2.86D-05 ! [s^-1] reference strain rate
224 C
225 C Define lower and upper strength limit:
226 SIGFMIN = SIG0 * 0.65D0 ! lower limit of material strength
227 ! (i.e. threshold strength)
228 C
229 SIGFMAX = SIG0 * 2.30D0 ! upper limit of material strength
230 ! (i.e. inert strength)
231 C
232 C Calculate material strength:
233 IF ( STEPTIME .EQ. ZERO ) THEN
234 STATENEW(K,4) = SIG0
235 ELSE IF ( EPSDOT .GT. ZERO ) THEN
236 STATENEW(K,4) = SIG0
237 1 * ( EPSDOT / EPSDOT0 )**( ONE / ( N + ONE ) )
238 ELSE IF ( EPSDOT .LE. ZERO ) THEN
239 STATENEW(K,4) = STATEOLD(K,4)
240 END IF
241 C
242 C Limit check:
243 IF ( STATENEW(K,4) .LT. SIGFMIN ) STATENEW(K,4) = SIGFMIN
244 IF ( STATENEW(K,4) .GT. SIGFMAX ) STATENEW(K,4) = SIGFMAX
245 C
246 SIGF = STATENEW(K,4)
247 C
248 C **********************************************************************
249 C *** Stiffness in terms of max princ. stress/strain - E' ***
250 C *** - used to determine the onset of damage ***
251 C **********************************************************************
252 C Calculation of max. princ. stress from previous
253 C time increment:
254 MAXPRINCSTRESSOLD = MAX(EIGVAL(K,1), EIGVAL(K,2), EIGVAL(K,3))
255
256 C Stiffness:
257 IF ( STEPTIME .EQ. ZERO .OR. STEPTIME .EQ. DT) THEN
258 STATENEW(K,5) = E0
259 ELSE
260 STATENEW(K,5) = MAXPRINCSTRESSOLD / EPSOLD
261 END IF
262 C
263 E = STATENEW(K,5)
264 C
265 C **********************************************************************
266 C *** Crack opening strain at damage initiation - EPS0 ***
267 C **********************************************************************
268 C *** - A flag, STATE(*, 6), is used to identify the first time ***
269 C *** EPS0 is reached. At this point EPS0 and SIGF are kept ***
270 C *** fixed for the further analysis , i.e. no rate dependence ***
271 C *** in the damage phase. ***
272 C **********************************************************************
273 IF ( STATEOLD(K,6) .EQ. ZERO ) THEN
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274 EPS0 = SIGF / E
275 IF ( EPSNEW .GE. EPS0 ) THEN
276 STATENEW(K,6) = ONE
277 ELSE
278 STATENEW(K,6) = ZERO
279 END IF
280 ELSE IF ( STATEOLD(K,6) .EQ. ONE ) THEN
281 STATENEW(K,4) = STATEOLD(K,4) ! update: SIGF
282 STATENEW(K,5) = STATEOLD(K,5) ! update: E'
283 STATENEW(K,6) = STATEOLD(K,6) ! update: 'flag'
284 SIGF = STATENEW(K,4)
285 E = STATENEW(K,5)
286 EPS0 = SIGF / E
287 END IF
288 C
289 C **********************************************************************
290 C *** Crack opening strain at failure - EPSF ***
291 C **********************************************************************
292 LELEM = CHARLENGTH(K) ! characteristic element length
293 EPSF = EPS0 + TWO * GIC / (SIGF * LELEM)
294 C
295 C **********************************************************************
296 C *** Determination of the damage scalar - D ***
297 C **********************************************************************
298 IF ( STEPTIME .EQ. ZERO ) THEN
299 DELTAD = ZERO
300 ELSE IF ( EPSNEW .GE. EPS0 .AND. EPSNEW .LE. EPSF ) THEN
301 DELTAD = MAX( ZERO,
302 1 (EPSF * (EPSNEW - EPS0)) / (EPSNEW * (EPSF-EPS0))
303 2 - (EPSF * (EPSOLD - EPS0)) / (EPSOLD * (EPSF-EPS0))
304 3 )
305 ELSE
306 DELTAD = ZERO
307 END IF
308 C
309 C Controls the damage scalar in case a not fully developed
310 C crack closes again (i.e. compression load):
311 IF ( EPSNEW .GT. STATEOLD(K,8) .AND.
312 1 MAXPRINCSTRAIN .GT. ABS( MINPRINCSTRAIN ) ) THEN
313 STATENEW(K,8) = EPSNEW
314 STATENEW(K,7) = STATEOLD(K,7) + DELTAD
315 IF ( STATENEW(K,7) .GE. ONE .OR. EPSNEW .GE. EPSF ) THEN
316 STATENEW(K,7) = ONE
317 END IF
318 ELSE
319 STATENEW(K,8) = STATEOLD(K,8)
320 STATENEW(K,7) = STATEOLD(K,7)
321 END IF
322 C
323 D = STATENEW(K,7)
324 C
325 C **********************************************************************
326 C *** Fracture criterion/Material point status ***
327 C *** - i.e element deletion control ***
328 C **********************************************************************
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329 IF ( EPSNEW .GE. EPSF .AND.
330 1 MAXPRINCSTRAIN .GT. ABS( MINPRINCSTRAIN ) ) THEN
331 STATENEW(K,1) = ZERO ! MP status (fractured)
332 ELSE
333 STATENEW(K,1) = ONE ! MP status (not fractured)
334 END IF
335 C
336 C **********************************************************************
337 C *** Updating stresses with damage scalar (Macaulay brackets) ***
338 C **********************************************************************
339 IF ( STEPTIME .EQ. ZERO .OR.
340 1 MAXPRINCSTRAIN .LT. ABS( MINPRINCSTRAIN) ) THEN
341 STRESSNEW(K,1) = STATENEW(K, 9)
342 STRESSNEW(K,2) = STATENEW(K,10)
343 STRESSNEW(K,3) = STATENEW(K,11)
344 STRESSNEW(K,4) = STATENEW(K,12)
345 ELSE IF ( MAXPRINCSTRAIN .GT. ABS( MINPRINCSTRAIN ) ) THEN
346 STRESSNEW(K,1) = STATENEW(K, 9) * ( ONE - D )
347 STRESSNEW(K,2) = STATENEW(K,10) * ( ONE - D )
348 STRESSNEW(K,3) = STATENEW(K,11) * ( ONE - D )
349 STRESSNEW(K,4) = STATENEW(K,12) * ( ONE - D )
350 END IF
351 C
352 C **********************************************************************
353 C *** >>> ENERGIES <<< ***
354 C **********************************************************************
355 C *** Specific internal energy ***
356 C **********************************************************************
357 C STRESSPOWER - strain energy density function (W)
358 STRESSPOWER = HALF * (
359 1 ( STRESSOLD(K,1) + STRESSNEW(K,1) ) * STRAININC(K,1)
360 2 + ( STRESSOLD(K,2) + STRESSNEW(K,2) ) * STRAININC(K,2)
361 3 + ( STRESSOLD(K,3) + STRESSNEW(K,3) ) * STRAININC(K,3) )
362 4 + ( STRESSOLD(K,4) + STRESSNEW(K,4) ) * STRAININC(K,4)
363 C
364 ENERINTERNNEW(K) = ENERINTERNOLD(K)
365 1 + STRESSPOWER / DENSITY(K)
366 C
367 C **********************************************************************
368 C *** Damage dissipation ***
369 C *** --> output is written to 'plastic' dissipation: ALLPD ***
370 C *** --> Damage dissipation = Work - Strain energy ***
371 C **********************************************************************
372 ENERSTRAIN = HALF * (
373 1 STRESSNEW(K,1) * ( STRETCHNEW(K,1) - ONE )
374 2 + STRESSNEW(K,2) * ( STRETCHNEW(K,2) - ONE )
375 3 + STRESSNEW(K,3) * ( STRETCHNEW(K,3) - ONE ) )
376 4 + STRESSNEW(K,4) * STRETCHNEW(K,4)
377 C
378 ENERINELASNEW(K) = ENERINTERNNEW(K)
379 1 - ENERSTRAIN / DENSITY(K)
380 C
381 C ----------------------------------------------------------------------
382 END DO
383 C
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C.3. VUMAT Code

384 RETURN
385 END SUBROUTINE
386 C ----------------------------------------------------------------------
387 C >> END OF VUMAT <<
388 C ----------------------------------------------------------------------
389 C
390 C USED REFERENCES:
391 C ----------------
392 C Meyland, M.J., Nielsen, J.H., Kocer, C. (2021). Tensile behaviour
393 C of soda-lime-silica glass and the significance of load duration -
394 C A literature review. J. Build. Eng. 44, 102966 (2021).
395 C doi: https://doi.org/10.1016/j.jobe.2021.102966

Listing C.1 VUMAT code for shell elements defining the rate-dependent progressive damage model
for dynamic glass fracture, as presented in Chapter 5.
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Appendix C. User Subroutine for A /Explicit
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D
Mesh Convergence Analysis

This appendix contains mesh convergence analyses related to the simulations in Chapter 5,
Sec. 5.3, which were performed to determine the element size (Le) that was required to
obtain consistent results in the pane central displacement and themaximumprincipal stress
in the pane centre before fracture. In total, three different cases were simulated (Test A,
Test B-1 and Test B-2, cf. Table 5.3) and for each case a convergence analysis is provided
hereinafter.

Go to the next page −→
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Appendix D. Mesh Convergence Analysis

Test A
Test A relates to the simulation of the blast test performed and reported by S et al.
(2016). Figs. D.1 and D.2 are the results of the mesh convergence analysis for a 12mm
monolithic glass pane with a quasi-static strength σ0 = 80MPa subjected to the pressure-
time history shown in Fig. 5.9(a).
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Fig. D.1 Test A: Pane central displacement as a function of time.
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Fig. D.2 Test A: Maximum principal stress in the pane centre as a function of time.
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Mesh Convergence Analysis

Test B-1
Test B-1 relates to the simulation of the blast test performed and reported by J and
C (2015). Figs. D.3 and D.4 are the results of the mesh convergence analysis for
a 4mm monolithic glass pane with a quasi-static strength σ0 = 175MPa subjected to the
pressure-time history shown in Fig. 5.9(b).
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Fig. D.3 Test B-1: Pane central displacement as a function of time.
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Fig. D.4 Test B-1: Maximum principal stress in the pane centre as a function of time.
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Appendix D. Mesh Convergence Analysis

Test B-2
Test B-2 relates to the simulation of the blast test performed and reported by J and
C (2015). Figs. D.5 and D.6 are the results of the mesh convergence analysis for
a 8mm monolithic glass pane with a quasi-static strength σ0 = 125MPa subjected to the
pressure-time history shown in Fig. 5.9(b).
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Fig. D.5 Test B-2: Pane central displacement as a function of time.
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Fig. D.6 Test B-2: Maximum principal stress in the pane centre as a function of time.
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Tensile behaviour of soda-lime-silica glass and the significance of load 
duration – A literature review 

Martin J. Meyland a,b,*, Jens H. Nielsen a, Cenk Kocer c 

a Technical University of Denmark, Department of Civil Engineering, Brovej, Building 118, 2800, Kgs. Lyngby, Denmark 
b Ramboll Denmark A/S, Structures & Facade Engineering, Hannemanns Allé 53, 2300 Copenhagen S, Denmark 
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A R T I C L E  I N F O   
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A B S T R A C T   

Soda-lime-silica glass is a widely used material in society today and its strength over various loading times is of 
major engineering concern. This paper reviews studies from the published literature, which report on the time- 
dependent tensile behaviour of soda-lime-silica glass. Furthermore, current normative definitions are reviewed 
and compared to the literature concerned with time-dependent glass strength. 

In general, there exists two common applied test methods to characterise glass: (1) the static fatigue test, a 
constant applied stress over time, and (2) the dynamic fatigue test, a constant applied stress rate. After a thor-
ough search of the available scientific and engineering publications, 92 articles were found to have studied glass 
using these two test methods. In the tests the typical setups employed to apply load on a glass specimen were the 
three-point and four-point-bending, and axisymmetric bending configurations. From these tests the load duration 
and loading rate effects on the strength of glass were investigated. For comparison purposes, all data found were 
normalised with respect to a reference strength, which for static fatigue is a ‘60-second’ strength, and for dy-
namic fatigue is a strength corresponding to a stress rate of 2.0 MPa s− 1. This means that the time-dependent 
effect on strength are highlighted and the governing crack properties and size effects are not included. 

The review supports the general observations that the tensile strength of soda-lime-silica glass is strongly 
affected by the load duration. The static fatigue tests generally show that strength decreases with increasing load 
duration. Furthermore, the dynamic fatigue tests show that glass strength increases with loading rate, equivalent 
to a decreasing load duration. However, a significant lack of data is present at the very short and long loading 
times, making it difficult to draw a final conclusion at the extreme ends of the load duration and loading rate 
tests. Additionally, the experiments demonstrate that glass tested in air is less susceptible to static and dynamic 
fatigue as compared to water immersion, or in air at high relative humidity. However, for the Young’s modulus, 
there are a limited number of studies in the literature and these studies do not highlight a conclusive outcome 
regarding the sensitivity on loading rates. The fatigue data also support well the load duration dependence given 
in the various Standards for the design of glass structures, with a few exceptions.   

1. Introduction 

In civilian infrastructure, soda-lime-silica glass is used in a wide 
range of applications, such as windshields, load-bearing glass beams, 
residential windows, large glass plates covering whole building facades, 
and many more. To ensure improved performance, these applications 
are typically based on post-processed flat glass (also denoted ‘float’ or 
‘annealed’ glass) either in the form of laminated glass, tempered glass, or 
a combination of both. Depending on the application, the glass is 
exposed to different load history during its lifetime, which can be a 

period of stress as long as several years to as low as a few microseconds. 
Therefore, it is important that a detailed level of knowledge about the 
material dependent constitutive relation and the failure criteria has been 
developed over a wide range of strain rates (see Fig. 1). This is essential 
for the design of glass structures that will have a well-defined service 
lifetime. 

Examples of the typical long/short term loads found to act on glass 
structures are, snow loads [1–4], wind loads [5–11], seismic loads 
[12–18], wind-born debris impact [19–24], ballistic (hail and bullets) 
impact [25–31], and blast loads (accidental and man-made) [32–58]. In 
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all cases, the load duration as well as the rate of loading affects the static 
and dynamic glass strength significantly. The rate-of-loading effect also 
impacts other structural materials used by civil engineers, see e.g. Refs. 
[59–61]. Nevertheless, the affect on strength is only significant when the 
duration or rate-of-loading changes by more than one order of 
magnitude. 

In the past, research on glass strength focused on long-term behav-
iour (static to quasi-static loading) and the effects of sub-critical crack 
growth (described in Sec. 2), showing that the strength of glass is being 
sensitive to the applied load duration. Even though glass is generally 
acknowledged to exhibit a higher dynamic strength, the available data, 
however, is quite limited for higher loading rates relevant to impact and 
blast loading events [49,53,55,62,63]. In general, this is attributed to 
the fact that dynamic load experiments are much more complicated to 
perform and interpret, because several parameters such as the mea-
surement equipment, specimen geometry, and stress-wave propagation 
effects, must be given careful consideration. 

To provide a broad overview of the time-dependent tensile behav-
iour of soda-lime-silica glass, it is the aim of this paper to review all 
available literature (to the best of the authors’ knowledge) concerning 
experimental investigations on the mechanical material properties, such 
as strength and stiffness, over a wide range of load duration and rate of 
loading. No limits are set on the magnitude of the load duration and rate 
of loading to be considered. Furthermore a brief overview of applied 
experimental techniques is presented. In closing, a direct comparison is 
made between the collected strength data and various available Stan-
dards defining the load duration dependence on glass strength. 

2. Fundamental aspects of time- and rate-dependent failure 

Typically, glass is a linear elastic, isotropic material that exhibits 
brittle failure. Before post-processing, such as chemical treatments or 
thermal/chemical tempering, glass strength is essentially governed by 
the surface flaws (or surface cracks) located on the tensile loaded sur-
face. The compressive strength of glass is much higher, and usually not 
important in structural applications; therefore, not considered in this 
paper. As with many other brittle materials, glass will fail instanta-
neously after reaching a critical value for the stress intensity at the tip of 
one surface crack. However, because of the characteristic differences in 
surface flaws, glass strength is not considered to be a material constant, 
and the size of the glass element, the load history (intensity and dura-
tion), the residual stress, and the environmental conditions, also affect 
significantly the ultimate strength exhibited. Moreover, glass has a 
unique characteristic where its atomic structure reacts with moisture 
from the environment [64–66]. As a result, sub-critical crack growth1 

effects are observed under normal environmental conditions where a 
level of humidity is present and surface flaws grow under a constant 
tensile load (see e.g. Refs. [67–69]). This is directly related to the phe-
nomenon of long-term loads leading to a distinct reduction in strength. 
The first observation of static fatigue was published in 1899 by the 

French scientist Grenet [70], who also explained the unexpected frac-
ture of filled champagne bottles by the delayed failure of glass2. 

Taking into account the effect of load duration on glass strength 
requires a known corrosive crack behaviour, characterised through the 
crack velocity, v, and the stress intensity factor for mode I loading, KI. 
Extensive studies have looked at the effect of different environmental 
conditions [72–84], and within the construction industry water appears 
to be decisive. A schematic representation of the relationship between v 
and KI is given in Fig. 2 with four essential regions highlighted:  

0 In region 0, no measurable sub-critical crack growth effects occur 
below Kth. For soda-lime-silica glass this value can range from 
0.14 to 0.28 MPa m1/2 in water [79,83,85–90] and from 0.37 to 
0.39 MPa m1/2 in air (50% RH) [86,88], at crack velocities as low 
as 10− 14 m/s.  

I In region I, the crack velocity is essentially governed by the 
molecular mechanisms of stress corrosion at the crack tip. The 
crack growth rate thus depends on the applied stress intensity and 
relative humidity. A measure of how reactive water molecules are 
within the glass lattice, is characterised by the slope of the curve. 
For region I, the fracture behaviour in water at 25 ◦C can be 
characterised with a minimum crack velocity of around 10− 10 m/ 
s [74]. While in very dry air (0.017% RH) a maximum crack 
velocity of 10− 7 m/s is observed, the maximum crack velocity in 
saturated air (100% RH) increases to 10− 4 m/s [73].  

II In region II, sub-critical crack growth is still influenced by the 
chemical reactivity of the surrounding environment, but is in-
dependent of the stress intensity. As the crack velocity is directly 
proportional to relative humidity, a plateau is formed in the v(KI)- 
curve. The constant crack velocity range narrows as relative hu-

Fig. 1. Strain rates associated with different types of loading.  

Fig. 2. Schematic representation of a typical v(KI)-curve seen for soda-lime- 
silica glass. 

1 Other terms are used as well, such as ‘slow crack growth’, ‘delayed failure’, 
‘static fatigue’, and ‘environmental fatigue’. The term ‘stress corrosion’ mostly 
refers to the chemical process. 2 Partial English translation provided by Preston [71]. 
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midity increases, which emerges from the findings of Wiederhorn 
[73].  

III In region III, the v(KI)-curve increases rapidly approaching the 
limit for an inert environment. At this point, it is no longer 
possible for the surrounding reactive environment to follow the 
crack tip, thus resulting in an environment independent crack 
velocity between 10− 3 m/s and 1 m/s. After reaching the fracture 
toughness of the glass, KIc, crack growth becomes unstable 
leading to failure of the glass element. For soda-lime-silica glass 
KIc is estimated to be between 0.72 and 0.82 MPa m1/2 at room 
temperature [91]. 

In general, the determination of the design lifetime of a glass element 
is based on region I, while the contribution from region II and III can be 
neglected for quasi-static loads. A good approximation of sub-critical 
crack growth in region I is described by the following empirical power 
law3 originally proposed by Evans and Wiederhorn [92]: 

v =
da
dt

= v0

(
KI

KIc

)n

(1)  

where v0, on a logarithmic scale, represents the ordinate of KIc and the 
exponent n defines the slope of the curve. When the value of the crack 
growth parameter n is high, it indicates that the chemical reactivity at 
the crack tip is reduced due to a decrease in humidity, resulting in slower 
crack growth. The opposite is true when n is low. The well-established 
theory of linear elastic fracture mechanics (LEFM) defines the stress 
intensity factor, KI, with respect to a geometry (correction) factor Y 
(0.637 for half penny shaped cracks and 1.12 for edge cracks in semi- 
infinite plates) and a crack (or flaw) depth, a (see e.g. Ref. [93]): 

KI = σ⋅Y
̅̅̅̅̅
πa

√
(2)  

where σ is the stress acting normal to the crack plane. Inserting Eq. (2) 
into Eq. (1) and assuming the ordinary differential equation to be valid 
over the full range of KI with a constant n, the method of variable sep-
aration yields: 
∫ tf

0
σn(t) dt =

2 Kn
Ic

(n − 2) a(n− 2)/2
i ⋅v0 (Y

̅̅̅
π

√
)

n (3) 

With a given stress history, σ(t), and neglecting the crack growth 
threshold, Kth, this equation can be used to estimate the time-to-failure 
of a crack (or flaw) with an initial depth, ai. 

2.1. Crack resistance at constant stress 

For a constant applied stress, i.e. σ(t) = σf ,s, as shown in Fig. 3a, a 
static crack resistance for any given load duration is found by inserting 
the stress history into Eq. (3): 

σf ,s = α⋅t− 1/n
f ,s (4)  

where 

α =

[
(n − 2) a(n− 2)/2

i ⋅v0 (Y
̅̅̅
π

√
)

n

2 Kn
Ic

]− 1/n  

with tf,s being the time to failure or lifetime of a given initial crack 
exposed to σf,s. 

It follows from Eq. (4) that for two identical cracks (ai, Y) found on 
two identically sized glass elements, index 1 and 2, for identical con-
ditions (v0, n, KIc), the interrelationship between the constant applied 
stresses and lifetimes can be expressed as: 

σf ,s,2

σf ,s,1
=

(
tf ,s,1

tf ,s,2

)1/n

(5) 

This result can be used to determine n, since it is independent of v0. 

2.2. Crack resistance at constant stress rate 

In the case of a constant stress rate, σ̇, commonly used for strength 
testing glass, the applied stress increases linearly with time as illustrated 
in Fig. 3b: 

σ̇ =
dσ
dt

= const. ⇒ σ(t) = σ̇⋅t (6) 

Similar to σf,s, a dynamic crack resistance, σf,d, can then be found by 
inserting Eq. (6) into Eq. (3): 

σf ,d = β⋅σ̇1/(n+1) (7)  

where 

β = [αn⋅(n + 1) ]1/(n+1)

Here, the constant β is defined such that it depends on α from tests with 
constant applied stress (see Eq. (4)). By doing so, one could use data 
from constant stress rate tests to describe crack growth in cases with 
constant applied stresses. The reverse approach is also possible when 
data from tests with constant applied stresses is available and an esti-
mate of crack growth at constant stress rate is needed. However, both 
approaches implies that cracks and conditions must be identical to be 
able to perform the conversion. 

The use of Eq. (7) was first suggested by Charles in 1958 [94] to 
describe rate dependent crack growth at constant temperature in his 
dynamic load experiments on glass. For low stress rates, it is sufficient to 

Fig. 3. Applied stress as a function of time: (a) constant stress and (b) constant 
stress rate. (tf,s, tf,d = time to failure, σf,s = statically applied stress, σf,d = dy-
namic fracture strength, σ̇ = stress rate). 

3 In some literature the exponential function v = v0⋅eγ KI is proposed to model 
the v-KI relationship (see e.g. Refs. [72,74,75,83]). 
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only consider the contribution from region I. However, for dynamic 
events over short times, such as impact loads and blast waves, region II 
and III seem to affect the design lifetime significantly according to 
Kuntsche [95]. 

Also, Eq. (7) can be used to describe the interrelationship depen-
dence between two identical cracks (ai, Y) found on two identically sized 
glass elements, index 1 and 2, in identical conditions (v0, n, KIc) loaded 
at constant stress rates σ̇1 and σ̇2: 

σf ,d,2

σf ,d,1
=

(
σ̇2

σ̇1

)1/(n+1)

(8) 

Since Eq. (8) also is independent of v0, it is commonly used to 
determine n from experiments, by plotting the failure stress as a function 
of the stress rate on a logarithmic scale, resulting in a slope of 1/(n + 1). 
However, this is only valid in limited cases in which flaws, conditions, 
and v0 are identical during all tests. According to Haldimann et al. [96], 
v0 can be strongly stress rate dependent, which is why this method 
should be used with caution. 

It has been shown that the v(KI)-curves, as illustrated in Fig. 2, suc-
cessfully describe the variations observed in time-to-failure at constant 
applied tensile stress. Expanding on this, these curves can be used to 
examine the characteristics of dynamic failure at a constant stress rate; 
this was first reported by Evans in 1974 [85] and later reexamined by 
Evans and Johnson [97] and Chandan et al. [98]. These authors suggest 
that by integrating over the 4-regions of the sub-critical crack growth 
velocity curve, a new curve is obtained where fracture strength is a 
function of stress rate (the corresponding four regions are now A, B, B’ 
and C), as depicted in Fig. 4. 

At low stress rates, region A, glass strength begins to increase from a 
minimum value, σ0. For an increasing stress rate, region B, there exists a 
simple logarithmic relationship between σf,d and σ̇, which is identical to 
that derived by Charles [94] (see Eq. (7)). At still higher stress rates, 
region B’, strength varies in a non-trivial manner with stress rate. Lastly, 
at the highest stress rate, region C, strength is independent of stress rate 
due to the absence of sub-critical crack growth effects. 

Evans and Johnson [97] described the transition between the 
different regions analytically and presented strength data at stress rates 
ranging from 2 ⋅ 10− 4 to 3 ⋅ 101 MPa s− 1. However, their results did not 

provide any conclusive evidence of distinctly different regions. A few 
years later, Chandan et al. expanded on this work to try and characterise 
the two higher regions, B’ and C, using stress rates between 5 ⋅ 10− 1 and 
2 ⋅ 106 MPa s− 1. However, the work was unsuccessful because the 
measured strength data would fit region B only and no evidence was 
found of the two higher regions, confirming the general agreement on 
the applicability of Eq. (7). 

As shown, the fracture resistance of glass, for a surface crack (or 
flaw) loaded at either constant stress or constant stress rate, can in both 
cases be described by an empirical power law, in which the stress in-
tensity at the crack tip is given by LEFM. In either load case, the load 
duration, or time to failure, is a fundamental parameter governing the 
fracture resistance of a glass element. For constant applied loads, the 
load duration is a common measure when investigating material char-
acteristics, whereas it is the rate of loading that is of more importance 
when considering a constant loading rate. However, the constant 
loading rate is inversely proportional to the load duration, allowing a 
direct comparison between these two types of load configurations. The 
following sections present, and discuss, the study undertaken to un-
derstand better the behaviour of soda-lime-silica glass to tensile loads, 
using the two load configurations. First, the focus of this work is on the 
various applied experimental techniques, followed by a discussion of the 
material characteristics measured. 

3. Experimental techniques 

A variety of experimental techniques have been employed by re-
searchers to investigate the mechanical properties of glass for various 
load conditions, using strain rates typically expected in practice. The 
typical strain rates found in engineering applications, range from creep 
loading (<10− 6 s− 1), through the quasi-static case of around 10− 6 s− 1- 
10− 5 s− 1 to an intermediate range (≈10− 4 s− 1-1 s− 1) covering structural 
dynamics imposed by wind and seismic loading, to even higher levels 
(>1 s− 1) that include debris impact and blast loads, as shown in Fig. 1. 
Other relevant load conditions that have been used are constant loads, e. 
g. similar to snow load or dead-weight, also considered as static loads, 
where strength is dependent on load duration, rather than the loading 
rate. 

In general, two different test methods can be identified, which are 
used to study the mechanical properties of glass:  

1. Static fatigue test (σ = const.) – used to investigate failure that would 
occur over time when a constant stress is applied, see Fig. 3a. This 
method is used to measure the sub-critical crack growth effects that 
result in delayed fracture. The advantage of such tests is that the test 
conditions are representative of typical scenarios of long-term 
loading. However, a disadvantage is that they can be extremely 
time-consuming.  

2. Dynamic fatigue test (σ̇ = const.) – used to investigate fracture that 
would occur at a constant stress/strain rate, see Fig. 3b. This is a 
common method used to investigate the rate-dependent tensile 
strength, and often used to identify the crack growth parameter, n, 
using Eq. (8). 

Tensile strength is a critical parameter when designing load carrying 
glass structures. To study it by means of the above mentioned methods, 
several experimental setups have been employed to test materials on an 
engineering scale; the most common are the three-point and four-point 
bend test, and the axisymmetric bending (coaxial double ring tests). The 
load configurations and resulting stress distributions are illustrated in 
Fig. 5. 

However, other, albeit rather rare techniques have also been re-
ported, such as uniaxial tension and diametral compression tests. For the 
direct investigation of sub-critical crack growth effects in glass, the 
double cantilever beam test is a widely used technique. A brief intro-
duction to each technique is provided below. Local characterisation of a 

Fig. 4. An illustration of the stress rate dependence on strength, predicted from 
the 4-region sub-critical crack growth curve as given in Fig. 2 (after Refs. [85, 
97,98]). 
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material can also be carried out by e.g. indentation techniques such as 
the Vickers indentation; however, these methods are not within the 
scope of this review paper. 

Three-point bending: The glass sample is loaded at three points as 
shown in Fig. 5a. The load points are typically placed symmetrically 
over the test sample. In order to minimise membrane stresses, two of the 
applied forces (typically the reaction points) are roller contacts, allow-
ing for horizontal movement. The setup introduces a linearly varying 
tensile stress on the bottom surface between the two roller supports, 
with a maximum value below the central load point, as shown in Fig. 5a. 
In this configuration, the probability of finding a critical favourably 
located flaw, in the relatively small area of highest tensile stress, is low. 
It is, therefore, important to locate the origin of fracture in order to 
precisely determine the strength of the test sample. Furthermore, the 
distribution of stress can complicate the statistical analysis of the data. 

Four-point bending: This configuration is similar to the previous test 
with the difference that there are four contact points as shown in Fig. 5b. 
Again the contact points are typically placed symmetrically and three of 
the applied forces are rolling contacts (free horizontal movement) in 
order to minimise membrane stresses. An advantage over the three-point 
bend test is the relatively larger area of maximum tensile stress as shown 
in Fig. 5b. However, both the three- and four-point bend tests produce 
undesirable high tensile stresses at the sample edges. Since there is a 
higher probability of finding a critical favourable flaw at the edge of the 
sample as compared to surface areas far from the edge (a consequence of 
glass cutting and handling), it can be challenging to determine the true 
surface strength of the glass specimen using these two bend test 
methods. 

Axisymmetric bending: In order to minimise undesirable edge effects, 
the axisymmetric bend configuration can be employed. Such tests are 
usually carried out in a ring-on-ring test setup where two concentric 
rings sandwich a flat sample: a support ring on which a sample of glass is 
placed and then loaded using a smaller load ring. The circular geometry 
gives rise to rotationally symmetric stresses, where the maximum sur-
face stress is nearly uniformly distributed within the area of the load 
ring. This is similar to the four-point bend test, but with the exception 
that this configuration reduces significantly the stress at the specimen 
edges, resulting in strength data directly related to the surface, see 
Fig. 5c. However, due to non-linear effects, the acceptable specimen size 
in the test is limited; to overcome the limit more complicated test setups 
have been suggested as in EN 1288-2 [99]. 

Other loading techniques: Although it is often more convenient to test 
glass in bending due to the relatively simple support and load configu-
ration, some researchers have used alternative techniques to study the 
tensile behaviour of glass. One of them is the uniaxial tensile test, which 
is a direct and fundamental technique used to characterise the pure 
tensile behaviour of a solid. However, for the test the tensile grips to the 
sample must be chosen carefully since large stress concentrations at the 
grip point would be highly undesirable. This may explain the infrequent 
reporting of direct tensile tests. There is also the diametral compression 
test. It is used for indirect measurements of the tensile strength of brittle 
materials, such as rock like materials and concrete. By placing a cylin-
drical specimen in diametral compression, as shown in Fig. 6, a broad 
region of tensile stress is produced, with a narrow region of compressive 
stress produced at the ends of the sample, where the load is applied. The 
maximum tensile stress is located at the centre of the sample. Unfortu-
nately, this method tends to overestimate tensile strength [100], and 
together with a load configuration that is far from the typical bending 
induced tensile stresses, it explains why this method is seldom used. 
Another, frequently reported test is the double cantilever beam tech-
nique (DCB). However, its intention is not to determine the strength of a 
material, but rather to characterise crack growth in the pure mode I 
opening configuration. By applying a constant tensile load 

Fig. 5. An illustration of the load configuration (top and side view) and resulting stress distribution for three well-known methods used to measure the strength 
of glass. 

Fig. 6. Typical stress distribution along the loading axis of a cylindrical sample 
in a diametral compression test (after Refs. [101,102]). 
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perpendicular to a crack surface of known dimensions, in a predefined 
sample geometry (see Fig. 8), the crack velocity is measured where the 
stress intensity at the crack tip can be calculated for any measurable 
length of the crack. There are several other methods used to measure 
stable and unstable crack growth data over quite a wide range of crack 
velocities. In this paper the reviewed articles have only used the DCB 
method and as such it is the only method presented. 

The discussion above provides a brief outline of the more common 
load configurations. It is, however, more complete to also consider the 
implications of how the load is actually applied to a glass specimen; that 
is, what are the implications of static and dynamic loads. 

3.1. Static fatigue tests 

In general, static fatigue data is gathered by measuring the time-to- 
failure of a number of samples at different constant applied stresses, 
as shown in Fig. 3a. A summary of the failure times achieved in the 
published works is shown in Fig. 7, while the detail of a review of the 
tests can be found in Appendix A, Table A.1. 

It is relatively straight forward to implement a test on glass using a 
constant load configuration. Grenet [70] in 1899 was one of the first to 
report performing such a load test. He used a bucket filled with water, 
hung from the centre of a glass plate, which was supported along two of 
its four edges (three-point bending), to study time dependent failure. 
Since then, the use of ‘dead-weight’ loads has been extensive; in most 
cases, the weight is applied by either filling containers with e.g. sand 
[103] or weights, attached to a lever arm that applies the load to a 
specimen in a three- or four-point bend test configuration [104–109]. 

This simple static configuration allows users to perform measure-
ments over weeks to months (see e.g. Ref. [110]). However, failure over 

shorter periods is only possible for much higher loads. Typically, this 
then produces undesirable inertial effects, which places a lower limit on 
the static load duration. This explains why the majority of published 
data summarised in Fig. 7 are at failure times above 1 s. Baker and 
Preston [103] and, Mould and Southwick [105] have both reported 
measurements below this limit using an apparatus constructed from a 
loudspeaker, which is capable of applying loads without inertia effects. 
Thereby reaching static fatigue failure times as low as approx. 2.5 ms. 

Even though simple ‘dead-weight’ load configurations have proven 
to be highly useful, since the 1980s a new class of ‘universal testing 
machines’ have been developed. Using integrated systems with efficient 
mechanical actuators and computer software, these testing machines 
have greatly improved the study of the static fatigue process [111–114]. 
This allowed highly controllable load duration in the range of 4 s to 
almost 1 d. 

3.1.1. Crack velocity measurements 
Since it is common practice to measure crack velocities at constant 

applied load, the study of crack growth can be considered as a subgroup 
of static fatigue tests. Therefore it is included in this review. From the 
literature reviewed here, it is found that the double cantilever beam 
technique is employed in most work. In this technique a glass specimen 
with an initial edge crack of known dimensions is prepared and loaded at 
constant load perpendicular to the crack surfaces, as shown in Fig. 8. In 
this specimen/load configuration the stress intensity of the crack is well 
defined, Eq. (2), and therefore, can be calculated at each point the ve-
locity of the crack is measured, resulting in a v(KI)-curve and an estimate 
of the sub-critical crack growth parameters, KIc, v0, and n, defined in Eq. 
(1) (also see Fig. 2). 

Fig. 7. The failure times reported in the published static fatigue tests. See also Table A.1.  
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3.1.2. Definition of relative applied stress 
The static fatigue data of soda-lime-silica glass reviewed here are 

reported for failure loads presented as either an applied mass (lb. or kg) 
or an applied stress (psi or MPa). In the following assessment and dis-
cussion, all reviewed data are converted to a relative applied stress by 
normalising with respect to a ‘60-second’ strength, σt0 (t0 = 60 s), using 
the relationship defined in Eq. (5). Therefore, the crack growth constant 
α vanishes, and only the relative glass strength is highlighted, without 
showing absolute strength values for the various specimen sizes pro-
vided in Table A.1. 

3.2. Dynamic fatigue tests 

All the reported dynamic fatigue data are measurements of the fail-
ure load of a number of samples at different constant loading rates. The 
detail of the experiments in these previous tests are given in Appendix A, 
Table A.2, while Fig. 9 is a summary of the range of loading rates ach-
ieved, which also indicates the strain rates that can be expected for the 
different experimental techniques. However, it should be noted that the 
strain rate not only depends on the experimental technique but also on 
the specimen geometry under investigation. 

Typically, universal testing machines are used to strength test glass 
in the quasi-static load regime at constant stress rates near 2 MPa s− 1 

(see e.g. Refs. [99,115,116]), corresponding to strain rates of around 
10− 5 s− 1 at a Young’s modulus of 70 GPa. The summary of data in Fig. 9 
highlights this point since most of the published works before 2010 are 
for lower strain rates from 10− 9 s− 1 to about 10− 3 s− 1. By using fast 
valves and gas reservoirs, to pressurise an oil reservoir (pneumatic-hy-
draulic system), higher strain rates as high as 101 s− 1 have been reported 
[117–119]. However, it is difficult to implement a direct feedback 
control system for constant strain rates over a short duration, which is 
why the strain rate depends more on the relationship between machine 
and specimen stiffness. Strain rates at about 101 s− 1 were also reported 
by Chandan et al., in 1978 [98]. The authors used a pendulum impact 
machine to test Charpy sized glass specimens in three-point bending – 
this setup is traditionally used to measure the impact resistance of many 
other materials. Pal and Pennington [120] employed a drop test setup, 
releasing weights between 44 and 84 kg, from drop heights of 1.5–3.0 m, 
resulting in impact velocities of about 5–7 m/s. They undertook dynamic 
impact tests of rectangular glass plates, of dimensions 812.8 × 685.8 ×
2.2 mm3, which were simply supported along all four edges. Since the 
samples were large in area and thin, the measured strain rates (around 
10− 5 s− 1) were quite low. 

Much higher impact velocities, and thus, higher strain rates, can be 
achieved when using a gas gun driven test setup, such as a split Hop-
kinson pressure bar (see e.g. Ref. [121]), in which more recently strain 
rates up to 102 s− 1-103 s− 1 have been reported in a split tensile test 
configuration [101,102]. To the authors’ best knowledge, these are the 
highest strain rates reported when characterising the tensile behaviour 
of soda-lime-silica glass. 

In addition, other, less conventional dynamic fatigue load tests have 
been reported in the literature reviewed here. To these tests belong the 
investigations conducted by Borchard in 1937 [122], who studied the 
effect of loading rate on the strength of 1/2-L glass bottles. The author 
performed his measurements by pressurising the internal volume of the 
bottle at a constant rate until glass failure, where lower strain rates from 
about 10− 9 to 10− 6 s− 1 were obtained. One order of magnitude higher 
strain rates were reported by Thompson and Cousins in 1949 [123] 
using explosive charges (black powder) placed inside a box, to which a 
glass pane of size 355.6 × 482.6 × 2.3/3.1 mm3 was mounted, where the 
glass was constrained along its four edges to the box. In the 1980s, 
similar boundary conditions were reported in the test setups employed 
by Johar [124,125] and Pal and Pennington [120] to investigate large 
sized window glass panes at low strain rates, from about 10− 11 to 10− 7 

s− 1. An air chamber on one side of the constrained glass pane was 
pressurised by moving a plunger, until failure of the glass. 

3.2.1. Definition of loading rate and relative strength 
In the literature reviewed here the dynamic fatigue data in each 

publication are presented differently. That is, the loading rate has been 
related to the applied mass, the stress rate (slope of the stress-time curve 
as in Fig. 3b), strain rate, and/or at some cases with respect to the rate of 
travel of a piston actuator. In the following discussion of the data, no 
distinction is made between the different methods used to measure the 
loading rate. Here, the reported data have been converted to strain rate, 
using a Young’s modulus of E = 70 GPa (unless otherwise stated) for 
comparison purposes: 

ε̇ =
σ̇
E

(9) 

In the case of axisymmetric bending, Poisson’s effects are present, 
which are accounted for by the following expression, using a Poisson’s 
ratio of ν = 0.23: 

ε̇ =
σ̇
E
(1 − ν) (10) 

Moreover, crack properties (as defined by β in Eq. (7)) and specimen 
size effects, have been made dimensionless using Eq. (8) by normalising 
dynamic strength with respect to a static strength, σε̇0 , interpolated or 
extrapolated at a strain rate of ε̇0 = 2.86 ⋅ 10− 5 s− 1 (∝σ̇ = 2.0 MPa s− 1 

for E = 70 GPa), which means that only the rate dependence of the glass 
strength dominates and other effects are removed. 

4. Investigated material characteristics 

Over a century numerous tests have been carried out to investigate 
the behaviour of glass under various test conditions. Whether the tests 
were looking at crack growth or strength, glass specimens were either 
subjected to a number of constant loads or constant loading rates, using 
experimental techniques as discussed in the previous sections. There-
fore, the published data of these tests provide information about load 
duration effects and the effect of test environment. 

This section reviews the results from past investigations that looked 
into the tensile behaviour of soda-lime-silica glass. All the data pre-
sented satisfy the inclusion (search) criteria defined in Appendix B, and 
no limits were set with respect to the acceptable loading rate. These data 
are available in digital format in the online repository DTU Data [126]. 
Results from static fatigue tests have confirmed, generally, that 
increasing the applied load decreases the time to failure. Similar 
behaviour applies to the dynamic fatigue data, where the strength in-
creases when the loading rate is increased (i.e. decreasing load dura-
tion). In both cases, the data follow well a linear line of best fit when 
using a log-log plot. 

In the following sections, the test results are subdivided into the two 
categories of static and dynamic fatigue. Furthermore, all of the 
compiled strength data (from the literature review) are compared to the 

Fig. 8. An illustration of the double cantilever beam configuration. Cross- 
hatched area marks the crack surface (after Ref. [74]). 
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Fig. 9. Range of experimental loading rates reported in the published dynamic fatigue tests. See also Table A.2.  
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existing definition of glass strength as typically accepted in the Stan-
dards. A few of the reviewed works are highlighted here since they 
provide further detail to explain the connection between loading rate 
and Young’s modulus. 

4.1. Load duration effects on strength (static fatigue) 

4.1.1. Static fatigue data 
The static fatigue data (constant stress) is presented in Fig. 10, as a 

plot of strength (normalised to a ‘60-second’ strength, σt0 , as explained 
in Sec. 3.1.2) as a function of time to failure. A summary of the key 
parameters related to test condition, applied minimum and maximum 
stress, and sub-critical crack growth parameters, are given in 
Appendix A, Table A.3. A common outcome from all the data reviewed, 
is that the glass strength decreases when the load duration increases, 
which is a result that is not dependent on test method and/or specimen 
geometry. This relationship can be described using a power law as 
defined by Eq. (4), where the time to failure is related to Eq. (1), which 
defines crack growth through the crack tip stress intensity factor, KI, Eq. 
(2). 

Failure times span from 2.5 ms (Mould and Southwick [105]) to 270 
d (Shand [110]), resulting in a strength increase of about 100% and a 
reduction of about 50%, respectively, with respect to σt0 . However, a 
greater number of strength data exists for load duration between 1 s and 
1 d, which highlights typical results of experiments; for a very short 
duration, inertia effects must be considered, and for a very long duration 
space and patience are needed. 

For times lower and higher than t0 = 60 s, it is clear that the data in 
Fig. 10 diverges from the general trend seen. However, most of divergent 
data should not be treated as a scatter. In this plot the test results 

obtained for different test conditions show deviations, because of the 
sub-critical crack growth effect, which is highly dependent on envi-
ronmental conditions, such as temperature and humidity (see Sec. 2). 
This results in a change of the log-log linear slope. 

The results which exhibit the most significant divergence from the 
trend are those obtained by Gurney and Pearson [127], who investigated 
the static fatigue behaviour of soda-lime-silica glass in air and vacuum. 
In the case of the latter n-values where higher, between 40 to around 135 
(see Table A.3), confirming that the crack growth rate strongly depends 
on the environment. This dependence has been validated further, by 
investigations that have varied humidity in the surrounding air, up to 
liquid water, which showed that n, between 14.1 and 20.3, decreases 
with increasing water content [106,108,128–132]. In predicting the 
design lifetime of a glass element, a constant value of n = 16 is a 
reasonable and conservative choice [96]. 

Other, more extreme, variations in test conditions have been used by 
Vonnegut and Glathart [133], who studied the effect of temperature on 
the strength and fatigue of scratched soda-lime-silica glass rods, between 
− 190 ◦C and 520 ◦C. They found a very strong dependence on tem-
perature, and between 100 ◦C and 200 ◦C, the strength was at a mini-
mum and the fatigue process dominated. When the temperature was 
outside this range, lower or higher, the effect of delayed failure was less, 
which was explained by a low reaction activity at the lower tempera-
tures and evaporation of water at the higher temperatures. Complete 
control of the surrounding atmosphere is extremely difficult. Therefore, 
in 1958 Charles [129] performed additional experiments at tempera-
tures between − 170 ◦C and 242 ◦C, where a constant atmosphere of 
saturated water vapour was used in the tests above 0 ◦C, and below 0 ◦C 
the atmosphere was adjusted from saturated water vapour to low hu-
midity air. Similar to Vonnegut and Glathart, the strongest delayed 

Fig. 10. A re-plot of the reviewed static fatigue data of soda-lime-silica glass, as the relative applied stress (see Sec. 3.1.2) as a function of time to failure.  
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failure effect together with lowest strength was found at a temperature 
around 150 ◦C, while the effect was weaker for higher temperatures, also 
indicated by an increased n-value in Table A.3. 

In addition to environmental conditions, the strength of glass also 
strongly depends on the surface condition of the glass. The effect of 
removing surface scratches on glass rods, using an acid solution, has 
been studied by Ritter and Vrooman [134] and Ritter and Sherburne 
[107], both concluding that acid-etched glass is less susceptible to static 
fatigue, where for n an increased value between 31.0 and 37.6 was 
found. The opposite effect was investigated extensively by Mould and 
Southwick [105], who tested microscope slides under controlled 
ambient conditions with six different surface abrasions produced by grit 
blasting and emery cloth. These tests resulted in the same general fatigue 
behaviour, however, with differences in slope. Taking a closer look at 
the data, it is clear that the abrasions produced from the emery cloth are 
more susceptible to static fatigue than those produced from grit blasting. 

Other studies looking into glass strength and surface condition ef-
fects have been conducted by Shand [135], Chantikul et al. [111], and 
Sglavo and Green [113,114], all of these works introduced local surface 
cracks either in the form of cleaved cracks or through Vickers indenta-
tion. The procedure of crack formation can introduce a residual stress 
field around the crack, which in all studies has been removed by 
annealing the glass at 520 to 540 ◦C. Both as-received and annealed 
conditions have been tested and compared. While Shand showed that 
the annealed specimens with cleaved cracks exhibit shorter lifetimes 
compared to the as-received specimens, the other authors have reported 
an opposite behaviour for specimens with Vickers indentation cracks. 
However, no explanation for the effect of annealing was given for the 
data from the investigation with cleaved cracks. For the Vickers inden-
ted specimens, the increase in lifetime after the annealing process is 
assumed to be caused by the removal of the indentation residual stress 
field. 

The works summarised in Fig. 10 are in agreement about the general 
static fatigue behaviour of soda-lime-silica glass. Nevertheless, from the 
summary the influence of environmental conditions is not apparent. To 

highlight these environmental effects, Fig. 11 are two plots which divide 
the relevant data from Fig. 10 into test environments (around room 
temperature) important for the construction industry: (a) air (40–80% 
RH) and (b) water (liquid or 100% RH). To estimate the sub-critical 
crack growth parameter n, the extreme data points have been 
excluded by only considering values within the interval from the 2.5th to 
the 97.5th percentile, i.e. the interval of values containing the central 
95% of the data. Since these data points are based on different sample 
sizes, the method of weighted least squares (WLS) is used for the linear 
regression with 

̅̅̅̅
N

√
as the weight factor, where N is the sample size 

provided in the digital datasets [126] (e.g. N = 1 for data points rep-
resenting single measurements). Thus, for both test environments (water 
content) the value for n listed in Table 1 is determined from the resulting 
slope 1/n according to Eq. (5). As expected, soda-lime-silica glass is less 
susceptible to static fatigue in humid air than in water, which is also 
indicated by a lower gradient of the curve in Fig. 11a. This can be 
explained by the fact that in humid air, less water molecules react with 
the atomic structure of glass, as compared to a water environment 
(liquid or 100% RH), resulting in a slower crack growth and thus a 
longer life time. The values of n further confirm that the most accepted 
value of n = 16 is a reasonable and conservative estimate for the design 
of float glass used in buildings. 

According to the model proposed by Overend and Zammit [136] to 
determine the tensile strength of float glass, it is unlikely that the 
strength will continue to increase or decrease constantly for a load 

Fig. 11. The static fatigue data from Fig. 10, divided into the test environments (a) air (40–80% RH) and (b) water (liquid or 100% RH), are fitted to a cubic function, 
applying the strength model proposed by Overend and Zammit [136]. 

Table 1 
Estimation of initial crack length range from static fatigue tests using the 
strength model proposed by Overend and Zammit [136].  

Test condition n amin
i  amax

i  

Air (40–80% RH) 21.2 38.1 μm 0.45 mm 
Water (liquid or 100% RH) 16.7 173.7 μm 1.41 mm  

M.J. Meyland et al.                                                                                                                                                                                                                             



Journal of Building Engineering 44 (2021) 102966

11

duration approaching zero or infinity, respectively. For very short 
duration tests the strength will approach the inert strength of glass and 
for a very long duration the threshold strength becomes the limiting 
factor, as also seen from the v(KI)-curve in Fig. 2. This leads to a strength 
interval, which can be expressed as: 

Kth

Y
̅̅̅̅̅̅̅̅πath

√ ⩽σf ,s⩽
KIc

Y ̅̅̅̅̅̅̅πaf
√ (11)  

where ath and af are the threshold crack size and the critical crack size, 
respectively. The 2.5th and 97.5th percentile values are used to establish 
the two asymptotes shown in Fig. 11. In the literature review it was 
found that in most studies the inert strength of glass is unknown. 
Therefore, the data here are normalised with respect to a ‘60-second’ 
strength, σt0 , see Sec. 3.1.2. For glass tested in air, 40–80% RH, the 
relative strength is estimated to approach the asymptotes at 0.56 and 
1.51. These values are in line with the asymptotes determined by 
Overend and Zammit [136] for several initial crack sizes. Similar good 
agreement to the results from Overend and Zammit is found for the glass 
tested in water where the estimated asymptotes are located at 0.66 and 
1.74. 

Additional information can be drawn from Fig. 11 by applying the 
strength model proposed by Overend and Zammit [136]. For example, 
on the glass there is a distribution of surface flaws, which vary in length. 
An estimate of the minimum and maximum initial length of the flaws, 
amin

i and amax
i , respectively, can be calculated using Eqs. (12) and (13). 

The times ta and tb are the intersection points between the asymptotes 
and the linear regression curve, as labelled in Fig. 11. 

amin
i =

ta

2
(n − 2) v0 (12)  

amax
i =

tb

2
(n − 2) v0

(
Kth

KIc

)n

(13) 

The calculated minimum and maximum initial surface crack length 
are given in Table 1, and for both test environments they are determined 
by assuming a sub-critical crack growth limit Kth = 0.25 MPa m1/2 [137] 
and a fracture toughness KIc = 0.75 MPa m1/2 [96]. However, a 
distinction is made between the crack velocities applied. For the glass 
tested in air v0 = 6 mm/s, which can be considered a conservative es-
timate for in-service conditions of float glass in buildings, and for the 
glass tested in water v0 = 30 mm/s is representative [96]. 

The minimum to maximum length ranges from micrometres to mil-
limetres. Furthermore, it appears from the values given in Table 1 that 
for some of the glass specimens tested in water the initial crack length 
might have been larger compared to those tested in moist air. Never-
theless, the estimated crack length range, for both test environments, is 
comparable in magnitude and an overlap is present in the millimetre 
range. According to Petzold et al. [138] these dimensions correspond to 
micro-cracks from processing, up to visible flaws typically arising from 
handling and ageing. Relating these crack origins to the glass samples 
from the studies, i.e. with respect to handling and surface treatment, the 
magnitude of the estimated initial crack lengths appear reasonable. 
Hence, the values given in Table 1 provide a suitable basis for the 
determination of the design lifetime of a glass element using Eq. (4). 

4.1.2. Crack velocity data 
Crack velocity data can also be used to describe the static fatigue 

behaviour of soda-lime-silica glass (see e.g. Wiederhorn and Bolz [74]). 
Although, published crack velocity experiments do not provide direct 
strength measurements, the data from region I in v(KI)-curves can be 
used to estimate the sub-critical crack growth parameters n and v0 (see 
Sec. 2). A summary of the parameters determined from the literature is 

provided in Table 2. It is clear that the average value of n is slightly 
larger for glass tested in moist air as compared to water immersion, 
which agrees well with the static fatigue data. Furthermore, the listed 
values for v0 confirm that this parameter is also affected by water con-
tent in the environment, as an increase is seen for most of the in-
vestigations conducted in water. This behaviour has already been 
accounted for in the estimate of the initial crack lengths conducted in the 
previous subsection, using conservative values proposed in the litera-
ture, see Sec. 4.1.1. 

Based on the relationship given in Eq. (5), which assumes identical 
cracks for identical conditions, a static fatigue curve from crack velocity 
experiments can be estimated using n only and neglecting the asymp-
totes defined by the inert and threshold strengths: 

σf ,s

σt0
=

(
tf ,s

t0

)− 1/n

(14)  

with σt0 being the strength at a load duration of t0 = 60 s. For each of the 
studies listed in Table 2 a static fatigue curve was estimated and 
compared to the static fatigue data from Fig. 11. The comparison is 
shown in Fig. 12 divided into the test environments (a) air and (b) water. 

The estimated static fatigue curves in air are in good agreement with 
static fatigue data obtained in the same test environment. Variations in 
slopes are seen, however, they are within the scatter of static fatigue 
data. Thus, the n-values from crack velocity experiments in air provides 
a good estimate for the static fatigue behaviour of soda-lime-silica for a 

Table 2 
Summary of sub-critical crack growth parametersa, n and v0, from crack velocity 
tests on soda-lime-silica glass divided into the test environments (a) air and (b) 
water. An averaged value of each parameter is provided at the bottom of the 
table.  

(a) Test environment: air 

Reference Test cond. n v0 

[− ] [mm/s] 

Wiederhorn [72] Moist air 22.3 – 
Wiederhorn [73] 30% RH 22.7 1.8 
Kerkhof et al. [78] 50% RH 18.1 2.4 
Gehrke et al. [82] 50% RH 16.7 0.9 
Ullner [84] Air 19.6 2.5 
Dwivedi and Green [139] 64–78% RH 20.4 0.3 

Average:  20.0 1.6  

(b) Test environment: water 

Reference Test cond. n v0 

[− ] [mm/s] 

Wiederhorn [72] Water 17.1 – 
Wiederhorn [73] Water 17.9 4.3 
Wiederhorn [73] 100% RH 21.0 3.8 
Wiederhorn and Bolz [74] Water 17.2 35.3 
Wiederhorn and Johnson [75] Water 16.9 6.8 
Freiman [76] Water 15.6 6.6 
Kerkhof et al. [78] Water 16.0 50.2 
Simmons and Freiman [79] Water 17.9 12.7 
Wiederhorn et al. [80] Water 17.4 9.7 
Gehrke et al. [82] Water 15.5 3.1 
Gehrke et al. [83] Water 19.0 1.8 
Singh and Shelty [140] Water 11.8 2.5 
Ullner [84] Water 18.4 14.9 

Average:  17.0 12.6  

a Determined from v(KI)-curves using the relationship given by Eq. (1) and 
assuming a fracture toughness of KIc = 0.75 MPa m1/2. 
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load duration where a constant decrease in strength can be assumed. 
A good agreement between estimated curves and static fatigue data 

is seen for the experiments conducted in water as well. Although, it 
seems like the estimates based on data from Wiederhorn [73] (for 100% 
RH) and Gehrke et al. [83] underestimate the strength for a shorter load 
duration than 1 s, the variation in slope is still within scatter seen in the 
static fatigue data. The largest deviation seen, however, is the estimate 
determined from data published by Singh and Shelty [140], which re-
sults in n = 11.8. The increase in slope is most likely related to the 
experimental setup where crack velocities were obtained from cylin-
drical specimens in a diametral compression test. 

4.2. Loading rate effects on strength (dynamic fatigue) 

A large number of dynamic fatigue tests (constant stress rate) have 
been carried out on soda-lime-silica glass. All the data found in the 
literature are presented in Fig. 13, where the tensile strength is normal-
ised to a strength, σε̇0 , interpolated or extrapolated at ε̇0 = 2.86 ⋅ 10− 5 s− 1 

(∝2.0 MPa s− 1 for E = 70 GPa), as explained in Sec. 3.2.1. Table A.4 in 
Appendix A is a summary of the key parameters, such as test condition, 
minimum and maximum failure stress, and the sub-critical crack growth 
parameters n and v0, from the literature reviewed in this work. 

Fig. 13 clearly shows that strength increases with increasing strain 
rate, i.e. decreasing load duration, which is similar to the behaviour seen 
in static fatigue tests. Most of the studies have been carried out at strain 
rates between 10− 7 s− 1 and 10− 3 s− 1 (quasi-static range of loading 

according to Fig. 1), where the data are in quite good agreement. The 
strain rate range of the data in Fig. 13 is quite typical because most 
research facilities have access to equipment suitable for quasi-static 
loading, i.e. universal testing machines. When looking at the lowest 
and highest strain rates in the plot, there are fewer data points because 
special equipment would be needed. It is also clear that at the extremes 
of strain rate, the data exhibits a strong divergence from the general 
trend of the dynamic fatigue curve. Since no distinction has been made 
here between tests conducted under different conditions, the effect of 
sub-critical crack growth is again an explanation for the strong diver-
gence in the data. However, at the very high strain rates, the experi-
mental execution also becomes more complex, which is an additional 
cause of scatter. 

Strain rates that have been achieved in experiments range from 3.5 ⋅ 
10− 11 s− 1 (Johar [125]) to 9.9 ⋅ 102 s− 1 (Zhang et al. [102]), resulting in 
a strength reduction of about 60% and an increase of about 175% with 
respect to the reference strength, σε̇0 , defined in Sec. 3.2.1. Many of the 
publications found were conducted to study the sub-critical crack 
growth parameter n under various conditions and moderate strain rates. 
In recent years, however, the demand for high strain rate properties of 
glass has increased, due to an increased threat of blast load scenarios 
from terror attacks. It has been shown that glass is the cause of many 
injuries in such terror attacks [141–143]. This recent interest has 
highlighted that the number of existing published test results are small, 
for the high strain rate regime, which further increases the demand for 
such data. 

Fig. 12. Static fatigue curves estimated from crack velocity experiments listed in Table 2, and compared to static fatigue data from Fig. 11. The comparison is divided 
into the test environments (a) air and (b) water. 
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It is interesting to note that the data from Thompson and Cousins 
[123] diverge strongly from the general trend of the dynamic fatigue 
behaviour. The significantly steeper curve can be attributed to the 
experimental setup, where thin window glass panes (see Table A.2) 
clamped along all four edges were tested in bending, in an explosion test 

box. Similar thin glass panes (that is, glass thickness is much less than 
the width and length of the pane) were tested in bending at ambient 
conditions by Johar [124,125] and Pal and Pennington [120], resulting 
in n-values between 13.4 and 22.6. Comparable values for the crack 
growth parameter have also been obtained by many other investigators 

Fig. 13. A re-plot of the reviewed dynamic fatigue data of soda-lime-silica glass, as the relative failure stress (see Sec. 3.2.1) as a function of strain rate.  
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listed in Table A.4, who have tested soda-lime-silica glass in either air or 
water at moderate temperatures. This also becomes evident from Fig. 13 
where the majority of test results are located in a narrow band. 

Apart from varying the water content in the test environment, some 
also included the effect of temperature. The earliest studies found, are 
from 1935, where Mengelkoch [144] tested glass at two loading rates for 
temperatures between − 190 ◦C and 545 ◦C. The strength reduced to a 
minimum at 140 ◦C and began to increase steadily at higher tempera-
tures. At the same time, Mengelkoch also showed that the strength 
decreased with loading rate. Later on, in the same year, Eichler [145] 
conducted experiments with 3–4 different loading rates at 400 ◦C and 
445 ◦C, concluding the opposite behaviour at high temperatures, namely 
that the strength increases with decreasing loading rate. However, these 
two studies have not been included in Fig. 13, because the significant 
difference in testing temperature compared to the other works makes a 
direct comparison meaningless. Other results on the effect of tempera-
ture, between 5 ◦C and 85 ◦C, are reported by Ritter et al. [146,147]. 
Soda-lime-silica specimens with indented and abraded surfaces and two 
different treatments, annealing and ageing, have been tested. No sig-
nificant variation in the dynamic fatigue behaviour as a function of 
temperature was observed since the slope of the data remains nearly 
unchanged. 

Also in dynamic fatigue tests the effect of surface scratches and other 
mechanical impacts that damages the surface has been subject to a 
number of studies. It is well-known that the more severe a glass is 
damaged, the lower its resistance to tensile stresses becomes. But how do 
these cracks or even the absence of them impact the dynamic fatigue 
behaviour of soda-lime-silica glass remains an open question. This was 
investigated by Ritter [148] and Ritter and LaPorte [149] where 
abraded and acid-etched specimens were tested in air and water, 
respectively, resulting in slightly larger n-values for the acid-etched 
glass, see Table A.4. When deriving characteristic fatigue parameters 
from experiments with constant loading rates, Gehrke et al. [82] 
included different surface treatments in there studies: emery paper, 
Vickers indentation, and powder jets. While the general fatigue behav-
iour with reference to n was almost unchanged, the behaviour was 
significantly affected by the different initial crack size at low stressing 
rates. Here, both Vickers indentation and powder jet surface damage 
showed reduced fatigue behaviour with an increase in the fatigue limit. 
The application of identical grinding at different angles to the stress 
direction has been studied by Choi et al. [150], where it has been shown 
that the dynamic fatigue behaviour is unaffected by the orientation of 
grinding. Also, well-controlled surface scratches have been applied in a 

number of dynamic fatigue studies to limit the scatter of the test results 
and thus improve the precision of the measurements [118,119,151]. 

A more in-depth studied surface crack is the Vickers indentation, 
which due to the indentation method produces residual stresses around 
the crack [113,114,139,152–158]. Based on found publications, it can 
be concluded in summary that the dynamic fatigue behaviour investi-
gated in air and water is comparable to other surface treatments tested 
in similar conditions. However, it is important to consider the residual 
stresses introduced around the crack, in the determination of failure 
stresses, as it has been shown that the strength level is significantly 
lower than found for specimens that have been annealed after inden-
tation [114,152]. For more details about the characteristics of post and 
sub threshold indentation flaws, which constitutes a significant part of 
the mentioned studies about Vickers indentations, the reader is referred 
to the cited publications, as it is beyond the scope of this review paper. 

Only a few high strain rate publications (above 1 s− 1) on soda-lime- 
silica glass were found. While publications from Chandan et al. [98], 
Zongzhe et al. [159], and König [117] show an almost linear dynamic 
fatigue behaviour that clearly is in line with data found at lower strain 
rates. The other studies in the high strain rate regime tend to deflect 
from the general trend. The highest rates of strain were reached by 
Zhang et al. [102], who investigated cylindrical glass specimens in 
diametral compression applying a split Hopkinson pressure bar test 
setup. Based on their findings, shown as individual data points in Fig. 13, 
two dynamic increase functions (DIF) have been proposed within the 
ranges (1) 10− 5s− 1 ≤ ε̇ ≤ 3.5⋅102s− 1, and (2) 3.5⋅102s− 1 ≤ ε̇. It is the 
only study found where a sudden increase in strength is observed. 
However, this behaviour is found at strain rates that where higher than 
what other researchers have reported. With similar experiments at only 
two strain rates, a quasi-static one at around 3.8 ⋅ 10− 5 s− 1 and a dy-
namic one at around 5.5 ⋅ 101 s− 1, Peroni et al. [101] also confirmed a 
strain rate sensitivity for the glass strength, but with an indication of an 
approaching limit with respect to all other data shown. A similar ten-
dency is seen from the dynamic fatigue curves provided by Meyland 
et al. [119], where a servo-hydraulic high-speed testing machine was 
used to test circular specimens with two different surface treatments in 
axisymmetric bending. An explanation given for the observed increase 
in strength, is the decrease (or even absence) of sub-critical crack growth 
effects at high loading rates. Comparing the obtained n-values (see 
Table A.4) between Peroni et al. and Meyland et al., one will observe 
substantial higher numbers in relation to the other studies reported. As 
an increased value for n demonstrates reduced fatigue behaviour, this 
might further indicate that the data approaches a limit. 

Fig. 14. The dynamic fatigue data from Fig. 13, divided into the test environments (a) air (25–67% RH) and (b) water (liquid or 100% RH), are fitted to a cubic 
function. Due to an observed lack of data at high strain rates in (b), the arrow indicates that a limit possibly is not reached. 
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As mentioned above, no special attention is given to the test envi-
ronment for data shown in Fig. 13. While a strain rate sensitivity is 
clearly seen for the strength of soda-lime-silica glass, the effect of water 
in the surrounding test medium, which controls the sub-critical crack 
growth, is less prevailing. Therefore, the same approach as used for the 
static fatigue data is applied, where in Fig. 14 relevant data from Fig. 13 
are divided into the test environments (around room temperature): (a) 
air (25–67% RH) and (b) water (liquid or 100% RH). Based on data 
ranging between the 2.5th and 97.5th percentile, the sub-critical crack 
growth parameter n is once more determined by means of WLS using the 
weight 

̅̅̅̅
N

√
, where N (given in the digital datasets [126]) is the number 

of tests that is representative for each data point. From the resulting 
slope 1/(n + 1), n = 18.1 is found for the glass tested in air. As expected, 
a slightly lower value of 16.5 is obtained for the glass tested in water, 
which agrees well with the typical value of n = 16 that is recommended 
for the design of glass elements for buildings. 

It is unrealistic to think of the glass strength decreasing continuously 
for loading rates approaching zero, as also shown by Gehrke et al. [82]. 
At very low loading rates it is therefore reasonable to assume static load 
conditions, by which the lower limit can be defined by the threshold 
strength as in Eq. (11). An upper limit at very high loading rates, as 
suggested by the Refs. [85,97,98], has not been well validated, although 
a small indication of it seems to be present in Fig. 13. Above a certain 
loading rate, however, it must be assumed that sub-critical crack growth 
effects are negligible because very rapid loading limits the rate at which 
water can migrate to the crack tip, resulting in an inert environment. 
Thus, the inert glass strength theoretically becomes the limiting measure 
for loading rates approaching infinity. 

An estimate of these limits, for both test environments, is given by 
applying the previously mentioned percentiles, as shown in Fig. 14. The 
lower limits of the strength are found to be identical with a value of 0.65 
and are very close to the limits estimated from the static fatigue data in 
Sec. 4.1.1. The upper limit for the glass tested in air is 2.30, which means 
that the strength increases by up to 130% as compared to the reference 

strength, σε̇0 . However, the value of 1.65 for the glass tested in water 
seems in comparison to be quite low. This can be explained by the lack of 
data seen at the high strain rates, where it is difficult to test glass in a 
water environment. In Fig. 14b, a dotted line is used to indicate that the 
upper limit possibly is not reached, along with an arrow on the solid 
curve indicating that the strength could increase further at higher strain 
rates. It is obvious that for both test environments more tests are needed 
in the high strain rate regime; first, in air to rule out the disagreement in 
dynamic fatigue curves, and then, in water to actually measure well- 
defined data. Also the low strain rate range needs further attention to 
obtain a more conclusive threshold strength limit. 

Here no estimate of the initial crack length range is determined, as 
was provided for the static fatigue data. To make such a determination 
would require additional assumptions concerning the load duration 
needed for Eqs. (12) and (13), which again would add further undesir-
able uncertainty to the range estimate. 

4.3. Normative definition of the interrelationship between load duration 
and glass strength 

Structural engineers are usually bound by Standards to maintain 
sufficient safety when designing building structures. A variety of 
normative definitions do exist that define the interrelationship between 
the load duration and glass strength. This section of the paper reviews 
the most current Standards that were available to the authors. 

International Standards specifying the load resistance of annealed 
glass include the European Standards, EN 16612 [160] and the final 
draft of a new Eurocode 10 for the design of glass structures FprCEN/TS 
19100-1 [161], the American Standard, ASTM E1300-16 [162], and the 
Australian Standard, AS 1288–2006 [163]. However, there are also a 
number of national Standards, such as the German Standards, DIN 
18008-1 [164] and DIN 18008-4 [165], the Netherlands Standard, NEN 
2608 [166], the Austrian Standard, ÖNORM B 3716-1 [167], and the 
Italian Standard, CNR-DT 210 [168]. Common for all is a load duration 
factor, often denoted as kmod. This factor is used in the defined design 

Fig. 15. Load duration factor, kmod, as defined by different Standards for annealed glass, compared to static and dynamic fatigue data from Fig. 11 and Fig. 14 as well 
as an analytical solution based on LEFM. 
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equations to scale the fracture resistance of the base material with 
respect to a predefined duration. Such a factor can be expressed as the 
strength relative to the inert strength of the glass; however, determining 
the inert strength experimentally is challenging [136]. Instead it is more 
convenient to define the load duration factor with respect to a reference 
strength, σt0 , for a given load duration that usually is t0 = 1 s, 3 s or 60 s 
[96]. 

Fig. 15 is a plot of the factor kmod as function of load duration in 
hours. The data is static and dynamic fatigue data from Fig. 11 and 
Fig. 14, and from the calculations defined in the Standards. In addition, 
the analytical solution based on the empirical power law together with 
the theory of linear elastic fracture mechanics (LEFM) using n = 16 is 
given (see Eq. (5)). Strain rates in the dynamic fatigue data are con-
verted to a load duration by assuming a constant loading rate as depicted 
in Fig. 3b. Both experimental data and the analytical solution are nor-
malised with respect to a ‘60-second’ strength, which is the less con-
servative strength normalisation relative to the Standards. 

A fairly good agreement is obtained between the experimental data 
and the empirical power law for n = 16, again confirming that this 
choice is reasonable in the design of glass structures in buildings. 
Furthermore, the comparison in Fig. 15 shows that there are two ap-
proaches used to define the load duration dependence:  

1. An expression dependent on the load duration, that is defined by a 
continuous function. This function is an empirical power law and 
describes sub-critical crack growth in glass, and  

2. a more conservative approach where fixed values for given types of 
load configurations (long-term, medium-term, and short-term) are 
defined, i.e. a step function. 

The Standards based on the continuous function approach, i.e. EN 
16612, ASTM E1300-16, AS 1288–2006, NEN 2608, and CNR-DT 210, 
all use the crack growth exponent n = 16. No value for n is to be found in 
FprCEN/TS 19100-1, but the individual kmod values nearly overlap with 
the function defined by EN 16612 and are defined for load duration 
down to 100 ms (impact loading). For even shorter load duration, e.g. 
blast loading, it is defined that kmod can be taken from a transparent and 
reproducible assessment. However, there are differences in Fig. 15 
because of the choice of t0. The smaller the reference load duration is, 
the more conservative is the estimate of load resistance. In CNR-DT 210 
t0 = 0.67 s forms the basis, whereas both AS 1288–2006 and ASTM 
E1300-16 uses 3 s. Although, the American Standard follows the 
empirical power law, the maximum value that the load duration factor 
can take is 1.0. For a shorter duration, e.g. relevant for blast loads, an 
equivalent 3-second duration design load is to be determined according 
to ASTM F2248-19 [169]; however, only valid for laminated glass. The 
longest reference duration of 5 s is found in EN 16612 and NEN 2608. 
The European Standard is the only one that sets an upper limit of 20 ms, 
which is an exceptional load duration (relates to, for example, blast 
loads), resulting in a kmod factor greater than one. For ordinary load 
cases, this factor must be between 0.25 and 1.0. Regardless of the choice 
of t0, the data from the literature and the Standards are in good agree-
ment down to around 1 ms. In many cases glass must withstand a per-
manent constant load (e.g. atmospheric pressure in Vacuum Insulated 
Glass, glass wall load-bearing elements in buildings, etc.). The Standards 
provide the range in load duration to determine the lifetime to failure of 
the glass in such cases, often seen up to 50 yr. Nevertheless, it is 
important to note that in this work, looking through all of the reviewed 
literature, no experimental data supporting the extrapolations provided 
in the Standards was found. 

When only the type of loading is known, and not the exact duration 
of applied load, the Australian Standard provides predefined values for 
short-term (≤3 s), medium-term (>3 s and ≤10 min), and long-term 
(>10 min) load duration, where the point at which the Standards step 
change occurs coincides with the curve used when the load duration is 
exactly known. By doing so, the load duration factors are typically lower 

than the values obtained from experiments, which means that failure in 
glass can be determined with greater certainty. In particular, this applies 
to load duration below 3 s, where the load duration factor is always 
equal to 1.0. There is even greater certainty in the process described in 
the German Standard, DIN 18008-1, where kmod takes the maximum 
value of 0.70 for short-term loading, e.g. wind loads. Medium-term and 
permanent load duration are given the values 0.40 and 0.25, respec-
tively. However, no specific load duration range is specified for these 
types of load configurations. The ones shown in Fig. 15 are defined ac-
cording to Schula [170]. More extreme load cases are covered by DIN 
18008-4, which is intended for the design of barrier glazing. Here, a 
kmod = 1.8 is specified for soft body impact loading on float glass, 
typically having a load duration between 40 ms and 100 ms [171], as in 
Fig. 15. This is the only definition in the German Standards for glass that 
accounts for the strain rate sensitivity previously discussed. In com-
parison to the values obtained from experiments, the certainty in DIN 
18008-4 is less. However, the data in Fig. 15 does not include soft-body 
impact, which might demonstrate a higher level of certainty for that 
specific load case. Lastly, the Austrian Standard, ÖNORM B 3716-1, also 
specifies fixed load duration factors, using a value of 1.0 for short-term 
duration, 0.6 for both the medium-term and long-term duration, leading 
to a less flexible estimate of crack growth effects in glass. Using the same 
load duration as for DIN 18008-1, an overestimate of the kmod factor is 
obtained for a load duration above 1 min, and this means that for a very 
short duration, high level of certainty is again ensured. In conclusion, 
Fig. 15 shows that all the Standards, except for the Austrian Standard, 
are in good agreement when considering the long-term behaviour (>1 
yr) of float glass. 

4.3.1. Simplified strength determination using the load duration factor 
Some variation in the definition of the load duration factor kmod is 

seen between the international and national Standards reviewed. To 
emphasise the impact of this variation on the design of glass members, a 
simple example is provided here. In general, the design strength of glass 
is not only dependent on load duration. However, for simplicity, all 
other factors that need to be accounted for in the different Standards are 
disregarded. Taking into account the characteristic bending strength of 
soda-lime-silica glass fk = 45.0 MPa (cf. EN 572-1 [172]), a simplified 
design strength, σf, is found from the following relationship: 

kmod =
σf

fk
(15) 

Due to larger variations observed in the dynamic load range in 
Fig. 15, the data given in Table 3 is based on a load duration t = 100 ms. 
The American Standard ASTM E1300-16 is excluded from the compar-
ison, as the chosen load duration is out of the defined range. In that case, 
ASTM F2248-19 is to be used in conjunction with ASTM E1300-16, but 
this would require detailed knowledge of the blast scenario that is to be 

Table 3 
A simplified design strength (σf) calculation with kmod at a fixed load duration t 
= 100 ms as defined by the various Standards and the analytical solution that are 
compared in Fig. 15. fk = 45.0 MPa is used with Eq. (15). The Standards listed in 
the top are based on the continuous function approach for kmod, while the ones 
below define a step function.  

Standard kmod(100 ms) σf 

[− ] [MPa] 

EN 16612:2019 1.28 57.6 
FprCEN/TS 19100-1:2021 1.20 54.0 
AS 1288–2006 (load duration) 1.24 55.8 
CNR-DT 210/2013 1.13 50.8 
LEFM with n = 16, Eq. (5) 1.49 67.1 

AS 1288–2006 (load configuration) 1.00 45.0 
ÖNORM B 3716-1:2016 1.00 45.0 
DIN 18008-1:2010 0.70 31.5 
DIN 18008-4:2013 1.80 81.0  
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designed for and is therefore not done. 
Minor variations are seen in the simplified design strengths found by 

the Standards using a continuous function of kmod that is related to the 
empirical power law described in Sec. 2. With the same approach, the 
analytical solution based on LEFM with n = 16, representing the indi-
vidual data points from the reviewed static and dynamic fatigue tests, 
results in a larger σf. However, this deviation is related to the choice of t0 
= 60 s. The lowest values for the simplified design strength are found by 
the Standards that define a step function for the load duration factor. 
This is a rather conservative approach, which does not properly take into 
account the measured time-dependencies as they are shown in Fig. 11 
and Fig. 14. The German Standard DIN 18008-4, accounting for soft 
body impacts, determines the highest value of σf; however, kmod is only 
valid over a very short load duration. 

4.4. Loading rate effects on the Young’s modulus 

There are few publications that report the Young’s modulus of soda- 
lime-silica glass at various loading rates. The authors have reviewed 
three publications: Makovička and Lexa [34], performed glass tests in 
three-point bending, König [117], used a universal high-speed testing 
machine on ‘dog-bone’ shaped specimens, and Zhang et al. [102], per-
formed diametral compression tests on cylindrical specimens in a split 
Hopkinson pressure bar setup. The data from these works are summar-
ised in Fig. 16. 

Data from Makovička and Lexa, and König, are presented as aver-
aged values, and the error bars are the standard deviation. However, the 
results from Zhang et al. are not averaged because the strain rate much 
more varied. A slight increase in Young’s modulus is observed from the 
data in König during the three highest obtained strain rates. The data 
from Makovička and Lexa, on the other hand, exhibit a decrease in 
stiffness with increasing strain rate. No clear tendency is visible in the 
scatter in the data from Zhang et al., as the individual data points are 
clustered around 60 GPa at strain rates between 101 s− 1 and 103 s− 1. 
This disagreement in these three results could be attributed to the 
different experimental techniques employed. Generally, the Young’s 
modulus of glass is not found to be sensitive to the rate of loading, as also 
stated by Mainstone [173]. The European Standard EN 572-1 [172] 
defines a rate insensitive modulus of elasticity of 70 GPa for 
soda-lime-silica glass, which for comparison purposes also is shown in 
Fig. 16. 

5. Conclusion 

In this work an extensive literature review, based on 92 publications 
dating back to 1899, has been presented. The data from these publica-
tions were reviewed in detail to compile a summary of current state-of- 

the-art understanding of the time-dependent tensile behaviour of soda- 
lime-silica glass, a material used routinely in civilian infrastructure. In 
general, it is concluded that glass can be characterised using two test 
methods: (1) the static fatigue test, constant applied stress, and (2) the 
dynamic fatigue test, constant stress rate. From these tests the interre-
lationship between the load duration and the strength of the glass 
specimen can be readily defined for in-service glass components. It was 
found that most researchers prefer using the three- and four-point 
bending, and axisymmetric bending configurations, when testing 
glass. In static fatigue tests data with load duration between 2.5 ms and 
270 d were produced. The dynamic fatigue tests were performed using a 
universal testing machine and more advanced test machines, such as a 
split Hopkinson pressure bar, at strain rates between 3.5 ⋅ 10− 11 s− 1 and 
9.9 ⋅ 102 s− 1. 

The static fatigue tests on soda-lime-silica glass are, in general, 
sensitive to the load duration. On a double-logarithmic scale, a linear 
decrease in strength was confirmed for increasing load duration. With 
respect to a ‘60-second’ strength, an increase of about 100% and a 
reduction of about 50% has been achieved. Furthermore, the sub-critical 
crack growth parameter n indicates that glass tested in air (40–80% RH, 
n = 21.2) is less susceptible to static fatigue as compared to tests in water 
(liquid or 100% RH, n = 16.7). Crack velocity experiments, also 
considered as static fatigue tests, have further confirmed that the crack 
growth parameter v0 is affected by the amount of water in the sur-
rounding environment. 

Similarly, the dynamic fatigue tests are, in general, sensitive to the 
loading rate, where glass strength increases with loading rate (linearly 
on a log-log scale), i.e. decreasing load duration. At the lowest and 
highest rates, a strength reduction of about 60% and an increase of about 
175% have been obtained, respectively; this is calculated with respect to 
a strength corresponding to a strain rate of 2.86 ⋅ 10− 5 s− 1 (∝2.0 MPa s− 1 

for E = 70 GPa). These dynamic fatigue tests confirmed that n decreases 
with an increasing water content; from the literature n = 18.1 for air 
(25–67% RH) and n = 16.5 for water (liquid or 100% RH). 

In the reviewed works many results were obtained at moderate load 
duration and loading rates. Only a few studies also attempted to measure 
beyond the current strength limits. Estimates for possibly reached 
strength limits (asymptotes) were determined using the central 95% 
data range. Static fatigue data obtained in air and water yielded lower 
and upper relative strength limits at 0.56 and 1.51, and 0.66 and 1.74, 
respectively. Dynamic fatigue data obtained in air resulted in limits at 
0.65 and 2.30, while it was only possible to estimate a lower limit at 0.65 
for the data obtained in water. However, much more testing is needed to 
address properly the limits; especially at the high loading rates relevant 
to blast and impact events. Furthermore, it was shown that glass 
strength data, both from static and dynamic fatigue tests, agree with 
most of the load duration factors specified in several international and 
national Standards. These Standards are routinely used by civil engi-
neers to design glass structures that use soda-lime-silica glass. Lastly, the 
three studies which report Young’s modulus data for soda-lime-silica 
glass, did not find a significant loading rate effect. 
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Fig. 16. The Young’s modulus of soda-lime-silica glass determined from ex-
periments performed at different strain rates. Note that the number of available 
tests is limited and carried out using different experimental techniques. 
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Appendix A. Experimental details and results 

Tables A.1 and A.2 in the following provide the detail of the static and dynamic fatigue tests reviewed: specimen geometry, surface treatment, load 
configuration, and load application. Moreover, Tables A.3 and A.4 summarises the key numbers from the various tests: test condition, minimum and 
maximum failure stress, and parameters defining the sub-critical crack growth (n and v0).  

Table A.1 
A detailed summary of the reviewed static fatigue tests reported on soda-lime-silica glass.  

Year Reference Specimen Treatment Load configuration Load application 

1899 Grenet [70] ∅4.5 mm (in average), glass 
rods 

Untreated 3-point bending Dead-weight (water) 

1935 Black [104] 254.0 × 50.8 × 2.8 mm3, glass 
plates 

Untreated 3-point bending Dead-weight cantilevered bending device 
(water) 

1935 Preston [71] 406.4 × 50.8 × 6.4 mm3, glass 
plates 

Polished 3-point bending Dead-weight 

1940 Holland and Turner 
[176] 

100 × 8 × 0.265–0.285 mm3, 
glass samples 

Ground and polished edges 3-point bending Dead-weight (lead shot) 

1946 Baker and Preston 
[128] 

∅5.6 mm × 152.4 mm, 
annealed glass rods 

As-received 3-point bending Dead-weight (sand); dynamic 
loudspeaker 

1946 Vonnegut and 
Glathart [133] 

∅5.6 mm × 152.4 mm, glass 
rods 

Abraded 3-point bending Dynamic loudspeaker 

1949 Gurney and Pearson 
[127] 

∅6.4 mm × 76.2 mm, glass rods Untreated 4-point bending – 

1954 Shanda [110] ∅6.4 mm, annealed glass rods – Bending – 
1958 Charles [129] ∅2.5 mm × 101.6 mm, glass 

rods 
Abraded 4-point bending Dead-weight 

1959 Mould and 
Southwick [105] 

76.2 × 25.4 × 1 mm3, annealed 
microscope slides 

Various abrasions 3-point bending Dead-weight cantilevered bending 
device; electromagnetic loader 

1961 Mould [106] 76.2 × 25.4 × 1 mm3, annealed 
microscope slides 

Abraded 3-point bending Dead-weight cantilevered bending 
device; electromagnetic loader 

1961 Shand [135] 114.3 × 19.1 × 2.4 mm3, glass 
strips 

Cleaved cracks; as-received 
and re-annealed 

4-point bending Screw traverse testing machine 

1969 Ritter and Vrooman 
[134] 

∅3 mm × 165.1 mm, glass rods Acid-etched 4-point bending Dead-weight cantilevered bending device 

1971 Ritter and Sherburne 
[107] 

∅3 mm × 152.4 mm, annealed 
glass rods 

Acid-etched 4-point bending Dead-weight cantilevered bending device 

1976 Pavelchek and 
Doremus [108] 

∅3 mm × 50 mm, glass rods Abraded 4-point bending Dead-weight cantilevered bending device 

1978 Jakus et al. [130] – – – – 
1980 Richter [131] – One side notched (ai =

1.2–3.5 mm) 
Uniaxial tensile test Dead-weight 

1981 Chantikul et al. [111] ∅50 mm × 3 mm, glass discs Vickers indentation (5 N) Axisymmetric bending Universal testing machine 
1989 Ikeda and Igaki 

[112] 
∅21 mm × 2.8 mm, glass discs Indented-induced flaw Diametral compression and 

axisymmetric bending 
Universal testing machine 

1995 Sglavo and Green 
[113] 

63.5 × 6.4 × 2.4 mm3, annealed 
glass bars 

Vickers indentation (9.8 N) 4-point bending Universal testing machine 

1997 Chen and Matsumura 
[109] 

60 × 10 × 5 mm3, glass bars Scratched 3-point bending Dead-weight cantilevered bending device 

1999 Sglavo and Green 
[114] 

50 × 5 × 2 mm3, annealed glass 
bars 

Vickers indentation (9.8 N) 4-point bending Universal testing machine 

2000 Fink [132] 1000 × 360 × 4 mm3, glass 
plates 

Corundum treatment 4-point bending Dead-weight  

a Original work published by Phillips in 1937 [175].  

Table A.2 
A detailed summary of the reviewed dynamic fatigue tests reported on soda-lime-silica glass.  

Year Reference Specimen Treatment Load configuration Load application 

1899 Grenet [70] 24.5 × 2.5 mm2 and ∅4.8 mm (cross- 
sectional areas in average), glass plates and 
rods 

– 3-point bending Bucket filled with water 

1934 Apelt [177] Glass rods, As = 1.31–1.48 mm2 Natural fire polishing Uniaxial tensile test Tearing apparatus 
1935 Black [104] 254.0 × 50.8 × 2.8 mm3, glass plates Untreated 3-point bending Lever arm loaded with water 
1937 Borchard [122] 1/2-L glass bottles (225 g), 3.5 mm thick – Pressure test Pressure testing unit with water 
1949 Thompson and 

Cousins [123] 
2.3/3.1 × 355.6 × 482.6 mm3, glass panes – Plate bending test Explosion test box 

1958 Charles [94] ∅2.54 mm × 101.6 mm, glass rods Abraded 4-point bending Bending device 
1969 Ritter [148] ∅3 mm × 101.6 mm, annealed glass rods Abraded and acid-etched 4-point bending Universal testing machine 
1974 Ritter [178] ∅3 mm × 127 mm, annealed glass rods Abraded, different surface 

coatings 
4-point bending Universal testing machine 

1975 Evans and Johnson 
[97] 

– Abraded 4-point bending – 

(continued on next page) 
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Table A.2 (continued ) 

Year Reference Specimen Treatment Load configuration Load application 

1975 Ritter and LaPorte 
[149] 

∅6 mm × 101.6 mm, annealed glass rods Abraded 4-point bending Universal testing machine 

1975 Tummala and 
Foster [179] 

50.8 × 3.18 × 3.18 mm3, glass bars As-received and annealed 3-point bending Universal testing machine 

1975 Yamada [180] ∅6.4 mm × 88.9 mm, glass rods As-received 4-point bending Screw-driven mechanical tester 
1978 Chandan et al. [98] 10 × 10 × 55 mm3 (standard Charpy size), 

float glass bars 
Ground 3-point bending Universal testing machine and 

pendulum impact machine 
1978 Jakus et al [130]. – – – – 
1979 Hagan et al. [181] 5 × 10 × 130 mm3, annealed glass bars Vickers indentation (2–20 N) 4-point bending – 
1979 Woelk and 

Elsenheimer [182] 
1100 × 360 mm2, glass plates with various 
thicknesses 

As-delivered and different 
abrasions 

4-point bending – 

1980 Marshall and Lawn 
[152] 

∅50 mm × 3 mm, float glass discs Vickers indentation (5 N); as- 
indented and annealed 

Axisymmetric bending Universal testing machine 

1981 Johar [124] 2440 × 1525 × 6 mm3, float glass panels Untreated Plate bending test Hydraulically driven piston 
1981 Kerkhof et al. [78] 100 × 100 × 5 mm3, squared float glass 

plates 
60 mm long and 0.1 mm deep 
scratch 

Axisymmetric bending Universal testing machine 

1981 Marshall and Lawn 
[183] 

∅50 mm × 3 mm, float glass discs Abraded Axisymmetric bending Universal testing machine 

1982 Dabbs et al. [153] ∅5 mm × 215 mm, annealed glass rods Acid-etched and Vickers 
indentation (0.05–10 N) 

4-point bending Universal testing machine 

1982 Dabbs and Lawn 
[154] 

∅5 mm × 215 mm, annealed glass rods Acid-etched and Vickers 
indentation (0.15 and 0.25 N) 

4-point bending Universal testing machine 

1982 Johar [125] 2440 × 1525 × 6 mm3, float glass panels Untreated Plate bending test Hydraulically driven piston 
1983 Symonds et al. 

[184] 
50 × 10 × 3 mm, annealed glass bars Indentation line flaws (P = 5 N) 4-point bending – 

1985a Ritter et al [185]. 75 × 25 × 1.0 mm3, annealed microscope 
slides 

Ground edges 4-point bending Universal testing machine 

1985b Ritter et al. [146] 57 × 57 × 3 mm3, squared glass plates Vickers indentation (10 N); aged 
and annealed 

Axisymmetric bending Universal testing machine 

1986a Ritter et al. [155] 75 × 50 × 1 mm3, annealed microscope 
slides 

Acid-etched and Vickers 
indentation (0.2 N) 

Axisymmetric bending Universal testing machine 

1986b Ritter et al. [147] 75 × 50 × 1 mm3, microscope slides Abraded in air; aged and 
annealed 

Ball-on-ring bending test Universal testing machine 

1986b Zongzhe et al. [159] 100 × 20 × 5 mm, glass samples Vickers indentation 3-point bending – 
1987 Gehrke et al. [82] ∅5 mm, round glass bars Abraded with emery paper 3-point bending Electronically controlled testing 

machine 
1987 Ikeda et al. [186] 40 × 20 × 2.7 mm3 and ∅38 mm × 2.8 

mm, glass plates and discs 
Vickers indentation 4-point bending and 

axisymmetric bending 
Universal testing machine 

1987 Ritter et al. [156] 75 × 50 × 1 mm3, annealed microscope 
slides 

Acid-etched and Vickers 
indentation (0.15, 0.25, and 
0.35 N) 

Axisymmetric bending Universal testing machine 

1988 Pal and Pennington 
[120] 

812.8 × 685.8 × 2.2 mm3, glass plates – Plate bending test Universal testing machine and 
drop test facility 

1989 Ikeda et al. [187] 40 × 20 × 2.7 mm3 and ∅38 mm × 2.8 
mm, glass plates and discs 

Vickers indentation 4-point bending and 
axisymmetric bending 

Universal testing machine 

1992 Choi and Salem 
[157] 

75 × 25 × 1 mm3, annealed microscope 
slides 

Vickers indentation (19.6 N) 4-point bending Universal testing machine 

1992 Ikeda et al. [188] ∅21 mm × 2.8 mm, glass discs Knoop indentation Diametral compression – 
1992 Makovička and 

Lexa [34] 
Glass beam samples – Bending – 

1994 Nemeth et al. [189] 50 × 50 × 1.5 mm3, squared glass plates – Axisymmteric bending – 
1995 Dwivedi and Green 

[139] 
60 × 7 × 2.2 mm3, annealed glass bars Natural flaws and Vickers 

indentation (9.8 N) 
4-point bending Universal testing machine 

1995 Li et al. [190] ∅3 mm × 60 mm, heat treated glass rods Abraded 4-point bending Universal testing machine 
1995 Sglavo and Green 

[113] 
63.5 × 6.4 × 2.4 mm3, annealed glass bars Vickers indentation (9.8 N) 4-point bending Universal testing machine 

1997 Choi et al. [191] ∅51 mm × 3 mm, glass discs – Axisymmetric bending – 
1997 Lü [192] 90 × 20 × 5 mm, glass specimens Unnotched 3-point bending Universal testing machine 
1997 Sglavo et al. [158] 50 × 5 × 2 mm3, glass bars Vickers indentation (9.8 N); as- 

indented 
4-point bending Universal testing machine 

1999 Sglavo and Green 
[114] 

50 × 5 × 2 mm3, glass bars Vickers indentation (9.8 N); as- 
indented and annealed 

4-point bending Universal testing machine 

2000 Choi et al. [150] 48 × 8 × 5 mm3, float glass specimens Ground surface at different 
angles (0, 30, 60 and 90◦) 

4-point bending Universal testing machine 

2001 Schneider [171] 300 × 300 × 10 mm3, drilled float glass 
plates 

Untreated Axisymmetric bending – 

2002 Akcakaya and 
Gulati [193] 

100 × 20 × 3 mm3, float glass specimens Ground and V-belt edge finish 4-point vertical bending Universal testing machine 

2002 Krohn et al. [151] 76.3 × 76.3 × 3.89 mm3, squared glass 
plates 

Vickers indentation (300 N) Axisymmetric bending Universal testing machine 

2006 Haldimann [137] 200 × 200 × 6 mm3, squared glass plates As-received Axisymmetric bending Universal testing machine 
2011 Peroni et al. [101] ∅9 mm × 5 mm/10 mm, glass cylinders Surface ground Diametral compression Universal testing machine and 

SHPB test setup 
2012 König [117] t = 8 mm, dog-bone glass specimens Untreated Uniaxial tensile test Universal high-speed testing 

machine 

(continued on next page) 
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Table A.2 (continued ) 

Year Reference Specimen Treatment Load configuration Load application 

2012 Zhang et al. [102] ∅15 mm × 15 mm, glass cylinders Surface ground Diametral compression Universal testing machine and 
SHPB test setup 

2015 Hilcken [194] 250 × 250 × 6 mm3, squared glass plates Pre-damaged Axisymmetric bending Universal testing machine 
2019 Förch [118] 1000 × 360 × 4 mm3, float glass plates Corundum treatment 4-point bending High-speed testing machine (up 

to 1 m/s) 
2019 Meyland et al. 

[119] 
∅45 mm × 3 mm, float glass discs As-received and pre-damaged Axisymmetric bending High-speed testing machine (up 

to 5 m/s) 
2020 Brokmann et al. 

[195] 
∅80 mm × 1.8 mm, annealed glass discs Vickers indentation (9.8 N) Axisymmetric bending Universal testing machine   

Table A.3 
Summary of key numbers of the reviewed soda-lime-silica glass static fatigue tests.  

Year Reference Test condition Applied stress [MPa] SCGa parameters 

σmin
f,s  σmax

f ,s  n [− ] v0 [mm/s] 

1899 Grenet [70] – 19.5 43.0 10.8b – 
1935 Black [104] – 24.2 34.6 – – 
1935 Preston [71] – 37.4 82.0 10.0b – 
1940 Holland and Turner [176] – 26.2 87.3 11.3b – 
1946 Baker and Preston [128] 23.9 ◦C, water 44.5 137.2 14.1b – 
1946 Vonnegut and Glathart [133] − 190 ◦C 91.3 99.8 76.5b –   

− 80 ◦C 74.0 82.9 60.8b –   
20 ◦C 39.2 69.0 12.5b –   
110 ◦C 32.1 54.8 12.9b –   
200 ◦C 29.3 58.3 9.7b –   
300 ◦C 34.4 61.5 11.5b –   
420 ◦C 50.1 70.6 19.4b –   
520 ◦C 67.2 82.4 – – 

1949 Gurney and Pearson [127] Atmospheric pressure, no prior vacuum treatment 41.7 96.5 18.1b –   
Atmospheric pressure, after prior vacuum heat treatment 52.0 86.2 18.3b –   
Vacuum < 10− 5 mmHg, after prior vacuum treatment at room temp. 69.1 96.5 40.8b –   
Vacuum 10− 1 mmHg, after prior vacuum heat treatment 89.5 126.8 46.1b –   
Vacuum <10− 5 mmHg, after prior vacuum heat treatment 117.0 134.4 134.7b – 

1954 Shandc [110] – 34.9 103.6 15.9b – 
1958 Charles [129] 22 ◦C, 50% RH 55.9 77.9 17.4b –   

− 50 ◦C, 100% RH and air 87.0 128.8 20.5b –   
− 10 ◦C, 100% RH and air 59.3 96.3 15.3b –   
22 ◦C, 100% RH 43.7 75.8 16.2b –   
50 ◦C, 100% RH 39.0 68.6 15.4b –   
150 ◦C, 100% RH 33.2 55.5 16.8b –   
200 ◦C, 100% RH 43.5 53.5 35.4b – 

1959 Mould and Southwick [105] 23 ◦C, distilled water (abr. (a): severe) 39.2 69.3 17.5b –   
23 ◦C, distilled water (abr. (b): mild) 33.0 66.9 17.1b –   
23 ◦C, distilled water (abr. (c): 150 grit) 42.0 96.0 12.9b –   
23 ◦C, distilled water (abr. (d): 600 grit) 26.2 67.2 12.8b –   
23 ◦C, distilled water (abr. (e): 320 grit) 21.9 57.0 12.5b –   
23 ◦C, distilled water (abr. (f): 150 grit) 19.7 46.5 14.9b – 

1961 Mould [106] 0.5% RH 35.2 66.3 20.3b –   
43% RH 31.0 74.7 16.4b –   
Liquid water 31.2 66.9 17.5 b – 

1961 Shand [135] Room temp., controlled humidity (as-received) 43.0 91.0 23.5b –   
Room temp., controlled humidity (re-annealed) 28.1 57.6 14.2b – 

1969 Ritter and Vrooman [134] 26.7 ◦C, 100% RH 884.5 1767.8 31.0 – 
1971 Ritter and Sherburne [107] 23.3 ◦C, 50% RH 1385.4 1859.5 37.6b –   

23.3 ◦C, 100% RH 1176.4 1587.3 31.1b – 
1976 Pavelchek and Doremus [108] 21-25 ◦C, 50% RH (aged 24 h - pkg. I) 42.4 81.6 19.5b –   

21-25 ◦C, 50% RH (aged 24 h - pkg. II) 42.2 75.5 14.1b –   
21-25 ◦C, 100% RH (aged 24 h) 36.3 67.9 14.7b –   
21-25 ◦C, 50% RH 49.1 81.9 17.4b –   
21-25 ◦C, 100% RH 38.9 70.6 14.6b –   
21-25 ◦C, 50% RH (heated 400 ◦C) 77.9 106.7 24.1b –   
21-25 ◦C, 50% RH (heated 500 ◦C) 79.6 107.1 28.5b – 

1978 Jakus et al. [130] Room temperature, water 38.7 59.6 18.1 – 
1980 Richterd [131] 40–60% RH – – 18.1 –   

Water – – 15.0 – 
1981 Chantikul et al. [111] Distilled water (annealed) 36.7 64.1 18.4b –   

Distilled water (as-indented) 23.8 44.9 13.9b – 
1989 Ikeda and Igaki [112] (Diametral compression) 66.8 76.9 13.3 – 
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Table A.3 (continued ) 

Year Reference Test condition Applied stress [MPa] SCGa parameters 

σmin
f,s  σmax

f ,s  n [− ] v0 [mm/s]   

(Axisymmetric bending) 70.7 81.6 26.3 – 
1995 Sglavo and Green [113] Water (indented in air) 20.9 37.6 – –   

Water (indented in air, annealed) 34.4 51.5 16.1 1.6   
Water (indented in water) 20.6 36.5 – –   
Water (indented in water, annealed) 28.5 44.6 18.2 9.5 

1997 Chen and Matsumura [109] Air with 40–80% RH 31.4 59.6 36.2b – 
1999 Sglavo and Green [114] Deionized water (annealed) 31.8 43.3 18.7b –   

Deionized water (as-indented) 21.6 34.6 14.0b – 
2000 Fink [132] 23 ◦C, 60% RH 15.0 30.0 16.4 –   

0-38 ◦C, 28–96% RH (field test) 13.5 30.0 15.6 –  
a SCG = sub-critical crack growth. 
b Estimated by means of least squares fit using Eq (5). 
c Original work published by Phillips in 1937 [175]. 
d Based on published KI-data, a relative strength (KI divided by KIc) is estimated using KIc = 0.75 MPa m1/2.  

Table A.4 
Summary of key numbers of the reviewed soda-lime-silica glass dynamic fatigue tests.  

Year Reference Test condition Failure stress [MPa] SCGa parameters 

σmin
f,d  σmax

f,d  n [− ] v0 [mm/s] 

1899 Grenet [70] Glass plates at unk. conditions 28.9 78.4 11.2b –   
Glass rods at unk. conditions 33.0 83.4 6.9b – 

1934 Apelt [177] Room temperature 73.6 128.5 11.3b – 
1935 Black [104] – 44.8 74.2 10.1b – 
1937 Borchard [122] 10 ◦C 2.4 3.0 30.6b – 
1949 Thompson and Cousins [123] Single strength glass at unk. cond. 6.2 ⋅ 10− 3 3.1 ⋅ 10− 2 – –   

Double strength glass at unk. cond. 1.7 ⋅ 10− 2 5.0 ⋅ 10− 2 – – 
1958 Charles [94] 25 ◦C, water vapour 75.2 97.3 16.0 – 
1969 Ritter [148] Room temp., air (abraded) 86.6 114.0 11.9 –   

Room temp., wet (abraded) 78.2 99.5 13.4 –   
Room temp., air and wet (acid-etched) 1311.4 1963.6 13.0 – 

1974 Ritter [178] Room temp., wet (coating: none) 57.1 88.6 13.0–16.0 –   
Room temp., wet (coating: acrylic) 63.3 102.0 12.0 –   
Room temp., wet (coating: silicone) 70.5 107.4 14.4 –   
Room temp., wet (coating: epoxy) 82.9 121.4 16.9 – 

1975 Evans and Johnson [97] 1% RH 51.1 96.9 16.5b – 
1975 Ritter and LaPorte [149] 6 N NaOH (abraded) 72.2 99.7 19.5 –   

Distilled H2O (abraded) 60.3 97.1 13.0 –   
6 N HCl (abraded) 46.3 57.4 25.1 –   
6 N NaOH (acid-ploished) – – 19.3 –   
Distilled H2O (acid-polished) – – 16.9 –   
6 N HCl (acid-polished) – – 17.8 – 

1975 Tummala and Foster [179] Room temp., air (as-rec., atm. side) 92.1 126.1 22.0 –   
Room temp., air (as-rec., float side) 77.8 118.6 17.0 –   
Room temp., air (annealed, atm. side) 70.3 133.1 10.0 –   
Room temp., air (annealed, float side) 77.3 126.2 13.3 – 

1975 Yamada [180] 20 ◦C, 50% RH 77.3 99.8 17.1b – 
1978 Chandan et al. [98] Ambient, 41–67% RH 45.3 107.5 17.2 – 
1978 Jakus et al. [130] Room temperature, water 50.2 79.1 17.9 – 
1979 Hagan et al. [181] Water 56.1 87.1 15.9b –   

Silicone oil 75.7 110.0 13.5b – 
1979 Woelk and Elsenheimerh [182] – – – – – 
1980 Marshall and Lawn [152] Water (annealed glass) 44.2 78.6 17.9 2.4   

Water (as-indented glass) 28.6 62.0 13.7 55.0 
1981 Johar [124] 20-25 ◦C, 28–55% RH 5.4 ⋅ 10− 3 6.6 ⋅ 10− 3 22.6b – 
1981 Kerkhof et al. [78] 20 ◦C, 50% RH 15.4 26.0 16.0b – 
1981 Marshall and Lawn [183] Water 38.6 67.3 15.7 – 
1982 Dabbs et al. [153] Distilled water 34.5 251.9 14.0 (18.4)c 31.6 
1982 Dabbs and Lawn [154] Distilled water 233.7 638.1 9.0 – 
1982 Johar [125] 16-24 ◦C, 26–57% RH 3.6 ⋅ 10− 3 6.3 ⋅ 10− 3 14.3b – 
1985a Ritter et al. [185] Room temp., dist. water (surface)f 87.0 104.0 17.7 10.7   

Room temp., dist. water (edge)f 64.9 93.1 15.5 0.5   
Room temp., dist. water (overall)f 62.0 88.1 16.8 1.8 

1985b Ritter et al. [146] 5 ◦C, dist. water (indented, annealed) 45.8 67.9 15.7b –   
25 ◦C, dist. water (indented, annealed) 36.4 60.6 13.3b –   
55 ◦C, dist. water (indented, annealed) 32.8 49.6 16.5b – 
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Table A.4 (continued ) 

Year Reference Test condition Failure stress [MPa] SCGa parameters 

σmin
f,d  σmax

f,d  n [− ] v0 [mm/s]   

85 ◦C, dist. water (indented, annealed) 26.6 40.1 15.3b –   
5 ◦C, dist. water (indented, aged) 35.5 50.0 19.9b –   
25 ◦C, dist. water (indented, aged) 32.1 45.6 19.2b –   
55 ◦C, dist. water (indented, aged) 25.7 34.3 21.3b –   
85 ◦C, dist. water (indented, aged) 21.3 29.7 21.1b – 

1986a Ritter et al. [155] 25 ◦C, dist. water (subthreshold flaws) 62.6 111.0 10.5 (13.7)c –   
85 ◦C, dist. water (subthreshold flaws) 56.3 104.9  –   
25 ◦C, dist. water (postthreshold flaws) 40.2 58.0 14.4 (18.8)c –   
85 ◦C, dist. water (postthreshold flaws) 25.9 36.6  – 

1986b Ritter et al. [147] 5 ◦C, dist. water (abraded, annealed) 86.3 109.9 24.7b –   
25 ◦C, dist. water (abraded, annealed) 79.5 107.5 21.1b 18.0   
55 ◦C, dist. water (abraded, annealed) 76.9 102.9 22.9b –   
85 ◦C, dist. water (abraded, annealed) 75.5 103.2 20.2b –   
5 ◦C, dist. water (abraded, aged) 63.1 95.0 15.3b –   
25 ◦C, dist. water (abraded, aged) 55.5 92.6 12.6b 5.3   
55 ◦C, dist. water (abraded, aged) 49.0 84.2 11.5b –   
85 ◦C, dist. water (abraded, aged) 50.3 82.3 11.8b – 

1986 Zongzhe et al. [159] Ordinary temp. 104.0 240.8 14.2b – 
1987 Gehrke et al.g [82] Water (emery paper) – – 14.8/15.7 –   

Water (Vickers indentation) – – 15.0 –   
Water (powder jets) – – 16.3 –   
Nonane (emery paper) – – – – 

1987 Ikeda et al. [186] Air (axisymmetric bending) 46.7 63.4 18.5b –   
Air (4-point bending) 43.1 63.9 16.3b –   
Water (axisymmetric bending) 41.6 54.7 16.6b –   
Water (4-point bending) 39.9 50.0 21.1b – 

1987 Ritter et al. [156] 25 ◦C, dist. water (low strength, subthreshold, P = 0.25 N) 69.7 111.1 13.4i –   
25 ◦C, dist. water (low strength, subthreshold, P = 0.35 N) 59.6 103.3 11.5i –   
25 ◦C, dist. water (low strength, postthreshold, P = 0.15 N) 69.9 124.0 11.4i –   
25 ◦C, dist. water (low strength, postthreshold, P = 0.25 N) 64.0 112.1 11.5i –   
25 ◦C, dist. water (low strength, postthreshold, P = 0.35 N) 60.2 101.9 12.3i –   
25 ◦C, dist. water (high strength, subthreshold, P = 0.15 N) 190.2 424.3 8.1i –   
25 ◦C, dist. water (high strength, subthreshold, P = 0.25 N) 171.6 326.4 10.1i –   
25 ◦C, dist. water (high strength, subthreshold, P = 0.35 N) 122.5 218.1 12.7i – 

1988 Pal and Pennington [120] – 7.2 ⋅ 10− 3 1.8 ⋅ 10− 2 13.4b – 
1989 Ikeda et al. [187] Air (axisymmetric bending) 65.2 82.5 19.0 –   

Air (4-point bending) 65.1 85.9 22.3 –   
Water (axisymmetric bending) 63.0 78.9 22.3 –   
Water (4-point bending) 60.6 71.9 27.8 – 

1992 Choi and Salem [157] Room temperature, alcohol 42.0 52.5 20.2 (26.3)d 2.2   
Room temperature, air 39.8 51.8 16.2 (20.9)d 16.2   
Room temperature, acetone 38.1 47.8 19.3 (25.1)d 24.0   
Room temperature, distilled water 35.6 44.3 20.1 (26.1)d 97.7 

1992 Ikeda et al. [188] Air (diametral compression) 26.7 34.2 18.4 –   
Water (diametral compression) 24.1 34.3 31.2 – 

1992 Makovička and Lexa [34] – 35.1 64.6 13.4b – 
1994 Nemeth et al. [189] Room temp., distilled water 163.6 289.9 11.3b – 
1995 Dwivedi and Green [139] Room temp., air (natural flaws) 96.1 160.9 21.8 2.6   

Room temp., air (Indentation flaws) 40.9 63.6 16.1 (21.1)e 2.4 
1995 Li et al. [190] Room temp., 25–30% RH (Tf = 470 ◦C) 52.3 67.9 11.0 –   

Room temp., 25–30% RH (Tf = 530 ◦C) 68.2 75.8 28.0 – 
1995 Sglavo and Green [113] Deionized water (indented in air) 32.4 50.8 14.3 (18.8)c 14.3   

Deionized water (indented in water) 33.4 45.1 14.3 (18.7)c 11.7 
1997 Choi et al. [191] Room temp., distilled water 46.5 251.9 16.4 – 
1997 Lü [192] – 56.0 68.2 25.0 – 
1997 Sglavo et al. [158] Deionized water 34.5 56.3 13.7 (18.0)c 19.0 
1999 Sglavo and Green [114] Deionized water (annealed) 37.8 62.6 15.2 (19.9)c 6.4   

Deionized water (as-indented) 27.8 53.9 15.3 (20.1)c 28.8 
2000 Choi et al. [150] Ambient temp., water (grind angle 0◦) 61.8 100.9 13.4 –   

Ambient temp., water (grind angle 30◦) 59.2 95.5 13.3 –   
Ambient temp., water (grind angle 60◦) 41.2 66.3 13.2 –   
Ambient temp., water (grind angle 90◦) 40.3 64.1 13.4 – 

2001 Schneider [171] 20 ◦C, 40–60% RH (group A) 51.3 66.2 16.9 –   
20 ◦C, 40–60% RH (group B) 68.4 84.0 21.2 – 

2002 Akcakaya and Gulati [193] Room temp., 100% RH (V-belt) 29.5 44.0 16.2 –   
Room temp., 100% RH (ground) 30.6 53.5 13.5 – 

2002 Krohn et al. [151] Room temp., air (air side) 49.8 91.5 21.7 –   
Room temp., air (tin side) 50.4 88.9 21.6 – 

2006 Haldimann [137] 23.4–23.8 ◦C, 51.4–54.7% RH (ambient) 55.3 103.2 2.5b –   
23.2–23.9 ◦C, 51.7–54.7% RH (dry/coated) 85.1 153.4 7.6 – 

2011 Peroni et al. [101] Air at ambient conditions 47.3 98.1 27.4b – 
2012 König [117] Air at ambient conditions 105.4 199.6 19.7b – 
2012 Zhang et al. [102] Air at ambient conditions 18.2 41.5 – – 
2015 Hilcken [194] 22.7 ◦C, 50% RH 30.7 49.3 14.2 2.2 

(continued on next page) 
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Table A.4 (continued ) 

Year Reference Test condition Failure stress [MPa] SCGa parameters 

σmin
f,d  σmax

f,d  n [− ] v0 [mm/s] 

2019 Förch [118] 20-21 ◦C, 40% RH 35.8 48.0 17.9 – 
2019 Meyland et al. [119] 22 ◦C, 30% RH (as-received) 169.0 313.0 26.4b –   

22 ◦C, 30% RH (pre-damaged) 56.0 88.0 34.6b – 
2020 Brokmann et al. [195] 25 ◦C, 50% RH 64.1 80.6 14.8 10.5  
a SCG = sub-critical crack growth. 
b Estimated by means of least squares fit using Eq. (8). 
c True fatigue parameter in parenthesis obtained by n′ = 0.763 n, where n′ is denoted the apparent fatigue parameter. 
d True fatigue parameter in parenthesis obtained by n′ = 0.75 n + 0.5, where n′ is denoted the apparent fatigue parameter. 
e True fatigue parameter in parenthesis obtained by n′ = (3 n − 2)/4, where n′ is denoted the apparent fatigue parameter. 
f Averaged results determined by eight different laboratories. 
g Only relative strength data are reported. 
h Only the increase in strength as function of loading rate is reported and no absolute strength data are available. 
i Apparent fatigue constant, n′. 

Appendix B. Literature search and data collection 

The Technical University of Denmark internal web search engine DTU Findit4 was used to perform the initial literature search; the data from the 
literature is discussed in Sec. 3 and 4. Keywords chosen to be relevant for the search are given in Table B.1.  

Table B.1 
Relevant keywords grouped into subject category used to find the literature that is discussed in Sec. 3 and 4. The symbol * is used to perform the multiple character 
wildcard search.  

Main material glass 

Material subgroup silica, lime, soda lime, soda lime silica, float, annealed, commercial 

Time dependency static fatigue, stress corrosion, sub-critical crack growth, dynamic fatigue, strain rate, stress rate, loading rate 

Research objective strength, failure stress, failure time, crack velocity, stress intensity, stress concentration, properties 

Not included nano*, strengthening, sand, fibre*, fiber*, coat*, compo*, rock*, alloy, metallic glass, alum*, polym*  

A combination of all keywords using the search engine specific operators AND, OR and NOT resulted in 164 hits, of which 25 scientific publications 
met the criteria to be included in the literature review. The criteria was that the published work focus on the tensile behaviour of soda-lime-silica glass, 
where data has been obtained from experiments as either static or dynamic fatigue, or crack velocity measurements. No limits were used in either the 
year of publication or the language. Based on the reference lists of previously found literature and studies on the topic already known to the authors, 
additional relevant publications were considered in the review, resulting in the following total number of publications reviewed in this paper:  

● Static fatigue data → 23 publications  
● Crack velocity data → 12 publications  
● Dynamic fatigue data → 57 publications 

In several publications the data of interest were not presented in a table and only provided in the publication as a plot. In these cases data from the 
plots were extracted using the freeware software WebPlotDigitizer (ver. 4.3) [174]. Therefore, data from all the publications were gathered as inde-
pendent values that could be further tabulated and analysed in this work. 
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A modified split-Hopkinson pressure bar setup enabling stereo digital image correlation
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Abstract

A novel experimental setup for dynamic material characterisation that combines a ring-on-ring test configuration for equibiaxial
flexural testing with a modification of the well-known split-Hopkinson pressure bar (SHPB) is presented. The design is generic,
but in the present paper intended for and validated by experiments on flat circular glass samples at high strain rates. The novel
modification allows an unobstructed view of a significant part of the sample’s tensile surface that is made possible by replacing
the conventional transmission bar with a tube through which the incident bar passes. This modification enables the application of
high-speed cameras for assessing the fracture together with stereo digital image correlation (stereo-DIC) for non-contact out-of-plane
displacement measurements and, at the same time, reduces the total length of the setup compared to the original design. An FE-model
of the bar/tube system was generated to characterise the setup better. From that, information on strain gauge locations was extracted.
Two similar experiments on glass show that the required dynamic force equilibrium could be established and that the application of
high-speed cameras work as intended. Lastly, promising results were achieved from the pilot stereo-DIC measurements, indicating
pure bending deflections of the sample in line with theory.

Keywords: Brittle material characterisation, High-speed imaging, High strain rates, Ring-on-ring test, Soda-lime-silica glass

1. Introduction

Characterising engineering materials at high strain rates is
essential to sufficiently design structural components that are
exposed to extreme loading such as extreme weather, impacts, or
blast loads. Most materials used in civilian infrastructures, such
as steel, concrete, rock, wood, and glass, exhibits a strain rate
sensitivity [1–5]. Usually, these materials are tested in conven-
tional testing machines at quasi-static strain rates below 1 s−1.
Higher strain rates require different test methods, which often
differ from the conventional ones by not having a closed-loop
feedback control system of the loading conditions. The first
steps into such methods have been pioneered by John Hopkin-
son [6] and his son, Bertram Hopkinson [7, 8], the inventor
of the pressure-bar method. Further developments were made
by Robertson [9], Landon and Quinney [10], and Davies [11],
leading to the design of the well-known split-Hopkinson pres-
sure bar (SHPB) devised originally by Kolsky [12]; therefore,
in literature also named ’Kolsky bar’. The basic concept of the
SHPB setup involves a material sample sandwiched between
an input and output bar, also denominated incident and trans-
mission bar, respectively (see Fig. 1(a)). Typically, a gas gun
accelerates a striker bar that impacts the incident bar, initiating a

∗Corresponding author.
Email addresses: majeme@byg.dtu.dk; mjme@ramboll.dk (Martin J.

Meyland), rwe@idtce.com (Rasmus N. W. Eriksen), jhn@byg.dtu.dk (Jens
H. Nielsen)

stress wave travelling towards the sample and loading it at high
strain rates. Part of the wave reflects at the incident bar/sample
interface, whereas the rest transmits through the sample into the
transmission bar. A measurement of the material’s stress-strain
response, often ranging between 50 s−1 and 104 s−1 depending
on the sample size [13], is provided by analysing the recorded
strains in the bars.

Despite being often used in urban areas and in the automo-
tive industry, a rarely investigated material in the range of high
strain rates is soda-lime-silica glass [5, 14–18]. Recent studies
going above 1 s−1 are reported by Peroni et al. [19], König [20],
Zhang et al. [21], and Meyland et al. [22]. König (uniaxial ten-
sion) and Meyland et al. (axisymmetric bending) employed a
servo-hydraulic high-speed test rig with limitations at the higher
loading rates. Peroni et al. and Zhang et al. investigated the
strain rate sensitivity of cylindrical glass samples in diametral
compression (split tensile test) and regular compression using a
traditional SHPB design, similar to what is shown in Fig. 1(a).
However, when considering an explosion shock wave acting lat-
erally on a thin glass pane, e.g. installed in a building envelope,
the stress state is different. In such a case, the loading is of a
more global character that introduces bending stresses to the
material.

Various test configurations arranged in an SHPB setup to
investigate the flexural strength of other ceramics are reported.
A modified piston-on-three-ball test configuration was employed
by Cheng et al. [23] to test thin glass substrates dynamically.
Borosilicate glass was the subject of a series of investigations in

Preprint submitted to International Journal of Impact Engineering December 9, 2021
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Figure 1: A sketch of the basic concept of a traditional split-Hopkinson pressure bar setup (SHPB) in (a) compared to the modified design presented in this paper in
(b).

which rectangular samples were tested in a four-point bending
fixture, and circular samples in a ring-on-ring test configuration
[24–26]. Based on the findings reported, the ring-on-ring test
configuration is preferable as it minimises stressing of edges
having significant strength reducing flaws, e.g. due to cutting,
and thus more reliable provide a measure of the surface strength.

The application of high-speed cameras and the technique of
digital image correlation (DIC) for non-contact optical displace-
ment/strain measurements has become general practice within
the field of dynamic material characterisation [27]. It enables the
researcher to explore features, such as fracture/failure processes
and displacement/strain fields that are otherwise impossible to
assess. However, applying such technology to a bend test con-
figuration arranged in a traditional SHPB design is not feasible
since the sample surfaces are hidden by the bars and are not
visible for the cameras.

This paper presents and validates the design of a novel experi-
mental setup, following the concept illustrated in Fig. 1(b), that
combines well-established SHPB techniques with a ring-on-ring
test configuration and provides the possibility of using high-
speed cameras. The setup design is to be considered generic, but
in the following, the validation is based on the dynamic material
characterisation of glass. First, the principles and characteristics
of the experimental setup are described and analysed; see Sec. 2.
Then, all experimental procedures and necessary calibrations are
outlined in Sec. 3. Lastly, in Sec. 4, results from initial tests are
presented and discussed, serving as a proof of concept.

2. Design of the Experimental Setup

Typically, an SHPB setup is a build-up of three main parts: (i)
a loading device, (ii) a bar system consisting of an incident and
a transmission bar, and (iii) a data acquisition system [28]. In
this regard, little has been changed in the modified SHPB setup
presented hereinafter; see comparison in Fig. 1. To accommo-
date the design requisites stated in Sec. 1, only the design of
the bar system has been rethought. A free view on the sample’s
tensile surface was established by replacing the traditional trans-
mission bar with a tube having the incident bar going through,
as shown in Fig. 2. The ring-on-ring test configuration is placed
at the end furthest away from the loading device with the load

ring mounted to the incident bar and the support ring to the
transmission tube, see Fig. 3(a). The resulting stress state in a
loaded sample in tangential-, radial-, and principal stresses, σθ ,
σr, and σI, respectively, is sketched in Fig. 3(b). A conical hole
through the support ring exposes the sample’s tensile surface.
This transformation not only provides an unobstructed view of
the sample but also significantly reduces the total length of the
setup compared to a traditional SHPB design (see Fig. 1).

As apparent from Fig. 2, all setup parts are arranged on top of
a 4.0 m long HEB220 steel beam, which also defines the total
length of the setup. The barrel has a length of 1.6 m including
the threaded connection going inside the air tank. In extension of
the muzzle, the incident bar with a length of 1.99 m (measured
from impact end to tip of load ring) and a diameter of 30 mm is
placed, which goes through the transmission tube with a length
of 1.35 m. Inside the tube, the bar is held axially in place by
in-house fabricated, low friction PTFE (polytetrafluoroethylene)
bearings. The tube is manufactured with an outer and inner
diameter of 55 mm and 48 mm, respectively, resulting in a wall
thickness of 3.5 mm. The loading of the incident bar is done
with a striker bar of the same diameter as the incident bar. The
length of the striker bar controls the duration of the imposed
stress wave.

Usually, high-strength steel is used for the bars in an SHPB.
However, as flat glass tested in bending is expected to exhibit
significantly lower strengths than other materials tested in pure
compression, a high-strength aluminium alloy, Alumec 89® (a
7000 series alloy), is chosen for the bar/tube system. Due to the
lower stiffness (approx. three times lower than steel), a higher
strain response is to be measured.

The same aluminium alloy is chosen for the interchange-
able load ring and support ring. The ring dimensions are deter-
mined according to the international Standard ASTM C1499-15
[29]. Both rings have a tip radius of 2.5 mm, and their respec-
tive contact diameters are 18 mm and 38 mm, as specified in
Fig. 3(a). With the chosen support ring dimensions, an area
of 855 mm2 (53.8 % of the samples total surface area) with a
free sample surface is ensured that can be captured by high-
speed cameras through the conical hole. The current ring-on-
ring test configuration is designed for samples with dimensions
�45mm×3mm±1mm, securing that high strain rates in the

2
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Figure 2: A photo of the novel experimental setup with the main parts highlighted. For more details on the ring-on-ring test configuration, see Fig. 3(a).

material can be achieved due to the short span relative to the
sample thickness (i.e. high flexural rigidity).

For safety precautions, a rigid steel mass is placed between
the barrel and the transmission tube that retains the incident bar
after loading. This is done via an impact end with an enlarged
diameter that cannot pass through the hole in the rigid mass.
An elastomer buffer of polyurethane (PUR, soft shore hardness
70A) is inserted to reduce contact stresses at the impact. The
transmission tube is retained by springs connected to a bar/tube
support located next to it. After testing, a sample is replaced
either via the slotted holes in the proximity of the ring-on-ring
test configuration, also visible in Fig. 3(a), or by detaching the
support ring.

2.1. Setup characteristics determined from an FE-model

The here presented SHPB setup has been subjected to several
modifications to enable an unobstructed view of the sample that
is to be investigated in a bend test configuration. To determine
the setup characteristics in terms of how strains are propagating
axially, a solid FE-model of the bar/tube system was established
in ABAQUS/Explicit® 2020. The model was comprised of four
parts: (i) the striker bar, (ii) the incident bar, (iii) the transmission
tube, and (iv) the glass sample. Linear elastic isotropic material
properties were assigned according to Table 1, and fracture of
the glass sample was disregarded.

The computational time of the explicit FE-model was reduced
by utilising symmetry boundary conditions in the xy- and xz-
plane, as depicted in Fig. 4. The bars, tube, and glass sample
were discretised with linear eight-node displacement elements
(C3D8 in ABAQUS). A global element size of 3 mm was set
for the bars and tube, whereas 1 mm was used for the glass
sample. Node paths of interest extending along the whole length

Table 1: Material properties for the explicit FE-model of the experimental setup.

Property Symbol Unit Alumec 89* Glass†

Young’s modulus E GPa 71.5 70.0
Poisson’s ratio ν − 0.33 0.23
Density ρ kgm−3 2830 2500
Elastic wave speed‡ C0 ms−1 5026 5292
* Data-sheet values
† Soda-lime-silica glass according to the European Standard EN

572-1 [30]
‡ See Eq. (2)

of the incident bar and the transmission tube are also highlighted
in Fig. 4; however, only shown around the ring-on-ring test
configuration. The chosen direction of the paths follows the
stress wave propagation, i.e. in the incident bar, compressive
waves travel towards the glass sample, while in the transmission
tube, tensile waves travel towards the impact end.

In addition to the assigned symmetry boundary conditions, the
movement of the transmission tube in the x-direction was limited
by a spring support similar to what is shown in Fig. 2. The other
parts, that is the striker bar, the incident bar and the glass sample,
were allowed to move freely in the horizontal direction. The
general contact formulation with zero friction was chosen for
the interaction between the striker bar and the incident bar, and
the rings and the glass sample. When the striker bar impacts the
incident bar, the duration of the loading, T , is dependent on the
striker bar length, Lst, according to:

T =
2Lst

C0
(1)

Here, C0 denotes the elastic wave speed in a cylindrical bar

3
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Figure 3: Detailed cut view on the ring-on-ring test configuration located at the furthest end of the setup and mounted to the bar/tube system (see also Fig. 2) in (a),
and the resulting equibiaxial stress state (σθ is the tangential stress, σr is the radial stress, σI is the first principal stress) on the tensile side of the sample during
loading in (b).
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Figure 4: A cutout of the meshed model of the bar/tube system. Symmetry is utilised in the xy- and xz-plane. Node paths of interest are highlighted with red lines.

determined from Young’s modulus, E, and the material density,
ρ:

C0 =

√
E
ρ

(2)

Due to identical material and cross-sectional properties for the
striker and incident bar, the length of the impact generated in-
cident pulse will be twice the length of the striker bar [31].
Moreover, the stress (or strain) amplitude of the incident pulse,
σI (or εI), is varying with the striker bar velocity, vst, only:

σI =
1
2

ρ C0 vst (3a)

or

εI =
σI

E
=

1
2

vst

C0
(3b)

The numerical model used for characterising the setup simulates
a striker bar of the length 500 mm that directly impacts the
incident bar with a velocity of 6.0 ms−1. According to Eq. (1)
and Eq. (3a), such impact produces an incident pulse with T =

0.199ms and σI = 42.7MPa that travels towards the sample.
Part of the pulse is reflected back at the interface between the
incident bar and the sample, whereas the rest is transmitted
through the sample to the transmission tube. Consequently,
there can be identified three pulses in the propagating strains, as
highlighted in Fig. 5(a) and (b):

1. the incident pulse, εi

2. the reflected pulse, εr, and

3. the transmitted pulse, εt .

From the simulation, the peak strain of each pulse is extracted
along the node paths shown in Fig. 4, and the data is plotted in
Fig. 5(c) and (d).

As can be seen, the peak of the incident pulse becomes steady
almost from the very beginning on, but decreases in the vicinity
of the sample due to the interaction. A similar course is seen
in the reflected pulse that is on the way back to the impact end.
The pulse that is transmitted to the tube is significantly impacted
by the slotted holes used for sample replacement, but becomes
constant right after at around 0.3 m (measured from the samples
tensile surface, as shown in Fig. 4). At the other tube end, a
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Figure 5: For Lst = 500mm and vst = 6.0ms−1 numerically determined axial strains (normalised using Eq. (3b)) as function of time in the incident bar and the
transmission tube exemplified in (a) and (b), respectively, for the locations highlighted with vertical dotted lines drawn in (c) and (d). For each location on the node
paths shown in Fig. 4, the peak surface strain determined as shown by the horizontal dotted lines in (a) and (b) is plotted as function of the longitudinal coordinate
along the incident bar and the transmission tube in (c) and (d), respectively. Additionally, in (d) the influence of the spring stiffness is investigated in the range
0 ≤ kspring < ∞.

rise and decrease is seen depending on the spring stiffness. The
interaction with a rigid boundary, i.e. kspring = ∞, amplifies the
wave with a factor of 2, whereas a free surface, i.e. kspring = 0,
nullifies the wave [31]. In the present SHPB setup, a signal
somewhere in between is to be expected.

Taking into account the observed irregularities in the numer-
ically determined strain pulses, reliable strain measurements
in an experiment using a 500 mm striker bar can be performed
between 0.4 m and 1.3 m on the incident bar measured from the
impact end, and between 0.2 m and 0.75 m on the transmission
tube measured from the tensile surface of the glass sample. For
shorter striker bars, the range will be increased. This information
is used for the strain gauge instrumentation, which is subject to
the following section.

3. Experimental Procedures

This section presents and discusses the applied experimental
procedures necessary for characterising the flexural properties
of circular flat glass samples at high strain rates. An overview
of the setup with the instrumentation of the applied measuring
equipment is provided in Fig. 6. The figure highlights the mea-
surement of the exit velocity of the striker bar, the location of
strain gauges and the appertaining signals, and the placement of
high-speed cameras for fracture assessment and DIC.

The data measured was acquired through a multifunction I/O
device (National Instruments USB-6356 (BNC)) controlled via
LabVIEW NXG 5.0. In the software, the data acquisition has

been customised using graphical programming to fit the experi-
mental needs, such as rapid data storage, correct triggering, and
combining strain gauge measurements with the measurement of
the striker bar velocity.

3.1. Exit velocity of the striker bar

For validation of obtained test results, the exit velocity of
the striker bar is a key measure, see Eq. (3a) or (3b). In the
experiments, the velocity was determined from two photogates1

placed at the end of the barrel that measured the time it took
the striker bar to travel a distance of `ph = 50mm, as depicted
in Fig. 6. These photogates were connected to the counter of
the multifunction I/O device, and the ’two-edge separation’ task
in LabVIEW was used for the timing between two rising edges
that were exerted by the striker bar while passing the two light
beams. The measurement was verified with a high-speed camera
placed perpendicular to the barrel’s muzzle capturing the exit
velocity of the striker bar.

3.2. Strain measurements

The strength characterisation of the flat glass samples is based
on the stress waves propagating in the incident bar and the
transmission tube, respectively. These are associated with strains
that were recorded by means of 120 Ω (±0.35%) strain gauges2

glued to the bar and tube surfaces. A diagonal Wheatstone half

1Applied component: OMRON photomicrosensor EE-SX461-P11
2Applied component: HBM 6/120 LY43
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Figure 7: The applied Wheatstone bridge circuit: a diagonal half bridge com-
pensating for superimposed bending forces. R1, R3 = active 120 Ω strain gauges
on the bar and the tube; R2, R4 = fixed 120 Ω resistors. (after Ref. [32])

bridge circuit, as depicted in Fig. 7, was chosen for the axial
strain measurements. By connecting the active strain gauges to
the opposite legs of the bridge, a compensation of potentially
superimposed bending forces can be achieved. Additionally,
the application of two active strain gauges doubles the signal,
reducing noise in the measurements.

The chosen strain gauge locations are based on the numerical
findings presented in Sec. 2.1 and are shown in Fig. 6. On the
incident bar, the strain gauges (two of a kind placed towards
each other according to Fig. 7) were located xSG,IB = 60.0cm
from the impact end to maximise the time between the incident
pulse and the reflected pulse and thereby avoiding overlapping
of these signals. The strain gauges on the transmission tube
were placed xSG,TT = 62.3cm away from the tensile surface of
the glass sample. As the strain gauges on the incident bar were
relatively close to the impact end, part of the reflected pulse
was overlapped by a reverse travelling stress pulse. However,
this did not influence the part of the signal corresponding to the
interaction with the glass sample, as discussed later.

For the data acquisition, the output signals from the two
bridges, UA, were conditioned with a high-speed transducer
amplifier (FYLDE FE-H379-TA) connected to the multifunction
I/O device. To secure correct measurements, the setup was shunt
calibrated3 using a factory-fitted calibration resistance of 350 kΩ.
During the tests, each bridge output signal (in Volt) was sampled

3Simulation of a bridge output signal by shunting one arm of a bridge by a
resistor of known size.

at a rate of 1.25 MHz, which is 12.5 times faster than the mini-
mum recommended by Chen and Song [28]. Subsequently, the
acquired data were post-processed with the following expression
to obtain the desired effective strains, ε:

ε =
1
B
· 4

k
· UA

UE
(4)

Here, B denotes the bridge factor that is dependent on the Wheat-
stone bridge configuration and in the present setup equals 2.
Further, k designates a dimensionless gauge factor that is pro-
vided by the manufacturer of the strain gauges (= 2.11 ±1.0%),
and UE is the bridge excitation voltage that in the experiments
was set constant to 6.0 V. The bridge output voltage, UA, is the
acquired signal in its unconditioned form, i.e. the amplification
has been negated.

3.3. Setup calibration
3.3.1. Bar/tube material properties

The post-processing of the data acquired from the SHPB
experiments requires that Young’s modulus and the density of the
bar/tube material are known to calculate the elastic wave speed.
The numbers provided in Table 1 are taken from a data sheet
and do not necessarily represent the correct values applicable
for the post-processing. Any error that evolves in one of these
quantities is directly found in the determined stresses and strains.
Lifshitz and Leber [33], for example, shows that an error in the
determination of the elastic wave speed of just 1 % significantly
changes the shape of the dynamic stress-strain curve. Hence, the
properties of the applied high-strength aluminium alloy need to
be determined carefully from calibration experiments with the
modified SHPB setup.

First the material density, ρ , is determined from the two striker
bars at hand using their respective dimensions and weight. The
average of both calculated densities, equalling 2823.5 kgm−3

and 2823.8 kgm−3, is given in Table 2.
Next, the elastic wave speed, C0, is found. In [28] a procedure

is described that requires the determination of the time interval
between the incident and reflected pulses. However, the reading
of the times is mainly dependent on the experimenters’ judge-
ment and thus often associated with some errors. Therefore,
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Table 2: The experimentally calibrated material properties of the high-strength
aluminium alloy used for the bars and the tube.

Density, ρ Elastic wave speed, C0 Young’s modulus, E[
kgm−3

] [
ms−1

]
[GPa]

2823.6 5086.4 73.051

an alternative method utilising the longitudinal resonance phe-
nomena of the incident bar is employed [34]. Considering a
cylindrical bar of length `, allowed to move freely at both ends,
the natural frequencies in units Hertz, fn, can be determined
from:

fn =
ωn

2π
=

nC0

2`
(n = 0,1,2, . . .) (5)

where ωn are the natural frequencies of the cylindrical bar in
units radian. From the natural frequencies and the lengths of a
bar, the material’s elastic wave speed can be determined using
Eq. (5).

The natural frequencies of the incident bar are found experi-
mentally. In total, ten experiments have been conducted, where
the 500 mm striker bar was launched on the incident bar with a
velocity of around 3.8 ms−1. A representative signal from one
of these tests is shown in Fig. 8(a) with a present overlap starting
in the rear portion of the reflected pulse, as indicated by the
vertical dashed line. The overlap is caused by the short distance
between the off-centred strain gauges and the impact end, but
has no further influence on the determination of C0. For the
extraction of the natural frequencies, each signal has been con-
verted into the frequency domain using a Fourier transformation,
as exemplified in Fig. 8(b). Here, each peak defines a natural
frequency of the bar, and the first and highest corresponds to the
first natural frequency, i.e. f1, that is used to calculate the elastic
wave speed with Eq. (5). The equation also requires the length
of the incident bar to be known. However, as the cross-section
of the bar is varying due to the mounted impact end and load
ring, the bar can not be considered purely cylindrical anymore;
hence the actual length may not match the measured natural
frequencies. Therefore, a characteristic bar length was found
from an explicit FE-model of the experiment in which C0 is
known and was set to the value given in Table 1. Only the inter-
action between the striker bar and the incident bar was modelled
and axisymmetric conditions were applied using the four-node
axisymmetric displacement element with reduced integration
(CAX4R in ABAQUS). Element sizes and contact properties
were chosen according to the FE-model described in Sec. 2.1.
The strains were read at the same location as measured in the
experiments and the data is plotted in Fig. 8(c) together with the
appertaining Fourier transformation in (d). With the first natural
frequency f1,num = 1205.0Hz and C0 from Table 1, a character-
istic bar length ˆ̀= 2.0857m results from Eq. (5), which is used
to determine the elastic wave speed from the experiments. The
average of C0 from the ten experiments carried out is given in
Table 2, with a 95 % confidence interval of ±2.55ms−1.

Finally, the Young’s modulus, E, can be determined from
the relationship given in Eq. (2), and the result is also found in

Table 2.

3.3.2. Alignment of the bar/tube system
A good bar/tube system alignment is a prerequisite to obtain-

ing reliable and precise measurements for material character-
isation. It is checked by looking at the shape of the incident
pulse. If the alignment between the striker and the incident bar
is good, the incident pulse will have an analytically predictable
trapezoidal profile with a clean baseline. Contrary, if a good
alignment is not established, the incident pulse will be distorted
and thus disturbing the measurements; see examples in Chen
and Song [28].

An unshaped incident pulse from an experiment with the
500 mm striker bar impacting the incident bar at vst = 6.13ms−1

is seen in Fig. 9 and compared to the analytical expression given
by Eq. (3b). Additionally, an incident pulse predicted by the
previously mentioned axisymmetric FE-model with material
properties as in Table 2 is shown, as it can be considered per-
fectly aligned and thus provides a good check of the actual
alignment. Here, the numerical incident pulse was fitted to the
experimental by introducing an imperfection in the form of a
small gap of 0.11 mm between the parts representing the impact
end and the incident bar. Furthermore, the material stiffness was
reduced around the tie constraint established between the two
parts to represent the stiffness of the threaded connection that
was tightened by hand only.

The incident pulse has a clear baseline without any distortion
that furthermore coincides with Eq. (3b). Also, the data agree
satisfactory with the prediction from the FE-model. Hence, a
good alignment between the striker and the incident bar can be
concluded. Since the transmission tube cannot be put in direct
contact with the incident bar, as is the case for a transmission
bar in a traditional SHPB design, the alignment between them is
challenging to verify. Therefore, it is assumed that the precision
of the PTFE bearings used to hold the bar axially in place inside
the tube is sufficient to pass on the good alignment established
between the striker and the incident bar.

3.4. Pulse shaping

In conventional SHBP experiments, the shape of the inci-
dent pulse is trapezoidal with high-frequency oscillations in the
plateau, as also evident from Fig. 9. However, when testing
brittle materials like glass, and especially in bending, this pulse
needs to be controlled carefully to obtain a constant strain rate
and to eliminate these high-frequency components that otherwise
may cause the flat sample to vibrate. Usually, this is done with
a thin, ductile metal disc, also called a ’pulse shaper’, placed
on the impact end. Such disc can vary in thickness, diameter,
and material properties to obtain the desired pulse shape. As
glass undergoes small elastic strains up to fracture (without fol-
lowing plastic deformation), a slow ramp pulse is aimed at that
corresponds to the material response [35]. Thereby the desired
constant strain rate can be achieved whilst securing that enough
time is available to build up a dynamic force equilibrium.

It is a commonly seen practise to use copper for the pulse
shaper [21, 24, 25, 36–38]. Since the material has been shown
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Figure 8: A set of incident bar signals and corresponding Fourier transformations employed to determine the elastic wave speed, C0, of the bar/tube material: (a) and
(b) are data from a representative experiment with a 500 mm striker bar launched at approx. 3.8 ms−1, whereas (c) and (d) are numerically (FEM) generated data for
similar conditions as in the experiments.

to perform well, it was also employed in this work to shape the
incident pulse. A commercial available Cu-DHP copper was
chosen, and the final pulse shaper geometry was determined
from the procedure described in Frew et al. [37] resulting in a
�3.6mm× 1.0mm disc. The as-received pulse shapers were
heated for approx. 2 h at 500 °C to obtain annealed conditions.

3.5. High-speed cameras

The modified SHPB setup, as described in Sec. 2, allows
an unobstructed view of the tensile surface of the glass sam-
ple. Hence, the use of high-speed cameras and DIC measure-
ments is obvious for the assessment of fracture processes and
displacements/strains. For that, two Phantom v2512 ultrahigh-
speed cameras equipped with 100 mm macro lenses were placed
70 cm apart from the glass sample with an angle of approx. 20°
to each other; see Fig. 6. The right camera (CAM R) was set
as ’master’ whereas the left (CAM L) was the ’slave’. An opti-
mal image resolution, capturing sufficient details, was found at
256×256pixels2, resulting in a maximum frame rate of 200,000
fps for each camera. In experiments where DIC measurements
has been deselected, the acquisition rate was doubled by delay-
ing CAM L with 2.5 µs (alternating image acquisition), which is
otherwise only possible by reducing the image resolution. Dur-
ing testing, sufficient lightening was secured with a single white
LED lamp (MultiLED LT, GS Vitec). Further details about the

application of the cameras related to DIC is provided along with
the results presented and discussed in Sec. 4.2.

4. Results and discussion

The results presented here are only intended as proof of con-
cept and are not considered complete for the investigation of the
glass strength. In total, data from two similar experiments are
provided. One is used to showcase the determination of a sam-
ple’s flexural strength and the fracture assessment, whereas the
other demonstrates the application of stereo-DIC measurements.

4.1. Determination of the flexural strength

The determination of a sample’s equibiaxial flexural strength
is based on the three pulses identified in the strains propagat-
ing in the bar and the tube generated from the impact of the
striker bar: the incident pulse, εi, the reflected pulse, εr, and
the transmitted pulse, εt . Fig. 10(a) shows the measured signals
from an experiment on a 3.1 mm-thick glass sample where the
500 mm-long striker bar was launched at vst ≈ 6.0ms−1. Here,
the incident pulse is shaped with a copper disc, as explained
in Sec. 3.4, ensuring a nearly constant loading rate up to frac-
ture. Essential in such an experiment is achieving a dynamic
stress/force equilibrium at the sample’s surfaces to characterise
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Figure 9: An unshaped incident pulse from an experiment with the 500 mm
striker bar launched at vst = 6.13ms−1 compared to Eq. (3b) and results from
an FE-model.

the material. Assuming that the measured surface strains propa-
gate uniformly over the entire cross-section of the bar and the
tube, the resulting forces at the loading side, FLR, and supporting
side, FSR, can be determined as follows:

FLR = EAIB (εi + εr) (6a)

FSR = EATT εt (6b)

where E is the Young’s modulus of the bar/tube material (see
Table 2), and AIB and ATT are the cross-sectional areas of the
incident bar and the transmission tube, respectively.

The resulting force histories are compared in Fig. 10(b). An
overall good agreement is seen between the two curves FLR
and FSR, indicating a dynamic force equilibrium, i.e. FLR � FSR.
However, some minor oscillations are present in the force history
for the loading side. As they do not appear on the supporting side,
they are likely to have been caused by stress wave reflections
in the load ring section, which did not influence the loading of
the sample but only the reflected pulse. This was confirmed by a
strain measurement performed directly on a glass sample, not
indicating any oscillations in the loading. Further, comparing the
signal amplitudes of the incident and reflected pulse in Fig. 10(a),
one sees that these are similar magnitudes indicating a weak
sample that resulted in a low force amplitude relative to the
incident pulse. As the loading of the sample is determined by
adding together the incident and reflected pulse (with opposite
signs), possible signal noise caused by the modifications in the
incident bar might have been amplified due to the weak sample
explaining the observed oscillations.

Returning to Fig. 10(b) and looking at the peak forces, the
ratio of the force difference between the sample’s surfaces to
the mean force within the sample is calculated to be 2 %, which
is below the threshold of 5 % required to determine dynamic
force equilibrium [39]. Also, it becomes evident that the signal
overlap in the rear part of the reflected pulse, as indicated in

(a), does not influence the force determination as it happens
after the sample has failed. However, if a longer ramp pulse
is required for a different test condition, such as investigating
another material or sample geometry, the overlap might disturb
the measurements. In that case, an extended incident bar is to be
used to increase the distance to the strain gauges from both ends
of the bar.

As soon as dynamic force equilibrium is established and a
failure load is recorded, the equibiaxial flexural strength of the
sample can be calculated using plate bending theory [40]:

σ f =
3F

2πh2

[
(1−ν)

D2
S −D2

L
2D2 +(1+ν) ln

DS

DL

]
(7)

where F is the recorded peak load, h is the sample thickness,
DS is the contact diameter of the support ring, DL is the contact
diameter of the load ring, D is the sample diameter, and ν is
Poisson’s ratio of the sample material. However, Eq. (7) assumes
that the failure originates within the load ring where maximum
stresses are present. If the failure occurs outside, the test must
be rejected, or strength is determined from an FE-model using
the exact failure origin location and the principal stress distri-
bution as shown in Fig. 3(b). Hence, in each experiment, the
fracture is assessed through high-speed images, as exemplified
in Fig. 11(a)-(f) where the time elapsed between each image
equals 2.5 µs. In this example, it is clearly seen from Fig. 11(b)
that failure originates within the load ring (the black dot/shadow
also referred to as caustics, see e.g. Refs. [41, 42]) and from
there develops into a radial fracture pattern, certainly indicating
a bending-induced failure.

In dynamic material characterisation, strength is usually asso-
ciated with a loading rate [5]. An estimate of it using the method
of least squares is drawn in Fig. 10(b) where the determined
slope, Ḟ , is based on FSR ranging between 0.4 ·max(FSR) and
max(FSR). The linear fit results in R2 = 0.98, indicating that a
constant loading rate could be assured in the major part of the
loading.

4.2. Deflection measurements with stereo digital image correla-
tion (stereo-DIC)

In addition to the fracture assessment, the unhindered view on
the sample’s tensile surface surrounded by the support ring was
used in a second experiment to further detail the glass’s bending
behaviour during the rapid loading by applying stereo-DIC. Prior
testing, the sample was spray painted with white (grounding)
and black (speckles) chalk painting to create an unique surface.
During testing, images of the sample were captured with two
synchronised high-speed cameras, as described in Sec. 3.5, each
equipped with a 100 mm macro lens. All the DIC hardware
parameters are summarised in Table 3. The correlation of the
images was performed with the software GOM Correlate Pro-
fessional 2019, and the related analysis parameters are listed in
Table 4.

In total, 63 images have been extracted for the analysis of
the sample’s out-of-plane displacement. The signals from the
strain gauges on the incident bar and the transmission tube were
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Figure 10: Recorded signals (unconditioned) on the incident bar and the transmission tube from an experiment on a 3.1 mm-thick glass sample where vst ≈ 6.0ms−1

(a) and the appertaining dynamic force equilibrium check with a loading rate estimate (b).

Table 3: DIC hardware parameters.

Camera Phantom v2512 (ultrahigh-
speed camera)

Image resolution 256×256pixels2

Lens Carl Zeiss 100mm f/2 Makro-
Planar T* 2/100

Aperture f/2.0
Field-of-view (FOV) 35×35mm2

Image scale 7.3 pixels/mm
Image acquisition rate 200,000 fps
Exposure time 0.6 µs
Stand-off distance ∼70 cm
Patterning technique White (grounding) and black

(speckles) chalk spray paint-
ing

Pattern feature size (approx.) 3-4 pixels

recorded synchronised with the image acquisition to relate mea-
sured deflections with the applied load more reliably. However,
these signals were recorded before and after the sample frac-
tured; hence a time shift is present between the acquired images
and the force histories. Therefore, an additional experiment
with a sample equipped with a centrally placed strain gauge was
conducted to determine when the glass gets loaded relative to the
signals measured on the bar and the tube. From that, a shift of
305 µs was found between the incident bar signal and the glass,
whereas it is 150 µs for the transmission tube signal. Since it
previously is shown that some minor oscillations were present
in the force history on the loading side, only the recorded force
history on the supporting side, FSR, is used in the following
analysis knowing that a dynamic force equilibrium was estab-
lished. The force history for the showcased DIC measurement
is plotted in Fig. 12. With the determined time shift of 150 µs,
corresponding to a shift of 30 images, the acquired images have
been be matched to the different load stages indicated by the red
markers in the figure. Out of the 63 images, around 30 images

Table 4: DIC analysis parameters.

DIC software GOM Correlate Professional 2019
Facet size 15×15pixels2

Point distance 10 pixels
Intersection deviation 0.3 pixels
Interpolation Bi-cubic
Calibration deviation 0.020 pixels
Scale deviation 0.0006 mm
Camera angle 20.094°

define the loading of the sample up to the peak load, inferring a
sufficient high temporal resolution in the DIC measurement.

Deflection measurements were performed on a surface con-
structed of 486 points at which data were extracted. The surface
is plotted in Fig. 13(a) together with the approximate load ring
location. A section going through the surface centre, drawn by
the red line, was also used for data extraction and analysis. An
example of a full-field out-of-plane displacement measurement,
dZ, is provided in Fig. 13(b), showing the deflection state at load
stage 52 (just before the peak load), i.e. F = 5.172kN according
to Fig. 12, relative to stage 1 where dZ was set to 0.0 mm. The
contour plot clearly shows that the sample was subjected to an
equibiaxial symmetrical bending with a peak deflection located
at the centre that is found to equal −0.300 mm.

To further quantify the sample’s undergone deflection, mea-
surements for additional load stages (36, 40, 44 and 48) have
been extracted along the chosen section that goes through 50
points on the surface. The measurements are shown in Fig. 14 to-
gether with load stage 52, and compared with an analytical plate
bending solution using h = 3.1mm, E = 70GPa, and ν = 0.23;
see derivation in Appendix A.

As expected, the deflection increases with load. Also, a good
agreement is seen between the measurements and the analytical
predictions that, in this regard, assume rate insensitive material
properties. The minor irregularities observed are likely due to
image noise, which is usually caused by the camera sensors,
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Figure 11: A series of high-speed recordings (from the same experiment as in
Fig. 10) capturing the fracture process of a glass sample loaded dynamically in
the ring-on-ring test configuration. On the images, the load ring is visible. The
times stated indicate the intervals between the individual images. (2× Phantom
v2512 high-speed cameras, image acquisition rate 200,000 fps with a 2.5 µs
frame delay on CAM L, exposure time 0.6 µs, resolution 256×256pixels2)

the interpolation algorithm employed in the digital image cor-
relation, and the structure of the speckle pattern [43]. However,
these are not disturbing the overall outcome of the stereo-DIC
measurement that has delivered satisfactory results. Since glass
is considered linear elastic and brittle and therefore incapable
of redistributing stresses, capturing information regarding crack
formations with DIC is very limited. Hence, the most reliable
data determining, e.g. the material stiffness, are acquired on the
loading path up to fracture.

5. Conclusions

A successful design of a modified split-Hopkinson pressure
bar was presented. The modifications enabled the application of
high-speed cameras for fracture assessment and stereo digital
image correlation (stereo-DIC) measurements in an equibiaxial
flexural test configuration. A significant part of a sample’s
tensile surface (around 54 %) were made visible by converting
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Figure 12: Recorded force history on the supporting side, FSR, and the load
stages at which images for the stereo-DIC were extracted.

the traditional transmission bar into a tube through which the
incident bar passes. The load ring was mounted to the incident
bar and the support ring with a conical through-going hole to
the transmission tube.

The novel design was verified by two identical experiments
where glass samples with the dimensions �45mm× 3.1mm
were tested at high loading rates (approx. 7.5 ·104 kNs−1). The
first experiment concluded that a dynamic force equilibrium
could be established using a properly designed copper disc as
a pulse shaper. Here, the ratio of the peak force difference
between the sample’s surfaces to the mean peak force within the
sample was found to equal 2 %. Furthermore, this experiment
successfully demonstrated the usage of two Phantom v2512
high-speed cameras for fracture assessment.

However, based on the data presented, two significant chal-
lenges with the modified SHPB setup were identified that are
important to consider in future designs. One was a present noise
in the incident bar signal explained by the modifications in the
bar, which due to the weak glass sample (low force amplitude)
got amplified when adding together the incident and reflected
pulse. The other was an overlapping signal in the rear part of
the reflected pulse, which did not disturb the measurements pre-
sented here, but can be prevented by extending the incident bar
for other test conditions.

The second experiment demonstrated with success the appli-
cation of stereo-DIC for non-contact out-of-plane displacement
measurements using GOM Correlate Professional 2019. With
an image acquisition rate of 200,000 fps detailed information
about the sample’s deflection could be measured every 5 µs up to
fracture. Also, the measured out-of-plane displacements for five
chosen load stages agreed satisfactory with an analytical plate
bending solution, in which rate insensitive material properties
were assumed.
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Appendix A. Analytical plate bending deflection in a ring-on-ring test

The analytical derivation of the symmetrical bending of a circular plate describing the ring-on-ring test is presented hereinafter. It
is based on the standard solution for a concentrically loaded, simply supported circular plate derived by Timoshenko and Woinowsky-
Krieger [40]. The plate boundary conditions we are looking for are sketched in Fig. A.1(a), where the supports are moved toward the
centre resulting in an overhanging plate edge. Here, the radius to the applied load, F , is denoted b1 and the radius to the support b2.
The plate itself has a radius of a.

r

b1
b2

a

F/2πr

(b)(a)

(b)

(c)

= + (c)

Figure A.1: Schematic representation of the symmetrical bending of a circular plate: (a) plate bending as in the ring-on-ring test, and (b) + (c) plate bending
configurations that combined results in (a) and for each of which there exists a standard solution.

Assuming a linear elastic material and small deflections, a solution can be found using the principles of superposition, where the
deflection of the ’standard’ plate in Fig. A.1(b) is added to the deflection of another ’standard’ plate as in (c). Thereby the reaction
forces at the plate edges are cancelled out, and only forces as in Fig. A.1(a) are governing. To nullify the deflection at the supports in
(a), the deflection at r = b2 resulting from the superposition of (b) and (c) must be subtracted. The final derived plate deflection,
δ (r), describing the ring-on-ring test is given by Eq. (A.1):

δ (r) =
3F
(
1−ν2

)
2πEh3
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(
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(A.1)

where h is the plate thickness, and E and ν are Young’s modulus and Poisson’s ratio of the plate material, respectively.
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Abstract A ring-on-ring test configuration for the equibiax-
ial flexural testing of flat samples was integrated into a novel
modified split-Hopkinson pressure bar (SHPB) setup. The
established modifications enabled high-speed cameras for
fracture assessment and non-contact optical deflection mea-
surements using stereo digital image correlation (stereo-DIC).
In the present paper, this setup was utilised to characterise
the flexural surface strength and stiffness (Young’s modu-
lus) of circular, as-received soda-lime-silica glass samples
at high strain rates. The effect of residual stresses was also
studied by including thermally tempered glass samples di-
vided into four residual stress groups. Despite the frequent
application of glass products in the built environment, often
post-processed into tempered or laminated glass, these in-
vestigations are still rare and thus highly demanded when
designing for extreme events such as extreme weather, bal-
listic impacts, or blast loads. A total of 315 samples were
tested at a quasi-static and a dynamic loading rate ranging
from 2.0 MPas−1 to 4.3 ·106 MPas−1. It was found that the
flexural strength of the glass across residual stress groups
was strongly dependent on the applied dynamic loading rate,
while the residual stresses themselves showed no significant
effect on the loading rate dependence. At the dynamic load-
ing, the strength increased between 60 and 86 %. Within the
two tested loading rates, strength increased expectedly with
compressive surface stress. From the stereo-DIC deflection
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measurements, no change in Young’s modulus with loading
rate was observed.

Keywords Float glass · Thermally tempered glass · Flexural
strength and stiffness · Dynamic material characterisation ·
Digital image correlation · Split-Hopkinson pressure bar

1 Introduction

Soda-lime-silica glass (SLSG) is a linear elastic, brittle ma-
terial that exhibits time-dependent strength characteristics.
Essentially, the strength is governed by surface defects that
grow with time when loaded in tension as a consequence
of sub-critical crack growth effects (Freiman et al. 2009).
Because of the characteristic differences in surface defects,
glass strength is not a pure material constant.

Frequently used in the built environment, glass is mainly
considered an architectural feature that provides occupants
with daylight and views while protecting against the weather.
Also, the material has, due to its transparent nature, gained
an increasing interest in the design of load-bearing structures
(see e.g. Snijder 2004; Stein et al. 2019). Mostly being in-
cluded in the outer envelope of a building, it has to resist
several externally imposed loads; at times also of a more
extreme character in the form of extreme weather, ballistic
impacts, or blast loads (accidental and man-made). All with
a considerably shorter load duration than the usual design
static load assumptions.

Not considering such load cases in the glass design might
have disastrous consequences. For instance, in the unfortu-
nate event of an explosion, such as the Oklahoma City Bomb-
ing in 1995 (USA) and the Beirut Port explosion in 2020
(Lebanon), it has been shown that numerous injuries and
often deaths can be attributed to flying or falling glass shards
(Norville et al. 1999; Rudick and Norville 2000; Kirk et al.
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Fig. 1 Symmetric parabolic distribution of residual stresses across the
thickness of thermally tempered glass (σc is the surface stress; σm is
the mid-plane stress; h is the glass thickness).

2020; Sukkarieh et al. 2021). Therefore, mitigating an explo-
sion’s effects is crucial. It can be partly met by improving
performance of the monolithic glass. For that, several tech-
niques exist to post-process float glass (standard flat glass,
also known as ’annealed’ glass), which commonly includes
thermal treatment (tempering) and/or lamination.

The tempering process, which includes heating and subse-
quently quenching, strengthens the float glass by introducing
a residual stress state with compressive stresses near the
surfaces, balanced by tensile stresses in the core. Far from
edges, the stress distribution can be assumed to follow a
symmetrical parabola, as shown in Fig. 1. The depth of the
compressive zone is both analytically and experimentally
found to be reasonably good approximated by 21 % of the
glass thickness (Nielsen et al. 2021). Failure of thermally
tempered glass may be initiated as soon as the compressive
surface stress that prevents flaws from opening (i.e. negating
the time-dependency) is exceeded, allowing them to grow
until the equilibrated residual stress state is disturbed suf-
ficiently. The tempering also causes the glass to fail more
safely by fragmenting in small dice due to higher amounts
of strain energy release (see e.g. Nielsen et al. 2009; Nielsen
and Bjarrum 2017; Pourmoghaddam et al. 2018). Further
improvements, in terms of energy absorption and level of
protection, can be achieved with lamination that bonds two
or more glass panes together by a ductile, transparent plastic
interlayer (usually polyvinyl butyral – PVB). In case of glass
fracture, the interlayer can deform further, absorbing energy
whilst glass fragments adhere to its surface.

The scientific literature has reported numerous studies
of laminated glass under blast loading (Hooper et al. 2012;
Larcher et al. 2012; Zhang et al. 2013, 2015; Kuntsche 2015;
Pelfrene et al. 2016; Del Linz et al. 2017; Angelides et al.
2019; Osnes et al. 2019; Angelides et al. 2022). However,
the focus was on the interlayer material and the composite
interactions in the post-fracture response, while the glass
characteristics were less considered at these high strain rates.

In predicting glass failure, strength is an essential parame-
ter to assess. A recent review paper by Meyland et al. (2021c)

demonstrates a decisive strain rate sensitivity in the tensile
strength of float glass and remarks a lack of data at the high
strain rates, e.g. relevant for blast loading. The few experi-
mental studies observing enhanced strength characteristics at
strain rates above 1 s−1 (≈ 7 ·104 MPas−1) were performed
by Peroni et al. (2011), König (2012), Zhang et al. (2012),
and Meyland et al. (2019). While Peroni et al. and Zhang
et al. performed diametral compression tests on cylindrical
specimens in a split-Hopkinson pressure bar (SHPB) setup,
König and Meyland et al. employed a high-speed universal
testing machine to study flat glass in pure tension and equib-
iaxial bending, respectively. Also, limited data is found to
report how the residual stress state in thermally tempered
glass affects the tensile strength when loaded at high strain
rates (König 2012; Kuntsche 2015; Förch 2019). Further-
more, little has been undertaken to investigate the stiffness
of soda-lime-silica glass at various loading rates. The avail-
able data indicate that no strain rate sensitivity is present
(Meyland et al. 2021c).

The flexural mechanical properties of soda-lime-silica
glass, that is, surface tensile strength and stiffness, at high
strain rates remains an open research topic and thus is the
focus of the present paper. Both annealed and also thermally
tempered glass were studied to include the effect of residual
stresses. In the experiments, as-received circular flat glass
samples were loaded in a small ring-on-ring test configura-
tion arranged in a modified SHPB setup for the high strain
rate tests. The modifications enabled the application of high-
speed cameras for fracture assessment and non-contact out-
of-plane displacement measurements using stereo digital im-
age correlation (stereo-DIC). For tests at moderate strain
rates (quasi-static loading), a universal testing machine was
used with the same ring-on-ring test configuration.

2 Experimental details

2.1 Glass samples

For this study, circular annealed float glass samples of soda-
lime-silica were produced with a nominal thickness of 3
mm±0.2mm and a diameter of 45mm±0.5mm. After the
cut-out of the samples, the manufacturer seamed the edges
to remove sharp burrs and secure safe handling of them. The
surfaces remained unmachined, and thus in the following, the
term as-received will be used. Furthermore, UV light was
utilised to identify and mark each sample’s air-side, secur-
ing that strength tests were performed for identical surface
conditions, the air-side.

The chemical elemental composition of the glass was
checked using a scanning electron microscope (SEM) to-
gether with energy-dispersive X-ray spectroscopy (EDS). As
expected, Table 1 shows that the measured composition (in
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Table 1 The chemical elemental composition (in oxide wt%) for the
soda-lime-silca glass measured using a scanning electron microscope
(SEM) together with an energy-dispersive X-ray spectroscopy (EDS)
compared to the values prescribed by the European Standard EN 572-1
(2012).

[Oxide %] SiO2 CaO Na2O MgO Al2O3 Others

SEM/EDS 74.0 8.5 12.8 4.0 0.5 0.2
EN 572-1 69-74 5-14 10-16 0-6 0-3 0-5

oxide wt%) is according to the European Standard EN 572-1
(2012).

Some of the received samples were thermally tempered
to include the effect of residual stresses in the high strain
rate investigations. In the tempering process, the samples’
tin-side was in contact with the rollers, leaving the air-side to
the air. The manufacturer used a fixture with point-contacts
on the glass surface that enabled the small samples to pass
through the tempering process. Following the linear relation-
ship between the mid-plane tensile stress and the cooling
rate in the quenching (engine power in %), as reported by
Pourmoghaddam and Schneider (2019), the tempered glass
samples were ordered in four different quench levels to ob-
tain a great variability in the study: 25 %, 50 %, 75 %, and
100 %. The achieved residual compressive surface stresses
are reported in more detail in Sec. 2.1.1.

The dimensions of all samples were recorded using a
digital vernier calliper. All diameters were in agreement with
the ordered specifications. The measured thicknesses var-
ied between 3.08 mm and 3.14 mm with a mean of 3.11 mm,
without any influence of the tempering process being appar-
ent. Further, the measured range show that the float glass
producer utilised the upper bound of the allowable tolerance
to the nominal thickness prescribed by the European Stan-
dard EN 572-2 (2012), which is opposite to what is reported
by Schneider (2001). In the evaluation of experimental re-
sults presented in Sec. 3, the actual thickness of each sample
is used.

2.1.1 Measurement of the compressive surface stress

The SCALP-05, a Scattered Light Polariscope from Glas-
Stress Ltd., Tallinn, Estonia, was used to measure the residual
compressive surface stress, σc, in the glass samples. In short,
the principle of the SCALP is to measure the retardation of
an inclined laser beam sent through the thickness of the glass.
Due to the material’s photoelastic effect, the retardation of
the laser beam varies with strains and thereby stresses in the
plane perpendicular to the direction of the beam. A cubic
function is often used to fit the retardation profile, and by
differentiation, stresses are obtained following a parabolic
function as sketched in Fig. 1. For more details, the reader
may refer to Aben and Guillemet (1993) and Anton (2015).

Direction 1
D = 45mm

SCALP-05 circumference

D
ir

ec
tio

n
2

Glass sample

Fig. 2 A sketch of the two directions, perpendicular to each other, used
to measure the residual compressive surface stresses in the centre of the
glass samples with the SCALP-05.

Using the SCALP, the derivative of the measured retarda-
tion of the laser beam, δ , includes two stress components, σx
and σy (Anton 2015):

1
C

dδ (η)

dη
= σx −σy cos2

α (1)

Here, C denotes the photoelastic constant, η is the coordinate
along the laser beam, and α is the beam inclination, which
in the used SCALP-05 is 72°. Performing a measurement far
away from edges, one may assume an equibiaxial stress field,
i.e. σx = σy = σ , for which Eq. (1) reduces to the following:

1
C

dδ (η)

dη
= σ sin2

α (2)

However, since it was presumed that the thermal tempering
of the small glass samples did not result in a stress field
that was perfectly equibiaxial, two orthogonal measurements
were required to obtain σx and σy from Eq. (1). These were
chosen to originate from the sample centre on the air-side,
as illustrated in Fig. 2. This provided the most accurate mea-
surement of the surface stress due to the crossing of the laser
beams at surface level. The rotation of the sample was chosen
arbitrarily due to the circular geometry.

Denoting the two measurements ση and σξ , a stress sepa-
ration is performed by equating Eq. (2) with Eq. (1) for each
of the two measurements considering orthogonality. Conse-
quently, two analogous equations are found, which can be
solved for σx and σy, resulting in:

σx =
ση +σξ cos2 α

1+ cos2 α
, σy =

σξ +ση cos2 α

1+ cos2 α
(3)

For the surface stress measurements, a photoelastic con-
stant C = 3.01TPa−1 was used as found by Nielsen et al.
(2010). To secure a good optical contact between the SCALP
and the glass sample, an immersion liquid with a refractive
index similar to glass was applied between the interfaces. A
measurement was repeated five times in both directions, and
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Fig. 3 Box-plot and the distribution of the samples’ measured residual
compressive surface stresses for the four quench levels after stress
separation with Eq. (3).

the mean was used for the stress separation with Eq. (3). The
results for σx and σy measured on each glass sample’s air-
side (720 samples in total) are shown as box-plots in Fig. 3,
together with the distribution of the data.

The measured residual compressive surface stresses vary
between 30 MPa and 60 MPa. These values are lower than
what is typically expected for fully tempered glass, which ac-
cording to ISO 20657 (2017), should be a minimum 80 MPa.
For heat-strengthened glass the values should be between
25 MPa and 52 MPa according to ISO 22509 (2020), which
is covered mostly by the measured range. Furthermore, a
large scatter is seen in the results for each quench level. The
reason is difficult to outline since details about the temper-
ing process other than the fixture to hold the samples were
unknown to the authors. Nevertheless, some increase in com-
pressive surface stress with quench level is evident, however,
not with a linear variation as expected. From the data pre-
sented in Fig. 3, increasing the quench level from 25 % to
50 % did not have had a significant enhancing impact on the
compressive surface stress. At 75 % a more significant jump
is seen, and quenching with 100 % did not enhance further.
The unusual tempering behaviour is presumably caused by
the small sample geometry that made uniform tempering
challenging. Furthermore, comparing σx and σy in the differ-
ent quench levels, only a slight variation in surface stresses
within a sample is present. Hence, the determination of prin-
cipal stresses using a third measurement in an angle of 45° to
the two other directions was not considered necessary since
shear stresses in the glass samples are negligible.

The investigation of the effect of residual stresses at high
strain rate loading demands less variation in the compres-
sive surface stress, and therefore another grouping than the

Table 2 Statistical evaluation of the minimum measured compressive
surface stresses, i.e. min(σx,σy), in the five residual stress groups. (N
is the number of samples measured; min is the minimum value; max
is the maximum value; x̄ is the sample mean; sx is the sample standard
deviation)

N min max x̄ sx
[–] [MPa] [MPa] [MPa] [MPa]

RS1 10 2.7 3.2 2.9 0.21
RS2 86 37.9 41.2 39.9 0.91
RS3 177 42.4 45.8 43.9 1.01
RS4 189 46.9 50.3 48.7 0.98
RS5 81 51.4 54.6 52.7 0.87

quench level was chosen. A minor variation was secured
by dividing the thermally tempered glasses into four resid-
ual stress (RS) groups, namely RS2 to RS5, using evenly
spaced intervals (linear variation between groups). The sam-
ples were selected across quench levels based on the mini-
mum measured compressive surface stresses, i.e. min(σx,σy).
The intervals were chosen to fall within σc ±1.7MPa where
σc = [39.5,44.0,48.6,53.1]MPa, which maximised the num-
ber of samples in each group. The residual stress group RS1
contained the annealed float glass samples. A statistical eval-
uation of the compressive surface stresses in each residual
stress group is provided in Table 2. Data for RS1 are based
on measurements on ten float glass samples; more samples
support the later investigations. Usually, when designing float
glass, it is considered not to have residual stresses. However,
the relatively slow cooling in the annealing part of the float
glass production leaves a small amount of residual stress, as
shown here.

2.1.2 Etching

The objective of the present study is to investigate the surface
tensile strength of glass. However, testing at the high loading
rate caused a more significant number of samples to fail
at the edge (a cause for rejection, as discussed in Sec. 3.1)
compared to those tested in the universal testing machine at a
moderate rate. This behaviour may be explained by the rate-
induced strength enhancement, which caused higher loads
at which the failure mechanisms began to compete between
surface and edge flaws. Therefore, a technique was sought to
enhance only the edge quality of some samples. This reduced
the total number of tests required to achieve the desired
minimum number of valid samples.

Since surface defects govern glass strength, an enhanc-
ing effect can be achieved by smoothening or completely
removing them. This can be done by etching (see e.g. Kolli
et al. 2009; Nielsen et al. 2019). In this study, an etching pro-
cedure was developed that only modified the edges without
changing the as-received condition of the sample surfaces.
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(a) (b) (c)

⌀42 mm⌀45 mm

Fig. 4 Image series of a glass sample demonstrating the sample prepara-
tion for the etching procedure: (a) the cleaned as-received glass sample,
(b) an adhesive foil with a diameter of 42 mm is applied to both sample
surfaces, and (c) the sample after an etching time of 30 min where a
clear rim from the etching is visible.

Prior to the etching, the samples were prepared by first clean-
ing the surfaces and then covering them centrally using an
adhesive foil with a diameter of 42 mm, only leaving approx-
imately 1.5 mm around the edge uncovered; see Fig. 4(a) and
(b). Subsequently, the prepared samples were immersed for
30 min in a 15-wt% NH4HF2 aqueous acid solution (ammo-
nium hydrogen fluoride). The etching produced a clear rim
of removed glass (approx. 60 µm depth) on both sides of the
samples surrounding the adhesive foil that were removed af-
terwards; see Fig. 4(c). From the microscope images in Fig. 5,
the enhancing effect becomes more visible. Before etching,
in (a), the sample edge contained small, sharp defects due
to the sanding. Those have been removed or significantly
blunted in (b), resulting in a strengthened edge. Thereby the
rate of edge failures was reduced from 57 % to 26 %.

2.2 Strength test

In a previous study (Meyland et al. 2019), the flexural strength
of soda-lime-silica glass was investigated using a high-speed
universal testing machine. However, some limitations arose at
the very high loading rates. The used load cell started ringing
at some point, making reliable measurements difficult.

The present study accommodated these challenges by
employing a modified SHPB setup, a well-established ex-
perimental practice for dynamic material characterisation
(Chen and Song 2011). The modifications included a ring-
on-ring test configuration for equibiaxial flexural loading of
circular flat glass samples. This load configuration was cho-
sen to minimise stressing of the sample’s edge where more
severe defects are located due to cutting, causing reduced
strengths. With maximum stresses in the sample centre, the
likelihood of edge failures was reduced, providing a more
reliable measure of the surface tensile strength. The inte-
gration of a ring-on-ring test configuration was inspired by
Nie et al. (2010) who investigated borosilicate glass at high
loading rates. Here, a flat sample was sandwiched between
an incident bar and a transmission bar (the original SHPB
design), hiding a significant part of the sample’s surfaces.

μm 
1900 38 76 114 152

μm 
1900 38 76 114 152

(a)

(b)

Surface

Edge

Surface

Edge

Fig. 5 The effect of etching the sample edge with NH4HF2 after 30 min
(the microscope images are not taken at the same location): (a) before
etching, and (b) after etching.

Incident bar
Transmission tube

Pulse shaper

vst

εi

εr

εt

Striker bar

Glass sampleLoad ring

Support ring

Fig. 6 A schematic representation (cut-view) of the modified split-
Hopkinson pressure bar setup employed in the present study and re-
ported in detail in Meyland et al. (2021a).

However, when testing materials at high loading rates, the
application of high-speed cameras is of interest, which in the
original SHPB design is limited. Therefore, the novel SHPB
setup was subjected to further modifications to ensure an un-
obstructed view of the sample’s tensile surface by replacing
the transmission bar with a tube through which the incident
bar passes; see illustration in Fig. 6. All design details and
the experimental techniques are reported in detail in Meyland
et al. (2021a). A short outline is given here.
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The introduced ring-on-ring test configuration is a pair of
concentric rings that were designed according to the interna-
tional Standard ASTM C1499-15 (2015). The load ring was
mounted to the incident bar, and the support ring with a con-
ical through-going hole to the transmission tube, exposing
approx. 54 % of a glass sample’s tensile surface. Both rings
were produced with a tip radius of 2.5 mm, and their respec-
tive contact diameters were 18 mm and 38 mm. The incident
bar was produced with a diameter of 30 mm and the trans-
mission tube with an external diameter of 55 mm having a
wall-thickness of 3.5 mm. All setup parts, that is, the bar, the
tube, and the rings, were made of a high-strength aluminium
alloy. The material properties were carefully calibrated and
can be taken from Meyland et al. (2021a).

In an experiment, a 500 mm-long striker bar, with the
same diameter as the incident bar, was accelerated to ap-
prox. 6.0 ms−1 before impacting the incident bar. A stress
wave was thereby initiated that travelled towards the sample,
loading it at high strain rates. Part of the wave reflected at
the load ring/sample interface, whereas the rest transmitted
through the sample into the tube. Consequently, three strain
pulses could be identified. These are indicated by the arrows
in Fig. 6 and shown as recorded strain signals in Fig. 7, mea-
sured with strain gauges attached to the bar/tube surfaces:

1. the incident pulse, εi
2. the reflected pulse, εr, and
3. the transmitted pulse, εt .

Here, a 1 mm-thick and 3.6 mm in diameter annealed cop-
per disc pulse shaper placed between the striker and incident
bar (see Fig. 6) was used to shape the incident pulse into
the desired ramp pulse. In that way, a constant stress rate of
approx. 4.3 ·106 MPas−1 was secured on average, providing
sufficient time to build up a required dynamic force equi-
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Fig. 7 Example of recorded strain signals on the incident bar and the
transmission tube from an experiment with the 500 mm-long striker bar
launched at vst ≈ 6.0ms−1.

librium between the load ring and support ring, as will be
discussed later.

The experiments at moderate strain rates, i.e. quasi-static
loading at a rate of 2.0 MPas−1, were performed using a
universal testing machine (Instron 8872, ±25kN). A fixture
was built to hold the same pair of concentric rings as in-
cluded in the modified SHPB setup. The desired loading
rate was achieved by setting the crosshead speed to approx.
0.18 mmmin−1. All samples were equipped with an adhesive
foil on the compressive surface to retain the fractured glass
in the quasi-static experiments for later assessment.

The temperature of the test environment was 23.4 °C
(±0.4°C), with a relative humidity of 43.4 % (±5.2%).

2.3 High-speed imaging and non-contact deflection
measurements

The design of the modified SHPB setup enabled the applica-
tion of two Phantom v2512 high-speed cameras, providing
additional details about the glass behaviour under high strain
rate loading. The cameras equipped with 100 mm macro
lenses were placed 70 cm apart from the ring-on-ring test
configuration with a mutual angle of approx. 20° (see Fig. 8).
With an image resolution of 256×256pixels2, sufficient de-
tails were captured at a frame rate of 200,000 fps.

LED lamp

2×High-speed cameras Screen Ring-on-ring test config.

~70 cm

Fig. 8 An image of the two Phantom v2512 high-speed cameras placed
in a stereo setup in front of the ring-on-ring test configuration in the
modified SHPB setup.

Since it was not an option in the high strain rate exper-
iments to use adhesive foil to retain the fragmented glass
samples, the fracture was assessed through high-speed im-
ages. The cameras were set to acquire images alternately by
delaying one camera by 2.5 µs, resulting in a doubled frame
rate without reducing the image resolution. From images,
the failure origin was identified, necessary to determine a
sample’s fracture strength as further discussed in Sec. 3.1.
The observed locations of failure origin could be categorised
as follows for both the quasi-static and dynamic loading:



High strain rate characterisation of soda-lime-silica glass and the effect of residual stresses 7

(a) (b)

(c)

Fig. 9 Examples of the three observed locations of failure origin cap-
tured by the use of high-speed cameras at 200,000 fps (on the images
the load ring is visible): (a) within the load ring, (b) outside the load
ring on the surface, and (c) edge.

(a) within the load ring,
(b) outside the load ring on the surface, and
(c) edge.

Examples for each location are shown in Fig. 9(a)-(c). In (a),
the failure originates within the load ring, seen as a black
dot/shadow, and from there develops into a radial fracture
pattern indicating a pure bending induced failure. Similar
appears in (b), however, with an origin outside the load ring
but still on the surface. A non-radial fracture pattern is evident
in (c), where the failure originates from the sample’s edge
outside the support ring (not visible on the image).

Also, some samples were subjected to deflection mea-
surements using stereo digital image correlation (stereo-DIC)
with the software GOM Correlate Pro 2019. It is a non-
contact measuring technique that required a unique surface
on the glass, which due to its transparency, did not come natu-
rally. Therefore, chalk spray paint was used to create a white
ground with black speckles on a sample’s tensile surface,
having a pattern feature size of approx. 3 to 4 pixels. After a
thorough calibration of the two now synchronised cameras,
image pairs of the speckled sample surface were captured
during the dynamic testing using an exposure time of 0.6 µs.
Further, the image acquisition was synchronised with the
strain measurements in the modified SHPB setup. The sub-
sequent analysis of the various image series was performed
with parameters as listed in Table 3.

In the experiments, the strain gauges on the incident bar
and the transmission tube were placed with a distance to the
glass sample, which caused a time shift between the captured

Table 3 Stereo-DIC analysis parameters.

DIC software GOM Correlate Pro 2019
Facet size 15×15pixels2

Point distance 10 pixels
Intersection deviation 0.3 pixels
Interpolation Bi-cubic
Calibration deviation 0.018 pixels
Scale deviation 0.0006 mm
Camera angle 20.2°
Measuring volume 35×35×20mm3

sample deflection and the associated recorded force histories.
In Meyland et al. (2021a), the time shift was experimentally
found to equal 305 µs between the incident bar and the glass
sample, whereas it was 150 µs for the transmission tube.

3 Results and discussions

The high strain rate characterisation of soda-lime-silica glass
comprises an investigation of the material’s flexural strength
and stiffness (Young’s modulus), including the effect of resid-
ual stresses. The achieved results are detailed and discussed
in the following.

3.1 Equibiaxial flexural strength

Equibiaxial flexural strength tests were conducted on glass
samples in the five residual stress groups at two stress rates,
that is, a quasi-static at 2.0 MPas−1, and a dynamic at 4.3 ·106

MPas−1. At quasi-static loading, the applied load was di-
rectly recorded with a load cell in the universal testing ma-
chine, whereas the dynamically applied load in the modified
SHPB setup was determined from strains measured on the
incident bar and the transmission tube surfaces. With the
three pulses identified in the strain measurements, see Fig. 7,
and assuming that the strains propagated uniformly over the
entire cross-section of the bar and the tube, the resulting force
histories on the load ring side, FLR, and support ring side,
FSR, can be determined as follows:

FLR = EAIB (εi + εr) (4a)

and

FSR = EATT εt (4b)

where E is Young’s modulus of the bar/tube material, which
in Meyland et al. (2021a) was found to 73.1 GPa, and AIB
and ATT are the cross-sectional areas of the incident bar and
the transmission tube, respectively.

Examples of force histories acquired at a quasi-static
and a dynamic loading rate from tests on float glass samples
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Fig. 10 Examples of force histories achieved in the strength characteri-
sation of annealed float glass samples (RS1). A quasi-static loading path
is shown on the left, and on the right, a dynamic. In both, the loading
rate estimation is exemplified.

(RS1) are given in Fig. 10. Linear loading up to fracture is
evident in both, implying a constant loading rate estimated by
linear regression with the least squares method. Further, the
high strain rate experiments determined two force histories
held against each other to check the required dynamic force
equilibrium, which successfully is shown here. However,
on the loading side minor oscillations are seen in the force
history, FLR, which presumably were caused by stress wave
reflections in the ring-on-ring test configuration but did not
influence the loading of the glass sample (further discussed
in Meyland et al. 2021a). Since equilibrium was established
in all tests, the force history on the support ring side, the
most undisturbed signal, was used to determine the fracture
strength of the samples.

Failure of brittle materials is often predicted by the Rank-
ine criterion, defining that failure occurs when the maximum
principal stress (principal tensile stress), σ1, at any point
reaches a value equal to or larger than the materials apparent
tensile strength, σ f (see e.g. Samuel and Weir 1999):

σ1 ≥ σ f (5)

For the glass sample, the maximum principal stresses within
the load ring of the ring-on-ring test configuration, which are
constant, can be determined analytically from plate bending
theory (Timoshenko and Woinowsky-Krieger 1959):

σ1 =
3F

2πh2

[
(1−ν)

D2
S −D2

L
2D2 +(1+ν) ln

DS

DL

]
(6)

Here, F is the applied load, h is the glass sample thickness,
D is the sample diameter, DL is the load ring diameter, DS
is the support ring diameter, and ν is the Poisson’s ratio of
glass (0.23 according to CEN/TS 19100-1 (2021), assuming
a rate-insensitivity). With the maximum applied load, i.e.

the failure load, Eq. (6) determines according to Eq. (5) the
failure stress, σ f , of a sample, and using a loading rate for
F gives a stress rate, σ̇ . Maximum principal strains within
the load ring can further be determined using the following
relationship valid due to a rotationally symmetrical stress
distribution:

ε1 =
σ1

Eg
(1−ν) (7)

where Eg is the glass’ Young’s modulus, equalling 70 GPa
according to CEN/TS 19100-1 (2021) and assumed to be rate-
insensitive as reported in Sec. 3.2. Eq. (7) also determines a
strain rate, ε̇ , in principal direction by inserting a stress rate
for σ1.

The application of Eqs. (6) and (7) requires that failure
of a sample originates within the load ring, and usually, those
that fail outside are considered not valid. In the present study,
all edge failures were excluded since the aim was to investi-
gate the glass’ surface tensile strength. Samples that failed
between the load ring and the edge were still included as
they could measure the surface tensile strength using the ex-
act location of the failure origin, which was estimated from
the fractured samples. Based on the location, failure stress
and also strain rate was reduced according to the rotation-
ally symmetric stress/strain distributions given in Fig. 11.
These were determined from an axisymmetric FE-model in
ABAQUS/Standard 2021 using 3-node quadratic shell ele-
ments (SAX2), and normalised with Eqs. (6) and (7), respec-
tively. The difference seen after the load ring between the
distributions of the maximum principal stresses and strains is
due to the material’s Poisson’s ratio.

The flexural strength of the soda-lime-silica glass was
determined for the samples’ air-side. In each residual stress
group, 30 samples were tested at each loading rate, and a
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Fig. 11 Rotationally symmetric distribution of maximum principal
stresses and strains (numerically determined and normalised with Eqs.
(6) and (7)) in a glass sample loaded in the ring-on-ring test configura-
tion.
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Fig. 12 The individual measured failure stresses of the tested samples in the five residual stress groups, categorised in the three identified locations
of failure origin: (a) quasi-static loading and (b) dynamic loading.

minimum of 15 valid samples (surface failure either within
or outside the load ring) was the set goal in this study. These
numbers are comparable and slightly higher than what other
similar studies have reported (e.g. Nie et al. 2010; Peroni
et al. 2011; König 2012). However, at dynamic loading this
goal was not met for RS4, which is why the number of
samples was increased with five. Furthermore, additional two
samples from the stereo-DIC measurements were added to
each residual stress group, and some samples’ edges were
enhanced using an acid solution to increase the success rate
at dynamic loading, as described in Sec. 2.1.2. The individual
measured failure stresses, categorised in the three identified
locations of failure origin, are summarised in Fig. 12(a) and
(b) for both loading rates. The samples with enhanced edges
are marked with a cross.

Expectedly, remarkable lower strengths are seen for the
samples that failed at the edge compared to those that failed
on the surface. Some samples also failed at the edge when
loaded at high strain rates despite having enhanced edges.
However, the chance of edge failure was reduced, increas-
ing the number of valid samples. Furthermore, the individ-

ual strength measurements reveal that samples with a fail-
ure origin outside the load ring are a sound supplement to
those that failed within because obtained failure stresses have
comparable magnitudes within the different residual stress
groups. Also, enhancing the edge strength of some samples
in the dynamic tests did not alter the measured surface ten-
sile strengths. The obtained strength data are spread across
the existing scatter with no significant jump. Since the edge
strength was enhanced, more samples failed on the surface,
some at higher stresses. Those could not have been measured
without an enhancement, as the applied load probably would
have caused an edge failure instead.

A complete summary of the equibiaxial flexural strength
characterisation of soda-lime-silica glass, based on samples
categorised as valid, is provided in Table 4. The stress and
strain rates only show a minor variation between residual
stress groups. Hence nearly identical loading conditions can
be concluded, making a direct comparison within the two
loading rates possible. Furthermore, flexural strength is ob-
served to be affected by compressive surface stress and load-
ing rate, however, with a significant scattering, as also seen
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Table 4 Summary of the equibiaxial flexural surface strength characterisation of soda-lime-silica glass tested at two loading rates, a quasi-static and
a dynamic. Data for the five residual stress groups RS1 to RS5 include the number of samples (N, valid/total tested) and the means of the stress rate
(σ̇ ), strain rate (ε̇), and failure stress (σ f ). In parentheses, the standard deviation to each value is given.

Quasi-static loading Dynamic loading

N σ̇ ε̇ σ f N σ̇ ε̇ σ f
[–] [MPas−1] [s−1] [MPa] [–] [MPas−1] [s−1] [MPa]

RS1 16/30 2.0 (±0.2) 2.2 ·10−5
(
±0.1 ·10−5

)
173 (±30.7) 16/32 4.1 ·106

(
±0.8 ·106

)
45 (±8.7) 324 (±109)

RS2 19/30 1.9 (±0.3) 2.2 ·10−5
(
±0.3 ·10−5

)
210 (±67.7) 17/32 4.1 ·106

(
±0.6 ·106

)
47 (±5.3) 364 (± 91)

RS3 22/30 2.0 (±0.3) 2.2 ·10−5
(
±0.2 ·10−5

)
240 (±81.2) 19/32 4.4 ·106

(
±0.8 ·106

)
49 (±7.9) 387 (±113)

RS4 24/30 2.1 (±0.2) 2.3 ·10−5
(
±0.2 ·10−5

)
232 (±57.0) 16/37 4.2 ·106

(
±0.9 ·106

)
47 (±9.5) 381 (±133)

RS5 15/30 2.0 (±0.2) 2.3 ·10−5
(
±0.2 ·10−5

)
240 (±49.0) 16/32 4.5 ·106

(
±0.4 ·106

)
51 (±3.8) 433 (±115)

from Fig. 12. At quasi-static loading, the standard deviation
ranges from 18 to 34 % of the mean values, and from 25 to
35 % at dynamic loading. These ranges are similar to what
is reported by Swab et al. (2014) and Meyland et al. (2019)
for as-received soda-lime-silica glass, thus considered rea-
sonable. Since the scattering of the strength results reflects
the variation of flaw sizes present on the tested glass sur-
faces, a reduction could have been achieved by applying a
well-controlled, uniform surface condition. Either by intro-
ducing flaws of known size, or removing the present process-
ing/handling flaws by etching (Nie et al. 2010; Meyland et al.
2019). However, the surface condition was kept as-received
in this study not to modify the actual glass strength.

As evident from the above, this study considered two
parameters that significantly affected the flexural strength
of the tested glass, namely residual stress and loading rate.
Beginning with the residual stresses, a simplified linear rela-
tionship between the apparent equibiaxial flexural strength,
σ f , and the compressive surface stress, σc, can be expressed
as (Rodichev et al. 2007):

σ f = σi + kσc (8)

where σi is the glass’ intrinsic material strength, and k is
an empirical constant (k ∼= 1) determining how strength in-
creases with residual stresses, which also can be written as
∆σ f /∆σc. In Fig. 13, the mean failure stress of each residual
stress group is plotted against the mean compressive surface
stress. The error bars are the standard deviations, and the
blue shadowed boxes the 95 % confidence intervals. Despite
observing somewhat large standard deviations, as already dis-
cussed, and having investigated a small range of compressive
surface stresses, a strength increase is evident at both tested
loading rates. A line of best fit through the means of the data
indicates that the slope, i.e. ∆σ f /∆σc, for the glass tested
quasi-statically is 1.4, and 1.7 for the glass tested dynami-
cally. For comparison, the expected slope of 1, fitted to the
data points, is also drawn in Fig. 13(a) and (b). Both the fitted
and expected line go through the shown 95 % confidence
intervals. The deviation to the expected strength increase

might be because only tempered glass samples with resid-
ual stresses spanning over a narrow range between 40 and
53 MPa were tested, and within each residual stress group a
large scattering was present, by which fluctuations between
the residual stress groups had a more significant impact on the
overall strength increase. For example, strength data reported
in Schiavonato et al. (2005) also show an increased slope
(as high as k = 1.21), but with a less pronounced deviation
to 1 because the glass was tested with compressive surface
stresses from 40 MPa up to 140 MPa. With glass sample di-
mensions employed in this study, it was challenging going
this high in compressive surface stress using the conventional
tempering process (see Sec. 2.1.1). Nevertheless, the studied
compressive surface stresses could still be shown to affect the
glass strength expectedly, both at quasi-static and dynamic
loading.

Next, looking at the loading rate dependency of the flex-
ural strength, the following relationship derived from the
theory of sub-critical crack growth exists (see e.g. Meyland
et al. 2021c):

σ f = β σ̇
1/(n+1) (9)

where β and n are sub-critical crack growth parameters that
depend on the flaw characteristics and test environment, and
in a log-log plot the exponent 1/(n+1) is the slope of the
data. Usually, a constant value of n = 16 is a reasonable
and conservative assumption for structural design (see e.g.
Haldimann et al. 2008). The variable β varies much more;
hence, no fixed value can be given.

The double-logarithmic linear relationship provided by
Eq. (9) is used to compare results given in Table 4 for the
five residual stress groups. Obtained failure stresses are nor-
malised with respect to a stress, σ0, interpolated at ε̇0 =
2.86 ·10−5 s−1 (= σ̇0/Eg for σ̇0 = 2.0MPas−1), similar to
Meyland et al. (2021c). The normalised data are presented
in Fig. 14 and compared with the most recent investigations
on soda-lime-silica glass at high strain rates (mentioned in
Sec. 1) together with ’other data’ from Meyland et al. (2021b).
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Fig. 13 The measured failure stress, σ f , of the soda-lime-silica glass as a function of the compressive surface stress, σc, for the five residual stress
groups RS1 to RS5: (a) quasi-static loading and (b) dynamic loading.
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Fig. 14 The relative failure stress, σ f /σ0, of the soda-lime-silica glass
as a function of strain rate, ε̇ . Additionally, data from the most recent
investigations and ’other data’ from Meyland et al. (2021b) for similar
test environments, that is, air with a relative humidity between 25 and
67 %, are included. The quantile regressions include all data shown.

A significant loading rate dependency can be ascertained
for all five residual stress groups. With respect to σ f /σ0 = 1,
strength increases from 60 to 86 % are determined at an aver-
age strain rate of 48 s−1. However, the residual stresses do not
show any significant effect on the loading rate dependence of
the glass strength, since samples in RS1 have the highest and
samples in RS3 the lowest strength increase, with the other

groups (RS2, RS4 and RS5) in between. No dependency
was expected either as the compressive surface stresses are
superimposed to the glass’ intrinsic material strength. After
tensile stresses due to bending loading nullify the compres-
sive surface stresses, glass failure is essentially governed
by the nature of surface flaws, which must be assumed to
have been comparable on all samples tested. Thus, similar
behaviour in strength increase with loading rate between the
tested residual stress groups is shown here. The observed
strength increase at these high strain rates can be explained
by decreased or even cancelled sub-critical crack growth ef-
fects. It is a unique effect for glass where its atomic structure
(silica bonds) at a crack tip reacts with moisture from the en-
vironment. Combined with constant or slow tensile loading,
it causes cracks to grow steadily, leading to a degradation
of the fracture strength with time (Freiman et al. 2009). At
rapid loading, however, time for the reaction at a crack tip is
shortened or even not existing for water molecules to reach a
crack tip, thus delaying or inhibiting the occurrence of crack
growth, leading to the observed strength increase.

Comparing the measurements with data from recent stud-
ies (Peroni et al. 2011; König 2012; Zhang et al. 2012; Mey-
land et al. 2019), a good agreement is seen at the tested high
strain rate. All strength data are clustered within a narrow
range of strain rates with data from Zhang et al. showing
the lowest strength increase that furthermore coincides with
the plotted 5 %-quantile regression. Including the ’other data’
from Meyland et al. (2021b) in the comparison, data from the
present study seem to deviate from the general trend, indicat-
ing a beginning levelling in the observed strength increases.
Such behaviour aligns with the assertion that the effect of
sub-critical crack growth is inhibited at very rapid loading,
which at some point will result in a rate-independent strength,
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i.e. the inert strength of glass. However, the ensuing sudden
increase reported by Zhang et al. is debatable, as the plotted
data are individual measurements and not mean values as for
the other studies.

A further indication of a beginning levelling in the de-
termined strength increases can be found from the slopes of
the data, represented by n that results from Eq. (9). Usually,
soda-lime-silica glass is conservatively assumed to be well
represented by n = 16. As an extra reference, the slope of the
50 %-quantile regression line in Fig. 14 results in n = 21.2,
and data for the five residual stress groups determine n-values
between 22 and 30 as they are located below the quantile re-
gression. When n is high, the chemical reactivity at the crack
tip is reduced. Since the obtained values for n are significantly
higher than 16, it indicates that the strengths measured at the
high strain rate result in lower slopes than the linear trend of
the other data shown in Fig. 14. This suggests that a limit is
approaching at which sub-critical crack growth effects are
inhibited.

3.2 Young’s modulus

Results reported in Meyland et al. (2021a) show that the glass
sample deflection in the employed ring-on-ring test configu-
ration is well-described by an analytical plate bending solu-
tion, derived from a standard solution given in Timoshenko
and Woinowsky-Krieger (1959). Hence, the performed non-
contact deflection measurements with stereo-DIC provide
the determination of Young’s modulus, Eg, using a load-
displacement curve and the following analytical expression:

Eg =
F
u

3
(
1−ν2

)
8πh3

(
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[

ln
D2

L
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for 0 ≤ r ≤ DL

2
(10)

where u is the deflection at a distance r (within the load
ring) from the common central axis of the ring-on-ring test
configuration, resulting from the applied load, F .

The stiffness investigation was conducted on two samples
in each residual stress group, resulting in ten measurements.
From the digital image correlation in the software, GOM
Correlate Pro 2019, a meshed surface, as exemplified in
Fig. 15(a) together with the approximate location of the load
ring, was constructed of about 480 points at which the glass
sample deflection could be evaluated. A contour plot of a
full-field deflection measurement is shown in Fig. 15(b) for
a load stage corresponding to 5.9 kN, from which clearly
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Fig. 15 Results from a stereo-DIC measurement. In (a), a surface com-
ponent created by the stereo digital image correlation technique and
the ten points at which deflection measurements were extracted, and
in (b), for the same surface, a contour plot of a full-field deflection
measurement, ∆Z, for a load stage corresponding to 5.9 kN.

can be seen that the sample was subjected to an equibiaxial
bending at the high strain rate loading. As minor noise was
present in the measurements (more in Meyland et al. 2021a),
deflection histories were extracted at ten arbitrary chosen
points, also highlighted in Fig. 15(a), on each of the ten
surfaces in the proximity of the sample centre. After dynamic
force equilibrium was checked, the force histories recorded
on the support ring side (see example of FSR in Fig. 10) were
matched to the measured deflections by applying the time
shift of 150 µs, corresponding to a shift of 30 images.

A resulting load-deflection curve is plotted in Fig. 16. As
expected, the glass shows a linear material response up to the
peak load. Thus, a linear regression was performed using the
least squares method, providing a measure of Young’s modu-
lus as it is proportional to the regression slope, ∆F/∆u. With
the slope and the exact distance r, at which the deflection was
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Fig. 16 A load-deflection curve determined by the stereo-DIC measure-
ments exemplified by point 5 from the surface in Fig. 15(a).
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Fig. 17 Young’s modulus, Eg, of the glass in the five residual stress
groups (RS1 to RS5) determined from the high strain rate experiments
using stereo-DIC deflection measurements. For comparison, the value
given in CEN/TS 19100-1 (2021) is also shown.

extracted on the DIC-generated surface, an estimate for the
glass’ Young’s modulus was determined using Eq. (10). The
mean of the ten extracted points per tested sample in each
residual stress group is plotted in Fig. 17 with error bars as
the standard deviation.

The estimated Young’s modulus of the soda-lime-silica
glass at high strain rates show minor variations across the
residual stress groups, with no indication of being affected by
the residual stresses themselves. Both the standard deviation
within and the variation between the samples are most likely a
result of the noise in the stereo-DIC measurements. However,
taking the overall mean, determined as 70.7 GPa (±2.7GPa),
it is in good agreement with the 70 GPa defined in the Eu-
ropean Standard CEN/TS 19100-1 (2021), also plotted in
Fig. 17. Thus, Young’s modulus seems not to be loading rate
dependent, which also agrees with the findings in Meyland
et al. (2021c).

4 Conclusions

A ring-on-ring test configuration for equibiaxial flexural load-
ing of small circular flat soda-lime-silica glass samples was
successfully integrated into a modified split-Hopkinson pres-
sure bar setup. The modifications in the setup enabled an
unobstructed view of a sample’s tensile surface, making the
application of high-speed cameras possible for fracture as-
sessment and non-contact optical deflection measurements
using the technique of stereo digital image correlation (stereo-
DIC). Together with a universal testing machine, the glass
characteristics, such as strength and stiffness, were inves-
tigated on samples with as-received surfaces at two load-
ing rates: a quasi-static at 2.0 MPas−1, and a dynamic at
4.3 ·106 MPas−1. The effect of residual stresses in thermally
tempered glass was also considered in the investigations.

The flexural surface strength investigation showed two
dependencies. As expected, the strength increased with com-
pressive surface stress within the two tested loading rates.
The glass tested at quasi-static loading showed to increase
with a slope of 1.4, whereas the dynamic loading caused
a slightly different slope of 1.7. Also, it was shown that
the residual compressive surface stress itself did not signif-
icantly influence the loading rate dependence of the glass
strength. Each tested residual stress group revealed a signif-
icant strength increase with loading rate at similar trends.
Thus, strength enhancements between 60 and 86 % were
found, which furthermore agree with other comparable data
found in the literature.

Lastly, the performed stereo-DIC deflection measure-
ments determined the stiffness of the glass (Young’s modulus)
using analytical plate bending theory. The dynamic experi-
ments across the five residual stress groups could not show
any loading rate dependency. Hence, it is concluded that
the 70 GPa specified in the European glass code CEN/TS
19100-1 (2021) also applies to high strain rate loading.
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