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We present a formalism for dissipation-optimized decomposition of the strain rate tensor (SRT) of turbulent flow data
using Proper Orthogonal Decomposition (POD). The formalism includes a novel inverse spectral SRT operator allow-
ing the mapping of the resulting SRT modes to corresponding velocity fields, which enables a complete dissipation-
optimized reconstruction of the velocity field. Flow data snapshots are obtained from a direct numerical simulation of
a turbulent channel flow with friction Reynolds number Reτ = 390. The lowest dissipation-optimized POD (d-POD)
modes are compared to the lowest conventional turbulent kinetic energy (TKE) optimized POD (e-POD) modes. The
lowest d-POD modes show a richer small-scale structure, along with traces of the large-scale structure characteristic
of e-POD modes, indicating that the former capture structures across a wider range of spatial scales. Profiles of both
TKE and dissipation are reconstructed using both decompositions, and reconstruction convergences are compared in all
cases. Both TKE and dissipation are reconstructed more efficiently in the dissipation-rich near-wall region using d-POD
modes, and in the TKE-rich bulk using e-POD modes. Lower modes of either decomposition tend to contribute more
to either reconstructed quantity. Separating each term into eigenvalues and factors relating to the inherent structures in
each mode reveals that higher e-POD modes tend to encode more dissipative structures, whereas the structures encoded
by d-POD modes have roughly constant inherent TKE content, supporting the hypothesis that structures encoded by
d-POD modes tend to span a wide range of spatial scales.

I. INTRODUCTION

Viscous dissipation is a parameter crucial for understanding
and modeling dynamics of turbulent flows (Pope, 2000). Ex-
isting approaches to flow decompositions used e.g. for gaining
insight into flow dynamics and for formulating reduced or-
der models (ROMs) typically educe structures based on their
turbulent kinetic energy (TKE) content, neglecting dissipa-
tive structures. Various techniques have been developed to
compensate for unresolved dissipative structures in ROMs;
however, explicitly optimizing the flow decomposition with
respect to dissipation would enable closer studies of dissipa-
tive structures, while also providing an avenue for construct-
ing more robust ROMs.

The application of proper orthogonal decomposition (POD)
to turbulent flows was pioneered by Lumley (1967) with the
aim of objectively identifying and characterizing dominant
large scale flow structures. Applying this classical POD to
a velocity fluctuation field ensemble produces an orthogonal
basis spanning the ensemble such that reconstructing the fluc-
tuation field using a given number of modes reproduces the
optimal amount of mean TKE compared to any other decom-
position. In this sense, a POD-based modal expansion is op-
timally robust against truncation (see Berkooz, Holmes, and
Lumley, 1993; Holmes et al., 2012). This explicit optimiza-
tion with respect to TKE is what leads to large-scale structures
being prioritized in the decomposition.

Gatski and Glauser (1992) applied the classical POD to
channel flow data obtained from a Direct Numerical Simu-
lation (DNS) and reconstructed the TKE, the shear stresses,

and the dissipation, demonstrating that while the former two
could be reconstructed accurately using relatively few modes,
the reconstruction of the dissipation required a larger num-
ber of modes. This was taken as a confirmation of the work
of Ukeiley et al. (1992), which suggested that the ordering of
POD modes by decreasing mean TKE contribution was equiv-
alent to ordering by decreasing characteristic length scales in
the flow structures described by the modes. Dissipation, be-
ing related to small scale motions, would therefore be poorly
reconstructed using an expansion favoring large scales. The
parallel between POD modes and length scales was extended
by Couplet, Sagaut, and Basdevant (2003), who showed that
for a flow past a backward-facing step, the concept of the en-
ergy cascade from larger to smaller length scales described by
Richardson (1922) also applied to POD modes in this flow;
their analysis of triadic terms in the Galerkin-projected energy
transport equation showed a local net flow of TKE from lower
towards higher POD modes. The implication, in agreement
with the findings of Gatski and Glauser (1992), is that higher
POD modes are needed to describe the small-scale velocity
fluctuations.

Ali, Kadum, and Cal (2016) applied multifractal analysis
to wind turbine wake dissipation signals reconstructed using
either the lowest several POD modes, associated with larger
length scales, or the remaining modes, associated with smaller
length scales. It was demonstrated that the multifractal struc-
ture of the full dissipation signal was reproduced more accu-
rately using higher modes than using lower modes, supporting
the notion that dissipation information is encoded in higher
modes. On the other hand, it was shown by Lee and Dowell
(2020) that for an anisotopic 2D flow, reordering POD modes
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by their mean velocity gradient norm contribution rather than
their mean TKE contribution resulted in only a small degree
of rearrangement. This was interpreted as evidence against
modal scale ordering and modal cascade, and it was suggested
instead that each POD mode captures a wide range of dynam-
ical scales; however, this result must be viewed in the light of
the different dynamics in play for 2D turbulence compared to
the 3D case.

The association of small-scale structures with higher and
less energetic POD modes suggests that modal optimality with
respect to TKE causes small-scale fluctuations to be under-
represented: a representation that prioritizes TKE-rich larger
scales will be inefficient at reconstructing the smaller scales
characterizing dissipation. This trade-off means that POD-
based ROMs lack accurate representation of small-scale fluc-
tuations important in determining dissipation, which is a cen-
tral parameter in turbulence theory and modeling. This under-
representation of small scales has often been associated with
model instability (see Bergmann, Bruneau, and Iollo, 2009),
although this claim has been challenged by Grimberg, Farhat,
and Youkilis (2020) who demonstrated that instabilities are
inherent to the Galerkin formalism rather than a consequence
of the scales represented in the basis. This notwithstanding,
model accuracy relies on the choice of basis: since turbulent
dynamics are characterized by interactions between a wide
range of scales, even low energetic structures generally play
an important role in determining the dynamics of the flow.

To achieve accurate POD-based ROMs one may there-
fore include corrections to account for the neglected modes.
Bergmann, Bruneau, and Iollo (2009) presented an overview
of approaches to address this issue, of which only a few will
briefly be recounted here. In the earliest work on POD-based
ROMs, Aubry et al. (1988) used a generalized Heisenberg
model in which the effective viscosity was adjusted to cor-
rect for unresolved modes. Iollo et al. (2000) described two
avenues to stabilize ROMs, namely compensation for unre-
solved modes by the addition of an explicit dissipation term,
and inclusion of the velocity gradient in the norm with re-
spect to which optimization was performed, though the lat-
ter approach was not realized in that work. Furthermore, Lee
and Dowell (2020) formulated a 2D ROM in terms of two
POD bases, supplementing the TKE-optimized velocity fluc-
tuation field representation with an enstrophy-optimized gra-
dient field representation. Andersen and Murcia Leon (2022)
showed how stability can be achieved by ensuring that the
non-linear interactions across modes are correctly maintained
when utilizing a global POD basis.

In the present work we build upon the concept presented by
Lee and Dowell (2020), introducing an explicitly dissipation-
optimizing POD formulation (d-POD). The resulting d-POD
modes span the set of strain rate tensors (SRTs) derived from
the ensemble of velocity fluctuation fields. By introducing an
inverse spectral SRT operator the modes can be mapped to ve-
locity fields, facilitating their use as a supplement to conven-
tional TKE-optimized (e-POD) modes. We show that d-POD
modes computed from cross sectional slabs of a 3D channel
flow DNS (Reτ = 390) reconstruct the dissipation profile more
efficiently than do e-POD modes, and vice versa for the TKE

profile.
Although this is to our knowledge the first instance of an

explicitly dissipation-optimized POD, several works, in addi-
tion to Lee and Dowell (2020), have employed optimization
with respect to the closely related enstrophy. While distinct
quantities, as discussed e.g. by Bermejo-Moreno, Pullin, and
Horiuti (2009) and Yeung, Donzis, and Sreenivasan (2012)
dissipation and enstrophy remain intimately coupled and dis-
play similar spectral properties. They are proportional to
the squared norm of the SRT and the vorticity, respectively,
both of which are constructed from first-order gradient terms
∇ jui. Similar properties with respect to POD convergence
may therefore be expected, providing the basis for comparison
between results found in the present work and comparable re-
sults on enstrophy-based POD found in literature. Enstrophy-
based POD was utilized by Huang (1994) and by Kostas, So-
ria, and Chong (2005) for identifying coherent flow structures
from 2D particle image velocimetry (PIV) measurements of
a backward-facing step flow, and similarly by Munir et al.
(2022), based on 2D measurements of two-phase slug flow
made by combining PIV and laser-induced fluorescence. Sen-
gupta et al. (2015) demonstrated reduced-order modeling of
a flow past a cylinder applying enstrophy-based POD to 2D
DNS data, using the resulting modes in a vorticity-formulation
of the Navier-Stokes equations. Like conventional e-POD
modes, enstrophy-based POD modes allow for identification
and characterization of important flow structures; the method
is of particular use in inhomogeneous flows where vortical
structures are of central importance to the dynamics (see Sen-
gupta, 2012).

The remainder of this paper is laid out as follows. In section
II we describe the the general POD formalism and its adap-
tations in the form of TKE and dissipation optimized PODs
employed in this work, we introduce the inverse spectral SRT
operator, and we briefly discuss the reconstruction of TKE
and dissipation based on the above. Implementation details,
including the DNS study used to produce the data on which
the analysis is built, are discussed in section III. We present a
comparison of the lowest POD modes in section IV. TKE and
dissipation are each reconstructed using either basis set, and
we analyze the reconstruction of profiles and total quantities
in section V. Discussion and conclusions are given in sections
VI and VII, respectively.

II. PROPER ORTHOGONAL DECOMPOSITION

The POD provides a decomposition of an ensemble of vec-
tors that is optimally efficient as measured by the norm on the
underlying vector space (see e.g. Holmes et al., 2012; Weiss,
2019). A formal and rather generic description of POD is
given in section II A. The specifications of the formalism rel-
evant to the energy and dissipation based PODs will be dis-
cussed in section II B. In section II C we introduce the inverse
spectral SRT operator used to map d-POD modes to velocity
fields. The modal reconstruction of TKE and dissipation is
discussed in section II D.
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A. Generic POD Formalism

Let H be a real Hilbert space of dimension N with inner
product (·, ·)H : H ×H →R, and let α ∈H be an arbitrary
element in H . The induced norm ‖·‖H : H → R0+ is given

by ‖α‖H = |(α,α)H |
1
2 . Let F = { fm}M

m=1 ⊂H be a set of
M samples from H .

Using the averaging operation 〈·〉, we define the POD oper-
ator R : H →H for F by its action on α ,

Rα =
〈
{(α, fm)H fm}M

m=1

〉
. (1)

The operator R is Hermitian and has orthogonal eigenvec-
tors {φn}N

n=1 and real and non-negative eigenvalues {λn}N
n=1,

Rφn = λnφn , λn ≥ 0 , (φn,φn′)H = δnn′ , (2)

where δnn′ is the Kronecker delta. The eigenvectors are the
POD modes, the set of which forms the POD basis, a com-
plete orthogonal basis for F . By convention the POD ba-
sis is ordered by decreasing eigenvalues such that λ1 ≥ λ2 ≥
. . .≥ λN ≥ 0, and the POD modes are normalized, ‖φn‖H = 1
for n = 1,2, . . .N. The number of non-zero eigenvalues is
rank(F ) ≤ min(M,N); in most applications M� N, and M
eigenpairs will be sufficient to completely span F . For the
sake of generality, we will maintain N as our notation for the
number of eigenpairs, although in implementations we shall
set N = M−1 since the sample mean is subtracted from each
sample, reducing the sample set rank by one.

Each sample fm ∈ F can be expanded in the POD basis
using coefficients {amn}N

n=1,

fm =
N

∑
n=1

amnφn , amn = (φn, fm)H . (3)

These coefficients are uncorrelated, satisfying〈
{amnamn′}M

m=1

〉
= λnδnn′ . (4)

The optimality of the POD basis with respect to the inner
product on H can be stated formally as

φn = argmax
φ∈H

〈{
|(φ , fm)H |

2
}M

m=1

〉
‖φ‖2

H

for n = 1,2, . . . ,N .

(5)

The eigenvalue problem (2) is derived from this optimization
problem (Lumley, 1967). It results in an optimal basis in the
following sense. A sample fm ∈F may be expanded using
the POD basis {ϕn}N

n=1, or alternatively using an arbitrary or-
thogonal basis {ϕ ′n}N

n=1 spanning the same subspace of H as
the POD basis. Given N̂ ≤ N the sample fm may then be ap-
proximated by its truncated expansion in either basis, {φn}N̂

n=1
or {φ ′n}N̂

n=1:

fm ≈ f̂m =
N̂

∑
n=1

amnφn ; fm ≈ f̂ ′m =
N̂

∑
n=1

a′mnφ
′
n . (6)

The POD basis minimizes the mean squared error of the ap-
proximation as measured by the norm on H , compared to an
arbitrary orthogonal basis,〈{

‖ f̂m− fm‖2
H

}M
m=1

〉
≤
〈{
‖ f̂ ′m− fm‖2

H

}M
m=1

〉
, (7)

for any N̂ ≤N. The sense in which the POD basis is optimal is
thus fully determined by the choice of norm ‖·‖H , and hence
by the choice of Hilbert space and inner product.

B. Energy and dissipation based PODs

We construct two different POD bases using the general
formalism laid out in the previous section. One is the con-
ventional TKE-based POD (e-POD), which uses a sample set
U = {um}M

m=1 ⊂H e of velocity fluctuation snapshots on the
spatial domain Ωe, where the Hilbert space H e is

H e :=

{
α : Ω

e→ R3

∣∣∣∣∣ 3

∑
i=1

∫
Ωe

α
i
α

i dx < ∞

}
. (8)

The inner product on H e, (·, ·)H e : H e×H e→R is defined
as

(α,β )H e =
3

∑
i=1

∫
Ωe

α
i
β

i dx . (9)

The POD basis {ϕn}N
n=1, resulting from solving (2), is optimal

with respect to the mean turbulent kinetic energy (TKE) of the
flow, and the associated eigenvalues are {λ e

n}N
n=1. The mean

TKE density, 〈T 〉, and total mean TKE, T , are

〈T 〉= 1
2

〈{
|um|2

}M

m=1

〉
=

1
2

N

∑
n=1

λ
e
n |ϕn|2 , (10a)

T =
∫

Ω

〈T 〉 dx =
1
2

N

∑
n=1

λ
e
n , (10b)

where |α|2 = ∑
3
i=1 α iα i for α ∈H e. This is the commonly

used space-only POD, which allows a TKE-optimal recon-
struction of the velocity field,

um =
N

∑
n=1

amnϕn , amn = (ϕn,um)H e . (11)

We propose a second POD variant, namely the dissipation-
based POD (d-POD), using instead the ensemble of SRTs
computed from the original snapshot ensemble U , i.e., S =

{si j
m}M

m=1 ⊂H d and defined on the spatial domain Ωd. The
Hilbert space H d is

H d :=

{
α : Ω

d→ R3×3

∣∣∣∣∣ 3

∑
i, j=1

∫
Ωd

α
i j

α
i j dx < ∞

}
, (12)

with the inner product (·, ·)H d : H d×H d→ R defined as

(α,β )H d =
3

∑
i, j=1

∫
Ωd

α
i j

β
i j dx . (13)
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Assuming differentiability of each component of each ve-
locity fluctuation snapshot, um, the components of the corre-
sponding strain rate tensor, sm, are obtained as si j

m ≡ (Dum)
i j,

with the SRT operator D : H e→H d given by

(Dα)i j =
1
2
(
∇

j
α

i +∇
i
α

j) . (14)

The resulting d-POD modes, {ψn}N
n=1, with associated

eigenvalues, {λ d
n }N

n=1, provide a dissipation-optimal recon-
struction of the SRT field,

sm =
N

∑
n=1

bmnψn , bmn = (ψn,sm)H d . (15)

The mean norm on S is proportional to the mean viscous
dissipation of the flow. The mean dissipation density 〈ε〉 and
the mean total dissipation E are given by

〈ε〉= 2ν

〈{
|sm|2

}M

m=1

〉
= 2ν

N

∑
n=1

λ
d
n |ψn|2 , (16a)

E =
∫

Ω

〈ε〉 dx = 2ν

N

∑
n=1

λ
d
n , (16b)

where |α|2 = ∑
3
i, j=1 α i jα i j for α ∈H d.

C. The spectral inverse SRT operator

An inverse mapping exists, H d→H e, mapping SRTs to
velocity fluctuation fields. To establish an explicit spectral
form of this mapping, D−1, we consider the subset of d-POD
modes for which λ d

n > 0, and insert the POD operator defini-
tion from (1) using S in the eigenvalue problem (2),

Rψn =
〈
{(ψn,sm)H d sm}M

m=1

〉
= λ

d
n ψn . (17)

Then apply D−1 to ψn using D−1sm = um to yield

D−1
ψn =

〈
{(ψn,sm)H d um}M

m=1

〉
λ d

n
=

〈
{bmnum}M

m=1

〉
λ d

n
.

(18)

The set {D−1ψn}λ d
n >0 spans the velocity sample space U ,

um = ∑
n|λ d

n >0

bmnD−1
ψn , (19)

allowing the reconstruction of any velocity-dependent quan-
tity in terms of dissipation-optimized modes. While
{D−1ψn}λ d

n >0 does form a complete basis for U , we note that
the basis is in general not orthogonal with respect to the inner
product (·, ·)H e . It is, however, orthogonal (and normalized)
with respect to the inner product (·, ·)H ′ defined as

(·, ·)H ′ = (D ·,D ·)H d , (20)

since (D−1ψn,D−1ψn′)H ′ = (ψn,ψn′)H d = δnn′ . The opera-
tor D in (14) and its inverse D−1 in (18) thus link the spaces
of velocity fluctuation fields and of SRT fields to each other,
as shown schematically in Figure 1; this link provides useful
flexibility when working with the two bases.

{um}M
m=1 {sm}M

m=1

{
ϕn,λ

e
n ,{amn}M

m=1

}N

n=1

{
ψn,λ

d
n ,{bmn}M

m=1

}N

n=1

{
D−1ψn

}
λ d

n >0 {Dϕn}N
n=1

H e H d

D

e-POD d-POD

DD−1

FIG. 1. Schematic depiction of the relation between the objects ap-
pearing in the POD. Objects on the left side are associated with the
space of velocity fields (H e), while those on the right are associ-
ated with the space of strain rate tensor fields (H d). The upper row
represents samples, the middle row the POD results (modes, eigen-
values, and coefficients), and the lower row the velocity fluctuation
fields computed from d-POD modes and the strain rate tensor fields
computed from e-POD modes.

D. Modal reconstructions of TKE and dissipation

By applying the spectral inverse SRT operator the mean
TKE and dissipation densities can be reconstructed using ei-
ther basis. We wish to compare the efficiency of these recon-
structions in terms of their rate of convergence, leading us to
consider the expansions truncated to include N̂ ≤ N modes.
The mean TKE density field reconstructed using N̂ e-POD or
d-POD modes is〈

T e,N̂
〉
=

1
2

N̂

∑
n=1

λ
e
n |ϕn|2 , (21a)

〈
T d,N̂

〉
=

1
2

N̂

∑
n=1

λ
d
n
∣∣D−1

ψn
∣∣2 , (21b)

and the mean dissipation density is likewise reconstructed by〈
ε

e,N̂
〉
= 2ν

N̂

∑
n=1

λ
e
n |Dϕn|2 , (22a)

〈
ε

d,N̂
〉
= 2ν

N̂

∑
n=1

λ
d
n |ψn|2 . (22b)

The e-POD and d-POD reconstructions agree for each
quantity when N̂ = N, but generally exhibit different conver-
gence rates.

III. CHANNEL FLOW

To demonstrate the method presented above we apply it to
an ensemble of turbulence fluctuation velocity data {um}M

m=1
obtained from a DNS of a double-periodic channel flow. This
is chosen as an example of a relatively simple and well-
understood flow, while still exhibiting shear layers and inho-
mogeneous turbulence which highlight relevant features of the
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method. This section presents computational details of the
DNS and the subsequent data processing.

The DNS is performed using the Ellipsys3D code (see
Michelsen, 1992, 1994; Sørensen, 1995). EllipSys3D is a
finite volume code that solves the incompressible Navier–
Stokes equations in general curvilinear coordinates on a col-
located grid arrangement. Time stepping is performed with a
second-order accurate implicit method, which uses subitera-
tions to converge residuals within each time step. The pres-
sure correction equations are solved using a SIMPLEC-like
algorithm with Rhie/Chow interpolation to prevent odd/even
pressure decoupling. This combines the ideas of Kobayashi
and Pereira (1991), which use the non-relaxed momentum
(αu = 1) equations for deriving the interface fluxes and the
pressure correction equation, with the approach of Shen et al.
(2003), in which the Rhie/Chow fluxes from the previous time
steps are used to account for the corresponding velocities.

The flow domain has streamwise, transverse, and span-
wise dimensions Lx×Ly×Lz = 4π×2×2π , or in wall units,
L+

x ×L+
y ×L+

z = 4906×781×2453. The flow is resolved on a
regular grid of 448×576×384 = 99090432 points which is
homogeneous in the streamwise and spanwise directions. The
wall normal discretization follows a hyperbolic sine, which
concentrates points near the walls (∆yw ≈ 6.8×10−5) and
gradually coarsens to ∆yc ≈ 0.011 at the center of the chan-
nel, corresponding to ∆y+w ≈ 0.027 and ∆y+c ≈ 4.3. The spatial
resolution is comparable to the recommended values by Yang
et al. (2021). The time step is ∆t = 5×10−3 corresponding
to a CFL condition of approximately 0.20 in the center of the
channel.

The channel is periodic in the spanwise and streamwise di-
rections, and bounded by no-slip boundary conditions in the
transverse direction. Constant mass flux is enforced with a
PID-controller, which ensures faster flow convergence com-
pared to applying a constant pressure gradient. The simulation
setup is summarized in Table I.

TABLE I. Boundary conditions and domain and grid parameters.
∆yw and ∆yc designate the transverse resolution at the wall and at
the center of the channel, respectively.

Streamwise, x Transverse, y Spanwise, z
Bound. cond. Periodic No slip Periodic

Domain size
(flow units) 4π 2 2π

(wall units) 4906 781 2453

Grid points 448 576 384

Resolution
(flow coord.) 0.028 ∆yw = 6.8×10−5 0.016

∆yc = 0.011
(wall coord.) 11.0 ∆y+w = 0.027 6.4

∆y+c = 4.3

10−1

100

101

102

0 1 2 3 4 5

0 0.05 0.1 0.15 0.2 0.25

y+

T+

ε+

TKE
Dissipation

FIG. 2. Transverse profiles of TKE (lower axis) and dissipation (up-
per axis). Symbols indicate values obtained in this work, and solid
lines values obtained by Iwamoto, Suzuki, and Kasagi (2002a,b).

The bulk and friction Reynolds numbers are, respectively,

Re =
U0h

ν
≈ 8800 , Reτ =

uτ h
ν
≈ 390 , (23)

where U0 is the spanwise average of the mean streamwise cen-
ter line velocity, uτ is the friction velocity, h = 1 the channel
half-width, and ν is the kinematic viscosity. A second or-
der central difference gradient stencil is used for obtaining the
derivative of the average streamwise velocity profile U at the
wall.

Velocity fields are extracted on a cross-sectional slab with
a streamwise width of three grid points, giving three neigh-
boring planes (p1, p2, and p3) of 576×384 = 221184 points
each. This allows for computation of all gradient components
in the central plane p2 using a second order central difference
stencil. The entire slab Ωe = ∪3

i=1 pi is used as domain for
computing e-POD modes, to facilitate subsequent computa-
tion of modal SRTs, whereas SRT elements derived from the
gradients computed on Ωd = p2 are used for d-POD modes.
The resulting dimension of e-POD modes, with three indepen-
dent components, is therefore 3|Ωe| = 3× 3× 576× 384 =
1990656, and for d-POD modes with six independent com-
ponents, 6|Ωd|= 6×576×384 = 1327104.

Transverse profiles of mean TKE and dissipation obtained
from the snapshot samples are shown in Figure 2, along with
profiles obtained by Iwamoto, Suzuki, and Kasagi (2002a,b)
for comparison. The overall profiles are reproduced qualita-
tively, although we find TKE to be slightly underestimated
near the TKE maximum at y+ ≈ 20, and likewise dissipation
around y+ ≈ 10 and y+ . 1. However, these discrepancies
are minor and should not affect the conclusions drawn in this
work. Profiles of mean velocity, Reynolds shear and normal
stresses, and TKE production are all in excellent agreement
with the results of Iwamoto, Suzuki, and Kasagi (2002a,b),
and are not shown.

To approximate independent sampling the fluctuation ve-
locity snapshot ensemble is formed by extracting realizations



6

at an interval of 100 time steps. The integral time scale TE
calculated at the center of the channel corresponds to 145
time steps, corresponding to a separation between samples of
0.69TE . This implies that the samples are not expected to be
fully uncorrelated. The total number of time steps in the sim-
ulation from which samples are extracted is 66400, and we
obtain a total of M = 664 samples. Since the mean field is sub-
tracted, the dimension of the POD spaces is N =M−1= 663.

The POD is realized by performing a singular value de-
composition (SVD) for the matrix F̃ , which is the d|Ω| ×M
data matrix whose columns are snapshot vectors, appropri-
ately weighted to implement the quadrature rule for the grid.
Here, d = 3 and Ω = Ωe for the e-POD, while d = 6 and
Ω = Ωd for the d-POD. The weighting amounts to a simi-
larity transform which is subsequently inverted for the modes
produced.

The SVD is computed with the SLEPc computational
toolkit SVD solver (see Balay et al., 1997; Fahl, 2001; Balay
et al., 2021; Roman et al., 2022). The solver implements
the SVD using the cross product method, in which the eigen-
value problem is solved for the matrix F̃T F̃ and the resulting
eigenvectors are mapped to POD eigenmodes (left singular
vectors) and coefficients (right singular vectors), while POD
eigenvalues are obtained from the singular values. This pro-
cedure is equivalent to the snapshot POD algorithm described
by Sirovich (1987). As M� d|Ω| this approach reduces the
memory cost of the problem when compared to the more di-
rect approach of solving the eigenvalue problem for F̃F̃T .

Due to the spanwise periodicity and homogeneity of the
flow the spanwise part of the POD modes can be shown an-
alytically to be harmonic functions. This can be utilized by
employing the spectral POD (SPOD), in which the spanwise
Fourier transform of the autocorrelation matrix is decomposed
separately for each wave number. This method was intro-
duced by Lumley (1967) for eliminating homogeneous direc-
tions from the POD eigenvalue problem, and applied to the
azimuthal direction of an axisymmetric jet by Citriniti and
George (2000). The application of SPOD has the potential to
dramatically reduce the dimensionality of the POD eigenvalue
problem compared to non-spectral POD (or physical POD, in
the nomenclature of Picard and Delville (2000)). However,
it may also complicate the analysis and interpretation of the
resulting modes, as SPOD modes are indexed by both wave
number and mode number, rather than by mode number alone.
Furthermore, reconstructing physical fields from the modes is
complicated by the loss of phase information (Aubry et al.,
1988). Among the goals of the present work is to gain insight
into the nature of modes obtained using d-POD compared to
e-POD, and in order to avoid complications arising from the
use of SPOD we apply only the physical POD here. How-
ever, we do note that valuable insights could also be gained
from the SPOD analysis, pertaining in particular to the spec-
tral properties of modes.

IV. ENERGY AND DISSIPATION MODES

In order to gain a sense of the relation of the two bases,
components of the lowest e-POD mode, ϕ1, are compared to

the components of D̃−1ψ1 which is the normalized velocity
fluctuation field corresponding to the lowest d-POD mode, ob-
tained using (18). The three components of the lowest e-POD
mode in the central plane p2 are shown on the left in Figure
3, with the components of the velocity field corresponding to
the lowest d-POD mode shown on the right in Figure 3.

The e-POD mode and the d-POD velocity fields shown
in Figure 3 both exhibit structures across a range of scales,
and somewhat similar large scale structures can be recognized
among the two. The d-POD velocity field shows a richer
small-scale structure than that found in the e-POD mode; this
is most clearly seen in the streamwise component, as empha-

sized in the enlarged views of ϕ1
1 and (D̃−1ψ1)

1 in Figure 4a
and 4b, respectively. In both the e-POD mode and the d-POD
velocity field, large scale structures are more prominent and
well-defined in the streamwise components, where the magni-
tude of turbulent fluctuations are generally larger, while more
structures on smaller scales are apparent in the transverse and
spanwise components. Both exhibit richer small scale struc-
ture near the walls (|y+− y+w | . 50, where y+w ∈ {0,784} de-
notes the wall locations) than in the bulk. Examples of near-
wall small scale structures in ϕ3

1 are found in the lower part
of Figure 4c. The trends outlined here are also found in the
next several e-POD modes and d-POD velocity fields which
are not shown.

Transverse TKE and dissipation profiles are reconstructed
from both decompositions, producing a total of four recon-
structions. The contributions of each of the lowest several
modes of either decomposition to the reconstruction of trans-
verse profiles of TKE and dissipation are shown in Figure 5
(the full reconstructions are considered in the next section).
The transverse profiles are obtained as spanwise averages of
the corresponding terms in the sums in (21) for TKE and (22)
for dissipation. Here, the differences between the two de-
compositions become clearer; while the TKE contributions of
the lowest several e-POD modes are distributed across the do-
main, with a dip around the TKE-poor center of the channel,
the corresponding d-POD mode TKE contributions all peak
near the walls and decrease strongly towards the bulk. For ei-
ther type of modes, dissipation contributions are concentrated
close to the wall; however, the contribution from the lowest
d-POD modes is much larger than that of the corresponding
e-POD modes.

Although the two decompositions exhibit similar large-
scale structures as seen in Figure 3, important differences of
the decompositions are revealed in Figure 5. The fact that
similarities show up in the first place may be explained in
part by the underlying dynamics, and in part by the applied
method. As to the former, the moderate Reynolds number im-
plies a narrow inertial range, leading to less scale separation
between energetic and dissipative structures, thus producing
non-negligible overlap between these. As to the latter, since
POD modes are purely empirical and reflect the underlying
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the lowest d-POD mode. Boxes mark regions shown in enlarged view in Figure 4. Axes show coordinates in wall units (spanwise horizontal,
transverse vertical), and the color scale shows values with the full range normalized to [−1;1].

400 500 600 700 800 900
300
350
400
450

(a)

400 500 600 700 800 900
300
350
400
450

(b)

600 700 800 900 1000 1100
0

50
100
150

−1

0

1

(c)

FIG. 4. Enlarged view of regions marked with dashed boxes in Figure
3. (a): section in the bulk in ϕ1

1 . (b): section at the same position in
(D−1ψ1)

1. (c): Section near the lower wall in ϕ3
1 . For explanation

of axes and color scale, see the caption to Figure 3.

dynamics of the flow only to the extent that it is represented in
the sample of snapshots, the sample size is a crucial parameter.
The snapshots sampled here produce snapshot matrices of full
rank, implying that the sampling does not capture the full ex-
tent of the phase space. The effect of this is more pronounced
near the walls, where the low streamwise mean velocity leads
to weaker advection and longer coherent time scales. This
may potentially cause an overlap between TKE-rich and dis-
sipative structures present, contributing to similarities in the
modes obtained from the two decompositions.

V. TKE AND DISSIPATION RECONSTRUCTION

Both TKE and dissipation may be reconstructed using ei-
ther e-POD modes or d-POD modes, as described in Section
II D. These reconstructions are shown and analyzed in Section
V A. The relative efficiencies of the reconstructions are quan-
tified in terms of the reconstruction efficiency gain, which is
introduced and analyzed in Section V B. The convergence of
integrated TKE and dissipation are analyzed in Sections V C
and V D, respectively. Finally, we consider the inherent TKE
and dissipation content in d-POD and e-POD modes in Sec-
tion V E.
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FIG. 5. Contributions of the 10 lowest e-POD modes (a) and d-POD modes (b) to the mean TKE profile, of the same modes ((c) and (d),
respectively) to the dissipation profile.

A. Profile reconstructions

Partial reconstructions of the transverse TKE and dissipa-
tion profiles are performed by varying the number of terms N̂
included in the expansions in (21) for TKE and (22) for dissi-
pation, and averaging in the spanwise direction and across the
channel center line. Figure 6 shows reconstructions of TKE
and dissipation profiles using e-POD and d-POD modes. For
each additional mode included in the reconstruction the result-
ing profile is shown as a colored line, with line colors indicat-
ing the number of modes included. Dashed contour lines mark
the profiles reconstructed for each additional 50 modes, corre-
sponding to the tic markings on the color bar. The horizontal
distance between successive contours at a given position y+

indicates the additional TKE (Figures 6a and 6b) or dissipa-
tion density (Figures 6c and 6d) contributed to the reconstruc-
tion by the corresponding 50 modes. Larger horizontal jumps
between dashed lines and a more spread out color gradient are
thus indicative of a greater per-mode contribution at the given
position and stage of the reconstruction. A more efficient re-
construction is indicated by a more rapid build-up in the initial
part of the reconstruction, pushing the color gradient further to
the right. For the lowest modes, the accumulated contributions
from individual modes are discernible as discrete profiles.

Figure 6a shows that fewer than 50 e-POD modes are
needed to reproduce the TKE maximum around y+ ≈ 20, al-

though the profile becomes similar in shape to the full profile
only at larger numbers of modes. The leftmost contours are
well spaced, and the rightmost more densely placed; this in-
dicates that the contribution per mode to the TKE profile is
much larger for lower modes than for higher modes, demon-
strating the efficiency of the reconstruction.

Compared to the e-POD TKE reconstruction, TKE is re-
constructed remarkably efficiently near the wall using d-POD
modes, including the region around the TKE maximum, as
shown in Figure 6b. This efficiency does not extend into the
bulk where most of the TKE is located. As suggested by Fig-
ures 5a and 5b, the d-POD prioritizes the near-wall region at
the expense of the bulk, due to dissipation being concentrated
in the former. This enables efficient TKE reconstruction using
d-POD modes in the near-wall region, but not in the bulk.

Figure 6c shows the e-POD dissipation profile reconstruc-
tion. There is little difference in the spacing of contour lines
between lower and higher modes in the dissipation-rich near-
wall region, indicating that modal dissipation contributions
are comparable throughout a large part of the spectrum, and
that e-POD modes are poorly optimized to reconstruct dissi-
pation.

The d-POD dissipation profile reconstruction is shown in
Figure 6d. In the near-wall region we find a significant frac-
tion of the profile reconstructed with relatively few modes;
contour lines for higher mode numbers lie more closely near
the full profile outline. This implies the expected more ef-
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FIG. 6. Reconstruction of TKE profile using e-POD modes (a) and d-POD modes (b), and of dissipation profile using e-POD modes (c) and
d-POD modes (d). Colors show the profile reconstructed using a corresponding number of e-POD ((a) and (c)) or d-POD modes ((b) and (c)).
Dashed lines trace reconstructed profiles for each 50 additional modes.

ficient dissipation reconstruction using d-POD than e-POD.
As also suggested by Figure 5b, the d-POD prioritizes the
TKE-poor but dissipation-rich wall region, leading to higher
efficiency in reconstructing this dissipation-rich part of the
dissipation profile. A more modest difference between e-
POD and d-POD dissipation reconstruction is observed in the
dissipation-poor region further from the wall.

B. Reconstruction efficiency gain

A more systematic comparison of reconstruction efficien-
cies can be made by comparing the number of modes of ei-
ther decomposition needed to reconstruct a given fraction of a
reconstructed profile. We thus define the reconstruction effi-
ciency gain (REG) for TKE and for dissipation as

gT ( fT ,y+) =
Ne,T ( fT ,y+)
Nd,T ( fT ,y+)

, (24a)

gε

(
fε ,y+

)
=

Ne,ε ( fε ,y+)
Nd,ε ( fε ,y+)

, (24b)

where Ne,T ( fT ,y+) and Nd,T ( fT ,y+) are the number of e-
POD and d-POD modes, respectively, needed to reconstruct
the fraction fT of the local mean TKE at position y+, and
Ne,ε( fε ,y+) and Nd,ε( fε ,y+) denote the corresponding quan-
tities for dissipation instead of TKE.

A larger REG signifies that fewer modes are needed in the
d-POD reconstruction compared to the e-POD reconstruction

when reconstructing the fraction fT of the TKE profile (for
gT ), or the fraction fε of the dissipation profile (for gε ), at
position y+. The REG thus quantifies the relative lead in lo-
cal convergence of d-POD over e-POD for a given fraction of
TKE or dissipation. As the fraction fT or fε approaches unity,
the reconstruction comes to include all modes in either basis,
and the REG also approaches unity.

Computed REGs are shown in Figure 7. We note that both
REGs tend to approach unity approximately monotonically
when increasing the fraction fT or fε ; in particular, whether
either REG is above or below unity is mainly determined by
the wall coordinate. Both REGs exhibit values larger than
unity near the wall, implying that the d-POD reconstructions
of both TKE and dissipation are more efficient than the cor-
responding e-POD reconstructions in this region, while the
reverse is true in the bulk. The region where gε > 1 extends
further into the bulk (y+ . 70) than the region where gT > 1
(y+ . 30), reflecting the optimality of d-POD with respect to
the reconstruction of dissipation. We also note that gT tends
to attain more extreme values compared to gε , particularly for
y+ & 8, indicating smaller differences in dissipation recon-
struction efficiency using the d-POD compared to the e-POD.

Figure 7a shows the TKE REG, gT . The very low TKE
REG in the bulk region supports the conclusion drawn from
Figures 6a and 6b that the TKE-rich bulk structures are most
efficiently reconstructed using e-POD, while the same struc-
tures are given low priority in the d-POD due to their low
dissipation contribution. The TKE maximum (y+ ≈ 20) is
located near the edge of the region in which TKE REG is
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FIG. 7. Reconstruction efficiency gain (REG) as defined in (24).
(a): TKE REG gT as a function of TKE fraction fT and position y+.
(b): Dissipation REG gε as a function of dissipation fraction fε and
position y+.

above unity, but most of the TKE is localized within the low-
REG bulk region with appreciable TKE density, which covers
a much larger volume (although appearing compressed in Fig-
ure 7 due to logarithmic scaling). The large TKE REG near
the wall reflects the efficiency of d-POD TKE reconstruction
in this region observed in Figures 5b and 6b, due to the preva-
lent dissipative structures also carrying a significant part of
what little TKE is contained in this region. As these structures
contribute little to the total TKE they are given low priority in
the e-POD reconstruction, whereas they contribute much of
the total dissipation, giving them a high priority in the d-POD
reconstruction.

The dissipation REG, gε , is plotted in Figure 7b and ex-
hibits the same overall patterns as those seen in gT . It shows
above-unity values near the wall, confirming the enhanced d-
POD dissipation reconstruction efficiency in the region seen
in Figure 6d. The value increases when moving closer to the
wall, peaks around y+ ≈ 8, and remains high. The high dis-
sipation REG very close to the wall corresponds the region
where TKE is suppressed, causing the e-POD to give very low
priority to structures localized here. Conversely, the moder-
ately sub-unity values of gε in the far bulk (y+ & 100) reflect
the very limited dissipation contributed by structures in this
region, which causes the d-POD to not prioritize these struc-
tures. Because of their appreciable TKE contribution they are
reconstructed more efficiently by e-POD, and their dissipa-
tion contribution is therefore included fairly efficiently in the
e-POD reconstruction. This difference is modest, however,

causing the dissipation REG to remain near unity even in the
bulk.

C. Convergence of integrated TKE

We consider the integrated and normalized partial TKE re-
constructions, T̃ e,N̂ and T̃ d,N̂ , obtained from integrating the
TKE reconstructed with only the first N̂ e-POD modes us-
ing (21a), or with only the first N̂ d-POD modes using (21b),
respectively, and normalizing by the value for the full TKE,
T N :

T e/d,N̂ =
∫

Ω

〈
T e/d,,N̂

〉
dx , T̃ e/d,N̂ =

T e/d,N̂

T N (25)

The integrated partial TKEs for e-POD and d-POD are, re-
spectively,

T e,N̂ =
1
2

N̂

∑
n=1

λ
e
n , (26a)

T d,N̂ =
1
2

N̂

∑
n=1

λ
d
n
∥∥D−1

ψn
∥∥2

H e . (26b)

We show the normalized integrated partial TKE vs number
of modes in Figure 8a. Visibly faster convergence is obtained
using e-POD compared to d-POD. The e-POD modes are or-
dered by decreasing TKE contribution, producing a concave
convergence curve in Figure 8a; however, the d-POD conver-
gence curve is also approximately concave, suggesting that
the TKE contribution of each d-POD mode also tends to de-
crease with mode number, even though no such ordering is
explicitly imposed on these modes.

The normalized integrated TKE contribution from a single
e-POD or d-POD mode, ∆T̃ e/d,N̂ = T̃ e/d,N̂− T̃ e/d,N̂−1, is

∆T̃ e,N̂ =
λ e

N̂
2T N , (27a)

∆T̃ d,N̂ =
λ d

N̂
2T N

∥∥D−1
ψN̂

∥∥2
H e . (27b)

These quantities are shown in in Figure 8b. We note that
the plot for ∆T̃ e,N̂ is a scaled version of the e-POD spectrum.
Compared to e-POD modes, there is a redistribution of TKE
contributions from lower to higher d-POD modes, reflecting
the slower convergence of the d-POD reconstruction seen in
Figure 8a. The d-POD single mode TKE contributions exhibit
a decreasing trend across the spectrum, with a more rapid de-
crease for the first several modes, matching the observed near-
concavity of the corresponding plot in Figure 8a. Apart from
small fluctuations, the trend in d-POD single mode TKE con-
tributions is in line with the observations made from Figure
6b that the lowest (and thus most dissipative) d-POD modes
also tend to be the most TKE-rich.
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D. Convergence of integrated dissipation

A similar analysis is carried out for the integrated and nor-
malized partial dissipation reconstructions Ẽ e,N̂ obtained from
the first N̂ e-POD modes using (22a), and Ẽ e,N̂ obtained from
the first N̂ d-POD modes using (22b),

E e/d,N̂ =
∫

Ω

〈
ε

e/d,N̂
〉

dx , Ẽ e/d,N̂ =
E e/d,N̂

E N , (28)

where E N is the full dissipation. The integrated partial dissi-
pations for e-POD and d-POD are, respectively,

E e,N̂ = 2ν

N̂

∑
n=1

λ
e
n ‖Dϕn‖2

H d , (29a)

E d,N̂ = 2ν

N̂

∑
n=1

λ
d
n . (29b)

In Figure 9a we show the normalized integrated partial dis-
sipation vs number of modes, illustrating the convergence of
the integrated dissipation reconstructions. Both show less
rapid convergence than those seen in Figure 8a, implying
that either dissipation reconstruction converges more slowly
than both TKE reconstructions. The dissipation reconstruc-
tion convergence is improved when using d-POD modes com-
pared to e-POD modes, although the improvement is less dra-
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FIG. 9. (a): Reconstruction convergence of integrated dissipation
Ẽ e/d,N̂ vs number N̂ of e-POD and d-POD modes. (b): Single mode
dissipation contribution ∆Ẽ e/d,N̂ vs mode number N̂ for e-POD and
d-POD modes. The legend in (a) applies to both plots.

matic than that of TKE convergence when using e-POD over
d-POD modes as shown in Figure 8a.

Again, we note that lower modes of either decomposition
tend to contribute more to the integrated dissipation, as is also
seen from the normalized single-mode dissipation contribu-
tions ∆Ẽ e/d,N̂ shown in Figure 9b. These are given by

∆Ẽ e,N̂ =
2νλ e

N̂
E N

∥∥DϕN̂

∥∥2
H d , (30a)

∆Ẽ d,N̂ =
2νλ d

N̂
E N . (30b)

Analogously to the case of ∆T e,N̂ , the plot of ∆E d,N̂ in
Figure 9b is a scaled version of the d-POD spectrum. Both
curves in Figure 9b appear similar in shape to those in Fig-
ure 8b, although they span a narrower range of values, re-
flecting the modest speed of convergence of both dissipation
reconstructions seen in Figure 9a. We thus find that for the
example considered in this work, using d-POD results in a
much more slowly converging reconstruction of integrated
TKE compared to e-POD, and only a modest improvement
in convergence of the integrated dissipation.

Convergence curves similar to those seen in Figure 9 were
found by Kostas, Soria, and Chong (2005) for enstrophy re-
construction using TKE and enstrophy optimized modes for a
backward-facing step flow with Reh = 580, where Reh is the
Reynolds number derived from bulk velocity and step height.
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The comparison between enstrophy and dissipation is justified
by both being second order gradient derived quantities, which
are proportional in the homogeneous case which was found
by Tardu (2017) to be an excellent approximation across the
width of the channel. Kostas, Soria, and Chong (2005) also
considered a high Reynolds number case (Reh = 4680) which
displayed a more pronounced efficiency advantage when re-
constructing enstrophy using enstrophy-optimized over TKE-
optimized modes. In both the high and low Reynolds number
case, lower e-POD modes tended to contribute more enstro-
phy.

Comparing the energetic large-scale structures and dissi-
pative small-scale structures, the greater number of degrees
of freedom available to the latter makes an efficient low-
dimensional representation difficult: while one may conceive
of the largest scale of a flow being dominated by one or few
"big eddies", there will typically be a much larger number of
"small eddies" on the small scale.

While the lowest modes of either decomposition are by con-
struction those with the largest contributions to the quantity
with respect to which the decomposition is optimized (TKE
for e-POD modes and dissipation for d-POD modes), we find
that this also tends to be the case with respect to the quantity
with respect to which it is not optimized. This suggests that
the lowest modes in either decomposition capture structures
that are both coherent across scales and active for appreciable
fractions of the simulation time. On the other hand, the struc-
tures have limited spatial coherence, as shown by the drop
in efficiency of the d-POD TKE reconstruction when moving
into the bulk.

E. Eigenvalue-normalized single-mode contributions

Formally, the fact that the lowest modes in each basis ap-
pear to contribute the most to each reconstruction is linked
to the mean modal coefficient entering via eigenvalues in the
reconstructions in (21a)–(22b). Here we investigate the con-
tributions inherent to the structures encoded by modes by sep-
arating them from the eigenvalue.

The eigenvalue associated with each mode is the mean
square modal coefficient (cf. (4)) and governs the contribution
from the mode to second order quantities like TKE and dis-
sipation (cf. (27) and (30)). The decreasing single mode con-
tributions to either reconstructed quantity using the optimal
bases, ∆T̃ e,N̂ and ∆Ẽ d,N̂ , thus follows directly from the or-
dering of modes by decreasing eigenvalue. The observations
in the preceding two sections of similar trends for single mode
contributions using non-optimal bases, ∆T̃ d,N̂ and ∆Ẽ e,N̂ , can
be linked to the scaling in (27b) and (30a) with the corre-
sponding eigenvalues, though this eigenvalue dependence is
modulated by the mode-derived squared norms

∥∥D−1ψn
∥∥2

H e

and ‖Dϕn‖2
H d . These latter two factors may be considered

as measures of, respectively, the inherent TKE content of the
structures encoded in d-POD modes, and the inherent dissipa-
tion content of the structures encoded in e-POD modes. The
eigenvalue factor accounts for the time-dependent amplitude
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FIG. 10. Eigenvalue-normalized single mode contributions (EN-
SMCs) for e-POD dissipation reconstruction and d-POD TKE re-
construction, plotted vs mode number N̂.

with which the modes enter the reconstructions. To isolate the
effect of the mode-derived squared norms, we consider the
eigenvalue-normalized single mode contributions (ENSMCs)
which are proportional to the field square norms,

∆Ẽ e,N̂/λ̃
e
N̂ ∝

∥∥DϕN̂

∥∥2
H d , (31a)

∆T̃ d,N̂/λ̃
d
N̂ ∝

∥∥D−1
ψN̂

∥∥2
H e , (31b)

where λ̃ e
N̂

and λ̃ d
N̂

are the N̂th e-POD or d-POD eigenvalue, re-
spectively, normalized by the sum of all eigenvalues in the cor-
responding decomposition. The ENSMCs are plotted against
mode number N̂ in Figure 10.

The e-POD dissipation ENSMCs (31a) follow an increas-
ing trend with mode number. Higher e-POD modes, repre-
senting lower energy, thus tend to contribute more to dissipa-
tion reconstruction relative to their mean square modal coef-
ficient in the reconstruction, implying that the structures en-
coded in such modes are more strongly inherently dissipative
- although it should be emphasized that due to the eigenvalue
factors the actual contribution to dissipation exhibits the op-
posite trend.

A rather different behavior is found for the d-POD TKE re-
construction ENSMCs (31b). Apart from a decrease for the
first several modes followed by a slightly decreasing trend
for the remaining modes, overall we find these to be nearly
constant with fluctuations around unity. This implies that all
d-POD modes describe structures of roughly similar inherent
TKE content, with the different single mode TKE contribu-
tions almost entirely due to varying modal coefficients en-
coded by eigenvalues.

The different trends exhibited by the ENSMCs suggest that
when considering inherent contributions, TKE-rich structures
encoded in low e-POD modes tend to be weakly dissipative,
and those poor in TKE, encoded in high e-POD modes, are
more strongly dissipative. At the same time, however, weakly
and strongly dissipative structures encoded by d-POD modes
are all nearly equally rich in TKE. TKE is carried primarily by
large-scale structures, which are therefore encoded by lower
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e-POD modes, leaving any remaining small-scale structure to
be resolved by higher modes. This small-scale structure is
associated with larger gradients, leading to greater inherent
dissipation content in higher e-POD modes.

Conversely, as suggested by the mode plots considered in
Section IV, low d-POD modes encode structures which cover
a wide range of scales. As all features of the flow may even-
tually be resolved in terms of such structures, we hypothesize
that a wide spectral range may be characteristic for d-POD
modes throughout the spectrum. If this is the case then the
decomposition does not leave a residual of large-scale TKE-
rich structures to be resolved by higher modes; instead, the
TKE ENSMC remains stable across d-POD modes, as we ob-
serve. This hypothesis may also explain the modest range of
less than one decade of d-POD single mode dissipation con-
tributions, contrasted with the range of nearly two decades of
e-POD single mode TKE contributions shown in Figures 8b
and 9b.

A thorough test of this hypothesis could be carried out e.g.
by computing spanwise spectra of e-POD modes and d-POD
velocity fields, and analyze how the width and peaks of such
spectra vary as a function of mode number. This is in prin-
ciple equivalent to the SPOD analysis discussed at the end of
Section III. While such an analysis is beyond the scope of this
work, we gain an indication of the viability of the hypothesis
by plotting one of the higher e-POD modes, ϕ500, along with
the corresponding d-POD velocity field, D−1ψ500, in Figure
11. While large-scale structures cannot be readily identified
in ϕ500, we find large-scale structures clearly exhibited in the
bulk in D−1ψ500 (examples marked by boxes in Figure 11).
This lends support to the hypothesis laid out above, and in-
dicates that while the constraint of completeness of the basis
forces e-POD modes to adhere to a hierarchy of scales, caus-
ing higher modes to describe TKE-poor structures, the nature
of dissipation does not lead to a similar inverted effect for d-
POD modes.

VI. DISCUSSION

Two important differences between the e-POD and the d-
POD can be identified based on the observations presented in
the preceding sections.

Firstly, since TKE and dissipation have different spatial dis-
tributions in the channel flow profile, the decompositions em-
phasize structures in the regions where the respective quanti-
ties dominate. While e-POD prioritizes structures in the bulk,
d-POD prioritizes those near the wall, and either decomposi-
tion reconstructs both TKE and dissipation most efficiently in
the region prioritized by that decomposition. We therefore hy-
pothesize that modeling of TKE-poor but dynamically impor-
tant regions such as the near-wall region in the channel flow
may benefit from incorporating d-POD modes into the model
basis.

Secondly, combining the analysis of ENSMCs with the ob-
served features in low and high e-POD modes and d-POD
velocity fields supports the assignment of different character-
istic scales to TKE-rich and dissipative structures. As also

suggested by spectral theory the lowest e-POD modes encode
mainly large-scale structures within the TKE-rich bulk, and
smaller scale structures in the near-wall region, consigning
smaller scale bulk structures to higher modes. However, the
d-POD does not represent a simple inversion of these scales,
as one might perhaps expect, in which low modes represent
the small dissipative scales and higher modes larger energetic
scales. We find instead that d-POD modes represent a wide
range of scales throughout their spectrum. The contributions
of d-POD modes in the reconstruction of TKE are therefore
determined mainly by the time-dependent amplitude of each
mode, as the modes themselves exhibit approximately con-
stant inherent TKE content.

The analysis presented here is based on 663 snapshots sep-
arated by T < TE , where TE is the integral time scale obtained
from the temporal correlation function in the center of the
channel. The moderate separation indicates that samples are
not fully independent, and combined with the limited number
of realizations it is probable that the full dynamics of the flow
have not been captured. This does not invalidate the analy-
sis made in this work, although it may cause additional cou-
pling between e-POD and d-POD modes that would not have
appeared with a more complete sampling. Such a coupling
would lessen the observed advantages of the d-POD over the
e-POD with regards to representation of near-wall structures
and the rate of convergence of dissipation. A larger sample set
and more independent sampling could e.g. be achieved using
measured rather than simulated data, although this presents
a different set of challenges, in particular with regards to re-
solving the relevant scales. However, given that the sampling
problem can be resolved we would expect the resulting d-POD
dissipation reconstruction to have a greater convergence lead
over e-POD, as well as significant benefits when building flow
models using an e-POD basis augmented with d-POD modes.

VII. CONCLUSIONS

The dissipation-optimized proper orthogonal decomposi-
tion (d-POD) is introduced as a supplement to the conven-
tional TKE-optimized proper orthogonal decomposition (e-
POD). A spectral inverse strain rate tensor (SRT) operator is
presented, which maps d-POD SRT modes to the underlying
velocity fields. The formulation of the inverse spectral SRT
operator may be straightforwardly generalized to other maps
used for decompositions based on snapshot-derived quanti-
ties. Combining the d-POD and the spectral inverse SRT oper-
ator allows for dissipation-optimized expansion of flow fields
and reconstruction of any flow-dependent quantity.

This method is applied along with e-POD to a data set pro-
duced by direct numerical simulation of a turbulent periodic
channel flow (Reτ = 390). The resulting modes, combined
with analysis of single mode contributions to reconstruction
of TKE and dissipation, suggest that the spatial scales of
structures encoded in e-POD modes tend to decrease with in-
creasing mode number, whereas structures encoded by d-POD
modes span a wider and approximately constant range of spa-
tial scales throughout the range of mode numbers.
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FIG. 11. Left: Components ϕ i
500 of the 500th e-POD mode. Right: Components (D̃−1ψ500)

i of the normalized velocity field corresponding to

the 500th d-POD mode. Boxes in (D̃−1ψ500)
1 and (D̃−1ψ500)

3 mark examples of large-scale structures identified in this mode. Axes show
coordinates in wall units (spanwise horizontal, transverse vertical), and the color scale shows values with the full range normalized to [−1;1].

Transverse profiles of TKE and dissipation are recon-
structed using both e-POD and d-POD. The spatial distribu-
tion of TKE and dissipation across the channel profile is found
to be crucial in determining the relative reconstruction effi-
ciency of the two decompositions, with both TKE and dis-
sipation reconstructed more efficiently in the dissipation-rich
near-wall region using d-POD, and in the TKE-rich bulk using
e-POD.

The d-POD basis thus complements the e-POD basis by pri-
oritizing scales or regions of the flow that are given low prior-
ity in the e-POD, efficiently representing structures that would
require a larger number of e-POD modes to represent accu-
rately. Combining the two decompositions in reduced order
models may prove useful for including otherwise unresolved
flow structures, potentially enhancing model efficiency. In
particular, dissipation is a key parameter in turbulence models
and theory, which is in general not well captured by e-POD
modes. Since the two decompositions are formed indepen-
dently of each other, it would be relevant in future studies to
address the combined efficiency with which structures are rep-
resented in such a basis.
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